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Abstract

In this paper, the Dirac operator, acting on super functions with values in super spinor space,
is defined along the lines of the construction of generalized Cauchy-Riemann operators by Stein and
Weiss. The introduction of the superalgebra of symmetries osp(m|2n) is a new and essential feature
in this approach. This algebra of symmetries is extended to the algebra of conformal symmetries
osp(m + 1,1|2n). The kernel of the Dirac operator is studied as a representation of both algebras.
The construction also gives an explicit realization of the Howe dual pair osp(1]2) x osp(m|2n) C
osp(m + 4n|2m + 2n). Finally, the super Dirac operator gives insight into the open problem of
classifying invariant first order differential operators in super parabolic geometries.
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Keywords : Dirac operator, orthosymplectic superalgebras, conformally invariant differential operators,
Howe dual pairs

1 Introduction

S

This paper defines and studies the Dirac operator on flat superspace R™2". In a more ad hoc approach
in e.g. [11] a related operator has been introduced of which the operator in this paper is an improvement.
The definition of the operator in the current paper follows the ideas of Stein and Weiss in [30] which
allowed for a unified treatment of generalized Cauchy-Riemann operators on R™. We also study the
kernel of the super Dirac operator, its symmetries and the related Howe duality. In this introduction we
give an overview of the motivations to study this particular operator.

The construction of the Dirac operator is part of a larger program to classify conformally invariant first
order operators on superspace. The conformal Killing vector fields on R™2" generate a Lie superalgebra
isomorphic to the real form osp(m+1,1|2n). This algebra appears as the algebra of conformal symmetries
in super field theories in e.g. [3]. We will prove that the super Dirac operator is a conformally invariant
operator. The classification in superspace would be an extension of the classification of Fegan in [15]
of conformally invariant first order differential operators on R™ or S”. The result of Fegan has already
been generalized to other parabolic geometries in [18, 25, 28].

The Dirac operator in this paper is an interesting example in this classification because it reveals two
differences between the classical case and the case of supergeometry. First of all, the functions on which
this operator acts take values in an infinite dimensional osp(m|2n)-representation, whereas the classical
classifications in [15, 18] only consider finite dimensional representations. As will become apparent in this
paper, the natural extension of the classical Dirac operator leads to infinite dimensional representations.
This is already the case for the (generalized) symplectic Dirac operators on R?" studied in [19]. There,
a class of infinite dimensional representations was included in the classification of invariant operators on
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metaplectic contact projective geometries. The second reason why this Dirac operator is an interesting
starting point in the classification is that in some cases the construction encounters the problem of tensor
products which are not completely reducible. An important step in the work of Fegan is the decomposition
of the tensor product C™®V, with V' an irreducible so(m)-representation, into irreducible representations.
The corresponding tensor product for osp(m|2n) is not necessarily completely reducible. Therefore, the
Dirac operator in the current paper shows how this additional difficulty can be approached and how the
classification can be expected to differ from the classical case. In Section 8 the conclusions which are
made throughout the paper towards a Fegan classification will be summarized.

Another motivation comes from the theory of Lie superalgebra representations, where the question of
irreducibility of indecomposable highest weight representations plays a central role. In [4] the kernel of the
super Laplace operator was studied as an osp(m|2n)-representation. This gave new important information
on a certain class of finite dimensional irreducible highest weight representations. Similarly, in the current
paper, the kernel of the Dirac operator leads to an explicit realization of some infinite dimensional highest
weight representations of osp(m|2n). This direct approach leads to a better understanding of the concept
of indecomposable but irreducible highest weight modules, see [17]. In particular we will also obtain the
full decomposition series of a certain tensor product. This was already studied in [5], but the completeness
of the decomposition could not be proved there.

The Dirac operator on R™/?" generates the Lie superalgebra osp(1]2) together with the corresponding
vector variable. These operators commute with the action of the Lie superalgebra osp(m|2n). We prove
that this is an explicit construction of the spinor representation of osp(m + 4n|2m + 2n), which according
to [23] is a Lie superalgebra in which osp(1]|2) and osp(m|2n) are each other’s centralizers. This leads
to a realization of the Howe duality (osp(m|2n), 0sp(1]|2)) if m — 2n & —2N, which has not been studied
before. The explicit Howe duality is summarized in the subsequent equations (18), (19) and (20). The
Howe dualities osp(1]2) x so(m) C osp(m|2m) in [24] and osp(1]2) X sp(2n) C osp(4n|2n) in [20] are limit
cases of the Howe duality in the current paper. If m — 2n € —2N the realization of the Howe duality
breaks down and this different behavior is studied in Section 6. The Howe duality corresponding to the
super Laplace operator, which is the square of the super Dirac operator, is sly X 0sp(m|2n) C osp(4n|2m)
and was studied in [4].

Finally, the super Dirac operator in the current paper also unifies two classical operators. These are
the Dirac operator on R™, see e.g. [12, 24] and an operator constructed in [20] used to study differential
forms on R?" with values in the Kostant symplectic spinors So|2n, as is presented in Figure 1. In case
we only consider polynomials, the classical Dirac operator acts on the symmetric tensor powers of the
fundamental so(m)-representation C™ with values in the orthogonal spinors S,,. The Dirac operator
generates the Lie superalgebra osp(1]|2) together with the vector variable and this algebra commutes
with the action of so(m). Since the decomposition into irreducible representations of S(C™) ® S,, under
the joint action of asp(1]2) x so(m) is multiplicity-free, we obtain a realization of the Howe dual pair
(so(m), 0sp(1]2)). In [20], a similar construction was made for the action of sp(2n) on differential forms
on R?" (the outer power A(C*")) with values in the symplectic spinors Sojs,,. The commutant of sp(2n)
was given by 0sp(1]2) and one of the generators of this Lie superalgebra can be seen as an analogue of the
Dirac operator. This construction showed that (sp(2n), 0sp(1]2)) is a Howe dual pair for this realization.
The super Dirac operator we will construct on R”?" reduces in the two limiting cases m = 0 and
n = 0 to one of these situations. The polynomials on R”/?>" are given by the supersymmetric tensor
power S(C™2"), which corresponds to S(C™) ® A(C?"), and the super spinor space Syj2n generalizes
and contains both the orthogonal and symplectic spinors, see [5].

The super Dirac operator also fits into a bigger picture with the symplectic Dirac operator on R?” of
[10]. Figure 1 also contains this symplectic Dirac operator, acting on functions on R?" with values in the
symplectic spinors Sg|2,,. The symplectic Dirac operator and the corresponding vector variable generate
the Lie algebra sly, which leads to the Howe dual pair (sp(2n),slz). It seems plausible that it is possible
to generalize this operator to superspace as well. This should also lead to a generalization of the operator
appearing in the study of differential forms on R™ with values in the spinor space S,,, see [12, 29], since
the algebra of super differential forms on R”?" contains a commuting subalgebra isomorphic to the
polynomials on R?" as well as the differential forms on R™.

The paper is organized as follows. In the preliminaries we recall the basic notions of the classical



Figure 1: Howe dualities for the super Dirac operator and limiting cases
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Dirac operator as a Stein-Weiss type operator and the necessary results on harmonic analysis on R™I2"
and super spinor space. Then we introduce the super Clifford algebra and relate it to the super spinor
space and the Lie superalgebra osp(m|2n). This gives the necessary tools to define and elegantly describe
the super Dirac operator. At the end of Section 4 we show a similarity between the super Dirac operator
and a realization of 0sp(1|2) due to Bernstein. In Section 5 the Howe dual pair (osp(m|2n),0sp(1]2))
is studied, where the Lie superaglebra osp(1|2) is generated by the super Dirac operator and the vector
variable. In particular the Fischer decomposition of S(C™?*") ® Syj2n is obtained if m — 2n ¢ —2N. In
Section 6 the properties of the kernel of the Dirac operator as an 0sp(m|2n)-representation are studied.
In Section 7 we construct all first order generalized symmetries of the super Dirac operator which have
a scalar leading term. They generate the Lie superalgebra osp(m + 1,1|2n), which is isomorphic to the
Lie superalgebra of conformal Killing vector fields on R™2". Moreover, it is shown that the leading
terms are exactly the conformal Killing vector fields. Then we study the kernel of the Dirac operator
as an osp(m + 1, 1|2n)-representation. Finally, in Section 8, we review the obtained insights towards the
classification of conformally invariant first order differential operators.

2 Preliminaries

In this section we will recall some known facts about the classical Dirac operator, harmonic analysis in
superspace and the super spinor space. First we mention some conventions and notations. Unless it is
explicitly mentioned otherwise we will assume that m > 2 holds.

The real orthogonal algebra will be denoted by so(m) = so(m; R) and the irreducible so(m)-representa-
tion with highest weight u by L}'. The real orthosymplectic Lie superalgebra is denoted by osp(m|2n).

m|2n

Its irreducible highest weight representations will be denoted by K,""", where A is the highest weight
corresponding to the simple root system used in [4] and [5]. This root system differs from the distinguished
one in [17] but is much more convenient to describe the type of representations we study. At the end



of Section 5 the most relevant representations will also be expressed in terms of the distinguished root
system. For general representations the procedure to calculate the highest weight is described in Section
4 in [5]. The roots of so(m) are expressed in terms of ¢;, j = 1,---,|m/2]| and those of the symp
lectic algebra sp(2n) in terms of §;, ¢ = 1,--- ,n. Some important fundamental weights are given by
Wy = %(61 +e+-te)ifm=2dorm=2d+1, wg1 = %(el—kn-—i—ed,l —€q) if m = 2d and
vi=0 4+ for1<j<n.

2.1 Dirac operator on R™

In this subsection we recall the basic notions concerning Clifford analysis on R™, see [12, 24, 30]. No
proofs will be given because they correspond to the limit case n — 0 of the Dirac operator on R™/?"
studied in the current paper.

The complex Clifford algebra Cl,, corresponding to the vector space C™ is generated by the standard
basis vectors e;, j = 1,--- ,m with commutation relations

ejer + epe; = —20p. (1)

The embedding R™ C Cl,, is given by identifying the vector (z1,...,z,,) with the vector variable
z = Z;nzl x;e;. The variables x; are assumed to commute with the vectors e;. The Dirac operator is
given by

0y = ;O (2)
j=1

and acts on smooth functions with values in the Clifford algebra or a minimal left ideal of the Clifford
algebra, the spinor space S;,:

0 :C(R™)®S,, = C*(R™)®S,,.

All minimal left ideals in Cl,, are isomorphic to the spinor space. If m = 2d + 1, the spinor space is
Sy = L7}, as an so(m)-representation. If m = 2d is even, the spinor space decomposes into two irreducible
so(m)-representations, S,, = S}, @S, = L7 @® L, . The square of the Dirac operator is given by the
scalar Laplace operator

The Dirac operator can equally be constructed as a Stein-Weiss type operator, see [30]. Consider
the space C*°(R™) ® V of functions on R™ with values in a simple so(m)-module V. The gradient can
naturally be seen as an operator

VPRV =5 CR™M@C"QV,

which in coordinates is given by Vf =" Oy, f ®e; in case V is the trivial representation.

The decomposition into irreducible so(m)-representations of the tensor product of two irreducible
representations V and W is given by V@ W = VX W & (®,;U;) for some irreducible highest weight
representations U; with highest weight lower than the sum of the highest weights of V' and W, and
V )XW the irreducible representation with highest weight equal to this sum. This last representation is
called the Cartan product of the representations V and W. When one of the two representations is the
fundamental representation, the so(m)-invariant projection onto the Cartan product is denoted by

E:C"eV ->C"XV.

Stein and Weiss showed that many generalized Cauchy-Riemann systems with interesting properties
correspond to operators of the form 9 = E+ oV with EX = 1 — E, the invariant projection onto



everything except the Cartan product, for some module V. The generalized Cauchy-Riemann system is
then given by
of =0 for feC®R™)RV

and functions satisfying this are called hyperholomorphic functions.
If the irreducible module V' corresponds to spinor spaces, the tensor product decomposition is given
by

C"®S,, =2 C"KS,, ® S, for m odd
C"®S) = C"XS! oS, for m even
C"®S, = C"KS, oS, for m even,

see [15, 30]. In case m is even we thus obtain two operators, acting between the spaces C*°(R™) @ S}
and C°(R™) ® S,,,, which sum up to a single differential operator acting inside C*°(R™) ® S,,

In the Stein-Weiss definition of the Dirac operator the Clifford algebra does not appear. However,
the Dirac operator is most elegantly described by introducing the endomorphism algebra of the spinor
space, which is the corresponding Clifford algebra, Cl,,, = End(S,,). By using this Clifford algebra we
can identify d with the Dirac operator J, in equation (2). Note that the fact that S,, can be realized as a
left ideal in Cl,, and the fact that the action of Cl,, on S,, is given by left-multiplication is not important
in the Stein-Weiss construction. It will also no longer hold for the super Dirac operator, because the
symplectic spinors are no left ideal inside the Weyl algebra. This phenomenon also appears in the case
of the symplectic Dirac operator in [10] and in the study of the Howe dual pair on differential forms with
values in the symplectic spinors in [20].

On the sphere S™, the conformal compactification of R™, the Dirac operator is conformally invariant,
see [15]. This means that the Dirac operator acting on the space of functions I'(S™, SO(m+1,1) xpS,,) is
SO(m+1, 1)-invariant. Here P is the Poincaré group, which contains SO(m), the translations which act
trivially on S,,, and the rescaling which acts on S™ through the conformal weight. The sphere satisfies
S™ = SO(m + 1,1)/P. The infinitesimal action of the morphisms on S™ which preserve the class of
metrics are the conformal Killing vector fields. They constitute the Lie algebra so(m + 1,1). These do
not integrate to global diffeomorphisms when only the flat space R™ C S™ is considered. The conformal
invariance of the Dirac operator on R™ is therefore expressed by considering the conformal Killing vector
fields. This means that there is a set of first order differential operators D, which constitute the Lie
algebra so(m + 1,1), for which a second differential operator 0 exists such that

8, D = 60,

holds. Such differential operators D are called (generalized) symmetries.

The Lie algebra so(m) acts on spinor space through its realization as bivectors in the Clifford algebra
Cly,. The standard generators which are realized on functions as L;; = x;0,, — ; 0Oy, are given by — e i€j
for 1 <4 < j < m. The so(m)-action on C*(R™) ® Cl,;, or C*(R™) ® S, is therefore given by the
differential operators

xﬁ% — l‘jawL — 5 6i€j-

2
The Dirac operator 9, and the vector variable z generate the Lie superalgebra osp(1|2) and commute
with the realization of so(m) given above, see e.g. [11, 24]. This is a consequence of straightforward
commutation relations such as 0,2 + 0, = —2E —m, where E = Z 120z, is the Euler operator.
The solutions of the Dirac equation 0, f = 0 are called monogenic functlons In particular, the space
of spherical monogenics of degree k is given by

M, = {p € Cla1, -+ , 2] ® S| Ep = kp and ,p = 0}

Arbitrary polynomials can be decomposed into a sum of products of the powers of the vector variable
with spherical monogenics. This is the subject of the following decomposition, called monogenic Fis-
cher decomposition by analogy with the Fischer decomposition of scalar polynomials based on harmonic
functions.



Theorem 1. The monogenic Fischer decomposition on R™ is given by

Clz1, &) ® Sy = ééj/\/li.
=0 k=0

Let us discuss the consequences of this theorem in some more detail. First, we look at the case
where m = 2d + 1 is odd. Each space Mg is an irreducible representation for so(m) with highest weight
ke1+wq. Therefore each representation Li |, appears an infinite amount of times in the decomposition.
The corresponding isotypical component @;‘;0 27 M? corresponds to an irreducible 0sp(1|2)-module with
weight vectors 27 M? and lowest weight k +m/2. Theorem 1 thus implies that under the joint action of
0sp(1]2) x so(m), the space Clzy,- - ,Tm] ® Sy, has a multiplicity-free irreducible direct sum decompo-
sition. Additionally, each osp(1|2)-representation is paired up with only one so(m)-representation which
also appears only once. This implies that (so(m), 0sp(1]2)) is a Howe dual pair (see [16]) for the action
on Clxy, -+ ,xm] ® Sy, At the beginning of Section 5 an overview is given about how the Howe duality
of the Dirac operator, super Laplace operator and super Dirac operator extend the Howe duality of the
Laplace operator included in [16].

The case m = 2d is slightly more complicated. By introducing the polynomials of even and odd degree
with notation Clxy,-- - , 2], the decomposition in Theorem 1 can be refined to

(Cler, - 2l " @S5) @ (Clar, -+ 2]” ®S;) = D@2 MY
(Clar, -+ om]” ®S]) @ (Cla, -+, zm]* ©5;) = PEPa/mid™,

with
My* = {p € Clar, -+ , 2] @ S| Ep = kp and 0,p = 0}

irreducible so(m)-representations with highest weight respectively given by ke; + wg and key + wq_1.
Now these two decompositions correspond to multiplicity-free irreducible direct sum decompositions,
with one-to-one pairing, under the joint action of asp(1|2) x so(m).

Remark 1. Clearly, there is also a Howe duality corresponding to the Laplace operator. This is the well-

known representation of sly x so(m) on Clxy, -+, 2], see [16]. This Howe duality has been generalized

to R™27 in [4] and the corresponding Fischer decomposition will be recalled in the subsequent Lemma 2.
Moreover, other Dirac-type operators and their Howe duals can be found in [1, 9].

2.2 Super vector spaces and osp(m/|2n)

The standard basis of the graded vector space V = K™2" (with K a field which in this paper will always
be R of C) consists of the vectors E; for 1 < j < m+ 2n, where E; = (0,---,0,1,0,---,0) with 1 at the
j-th position. The elements E; with 1 < j < m span V5, and E; with m < j < m 4+ 2n span V§. As a
vector space K™/2" is clearly isomorphic to K™*27,

For any Zs-graded vector space V = V5 ® V7, a vector u belonging to V5 U V5 is called homogeneous,
and in this case we define |u| = « for u € V,, where a € Zy = Z/(27). We also introduce a function

[]:{1,2,--- ,m+2n} = Zy, [j]=01if j <m and [j] =1 otherwise. (3)

Then |E;| = [j] for all j for the super vector space V = K™,

The space of endomorphisms on R™2?" is denoted by End(Rm|2”) when seen as an associative algebra
or by gl(m|2n;R) when seen as a Lie superalgebra. As a vector space, End(R™?") is isomorphic to
End(R™*2"). The grading on End(R™/?") is inherited naturally from the grading on R™?". The super
Lie bracket on gl(m|2n;R) is given by [A, B] = Ao B — (—1)I4IBIBo A. We will always use this notation



[-,:], also in case A and B are odd and the super commutator equals the anti-commutator {-,-}. The

bracket [-, -] is super antisymmetric and satisfies a super Jacobi identity. A super vector space V with

such a super Lie bracket is called a Lie superalgebra if the bracket is grade-preserving, [V;, V;] C Viy;.
In this paper, the orthosymplectic metric g € R(+2m)x(m+2n) jg oiven by

InL O . 0 I'I'L
pr—y th n = . 4
g < 0 o, ) with Jo ( I, 0 ) (4)

The Lie superalgebra osp(m|2n) can be defined as the subsuperalgebra of gl(m|2n;R) that preserves
this metric. Considering the applications in the current paper it is more natural to introduce osp(m|2n)
through the standard generators, which constitute a subset of gl(m|2n). The defining representation of
osp(m|2n) on R™I?" is given by

Kij By = g Ei — (—1)1Wgy, ;. (5)
The operators KC;; generate osp(m|2n), and satisfy the following super commutator relations:

Ki Kl = Kl — (—1) I
= giKa + (=D gxcs, — (=)Wl gy ki — (=D gk (6)

We will always assume real Lie superalgebras acting on complex spaces from now one. The defining
representation satisfies C™I2n & g2,

The tensor product V @ W of two osp(m|2n)-representations V' and W, is again a representation with
action defined by

X-wow) =X-v)ew+ (-1)* My o (X - w),

for X € osp(m|2n), v € V both homogeneous and w € W. The supersymmetric tensor product VoV
is the span in V ® V of the elements u ® v + (—1)*/I*ly ® w for u,v € V homogeneous. This is a
subrepresentation of V@ V.

2.3 Harmonic analysis on R™?"

In this subsection we recall some results on the study of the Laplace operator on superspace, see [4, 8].

Superspaces are spaces where one considers not only commuting (bosonic) but also anti-commuting
(fermionic) co-ordinates. The 2n anti-commuting variables #; generate the complex Grassmann algebra
As,. We consider a space with m bosonic variables. The supervector x is defined to be

X = (le' o 7Xm+2n) = (£7£\>

The first m variables are commuting and the last 2n anti-commuting. The commutation relations are
then summarized in -
XiX; = ()X, X; for 4,5 =1,--- ,m + 2n.

The algebra generated by the variables X; is denoted by P and is isomorphic to the supersymmetric
tensor power of C™2", The flat supermanifold, corresponding with these variables, is denoted by R™2"
The full algebra of functions on this supermanifold is O(R™?") = C>®(R™) ® Ay, which contains P as a
subalgebra. The partial derivatives are defined by the relation

6Xij = 5jk + (71)[j][k]Xkan.

Using the orthosymplectic metric g we can define the super Laplace operator and norm squared on
R™2" along with the Euler operator:

m—+2n m—+2n m—+2n
A= Z 8ngjk8Xk, R2 = Z ngijkn E = Z Xjan~ (7)
7,k=1 J,k=1 7j=1



As in the classical case A, R? and E + m’TQ" generate the Lie algebra sly, see [8, 27]. In these formulas,
the parameter M = m — 2n replaces the classical dimension m. It turns out that M plays an important
role and will often characterize properties independently of the exact super dimension m|2n.

The null-solutions of the super Laplace operator are called (super) harmonic functions.

Definition 1. The space of spherical harmonics of homogeneous degree k is given by Hy = ker A N Py,
with Py, the polynomials of degree k, i.e. those satisfying EP = kP.

We can use the metric to raise indices as Ox; = >, gx;0x,. These partial derivatives satisfy Ox. R? =
2X;.
Since P = @2 (S (C™1?") = S (C™I2"), the osp(m|2n)-action on P is given by

TO ’Cij — Lij = Xian — (—1)[2][J]X18X1 (8)

This action clearly extends from P to the full algebra (9(Rm|2"). The Laplace operator and norm squared
commute with these differential operators. The actions of sly and osp(m|2n) on R™?" therefore commute
with each other. In [4] it was proved that this pair (esp(m|2n), slz) constitutes a Howe dual pair for this
representation in case m — 2n ¢ —2N. Here we summarize the main results obtained in [4] on this Howe
duality.

Lemma 1. When M = m — 2n ¢ —2N, the space Hy, of spherical harmonics on R™2" of homogeneous
degree k is an irreducible osp(m|2n)-module. When M € —2N, H, is irreducible if and only if

M
k>2—M or k<2—?.

The module My, is always indecomposable. When reducible it has one submodule, R*TM=29y_ 1/ 4.

When Hy, is irreducible, it is isomorphic to K,j;ll% as an osp(m|2n)-representation, otherwise the quotient

with respect to the submodule is isomorphic to K,Zri%

This leads to the harmonic Fischer decomposition.
Lemma 2. If M =m — 2n ¢ —2N, P decomposes into simple osp(m|2n)-modules as

”P:@Pk:@®R2ij. (9)
k=0

7=0 k=0

Similar to the classical monogenic Fischer decomposition in Subsection 2.1, this decomposition implies
that under the joint action of sly X 0sp(m|2n), the space P = S ((Cmu") is isomorphic to the multiplicity-
free irreducible direct sum decomposition

o0
~ m|2n
PP T x Ko
k=0

for M ¢ —2N, with T) the irreducible sly-representation with lowest weight .

2.4 Super spinor space

The spinors S,,|2,, for 0sp(m|2n) are realizations of the Lie superalgebra as differential operators on the
supersymmetric version of a Grassmann algebra, see [5] for the complete construction, characterization
and motivation. This representation generalizes the spinor-representation for so(m), but also corresponds
to a notion of a minimal representation for osp(m|2n), similar to the metaplectic representation of sp(2n),
see [7].



Definition 2. The complex algebra Agj, is freely generated by {61,---,04,t1,--- ,t,} subject to the
relations
00, = —0i0; for 1<j5,k<d, tity =tit; for 1<i,1<n

and
thi:—tiﬁj for 1§j§d, ISZSH

The parity which makes Ag4j,, a superalgebra, is given by [0;| = 0 and [t;| = 1.

The algebra Ay, is a super antisymmetric algebra, i.e. ab = —(—1)‘“‘|b‘ba for a,b homogeneous
elements of Ag,.

The subspaces of elements containing an even, respectively odd, amount of generators will be denoted
by A}'ln respectively Ag‘n. These should not be confused with the even and odd part according to the
Zo-gradation, in which case the even part consists of elements containing an even amount of the odd
generators.

The action of osp(m|2n) on Ag),, for m = 2d + 1 and m = 2d will be given in Section 3. This makes
the algebra Agj,, a simple 0sp(2d + 1|2n)-module, denoted by

~ K2d+1|2n ~ A,

Szd+1\2n wa—1Lv, d|n-

For the osp(2d|2n)-superalgebra, the module is the direct sum of two simple modules,

2d|2n

~ 2d|2n ~ +
Sadjon = SZd|2n ® Szd\zn Kw O K Sum Agn © Ay,

—3vn wa+Vn—1—35V

dln — Ad|”

In order to apply the Stein-Weiss procedure of [30], explained in Subsection 2.1, to the super spinor
space, the decomposition into irreducible blocks of the tensor product with the fundamental representation
is needed. This theorem and the subsequent Theorem 3 follow from Theorem 8 in [5].

Theorem 2. The tensor products of the fundamental representation of osp(m|2n) with the super spinor
spaces satisfy

C*H @ Sogran = CHTEM RIS, 11190 @ Saatijn
2d|2n ~ 2d|2n + — .
C**Pr @ S2d|2n >~ CMPrR Szd\zn D Ssqpn if d#n
2d|2n ~ 2d|2n — + .
C*Pr @ Spqpn, = C "% Ssapn @ Sagpan if d#n

with Klen X Kmlzn = Kmlzn the Cartan product.
If d = n the tensor products Ccin S2n|2
highest weight representations V* such that

are not completely reducible: there exist indecomposable

DVEosT

2n|2n 2n|2n

(C2n|2n ® S

holds and the quotient Vi/S2n|2n

to the sum of the highest weights of C2"?" and S;Em%

1s the irreducible highest weight representation with highest weight equal

In the rest of this paper, we will mostly consider superfunctions with values in the super spinor space.
In particular, we will study the space P ®S,,|2,, and the properties of this function space as an osp (m|2n)-
module. Therefore, we look at the decomposition of the tensor product of the simple module Hj with the
super spinor space. According to Lemma 1, the tensor product of the representation K;'f"

spaces needs to be studied.

with spinor

Theorem 3. The tensor product of the spherical harmonics on R™2" of homogeneous degree k or their
simple quotient module, with the spinor spaces of osp(m|2n) decomposes into irreducible osp(m|2n)-
modules as follows: for m = 2d + 1

2d+1|2n

2d+1|2n 204120 o pe2d 41120
® K =K (k71)51+wd7%un

Hk ® 82d+1|2” = Kkﬂ wd 751/ k61+wd7%l/n S K



holds and for m =2d and k #n —d+1

2d|2n + ~ 7-2d[2n 2d|2n ~ 2d|2n 2d|2n
K’“l ® Sle% - K’“l ® Kwd—%vn - Kkm—&-wd—%vn @ K(k—1)61+wd+un_1—%vn
2d|2n - ~ 7-2d[2n 2d|2n ~ 2d|2n 2d|2n
Kkel ® S20‘l|2n - qu ® Kwd+un_17%un - Kk51+wd+un_17%1/n ® K(k71)51+wd7%1/n

holds. If k =n —d+ 1 the tensor product is not completely reducible.

3 The super Clifford algebra and osp(m|2n)-spinors

As in the classical case the Dirac operator will be elegantly described in terms of a Clifford-type algebra.
This super Clifford algebra will be identified with an algebra of endomorphisms on the super spinor space.
The definition of the super Clifford algebra is an immediate graded extension of equation (1). We do not
use the term Clifford-Weyl algebra here because then the generators of the Clifford algebra are usually
assumed to commute with the the generators of the Weyl algebra, whereas in the following super Clifford
algebra they mutually anticommute.

Definition 3. The super Clifford algebra Cl,, 2y, corresponding to the super vector space C™2" is the
associative superalgebra generated by Ej, where k = 1,--- ;m+ 2n. The gradation is given by |Ey| = [k]
and the multiplication relation is

EpE + ()M EE, = —29u, (10)
with ¢ the orthosymplectic metric (4).

The super vector space C"2" is naturally embedded in the super Clifford algebra by identifying the
basis vectors Fj.
We define the superalgebra morphism ~: a — @ on Cl,,, |2, generated by

- m+2n

Ei = Z Ejgji and
j=1

ab = @b for a,b e Clyjon.

This morphism is well-defined since the equation E;E\l + (=1 [I]El/?; = —2g;; holds.

Definition 4. The superalgebra morphism from the Clifford algebra Cl,,2,, to the endomorphism algebra
End(S;,|2n) of spinor space S|z, in Definition 2, is given by & : Cly,j2,, —End(S;,)25):
k(Ej) = (0 — 0p;) for j=1,---,d
K(Ed+j) :i(9j+89j) for 7=1,---,d
k(Ey) = Z’(_l)Zizl 0,00, 4110 g0 if = 2d + 1
H(Em—i-i) = \/§ti for 7= 1, ceeun
’%(EernJri) = —\/i@i for i=1,---,n,
with d = |m/2].
The operator G = (_1)2(}:1 0500, 422 i0n gatisfies ;G = —GO; and ;G = —Gt;. It is readily

checked that x generates an algebra morphism by using the commutation relations in Definition 2. When
there is no confusion possible we will use the notation A - v for x(A)v with A € Cl,j2,, and v € Syy)2,,.

10



The orthosymplectic Lie superalgebra osp(m|2n) can be embedded into the super Clifford algebra
Clin|2n by an identification with the bi-vectors:

m—+2n

1
tiKe = B =—5 | g+ > EaBygargu
a,b=1

1 /n
=-3 (EkEl + glk)

1 —_— —_—
=1 ((—1)[k][l]E1Ek - EkEl)

A direct calculation using Definition 3 shows that the corresponding bi-vectors By; do satisfy the
relations in formula (6).

The combination of the embedding of osp(m|2n) into Cl,,|2, with the action of Cl,, 2, on Agj,, = Sy,25,
in Definition 4 make S,,)2,, into an osp(m|2n)-module, g = K o ¢, or

WS(KM) = H(L(Kkl)).

Remark 2. The actions such as 7o and s will also be used to denote the action of osp(m|2n) on the
tensor product of O(R™?") or Syj2n with the trivial representation. So in particular for any osp(m|2n)-
module V, the formula 7o (X)(f @ v) for f € O(R™?") and v € V is equal to (7o (X)f) ® v, since V is
regarded here as a direct sum of trivial osp(m|2n)-modules.

When we consider functions on R™?" with values in a super vector space V, O(R™?") @ V, we can
identify f ® v with fv or (—1)//ll!luf. Tt can be checked that the corresponding commutation relation
X;v = (—=1)VUIYlyX; leads to a consistent osp(m|2n)-action. In the case of spinor valued functions
OR™?") ® Spj2n, this implies that there is a gradation in the commutation of functions with the
endomorphisms on S,,|2,,. Therefore the commutation relation

X, By, = (1) B, x;
holds.

Remark 3. In previous approaches to super Clifford analysis, see e.g. [11], a slightly different algebra
was considered, where this commutation relation was X;E, = E,X;. However, this does not allow for
an o0sp(m|2n)-symmetry of the basic operators.

Theorem 2 implies that there exists a surjective osp(m|2n)-module morphism E-* : cmi2n g Smj2n —
Spnjan if m —2n # 0. For m = 2d + 1 this is unique (up to a multiplicative constant) while for m = 2d
the space of such morphisms is two dimensional due to the fact that Syqj2,, decomposes into two simple
modules. For m = 2d however, there is also a preferred natural choice for E+. The subsequent lemma
also proves that such a vector space morphism still exists for the case m — 2n = 0.

Lemma 3. The super vector space morphism E+ : C™?" @ Simj2n = Sij2n defined by the expression

m—+2n

EX(By@v)= Y (B v)gw=r (E;) v
=1

is an osp(m|2n)-module morphism, thus it is invariant with respect to the osp(m|2n)-action s on the
super spinor space and the natural action on C™?" given in equation (5).

Proof. 1t has to be proved that E+ o K;; = K;; 0 E+, or

EX((Kij - By) @ v) + (~)MEHD BY (B, @ 7g(Ky)v) = ms(Kij) s (E;) v.

11



Therefore we need the relation

— 1 — — —
[Bij, Ex] = _§[EiEj>Elc] = giBi — (-1)1 g, E; = Ky; - B (12)
Using this, we calculate
Kij - EL(Ek ®v) = R(L(’Czj))’i(Ek)U = ”(BZJEk) )

= ([B”, Ek]) +(=1) (DK (Ek (Kij - v))

= G B - DB, - (1, -v)

= ((}C” Ep) ®@v) + (1) [Z]Jr[J])[k]EL(E,C ® Kij - v)

= E (K- (Ex©v)),
which is the equation that needed to be proved. O

4 The super Dirac operator
As in the classical case the super gradient is the osp(m|2n)-invariant first order differential operator acting
between O(R™?") and O(R™1?") @ C™?", see the subsequent Lemma 4. It is defined as

m—+2n
Vf= Z (,1)[j](1+\f|)3Xjf ® E; (13)

i=1

for f € O(R™?") homogeneous. It is also naturally an osp(m|2n)-invariant operator between O(R™/?") ®
V and O(R™2") @ C™?" @ V for V any osp(m|2n)-representation.

Lemma 4. The gradient V is an osp(m|2n)-invariant operator between O(R™?**) @ V and OR™?*") @
C™2" @V for V any osp(m|2n)-representation.

Proof. This follows immediately from the scalar case, where V' is equal to the trivial representation. The
equation

(0x,, L) = 0j30x1 — (—=1)MU5,05x, (14)
which follows from the definition in equation (8) leads to the calculation
m+2n .
V(Luf) = Z (—DVICHID (L ox, f) © E;
j=1

+ (—)EWHD gy f @ By — (—1)FH DU ED o f @ By

This has to be equal to

m+2n m—+2n
K- (V) = 3 (000D Loy e B+ Y (~)IOHD ) GHDEHD g, f @ Ky - E;.
Jj=1 j=1

Using equation (5), the second term is calculated as follows

m—+2n

Z (—1) WD IR )3X f®Ku-E
j=1
m-+2n ) m—+2n )
= Z (_1)([J]+|f\)[k]axjf ® gj By — Z (_1)([J]+\f|)[l](_1)[’6][1]3Xjf ® gjk By
j=1 j=1

(—1)UHIDE gy, £ @ By, — (1) oy f @ Ey,

which proves the lemma. O
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Now we have all the necessary ingredients to define the super Dirac operator according to the Stein-
Weiss procedure in [30]. Only for the case M = m — 2n = 0 the tensor product in Theorem 2 of the
fundamental representation with the spinorial representations does not decompose into a Cartan product
part and a spinor representation, since this tensor product is not completely reducible. However, there
is still a unique homomorphism C?"1*" ® S2 on 82 2n and the corresponding E= is given in Lemma

3. Thus, even though the notion of Cartan product is ill-defined for C2»12" @ ST the Stein-Weiss
procedure remains applicable.

2n|2n’

Definition 5. The super Dirac operator is the first order differential operator acting on the function
space O(R™?") @ Spuj2n given by

8Xf =E* (Vf )
for f € O(R™?") ®S,, 2, with E+ : C™?" @ Simj2n = Smj2n given in Lemma 3 and V the gradient from
equation (13).
Asin the classical case the Dirac operator can be elegantly expressed by making use of the identification
between the Clifford algebra and the endomorphisms on spinor space in Definition 4.
Proposition 1. The super Dirac operator of Definition 5 is given by

m—+2n

Oxf = gy (0x,f)
gk=1
for f € OR™?") ® Smjan- In this formula, E; - h @ v should be interpreted as (-1t & Ei -v=

—1)b & k(Ej)v for h € mIE) homogeneous and v € S,,jop - e Dirac operator can equally be
DUIMp @ k(E;)v for h € OR™™) b dv € Sppan. The D iy b
erpressed as

m—+2n m—+2n m—+2n
E jkaxk = E Ek axk E GXJn
3. k=1 k=1

Remark 4. The Dirac operator can now also be defined on super Clifford algebra valued functions,
OR™?") ® Cli|2n by the extension:

m+2n m—+2n m-+2n
x — E Ejgjkaxk = E Ekaxk == E 8X.7'Ej,
j.k=1 k=1 j=1

where E; acts by left multiplication on (’)(Rmp") @ Clyyj2n-

The invariance of the gradient V : O(R™?") @ Sijzn — OR™2) @ C"1?" @ Syj2n and the projection
L OR™?) @ Cmr @ Spnjon = OR™?") ® Spj2n imply that the Dirac operator

Ox : OR™™) ®S,j9, = OR™*™) ® S, 12,
is 0sp(m/|2n)-invariant. This can be expressed as
8xKij = Kijax for Kij = Lij + Bij (15)

where L;; and B;; are defined in equation (8) and (11) respectively. It follows immediately from the fact
that O(R™?") ® Spnj2n is a tensor product representation that the operators K;; generate osp(m|2n).
This can also be calculated directly by taking into account the correct commutation relation F;X; =
(—l)m[k]X rE;. This also implies that the Dirac operator acting on super Clifford algebra functions in
Remark 4 is osp(m|2n)-invariant.

Remark 5. In the present section the condition m > 0 is never needed, since the spinors for sp(2n)
behave as the limit m — 0 for osp(m|2n). So also the Dirac operator on R°/?™ can be constructed using
the Stein-Weiss procedure. In [20] this operator was introduced in a different context and its Howe duality
was also studied. So in the current paper we will not focus on this particular limit case.
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Now we show how the Dirac operator on R™2" is closely related with an operator in the construction
of Bernstein, which has been generalized by Shmelev, see [23, 26]. On superspace R2""™ with coordinates
(Y1, ,Yan, Y1, » Ymm) We can consider differential forms, see e.g. the basic definitions in [11]. Then
the operators

Xy = Qidlﬁdywn i (dy;) ? and
i=1 j=1

X = 20,00, + Y (9,)
i=1 =1

generate slp. This is equivalent with the fact that the operators in equation (7) generate sly. Then the
operator

Z i Oyiyn] = Oyiyn Oy, Zykayk +Z<a +y]) J

i=1

satisfies D2 = X_ and together with X, and X _ this operator generates osp(1]2). The operator D, has
a similar expression, but is also defined by [D_, X].

Now we make an identification dyy <> Tk, dy; < zj, Oy | < Op, 5‘ng < O, with (z,2) the
coordinates on R™2" then

X, = R? X_ =A and
D_ = Z <8y7+n - ) 0z, + Z ( yz+n> afwrn + Z (allg + y]) 33«,
=1 =1

So this constitutes a different square root of the super Laplace operator leading to a realization of osp(1/2).
In this construction a Clifford-Weyl algebra with 2n bosonic variables and m fermionic variables is used,
while the Dirac operator in Proposition 1 is constructed using a super Clifford algebra with only n
bosonic variables and |m/2] fermionic variables, see the identification in Definition 4. The Howe duality
in Bernsteins construction is on the space of differential forms, the dual partner of osp(1]2) being the
super Poisson algebra po(2n|m), which contains osp(m|2n). In the following section we will study the
Howe duality in our construction for osp(1]2) x osp(m|2n).

5 Howe duality and Fischer decomposition

As in the classical case, the square of the super Dirac operator is given by minus the super Laplace
operator (7), 02 = —A which is a natural requirement for a proper super Dirac operator. This and other
commutation relations are calculated in Theorem 4 which shows that the super Dirac operator, together
with the vector variable x defined below, generates the Lie superalgebra osp(1|2). This realization of
05p(1|2) commutes with the action of osp(m|2n) on O(R™1?") ® Spnj2n- In this section we prove that
these two algebras constitute a Howe dual pair if m — 2n ¢ —2N. We also determine the action of the
Lie superalgebra osp(m + 4n|2m + 2n), in which osp(1]2) and osp(m|2n) are each other’s centralizers, on
O(Rm\2n) ® Sm|2n'

In the original setting in [16], dual pairs were considered where one of the two algebras is equal to
gl(k), so(m) or sp(2n). Consider ¢ equal to so(m) or sp(2n) and V its natural representation, C™ or
C?" respectively. In [16] the representation structure of € on (®*S(V)) @ (®'A(V)) is investigated in
the context of invariant theory. There is a natural action of osp(2ld|2kd) (with d = dim V', which is
m or 2n) on this space, as in [4, 5, 16, 23, 24]. This action of osp(2(d|2kd) includes the action of ¢.
The representation of £ is then studied by considering its centraliser in osp(2ld|2kd). One example is
t =so(m), k =1 and [ =0, then the centraliser of so(m) inside sp(2m) is s[(2). This is the Howe duality
corresponding to the Laplace operator on R™.
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There are several extensions of this principle, which are also known as Howe dualities and which
possess similar properties as the original dual pairs in [16]. We mention two concrete examples, which are
extensions of the specific Howe duality given above, for others see e.g. [2, 23]. The first one is studied in
[4] and is a superization of the example above. The algebra ¢ becomes the Lie superalgebra osp(m|2n),
the role of V replaced by its natural representation C™?" and the again the choice k = 1, | = 0 is
made. Since S(C™/?") 2 §(C™) ® A(C?") there is a natural action of osp(4n|2m), in which osp(m|2n) is
included and has centraliser s(2). This is the Howe duality corresponding to the super Laplace operator
on R™2" n [4] it is proven that whenever m — 2n & —2N the dual pair (osp(m|2n),sl(2)) possesses the
appropriate properties for a Howe dual pair.

Another extension considers ¢ still equal to so(m) (for convenience we choose m even), but now the
action is studied on S(C™) ® A(C?% ) where A(C%) has the so(m) representation structure of the spinor
space S, as considered in Subsection 2.1. Now there is a natural action of osp(m|2m) and the centraliser
of so(m) in this algebra is given by osp(1|2). This Howe duality corresponds to the Dirac operator and
is studied in [24], where it is proven that this does indeed satisfy appropriate properties to be called a
Howe dual pair.

The super Dirac operator in this paper provides a way of combining these two extensions of the
principle of Howe dualities, which will be explored in this section.

The vector variable is defined as an element of O(R™?") @ Clm)2n,

m-+2n
X = E XjEj,
Jj=1

which can be seen as an operator on O(R™?")®S,,,,, viax = >_; Xjr(E;) with the r-action in Definition

4 or as an operator on O(R™?") @ Clyy|2n by left multiplication.
It can be easily checked that, as the Dirac operator in equation (15), the operator x is osp(m|2n)-
invariant.

Theorem 4. The odd operators x and x acting on O(R™?") @ Spnjon or OR™?") ® Clynj2n generate
the Lie superalgebra osp(1|2).

Proof. Definition 3 allows to calculate

[X,X] = 2X2 = Z(*l)[J][k}XJXkE]Ek + ZXijEkEj
J.k gk
= —2) X;Xpgj = —2R%
ik

Similarly, the expression for the Dirac operator using the Clifford algebra in Proposition 1 or Remark 4
allows to compute that [Ox, Ox] = 202 = —2A.
Then we prove that the equality [0y, x] = —2(E + $M) holds by calculating

m—+2n m—+2n
OxX +x0x = Z EiginEr + Z Xj ((—1)[3][Z]E1Ej + EjEl) glkan
k=1 Gl k=1
1 m—+2n m—+2n
= 3 Z (ElglkEk + (—1)[k][l]EkglkEl) -2 Z X;91591x0x,
l,k=1 gl k=1
m—+2n
= -M-2) X0x,.
k=1

It is already known that R?, A and E + %M generate the Lie algebra sly 22 sp(2), the underlying Lie
algebra of 0sp(1]2). The mixed commutators are given by

[x,xz} =0 [8x,x2] = —-2x
[x, A] = —204 [Ox, Al =0
[X,E+%M} =—-x [BX,IE+%M] = Oy,
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which concludes the proof. 0

Remark 6. The Dirac operator dx : P @S, j2n — P ®S;,j2n 0F Ox : PR Clyj2n — P @Clpy2, is surjective
if m # 0. This follows immediately from the fact that the square 2 = —A is surjective on P, which is a
consequence of the surjectivity of the classical Laplace operator.

The null-solutions of the super Dirac operator are called super monogenic functions. The space of
spherical monogenics of degree k is given by

My = {p € P ®Sp)2,| Ep = kp and dxp = 0}.

+

The spaces M f for m = 2d are the monogenic functions of degree k with values in S; dl2n’

The relation [Ox,x] = —2E — M implies that the equalities

Ox2 M, = —2x* My (16)
OXTIMy, = —(2k + 21 + M)x*' M, (17)

hold for M € M.
Theorem 5. For Hj, the space of spherical harmonics of degree k on R™2" | the decomposition
Hk & Sm|2n = Mk & XMkfl

holds if k # 1 — M. If m is odd this is a decomposition into simple osp(m|2n)-modules. If m is even
(with k # 1 — M) this can be refined to

H;@SLIM = M exM;
He @S, 0, = My @xM;_,

and ifk < 1— %M or k > 2— M holds these correspond to decompositions into simple osp(m|2n)-modules.

Proof. Tt is clear that 0x0xMj = 0 for My, € M}, and as a consequence of equation (17) we obtain that
also Ox0xxMy_1 = 0 holds for My_1 € Mj_1. Equation (17) also implies that My N xMy_1 = 0 if
k#1-— %M Now if k £ 1 — %M, every harmonic Hy € Hi @ S, j2, can be written as

1 1
Hy = ( Hy+ —————x0xHy | — =————x0x Hy,
b <k+2k—2+MX8 k) ok =2 arOxte

which proves Hy ® Sy,)2, = My ® xMp_1, by applying equation (17).
Since dx and E commute with the osp(m|2n)-action on O(R™?") @ Si|2n, the spaces M are
osp(m|2n)-modules. If m is odd k # 1 — £ M always holds. Comparison with Lemma 1 and Theo-

rem 3 then shows that for m = 2d + 1, M, = K>4+12"

ke1twg—Svn
The case m = 2d is proven similarly. O

holds and the theorem follows.

The proof of Theorem 5 implies the following corollary.

Corollary 1. The spherical monogenics on R2112" satisfy

2d+1|2
M=K +1j2n

ke1t+wa—3vn
as 0sp(2d + 1|2n)-representations. The spherical monogenics on R24127 sqtisfy

+ ~ 72420 — ~ 7-2d2n
M=K and M; =K

ke1twg—Svn kei4watvn—1—3v,

ifd>nord<nwithk¢[l+n—d,1+2n—2d.
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Proof. This is a consequence of the results in Theorem 3 and Theorem 5. O
The remaining cases of Mf will be dealt with in Section 6.

Remark 7. In [22] and [21] Gelfand-Tsetlin bases for the spaces of monogenic polynomials on R™ are
constructed. It is an interesting question whether these methods extend to the monogenics on R™2",

In case M ¢ —2N, the previous results can be used to obtain the Howe duality for super Clifford
analysis.

Theorem 6. The monogenic Fischer decomposition on R™?" for m — 2n & —2N, is given by

P& S77’L|2n = @@ijk~

=0 k=0

For m = 2d + 1, this is a decomposition into simple 0sp(2d + 1|2n)-modules.
If m = 2d, with d —n > 0, the decomposition into simple osp(2d|2n)-modules is given by

P @ Saqen = (PP M | P | PP =M, |-

7=0 k=0 7=0 k=0

Proof. This is a combination of the scalar Fischer decomposition in Lemma 2 and the result in Theorem
5. O

The combination of this theorem with equations (16) and (17) implies that the spinor-valued polyno-
mials on R2¢+1127 are jsomorphic to an irreducible multiplicity-free direct sum decomposition under the
joint action of osp(1]2) x osp(m|2n). This is given by

oo
~ 12 2d+1|2n
P ®Sadt1jn = @ (Tk-&-d—n-i-% x qu+wd—%un ’
k=0

with Ta'? the irreducible 0sp(1]2)-representation with lowest weight «.
If d > n, the multiplicity-free irreducible direct sum decompositions on R242" is given by

oo
~ 112 2d|2n 2d)2n
P® 82’7”2" - @ (T’H-d—” x (querdf%un ® kal“rwd‘i"/nfl*%l’n ’
k=0

This does not yet correspond to a true Howe duality, because each different representation of osp(1]2)
corresponds to two irreducible osp(m|2n)-representations. As we will see later, the Howe duality splits
into two parts:

P

P* @SS, ® PT®Syy,, = R ) and

T2 %
ktd=n 7 Tkertwa—gvn—3(1=(=1)¥)dn

k=0

P

+ + _ — ~ 1|2 2d|2n
PT @S0, ® PT®Syp, = (Tk+d—n X quwr%u,ﬁ%(u(q)k)an) ’

B
I

0

with P* the spaces of polynomials consisting of an even, respectively odd, amount of variables.

In order to discuss the Howe duality further we work with complex Lie superalgebras in the remainder
of this section. As can be seen from the table in [23], the Lie superalgebras osp(1|2; C) and osp(m|2n;C)
are each others centralizers inside the Lie superalgebra osp(m + 4n|2m + 2n;C). Now we show how we
can realize 0s5p(m + 4n|2m + 2n; C) on the representation space P @ S,,,|2,, Which completes the study of
the Howe duality. The classical case of this Howe duality is osp(1|2) x s6(m) C osp(m|2m), see [24]. The
other classical limit is 0sp(1]2) x sp(2n) C osp(4n|2n), which has been studied in [20].
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Definition 6. The Lie superalgebra g is generated by the operators
Xin(_l)([i]Jr[j])lE, 2X,;0x (_1)([i]+[y‘])E + i, OxiOys (_1)([i]+[j])E’ Bij(_l)([i]Jr[j])E
for i,j =1,--- ,m+ 2n and with B;; the bi-vectors from equation (11) and by the operators
X, Ej (1) EHUDE - gy (—1) [HEDE fori,j=1,---,m+ 2n.

The gradation on g is induced by | X;| = (~1)l and |E;| = 1—(~1)VL. In fact the choice | X;| = 1—(—1)]
and |E;| = (—1)) would have the same resulting gradation on g.

Obviously the realization of the Lie superalgebra osp(1]2) on P & S,,|2,, is embedded in this algebra
g. The operators K,;(—1){I1+UDE with K;; given in equation (15) are also inside the algebra g. Since E
commutes with K;; these operators still satisfy commutation relation (6). This realization of osp(m|2n)
on P ® S,,j2, clearly has the exact same properties so we identify this realization with the previous one
studied in the current paper.

The algebra g is defined by operators on P & S,, 2, and hence P ® S,,|2,, is immediately a g-module.

Theorem 7. The Lie superalgebra g from Definition 6 is isomorphic to the Lie superalgebra osp(m +
4n|2m + 2n) and the representation on P ® S, 2y, is irreducible if m = 2d + 1,

2d+1+4n|4d+2+2n
S 2K
P® 2d+1|2n wd+2n_%’/n+2d+l

while for m = 2d it decomposes into two irreducible modules as

P ® Ssaen = ((79+ ®S3yppn) © (P~ ® S;dl%)) &P ((79+ ® Syppn) © (P~ ® S;dm))

~ K2d+4n\4d+2n @ K2d+4n|4d+2n

= 1 3 .
Wd+2n— 3 Vn+2d Wd+42n+Vn+2d—1—5Vn+2d

Before we prove this theorem we note that this different behavior for m even or odd corresponds to
the observed properties for the multiplicity-free irreducible direct sum decompositions under osp(1|2) x
osp(m|2n) earlier in this section. Each simple g-submodule of P & Sy4)2,, leads to a realization of the
Howe duality osp(1]2) x osp(m|2n).

Proof. The irreducibility and decomposition of P ® S, |2, as a g-representation follow immediately from
the definition of g and Definition 4.

To prove the claim g = osp(m + 4n|2m + 2n) we restrict to m = 2d, with the case m = 2d + 1
being similar. First of all it is easier to replace the Clifford algebra elements E;, j = 1,---,2d by their
corresponding Grassmann variables 0;,0g,, 1 = 1,--- , d from Definition 4 and likewise we express E}, j =
2d+1,---,2d+2n in terms of t4,0;,, k = 1,--- ,n. The variables X;(—1)V® ¢; and 6),(—1)® correspond
to 2d + n commuting variables and 2n + d anti-commuting variables such that the commuting and anti-
commuting variables mutually anti-commute. The operators in the definition of g are then exactly the
quadratic elements in the algebra generated by these variables and their partial derivatives which generate
the Lie superalgebra osp(2d 4+ 4n|4d + 2n), as in the oscillator realization or super spinor realizations of
orthosymplectic superalgebras, see e.g. [4, 5, 24]. The highest weight then follows immediately from
[5]. O

The realizations of the Howe duality are thus given by

2d+1+4n[4d+2+42n ~ N (]2 2d+1)2n
Kwd+2n—%un+2d+1 - (Tk+d—n+% X kel-i-wd—%l/n) ’ (18)
k=0
for osp(2d + 1]2n) x osp(1]2) C osp(2d + 1 + 4n|dd + 2 + 2n) and
2d+4n|4d+2n ~ N 1|2 2d|2n
Kwd+2n—%Vn+2d - kea (Tk+d—” X Kk51+wd_%Vn_%(l_(_l)k)én) and (19)
=0

o
2d+4n|4d+2n ~ @ 1|2 2d|2n
= X
Wat2n+Vnt2d—1—5Vnit2d Tk-i-d—n K}{;51+wd7%y,'L7%(1+(71)k)5n s (20)
k=0
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for osp(2d|2n) x 0sp(1]2) C osp(2d + 4n|dd + 2n) if d > n.

For the sake of completeness, we repeat this main result in the distinguished root system, see [17].
We denote a highest weight representation of osp(m|2n) with highest weight p with respect to that root
system by men The conversion from one root system to the other is summarized in Section 4 in [5].
Explicitly we have the following:

n o0
2d+1+4n|dd+2+2n 1]2 2d+1|2n 1)2 2d+1|2n
L =~ P(7 x L P (7, x L
Wdt2n—FVnt2d41 k+d—n+1 WatVk—SVn @ k+d—n+1 (k—n)ertwa+ivn )’
k=0 k=n+1
n
2d+4n|4d+2 1|2 2d|2
L+n|1+n o @Tkld_ ><L|n )
Wd42n— %5 Vn+2d t+d—n Wy Ll—(—1k)y TV~ 3Vn
k=0 2
72 2d|2n
X L and
@ @ < k+d—n (k*n)ﬁl‘ﬂ'-’d_L(l_(_l)k)Jr%Vn
k=n+1 2
n
2d+4n|4d+2 1|2 2d|2
L +4n| +1n o @ Tkld, < L |2n )
Wd+2n—1—7%Vn+2d +d—n Wi l4(-nky TR 3Vn
k=0
72 2d|2n
X L .
® @ < k+d—n (kfn)61+wd7L(1+(71)k)+%un
k=n+1 2

6 The osp(m|2n)-modules of spherical monogenics

In Corollary 1 most of the spaces of spherical monogenics on R™?" were identified as irreducible infinite
dimensional highest weight modules of osp(m|2n). In this section we show that in the remaining cases
the corresponding representations are not irreducible. They are still indecomposable highest weight
representations and we determine their decomposition series. An indecomposable representation is a
representation which is not the direct sum of two subrepresentations. First we need the following lemma.

Lemma 5. The space of spherical monogenics My, on R™?" has o multiplicity-free decomposition into
simple so(m) @ sp(2n)-modules.

Proof. This can be proven similarly to the corresponding result for the spherical harmonics on superspace,
see [8]. First the decomposition of P ®S,,,|2, under the action of so(m) @ sp(2n) can be considered. This
corresponds to the Fischer decompositions of Rz, -+, 2] ® S,,j0 and Az, ® Spj2,, which can be found
n [1, 12] and [20]. Each element of P ® S,,2,, can be written in terms of the vector variables on R™
and RO?" and the corresponding spherical monogenics. Then it needs to be proven that for each pair
of degrees of the spherical monogenics on R™ and R?2" there is only one polynomial in the two vector
variables of a fixed degree, such that the product with the monogenics is super monogenic.

An alternative proof is to consider the space Hi ® S2+d\2n’ using the decomposition into irreducible

+ + -
sdj2n = Sagj0 X Spj2n @ Sagp0 X

0j2ns S€€ [5]. Using the well-known classical tensor products for so(2d) and sp(2n) it follows that the

50(2d) @ sp(2n)-modules in Theorem 4 in [8], and the decomposition S}
S
decomposition of Hy ®S;rd|2n has multiplicities not greater than two. It then remains to be checked that the
representations that appear twice are split up under the decomposition Hj ® S;rd|2n = MZF SxM, , O

Theorem 8. For M, the space of spherical monogenics of homogeneous degree k on R242" with d < n
and 14+n—d <k <1+ 2n—2d, the relations

2d—2n+2k—1
x“En Mon_2d—p+1 C My

and

+ 2d—2n+2k—1 2d|2n
Mk:/( M?n 2d— k+1) k51+wd*%l/n

— /o 2d—2n+2k—1 ~  p2d2n
M /(x M2” 2d— "H‘l) - Kk61+wd+un71*%l/n

1%
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hold. Furthermore Mf is always indecomposable and
M (x P ®Sogjan) = x> 2 IME oy k+1 (21)

holds.

Proof. The first relation follows immediately from equation (17).
For the second relation we take 1 +n —d < k <1+ 2n — 2d and combine Lemma 1 with Theorem 3
into
— 2k+2d—2n — ~ 2d|2n 2d|2n
(Hkﬂ ® Szd|2n> / (R Hivon—24-k @ S2d|2n> K(k+1)el+wd+yn 1—3v, @ Kkel-l-wd—%un'
Applying Theorem 5 twice (which is possible since k +1# 1+n—dand 14+2n—2d—k # 1+ n —d)
then yields that this is isomorphic to

- k+2d— - k+2d—
(Mk+1 @XMI) / (X2 2 2nM1+2n—2d—k @ xPMRAETIME oy k)
The first relation in the theorem implies that this is isomorphic to

MI;+1/( xhrd- 2n+1M2n 2d— k) ® (XMD/( A= 2nM1+2n 2d— k)

where for £ = 1+ 2n — 2d the first quotient is equal to M, ; since we consider M*, = 0. This then
proves the second part of the theorem by iteration.

Now we prove that M,f is indecomposable. For k satisfying 1+n—d < k < 1+2n—2d, Lemma 1 implies
that Hx,1 has a non-trivial submodule R?*+24=277¢, o, 1 ;. As an s0(2d) @ sp(2n)-representation the
finite dimensional H;, is completely reducible, hence RZ*+24=27%, _o,.1_; has a complement s0(2d) @
5p(2n)-module:

Hisr = U @ R2FF24220900 0 o1 as s0(2d) @ sp(2n)-representations.

Also as s0(2d) @ sp(2n)-representations, the equality

& pe2di2n 2d|2n

U® S?d\Zn (k+1)e1twa—Svn kertwatvn-1—3vn

holds, since U = K%jf{;f as an $0(2d) & sp(2n)-representation and k£ + 1 > 1+ n — d, which implies

that Theorem 3 can be applied. This defines two so(2d) @ sp(2n)-subrepresentations V' C xM, and

W C MLI such that, as an s0(2d) @ sp(2n)-representations V' = Kijllinwﬁyn =30, holds. Since M,

has a multiplicity-free decomposition into so(2d) @ sp(2n)-representations, this implies that V' is the
unique s0(2d) @ sp(2n)-complement module of x**=2" M inside x M, . It remains to be
proved that the decomposition

XM = V@de 2n+2kM2n 2d—k—+1
does not hold as 0sp(2d|2n)-modules. This is equivalent to proving that the decomposition
Hir1 @ Sgypp, = X2I2H2EMY oy 41 © 7 with Z=VeoM,,

does not hold as 0sp(2d|2n)-modules.

The highest weight vector of x?4=2"+2F AT kg1 18 vy ® 1 with vy the highest weight vector
of R?"— 2"+2k7{1+2n,2d,k. This highest weight vector (vector which is annihilated by all positive root
vectors) v; € R%"'Qd_Q”Hgn,gdH,k C Hpy1 is generated by action of negative root vectors on other
elements of Hy, since Hy is an indecomposable highest weight module. This highest weight vector can
therefore be expressed as vy = . Y;u; with u; € U and Y; negative root vectors of osp(2d|2n). This
means that we can write the highest weight vector of x2d’2"+2’“/\/1;‘n_Qd_k_H as

vy ®1= ZYi(Uz‘ ®1)— Z(—l)m“uilui ® Y;(1).

%
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Now, >, (-=D)¥illwly; @ V;(1) e U® Syajzn C Z and (u; ® 1) € Z as well. If Z is an 0sp(2d|2n)-module,
then ), Y;(u; ®1) € Z also holds, which would imply that v; ®1 € Z which is a contradiction. Therefore
Z is not an 0sp(2d|2n)-module. The proof for M} is exactly the same.

Since 2n — 2d — k 4+ 1 < n — d, Corollary 1 implies that x*=2n+2k=IAq - is an irreducible
subrepresentation. The fact that ./\/12' /x2d72”+2k’1/\/12_n_2d_k 41 s irreducible implies that M: has no
other submodule. Therefore Mf has only one submodule and since /\/l,j; N (XP ® S2d\2") is also an
0sp(2d|2n)-module it must be equal to x?*=2" T2kt O

This theorem yields, as a side result, the proof that Theorem 9 in [5] constitutes the complete decom-

position series of the tensor product K 2d]2n ® Kijlfzy . This could not be settled in [5] and is stated
2n

(n—d+1)ey
in the following corollary, which gives extra information on the exceptional case in Theorem 2 and 3.

2d|2n

Corollary 2. If n > d the tensor products K(n—d-i—l)el

The representation has subrepresentations

® Szidpn are indecomposable but not irreducible.

K2d|2n ® K2d\27f oV ) K2d\2n

(n—d+1)ex wi— vy * (n—d)ertwatvn—1—5vy’

with V' an indecomposable representation satisfying

(K2d|2n ®K2d\2n )/V ~ sz\zn

(n—d+1)ex Wa—3vn (n—d)ertwa+vn_1—3v,
2d|2n ~ 2d|2n
V/K(n—d)el+wd+vn_1—%un - (n—d+1)ertwa—2vy

and the statements for S;d\Qn are similar.

Proof. The identifications S;rdl% o Kiil—qun and Hpy—gr1 = ?g‘fgﬂ)q hold. Corollary 1 shows that

XM, = K?:lingﬁyn_ligun holds. Then we define V = M, ;. Theorem 8 shows that

V/KZd\Qn ~ K2d|2n

(n—d)er+watvn-_1—3vn - (n—d+1)er+wa—3vn

holds. The corollary is therefore proved if

(andﬂ ® S;d\Qn) /Mi_dﬂ = M,

holds. This identity follows immediately from considering the operator 0x on H,_4+1 ® S;‘d‘%, since

Im(@x) = M;id while Ker(ax) == M:{id+1' -

Remark 8. It can be checked that up to an additive constant, the quadratic Casimir operator on
My @ S™2" s given by the operator x0x. In particular this shows that whenever K,ZZ'I% ® Smi2n g
completely reducible the Casimir operator has two different eigenvalues which can easily be checked di-
rectly. But it also shows that in case ngllfn ® S™2" s not completely reducible, the Casimir operator is

not diagonalizable.

7 Symmetries of the super Dirac operator

In this section we construct all first order generalized symmetries of the super Dirac operator with scalar
symbol. Generalized symmetries of the super Dirac operator are differential operators D for which there
exists another differential operator § such that

OxD = §0x
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holds. Such operators clearly preserve the kernel of the Dirac operator. The symmetries which are first
order generate a Lie superalgebra since the composition of two symmetries is still a symmetry and the
super commutator of two first order differential operators is still first order.

We define first order differential operators on (’)(Rm|2") @ Sy, j2n to be elements of the vector space

(O(Rm\%) ®czm‘2n)) & (vect(m|2n) @ Clynjan)

with vect(m|2n) the Lie superalgebra of vectorfields on O(R™?"), endomorphisms which satisfy the
graded Leibniz rule.

We will find that the first order generalized symmetries with scalar symbol generate the Lie superal-
gebra osp(m+ 1, 1|2n), which is defined as in Section 2.2 but with a metric such that the orthogonal part
has signature m+1, 1. Therefore the kernel of the Dirac operator has the structure of an osp(m+1, 1|2n)-
module. We prove that this module is irreducible if m — 2n &€ 2 — 2N. If m — 2n € 2 — 2N it is reducible
but indecomposable and we determine the decomposition series.

In the classical case of the Dirac operator 9, on R™, the algebra of first order generalized symmetries
with scalar symbol is isomorphic to the Lie algebra so(m + 1,1), which is also the algebra of confor-
mal Killing vector fields on R™. More precisely, the leading term of the generalized symmetries is the
corresponding conformal Killing vector field. This conformal invariance of 9, follows immediately from
the similarity between the Stein-Weiss construction in [30] and the construction of conformally invariant
first order differential operators by Fegan in [15]. By extending the calculation of Killing vector fields on
R™I2" in Section 3 of [4] it can be proved that the conformal algebra for R™?" is osp(m +1,1|2n). Again
the leading terms of the generalized symmetries correspond to conformal Killing vector fields. Therefore
we say that the super Dirac operator on R"/?" is conformally invariant.

To describe the conformal symmetries we introduce the following Kelvin inversion

I: ORIy 5 o®y™m),
with ORI'?™) = C®(RI) ® Asy, via
_ X
(U)e) =xR™Mf (7).

where f ( %) should be understood as a finite Taylor expansion in the anticommuting variables, see e.g.

[6] for a very explicit approach to such functions. This Kelvin inversion satisfies I? = —1 and therefore

is an isomorphism of O(Roml%).

Theorem 9. The super Dirac operator on R™2" has a Lie superalgebra of generalized symmetries which
is isomorphic to osp(m+1,1|2n). This realization of osp(m+1,1|2n) is given by the differential operators

I; = xE; + X;(M +2E) — R?9x; and Oy, for j=1,---,m+2n, (22)
2E+ M -1 and K;;  given in equation (15).

Proof. As mentioned before the differential operators Kj; in equation (15) commute with the Dirac
operator. The partial derivatives Jx; clearly also commute with the super Dirac operator Jx. Next
we prove that the differential operators II; in equation (22) are generalized symmetries. Therefore we
calculate, using Theorem 4 and Proposition 1

Il = O0uxE; + 0xX;(M + 2E) — 9, R?dx,
= —x0xE; — (2E + M)E; + E;(M + 2E) + X, (M + 2E + 2)0y — 2x0x; — R0y, 0x
= 2x0xs + XE;0x + X;(M + 2E + 2)0y — 2x0xs — R20x,0x
= (xE’; + X;(M +2E +2) — R2ax,~) By,

which implies that II; is a generalized symmetry of Ox. A direct calculation shows that these generalized
symmetries can be written as

II; =Todyxsol, (23)
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where I is the Kelvin inversion.
The differential operator 2E + M — 1 is also clearly a generalized symmetry.
Now we define operators K,g for o, 8 = —1,0,1,--- ,m 4 2n with oo < 3 given by:

E+ -1 fora=—1and 8=0
Kop = %(Hj*axj) fora=-1land 8=7>0
%(Hjﬁ-axj) fora:OandB:j>0

and equal to the operators K;; in equation (15) for o, > 0 and v = ¢ and 3 = j.
We introduce the metric h € R +2+20)x(m+2+20) giyen by

-1 0 0
h = 0 1 0
0 0 g

with g the metric in equation (4).
Now we prove that the operators K,z satisfy

(Kap, Kys) = hypKas + (_1)[C%]([,6’]+[’Y])h§wpgﬁ7 — (_1)[7][5]h5ﬁKM — (_1)[a][ﬂ]h'yaK66

with [-1] = [0] = 0 and [¢] given by equation (3) for ¢ > 0. It is easy to verify [K_1,0,K_1,;] = Ko,
[K_1,0,Ko,;] = K_1; and [K_1, K;;] = 0. Then we calculate
Oxi, 1] = ERE; + gix(M + 2E) + 2(—1)IH X050 — 2X,0,
M -1
= -2 (Kkj B+ — )) :

Together with [Oyi,Ox«] = 0 and [II;,II;] = 0, which is a consequence of equation (23), this leads to the
relations [K_1;, K_1x) = K, [Koj, Kox] = —Kji and [K_1;, Kox] = —gi;j K_10. To obtain the remaining
commutation relations we need

[0x4, K] = [0, Lia] = gijOxi — (=) g0,
which follows from equation (14), and
M, K] = [xEj, Ki] + [X;(M + 2E), L] — [R*0x, L]

= x[Ej, Bu] + [X;, L) (M + 2E) — R*[9x;, L]

= X (gkj/E\l - (—1)[j][k]glj§k) + (gijl - (‘UUHHQZJ‘Xk) (M + 2E)
R? (gkjaXl - (*1)[k]mglj3xk-)

= gyl — (—1)Kllg,;11,,
where we used equation (12) and the osp(m|2n)-invariance of E, x and R2. O

In [7], the action of the complexified osp(m + 1, 1|2n)-algebra on scalar functions on R™?" is studied.
We note that the action of osp(m + 1,1|2n) on O(R™?") ® S,,|2,, considered in the current paper does
not correspond to a tensor product action of the action of osp(m+1,1|2n) on O(R™?") with some action
on S, |25, contrary to the osp(m|2n)-action.

Now we prove that the symmetries in Theorem 9 constitute all first order symmetries with scalar
symbol.

Theorem 10. FEwery first order generalized symmetry with scalar highest order term of the super Dirac
operator Oy on R™2" is included in the realization of osp(m + 1,1|2n) in Theorem 9.
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Proof. We need to classify all differential operators

m-+2n
D= Z Fjox, + Fy

Jj=1

with F; € O(R™?") (not all zero) and Fy € O(R™?") @ Cl,,2, such that 9xD = §0x for § another
differential operator. Since Jx is a homogeneous operator, we can assume that D is homogeneous and
therefore use the notation |D| = |Fy| = |Fj| + [J]-

First we restrict to the case Fy € O(R™?"). The condition for D to be a generalized symmetry
then becomes 9y (Fy) = 0 (which has to be regarded as an equation in O(R™?") @ Clmj2n, 1Ot in
O(R™2%) @S ,j20) and Y42 Ej(9x, Fy) = HE; for some H € O(R™?") @ Cl,,j2,. The first condition
implies that Fj is a constant. Since the left-hand term of the second equation is vector valued, H Ej has
to be vector valued, which implies that H is scalar. If follows that (0x, F;) = (—1)|D|m6§“H. Acting with
a second derivative Ox, on this identity shows that H is constant and therefore that F} is an element of
Po @ P1. This yields the differential operators, (up to additive constants) D = dx, and D = E, which
are included in Theorem 9.

Now we consider Fyy € (O(R™?") ® Cl,,j2,,) \ O(R™?"). This leads to dx(Fy) = 0 and

Y Ew(0x,Fy) = HE; — (—1)VIPIE;Fy
k

for some H € O(R™?") ® Cl,j9,. Only the vector valued term in HEj - (—1)[j]|D|EjFO can be dif-
ferent from zero and influence F;, the others therefore have to cancel out between Fj, and H and lead
to independent zero-order differential operators which we do not take into account. The non-trivial
contributions of Fy can only come from scalars and bi-vectors, which can be seen from equation (10).
Therefore we can expand Fy in a unique way as Foy = > ., fuBu + fo, with fo € O(R™?") and

fr = — (=) £, € O(R™27). We obtain, using equation (12), that
HE; — (-)VIP\E;Fy = HE; — RE;j + Y fulBu, Ej]
k.l
= th +2 Z fklglek
el

holds, where h = H — Fj again has to be scalar. The conditions on D = Zj Fjaxj + Zk,l fuiBri + fo
then become

3x(z fuBr + fo) = 0 (24)
Kl
Ox, F; = héjr+2 Z frigi (25)
.

for an arbitrary h € O(R™I?").
First we prove that equation (24) leads to the restriction that Fy = Zk,l friBri + fo is an element of
(Po © P1) ® Clynj2n- The equation Ox(Fy) = 0 falls apart into a vector and a tri-vector part,

Oxfo = 3 gidx, fru(—1)FHIDADIFD)
75l
(~DUIIPHID gy fy = —(~1)MAPHED g (1)l (26)

From the second equation it follows that dx,0x; fr1 = 0, so fy is first order and then the first equation
shows that fy is first order as well.

As a next step we prove that F; € P, @ P; @ Po. The condition Ox, F; = hdji+2) ", frugj with fi of
degree 1 implies Ox,0x,0x, F; = (0x,0x,h) 0 which yields that A must be of degree 1 and F} of degree
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2. Equations (24) and (25) show that there is no mixing up of different degrees, i.e. we can consider
F; € Pa, F; € Py and Fj € Py independently. First we take F; € Py. Equation (25) then implies that
frwi = —hgg; and since fr; = —(—1)[’“] (1 ;3 this implies fx; = 0 and we arrive in the case F, scalar which
is already dealt with. Now assume F; € P;. Then equation (25) together with the anti-symmetry of fi,
imply that fj; are constants and therefore Fj is constant. It can then easily be checked that exactly the
symmetries K;; = L;; + B;; are obtained.

Finally take F; € P,. Then h € P; and up to a choice of coordinates and a renormalization we can
assume h = 2X; and we study the generalized symmetry D —II; = > y ﬁjaxj + ﬁo with II; defined in
Theorem 9. For this generalized symmetry, equation (25) becomes

Ox, Fj = Qkalgjl.
I

The combination of this equation together with equation (26) for fri then shows that 8X18Xkﬁj =0
which shows that D = II; up to zero degree terms. O

Since the differential operators in osp(m + 1,1|2n) are generalized symmetries of the Dirac operator,
the kernel constitutes a module. In the following theorem we study this kernel M = @72, Mj,.

Theorem 11. The space of monogenic polynomials M = @, My on R™2" s a irreducible

osp(m + 1, 1|2n)-module if m is odd with osp(m + 1,1|2n)-action given in Theorem 9. If M is even and
strictly positive, the spaces Mt = @p o M} and M~ = @j—, M, are irreducible osp(m + 1,1|2n)-
modules. If M = —2p, with p € N, then the spaces MT and M~ are still indecomposable module, but
they have a submodule, given by

2p+1

p

+ 2k—2p—1 p 4F ~ 7-2d+2|2d+2p
PMie P x M; 2K
k=0

pe1twat1—3Vatp—3(1F1)0atp”
k=p+1

Proof. First we consider the case m odd and look at the action of osp(m|2n) < osp(m+1,1|2n) given by
the operators K;; in (15). The osp(m+1, 1|2n)-representation M decomposes into irreducible osp(m|2n)-
representations as M = @;- , My, see Corollary 1. Because of the partial derivatives dx; € osp(m +
1,1|2n) it is clear that this representation is indecomposable and that each subrepresentation will contain
the scalars M. Since we know that II§1 € My, the theorem is proved if we can show that II¥1 # 0 for all
k € N. Because of equation (23) this is equivalent to proving Blj(lxR_M # 0, which follows immediately.

For the case m even, the structure of the differential operators in osp(m + 1,1|2n) shows that M
decomposes as M™T @& M~ as representations. We focus on M, the other case being completely similar.
For any value of M this representation decomposes as

M =P M}
k=0

into indecomposable osp(m|2n)-modules, see Corollary 1 and Theorem 8. The partial derivatives again
imply that M is an indecomposable osp(m + 1, 1|2n)-module and that each subrepresentation contains
the scalars. If M > 0, the proof is the same as in the case M odd.

Now we focus on the case M = —2p. Then we easily find that TI¥1 # 0 if k£ < 2p + 1 since xR~ is a
polynomial in X of maximal degree 14-2p. So for each subrepresentation U C M we find U ﬁ./\/l,;r #£0if
k < 2p+1. By considering the smallest osp(m|2n)-subrepresentations of these MZ according to Corollary
1 and Theorem 8, this implies that

P 2p+1

+ 2k—2p—1 § 4—
PMmie P x My 4y C U
k=0 k=p+1

holds. Next we prove that there can be no other osp(m|2n)-modules included in U than those on the
left-hand in the equation above. Assume /\/l',: C U for k > p and take an arbitrary M € Mz with
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My & xP @ Sy,)2,- Then it is obvious that IT;Mj, & xX’P ® Syj2n- Because of equation (21) this implies
that IT; My & xP ® S,,j2,. By induction it follows that all /\/l+ are inside U so U = M. Therefore the
only possible U is of the form @}_, M; @ @ip_—;l x2k=2p— 1M_p k1

The last step is to prove that thls is actually an osp(m+1 112n)- module This corresponds to showing
that the action of II; and Ox; stabilizes U. The relations

ILM} € xM,  and Hjx%_lj\/lz;iJrl C X%H./\/l;ﬂ- and ILx**t! =0,

are consequence of equations (22) and (21) and the corresponding claims for dy; follow similarly. The
identification of the highest weight of this irreducible representation follows easily. O

As a side result of Theorem 11 and Corollary 1 we obtain the following branching rule.

Corollary 3. The following branching rule of 0sp(2d|2d + 2p) — osp(2d + 2|2d + 2p) holds:

p

2d+-2|2d+2p ~ @(K2d|2d+2p sz\2d+2p )

pe1twat1—sVatp ke1+wa—3vVatp ke1+witvarp—1—35Vitp
k=0

Two limit cases are

p
2|2p ~ 0[2p 0[2p
(p+ )5751/;, - @ (Kl/k—%yp ® Kyk+up,1_%yp> for 5p(2p) — U‘Sp(2|2p) and
k=0
2d+22d o, g-2d|2d 2d|2d
Kwd+1—%Vd = KW_%W ® Kwd+yd71_%yd for osp(2d|2d) — osp(2 + 2d|2d).

A method to calculate the highest weights of the first case is explained in [5]. The second one is just a
special case of the equality Sg_d\Qn @ 0d+1S2_d|2n = S;d+2\2n'

In this section we investigated the first order generalized symmetries of the super Dirac operator with
scalar symbol, which lead to the Lie superalgebra osp(m + 1,1|2n). This forms but the first step in
the program of determining all (higher order) generalized symmetries of this operator. For the ordinary
Laplace operator on R™, this problem was solved in the seminal paper [13]. In this case, it turns out
that the higher symmetries constitute the algebra U(so(m + 1,1))/J with J the Joseph ideal. Some
preliminary results on the higher symmetries of the super Laplace operator are already obtained in [7]. Tt
is expected that the algebra of symmetries will be U (osp(m+1,1|2n))/J with J an ideal in the universal
enveloping algebra studied in [7]. The generalized symmetries of the classical Dirac operator are studied
n [14]. It is an interesting open question whether these results can be generalized to the super Dirac
operator, introduced in the present paper.

8 The Fegan classification

In [15], the classification of conformally invariant first order differential operators between functions on
R™ or S™ with values in finite dimensional irreducible so(m)-modules, was obtained. The conformal
symmetries are given by the Lie algebra so(m + 1,1) which has a Z-gradation so(m + 1,1) = R™ +
co(m) + R™, with co(m) = so(m) © R. There exists such an operator if and only if L] appears in the
decomposition into irreducible pieces of the tensor product C™ @ LY. This operator D is the composition
of the gradient and the invariant projection C™ ® LY" — L}, which is clearly s0(m)-invariant. The
tensor product is always multiplicity-free. For each representatlon L appearing in the tensor product of
L7, there is a unique conformal weight (character of the one dimensional Lie algebra in co(m)) , making
them into co(m) + R™-representations, such that the operator D is conformally invariant. In particular,
if the spinor spaces Sg,jf ) are considered, the tensor product contains two irreducible representations, see
Theorem 2. The two invariant first order differential operators then are the Dirac operator, corresponding
to conformal weight %(m — 1) and a twistor operator corresponding to conformal weight —%.

As has been argued in [5], the natural generalizations of the spinor spaces to the supersetting are
infinite dimensional representations. This has also been justified in this paper by the resemblance between

26



the super Dirac operator and the classical Dirac operator. In fact, highest weight representations of
osp(m|2n) corresponding to the double cover of the supergroup are always infinite dimensional due to
the corresponding statement for sp(2n). Therefore a proper generalization of the results in [15] will have
to contain infinite dimensional highest weight representations of osp(m|2n). This was also the case for
the classification in [19]. There an appropriate class of infinite dimensional sp(2n)-representations was
defined and studied.

On superspace, every conformally invariant operator on R™?2",

D : O(Rmun) ® LT|2n N O(Rm|2n) RV,

for some osp(m|2n)-module V in particular has to be osp(m|2n)-invariant. By restricting to the first

order polynomials in O(R™?") ® LT‘% and only considering the scalar part inside O(R™?") @ V we
obtain that D reduces to an osp(m|2n)-module morphism

o . CrPPrg P LV
The existence of such a morphism for a representation V' is equivalent to the property

Vo (le?n ® L;"‘z") /R,

for some osp(m|2n)-module R ¢ C™?" @ LT'ZH, which corresponds to Ker(®).

As an example of the Fegan classification on superspace we considered the Dirac operator. The corre-
sponding morphism ® was constructed in Lemma 3. We can consider all the differential operators acting
between O(R™1?") @ anil)zn and functions with values in some other representation. By the considerations
above, the only candidates are the Dirac operator and the operator corresponding to projection onto the
Cartan product. The case M = m — 2n = 0 is different since Theorem 2 implies that the relevant tensor
product is not completely reducible. The Dirac operator can still be defined for all values of M as the
projection of the gradient on the subrepresentation of the tensor product, isomorphic to a spinor space.
This is done in Definition 5. From Theorem 9 it follows that the super Dirac operator is conformally
invariant and the conformal weight is given by %(M — 1), which is the dimensional ¢ ontinuat ion of the
classical value £ (m — 1).

The question which needs to be explored as part of the Fegan classification in superspace is whether
there is also a conformally invariant differential operator corresponding to the invariant projection of
the gradient onto the Cartan product in Theorem 2. The most interesting case is M = 0. Based on the

0sp(m|2n)-invariance and Corollary 2 the only other candidate is (CQ"‘Q" ® S;Ll%) JV*E, with V* defined

in Theorem 2, which however is an indecomposable but reducible representation. The quotient irreducible

+ . 2n|2n
2n\2n) /R is never equal to Keﬁwnf%un for any

subrepresentation R C C2"12n g S;rmzna as follows from Corollary 2. So either reducible representations
need to be considered or the classification of invariant differential operators will y ield les s operators
than expected.

Keeping in mind the observed dimensional continuation property and the two classical conformal
weights (m — 1)/2 and —1/2, it can be expected that the two conformal weights coincide exactly for
the special value M = 0. This conjecture is also supported by the fact that in the classical case, the
conformal weight can be calculated from the value of the quadratic Casimir operator operator of so(m)

on Lj*. Since the two relevant subrepresentations of C2nlzn g S;rn|2n correspond to one indecomposable

representation VT, they have identical eigenvalues for the Casimir operators of osp(m|2n).

In the classical case, the appearing conformal weights for the differential operators starting from a
certain function space are always strictly different. Because of the arguments above it seems reasonable
that this does no longer hold on superspace and that this is intimately related to the appearance of not
completely reducible tensor products. The results in Remark 8 in case d = n are crucial for this part of
the classification.

representation is not a candidate because (CQ"‘Q" ®S
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