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Bayesian dynamic predictions
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Objectives, abstract and conclusions

The objective of this paper is to illustrate the evaluation of the value of Structural Health Monitoring
(SHM) in the framework of pre-posterior analysis, elaborating the joint modeling of the time-varying
structural performance and hazard function in inspection/repair planning and expected total life
cycle cost calculation. The hazard function in the joint model is updated by the assumed monitoring
outcome, which results in a change of inspection/repair plan and expected Total Life Cycle Cost
(TLCC). The difference of expected TLCC is defined as the value of SHM which changes as
decision parameter h(t)" related to the inspection time changes within the maximum acceptable
value hpay.

Technical information

The joint modeling of the time-varying structural performance and hazard function is introduced in
the framework of Bayesian decision making. This framework is taken as basis to update the
inspection/repair planning, expected TLCC and correspondingly the value of SHM.

Abstract: In this article, we present a framework for evaluating the value of structural heath
monitoring (SHM) in order to optimize the SHM implementation and to estimate the
inspection/repair investment. A joint model consisting of a time-varying structural Performance
Indicator (PI) prediction and a hazard function is proposed. Structural condition data used to
estimate and update predictions of Pl can be obtained from monitoring and a Bayesian dynamic
model is proposed to forecast structural performance. For the survival process the time-dependent
Pl values and their changing rates are incorporated in the hazard function, in which the risk of
structural failure depends on both the current value of Pl and the slope of its trajectory at time t. A
Bayesian approach using the Markov-chain Monte Carlo method can be adopted for the parameter
estimation. The advantageous feature of these predictions is that they are dynamically updated as
extra monitoring data are collected, providing real time risk assessment using all recorded
information. Furthermore, inspections, with a probability of detecting damage followed by a
probability of repair action, are planned when the hazard function at time t crosses a threshold
value. Subsequently, the problem of optimizing the strategy of monitoring and maintenance can be
solved by minimizing the expected total cost during the expected service life of the structure.
Finally, the Value of SHM (VoSHM) is obtained by calculating the difference between the expected
Total Life Cycle Costs (TLCC) of the inspection/repair plans with and without SHM implemented.

5 Introduction

Civil engineering structures are subjected to time-dependent degradation processes which require
considerations of a wide range of uncertainties. When it is required to forecast or make decisions
under uncertainty and risk, gathering further information prior to making the decision is often
crucial. Such information reduces the uncertainty and thus facilitates improved decision making. As
Structural Health Monitoring (SHM) provides a way for collecting information and reducing
uncertainty, it has received a lot of attention and is also widely implemented in practice. Since
monitoring systems and inspection methods are due to costs limited in time, the decisions should
be based on the evaluation of its bengfit, which should be done prior to its installation. The general
decision can be characterized by whether or not to apply SHM, which strategy to apply, and when
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to apply it if it's a short term monitoring strategy. Among these decisions, whether or not to apply
SHM plays a fundamental role, based on which also decisions related to which kind of SHM and
when to apply it can be investigated as well as their characteristics (e.g. precision, time intervals).
The value of a certain SHM strategy is quantified by the value of information it provides, in
monetary form. This can be calculated in the framework of decision theory introduced in Raiffa and
Schlaifer (1961) as the difference between the expected life-cycle cost, or expected benefits, of
performing SHM or not, as also presented by Faber and Thons (2014). In order to calculate the
expected TLCC, a threshold-based inspection/repair planning should be decided prior to further
analysis of e.g. inspection times, repair rules and related costs. It requires a decision tree
describing all possible events and the calculation of probabilities for each event. To do that, a joint
modeling of the time-varying structural Performance Indicator (Pl) and the hazard function is
proposed first to calculate the failure rate (cf. infra). A threshold approach, as described in Straub
and Faber (2006), is then adopted for planning the inspection time based on maximum failure rate
and pre-posterior analysis for calculating the expected total life-cycle cost. The effect of SHM is
accounted for by incorporating the monitoring outcome, including its uncertainty, to update the
probability distribution of parameters related to the time-varying Pls, which in turn results in a
change of inspection planning and expected total life-cycle cost. The VoSHM is then evaluated as
the difference between the expected TLCC with and without SHM implemented. In the next parts,
the process of this joint modeling and the parameter estimation methodology are first introduced.
Then a framework for hazard based maintenance planning and determination of the VoSHM is
elaborated.

6 Joint model of longitudinal data and hazard function

The joint modeling of longitudinal data, or in other words time sequent performance data, and the
time to the occurrence of a particular event is an active area of research in statistics, mainly
applied in medical related research, where two types of outcomes are recorded: (1) time sequent
response measurements and (2) the time to an event of interest, such as time to death. These two
types of outcomes are often analyzed using joint modeling of time sequent and time-to-event data,
facilitating a prognostic tool for estimation and evaluation of risk rate for patients subjected to a
certain disease, see Baghfalaki et al. (2014). Statistical methods for estimating and evaluating risk
scores using reference data have been extensively studied in this field. It is clear that a similar
procedure might be of interest for civil engineering structures. The joint modeling procedure and
parameter estimation method are presented in the following section. Figure 1 shows an illustrative
example of the joint modeling.

6.1 Process for modeling the time dependent structural performance:
The time dependent Pls can be expressed as:

y() =m(t) + (o) (1)

where y(t) denotes the value of the time dependent observation outcome at any particular time
point f, m(t) is the underlying structural state which is a function of t and random effects denoted
by b;, and e(t) the error terms that are assumed independent of the random effects. We assume
that e(t) ~ N(0, 04%) and Cov. [e(t),e(t')] =0 for t = t'.

6.2 Survival process defining the hazard function:

h(®) = lim Prie<T <St TSIT>0 0 explaam(®) + aym' () + a) @)

Where h(t) is the baseline hazard function. This formulation postulates that the risk for a failure
event at time t is associated with parameters a; and a, which quantify the strength of connection
between the value of m(t), its derivative over time m'(t) and the failure rate for an event (failure
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according to a limit state function) at the same time point. There are several association structures
between m(t) and h(t) for an event. For the functional forms one can refer to Rizopoulos et al.
(2014). Here we formulate the joint model of the two process based on the assumption that the
failure risk depends on both the current value of the m(t) and its changing rate m’(t), which is
often the case for degrading structures. For purpose of illustration, see Figure 2. For a certain limit
of PI, the curve with higher m(t) value and lower decreasing rate m'(t) at time t leads to a lower
failure rate h(t), as for Pl4(t) (as indicated by the red curve in Figure 2). From comparing Pl,(t) and
Pl;(t) with similar deceasing rate m'(t) at time t, it is observed that higher m(t) leads to a lower
risk of failure. a3 is a another regression coefficient. Under the assumption that the hazard of the
failure event is mainly based on the value of m(t) and its decreasing rate m'(t), a3 can be
predefined to a certain value.

More specifically, for the survival process, we consider a parametric proportional hazard model
with Weibull baseline hazard, as in equation (3). The use of the Weibull proportional hazard model
has the advantage that it is the only one that is a hazard model proportional to the baseline hazard
as well as an accelerated failure time model. This is suitable for modeling degrading structures, as
the failure risk accelerates with time, especially in the end period of the service life.

h(t) = o,t%2 T exp{a;m(t) + a,m'(t) + a3} (3)
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Figure 1. Joint modeling for (a) time-dependent structural performance and (b) hazard function

Details for the estimation of parameters in the two processes are provided in the Appendix. As
soon as the evaluated value of the parameters are available, the failure rate h(t) at a time point and
the failure probability during a period of time can be calculated and used for inspection time
planning.

Under the Bayesian specification of the joint model, we can derive estimations and predictions for
the hazard rate for a subject based on the observed time-dependent structural performance
outcomes. Although the model fitting process can require considerable calculation and simulation
work, it is very efficient for use once the joint model is formulated. Moreover, the hazard value h(t)
can be updated when new monitoring information is recorded for updating the performance
indicator, thus proceeding in a time-dynamic manner.
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Figure 2 lllustration of interaction of PI(t) and PI'(t) with hazard function

One advantage of applying the joint modeling in civil engineering is that the functional form of the
time-dependent feature of the structural performance, i.e. PI(t), is often available. Simulations of
reference datasets can be performed by using a prior pdf assumption, which afterwards can be
implemented into the joint modeling of the time-dependent performance and survival process. In
this paper, the simulation based parameter estimation is not treated in detail and focus is given to
the quantification of value of SHM, which is presented in the following part.

7 Hazard based maintenance planning and value of SHM

7.1 Value of SHM

An event tree model of a structure (e.g. the beam of a bridge) with or without monitoring is
presented in Figure 3. For the time being, it is assumed that the structure returns to its original
state after repair. This assumption makes it convenient to calculate the probabilities of occurrence
of each branch in the event tree; for details refer to section 3.2.

As illustrated previously in Figure 1, the implementation of SHM can provide more information of
the structure which would lead to a significant change of inspection/maintenance planning and as a
result, the TLCC. Before making the decision of whether or not to implementing a certain SHM
system, a prior estimation of the value of information that can be provided by the SHM is essential.
Since the structural state and monitoring results are both uncertain, the decision problem can be
described in terms of the following notations and events in a pre-posterior framework for Bayesian
decision theory as developed in Raiffa and Schlaifer (1961):

©: Time-dependent structural state with prior pdf f3(6). Its time-dependent evolution is described
by the joint model introduction in section 2;

Z: The inspection outcome which has an influence on the probability of detection and repair;

e: The inspection decision (i.e. inspection date, type of inspection, etc.). Inspection decision e
varies according to the value of threshold h(t)” which is applied ;

a: The maintenance action determined by the decision rule d and as a function of the inspection
outcome Z and inspection decision e, i.e. a=d(e, z);
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X: The monitoring result variable which leads to an updating of the probability distribution of © to
fo (6). We denote M, for the case without taking SHM, and M, for undertaking a certain monitoring
strategy, as in the first node illustrated in Figure 3.

Analysis is then carried out for determining the expected TLCC (cf. infra).

=>E[Crotall
(No SHM)

=>E[Crotal
(SHM)

NR: No Repair
R: repair

Outcome of SHM
(x)

Figure 3 Decision tree model for inspection/repair planning with and without monitoring

For My, the true structural state © is described by a prior probability density function f5(6) and the
expected TLCC is:

, , (4)
BolCr (e, 0)] = [ Cr(e,d,0)78 (0)d0
(€]

For My, the analysis is in principle identical, except that new monitoring information is available and
taken into account. Based on the additional monitoring information, the prior pdf f3(6) is updated
to the posterior f5'(0) leading to a change of the inspection and repair decisions. The expected
TLCC is thus:

" " (5)
ES[Cr(x,e,d,0)] = f Cr(x,e,d,0)fY (0]x)do

]

In addition, based on the prior pdf of © and the monitoring strategy M, the probability of occurrence
of the possible monitoring outcomes can be evaluated as:

fx(xIM) = Eo[fx(xM, 6)] (6)

The monitoring data enable to determine the equivalent stress ranges, of course,
accounting for the measurement uncertainties.The value of information obtained by one monitoring
outcome X, denoted as Condition Value of Sample Information (CVSI), has therefore the value

v(x) = CVSI(x) = Egl[Cr(e,d,0)] — Eg[Cr(x,e,d, 0)] (7)

The expected value of this SHM strategies can, therefore, be determined by the Expected Value of

Sample Information (EVSI) as
EVSI = Ex [CVSI(x)] = jv(x) fxx)dx = E§[Cr(e, d,0)] — j EglCr(x,e,d,0)] fx(x)dx ®)

X X
By assigning different pdfs for the monitoring result X, different monitoring strategies can be
defined and the optimal decision on the monitoring strategy is the one with maximum value
maxy EVSI(x).
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In order to be able to evaluate the expected TLCC (see section 3.5), we need first to calculate the
probabilities related to the decision tree based on a risk acceptance criterion h,., and decision
rules.

7.2 Probabilities related to the decision tree

For a certain monitoring strategy (M, or M;), calculation of the expected TLCC is needed based on
the branches after the first node. This requires again pre-posterior analysis since the inspection
results are also uncertain prior to being carried out. Hazard (failure rate) based inspection planning
is applied in this contribution. The probability of occurrence of the branches after the first node in
the decision tree is calculated based on the probabilities of detection of a certain deterioration state
Py and probabilities of taking repair action B, given a detected deterioration state with no repair
before t as in equation (9) and (10) in accordance with Frangopol et al. (1997), Kim et al. (2011)
and Barone (2013) .

SIY(CELE ©)
det Oos
Ta 10
Prep = (%) 5(t) < Omax 10

in which @ = standard Gaussian cumulative distribution function. §(t) and é,,,, are damage
intensity at time t and maximum acceptable damage intensity; 805 and 05 are parameters
describing the quality of the inspection procedure, representing the damage intensity
corresponding to a 50% probability of damage detection, and its standard deviation; r, is a model
parameter reflecting the attitude of the decision maker towards a repair action.

The branch of a failure event in the event tree requires the calculation of a failure probability pg(t)
during time t given no repair before t. It can be calculated as soon as the hazard function is
determined.

7.3 Risk acceptance criterion

The risk acceptance criterion used in this contribution is denoted by h.,, the maximum acceptable
annual failure rate. It is related to the failure consequences of a structure and can be obtained from
the Probabilistic Model Code, JCSS (2002), where the target reliability index as a function of the
consequence of failure and the risk reduction cost is defined. For existing structures of which the
relative cost for increasing the safety is generally large, the acceptance criterion can be lowered as
also suggested in JCSS (2002), i.e. Apf*®* =10~*yr~'for large consequences, Apf*** =5 x

10~*yr~* for moderate consequences and Apf*** = 1073 yr~* for minor consequences, where
Ap;*** is the maximum acceptable annual probability of failure, Straub (2004). Of course decision

makers can decide to use other values than the latter ones. It can be noticed from the definition of
the hazard function in section 2 that the value of hazard h(t) in this paper corresponds to the
annual probability of failure Ap,. Similarly, the maximum acceptable hazard value hn.c can be

specified in accordance with Apf™®*.

7.4 Decision rule

As the probabilities of detecting a deterioration state and the corresponding repair are both function
of the structural state which is a time dependent variable described by PI(t), the planning of
inspection times will have a large influence on the probability of occurrences of each branch in the
decision tree. The threshold approach introduced in Straub (2006) is thereby implemented in such
a way that inspection is carried out in the year before the threshold of failure rate h(t)" is crossed.
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The h(t)"is a decision parameter that can be changed as long as it remains lower than h,,,4,. For
decisions on repair, it requires the specification of the parameters used in equation (10) :

h(t)" < hypax for inspection (11)
{ 6max = 60; W =" for repair

In which §, and r, are values assigned by the decision makers. The decision for repair needs a
direct indication of unacceptable defect sizes for a specific spot, (e.g. max pit depth of a rebar or
maximum allowable crack depth). After an inspection was carried out, the repair decision is made
based on the inpection result, detected structural states and repair attitude of the decision maker.

7.5 Expected TLCC

The expect TLCC for an inspection plan is calculated based on the occurrence of each branch in
the decision tree as well as the cost of the basic events, i.e. the expected cost of failure,
inspection, repair and monitoring if undertaken. The expected cost for each branch is calculated as
the sum of all the events that happened in the branch. The expected TLCC for this inspection plan
then takes weighted sums of the costs for all branches based on the occurrence probability of each
branch introduced in section 3.2.

Specifically, the expected TLCC of a structural component during its design service life ts;, consists
of the cost of failure, inspection, repair and monitoring (if undertaken):

E[CT (e' d' tSL)] = E[CF (e! d! tSL)] + E[CI (e' d' tSL)] + E[CR (e' d' tSL)] + E[CM (e! d, tSL)] (1 2)

Where E[Cr(e,d,ts;)] is the expected TLCC, and E[Cr(e,d, ts;)], E[C;(e,d, ts)], E[Cr(e, d, ts)],
E[Cy(e,d, tg)] are the expected cost of failure, inspection, repair and monitoring respectively,
which can be calculated in accordance with Straub (2004) and Faber and Thdns (2014).

E[Cr(e,d, tSL)

[(1 —ZpR(e d, L))m(h(e d,t)(1—pple,d, t —1))Cp + prle,d, O)E[Cr(e, d, ts, — t)])] (13)

E[C/(e,d, ts;)]

tnr nsp t—1

1
[(1 —pr(e,d,t)) ( Z pre,d, i))m- (C,nsp + pr(e,d, t)E[Ci(e, d, ts, — t)])l (14)

t=ty

E[Cg(e,d, ts)]

[(1 —pr(e, d, t))(
t=t,

t—-1

pr(e, d, l)) A+t ‘pre,d,t) - (Cr + E[Cr(e,d, ts;, — t)])l (15)

i=1

1 16
E[Cy(e,d, ts;)] = Cyyp + Cuy + (1 —pr(ed, f)) " Cug, m (16)

Where t,nsp, is the time for the n™ planned inspection, r is the discount rate. Cp, Cinsp) Cr, Cm =
(Cmy,r Cuayr CMOP) are the expected cost of failure, cost of inspection, cost of repair and cost of
monitoring consisting of system investment Cy,, , installation C),,  and operation CMO,, respectively,
Faber and Thons (2014). For details, we refer to Straub (2004) and Thons (2012).
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It should be mentioned that with a different value of h(t)", the planning of inspection times changes,
leading to a change of the expect TLCC. Similarly, given a certain h(t)", the expected TLCC can
also be different for My and My, since the planned inspection times are likely to be different in case
the monitoring outcome leads to a different joint model. Therefore, the maximum VoSHM can be
found by changing h(t)", considering the risk acceptance criterion, to maximize the EVSI. The
evaluation process is illustrated in the following flow chart in Figure 4:

N
(_start )
——
~ hmx _— ~Repair Critera — “CrCiCmCr
P 2
L i=0,ho=Ah )
h(t)'=h; <
7 ? No Y | ypdate prior f(8) with monitoring
HLARSAR(EY \M\oﬂ'tofg&/—’ outcome X~f(x) to posterior f’(6)

pF(tinsp)vh(tinslp)! pR(tinsp) h‘=hi+Ah

E'TCr(Tsu)= E[CH(Ts)I+E[C(TsL)I+E[Cr(TsL)lor
E"[Cr(Tsu)]= EICHTs)I+EIC/(Ts)I*E[Cr(TsL)+E[Cu(TsL)]

v

EVSI=E’[C(TsL)l- E"[Cr(Tsu)]

!

<1:11i6(t)T<hm;ﬁf*‘

yes

no

VOSHM in function of h(t)"

Figure 4. Flow chart for evaluating the value of SHM

8 Conclusive remarks

The paper proposes a framework for evaluating the VoSHM based on pre-posterior analysis
incorporating Bayesian decision theory. A joint modeling of a time dependent structural
performance function and a hazard function is first introduced and the derived hazard function is
used as a tool for determining optimal inspection/repair plans for deteriorating structures.
Consequently, also the expected TLCC is calculated. The effects of uncertainties related to the
quality of monitoring outcomes are considered and incorporated in the joint model which leads to
an updated the inspection/repair planning and expected TLCC. The difference between the prior
and posterior expected TLCC is defined as the VoSHM and its dependency on the failure rate
threshold is explained. Further research on the parameters estimation of joint modeling and
identification of an optimal SHM strategy among others are needed.
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11 Appendix

For the joint model, we assume a reference dataset consisting of N samples each with its
performance trajectory and time-to-event information available. The time-to-event (or time to
failure) is defined by the structural performance crossing a limit value. Let T; denote the observed
lifetime for the i individual, i =1, 2, ..., N, which is taken as the minimum of the true failure time
T;and the censoring time C; (e.g. didn’t fail up to the time when the experiment ends), that is, T;
=min(T;", C;). We define a censoring indicator, &; = I(T;'< C;), which takes the value 1 when T; < C,,
and 0 otherwise. Therefore, the time to failure dataset consists of the pairs {(T;, &), i =1, 2, ..., N}.
Furthermore, we let y; denotes the time dependent Pl data for the ith subject, with element y;
denoting the value of the Pl outcome observed at time point ¢, /=1, ..., n.

One way to estimate the joint model’'s parameters is based on the Markov Chain Monte Carlo
algorithm (MCMC). The likelihood of the model is derived under the assumption that the vector of
time-independent random effects b, included in m(t) accounts for all interdependencies between
the observed outcomes. That is, given the random effects, the longitudinal and survival process
are assumed independent, and in addition, the longitudinal responses of each subject are
assumed independent. Formally we have:
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p(i, T, 8;1b;, 6) = p(y;|b;, O)p(T;, 6;|b;, 0) A1)

p(yilb;, 0) = Hp(yillbi, ) A(2)

l
In which the parameters included in the two processes of the joint model is denoted by 6 =[ a4, s,
as, 04, 02, D), where D is the parameter characterizing the random effects b. Thus, the likelihood
contribution for the i subject conditional on the parameters and random effects takes the form:
p(}’?il;‘Ti;(Si'bi; 0)

= | [pGulbs6,) pr 810bi; 00 p(bi: 6,

=1

I[(af)_%eXp{— Z(yu - mi(l))z/zmz} x [0,t%27  exp{aym;(T;) + a;m;'(T;) + a3}]8i} AG)
x ! X exp [— J-Tioztcz—l exp{a;m;(s) + a,m;'(s) + a3}ds] !
0
l x p(b;; 0,) J

The parameter vector 0 is divided into 3 parts, where 6, denotes the parameters for the failure time
outcome, 6, the parameters for the longitudinal outcomes, and 6, the unique parameters of the
variance of the random effects, and p(-) denotes an appropriate probability density function, which
is a normal distribution for p(y;|b;; 6,), and for p(T;, 8;|b;; 6,) derived from the hazard function.

Therefore, the likelihood function for the complete data D,=(y, T, é) is given by:

L A@)
LDal0) = | [p0vi 7o 6111, 0)]

i=1

Bayesian specification of the model needs to consider prior distributions for all the unknown
parameters 0. In the situation where no prior information is available, non-informative prior
distributions for the parameters should be adopted. Assuming elements of the parameter vector to
be independent, we can take some traditional prior distributions. In particular, for the regression
parameters of the survival model a4, a, and a; we use independent univariate normal priors. For
04, 02 and D we take inverse-Gamma priors. In general, we denote the prior distribution of the
parameters as 7 (6).

Based on the prior distribution and likelihood function, the joint posterior density of parameters 0,

n''(0), is given by combining A(4) and (6):
N A(3)

7(6)  L(DalO)7(®) = | |00 To 611D, 03] 7(6)

i=1
MCMC methods such as the Gibbs sampler and Metropolis—Hastings algorithm can be used to
draw samples, from which characteristics of the marginal posterior distribution of interest can be
inferred. As a result of the simulation, the parameters of 8 are estimated and the hazard function is
determined.
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