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Abstract

We investigate the reduction process of a k-symplectic field theory whose Lagrangian is
invariant under a symmetry group. We give explicit coordinate expressions of the resulting
reduced partial differential equations, the so-called Lagrange-Poincaré field equations. We
discuss two issues about reconstructing a solution from a given solution of the reduced
equations. The first one is an interpretation of the integrability conditions, in terms of the
curvatures of some connections. The second includes the introduction of the concept of a
k-connection to provide a reconstruction method. We show that an invariant Lagrangian,
under suitable regularity conditions, defines a ‘mechanical’ k-connection.
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1 Introduction

The Lagrangian equations of a first-order field theory are a set of second-order partial differ-
ential equations in the unknown fields ¢ (¢), depending on k parameters t*. For a Lagrangian
L(g*, u?), they are of the form

arXiv:1504.06462v1 [math-ph] 24 Apr 2015

2L  9¢P N PL  9*¢P oL )
AqBoud ot* 8u§”8ué oteotd  0gA’

with (¢4 = ¢2(t),us} = 02 /t*(t)). In the literature, there exist many geometric models that
describe classical Lagrangian field equations. Just to name a few, we mention the polysymplectic
[28] [17], the n-symplectic [24], the k-cosymplectic [20], the multisymplectic [5] [7, 14, 18] and the
jet [19, 29] formalisms. The main differences between all these models depend on e.g. the choice
one makes for the geometric and the differentiable structure of both the space of parameters
t* (such as e.g. spacetime) and the space of fields #4. The model we will use in this paper is
the one of k-symplectic field theory, as developed in e.g. the papers [2] [15] 25 26]. The space
where the derivatives of the fields, 9¢?®/0t%, live is identified in this setting with the so-called
tangent bundle of k'-velocities Tle. In many ways, one may think of k-symplectic field theory


https://core.ac.uk/display/55847941?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://arxiv.org/abs/1504.06462v1

as the model that resembles the closest the standard symplectic formalism of both Lagrangian
and Hamiltonian mechanics on a tangent and a cotangent bundle, respectively. It characterises
the (regular) field theory in terms of a certain class of so-called ‘k-vector fields’ on T}@Q, which
are literally collections of k individual vector fields.

In the last few years there has been an increasing interest in field theories with symmetry, and
in their reduction (see e.g. [3, [, 11l 2], 21] B0] and the references therein). Depending on the
nature of the space of fields, the reduced PDEs are often referred to as the ‘Lagrange-Poincaré
field equations’ or the ‘Euler-Poincaré field equations’. The general idea behind symmetry
reduction is that, when a dynamical system (be it a set of ODEs or PDEs) is invariant under
the action of a symmetry Lie group, the system can be reduced to one in fewer variables which
is presumably easier to solve. The second step in the process is to reconstruct a solution of the
original dynamical system from a given solution of the reduced system.

The main goal of the paper is to show how both the reduction and reconstruction process works
in the context of k-symplectic field theories. The method that has been followed the most up to
now in the literature (for different geometric models of Lagrangian field theories), depends on a
reduction of the variational principle that generates the Lagrangian equations. By contrast, we
will show that the k-symplectic model is ideal to follow a somewhat different procedure, which
is similar to the one that has been used in the paper [23] for Lagrangian systems with symmetry.
In our formulation of reduction below, we will bring the k-vector fields to the front, rather than
the (unreduced or reduced) PDEs they produce.

After some preliminaries (in Section [2]) we discuss in Section [ some results about the integra-
bility conditions of the PDEs that can be associated to an arbitrary invariant k-vector field X
on a manifold M. Under the assumption that the reduced equations on M /G are integrable, we
will give an interpretation of the remaining integrability conditions in terms of the curvature of
some connection w®X.

We then specify to the case where M = T, le, and the dynamics to those given by a Lagrangian
k-vector field. In Section ] we present a new formulation of the Lagrangian k-vector fields on
T le in terms of a non-standard local frame of vector fields on (). In the presence of a Lagrangian
with a symmetry group G, we identify in Section Bl the action under which the Lagrangian k-
vector fields are invariant, and we show that they can be reduced to k-vector fields on the
reduced space (T,CIQ) /G. We end Section [}l with a computation of the coordinate expressions of
these vector fields and their associated PDEs (which represent the Lagrange-Poincaré PDEs in
this context).

At the end of Section Bl we turn back to our interpretation of the integrability conditions, for
the case of a Lagrangian k-vector field and we make the link, in our setting, to some results
about ‘reconstruction’ that have appeared in the paper [11]. There, a big role is played by
two connections A” and A°. We will show how these connections (i.e. their analogues, when
translated to our setting) appear in our discussion about integrability, by decomposing the

connection w®* into two parts.

The integrability conditions only guarantee that a solution may be reconstructed, but they do
not tell one how to do so. In Section [6l we discuss, first for a k-vector field X on M, a reconstruc-
tion method that allows one to re-assemble the solution, from a given solution of the reduced
equations and from a map that takes values in the symmetry Lie group. This part of the prob-
lem involves the introduction of a new concept, that of a principal k-connection on the principal
bundle M — M/G. It is an appropriate generalization, to the level of k-tangent bundles, of



the notion of a principal connection. We end Section [6] by showing that, on M = T, le, such a
connection is naturally available for a Lagrangian field theory with symmetry (up to a certain
regularity condition on the Lagrangian). Since it resembles the so-called mechanical connection
which appears in the context of a Lagrangian system whose kinetic energy is associated to a
Riemannian metric (see e.g. [23] for a discussion on this topic), we have kept that name also for
the case of field theories. We end the paper with an application of our results to the context of
harmonic maps.

2 Integrability of a k-vector field

In this section we recall the concept of a k-vector field, and of an integral section of a k-vector
field. Parts of this section can be found in more detail in the papers [2, 25| 26]. We finish
the section with a useful integrability criterion for a k-vector field in terms of an associated
connection.

2.1 Connections and curvature

In what follows we will often use non-linear connections, on many bundles. To set notations, let
us recall briefly their definition. Let p: ¥ — B be a fibre bundle. For e € F, the vertical space
VeE at e is given by the kernel of Top : T.E — T ) B. 1t gives rise to the so-called vertical
distribution VE = {V.E|e € E}. We can put this in a short exact sequence of vector bundles
over M,

0—>VE—-TE - ExgTB—0, (2)

where the middle arrow j : TE — E xpg TB is given by v, — (e, Tp(ve)). A connection on p is
either given by a right splitting v : F xp TE — TFE (i.e. a linear map satisfying j oy = id), or
by the corresponding left splitting w =id —~voj:TE - VE CTE.

The above short exact sequence naturally extends to the level of sections of the corresponding
bundles over M,
0 — Sec(VE) — X(E) — Sec(E xp TB) — 0.

A splitting of (2) induces a splitting of the second sequence. When we interpret w : X(E) — X(FE)
as a (1,1) tensor field on E, we will call it the connection form, or the vertical projection. The
map h : id — w is the horizontal projection of the connection. Since vector fields 7" on B can
be thought of as basic sections in Sec(E x g T'B), we may define the horizontal lift of T' as the
vector field T" of E, given by T"(e) = (e, T(n(e))).

The curvature of the connection is the (1,2) tensor field on E, given by (X,Y) — —w([hX, hY)),
for two vector fields X,Y € X(F). In what follows, however, we will also often use the word
‘curvature’ for the restriction of that map to two horizontal lifts and use the notation

K(T,S) = —w([T", S"]) € X(E)

when T, S € X(B).



2.2 The tangent bundle of k!'-velocities

Let mpr: TM — M be the tangent bundle of a differentiable manifold M We will use the nota-
tion T, LM for the Whitney sum TM@ k. ®T M of k copies of TM and T for the correspondlng
projection TM TkM — M which maps (ui,...,u;) onto the point m € M on which all u,’s
Tpr-project. T, klM can be identified with the manifold J&(Rk, M) of k'-velocities of M. These
are 1-jets of maps from R* to M with source at 0 € R¥. For this reason the manifold 7, klM is
called the tangent bundle of k'-velocities of M.

In what follows, we will denote coordinates on R¥ by (t*) = (¢!,...,t*) and use bold face letters
u to denote elements (uy,...,uy) in TAM. If (z ) (With I =1...dim M) are local coordinates
on U C M then the mduced local coordinates (z!,u’) on TU = 7;,}(U) are given by

2! (up) = 2! (m), u! () = U (21), U € Ty M.

These naturally induce coordinates (x!,ul) (with I = 1...dimM; a = 1...k) for a point u
in T}U = (r},)7'(U), such that u! are the components of the a’th vector u, of u along the
natural basis of T}, M.

Let ¢o: M — N be a differentiable map. In what follows, we will make use of the canonical
prolongation of ¢, which is the induced map T, klgp 2T klM — TklN defined by
Tklgp(v) - (Tm(p(vl), oo 7Tm90(vk)) .

The first prolongation ¥ of a map v : R¥ — M is the map R — T klM , defined by

P (1) = (Tt¢<at1‘>""’ tzb(atk‘)) .

In local coordinates, we have

!

w(() (wl()ata()>, 1<a<k, 1<I<dimM. (3)
Definition 2.1. A k-vector field on M is a section X : M — TklM of the wvector bundle

Th  TEM — M.

Given that TklM is the Whitney sum of k copies of T'M, by projecting a k-vector field X onto
every factor, we see that it consists of a family of k vector fields X, = 7, o X on M. Here,
Tat TklM — TM stands for the canonical projection on the at?-copy of TM in T, klM . We will
denote the set of k-vector fields on M by X¥(M). Tt is a C*>(M)-module.

Definition 2.2. An integral section of a k-vector field X, passing through a point m € M, is a
map v : Uy C RF — M, defined on some neighbourhood Uy of 0 € R*, such that 1(0) = m and
X ot =V, where vV is the first prolongation of 1.

A k-vector field X on M is integrable if there exists an integral section passing through every

point of M.

An integral section v of the k-vector field X, consisting of the vector fields X, = X19/0x!,
satisfies

10 (53], ) = Xatwto), ()
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and therefore, in view of (B]), we get in local coordinates

ol I :
a7 = Xa o, 1<I<dmM, 1<a<k. (5)

As is the case for any vector bundle, by considering products of the bundle with its dual, we
may consider forms and tensor fields on it. For example, we will speak of a (1,1) k-tensor field
on M when we mean a (1,1) tensor field on 7, i.e. is a C<(M)-linear map X*(M) — X*(M).
Locally, we can write for X = (X,) that A(X) =Y, with Yﬁ‘] = Aé?Xi. As a special case,
one may consider a (1,1) tensor field A on M, and extend it to a (1,1) k-tensor field, by putting
Ys = A(Xp). Then Aéa = A/ 85. In an analogous terminology, we will speak of (r,s) k-tensor
fields on M.

Definition 2.3. Let X be a vector field on M. The Lie derivative Lx of a k-vector field Y on
M is the k-vector field LxY on M whose ath component is given by the vector field [X,Y,] on
M.

An equivalent formulation that makes use of the flow ¢; of the vector field X is then

! — m

The corresponding Leibnitz-property is then Lx(fY) = X(f)Y + fLxY. We can easily extend
the Lie derivative to k-tensor fields. In particular, we have

(LxA)(Y) = Lx(A(Y)) - A(LxY) (6)

for a (1,1) k-tensor field.

2.3 The connection associated to a k-vector field

An arbitrary section of the trivial bundle m: R¥ x M — R* can be written as (Idgr, ¢) : RF —
R* x M. Elements of the first jet bundle J'7 can then be identified with couples in R x TklM ,
as follows:

g 0) = (1.0 0.0

Jree)) = (6000,

Each k-vector field X = (X7,..., X)) defines a special type of jet field on 7, given by
(Idge,X): RF x M — R* x T M,

that is: a section of the canonical projection 71 ¢ : Jlm = R* x TklM — RF x M. In local fibered
coordinates the section is given by

(Idge, X)(t*,2") = (t*, 27, XI(2)).

A section ¢ = (Idgk,v) of m is called an integral section of the jet field (Idg,X) if jl¢ =
(Idgk,X) o1). This means, locally, that v: R¥ — M must satisfy the equations (), or that it
must be an integral section of X. The k-vector field X is therefore integrable if and only if it is
associated jet field (Idgk,X) of 7 is.



It is well-known that jet fields may be interpreted as connections (see [29] for details). In
particular, the jet field (Idgx,X) of a k-vector field can be identified with a connection on the
trivial bundle R* x M, i.e. with a splitting of the short exact sequence

0— V(R* x M) =RF x TM — T(RF x M) = (RF x M) xguyy TR¥ = M x TR* = 0

of vector bundles over R¥ x M. The right splitting X : M x TR* — T(R¥ x M) of the connection
associated to X is given by
0
— T
t) ((%a

and there is a similar expression for its horizontal lift. The left splitting wX: T(R¥ x M) —
R* x TM is, under the identifications made, given by

0 ; 0

—_ yi =

ote ‘(t,m) + Oxt l(tm)

X(ijai

ote

(t,m)

0
I —_
+ Xa(m)(‘)azf (t,m)> (7)

wX(Ta

) = <t, (v - x! TO‘)%L) . (8)

One easily verifies (see e.g. Proposition 4.6.10 in [29]) that the jet field (Idgx,X) is integrable,
or equivalently: that the k-vector field X is integrable, if and only if the curvature KX of the
associated connection vanishes. This is equivalent with [X,, X3] =0, or
J
aXﬁ 19X4 —

I — =
Xa ox! B oxT 0, )

for all x € M.

3 Integrability of an invariant k-vector field

In this section we study the above integrability criterion for the case of a G-invariant k-vector
field. We examine its relationship to the integrability criterion of its reduced k-vector field.

3.1 Invariant k-vector fields

Let & : GxM — M be a free and proper action of a connected Lie group G on M. Then, the
projection 7y : M — M /G on the set of equivalence classes defines a principal bundle structure
on M. A vector field W on M is said to be invariant if

T,y (W (m)) = W (@, (m)).

In that case, the relation
Womy =TrpyoW (10)
uniquely defines a reduced vector field W on M/G.

Likewise, if F' : M — R is an invariant function on M it can be reduced to a function f :
M/G — R with fomy = F. We also have that

W(F) = W(fomm) = W(f)omu, (11)



that is, W (f) is the reduced function on M/G of the invariant function W (F) on M.
We will denote by M . G x TIM — T!M the k-tangent action, given by dTiM (g,v) =
T ®,(v), or
1
(IJTkM(g,vl, oovg) = (T @g(vr), .o, T ®g(vr))

where m = TJ}J(V) and g € GG. The action LM . G x TklM — TklM is also free and proper and,

therefore, w1y : TM — (T!M)/G is a principal bundle too.
1
Definition 3.1. A k-vector field X on M is G-invariant if <I>ngM o X =Xod,.

Thus, a k-vector field X on M is G-invariant if
T ®@g(Xo(m)) = Xo(Pg(m)) meM, 1<a<k

and therefore is each composing vector field X, a G-invariant vector field on M.

Let us denote by &,s the fundamental vector field for the action ®, associated to an element &
of the Lie algebra g. Recall that, if GG is connected, a function f on M is invariant if and only if
Ev(f) =0 for all £ € g. Likewise, a vector field X on M is invariant if and only if [X,&y] = 0
for all £ € g. In terms of the Lie derivative we had introduced in Section [2] we obtain that X is
invariant if and only if L¢,, X = 0, for all £ € g.

Definition 3.2. The reduced k-vector field of a G-invariant k-vector field X = (Xo) on M s
the k-vector field X on M /G whose composing parts are given by the reduced vector fields X, of
Xa, given by

Ty o Xy = Xa oM.

From relation (@) and the above definition of X, we can easily conclude:

Proposition 3.1. If ¢ is an integral section of an invariant k-vector field X on M, then (5 =
T 0 @ is an integral section of the reduced k-vector field X on M/G.

3.2 Integrability and curvature

In this section we consider a principal fibre bundle 7y, : M — M/G. We wish to examine how
the integrability of an invariant k-vector field on M relates to the integrability of its reduced
k-vector field on M/G.

From now we will use local coordinates on M defined as follows. Let U C M/G be an open set
over which M is locally trivial, so that (7))~ (U) ~ U x G. We will use coordinates (2%, %) on
a suitable open subset (737) "1 (U) (containing U x e) such that (2%) are coordinates on U, and
(z%) are coordinates on the fibre G. Then, the local expression of the projection wp; : M — M/G
is:

(7)) U)=UxG — U

12
(z!) = (2, %) o (2h). (12)

In these coordinates, the left action of G onto (my) "1 (U) = U x G is given by

O4(x,h) = (z,gh).



We can write any k-vector field X on M as

X, =xi 2 4 xa 0

aaxl aaxa‘ (13)

If X is G-invariant then the functions X! are invariant functions on M. They can therefore
be identified with functions on M/G. The reduced k-vector field X = (X,) we had defined in
Definition is given by

From () we know that the connection associated to the reduced k-vector field X is given by

right splitting 5
=T — 14
t) (ata (tﬁ[m])> 1)

0— RF x T(M/G) — T(RF x (M/G)) = (M/G) x TR* — 0.

; 0
+ X (m)=—
(t,[m]) ( )aml

of the short exact sequence

We will denote its curvature by K X,

Proposition 3.2. (1) If X is integrable, then so is also the reduced k-vector field X, ie. KX = 0.

(2) If X is integrable then the vector fields [Xq, Xg] take values in the vertical distribution of
mar, which can be identified with M X g.

Proof. Both properties easily follow from the fact that Tmys o [Xa, X5] = [Xa, X5] 0 mas. O

When X is integrable the remaining vertical part of the bracket [X,, X3| is locally given by

-0 5, 0 0 o, 0 o 0 op O
X — Xj— — | X)—, X — X — X5—1. 15
[ *oxt’ B(‘)x“] [ B oxi O‘ax“} N [ Oz’ Baxb] (15)
In the calculation of these brackets one should take into account that all partial derivatives of the

functions X! with respect to variables % vanish, because the components X/, are G-invariant.

In the remainder of this section, we will show that we can also give an interpretation of that
vertical part (IH), as the curvature of some connection.

Let ¢ : RF — M/G be an integral section of the reduced k-vector field X on M/G. Consider
the pull-back bundle 7y : ¢*M — RF:

M —>]\( with ¢* M = {(t,m) . T (m) = qé(t)}
RE—° o MG

This is a G-priuncipal bundle. Let us use ¢ for the inclusion i : QUS*M —>uRk x M. We will use p
for a point in ¢* M, and (t,m) for its inclusion i(p) in R¥ x M. Then, ¢(t) = mps(m) in M/G.

Lemma 3.1.



(1) Ifqzub :RF — M/G is an integral section of the reduced X then QUS satisfies

v v

FX(O(t),v) = Tyd(vy), for all v, € TR, (16)

where ¢ : R¥ — RE x M/G,t s (t,$(t)) and where 75( is the connection associated to X.

(2) The following diagram is commutative

M —L S RFx M p——=(t,;m)
Wzt Lﬁ—l\l:(lde 77"1\1) Wg[ [ﬂ]\/[:(dekﬂrM)
RF % .~ RFx M/G t— (¢, [m))

that is R
Ty 06 = oy (17)

Proof. Both properties are immediate consequences of expression ([4) and of the fact that
¢ :R¥ — M/G is an integral section of X. O

If ¢ is locally (t%) — (x' = ¢'(t)), then locally
i (%, 2%) = (2 = ¢l(t), z%)

that is to say, the pullback bundle structure naturally induces coordinates (t%,z%) on (;;*M . In
these coordinates, tangent vectors V, to ¢*M (in a point p) are locally of the form

0 0

Vo= T 5]+ (18)
From the relations
[ 0 0 0 0 0 Ly 0
T — = — t - = — X! t -
p? <8t‘l p> ot | (t,m) c‘%a( )8952 tm) Ot (m) + (Xa o9 )8351 (t;m)’
0 0
T, =
P! <8:17“ p) 0x® | (t,m)
we can deduce that
T,i(V,) = o0 + (X7 0 ) ()T 0 ya 0 e LR* x T,,M.  (19)
PRI 0t | m) « oz | (t,m) oz lemy ~ me

Here we consider X, as a function on M /G, and therefore X’ o ¢ as a function on R¥.

Vertical vectors for the bundle 7o at the point p are those with 7% = 0, and may therefore be
identified with elements in R* x V,,, M, where V M is the vertical distribution of was : M — M /G.
A connection on ¢*M is therefore a splitting of the sequence

0— V(" M) =RF x VM — T(¢* M) — ¢*M xpi TRF — 0

of vector bundles over (E*M .



The connection map of the connection 4* is a map wX : T(R* x M) — R* x TM. For
Vp € T(¢* M), with i(p) = (t,m), it follows from (8) and (I3)) that

0
ox?

K (Ti(Vy) = (t, (F* — Xo(m)T)

)90 = mtm) (20

The second element is clearly m;-vertical in M, and we may use it to define a connection on
o*M.
Definition 3.3. The principal connection ,YJ&,X on (E*M, defined as a conmection map, is given

by

w?X(V,) = (t,w™(Ti(V,))) € R x V,,, M. (21)

m) . (22)

Likewise, for the corresponding horizontal lift 7" of a vector field T = T“9/dt* on RF, we
obtain, from (22]),

In coordinates, if we represent V,, as in (I8]), then

0
ox?

PR = (070 - Kalm)T?)

0 -
" =T1° <%+(Xgoprgoi)

From now we shall denote the map prg o by 1.

The curvature of this connection is then (with T'= T*0/0t* and S = S*9/0t™ two vector fields
on RF):

0 7 x
axa> € X(¢"M).

. O(Xgom) 9(X%om)\ O
K*X(T = —7%8° b _AAa oM
(T, 5) S (( ot oth Oxzo
Za 9 % 9
+ [(XQOWl)%,(XBOﬂ'l)@]>
If we take into account that
(X% o) 0X4 D™ 0X4 . 0X4
B _ B _ B m _ B ym
oo\ g o) o ~ gm0 (K500 = G X ) em
and that, since X!, are invariant functions, X¢ /0z® = 0, we easily see that

. N R N N R
¢,X _ _pagp i a o ) a a b
Tﬂ'l(K (T, S)) =-T S <|:XOC8;1;Z7XB—8[I;Q:| [Xﬁ—axl’Xa—axa} + [Xa—axa7 ﬁ—axb]> oT.

When we compare this to expression (I3]), we may conclude from Proposition that:

Proposition 3.3. A G-invariant k-vector field X is integrable if and only if

(1) its reduced vector field X is integrable (i.e. its curvature as a connection vanishes) and

(2) the curvature of the connection w?X yanishes for each integral section (5 :RF — M/G of
X.
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Ifqzub is an integral section ofX then there will exist an integral section ¢ of X that projects on
& provided that the curvature of the connection w®* vanishes.

In Section [(] we will give a method that will enable us to actually reconstruct such an integral
section ¢.

We can, in particular, use the proposition above to characterize the integrability of the Euler-
Lagrange equations () of an invariant Lagrangian L. For that case, we have to take M = Tle
and X = T', a Lagrangian k-vector field.

3.3 Decomposition by making use of a principal connection

We will show in this section that, by making use of a principal connection w™ : TM — T M on
my M — M/G, we can re-express the vanishing of the curvature of the connection w?X in
more convenient terms. We also show that, in stead of defining this connection directly, as we
did in Definition 3.3 we could also have constructed it in two consecutive steps.

Suppose we are given a principal connection on the principal bundle 7y : M — M /G. We will
consider three sets of vector fields {X;}, {E,} and {E,} on M. The first set, {X;}, is given by
the horizontal lifts of a coordinate basis of vector fields 9/0x on M/G by the given principal
connection. These vector fields are G-invariant by construction, and they form a basis of the
horizontal subspace at any point. The two other sets of vector fields, {E,} and {E,}, will both
form a basis for the vertical space of 7w, at each point.

The vector fields {E,} are the fundamental vector fields on M, associated to a basis {E,} of
the Lie algebra g. They are in general not invariant vector fields. Since they are vertical by
construction, we can write

~ 0

_ b

E, = Ka@, (23)
for some non-singular matrix-valued function (K?). The vector fields E, in the last set are
defined as N

Ea($7g) = (adgflEa)M(xyg)v (24)

where we are using the local trivialization (I2) and where the notation &y, refers again to the
fundamental vector field of § € g. One easily verifies that these vector fields are all invariant.
The relation between F, and E, can be expressed as

Ea(xvg) - Ag(g)Eb(mvg)v (25)

where (A4%(g)) is the matrix representing ad,—1 : g — g with respect to the basis {E,} of g. In
particular A%(e) = &L.

If we set

~

X, = — () Ey (26)

ot
the invariance of X; amounts to 07?/0z% = 0. One easily verifies that the Lie brackets of the
vector fields of interest (see e.g. [23]) are as follows:

[Ethb] = _Ongm [Ethb] = Ogb Acv 07 (27)
[Xia Ea] = T?aEba [XMX]] = _Kiaana [Ea7 Eb] =0.
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Here C¢, are the structure constants of the Lie algebra g, K i are the components of the curvature

of the principal connection (with respect to the vertical frame E‘a) and !, = —~¢CL,.

The wvertical lift allows us to identify invariant vertical vector fields on M with sections of the
adjoint bundle g = (M x g)/G — M/G, as follows: Let E, be the local section = +— [(z,¢), E,]q,
then (X°E,)" = X°E, (see c.g. [§]). The horizontal lift of the principal connection maps the
vector field X = X'0/82" on M/G to the invariant horizontal vector field X" = X7X; on M.
The decomposition of a G-invariant vector field X into a horizontal and a vertical part is then

X =(X)"+(X)" = X'X; + X°E, (28)

for a certain X € X(M/G) and X € Sec(g — M/G). Both coefficients X? and X® can be
identified with G-invariant functions on M, and therefore with functions on M/G.

For two G-invariant vector fields X and Y on M, the bracket [X,Y] is again G-invariant and
one can verify that

(X, Y] = (X, Y])'+ (VgV - Vp.X + [X, V] - KM(X,Y))", (29)
see e.g. Theorem 5.2.4 in [6], or [22]. Here
(KM(X,Y)" = =M (X", Y7) (30)

is the curvature of the connection w™, if one takes the identification between sections of the
adjoint bundle and vertical vector fields into account. The bracket [X,Y] is the Lie bracket on
sections of the adjoint bundle g — M /G (which is a Lie algebra bundle), given by

(X, Y]"=[X"Y"] or |[E, E)=CSE,,

and the connection V is the induced connection on the adjoint bundle, given by

(VY =[(X)"Y"  or V.o E,=7TLE,.
ox?

If X = (Xq) is G-invariant k-vector field on M, then the decomposition (28] defines a reduced
k-vector field X = (X,) on M/G and a section X = (X,,) of g&¥ — M/G.

Proposition 3.4. Given a principal connection w™ , a G-invariant k-vector field X is integrable
if and only if

(1) X is integrable and

9 9

(2) V)“(QXB - V)éﬁXa + [XmXB] - KM(XQ’Xﬁ) =0.

Proof. The integrability of X is measured by the vanishing of the brackets [X,, Xg]. But we
have now,

9]

[XOHXB] = ([XO“Xg])h + (VXaXﬁ - VXBXQ + [XQ7XB] - KM(XayXB))v'

12



The first condition means that the curvature of X, regarded as a connection, must vanish. If we
set

Xo = (Xo)" + (Xo)" = XL X; + X2E,, (31)
then from (23], (28) and (20), the relation with the notations in the preceding paragraph is
Xa = (X5 — XanD ALK (32)

In coordinates, the second condition in Proposition B.4] is
Xo(XF) = Xp(X0) + (XL X5 — XpXOYE, + CLXAXG — KL XLX) = 0. (33)

From Proposition B.3] we know that we may identify this expression with the vanishing of the
curvature of the connection 7¢ X for each integral section QS, i.e. it is equivalent with the condition

@).

We will need the expression ([B3]) later in Section 0.4l For later comparison with [I1], we show
how one can use the principal connection w™ to split the connection X in two parts.

Consider again the pull-back bundle gb*M — R*. Let us denote the map p € gb*M —m e M,
as before, by m1. Then we can define a new principal connection w? on &*M as

W (V) =M (Lm (V). WV, € T(6"M). (34)

Tangent vectors to ¢*M (in a point i(p) = (t,m) with ¢(t) = w(m) € M/G) can now be
represented in the form

Ti(Vy) = 7| 4 (XE 0 6T Xim) + Y Eulom).

The relationship between Y and Y of expression (IJ) is then
Y= (V- ToX A5 ALKE . (35)
A local expression for this connection is then

w?(V,)) = Y2Ey(m).

Suppose that we are now also given a section X = (X, = X%F,) of gF — M /G We can

vertically lift it to the section (XZ o ¢)E of ¢*M and add it to the connection w® to form a
new connection on QS*M , with

WR(V) = (Y — (X8 0 $)T*) Ey(m). (36)

From (B2), (35) and (B4l), we see that the connection w?X is the same as the connection w®X
we had introduced in the paragraphs above.

4 Lagrangian k-symplectic field theory

In this section, we recall the Lagrangian k-simplectic formalism. For a regular Lagrangian, the
solutions of the field equations are given by the integral sections of some k-vector fields, the
so-called Lagrangian SOPDES. They represent a generalization of the well-known concept of a
SODE vector field.

13



4.1 Canonical operations on T} (Q

In this section we will assume that () is an n-dimensional differentiable manifold, whose local
coordinates are given by (¢?). We will denote the natural coordinates of T!Q by (¢4, u?). In
the next paragraphs we briefly recall some canonical objects and structures that can be defined
on M = Tle. Most of them find their natural analogue on a tangent bundle, when k = 1 (see

e.g. [9, [I0] for that case).

We will assume throughout that a point v = (g; vy, ..., v) € TEQ is given, with Té(v) =q€qQ.
For a tangent vector Z, € T,Q, we define its vertical a-lift at v, ZY= as the vector tangent to
the fiber (Té)_l(q) C T} Q, given by

d
ZVe = d—(vl, Va1V + SZ, Vag, -+ Uk) € T, (TLQ).
S s=0
We can, of course, extend this operation to the level of vector fields. If Z = Z49/9¢* is a vector
field on @, then its a-th vertical lift ZV* is the vector field on TkIQ whose local expression is

0
ZVe =74 —. 37
There is a corresponding notion of a complete lift Z¢. If the vector field Z on @ has local
1-parametric group of transformations ¢;: (Q — @, then the local 1-parametric group of trans-
formations Tklgot: Tle — T le generates a vector field Z¢ on Tle, the complete lift of Z to
T le. Its local expression is
0 YA
7€ =74 " tul 5.
dq4 Ya dg” oub

One may easily establish the following properties for the brackets of complete and vertical lifts:

(XY =[X,v]% [X9YY]=[X Y], [X% X" =0. (39)

(38)

With a local frame on @) we will mean a basis for the C*°(Q)-module structure of the set of
vector fields on @, that is to say: If {Z4} is a frame on @, then each vector field Z on @ can
be written as Z = Z4Z4, for some functions Z4 on Q. Likewise, each tangent vector vg € T,Q
can be decomposed as vg = vz A(q), for some real numbers vA. From the local expressions (33d)
and (38]), we can easily conclude that:

Proposition 4.1. If {Z4} is any local frame on Q, then {Z9, Z >} is a local frame on TQ.

The canonical k-tangent structure on T}Q is the set of (1,1) tensor fields (S%, ..., S*) defined
by
SUWV)(Zv) = (Te1y(Ze)V, v ETRQ, Zy € TW(T;Q).

Alternatively we can define S®, for its action on vector fields, as the unique (1,1)-tensor field on
TLQ for which S¥(X¢) = XVo and S%(X"#) = 0. Its local expression is

S =~ @dg?. (40)
The Liouville vector field A € X(T}}Q) is the infinitesimal generator of the flow

V: R x THQ — TQ, Y(s,v1,, .., 0k,) = (€014, ..., € 0,).

In local coordinates it takes the form A = u20/0us .

14



4.2 Second-order partial differential equations

Maps like ¢: Uy € RF — @ will play the role of the fields of the theory. The differential
equations of interest, however, are second-order partial differential equations, and will be defined
on M =T, le, rather than on (). We will turn next to the characterization of those integrable k-

vector fields on Tle which have the property that all their integral sections are first prolongations
#M) of maps ¢: RF — Q.

Definition 4.1. A second-order partial differential equation field (SOPDE from now on) is a
k-vector field T' on M = Tle which is a section of the projection Tleé: T,g (Tle) — Tle; that
is, it satisfies
1.1 _
Tk: TQ o' = IdilQ,

for Té : Tle = Q.
For T = (T,) this definition is equivalent with the property that, for all w = (w,) € T}Q,
TwTé(Fa(W)) = Wgy.

For k = 1, the definition of a SOPDE reduces to that of a second-order ordinary differential
equation field (often called SODE).

In local coordinates we obtain that the local expression of a SOPDE T is
Iy :uA—+(fa) A B (41)
ol f ouB

for some functions ( fa)ﬁB € C=(TLQ).

If : RF — TLQ, locally given by t(t) = (¢2(t),2(t)), is an integral section of a SOPDE T' then
we obtain from Definition [Z2] and expression ({I]) that

o8
otB 14

Oty 4
Wt_¢a(t) )

= (fa)5 (W(1)) -
From this, we obtain the following proposition, see [2], 26].

Proposition 4.2. Let T' be an integrable SOPDE. FEach integral section 1 of T is the first
prolongation ¢ of its projection ¢ = Té o1h: RF — Q onto Q. Moreover, ¢ is a solution of the
system of second order partial differential equations given by

2 1A B
2o o=t (0. %2 0). -

Conversely, if ¢: R¥ — Q is a map satisfying (72), then its prolongation &) s an integral
section of T.

From ([@2) we deduce that if T' is an integrable SOPDE then ( fa)? = (fp)4 for all choices

a,B8,=1,....,k. We will call ¢ a solution of I, whenever ¢ is one of its integral sections.
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4.3 Lagrangian SOPDEs

We are now all set to describe the Lagrangian field theory of interest: the k-symplectic formalism.
In this context, a Lagrangian is a function L on Tle. By using the k-tangent structure S¢, we
may introduce a family of k one-forms 6% = dL o S* and k two-forms w§ = —dff on Tle with
local expressions

oL oL
0F = ——dg*, W =d¢*nd| = ). 43
L 8’U,é qa , wy q <8Ué > ( )

We may also introduce the energy function E;, = A(L) — L € C°°(TM).

0*L
Definition 4.2. The Lagrangian L: Tle — R is said to be regular if the matriz | ——F%
QugOujs

18 non-singular at every point of Tle.

For the rest of the paper, we will assume that L is regular. In [2] 25] 26] it has been shown that,
under that condition, all k-vector fields I' = (I'y) on T} Q that satisfy the condition

i, wi = dEr,
must be SOPDEs. Moreover, if I is a SOPDE, the above relation is equivalent with
Lr 07 —dL =0,
see Proposition 2.11 in [2].

Definition 4.3. A soPDE I' will be called a Lagrangian SOPDE for L if it satisfies the above
equation.

Given that [o,Z%) = W, and [T, Z%%] = —602C + V£, where all V& and W, are vertical
vector fields for the projection Té : Tle — (, the above relation, when applied to a complete
liftt Z¢ satisfies

0 = (Lr,0f —dL)(Z°) =Ta(62(27)) - 67([Fa, 2°) — Z°(L)
= Ta(2"(L)) - Z°(L).

When applied to a vertical lift Z"%, we simply get an identity ”0=0". In view of Proposition @1}
we can conclude therefore:

Proposition 4.3. A sopDE I' = (T',) is Lagrangian for a reqular Lagrangian L if, and only if,
for each vector field Z on @,
Lo (Z2V(L)) = Z29(L) = 0,

or, equivalently, if for each local frame {Z 4} of vector fields on Q,

To(Z (L) - 2Z9(@L) =0, A=1...n (44)

In particular, if we take the standard frame {9/9¢”} on Q, the equations (@) become

oL oL
o () = o =
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From this, it is easy to see that, if (1) = (¢4, dp? /0t®) is an integral section of T', then it must
satisfy
2L 9¢P PL 9P oL
AqBoud ot* 8u1538u£ oteots  0gA

which are the Euler-Lagrange equations () of the field theory.

In what follows, however, we will rather need the equivalent expressions (@) of these equations,
expressed in the so-called quasi-k!-velocities of a given frame {Z4} on Q.

Definition 4.4. The quasi-k'-velocities of the element v = (vy) € T} Q with Té(V) = q along
the local frame {Za} on Q are the real numbers v2, for which each v, can be written as

Vo = ’U;?ZA(Q).

We can therefore use (g%, v%) as (non-natural) coordinates in T}Q. If Z4 = Z§09/0q¢”, their

«
relation to the natural induced coordinates (¢, uZ) is

uB = z% . (45)

Assume that X = (X,), with
Xo = X228 + (Y42,

is a k-vector field on T}1Q. One easily verifies that a section ¢(t) = (¢4 = gb“‘(t),vé1 = ¢4(1)),
given in quasi-k'-velocities, is an integral section of X if it satisfies

dpA D4
i an = ((Ya)§ — RpeXBPv5) 0 0, (46)

where [Zp, Z¢| = RE,Zp is the curvature’ of the frame.

= (X5Z3) 0,

Lemma 4.1. A SOPDE T, written in terms of quasi-k'-velocities, takes the form
v,
Lo =04 24 + (Ta)5 24 (47)

for some functions (L'4)% on TQ.

Proof. This is a consequence of Proposition 1] and of the properties TTé o Zg =Zp0 Té and
TrhoZy’ =0. D

To end this section, we say a few words about regularity in terms of a non-standard frame.

Proposition 4.4. Let {Z4} be a local frame of vector fields on Q. A Lagrangian L is regular
if and only if the (nk)-square matriz of functions (ZX“(Z;B (L)) on TQ has mazimal rank.

Proof. 1f we set Z4 = Z§0/9q", then the matrix Z = (Z5) of functions on @ is non-singular
in each point. We have

(22 ) - (zgm%gzg) ~ (z58) ((987;) (2Es3).

where the right-hand side can be interpreted as the matrix multiplication of 3 (nk)-square
matrices. Given that the determinant of the matrix (Z{63) is kdet(Z) # 0, we easily see that
also the determinant of the matrix in the left-hand side never vanishes. O
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5 Symmetry reduction of a Lagrangian k-vector field

In this section we show that, if the Lagrangian is G-invariant, then so are its Lagrangian SOPDEs.
The integral sections of the reduced SOPDE will provide the Lagrange-Poincaré equations. We
finish this section with a study of the integrability of a G-invariant SOPDE and its reduced SOPDE.

5.1 Invariant Lagrangian SOPDEs

Suppose we are given an action ® by G on ). As before, we will denote by {p the fundamental
vector field corresponding to & € g. We have seen in Section B that this action may be lifted to
one T le. From the definition of a complete lift in Section [4.1] it follows that the fundamental
vector fields kal,Q of this action are actually the complete lifts §8 of the fundamental vector
fields £g of the action on Q.

From Proposition [£.3] we know that the Lagrangian SOPDEs I' are those that satisfy the Euler-
Lagrange equations ([@4]). Without loss of generality we may suppose that the local frame {Z}
consists of only invariant vector fields (for example, we can use the invariant frame {Xi,Ea}
that we had introduced in Section [B.3]).

Lemma 5.1. If the frame {Z4} on Q is invariant then the frame {ZE,ZX“} on TQ is also
invariant, with respect to the lifted action on Tle.

Proof. This follows from the bracket relations (39):

Vi
€6, 241 = [€q. Zal° =0, [€§.Z4"] = [€q. Za]" = 0.
[l
We will use coordinates (¢4) = (¢%,¢%) on @ that are adapted to the principal fibre bundle
structure @ — Q/G, as explained in Section (with now M = Q). If the quasi-k-velocities
on T} Q with respect to the frame {Z4} are given by v, then the couple (¢’, ¢%, vZ) represents

coordinates on Tle. We shall show that the coordinate functions ¢, U£ are G-invariant functions
on TQ (i.e. {8((]’) =0 and ég(vﬁ) =0).

%
Definition 5.1. Let 0 be a 1-form on Q. We define linear functions 0, on Tle, such that, for
V= (Ua) € Tle:

Bo(v) = 0(va).

If in local coordinates 6 = 04 dg?, then

9_; =04 ué. (48)
From (37), (B8) and [{8]) we can conclude the following relations.
Lemma 5.2. Let Z be a vector field on Q, f a function on Q, and 0 a 1-form on Q. Then

2O = 2(f), 2%(f) =0, ZC00) = (£z0)a, 2"7(80) = 500(2).

o

If {Z4} is a local frame on @ and if {#} is its dual basis, then the local quasi-k-velocities v5
—

of T, le can in fact be represented by the linear functions vj;‘ = (64),.
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Lemma 5.3. For a local invariant frame on Q the functions ¢* and vé are G-invariant on Tle.

Proof. The fundamental vector fields {g are vertical with respect to the projection mg : @ —
Q/G, and therefore £§(q") = £g(¢") = 0. From Lemma B2 we obtain

— —_—
€5 (va) = €5(05) = (Len0M)a.

Since
(Leo0)(ZB) = Ley (04(ZB)) — 6" (L, ZB) =0,

we obtain that 58(1)&4) =0. O

For the remainder of the paper we will suppose that the Lagrangian L is invariant under the
action ®7k?, for a connected G. In view of what we said before this means that 58(L) =0 for
all € € g.

Recall that, if {E,} is a member of a basis of g, we have used the notation E, = (Eq)q for its
associated fundamental vector field on Q.

Proposition 5.1. The Lagrangian k-vector fields T' of a reqular invariant Lagrangian L are
G-invariant.

Proof. Given that all the vector fields in the expression I'y, = v2Z§ + (FQ)QZXB are invariant,
and given that also the quasi-k-velocities are invariant functions, we only need to check that
[E¢ T,] = 0. Since

~ ~ v,

(B Ta) = ES(Ta)5) 24, (49)

this will be the case if we can show that the functions (Fa)? are invariant. When we apply the

vector field Ef to both sides of the equations (44]), we may interchange the derivatives Ef and
Zg, etc., because of their zero Lie brackets. One easily establishes that, in view of ES (L) = 0,
what remains is

[EY Tal(Z (L)) = 0.

By making use of expression (@), this is equivalent with

ES(Ta)DZy (Zi2(L)) = 0.

a

Given that the matrix (ZXﬁ (Zg“ (L))) has maximal rank for a regular Lagrangian (see Proposi-
tion [£4)), the result follows. O

Since T' is invariant, it reduces to a k-vector field I' on (TLQ)/G. The goal of the next few
sections is to provide a coordinate expression of this k-vector field. To do so, we will need to
invoke a principal connection on the bundle @ — Q/G.
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5.2 Local frames of vector fields on 7}'Q

Suppose we are given a principal connection on the principal bundle 7g : @ — Q/G. In what
follows, we want to re-express a Lagrangian k-vector field I' in terms of a local frame {Z4} on
Q. We have now two choices to do so: either by making use of {Xi, Es} (not an invariant frame)
or by {Xj, E } (an invariant frame), see Section B3] (with now M = Q). When we choose the
frame {X;, E o}, we will write (¢°, q“, vy, w w?) for the coordinates and the corresponding quasi-k-
velocities on T} Q. If we use {X;, E, }, we will denote them as (¢, g%, v’,, v2).

From Lemma [5.] we know that the frame {ZA,ZX"} = {XZC X, EC EVa} consists only of

invariant vector fields on Tle. Also the coordinate functions ¢, v?,, w? are G-invariant functions

on T, le and, therefore, they can be used as coordinates on (T1 Q)/G. In summary, we may say
that the canonical projections are locally given by

9:Q — QJ/G Tr1Q :Tle — (T,CIQ)/G
(@,q") = (2 (@', q%ve,wg) = (q' g, wq).

Lemma 5.4. If we apply the vector fields XZ-C, XZ-V“ , Eac, E;/“ to the invariant functions ¢*,v?,, w?
we obtain

XC () =6, XE(w)) =0, XE(wh) = =Yhw + Kbk,
X/ (g) =0, X[*(h) =655, X}*(uwh) =0,

ES(¢)=0, ECWh) =0,  EF(uh) =Th0— Chag,
Ef(¢) =0, EY@)) =0,  EY(uwh) =003,

Proof. Let {99, "} be the dual basis of {X;, E,}. From the bracket relations (), we can see
that £x,97 = 0 and that £x,@® = —Y2.® + K} v*. Therefore,

2

XE(wh) = XE (@) = (Lx,07)5 =
(Uﬁ) z(ﬁ) (Lx,0)p

and
I
X (uly) = XE(h) = (ex)s = —Thus + Kb
Since also ' _ ‘
XS () = Xi(g!) = 4],
the first row in the Lemma follows. The other properties follow in the same way. O

Lemma 5.5. The projections of the G-invariant vector fields XZ-C,XZ-V‘*,EGC,EXQ onto Tle/G
are locally given, respectively, by

. ) 0 ¥ 0
c_ b, c Vo _
X¢ = 9 +(Kkvﬁ T”wﬁ)awg’ X/o = R
0 o 0
b b Va
B = (TRt — Ca ) G, b’ Ba® = Gug

Proof. From the expressions in Lemma [5.4] and the relation (II]) between an invariant vector
field and its reduction, we obtain:

9

X'C(qj) °TMrlQ = Xic(qj © 7TTle) = Xic(qj) = 5;-,

2
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XZC(UJ@») °TrlQ = Xic(ng °© 7TTk1Q) = Xic(vj) =0,

ch(w%) °TrlQ = Xz‘c(w% 0 7TTk1,Q) = ch( ) Kkvﬁ T?cw%

Since (g, v%, w?) forms a set of coordinate functions on (T}Q)/G, this determines the vector
field completely. The same idea allows us to prove the other relations. [l

5.3 The reduced Lagrangian SOPDE: Lagrange-Poincaré field equations

Assume that an invariant Lagrangian L € C>(T, le) is given. Then, its derivatives by invariant
vector fields, i.e. the functions X&' (L), X)*(L), ES(L), EY=(L), are invariant. From relation
(), we can therefore write
Va Va v Va
X (L) =X;(lo 7TTk1,Q) =Xl o TrlQ>
X{(L) = X (lompg) = X () ompg,

By (L) = Eg~(lo TriQ) = By (1) o T

ES(L) = ES(lompg) = ES (1) o mp1g,

a

where [ : (T}}Q)/G — R is the reduced Lagrangian, defined by [ o Trig = L.

From Proposition [£3] we know that Lagrangian SOPDE T' satisfies, with respect to the frame
{X;, Ea}, the equations

Lo (X[ (L)) = X£(L) = 0,

Ta(EY(L)) = ES(L) =0
By making use of the fact that each ', is an invariant vector field on T, le, it follows from ([IT])
and (50) that the reduced vector fields I, satisfy

on (T}Q)/G. Taking into account the result in Lemma [5.5] we can rewrite these equations as

N A ol
Lo <(%}1> - 8_q2 - (sz Tzc ﬁ) 8—11)%7

ol ol (51)
. <T” Cb w
<5wa> hat’s ) Owfy
A SOPDE can be written as
i a [N vV [ va VY
To = 0h X7 +wiES + Ta)3X;” + (Ta)sEa". (52)

We have already established in the proof of Proposition [l that the functions (fa)]ﬁ and (fa)%

are invariant, and that they can be identified with functions on (7}}Q)/G. From Lemmal5.5] we
see that:
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Lemma 5.6. The reduced vector fields T on (TQ)/G of a Lagrangian SOPDE Ty, are given by

a0 9 Ty 9 T \¢ 9
a — Uaa_qi‘k(ra)ﬁgé‘k(ra)ﬁawg

—ic

| | N0
+ (75 (ot — viw) — Coutul + Kguiv)) ou

Then, if ¢(t) = (¢" = ¢'(t), v}, = @i (1), w = ¢%(t)) is an integral section of I' then it satisfies,
in view of relations (51), the Lagrange-Poincaré field equations,

99"

ote 7Y

o [ ol A (o ke op o) O

e <6Ufl> — 8_(]’ = <K2k¢5 — Tic¢ﬁ) 3—11)%7 (53)
% (8’[1)8) - (Tka¢ﬁ - Cac¢ﬁ) W

B

The equations above agree with the Lagrange-Poincaré equations as they appear in [11], if one
takes two issues into account. The first is that the current setting (the k-symplectic formalism)
is different from the one in [I1] (a jet bundle formalism). One way to relate the two approaches
is by choosing the base space of the jet bundle to be simply R* x @, and to assume that the
Lagrangian does not depend explicitly on the parameters t*. The second issue is that only
coordinate-independent expressions appear in [I1], at the price of assuming to have an extra
covariant derivative at disposal. This covariant derivative is actually only required to give a
geometric sound meaning to all the separate terms in the equations, but it disappears from the
equations when one only considers their coordinate expressions. This observation is already
apparent when one considers only the simplest case of Lagrangian mechanics (with £ = 1 in the
current setting), see e.g. the first remark on page 35 of the booklet [6]. If one takes the above
remarks into account, and if one calculates coordinate expressions of the Lagrange-Poncaré
equations as they appear in [I1], the two sets of expressions compare. In the special case where
the configuration space () coincides with the symmetry group G, the equations simplify to
equations on (T} G)/G = g, the so-called Euler-Poincaré field equations given by

i<al>:—0b¢CB ol
ot \ dwg T ouwl
These equations agree with those in [4], when one considers coordinate expressions.

We have established, in view of Proposition B.I] that a solution of the Euler-Lagrange equations
(@) projects onto a solution of the Lagrange-Poincaré equations (G3]). However, we can not
conclude that any solution of (53]) can be extended to one of (Il). For that reason, we need to
study the integrability conditions of the Lagrangian k-vector fields I'.

5.4 The integrability of an invariant SOPDE
We now specify the results of Section [3]to the case where the k-vector field X is a SOPDE I' on

M = Tle. We will also draw an analogy with some results of the paper [I1], when translated
to the current framework.
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Recall that we are working with the lifted action of G on M = T le. As we had done in
Section B3] we may introduce the vector fields
BM _ 4V EC,

on T, le. They correspond with the invariant vector fields we had introduced in expression (24])
(or (23))), but now for the lifted G-action on M = T}Q. Given that E, = A% E), we get

St By = BY (X0 + Bo(Abuf) By = B 4 (Tl + Chyu)Ey

EC = AYEC +

To proceed as in Section we need a principal connection on the bundle TTiQ M =T le —

M/G = (T} Q)/G. 1t will be most convenient to define this connection by means of its connection
map that takes values in the Lie algebra g.

Definition 5.2. Let 99 : TQ — g be a principal connection on g : Q — Q/G, then its vertical
lift 9T Q T(TLQ) — g is the principal connection on TT1Q given by
1
IELW) = 99(Try(W)),
for all W € T(T}Q), where Té is the natural projection : T1Q — Q.
The fact that this connection is principal, follows easily from the fact that the connection w®
is, and from the property TTé)(gW) = g(TTé(W)).

We will denote the corresponding connection map by w?¢@ : X(T, Q) — X(TLQ). Its relation to
W X(Q) — X(Q) is

w(W)(v) = W @)g(v),
for all W € X(T}Q) and v € T!Q. From wTkQ(EC) = EC it follows that the action of w’x@ on
the invariant frame {EC, X¢, By , XZ-V 71 is given by

a

WHQES) =0,  WJHOXE) =0,  WTX,)”

(2

WHQ(ES) = EM = ES — (Y0}, + CLub) By,
) =0.

For later use we give the decomposition of a SOPDE I in its horizontal and vertical part, with
. 1 . . . 1 =
respect to the connection w’+?. If we write ', as in expression (52, then w+?(I',) = w2EM

and the horizontal part of Ty, is véXZC—F(fa)gX;/B +(fa)gﬁfﬁ +( ?avlﬁwg—kCgawgwg)E;/ﬁ. When
we compute the reduced vector field of this horizontal part, using the expressions of Lemma [5.5]
it, of course, coincides with the expression of the reduced vector fields I', we had obtained in

Lemma 5.6l The decomposition BI) on M = T}Q for I',, using the connection wTi @, is then:
Lo = (fa)h + (To)" = (fa)h + ngcJLVIv (54)

that is to say: in the notations of Section B3l the section T', € Sec(g — (T1Q)/G) has coefficients
X8 = w.

We know from Proposition Bl that a k-vector field T of an invariant Lagrangian L is G-invariant
on Tle. Next to requiring the integrability of I', the integrability of I' is guaranteed if the
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coordinate expression (B3)) is satisfied. In it we need the curvature of the vertical lift connection
TQ
whk®.

From the defining relation, and from the coordinate expressions, it is clear that wlk@ has the
property that, if the vector fields W € X(T}Q) and X € X(Q) are Té-related, then so are

the vector fields wx QW) and w?(X). There exists a similar property for the horizontal lifts

that correspond to each of the two connections. We will denote the horizontal lift of w® by
. . 1 . . ~ . .

h, and the horizontal lift of w”x? by h;. We will also use the notation Té for the projection

M/G = (T}Q)/G — Q/G. Tt easily follows that, if W € X(M/G) and X € X(Q/G) are %&2—
related, then Whe and X" are Té—related. For two pairs of such vector fields, it follows that
(W W] s Té?—related to [X7, X¥]. From all this, we may conclude that that the curvatures
(KTeQ(W, Wh))® = —wTiQIW™, Wy*)) and (K9(X1, X,))" = —w@[X], X}]) are 7}-related
whenever the arguments are %é—related. Here ()" stands for either the vertical lift associated
to the fibre bundle T!Q — (T} Q)/G or to the bundle Q@ — Q/G. From this property we may
deduce that the only non-vanishing curvature coefficients of K7+ are actually those of K.

Likewise, for the adjoint connection, if W is a vector field on (TLQ)/G that is ?é?—related to a
vector field X on Q/G, and if Z is a section of (7, 1Q x g)/G that is related to a section Y of
(Q x g)/G, then one may show that (VEQZ)” = [Wh, Z"] is Té-related to (V?(Y)” = [Xh, V7).
Again, in terms of the connection coefficients of the connection A Q| this means that the only

connection coefficients that matter are those of V<.

We can now easily compute the coordinate expression (33]), for the case X = I'. We reach the
following conclusion:

Proposition 5.2. A SOPDE T is integrable, if and only if its reduced k-vector field T is, and if

Lo (wh) — Dg(wh) + (vhw§ — vhwl)YE, + Cowiws — Kvivh =0.

ac™a ij Yo

In terms of the integral curves (¢" = ¢'(t), v}, = &' (t), w? = ¢2(t)) of the reduced k-vector field
I' this means that

sy ok . -
o2 000 4 (g — ot T + Ol — Khhg) =

This condition represents the analogue of expression (3.29) of [I1] in our formalism. Since we
are also assuming that the reduced k-vector field I is integrable, i.e. [I'y,I'g] = 0, we find that,
among other, the integral curves satisfy

095 _0¢h _
ot ot

When Q = G, we simply get

Fa(w}) ~ Fa(wl) + Chagul =0,

ac~r o

which is our analogue of the condition about vanishing curvature in Theorem 3.2 of [4]. If we

use the vertical lift wT#@ to define the connections w? and w®T that appear in the expressions
B4) and (B6) of Section B3, we get our analogues of the connections A” and A° that appear in
the paper [I1] in their section on ‘Reconstruction conditions’.
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6 Reconstruction

The integrability conditions we have discussed so far only give necessary and sufficient conditions
for an integral section of the invariant vector field to exist. They do, however, not provide a
method by which one can actually construct such a section. In this section, we provide such a
method in Section First we need to define the notion of a k-connection.

6.1 k-connections and principal k-connections

Consider a fibre bundle 7 : M — N, with local adapted coordinates (z*,z%). In this section we
introduce the notion of a k-connection on 7w : M — N. We can extend the short exact sequence
@) to the level of T} M, as follows:

0— (VM) - TIM — M xy TEN — 0.

The middle arrow is now given by j* : TEM — M xx TN : v+ (7(v), T} n(v)); its kernel is
given by (VM)¥ (k copies of V M).

Definition 6.1. A k-connection on 7 : M — N is a linear bundle map v* : M XNTICIN — TklM
which is such that j* o v* = id.

Locally, v* will be of the form v* : (z; 2, u!)) = (2%, 2%, v}, u® = —Bzfuiﬁ), for some ‘connection
coefficients’ Bff € C>~(M). We will denote the corresponding right splitting, thought of as a
(1,1) k-tensor field on M, by w* : X*(M) — X¥(M). Any k-vector field X on M can be
decomposed into a horizontal part X — w*(X) and a vertical part w¥(X).

Given a k-vector field Y on N we can define its horizontal lift as the k-vector field Y on M,
given by
Y (m) = 4*(m, Y (x(m))).

If Y, = Y!0/0z", we get that (Y1), = YéX 5 where, from now on, we will use the notation

e

0 0
s Y _ pap
* Ot Bia ox?

We now give two examples of k-connections. A third example, what we have called 'the me-
chanical connection’, is given in Section

X5 =6 € X(M). (55)

Example 1. A ‘simple’ connection. It is easy to see that we can construct a k-connection
from a genuine connection v on 7 : M — N, given by

A (myw) = (M (mywr), . /M (), € TEN.

The map v is locally given by yM (2%; 2%, &%) = (2%, 2%, &%, 2% = I'¢(x)i?), for some connection
coefficients I'{. In this case, Bff = F?(Sg. We will often refer to this kind of k-connections as
those of ‘simple’ type.

Example 2. The SOPDE connection. Take M = T,CIQ and N = @, and assume that I' = (I',,)

is a SOPDE. Denote by S7 the (1,1) k-tensor field, given by

v Y a0

(87(X))p = 57(X5) = X5 57
Uy
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Then, with the definition of the Lie derivative (€) as we defined in Section 2 L1 S (sum over
7) is again a (1,1) k-tensor field on M = T!Q. We can define a k-connection on the bundle
T le — @ by saying that its connection map (i.e. its vertical projector) is

1

k

It is easy to see that, for a SOPDE with I'g = ué@/@q“‘ + (Lp)40/0u and a k-vector field with
Xp = Xg‘a/an + (X35)40/0uf, the Bth vector field of the k-vector field w”(X) is given by

(X)) = (X + XS BA) 50
0

where the connection coefficients are given by Bég o = CSQFéV and

1 0
A - Y A
FC'y - k+1 au(sc (F(S)»y :

As the form of the connection coefficients B4’ suggests, this k-connection is in fact of simple

Cra
type. It is actually the one associated to the (genuine) connection on the bundle Tle — (@ that
was defined in the paper [27] for T'.

In the special case that the fibre bundle 7 is a principal bundle 7p; : M — N = M/G, we can
also define principal k-connections. In that case, we may identify the vertical distribution V M
with M x g through (x7(m)) — (m,§). Given &, in g, we can define the fundamental k-vector
fieldas (€1,..., &) = (&)1, - - - (&) ) € XF(M). We may also identify (V M)* with M x g*,
so that the short exact sequence of interest is given by

0— M x g = TEM — M x 6 T (M/G) = 0.

Given a splitting ¥ of this sequence, we can define a form 9¥* : T, klM — g*, as the map which
has the property that w*(vi,) = (9%(vn))ar(m). Then 9*((&1, ..., &)ar) = (1, -+, Ek)-

Definition 6.2. A k-connection ¥* on 7y : M — M/G is principal if
9 (gvin) = (Adg—1)* (0* (vn)),
where (Adg—l)k . g® — gF is the application of Adg-1 g — g to each of the k factors.

When expressed in terms of the (1,1) k-tensor field w® : TM — T!M, the condition in the
definition means that w*(gv,,) = gw”(v,,). In view of the definition of the Lie derivative we had
given in Section 2] this is equivalent (when G is connected) with Lngk = 0, when we consider
the action of w on k-vector fields.

Likewise, we have for a principal connection that ~+* (up,gm) = gv* (u,,m). Assume that X
is a given k-vector field on N. In view of the previous property its horizontal lift will satisfy
X (gm) = gXH (m). The k-vector field X on M is thus always invariant, meaning that
LgM)u(H =0, for all £ € g. In coordinates, this means that the vector fields Xﬁx on M are all
invariant, i.e. [Xiﬁa, E,) = 0.

We briefly say a few words about the integrability of a horizontal lift. Let X be a given integrable
k-vector field on M/G. For the special case with X = XH | Proposition B3 tells us that if

X = X' is integrable then the curvature of w?X" should also vanishes.
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From ([3)) and (B3] we can write
Tyi(Vy) = T°0/0t% 0 i(p) + (Xh 0 O)T* X, 0ilp) + Z*Eq 0 i(p)

where Z¢ is given by ' .
ZeAVKY = (X5 0 9)TOBYY + Y.
Thus, from (2I) and ([22), we obtain

W (1) = (t, (o — (XM (m) 1)L

e m) = (t,2°E,).

Let us now restrict our attention to the ‘simple case’, when the k-connection v* is constructed
from a genuine connection v™. In that case, it is easy to give a second interpretation of the
integrability conditions, as we did in Proposition 3.4l The horizontal lift of a k-vector field X
on M/G is now of the form (X), = X (9/dx" — T99/9x%) = (X,)", where the last " stands
for the horizontal lift associated to 7. We then know from ([29) that

[(X)a, (X)) = [(Xa), (Xp)"] = [Xa, Xp)" — (KM (Xa, Xp))"-

Here KM stands, as before, for the curvature of 4, taking values in the vertical distribution
of m: M — M/G. We can therefore conclude that

Proposition 6.1. The horizontal lift xXH corresponding to a simple k-connection is integrable
if and only if X is integrable and KM(Xa,Xg) =0, for all choices of a and 5.

6.2 Reconstruction method

We will suppose throughout this section that ® defines a free and proper action, and we will
denote 7 for the projection M — N = M/G. We will also assume that we have a principal
k-connection v* (or w* : T, M — g®) at our disposal and we will assume that X and X' are
both integrable.

Let (5 be a given integral section of the reduced vector field X.

Definition 6.3. A map op :uRk — M s called a horizontal lift of & if (1) wo b = b and (2)
on is an integral section of XH.

In local coordinates, we denote ¢(t) = (z° = ¢(t)), and ¢ (t) = (¢'(t), % (t)). Using (55) and
that gzub is an integral section of the reduced vector field X we obtain

8(25(]1{ o af3 aqbl
o0~ g

(56)

This relation is equivalent with wk(ég)) = 0, where quﬁg) stands for the first prolongation of (5H
(see Section [2), since qgg) ) = XH (P (1)).

Assume now given a map g : R¥ — G, then
gV RF Tle

t = OB =(..,Tig(=|),...)
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and for each «

0
TyyLg-10t) <Ttg(a? t)) €g.

We denote by g~ (t)g() (t) the element on g¥ defined by

0 0
<Tg(t)Lg1(t) (Ttg(@‘t)> v Ty Lg-1(p) <Tt9(WL)>> :

Lemma 6.1. When two maps ¢, : R¥ — M are related by ¢(t) = g(t)y(t), for some g : RF —
G, their prolongations satisfy

oW =g (1/)(1) + (g7 g Mo 1/)) : (57)

which means that

(1) = Ty @t [0 (1) + Ty Ly 1y (90 1)) - (w(0)] -

M

Proof. The following property is well-known (see e.g. [I]). Let vy € TG and m € M. Set
n=h"1lv, € g. Then
Th @ (vg) = Tin@r(nar(m)).

By using the Leibniz rule and the above property, we obtain

0 0 0
o8 (t) Ti¢ ( > = Ty Py(e <Tt1/1 <8ta >> + Ty) Py <Tt9 <8ta

ot
= Typ?® (Tﬂﬁ <8ta > + (§a)m © IZ)) -

Here, &, stands for T Lg-1( (Ttg(a—?a‘t)), the ath component of ¢g71g(M) : RF — gk, All the
components together therefore lead to the desired property. O

)

The reconstruction problem is the following one. What are the conditions on g¢(t) such that
o(t) = g(t)pm(t) is an integral section of X7 For that to be true, we must have that:

oW =Xog
or, in view of the property (57, the invariance of X and the freeness of the action,
3% + (g7 W )ar 0 b = X o oy (58)
After applying the connection form w* on both sides we get that g(t) must satisfy
g g = wH(X o dn). (59)

This PDE in g will be called the reconstruction equation. If it has a solution g(t), an integral
section ¢(t) for X may be reassembled from an integral section ¢(t) of X. We have shown:

Proposition 6.2. Let X be an integrable and invariant k-vector field on Tle with integrable
reduced k-vector field X. Let ¢ be an integral section of X and ¢p: RF — M a horizontal lift of
6. If g: RF — G is a solution to the reconstruction equation ([59), then ¢: R¥ — M defined by

o(t) = g(t)m (1)

is an integral section of X.
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In the next section we will consider again the case where X = I' is given by Lagrangian field
equations. For completeness, we mention that there are also reconstruction equations in the
formalism of the paper [IT]. Their reconstruction PDE in expression (3.32) can best be compared
with our expression (G8]).

6.3 The mechanical k-connection

With respect to the notations of the previous paragraphs we take again M = T, le and N =
(T!Q)/G and X =T a Lagrangian SOPDE. In order for the reconstruction method to work, we
need a k-connection on TTIQ- We now show how to construct one from the given Lagrangian.

The vertical space V* in the short exact sequence
0= V" = THTQ) = T Q xr1g/6 Th (ThQ/G) — 0

can now be identified with Tle x gk Let v = (q¢;v1,...v) € Tle be such that Té(v) = q,
where Té : TQ — Q. The set of vertical elements is spanned by elements of the form ggEaC (v),
i.e. couples of the type (&1, ... ,£k)Tle(v).

Given an invariant Lagrangian L € C*(T}}Q), we will show below how to define a splitting o
(or, equivalently w”) of this sequence, under a certain regularity assumption for the Lagrangian.

Consider the k-symplectic forms w$ of L. We define linear maps
g L T,QxT,Q — R
(ug,wq) = 9375(%7“}(1) = W (V)(XC(v),YVE(v)),
where X, Y are vector fields on @ for which X (q) = u, and Y (q) = wy.
In the natural coordinates (¢?,u2) on Tle, the coordinate expression of gﬁ"ﬁ is

2
ap _ O°L

=" | d¢* dqB(v).
T dugoub 1V (V) ®dg™(v)

In what follows, we will use the following notations for the coefficients with respect to the basis
{Xi, E,} of vector fields on Q:

957 (v) = g8 (Xi(9). X5(q), 92" (v) = g3 (Xi(q), Ea(@), 93" (v) = 98P (Ealq), Eb(q)).

Then:

a 3

« o Vi « Y [} Vo [ TV
gijﬁ :Xiv (XjB(L))a 9@6 =X/ (EbB(L))a gabﬁ :E;/ (EbB(L))- (60)

Definition 6.4. A Lagrangian L is G-regular if the matrix (gg‘bﬁ) 18 non-singular.

Remark that, in view of Proposition 4] this condition is equivalent with saying that the matrix

0’L . .
——— | is non-singular everywhere.
dug,duy
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The maps 93’5 are not completely symmetric (but we have gf,"ﬁ (ug, wq) = gé’a(wq,uq)). They

give rise to the symmetric map
gv (T Qg x (T;Q)q - R
(u=(Gua),w=(gwg) = gv(u,w) = g0 (ua, wp)
(sum over «, 3). We will next define the mechanical k-connection Q¥ : TITLQ — g*.

Definition 6.5. An element W = (W1y,..., W) € TH(T}Q) such that T%lQ(W) = v is said to
k

be horizontal for the mechanical k-connection if it satisfies

g (Timg(W), (1, &)o(@) =0,

for all tuples (&,) € gF.

This is equivalent with
657 (T () (Wa)), €60 (@) = 0.

Since each element W, can be written in the lifted frame of { X, Ea} as
Wo = W.XE(v) + WEES (v) + Zi s X (v) + 225 B0’ (v)
the condition for W to be horizontal becomes
9 WE+ g wa =o.

If we assume that the Lagrangian is G-regular, we can conclude that a horizontal W = (W)

takes the form ' o .
Wo = WIHL (V) + Zs X, " (V) + Z5g Ea” (v),

where H}, = 0JXC — B)!ES with B)! = 9%‘2931)5-

From this, we can conclude that every element of T} (T} Q) can be written in a ‘horizontal” and
a ‘vertical part’. Indeed if

Wa = WiXE (V) + WEES(v) + Zi X, P (v) + Z25Ed” (v)
then W, = HW, + VW, with
i i Vi a =V a i Eran
HWO‘ = W'YH;/OJ(V) + ZozBXi B(V) + ZaBEaB(V)7 VWa = (Wa + nyBZi )EE(V)

Remark that the expressions of HW, and VW, contain more than just the components of the
a’th vector W,. The mechanical connection is therefore not of simple type.

The corresponding connection map QF : Tlele — g, is the one that has the property that

Q"HEHW) =0, (&, &)mov) = (G- ).

If we write the SOPDE k-vector field T in terms of the frame {X;, E,} as

; = = vV L 5 eV
Lo =0, X7 +02ES + (Ta)5X,;° + (Ta)4Ea”,
then
HT, = — (v BYYEC + 0. XC + (T, X% 4+ (Ta)3Ey", VL4 = (v2 + i B1%)EC
a = —(Uy wi VEd T uaXi +( a)ﬁ j + ( a)ﬁ a a—(va“‘vw i ) Eq - (61)
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Proposition 6.3. The mechanical k-connection of an invariant G-reqular Lagrangian is a prin-
cipal k-connection on the principal bundle = : T}Q — (T} Q)/G.

Proof. The condition we need to check is Lngka = ngwk = 0, where w* is the connection
k

(1,1)-k-tensor field that is associated to ¥, and the Lie derivative is the one we had defined in
expression ([B). We first check that the vector fields H (see above) are invariant vector fields
on T}Q, i.e. [ES, H] ] = 0. This will be the case if we can show that

- HYd Y

Eg(Bgz) - B;iclgla'

This relation easily follows because, in view of relation (60)) and the invariance of the Lagrangian,
one can show that

=C =C
Eq (gm) = Cangel + Ciagty - E§(93)) = Clvs”
Given that E (g% gas) = ES(65%) = 0 we also obtain
e =C b
EF(9%) = —E{ (g ) 95,955

for the inverse matrix ggbﬁ. Using these properties and the expression Blf = g%‘ig%ﬁ we obtain

the desired result.
Assume now that H is a horizontal k-vector field on T}}Q. Then (£ zow®)(H) = —w*(£zcH).
If we set H, = W,ﬁH]a + ZQBXZ-Vﬁ + ZgBE;/B, we easily see that

~ ~ , o Ve = ~v, ~v,
(LpcH)a = [EC, Ho) = ES (W) H], + ES(Zi5) X" + ES (Z35)E,” — Z53CHE,”,

which are the components of again a horizontal k-vector field. When w* is applied to it, we
will get zero and thus is (£zcw”)(H) = 0. With the same reasoning one may show that

(L Ecwk)(V) = 0 for all vertical k-vector fields V on T} Q. O

Since T is G-invariant, and since the mechanical connection is principal, the horizontal com-
ponent HI' of T is the horizontal lift I'¥ of the reduced k-vector field I'. By definition the
horizontal lift of an integral section (¢* = ¢'(t), v}, = @i (t), w® = ¢%(t)) of I' is an integral sec-
tion of I' = HT,,. In principle, we need to rewrite HT, in terms of the frame {Z4} = {Eq, X},
and use expressions (E6]) to calculate an integral section (¢' = ¢'(t), ¢® = ¢% (), v, = ¢, (t), wl =
@2 (t)) (in quasi-velocities) of HT'. However, we only require the equations from which we may
determine ¢4 (t), since the remainder (¢* = ¢'(t), v}, = ¢}, (t),w? = ¢2%(t)) is determined by the

reduced k-vector field I'. In view of the first relations in (@8) the equations for % (t) are given
by
9oy
ote
where we have made use of the expressions X; = 9/0q" — %?‘E'a and F, = K £0/0q".

=~} (K (AL, + BYY) o o), (62)

When we use the mechanical k-connection, the reconstruction equation (B9]) becomes, in view
of expression (G1)),

(679" )a = (& + 01 BY) 0 611 ) B (63)
When we put everything together, we get:
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Proposition 6.4. Let L be a reqular, G-reqular, invariant Lagrangian. In order to carry out
the reconstruction by means of the mechanical connection, one needs to solve successively

(1) the Lagrange-Poincaré field equations 33) for ¢(t) = (¢" = ¢'(t), vi, = ¢ (t), we = ¢2(t)).
(2) the equations (G2) for ¢%;(t).

(3) the reconstruction equation (63) for g(t),

to obtain the solution ¢(t) = g(t)dr (t) of the Euler-Lagrange field equations ().

7 An application on harmonic maps

Harmonic maps are smooth maps ¢ : M — @ between two Riemannian manifolds (M, g) and
(Q, h) which have the property that their tension field, given by

82(;5‘4 6¢A 8¢B 8(;50
— aff g7 hTA
m(9) =9 <8t0‘8t5 Lop g + 10 g0 54 >

vanishes (see e.g. [10]). Here gI“;ﬁ and "I'4. stand for the Christoffel symbols of g and h,
respectively. In the special case where (M, g) is just R* with its standard Euclidean metric, it
is well-known that the above conditions can be thought of as the Lagrangian field equations of
the Lagrangian

1
L:TQ =R, (¢ ul)— §5O‘BhAB(q)uAug.

(0%
For this Lagrangian, one may check that the k-vector field I" with

a0

B
Lo =tagga

— T4 wBus —
BCUq B@u?

is Lagrangian (we will simply write hfgc = Fgc from now on).

Let’s assume that the metric A has a symmetry Lie group G which acts freely and properly
to the left as isometries, and that the corresponding basis of invariant vertical vector fields is
denoted by E‘a, as before. We may define a principal connection on @ — @Q/G by declaring
that horizontal vector fields lie in the complement of vertical vector fields. This is equivalent
with saying that the vector fields X; on @ are defined by the relations h(X;, Ea) = 0 and by the
fact that they project on coordinate vector fields on /G (this is, in fact, the definition of the
'mechanical’ connection of the Riemannian metric h, see e.g. [23]). We will set h;; = h(X;, X;)
and hyp = h(Ea, Eb). These are all invariant functions. We will further assume that the vertical
part of the metric, hgp, comes from a bi-invariant metric on G, or, equivalently, from an Ad-
invariant inner product on g. That is, we will assume that h,, are all constants satisfying
havCly + heyCly = 0.
In view of Y2 = —£C%,, we also obtain that

hap Y2 4+ hapy X2, = 0.

From these relations, we may also see that 6% hdbC’abcwgwi =0 and 67 habT?cw%wg =0.
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The reduced Lagrangian is | = %5"5 (hijvévé + habwgwg). If one takes these last two properties
into account in the calculation of the the Lagrange-Poincaré equations (&l), one easily verifies
that the k-vector field ', of Lemma [5.6], with

(o)} = —Tf kvl + hihg Khofws, (o)) = —Thhuwd (64)

satisfies the equations (5I). The functions Fék are the Christoffel symbols of h;; (which is a
Riemannian metric on Q/G).

The integral sections of the reduced k-vector field I" will therefore be solutions of the PDEs

0eb,

oy Ot
= ¢ W——Tiwwi-

S = Ohe a5 = ~Thohol + 1 ha Kbt

From the first two equations, it is clear that the curvature Kf’k of the connection acts as an
obstruction for the reduced equation to be again of the type of a harmonic map (R, dap) —
(Q/G, hij).
In order to reconstruct the integral section of the field equations, we need to compute the
horizontal lift gzubH of an integral section of I', with respect to the mechanical k-connection we
had introduced in Section This connection takes a rather simple form here. Indeed, it is
clear that in the current setting, where we have defined the connection on @ — @Q/G as the
one for which h;, = 0, we have that g?jﬁ = 5 h;, gz‘f =0, ggbﬁ = §*Phy, and therefore also
B)? = 0. The equation (B2) from which we may determine the horizontal lift takes therefore
the form e

P

ote

Likewise, the reconstruction equation (3] becomes (with v2 = Afw?):

= —l, (VAL o o). (65)

(97"9™)a = (45 0 b1 ) &b Ee. (66)

We will use an explicit example to show how one may reconstruct a solution, from a solution of
the Lagrange-Poincaré equations. We will consider a 4-dimensional matrix Lie group G, whose
typical element g = (x,y, z,6) is of the type

1 ycos@+xzsinf —ysinh+xzcosfd =z
0 cos 6 —sinf x
0 sin @ cos —y
0 0 0 1

Left multiplication L, : G — G is then given by

(%,7,2,0) — (x+TcosO+7sinf,y—Tsin+gcosl, z+Z+ (2T +y7) sin 6+ (yz —x7) cos 0,0 +0).

(67)
In [13] it has been shown that this is a group representation of the Lie algebra whose only
non-vanishing brackets are given by [es, e3] = e1, [e2, e4] = —es and [es, e4] = e2. One may find
in [I3] the following basis for right-invariant vector fields
~ 0 0 ~ 0 0 ~ 0 ~ 0 0 0
E,=— gy B, =—4g— FE. =— FEj=— g +y—
T Yo T ey e T T Yoy Yo
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or, if we set E, = K20/9¢, then

1 0 -y O
0 1 z 0
K= 0 0 1 0
y —x 0 1
One may easily verify that the list below gives a basis, consisting only of left-invariant vector
fields:
~ 0 0 0 0 ~ 0
T = <8$+y8z> sin <8y :E@z) P
~ 0 0 0 0 ~ 0
y = sin <8x “’az) oo <ay :E@z) B0 5
With these vector fields, the only non—vanishing structure constants are C7, = —2, Cg@ =1and
y0 = —1. The matrix Aj in the expression Ea = Ab Eb is then

cosf —sinf 2(ycosh+ xsinf) 0

A sinf cosf 2(ysinf —xcosh) 0
0 0 1 0

—y x 22 + o2 1

Remark, for later use, that it is independent of z.

We will consider the manifold @ = Rx G with its natural G-action. We will denote the coordinate
on Q/G =R by ¢, and (x,y, z,0) for those on G, as before. The Riemannian metric

h=dq®©dq+~vdq©®df+ dx © dx+dy © dy — ydx © df + xdy © df + dz © db

satisfies £ h = 0, so that it is an invariant metric. The corresponding principal connection on
Q—Q/ G can be represented by the unique horizontal vector field X = 9/dq — v0/0z which
projects on 9/dq. Therefore, all Tqa —~Cb, = 0.

In the notation of what preceded, we have hqq = h(X, X) = 1. The vertical part of the metric,
(hap) = dz © dx +dy © dy — ydx © df + xdy © df + dz © db

represents (as it was already mentioned in [13]) a bi-invariant metric on G. We are therefore in
the situation of the previous paragraph. We can use the reduced Lagrangian k-vector field (G4])
to compute integral sections (t®) + (¢7(t), v (1), wZ(t), wi(t), w?(t),w’ (t)) of the Lagrange-
Poincaré field equations. They satisfy:
q a
W, a0 T
ot ot ot

from which we may conclude that

d(t) = L™ 4+ b9, wi(t) = 3.

The equations (3] for the horizontal lifts are now

sy Y 9y Yy
ot =0, ot =0, ote e ot =0
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It follows that:
P (t) = —yclt*+0*, o) =b" (a+# 2).

Since the matrix A does not depend on z, the right-hand side of the reconstruction equations
([66]) contains only the constants c¢f and b". It is therefore of the form

C2E, + CYE, + C2E, + CYE,,

for some other constants C¢ (with, in particular, C% = ¢?).

With the help of the map (B7), the expression of g~'¢g(!), with g(t) = (o5 (1), ba(t), o5 (1), gbz(t))
can be computed to be

% y o¢° y
(790 = (coste0) 52 — sl 5 ) Bu+ (sin(a0) 2 + cos((0) L ) By

04

+ (65028 — oy 208 4 95 5. 1 Yag,

995 3¢>§> 09,
E, +
ot

From the first two reconstruction equations (66]) we may then conclude that

op* oY
O Croos(dl(t) + Clsin(@h(), 2 — _CEsin(@h()) + Cheos(d4(1).

The last reconstruction equation leads to qﬁg(t) = 2t* + BY. For computational convenience,
let’s consider only the simple case where the solution for (bg is given by

¢o(t) =t

Due to the assumed integrability, the second partial derivatives i % and i %
& Y P ot \ atP at? \ att

should agree. Since the last derivative automatically vanishes, we may conclude that the con-
stants CY are zero when o > 1. Then:

¢L(t) = Cysint' — Cf cost' + B”.
Likewise,

¢y (t) = CY cos th 4+ CY sint! + BY.
With that, the solution of (G6l) for ¢7 is

() = —(B*CY + BYCY) cost' — (B*CY — BYCY) sint + ((CF)? + (CY)*)t! + CZt* + B

If we use the left multiplication (G7]), one may easiily see that the solution ¢(t) = g(t)dx(t) of
the Lagrangian field equations can be written as:

PU(t) = cht® + b1, Pf(t) = t' + b,
¢*(t) = C¥sint* — CY cost! + B®, ¢Y(t) = C¥ cost! + CYsint! + BY,
¢*(t) = —(B*CY + BYCY) cost! — (B*CY{ — BYCF)sint! + CZt™ + B~

ACKNOWLEDGEMENTS. L. Bia and M. Salgado acknowledge the financial support of the Minis-
terio de Ciencia e Innovacién (Spain), projects MTM2011-22585, MTM2011-15725-E, Ministerio
de Economa y Competitividad MTM2014-54855-P.

35



References

[1]

2]

[11]

[12]

R.A. Abraham, J.E. Marsden. Foundations of Mechanics, (Second Edition), Benjamin-
Cummings Publishing Company, New York, (1978).

L. Bua, I. Bucataru and M. Salgado, Symmetries, Newtonoid vector fields and conserva-
tion laws in the Lagrangian k-symplectic formalism. Rev. Math. Phys. 24 (2012), no. 10,
1250030, 24 pp.

M. Castrillon Lépez, P.L.. Garcia and C. Rodrigo, Euler-Poincaré reduction in principal
bundles by a subgroup of the structure group, J. Geom. Phys. 74 (2013) 352-369.

M. Castrillon Lépez, T.S. Ratiu and S. Shkoller, Reduction in principal fibre bundles:
Covariant Euler-Poincaré equations, Proc. Amer. Math. Soc. 128 (2000) 2155-2164.

J.F. Carinena, M. Crampin and L.A. Ibort, On the multisymplectic formalism for first
order field theories, Differential Geometry and its Applications 1 (1991) 345-374.

H. Cendra, J.E. Marsden and T.S. Ratiu, Lagrangian reduction by stages. Mem. Amer.
Math. Soc. 152 (2001), no. 722.

A. Echeverria-Enriquez, M.C. Munoz-Lecanda and N. Romén-Roy, Geometry of La-
grangian first-order classical field theories, Forts. Phys. 44 (1996) 235-280.

M. Crampin and T. Mestdag, Reduction and reconstruction aspects of second-order dy-
namical systems with symmetry. Acta Appl. Math. 105 (2009) 241-266.

M. Crampin and F.A.E. Pirani, Applicable differential geometry. London Mathematical
Society Lecture Note Series, 59. Cambridge University Press, Cambridge, 1986.

M. de Leon and P.R. Rodrigues, Methods of differential geometry in analytical mechanics.
North-Holland Mathematics Studies, 158. North-Holland Publishing Co., Amsterdam,
1989.

D.C.P. Ellis, F. Gay-Balmaz, D.D. Holm and T.S. Ratiu, Lagrange-Poincaré field equa-
tions, J. Geom. Phys. 61 (2011) 2120-2146.

D.C.P. Ellis, F. Gay-Balmaz, D.D. Holm, V. Putkaradze, and T.S. Ratiu, Symmetry
Reduced Dynamics of Charged Molecular Strands, Arch. Ration. Mech. Anal. 197 (2010)
811-902.

R. Ghanam, G. Thompson and E.J. Miller, Variationality of four-dimensional Lie group
Connections, Journal of Lie Theory 14 (2004) 395-425.

M.J. Gotay, J. Isenberg, J.E. Marsden and R. Montgomery, Momentum Maps and Clas-
sical Relativistic Fields. Part I: Covariant Field Theory, arXiv:physics/9801019v2(2004).

C. Gilinther, The polysymplectic Hamiltonian formalism in field theory and calculus of
variations I: The local case, J. Differential Geom. 25 (1987) 23-53.

F. Hélein and J.C. Wood, Harmonic maps, In: D. Krupka and D.J. Saunders, Handbook
of Global Analysis, Elsevier (2008).

[.V. Kanatchikov, Canonical structure of classical field theory in the polymomentum phase
space, Rep. Math. Phys. 41 (1998) 49-90.

J. Kijowski and W.M. Tulczyjew, A symplectic framework for field theories. Lecture Notes
in Physics, 107. Springer-Verlag, New York, 1979.

36



[19]
[20]

[21]

22]

[29]
[30]

D. Krupka, Lagrange theory in fibered manifolds, Rep. Math. Phys. 2 (1971) 121-133.

M. de Leén, E. Merino and M. Salgado, k-cosymplectic manifolds and Lagrangian field
theories, J. Math. Phys. 42 (2001) 2092-2104.

J.C. Marrero, N. Roman-Roy, M. Salgado and S. Vilarino, Reduction of polysymplectic
manifolds, J. Phys. A: Math. Theor. 48 (2015) 055206 (43pp).

T. Mestdag, A Lie algebroid approach to Lagrangian systems with symmetry, In: J.
Bures et al (eds.), Differential Geometry and its Applications, Proc. Conf., Prague (Czech
Republic) (2005), 523-535.

T. Mestdag and M. Crampin, Invariant Lagrangians, mechanical connections and the
Lagrange-Poincaré equations, J. Phys. A: Math. Theor. 41 (2008) 344015 (20pp).

M. McLean and L.K. Norris, Covariant field theory on frame bundles of fibered manifolds,
J. Math. Phys. 41 (2000) 6808-6823.

F. Munteanu, A.M. Rey and M. Salgado, The Giinther’s formalism in classical field theory:
momentum map and reduction, J. Math. Phys. 45 (2004) 1730-1751.

N. Roman-Roy, M. Salgado and S. Vilarino, Symmetries and Conservation Laws in Giinter
k-symplectic formalism of Field Theory, Reviews in Mathematical Physics, 19 (2007),
1117-1147.

N. Roméan-Roy, M. Salgado, and S. Vilarino, SOPDEs and nonlinear connections, Publ.
Math. (Debrecen) 78 (2011), 297-316.

G. Sardanashvily, Generalized Hamiltonian Formalism for Field Theory. Constraint Sys-
tems. World Scientific, Singapore (1995).

D.J. Saunders, The geometry of jet bundles, Cambridge University Press (1989).

J. Vankerschaver, Euler-Poincaré reduction for discrete field theories, J. Math. Phys. 48
(2007) 032902.

37



	1 Introduction
	2 Integrability of a k-vector field
	2.1 Connections and curvature
	2.2 The tangent bundle of k1-velocities
	2.3 The connection associated to a k-vector field

	3 Integrability of an invariant k-vector field
	3.1 Invariant k-vector fields
	3.2 Integrability and curvature
	3.3 Decomposition by making use of a principal connection

	4 Lagrangian k-symplectic field theory
	4.1 Canonical operations on T1kQ
	4.2 Second-order partial differential equations
	4.3 Lagrangian sopdes

	5 Symmetry reduction of a Lagrangian k-vector field
	5.1 Invariant Lagrangian sopdes
	5.2 Local frames of vector fields on T1kQ
	5.3 The reduced Lagrangian sopde: Lagrange-Poincaré field equations
	5.4 The integrability of an invariant sopde

	6 Reconstruction
	6.1 k-connections and principal k-connections
	6.2 Reconstruction method
	6.3 The mechanical k-connection

	7 An application on harmonic maps

