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Abstract—Calculating interaction integrals in a Method of
Moments technique is highly challenging in a conductive medium.
The specific form of its wave number leads to a strongly oscillat-
ing and exponentially damped Green’s function, making standard
numerical evaluation schemes inapt to accurately evaluate the
interaction integrals. In this paper, we present an accurate 2D
Method of Moments technique for arbitrary dielectric, magnetic
and conducting media and apply the method to solve shielding
problems.

I. INTRODUCTION

Numerical frequency domain techniques based on the
Method of Moments (MoM) require an evaluation of inter-
action integrals with a Green’s function and its derivatives as
integral kernels. In this paper, we study a two-dimensional
geometry and a coupled TE/TM problem where the sources
and fields have an ej(ωt−βz) dependence along the longitudinal
z coordinate. The interaction integrals arising in the MoM
system matrix need to be accurately evaluated, taking into
account the difficulties associated with the singular behavior
of their integrands.

In low-loss dielectrics, both singularity extraction [1], [2],
[3] and cancellation [4], [5], [6] has been used to successfully
deal with the singularities of the Green’s function and its
derivatives. In conductive media, additional difficulties orig-
inate from the rapid decay of the amplitude of the Green’s
function (see [7] for the three-dimensional case), making
standard techniques in dielectric media inapt to accurately
evaluate the interaction integrals.

A dedicated method based on singularity extraction for the
evaluation of 2D interaction integrals in conductive media,
is presented here, efficiently dealing with both the singular
behavior of the integrands and the rapid decay of the Green’s
function. The method is applied to shielding problems, show-
ing its correctness and accuracy.

II. GEOMETRY AND BOUNDARY INTEGRAL EQUATIONS

The considered geometry is invariant in the z direction and
consists of linear piecewise homogeneous isotropic material
regions Ωi with complex permittivity εi and permeability µi
(Fig. 1). If all sources and fields have a common ej(ωt−βz)

dependence (β ∈ C), the representation formulae (1)-(2) (see
next page) at boundary point ρb ∈ ∂Ωi hold if medium Ωi

contains no sources (with γ2
i = ω2εiµi − β2) [8]. Similar

expressions are found for the longitudinal and transversal
tangential magnetic field, Hz(ρb) and Ht(ρb), respectively,
via well-known duality substitutions. The Green’s function of
medium i is the fundamental solution of the two-dimensional
Helmholtz operator that satisfies the Sommerfeld radiation
condition, i.e. Gi(ρ|ρ′) = j

4H
(2)
0 (γi|ρ−ρ′|), with the branch

cuts chosen such that −π < arg γi(β) ≤ 0. After imposing
tangential field continuity at the boundaries, a linear system
arises between the sources and the longitudinal and transverse
tangential fields at the boundaries.
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Fig. 1. Geometry consisting of piecewise homogeneous isotropic material
regions

III. INTERACTION INTEGRALS

After a discretisation of the material boundaries ∂Ωi into a
union (notation Γi) of straight segments Sj , the transverse
tangential and longitudinal boundary field components are
expanded into pulse functions pj(ρ) and triangular functions
tj(ρ), respectively:

pj(ρ) =
1

lj
ρ ∈ Sj , (1)

tj(ρ) =

{
1− |ρ− ρj+1| l−1

j

1− |ρ− ρj+1| l−1
j+1

ρ ∈ Sj
ρ ∈ Sj+1,

(2)

where segment Sj has length lj and is bounded by the points
ρj and ρj+1. Field components expanded into pulse functions
are tested with triangular functions, and vice versa, yielding
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a Petrov-Galerkin scheme with the following prototype MoM
interaction integrals:

Ippjk =

∫
Γi

pj(ρ) dc

∫
Γi

Gi(ρ|ρ′) pk(ρ′) dc′, (3)

Iptjk =

∫
Γi

pj(ρ) dc

∫
Γi

∂Gi(ρ|ρ′)
∂n′

tk(ρ′) dc′, (4)

Ittjk =

∫
Γi

tj(ρ) dc

∫
Γi

∂2Gi(ρ|ρ′)
∂n∂n′

tk(ρ′) dc′. (5)

This can be seen by inspecting (1)-(2) and transferring the
tangential derivative of the Green’s function to the test function
using Stokes’ theorem. The inner integral of (5) should be
interpreted in a finite part sense.

IV. DIFFICULTIES IN CONDUCTIVE MEDIA

In a conductive medium with electric conductivity σ, per-
mittivity ε = εrε0 + σ

jω and permeability µ = µrµ0, one can
easily prove that for excitations with β ≤ ω

√
ε0µ0 (which

propagate in the background medium) and for operating fre-
quencies ω = 2πf � σ

εrε0
, the transversal wave number is

given by:

γ ≈ 1− j
δ

, (6)

with the skin depth of the conductor equal to δ = (πfµσ)−1/2.
The Green’s function and its normal derivatives in (3)-(5) can
be written as a linear combination of Hankel functions of the
second kind of order ν ∈ {0, 1, 2}. For large arguments, these
functions behave as [9]

H(2)
ν (γr) ≈

√
2

πγr
e−jγr+j

π
4 (2ν+1) (| arg γr| < π). (7)

As the skin depth is much smaller than the free space wave-
length λ0 = (f

√
ε0µ0)−1 for the considered frequencies, the

interaction integral kernels in a conductive medium are highly
oscillatory and exponentially damped over a segment.

Numerical evaluation schemes for the interaction integrals
in low-loss dielectrics, such as a Gauss-Legendre (GL) quadra-
ture rule over both test and source segment with singularity
extraction, fail to correctly evaluate (3)-(5) in a conductive
medium. As an example, let us consider a segment Sj that
lies on the boundary between the conductive medium (with
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Fig. 2. Error, relative w.r.t. the exact value, on the selfpatch term Ippjj using
an Nq ×Nq GL quadrature rule with singularity extraction.

σ =5.8e7 S/m, εr = 1 and µr = 1) and a free space medium.
As a rule of thumb, it is sufficient to choose the segment
length equal to a fraction of the free space wavelength, say
lj = λ0/10, in order to capture the field variations. Figure 2
shows the relative error made when calculating the selfpatch
term Ippjj with an Nq×Nq GL quadrature rule with singularity
extraction. The exact value of the integral was calculated with
an adaptive quadrature rule of Maple R©. Even for the highest
quadrature orders, the evaluated integral differs several orders
of magnitude from its exact value.

V. PROPOSED METHOD

In order to accurately evaluate the interaction integrals (3)-
(5), the integration domain is confined to a set in which the
source and observation points are sufficiently close to each
other. Given a threshold parameter ∆cut, we define the cut-
off distance rcut in the conductive medium as the distance
above which the amplitude of the Green’s function is smaller
than ∆cut. It can be shown that this leads to expression (8)
(for sufficiently small ∆cut, such that (7) holds), with W the
principal branch of the Lambert W function [10].

rcut =
δ

2
W
(

1

4π
√

2∆2
cut

)
. (8)

Ez(ρb) = lim
ρ→ρb

∮
∂Ωi

[
Ez(ρ

′)
∂Gi(ρ|ρ′)

∂n′
−
(
jγ2
i

ωεi
Ht(ρ

′)− β

ωεi

∂Hz(ρ
′)

∂t′

)
Gi(ρ|ρ′)

]
dc′, (1)

Et(ρb) = lim
ρ→ρb

∮
∂Ωi

[
jωµi
γ2
i

Hz(ρ
′)
∂2Gi(ρ|ρ′)
∂n∂n′

+
jωµi
γ2
i

(
jγ2
i

ωµi
Et(ρ

′)− β

ωµi

∂Ez(ρ
′)

∂t′

)
∂Gi(ρ|ρ′)

∂n

−jβ
γ2
i

Ez(ρ
′)
∂2Gi(ρ|ρ′)
∂t∂n′

+
jβ

γ2
i

(
jγ2
i

ωεi
Ht(ρ

′)− β

ωεi

∂Hz(ρ
′)

∂t′

)
∂Gi(ρ|ρ′)

∂t

]
dc′. (2)



The integrals are now approximated by

Ippjk ≈
∫
Γi

pj dc

∫
Γi

GiH(rcut − |ρ− ρ′|) pk dc′, (9)

Iptjk ≈
∫
Γi

pj dc

∫
Γi

∂Gi
∂n′

H(rcut − |ρ− ρ′|) tk dc′, (10)

Ittjk ≈
∫
Γi

tj dc

∫
Γi

∂2Gi
∂n∂n′

H(rcut − |ρ− ρ′|) tk dc′, (11)

with H the Heaviside step function. Explicit bounds on the
approximation errors can be obtained as a function of ∆cut.
For the singular or nearly-singular integrands, a singularity
extraction technique is employed, and explicit forms of the
extracted singular parts with limited support can be found.

VI. NUMERICAL EXAMPLES

Consider a conductive square shielding tube immersed in
free space (Fig. 3). Suppose the dimensions of the tube are
a = 40 cm and t = 0.5 mm and the conductive material is
copper (σ = 5.8e7 S/m and µr = 1). In this example, we will
study the low-frequency shielding properties of the tube for
different kinds of external excitations, and look at the effect
of a magnetic coating covering the outside of the tube (Fig. 4).
In the sequel, we always use a fixed thickness of the coating
layers td = tm = 0.1 mm, but consider the influence of the
number of magnetic layers.
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Fig. 3. Conductive square shielding tube with exterior dipole source.

td tm

dielectric, ǫr = 2

magnetic layer, µr = 104, σ = 104 S/m

Fig. 4. Coating consisting of three magnetic layers with thickness tm,
sandwiched between dielectric layers with thickness td.

Let us define the shielding factor as the ratio between the
energy density of the fields at the center of the tube, with and
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Fig. 5. Shielding factor S for an electric current source at d = 1 m, for a
number of coatings.

without shield, i.e.

S = 10 log10

[
ε0|E0|2 + µ0|H0|2

ε0|E|2 + µ0|H|2

]
at O

(dB). (12)

A. Electric current excitation

An electric current excitation j = Iδ(x− a
2 − d, y)uz leads

to a low impedance near field, as

Zs =

∣∣∣∣EH
∣∣∣∣ = Z0

∣∣∣∣∣H(2)
0 (k0r)

H
(2)
1 (k0r)

∣∣∣∣∣ ∼ −Z0k0r ln(k0r), (13)

for k0r → 0, such that most of the electromagnetic energy is
stored in the magnetic field. This source can be a good model
for an external source which generates a dominant magnetic
field, such as power transformers or overhead power lines.

Fig. 5 shows the shielding factor for such an electric current
source at d = 1 m. As expected, a conductive tube without
coating is a very poor shield against quasi-static magnetic
fields. The shielding properties greatly enhance when a coating
is added at the outside of the conductor, with its dimensions
and material parameters as defined above. The highest increase
in shielding factor is found between no layer and one layer.
The addition of each extra magnetic layer adds about 20
dB extra shielding at low frequencies. The curve of the
coating without dielectrics in Fig. 5 shows the effect if the
dielectric spacers between the magnetic layers are omitted,
now considering a magnetic layer with a thickness 3tm. At
low frequencies, this coating performs worse than a coating
with a magnetic layer of thickness tm with dielectrics. This can
be explained by the high contrast in wave impedance between
the magnetic and dielectric layers, which causes additional
reflection. At high frequencies, it performs better than a one
or two layer coating with dielectrics, as now the exponential
decay inside the magnetic layer will start to dominate.

B. Magnetic current excitation

A magnetic current excitation m = Mδ(x − a
2 − d, y)uz

has a high impedance near field, and it is a good model for an
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Fig. 6. Shielding factor S for a magnetic current source, located at two
distances.
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Fig. 7. Shielding factor S for an obliquely incident plane wave excitation.

external noise source which generates a dominant electric field,
for example the near field of a dipole antenna. It can be seen
from Fig. 6 that the conductive tube without coating already
shows a very good shielding performance for low frequency
electric fields, and this effect is only enhanced by adding
a coating with one magnetic layer. For high frequencies,
the absorption loss inside the conductive layers dominates,
whereas for low frequencies, the reflection loss at the outer
interface becomes dominant. For an infinite plane shield, this
reflection loss increases when the distance between shield
and excitation decreases. In our example, we found that
S ∼ 1/(a/2 + d) at low frequencies, i.e. the shielding factor
is inversely proportional to the distance between the tube’s
centre and the excitation.

C. Plane wave excitation

Figure 7 shows the shielding factor for an obliquely inci-
dent plane wave with wave vector k = k0(− cosφ, 0, sinφ),
linearly polarized with the electric field along the y direction.
For high frequencies, the absorption loss inside the conductive
layers leads to a good shielding performance. The conductive

shield without coating yields a low shielding factor for low
frequencies, but it can be increased by adding a coating. It
can also be seen that the dielectric layers between the coating
have little effect on the overall shielding factor, as opposed to
the case with an electric current.
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