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1. Introduction

In classical complex analysis it is well-known that harmonic functions and
holomorphic functions are intimately related. If € is a simply connected re-
gion in the complex plane and u(z, y) is a real-valued harmonic function in €2,
then there exists a second real-valued harmonic function v(z, y), called a har-
monic conjugate to u in 2, such that f(z) = u(z,y) + iv(x,y) is holomorphic
in ©, i.e. a null solution of the Cauchy-Riemann operator 9z = (0, + i0,).
It follows that u(x,y) = 3 (f(2) + f(2)) = Ref(z), in other words: any real-
valued harmonic function in {2 can be decomposed as a sum of a holomorphic
function and its complex conjugate, the latter being anti—-holomorphic, i.e.

a null solution of the conjugate Cauchy—Riemann operator 0, = % (O — 10y).

Already in 1898 Goursat [10] obtained a representation of a biharmonic
function, i.e. a null solution of A2, in terms of two holomorphic functions
and their anti-holomorphic complex conjugates: if u(z,y) is a real-valued
biharmonic function in €, still a simply connected region in the complex
plane, then there exist holomorphic functions ¢(z) and ¥(z) in £ such that

u(@,y) = @(2) + B(2) + ZP(2) + 200(2) = 2Re (p(2) + ZP(2)) (1)
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Note that ¢ € Kerds, p € Kerd,, z¢ € KerdZ, 21 € Kerd?. It follows that

u(z,y) =v(x,y) + za(z,y) + yB(z,y) (2)

with v(z,y) = 2Rep(2), a(z,y) = 2Ret(z) and f(z,y) = 2Ime(z), in
other words: any real-valued biharmonic function in 2 may be decomposed
in terms of three harmonic functions, two of them being conjugate harmonic.

In [11] and [9] the number of harmonic functions needed for this kind of
representation was reduced to two: given a real-valued biharmonic function
u(z,y) in , there exist harmonic functions go, ko, g1, k1, g2, ha such that

u(z,y) = go(w,y) + (&° + y*)ho(z, y) (3)
u(w,y) = g1(x,y) + zhi(z,y) (4)
u(z,y) = ga(,y) + yha(x,y) (5)

In fact, (3) is a decomposition of the so—called Almansi type. In [1] Almansi
obtained a decomposition in three-dimensional Euclidean space of a real—
valued polyharmonic function U (z) satisfying A*U = 0 in a star domain, in
terms of harmonic functions hg, k1, ..., hy_1 and powers of |z|*:

U(x) = ho(x) + |z?hi(x) + ... + |22 F D hy_ () (6)

In its turn (6) was a generalization to polyharmonic functions of the Gauss
decomposition of a polynomial in terms of harmonic polynomials and powers
of |x|2. This classical result can be expressed by saying that (|z|?,A) is a
Fischer pair for the space of all polynomials; the pair (P, Q(D)), consisting
of a polynomial and a differential operator, is called a Fischer pair if for each
polynomial p there exist unique polynomials ¢ and r such that Q(D)r = 0
and p = Pg+r. In [8] Fischer proved that for every homogeneous polynomial
P, the pair (P(z), P*(D)) is a Fischer pair, where P* denotes the polynomial
obtained from P by conjugation of its coefficients.

The aim of this paper is to generalize, in a first step, the Goursat repre-
sentation formula for biharmonic functions in the complex plane to polyhar-
monic functions in the whole of Euclidean space; the case of polyharmonic
functions in an open region of Euclidean space is a topic for further research.
This, naturally, necessitates a generalization to higher dimension of the no-
tion of holomorphy. For that we can use the framework of Clifford analysis,
more in particular the notion of monogenic function, i.e. a null solution of a
generalized Cauchy—Riemann operator acting on functions defined in Euclid-
ean space R™T!1 and with values in the Clifford algebra R,,;1 constructed
over R™*+1 or subspaces thereof. In this context it should be mentioned that
a generalization of the Goursat representation formula to R3 in the frame-
work of quaternionic analysis was obtained in [3], and a similar generalization
to C? in [4].
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The structure of the paper is as follows. In section 2 we briefly recall
the basics of Clifford algebra and Clifford analysis. In section 3 we prove
some elementary but useful results on polyharmonic functions which will be
exploited in the sequel. Section 4 is devoted to the Goursat representation
formula for biharmonic functions in Euclidean space. This paves the way for
the general case of polyharmonic functions in Euclidean space in Section 5.

2. Clifford algebra and Clifford analysis: some basics

Let R%™*! be the real vector space R™*1 (m > 1) provided with a non-

degenerate quadratic form of signature (0,m + 1) and let e = (eq,...,em)
be an orthonormal basis of R®™*1. Then e generates the universal Clifford
algebra Rg 11 over R®™*! and, embedded in Rg 11, € = (e1,. .., em) gen-

erates the universal Clifford algebra Ry ,, over R%™. The multiplication in
the Clifford algebra R ,,+1 is non—commutative; it is governed by the rules

63:71, 1=0,....,m
eiej+eje; =0, i#5,4,7=0,...,m

A basis for Ro 11 is given by (ea)acqo,...,m} where for A = (iy,..., i)
with0 <14; <ia <...<i, <m,weputes =e; e, ...€, 6 whileeyg =11isthe
identity element. Any a € Rg ;41 may thus be written asa =) , aa e4 with
as € Rorstill as a = 21:01 ], where [a]y = 3|44 @4 ea is the so—called
k—vector part of a (k=0,1,...,m + 1). If we denote the space of k—vectors
by ng,m—&-l’ then the Clifford algebra Ry ,,+1 decomposes as @21:01 R§7m+1.
Conjugation in Rg ;41 is defined as the anti-involution ¢ — @ for which
€ = —e;, 1 =0,1,...,m + 1. For the Clifford algebra Ry ,, the construction
of a basis and the decomposition into subspaces of k-vectors (k = 0,1,...,m)
is completely similar.

The Euclidean spaces R™ and R™*! are identified with the subspaces
of 1-vectors in the respective Clifford algebras Ry ,, and Rg 41, by putting
T = Z;”:l ejz; and © = Y 1" e;x;. It follows that o = xgeg + z. For further
use we also introduce the new variable

2z = €ygx = Tg + €px

and its conjugate Z = xy — €pz. The multiplication of any two vectors x and
y is given by
TYy=x0y+Tr Ay

with
i 1
roy = —ijyj = 5(3594‘3/33) = Scal [zy]
j=0
1
TNy = Zeij(fﬂiyj —Yi) = 5(379 —yz)

i<j
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being a scalar and a two—vector (also called bivector), respectively. In par-
ticular, one has that z? = —|z|> = — > " 2?7 and also that 2% = —[z|* =
— Z;”:l x? Note that for vectors x and z we have T = —z and T = —z .

The Dirac operator in R%™*1! is the first order vector valued differential
operator

m
0r = €i0a, = €00y + O
i=0
associated to z, where 9, denotes the corresponding Dirac operator in R%™,
associated to x. Similarly, we may associate the so—called Cauchy—Riemann
operator
D =¢eyd, = 8% + éoag

and its conjugate D = 0., — €90,, to the new variable 2. With respect to
any of these respective operators, a notion of monogenicity may be defined.
In R™*! we consider functions taking values in Ro,m+1. We say that such a
function f is left monogenic in the open region 2 of R™*! if and only if f is
continuously differentiable in 2 and satisfies in € the equation 9, f = 0, or
equivalently, the equation D f = 0. For an account of the theory of monogenic
functions we refer the reader to e.g. [5, 7]. Observe however that A, = —9?
and A, 11 = —0% = DD, where A,,, and A, denote the respective Laplace
operators in R™ and in R™*!. In these factorizations lies the origin of the
statement that monogenic functions constitute a refinement of harmonic ones.

In what follows we will also need the Euler operators in R%™ and
R%™+1 which are respectively given by

E,=-x00, =—Scal(z0,) = ij&cj
j=1

and

Ep4+1=—x00; = —Scal(x 0,) = inaxi = 200z, + Em (7)
i=0

3. Polyharmonic functions: some basics

A function h(P) € Cy,() is called polyharmonic of finite degree p, or (p)-
polyharmonic for short, in the open region @ € R™*! if and only if APh(P) = 0
in €. It is well-known that polyharmonic functions are real-analytic. There
is, quite naturally, an extensive literature on the theory of polyharmonic func-
tions, a good reference being [2]. Polyharmonic, and in particular biharmonic
(p = 2), functions are indeed essential in the study of boundary value prob-
lems of mathematical physics, especially from elasticity theory. Let us recall
some of their basic properties.

Proposition 1. If the function h?) is (p)—polyharmonic in Q, then x% L) s
(p + j)—polyharmonic in .
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Proof. (by induction)

It is easily seen that the commutator [A,zg] equals 20,,. It is also clear
that 0,,h®) is (p)-polyharmonic in Q. First we prove that zoh® is (p +1)-
polyharmonic. Indeed, we consecutively have in Q:

APHL (x0h<p>) — AP (A;z:oh(p)) — AP (onh(p)JrQ@xoh(p))
= AP (onh@)) = Al (A (onh@)))
= AU ((20A +20,,)ARP)) = APl A2p®)

= ... = AzgAPR®P) = 0

Now assume that x%flh(p) is (p+j—1)—polyharmonic in 2, then the following
computation holds:

AP (afn) = At (A (woud'h®))
= AP (2gA +20,,) () R))
= At (goa (o 7'AP))
= = AwgArHT () = 0
from which the result follows by induction. O

Proposition 2. (see also [2])
If the function h®) is (p)-polyharmonic in Q, then E,1h®) also is (p)-
polyharmonic in S, where E,, 1 is the Euler operator (7) in RO™m+1,

Proof.
The fundamental commutator here is

[Aa Em-i—l] =2A
We then consecutively have
AP (Em+1h(p)) = APV(E, . A+ 2A)R®
= APTE, AR 4 2APRP
AP72 (Epi1 A+ 20) AR = AP72E,  A2pP)
= ... = E, 1 APAP) = 0

yielding the statement. ([

Proposition 3. (see also [2])
If the function hP) is (p)-polyharmonic in 2, then p**hP) also is (p + k)
polyharmonic in €, where p? denotes |x|?.

Proof.
The fundamental commutator here is

[A, p?] = 4B i1 +2(m + 1)
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First we prove that p?h®) is (p + 1)—polyharmonic in 2. We have
APTL (p2h(p)) — AP ((pzA +4E 1 +2(m + 1)) h(:D))

which, in view of Proposition 2, reduces to A?p?Ah®). Proceeding in the
same way, we arrive eventually at Ap?APh(P) | which is zero indeed. Assume
now that p?**=2h(") is (p + k — 1)-polyharmonic in Q. Then we consecutively
have:

APTE (p2kh(p)) — Ap+k_1Ap2 (pZ(k—l)h(p)>
= APTRL(Q2A 4 4B, +2(m + 1)) <p2k—2h(p))
APFE=L 2 A <p2k72h(p))
= = ApPATHRL (@) — g
which proves the statement. (I

For the sake of completeness let us mention the following Almansi type
decomposition theorem; for a proof we refer to [2].

Theorem 1. If the function hP) is (p)—polyharmonic in a star shaped region
Q centred at the origin, then there exist unique functions hg,hq,...,hp_1,
each harmonic in , such that in Q holds:

hP) = ho + p2h1 + p4h2 +...+ p2p_2h;l7*1

4. Biharmonic functions: the Goursat decomposition

The Goursat decomposition formula for biharmonic functions in Euclidean
space is obtained through a series of lemmata.

Lemma 1. Given a real-valued harmonic function h on R™*, there exists a
real-valued harmonic function hy on R™*1 such that h = 0, ho.

Proof.
Take an arbitrary point zj on the zp—axis and put

hooz) = [ h(t,z)dt + ofz)

g
with a(z) a real-valued smooth function on R™*1. Tt is clear that 9,,ho = h.
In order for the function hg to be harmonic, the function «(z) should satisfy

Ahg = Oyyho — / O2h(t,z)dt — 02a =0 (8)

Since h is supposed to be harmonic on the whole of R™*!, it holds that
92h = 03 h, which turns (8) into

Amo‘(l) = —3zoh($37£) (9)
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with A,, the Laplace operator in R™. This equation (9) indeed is solvable
for a(z) due to the well-known surjectivity of the Laplace operator A,, on
Coo (R™). O

Remark 1. With the notations of Lemma 1, consider the function
H =h —e30:ho
and compute
DH = (94 +0y) (h —e50zho)
= Ozoh —€00505,ho + €00zh — €g0€00zho
= Opoh —€0zh +€50zh + Apho
(02, + Am) ho = Apyiho = 0.

This means that the function H is monogenic in R™V!, which, in its turn,
implies that (—egOzho) is a conjugate harmonic function to h in R™* in the

sense of [6]. Similarly it is shown that DH = 0, in other words: the function
H is anti-monogenic in R™T1. Moreover

Dhg = (0zy — €0z) ho = Ozyho — €0zho = H
which means that the function hg is a harmonic D—primitive or potential of

the monogenic function H. Evenso Dhy = Fimplying that hgy is a harmonic
D—primitive of the anti-monogenic function H.

The above considerations immediately lead to the following results.

Lemma 2. Given a real-valued harmonic function h in R™TY, there exists

a monogenic function H in R™+1 with values in R @ %RE}J, such that h =
Scal(H) = Scal(H).

Lemma 3. Given a real-valued harmonic function h in R™Y!, there exist
monogenic functions G and H in R™H1 with values in R @ %R%), such that
xoh = fScal [G+zH]| = fScal |G+ zH]

with h = Scal(H) = Scal(H).

Proof.
By Lemma 2 we know the existence of the monogenic function H = h —

€90zho, with values in R @ eoR( ) the scalar part of which is precisely the
given harmonic function h. Let us compute

ZH = xoh — x()%a&ho —eozh + gﬁgho

and
zH = xoh + 2080, ho + €ozh — 20:ho

from which it follows that

Scal [ZH| = xoh — E;hg = Scal [ZF]
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Taking into account that
Epho = (Bmt1 — 200z ) ho = Emy1ho — 2oh
we eventually find that
Scal [zH] = 2zoh — Ep41ho = Scal [2H|

By Proposition 2 we know that E,,1h¢ is a (real-valued) harmonic function,
and hence, by Lemma 2, there exists a monogenic function G in R™*!, with

values in R @ %RQ), such that

1 1 1
iE’m-‘rlh'O = §Scal[G] = §Scal[G]

It then follows that
1 _ 1 1 — 1
Toh = §Scal [ZH] + §Em+1h0 = §Scal [zH] + §Em+1h0
1 1 —
= §Scal ZH + G| = §Sca1 [2H + G|
([l

Lemma 4. Given a real-valued biharmonic function h® in R™H1 | there exist
real-valued harmonic functions g and h in R™T1 such that

h? =g+ zoh

Proof.

Clearly the function Ah(® is harmonic in R+ so, in virtue of Lemma 1,
there ought to exist a real-valued harmonic function kg in R™*! such that
Dzoho = ARZ). Then

A (mgho) = (I’QA + 23%) ho =2 Ah(Q)

which implies that h(?) — %xoho is a harmonic function, say g, in R™+1. It
follows that

h
h® :9"‘%070 =g+ xoh
with g and h real-valued harmonic functions in R™+1!, O

Lemma 5. (Goursat for biharmonic functions)
Given the real-valued biharmonic function h?, there exist monogenic func-
tions G and H in R™T! with values in R & %R%), such that

h? =Scal [G +ZH] = Scal [G + zH]

Proof.

By Lemma 4 there exist real-valued harmonic functions g and h such that
h(® = g+ zoh in R, By Lemma 2 there exists a monogenic function Gy
in R™+! with values in R @ ggR'Y, such that

g = Scal [G1] = Scal [G1 ]
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By Lemma 3 there exist monogenic functions G5 and H, with values in R &
%}Rg), such that

2oh = Scal [zﬁ + CTQ] = Scal [ZH + G2

with h = 2Scal[H] = 2Scal[H]. It follows that
h? = Scal [G1] + Scal [Gy + ZH] = Scal [G + ZH]
or
h(® = Scal m + Scal [CTQ + zm = Scal @ + zm
with H and G = G; 4+ G2 monogenic functions in R™*! with values in
R @ gRY. O

5. Polyharmonic functions: the Goursat representation

Inspired by the case of biharmonic functions in the foregoing section, we
proceed similarly, through a series of lemmata, to obtaining the Goursat
representation formula for polyharmonic funtions.

Lemma 6. Given a real-valued (p)—polyharmonic function h(P) in R™*L | there
ezist real-valued harmonic functions g, hi, ..., hy—1 in R™1 such that

WP = g+ zohy 4+ 23hy + ...+ 28ty

Proof. (by induction)

Recall that, by Lemma 4, the statement holds for p = 2. Now we assume that
the result is valid for a (p — 1)-polyharmonic function in R™*+1. Clearly the
function Ah®) is (p — 1)-polyharmonic in R+, So, by the induction hy-
pothesis, there exist real-valued harmonic functions ¢/, h}, ..., h, 5 in R™*+!
such that

/
p—
ARP) = g 4 xoh) + x2hh + ..+ xf;72h;_2

Since the function h;72 is harmonic in R™*!, there exists, in view of Lemma
1, a real-valued harmonic function hj,_, o such that Oz,h;, 5o = hj,_o. It
then follows, by a straightforward computation, that

1 —1 P—2 5,3 _2
A (2(17_1)1}8 hlp2,0> = Tff}g h;)72,0 + :Eg h;72
and hence

ARP) — g +xh + ...+ xg_ghg_;; +A (xg_lhp—1>

where we have put
p—2
hg—3 = h;—3 - Th;/n—Q,O

and
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Since h;{fS is a real-valued harmonic function in R™*!, there exists, again
by Lemma 1, a real-valued harmonic function hj_3 o, such that 9,,hy_3 o =
hy_3. It then follows that

1 —2 P—3 , 4 —3
A <2 oot h;,’_g,()) e AR
and hence

ARP) =g+ xohl + ...+ ah R+ A (xg’th_Q) +A (mﬁ’lhp_1>

where we have put

" A 3.0
p—4 7 p—4 9 p=30

and
1 "

hp—o = —=h
P g(p—2) 0
Proceeding in a similar way we eventually arrive at

AR = ¢ 4 zohf + A (xghs +o+ ol hy o+ xgilhp‘l)

with real-valued harmonic functions hY, hs, ha, ..., hp—2, hp—1 in R™F1. Since
hY is a real-valued harmonic function in R™*1  there exists, once more by
Lemma 1, a real-valued harmonic function h{ ; in R™*! such that d,,hY o =
h{ and for which

1 1

A (L) = wond + Snts

4 ’ 2 "

leading to
ARP) = ¢" + A (acghg +adhs +... + x871>

with ¢” and hs real-valued harmonic functions in R™*!. Finally, and again
by Lemma 1, there exists a real-valued harmonic function g in R™*! such
that 9,,9( = ¢”, and for which

A(zogl) = 29"
leading to
Ah(l") = A (Qjohl —+ Ighg + ...+ Ig_lhp_l)

where we have put h; = % g4 This implies that the function
h(p) — (mohl + ...+ .’Eg_lhp,1)

is a real-valued harmonic function, say ¢, in R™*!, from which the desired
result follows. O

Lemma 7. For each j € N one has, for the monogenic function H of Lemma
2, that _

Scal [2/H]| = Scal [Z/H] = 27z)h + g\
with h = Scal [H] = Scal [H] and g9 a real-valued (5)-polyharmonic func-
tion in R™+1),
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Proof.
First note that the result in the case where 7 = 1, already has been obtained
in the proof of Lemma 3. For the sake of simplicity we introduce the notations

o = €yx and B =ep0y
and we have

2o g 2 2

a =Ty — P

and also
Scal [o8] = Scal [20,| =200y = —Ep,
Now we assume that j is even, say j = 2k, and we compute
2k

25— (zota)? = Z(zik)xgkfiai

1=0
= 0 +( ) 0t +(2:k2)x8a2k 2+<2k)0‘2k

Jr( )mgk 10‘+( )xgk 30‘3+ Jr(2k 1)$0a2’c !

= I(Q)]ch(z):EmC 2( Lo p2)+-- +(2352)I3(~T3*P2)k 1+( )(Ig Pz)k
H (N2 + ()ag (@ — 07 + o+ (25202 — 0P ) a

_ 22k71x3k+ (alx?)k 2p2+a :Egk 4P4+ +akp2k)

4 (22k71x3k Ui, xzk 32 44 bk—1I0p2k72) o
where all coefficients aq,...,ag,b1,...,br_1 are natural numbers. Next we
compute, using the monogenic function H = h — €y0,ho of Lemma 2,
Scal [2*H| = Scal [2*"(h + Bho)]

22k12kh+(ax§k 2p2+a:z:gk 4P4+ +akp2k

) h
(2% 1g2k=1 | pg2k=3p2 4 +bk_1z0p2k72)( o
— 92k, 2k+((a1+bl) =252 |y (ag_y + be1)z2p? 2+akp2k)h
(22k I N 2) By y1ho
22kx3kh+g(2k)
where ¢(**) is a real-valued (2k)-polyharmonic function in R”*! in virtue of
the Propositions 1,2 and 3.

The case where j is odd proceeds along similar lines. Also the computations
for Scal [ZJ H } are similar. O

Proposition 4. (Goursat for polyharmonic functions)
Given the real-valued (p)-polyharmonic function hP) in R™*1 there exist

monogenic functions Ho, H1,. .., H,—1 in R™T with values in R & eoR(l)
such that

P —  Seal (Ho+zH, +Z°Ho + ...+ 2" "Hp_4]
= Scal (Ho+ zHy + 2°Hy + ...+ 2" 'H,_y
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Proof. (by induction)
We assume that the stated Goursat representation formula is valid for (p—1)-
polyharmonic functions in R™*!. Note that the result for p = 2 has been
obtained in Lemma 5. By Lemma 6 we know the existence of real-valued
harmonic functions g, h1, he, ..., hy—1 in R™*! such that
h(p) =4 + l'ohl + {Eghg + ...+ .’Egilhpfl
or
-1 _

B = =D 4 op Yhy
where g%pfl) = g+ xoh1 + 2%hy + ... + x’o’_2hp_2 clearly is a (p — 1)—
polyharmonic function in R™*!. Since hp—1 is a real-valued harmonic func-
tion in R™*!, there exists, in view of Lemma 2, a monogenic function

prl = hpfl - ?Oaghpfl,o

with values in R @%Rﬁ,ll), such that h,_1 = Scal [H,_1] = Scal |H,_1|, and,
by Lemma 7, we know that

Scal [Ep_al,l] = Scal [zp_al,l] = 2p_1:r§71hp71 + gép_l)

with gép U also a (p — 1)—-polyharmonic function in R™*!. It follows that
-1 1 S 1 —1
h?) = g](-p '+ 2p718ca1 (2P~ Hpa] — op—1 gép )

or

1
h®) = g(P=1) 4 Scal [zpl op—1 Hp1}

with ¢(»=1) = g%p_l) - y%lgép_l) a (p — 1)-polyharmonic function in R™*1,
for which, by the induction hypothesis, the proposition holds. So there exist

monogenic functions Ho, Hy, ..., Hp—2 in R™T! with values in R & %Rg,ll),
such that

9" = Scal [Hy + ZH, + ... + 2" 2H, _,]
and the result follows. O
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