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Precoding for Outage Probability Minimization

on Block Fading Channels

Dieter Duyck, Joseph J. Boutros, and Marc Moeneclaey

Abstract

The outage probability limit is a fundamental and achiegdbier bound on the word error rate of
coded communication systems affected by fading. This liminainly determined by two parameters:
the diversity order and the coding gain. With linear preogdithe maximum achievable coding rate
yielding full diversity on a block fading channel can excebé upper limit given by the standard
Singleton bound. However, the effect of precoding on theirgpdiain is not well known, mainly due
to the complicated expression of the outage probabilitys Plaper establishes simple upper bounds on
the outage probability, from which the optimal precodingtmecas minimizing these upper bounds can
be determined. For discrete alphabets, it is shown that dhebmation of constellation expansion and
precoding is sufficient to closely approach the minimum fisutage achieved by an i.i.d. Gaussian

input alphabet, thus essentially maximizing the codingngai

. INTRODUCTION

In many applications, such as frequency-hopping (GSM, EpPGEe-interleaving (DVB-
T), OFDMA (WiMax and LTE), H-ARQ with cross-packet coding@]l [8], and cooperative
communications[[25],[[26],.[19],[7], the channel can be mitel as a flat block fading (BF)
channell[2], where the fading gain is piecewise constant thesduration of a transmitted packet.
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Due to motion of the transmitter, receiver or objects betwte transmitter and receiver, the
fading gains vary from one packet to the next and are coreidanknown at the transmitter
side. The fraction of codewords where decoding fails to wopé all errors is referred to as
the average word error rate (WER). When displayed on a latgseersus the average signal-
to-noise ratio (SNR) in decibel, the high-SNR slope of the RVi& called the diversity order.
Since the diversity order determines how fast the error det@eases with the SNR, it is then
a key parameter of the communication system.

The Singleton bound limits the coding rafe. of standard coded modulations achieving
full diversity [17], [21], [11]. Because of their reducedespral efficiency, full-diversity error-
correcting codes are bandwidth consuming. Fortunatedysgiectral efficiency can be increased
beyond the Singleton bound by using component interleagorgbined with linear precoding
[13], [14], [12], which modifies the marginal distributiohthe components of a multidimensional
constellation at the channel input. When using linear pfegpwith component interleaving, full
diversity can be achieved without error-correcting codeer&fore, it has been almost exclusively
studied for uncoded schemes (s€e [2] and references thergih3]), except for few papers [13],
[18] investigating coded transmission schemes. Howewesides yielding full diversity with a
higher rate, linear precoding can also improve the codirig ghcoded systems. So the effect
of linear precoding on the diversity order is well understobut there is no sufficient insight in
the effect of linear precoding on coding gain of coded system

Before studying the optimization of the WER for practicahemes with linear precoding, it
is important to understand the influence of linear precodingthe performance limits of the
communication channel. The outage probability limit is ahiavable lower bound on the WER
of coded systems in the limit of large block length [2],][22idais given by [[27, section 5.4],

Pu(7v, P,R) = Pr(I(e,, P) < R),

where I (o, v, P) is the instantaneous mutual information between transthitymbols and
received symbols as a function of the set of fading gainsbserved during the transmission of
one codeword, the average SNRand the precoding matri®¥. By choosing a well designed
precoding matrixP, the outage probability can be minimized. But even in thepsncase

of an independent and identically distributed (i.i.d.) &sian input alphabet of the channel, a
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closed form expression for the outage probability is notvkmg/et. Therefore, only a brute
force optimization can be applied to optimize the outagebabdity. Such an optimization is
often intractable when the number of fading gains per codewslarger than two and/or large
constellations (e.g. 16 points) are used. A simple appreacid be designing” such that the
mean of/ («, v, P) over the fading distribution is maximized, in the hope tha airea under
the left tail of its probability density function (pdf) wadilbe minimized. However, the ergodic
mutual informationE, [/ (e, v, P)] contains no information on the diversity order, and, due to
the limited spectral efficiency of finite discrete input adplets, for increasing rapidly converges

to a maximum that does not depend on the precoding matrixceidre, the maximization of
the ergodic mutual information fails to provide the optimpnmecoding matrix[[9].

In this paper, we first study the effect of linear precodingdigcrete input alphabets on
the outage probability. A unitary3 x B precoding matrix has3? degrees of freedom, so that
the optimization of the outage probability is multivariabe a brute force optimization, Monte
Carlo simulations are required to take into account theridigion of all fading gains when
calculating the outage probability. Here, the analysissuseeometric approach that leads to
upper bounds on the outage probability, which are easieptonae, because it is no longer
necessary to perform a Monte Carlo simulation based on tliadayain distribution. Therefore,
with a minimal computational effort, the optimal precodimgtrix minimizing the upper bound
on the outage probability limit can be determined. Thesalteserve as a basis for the design
of practical coded systems with linear precoding [6], whighdiscussed in final section before

conclusions.

[I. SYSTEM MODEL

At the transmitter output, a packet is represented as a reabmplex column vectoy =
[x(D)T, ..., x(B)T]T of dimensionN, consisting of B blocks that each contaiv/B symbols,
where ()T indicates transposition; the b-th block of the packexi$) = [x(b), .. .,X(b)%]T
with E[|x(b),[?] = 1. The channel is memoryless with additive white Gaussiarsen@ind
multiplicative real fading. The fading coefficients are yridnown at the decoder side. The

received signal vectou(b) corresponding to the transmitted blogKb) is

1(b) = apx(d) +w(b), b=1,...,B. 1)
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The fading coefficient«,,b = 1,..., B} are i.i.d. In the numerical results, we consider the
fading coefficients to be Rayleigh distributed, wifja?] = 1, but the analysis in this paper
is valid for arbitrary distributions. The noise vecter(b) consists of N/B independent noise

samples which are complex Gaussian distribute@d),, ~ CN(0,20%). The average signal-to-

1
202"

noise ratio isy =

The transmitted vectox is obtained from the information bits through a sequencepafira-
tions. Assuming a binary encoder with coding r&tg a packet of information bits is encoded
into K/ R, coded bits. The binary codeword is split info/(mR.) strings each containing:
bits. In a standard coded communications system, the coemp®rof the transmitted vector
x(b) are obtained by directly mapping each stringmefcoded bits to one ofi/ = 2™ points
belonging to a 1-dimensional real or complex space; theesponding spectral efficienci
in bits per channel use (bpcu) is given By = mR.. When using precoding combined with
component interleaving, each stringsefbits is mapped to one o/ = 2™ points belonging to
a B-dimensional real or complex space; the correspondingrinsional M-point constellation
Q. is denotedM-RP or M-CB, respectively. Denoting as(n) = [z(n)i,...,2(n)s]’ the B-
dimensional vector that results from mapping the n-th gtafvn coded bits, the linear precoding
involves the computation

x(n) = Pz(n), nzl,...,% (2)

where P is a non-singular precoding matrix of dimensidhx B. The precoder output vectors
x(n) = [z(n)1,...,x(n)p] belong to a B-dimensional M-point constellatién). which results
from a linear transformation (througk) of €2.. Finally, component interleaving is applied:
the n-th component of the b-th block of the transmitted vegtoequals the b-th component
of the n-th precoder output vector, i.e:(b), = z(n), (Fig.[). Hence, theB components of
x(n) experience independent fading when transmitted over theHgiRnel. Taking into account
that X information bits are transformed into a transmitted vectowith N = KB/(mR.)
components, the overall spectral efficiencyfis= R % bpcu. Note that there are several ways
to achieve a given spectral efficienéy For exampleR = 0.9 bpcu for B = 2 can be achieved
by a coded communication system with precoding and comgadntgrleaving (2 = R.%) by
choosingm = 3 and R. = 0.6, whereas a standard communication systé&n=(R.m) achieves

R = 0.9 bpcu form = 1 and R, = 0.9. Also other combinations of» and R. are possible.
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Fig. 1. The coded bits are mapped to multidimensional syswpt) in a constellatior(2.. Each symbok(n) is transformed
to x(n), where the different components are placed in the correlipgrblocks inx.

Note that a standard communication system with- m'R. can be viewed as a special case of
a multidimensional modulation, whefte, is a Cartesian product aB identical constellations
belonging to2”'-R' or 2™'-C* and P = I, where is the identity matrix, so thaf), = Q.;
these B-dimensional constellations contaih= 2™'? points.

We can reformulate Eqll(1) in terms &fn) as

y(n)=a-x(n)+wn), n=1,...,—, 3)

where y(n), = w(b),, (a)y = ap, w(n), = w(b), and o - x(n) denotes component-wise
multiplication: (ac - x(n))y, = apz(n)s.

As precoding allows to increase the spectral efficiency @ated with full diversity, this
technique has been extensively studied in previous wotkisalmost exclusively founcoded
schemes[[2],[[3]. Here, we study this system ¢mdedschemes and we choose the precoding
matrix P and the constellatiof, minimizing the outage probability.

A precoding matrixP that is unitary is an obvious choice because it does not dseréhe
capacity of a Gaussian channel. In this paper, we will maiastrict our study to real symbols,
henceP is an orthogonal matrix. In SeC._VII-A2, we will show that axtension to complex

symbols can be easily made. Wh8n= 2, P is a rotation matrix where the rotation angles
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the degree of freedom:

cos(f) —sin(6

b | cos(8) —sin(6) | "

sin(f)  cos(0)
However, rotation matrices are difficult to construct fogter dimensions. In Seclll, it will
be shown that fo3 > 2 it is sufficient to consider orthogonal circulant precodmgtrices. We
denote its first row aspo,...,p_1). The second row is a cyclic shift to the right of the first
row, and so on. Because the columns of thex B Fourier matrix F' are the eigenvectors of

any circulant matrix, we can construgt as follows:
P = FAFY (5)

where(F),, = 5 exp (=22 m,n € {0,...,B—1}, andA is a diagonal matrix containing

the eigenvalues of. The condition forP being orthogonal i\’ A = I, or the B eigenvalues

of P must have a squared magnitude of 1. It is easy to find that

5 —72mnl
)\n:Zplexp( ]B ) (6)

=0

Now, it follows that

13 j2mml
pzzEW;]Amexp( e ) Y

As the eigenvalues must have a magnitude of 1, we have exp(j6,). In order to obtain a
real-valuedP, we take), real (i.e.,A\g =1 0or \o = —1) andA\g_, = (\,)* (i.e.,0p_,, = —0,)
forn=1,...,B —1. When B is even, this implies\p, =1 or Ag, = —1. For B > 2, P is
determined by| (B — 1)/2)| continuous parameters that can be optimized.

Note that forB = 3, P constructed as above, witky = 1 and A\; = exp(j#,), corresponds

to a 3-dimensional rotation with anglé, around the fixed axis%(l, 1,1),

1+ 2k 1—k—+3l 1—k++3l
1
P:g 1—k++/3l 1+ 2k 1—k—+3l |, (8)
1—k—+3l 1—k++3l 1+ 2k

wherek = cos(6,) and! = sin(6, ).

Fig.[2 illustrates the effect of a rotation fd&¢ = 2 when a4-R? constellation is used &9..
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Fig. 2. Displaying the rotation at the transmitfer] (a) andhet receiver (without noisé) (b) foB = 2. The empty (filled)
circles represenf). (2.). The components of(n) are obtained by scaling the componenrts:) by their respective fading
gain (hereas < ), as expressed by the component-wise multiplicatonx(n). The crosses on the coordinate axes are the
transmitted and received vector components, respectif¢lhe receiver, the transmitted values have been mudtpliith their
corresponding fading gain (here; < a1), which is expressed by the component-wise multiplicatonx(n).

The transmitted components are affected by their correipgrfading gain, which is expressed
by the component-wise multiplicatiot{n) = « - x(n), which is shown at the right side in Fig.
2. We say that(n) belongs to thdadedconstellation?,. The pointt(n) = [t(n)i, ..., t(n)z] is
shown for a particular fading poink. Whena; # as, the constellatiorf), can be interpreted
as a distorted QPSK constellation (i.e., a constellatiowlmch both components do not have
the same magnitude).

Consideringt(n), an equivalent channel model can be formulated:

N

y(n)=t(n)+w(n), n= 1,...,§,

9)

which yields more insight and will be useful in the proofs abpositions of this paper.
This system model represents a Gaussian vector channelinpitit t (). This means that for
a particular fading point, the block fading channel can berpreted as a virtL&IGaussian

channel, with a discrete input alphaliet

IWe use the ternvirtual because the fading gains of the actual channel are incagubma the constellatio®;.
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IIl. ANALYSIS OF OUTAGE PROBABILITY IN THE FADING SPACE

For the remainder of the paper, we will drop the indexn the vectorsz(n), x(n), t(n),
y(n) andw(n), as the time index is not important when considering mutn&irimation. We
write random variables using upper case letters correspgnd the lower case letters used
for their realizations. The mutual informatiah(c, v, P) at a certain fading poinéx between
the transmitted B-dimensional symhbol(uniformly distributed ovef,) and the corresponding
received vectoy is given by [12], [10]

1

where the scaling factog is added because thigblocks in the channel timeshare a time-interval
[5, Section 9.4],[[2F7, Section 5.4.4]. The mutual informati (X; Y|, ) is

. Py, o -x)— d(y, o - X
I(X;Y[]o,7) =m =27 Eyx [log, [ Y exp { ( )202 ( ) , (12)
x€Qy x' €Qa

where d*(v,u) = Zle lu, — u,|*. However, more insight can be gained when consideting
From Eq. [9), it is clear that for a certain fading point, thetoal information of this virtual
channel, with input?,, is the same as the mutual information of the actual chanviti, input
Q,

1

I (a,,P)= EI(T;Y\a,y). (12)

Hence, the fading poirk maximizing (minimizing) the mutual informatioh(X; Y|« «y) corre-
sponds to the fading point that distorts constellatiprin the best (worst) way at the input of a
Gaussian vector channel. This interpretation allows tdaixfhe many results from literature on
the mutual information of Gaussian channels. Therefore (E2) will be useful in the following.
The outage probability is the probability that the instaletaus mutual information is less than

the transmitted information bitrat® [27, section 5.4],
Pout(rY?P7 R) = Pr<I (Ot,’}/, P) < R) (13)
Our main goal is to find the precoding matitkthat minimizes the outage probabilii,; (v, P, R),

Popt = Arg m};nPout(% P, R)
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(a) Examples of an outage1 boundary when = 4- (b) The pointsayp,o, b = l1,...,B and a. are

R? and the rotation angle i = 0, 10,27 degrees. shown forB = 2.
The regionV, is coloured red fol = 27 degrees.

Fig. 3. The outage boundary limits the regidh in the fading space which corresponds to an informationréteooutage
event. The information rate i® = 0.9 bpcu. The average SNR is fixed o= 8dB.

A closed form expression fof («, v, P) does not exist and Eq._(111) is difficult to analyze
because of the presence of mathematical expectationseféherin the following two sections,
we will develop simple bounds on the outage probability aritl approximate F,,; by the
optimal precoding matrix that minimizes the bounds on theage probability.

But first we will introduce a framework in this section thatoals to gain insight on the
meaning of the outage probability. The considered framkwsthe fading space [4], which is a
subset of the B-dimensional Euclidean spae”, of the real positive fading gains. The outage
probability equals the probability that the fading poiatbelongs to a regiof¥,, which is such
that7 (a,v,0) < R for all « in V, (Fig.[3(3a)):

Pasl, P R) = [ pladar (14)
acV,
wherep(a) is the joint pdf of the fading gains, ..., az. We say that the regiol, is limited
by anoutage boundanB, (v, P, R) (see Fig[ 3(a) forB = 2), defined by

I(e,7,P) =R, Va€ By(y,PR).

In general, we can consider a certain boundary in the fadieges limiting a regionl/. This
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boundary is denoted bg(1'). The outage boundar®,(v, P, R) corresponds to a regiov,, as
defined in [(14), so that the outage boundanBigy, P, R) = B(V,).
Definition 1: We definen;, , by the magnitude of the intersection between the outagedsoyn

and the axisy,. More precisely,/ (a|a,—0i25,a,-as,. 7, P) = R. By conventiona,, = +oo if
the axisa; is an asymptote for the outage boundary.

Definition 2: We definea, as the value of the components of the intersection between th
outage boundary and the ling = ... = ap (also known as thergodic ling. More precisely,
1 (a o
The defined points are illustrated in F{g. 3(b) fBr = 2. In the remainder of the paper, we

denote the pointsx|,,—o,ib,ay=a;, DY b, aNda

ai=aeji€ll,...B] DY Q.

Proposition 1: On a BF channel withB = 2, with a discrete input alphabet and with linear
precoding, the magnitudegy,,, b = 1,2} are equal if the constellation is invariant under a
rotation of 90 degrees and the precoding matrix is ortholgona
On a BF channel withB > 2, with a discrete input alphabet and with linear precodirg t
magnitudes{o,,, b =1,..., B} are equal if the constellation is invariant under a cyclidtsh
of the components of the points of the constellation and tieequling matrix is an orthogonal
circulant matrix.

Proof: See Appendix_A. [
Notice that the condition of Prop. 1 is a sufficient conditaod not a necessary condition. In the
remainder of this paper, it is assumed that the constatflatged at the transmitter fulfils Prop.
. The magnitude$a,,,b = 1,..., B} will then simply be denoted by,. This also means that
the projection of(2, on either coordinate axes yields the same set of points,hwie denote
by S,, wherep stands for projection.

Note that a multidimensional constellation that fulfils pra (i.e., its projection on each
coordinate axis yields the same set of points, see Appenjiikas an interesting property.
For these constellations, the functiéii.X,; Yo, = «, ), which is the mutual information of a
point-to-point channel with fading coefficient, = «, average SNRy and with discrete input
Xy, does not depend o As a consequence, we will represent this mutual inforrmabg
Is, (a?v, P).

Definition 3: BoundaryB; = B(1}) is said to outer bound outage bounddy = B(V5) if
Vo C V4. The opposite holds for inner bounding.
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The outage boundary in the fading space has a simple buestieg property: if an outage
boundaryouter bounds (inner boundshother outage boundary, than its corresponding outage
probability is larger (smaller) (see Ed. {14)). For exammensider the input alphabé& ~

N (0, ), which we denote as an i.i.d. Gaussian input alphabet, whiésea column vector of
zeros and is the identity matrix. The outage boundary correspondingitd. Gaussian inputs,
denoted byB,(gauss), inner bounds the outage boundary corresponding to a thsanput
alphabet, denoted b®,(discrete) [5]. Therefore, the outage probability corresponding ial.i.
Gaussian inputs is a lower bound on the outage probabilityesponding to a discrete input
alphabet. Consequently, by minimizing the outage prolighibrresponding to a discrete input
alphabet,B,(discrete) can at most approacB,(gauss) (see Fig[#).

Gaussian distributed continuous input
Discrete uniform distributed input ==------

2.4

Fig. 4. The outage boundar,(discrete) is inner bounded byB,(gauss). Optimizing the precoding matrix can at most
make B, (discrete) approachB,(gauss) as illustrated by the arrows.

In the following two sections, we will determine boundanggh simple shapes outer bounding

B,(discrete), which are then much easier to optimize. This can be done teyrdaing a surface
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12
in the fading spacel/(a) = 0, satisfying
I (a,y, P) > R, for all a satisfyingU(a) = 0. (15)

For example, forB = 2, we will prove that a circular arc touching,(discrete) at a; = a, (on

the horizontal axis) and, = «, (on the vertical axis) satisfies Eq. {15).

V. BOUNDS ON THE OUTAGE PROBABILITY WITHOUT LINEAR PRECODING

As a first step, we will establish upper and lower bounds onabtage probability of a
communication system without linear precoding. This wak she stage for the bounds with
linear precoding in Se€.]V.

We will prove that the outage boundary is outer bounded by-laypersphere touching the
outage boundary on the axes of the fading space, hence wlitrsta,. A B-hyperspheré/(a) =

0 is a generalization of a sphere ¥ dimensions,

B
Ula) = Zag —a?
b=1

Note that this is only possible for constellations fulfifinhe conditions of Prof.] 1. For other

constellations, the outer boundirgrhypersphere will have a radius ofax,(;,... 5 o, and will

therefore be less tight.
Lemma 1:0n a BF channel with a discrete multidimensional input algh&, the mutual

information ! (e, v, P) is upper bounded as follows

1 B
(e, P) < % > s, (37, P). (16)
b=1

Proof: See AppendiXB. [
A special case is the case without precodiRg£ I) so that(), = (.. If in that cas€, is the

Cartesian product of2,,, ..., {2 , Q. = (S,)?, then all variablesX;, = Z, are independent

ZB
for all b, so that equality holds in Eq_(116). E.§, = 4-R?, as shown in Fid.]2, is the Cartesian
product of two BPSK constellations, denoted as BRBRSK.

For an i.i.d. Gaussian input alphabet, the instantaneousiahinformation with linear pre-

coding is the same as the instantaneous mutual informatithromt linear precoding, because
2We denote the projection @2, on theb-th coordinate axis a8, . For constellations fulfilling Prof] 10, = S,.
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Pz = x ~ N(0,I) when P is orthogonal, so that precoding does not change the ditizi
of the input vector. Therefore, the instantaneous mutufatimation for an i.i.d. Gaussian input

alphabet is

B
1
I(a,y,P)=I(a,7,P=1)=% > 0.5 log,(1 + 27a3). (17)
b=1

Proposition 2: The outage boundari,(gauss) of a BF channel with an i.i.d. Gaussian input

o 4BR_1

alphabet is outer bounded by the hypersurface ofRHgyperspherev? +a3+...+a% = 5

and inner bounded by the hypersurface of héyperspherey? + a2 + ... +a% = %;1

Proof: In Appendix[C, it is proved that forx on a hypersurface:

o Ia,7)|ar=map = I (o, 7)

o I(0,7) |ay=a, <1 (,7),
because the mutual information is a sum of concave functidrtte instantaneous SNRs;
(Eq. (I1)). Calculatingr, and a,, according to Definitiong]1 &12, yields the radii of both
B-hyperspheres. [ |
The inner boundary touches the outage boundary in the pginso that it does not depend on
B (the entire codeword is affected by the same fading ga)n The outer boundary touches the
outage boundary in the points,,, V b; its dependence o follows from the fact thatB — 1
is equal to the number of erased channels.

Proposition 3: On a BF channel with a discrete input alphafetthat is a Cartesian product
of one-dimensional constellations, the outage bound&yfyliscrete) is outer bounded by the
hypersurface of thé-hypersphere? + a3 + ... +a% = o? touching it at the axes of the fading
space aty, ,, V b. Also, B,(discrete) is inner bounded by the hypersurface of théypersphere
ol + a3+ ...+ a% = a? touching it ate...

Proof: Lemmad1 proved that the mutual information is upper boundeg Ele Is, (a3v, P),
where this upper bound coincides with the exact expressidhe case thaf), is a Cartesian
product. Using the relation between the mutual informati¢8NR) = Is, (o, P) and the

minimum mean-square error (MMSE) in estimating the inpunisgl, X, € S,, given the output

symbolY;, [15],

d 1
m](SNR) = §MMSE(SNR), (18)

it is easily proved thafs, («;~, P) is a concave function (the second derivative is negative) of
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the instantaneous SNfRvZ, because the MMSE is a decreasing function of the SNR. Toeref
the proof is the same as for Prdp. 2. [ |
Notice that the techniques of the proofs of Prdgs. 2 [dnd 3ataoe used for discrete input
alphabetq), that are not a Cartesian product of one-dimensional cdastels, because in that
case the upper boung Ele Is, (ajv, P) does not coincide with the exact expression of the
mutual information. However, this case is merely a paréicahse P = I) of aprecodeddiscrete

input alphabet, which is covered in the next section.

V. BOUNDS ON THE OUTAGE PROBABILITY WITH LINEAR PRECODING

Proposition§ 2 and 3 mainly state that the outage boundaig/dbannel with an i.i.d. Gaussian
input alphabet or a discrete input alphabet without prewpd outer bounded by the hypersurface
of a B-hypersphere touching it at the axes of the fading spacee, atVv b. We conjecture that this
property still holds for a communication system with a deeralphabet with linear precoding
at the input of the channel. First, we will give new detailadgds for low and high SNR of
this property. Then, a more intuitive explanation will beeag to provide more insight.

Proposition 4: On a BF channel at low and high SNR, with a discrete input dphand
with linear precoding, the outage bounddsy(discrete) is outer bounded by the hypersurface
of the B-hyperspherey? + a2 + ... + a% = o2 touching it at the axes of the fading space.

Proof: See AppendixD. u

This outer boundary corresponds with an upper bound on ttegeuprobability. Minimizing
this upper bound is simply achieved by minimizing. In the following proposition, we will
establish an inner bound on the outage probability.

Proposition 5: On a BF channel at low and high SNR, with a discrete input dphand
with linear precoding, the outage boundaBy(discrete) is inner bounded by the hypersurface
of the B-hyperspherey; + o3 + ... + o% = Ba?.

Proof: See AppendiXE. [
This inner boundary corresponds with a lower bound on thagaiprobability. Minimizing this
lower bound is simply achieved by minimizing..

To get more insight, we give an illustration of Propk. 4 Bhal&. consider thel-R? constel-
lation ©,, from Fig.[2(a@), withd = 7/6. Further, we takev; = a,cos(\) and ay = a,sin(N),

i.e., |al = a,, so thata is on the outer boundary of the outage boundary. Eig. 5 shbes t
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corresponding mutual informatioh(c, v, #) as a function ofy for various values of\. We
observe that the mutual information increases whéncreases frond to /4. The projections of
the constellation), on the horizontal and vertical coordinate axes have vagsnt = a2cos*(\)
and a3 = o?sin®(\) respectively, whereas the total variance(hfequalsa?, irrespective of).
When A = w/4, Q, is equivalent to a common QPSK constellation: the variarafeboth
projections equaf;—g, and the corresponding mutual information is maximum. Whelecreases
from 7 /4 to 0, the difference between the two variances increaQefiecomes an increasingly
more distorted QPSK constellation, and the mutual inforomatiecreases. AA = 0 we get
a; = a, anday = 0; Q, (which is now a scaling ofS,) reduces to a 4-PAM constellation
and the corresponding mutual information is minimum. THisstrates the general principle that
performance is optimized when the transmit power is equshit over the available identical
channels and the performance is worst when the transmit psveompletely used for only
one channel, which is exactly what is claimed in Préps. 4[drar Hiigh and low SNR. More
specifically, fora on the hypersurface of a hypersphere, it is proved in Propatithe mutual
information is the smallest at,; ,, and it is proved in Prop. 5 that the mutual information is the
largest ato..

Finally, we show that the precoded constellations achieitediversity for a rateR, provided
that 227 does not exceed the number of points contained in the piofeof 2, on a coordinate
axis.

Proposition 6: For any coding ratd) < R, < 1, the outage probability of a Rayleigh
distributed block fading channel with a discrete input alpét and linear precoding exhibits
full diversity, i.e., Py (v, P, R) oc 1/+/P.

Proof: See AppendixTF. [

It should be noted that the proof of Prgp. 6 assumes the ethefIgpl(BR, P); hence, the
number of points inS, must not be less thad””. When considering the-R? constellation
from Fig.[2(a),S, contains only2 points when the rotation anglis a multiple ofr/2, and
4 points otherwise. Therefore, the maximum rate that comedp to full diversity iskR = 0.5

when the rotation anglé is a multiple ofr/2, and R = 1 otherwise.
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2 - 4-QAM —+—

More distorted

Mutual Information

0 1 1 1
0 2 4

y[dB]

Fig. 5. The mutual information is monotonically non-incsesy as the constellation becomes more distorted. The ugmekr
lower curve correspond té = /4 and A = 0 respectively.

VI. OPTIMIZATION OF THE OUTAGE PROBABILITY OF PRECODED CONSTELATIONS

In the previous section, we proved for high and low SNR tha tutage boundary of
block fading channels with precoded constellations is mbtmuinded by a hypersurface of a
B-hypersphere with center in the origin and touching the geitaoundary on the axes of the
fading space. This hypersurface corresponds to an uppedbmu the outage probability of the
channel (see the paragraph after Déf. 3). Instead of mimignithe actual outage probability, it
is easier to minimize the upper bound on the outage prolbabllhis optimization will allow
the actual outage probability to closely approach a loweamboon the outage probability, i.e.,
the outage probability corresponding to an i.i.d. Gaussigut alphabet, as we will see in the
numerical results.

The B-hypersphere is completely determined by one variableraiéus «,. We denote the
outer boundary on the outage boundary By,(«,) and the corresponding upper bound on the

outage probability byP,,(«,):
P, () :/ p(a)de, (29
acVyp(ao)
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) to

1

(a) The transmitted symbols are the components (b) The received symbols, are the faded compo-

of the constellatiorf2,,. nentsa,x,. Collecting the different components,
the faded constellatiof; is constructed, which is
expressed by = a - Q5.

Fig. 6. The transmitted(,) and faded constellatiorf2¢) are shown for the case of the transmission of real symtils; 2
andQ), = 8-R?. ForQ; = a-Q,, the fading point a1 ,, 0), the intersection between the outage boundary and thenaxis 0,
is used.

whereV,,(a,) is the considered3-hypersphere limited by3,,(«,). From Eq. [(ID), it is clear
that the regior/,,(«,) has to be made as small as possible to minintizga,). Therefore, the
optimization target is to minimize the radius,.

Becausels (a2v, P) = BR, the minimization ofc, (and, therefore, the minimization of the
upper bound on the outage probability) is achieved by dalgtihe constellatios, requiring the
least energy to achieve a radR, /s (., P) = BR on a Gaussian channel. This involves a proper
selection of both the constellatigl and the precoding matri®. Note that this optimization is
much simpler than the direct minimization of the outage pholity as given by Egs[(13) and
(@0), because the outage probability is hard to evaluapeceally when the number of fading
gains and constellation points is large. Furthermore, sl is gained by the latter approach,
so that it would not be clear which constellation should be taken.

Also, the outage boundary of block fading channels with pded constellations is inner
bounded by a hypersurface offzxhypersphere with center in the origin and touching the gita
boundary in the pointx.. Hence,a. determines the radius of thiB-hyperspherey/Ba.. In
this point, the faded constellatidn, is balanced, as in Fi§. 6{a). We will denote this balanced
constellation®, = «, - 2, by S.. Hence, the hypersurface corresponds to a lower bound on the
outage probability which is minimized by optimizing the mat information ofS..

In this section, we will show that the radius of the outer laany, o,, and the radius of the
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inner boundaryy/Ba,, can be minimized by combining a simple optimization of tmecoding

matrix P with a constellation expansion.

A. Optimization of the precoding matrix

Because it follows from Eg[(10) that the valagis insensitive to orthogonal transformations,
the selection of the precoding matrik affects only the radius of the outer boundary. Let
us denote byO the set of parameters from® over which we will minimizea,. For B = 2
and B = 3, the only degree of freedom is the rotation angle ($¢e (4) @y For B > 3,
more degrees of freedom can be exploited to minimizeFor the numerical results, we restrict

ourselves toB < 3.
Igpl(BR,O)

v
Changing the value a® (e.g. the rotation anglé for B = 2) will change the distances between

The mutual information of5, can be rewritten ags, (a2v, O), which yieldsa?2 =

the points inS, and so change its mutual information. For a fixed spectratieffcy R and

fixed average SNR, minimizing the radius yields the optimization criterion
O,pt = arg Irgn Igpl(O, BR).

The optimization is performed by means of a simulation, duthé lack of closed form expres-
sions of the mutual information. Because the constellasane-dimensional, the computational

effort is minimal. We apply this optimization for differestenarios in Se¢._VlI.

B. Constellation expansion

As the number of information bits per channel useHs= mR./B, there are different
combinations ofn and R, yielding the same&R. Taking into account thak,. < 1, the minimum
value of m equals[ BR], with a corresponding coding rafe. = %.

The number of points in the constellation|{3;|. Increasing the constellation size Qf will
render a constellatiofe; with more points, both foS, andS,. This higher order constellation
may need less energy to achieve the same rate, both for thedeal case (optimization of
a.) as the distorted case (optimization @f). However, the decoding complexity increases as
well as the complexity of optimization, so that there is ad&r@ff between performance and
complexity. The higher the constellation size, the smaher horizontal SNR-gap between the

outage probabilities corresponding to a precoded disanptg alphabet and i.i.d. Gaussian input
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alphabet. However, the improvement in performance becamadler and smaller, as illustrated
in Sec.[VII.

VII. NUMERICAL RESULTS
A. Numerical results fol3 = 2

When B = 2, O = 6, and the optimization criterion for the upper bound on theéage
probability is to findf so that]gpl(Q,BR) is minimized. Next, a constellation expansion is
performed to further minimize the upper bound as well as thwel bound on the outage
probability.

1) Real constellations/Assume that a transmission raie = 0.9 bpcu is aimed. First, we
consider the optimization of the rotation andglesee Fig[l7. On the lefy-axis, we show the
instantaneous SNR per symbel, = a2+, so thatls,(ys,0) = BR. The minimum SNR per
symbol~, that is needed to transmit = 0.9 bpcu fory = 8dB is achieved by an i.i.d. Gaussian

input alphabet:

21 |

78: 2

This fundamental minimum can be approached when using ageecdiscrete inpuf2, = 4-
R? (R. = 0.9) with rotation angle = 27 degrees. Now, we apply a constellation expansion to
further reducey, (see Figll7) and.. (see Fig[ 8(a)). For example, for the rotated constellation
Q. = 8-R? (R. = 0.6) approaches the theoretical minimum very closely for iomat@ngles
within [0...9] degrees. An expansion 0, = 16-R? (R. = 0.45 andf,,, € [35,45] degrees)
only slightly improves the performance. The optimizatidnyg decreases the volume of the
regionV,, which is illustrated in Fig[ 3(&) fof2. = 4-R?2. Fig.[8(@) illustrates that constellation
expansion is sufficient to reduce the valug which is very close to the theoretical minimum.
Therefore, the constellation is not further shaped to mirénthe lower bound of the outage
probability.

The information theoretic approach used in this paper do¢dead to the same optimized
rotations as in the case of algebraic constructions of ueatazbnstellations. In_[3] and 1],
multidimensional rotations have been optimized for uncoafdinite constellations transmitted
on ergodic fading channels. As a simple illustration, wevstio Fig.[d the minimum product

distanced, ..., [27] of the uncode&-R? versus the rotation angle. The optimum and the profile
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* T S Ys for Rotated 16-I:I§ +
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o Y, for Rotated 4-02 %
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Fig. 7. The optimization of the radius of the outer boundanstiown forQ). = 4-R?, R = 0.9 bpcu andy = 8dB. The
y-axis at the left denotes the instantaneous SNR per symbok o2y, and the right y-axis denotes the minimum product
distance. The thick black line without markers represehts findamental minimum SNR per symbel, that is needed to
transmitR = 0.9 bpcu fory = 8dB, i.e., when using an i.i.d. Gaussian input alphabet. Tfezteof constellation expansion on
the radiusa, is shown by optimization of2. = 8-R? and), = 16-R?2. The profile of the minimum product distaneg, ,mix,

is shown forQ2, = 8-R?.

_ 10° T T T T T T
Gaussmg mod. ——
Q,=rot 4-D2 6=27 ------- e
Upperbound of rot 4,1° =27 === | Tt
Q,=rot 8-0 2De:{o. 9] e X -

. Q,=rof 16-0° 6=0 -+
S, Q,=rot 16-0° 6=[38..45] —x— 10™

a3

0.6

Outage probability

Q,=10t 4-02 020 ==-s==-
Q,=rot 407 B=27 1 ien
100 Q,=rot 8-02 9=0 —w—
Q,=rot 16-02 =45 @@«

Real Gaussian =—s—

1 1 1 1 1 1
7 10 13 16 19 22
Ey/N, [dB]
b)

Fig. 8. The outage boundaries (left) and outage probadslifright) ofQ2. = 4-R?, Q. = 8-R? and Q. = 16-R* with and
without optimized rotation angle are shown. The spectriitiehcy is R = 0.9 bpcu andy = 8dB.

of d, ...n and those ofy, do not match. The minimum product distance approach is rititde
for coded schemes. For example, the minimum product distenzero ford = 0 degrees, while
this rotation angle is optimal in terms of outage probapilit

The outage probabilities of the considered multidimersi@onstellations are shown in Fig.

[B(b). This confirms that constellation expansion togethign the optimization of the precoding
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parameter is sufficient to approach the outage probability an i.i.d. Gaussian input alphabet
very closely. It also shows that the constellatiop= 8-R? with § € [0...9] degrees represents
the best trade-off between performance and complexity.

2) Extension to complex constellationadl the proofs in this paper are valid for complex
constellations. This means that also for complex consietls, the outage boundary is outer
bounded by aB-hypersphere, determined by one variable, its radius. \Wice our attention
to real precoding matrices. Consider Hg. (2), whers now a complex vector ané is real.

For complex symbols, this can be rewritten as
x = PR{z} + jPI{z}, (20)

wherej? = —1, R{.} andI{.} take the real and complex part respectively. This meanstileat
real and imaginary part of the complex vector are each pextdy the same matrig.

Assume that a transmission rate= 1.8 bpcu is aimed. Initially, we take the constellation
Q. = 16-C? (R. = 0.9), which can be build as the Cartesian product of two 4-QAMstelhations
(16-C*=4-QAM x4-QAM). As for real constellations, the rotation anglean be optimized, see
Fig.[9(a). The gap to the outage probability correspondiith @n i.i.d. Gaussian input alphabet
can be closed by a constellation expansion and a new optionzaf the rotation angle. The same
strategy as for real constellations could be applied by adlying one bit in the multidimensional
constellation, which would extenft, = 16-C? to Q, = 32-C?. However, ), = 32-C? cannot
be written as the Cartesian product of two constellatiorns igntherefore less convenient to
generate 32 points would have to be placed properly int-alimensional space). For simplicity,
the constellation expansion is done by adding one bit pempoom@nt which extendg, = 16-C?
(=4-QAMx4-QAM, R. = 0.9) to 2, = 64-C* (8-QAM x8-QAM H R. = 0.6). The optimization
of # and the optimized outage probabilities are shown in Hig. 9.

Note that, forQ2, = 16-C?, the profile of the rotation anglé, and so the optimum rotation
angle, is the same as fér, = 4-R? and R = 0.9 bpcu. This can be explained as follows. When
R{z} andIl{z} are drawn from the same real constellatibyn thenz belongs to a constellation
Q. = V¥, + j¥,. Consequentlyx belongs to a constellatiof, = ¥, + j¥,, whereV, is

obtained by applying the precoding matrx to the constellationV.. From the chain rule of
3The 8-QAM constellations have the same form as in Fig] 6(a).
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(a) The optimization o?‘(%ﬁe r)otatlon angle for com- (b) The outage probabllﬁles of the BF channel with
plex symbols is shown. complex inputs are shown.

Fig. 9. The optimization of) and the optimized outage probabilities are shown when cangymbols are transmitted. The
transmitted rate iR = 1.8 bpcu.

mutual information([5], we obtain

Io, (v) = 21y, <%) : (21)

Hence, the precoding matrik that is optimum for a real constellatioh, and rateR is also
optimum for a complex constellation, = ¥, 4+ jV, and rate2R. The corresponding SNR
for the complex constellation i8 dB higher than for the real constellation. FQr = 16-C2
and R = 1.8 bpcu, the corresponding real constellationlis = 4-R2. Therefore, the profiles

in Figs.[9(a) and7 are the same for both constellations pXoean upward translation &fdB.

We also tested the performance for higher spectral effi@sn€onsider for example a system
requiring a spectral efficiency ak = 3.6 bpcu. Here, the same techniques can be used. First,
Q. = 256-C% (16-QAMx16-QAM, R, = 0.9) is optimized, followed byQ2, = 1024-C* (32-
QAM x32-QAM{, R. = 0.72). The results are given in Fig. 110. The same observatiors &®l

for the previous numerical results.

B. Numerical results fo3 = 3

When B = 3, O = 6, (see Eq.[(B)), and the optimization criterion for the uppeurx on the
outage probability is to find, so thatlgpl(el, BR) is minimized. Next, a constellation expansion

“The well known cross 32-QAM constellations are used.
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Fig. 10. Outage probabilities of the BF channel with influt= 256-C* and2. = 1024-C2. The spectral efficiency iR = 3.6
bpcu.

is performed to further minimize the upper bound as well asldwer bound on the outage
probability.

We aim to transmit? = 0.9 bpcu. We construct constellatiofds that are invariant to a cyclic
shift of the components of the constellation points. Henlee,constellations are invariant to a
rotation of 27/3 with respect to the bisectan, 1, 1) (this can be verified by evaluating in
Eq. (8) for this rotation angle). An example of such conatahs are the Cartesian products of
three identical one-dimensional constellations, suck&s =(BPSK)? (constellation points are
corners of a cube) anéi-R? = (4-PAM)? (constellation points are the corners of four nested
cubes). More sophisticated constellations can also beidenesl. For examplel6-R? can be
constructed by considering 5 sets of three constellatiompé(a;, b;, c¢;), (b;, ¢;, a;), (¢;, a;,b;)}

forj=1,...,...,5, and adding a constellation point located on the bisectobuild the actual
constellations, a few design parameters have to be spectfieh as the distances between
the planes perpendicular to the bisector, the radii of tiheles containing three points of the
constellation in the planes, how many points on the bisemtertaken and how many points in
groups of three are taken. These design parameters willdngrathe final performance.

Because it is not the main topic of the paper, we will not efateoon many different designs

The three constellation points are in a plane perpendi¢aléne bisector.
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Fig. 11.

The optimization of; and the optimized outage probabilities are shownBote 3. The transmitted rate iR = 0.9

bpcu.

for the multidimensional constellations. We compare thdgomance of8-R? (R, = 0.9), 16-
R? (R. = 0.675) and 64-R? (R. = 0.45) in Fig.[I1. Note that the symmetry point in Fig.
[I1I(a) is notd, = 45 degrees, as foB = 2, but it is 60 degrees. Thes-R? constellation
is equal to the Cartesian product of three BPSK constefiatand the64-R? constellation is
the Cartesian product of three 4-PAM constellations. Fer 6+R> constellation, we chose
to take a circle of three points in a plane containing theiorggerpendicular to the bisector,
and two circles with 6 points, each in a plane next to the fitang, perpendicular to the
bisector. Finally the origin is also chosen as a consteltapioint. The rounded coordinates of
the points of the constellatioft, are {(0.0,1.0,—-1.0),(1.9,0.12,0.12), (1.3, —0.5,1.3), (0.5 —
1.3-1.3),(-1.9,-0.1,-0.1),(0,0,0)} as well as the cyclic shifts of these coordinates.

C. Practical implications

Although this work may seem very theoretical, it has an ingoar practical consequence.
The WER of a practical system is lower bounded by the outagbgtnility (the lower bound
is achievable). To minimize the WER, first its lower bound s minimized. Therefore, the
multidimensional constellatiof, and the rotation angle interval for the practical code sthoul
be taken as obtained in this work. Next, the labelling, thtatron angle within the rotation angle
interval obtained in this paper, and the error-correctiodecmust be determined. Of course, the
last three optimizations are the topics of another wbrk 6l it is important to understand that

these optimizations are based on what is presented in tperpa Fig[12, we show foB = 2
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Fig. 12. The optimized outage probability can be approackasy closely by the WER of a practical error-correcting code
The block length isV = 5000, but the results are valid for all block lengths (tested for= 2000 and N = 10000).

and R = 0.9 bpcu that the optimized outage probability can be apprahekeey closely by the

WER of a practical system.

VIII. CONCLUSIONS

We have studied the effect of linear precoding on the outagbagbility of block fading
channels. We have analyzed the outage boundaries in thegfapiace and established outer
boundaries with simple shapes which yield an easy optimoizaif the outage probability for a
discrete constellation, for an arbitrary number of bloakghe fading channel, real or complex
constellations, low or high spectral efficiency. The conalibn of a constellation expansion
and an optimized precoding matrix, has shown to be suffiderdtlosely approach the outage
probability corresponding to an i.i.d. Gaussian input alpgt. With this work, the practical code

performance can be optimized by admitting the parameteiaredal here.
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APPENDIX
A. Symmetry conditions for multidimensional constellagio

The points{a,,,b = 1,..., B} correspond to the case that all fading gains are zero, except
one, whose value is the scaling factor of the projection efrttultidimensional constellation on
the b-th coordinate axis,, so that the mutual information between the B-dimensiogailsl
x and the corresponding received signal vegtds equal to the spectral efficiendy. In other
words, if the projection of the multidimensional constetia on each coordinate axis yields the
same set of points, then the magnitudes of the pdiats,,b = 1,..., B} are equal.

First, we restrict our attention to the case tiiat= 2. Consider the constellation poiat) =
<u§i>,u§>) € Q.. The projection of the multidimensional constellation acle coordinate axis
yields the same set of points if for each poiit, the pointsz) = (u!,«{)) andz@ =

(ul? Wl exist, i, j,q € [1,...,2™]; j,q # i, so that

cos(0)ul” — sin(0)ul’ = sin(0)ul” + cos(0)uy’
sin(0)ul” + cos(0)ul) = cos(0)ul? — sin(6)ul?.

In other words " = 2§’ andz{) = 2\?, wherex(®, x() andx(@ are the corresponding points

of z¥,z) andz? in Q,. It can be easily verified that this is always fulfilled if

( (@) (i)) = ( () (j))

(ugl)v ugl)) = (_u;q)’ ugq))’

or in other words, the constellation is invariant under atioh of 7 /2, which is obtained after a
cyclic shift and a reflection, which proves what was claimia.example of such a constellation
is the constellation shown in Fif. 2(a).

Now consider the case tha& > 2. Consider theB-dimensional constellatioft, that contains
M points. Whenz belongs tof)., then alsaz), . .., z(2~V belong tof2., wherez® is obtained
from z by ab-fold upward cyclic shift of the components of z() = C’z, where( is obtained
as a cyclic shift to the right of the columns of tliex B identity matrix. Note that the number
of constellation points does not need to be a multiplé3ofa subset of the constellation may
consist of an arbitrary number of constellation points of thipe [z, z, ..., 2|7 which remain
invariant under a cyclic shift.

Consider an orthogonal circulai® x B precoding matrixP. Therefore,P = CPCT (a
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circulant matrix remains the same when applying a left cyshift to the columns and an

upward cyclic shift to the rows). The transformationzd is
Pz = PCtz = (CPCT)C' = CPC" 'z = ... = C"Pz = C’x = xY, (22)

where we exploit that” is an orthogonal matrix.

Consider the matrixx,x"), ..., x(#=1). As the(i+ 1)-th row is obtained as a cyclic shift to
the left of thei-th row, the set of components in a row is the same for each Aowanstellation
point in Q. of the type(z, z, ..., 2)T is transformed into a constellation point i, of the type
(z,z,...,2)T. We conclude that the projection of the constellationon any of the coordinate

axes yields the same set of points.

B. Proof of Lemmall
The mutual informatiod (ct,~, P = I) is equal to5/(X; Y|, v), which is equal to; 1 (Y; X|a, ).
This can be split in the sum dB terms through the chain rulgl[5]:

1
I(a,%P = I) = E (I (YlaX‘Ofla'V) +I(}/2;X|}/1,041,O[2,’}/) _'_I(YBJXD/M . -7YB—17a7/7)) .

The mutual information

[ Pr(x|y, ...,
[(Yi XV, Y 09) = E Iogpr<>(<u|fl y?:b)n]

-|O p(yb|y17"'7yb—1ax):|
P (Wslyrs - Yp-1)
_ Ello P (ys|s) }
T (Wl Y1)
- I(Xb;%‘}/ia---7%—l7a7ry>7

= E

which can be further elaborated to

I( Xy Yy, .. .Y, a,7)

:H(}/E)D/l)---a%—lvav’y)_H(}/E)|Xb7}/lv"'7)/;)—lva77)'

Because
H(%‘Yh---,%—bO@V) S H(YMO"’Y) (23)
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and
H(}/E)‘Xln}/lu"-;%—luau/y) :H(}/E)‘tha?ry)? (24)

it is clear that
](XbQYZ|Y1>---7YE)—1>0477) S I(Xb§%|ab77)> (25)

where the upper bound equals, («;7, P).

C. Proof of Props[2 anf]3

Consider a functiornt’'(x) that is concave for: > 0. Hence, for arbitrary’,

L L
F (ZP!%) > ZP!F(%)a (26)
=1 =1

for ¢ pi=1, p >0andv, >0fori=1,..., L, by Jensen’s inequality. In addition, assume
that '(0) = 0.

We construct the functiory.r | F(y,) where >0 v, = C, 3 > 0 and v, = ~va? for
b=1,...,B. Hence,« is on the surface of a hypersphere with squared radius

From Eq. [26) withL = B, we obtain

bz Fly) =B (% bz Fw) <BF (é bzy> —B.F (%)

The maximum valueB.F (£) is achieved fory, =<, b=1,...,B.
Further, using Eq.L(26) witl, = 2,

_
C

F(0) = ZF(C)

F(y) =F <%C+ C;% 0) > DPpe)+

Summing oven yields

The minimum valuel’(C') is achieved when, for givehe {1,..., B}, 7, = C and~, = 0, for

b1
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D. Proof of Prop[#

High SNR:
Recall that! (a,7,P) = £I(T;Y|e, 7). In [20] and [23], it is proven that for high SNR,
maximizing (minimizing) the minimal Euclidean distandg,;, of a constellation maximizes

(minimizes) the mutual information on a Gaussian chanralhigh SNR, the mutual information

is [23]

m Kn

whered,.;, () is the minimal distance of the constellatiohh and K is the number of pairs of
points at minimum distance in the constellatiQp
Consider two points® = (u{”, ... u{)) andx® = (u\"), ... 4{) from the constellatio. .
The corresponding points? andt®) from the faded constellatiof?, have a squared Euclidean
distance given by
}t(i) — t(j)}Q = Zag (ul(f) — ul(,j))z. (28)
b=1
Let us denote by* the value ofb € {1,..., B} for which (ul(f) - ulﬂj))z is minimum. For the

B-hyperspher& .  a? = a2, we obtain
. . . A\ 2
6@ —t0)|” > a2 (uf;) = ué@) , (29)

where equality in Eq.[{29) is achieved whep = «,. Whend* is not unique, equality in Eq.
. A\ 2
(29) holds wheny,- = «, holds for anyb* that minimizes<u§,’) — ul(f)) . Hence, the minimum

distanced,.;, () for the constellatior2; is given by

(%) ()

d . (a) =« min min ‘u —u 30
mm( ) o i,j€{l,...M} be{1,...,B} ’ ’ ( )
i#]

As the constellationi2, is such that its projection on either coordinate axis yig¢lts same set
of points, the minimum distancé,,;, () is achieved for either fading gain equaldg (and the
remainingB — 1 fading gains equal t0).

Low SNR:

Consider the mutual informatioh(a, v, P) of the constellatiorf);, given the fading gaingx
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(Eg. (10)). This expression can be reformulated in terms:of

log, (Z exp [y ((y, e - x) —dQ(y,a-X’))]>] :

x'€Qy

m 27"
](OQ%P):E—? ZEy\x

XEQ

where E,, can be replaced by an expectation over the ndikg, w, ~ N(0,1/(2v)). The
argument of the exponential functions can be simplified,hsa t

log, ( > exp [—vdz(a x, 00 X)) + Z@vwa(b))] )] :

x'€Qy b=1

m —m
](Q,’Y,P):E—?ZEW

XEQ

where f(b) = ay(x, — ;). This expression can be further simplified by approximating
exponential functions and logarithms by their respectiagldr series. Next, the expectation of
the expression over the random vectorcan be replaced by an expectation ovev, where
yw ~ N (0, 2I) (I is the identity matrix). Therefore, we can drop all termst @ proportional
to E,., [yws] and replacek.,, [(yw,)?] in all terms proportional tdE.,, [(yw,)?] by Z. Now,

after some calculus, the limitm,_,¢ / (e, 7, P) is

, v d*(a-x,a-x) )
lim P)=—— .
oy (7, P) B22mlog(2) x;g 2 +ol7)
It is easy to prove that
1 Pla-x,a-x) G \ 31
R Y @

where Var(X,) is the variance of thé-th component of the points of constellatiél.. As
the projection of2, on either coordinate axis yields the same set of points, whig@ance is
independent ob. Hence, for smally, the mutual information remains constant for the set of
fading points wheré&", | 2 is constant. By the definition of,, it is clear that for low SNR,
the outage boundary coincides with the hypersurface of t-Hn@/pBarspherer:l al =a?

0"

E. Proof of Prop[b

For low SNR, the outage boundary coincides with the hypéasarof the B-hypersphere
S a} = a2 (see proof op Prof]4), which in turn coincides with the hgpeface of the
B-hyperspher&. a2 = Ba? in this case.
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For high SNR, we must prove that the minimal distancépis maximized inc., or

e =arg max (mmZab (ub —ub ) ) (32)
a2 Ba

For a = a,, we obtainy., | o2 (ul(f) —ul()j))2 = a2 <ul(f) —ul()j))2, which is mini-
mized to a2d*> whenx® andx) are points at minimum distancé in the constellatiort2,.
For any a with |a|?> = Ba?, a # a., we will prove thatmin,; ; 3p | o2 <ul(f) —ul(f))Q <
a?d?, which is what is claimed. We first restrict our attention be tcaseB > 2. We con-
sider B pairs{<x(”),x’(”)) ,n=0,....,B— 1} of points in{2, and their corresponding points
{(t(”),t’(")) .n=0,...,B— 1} in ,, such thatx® = T"x and X' = T"x/, with T
denoting the matrix operator that causes a downward cyblft Ve selectx andx’ such that

) —x'"| =dforn=0,..., B—1. Because) | (u,()") —~ u;,("))2 =

x| =

i 2
Zn 0 ( e ub(")> , we obtain that, for angy with |a|?> = Ba?, the average distand®, [t™) —

)2 js

-1

1 d m )2 1 o s m )2
N (Zag(“b"—“bn>>zﬁzai > (W7 =) | =l (@9
b=1

'

d2

Hence,min, 3.7 o} (ué”) — u,™ ’ < d*a?. For B = 2, the proof has to be slightly modified:
we consider 4 palr{ (x(”),x’(")) n=0,...,B— 1} of points inQ,, such thatx™ = T"x
andx’"™ = Tx/, with T denoting the matrix operator representing a counter clésswotation
of /2. We selectx andx’ such thatx —x/| = d; obviously,|x™ —x'™| = d forn=0,...,3.

For anya with |a|? = 2a?, we have, considering thadt? = —1,

The remainder of the proof follows the same lines asBor 2.

March 28, 2011 DRAFT



32

F. Proof of Prop[6

Let us find an expression far,. Therefore, we consider that all fading gains are zero, but
one, so that the rate achieved Ry (which is now a scaling of,) over that single slot must
be at least?B, or Is,(a2y, P) = BR, so that

ISY(BR, P
al = Mj (35)
y
Now, as the outage boundary(V,) is outer bounded by the hypersurface of the hypersphere

with radiusa,, we have
P,(v,P,R) < Pr(ozf + ozg 4+ ...+ a2B < ozi). (36)

Because the fading gainsy,, b = 1,..., B} are i.i.d. Rayleigh, the cumulative distribution
function of the chi-square distribution withB degrees of freedom i§ [24]

k

B-1
N2
Prla +a3+...+ag<z)=1—c¢ ,;_OH.

The right hand side can be manipulated as follows:

B-1 x B—-1 gk oo gk B 0 zk
_ z* zk T L
1 —x rr € k=0 B D ohep oo k=0 (B+R)! B
LN e TS T ST
k=0 m=0 m]! m=0 m)

so that from Eqgs.[(35) and (136)

Pou(7, P,R) < o?P ot (37)

Hence, with increasing the outage probability goes to zero not slower thafi, so the diversity
order is at leastB. As there are onlyB i.i.d. fading gains involved in the transmission of a

codeword, the diversity order is exacth.
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