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Abstract

We investigate how to combine a number of marginal co-
herent sets of desirable gambles into a joint set using the
properties of epistemic irrelevance and independence. We
provide formulas for the smallest such joint, called their
independent natural extension, and study its main proper-
ties. The independent natural extension of maximal sets
of gambles allows us to define the strong product of sets
of desirable gambles. Finally, we explore an easy way to
generalise these results to also apply for the conditional
versions of epistemic irrelevance and independence.

Keywords. Epistemic irrelevance, epistemic independence,
independent natural extension, strong product, coherent set
of desirable gambles.

1 Introduction

One disadvantage of working with coherent lower previ-
sions (or previsions and probabilities for that matter), is
that conditioning a lower prevision does not necessarily
lead to uniquely coherent results when the conditioning
event has lower probability zero; see for instance Ref. [8,
Section 6.4]. For precise probabilities, this difficulty can
be circumvented by using full conditional measures [5]. In
an imprecise-probabilities context, working with the more
informative coherent sets of desirable gambles rather than
with lower previsions provides a very elegant and intuiti-
vely appealing way out of this problem, as Walley already
suggested in 1991 [8, Section 3.8.6 and Appendix F], and
argued in much more detail in 2000 [9]. The connection bet-
ween full conditional measures and maximal coherent sets
of desirable gambles was explored by Couso and Moral [1].
De Cooman and Quaeghebeur [4] have shown that working
with sets of desirable gambles is especially illuminating in
the context of modelling exchangeability assessments.

Exchangeability is a structural assessment, and so is inde-
pendence. Conditioning and independence are, of course,
closely related. In a recent paper [3], we investigated the no-
tions of epistemic independence of finite-valued variables
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using coherent lower previsions. The above-mentioned pro-
blems with conditioning, and the fact that the coherence
requirements for conditional lower previsions are, to be
honest, quite cumbersome to work with, have turned this
into a quite complicated exercise. This is the reason why, in
the present paper, we investigate if looking at independence
using sets of desirable gambles leads to a more elegant
theory that avoids some of the complexity pitfalls of wor-
king with coherent lower previsions. In doing this, we build
on the strong pioneering work on epistemic irrelevance by
Moral [7]. While we focus here on the symmetrised notion
of epistemic independence, much of what we do can be
seen as an application and continuation of his ideas.

In Section 2 we summarise relevant results in the existing
theory of sets of desirable gambles. After mentioning useful
notational conventions in Section 3, we recall the basic
marginalisation, conditioning and extension operations for
sets of desirable gambles in Sections 4 and 5. We use these
to combine a number of marginal sets of desirable gambles
into a joint satisfying epistemic irrelevance (Section 6), and
epistemic independence (Section 7). In Section 8, we study
the particular case of maximal sets of desirable gambles,
and derive the concept of a strong product. Section 9 deals
with conditional independence assessments.

2 Coherent sets of desirable gambles and
natural extension

Consider a variable X taking values in some non-empty
set 2, that we shall assume to be finite. We model infor-
mation about X by means of sets of desirable gambles. A
gamble is a real-valued function on 2", and we denote the
set of all gambles on 2 by ¥( 2. It is a linear space under
point-wise addition of gambles and point-wise multiplica-
tion of gambles with real numbers. For any subset .o/ of
Y(2), we denote by posi(</) the set of all positive linear
combinations of gambles in 7

posi(&) = { Zlkfk: kaJZZlk>0,n>0}.
k=1
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We call o7 a convex cone if it is closed under positive linear
combinations, meaning that posi(«/) = &7

For any gambles f and g on %2, we write ‘f > g’ if
(Vx € Z)f(x) > g(x),and °f > g if f > g and f # g.
A gamble f > 0 is called positive. A gamble g < 0 is cal-
led non-positive. 4 () +o denotes the set of all non-zero
gambles, ¥ (2~ the convex cone of all positive gambles,
and ¥ (2" <o the convex cone of all non-positive gambles.

2.1 Coherence and avoiding non-positivity

Definition 1 ([4]). A ser of desirable gambles 9 C G (Z)
avoids non-positivity if 4 (2)<oNposi(Z) = 0. It is called
coherent if:

DI. 0¢ 2;
D2. 9(Z)>0 C Z;
D3. 2 = posi(2).

We denote by D(Z) the set of all coherent sets of desirable
gambles on Z.

Requirement D3 turns & into a convex cone. Due to D2,
it includes ¥(2)0; due to D1-D3, it excludes ¢ (.2 <o,
and therefore avoids non-positivity.

2.2 Natural extension

If we consider any non-empty family of coherent sets of
desirable gambles Z;, i € I, then their intersection (;c; Z;
is still coherent. This is the idea behind the following result.
If a subject gives us an assessment, a set &/ C 4 (2) of
gambles on 2 that he finds desirable, then we can tell
exactly when this assessment can be extended to a coherent
set, and how to construct the smallest such set.

Theorem 1 (Natural extension [4]). Consider an assess-
ment o/ C 9 (%), and define its natural extension as:!

Et)=({2eD(2): & C P}

Then the following statements are equivalent:

(1) & avoids non-positivity;
(ii) & is included in some coherent set of desirable
gambles;
(ifi) &() #9(2);
(iv) the set of desirable gambles &< ) is coherent;
(v) &() is the smallest coherent set of desirable gambles
that includes < .

When any (and hence all) of these equivalent statements
hold, then &) = posi(4(Z)>oU ).

2.3 Helpful lemmas

In order to prove a number of results in this paper, we need
the following lemmas, one of which is convenient version

! As usual, in this expression, we let (0 = G(X).

of the separating hyperplane theorem:

Lemma 2. Consider a finite subset o/ of 4(Z). Then 0 ¢
posi(¥(Z)~oU ) if and only if there is some probability
mass function p such that ¥ c 9-p(x)f(x) > 0 forall f €
o/ and p(x) >0 forallx € Z.

Proof. Tt clearly suffices to prove necessity. Since 0 ¢
posi(4(2)soU &), we infer from a version of the separating
hyperplane theorem [8, Appendix E.1] that there is a linear func-
tional A on ¢(.2) such that

(Vx € 2)A(Igy) > 0and (Vf € o/ )A(f) > 0.

Then A(Z) = YicaA(lyy) > 0, and if we let p(x) =
A(ly)/A(Z) > 0 for all x € 2, then p is a probability mass
function on 2 for which A(f)/A(Z) =Y, cq p(x)f(x) > 0 for
all f € o . O

Lemma 3. Consider a convex cone </ of gambles on &
such that max f > 0 for all f € o/ . Consider any non-zero
gamble g on X" If g ¢ of then 0 ¢ posi(«/ U{—g}).

Proof. Consider a non-zero gamble g ¢ o7, and assume ex ab-
surdo that 0 € posi(.eZ U{—g}). Then it follows from the assump-
tions that there are f € o/ and u > 0 such that 0 = f+ u(—g).
Hence g € 7, a contradiction. g

2.4 Maximal sets of desirable gambles

An element & of D(Z)) is called maximal if it is not strictly
included in any other element of D(.2), or in other words,
if adding any gamble f to & makes sure we can no longer
extend the set U {f} to a set that is still coherent:

V2 eD(2)NPC D = D=

M(Z) denotes the set of all maximal elements of D(.2).

The following proposition provides a characterisation of
such maximal elements.

Proposition 4 ([1,4]). Let 9 € D( X)), then 9 is a maxi-
mal coherent set of desirable gambles if and only if

(VfeG(D)r)(fE D= —f€ D).

For the following important result, it is easy to provide a
constructive proof, based on the same ideas as in Ref. [1].
For the more general case of infinite 2, a non-constructive
proof can be based on Zorn’s Lemma [4].

Theorem 5 ([1, 4]). A subset &/ of 4 (Z) avoids non-
positivity if and only if m(of ) = { M e M(X): o C .M}
is non-empty. Moreover, &(<f ) = \m(</).

2.5 Coherent lower previsions

Given a coherent set of desirable gambles 2, the functional
P defined on 4 (Z) by

P(f)=sup{u: f—peco} ¢))



is a coherent lower prevision [8, Theorem 3.8.1], and there-
fore corresponds to taking a lower envelope of expectations
with respect a set of probability mass functions. Many dif-
ferent coherent sets of desirable gambles induce the same
coherent lower prevision P. The smallest is called the asso-
ciated set of strictly desirable gambles:

9 ={feq9(2): f>0orP(f)>0}. )

When & is a maximal coherent set of desirable gambles,
the lower prevision P defined by Eq. (1) is a linear previ-
sion, meaning that it corresponds to an expectation operator
with respect to a probability mass function. For more in-
formation, see Refs. [1, Section 5], [6, Proposition 6], [8]
and [10].

3 Basic notation

From now on we consider a number of variables X,,, n € N,
taking values in the respective finite sets 2. Here N is
some finite non-empty index set.

For every subset R of N, we denote by Xy the tuple of
variables (with one component for each r € R) that takes va-
lues in the Cartesian product Z% := X ,crZ,. The elements
of 2% are generically denoted by xg or zg, with correspon-
ding components x, := xg(r) or z, == zg(r), r € R.

We will assume that the variables X, are logically inde-
pendent, which means that for each subset R of N, X may
assume all values in Z%.

We denote by ¢ (Zx) the set of gambles defined on Z%.
We will frequently resort to the simplifying device of iden-
tifying a gamble on 2% with a gamble on 2y, namely its
cylindrical extension. To give an example, if # C 4 (Zy),
this trick allows us to consider .2 N¥(Z%) as the set
of those gambles in % that depend only on the variable
Xg. As another example, this device allows us to identify
the gambles Iy,.1 and Iy .y Lo and therefore also the
events {xg} and {xg} x 2y g. More generally, for any
event A C 2, we can identify the gambles I4 and II4 Ly
and therefore also the events A and A X Zy\g.

We draw attention to the case R = (0. By definition, 2
contains only one element xp: the empty map @ — (. There
is no uncertainty about the value of the variable Xj: it can
assume only one value (the empty map), and [ 2, = I,y =
1. We can identify ¢ (Zp) with the set of real numbers R.
There is only one coherent set of desirable gambles on Zy:
the set R+ of positive real numbers.

4 Marginalisation and cylindrical extension

Suppose that we have a set Py C ¥ (Z}) of desirable
gambles modelling a subject’s information about the un-
certain variable Xy. We are interested in modelling the

information about the variable X, where O is some subset
of N. This can be done using the set of desirable gambles
that belong to Zy but only depend on the variable Xp:

marg,(In) ={8 €9 (Z0): §€ In}=InNY(Z0)
3)
is called a marginal set of desirable gambles [7]. Observe
that margy(Zy) = 9 (Z%) >0, which can be identified with
the set of positive real numbers R+ . Also, with O;,0, C N,
it is obvious that

01 C 02 = marg, (margoz(%v)) = marg, (Dn). D

Coherence is trivially preserved under marginalisation:

Proposition 6. Let 9 be a set of desirable gambles on
Zn, and consider any subset O of N.

(i) If 9w avoids non-positivity, then so does marg (D).
(i) If D is coherent, then marg,(Py) is a coherent set
of desirable gambles on Z .

We now look for a kind of inverse operation to margina-
lisation. Suppose we have a coherent set Zp C ¥ (Z0)
of desirable gambles modelling a subject’s information
about the uncertain variable X, and we want to extend
this to a coherent set of desirable gambles on 2, repre-
senting the same information. So we are looking for a
coherent set of desirable gambles Py C ¥ (%) such that
marg,(Zy) = Yo and that is as small as possible: the most
conservative coherent set of desirable gambles on 2y that
marginalises to Zp.

Proposition 7. Let O be a subset of N and let 9y €
D(Zo). Then the most conservative (smallest) coherent
set of desirable gambles on 2y that marginalises to Do is
given by

eXtN(@0> = pOSi(g<%N)>0U@0>. (®)]

It is called the cylindrical extension of Y to a set of desi-
rable gambles on %'y, and satisfies

marg, (extn(Zo)) = Po. (6)

This extension is called weak extension by Moral [7, Sec-
tion 2.1].

Proof. 1tis clear from the coherence requirements and Eq. (3) that
any coherent set that marginalises to Y must include 4 (Zy)>0
and Y, and therefore also posi(¥(Zy)>0U %) =exty(Zp). It
therefore suffices to prove that posi(4(2n)>oU Zo) is coherent,
and that it marginalises to .

To prove coherence, it suffices to prove that Zp avoids non-
positivity, by Theorem 1. But this is obvious because % is a
coherent set of desirable gambles on 2.

We are left to prove that marg,(exty(Zp)) = Pp. Since for
any g € Yp it is obvious that both g € exty(%p) and g €
9(Z0o), we see immediately that Zp C marg,(exty(Zp)), so



we concentrate on proving that marg, (exty(Zp)) € Zp. Consi-
der f € marg,(exty(Zp)), meaning that both f € ¥(Z) and
f € exty(Zp). The latter means that there are g € Zp, h €
4 (%Zn)>0, and non-negative A and u such that max{A,u} >0
for which f = Ag+ uh. Since we need to prove that f € P,
we can assume without loss of generality that u > 0. But then
h=(f—21g)/u € 9(Zp) and therefore also h € 4(Zp)>0,
whence indeed f € %, by coherence of Z. g

5 Conditioning

Suppose that we have a set Iy C ¥ (Z}) of desirable
gambles modelling a subject’s information about the un-
certain variable Xy. Consider a subset / of N, and assume
we want to update the model 2y with the information that
X; = x;. This leads to an updated set of desirable gambles:

Il ={f e (Xn): I\ f € Dn} (7)

For technical reasons, and mainly in order to streamline the
proofs as much as possible, we also allow the admittedly
pathological case that / = 0. Since Iy,;, = 1, this amounts
to not conditioning at all.

Eq. (7) introduces the conditioning operator ‘|” essentially
used by Walley [9] and Moral [7]. We prefer a slightly
modified version ‘|’ [4]. Since Ij,\f = Ly f(x1,-), we
can characterise the updated model 9y |x; through the set

Inxr={8 €9 (1) Ly € vy CY (X)),
in the specific sense that for all g € 4(2y\;):
gc @NJXI =4 H{xI}g EIDv & ]I{xl}g < @N|x1, ®)

and for all f € g(%]\/) fe -@N|x1 = f(xI, ) S -@NJXI- Co-
herence is trivially preserved under conditioning:
Proposition 8. Let Py be a coherent set of desirable
gambles on Zy, and consider any subset I of N. Then
Dn]x1 is a coherent set of desirable gambles on Xy ;.

The order of marginalisation and conditioning can be rever-
sed, under some conditions.

Proposition 9. Let Py be a coherent set of desirable
gambles on XYy, and consider any disjoint subsets I and
O of N. Then margy(Pn |x;) = marg; ,o(Dn)|x1 for all
x| € 3?,/1

Proof. Consider any h € 4 (%) and observe the following chain
of equivalences:
hemarg,(Dn|x1) & he9G(Zp)and h € Dy |x;
S he9(Zo)and iy h€ Dy
& he¥(Zo)and I, h € marg;,o(Zn)
S he9(Zo)and h € marg; o(2N)|x1
< h € marg; o (DN) |1 O

6 Irrelevant natural extension

We are now ready to look at the simplest type of irrelevance
judgement. Consider two disjoint subsets / and O of N. We
say that Xj is epistemically irrelevant to Xop when learning
the value of X; does not influence or change our subject’s
beliefs about Xp.

When does a set Py of desirable gambles on 2y capture
this type of epistemic irrelevance? Observing that X; = x;
turns Py into the updated set Py |x; of desirable gambles
on Zy\;, we should clearly require that:

marg,(Dy|x;) = marg,(Zy) forallx; € 27 (9)

As before, for technical reasons we also allow I and O
to be empty. It is clear from the definition above that the
‘variable’ Xjp, about whose constant value we are certain, is
epistemically irrelevant to any variable X. Similarly, we
see that any variable X is epistemically irrelevant to the
‘variable’ Xj. This seems to be in accordance with intuition.

The epistemic irrelevance condition can be formulated tri-
vially in an interesting and slightly different manner.

Proposition 10. Let Yy be a coherent set of desirable
gambles on Zy, and let I and O be any disjoint subsets of
N. Then the following statements are equivalent:

(i) marg,(Dn |x1) = marg, (D) for all x; € Z;
(ii) for all f € 9(Zp) and all x; € Zy: i\ f € D &
f € Dy.

Irrelevance assessments are most useful in constructing sets
of desirable gambles from other ones. Suppose we have
a coherent set 9y of desirable gambles on 2, and an
assessment that X; is epistemically irrelevant to X, where 1
and O are disjoint index sets. Then how can we combine Z
and this structural irrelevance assessment into a coherent
set of desirable gambles on 27,0, or more generally, on
2y, where N D IUO? To see how this can be done in a
way that is as conservative as possible, we introduce:

A" o = posi ({I1,18: § € Do and x; € 27}) .
It follows from the next lemma that for all 1 € 4 (Z70):

he i, < h#0and (Yx; € 27)h(x;,-) € Do U{0}.
(10)
Clearly, and this will be quite important in streamlining
proofs, o™ , = Po and ™, = G (27)>o. We also give
two important properties of these sets:

Lemma 11. Consider disjoint subsets I and O of N, and a
coherent set Do of desirable gambles on Zo. Then <7}, ,
is a coherent set of desirable gambles on X 0.

Proof. D1. Assume ex absurdo that there are n > 0, real Ay >
0 and f; € 4", such that Y7, Ay fx = 0. It follows from the

assumptions that there are ¢ € {1,...,n} and x; € Z7 such that
fe(x1,-) # 0. This implies that in the sum Y}, A fi(x7,-) =0



not all the gambles A fi (x7,-) are zero. Since the non-zero ones
belong to %, this contradicts the coherence of Z.

D2. Consider any & € 4(Z7u0)>0- Then clearly h(xz,-) > 0 and
therefore h(x,-) € Zo U{0} for all x; € 27. Since h # 0, it fol-
lows that indeed i € 2" .

D3. Trivial if we recall that posi(posi(Z)) = posi(2) for any set
of desirable gambles . O

Lemma 12. Consider disjoint subsets I and O of N, and
a coherent set Do of desirable gambles on Zy. Then
marg ( Iir—r>0) = Yo.

Proof. 1t is obvious from Eq. (10) that indeed:

margo(77%0) = "0 NG (20)
= {h € {Jﬂ(t%ro)?goi (Vxy € Zp)he .@0U{0}}
Z{hGg(%g);gO: hE@OU{O}}:@O. O

Theorem 13. Consider disjoint subsets I and O of N, and
a coherent set Do of desirable gambles on Zy. Then
the smallest coherent set of desirable gambles on Zy
that marginalises to Do and satisfies the epistemic irrele-
vance condition (9) of X to Xo is given by eXtN(gfligo) =
posi(¥ (Z)>0 U 5p)-

Proof. Consider any coherent set 2y on Zy that margina-
lises to ¢ and satisfies the irrelevance condition (9). This im-
plies that marg, (2w |x;) = Yo for any x; € £, s0 g € D |xy,
and therefore Iy, 1g € 9y for any g € Zp, by Eg. (8). So we
infer by coherence that ,Qfliio C 9y, and therefore also that
posi(4(Z)=0U ™)) C Iy. As a consequence, it suffices
to prove that (i) exty (42%}10) is coherent, (ii) marginalises to %,
and (iii) satisfies the epistemic irrelevance condition (9). This is
what we now set out to do.

(1). By Lemma 11, 427,150 is a coherent set of desirable gambles on
Z100- so Proposition 7 implies that posi(¥ (Zy )0 U 427,15 )=
exty (2™ ;) is a coherent set of desirable gambles on Zy.

(i1). Marginalisation leads to:

marg(exty (/7)) = margo (margy o (exty (#7%)))

= margo (") = Zo,

where the first equality follows from Eq. (4), the second from
Eq. (6), and the third from Lemma 12.

(iii). It follows from Proposition 9 and Eq. (6) that

marg ) (exty ('%iio)m ) = margy o (exty (ﬂfSo))sz
= ‘Q{IiiOJxla

and we have just shown in (ii) that margo(extN(%,if)O)) = %0,
so proving that marg, (exty (" ) |x;) = marg, (exty (™))
amounts to proving that M,ﬂojx, = Yp. It is obvious from the
definition of (szf,if)o that 2o C (Qf,if)ojx,, SO we concentrate on
the converse inclusion. Consider any / € ;zf,if)ojxl; then Iy, 1h €
A, 50 we infer from Eq. (10) that in particular h € Zp U {0}.
But since .2/, is coherent by Lemma 11, we see that 42 # 0 and
therefore indeed 1 € Z. g

Theorem 13 is mentioned briefly, with only a hint at the
proof, by Moral [7, Section 2.4]. We believe the result is not
so trivial and have therefore decided to include our version
of the proof here. Our notion of epistemic irrelevance is
called weak epistemic irrelevance by Moral. For his ver-
sion of epistemic irrelevance he requires in addition that
9n should be equal to the irrelevant natural extension of
Y0, and therefore be the smallest model that satisfies the
(weak) epistemic irrelevance condition (9). While we feel
comfortable with his reasons for doing so, we have decided
not to follow his lead in this.

7 Independent natural extension

We now turn to independence assessments, which consti-
tute a symmetrisation of irrelevance assessments. We say
that the variables X,,,n € N are epistemically independent
when learning the values of any number of them does not
influence or change our beliefs about the remaining ones:
for any two disjoint subsets / and O of N, X; is epistemically
irrelevant to Xop.

When does a set Dy of desirable gambles on 2 capture
this type of epistemic independence?

Definition 2. A coherent set Dy of desirable gambles on
Zy is called independent if

marg,(Iy | xr) = marg,(Zy)
for all disjoint 1,0 C N, and all x; € Z7.

In this definition, we allow I and O to be empty too, but
doing so does not lead to any substantive requirement, be-
cause the condition marg,(Zy |x;) = marg,(Zn) is tri-
vially satisfied when 7 or O are empty.

Independent sets have an interesting factorisation property
(see Ref. [3] for another paper where factorisation is consi-
dered in this somewhat unusual form).

Proposition 14 (Factorisation). Let 2y be an inde-
pendent coherent set of desirable gambles on Z. Then for
all disjoint subsets I and O of N and for all f € 9(Zp):

FE€Dn& (VgeG(21)>0)f8 € Dn. (11

Proof. Fix arbitrary disjoint subsets / and O of N and any f €
9 (Z0); we show that Eq. (11) holds. The ‘<=’ part is trivial. For
the ‘=" part, assume that f € 9y and consider any g € 4(27) 0.
We have to show that fg € Zy. Since g = ¥,,e 2, [1,18(x1), we
see that fg = Y, c 2, 8(x1)lix,) f- Now since f € margy(Dv),
we infer from the independence of &y and the assumption (i)
in Proposition 10 that f € 9y |x; and therefore I (i} f € Dn for
all x; € Z7. We conclude that fg is a positive linear combina-
tion of elements Iy, 1 f of Py, and therefore belongs to Py by
coherence. g

Independence assessments are useful in constructing joint
sets of desirable gambles from marginal ones. Suppose



we have coherent sets &, of desirable gambles on .2, for
each n € N and an assessment that the variables X,,, n € N
are epistemically independent. Then how can we combine
the &, and this structural independence assessment into a
coherent set of desirable gambles on Zy in a way that is
as conservative as possible? If we call independent product
of the 9, any independent Py € D(Z}y) that marginalises
to the &, for all n € N, this means we are looking for the
smallest such independent product.

Further on, we are going to prove that such a smallest in-
dependent product always exists. Before we can do this
elegantly, however, we need to do some preparatory work
involving particular sets of desirable gambles that can be
constructed from the Z,. Consider, as a special case of
Eq. (10), for any subset / of N and any o € N\ I

Iig{o} := posi ({H{x,}81 8€ Doandx; € 21})
It is again easy to see that for all 1 € ¥ (Zj,(0}):

he ", & h#0and (Vx; € 27)h(x1,-) € DpU {?1}2.)
We use these sets to construct the following set of desirable
gambles on Zy:

®n€N@n = pOSi (g(%N)>()U U JZ{Al/r\r{n}_){n}) . (13)
neN

Observe that, quite trivially, «@7{%\ . 9, and there-
fore ®yue () Dim = Y. We now prove a number of important
properties for ®,en Z;,.

Proposition 15 (Coherence). ®,cyZ, is a coherent set of
desirable gambles on Zy.

Proof. Let, for ease of notation &y := U, cn tsa?]\i,r\r (> {n}* It fol-
lows from Theorem 1 that we have to prove that 27y avoids non-
positivity. So consider any f € posi(<y), and assume ex absurdo
that f < 0. Then there are A, > 0 and f;, € 4271\‘;\‘ {n}—{n} such that
[ =Yen Anfn and max,en Ay > 0. [reca.11 that the szj\‘,"\r{n}ﬁ{n}
are convex cones, by Lemma 11]. Fix arbitrary m € N. Let

Ay = {fm(xN\{m}a'): IN\{m} € ZN\{m} > Jm (N {m} ") 7 0}7

then it follows from Eq. (12) that <77 is a finite non-empty subset
of Dy, so the coherence of 7, Theorem 1 and Lemma 2 imply
that there is some mass function p,, on 2, with expectation
operator Ej, such that (Vx,, € Z,) pm(xm) > 0 and

(va\{m} € %N\{m})
(fm(xN\{m}’ ) #0= EWL(fm(xN\{m}7 )) > 0)

So if we define the gamble g\ (,) on 2y () by letting
8N\ {m) CN\{my) = Em (fn(Xn\ > +)) for all Xp gy € 2wy (s
then EN\{m} > 0.

Since we can do this for all m € N, we can define the mass
function py on Zy by letting py (xn) = [Lnen Pm(Xm) > 0 for
all xy € Zy. The corresponding expectation operator Ey is of

course the product operator of the marginals E,,. But then it fol-
lows from the reasoning and assumptions above that Ex(f) =
Y e AmEN(fm) = Yomen AmEN(gm) > 0, whereas f < 0 leads
us to conclude that Ey(f) < 0, a contradiction. O

Lemma 16. Consider any disjoint subsets I, R of N and
any 0 € N\ (IUR). Then f(xg,-) € &/Iﬂ{o} U {0} for all
fe ;SR_){O} and all xg € Z%.

Proof. Fix f € 427; and xg € 2k and consider the gamble

SR*}{O}
g = f(xg,-) on Zyp- It follows from the assumptions that for
all x; € 27, g(x1,+) = f(xg,x1,-) € 2, U{0}, whence indeed g €

A"y U0} 0
Proposition 17 (Marginalisation). Let R be any subset of
N, then margg(QueNDn) = Qrer D

Proof. Since we are interpreting gambles on 2% as special
gambles on A, it is clear from Eq. (12) that for any r € R,

irr irr

MR\{F}_W} - MN\{r}_){r}. Egs. (5) and (13) now tell us that
exty(®rerPr) C Quenn. If we invoke Eq. (6), this leads

to ®,crDr = margR(emN(@)reR@r)) C margR(®n€N@n)7 SO we
can concentrate on the converse inclusion.

Consider therefore any f € margg(®nenZn) = (QnenZn) N
& (Zg), and assume ex absurdo that f ¢ ®,cgr Dy

It follows from the coherence of ®,cn Y, [see Proposition 15]
that f # 0. Since f € ®penyDn, thereare SCN, f € fsz{[\‘,f{s}%{s},
se€Sand g€ ¥ (Zy) with g > 0suchthat f = g+ Y (cg fs. Clearly
S\ R # 0, because S\ R = 0 would imply that, with xy\ g any ele-
ment of Zy\g, [ = f(xn\gs*) = 8(Xn\rs*) + Lsesrr fs(in\gs ) €
®rerZr, since we infer from Lemma 16 that fi(xy\g,") €
dlér\r{s}ﬁ{y} U{0} forall s € SNR.

It follows from the coherence of ®,cgr %, [Proposition 15], f ¢
®rer%r and Lemma 3 that 0 ¢ posi({—f} U ®,cr%r). Let, for
ease of notation, 4375% r be the set

{fS(ZN\Rv'): sESNR,z\r € Zi\g: fs(angr, ") # 0}-

Then ,QfS%R is clearly a finite subset of ®,cgr%; [to see this, use
a similar argument as above, involving Lemma 16], so we infer
from Lemma 2 that there is some mass function pg on 2% with

associated expectation operator Ex such that

(VXR S %R)pR(xR) >0
(Vs € SNR)(Vaw\r € Znr)ER(fs(zmr, 7)) = 0
ER(f) <0.

Since f = f(zy\g.") for any choice of zy\g in Zy\g, we see that
f=8(ampr:") + Esesnr fs(zn\rs ) + Lses\r fs(zvg; -), whence:

0> Egr(f) —Er(8(zm\g:°)) — ) ER(fs(zn\g:°))

sESNR

= Y Er(fiemr: )= Y, Y. PROR)fs(zw\g¥R)-

SES\R SES\RXRE X}

The gambles f;(-,xg) on Zy\g, withxg € Zg and s € S\ R, can
clearly not all be zero. The non-zero ones all belong to ®,cp\r Ds,
by Lemma 16, so the coherence of the set of desirable gambles
®S€N\RQS [Proposition 15] guarantees that their positive linear
combination /1 := ¥ cq\g Lxze 2, PR(XR) fs (- Xr) also belongs to
®.Y6N\R@5. This contradicts 2 < 0. Hence indeed f € ®,cpZ,.0



Proposition 18 (Conditioning). ®,cy %, is independent:
for all disjoint subsets I and O of N, and all x; € 27,

marg g, (QneNDn|x1) = marg ,(@nen Zn) = Qoc0Zo-

This could probably be proved indirectly using the ‘semi-
graphoid’ properties of conditional epistemic irrelevance,
proved by Moral [7]; it appears we need reverse weak union,
reverse decomposition, and contraction. Here we give a
direct proof. Proposition 17 can also be seen as a special
case of the present result for 7 = 0.

Proof. Fix arbitrary disjoint subsets I and O of N, and arbitrary
x; € Z7. The second equality follows from Proposition 17, so we
concentrate on proving that marg, (®uen Zn |xX1) = Qpc0Po-

We first show that ®,c0Z, C Qnen Zn|x1. Consider any gamble
f € ®oc0%o, then we have to show that I, f € ®nenZp. By
assumption, there are non-negative reals Ao and p, gambles
fo € yig\r{o}_){o} for all 0 € O and g € 9 (Zp)>o such that
f=ug+Yoecorofo and max{u, max,cp4,} > 0. Fix 0 € O
and let f, := I,y fo € 9(Z)). Then it follows from the defi-
nition of 5y 1 1 that £5(2yy (o)) = Iy (1) fo 20\ (0} ) €
Do U{0} for all zy, ) € Ziy\[0}- Since f; # 0, the definition
of A\ 1 1oy tells us that f € T, 1 1. Similarly, if we let
¢ =118 € 9(Zy), then g’ > 0. So it follows from Eq. (13)
that indeed I, 1 f = 1g’ +Loco Ao fy € @neN D

We now turn to the converse inclusion ®,enyZn X1 C ®pe0Zo-
Consider any gamble f € ¥(2) such that I, , f belongs to
®neNDn and assume ex absurdo that f ¢ ®,c0%,. Let, for the
sake of notational simplicity, C := N\ (/U0).

It follows from the coherence of ®,cy %, [Proposition 15] that
[#0.Since Iy f € Queny D, there are SC N, f; € bczf,\i;\f{s}ﬁ{s},
s€Sand g € Y(Zy) with g > 0 such that I, f = g+ Xses fi-
Clearly S\ O # 0, because S\ O = 0 would imply that, with x¢ any
element of 2¢, f = g(x1,%c,") + Lsesno Js(x1,Xcs ) € ®oco o,
because fy(x7,xc,) € Mg\'{s}ﬁ{s} for all s € SN O by Lemma 16.

It follows from the coherence of ®,c0 %, [Proposition 15], f ¢
®oc0P, and Lemma 3 that 0 ¢ posi({—f} U®,c0%,). The set

"%%0 = {fS(XIaZC7'): s € Smosz € %C7ff(x17ch) 7é 0}

is clearly a finite subset of ®,c0 %, [use Lemma 16 again], so we
infer from Lemma 2 that there is some mass function pp on 2
with associated expectation operator E¢ such that

(Yxo € Z0)po(xo) >0
(Vs € SNO)(Vzc € Zc)Eo(fs(x1,2¢,7)) >0
Eo(f) <O.

Since f = g(xs,zc,") + Lsesno fs(x1,2¢:7) + Lses\o fs(x1,2¢7)
for any choice of z¢c € Z¢, we see that:

0> Eo(f)—Eo(glx,zc,))— Y, Eo(fi(xrzc,-))
seSN0

= Y Eolfiwzc,)) =Y, Y, po(xo)fs(xr,zc,x0).

seS\0 s€S\0Ox0€Z 0o

Similarly, for any zc € Z¢ and any z; € 27\ {x;} we infer from
0=g(z1,2c,") + Lsesno fs(zr.2c,7) + Lses\o f5 (2, 2c, -) that:

0> —Eo(g(zn,zc,7) = Y, Eolfs(arzc,-))
sESNO

= Y Eolfsitzze:)= Y, Y polxo)fs(zrzc,x0)-

seS\0 sES\Ox0EZ o

Hence h:= Y e5\0 Lxpe 2, Po(¥0) f5(*,,x0) < 0. The gambles
fs(-,,x0) on Zyye, with xp € Zp and s € S\ O, can clearly
not all be zero. The non-zero ones all belong to Qgcc s, by
Lemma 16. But then the coherence of the set of desirable gambles
®seruc s [Proposition 15] guarantees that their positive linear
combination 4 is an element of ®.cc Z, for which h < 0, a contra-
diction. Hence indeed f € ®,c0 %, a

Theorem 19 (Independent natural extension).

®QneNDy, is the smallest coherent set of desirable
gambles on Zy that is an independent product of the
coherent sets 9, of desirable gambles on Z,, n € N.

We call ®,cn 2y, the independent natural extension of the
marginals 2.

Proof. Tt follows from Propositions 15, 17 and 18 that ®,cny %),
is an independent product 9y of the &,. To prove that it
is the smallest one, consider any independent product Zy of
the . Fix n € N. If we consider any xy\ (,} € Zn\{n}, then
marg, (Zn | xy\ (n}) = Zn, by assumption. If we therefore consi-
der any g € y, this in turn implies that g € Iy |xy\ 1}, and
therefore ]I{XN\ w8 € 9n, by Eq. (8). So we infer by coherence

that ,Qf[\‘/‘"\r{n}ﬁ{n} C 9y, and therefore also that ®,cny %, C Py.0

Theorem 20 (Associativity). Let N|,N, be disjoint non-
empty index sets, and let D, € D(Z,, ), ny € Ny, k=1,2.
Then ®neN;UN, D = (®n1€N1 @nl ) & (®n2€N2 @nz)-
Proof. Consider, for ease of notation, Zy, = ®u,en, Zn, and
DN, = ®nyeN,Zn,- We have to prove that Iy, @ Dy, =
®nEN| UN, gn-
We first prove that Iy, ® In, C Qnuen,un, Zn- Fix any gamble
€ 'Q{{ix]}%{Nz} and any xy, € Z,, so h(xy,,-) € Dy, U{0}
by Eq. (12). It follows from Eq. (13) that there are gambles
hﬁfvl € “Z{Ig\{nz}a{nz} U {0} for all np € N, such that h(xpy,,-) >
Yen, h;f,z\,l . Define, for any ny € N, the gamble g,, on Zy by
letting gn, (Xn\ {n,} ) = My, (Xny\ (ny} ) for all xy € Zly. Then
it follows from Eq. (12) that gn, (Xy\ {,}:) € Zn, U{0} for all
xy € Zy. and therefore g, € 5271\‘,‘{{"2}%{”2} U{0}. Moreover,

h= Y Tgohtw,) = Y Iy L2

XNy e‘%le Ny e‘%le mEN,
— ny
=Y L Ikl = L sm

mEN xy €2y, mEN,

Since clearly i # 0, we infer from Eq. (13) that i € ®pen,uN, Zn-

We conclude that %;] Vo (N} C ®neN,UN, Zy. Similarly, we can

prove the inclusion ,;2{{‘1"\;2} N C ®neN,UN, Zn, and therefore

also Iy, @ Dy, C QueN,uN, Zn» again by Eq. (13).

To conclude, we turn to the converse inclusion ®y,en,un, Zn C

DN, @ Dy,. Consider any gamble h € ®nenuN, Dy, then by
Eq. (13) there are h, € %&?UNZ\{H}HM} U{0}, n € Ny UN,,



such that & > hy + hy, where we let hy = Y, cn, hn, and hy :
= Y, eN, I, Fix any xy, € Zy, . For any ny € N,, we infer that
I, (le )€ ’ﬂ]bzr\{llz}_}{nz} U{0} from h,, € ’Q{]\llﬁruNg\{ng}a{nz} U
{0} by Lemma 16. Hence ha(xy,,-) € Iy, U {0} by Eq. (13),
and the'refore hy € M{‘,r\;l} S Y {0} by Eq. (12). Similarly,
hy € Jz{{‘]r\;z}ﬁ{]v]} U {0}, and therefore h € D, @ Y, by Eq. (13),
since clearly i # 0. d

To conclude this section, we establish a connection bet-
ween independent natural extension for sets of desirable
gambles and the eponymous notion for coherent lower pre-
visions studied in detail in Ref. [3]. Given coherent lower
previsions P, on 4 (%,,), n € N, their independent natural
extension is the coherent lower prevision given by

Ey(f) =
i - hn _Pn hn ) n
, Sup | min flzn) ng,v[ (zn) =Py (R (2w (})]
neN

(14)

for all gambles f on Z}y. It is the point-wise smallest (most
conservative) joint lower prevision that is jointly coherent
with the marginals P, given an assessment of epistemic
independence of the variables X,,, n € N.

Theorem 21. Let 9, be coherent sets of desirable gambles
on Z, forn € N, and let ®,cn Dy be their independent na-
tural extension. Consider the coherent lower previsions P,
on 9(Z,) given by P,(fy) =sup{u ER: f —u € Zu}
Sorall f, € 9(Z,,). Then the independent natural extension
Ey of the marginal lower previsions P,, n € N satisfies

En(f)=sup{u € R: f—p € @uenDn}

for all gambles f on Zy.

Proof. Fix any gamble f in ¥(Zy). First, consider any real
number i < Ey(f), then it follows from Eq. (14) that there
are 0 > 0and h, € 9(Zy),n € N,suchthat f —pu >Y, cngns
where we defined the gambles g, on Zy by gx(zn) = hn(zn) —
P, (hn(zn\(ny,-)) + 0 for all zy € Zy. It follows from the defini-
tion of P, that g, (zn\ {n} ") = hn (2w {n} ) — P (Bn(zp fny- ) +
6 € Iy for all zy\ () € X\ (n)- Since clearly g, # 0, Eq. (12)
then tells us that g, € szfl\‘,r\r ()= {n}’ and we infer from Eq. (13) that
Y eN 8n € ®nen Dy, and therefore also f— p € ey Pp. This
guarantees that Ey (f) <sup{t € R: f — U € RueNDn}-

To prove the converse inequality, consider any real y such that
f— U € QuenDy. We infer using Eq. (13) that there are gambles
hn € S oy U{0} n € N, such that f—p > ey hn.
For all n € N and zy\(,} € 2\ (s}, it follows from Eq. (12)
that Ay (zy\ (ny,) € Zn U {0}, whence P, (hn(zy\(n),+)) = 0.
This leads to } ey [hn (ZN) -p, (hn (ZN\{n}v ))} <Ynenhn (ZN) <
f(zn) — . We then infer from Eq. (14) that E(f) > p and so we
find that indeed also Ey(f) > sup{t €R: f— U € Quen %y }.0

8 Maximal sets of desirable gambles and
strong products

The following result was (essentially) proved in Ref. [1].

Proposition 22. Let .#y € M(ZYy), and consider any dis-
Jjoint subsets I and O of N. Then marg, (. |x;) € M(Z )
forall x; € Z7.

Now consider the case where we have coherent marginal
sets of desirable gambles &, for all n € N. We define their
strong product W,cy D), as the set of desirable gambles on
the product space 2y given by:

Kpen D = (A @nen-tly: My € m(Dy),n € N}

Observe that for maximal sets .4, € M(2},), n € N the
strong product and the independent natural extension coin-
cide: ey Ay = QuenHy,.

The marginalisation properties of the strong product follow
from those of the independent natural extension.

Proposition 23 (Marginalisation). Consider coherent
sets of desirable gambles 9, for all n € N. Let R be any
subset of N, then margg(Npen D) = Rycr Dy

Proof. Consider any f € 4 (Z%) and observe the following chain
of equivalences:

fERuenDn & (Vtly € m(Dy),n €N)f € Quen My
& (Votty e m(Dy),n €N)f € Qrer My
< (VM € m(Dy),r €R)f € Qrep My
& feXecrYy,

where the second equivalence follows from Proposition 17. [

As we have come to expect from our treatment of the in-
dependent natural extension, the proof of the following
independence property is very similar to that of the margi-
nalisation property.

Proposition 24. Consider coherent sets of desirable
gambles 9, for all n € N. Then their strong product
Xuen Py, is an independent product of these marginals.

Proof. Consider any disjoint subsets / and O of N, and any
x; € Z7, then it suffices to prove that, also using Proposition 23,
marg (Kyeny D |x1) = Ryep Py So consider any gamble f on
Z o and observe the following chain of equivalences:
f €ERuenDnlx1 < Ly f € RuenDn
< (Vo € m(Dy),n € N)]I{Xl}f € QueN Ay
& (Votty €m(Dy),n €N)f € Qpco Mo
= (Vtty, € m(Dp),0 € O)f € QpcoMy
g f € xon@m

where the third equivalence follows from Proposition 18. g

It is still an open problem at this point whether, like the
natural extension, the strong product is associative.



To conclude this section, we establish a connection between
the strong product of sets of desirable gambles and the
eponymous notion for coherent lower previsions, studied
in Ref. [3]. Given coherent lower previsions P, on 4(Z},),
n € N, their strong product is defined by

Sy(f) =inf{x,enPu(f): (Vn € N)P, € #(P,)}

for all gambles f on 2. If we start from linear previsions
P, on ¥(Z,), their strong product corresponds to their
linear product X ,ecyFB,, and it coincides also with their in-
dependent natural extension Ey. If we begin with coherent
lower previsions P, on ¢4 (.%},), their strong product Sy, is
the lower envelope of the set of strong products determined
by the dominating linear previsions.

Theorem 25. Let 9, be coherent sets of desirable gambles
in¥9(Z,) foralln € N, and let R,en D, be their strong
product. Consider the coherent lower previsions P, on
G(X,) givenby P, (f) =sup{u € R: f—u € P} Then
the strong product Sy of the marginal lower previsions P,,

n € N satisfies Sy(f) =sup{u e R: f—u € KpenZn}.

Proof. Assume first of all that &, is a maximal set of desirable
gambles for all #n in N. Then it follows from Theorem 3.8.3 in
Ref. [8] that P, is a linear prevision, which we denote by F,, for
all n € N. The strong product of the linear previsions P,, n € N
coincides with their linear independent product x,exnP,, which
is also their independent natural extension, by Proposition 10 in
Ref. [3]. Since we have proved in Theorem 21 that this is the
coherent lower prevision associated with ®,eny %y = Ryeny Zn,
we conclude that the strong product X,y %, is associated with
the strong product of the linear previsions P,.

Next, fix any gamble f on Z. Consider any real number y <
Sy(f). For any n € N, consider any maximal set ./, € m(%,),
and the associated linear prevision Py, then clearly P, € .# (P,).
Hence XnenPy(f) > Sy(f) > U, and we infer from the argu-
ments above that then necessarily f — U € ®uen.#,. Hence
f—1 € X,enP,. This leads to the conclusion that Sy (f) <
sup{p €R: f—p € MyenTn}-

Conversely, consider any real u such that f — u € X,cy Z,. Consi-
der arbitrary P, € .#(P,), n € N, then there are maximal sets
My € m(Z,) inducing them: indeed, the set of strictly desirable
gambles 9,; that induces P,, given by Eq. (2), is coherent by Theo-
rem 3.8.1 in Ref. [8]; Theorem 5 implies that there is some maxi-
mal set .7, € m(Z,,) 2 m(Z,), and now Theorem 3.8.3 in Ref. [8]
implies that @,/, and .#,, induce the same P, by means of Eq. (1).
But then f — U € Quen.#y, and therefore X ,,en P, (f) > U, using
the argumentation above. Hence Sy(f) > i, and therefore also
Sy(f) Zsup{u eR: f—p € WyenDp}. O

Together with Theorem 21 and the fact that the strong pro-
duct of lower previsions may strictly dominate their inde-
pendent natural extension [see Example 9.3.4 in Ref. [8]],
this shows that the strong product of marginal sets of desi-
rable gambles may strictly include their independent natural
extension.

9 Conditional irrelevance and
independence

We turn to conditional irrelevance judgements. Next to the
variables Xy in 2}, we now also consider another variable
Y assuming values in a finite set %'

Consider two disjoint subsets / and O of N. We say that X;
is epistemically irrelevant to Xp when, conditional on Y,
learning the value of X; does not influence or change our
beliefs about Xy. In order for a set & of desirable gambles
on Zy X % to capture this type of conditional epistemic
irrelevance, we should require that:

marg,(Z|x;,y) = marg,(Z]y) Vx € 21,y €.

As before, for technical reasons we also allow I and O
to be empty. It is clear from the definition above that the
‘variable’ Xp, about whose constant value we are certain,
is conditionally epistemically irrelevant to any variable
Xo. Similarly, we see that any variable X; is conditionally
epistemically irrelevant to the ‘variable’ Xj. This seems to
be in accordance with intuition.

Also, if % is a singleton, then there is no uncertainty about
Y and conditioning on ¥ amounts to not conditioning at
all: epistemic irrelevance can be seen as a special case of
conditional epistemic irrelevance. We now want to argue
that, conversely, there is a very specific and definite way
in which conditional epistemic irrelevance statements can
be reduced to simple epistemic irrelevance statements. The
crucial results that allow us to establish this, are the follo-
wing conceptually very simple theorem and its corollary.

Theorem 26 (Sequential updating). Consider any subset
R of N, and any coherent set 9 of desirable gambles on
Zn X% . Then

(21y)|xr = (Z]xr)|y = xR,y
forallxp € Zrandy e @. (15)

Proof. Fix any xg in 2% and any y € % Clearly, all three sets
in Eq. (15) are subsets of ¥ (Zy\g). So take any gamble f on
Z; N\R» and consider the following chains of equivalences:

H{y}ﬂ{xR}f ISE7R=3 ]I{xR}f €9)ye fe(Z]y)lxr
H{y}ﬂ{xk}f €9 ]I{y}f S @JXR S fe (QJ)CR)J))
H{),}]I{XR}fG D& fe @ij7y. O

Corollary 27 (Reduction). Consider any disjoint subsets
I and O of N, and any coherent set 9 of desirable gambles
on Xy x . Then the following statements are equivalent:

(i) margy(2]x1,y) = margy(2]y) for all x; € Z; and
allye &,

(i) marg,((2]y)]|xr) = marg,(2|y) for all x; € Z; and
allye %.



This tells us that a model 9 about (Xn,Y) captures episte-
mic irrelevance of Xj to Xp, conditional on Y if and only if
for each possible value y € % of Y, the model 2|y about
Xn captures epistemic irrelevance of X to Xop.

Now suppose we have marginal conditional models 2, |Y
on Z,, n € N. The notation %,|Y is a concise way of
representing the family of conditional models 2, |y,y € #.
Then if we combine Corollary 27 and Theorem 19, we see
that the smallest conditionally independent product 2|Y
of these marginal models Z, |Y is given by ®,en (%, ]Y),
meaning that foreachy € %, 2|y = Quen(Znly).

10 Conclusions

Sets of desirable gambles are more informative than co-
herent lower previsions, and they are helpful in avoiding
problems involving zero probabilities. They have been over-
looked for much of the development of the theory, and it
is only in the last five or six years that more effort is being
devoted to bringing this simplifying and unifying notion to
the fore.

Our results here show that we can model assessments
of epistemic independence easily using sets of desirable
gambles, and that we can derive from them existing results
for lower previsions.

They also indicate that constructing global joint models
(i.e. coherent sets of desirable gambles) from local ones is
something that can be easily and efficiently done for the
following types of simple credal networks:

They may therefore open up the way towards finding effi-
cient algorithms for inference in credal trees under episte-
mic irrelevance using sets of desirable gambles as uncer-
tainty models, building on the ideas proposed in Ref. [2].
We expect that generalising those algorithms towards more
general credal networks (polytrees, . ..) will be more diffi-
cult, and will have to rely heavily on the pioneering work of
Moral [7] on graphoid properties for epistemic irrelevance.
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