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Abstract: We studied a refractive index sensor that consists of two
cascaded ring resonators and that works analogously to @ievescale.
We implemented it in silicon-on-insulator and experiméptdetermined

its sensitivity to be as high as 2169nm/RIU in aqueous enwirent. We
derived formulas describing the sensor’s operation, atrddaoced a fitting
procedure that allows to accurately detect changes in thsoseesponse.
We determined the detection limit of this first prototype &88 10 °RIU.
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1. Introduction

Label-free photonic biosensors can perform sensitive aadtitative multiparameter measure-
ments on biological systems and can therefore contributeaor advances in medical analy-
ses, food quality control, drug development and envirortalenonitoring. Additionally they
offer the prospect of being incorporated in laboratoriesaechip that are capable of doing
measurements at the point-of-care at an affordable co2}.[1,

A crucial component in most of these photonic biosensorgraresducer that can transform
a refractive index change in its environment to a measuiidege in its optical transmission.
Silicon-on-insulator is a material system with many asgatsuch transducers. First, it has a
high refractive index contrast permitting very compactssga of which many can be incor-
porated on a single chip, enabling multiplexed sensingoecsilicon-on-insulator photonic
chips can be made with CMOS-compatible process steps,iaidor a strong reduction of the
chip cost by high volume fabrication. These sensor chipdivarefore be disposable, meaning
that the chip is only used once, avoiding complex cleaninth@fensor surface after use.

Typically, a spectral shift of the transmission spectruntheftransducer is used to quantify
the measured refractive index change, because this metrote extended to the parallel
read-out of multiple sensors in a sensor matrix. An impdtfigare of merit is the transducer’s
limit of detection, which is given by the ratio of the smatleetectable spectral shift and the
sensitivity of the sensor [3]. The latter is a measure for mouch the spectrum shifts for a
given change of the refractive index.

There exist different types of transducers on silicon{asulator that use a variety of methods
to achieve a low limit of detection. By using resonant sesgoth high quality factors that have
very narrow resonance peaks, the smallest detectablealpguft can be minimized [4, 5, 6,
7]. In [4] a ring resonator sensor is presented that is made mvass fabrication compatible



technology and that has a very low detection limit o Z0-’RIU. This sensor has a bulk
sensitivity of 163nm/RIU, which is not exceptionally highowever they accomplish a smallest
detectable wavelength shift as small as 0.22pm with an dggitnsensor design and a very
noise resistant optical setup and data analysis. Slot wideg with enhanced light-matter
interaction have been applied to improve the sensitivitsiraj resonator sensors with a factor
two to four [8, 9], but increased optical losses have presgrihem so far from achieving
better detection limits than normal ring resonator sensotsgrated interferometers with large
interaction lengths have also proved to be promising [1],With detection limits in the order
of 1078RIU. In [12] a sensor is introduced that consists of two cdedaing resonators, and it
is shown theoretically that it can obtain very high sengiég thanks to the Vernier-principle. It
operates as a digital sensor however, which limits its ssaatletectable shift and its detection
limit. Previously, a similar cascade of ring resonators agglied in the design of integrated
lasers [13] and tunable filters [14].

In this article we introduce a transducer with the same waykirinciple as the one intro-
duced in [12], but by using ring resonators with very largendtrip lengths, we make it work
in another regime that allows to reduce the detection limit.

First, we derive formulas that accurately describe thestrassion spectrum of the sensor,
and we introduce a fitting procedure that allows to reducesthallest detectable wavelength
shift with an order of magnitude compared to the method mteskin [12].

Second, we present the first experimental results of this ¢§jgensor. A first non-optimized
prototype was implemented in silicon-on-insulator, andds measured to have a sensitivity
as high as 2169nm/RIU and a detection limit of 8.3 4RIU. Although the detection limit is
currently not improved compared to that of a single ring negor sensor [4], we think this first
experimental result is promising for future optimized desi regarding the different levels of
optimization of single ring resonator sensors and this newsar. Additionally, as also stated
in [12], the very large sensitivity of this sensor makes ityveell suited for integration with
on-chip dispersive elements such as arrayed waveguidaggs415] or planar concave gratings
[16], giving opportunities for cheaper and more portablesse read-out.

2. Theoretical analysis of the sensor

The Vernier-scale is a method to enhance the accuracy ofurezasnt instruments. It consists
of two scales with different periods, of which one slidesngidhe other one. The overlap
between lines on the two scales is used to perform the measutelt is commonly used in
calipers and barometers, and it has also been applied iopiatevices [13, 14].

In Fig. 1 it is illustrated how this concept can be applied tong resonator sensor. Two
ring resonators with different optical roundtrip lengthie aascaded, so that the drop signal of
the first ring resonator serves as the input of the second EBadvidual ring resonator has a
comb-like transmission spectrum with peaks at its resomasawvelengths. The spectral distance
between these peaks, the free spectral range, is invensggtional to the optical roundtrip
of the resonator, so that each resonator in the cascadeawd! & different free spectral range.
As the transmission spectrum of the cascade of the two risgniaors is the product of the
transmission spectra of the individual resonators, it ailly exhibit peaks at wavelengths for
which two resonance peaks of the respective ring reson@iarsally) overlap, and the height
of each of these peaks will be determined by the amount ofaver

The complete chip is covered with a thick cladding, with oaly opening for one of the
two resonators. This sensor ring resonator will act as fdangl part of the Vernier-scale, as its
evanescent field can interact with the refractive index enghvironment of the sensor, where
a change will cause a shift of the resonance wavelengthsotftez resonator, the filter ring
resonator, is shielded from these refractive index chabgedbke cladding and will act as the



 filter ring resonator

~ ! ; Sensor ring resonator

Fig. 1. lllustration of the concept of the photonic sensansisting of two cascaded ring
resonators. Two ring resonators with different opticalndiuip lengths are cascaded. The
complete chip is covered with a thick cladding, with only gening for one of the two
resonators. This sensor ring resonator will be exposedftacteze index changes in its
environment, while the other resonator, the filter ring regor, is shielded from these
refractive index changes by the cladding.

fixed part of the Vernier-scale. The cascade of both resemetm be designed such that a small
shift of the resonance wavelengths of the sensor ring résowdl result in a much larger shift
of the transmission spectrum of the cascade.

We can identify two regimes:

The first regime is illustrated on the left side of Fig. 2 andws when the free spectral range
difference between the two resonators in the cascade isd¢ampared to the full-width at half-
maximum of the resonance peaks of the individual resonafbestransmission spectrum of the
cascade will then typically exhibit isolated peaks, of vitice neighboring peaks are inhibited.
The sensor will in this regime behave as a discrete sensatich the transmission peak will
hop from one filter ring resonance wavelength to another fdvanging refractive index. The
smallest detectable shift of the transmission spectrurhisfsensor is equal to the free spectral
range of the filter ring resonator, which forms a limitationtihe detection limit of the sensor.
The sensor presented in [12] works in this regime.

A second regime occurs however when the free spectral raffgeedce between the two
resonators in the cascade is small compared to the fullneithalf-maximum of the resonance
peaks of the individual resonators. On the right side of Ziigis illustrated that in this regime
a periodic envelope signal is superposed on the constittergmission peaks. It is proven in
appendix A that, if we do not take dispersion into accourd,ghvelope period is given by

fSrsensor - f S ilter
‘fsrsensor - fsrfiIter’

wherefsrensor and fsryjjier are the free spectral range values of the correspondingidhdil
resonators. Note that in practice the envelope period calbnenchosen larger than the available
wavelength range of the measurement equipment, so tha¢tload regime typically requires
that the cascade consists of resonators with very largedidps. In the remainder of this
article, we will work with sensors that work in this regime.

In this section we will introduce an analytical formula ftvetenvelope signal, and in sec-
tion 4 we will show that this formula can be fitted to experif@ilata, making it possible to
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Fig. 2. Calculated transmission spectra that illustrate dperation of the cascade. The
graphs on the left side illustrate a first regime that occutemthe free spectral range dif-
ference between the two resonators is large compared taitheiéith at half-maximum
of the resonance peaks of the individual resonators. Thghgran the right side illustrate
a second regime that occurs when the free spectral rangzeatiffe between the two res-
onators is small compared to the full-width at half-maximafrthe resonance peaks of
the individual resonators. Top: transmission spectra efitldividual filter ring resonator
(dashed line) and sensor ring resonator (normal line). Middansmission spectra of the
cascade of these two resonators in the same wavelength aarthe top image, illustrat-
ing only one clearly visible transmitted peak in the firstineg (left), while in the second
regime (right) an envelope signal is superposed on the itegist peaks. Bottom: transmis-
sion spectra of the cascade in a larger wavelength range.

continuously track the spectrum of the sensor, allowingdacgon of the detection limit.

As each peak in the transmission spectrum of the individoglresonators is well approx-
imated by a Lorentzian function, each of the constituenkpaa the transmission spectrum
of the cascade can be described as the product of two Loaanfznctions that are shifted
compared to each other:

fWhm%ilter

tn‘ax,filter — 4 tmax,sensor

fWhrZ%ilter +(A_AO_%)2'L"§31M+(/\7/\O+%)2

fWhnfensor

(2)

Tconstituent ()\) -

wheretya and fwhm are respectively the transmission at resonance and thwifdith at half-
maximum of the corresponding individual ring resonatod atereAo andAA are respectively
the mean of and the difference between the two resonancedematies under consideration
from both combs.



If we assume that both ring resonators have the same futhvat half-maximumfwhm,
it is shown in appendix B that we can identify two differentipls of the constituent peaks,
depending on their position in the envelope peak:

If the difference between the resonance wavelengths igdal@n the full-width at half-
maximum of the individual resonanceés) > fwhm, the corresponding constituent peak has
two maxima of which the transmission quickly converges twZer increasing values dfA.
This situation corresponds to the tails of the envelope revttee transmission is very low.

If however the difference between the resonance wavelsrigttmaller or equal than the
full-width at half-maximum of the individual resonators) <= fwhm, Eq. (2) has only one
maximum. This situation corresponds to the constituenkg@a the center of the envelope
peak, where the transmission is high. In appendix C it is @ndhat the envelope peak in the
transmission of the cascade formed by these maxima is in gppiximation given by

/T i T (2441
Tevelope(A) = ( (B2 0 Acc)? ) ®)
with .
EWHM — 2. fwhm- min (fsrsensor, fSrfiiter) )

‘fsrfilter - fsrsensor|

HereAqntra 1S defined as the central wavelength of the envelope peak3Eghows that the
envelope signal forms a peak described by the square of atzime function with full-width
at half-maximuntFWHM.

A change of the refractive index in the evanescent field o#mesor ring resonator will cause
a shift of the resonance peaks in its transmission spectminich will be translated in a much
larger shift of the central wavelength of the envelope peaké transmission spectrum of the
cascade. In appendix D it is proven that the sensitivity efdhscaded ring resonator sensor is
given by

on, ,
OAcentral S filter ?;;:\,m A 5)

ONeny fsrfilter — fSrsensor  Ng sensor

with %337‘:;” the change of the effective index of the sensor ring resonedgeguide due to
a change of the refractive index in the environment of thesseandng sensor the group index

of the sensor ring resonator waveguide. The sensitivithhefdascaded ring resonator sensor

is enhanced with a factog; ,fsrj”f‘e' compared to the sensitivity of a single ring resonator
filter — T S'sensor

sensor. As already stated earlier, in practice the periadti@envelope signal of the cascade
cannot be chosen larger than the available wavelength rafntie measurement equipment.
For a given envelope period, Eq. (1) and (5) show that theitbgtysis in good approximation
proportional to the optical roundtrip length of the resamstin the cascaded. Note that for
an increasing refractive indexn, the resonance wavelength of a single ring resonator will
always shift to larger wavelengths, while the central wemgth of the envelope peak in the
transmission spectrum of the cascade will shift to smallavelengths iff srjjter < fSrsensor

and to larger wavelengths fisr fjjier > fSrsensor-

3. Design and fabrication of the device

Our sensor was made in silicon-on-insulator witin2buried oxide and 220nm silicon top layer
with CMOS-compatible 193nm optical lithography and dryhétg. An elaborate description
of the fabrication process can be found in [17]. Fig. 3 piesuthe device.



200um,

Fig. 3. Left: Optical microscope image of the device falteckin silicon-on-insulator. Two

ring resonators with 2.5mm physical roundtrip length aseaded, and their footprint is re-
duced by folding the cavity. The complete chip was coverati ®00nm silicon oxide, and

an opening was etched to the second ring resonator. Rigatin8ty electron microscope
image of the second ring resonator with folded cavity.

Two ring resonators are cascaded similar to the conceptigqu in section 2. In or-
der to work in the second regime mentioned in that sectioniaratder to have an enve-
lope period smaller than the bandwidth of our grating cotgpietroduced in section 4, the
physical roundtrip length of the filter resonator and semsgpnator was respectively cho-
sen to be 2528nm and 2514nm. By folding the cavity [5] theatfoint was reduced to only
200umx 70um. The resonators consist of 450nm wide single-mode wavegladd each one
has two @/m long directional couplers with a gap of 180nm between theegaides. The
complete chip was covered with 500nm silicon oxide by pladeyosition and a window was
etched to the second resonator in the cascade by consedutiged wet etching, so that only
the evanescent field of this sensor ring resonator can titesigh refractive index changes in
the environment of the sensor. Note that this design is dirhapand only serves as a proof-of-
principle. Future work involves optimizing the resonatoundtrips and directional couplers.

4. Experimental characterization

To allow controlled delivery of liquids to the sensor, a noitwidic channel with 60Qmx 50um
cross section was made in PDMS by casting and directly botal#dte sensor chip at 135
after having applied a short oxygen plasma treatment to fattaces [18]. The liquids were
pumped through the channel over the sensor ring resonatoravelyringe pump at afi./min
flow rate. The chip was mounted on a temperature-stabiliredlcto avoid drifting of the
sensor signal due to temperature variations. A second-difieactive grating, integrated on
the input and output waveguides, is used to couple from ami@vide ridge waveguide to a
vertically oriented, butt-coupled single-mode fiber. Thating has 10 periods of 630nm with
50nm etch depth. A linear, 150m long taper is employed as a transition between the ridge
waveguide and a 450nm wide photonic wire waveguide. A motailéd description of the
grating couplers can be found in [19]. A polarization cotiénrovas used to tune the polarization
of light from a tunable laser for maximum coupling to the ¢uBE mode of the waveguides,
and the optical power transmitted by the sensor was meastitied photodetector.

In Fig. 4 the transmission spectrum of our sensor is plofedonized water was flowing
over the sensor. As predicted in section 2, a periodic epesd@nal is superposed on the sharp
constituent peaks.

The detection limit of a refractive index sensor, the snsaltdhange of the refractive index
that can be detected, is often defined as the ratio betwesmthléest detectable spectral shift of
its transmission spectrum and its sensitivity [3]. Next&wing a sensor with a large sensitivity,
it is thus equally important to be able to measure a smalt siiithe transmission spectrum.
This smallest detectable shift is determined by the shapeeafpectrum and the noise, but also
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Fig. 4. Measured transmission spectrum of the device asideid water is flowing over
the sensor ring resonator. The height of the envelope peaieswdue to the wavelength-
dependent coupling efficiency of the grating couplers.

the method that is adopted to analyze the spectrum has amapget [20].
Here we will introduce a method to accurately determine #reral wavelength of an enve-

lope peak in the transmission spectrum of the cascaded esanator sensor, which is based
on fitting the formulas derived in section 2 to the measuretspm. The fitting procedure is

illustrated in Fig. 5
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Fig. 5. lllustration of the fitting procedure. In grey a me@sltransmission spectrum of our
device is shown. In a first step Eq. (2) is fitted to the highesistituent peaks, shown by
the solid lines. Then the analytical maxima of these fits aterthined, shown by the dots.
In a second step, Eq. (3) is fitted to the envelope signal fdrioyethese maxima, which is
shown by the dashed line. The position of the analytical maxn of that last fit is taken

as the central wavelength of the envelope peak.

In afirst step, Eq. (2) is fitted to the highest constituenkpéathe transmission spectrum. In
Fig. 5 a good correspondence can be observed between thdtitietion and the experimental
data, which was measured with 1pm wavelength step. By takimgnalytical maximum of the
fitted function for each of these constituent peaks, thelepessignal is determined in a noise
resistant way.

In a second step, Eq. (3) is fitted to the envelope signal h&rimed by the output of
previous step. In Fig. 5 this fit is shown by the dashed linee Phsition of the analytical
maximum of this function is taken as the central wavelenfithe measured envelope peak.

A good measure for the smallest detectable wavelengthwitlifthis method is given by the
standard deviation on the fitted central wavelength of thelepe peak. Based on the confi-
dence interval of the fitting parameters returned by ourdsieshfitting software, the smallest



detectable wavelength shift was calculated to be 18pm fonthasured spectra of our sensor.
Note that this value is an order of magnitude smaller thamlistance between the peaks in the
spectrum.

6 ‘
- sensor consisting of two
g cascaded ring resonat
| 2169 nm/RIU
4
£
7]
[
g2
2 single ring resonator sensor
®nmRIU

311 - 1.312
top cladding refractive index
Fig. 6. Shift of the transmission spectrum of the sensoristing of two cascaded ring
resonators as a function of the bulk refractive index in ds ¢tladding. The dots show
the shift that was measured by changing the flow between ideidnwater and aqueous
solutions of NaCl with different concentrations, and thédstine represents the linear
fit to this experimental data, revealing a sensitivity of 24@/RIU. For comparison, the
dashed line shows the calculated resonance wavelengtloghigingle ring resonator.

To measure the sensitivity of the sensor to changes in therbfriactive index of its aque-
ous environment, it was measured how much the envelope pedks transmission spec-
trum shifted when changing between flowing deionized warter taree aqueous solutions of
NaCl with different concentrations. The refractive inddxeach of these solutions was cal-
culated [21]. In Fig. 6 the dots indicate the measured shita function of bulk refractive
index. A linear function was fitted to the measured shiftg] &g slope revealed a sensitivity
of 2169nm/RIU. This value corresponds well with the theioedtsensitivity of 2085nm/RIU
calculated with Eq. (5). The resonance wavelength shiftsifgle ring resonator comprised of
a 450nm wide waveguide is calculated to be 76nm/RIU, shottiadarge sensitivity improve-
ment with the presented sensor. The calculation of bothioreed sensitivities is described in
appendix E.

The resulting detection limit of our sensor is equal to thi#oraf the smallest detectable
wavelength shift and the sensitivity, that is 18pm / 216%Rid/= 8.3 10 6RIU. Although the
detection limit is currently not improved compared to thiza gingle ring resonator sensor [4],
we think this first experimental result is promising for fréwoptimized designs regarding the
different levels of optimization of single ring resonatensors and this new sensor. Addition-
ally, as also stated in [12], the very large sensitivity a$ tensor makes it very well suited for
integration with on-chip dispersive elements such as adayaveguide gratings [15] or planar
concave gratings [16], giving opportunities for cheapet arore portable sensor read-out.

5. Conclusions

We studied a refractive index sensor that consists of tweethesd ring resonators and that works
analogously to a Vernier-scale. We implemented it in siliom-insulator and experimentally
determined its sensitivity to be as high as 2169nm/RIU ineaqgg environment. We derived
formulas describing the sensor’s operation, and introducétting procedure that allows to
accurately detect changes in the sensor response. We detdriine detection limit of this first
prototype to be 8.3 TFRIU.



Appendices
A. Derivation of the analytical function for the period of th e envelope signal

When the free spectral range difference between the twoatsrs in the cascade is small com-
pared to the full-width at half-maximum of the resonancekgest the individual resonators, a
periodic envelope signal is superposed on the constittamgimission peaks in the transmission
spectrum of the cascade. To derive the envelope period, Wetait from the case displayed
in Fig. 7, where the transmission spectra of the two indiglding resonators are plotted. The
resonance wavelengths of the resonator with the shortéisabpoundtrip (solid line) are de-
notedAqort, and the resonance wavelengths of the resonator with tlye#broptical roundtrip
(dashed line) aaong.

Ay Mong,1 Ashort 1 Nong2 Ashort2

Fig. 7. Transmission spectra of the two individual ring resgors with different optical
roundtrip. The resonator with the short optical roundtsplid line) has a larger free spec-
tral range than the resonator with the long optical roupdttashed line).

At the wavelength\g two resonances of the respective resonators coincideektay disper-
sion, the other resonance wavelengths of both resonatrs ar
Asortk = Ao+K- fSrgnort (6)
Alongk = Aog+K- fSrong (7)
with fsr the free spectral range value of the corresponding resoaattk an integer.

Starting fromAg, an envelope period will be reached when two resonancesideiagain. This
occurs for an indek = K for which:

/\short,K = )\Iong,K+1 (8)

& K- fSrgont = (K+1) fsriong 9)
f

o K= Song (10)

fSrshort — FSMong

The two resonances will only exactly coincide whéis an integer, but when the free spectral
range difference between the two resonators in the cassauesll compared to the full-width
at half-maximum of the resonance peaks of the individuadmators this period will also be
visible whenK is not an integer.

The envelope period is given by

period = Ashort,K —Ao (11)
By substituting Eq. (10) in Eqg. (6), the formula for the perteecomes:

period = _fSTiong FSTsnort (12)
fsrsnort — fSong

f S filter S sensor
‘fsrsensor - fs|'fi|ter’

(13)



B. Derivation and analysis of the analytical function for the constituent peaks in the
transmission spectrum of the two cascaded ring resonators

It can be proven that the resonance peaks in the drop specfraisingle ring resonator can be
described in good approximation by a Lorentzian function:

Taop(A) = T 14)
dro =

p fw2m2 (A _Are;)z
with tax the transmission at resonanéahmthe full-width at half-maximum of the resonance
peak and\e the resonance wavelength.
Each peak in the transmission spectrum of the two cascadedators with different optical
roundtrip can therefore be written as the product of two hteian functions that have a slightly
different resonance wavelength. We will call these peakbéntransmission spectrum of the
cascade the constituent peaks. The transmission of evestiteent peak in the spectrum of
the cascade can be written as:

fWhm%ilter
4

fWhnfensor

tn‘ax,filter tmax,sensor

ALLTE (2 f/\o—%)z g | (A =20+ %)2

wheretax and fwhm are respectively the transmission at resonance and thwiflth at half-
maximum of the corresponding individual ring resonatod ahereAo andAA are respectively
the mean of and the difference between the two resonancedematies under consideration
from both combs.

If we assume that the resonance peaks of both resonators gasicade have the sarhehm,
Eq. (15) can be rewritten as:

Teongtituent ()\) = (15)

fwhm? fwhm?

max, filter tmax,sensor —7 ) max, filter tmax,sensor —7 (16)
fwhm? Mm% fwhm m)?
M (A-2o—8)" T (A e+ 2
The location of the extreme values of this function can baafbloy solving following equation
toA:
chonstituent (/\)

oA
This results in three extreme values at wavelengths

V/BAZ — fwh? V/BAZ — fwhn?
Aodot ——F— Ao — 55— (18)

2 2

Tconstituent (/\) =

=0 (17)

This allows us to evaluate the location and values of the maxif the constituent peaks. We
identify two possibilities:

« Ifthe difference between the resonance wavelengths woasideration is larger than the
full-width at half-maximum of the individual resonancés, > fwhm, the three extreme
values are all real. The constituent peak will in this caseehtavo maxima at\nax =

/ 2_ - . . .
Ao=* M and a local minimum akg. The transmission at each of the two maxima

IS
oo = (\/[max,filterfmax,wnsorfWhm>2 (19)

2AA

which quickly converges to zero for increasing valueadf This situation corresponds
to the tails of the envelope, where the transmission is \@xy |



« If however the difference between the resonance wavdisngimder consideration is
smaller or equal than the full-width at half-maximum of thedividual resonators,
AA <= fwhm, only one of the extreme values in Eq. (18) is real. This sitbmacorre-
sponds to the constituent peaks in the center of the envpkgie where the transmission
is high. In this case the constituent peak has a maximumegitsal wavelength, and
the transmission at this maximum is given by

< /Tmax. filter Tmax,sensor fWhm2> ?
Tex = : : (20)

fwhm? + A2

C. Derivation of the analytical function for the envelope pak in the transmission spec-
trum of the two cascaded ring resonators

When the free spectral range difference between the twoatsrs in the cascade is small com-
pared to the full-width at half-maximum of the resonancekgeat the individual resonators, a
periodic envelope signal is superposed on the constittamgimission peaks in the transmission
spectrum of the cascade. In every envelope period, thereas\eelope peak that is composed
of the highest constituent peaks, for whith <= fwhm. In appendix B it is shown that these
highest constituent peaks each have one maximum, and thentission at this maximum is
given by

fwhm? 4+ AA2

whereAA is the difference between the two resonance wavelengthiesgmnding with the
considered constituent peak.

We will first consider the special case displayed in Fig. 8 iehhere exists a wavelength
Ao at which a resonance peak of the filter ring resonator (solig) Icoincides with a reso-
nance peak of the sensor ring resonator (dashed line). Atwihizelengthy, it holds that
AAg = 0 and the corresponding constituent peak in the transmisgiectrum of the cascade
will reach the maximum height of the envelope signal. Fonteet resonance peak of both res-
onators the resonance wavelength difference is equal tdiffezgence in free spectral range,
AN = |fsrsensor — fsrmter\. As proven in appendix B, the corresponding constituenk pea
will have a maximum at the mean resonance waveleAgth Ag+min (fsrsensor, fsrf”ter) +

|f5|'wnsor*f5rfilter|

2
S (wa@) o

2
This reasoning can be generalized to all constituent pefake same envelope peak:

My = |k (fSrsensor — FSrfitter) | (22)
M o= otk (min (St sensor T fteer ) + [for oo 5 e ’) (23)
wherek is an integer.
By substituting Eq. (23) in Eq. (22), we get:
o |15 o — e | Ao Ao (22)

+ |f5|'wnsor*f5ffilter|

min (fSrsensor, fSrfiter ) 2

The second term in the denominator is typically much smé#tflen the first, so we can neglect
the second term
for — fory
My ~ ‘ sensor fllter‘
min (fsrsensor; fsrfilter)

| Ak — Ao (25)



AA(J:O AA1 = fsrﬁlter'fsrsensor | MZ:Z* | fSrﬁ\ler'fsrs;ensur |
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Fig. 8. Top:transmission spectra of the filter ring resongsolid line) and sensor ring

resonator (dashed line). Bottom: transmission spectrutheofascade of the two ring res-
onators, showing three different constituent peaks of wttie maxima form an envelope
signal. This is a special case, where two resonance peaksadei

If we substitute Eq. (25) in Eq. (21), we get:

: FWHM |2\ 2
/e ftter e sensor (FY5M) (26)
(FW2|-|M)2+(AK7)\O)2
fwhm- min (fsrsensor, f filter )

FWHM = 2. (27)
‘fsrfilter*fsrsensor|

Tirex (K)

This formula gives the peak transmission values of the gbenstituent peaks in the central
region of the envelope peak, for the special case where éxésts a constituent peak that is the
product of two coinciding resonance peaks.

It can be generalized to the formula of a continuous funagioimg through the maxima of the
constituent peaks, also for the case where there is no pedetwidence of resonances, by
definingAcenira @s the central wavelength of the envelope peak and by sutivsgitg and Ag
respectively by\cntrar @nd the continuous wavelengih

\/[maxfilter[maxsensor(FV\"—”\A)2 ’
Tenvelope(/\) = ( - : 8 ) (28)

(FYM) 4 (A — Acetrar)”




fwhm- min (fsrsensor, f firter )

FWHM = 2 (29)

|fsrfilter - fsrwnsor‘

D. Derivation of the formula for the sensitivity

We consider the special case displayed in Fig. 9 where théstse wavelengtiig at which

a resonance peak of the filter ring resonator (solid line)@dies with a resonance peak of the
sensor ring resonator (dashed line). At this waveledgtthe corresponding constituent peak
in the transmission spectrum of the cascade will reach théman height of the envelope
signal.

Ma Ay Ao A A x, A, A A z,
Fig. 9. Transmission spectra of the individual filter ringaeator (solid line) and sensor
ring resonator (dashed line) for the case where two resesavicthe respective resonators
coincide atAg. Left: the free spectral range of the filter resonator isdarian the free
spectral range of the sensor resonator. Right: the fredrgpegnge of the filter resonator
is smaller than the free spectral range of the sensor remonat

We distinguish two cases:

The first case is illustrated in the left graph in Fig. 9, anduws when the free spectral range
of the filter resonator is larger than the free spectral raridglee sensor resonator. When in this
case the resonance wavelengths of the sensor ring resahdftoio larger wavelengths over

a spectral distancb‘srsenso, — S filter \ the resonances of the filter and sensor resonators will
overlap at wavelength;. The peak of the envelope signal will thus have shifted owistance
fsrfiiter to larger wavelengths.

The second case is illustrated in the right graph in Fig. @, @curs when the free spectral
range of the filter resonator is smaller than the free splaetnge of the sensor resonator. When
in this case the resonance wavelengths of the sensor ringats shift to larger wavelengths
over a spectral distancteésrSensor — TS filter | the resonances of the filter and sensor resonators
will overlap at wavelengtid _1. The peak of the envelope signal will thus have shifted over a
distancef sr¢jj1er to smaller wavelengths.

From both cases, we can conclude that the sensitivity oféheas consisting of two cascaded
ring resonators is equal to the sensitivity of the sensay resonator multiplied by a factor

it ; ; A ;
W};sem' This factor is positive iffsrfjjter > fSrsensor @and negative whersrgjjter <

f S sensor -
When taking first order dispersion into account, the seritsitdf the sensor ring resonator is

ONef £ sensor
0Ares _ grzem A (30)
ONeny Ng,sensor

with gﬁ—{j‘v the sensitivity defined as the change of the resonance waytélef the sensor ring

resonator due to a change of the environment refractivedn@f;%:fvnsor the change of the



effective index of the sensor ring resonator waveguide duedhange of the refractive index
in the environment of the sensor angsnsor the group index of the sensor ring resonator
waveguide.

The sensitivity of the sensor consisting of two cascadeginésonators than becomes

dAcentraJ dAcentraJ a/\res
= 31
ONeny OAres  ONeny 1)

aneff‘mnsor)\
B S filter OMNerw (32)
S filter — fSrsensor  Ng sensor

with 0’;%%““’@ the sensitivity defined as the change of the central wavétesfghe envelope peak
due to a change of the refractive index of the environmertt®tensor.

E. Calculation of the theoretical sensitivity of the prototype

To be able to compare the experimentally determined seitgitif the sensor described in sec-
tion 4 with the theoretical sensitivity described by Eq, (6 free spectral range was measured
of an individual ring resonator that consisted of a waveguiith the same dimensions as the
one of which our sensor consists. From this measuremengrthe index of the waveguide
was calculated, yieldingg fiiter = 4.217 when the resonator was covered with silicon oxide
andng snsor = 4.404 when it was immersed in water. Based on these values gfthg index
we calculated the values of the free spectral range of thez filhg resonator and sensor ring
resonator of which our sensor consists toflseyjjier = 2196pmand fSrensor = 2114pmre-
spectively. Using the vectorial mode solver Fimmwave it ealsulated for our waveguide that
the sensitivity of its effective index to a changing refraetindex in an agueous environment

is 2eftenr _ ) 29 With these values Eq. (5) yields a theoretical sensitvi 2085nm/RIU,

an,
which <e:n(v)rresp0nds well with the measured value of 2169n/RI

The sensitivity of a single ring resonator can be calculatitl

ONef  sensor
0 Aresonance _ ONernv A (33)
ONeny Ng,sensor

This results in a sensitivity of 76nm/RIU at a wavelength 88@nm/RIU.
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