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Abstract: We studied a refractive index sensor that consists of two
cascaded ring resonators and that works analogously to a Vernier-scale.
We implemented it in silicon-on-insulator and experimentally determined
its sensitivity to be as high as 2169nm/RIU in aqueous environment. We
derived formulas describing the sensor’s operation, and introduced a fitting
procedure that allows to accurately detect changes in the sensor response.
We determined the detection limit of this first prototype to be 8.310−6RIU.
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1. Introduction

Label-free photonic biosensors can perform sensitive and quantitative multiparameter measure-
ments on biological systems and can therefore contribute tomajor advances in medical analy-
ses, food quality control, drug development and environmental monitoring. Additionally they
offer the prospect of being incorporated in laboratories-on-a-chip that are capable of doing
measurements at the point-of-care at an affordable cost [1,2].

A crucial component in most of these photonic biosensors is atransducer that can transform
a refractive index change in its environment to a measurablechange in its optical transmission.
Silicon-on-insulator is a material system with many assetsfor such transducers. First, it has a
high refractive index contrast permitting very compact sensors of which many can be incor-
porated on a single chip, enabling multiplexed sensing. Second, silicon-on-insulator photonic
chips can be made with CMOS-compatible process steps, allowing for a strong reduction of the
chip cost by high volume fabrication. These sensor chips cantherefore be disposable, meaning
that the chip is only used once, avoiding complex cleaning ofthe sensor surface after use.

Typically, a spectral shift of the transmission spectrum ofthe transducer is used to quantify
the measured refractive index change, because this method can be extended to the parallel
read-out of multiple sensors in a sensor matrix. An important figure of merit is the transducer’s
limit of detection, which is given by the ratio of the smallest detectable spectral shift and the
sensitivity of the sensor [3]. The latter is a measure for howmuch the spectrum shifts for a
given change of the refractive index.

There exist different types of transducers on silicon-on-insulator that use a variety of methods
to achieve a low limit of detection. By using resonant sensors with high quality factors that have
very narrow resonance peaks, the smallest detectable spectral shift can be minimized [4, 5, 6,
7]. In [4] a ring resonator sensor is presented that is made with mass fabrication compatible



technology and that has a very low detection limit of 7.6 10−7RIU. This sensor has a bulk
sensitivity of 163nm/RIU, which is not exceptionally high.However they accomplish a smallest
detectable wavelength shift as small as 0.22pm with an optimized sensor design and a very
noise resistant optical setup and data analysis. Slot waveguides with enhanced light-matter
interaction have been applied to improve the sensitivity ofring resonator sensors with a factor
two to four [8, 9], but increased optical losses have prevented them so far from achieving
better detection limits than normal ring resonator sensors. Integrated interferometers with large
interaction lengths have also proved to be promising [10, 11], with detection limits in the order
of 10−6RIU. In [12] a sensor is introduced that consists of two cascaded ring resonators, and it
is shown theoretically that it can obtain very high sensitivities thanks to the Vernier-principle. It
operates as a digital sensor however, which limits its smallest detectable shift and its detection
limit. Previously, a similar cascade of ring resonators wasapplied in the design of integrated
lasers [13] and tunable filters [14].

In this article we introduce a transducer with the same working principle as the one intro-
duced in [12], but by using ring resonators with very large roundtrip lengths, we make it work
in another regime that allows to reduce the detection limit.

First, we derive formulas that accurately describe the transmission spectrum of the sensor,
and we introduce a fitting procedure that allows to reduce thesmallest detectable wavelength
shift with an order of magnitude compared to the method presented in [12].

Second, we present the first experimental results of this type of sensor. A first non-optimized
prototype was implemented in silicon-on-insulator, and itwas measured to have a sensitivity
as high as 2169nm/RIU and a detection limit of 8.3 10−6RIU. Although the detection limit is
currently not improved compared to that of a single ring resonator sensor [4], we think this first
experimental result is promising for future optimized designs regarding the different levels of
optimization of single ring resonator sensors and this new sensor. Additionally, as also stated
in [12], the very large sensitivity of this sensor makes it very well suited for integration with
on-chip dispersive elements such as arrayed waveguide gratings [15] or planar concave gratings
[16], giving opportunities for cheaper and more portable sensor read-out.

2. Theoretical analysis of the sensor

The Vernier-scale is a method to enhance the accuracy of measurement instruments. It consists
of two scales with different periods, of which one slides along the other one. The overlap
between lines on the two scales is used to perform the measurement. It is commonly used in
calipers and barometers, and it has also been applied in photonic devices [13, 14].

In Fig. 1 it is illustrated how this concept can be applied to aring resonator sensor. Two
ring resonators with different optical roundtrip lengths are cascaded, so that the drop signal of
the first ring resonator serves as the input of the second. Each individual ring resonator has a
comb-like transmission spectrum with peaks at its resonance wavelengths. The spectral distance
between these peaks, the free spectral range, is inversely proportional to the optical roundtrip
of the resonator, so that each resonator in the cascade will have a different free spectral range.
As the transmission spectrum of the cascade of the two ring resonators is the product of the
transmission spectra of the individual resonators, it willonly exhibit peaks at wavelengths for
which two resonance peaks of the respective ring resonators(partially) overlap, and the height
of each of these peaks will be determined by the amount of overlap.

The complete chip is covered with a thick cladding, with onlyan opening for one of the
two resonators. This sensor ring resonator will act as the sliding part of the Vernier-scale, as its
evanescent field can interact with the refractive index in the environment of the sensor, where
a change will cause a shift of the resonance wavelengths. Theother resonator, the filter ring
resonator, is shielded from these refractive index changesby the cladding and will act as the



Fig. 1. Illustration of the concept of the photonic sensor consisting of two cascaded ring
resonators. Two ring resonators with different optical roundtrip lengths are cascaded. The
complete chip is covered with a thick cladding, with only an opening for one of the two
resonators. This sensor ring resonator will be exposed to refractive index changes in its
environment, while the other resonator, the filter ring resonator, is shielded from these
refractive index changes by the cladding.

fixed part of the Vernier-scale. The cascade of both resonators can be designed such that a small
shift of the resonance wavelengths of the sensor ring resonator will result in a much larger shift
of the transmission spectrum of the cascade.

We can identify two regimes:
The first regime is illustrated on the left side of Fig. 2 and occurs when the free spectral range

difference between the two resonators in the cascade is large compared to the full-width at half-
maximum of the resonance peaks of the individual resonators. The transmission spectrum of the
cascade will then typically exhibit isolated peaks, of which the neighboring peaks are inhibited.
The sensor will in this regime behave as a discrete sensor, ofwhich the transmission peak will
hop from one filter ring resonance wavelength to another for achanging refractive index. The
smallest detectable shift of the transmission spectrum of this sensor is equal to the free spectral
range of the filter ring resonator, which forms a limitation to the detection limit of the sensor.
The sensor presented in [12] works in this regime.

A second regime occurs however when the free spectral range difference between the two
resonators in the cascade is small compared to the full-width at half-maximum of the resonance
peaks of the individual resonators. On the right side of Fig.2 it is illustrated that in this regime
a periodic envelope signal is superposed on the constituenttransmission peaks. It is proven in
appendix A that, if we do not take dispersion into account, the envelope period is given by

f srsensor · f sr f ilter
∣

∣ f srsensor − f sr f ilter

∣

∣

(1)

where f srsensor and f sr f ilter are the free spectral range values of the corresponding individual
resonators. Note that in practice the envelope period can not be chosen larger than the available
wavelength range of the measurement equipment, so that the second regime typically requires
that the cascade consists of resonators with very large roundtrips. In the remainder of this
article, we will work with sensors that work in this regime.

In this section we will introduce an analytical formula for the envelope signal, and in sec-
tion 4 we will show that this formula can be fitted to experimental data, making it possible to
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Fig. 2. Calculated transmission spectra that illustrate the operation of the cascade. The
graphs on the left side illustrate a first regime that occurs when the free spectral range dif-
ference between the two resonators is large compared to the full-width at half-maximum
of the resonance peaks of the individual resonators. The graphs on the right side illustrate
a second regime that occurs when the free spectral range difference between the two res-
onators is small compared to the full-width at half-maximumof the resonance peaks of
the individual resonators. Top: transmission spectra of the individual filter ring resonator
(dashed line) and sensor ring resonator (normal line). Middle: transmission spectra of the
cascade of these two resonators in the same wavelength rangeas the top image, illustrat-
ing only one clearly visible transmitted peak in the first regime (left), while in the second
regime (right) an envelope signal is superposed on the constituent peaks. Bottom: transmis-
sion spectra of the cascade in a larger wavelength range.

continuously track the spectrum of the sensor, allowing a reduction of the detection limit.
As each peak in the transmission spectrum of the individual ring resonators is well approx-

imated by a Lorentzian function, each of the constituent peaks in the transmission spectrum
of the cascade can be described as the product of two Lorentzian functions that are shifted
compared to each other:

Tconstituent (λ ) =
tmax, f ilter

f whm2
f ilter

4
f whm2

f ilter
4 +

(

λ −λ0− ∆λ
2

)2 · tmax,sensor
f whm2

sensor
4

f whm2
sensor

4 +
(

λ −λ0+ ∆λ
2

)2 (2)

wheretmax and f whm are respectively the transmission at resonance and the full-width at half-
maximum of the corresponding individual ring resonator, and whereλ0 and∆λ are respectively
the mean of and the difference between the two resonance wavelengths under consideration
from both combs.



If we assume that both ring resonators have the same full-width at half-maximumf whm,
it is shown in appendix B that we can identify two different shapes of the constituent peaks,
depending on their position in the envelope peak:

If the difference between the resonance wavelengths is larger than the full-width at half-
maximum of the individual resonances,∆λ > f whm, the corresponding constituent peak has
two maxima of which the transmission quickly converges to zero for increasing values of∆λ .
This situation corresponds to the tails of the envelope, where the transmission is very low.

If however the difference between the resonance wavelengths is smaller or equal than the
full-width at half-maximum of the individual resonators,∆λ <= f whm, Eq. (2) has only one
maximum. This situation corresponds to the constituent peaks in the center of the envelope
peak, where the transmission is high. In appendix C it is proven that the envelope peak in the
transmission of the cascade formed by these maxima is in goodapproximation given by

Tenvelope (λ ) =

(√
tmax, f iltertmax,sensor

(

FWHM
2

)2

(

FW HM
2

)2
+(λ −λcentral)

2

)2

(3)

with

FWHM = 2 · f whm ·min
(

f srsensor , f sr f ilter
)

∣

∣ f sr f ilter − f srsensor
∣

∣

(4)

Hereλcentral is defined as the central wavelength of the envelope peak. Eq.(3) shows that the
envelope signal forms a peak described by the square of a Lorentzian function with full-width
at half-maximumFWHM.

A change of the refractive index in the evanescent field of thesensor ring resonator will cause
a shift of the resonance peaks in its transmission spectrum,which will be translated in a much
larger shift of the central wavelength of the envelope peak in the transmission spectrum of the
cascade. In appendix D it is proven that the sensitivity of the cascaded ring resonator sensor is
given by

∂λcentral

∂nenv
=

f sr f ilter

f sr f ilter − f srsensor

∂ne f f ,sensor
∂nenv

λ
ng,sensor

(5)

with
∂ne f f ,sensor

∂nenv
the change of the effective index of the sensor ring resonator waveguide due to

a change of the refractive index in the environment of the sensor andng,sensor the group index
of the sensor ring resonator waveguide. The sensitivity of the cascaded ring resonator sensor

is enhanced with a factor
f sr f ilter

f sr f ilter− f srsensor
compared to the sensitivity of a single ring resonator

sensor. As already stated earlier, in practice the period ofthe envelope signal of the cascade
cannot be chosen larger than the available wavelength rangeof the measurement equipment.
For a given envelope period, Eq. (1) and (5) show that the sensitivity is in good approximation
proportional to the optical roundtrip length of the resonators in the cascaded. Note that for
an increasing refractive indexnenv the resonance wavelength of a single ring resonator will
always shift to larger wavelengths, while the central wavelength of the envelope peak in the
transmission spectrum of the cascade will shift to smaller wavelengths iff sr f ilter < f srsensor

and to larger wavelengths iff sr f ilter > f srsensor.

3. Design and fabrication of the device

Our sensor was made in silicon-on-insulator with 2µm buried oxide and 220nm silicon top layer
with CMOS-compatible 193nm optical lithography and dry etching. An elaborate description
of the fabrication process can be found in [17]. Fig. 3 pictures the device.



Fig. 3. Left: Optical microscope image of the device fabricated in silicon-on-insulator. Two
ring resonators with 2.5mm physical roundtrip length are cascaded, and their footprint is re-
duced by folding the cavity. The complete chip was covered with 500nm silicon oxide, and
an opening was etched to the second ring resonator. Right: Scanning electron microscope
image of the second ring resonator with folded cavity.

Two ring resonators are cascaded similar to the concept explained in section 2. In or-
der to work in the second regime mentioned in that section andin order to have an enve-
lope period smaller than the bandwidth of our grating couplers introduced in section 4, the
physical roundtrip length of the filter resonator and sensorresonator was respectively cho-
sen to be 2528nm and 2514nm. By folding the cavity [5] their footprint was reduced to only
200µm×70µm. The resonators consist of 450nm wide single-mode waveguides and each one
has two 6µm long directional couplers with a gap of 180nm between the waveguides. The
complete chip was covered with 500nm silicon oxide by plasmadeposition and a window was
etched to the second resonator in the cascade by consecutivedry and wet etching, so that only
the evanescent field of this sensor ring resonator can interact with refractive index changes in
the environment of the sensor. Note that this design is suboptimal and only serves as a proof-of-
principle. Future work involves optimizing the resonator roundtrips and directional couplers.

4. Experimental characterization

To allow controlled delivery of liquids to the sensor, a microfluidic channel with 600µm×50µm
cross section was made in PDMS by casting and directly bondedto the sensor chip at 135◦C
after having applied a short oxygen plasma treatment to bothsurfaces [18]. The liquids were
pumped through the channel over the sensor ring resonator with a syringe pump at a 5µL/min
flow rate. The chip was mounted on a temperature-stabilized chuck to avoid drifting of the
sensor signal due to temperature variations. A second-order diffractive grating, integrated on
the input and output waveguides, is used to couple from a 10µm wide ridge waveguide to a
vertically oriented, butt-coupled single-mode fiber. The grating has 10 periods of 630nm with
50nm etch depth. A linear, 150µm long taper is employed as a transition between the ridge
waveguide and a 450nm wide photonic wire waveguide. A more detailed description of the
grating couplers can be found in [19]. A polarization controller was used to tune the polarization
of light from a tunable laser for maximum coupling to the quasi-TE mode of the waveguides,
and the optical power transmitted by the sensor was measuredwith a photodetector.

In Fig. 4 the transmission spectrum of our sensor is plotted.Deionized water was flowing
over the sensor. As predicted in section 2, a periodic envelope signal is superposed on the sharp
constituent peaks.

The detection limit of a refractive index sensor, the smallest change of the refractive index
that can be detected, is often defined as the ratio between thesmallest detectable spectral shift of
its transmission spectrum and its sensitivity [3]. Next to having a sensor with a large sensitivity,
it is thus equally important to be able to measure a small shift of the transmission spectrum.
This smallest detectable shift is determined by the shape ofthe spectrum and the noise, but also
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Fig. 4. Measured transmission spectrum of the device as deionized water is flowing over
the sensor ring resonator. The height of the envelope peaks varies due to the wavelength-
dependent coupling efficiency of the grating couplers.

the method that is adopted to analyze the spectrum has a largeimpact [20].
Here we will introduce a method to accurately determine the central wavelength of an enve-

lope peak in the transmission spectrum of the cascaded ring resonator sensor, which is based
on fitting the formulas derived in section 2 to the measured spectrum. The fitting procedure is
illustrated in Fig. 5
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Fig. 5. Illustration of the fitting procedure. In grey a measured transmission spectrum of our
device is shown. In a first step Eq. (2) is fitted to the highest constituent peaks, shown by
the solid lines. Then the analytical maxima of these fits are determined, shown by the dots.
In a second step, Eq. (3) is fitted to the envelope signal formed by these maxima, which is
shown by the dashed line. The position of the analytical maximum of that last fit is taken
as the central wavelength of the envelope peak.

In a first step, Eq. (2) is fitted to the highest constituent peaks in the transmission spectrum. In
Fig. 5 a good correspondence can be observed between the fitted function and the experimental
data, which was measured with 1pm wavelength step. By takingthe analytical maximum of the
fitted function for each of these constituent peaks, the envelope signal is determined in a noise
resistant way.

In a second step, Eq. (3) is fitted to the envelope signal that is formed by the output of
previous step. In Fig. 5 this fit is shown by the dashed line. The position of the analytical
maximum of this function is taken as the central wavelength of the measured envelope peak.

A good measure for the smallest detectable wavelength shiftwith this method is given by the
standard deviation on the fitted central wavelength of the envelope peak. Based on the confi-
dence interval of the fitting parameters returned by our standard fitting software, the smallest



detectable wavelength shift was calculated to be 18pm for the measured spectra of our sensor.
Note that this value is an order of magnitude smaller than thedistance between the peaks in the
spectrum.
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Fig. 6. Shift of the transmission spectrum of the sensor consisting of two cascaded ring
resonators as a function of the bulk refractive index in its top cladding. The dots show
the shift that was measured by changing the flow between deionized water and aqueous
solutions of NaCl with different concentrations, and the solid line represents the linear
fit to this experimental data, revealing a sensitivity of 2169nm/RIU. For comparison, the
dashed line shows the calculated resonance wavelength shift of a single ring resonator.

To measure the sensitivity of the sensor to changes in the bulk refractive index of its aque-
ous environment, it was measured how much the envelope peaksin the transmission spec-
trum shifted when changing between flowing deionized water and three aqueous solutions of
NaCl with different concentrations. The refractive index of each of these solutions was cal-
culated [21]. In Fig. 6 the dots indicate the measured shiftsas a function of bulk refractive
index. A linear function was fitted to the measured shifts, and its slope revealed a sensitivity
of 2169nm/RIU. This value corresponds well with the theoretical sensitivity of 2085nm/RIU
calculated with Eq. (5). The resonance wavelength shift of asingle ring resonator comprised of
a 450nm wide waveguide is calculated to be 76nm/RIU, showingthe large sensitivity improve-
ment with the presented sensor. The calculation of both mentioned sensitivities is described in
appendix E.

The resulting detection limit of our sensor is equal to the ratio of the smallest detectable
wavelength shift and the sensitivity, that is 18pm / 2169nm/RIU = 8.3 10−6RIU. Although the
detection limit is currently not improved compared to that of a single ring resonator sensor [4],
we think this first experimental result is promising for future optimized designs regarding the
different levels of optimization of single ring resonator sensors and this new sensor. Addition-
ally, as also stated in [12], the very large sensitivity of this sensor makes it very well suited for
integration with on-chip dispersive elements such as arrayed waveguide gratings [15] or planar
concave gratings [16], giving opportunities for cheaper and more portable sensor read-out.

5. Conclusions

We studied a refractive index sensor that consists of two cascaded ring resonators and that works
analogously to a Vernier-scale. We implemented it in silicon-on-insulator and experimentally
determined its sensitivity to be as high as 2169nm/RIU in aqueous environment. We derived
formulas describing the sensor’s operation, and introduced a fitting procedure that allows to
accurately detect changes in the sensor response. We determined the detection limit of this first
prototype to be 8.3 10−6RIU.



Appendices

A. Derivation of the analytical function for the period of th e envelope signal

When the free spectral range difference between the two resonators in the cascade is small com-
pared to the full-width at half-maximum of the resonance peaks of the individual resonators, a
periodic envelope signal is superposed on the constituent transmission peaks in the transmission
spectrum of the cascade. To derive the envelope period, we will start from the case displayed
in Fig. 7, where the transmission spectra of the two individual ring resonators are plotted. The
resonance wavelengths of the resonator with the shortest optical roundtrip (solid line) are de-
notedλshort , and the resonance wavelengths of the resonator with the longest optical roundtrip
(dashed line) asλlong.

Fig. 7. Transmission spectra of the two individual ring resonators with different optical
roundtrip. The resonator with the short optical roundtrip (solid line) has a larger free spec-
tral range than the resonator with the long optical roundtrip (dashed line).

At the wavelengthλ0 two resonances of the respective resonators coincide. Neglecting disper-
sion, the other resonance wavelengths of both resonators are

λshort,k = λ0 + k · f srshort (6)

λlong,k = λ0 + k · f srlong (7)

with f sr the free spectral range value of the corresponding resonator andk an integer.
Starting fromλ0, an envelope period will be reached when two resonances coincide again. This
occurs for an indexk = K for which:

λshort,K = λlong,K+1 (8)

⇔ K · f srshort = (K +1) f srlong (9)

⇔ K =
f srlong

f srshort − f srlong
(10)

The two resonances will only exactly coincide whenK is an integer, but when the free spectral
range difference between the two resonators in the cascade is small compared to the full-width
at half-maximum of the resonance peaks of the individual resonators this period will also be
visible whenK is not an integer.
The envelope period is given by

period = λshort,K −λ0 (11)

By substituting Eq. (10) in Eq. (6), the formula for the period becomes:

period =
f srlong f srshort

f srshort − f srlong
(12)

=
f sr f ilter f srsensor

∣

∣ f srsensor − f sr f ilter
∣

∣

(13)



B. Derivation and analysis of the analytical function for the constituent peaks in the
transmission spectrum of the two cascaded ring resonators

It can be proven that the resonance peaks in the drop spectrumof a single ring resonator can be
described in good approximation by a Lorentzian function:

Tdrop (λ ) =
tmax

f whm2

4
f whm2

4 +(λ −λres)
2

(14)

with tmax the transmission at resonance,f whm the full-width at half-maximum of the resonance
peak andλres the resonance wavelength.
Each peak in the transmission spectrum of the two cascaded resonators with different optical
roundtrip can therefore be written as the product of two Lorentzian functions that have a slightly
different resonance wavelength. We will call these peaks inthe transmission spectrum of the
cascade the constituent peaks. The transmission of every constituent peak in the spectrum of
the cascade can be written as:

Tconstituent (λ ) =
tmax, f ilter

f whm2
f ilter

4
f whm2

f ilter
4 +

(

λ −λ0− ∆λ
2

)2 · tmax,sensor
f whm2

sensor
4

f whm2
sensor

4 +
(

λ −λ0+ ∆λ
2

)2 (15)

wheretmax and f whm are respectively the transmission at resonance and the full-width at half-
maximum of the corresponding individual ring resonator, and whereλ0 and∆λ are respectively
the mean of and the difference between the two resonance wavelengths under consideration
from both combs.
If we assume that the resonance peaks of both resonators in the cascade have the samef whm,
Eq. (15) can be rewritten as:

Tconstituent (λ ) =

√
tmax, f iltertmax,sensor

f whm2

4

f whm2

4 +
(

λ −λ0− ∆λ
2

)2 ·
√

tmax, f iltertmax,sensor
f whm2

4

f whm2

4 +
(

λ −λ0+ ∆λ
2

)2 (16)

The location of the extreme values of this function can be found by solving following equation
to λ :

∂Tconstituent (λ )

∂λ
= 0 (17)

This results in three extreme values at wavelengths

λ0,λ0 +

√

∆λ 2− f whm2

2
,λ0−

√

∆λ 2− f whm2

2
(18)

This allows us to evaluate the location and values of the maxima of the constituent peaks. We
identify two possibilities:

• If the difference between the resonance wavelengths underconsideration is larger than the
full-width at half-maximum of the individual resonances,∆λ > f whm, the three extreme
values are all real. The constituent peak will in this case have two maxima atλmax =

λ0±
√

∆λ 2− f whm2

2 and a local minimum atλ0. The transmission at each of the two maxima
is

Tmax =

(√
tmax, f iltertmax,sensor f whm

2∆λ

)2

(19)

which quickly converges to zero for increasing values of∆λ . This situation corresponds
to the tails of the envelope, where the transmission is very low.



• If however the difference between the resonance wavelengths under consideration is
smaller or equal than the full-width at half-maximum of the individual resonators,
∆λ <= f whm, only one of the extreme values in Eq. (18) is real. This situation corre-
sponds to the constituent peaks in the center of the envelopepeak, where the transmission
is high. In this case the constituent peak has a maximum at itscentral wavelengthλ0, and
the transmission at this maximum is given by

Tmax =

(√
tmax, f iltertmax,sensor f whm2

f whm2 + ∆λ 2

)2

(20)

C. Derivation of the analytical function for the envelope peak in the transmission spec-
trum of the two cascaded ring resonators

When the free spectral range difference between the two resonators in the cascade is small com-
pared to the full-width at half-maximum of the resonance peaks of the individual resonators, a
periodic envelope signal is superposed on the constituent transmission peaks in the transmission
spectrum of the cascade. In every envelope period, there is an envelope peak that is composed
of the highest constituent peaks, for which∆λ <= f whm. In appendix B it is shown that these
highest constituent peaks each have one maximum, and the transmission at this maximum is
given by

Tmax =

(√
tmax, f iltertmax,sensor f whm2

f whm2 + ∆λ 2

)2

(21)

where∆λ is the difference between the two resonance wavelengths corresponding with the
considered constituent peak.
We will first consider the special case displayed in Fig. 8 where there exists a wavelength
λ0 at which a resonance peak of the filter ring resonator (solid line) coincides with a reso-
nance peak of the sensor ring resonator (dashed line). At this wavelengthλ0, it holds that
∆λ0 = 0 and the corresponding constituent peak in the transmission spectrum of the cascade
will reach the maximum height of the envelope signal. For thenext resonance peak of both res-
onators the resonance wavelength difference is equal to thedifference in free spectral range,
∆λ1 =

∣

∣ f srsensor − f sr f ilter
∣

∣. As proven in appendix B, the corresponding constituent peak
will have a maximum at the mean resonance wavelengthλ1 = λ0 + min

(

f srsensor, f sr f ilter
)

+
| f srsensor− f sr f ilter|

2 .
This reasoning can be generalized to all constituent peaks of the same envelope peak:

∆λk =
∣

∣k ·
(

f srsensor − f sr f ilter
)∣

∣ (22)

λk = λ0 + k ·
(

min
(

f srsensor, f sr f ilter
)

+

∣

∣ f srsensor − f sr f ilter
∣

∣

2

)

(23)

wherek is an integer.
By substituting Eq. (23) in Eq. (22), we get:

∆λk =

∣

∣ f srsensor − f sr f ilter

∣

∣

min
(

f srsensor, f sr f ilter
)

+
| f srsensor− f sr f ilter|

2

|λk −λ0| (24)

The second term in the denominator is typically much smallerthan the first, so we can neglect
the second term

∆λk ≈
∣

∣ f srsensor − f sr f ilter
∣

∣

min
(

f srsensor, f sr f ilter
) |λk −λ0| (25)



Fig. 8. Top:transmission spectra of the filter ring resonator (solid line) and sensor ring
resonator (dashed line). Bottom: transmission spectrum ofthe cascade of the two ring res-
onators, showing three different constituent peaks of which the maxima form an envelope
signal. This is a special case, where two resonance peaks coincide.

If we substitute Eq. (25) in Eq. (21), we get:

Tmax (k) =

(√
tmax, f iltertmax,sensor

(

FWHM
2

)2

(

FWHM
2

)2
+(λk −λ0)

2

)2

(26)

FWHM = 2 · f whm ·min
(

f srsensor, f sr f ilter
)

∣

∣ f sr f ilter − f srsensor
∣

∣

(27)

This formula gives the peak transmission values of the highest constituent peaks in the central
region of the envelope peak, for the special case where thereexists a constituent peak that is the
product of two coinciding resonance peaks.
It can be generalized to the formula of a continuous functiongoing through the maxima of the
constituent peaks, also for the case where there is no perfect coincidence of resonances, by
definingλcentral as the central wavelength of the envelope peak and by substituting λ0 andλk

respectively byλcentral and the continuous wavelengthλ :

Tenvelope (λ ) =

(√
tmax, f iltertmax,sensor

(

FWHM
2

)2

(

FW HM
2

)2
+(λ −λcentral)

2

)2

(28)



FWHM = 2 · f whm ·min
(

f srsensor, f sr f ilter
)

∣

∣ f sr f ilter − f srsensor
∣

∣

(29)

D. Derivation of the formula for the sensitivity

We consider the special case displayed in Fig. 9 where there exists a wavelengthλ0 at which
a resonance peak of the filter ring resonator (solid line) coincides with a resonance peak of the
sensor ring resonator (dashed line). At this wavelengthλ0 the corresponding constituent peak
in the transmission spectrum of the cascade will reach the maximum height of the envelope
signal.

Fig. 9. Transmission spectra of the individual filter ring resonator (solid line) and sensor
ring resonator (dashed line) for the case where two resonances of the respective resonators
coincide atλ0. Left: the free spectral range of the filter resonator is larger than the free
spectral range of the sensor resonator. Right: the free spectral range of the filter resonator
is smaller than the free spectral range of the sensor resonator.

We distinguish two cases:
The first case is illustrated in the left graph in Fig. 9, and occurs when the free spectral range
of the filter resonator is larger than the free spectral rangeof the sensor resonator. When in this
case the resonance wavelengths of the sensor ring resonatorshift to larger wavelengths over
a spectral distance

∣

∣ f srsensor − f sr f ilter

∣

∣, the resonances of the filter and sensor resonators will
overlap at wavelengthλ1. The peak of the envelope signal will thus have shifted over adistance
f sr f ilter to larger wavelengths.
The second case is illustrated in the right graph in Fig. 9, and occurs when the free spectral
range of the filter resonator is smaller than the free spectral range of the sensor resonator. When
in this case the resonance wavelengths of the sensor ring resonator shift to larger wavelengths
over a spectral distance

∣

∣ f srsensor − f sr f ilter
∣

∣, the resonances of the filter and sensor resonators
will overlap at wavelengthλ−1. The peak of the envelope signal will thus have shifted over a
distancef sr f ilter to smaller wavelengths.
From both cases, we can conclude that the sensitivity of the sensor consisting of two cascaded
ring resonators is equal to the sensitivity of the sensor ring resonator multiplied by a factor

f sr f ilter
f sr f ilter− f srsensor . This factor is positive iff sr f ilter > f srsensor and negative whenf sr f ilter <

f srsensor .
When taking first order dispersion into account, the sensitivity of the sensor ring resonator is

∂λres

∂nenv
=

∂ne f f ,sensor
∂nenv

λ
ng,sensor

(30)

with ∂λres
∂nenv

the sensitivity defined as the change of the resonance wavelength of the sensor ring

resonator due to a change of the environment refractive index,
∂ne f f ,sensor

∂nenv
the change of the



effective index of the sensor ring resonator waveguide due to a change of the refractive index
in the environment of the sensor andng,sensor the group index of the sensor ring resonator
waveguide.
The sensitivity of the sensor consisting of two cascaded ring resonators than becomes

∂λcentral

∂nenv
=

∂λcentral

∂λres

∂λres

∂nenv
(31)

=
f sr f ilter

f sr f ilter − f srsensor

∂ne f f ,sensor
∂nenv

λ
ng,sensor

(32)

with ∂λcentral
∂nenv

the sensitivity defined as the change of the central wavelength of the envelope peak
due to a change of the refractive index of the environment of the sensor.

E. Calculation of the theoretical sensitivity of the prototype

To be able to compare the experimentally determined sensitivity of the sensor described in sec-
tion 4 with the theoretical sensitivity described by Eq. (5), the free spectral range was measured
of an individual ring resonator that consisted of a waveguide with the same dimensions as the
one of which our sensor consists. From this measurement, thegroup index of the waveguide
was calculated, yieldingng, f ilter = 4.217 when the resonator was covered with silicon oxide
andng,sensor = 4.404 when it was immersed in water. Based on these values of thegroup index
we calculated the values of the free spectral range of the filter ring resonator and sensor ring
resonator of which our sensor consists to bef sr f ilter = 219.6pm and f srsensor = 211.4pm re-
spectively. Using the vectorial mode solver Fimmwave it wascalculated for our waveguide that
the sensitivity of its effective index to a changing refractive index in an aqueous environment

is
∂ne f f ,sensor

∂nenv
= 0.22. With these values Eq. (5) yields a theoretical sensitivity of 2085nm/RIU,

which corresponds well with the measured value of 2169nm/RIU.
The sensitivity of a single ring resonator can be calculatedwith

∂λresonance

∂nenv
=

∂ne f f ,sensor
∂nenv

λ
ng,sensor

(33)

This results in a sensitivity of 76nm/RIU at a wavelength of 1530nm/RIU.
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