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Nederlandstalige samenvatting

Inleiding

In deze thesis bestuderen we het Schwinger model, QED in (1+1) dimen-
sies met één flavor, met behulp van Matrix Product Toestanden (MPS
Schwinger bestudeerde dit model [[1] omdat dit model een voorbeeld geeft
van een ijkveld dat massa kon verwerven zonder de ijksymmetrie expliciet
te breken [2]. Een paar maanden later zou Anderson zijn voorstel voor het
Higgs mechanisme publiceren waarin ijkbosonen massa verwerven zonder
dat de ijksymmetrie expliciet gebroken wordt [3]. Ondanks dat dit een
relatief simpel model is, een Abelse (1+1)-dimensionale ijktheorie, heeft dit
model veel interessante fysische eigenschappen zoals confinement en chirale
symmetriebreking. Daardoor is dit model zeer aantrekkelijk om analytische
en numerieke methoden op te testen [4-34]. Ook vanuit de experimentele
hoek krijgt dit model tegenwoordig veel aandacht in de context van kwan-
tumsimulatoren, zie [35H38]] en de referenties daarin.

MPS zijn een klasse van toestanden die een efficiénte en betrouwbare ansatz
zijn voor grondtoestanden van Hamiltonianen met een mass gap. Tot op
heden zijn er twee onderzoeksgroepen die MPS gebruikten om het Schwinger
model te bestuderen. In 2003 heeft Byrnes [27] zijn doctoraat beéindigd
waarin hij de fasetransitie gerelateerd aan de CT-symmetrie onderzocht en
ook het massaspectrum van de theorie bepaalde voor twee bijzondere waar-
den van het elektrisch achtergrondveld. Anderzijds hebben Banuls et al. ook
het massaspectrum bepaald en bestudeerden zij het chiraal condensaat op
temperatuur nul alsook op eindige temperatuur.

1. De afkorting MPS komt van het Engels: Matrix Product States.
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Hier gebruiken we een andere benadering door onmiddellijk in de thermo-
dynamische limiet te werken. Dit heeft het voordeel dat we randeffecten
vermijden. Een ander voordeel is dat we de translatiesymmetrie niet breken
en bijgevolg de excitaties kunnen labelen met hun momentum. In tegen-
stelling tot hun methode gaan we de ijkvelden niet uitintegreren. Dit laatste
is enkel mogelijk op een eindig rooster waar de Hamiltoniaan dan equivalent
is met een spin-1/2 Hamiltoniaan met niet-lokale interacties. Deze truc
lukt wel alleen maar in één dimensie. Daarentegen, omdat wij de ijkvelden
dynamisch houden, kan onze methode veralgemeend worden naar hogere
dimensies.

We hebben ook het feit dat het MPS-formalisme toelaat om het Schmidt-
spectrum te berekenen volledig uitgebuit. In het laatste decennium is het
duidelijk geworden dat de verstrengelingsentropie een interessante grootheid
is voor het karakteriseren van veeldeeltjessystemen en kwantumveldenthe-
orieén [39]. In tegenstelling tot oudere methoden zoals de Ads/CFT be-
nadering [40] of de replica-truc [41], geven MPS directe toegang tot het
hele Schmidt-spectrum en kunnen we alle Renyi-entropieén en de verstren-
gelingsentropie uitrekenen.

Voor de eerste keer ooit hebben we een volledige kwantumsimulatie gedaan
van tijdsevolutie van het Schwinger model. Eerdere studies hiervan gebruik-
ten de semi-klassieke benadering [[16] 24} 31]].

Overzicht van de thesis

Deze thesis bestaat uit twee delen. In deel [I concentreren we ons voor-
namelijk op de systematiek van onze methode en op de resultaten. De details
van onze simulaties worden uitgelegd in het technische deel [l De delen
zijn zodanig geschreven dat ze onafhankelijk gelezen en begrepen kunnen
worden.

Overzicht van deel [l

In hoofdstuk [1] geven we eerst een historisch overzicht van het Standaard-
model om het onderzoek van deze thesis te kaderen. In dit hoofdstuk in-
troduceren we ook de MPS ansatz voor de de grondtoestandsgolffunctie.
We leggen een bepaalde blokstructuur op aan de tensoren zodat de MPS
manifest ijkinvariant zijn. In de hoofdstukken gebruiken we deze MPS
voor enkele interessante toepassingen.

In hoofdstuk [2] bepalen we zeer nauwkeurig eigenschappen van de grond-
toestand en de elementaire deeltjes van de theorie in de continuumlimiet. In
het bijzonder vinden we een nieuwe excitatie onder de vorm van een massief
vectorboson dat al eerder voorspeld was in perturbatietheorie. We verifiéren
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Elitzurs theorema en tonen het voordeel aan van te werken met manifest
ijkinvariante MPS door onze simulaties te vergelijken met simulaties in de
volledige ijkvariante Hilbertruimte. Verder berekenen we ook nog het chiraal
condensaat en vinden we de voorspelde UV-divergentie. We bestuderen
ook de bipartite verstrengelingsentropie en vinden een logaritmische UV-
divergentie met universele coéfficiént. Dit is compatibel met de studies
in [42]. Tenslotte bepalen we de elementaire excitaties van het Schwinger
model wanneer er een elektrisch achtergrondveld is. Wanneer de massa van
de fermionen klein is, bekomen we een schatting voor de waarde van het
elektrisch achtergrondveld waar de elementaire excitatie met de grootste
massa onstabiel wordt en kan vervallen in twee elementaire deeltjes met
lagere massa.

In hoofdstuk [3| doen we een numerieke studie van het Schwinger model
waarin we een externe statische ‘quark’ en ‘anti-quark’ in het vacuum plaat-
sen. We verkrijgen een gedetailleerd beeld van de transitie van een con-
fining toestand voor kleine interquark afstanden naar de gebroken-string-
gehadronizeerde toestand voor grote interquark afstanden. Naast de rel-
evante grootheden, zoals het elektrisch veld en de lading, berekenen we
ook de verstrengelingsentropie en tonen we aan dat het aftrekken van de
vacuumwaarde resulteert in een UV-eindige grootheid. We vinden dat zowel
stringvorming als stringbreking een karakteristieke afdruk laten op het ruim-
telijk profiel van de gerenormalizeerde entropie. Tenslotte simuleren we ook
voor de allereerste keer partiéle stringbreking, het geval wanneer de quark
en de anti-quark een niet-gehele lading hebben.

Gebruik makend van Matrix Product Operators (MPO) simuleren we het
Schwinger model op eindige temperatuur in hoofdstuk [4] De variationele
variéteit van ijkinvariante MPO die Gibbs states benaderen wordt gecon-
strueerd. Als een eerste toepassing bereken we het chiraal condensaat in
thermisch evenwicht. De resultaten komen overeen met eerdere studies. Als
nieuwe toepassing bestuderen we ook het Schwinger model wanneer we een
quark-antiquark paar in het systeem in thermisch evenwicht plaatsen met
een fractionele lading. We detecteren een kritische temperatuur waarboven
de string tension exponentieel afvalt. Dit is in overeenstemming met eerdere
studies in de strong-coupling limiet. Tenslotte onderzoeken we het spon-
taan breken van de €T-symmetrie op eindige temperatuur. Onze resultaten
suggereren dat er op elke eindige temperatuur strikt groter dan nul geen
spontane symmetriebreking is.

In hoofdstuk [5] bestuderen we reéle tijdsevolutie ten gevolge van het aan-
leggen van een perturbatie in de vorm van een elektrisch achtergrondveld.
Voor kleine waarden van de perturbatie kunnen we onze resultaten verklaren
via het spectrum van de geperturbeerde Hamiltoniaan. Voor grotere waar-
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den van de perturbatie zien we al vlug dat de toestand naar een stationaire
oplossing convergeert. Gebruik makend van onze resultaten op eindige tem-
peratuur onderzoeken we of de toestand thermalizeert of niet.

Ten slotte beéindigen we dit deel met conclusies en een vooruitblik. We
leggen ook uit hoe dit formalisme uitgebreid zou kunnen worden naar hogere
dimensies.

Overzicht van deel I

In deel[lontwikkelen we het formalisme voor de simulaties met ijkinvariante
MPS. Zoals eerder vermeld is dit gedeelte zeer technisch en kan dit gerust
overgeslagen worden. De nodige kennis over MPS en onze methode worden
uitgelegd in deel [} Dit gedeelte is geschikt voor de lezer met interesse in
numerieke methoden.

In hoofdstuk [1 hernemen we de definite van MPS en vermelden we enkele
eigenschappen. We introduceren ook de tensor netwerk diagrammen die
een visuele manier bieden om verwachtingswaarden uit te rekenen. Na-
dien focussen we op de thermodynamische limiet en definiéren translatie
invariante MPS. Deze worden uniforme MPS genoemd. We doen ook een
grondige studie van de raakruimte in uniforme MPS omdat de elementen
van de raakruimte gebruikt zullen worden om elementaire excitaties te be-
naderen. Tenslotte wordt het formalisme uitgebreid voor €T invariante sys-
temen waarbij C een idempotente operator is en T translatie is.

In hoofdstuk [2 bestuderen we enkele optimalizatietechnieken voor MPS uit
de literatuur. Deze zullen gebruikt worden voor onze berekeningen. Con-
creet passeren de volgende methoden de revue: TDVP [43], DMRG [44] en
iTEBD [45].

In hoofdstuk[3|construeren we manifest ijkinvariante MPS voor eindige roost-
ers. De variationele vrijheidsgraden zijn gecodeerd in blokmatrices. We bek-
ijken het Schmidt-spectrum en vinden ten gevolge van de speciale structuur
van de de MPS dat we de Schmidt-waarden kunnen labelen met de eigen-
waarden van het elektrisch veld. We bekijken ook hoe MPO benaderingen
voor de Gibbs state in het ijkinvariante geval geconstrueerd kunnen worden.
Tenslotte identificeren we de relevante matrix elementen van ijkinvariante
observabelen door te projecteren op de ruimte van ijkinvariante toestanden.

In hoofdstuk [4] passen we de algoritmen bestudeerd in hoofdstuk [2] aan
voor ons geval. Op die manier buiten we de ijkinvariante structuur van de
MPS uit wat leidt tot efficiéntere algoritmen. Dit garandeert ons ook dat al
onze berekeningen manifest ijkinvariant zijn. Hier kunnen alle algoritmen
teruggevonden worden die geleid hebben tot de resultaten besproken in deel
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The Schwinger model: the Hamiltonian
picture






Introduction

1.1. Motivation
1.1.1. Brief history of the Standard Model

The Standard Model describes all fundamental forces except for gravity. Its
history goes back to 1860 when Maxwell published his Maxwell’s equations
for classical electrodynamics. These equations survived two major revolu-
tions of theoretical physics in the twentieth century: special relativity and
quantum mechanics. Rewriting the Maxwell equations in the covariant form
shows indeed that they are manifestly Lorentz invariant. Furthermore, two
decades of research since the foundation of quantum mechanics in 1926 lead
to a reliable quantum field theory describing the interaction of light and
matter in the beginning of the 1950s. This theory is known as Quantum
electrodynamics (QED) which is indeed described by a quantized version of
the Maxwell equations. Perturbation theory using Feynman diagrams has
produced physical predictions with unleveled precision for QED.

QED also lies at the basis of the further development of the Standard Model.
It was already recognized in 1929 by Weyl that the electromagnetic interac-
tion of charged particles could be described by applying the ‘gauge principle’
to free particles [46]. The idea is that by making a global symmetry of a
free theory local, we get the interactions of the theory. For QED it is the
Lagrangian of the Dirac field, which exhibits a global U(1) symmetry, that
is gauged. This results in a Lagrangian where the fermions are coupled to
a gauge field and that is invariant under time and space dependent U(1)
transformations. The quanta of this gauge field are the photons. Hence,
starting from a free fermion theory with a global U(1) symmetry we get the
electromagnetic interactions by making this U(1) symmetry local. These
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ideas have been generalized to the unitary groups SU(N) for N > 1, by
Yang and Mills and have lead to the famous SU(N) Yang-Mills theories
[47]. These theories describe the two other interactions of the Standard
model: the weak interaction and the strong interaction.

In 1961 Sheldon Glashow published his proposal for the electroweak theory
which unifies the electromagnetic and weak interaction as a SU(2) x U(1)
Yang-Mills theory [48]. The model was however premature and did not
obtain the masses for the gauge fields of the weak interactions, called the
W+ and the Z boson. Abdus Salam and Steven Weinberg revised the model
independently in 1967 and incorporated the Higgs mechanism [3] 49| [50]
leading to the famous Glashow-Weinberg-Salam model for the electroweak
interaction. The Higgs mechanism, in Belgium better known as the Brout-
Englert-Higgs mechanism, predicted the existence of the Higgs boson. The
experimental discovery of the Higgs boson in 2012, besides the discovery of
the W and Z bosons in 1983, was then also the ultimate victory of this model.

After different attempts to find a model to describe the strong interaction,
it were Fritzsch and Gell-Mann who presented Quantum Chromodynamics
(QCD) to model the strong interaction [51,52]. QCD is a SU(3) Yang-Mills
theory where the fermions, called the quarks, are coupled to the massless
gauge bosons, called the gluons. Given the fact that QED and the elec-
troweak model were successful, this model seems to be a straightforward
and logic candidate for the strong interactions. However there was one main
problem. The model predicts the existence of quarks, but these were never
detected in experiments. So if QCD does describe the strong interaction,
where are the quarks?

The answer to this question seemed to be ‘asymptotic freedom’ which was
described by ’t Hooft in 1972 (unpublished) and Gross, Wilczek and Politzer
[53,54]. More specifically they showed that the beta function for QCD was
negative, implying that the coupling increases with growing distance. This
hinted towards an explanation for the absence of free quarks. It has also lead
to the acceptance of QCD as a plausible candidate to describe the strong
interaction.

1.1.2. Lattice QCD

Asymptotic freedom did however not explain why free quarks do not appear
in Nature. Also, asymptotic freedom implies that perturbation theory at
low energies is not valid for QCD. This leads to another big problem: QCD
seemed not to be well defined. A first reason is that the path integral is
infinite if one does not fix the gauge. At the perturbative level one can
overcome the gauge fixing problem with the introduction of the Fadeev-
Popov ghosts [55]]. At the non-perturbative level this approach fails and it is
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impossible to fix the gauge. This problem is known as the Gribrov-problem
and is still a subject of research [56,57]. A second problem was that methods
for the regularization of UV and infrared divergencies were only known in
perturbation theory. At the non-perturbative level there was thus no way of
renormalizing divergencies.

Both problems were overcome in Wilsons’ famous paper ‘Confinement of
quarks’ [58]. In this paper, Wilson discretized the SU(N) Yang-Mills path
integral on an Euclidean lattice in order to explain confinement. In this
formulation, the fermion fields live on the sites of the lattice and the gauge
fields, which are now represented by SU(N) elements, live on the links
between the fermions. By employing a strong coupling expansion, Wilson
explained why no free quarks appear. It is in this paper that he intro-
duced his Wilson loop to distinguish the confined phase from the deconfined
phase. Notably, in an anecdotal account for the thirtieth anniversary of his
paper [59] Wilson said that ‘the concept of confinement was nowhere in his
thinking when starting his effort to construct lattice gauge theory’.

This paper did indeed not only attempt to explain the confinement of quarks
but also regularized QCD in the non-perturbative regime. Indeed, on a
finite lattice with a non-zero lattice spacing the path integral, in this context
called the Wilsonian path integral, is manifestly finite and all quantities
can be computed without the need of gauge fixing. The inverse lattice
spacing and the volume of the lattice served as a natural cut-off of the theory.
Therefore the Wilsonian path integral also enables to numerically compute
expectation values. Although a full computation of the path integral, which
requires computing an average sum over all possible field configurations,
was impossible, the path integral could be estimated using the Monte-Carlo
method [60]. With the increasing computing power, this method has since
its first results at the end of the Seventies [61]] produced by far the most
impressive results for QCD [62,[63]]. Examples include the determination of
the light hadron masses [64]], the determination of the quark masses [65]
and obtaining the phase diagram at finite temperature [66]].

Despite its success this method also has its drawbacks. When including
a non-zero chemical potential, which is relevant for the physics of heavy-
ion collisions, neutron stars and supernovae, simulations are troubled by
the notorious sign problem. Recent efforts using the Taylor extrapolation
method, reweighting or analytical continuation of the chemical potential has
lead to results for small baryon densities and/or high temperatures [66} 67]).
However, for large chemical potential and/or at zero temperature this prob-
lem cannot be overcome and an accurate description is still lacking. Another
disadvantage of the Monte-Carlo method is that it is defined on an Euclidean
lattice and hence does not enable to describe real-time evolution.
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1.1.3. Tensor network states for Hamiltonian gauge theories

One month after Wilson submitted his paper, Kogut and Susskind, who were
working in the same department at that time, presented Wilsons’ lattice
approach in the Hamiltonian framework for SU(2). In [68] they discretized
now only the spatial dimensions and kept time continuous. Similar as in Wil-
son’s framework, the fermions are defined on the lattice sites and the gauge
fields live on the links between the sites. The Hilbert space representing
the gauge fields is now determined by the irreducible representations of the
Lie algebra corresponding to the gauge group. The so-called Kogut-Susskind
Hamiltonian they obtained corresponds to the one that can be determined
from the Wilsonian path integral with the transfer matrix formalism [[69,[70]].
This approach can in principle overcome the sign problem and enables the
study of out-of-equilibrium physics. Unfortunately, exact diagonalization of
the Kogut-Susskind Hamiltonian is impossible for large lattices due to the
exponential increase of the dimension of the Hilbert space with the number
of sites.

This problem described above is not specific to QCD only but holds for
any strongly correlated many-body system: perturbative approaches such as
mean-field theory fail and the Hilbert space describing the space of states is
too large to simulate on a classical computer. For instance, with the present
computing power one can diagonalize a spin-1/2 system of NV sites with NV
at most 40. Fortunately, often one is only interested in the low-energy states
of a system and it turns out that the area law for entanglement entropy [71-
73] gives a universal identification of the physically relevant tiny corner of
Hilbert space for these states. This is where Tensor Network States (TNS)
[74,[75]] come into play, these are a variational class of states that efficiently
represent general low-energy states, by encoding the wave function into
a set of tensors whose interconnections capture the proper entanglement
behavior.

The most famous example of TNS are the Matrix Product States (MPS) [76]
in one spatial dimension that underlie White’s Density Matrix Renormaliza-
tion Group (DMRG) [44]. Notably, it took quit long from the introduction
of MPS until they were used as a variational ansatz for quantum many-
body systems [[77]. Historically they were mainly considered as an analytical
tool. One well-known example that can be found in almost any introduction
to MPS [[74, [76] is the ground state of the AKLT model [[78] which can be
represented as an exact MPS. In 1992 Fannes, Nachtergaele and Werner [79]
considered the MPS, in their paper called finitely correlated states, as an
interesting class of states because one can easily impose translational invari-
ance on them. The relation between DMRG and MPS only became clear to
the majority of the community around the year 2000. Since the formulation
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of DMRG in terms of MPS, the number of MPS algorithms for many-body
systems has increased exponentially. In particular some algorithms have
been developed for simulating real-time evolution. Some of these algorithms
will be used in this thesis: the TDVP [43], the iTEBD [45] and of course
the DMRG [44] albeit in a slightly different setting [80]. These algorithms
enabled many physicists to obtain approximations of the low-energy states
of a wide range of many-body states up to unleveled precision. Also for
lattice gauge theories MPS have been applied successfully [27,[30} 33, 34}, 81—
85]]. Although MPS are these days mainly used for numerical purposes they
are still interesting from the theoretical point of view. For instance they
enabled the classifications of all gapped phases in one dimension [[86].

1.1.4. The Schwinger model

In this dissertation we will use MPS to investigate the Schwinger model. The
Schwinger model is one-flavor QED in one spatial dimension. Historically,
Schwinger considered this model [1] as an example of a gauge vector field
that can have a non-zero mass [2]]. It was only a few months later that An-
derson published his proposal for the Higgs mechanism where gauge fields
acquire mass without breaking gauge invariance [3]. Despite its simplicity
as an abelian gauge theory in one spatial dimension, it has many interesting
physical features like for instance confinement and chiral symmetry break-
ing. This made this model very attractive to test analytical and numerical
methods [4-34]]. This model also gained interest from the experimentalists
in the context of quantum simulators, see [35-38]] and references therein.

Up to now two different groups considered the Schwinger model for MPS
simulations. In 2003 Byrnes [27] finished his PhD where he investigated the
phase transition related to the €T symmetry and also determined the mass
spectrum for two particular cases of the electric background field. On the
other hand Banuls et al. [30, 33, [34] determined the mass spectrum as well
and considered the chiral condensate at zero and finite temperature.

Here we choose a different approach and work directly in the thermody-
namic limit. This has the advantage that we avoid any possible finite size
artifacts. Another advantage is that the translation symmetry will be main-
tained manifestly during our simulations and that we can label the eigen-
states of the Hamiltonian with their momentum. Contrary to their approach
we do not integrate out the gauge fields. Working on a finite lattice allows
one to map the Hamiltonian to a long-range spin-1/2 system. This trick,
however, is only possible in one spatial dimension. In contrary, because we
keep the gauge fields dynamical, our method can be generalized to higher
dimensions.
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In addition to the earlier MPS studies we also exploit the fact that our
TNS simulations allow for a direct calculation of the entanglement entropy
between different regions. In the last decade it has become clear that en-
tanglement entropy is a very useful quantity for the characterization of
quantum many body systems and quantum field theories [39]. In contrast to
earlier methods such as the AdS/CFT approach [40] or the replica trick [4T],
tensor network state simulations give access to the full Schmidt spectrum of
the state, from which one can calculate all Renyi entropies easily, including
the Von Neumann entropy.

We also perform for the first time a full quantum real-time evolution of the
Schwinger model induced by a quench in the form of an electric background
field, thereby showing the full potential of the MPS framework. Earlier
studies were always in the semi-classical approximation e.g. [[16} 24} [37]).

1.2. Overview

The thesis is divided into two parts. In this part (part [[) we mainly focus
on the systematics of our simulations and the results. The details of the
simulations are explained in the more technical part[ll} Both parts are written
such that one should be able to read them independently.

1.2.1. Overview of part|l

In the next section we introduce the Schwinger model and construct a MPS
ansatz for the ground state wave function. By imposing a block structure
on the tensors the state is manifestly gauge invariant. In chapter we
consider these gauge invariant MPS for some interesting applications.

In chapter 2| we are able to determine very accurately the ground state
properties and elementary one-particle excitations in the continuum limit.
In particular, a novel particle excitation in the form of a heavy vector boson is
uncovered, compatible with the strong coupling expansion in the continuum.
We verify Elitzur’s theorem and demonstrate the advantage of working with
gauge invariant MPS by comparing with MPS simulations on the full Hilbert
space, that includes numerous non-physical gauge variant states. Further-
more, we compute the chiral condensate and recover the predicted UV-
divergent behavior. We also consider the half chain entanglement entropy
and find a logarithmic divergence with a universal coefficient, compatible
with the result of [42]. Finally we determine the elementary excitations
of the Schwinger model in the presence of an electric background field.
For relatively small fermion masses we obtain an estimate for the value
of the background field where the one-particle excitation with the largest
energy becomes unstable and decays into two other elementary particles
with smaller energy.
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In chapter [3] MPS are used to perform a numerical study of the Schwinger
model in the presence of an external static ‘quark’ and ‘antiquark’. We ob-
tain a detailed picture of the transition from the confining state at short in-
terquark distances to the broken-string ‘hadronized’ state at large distances
and this for a wide range of couplings, recovering the predicted behavior
both in the weak and strong coupling limit of the continuum theory. In
addition to the relevant local observables like charge and electric field, we
compute the (bipartite) entanglement entropy and show that subtraction of
its vacuum value results in a UV-finite quantity. We find that both string
formation and string breaking leave a clear imprint on the resulting entropy
profile. Finally, we also study the case of fractional probe charges, simulating
for the first time the phenomenon of partial string breaking in the Schwinger
model.

Using Matrix Product Operators (MPO) the Schwinger model is simulated
in thermal equilibrium in chapter [4] The variational manifold of gauge in-
variant MPO is constructed to represent Gibbs states. As a first application
we compute the chiral condensate in thermal equilibrium and find agree-
ment with earlier studies. Furthermore, as a new application we probe the
Schwinger model with a fractionally charged static quark-antiquark pair
separated infinitely far from each other. We find a critical temperature
beyond which the string tension is exponentially suppressed, which is in
qualitative agreement with analytical studies in the strong coupling limit.
Finally, the €T symmetry breaking is investigated and our results strongly
suggest that the symmetry is restored at any nonzero temperature.

In chapter [5| we study non-equilibrium dynamics by simulating the real-
time evolution of the system induced by a quench in the form of a uniform
background electric field. For small quenches we can explain our results by
investigating the one-particle spectrum of the quenched Hamiltonian. For
larger values of the quench we observe that the state converges already at
early times to a steady-state solution. By using our results from the finite
temperature simulations we investigate whether the state thermalizes or
not.

Finally we present our conclusion and discuss the generalization of our setup
to higher dimensions.

1.2.2. Overview of part/[l]|

In part [[l] we develop the formalism for performing simulations with gauge
invariant MPS. It is not necessary to read this part to understand MPS and
our approach as it is also briefly explained in part|l] This part is in particular
for the reader that is interested in numerical methods.
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In chapter[l|we recall the definition of MPS and its properties. We introduce
the tensor network diagram notation which visualizes the computation of
expectation values with MPS. Furthermore we consider the thermodynamic
limit and define translation invariant MPS, called uniform MPS. We study
the tangent space of these uniform MPS as they will be used to approximate
one-particle excitations with a particular momentum. Finally, the framework
is extended to describe systems that exhibit CT invariance, where C can be
any idempotent operator and 7 is the translation over one site.

In chapter [ we review some optimization methods for MPS in the thermo-
dynamic limit from literature that will be used for our simulations. More
specifically, we discuss the Time-Dependent Variational Principle (TDVP)
[43]] and the DMRG [44] for finding the optimal approximation of the ground
state within the class of MPS. We also consider the method of [87] to find
the optimal tangent vectors to approximate the one-particle excitations. Fur-
thermore, we explain the infinite Time Evolving Block Decimation (iTEBD)
algorithm [45]] for real-time evolution.

In chapter [3|we construct the most general gauge invariant MPS on a finite
lattice. The variational degrees of freedom of these MPS are encoded by
block matrices. We discuss the Schmidt decomposition and find that the
special structure of the MPS enables us to label the Schmidt values by the
eigenvalues of the electric field. We extend the gauge invariant ansatz to
systems in the thermodynamic limit by imposing translation symmetry or
CT symmetry on the state. Finally we construct gauge invariant MPO to
approximate the Gibbs state at finite temperature. We also consider gauge
invariant observables and identify the relevant matrix elements by projecting
out the gauge variant part.

In chapter[4 we modify the MPS algorithms discussed in chapter[2such that
all computations are gauge invariant. This is done by exploiting the sparse
structure of the gauge invariant MPS. This also leads to a huge speed up
compared to when we should perform the computations in the full Hilbert
space. We present the algorithms that are used to produce the results in part

Il

1.3. Matrix product states for the Schwinger model

1.3.1. Lagrangian and Hamiltonian quantization

The Schwinger model is 1+1 dimensional QED with one fermion flavor. We
start from the Lagrangian density in the continuum:

- 1
L :w(fy“(i(?“+gA#)—m)¢—ZFWF‘“’, (1.1)

10
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where the sum over p and v runs from 0 to 1

V2

Here the gamma matrices are (2 x 2) matrices:
1 0 0 1
0 _ 1 _
=l ) =G )

{777} = 29" with ¢ = ((1) _01>

the Lorentzian metric. The Lagrangian is invariant under the local gauge
transformation

Y = <¢1> and Fy,, = 9,4, — 8,4,

and satisfy

Y(a) — e DY), Au(x) — Au(z) - dup(z)
where z = (2%, 21) = (¢, 2).
The Euler-Lagrange equations for A, read
OuF"™ = gj", 5" = vy .

We will now perform a Hamiltonian quantization. Therefore we use the
gauge freedom to put Ag = 0, this is the so-called temporal gauge. Intro-
ducing the electric field

E—=—F% — 10,

the Euler-Lagrange equation for Ay becomes the well known Gauss’ law
9.F = g5°. (1.2)
The electric field is the canonical conjugate I14, of A;:

oL
E=_———" =Ty,
90,4 M

therefore the Hamiltonian in the temporal gauge becomes
H = 14,004 - XL

= B2y (B~ igAr) v + mi (1)

where one needs to include Gauss’ law eq. (1.2) as an additional constraint.
The fields are quantised by imposing

{a(t,21)T,95(t, 22)} = 6(21 — 22)0a,5,

11
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{Yalt, 21),9p(t, 22)} = 0,
[Al(t, 2’1), E(t, ZQ)] = ié(zl — 22).

For m/g = 0 the model can be solved through bosonization and reduces to
the theory of a free boson with mass g/v/m. When m/g # 0 there is no
exact solution anymore. However for m/g < 1, the strong coupling limit,
there are results available in mass perturbation theory [6, 21]. In the weak
coupling limit, m/g > 1, there are also some results available about the
mass spectrum [6} 27]. Some of these results will be used to benchmark our
method and will be discussed in the next chapters.

1.3.2. Kogut-Susskind Hamiltonian

We will now briefly recall the Kogut-Susskind spatial discretization [[7,[68] to
turn this into a lattice system. Consider a lattice of 2N sites with lattice
spacing a. To avoid the fermion doubling problem, the two-component
fermions are sited on a staggered lattice:

1
NG

where ¢ is a dimensionless fermion field:
{6(n), 6(m)} = 0,{¢' (n), ()} = dn,m.
This can be turned into a spin-1/2 system by the Jordan-Wigner transforma-

tion
¢(n) = [[lio=(k))o™ (n), ¢ (n) = [ ] [=io=(k)lo™ (n).

k<n k<n

The eigenvectors {|sy),, : sn € {—1,1}} of 0.(n) will form the basis of the
local Hilbert space at site n for our computations:

(2n) and ¢ ((2n — 1)a)= ——¢(2n— 1) (1 < n < N)

P1(2na) = NG

o.(n)ls), =sl|s), ;s =—1,1;

o~ (n) 1), = |-1), 0" (n) |-1), = [1),,
o~ (n)|-1), =" (n)[1), =0.

On the links between the sites, we put the gauge field 8(n) = agA;(na)
and the electric field E(n) < E(na), with [#(n), E(m)] = igd,m. The
commutation relation determines the spectrum of E(n) up to a constant:
E(n)/g = L(n) 4+ a(n), where L(n) is the angular operator which has an
integer spectrum and a(n) € R corresponds to the background electric field
at link n. Therefore, at link n a basis is {|pn)(,; : pn € Z} with

L(n) |p) [n] =P ’P>[n] and e*(") p) [n] = lp+ 1>[n} (pez)

12
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As can be verified, the gauged spin Hamiltonian

g X 1 2 \/5 2 n n
H = NG (nzl ?E(n) + gm;(—l) (o2(n) + (=1)")
2N—-1

+m§j@fmwmmo<n+w+haﬁ7
n=1

where © = 1/g%a? is the inverse lattice spacing in units of g, corresponds
in the continuum limit  — oo to the Hamiltonian density eq. (1.3). Notice
the different second (mass) term in the Hamiltonian for even and odd sites
which originates from the staggered formulation of the fermions. In this
formulation the odd sites are reserved for the charge —g ‘quarks’, where spin
up, s = +1, corresponds to an unoccupied site and spin down, s = —1, to
an occupied site. The even sites are reserved for the charge +g¢ ‘antiquarks’
where now conversely spin up corresponds to an occupied site and spin down
to an occupied site.

In the time-like axial gauge the Hamiltonian is still invariant under the
residual time-independent local gauge transformations generated by:

9Go(n) = E(n) = B(n—1) = % (a:(n) + (~1)").
As a consequence, if we restrict ourselves to physical gauge invariant opera-
tors O, with [0, Go(n)] = 0, the Hilbert space decomposes into dynamically
disconnected superselection sectors, corresponding to the different eigen-
values of Go(n). In the absence of any background charge (a(n) = 0) the

physical sector then corresponds to the G(n) = 0 sector where

0:(n) + (-1)"

G(n)=L(n)—L(n—1) — 5

Imposing this condition (for every n) on the physical states is also referred
to as the Gauss law constraint, as this is indeed the discretised version of eq.

2.

The other superselection sectors correspond to states with background char-
ges. Specifically, if we want to consider two infinitely heavy probe charges,
one with charge —g(Q at site my, and one with opposite charge +g(Q at site
mp, we have to restrict ourselves to the sector:

gGO(n) = gQ(én,mL - 5n7mR)'

Notice that we will consider both integer and non-integer (fractional) char-
ges (). As in the continuum case [5], we can absorb the probe charges into

13
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a background electric field string that connects the two sites. This amounts
to taking a(n) only nonzero in between the sites: a(n) = —QO(my < n <
mp). The Gauss constraint,

9Go(n) = E(n) — E(n — 1) = 5(0:(n) + (=1)") = 9Q(0nm., — nmp),
now becomes
G(n) = L(n) — L(n—1) — "(”);(_1)” ~0, (1.4)

and we finally find the Hamiltonian

2N \/5 2N
W= % (Z [L(n) + a(m)]? + Ym Y (~1)(0x(n) + (-1)")

n=1

2N—-1
+x Z (et (n)e? ™o~ (n+1) + h.c.)), (1.5)

n=1
in accordance with the continuum result of [5]].

1.3.3. Gauge invariant MPS

Consider now the lattice spin-gauge system eq. on 2N sites. On site n
the matter fields are represented by the spin operators with basis {|sy),, :
sn € {—1,1}}. The gauge fields live on the links and on link n their Hilbert
space is spanned by the eigenkets {|py,),, : pn € Z} of the angular operator
L(n). But notice that for our numerical scheme we only retain a finite range:

min maxr

Pt < pn < 7. We will address the issue of which values to take for

min a

Prnt1 and p;rln+
site n and link n into one effective site with local Hilbert space spanned by

{Isn:pn), - Writing K, = (Sn, pn) We introduce the multi-index

{ later in this subsection. Furthermore, it is convenient to block

k= ((s1,p1), (52,p2), -, (s2n,P2n)) = (K1, .-, Kan)-

With these notations we have that the effective site n is spanned by {|x,,),, }.
Therefore the Hilbert space of the full system of 2V sites and 2N links,
which is the tensor product of the local Hilbert spaces, has basis {|k) =
|k1)1 - - |kan)on} and a general state |¥) is thus a linear combination of
these |k):
|\11> — chl,‘..,ngN |K',>
K

with basis coefficients C*1»-R2N ¢ C.

14
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A general MPS || A]) now assumes a specific form for the basis coefficients
[[79]]:
[BIA]) =Y ol AFTAS2 AR ug k) (1.6)

K

where A is a complex D), x D,, 1 matrix with components [A%"],3 and
where v, € CP1X1 yp € CP2v+1%1 are boundary vectors. The MPS ansatz
thus associates with each site n and every local basis state |ky,),, = [Sn, Pn),,
a matrix A" = A;7P™ . The indices « and 3 are referred to as virtual indices,
and D = max, (D), is called the bond dimension.

To better understand the role of the bond dimension in MPS simulations it is
useful to consider the Schmidt decomposition with respect to the bipartition
of the lattice consisting of the two regions <" = Z[1,...,n] and &' =
Zn+1,...,2N] [76]:

Dni1

WA = Y e l0a) [ (17)
a=1

Here \\Ilgln> (resp. ]‘Pan>) are orthonormal unit vectors living in the tensor
product of the local Hilbert spaces belonging to the region 7" (resp. %)
and oy, o, called the Schmidt values, are non-negative numbers that sum to
one. One can easily deduce that for a general MPS of the form eq. at
most Dy, 41 Schmidt values are nonzero (for the cut at site n eq. (1.7)). We
refer to subsection[1.1.3]of part [l for the computation of the Schmidt values
for a MPS, see also [76}[88]]. We thus see that taking a finite bond dimension
for the MPS corresponds to a truncation in the Schmidt spectrum of a state.
The success of MPS is then explained by the fact that ground states of local
gapped Hamiltonians can indeed be approximated very efficiently in D [71]
and that the computation time for expectation values of local observables
scales only with D3, allowing for reliable simulations on an ordinary desktop.

Another advantage of MPS simulations is that one can work directly in
the thermodynamic limit N — oo, see section of part [lll and [43, 88],
bypassing any possible finite size artifacts. In the following we will work in
this limit. In section 21l where the Hamiltonian is invariant under the CT
transformation the tensors AJi* are independent of n. In sections[2.2]and
the Hamiltonian is invariant under translations over two sites and therefore
Arn only depends on the parity of n. While in section [3.4 the MPS ansatz
is not translational invariant in the bulk. In that case the tensors are fixed
asymptotically (Jn| > 1) to their ground state value, anticipating that we
approach the translational invariant ground state of the zero-background
Hamiltonian. In both cases the MPS ansatz depends on a finite number of
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parameters. Finally, we note that, in the thermodynamic limit, the expecta-
tion values of local observables are independent of the boundary vectors vy,
and vpg.

To parameterize gauge invariant MPS, i.e. states that obey G(n) |¥[4]) =
0 for every n, it is convenient to give the virtual indices a multiple index
structure o — (g, aq); B — (7, Br), where ¢ resp. 7 labels the eigenvalues of
L(n — 1) resp. L(n). In section [3.2] of part[ll]it is proven that the condition
G(n) = 0, eq. (1.4), then imposes the following form on the matrices:

[A%P] (q,0q),(18r) — [agz’s]aqﬁr 5Q+(s+(*1)")/2»7"57"7p’ (1.8)

where g = 1... D}, B, = 1...D}, ;. The first Kronecker delta is Gauss’
law, G(n) = 0, on the virtual level while the second Kronecker delta connects
the virtual index r with the physical eigenvalue p of L(n). Because the
indices ¢ (resp. 7) label the eigenvalues of L(n — 1) (resp. L(n)) and we only
retain the eigenvalues of L(n—1) in the interval Z[p" pmae] (resp. of L(n)
in the interval Z[pnmﬁ,pnm_ﬁf]) we have that Dj} = 0 for ¢ > p® and q <
p™". The formal total bond dimension of this MPS is D,, = mew D

but notice that, as eq. (1.8) takes a very speaﬂc form, the true varlatlonal
freedom lies within the matrices a%® € CPn* Pt

min

Gauge invariance is of course also reflected in the Schmidt decomposition
eq. (1.7): for states of the form eq. the Schmidt values can be labeled
with the same double index & — (g, ). More specifically, the Schmidt
decomposition eq. now reads (see section 3.3 of [ll):

maz q
n+1 Dn+1

=2 > M\wq,aq ) [0id,) - (1.9)

q= pznn ag= 1

We observe that taking a finite bond dimension DY, corresponds to a
truncation in the Schmidt spectrum, now of the charge sector g. The choice
for the different bond dimensions D;ILH in the different simulations should
then be such that the discarded Schmidt values for each charge sector are
sufficiently small. Not surprisingly given the first term in the Hamiltonian
eq. - we will find the relevant eigenvalues sectors of L(n) to be centered
around a dominant sector pg that can be shifted away from pg = 0 for some
sites n, see also [33] for a discussion. The largest Schmidt value in each
g-sector decreases as we move farther away from ¢ = py. Therefore, we
found for |¢ — po| sufficiently large that all the Schmidt values o7, were
sufficiently small and we could safely take D? = 0 for these values of g. For
each of our simulations we will provide details on the weight of the different
sectors for the different simulations.
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From the Schmidt spectrum eq. one can extract different measures
for the entanglement. In this thesis we will always use the Von Neumann
entropy S. For the half chain cut at site n, to which we will associate the
position z = (n + 1/2)a in physical units, we then have:

fisic Dgﬂrl

S()=— > Y ol, loglcl,). (1.10)

q=pin aq=1
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21. a=0
2.1.1. Setup

In this section we will consider the Schwinger model in a zero electric back-
ground field (a(n) = 0), the Kogut-Susskind Hamiltonian eq. thus
becomes

g 2N \/» 2N

- < n2 im — ”azn —-1)"

9{—2@(;“)*9 ;(U((H(l))
2N —1

+x Z (et (n)e? ™o~ (n+1) + h.c.)), (2.1)

n=1
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with 2 = 1/g%a? and a the lattice spacing.

In the thermodynamic limit (N — +4-00) the Hamiltonian eq. is invari-
ant under T2, a translation over two sites, and the corresponding eigenvalues
read T2 = ¢?2*e where k € [~7/2a, w/2a] is the physical momentum of the
state. Another symmetry that will be useful is CT, obtained by a translation
over one site, followed by a charge conjugation, C|s,,pn) = |—Sn, —Pn).
Since €2 = 1, we will have CT = 4¢e*?, The states with positive sign then
correspond to the scalar sector, while the negative sign corresponds to the
vector sector.

To obtain a ground state approximation in the thermodynamic limit (N —
00) and thereby anticipating CT = 1, we use a CT invariant MPS, see section

of part|ll}

2N
[Te[A]) = > ] (H A“n> vR |KE) (N = 400), (2.2a)

Rn n=1

where

6) = {(=1)"" Kn) =12, fn = (8, n) € {—1,1} x Z[p™™", p™a7],

vr,vp € CP, and A" € CP*P, Gauge invariance,

G(n) |We[A]) = 0 with G(n) = L(n) — L(n — 1) + O'Z(n);r(—l)2

is imposed if A takes the form

[A%P](g.00)(r,80) = 107" ]ag,8,Op,g+(s—1) /20r,—p (2.2b)

with a?® € CP**D" Ve refer to subsection of part m] for an explicit

derivation of this MPS starting from the most general gauge invariant MPS
eq. (1.8). The Schmidt decomposition eq. with respect to the bipartition
of the lattice consisting of the two regions &" = Z[1,...,n| and &' =
Zn+1,...,2N] now reads

77LLZL

[WelA Z Z an Wq,aq anq)-

q=p™" ag=1

Note that the Schmidt spectrum is independent of n. The computation of

the Schmidt values o4, is discussed in subsection of part@

In subsection of part [l it is explained how we implement the time-
dependent variational principle (TDVP) [43] to obtain the optimal approxi-
mation for the ground state within the class of states eq. (2.2) with a fixed
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Figure 2.1.: m/g = 0.25, x = 100. Distribution of the (base-10) logarithm of the
Schmidt coefficients o in every charge sector. (a) p™3* = —p™" = 3 and

D? = (5,20,48,70,62,34,10). (b) p™* = 4 = —p™i" and

D1 = (2,5,20,48,70,62, 34,10, 2).

bond dimension D?. The variational freedom of these states |¥e[A]) lies
within the matrices a%* € CP**P" and the formal bond dimension of this
MPS equals D =}, D It will be important to choose the distribution of
D7 wisely, according to the relative weight of the different charge sectors. As
illustrated in fig. this is done by looking at the Schmidt coefficients o,
and demanding that the smallest coefficients of each sector coincide more
or less. The resulting distribution of DY is peaked around ¢ = 0, and justifies
our p""* = 3 truncation that corresponds to D¢ = 0 for |¢| > 3. Physically,
this truncation hinges on the fact that the first term in the Hamiltonian
eq. . oc >°. L?(n)) punishes states with large eigenvalues of L(n).
As a consequence we expect such states not to be relevant for the low-
energy physics at strong coupling. In fig. we illustrate how one can
check this assumption and determine the proper truncation by looking at
the relative weight of the different charge sectors. As an extra check on

our truncation we have performed another simulation, now with p"%* =

again for x = 100, m/g = 0.25. In ﬁgurewe plot again the Schmidt
coefficients for the ground state and by comparing fig. 2.1b| with fig.
we clearly see that we can indeed neglect the contributions from the ¢ = +4
charge sectors.

Once we have a good approximation for the ground state, we can use the
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Figure 2.2.: m/g = 0.25, 2 = 100, « = 0. (a): Difference for the estimated
energies of the excited states for various bond dimension with respect to these
with D9 = (5,20, 48,70, 62, 34, 10) for the vector sector ¥ = —1. Only the first
two excitations are stable under variation over D. (b): m/g = 0.75. Fit of the
Einstein-dispersion relation €% (k) = k? + €1,v?(z) (dashed lines) to the data
(small circles) for different values of z. The stars represent the estimated
continuum values, the full line (lowest lying curve) is the curve €2 = k? + 8%7}.

method of [87] to obtain the one-particle excited states. The excitations are
labelled by their (physical) momentum k € [—7/2a,7/2a[ and their CT
quantum number v = £1. For a given ground state approximation we then
take the following ansatz state |(I>g’ﬂY [B, A]) for the one-particle excitations

(see also subsection of part|[ll):

2N
Zeikma’ymsz< H A””)B”m< H A"‘")vR |k) (2.3)
m=1 Gn 1<n<m m<n<2N

with B?® again of the gauge invariant form eq. with general matri-
ces b?%. These are determined variationally by minimizing their energy in
the ansatz subspace which leads to a generalized eigenvalue problem (see
subsection of part [l for the details). For a given momentum and €T
quantum number we typically find different local minima of which only one
or two are stable under variation of the bond dimension D (see fig. [2.2a).
It are these stable states that we can interpret as approximations to actual
physical one-particle excitations.
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Figure 2.3.: m/g = 0.75, « = 0. Continuum extrapolation through our data
(bullets). We show here the cubic fit through all points (black), through the five
largest z—values (red) and a quartic fit through all points (green). The star
represents our final continuum estimate which is based on the cubic fit through
the five largerst x—values. Insets: zooming in on the interval

1/v/x €[0,5 x 1074]. (a) wo (). (b) &1 4(x).
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2.1.2. Spectrum

The continuum limit @ — 0 of the Schwinger model corresponds to the limit
x — 00. To obtain the energies of the ground state and of the one-particle
excitations in this limit, we have calculated these quantities for values of z =
100, 200, 300, 400, 600, 800. At every x we considered different values of D
till convergence was reached at some D,,q;. We estimated the truncation
error on D from comparison of the result for D = D,y,4, with the result for
the next to largest value of D. Larger values of x typically required larger
values of D for the same order of the error. For instance for m/g = 0.5 our
maximal D varied from 185 for x = 100 to 358 for z = 800. This scaling
of D is not surprising, as it is well known that MPS representations require
larger D for systems with larger correlation lengths & (in units of the lattice
spacing) [[75]. For the Schwinger model £ indeed diverges in the x — oo
limit.

To extrapolate towards x — co we used a third order polynomial fitin 1/+/x
through the largest five x-values. Similar to [27] our extrapolation error is
then estimated by considering a third and fourth order polynomial through
all six points, taking the error to be the maximal difference with the original
inferred value. As can be observed from figs. and [2.3b| we indeed find
that wo(z) and &1 ,(z) lie almost on a straight line as a function 1/4/x. This
was also the case for €2, (x) and €1 4(z). By fitting our data to higher order
polynomials in 1/,/x we take into account larger cut-off effects in x.

In table we display our resulting values for the ground state energy
density wy = &¢/2N+/x with &y the ground state energy, and the mass
Eky = Eky — o of the different one-particle excitations. Because J(/2\/x
reduces to the to the XY spin model in a staggered magnetic field in the limit
xr — 400 we have that wy = —1/m = —0.318310.

For m/g = 0 the Schwinger model can be solved by bosonization [1] and
reduces to a free theory, of one bosonic vector (y = —1) particle with mass
€10 = 1/y/m = 0.56419. In table[2.1our results for m/g = 0 are compared
with the analytical result. For m/g # 0 we find three excited states, one
scalar and two vectors, with the hierarchy of masses €1, < €15 < €9,
matching that of the strong coupling result [6,[21]. This is the first time that
the second vector excitation has been found numerically. For the energy
density and the two lowest mass excitations our results are consistent with
the previous most precise simulations [27, [30], with a similar or sometimes
better accuracy. Finally, a nice cross-check of our method follows from
calculating the excitation energies for non-zero momenta k. The Schwinger
model is Lorentz invariant in the continuum limit, so we should have an
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m/g wo E1w E1,s Ea
0 || -0.318320(4) | 0.56418(2)

0.125 || -0.318319(4) | 0.789491 (8) | 1.472(4) | 2.10(2)

025 | -0.318316(3) | 1.01917 (2) | 1.7282(4) | 2.339(3)

0.3 | -0.318316(3) | 1.11210(8) | 1.82547 (3) | 2.4285 (3)

0.5 | -0.318305(2) | 1.487473 (7) | 2.2004 (1) | 2.778 (2)

0.75 | -0.318285 (9) | 1.96347 (3) | 2.658943(6) | 3.2043(2)
1 | -0.31826 (2) | 2.44441(1) | 3.1182(1) | 3.640(4)

Table 2.1.: Energy density and masses of the one-particle excitations (in units g =
1) for different m/g. The last column displays the result for the heavy vector boson,
compatible with the prediction of Coleman [6] 21]]

approximate Einstein dispersion relation at finite lattice spacing a, for small
momenta ka < 1. As shown in fig. this is precisely what we find.

2.1.3. Elitzurs’ theorem

By Elitzur’s theorem [89], which states that a gauge symmetry cannot be
spontaneously broken, one could argue that it is not necessary to impose
the condition eq. for a variational calculation of the ground state.
However, there will typically be many more non-physical (gauge variant)
low-energy excitations in the full Hilbert space, and one would therefore
expect a slower convergence rate for variational calculations that do not
impose gauge invariance. Let us now examine this issue explicitly for the
Schwinger model. To this end we do a comparative study where we approx-
imate the ground state with a MPS eq. (2.2a), with and without imposing
gauge invariance eq. . We take the parameters m/g = 0.25, z = 100
and do the simulations for D = 29 and D = 40. As explained in the
previous subsection, for the gauge invariant ansatz we have to distribute
the variational freedom wisely among the charge sectors D7 (D = Eq D)
according to the Schmidt values. We truncate the charges ¢ on the links,
lgf < p™** = 2for D = 29 and |g| < p™* = 3 for D = 40. In all
cases we used TDVP to find the ground state and stopped the algorithm
when the norm of the gradient was below 107°. In the second and fourth
column of table we display the simulations where we did not impose
gauge invariance and in the third and fifth column the simulations where
the states were manifestly gauge invariant. For reference, for D = 249 with
D = (5,20,48,70,62,34,10), we found wg = —3.048961 and

€10 = 1.04207, &y, = 2.357 and &; , = 1.7516.
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without Gl with Gl without Gl with Gl
pmar 2 2 3 3
D 29 [26984] 40 [237111042]
steps 9645 278 12417 561
time | 3 h 30 min 2 min 6 h 27min 5 min
(G*) | 3x107° 0 3x 1079 0
wo -3.048961 —-3.048961 -3.048961 -3.048961
€1 | 1.04252{10} | 1.04254 | 1.04194 {14} 1.04209
€ow | 2455 {37} 2.455 2.385 {59} 2.386
&1 | 1.7719{20} | 17719 | 1.7559 {31} 1.7565

Table 2.2.: Results of computations with and without imposing gauge invariance

(Gl). (x = 100,m/g = 0.25)

One immediately observes that the number of required steps is much larger
in the gauge variant case. Furthermore, as the local dimension of the Hilbert
space is larger, one TDVP iteration also takes more time in the gauge variant
case. This leads to a huge difference in the total time: the gauge invariant
simulations converged in a few minutes while the gauge variant simulations
took a few hours. We can also explicitly verify Elitzur’s theorem, by looking
at the variance (G?) = (G(n)?), Vn, of the gauge transformation generators
for our ground state approximations on the full Hilbert space. As (G?) ~
0 we indeed converge to the gauge invariant ground state, which is also
confirmed by the agreement of the ground state energy per site wp with the
gauge invariant simulations.

We have also examined the low-energy states which are computed with the
same MPS ansatz as in eq. (2.3), but now again with and without imposing
gauge invariance. For the gauge invariant case, we found in the previous
subsection three stable one-particle excitations: two with €T = —1 and
mass €1 4, €2, and one with €T = 1 and mass €1 5. As expected, on the full
Hilbert space we find many more non-physical excitations with (G?) # 0.
As illustrated in figure[2.4a) we can identify the physical states by calculating
(G?). The ranking (in increasing energy) where the physical excitations
appear in the list of all excitations per sector (CT = =+£1) is indicated in
table with curly brackets {...}. There are indeed many gauge variant
states lying between the ground state and low lying gauge invariant states.
Moreover, the number of obtained gauge variant states increases with the
bond dimension and we suspect that the Hamiltonian eq. is gapless on
the full Hilbert space.
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25

20

14 0 0.04 0.08 0.12
' 1/Vz
00 10 20 30 40 50 59 -1 ™0 0.02 0.04 0.06  0.08 0.1 0.12
number of excitation 1/Vz
(a) (b)

Figure 2.4.: (a): m/g = 0.25, 2z = 100, D = 40 : one-particle excitations with
€T = —1, ranked according to increasing energy. Only those with (G?) = 0 are
gauge invariant. In this case, only the 14th and 59th excitations are physical and
correspond to €3, and € .. (b): m/g = 0.5, g = 1. Optimal fit f1(z), eq. (2.54),
trough the data points X(x) for the five largest . The divergence is removed by
subtracting X fye.. Inset: Optimal fit of f3(z), eq. (2.5¢), trough the data points
Y ren(2). The continuum value X,..,, is the intersection with the y-axis.

2.1.4. Chiral condensate

Form/g # 0 the chiral condensate ¥ = (1)) is UV divergent (z — oc), and
it has been argued that also at the non-perturbative level, this divergence
originates solely from the free (9 = 0) theory, leading to a logarithmic
divergence, which is linear in m [23]. We now calculate the value of the
chiral condensate with our MPS simulations and show that the scaling for
large = does indeed show the predicted UV behavior. This problem was also
studied in [34] with MPS-simulations for finite volumes. This allows us to
compare results for the UV regulated chiral condensate.

On the lattice ¥ = (1)) reduces to
S(@) VI o, a/0x(n) 41
5 “av Y ()

which is easily computed from our MPS approximation eq. (2.2) for the
ground state, see section [4.1]in part [[l] For the Hamiltonian eq. (2.1) the
free chiral condensate Efree(a:), i.e. the chiral condensate for g = 0, can be
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computed exactly [34]:

by 1 1

Zpede)__2 2 K( = > 24
g g fiemt \1+ 2

where K (z) is the complete elliptic integral of the first kind. As x — oo, we

indeed have up to finite terms Xycc(x)/g — —m/(2gm)log(x). We now

verify that this is the only UV divergence for all values of m/g. Thereto we
compute ¥(z)/g for x = 100, 200, 300, 400, 600, 800. We find that

log(x) m 1
— A +B (—— —C )1 Di—
fi(z) 1+ B NG + Sgm 1 )log(z) + N
results in a good fit to the data X(x), see figure[2.4b] Our estimate of C} is
obtained by i) fitting 3(z)/g to fi1(x) for the five largest z, ii) fitting all the
data to f1(x), ii4) fitting all the data to

(2.5a)

fole) = Ay + B, (—5= = C1 )log(x) + Da—= +E2— (2.5b)

Ve 2gm f
The displayed value of C in the second column of table 2.3]is the one with
the largest magnitude of the fits ¢), i) and iii). We observe that C ~ 0,
consistent with the claim [23] that the full non-perturbative UV divergence
can indeed be traced back completely to the free chiral condensate eq. (2.4).

To compare our results with [34], we renormalize the chiral condensate by
subtracting X ¢y.ce(x) from X(x). As in [34] we fit

lof}) er 7 n Dgf (2.5¢)

to the renormalized chiral condensate 3¢, (2)/g = X(x)/9 — Efree(x)/9g.
Our estimate for X,.,, /g is the A obtained by a fit through the largest five
x-values (see fig. inset). The error on this value is estimated as the
maximum of the difference with the A3’s we would obtain if we fitted all
data to f3(z) and to

f3(x) = A3 + B3

1 1
08(®) o L D4 + By (@254)

fa(z) = A3 + By NG 7

This error dominates the error due to the truncation of the bond dimension.
The results can be found in the third column of table 2.3l We see that our
results agree very well with [34] and with the exact strong coupling (m/g =
0) result: ¥ /g = —e7/(21%/?) ~ —0.1599288 .
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m/g Cl Eren/g Eren/g[34] eXaCt

0 3% 1076 | -0.159928 (1) | -0.159930 (8) | -0.1599288
0.125 || 3 x 107° | -0.092019 (2) | -0.092019 (4) -
0.25 | 4 x107° | -0.066647 (4) | -0.066660 (11) -

05 | 1x107% | -0.042349 (2) | -0.042383 (22) -
0.75 || 2 x107* | -0.03062 (3) - -

1 3 x 107 | -0.023851 (8) - -

2 1 x 1073 | -0.012463 (9) - -

Table 2.3.: Results for chiral condensate.

2.1.5. Entropy

We also computed the half chain (Von Neumann) entropy Sy, eq. (1.10),
for different values of m/g. Because the Schmidt spectrum {cd,} is site
independent, the half chain entropy will not depend on the position of the
cut. As such the entropy is a UV divergent quantity, but one expects the
divergence to come from the fermion kinetic term in the Hamiltonian eq.
(2.7). Specifically, the general results of Cardy and Calbrese [90] predict for
two fermionic degrees of freedom a UV divergence (with correlation length
& in physical units)

1 1
So(x) ~ 6 log <€> =5 log(1/+/z) + (finite terms as * — +00)
a

where we denote with Sp(z) the half chain entropy at lattice spacing ga =
1/y/z.

This is precisely what we find in our simulations. When looking at Sy(x) +
tlog(1/4/z) as a function of 1/y/Z, we observe that it behaves linear, see
inset figs. and Therefore, we should be able to fit So(x) to a
function of the form

fl(l') = Ag + By log (1> + Cy L (2.6)

v v
1/6. Specifically, we fitted our data corresponding to the
200, 300, 400, 600, 800, against f; to obtain a
first estimate for By. To have some robustness against the choice of fitting
interval and the fitting function, we also included our result for z = 100 and
fitted all our data against f; and against

and find By =
largest five x—values, z =

1

v 2.7)

1 1
fa(x) = Ao + Bolog <\/§> + Cp +DOE~
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Figure 2.5.: Fit of the form (—1/6) log(1/+/z) + A+ B/+/x through Sp(z). Inset:
linear extrapolation of So(z) 4 (1/6)log(1/1/x) based on the largest five
x—values, x = 200, 300, 400, 600, 800, to obtain the coefficients A and B. (a)

m/g = 0.125. (b): m/g = 0.75.

m/g 0.125 1 025|103 | 035 ] 05 | 0.75 | 1
(Bo+1/6)x103 || 0.1 [ 03 [05]| 05 [08] 1.3 ]2

Table 2.4.: The largest value in magnitude of By + 1/6 multiplied by 10 obtained
from the fit eq. through the largest five x—values and the fits egs. and
through all our data. According to [90] we should have By + 1/6 = 0.

This gave us two other estimates for By. In table we give the results
for By + 1/6. The value that is shown is the largest value for By + 1/6 (in
magnitude) from the three fits, i.e. the largest error on the predicted result of
[90]. As one observes these errors are at most 2 x 10~3 and for small values
of m/g only of order 10~* which is a nice cross-check on our results. In the

insets of figs. and we show a linear fit of the form f(z) = A—l—B%

through Sp(x) + (1/6) log(z). Here we estimated A and B by taking into
account the largest five x—values. In the main figures we also show the fit

(—1/6)log(z) + f(z) through Sp(z).
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22. a#0
2.2.1. Setup

Let us now turn on an electric background field, a(n) = o # 0. The Kogut-
Susskind Hamiltonian eq. (1.5) then becomes

g 2N JE 2N

= n) + al? —xm 1) (o5(n 1"

_2\/:E<;[L()+}+g ;( D™ (o(n) + (=1)")
2N -1

+x Z e ™o (n4+1) + h.c.)). (2.8)

The CT symmetry is broken for a # 1/2. For & = 1/2 the Hamiltonian
exhibits again the CT symmetry but now with € |s,, pn) = |—sn, —1 — pp)
(CL(n)€C = —1 — L(n)). Note however that contrary to the case o = 0 this
CT symmetry is spontaneously broken for m/g = (m/g). =~ 0.33 [6,27]. At
m/g = (m/g). there is a phase transition which lies in the same universality
class as the 2D classical, or equivalently the 1D quantum, transverse Ising
model.

To obtain a ground state approximation in the thermodynamic limit (N —
o0) we only need to anticipate T2 invariance. Therefore it is convenient to
block the effective sites 2n — 1 and 2n in one effective site n. Denoting

Cn = (Koan—1, K2n) = (S2n—1,D2n—1, S2n, P2n)
€ {—1,1} x Z[py™ 1, 5] x {—1,1} x Z[p5i™), phey],

€)= 1) ---[¢w)
a MPS ansatz invariant under T2 is, see section of part@

N
=> ol <H AC”) vr|[C) (N — +00), (2.92)
¢ n=1

where vy, vg € CP, and A¢ € CP*D, Gauge invariance,

G(n) [Tu[A]) = 0 with G(n) = L(n) — L(n — 1) + 2270

is imposed if A takes the form

[A517p17521p2} — [aq151752]

ag,Br 5p1 ,q+(51—1)/251)2,q+(51+52)/26f‘,P2 :
(2.9b)

(g,2q);(r,Br)
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We refer to subsection of part[[l|for an explicit derivation of this MPS
starting from the most general gauge invariant MPS eq. (1.8). The Schmidt
decomposition eq. with respect to the bipartition of the lattice consist-
ing of the two regions &*" = Z[1,...,2n] and @™ = Z[2n + 1,...,2N]
now reads

max
Pont1 2n+1

= 3 ol i ) (210)

q=p5in, ag=1

where the Schmidt values now only depend on the parity of n: o = o

2n,ay
The computation of the Schmidt values 03, is discussed in subsection
of part|ll]

In subsection [4.2.4] of part [l] one can find the details of the TDVP to obtain
the optimal approximation for the ground state within the class of states eq.
with a fixed bond dimension D9. As can be observed from eq. (2.10),
truncating to a finite bond dimension corresponds to an effective truncation
in the Schmidt decomposition of the ground state. Similar as for a = 0, see
the previous section, one would want a distribution of D?-values such that
the smallest retained Schmidt value is more or less equal for each eigenvalue
sector of L(2n). Then if we want a reliable MPS approximation for the
ground state, these smallest retained Schmidt values should be sufficiently
small, which corresponds to taking DY sufficiently large. Similar to the
case o = 0 we did several simulations and adapted DY until the smallest
Schmidt value in each eigenvalue sector of L(2n) was of order 10717, i.e.
ming, 0qa, ~ 10717

In figs. and [2.6b| we plot the distribution of the Schmidt values among
the eigenvalue sectors of L(2n) for the final MPS ground state approxima-
tions for m/g = 0.75,x = 400 and « = 0.2,0.45. As in subsection
we observe that the sectors corresponding to ¢ = 0,—1,1 are the most
dominant ones which justifies our choice of taking D? = 0 for |q| > 3. As
for o = 0 this can be understood from the term proportional to [L(n) + a]?
in eq. which punishes large eigenvalues of L(n). We also display the
bond dimensions for each sector and for each simulated value of z in figs.
2.6c|and One can observe that as x increases we need larger D? for the
same accuracy which is a consequence of the diverging correlation length
as we approach the continuum limit (x — +00). For the same reason we
also need larger D? when we are getting closer to the phase transition at
m/g=(m/g)c ~0.33and o = 1/2.

The properties of the ground state will be discussed in the next chapter in
the context of confinement of static charges. Here we restrict ourselves to
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Figure 2.6.: m/g = 0.75. (a): « = 0.2,z = 400. Distribution of the 10—base
logarithm of the Schmidt values 04 among the eigenvalue sectors g of L(2n). (b):
Same as (a) but now for a = 0.45. (c): @« = 0.2. Distribution of the bond dimension
among the eigenvalue sectors of L(2n) for different values of z. (d): Same as (c)
but now for o = 0.45.
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the excitations. For the elementary excitations with momentum k we take
the ansatz [[88]]:

N-M+1 4
’(I)kB A Z e?zkn/ﬁ
m=1
N
> ol <H A<m> Blmt1reCmt ( 1T AC’") vr (), (211a)
{(ren} el n=m+M+1

where AS corresponds to the ground state eq. and gauge invariance is
imposed by

[BCI’“WC]M}(Q aq);(r,Br) (H DrsPn—1+(s+(=1)" )/2> 6p17Q+(51_1)/25p2A{’r
BN o (211h)

where (G, = (S2n—1,P2n—1, S2n, P2n) and b2 € CP'*D" " The algo-
rithm to find the optimal approximation |®;[B, A]) for the excitated states
is discussed in subsection of part [ll| for M = 1. The implementation
for M > 2 is similar but a little bit more tedious. We refer to [88] for the
details. For sufficiently large bond dimension this ansatz should converge
exponentially fast as M increases to an elementary particle with momen-
tum k [9T]. The speed of convergence depends on how far this excitation
is separated from the other excitations in the same momentum sector (in
units of the Lieb-Robinson velocity). For a = 0 we saw that M = 1 was
already sufficient. Note that the computation time scales as O(4% max,, DS)
allowing only simulations for small M.

2.2.2. Spectrum for o # 0

For a fixed value of z we approximate the excited states using the ansatz
eq. for M = 2. By comparing these energies with simulations for
other values of the bond dimension DY and for M = 1 we obtain an error
for truncating the bond dimension and truncating M. Now we compute
the excitation energies for x = 25,50, 60, 75, 90, 100. Continuum estimates
for the excitation energies are obtained similar as for « = 0. Because the
values of ga = 1/y/x are now larger then for « = 0, i.e. we are farther
away from the continuum, only the linear fits and quadratic fits in 1/4/z are
reliable. To have some robustness against the choice of fitting method and
fitting interval we perform several fits: we fit the points corresponding to
the largest four, five and six z—values against a quadratic function in 1/4/x
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and we perform linear fits in 1/4/2 through the points corresponding to the
largest three, four, five and six x-values, see fig. We take the mean of
all these energies as our final estimate. The standard deviation of this mean
serves as an error on this value and were of order 10~3 or smaller. This error
dominates the error of taking a finite bond dimension D? and taking M < 2.

Physics is periodic in a with period 1 and the excitations for « € [1/2,1] can
be obtained from the excitations for « € [0,1/2] by a CT transformation.
Therefore we can restrict our computations to o € [0,1/2]. Also, as the
Schwinger model is a relativistic theory, the energy E(k) of a particle with
momentum k can be obtained from the energy &€ = £(0) of this excitation
with momentum zero by the Einstein dispersion relation £2(k) = Vk2 + €2.
Hence we only need to compute the excitations with momentum zero. In fig
2.7b] we compare our numerical results for the energy € of the first excited
state with mass perturbation theory [21]:

2
2 = 2 (1 +3.5621 7 cos(2ma) + 5.4807 <m)
Ho Ho

—2.0933 <Z;>2005(47ra))+(9 ([Z;F) . (212)

where po = %. The plot shows that our numerical results converge towards

eq. when m/g — 0.

For a = 0, we found in subsection two elementary excitations with
CT = —1 and energy &1 = &1, and €3 = &3, and one elementary exci-
tation with CT = 1 and energy 3 = & 4, see table For these energies
we had €; < &3 + €3 and for m/g = 0.125,0.25 and m/g = 0.3 we had
&3 > 2&1 while form/g 2 0.5 we had €3 < 2&;. This means that the decay
of €3 into two elementary particles is only prevented by the CT symmetry
form/g = 0.125,0.25,0.3. When 0 < a < 1/2 the CT symmetry is broken
and this decay is no longer forbidden. This is indeed what we observe in the
one-particle spectrum: for & > 0 only the excitations with energy &; resp.
€9 corresponding to €1, and &1 s for « — 0 remain stable, see fig. a)—
(c). Furthermore, we observe that the binding energy Eping = 2&1 — &2
decreases as « tends towards 1/2. When the binding energy becomes small,
the convergence rate of the ansatz eq. as a function of M to the excited
state with energy &4 is rather slow.

For m/g = 0.125, see fig. the second particle is stable until « < 0.35.
For o = 0.38 our estimates are £&; = 0.4784(5) and €2 = 0.965(2), indi-
cating that the second excited state is unstable, £9 > 2&;. When o > 0.38
we have Eo(x) > 2&1(x) for all the z—values we used. We conclude that
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Figure 2.7.: (a): m/g = 0.25, &« = 0.45. Extrapolation of the energy €5 of the
second excited state to x = co. We perform several linear and quadratic fits in
1/+/z through the points with = (z1,...,z¢) = (25,50, 60, 75,90, 100) (see
legend). Inset: our continuum estimate is the mean of all the fits. The error is the
standard deviation. (b): Comparison of £; obtained by our numerical simulations
(full line) with mass perturbation theory (dashed line).

there are two stable particles for @« < 0.35 and only one stable particle
for « 2 0.38. This agrees qualitatively with mass perturbation theory,
m/g < 1, where there are two stable particles for « < 1/4 and one stable

particle for 1/4 < o < 1/2 [i].

For m/g = 0.25, see fig. our estimates for the energy €2 were un-
stable against variation of the bond dimension D and M for o > 0.47.
The errors on €3 are too large and prevent an extrapolation towards x =
oo. Nevertheless, in our simulations we have £3(z) < 2&;(z) for z =
(25, 50,60, 75,90, 100) and the fact that E2(z) decreases as the bond dimen-
sion and M increase might suggest that this particle is still stable but with
very small binding energy. For a = 1/2 the ground state is CT invariant for
m/g < (m/g). = 0.33 allowing us to classify the excitations according to
their €T number using an ansatz similar to eq. (2.3), see section[4.1]of part|l]]
for the details. We computed the excitation energies with and without clas-
sifying the states according to their CT—number for (m/g, ) = (0.25,1/2).
In both cases, we found only one elementary particle. In the vector sector
(€T = —1) all other states had energies that were larger than 3€; and in the
scalar sector (CT = 1) the energies were larger than 2€;. This corresponds
to a theory with one stable particle. Therefore we estimate the value of the
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electric background field where the second elementary particle disappears
to be larger than 0.47 but smaller than 0.5 for m/g = 0.25. A similar picture
is found for m/g = 0.3 as can be seen in fig. Here we estimate that the
second elementary particle disappears between o = 0.48 and a = 0.5.

One also observes that the mass gap decreases as (m/g,a) — ((m/g)c, 1/2).
This is a consequence of the fact that we are approaching a phase transition
for these parameters and hence that the model becomes gapless. Because
of that, the simulation for (m/g,a) = (0.3,0.5) was extremely hard. Not
only did we need a large bond dimension but the small mass gap also im-
plied that the TDVP algorithm took long until it converged to the optimal
approximation for the ground state.

For m/g = 0.5, we have for all values of « that €35 < 2&; and thus at
least three stable particles, see fig. When o — 1/2 we observe that
the difference between the energies €1, €2 and €3 becomes smaller. This
requires in turn more variational parameters in our ansatz, i.e. larger values
of D? and M in eq. (2.11). For & > 0.4 we could not perform a reliable
continuum extrapolation anymore of €5 and £3. We took as the continuum
estimate their z = 100 values which we expect to be within 10% of its
continuum value. Anyway, we found that &1, €5 and €3 were stable for all
values of . Furthermore, for a > 0.45 we found even another particle that
seems to be stable. However, because it energy was very close to 2&; the
errors on this energy using the ansatz eq. for fixed values of x were to
large to extrapolate its value to the continuum.

Our results thus show that the spectrum of m/g = 0.5 is clearly different
then that for m/g < (m/g).. When a — 1/2 the number of stable particles
seems rather to increase than to decrease for m/g = 0.5. This agrees with
studies in the weak coupling limit m/g > 1 [6] where they found that
for large values of m/g the number of stable particles is proportional with
1/(1/2 — «). For @ = 1/2, due to spontaneous symmetry breaking of the
CT symmetry, there are two vacua and kinks which connect these two vacua
[27]. The excitations with energy €1, €2, €3 are in this case larger than twice
the energy of the kinks and hence they do not correspond to stable particles
for = 1/2. Figure 2.8d|should for a = 1/2 thus only be interpreted in the

limit a i 0.
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Figure 2.8.: Energy of the elementary particles €1, €4 and €3 as a function of a.
(@): m/g = 0.125. Only &; and & are stable. For & 2 0.38 only &; is stable. (b):
m/g = 0.25. Only &; and &5 correspond to elementary particles for a # 0. €5 is
unstable for @ 2 0.47. (c): m/g = 0.3. Similar as (b) but now &, disappears in the
continuum for « 2 0.48. (d): m/g = 0.5. For a < 0.5 we find at least three
elementary particles.
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Confinement and string breaking

B. Buyens, J. Haegeman, H. Verschelde, F. Verstraete, K. Van Acoleyen
‘Confinement and string breaking for QED5 in the Hamiltonian picture’
arXiv:1509.00246v2 (2015)

3.1. Introduction

The confinement of color charge in quantum chromodynamics (QCD) is one
of the beautiful key mechanisms of the Standard Model. Focussing on the
static aspect of confinement, one can probe the theory with a heavy quark
antiquark (qg) pair and examine how the modified ground state evolves
as a function of the interquark distance [92]. For small distances a color
electric flux tube forms between the pair, resulting in a static potential (i.e.
the surplus energy of the modified ground state) that grows linearly with
the distance. This flux tube can therefore be conveniently modeled by an
interquark string with a certain string tension. One can then describe a
heavy quarkonium state as a ¢q pair that is kept together by this confining
string. However, there exists a critical distance at which the string breaks.
Beyond this distance the flux tube disappears and the potential flattens out
to a constant. At this point it has become energetically favorable to excite
light particles out of the vacuum that completely screen both the probe
quark and antiquark, leading to two isolated color singlets. In a dynamical
setting these would then be the two freely propagating jets of hadrons that
emerge as final product of some particle collision.

This phenomenological picture is corroborated both by experiment and theo-
retical work. At the computational level, the static potential has been studied
extensively over the years with lattice QCD. And one has indeed obtained
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the linearly rising confining interquark potential, both in the quenched case
[93-102]] that excludes dynamical light quark degrees of freedom and in
the unquenched case [103H105] that includes these degrees of freedom. In
the latter case, where the dynamical quarks can screen the heavy probe
charges, also the phenomenon of string breaking has been observed [[106]
as an asymptotic flattening of the calculated potential. Nevertheless our
understanding of confinement is still not complete: the Euclidean space-
time lattice Monte Carlo simulations can not access the real-time aspects of
the dynamical string formation and string breaking. Furthermore, even in
the static case, it is not settled yet [T07-109] if one can fully describe the
confinement mechanism - specifically the non-perturbative string formation
- in terms of (semi-)local degrees of freedom such as for instance vortices
and magnetic monopoles [T10].

In this chapter we study how confinement and string breaking show up in
the Hamiltonian set-up in the Schwinger model [T]. An important difference
with QCD is that the Schwinger model already exhibits confinement at the
perturbative level, as the Coulomb potential is linear in 1+1 dimensions. We
make extensive use of both the strong and weak coupling results in the anal-
ysis of our numerical results. Our simulations of the lattice Hamiltonian are
performed close to the continuum limit, indeed allowing for a quantitative
check against these analytic continuum results in the appropriate regimes.

Specifically we simulate the modified vacuum structure in the presence of
two probe charges and this for different distances and values of the charges.
As we will show, already in this static case the Hamiltonian simulations give
a complementary view on the confining properties of the theory. At the
practical level, the direct access to the quantum state allows for a relatively
easy calculation of all local observables. In this way we could not only extract
the static interquark potential, but also for instance determine the detailed
spatial profile of the electric string or the precise charge distribution of the
light fermions around the probe charges. We also find that subtraction of the
vacuum entropy results in a UV finite entanglement (Von Neumann) entropy
and that both the string formation and string breaking leave characteristic
imprints on this renormalized entropy.

3.2. Lattice formulation and Hamiltonian
We now consider the lattice with sites
{—NL,—NL+1,...,1,...,M,...,M+NR}

(the meaning of Ny, M and Ng will become clear later) where the thermo-
dynamic limit is obtained by taking the limits

Ny — 400, Ngp — 400
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while keeping M fixed. We start from the ground state |¢y) of the Hamilto-
nian eq. in a zero background field (o = 0):

M+Ng \/5 M+Ng
9{0=235( > L+ w7 (1) (oa(n) + (<))
n=—Nj, n=—Nrp,
M+Ngp—1
tz Y (0T ()Mo (n+1) +h.c.)>.
n=—Np,

Then we consider an infinitely heavy quark-antiquark pair in this vacuum.
The quark with charge —g@ is put at site my, and the antiquark with oppo-
site charge gQ is put at site mp with

—Np <1<mp <mrp<M<KM+ Ng.

As discussed in section[1.3] see in particular egs. and (1.5), these probe
charges can be absorbed in the electric background field a(n) = —QO(m <

n < mpg) and we thus arrive at the Hamiltonian

g M+Ng \/» M+Np
_ 9 T "
H=35/ (;V [L(n) + a(n)]? + gmn:ZNL(_l) 0. (n)
M+Ngp—1
+x Z (o’+(n)ei9(n)0'_ (n + 1) + hC)) R (31)
’Vl:—NL

where gauge invariance is imposed by the condition

G(n) =L(n)—L(n—1) — =0. (3.2)

In the following sections we will obtain ground state approximations of this
Hamiltonian, for different values of m/g, different values of the probe charge
Q and different distances Lg = (mpr —myz)/+/ (in physical units g = 1) of
the charge-pair, all this for different lattice-spacings 1/+/z, focussing on the
continuum limit x — oco. Note that in the thermodynamic limit Ng, N;, —
~+o00 physics does not depend on M but on mp —my. The parameter M will
indeed only be considered for numerical purposes, see section

An important point regarding the continuum limit is that the ground state
energy of the Schwinger model is UV divergent but that this UV divergence
does not depend on the background field a(n). If we write £y = 2N¢( (with
2N = M + Ny + Ng + 1 the number of sites and N — +o00) for the
ground state energy of H( with zero background field a(n) = 0, we have
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Vxeg — —x/m for the energy density in the x — oo limit [10]. For the
modified ground state energy in the presence of the probe charge gQ pair
at distance L we can then write Eg(L) = V(L) + &o, where the potential
V(L) is now UV finite. Notice that V(L) will also be IR (N — o0) finite
(for finite L).

3.3. Asymptotic confinement

3.3.1. Setup

We first study the large distance behavior of the potential as captured by
the asymptotic string tension o = limy,_,~ Vig(L)/L. This is the quan-
tity that indicates whether the probe charges are asymptotically confined
(cg # 0) or not (cg = 0). For the Schwinger model og has been com-
puted analytically in the strong coupling expansion [5, [13] 22} 25]. At the
numerical front the most successful computation up-to-date used finite-
lattice scaling methods in a Hamiltonian formulation [10]. An advantage
of our MPS simulations is that in contrast to [10] we can directly work in
the thermodynamic limit, leaving only the x — oo interpolation to extract
the continuum results. The challenge of taking this continuum limit now lies
in the diverging correlation length £/a (in lattice units), as MPS simulations
require larger bond dimensions for growing correlation length [75]].

To find the asymptotic string tension we put a probe charge —g@ at —oc and
a probe charge g() at +00. As was explained in the previous section, a probe
charge pair translates to a background electric field a(n) in the Hamiltonian
eq. (3.1). In this case the background electric field will be uniform: a(n) =
—Q,Vn. The Hamiltonian equals then the Hamiltonian eq. with a =

-Q,

2N \/E 2N
Ho=5 = (;[un) ~ QP+ Y1)

2N-1
+x Z (et (n)e? Mo~ (n +1) + h.c.)> (N — +00), (3.3
n=1

and is in particular 72 invariant. It is discussed in subsection how we
can obtain a faithful MPS approximation |¥,[A]) for the ground state which
is T2 invariant and gauge invariant.

3.3.2. Results

As explained in more detail in section [A. T of appendix[Alwe computed values
for og(x) for x = 100, 200, 300, 400, 600, 800 and performed a polynomial
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extrapolation in 1//z similar to [10]. This indeed allowed us to recover
a finite value for lim,_, 0g(x), thereby explicitly verifying that the UV
divergencies in the energy densities \/zeg and /z€g cancel out.

In fig. we plot our result for the continuum string tension ogp com-
puted for different values of the mass m/g as a function of the charge
gQ) of the external quark-antiquark pair. Notice that we only consider Q-
values € [0,1] as the string tension is periodic in Q: @ — @ — p upon
L(n) — L(n) + p for p € Z in the Hamiltonian eq. (3.3). Notice also that
one can combine this transformation for p = 1 with a €T transformation.
This transformation gives Q — 1 — @ in the Hamiltonian eq. and
therefore 0 = o01_g. So for our calculations we could restrict ourselves
to values Q € [0,1/2]. In practice we considered the explicit values: Q =
0.05,0.10,0.15, ...,0.45,0.47,0.48, 0.5 and performed an interpolating fit.

Our considered values for m/g interpolate between the strong and weak
coupling regime. In the strong coupling regime m/g < 1 the string tension
was computed in mass perturbation theory from the bosonized field theory

up to order O((m/g)?) [22]

2312
Z—? p 2(1 —cos(27Q)) + migfbrw(l — cos(47Q)) (3.4)
where ¥ = 0.15993, £, = —8.9139. As one can observe in fig. [3.1¢ for
m/g — 0 our results indeed converge to this analytic result which is plotted
with a dashed line for m/g = 0.125 and for m/g = 0.25.

In the weak coupling regime g/m < 1 we can easily compute the string
tension in standard perturbation theory from the continuum Lagrangian eq.
(1.7). We include a current j* = ge"”,Q; with @ constant everywhere in
the bulk, and Q — 0 only at the boundaries at infinity (see [5])):

L = 9 (7" (i0u + gAu) —m) ¢ — FWF‘“’ Apg"
- 1
= Y (Y(i0u + gAu) —m) Y — F V" = S F JFM(3.5)
where on the last line we performed a partial lntegration and FH = e ¢(Q).
The effective action, obtained by integrating out both the fermion and the
gauge fields in the path integral, will then have the general form:

F,, F?

Serf :/d%: Lerr :/d% Co(L )FWF“”JrC (m)(’“;nQ)Jr .,
(3.6)
where we can exclude derivative terms since FW is constant. At next to
leading order we find for the first coefficient Cy :

1 g2
Co=—- .
0= 1T Yam?

(3.7)

43



Asymptotic confinement

? (E)/g
013 7q/9 05+
m/g
012} —7 0.4}
— 0.25 03
— 03 3
— 05 0.2
—0.75
0.08fF|— 4 0.1}
0
0.06
-0.1}
0.04 -0.2}
-0.3}
0.02 F
-0.4
0 1 . . . . . . . i -0.5 . . . . . . . . )
0 0.1 02 03 04 05 06 0.7 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Q Q
() (b)
%1073 min(Q* 1 - Q%) /2 —og/g”
70 ;
2 '
9q/g m/g
-~ N
/ \ —_—1 1\ %10
i \ 6F|—2 0 4
1 \ —4 A
I \
! \ 51
] \
1 \
1 \
1 \ 4t
1 \
0.04 + ! = \
T/ « \ 3t
p \
p \
d °r
0.02f / R
Y \ 1L
\
7 \
0 Z / . . . . . N 0 T R N N T
0 0.1 02 03 04 05 06 0.7 08 09 1 0 01 02 03 04 05 06 0.7 08 09 1
Q Q
(© (d)

Figure 3.1.: (a): string tension 0. (b): electric field per site. (c): comparison with
the strong coupling result eq. (dashed line) for m/g = 0.125 and m/g = 0.25.
(d): comparison with the weak coupling result eq. (dashed line) for

m/g =1,2,4. Inset: zooming in on the m/g = 4 curve.
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Figure 3.2.: Some diagrams for the effective action from eq. . On the first line
we have the tree-level and the next to leading order g2 /m? contribution to Cj eq.
. Evaluation of the first diagram on the second line would give a g* /m*
correction to Cp, while the other diagram would give the leading g*/m*
contribution to C.

The zero order term here is the tree-level result while the g? /m? term follows
from the one loop Feynman diagram on the first line of fig. which can
be calculated with standard techniques (see e.g.[111]). Furthermore one
can see that all other non-zero diagrams will lead to contributions to the
coefficients C; that are at least order g*/m*. Finally, we can then identify
Ser = [d*z 0¢, leading to the result

% @ <1—921) , (3.8)

g2 2 m?2 67

with the value for ) > 1/2 following from the identification g = o1_¢ for
the compact formulation of QED2 that we are considering. In fig. one
can observe the convergence of our numerical results to this analytic result,
now for g/m — 0. Notice here that we subtracted the leading order term of

eq. (3.3).

Comparing the strong and weak coupling regime we observe an important
difference: in the strong coupling limit o is differentiable at Q@ = 1/2
whereas in the weak coupling limit this is not the case. Therefore there exists
a critical mass (m/g). with the property that o is differentiable at Q = 1/2
for (m/g) < (m/g). and not differentiable at QQ = 1/2 for (m/g) > (m/g)..
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This point (m/g). corresponds to the first order phase transition for the
Hamiltonian H¢ eq. at Q@ = 1/2 [10]. Hg=1/2 is symmetric under
the CT transformation and the point (m/g). separates the unbroken phase
m/g < (m/g). from the spontaneously broken phase m/g > (m/g). that
was originally predicted by Coleman [[6]. This relationship of the breaking
of CT-symmetry with the non-differentiability of o can be made more
concrete by noting that

dog 1 1
a0 - 2 < Z (L(n) — Q)>Q = —%EQ

n=1,2

where (.. .) denotes the expectation values with respect to the ground state
of Hg. We now have the relation Eg = —E7_g from the CT-transformation,
which indeed makes it a good order parameter for the CT breaking at Q =
1/2.

We have performed an independent computation of Eg, again for @ =
0.05,0.10,0.15,...,0.45,0.47,0.48, 0.5, and now using values x = 100 , 200,
300, 400 for our continuum extrapolation (see section of appendix [A).
Our results are displayed in fig. At Q — 1/2 we find for m/g = 0.3,
Eg/g = 0 up to a numerical error of 4 x 10~% while for m/g = 0.35 we
find Eg/g = 0.314(2), consistent with the value (m/g). ~ 0.33 that was
obtained in [27] and also consistent with the behavior of o in fig.

Finally we also computed the half chain entropy S¢ eq. for different
values of @@ and m/g, which in this translational invariant case will not
depend on the position of the cut. Similar as for () = 0, see subsection
we find the predicted logarithmic divergence of Cardy and Calabrese
[20]

So(x) ~ —log (i) = —é log (1/+/z) + (finite terms as x — +00)

with ¢ the correlation length. As an illustration, in fig. [3.3a] we show a fit
of the form (—1/6)log(1/y/x) + A 4+ B/\/x through our data of Sg(z) for
Q =0,Q =0.45and m/g = 0.25. A and B have been obtained by a linear
fit through Sg(x) + (1/6) log(1/+/x).

The universality of the logarithmic UV-divergence then allows us to define
a UV finite renormalized entropy ASg = S — Sp, with a finite continuum
value that can be obtained by a polynomial extrapolation in 1/./z, see inset
fig. Contrary to the string tension and the electric field, we found
sometimes that the results at x = 100 and the continuum results differed
by a factor of order one or had different sign. We refer to subsection in
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Figure 3.3.: (a): m/g = 0.25, Q = 0.45. Fit of the form
(—1/6)log(1/y/x) + A+ B/y/x to Sg(z) and So(x). Inset: linear fit to ASq(z).
(b): ASq for different values of m/g.

appendix[Aland in particular to fig. [A.5|for the details about the continuum
extrapolation. In fig. we show this renormalized entropy ASg as a
function of @ for different values of m/g. Most notably we observe an
(almost) divergent behavior for m/g = 0.3 at Q@ — 1/2 close to the critical
point @ = 1/2,(m/g). ~ 0.33. From eq. we indeed expect a growing
entropy for growing correlation length. By the same argument one can
understand the behavior at small )-values: there the correlation length
(inverse mass gap) increases with growing g/m (see subsection[2.2.2), which
is indeed paralleled by the behavior of AS(,.

3.4. From small to large distances

3.4.1. MPS ground state approximation

Let us now consider the situation where the external quark and antiquark
pair are separated over a finite length L. On a lattice with spacing a and
interquark distance L = (mp — mp)a, the pair introduces a non-uniform
background electric field a(n) = —QO(mr < n < mg) in the Hamiltonian
eq. (3.1). As ansatz for our MPS trial state |¥[B]) for the ground state we
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now write [[80} 112, [113]:

0 M M+Ng
ol (T ) (o) (I 3 )onter.

K n=—Ny, n=1 n=M+1

where —N;, < 1 < mp < mrp < M < M+ Ng and A} = Al

N(mod 2)
is obtained from the MPS approximation eq. of the ground state of
the zero-background Hamiltonian (a(n) = 0) and only depends on the

parity of n. This is a MPS of the form eq. in the thermodynamic limit
(Ng, N;, — +o0) where we take A,, = B, for 1 < n < M and take the A,
corresponding to the ground state eq. for a(n) = 0 to the left and to
the right of the B,;)’s (n < 1 and n > M).

The idea behind this ansatz is that the non-uniform background electric field
changes the vacuum and breaks translation invariance (all B,, are different)
but that asymptotically (|n| > 1) it does not affect the vacuum, see also
sectionmc part [[l|for a more detailed discussion Again gauge invariance
eq. is imposed if B,, takes the form eq. (1.8) with general matrices
bqs € CD *Disi (¢ € Z[prin, pme); pr € Z[pm, pmae]). Note that
we allow different bond dimensions on different sites. Also Ay? is of the
form eq. as we imposed this to determine the ground state of the zero-
background electric field Hamiltonian. The Schmidt decomposition eq.
with respect to the bipartition of the lattice consisting of the two regions
A" =2Z[-Nr,...,nland & = Zn+1,..., M + Ng| now reads

max

pn+1 n+1

= 30 Joha, i) ).

q=pin aq=1

The computation of the Schmidt values a?Wq is discussed in subsection
of part|[ll]

Because eq. is linear in each of the B, we can use the DMRG-method
[44, [80]] to obtain the best approximation for the ground state within the
manifold of gauge invariant states, by optimizing on the UV and IR finite
quantity Vo(L), see section of part @for the details on the implementa-
tion.

By looking at the Schmidt spectrum we were able to fix the values of the
virtual dimension D, and the minimum and maximum eigenvalues p/"i"t
and p;'¢7 of L(n) we retained in our numerical scheme to obtain an accurate
approximation of the ground state. In practice we started with a certain dis-
tribution of D9-values for each n, anticipating that the dominant eigenvalue

sector of L(n) would shift from ¢ = 0 at large n to ¢ =~ @ at the centre.
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After a first full DMRG-optimization, the initial D? values were updated:
increased in case that the minimal retained Schmidt value in the particular
eigenvalue sector was larger than oy, = 10718, decreased in case that
the minimal retained Schmidt value was smaller. This was repeated a few
times until all retained minimal Schmidt values were smaller or of the same
order than o,,;,. As for the choice of my, and M, which varied between
150 < myp <250 and mp + 150 < M < mp + 250, we verified a posteriori
that the inhomogeneous interval of the MPS eq. was taken to be large
enough, by verifying the convergence of local observables at large distances
to their value for the homogenous ground state.

Let us give a specific example. In fig. [3.4]and fig. [3.5we show some details on
the simulation of the ground state for m/g = 0.25,Q = 5,2 = 100, Lg =
10.1. In our setup with lattice spacing 1/g?\/x = 0.1/g this corresponds
to a distance of 101 sites between the external quark with charge —g(Q and
the external antiquark with charge gQ. Specifically, we put the antiquark at
site mz, = 151 and the quark at site mpr = 252. And we reserved 150 sites
on the left of the antiquark and 150 sites on the right for the non-uniform
part of our MPS ansatz. In total we thus have M = 151 4 101 4 150 = 402
tensors B, that need to be optimized. By looking at the 10-base logarithm of
the expectation value of some local quantities with respect to the Schwinger
vacuum, see fig. we observe that we took the range of the non-uniform
part large enough: the errors by taking a finite range for the non-uniform
part are of order 1076.

In fig. we show the distribution of the minimum charge p™" and
maximum charge p® we used. For ¢ < p™" and ¢ > p™*® we thus
put Dii = 0. The p™" and p™*® we took at the boundaries, i.e. n > 1 and
n < 402 correspond to the p™™ and p™? of the Schwinger vacuum, i.e. the
vacuum without external charges that we simulated in section[2.1] Between
the boundaries and the external charges we anticipated the increasing elec-
tric field and raised p])'** to 44 () = 9 anticipating the dominant eigenvalue
sector gy =~ () at the centre.

In figs. and [3.4d| we plot the distribution of the Schmidt values among
the eigenvalues sector g of L(n) at the sites n = 150 (c) and n = 200 (d). As
explained above, we adapted the bond dimensions such that for each site n
and at each eigenvalue sector p of L(n): ming, o7 o, < 107, Comparing
with figs. and we observe that the dominant eigenvalue sector is
shifted to ¢ = 2 for n = 150 and to ¢ = 5 for n = 200. One can also see
that our p™™ and p%* are not entirely optimal: for certain charge sectors
the largest Schmidt-value is still well below 1078, and these sectors could
have been discarded altogether. As we can see by looking at fig. [3.5a the

most dominant eigenvalue sector of L(n), i.e. the eigenvalue sector ¢ with
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Figure 3.4.: m/g = 0.25,z = 100,Q = 5, Lg = 10.1. The stars represent the
external charges. Between them the electric background field —Q) = —5 is applied.
(a): 10-base logarithm of the expectation values of some local quantities with the
Schwinger vacuum-value subtracted. At the boundaries one observes that they are
sufficiently small indicating that we took the non-uniform range wide enough. (b):
maximum and minimum eigenvalues p**® and p™*" of L(n — 1) we took into
account in our numerical scheme on every site. (c): Distribution of the 10—base
logarithm of the Schmidt values o} , “among the eigenvalue sectors g of L(n) for
n = 150. (d): Distribution of the ofthe 10—base logarithm of the Schmidt values
o , among the eigenvalue sectors g of L(n) for n = 200.
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Figure 3.5.: m/g = 0.25,z = 100, Q = 5, Lg = 10.1. The stars represent the
external charges. Between them the electric background field —Q = =5 is

applied.(a): Dominant eigenvalue sector of L(n), i.e. eigenvalue ¢ of L(n) with
aq

largest qu":l 0% o, D3 is taken such that smallest Schmidt value is around

10718, (b): max, DY : Largest bond dimension among the eigenvalue sectors of

L(n) at every site n.

the largest value for 2551:1 07y shifts from ¢ = 0 to ¢ = 5 as we go from
the left boundary to the middle and then decreases to ¢ = 0 as we go to the
right boundary.

We also show the maximum bond dimension max, D7, in fig. The
largest bond dimension is required in the region where the electric back-
ground field is applied.

Physics is independent of the precise position of the quark and antiquark
but depends on the distance L = (mpr — mp)+/x/g between them. For our
discussion of the results we will shift the system such that the quark with
charge —gQ is at position z = —L/2 and the antiquark with charge gQ@ is
at position z = L/2.

3.4.2. The case m/g=0: screening a la Higgs

We will now first discuss our results for the m/g = 0 case. This is a special
case, as the asymptotic string tension o vanishes for all values (integer or
fractional) of the charge. Physically, this is interpreted as a manifestation
of a Higgs mechanism [5], suppressing the long range Coulomb force and
replacing it with a short range Yukawa force thereby effectively screening
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Figure 3.6.: m/g = 0. (a): Potential for Q@ = 1 and @ = 1.5 compared with exact
result in the continuum eq. (3.10). Inset: convergence for 2 — +00 to eq. for
@ = 1. (b): Distribution of fermion charge for @ = 1.5 for different separation
lengths of the quark and antiquark for x = 100. The results are compared with the

exact result eq. (3.11).

all charges. Another reason that makes the m/g = 0 case special is that it
can be solved analytically [[13], which allows for benchmarking of numerical
results. Previous numerical calculations for this case were performed with
Monte-Carlo simulations on the bosonized version of the theory [[11]].

In fig. we have plotted our results for the potential for m/g = 0 for
@ = 1 and @ = 1.5. This can be compared with the exact continuum result
[13]]:

Vo(L) = \/%SQQ (1 - e*Lg/ﬁ> : (3.10)

which is indeed of the Yukawa-type. We find very good agreement already
for z = 100 both for @ = 1 and @ = 1.5. For @ = 1 we also performed
a computation for z = 400, in the inset one can observe the rate of conver-
gence towards the continuum z — oo in this case.

The charge density (1)(2)y%)(z)) of the light quarks is of course also an
interesting quantity to compute, as it explicitly shows the screening of the
external probe charges. The analytical result for the probe charge pair put at
+L/2 reads [13]:

(D)0 (2)) = 29537? (e—g|z+L/2\/\/% _ e—g|z—L/2\/ﬁ) e
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Figure 3.7.: m/g =0, Q = 1. Spatial profile of ASg for different values of L and
scaling to the continuum limit (z — +o00). (a) Lg = 0.85. (b): Lg = 15.65.

This indeed corresponds to a charge distribution with two ‘clouds’ of oppo-
sitely charged light (in this case massless) quarks, around the external quark
and antiquark, that for large distance L have exactly the same total charge
+(Q) as the external pair. On the lattice the charge density at z = (2n—1/2)a
is computed as \/z {0, (2n—1) 4+ 0,(2n))/2. In fig. we plot this density
for @ = 1.5 where the charges are separated at distances Lg = 5.1 and
Lg = 17.3. Here too our results for x = 100 are already very close to the
continuum result.

In fig. we show the spatial profile of the renormalized half chain Von
Neumann entropy ASg(z) = Sg(z) — So(z), see eq. (1.10), for different
values of Lg. We computed this quantity for z = (n + 1/2)a with n even
and performed an interpolating fit. When the heavy quarks are close to
each other, ASp(z) shows a peak in the middle between the charges and
falls of very fast with |zg|. For larger values of Lg a cloud of light quarks
forms around each of the heavy charges which clearly leaves its imprints on
the spatial profile of the Von Neumann entropy, see fig. ASg(z) is
non-zero around each of the heavy charges and is zero around zg =~ 0.

In fig. and we also show the scaling of ASg(z) to the continuum
limit, x — +00. Here we also needed to perform some interpolation because
we can only take Lg to be an integer multiple of 1/+/z. Specifically, we
performed simulations for x = 400 and Lg = 0.85,5.25,15.65. For x =
100, 200, 300 we first did simulations for L1g < 0.85,5.25,15.65 and Log >
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0.85,5.25,15.65. Afterwards we did a simple linear interpolation between
L1g and Log to obtain the curve for Lg = 0.85,5.25,15.65. We find the
same qualitatively behavior for different values of z. In the continuum limit
x — 400 the entropy however becomes very small. For instance, in fig.
a continuum extrapolation of the maxima for zg ~ 0 yields the estimate
ASq(0) ~ 5(7) x 1074, while extrapolating the maxima in fig. around
zg = £10 gives AS(£10) = 2(5) x 107

3.4.3. The case () = 1: string breaking

For m/g # 0, the asymptotic string tension o vanishes only for integer
charges (). This is taken to be an indication for a screening a la QCD
[5], where the potential exhibits a string tension (Vg(L) oc L) at short
distances, but flattens out completely at large distances, at least for integer
charges (). At these large distances it becomes energetically favorable to
materialize light (yet massive) (anti-)fermions out of the vacuum that bind
to the external quark and antiquark, resulting in two charge neutral mesons.

Historically, for QCD, lattice Monte-Carlo simulations succeeded first to
calculate numerically the short distance confining behavior of the potential -
both in the quenched and unquenched approximation — via the expectation
value of the Wilson loop [[106, [109]. The detection of string breaking has
posed a larger challenge. A main problem with the use of the standard
Wilson loop is the poor overlap with the broken-string two-meson state.
This problem was finally overcome by including light quark propagators in
the Wilson loop and analyzing its mixing with the standard Wilson loop
(106, [114].

For the Schwinger model the string breaking phenomenon has been con-
firmed in mass perturbation theory [25] and in a semi-classical approxima-
tion of the bosonized version of the theory [9,[14]. At the numerical level, for
@) = 1, lattice Monte-Carlo simulations have detected both the confining
and string breaking behavior of the potential [T} 28]]. In [11] the problem
with the Wilson loop was avoided by computing instead the expectation
value of the bosonized Hamiltonian, while [28] turned to very high statistics
thereby explicitly showing the poor overlap of the Wilson loop with the
broken-string ground state.

For the local quantities (charge density =1)(2)7%1(z), electric field=E(z))
and the potential, we restrict ourselves from now on to lattice spacing x =
100(= 1/g%a?); from the previous subsection we can expect these results
already to be quite close to the continuum. In fig. we display our
results for the potential, and this for different values of m/g. We computed
explicitly the ground state energy at Lg = 0.1,0.3,...15.3 and performed
an interpolating fit. We clearly find a transition from the confining behavior,
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Figure 3.8.: Q = 1,z = 100. (a): Quark-antiquark potential for different values of
m/g. (b): Comparison of potential with non-relativistic limit result egs. (3.12) and
(3.15) (dashed line) for m/g = 0.25, 0.75, 1, 2.

associated with the string state, towards the constant behavior associated
with the broken-string two-meson state. This transition happens more sud-
den for larger values of m/g, which is in qualitative agreement with the
semi-classical results from the bosonized theory [9] [14].

These results are also what one would expect from the non-relativistic weak
coupling regime. In this non-relativistic limit one can obtain the ground state
by diagonalizing the Hamiltonian in subspaces of the different (fermion)
particle sectors. The zero particle sector simply consists of the Fock vacuum
of the free Dirac-field and corresponds to the confining string state with an
energy

8string = 92L/2 ) (3-12)

for probe charge () = 1 and separation length L. The broken-string state will
correspond to the ground state in the subspace of all states containing one
(light) quark antiquark pair. For this state the light antiquark will bind to the
external probe quark and vice versa. We can make this more quantitative,
by considering the effective Hamiltonian in the non-relativistic limit for this
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Figure 3.9.: Q = 1,z = 100. (a): The total charge of the light fermions on the

negative axis Q) (L) for different values of m/g. (

b): Electric field for m/g = 0.75.

(c): Charge distribution for m/g = 0.75. For Lg = 17.3 we compare with the
charge distribution of the non-relativistic meson state (full red line). (d):
Comparison of the charge density of the left cloud (full line) with that of the
non-relativistic meson state, eq. , (dashed line) for Lg = 17.3, now for
m/g =0.125,0.5,1,2.
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particle sector:

2

- = —L/2| — = L/2 = L. 1
2|116A /2| 2\$B+ /|+2 (3.13)

Here x4 and xp are the coordinates for the light antiquark and quark, and
we have put the probe quark at x = —L/2 and the probe antiquark at
x = L/2. Anticipating binding of the light fermions to the probe charges
for large L, we can assume x4 < g, x4 < L/2 and xp > —L/2 leading to
a cancellation of the last four potential terms H,3 =~ H4 + Hp with
2 2 2 2
J{A—m—v—+—\x + L/2|, f}CB—m—Z—+f! — L/2|.

A ground state solution will therefore be of the form

U(za,zB) = da(za)dp(zp)

where now ¢ 4(z4) and ¢ p(z ) are both ground states of the non-relativistic
one-particle problem for a linear potential. All eigenstates for this non-
relativistic Hamiltonian H 4 (and similar for Hp) can be written in terms
of the so called Airy function A [115]:

M) (24) = NAi [ (g2m)!/3 L2 - 2e, ™
(;SA (‘TA)_ ? (g m) ‘:L“A—I- / ‘ ng4/3 ) (3-14)

where N is the normalization factor and &, is the (kinetic) eigenenergy of
the eigenstate. These energies follow from the continuity requirement on
¢4 and ¢y at 14 = —L/2, leading to either even or odd ¢4 under x4 +
L/2 — —(x4 + L/2). The ground state wave-function is even and the
ground state energy & is related to the first zero of the first derivative of
the Airy function, Ai'(z1) = 0, at 21 ~ —1.0188: £y = —lei//z- So in the
non-relativistic approximation we find:

g3
Eomeson = 2m + 1. 0188

woyeR (3.15)
Notice that relativistic corrections to this approximation will necessarily in-
volve quantum field contributions from other particle sectors. The relativistic
one-particle Dirac equation has no bound state solutions for a linear (vector)
potential [176] A17].

Hence, in the non-relativistic approximation we can then understand the
transition from the string state to the broken-string state as a level crossing
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at the critical length L, where €tring = Eomeson- The dashed lines in fig.
corresponding to this non-relativistic result for €gping = Lg2/2 and
Eomeson = 2m + 1.0188% were plotted for comparison. We can indeed
observe the convergence towards this result for increasing values of m/g. We
further illustrate this behavior in fig. where we plot the total charge () —
of the light fermions on the negative z—axis:

0
Q=g [ dz (@ v, (.16
—0oQ
One can observe indeed that the interpolation between ()_ = 0 (string state)
for small L and QQ— = 1 (meson state) for large L becomes more and more

discontinuous for growing m/g in accordance with the non-relativistic level
crossing picture.

In figs. and fig. [3.9¢ we investigate the interpolation from the string
state to the string-broken state in more detail for m/g = 0.75 by plotting
the charge density and electric field. For L/g = 0.5 there is only a very small
charge cloud around the external quark and antiquark, notice also the very
short electric field string displayed at the bottom of fig. At L/g =5.1
the clouds start to build up, lowering the electric field value at the centre. At
L/g = 10.1 the string is completely broken, the electric field at the centre
has vanished, and we have two clouds of total charge +1 around the external
quark and antiquark. At L/g = 17.3 the two isolated mesons are simply
separated over a larger distance, with a quasi-identical charge distribution
around the external quarks as for L /g = 10.1.

The full red line in fig. is the charge distribution &|¢(z)|? for the non-
relativistic meson state for Lg = 17.3, with

6(2) = NAi ((ng)1/3\z +1/2| - 1.0188) (3.17)

the ground state of the one-particle problem in a linear potential, see eq.
(3.14). As one can observe, the charge distribution from this non-relativistic
picture matches very well our exact (numerical) result. In fig. we
compare the charge cloud at the negative z—axis with the non-relativistic
result for other values of m/g. One can again observe the convergence to the
non-relativistic result for growing m/g, notice that already for m/g = 0.5
the match is quite good.

For the renormalized Von Neumann entropy ASp(z) we also find a char-
acteristic picture, both for the string state and the string-broken state, see
fig. 3.10| for the case m/g = 2. For the string state, Lg < 9.5, the entropy
shows a constant surplus in between the probe charges, similar to the electric
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Figure 3.10.: m/g =2, Q = 1. ASg(z) for different values of L and scaling to
the continuum limit. (a) Lg = 5.25. (b) Lg = 10.95.

field. But notice that this effect vanishes in the continuum limit, we find an
extrapolated value: ASy(z) ~ 2.0(5) x 1073 for zg € [—2.5,2.5]. For the
string-broken case Lg 2 10, see fig. we find that the entropy now
shows two clouds around the heavy quark and the heavy antiquark, similar
to the charge density. But notice that in contrast to the string state the
entropy now survives the continuum limit, with the x = 100 value already
close to the continuum extrapolation.

3.4.4. General (): partial string breaking

We now finally turn our attention to the general case () # 1. In this case we
should have the interesting phenomenon of partial string breaking. Indeed,
in the non-relativistic limit m/g — oo of string breaking due to meson
formation, probe charges @) can only be screened by an integer number:
Q — Q = Q — n, where n is the number of light (anti-)quarks that bind
to the external charges. For nonzero Q this still leaves a string between the
two separated meson configurations.

Our simulations allow us to verify to what extent this picture is realized for
finite m/g. In fig. we plot our results for different values of (), both
fractional and integer. We do indeed recover partial string breaking, largely
following the non-relativistic picture. To our knowledge this is the first suc-
cessful simulation of partial string breaking for the Schwinger model, a pre-
vious Monte-Carlo simulation [28] failed to detect the phenomenon. Note
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Figure 3.11.: z = 100. (a) - (c): Quark-antiquark potential for different values of
Q.(@m/g=1.(b)ym/g=0.5()m/g=1.(d)- (f): Q_(L) for different values of
Q. (dym/g=1.(e)m/g=0.5()m/g=0.25.

however that for SU(2) Yang-Mills theory Monte-Carlo simulations [[118]
were able to detect partial string breaking using the multi-level method.

In fig. [3.17d| we plot, as in the previous section, the evolution of the total
dynamical charge () at the negative z-axis, for m/g = 1. For all values of
@ this charge Q_ indeed makes quasi-discrete jumps of AQ_ ~ +1 which
should correspond to (partial) string breakings. As we see in fig. [3.11a| these
jumps indeed correlate with jumps in the string tensions in the different
regions of the potentials. For m/g = 0.5 we still find jumps of Q_ but they
are smoothened out, as can be seen in figs. and Form/g = 0.25
the jumps are even more smoothened out as can be seen in figs. and
This smoothened behavior, similar to what we obtained in the Q =1
case, is expected as we go further from the non-relativistic large m /g regime.
But still notice the contrast with the behavior in the massless limit m/g = 0
of subsection [3.4.2] where the charge () grows continuously to the external
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m/yg

Q 0.25 \ 0.5 \ 1
075 [ 25x107°(6) | 5x 1077 () | =7 x 10-10(2)

1 8x 1077 () | 5x1079(@2) | —4x 1071 (4)
175 | 26 x 1074 (7) | L.7x 1072 (7) | 8 x 1078 (8)
25 ||3.0x1072(1) | 25 x 1076 (5) | —1 x 1072 (1)
325 22x107°(1) | 21 x 1077 (@8) | —1 x 107 (1)
45 || 4.0x1073(2) | 1.0x 1075 (@) | —1 x 1079 (1)
5 (121x107%(6) | 1.0x10°(5) | —2x 1078 (1)

Table 3.1.: z = 100. Values for the difference (AVy /AL — 0g)/g* where
AVg /AL is the mean of the backward differences at Lg = 15.3 with AL g =
0.4,0.8,1.2,1.6.

value (), assuring a complete screening.

For L going from 0 to oo, different partial string breakings should lead to
the asymptotic behavior of the potential that we examined in section In
table 3.1 we show the difference of the slope of the potential around Lg =
15.3 with the asymptotic string tension at x = 100 that we calculated in
the previous section. The former is estimated as the mean of the backward
differences

1 AV _ Vi(15.39) — Vip(Lg) <N (3.18)

1 1 dvg
g2 AL Lg

T g2 dL

for Lg = 13.7,14.1,14.5,14.9. The error is computed as the standard
deviation of these backward differences. One observes that for m/g = 1
the string tension has already converged to the asymptotic result, almost up
to the numerical precision, while for m/g = 0.5 we are already very close to
the asymptotic result and for m/g = 0.25 there is a slightly larger (but still
very small) difference.

For integer values of (), the asymptotic string tension vanishes, so asymptot-
ically we expect Q— — @), corresponding to a complete screening. For the
values ) = 1 and Q = 5 that we considered, this is already almost satisfied
at Lg = 15.3, as can be seen in table In the non-relativistic limit for
general @, the total dynamical charge ()_ that is produced asymptotically,
will be the integer number that minimizes |QQ — Q_|. For finite m/g we
expect corrections to the non-relativistic limit, but as one can see in the table
these corrections are still very small for m/g = 1 and m/g = 0.5. Notice
also that for the half-integer values ) = 2.5 and 4.5, for which we have
spontaneous symmetry breaking in the asymptotic limit (see section[3.3), we
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m/g

Q 025 | 05 [ 1
0.75 || 0.9225 [ 0.9675 [ 0.9891

1 | 0.9995 | 1.0000 | 1.0000
1.75 | 1.9157 | 1.9665 | 1.9891
2.5 || 2.2384 | 2.0778 | 2.0223
3.25 || 3.0748 | 3.0332 | 3.0111
45 || 42150 | 4.0770 | 4.0230

5 || 49922 | 4.9990 | 5.0000

Table 3.2.: = = 100. Values for Q_ at Lg = 15.3 for m/g = 0.25, m/g = 0.5 and
m/g=1.

find Q_ approaching the smallest of the two possible non-relativistic values
Q_-~Q—1/2

In fig. we show the spatial charge distribution and electric field for
different distances of the probe quarks. For ) = 1.75 we have two partial
string breakings. The first one, around Lg ~ 1.7 (see fig. brings
the electric field string at the centre from E/g ~ —1.7to E/g ~ —0.7.
After the second partial string breaking, around Lg ~ 9, the probe charge is
‘overscreened’, Q— = 2, leading to a final electric field string with opposite
sigh E/g ~ +0.2. Notice that in contrast to the @ = 1 case, the charge
clouds at large separation of the probe quarks are not symmetric around the
position of the probes. This is expected, as the remaining confining force
between the two (charged) ‘mesons’ distorts the charge distribution. For
@ = 4.5 we have a similar picture, but now, after the final partial string
breaking, the probe charge is ‘underscreened’, Q— =~ 4, resulting in a final
negative electric field string /g ~ —0.4. While for @ = 5 the final string
breaking is complete: the probe charge is screened entirely () ~ 5, leading
to a complete neutralization of the electric field string E/g ~ 0 at the
centre. In this case for large enough Lg we expect the charge distributions
to become fully symmetric around the probe charge positions.

In fig. we show the effect of different partial string breakings on the
entropy profile ASg(z), for m/g = 0.5 and Q = 4.5. For the smallest
interquark distance Lg = 0.55, the entropy peaks at the centre. At Lg 2
2.55 (after two string breakings, see fig. [3.11), we observe a profile with
two peaks around the positions of the probe charges. At Lg = 7.35 and
Lg Z 13.15, after four string breakings, the profile now shows four peaks
around the probe quark positions. In addition, we find an entropy surplus in
the centre, which now seems to be stable under the continuum extrapolation.
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Figure 3.12.: m/g = 0.5,z = 100. (a) - (c): charge distribution for different values
of Lg. (a) @ = 1.75. (b) @ = 4.5. (c) @ = 5. (d) - (f): Spatial profile of electric field
for different values of Lg. (d) Q@ = 1.75 (e) Q = 4.5 (f) Q = 5.

In fig. [3.74 we show that this characteristic imprint on the entropy is generic.
We plot ASg(z) for Lg = 15.25 and different values of Q. For Lg = 15.25
all the partial string breakings have occurred and the final meson configu-
rations around the external charge positions are formed. By counting the
peaks one can again deduce the number of light elementary quarks (corre-
sponding to the number of partial string breakings) in the meson states. For
instance, for Q = 4.5, fig. we observe that there were four partial
string breakings and for Q = 5, fig. we observe that there were five
partial string breakings. The spatial profiles do in fact only differ by one
additional peak in each of the clouds for () = 5 around zg = £5. Notice also
the difference in the spatial profile for @ = 1.75 and Q = 2.5, see figs.
and In both cases two partial string breakings lead to the asymptotic
meson state, but in the former case the final electric field is ‘overscreened’
while in the latter case the final electric field is ‘underscreenend’. Finally,
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Figure 3.13.: m/g = 0.5, Q = 4.5. ASg(z) for different values of L. We also
show the scaling to x — +00. (a) Lg = 0.55. (b) Lg = 2.55. (c) Lg = 7.35 (d)
Lg = 13.25.
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notice that we can trust these results to be close to their continuum value,
as the variation for the different z-values is very small.

3.5. Conclusion

In this chapter we employed the MPS formalism for a detailed numeri-
cal study of the confining mechanism in the static limit for the massive
Schwinger model. Our Hamiltonian set-up gives us direct access to the
modified vacuum state in presence of two probe charges. This allowed us,
not only to compute the interquark potential, but also the spatial profile of
the electric field between the probe charges and the charge concentration of
the light fermions. Even for relatively small m/g the picture that emerged
can be understood as a smoothened version of the non-relativistic limit, with
a level crossing between the electric string state that is the ground state at
short distances and the broken-string two meson state that is the ground
state at large distances. Here the two isolated mesons each consist of a light
(anti-)quark cloud around the heavy probe charge, that is well described
by the solution to the Schrodinger equation of the appropriate one-particle
problem.

In the case of fractional probe charges, we clearly observed the expected
partial string breaking. Again in accordance with the non-relativistic picture
we found the screening of the probe charges to happen in jumps AQ ~ 1 of
the light fermion charge; with these jumps becoming more and more discrete
for growing m/g.

The tensor network simulations also give us direct access to the full Schmidt
spectrum for the different bipartitions on the state. The numerical simu-
lations show that the UV-divergence in the corresponding Von Neumann
entropy is universal, allowing us to define a UV-finite renormalized entropy
by subtracting the vacuum value. We have examined the imprint of both
the string formation and string breaking on the profile of this renormalized
entropy. Most notably we found that string breaking leaves a very distinct
imprint on this entropy profile.

We have checked our results not only against the predictions from the one-
particle Schrédinger equation eq. (3.13), but also against the weak coupling
results from the original Lagrangian eq. and against the strong cou-
pling results from the bosonized field theory [[6]]. In the appropriate regimes
we found nearly perfect agreement with these continuum analytic results.
This not only demonstrates the potential of MPS simulations close to the
continuum critical point of a lattice theory. But it also serves as a nice, if
not unexpected, cross-check of the consistency of all different descriptions
of the Schwinger model.
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Figure 3.14.: m/g = 0.5, Lg = 15.25. ASg(z) for different values of () and
scalingtoz — +00. (a) @ = 4.5. (b) @ = 5. (c) Q = 1.75. (d) @ = 2.5.
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4.1. Introduction

When coupling a system to a heat bath it is described by mixed density
operators instead of pure vector states. In one dimension the straightfor-
ward generalization of MPS to operators are the Matrix Product Operators
(MPO) [[119, [120]]. Just like MPS are an efficient and faithful representation
for ground states of local gapped Hamiltonians [71]], MPO are an efficient
approximation for Gibbs states [121,[122] which describe the system in ther-
mal equilibrium. Therefore we expect TNS to be useful for investigating
canonical and grand canonical ensembles for gauge field theories. This has
recently been confirmed by a successful study of the chiral condensate of
the Schwinger model at finite temperature [34]).

In this chapter we also study the Schwinger model in thermal equilibrium,
but now also focussing on asymptotic confinement and CT symmetry break-
ing, thereby continuing our work at zero temperature of chapter 3| In the
next section we discuss the setup of our simulations using MPO. To test our
method, we compute in section [4.3] the chiral condensate and compare our
results with earlier studies [15} 34]. In section we turn our attention
to the asymptotic aspects of confinement for a static quark-antiquark pair
with fractional charge. At high temperatures we find that the string tension
becomes exponentially small. Furthermore, we also study the €T symmetry
and find strong indications that the spontaneous symmetry breaking of the
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ground state at zero temperature vanishes, as soon as a nonzero temperature
is turned on.

4.2. Setup
4.2.1. Hamiltonian and gauge invariance

We start from the same setup as in subsection The Hamiltonian is
defined on a lattice of 2N sites

g 2N JE N
= n) + al? —xm 1) (o5(n 1"
w_Qﬁ(;m J+af?+ ;( 1)"(o2(n) + (=1)")

2N-1

+z Y (ot ()Mo (n+1) + h.c.)), (4.1)
n=1

taking into account that we are interested in the thermodynamic limit N —
—+00. As mentioned in section the electric background field can be inter-
preted to originate from an infinitely heavy quark-antiquark pair, separated
infinitely far from each other, N — 400, where the quark at site n = 1 has
charge ga and the antiquark at site n = 2N has charge —ga.

Here we consider the system coupled to a heat reservoir with fixed tem-
perature 1. If the system only exchanges energy with this reservoir and it
reaches thermal equilibrium it is represented by the canonical ensemble. The
density operator that describes this canonical ensemble is the Gibbs state
p(B) = e P where B = 1/T is the inverse temperature. The probability of
finding the system in a particular eigenstate |&) of H is e=#¢/Z(3) where
Z(B) = tr(e™#) is the partition function. Because the physical sector
corresponds to states with G(n) = 0,

oz(n) + (=1)"

2 Y
we need to exclude the (micro)states that are not gauge invariant. In partic-
ular, the probability to find the system in an eigenstate |€) of H{ which is not
gauge invariant, G(n) |€) # 0, should be zero: (E|p(5)|E) = 0. Therefore
we need to project H onto the (G(n) = 0)—subspace. If P is the projector
onto the (G(n) = 0)-subspace, the canonical ensemble is thus described by
the density operator

p(B) = Pe (= Pe= PP = ¢~ Fp), (4.2)

G(n)=L(n)—L(n—1)+

The ensemble average of a given gauge invariant observable Q is computed
as
tr(PQPeA)

(Qp = A

with Z(5) = tr (?eiﬁg{)
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the partition function. Note that this expectation value indeed corresponds
to the expectation value obtained from the Wilsonian path integral [[70].

4.2.2. Gauge invariant MPO

A general operator p in the lattice system eq. (4.1) takes the form:

p= Z C(ﬁl,n’l),...,(ngN,n’QN) |K;> <I<,/|
K

with C(8181)(RanoRoN) € C, fn = (Sn,pn) € {=1,1} X Z[p;n—ﬂvpglﬁﬂ
and kK = |K1)...|kan). Note that we only retained a finite range for the
eigenvalues p,, of L(n) for our numerlcal scheme. We will address the issue
of which values to take for p™" and p™? in subsection [4.2.3 u The projector
P onto the (G(n) = 0)-subspace equals

2N
P=> ( 15pnpn_1’sn+<21)n> k) (k] . (4.3)
K n=

To obtain a purification of the state P we consider the Hilbert space

2N
A = Q) Hy @ H!
n=1
where ;% = span{|&%), = [s%), |[p%)} is an auxiliary Hilbert space with

the same dimension as J%,. If we introduce the MPS [T19]]

oA =S b (A'“’“l ...AngN’”gN) I, K%) € H g,

K,K
[k, KY) = [K1)1 [KT)1 - - -5 [Ran)on [KSN Do »
where
[ALPL" )] = [an] 5
n (Q7a)7(rvﬁ) n a‘bﬁ”' T1q+[5+(_1)n}/2

5p7’r 68,80‘ 5p‘l,q+ [s¢4+(=1)"]/2> (4'4)

then tracing out the auxiliary Hilbert space s = ®i]11 S gives us P up
to a normalization factor:

trpe (|W[A]) (W[A]]) o 2.

We refer to subsection of part/[ll|for a more detailed derivation.
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For 5 = 0 we have that p(0) is the projector P on the (G(n) = 0)-subspace.
[7(,P] = 0 implies that p(f) = e PP = ¢=AH/2pe=BH/2 A5 a conse-
quence, if we evolve the purification |¥[A(/3)]) according to

[WIA(B)]) = e~ W[A(0)]) . (4.5)
we have for all values of § that

p(B) oc tryee ([[A(B)]) (Z[AB)]]) -

Note that because A, (8 = 0) takes the form eq. (4.4), gauge invariance of
I implies that during the evolution eq. A, () will have a similar form:

[AGP P (B)] (g agstr8) = 1085 (B)ag 8, Or g st (— 1)) 2

6p’7~(5pa7q+[5a+(_1)n]/2 (4.6)
where a%%*" € CP"*D" represents the variational freedom of the MPS
|W[A(5)]). Note that contrary to eq. a®** now also depends on s, p
and s,. The total bond dimension of this MPS is D = 3° D?. Finally
we note that by restricting ourselves to finite eigenvalues of L(n) we can
not represent the initial state p(0) exactly. Fortunately, as we will see later
this does not spoil our results for non-zero /3, see subsection and in

particular figs. and

By performing our simulations in the thermodynamic limit N — 400 we
can impose translation invariance over two sites on our state by letting
q,8,8%

a”” () only depend on the parity of n:
a$”1(8) = af ™™ (8) and o)™ (8) = a§ ™™ (B), Vn.

4.2.3. iTEBD for thermal evolution

In the previous subsection we purified the Gibbs state p(3) = Pe=#’t by
the MPS |U[A(f)]). Using gauge invariance and translation invariance over

a a
two sites we identified the variational degrees of freedom a¥®*  ad®" €

CP**Dr of |W[A(B)]), see eq. . There now only remains to solve eq.
within the MPS manifold which is performed by using the iTEBD [45]].
Specifically, we perform a fourth order Trotter decomposition of e~ (43/2)H
for small steps d 8 [123]. Afterwards we project

(W[A(B + dB)]) = e~ /D7 [w[A(8)])

to a MPS with smaller bond dimensions DY. In this way we avoid the bond
dimensions to increase exponentially with 8. This projection is performed as
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an effective truncation in the Schmidt spectrum of |W[A(5)]) with respect
to the bipartition {&" = Z[1,n], o' = Z[n + 1,2N]}.

The Schmidt decomposition with respect to the bipartition {27/, 27"} reads

max

p D1
WAB) = S Y \foha, Wk, [bed,) (4.7)

q:pmin aqzl

where |¢f§q> are orthonormal unit vectors in the Hilbert space Jn =
®jeﬂg(‘%’3 ® ;) (k = 1,2) and the Schmidt values Ofa, are non-
negative numbers that sum to one. Note that the Schmidt values are labeled
by the eigenvalues of L(n) which is a consequence of eq. (3.25). Due to
translation symmetry over two sites o7, o, only depends on the parity of
n: Ugn—l,aq = Jiaq and O'gn’aq = Ugvaq,Vn. From eq. one observes
that the limit D9 — +o00, p™" — —o0 and p"** — 400 yields an exact
representation of the state |W[A(()]) and thus of the Gibbs state. The
success of the approach using MPO is explained by the fact that by using
relatively small values of DY we can obtain very accurate approximations of
the Gibbs state [121][122]]. After every Trotter step the iTEBD algorithm dis-
cards all Schmidt values mq%aq < €2 with e a preset tolerance. In particular,
when all Schmidt values o7 o, corresponding to an eigenvalue g are smaller
than €2 this eigenvalue sector is discarded and p™"
decreased. In this way p™", p™% and DY are adapted dynamically. We
refer to subsection of part [l for the details on the implementation of
the iTEBD algorithm.

In fig. we plot p™® and p™" for our simulations with m/g = 0.25,
x = 200, a = 0, once with preset tolerance ¢ = 10~% and once with preset
tolerance € = 5 x 1075, For € = 1076 we started with p%* = —p™in = 25
and for e = 5 x 1075 we started with p™%* = —p™" = 20. We observe
that p% and p™™ decrease very fast in magnitude as a function of 3 to
p™%® = 3 and p™" = —3. The fact that we can accurately describe the
system with a finite range of eigenvalues of the electric field should not come
as a surprise. Physically, we do not expect it to be very likely to observe the
system, which is in thermal equilibrium, in a state with extremely large elec-
tric field compared to the temperature. This follows from the first term in the
Hamiltonian eq. that appears in the Gibbs state p(3) = P exp(—pH).
Note that the p”"" and p%* at Bg = 10 corresponds to the values of p™*
and p™™ in our simulations at zero temperature in sections [2.1)and In
the inset we show the evolution of the maximum bond dimension over all
the charge sectors. The bond dimension is an almost linearly increasing
function of B¢ for Bg < 5. When g 2 5 the bond dimension remains almost
constant, indicating that for these parameters g = 5 is already very close to

is increased or p™* is
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Figure 4.1.: m/g = 0.25, 2 = 200, o = 0. (a) p™" and p™? for ¢ = 10~ and
€ =5 x 107C. Inset: maximum bond dimension over all the charge sectors. (b):
Electric field per site Ey(3, ). Because o = 0 we should have Ey(5,z) = 0.

zero temperature. If we want better accuracy one needs smaller values of e.
In the inset of [4.1a] one observes that this requires more variational freedom
in the MPS representation of |¥[A(f)]) and thus longer computation time.

As afirst check on our method we show in fig. [4.1b]the electric field Eo (8, )
at lattice spacing a = 1/,/gx where

Eo(B,z) = %tr (M(L(D +L(2) + 2a)> .

For zero background field, o = 0, this quantity should be zero which follows
from CJ symmetry of the Hamiltonian (C is charge conjugation: ¢ —
—o0?, L — —L, and 7 is translation over one site). For very small values of
Bg the errors on Ey(f3, z) are relatively large. This is a consequence of taking
finite values for p”" and p™%*; as we discussed in the previous section, for
Bg = 0 one should consider all possible electric field values (p € [—o0, +00])
to represent the Gibbs state p(0) = P. Fortunately, discarding these Schmidt
values for small values of 3g does not spoil the results for larger values of
Bg. Indeed, for Bg > 0 the errors on Eq(j3,)/g are only of order 1074, In
this plot one also observes that taking a smaller value for € leads to better
accuracy. From this example it is clear that, unless one is interested in the
B — 0 limit, one can safely neglect eigenvalue sectors ¢ with ¢ + o larger
than 20 in magnitude.
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Figure 4.2.: m/g = 0.5,z = 100, « = 0.25. (a) p"™™ and p™°* for

e=10"7,dB = 0.01 and € = 1079, dB = 0.05. Inset: maximum bond dimension
over all the charge sectors. (b): Electric field per site E, (3, x)/g. Inset: 10-base
logarithm of difference of E, (53, z)/g between simulations with

¢=10"7,dB = 0.01 and ¢ = 105, dj = 0.05.

In fig. and fig. [4.2b| we compare two simulations for different values of
the step size d3 and €, now for nonzero background field o # 0. The first one
has (dB3,€) = (0.05,107%) and the second one has (d3,¢) = (0.01,1077).
In fig. we compare the electric field, which is non-zero for @ # 0,
for both simulations and observe that the results are the same up to order
1075, For Bg < 2 the difference is slightly larger, but still sufficiently small.
This slightly larger error mainly originates from ignoring large eigenvalues
of L(n) at fg = 0. The fact that the results for different choices of df and
€ are in agreement justifies taking (dj3,¢) = (0.05,107%) for most of our
simulations.

4.3. Chiral condensate

4.3.1. Introduction

In QCD with massless up and down quarks, the non-zero chiral quark con-
densate signals spontaneous symmetry breaking of the chiral symmetry.
This spontaneous symmetry breaking occurs for relatively low temperatures
and explains the existence of pions [124, [125]]. For physical quark masses
this chiral symmetry is explicitly broken. However, one can still distinguish
two phases separated by a pseudo-critical temperature 7, ~ 150 — 190
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MeV. For temperatures 1" < T, thermal expectation values are dominated
by the pions which are a ‘remnant’ of the chiral symmetry, while at high
temperatures the thermodynamics are well described by the quarks and
the gluons. The pions can be interpreted as an example of confined quark
bound states that dominate the physics only below T.. Therefore, not so
surprisingly, it is also suggested that around this pseudo-critical temperature
QCD changes from the confined phase to the deconfined phase, although
this is still a subject of debate [[126] [127]. In the confined phase the gluons
confine the quarks to baryons and mesons while in the deconfined phase
QCD should resemble a quark-gluon plasma.

Here we will consider the chiral condensate of the Schwinger model to bench-
mark our method. In the one-flavor massless Schwinger model the non-zero
chiral condensate is a consequence of the chiral symmetry being anomalous.
The non-zero chiral condensate also determines the confining behavior of
external charges in mass perturbation theory [20]. For m/g = 0, the chiral
condensate is computed analytically by Sachs and Wipf [15]. Besides the
studies in the exactly solvable case (m/g = 0) [15} [17]], there are results
available in mass perturbation theory (m/g < 1) [20, 26]. Furthermore,
in [26] an approach using a generalized Hartree-Fock method beyond mass
perturbation theory was studied. Recently, MPO simulations succeeded in
recovering the analytical result of Sachs and Wipf for m/g = 0 and also
obtained the chiral condensate in the non-perturbative regime [34].

On the lattice with spacing ga = 1/1/z and 2N sites the chiral condensate
2(8) = (B(2)W())s equals

gV N 1y Pe PN o (n)+1
B tr(Pe=F%) 2

(4.8)

and can be computed directly in the thermodynamic limit (N — +00) using

the ansatz eq. , see subsectionof partm]for the details. Form/g =0
we compare our simulations with the analytical result in subsection In
subsection we compute a renormalized chiral condensate in the non-
perturbative regime: m/g ~ O(1). The results are compared with the recent
simulations of Banuls et al. [34].

4.3.2. The chiral limitm/g =0
Using path integral methods Sachs and Wipf [15] found that for m/g = 0:

_ 921G = [t
Ysw(B) = on82¢ ¢ A(u) = . 1 cueosh(d) (4.9)

As will become clear later, it is convenient to remove the scaling in x origi-
nating from the ground state expectation value. More specifically, for a fixed
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Figure 4.3.:m/g = 0. (a): £,.,,(5, x) for different values of x (full line) compared
with the analytical result eq. (SW, dashed line). (b): Chiral condensate in the
continuum limit (full line) compared with the analytical result eq. . Inset:
difference with the analytical result.

value of = we subtract the ground state expectation value ¥(z) = 3 (400, x)
and add the ground state expectation value in the continuum limit X =
Y (400, +00), i.e. we consider

Yren(Byx) = X(8,2) — X(z) + X. (4.10)

The quantities X(x) and ¥ have already been computed before in subsec-
tion [2.1.4] (see also [34]). These changes won’t affect the continuum limit:
limg 400 2(6,2) = limg—s400 Lren(B, ). In fig. we plot the chiral
condensate for z = 100, 200, 300,400, 500,600 and compare it with eq.
(@.9). One indeed observes that even at = 100 our result is close to the
analytical result. This is a consequence of subtracting the scaling at zero
temperature, i.e. using the chiral condensate X, defined in eq. (4.10), see
also fig. and fig. in appendix Only at small values of 3¢ a

continuum extrapolation is necessary. As in [34] this is performed by fitting

¥(B, z) to (see appendix [B.1]for the details)

fi(z) =A1+ By

103(;?) +01\}5 (4.112)

and to log(z) ) .
og(x

— + Dy—. 4.11b
\/5 +CQ\/§+ 2:6 ( )

fo(x) = As + Bs
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We show our continuum result in fig. and we observe now also nice
agreement with eq. for small values of 3g. In the inset we show the
difference with this analytical result. For Bg 2 5 the difference between
Y(B,z) for different z—values becomes too small, only of order 1074, to
obtain a reliable continuum extrapolation. Therefore we used for g = 5
our results at z = 100 as our continuum result. To have better precision
for these values of 5g one should lower € and/or use a smaller time step
df. This would in turn require longer computation time. Note that for large
values of 8¢ the thermal corrections to the ground state expectation value
are exponentially small anyway.

4.3.3. m/g # 0 : renormalization of X(/5)

At zero temperature the chiral condensate diverges for m/g # 0. By sub-
tracting the free chiral condensate (¢ = 0) a UV finite quantity was obtained
in subsection At finite temperature it is sufficient to remove the diver-
gent part at zero temperature. Like in the (m/g = 0)-case, for a fixed value
of x, we subtract the ground state expectation value X(x) = X(+o0, ),
but now we add the renormalized chiral condensate of the ground state
Yren = Zpen (400, +00) in the continuum limit. Eq. thus becomes

Eren(ﬂvx) = 2(6737) - E(I) + Xren

with

1 1
Spen = lim B(z) + & K( )

2
RS A

where K is the complete elliptic integral of the first kind, see eq. (2.4). The
values of ¥, for different values of m/g have been computed in subsection

see table 2.3
In fig. [4.4a) we show the results for z = 100 (full line) and 2 = 300 (dashed

line). As can be seen in the inset, the chiral condensate for x = 100 and
x = 300 are almost on top of each other. This suggests that our results
are already very close to the continuum limit £ — +o00. For small values
of Bg a continuum estimate is obtained by performing a fit of the form eq.
(@.11). For larger values of 3¢ the difference between the results for different
x—values becomes too small to obtain a reliable continuum estimate, so our
results for x = 100 served as our continuum result. We refer to appendix

B.1lfor the details.

In fig. [4.4b] we compare our continuum estimates (full line) with the results
in [34]] (dashed line). Clearly, the results are in very good agreement with
each other. Note that this is a non-trivial check on MPO methods for gauge
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Figure 4.4.: Chiral condensate for m/g # 0. Color legend left up applies to all
plots. (a): Renormalized chiral condensate ¥,..,, (3, z) for 2 = 100 (full line) and
2 = 300 (dashed line). Inset: zooming in on the interval 8g € [2, 3]. (b):
Continuum estimation for chiral condensate (full line) and comparison with [34]
(dashed line). Inset: zooming in on the interval Sg € [1,4].

theories because in both approaches the optimization methods are differ-
ent. In [34] they perform their simulations on a finite lattice and take the
thermodynamic limit on the level of the expectation values. Also, instead
of purifying the Gibbs state, they apply Pe~? immediately to the MPO.
After every step they project this MPO to a MPO with smaller bond dimen-
sion D which has been fixed before. In contrast, we did our simulations
immediately in the thermodynamic limit and adapted the bond dimension
by investigating the Schmidt spectrum of the purified state.

Looking at the chiral condensate, one observes that it diverges for 3 = 0
which is a consequence of our renormalization scheme. Indeed, for § = 0
we have that X(5,z) = 0 while ¥(x) diverges logarithmically in the limit
x — +oo. For other values of Sg the chiral condensate is UV finite and
decreases to its ground state expectation value as a function of 8g. The
chiral condensate tends faster to its ground state expectation value for larger
values of m/g. For instance, in fig. [4.4 we observe that for m/g = 1 the
chiral condensate is already very close to its ground state expectation value
for Bg ~ 2 while for m/g = 0 even for g = 4 there is still a significant
difference with the ground state expectation value. This is explained by the
fact that the mass gap of H grows with m/g for « = 0, see table in
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subsection

4.4. Asymptotic confinement
4.4.1. Introduction

As mentioned in the previous section, QCD changes from the confined to the
deconfined phase around a pseudo-critical temperature 1. For infinitely
heavy quark masses this phase transition is detected by the spontaneous
breaking of the SU(3)-center symmetry or equivalently by examining the
free energy of an infinitely separated probe quark anti-quark pair, which
diverges in the confining phase and is finite in the deconfining phase. In the
case of physical QCD, with finite quark masses, the notion of confinement
versus deconfinement is less clear [109]: the infinitely separated probe pair
will always be screened by charge production out of the vacuum, leading to
a finite free energy, already at zero temperature.

For the Schwinger model we have a similar situation: for integer probe
charges the confining string will always be broken at large separation of
the probe pair, due to screening by the dynamical fermions. However, this
is not the case if we introduce fractional probe charges. In that case, at zero
temperature, for m/g # 0 a confining string remains even at infinite sepa-
ration [5]]. So by probing the vacuum with fractional charge pairs at infinity
we can examine the confining nature of the theory at finite temperatures.

At zero temperature we already elaborated on this in chapter [3 for finite
and infinite distance Lg between the quark and antiquark. Our simulations
confirmed the known results that for m/g = 0 the quark-antiquark potential
is never confining for large Lg and that for m/g # 0 it is only confining if
the charge of the heavy probe quarks is non-integer. A similar result has
been shown when the system is in thermal equilibrium with a heath bath
for m/g = 0 [19] and m/g < 1 [8 12, 18]. But notice, that a critical
temperature was found, above which the string tension is exponentially
suppressed with the temperature. In the next subsection[4.4.2) we will focus
on this phenomenon in the non-perturbative regime m/g ~ O(1). As we will
discuss in subsection[4.4.3] our simulations in this mass regime also allow us
to investigate the CT symmetry restoration in the o — 1/2 limit. But let us
now first discuss the general setup of the simulations.

Assuming that the quark has charge ga: and the antiquark has charge —ga,
this setup can be translated to a uniform background field ga in the Hamil-
tonian H,, see eq. ([@.1). Note that we denoted the a-dependence of H in
He. The string tension at finite x, 0,(f, ), is obtained from the partition
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function Z, (8, x) = tr(e P« P) as

where F,,(8,z) = —(1/8)log(Za(B, x)) is the free energy for Lg = +o0.
The MPO framework enables us to compute the partition function Z, (3, x)
and thus the free energy per unit of length F,(5,z) = %Fa(ﬂ, x) directly,
also in the thermodynamic limit (N — +00), see eq. of subsection
in part[ll This is in contrast to Monte-Carlo methods where the com-
putation of the free energy is a difficult task [66} [128H130].

Other quantities that will be of interest here are the electric field and the
Gibbs free entropy. The electric field,

2N 75}Ca
L g e P

gives us more information about the a-dependence of the string tension
because it equals Ey (5, z) = 0a04(5,x)/g. The (Gibbs) entropy per unit of

length,
_ e FHagp e ep
Sa(ﬁ7x) - _ﬁtr (Za(ﬁvx) log <Za(ﬁ,x)>) 7

is a measure for thermal fluctuations in the Gibbs state. When the canon-
ical ensemble behaves as the ground state and corrections to ground state
expectation values are negligible, i.e. when the system is effectively at zero
temperature, the entropy is very small and vice versa.

8«(B,x) is obtained from the average energy per unit of length £, (8, z) =
%mtr(ﬂae_m(a P) via the standard relation 8, (3, x) = —B(ffa (8, )
€a(B,z)) for Gibbs states. For every value of 3g we subtract its (v = 0)-
value from it and we thus consider A8, (8, z) = S84(8,x) — 8o(5, ). Be-
cause retaining only a finite range of eigenvalues of L(n) leads to the same
errors in 8,(5,z) and 8y(f, ), the quantity AS,(/,z) can be obtained
accurately at all temperatures. We will see later that A8, (5, z) is actually
still a good measure for characterizing the transition from the effective zero
temperature behavior at small temperatures towards a thermal behavior at

larger temperatures, see subsection and in particular fig.

One can also compute the chiral condensate ¥,(3,x). Contrary to the
previous section, we will now renormalize it by subtracting its (o« = 0)-value

and thus consider AY (8, 2) = X (58, x) — 3o(B, ).
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As shown in appendix[B.2|for m/g = (0.125,0.25) and o = (0.1, 0.25, 0.45),
all these quantities are UV finite quantities. There we extrapolate our results
for x = 100,125,...,300 to the continuum limit for all values of Bg €
[0.5,10]. For all the quantities our data could be fitted against a simple
polynomial function in 1//x, see fig. in appendix As an extra check
on our results we observed convergence to the results of chapter[3 at large
values of 3¢ for the string tension and the electric field, see fig. We find
that at x = 100 our results were already very close to the continuum limit.
When m/g 2 0.5, the results for different z—values are very close to each
other, see fig. in appendix[B.2] and we can thus expect to be close to the
continuum limit at x = 100. Therefore we will restrict ourselves in the main
text to x = 100.

Physics is periodic in « with period 1 and due to CT symmetry

oa(B,x) = 01-0(B,x), AL (8, 2) = AX1_o (5, x)
Ea(ﬂ,l') = _El—a(67m)78a(67x) = Sl_a(ﬂ,l‘).

Therefore we can restrict ourselves to o € [0,1/2]. In subsection we
will investigate the temperature dependence of the string tension. In the
high temperature regime we focus on the deconfinement of the heavy quarks
when the temperature T' becomes infinite: 7" — 4-o00. Then, in subsection
we treat the case when « tends to 1/2 and investigate the spontaneous
breaking of the CT symmetry, see [6, 27] or subsection fora = 1/2 at
finite temperature.

4.4.2. Deconfinement transition at large 7’

When « is small one can expand the string tension into a series of powers of

. Because o, is even in q, this yields an expansion in a?:

oalB) ~ fo(B,m)a + O(at). (4122)
For the electric field expectation value we then find:

f2(B,m)

Ea(B.0) = 5o (0(.0) =220 oal)
and similarly for the entropy and chiral condensate:
880(8,5) = 2526, m)a? + 0(a) @120
AY (B, z) = %(ﬂ m)a’® + O(at) (4.12d)
o I am Y . .
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oa(f,2)/g°

Figure 4.5.: x = 100. o = 0.05 (full line), o = 0.1 (dashed line), & = 0.25 (dotted
line) and o = 0.4 (dashed dotted line). (a) 04 (3, z)/g%a?. (b) Eo(B3,2)/ga. (c)
A, (B,2)/ga?. (d) AS,(B,x)/g*a?. The stars in (a) and (b) are the values at

Bg = 400 for a = 0.25.
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Figure 4.6.: = = 100. Logarithm of the string tension at larger temperatures

T = 1/Bg as a function of T'. (a) m/g = 0.125, « = 0.05 (full line), &« = 0.1
(dashed line). Convergence of our results when improving the precision e. (b)

m/g = 0.125. Logarithm of string tension for & = 0.05 (full line), o = 0.1 (dashed
line),ac = 0.25 (dotted line), & = 0.4 (dashed dotted line). (c) Same as (b), now for
m/g = 0.25. (d) Same as (b), now for m/g = 1.
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We thus expect for « sufficiently small that the quantities 0, (3, z)/g%a?,
Eo(B,2)/g9a, AXo(B,2)/g9a? and A8, (B,x)/g?°a? are independent of a
up to order o. This is precisely what we find in fig. for o = 0.05 and
a = 0.1. Note that as a consequence of eq. (4.12), the curves of the string
tension and the electric field are similar, see figs. [4.5a]and [4.5b] For o > 0.25
the expansion eq. is in general not valid anymore and higher order
corrections can become important.

When (g is large compared to the mass gap we find that all quantities have
converged to their zero temperature value, i.e. the system is effectively at
zero temperature. The value of (5g)o above which all ensemble averages are
close to their ground state expectation agrees with the value of 3¢ above
which A8, ~ 0. This justifies taking the UV finite renormalized entropy
A8, as a measure to quantify thermal fluctuations in the Gibbs state. We
observe that (8g)o is larger for smaller values of m/g. This is explained by
the fact that for the values of o we considered here, the mass gap of J,
increases with m/g, see fig. in subsection or [6]. For a = 0.25 we
observe in figs. and that the string tension and the electric field
have converged to their ground state expectation values (stars) for 3g = 10.
In particular at low temperatures, large 8¢, the heavy probe charges are
always confined when « is non-integer.

For Bg < 0.5, the string tension is very small which suggests a transition
from the confined phase to a deconfined plasma phase. In fact, we expect
the string tension to decay exponentially with temperature at large values of
T = 1/p and the transition to occur exactly at infinite temperature T'/g =
1/Bg = +oo. This is corroborated by studies in the strong coupling limit
[8,20] where they found that

oa(B) ~2mT sin(wa)%fﬂ:ﬁ/zwg + O(m?), (4.13)

at high temperatures (T'/g = 1/8g — +0o0). In figs. [4.6d) we

indeed find that the logarithm of the string tension is almost linear as a
function of T" for T'//g € [1,3] or equivalently 8g € [0.33,1]. Note that
because for these values of Sg the string tension is very small, we needed
very small values of the tolerance € and the step d3 < 5x 1073 to investigate

this regime, see fig.

In table [4.1] we show the coefficients for a fit of the form

log(0a(B,2)/9%) = log(Aaa?) + Balog(T/g) — CuT/g (4.14)

to our data, which is equivalent to

oa(B,1) /9> = a®Age”CT/9(T g)Pe.
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[ m/g ] o [log(As) | Ba | Ca |
0.125 | 0.05 2.53 191 | 6.45
0.1 2.49 1.88 | 6.44
0.25 2.31 1.86 | 6.43
0.4 1.95 1.83 | 6.41
0.5 0.05 4.06 2.16 | 6.61
0.1 4.03 2.14 | 6.6
0.2 3.81 2.05 | 6.54

0.4 3.42 1.94 | 6.49
1 0.05 5.38 297 | 7.1
0.1 5.34 292 | 7.07

0.25 5.05 2.67 | 6.93
0.4 4.57 2.39 | 6.77

Table 4.1.: x = 100. Coefficients of the fit eq. to our data for
m/g =0.125,0.5 and @« = 0.05,0.1, 0.25.

We performed these fits to our data log(o,(8,2)/g?) for ¢ = 1079 and
B € [B1, B2] with step d8 = 0.005 for

(B1,B2) = (0.425,0.965), (0.45,0.94), (0.475,0.915) .. ., (0.65,0.75).

All these fits gave us estimates for A,, B, and Cy. As our final estimate we
take the mean of all these A,, B, and C,. The standard deviation on our
estimates was at most of order 1072 and the error of the fit was at most of
order 1073.

For all values of m/g we observe that Ay 5 ~ Ag.01 which is a consequence
of eq. . Furthermore, we also find that B, changes from B, ~ 2 for
m/g = 0.25,0.5 to B, =~ 3 for m/g = 1. The values of C,, obviously
show that the string tension is exponentially suppressed for T'/g = 2. Note
however that already for m/g = 0.125 the value of C,, deviates from the
C% = 73/2 = 5.56 in the strong coupling limit eq. .

We conclude that we have confinement for all finite values of the tempera-
ture T'/g, but for T'/g 2, 2, or equivalently 8g < 0.5, the string tension is
exponentially suppressed with T'/g. At high temperatures, the string tension
can thus only be observed if we would separate the heavy charges by a
distance which scales exponentially in the temperature. In an experimen-
tal setting, this means that the heavy charges are actually deconfined for

Bg < 0.5.
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4.4.3. CT symmetry restoration at nonzero T

As already discussed in section[3.3] at zero temperature there is a phase tran-
sition for« = 1/2and m/g = (m/g). = 0.33 [27]. For m/g < (m/g). the
ground state is CT invariant whereas form/g > (m/g). the €T symmetry is
spontaneously broken to T2. The vacuum is still invariant under translation
over two sites and is two-fold degenerate. A detailed study of this phase
transition was performed by Byrnes et al. [27]. Their results for the critical
indices, v = 0.99(1) and /v = 0.125(5), gave strong evidence that the
phase transition lies in the universality class of the transverse Ising model
or equivalently of the 2D classical Ising model [137]]. For the transverse
Ising model the phase transition is determined by the Zy symmetry. When
this symmetry is spontaneously broken, the magnetization gains a non-
zero expectation value. Here the CJ symmetry of the Schwinger model for
a = 1/2 plays the role of the Zy-symmetry and the electric field plays the
role of the magnetization.

Besides this phase transition the pattern of the eigenvalues of the Schwinger
model at &« = 1/2 in the symmetry broken regime bears a remarkable resem-
blance to the transverse Ising model [27]]. Because of the similarities between
both models, we might expect that also at finite temperature there are some
analogies. In particular, because the spontaneous symmetry breaking in the
transverse Ising model occurs only at zero temperature we might expect this
also to be the case for the Schwinger model. Furthermore, general theorems
like for instance the Mermin-Wagner theorem [132] or Peierls argument
[133] suggest that at finite temperature no spontaneous symmetry breaking
occurs in one spatial dimension. However the former is not applicable as the
CT transformation is discrete whereas the latter might not apply because
the local dimension of the Hilbert space is infinite. Therefore it is a priori
not sure whether the CT symmetry is restored at any finite temperature.

The spontaneous symmetry breaking of the CJT symmetry is detected by
investigating the left/right limits (o = 1/2 4 §):

51—i>%l+ Ey/9,5(8) and 51—i>%1+ Ey5-5(8). (4.15)

When these limits are different, the symmetry is spontaneously broken. Due
to CT symmetry we thus need to check whether

}1_13[1] E1/275</8) =0.

Form/g = 0.125and m/g = 0.25 we find for all values of 3g that F} 5 5(5)
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Eij2-5(8,%)/g (m/g = 0.125) Eipp-5(8,%)/g (m/g = 0.25)
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Figure 4.7.: z = 100. a = 1/2 — ¢ for different values of . Left: m/g = 0.125. (a)
Electric field. (c) String tension. Right: m/g = 0.25. (b) Electric field. (d) String
tension.
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decreases to zero as |§| — 0, see figs. and This leads us to the
conclusion that lims 0 £ /2_5(8,2) = 0. We can actually perform direct
simulations for & = 1/2 and find numerically that |E; 5(8,2)] < 5 x 107°.
This can be improved by requiring better accuracy of our simulations, see ap-
pendix[B.3| So similar as for zero temperature we observe for m/g < (m/g).
that Ey/5(8,2) = 0; implying that there is no CT symmetry breaking.
Because E, (5, ) = 0o (S, x)/Oc, the string tension reaches its maximum
for « = 1/2. This is indeed what can be seen in figs. [4.7d and for all
values of B¢ the string tension increases monotonically as a function of « to
its value at & = 1/2 when ¢ tends to zero. At large temperatures, the string
tension shows similar as in subsection [4.4.2] deconfinement for T" — 4-o0.

Contrary to the case & = 0.1 and a = 0.25, we find that neither the free
energy nor the electric field has entirely converged to its ground state expec-
tation value at g = 10. This is what we would expect from our numerical
simulations in subsection There we found that for m/g = 0.125 and
m/g = 0.25 the mass gap decreases when « tends to 1/2, see fig. con-
sistent with the phase transition that occurs at (m/g, @) = ((m/g)c, 1/2).

For m/g > (m/g)., at the exact value a = 1/2, the simulations are not
reliable anymore. Due to spontaneous symmetry breaking the ground state
is now two-fold degenerate and for large values of 3g the iTEBD algorithm
pushes the Gibbs state during the evolution either to the ground state

|‘1’1/2—> of H1/2—§

or to the ground state
|W1/24) of Hijoys
in the limit & — 0+, see appendix|B.3

To examine the CT symmetry breaking or restoration we need to consider
nonzero § > (. For small values of Sg we find that the electric field con-
verges to zero when § — 0, see figs. and This indicates that there

is no spontaneous symmetry breaking for small values of 3g.

For large values of 3g however, we find that even for = 0.001 the electric
field and string tension are still very close to the values in the spontaneous
broken ground state |¥;,_). But notice that the j-dependence of the ob-
servables in the intermediate temperature region suggests that the § — 0
limit has not been reached yet. This is corroborated by a study in the weak
coupling limit, see appendix[B.4] where we argue that thermal corrections to
ground state expectation values can only be relevant if

e—2[3m

B

0 S Koy (4.16)



Asymptotic confinement
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tension.
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Finite temperature
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Figure 4.9.: x = 100. exp(—20;/2m) as a function of 0. (a) m/g = 0.5. (b)
m/g=1.

with K, positive and independent of 3. This implies that to observe thermal
corrections to ground state expectation values we should take & exponen-
tially small in Sm.

From the numerical point of view it is hard to simulate such small values
of 6. For instance, for (m/g,8) = (1,0.001) we had to set ¢ = 10~" and
during the evolution the bond dimension of our MPS representation already
reached 267. To examine the 6 — 0 limit from our simulated J-values
we investigate the scaling of 31/, the value of 3 where the electric field
By j2_5(B1/2, ) equals half of its ground state expectation value F} j5_5(8 =
+00,x). Motivated by eq. @ we plot in fig. exp(—283;/9m) as a
function of §. We seem to find there that exp(—23;/,m) — 0 as § — 0,
or equivalently that 3,/ — +oo for 6 — 0. This indicates that the curve
of the electric field tends to a function which is zero for all finite values
of 8 as & — 0. Hence it seems, similar to the 1D quantum transverse Ising
model, that the spontaneous symmetry breaking vanishes at all finite inverse
temperatures and a phase transition would occur exactly at 7' = 0.

Similar as for m/g = 0.125,0.25 the string tension, figs. and
converges nicely to its maximum for 6 — 0 for all values of Bg. At high
temperatures we find again deconfinement for T'/g = 1/8g — +oc.

To conclude, in this subsection we investigated the Schwinger model with an
electric background field « close to 1/2. We considered the values m/g =
0.125,0.25,0.5 and 1. For all these values we find strong indications for
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Conclusion

the existence of CT symmetry at any nonzero temperature. In particular
for m/g > (m/g). =~ 0.33, where the €T symmetry is broken at zero
temperature [27], our results imply a restoration of the €T symmetry at any
nonzero temperature. This is similar to what happens with the Zy symmetry
of the transverse Ising model and thus lends further support to the purported
relationship between the Schwinger model at « = 1/2 and the transverse
Ising model, as suggested in [27]].

4.5. Conclusion

In this chapter we investigated the Schwinger model in thermal equilibrium
within the framework of MPO. We computed the chiral condensate and
found agreement with the analytical result for m/g = 0 [15] and agree-
ment with [34] in the non-perturbative regime. We also investigated the
asymptotic aspects of confinement by considering a heavy quark-antiquark
pair with fractional charge go, separated over an infinite distance. We find
a nonzero string tension and therefore confinement for all values of m/g.
However, at large temperatures T' > 2g we find that the string tension
decays exponentially with the temperature. We also considered the case
when « tends to 1/2 and investigated the spontaneous breaking of the CT
symmetry at finite temperature. Our results indicate that the spontaneous
symmetry breaking vanishes at any nonzero temperature which implies that
there is only a phase transition at zero temperature. We thus found two
phase transitions that occur in limiting cases only: infinite temperature or
zero temperature.

Our simulations show that the MPO framework offers a reliable approach to
study the non-perturbative regime of one dimensional gauge field theories.
However, even within the Schwinger model there remains a lot of fascinating
things to explore. For instance one can investigate string breaking between
the probe charges when they are separated by a finite distance, similar to
section [3.4| but now at finite temperature.
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Real-time evolution

5.1. Introduction

One of the main advantages of the TNS framework is that it allows for the
full quantum simulation of real-time phenomena. Specifically we investigate
the non-equilibrium dynamics induced by applying a uniform electric field
Ey = ga on the ground-state |Ug) at time ¢ = 0. Physically, the process
corresponds to the so called Schwinger particle creation mechanism [134],
but now for a confining theory. This process has been studied extensively
in the past, either with some effective classical kinetic description [[16] [24]),
in the semi-classical limit for the gauge fields [16, 3], in the context of
ultracold atomic simulations [38] and with the AdS/CFT correspondence
[135].

Here we investigate how the dynamics in earlier times depends on the mag-
nitude of .. For relatively small values of o we observe oscillatory be-
havior of the local quantities. We find that the results can be reproduced
by only considering the ground state and the one-particle excitations of
the quenched Hamiltonian, also beyond the linear response regime. When
increasing the values of o we find that these oscillations are damped over
time which suggests that the state tends asymptotically to a steady-state
solution. Using the finite temperature simulations of chapter |4 we investi-
gate whether this steady-state is a Gibbs state.
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Setup and systematics of the method
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Figure 5.1.: Results form/g = 0.25,2 = 100, « = 0.3. (a): Difference of E(t) for
various tolerances ¢ with respect to the estimated value for e = ¢y = 2-10~°

(o = 0.3). (b): for @ = 0.3, the different energies per unit of length eq. (5.4). We
subtracted the values at ¢ = 0 without background field (o« = 0). The straight blue
line is the total energy per unit of length obtained as the sum of the three terms.

5.2. Setup and systematics of the method

In our set-up the application of a uniform electric field is simulated by ap-
plying a uniform quench, i.e. evolving with the Hamiltonian

g 2N Jz 2N
= n) + al? —xm —1)"o,(n
H“‘_M(;W +al Lo S e
IN-1
+x Z (et (n)e® ™o~ (n+1) + h.c.)). (5.1)
n=1

At t = 0 we start from a CTJ invariant MPS approximation for the ground
state of Hy = Hy—0, see eq. (2.2a), and turn this into an MPS ansatz which
takes the form (see eq. (3.19) in subsection of part )

N
T [A1 Ao]) = D] (H (A’f2"1A§2“)> vp|K) (N — 4+00)  (5.2)

K n=1

where Ky, = (sp,pn) € {—1,1} x Z[pI"h, p] and gauge invariance
imposes the following block structure:

(A5 @aq)s(r80) = 105 Jag,8:Op.q+(s+(~1)7) /20rps
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Real-time evolution

with a%® € CP"*Pli1 We have implemented the iTEBD [136] using a
fourth-order Trotter expansion [123] with time steps varying from dt =
0.01/g until dt = 0.05/g and during the whole evolution the structure of
this uMPS is maintained. We refer to section[4.3.1] of part|[lfor the details.

After every application of a Trotter gate the iTEBD truncates the Hilbert
space by discarding the Schmidt coefficients lower than some fixed threshold
€2. More specifically, the Schmidt decomposition eq. (1.9) becomes now:

mazx q

Prtt Dpga . .
Wl Azl = 37 D \foha, Wik, Wid,)
q=pin aq=1

where pin pmaz pmin  [Hmaz gpd 07, only depend on the parity of n.
After every Trotter gate the Schmidt values ag,aq smaller than €2 are dis-
carded. This in turn determines the required bond dimensions DY for every
charge sector, that will evolve in time. For instance, for the value ¢¢ =
2-1079 that we used for the simulations in fig the maximal bond di-
mension goes from Dy = 18 att = 0 to Dy = 173 at t = 25. It is this
growth of the required bond dimensions, which can be traced back to the
growth of entanglement [42]], that makes the computations more costly at
later times. As the simulation should be exact as ¢ — 0, the convergence
in € can be used to control the truncation error for a certain observable. We
illustrate this in fig. [5.1a] for the electric field E(t) expectation value

2N
B(t) = g S (WOILm) + alw (1) 63)

where |¥(t)) = |¥,[A1As2]) corresponds to our uMPS approximation of
e~at |W(0)). Also notice that the convergence rate decreases in time.
Keeping the truncation error small for larger time intervals will therefore
require smaller values of the tolerance e.

In fig. [5.16] we show the evolution of the energies per unit of length in the
different sectors:

2N
€4(t) = 5= D~ (W(W)[L(n) + ol ¥(1)), (542)
n=1
2N
£(0) = "I S (W(Blonn) + (1) ()
n=1
2N
&it) = % > (@®)oT(n)e® ™Mo (n+ 1) + he|U(2) (5.4¢)
n=1
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Setup and systematics of the method

and the total energy per unit of length

£(t) = Yo (w(B[au ).
We see that the energy which is initially injected in the first gauge field term
in eq. (5.1), partially leaks into the second fermionic mass term and third
kinetic/interaction term, as we can again qualitatively understand from the
fermionic particle creation picture. In [31] a similar behavior was observed
in the semi-classical limit. A last cross-check of our real-time results is then
provided by the total energy conservation which is indeed satisfied as can

be seen from the blue line in fig.

Besides the electric field eq. (5.3) we will also investigate the ‘chiral conden-
sate’

VI X o.(n) + (—1)"
gZan_:l 2

S(t) = <\If(t)

\Il(t)> . (5.5)

To obtain a UV finite quantity we subtract its contribution at ¢ = 0 and thus
consider

Here this quantity will be referred to as the (fermion) particle number. In-
deed this quantity counts the number of electrons and positrons per unit of
length that are created out of the vacuum or destroyed in the vacuum due
to turning on the electric background field o at ¢ = 0.

The MPS representation enables us to obtain the Schmidt spectrum, see

eq. (4.55) of subsection in part [lll Therefore we can also compute the

renormalized half chain Von Neumann entropy,

which is obtained by computing the entropy of the state at time ¢, see eq.
(1.10), and subtracting the entropy of the initial state computed in subsection
The cut for the half chain bipartition is taken on an even site. Note
that due to T2 invariance it follows that this quantity is independent of the
position.

By subtracting the ¢ = 0 value of the entropy and the chiral condensate we
expect that IV (¢) and AS(t) are UV finite quantities. This is corroborated by
figure 5.2 where we show the evolution of the electric field E(t, z), the par-
ticle number N (t,z) and the renormalized entropy AS(¢,x) as a function
of time for x = 100, 200, 300, 400. Note that we here explicitly denote the
x—dependence of the quantities. We observe that for all these quantities the
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Real-time evolution
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Figure 5.2.: m/g = 0.25, & = 0.75. Scaling of the quantities to 2 — +0c0. (a)
Electric field E(¢, z). (b) Particle number N (¢, x). (c) Renormalized entropy
AS(t, z). (d) Polynomial extrapolation in 1/1/z of the renormalized entropy to
xr — +o00.
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Weak field regime

graphs are almost on top of each other, see figs. [5.2|(a) - (c). This underlies
the fact that these are UV finite quantities. One can also obtain a continuum
estimate for these quantities by a polynomial extrapolation, see fig.
where we perform a polynomial extrapolation of AS(t) for tg = 5. It is also
clear from this example that we can already expect at x = 100 to be close
to the continuum limit. For the further simulations we will therefore restrict
ourselves to x = 100, the z-dependence in the quantities E(t,z), N (¢, x)
and AS(t,z) will be omitted.

5.3. Weak field regime

In fig. we display our results for the evolution of the electric field
expectation value for different values of a.. For early times we clearly find the
a-scaling behavior as predicted from linear response theory. The o = 0.005
and a = 0.01 cases remain in the linear response regime throughout the
entire depicted evolution; the periodic oscillations in this case can be traced
back to the dominant production of the single-particle vector excitation in
the linear response regime. Indeed, if we write JH{,, eq. as a perturbation
on the Hamiltonian H:

1 2N
Ho = Ho+ a <ﬁ;L(n)>

where we omitted the irrelevant constant Na?/./z, then from the Dyson
series [TT1] it follows that up to first order in a:

E(t)~a—a) Cpsin(Emt/2)’

where the sum over m runs over all excitations of Hy with €T number
(k,v) = (0,—1) and C,, is a constant depending on the excitations. By
truncating this sum to the first excitation £;, of Hp, see subsection
we find that

E(t)~a(l-C sin(817vt/2)2) .

For z = 100 and m/g = 0.25 the numerical value of £; , is 1.0421, hence
within the linear response regime E(t) should reach its minimum for tg =
7/E1,, = 3.0148. From fig. we can deduce for = 0.005 and o = 0.01
that E(t) reaches its minimum for tg = 3.02(1) which indeed confirms
that the periodic oscillations can be traced back to the single-particle vector
excitation.

In fig. [5.3b| we display the analogous result for the particle number N (t). As
N(t) is now invariant under CT the first order coefficients Cj in « vanish
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Real-time evolution
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Figure 5.3.: m/g = 0.25,z = 100. (a) E(t)/c. (b) N(t)/a?.

identically and hence N (t) should scale as o for early times, which is indeed
what we find for & = 0.005 and o = 0.1.

The values a = 0.1 and 0.2 depart from linear response theory, however the
evolution can now be explained from the spectrum of the quenched Hamil-
tonian J{,. Therefore we expand all operators, including the Hamiltonian
o, in the creation and annihilation operators of J{, up to second order.
More specifically, we make the following approximation

T, ~ / dk ( 3 em(k)ain(k)am(k)> . (5.62)

Here the integral goes over the momenta from — till 7, the sum over m and
n goes over all one-particle excitations and &,,(k) is positive. The operators
am and al, are the annihilation and creation operators of the one-particle
excitations |€,,(k)) with energy &,,(k) and momentum k and satisfy the

canonical bosonic commutation relations
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Weak field regime

For any other operator O we assume then that

0~ /dk <Z 02,m(k)am (k) + 027m(k)ajn(k:)>

+ / dk / k' (Z ome(k,k’)ain(k)an(k’)). (5.6b)

where the coefficients 01 1, ,(k) and 02, (k) can be obtained from the MPS
approximations |®y[Bn(k), 4]) eq. of the excitations |&,,(k)) ob-
tained in subsection see subsection of part [ll| for the details. For
translation invariant operators we have that 01 1, ,(k), 02 (k) o 0(k) hence
we only need the zero-momentum one-particle excitations.

Employing this approximation for 3y implies that the initial state |¥(0)),
which is the ground state of Jy, is a coherent state, i.e. it is an eigenvector

of a, (k) (see subsection[d.2.7)of part Il):
am (k) [¥(0)) = dim (k) [¥(0)) (5.6¢)

where d, (k) o d),6(k) for some constant d],, € C. Within our approxima-
tion we interpret the initial state [¥(0)) thus as the ground state of 3, with
on top of it a density of zero-momentum one-particle excitations |€,,(0)).
This approximation is valid as long as this density of excitations is suffi-
ciently small such that the elementary particles don’t interact. This is what
we would expect as the approximations egs. and neglect the
contribution of the scattering states of elementary excitations. The real-time
evolution and the computation of expectation values of operators O within
the approximation eq. can now easily be performed, see subsection

of part/[ll|for the details.

Form/g = 0.25 and o = 0.1, 0.2 we found in subsection [2.2.2l MPS approx-
imations for the two one-particle excitations £; and €2 of 3{,. This means
that in eq. and eq. the sum over m and n runs from 1 to 2. Figs.
[5.4a] and figs. [5.4b|show that the electric field E(t) and the particle number
N(t) computed within the approximation eq. are in very good agree-
ment with the iTEBD simulations for « = 0.01. In particular we find that
the masses €1 and &3 of the one-particle excitations explain the frequencies
of the oscillations in E(t) and N (t). This is also the case for a = 0.2, figs.
5.4c|and [5.4d] but now there is a larger discrepancy between the amplitudes
of both curves. The approximation seems to systematically overestimate the
amplitude of E(t) with respect to E(0) and the magnitude of N(¢). It would
definitely be interesting to investigate whether including the two-particle
scattering excitations [137, [138]] in the approximation eq. could damp
the oscillations such that we would find even better agreement.
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Figure 5.4.: m/g = 0.25, z = 100. Comparison of the approximation eq.
(dashed line) with the (exact) iTEBD simulation (full line). (a)-(b): & = 0.1 (a) E(¢).
(b) N(t). (c)-(d): « = 0.2 (c) E(t). (d) N(¢).
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Real-time evolution

5.4. Strong field regime

In the previous section we saw that we could explain the oscillatory behavior
of the local quantities beyond linear response theory for relatively small
values of a. However at very late times we expect that the physical picture
discussed in the previous section doesn’t hold anymore. It is accepted that
in general a state that is brought out of equilibrium will relax and equilibrate
at late times [[139]]. With this we mean that for any compact subsystem the
reduced density operator of the state |1)(t)) converges to a steady state. How
these asymptotic states look like is less clear [140]. In general it is believed
that this steady state is a Gibbs state of the quenched Hamiltonian at a
certain temperature. This process, which is called thermalization, erases the
local memory of the initial state. However there are also counterexamples
like for instance integrable systems when the system has some local con-
served quantities. In this case the steady state is believed to be a generalized
Gibbs ensemble which is compatible with the conserved quantities [141]).
Another counterexample is many-body localization [142] which occurs when
all the eigenstates of the Hamiltonian obey an area law for the entanglement
entropy. Even when some local quantities indicate thermalization it is still
possible that the state as a whole doesn’t become thermal, see for instance
[143]. In this section we increase the magnitude of the background electric
field and examine if it equilibrates to the predicted Gibbs state.

In figs. [5.5a] and [5.5b| we show the electric field and the particle number for
a = 0.5,0.75 and o = 0.99. The observed oscillatory behavior at earlier
times can be seen as a remnant of the oscillations for smaller values of «, see
figs.[5.4aland These oscillations are now damped over time and suggest
that the state starts equilibrating. This is also corroborated by the half chain
entropy, fig. which grows linearly in time. Note the difference with
the case a = 0.1 where the entropy oscillates around zero. It is precisely
this growth of entropy that leads to an exponential increase of the bond
dimension for a fixed tolerance. This is confirmed in fig. where we
show the maximum bond dimension max, D? for our simulations. For o =
0.5,0.75 and 0.99 we took € = 1077 and for & = 0.1 we took € = 1075, This
growth of the bond dimension limits the time we can follow the equilibration
process.

If the state would eventually thermalize we can estimate its temperature
from the results of chapter[d] The inverse temperature 3y of the asymptotic
Gibbs state p(3y) oc Pe PoHa see eq. , is determined from the require-
ment that

tr (J'Ca?e_ﬁog{a)

<\I/(t)|g{a‘qj<t)> = tr (?6750%0‘)
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Strong field regime

In figs. [5.6a| and [5.6d| we show the energy per unit of length € of the Gibbs
state p(3) as a function of 5 and the (conserved) energy per unit of length
E(t) of the state |W(t)). We subtracted from both quantities the energy per
unit of length of |¥(0)). The intersection between the curves determines the
value of Spg. Because we simulated the thermal evolution with steps df =
0.05 we can only determine an interval [Bog — 0.05, Bog + 0.05] for pg. For
a = 0.5 we find g € [2.6,2.7] and for o = 0.75 we find fog € [1.3,1.4].

Figs. and suggest that the electric field expectation value indeed
converges towards its thermal value for 8 ~ [y which might suggest that
the state does thermalize. In contrast, the expectation value of the particle
number has not entirely equilibrated yet and it is not clear wether it will
converge to its thermal value or not. In figs. [5.6c and figs. [5.6f we find that
the particle number at the depicted times is still relatively far away form
its predicted thermal value. We would need a larger range of time to track
the state to draw further conclusions about whether the state thermalizes or
not.
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Real-time evolution
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Figure 5.6.: m/g = 0.25,z = 100. (a) o = 0.5. Estimating the temperature of the
steady-state. (b) a = 0.5. Electric field as a function of time (full line) and its
predicted asymptotic thermal value (dashed line). (c) &« = 0.5. Particle number as a
function of time (full line) and its predicted asymptotic thermal value (dashed line).
(d) a = 0.75. Estimating the temperature of the steady-state. (e) & = 0.75. Electric
field as a function of time (full line) and its predicted asymptotic thermal value
(dashed line). (f) a = 0.75. Particle number as a function of time (full line) and its
predicted asymptotic thermal value (dashed line).
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Conclusions and outlook

In this dissertation MPS are used to study a wide range of interesting aspects
of the Schwinger model. | computed ground state quantities and determined
the mass spectrum for a wide range of values of the background electric field
a and the fermion mass m/g. | investigated confinement for static probe
charges and performed finite temperature simulations. The simulation of
out-of-equilibrium physics is considered as well. In all our studies | focussed
on the continuum limit. By defining gauge invariant MPS all my computa-
tions were manifestly gauge invariant and | could speed up the computation
time of existing MPS algorithms. Even within the Schwinger model there are
a lot of interesting things to explore. Let me discuss a few topics which are
still in progress:

(a) The MPS simulations allow to determine the Schmidt spectrum. Here
| used this for a direct computation of the half chain von Neumann
entropy. Notice however that for gauge theories the full Von Neumann
entropy is not equivalent to the LOCC distillable entanglement [[144]
145]). Because the MPS simulations give direct access to the Schmidt
spectrum | can compute the LOCC distillable entanglement. For the
full Von Neumann entropy | was able to identify the UV divergence
which allowed to define a renormalized entropy. | have already some
preliminary results for the LOCC distillable entanglement, but it is not
completely clarified yet how the LOCC distillable entanglement scales
to the continuum limit.

(b) In chapter[3|l investigated confinement for static probe charges. More
challenging would be to investigate this in a dynamical setting. For in-
stance, if | build two Gaussian wave packets with opposite charge and
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Strong field regime

give them opposite momentum such that they move away from each
other. It is expected that, similar to the static case, a confining electric
field string appears at early times when the packets are relatively close
together. In contrast, at later times when the packets are farther away
from each other, it would be interesting to find out whether the electric
field string between the charges breaks or remains. Another interest-
ing question is whether the dynamical string breaking would leave the
same imprints on the Von Neumann entropy as in the static case. |
have already performed some first simulations but | am troubled with
the growth of entanglement between the charges. This leads in turn
to an exponential increase in the variational parameters, similar as en-
countered in chapter[5] I am now looking for a reliable approximation
where | can reduce the amount of entanglement | need to take into
account in the simulations to have a faithful approximation.

(c) In chapter[2]l determined the masses of the one-particle excitations. It
would also be interesting to study the stationary scattering states and
deduce the statistics of the particles. Therefore | can use the formalism
developed in our group [137,[138][146]] which uses the MPS approxima-
tions of the one-particle excitations to determine the scattering states.

Of course | could also perform similar studies for non-abelian gauge theories
like SU(2) and SU(3). Recently there were some studies of SU(2) using
MPS in the context of quantum link models [83}[84]. In [85] the nonabelian
rotor models O(2) and O(4) were studied and the mass gap and the (-
function were determined. It would definitely be interesting to perform
similar studies within our framework for SU(2) and SU(3).

As the real world is not one-dimensional but three-dimensional the future
goal is of course to bring this type of simulations to higher dimensions.
The higher dimensional generalization of MPS go by the name of projected
entangled pair states (PEPS) [147]. As a Hamiltonian method they are free
of any sign problem although the fermions require a special treatment (see
[148-150] for some examples) and also allow the simulation real-time evolu-
tion [[157]]. Despite the major progress in the last decade [[148} [152-156]],
the current algorithms for PEPS simulations, however, scale unfavorably
with the bond dimension [157] and | therefore expect that the successful
simulation of specific microscopic gauge field Hamiltonians in the contin-
uum limit will require new techniques. Nevertheless in the last years some
promising results on PEPS and TNS in higher dimension for gauge theories
have appeared [[158-161]. This makes me confident that the needed faster
algorithms will be developed soon and that TN will become useful to tackle
gauge field theories.
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Real-time evolution

Let me conclude by giving my personal opinion on the further development
of TNS in the context of gauge theories. During this thesis | became con-
vinced that TNS have the potential to become a worthy complementary
approach to other methods for the study of gauge theories. In one spatial
dimension the results are impressively accurate. But also in two dimensions,
the PEPS can for some models already compete with state-of-the-art results
of Monte-Carlo simulations [[162]. Therefore | believe the TNS approach
might really help in our understanding of the Standard Model where other
approaches fail. | am however aware that TNS will only be able to really
compete with lattice QCD in three dimensions within the next decades.
Furthermore it is also important that we still consider other complementary
approaches. Just like lattice QCD has its shortcomings, | believe there are
also regimes that are harder or almost impossible to tackle with TNS.

But if the Standard Model is really describing Nature, | believe at one day
we will finally reveal all her secrets.
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Details on the continuum extrapolation for
asymptotic confinement

We provide here the details on the continuum extrapolation of the string
tension, electric field and the renormalized entropy discussed in section

A.1. String tension

Note that the string tension at x = 1/g%a? is obtained form the energy
density by:
0q(x) = Va(eq(x) — ()

where €g(x) is the ground state energy per site of the Schwinger Hamilto-
nian Hg . As for z — oo, Hp/(29+/) reduces to the XY -model we
have that
—1
lim QW) _ gy, ©@) _ 1 (A1)
z—+00 2g\/T  z—to0 29N/ 0w
and it is argued in [10] that eg(x)/y/z should behave polynomially as a
function of 1//x for large x, we have:

ﬁng(x) = —2?37 +CoVz+Ag+0 <\}5> (x> 1), (A.2a)
Jaol) _ 2 S
5= _—F+Co\/E+AO+O 7 (x>1). (A.2b)

This means that the energy densities /zeg(x) and \/zeg(x) are UV diver-
gent. But as we will see, the string tension which is the difference of these
quantities is UV finite and thus we should also have Cg = Cjy. However,
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Figure A.1.: @ = 0.3 : Continuum extrapolation of the string tension o for
different values of m/g.
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Details on the continuum extrapolation for asymptotic confinement

from the numerical point of view it is clear that small errors in or/and
in Cg and Cj would lead to large errors in the extrapolated continuum value
lim, o, 0. To avoid this problem we first calculate €y and subtract it from
the Hamiltonian : Hg < Hg — Zi]il €o. The string tension is then
computed as og(z) = gy/xeg(x) where eg(z) is the ground state of the
renormalized Hamiltonian. As follows from , for large z, og(x) should
scale as

7Q(x) Bg , Cq , Dq , Eq <51> (A3)
x5/2

= A e I A S — A |
7 Q+ﬁ+w+x3/2+w2+

In our simulations we computed og(x) for z = 100, 200, 300, 400, 600, 800.
Our estimate Ué‘gt is obtained by fitting the og(x) corresponding to the five
largest x to
Bg , Cqo , Do
fi(z) = Ag + NG + (A.4)

and taking O'E;t = g*Ag.

In fig. we plot our results for the string tension as a function of 1/4/x for
@ =0.3and m/g = 0.125,0.3,0.5, 1. The numerical results are represented
by circles and our polynomial fit through the largest five x-values is
shown by a full line. The star represents our continuum estimate. It is clear
that the string tension indeed behaves polynomially as a function of 1/y/x.
For larger values of m/g one can also deduce that we are already very close
to the continuum limit at 1/y/z = 0.1. Indeed, for m/g = 1, the difference
of our estimate with o (z) at z = 100 is only of order 107°.

The continuum extrapolation depends on the chosen interval and the chosen
fit. Therefore we also compute the continuum estimates by fitting all the
data to fi(x) (see (A.4)) and all our data to

The error erry,, is taken to be the maximum of the difference of O'E;t with
these two other estimates. In fig. we show the log;, of erry, as a
function of @ for m/g = 0.125,0.3,0.35,0.5, 1. It is clear that these errors
are quite small. We have the largest error for m/g = 0.3 and @ = 0.5 which
is explained by the fact that the gap is very small there as we are in the
vicinity of a phase transition [27]. As mentioned above, it is well known that
for smaller mass gaps, for a given bond dimension, the error on the ground
state MPS approximation will be larger.
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Electric field
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Figure A.2.: (a): log,, (errUQ) as a function of Q). (b): log;, (err<E>) as a function
of Q.

A.2. Electric field

The continuum extrapolation of the electric field,

< > 1 2N
e sv (Xem-a) (A5)
Q

n=1

was found in a similar way. Now we used the values computed at x =
100, 200, 300, 400 and performed a linear fit,

Bq

gi(z) = Ag + Nk (A6)
through the three largest x—values. The fact that we again have analytical
behavior as a function of 1//x can be observed from fig. where we
display the electric field as function of 1/4/x. It is also a consequence of
the fact that (E(x)) = —dog(x)/dQ and we already argued that og(z)
is analytical as a function of . To make our estimate more robust against
the choice of the interval and the fitting function we compute estimates by a
linear fit through all the points (x = 100, 200, 300, 400) and a quadratic
fit,
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Figure A.3.: @ = 0.3. Continuum extrapolation of the electric field (E) for
different values of m/g.
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Renormalized entropy
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Figure A.4.: Q = 1/2. Continuum extrapolation of the electric field (F). (a):
m/g =0.3. (b): m/g = 0.35.

through all the points. Again, the error err g, is taken to be the maximum
of the difference with these two estimates. The log;, of err gy is displayed
in fig. The errors are quite small but become larger again around the
phase transition at the critical mass (m/g). ~ 0.33 when going towards
Q=1/2

At Q = 1/2 we did not display our error because this is a special case. For
m/g < (m/g). the CT symmetry is not broken and thus we should have
(E) = 0, and this for all values of z. Therefore a continuum extrapolation
of (E) is useless, see fig. To obtain an error bound we take the largest
value in magnitude of (E(x)) for z = 100, 200, 300, 400. It is displayed in
table[A.1] When m/g > (m/g). we have two different vacua with opposite
sign for the electric field. We will always take the negative sign which comes
down to taking the vacuum in the limit Q — 1/2 for Q < 1/2. In this case it
is possible to perform a polynomial extrapolation, see fig. The results
are given in Table[A.1] If possible we compare with [27].

A.3. Renormalized entropy
Using the Schmidt values agq, see eq. li we can compute the half chain

Von Neumann entropy Sg(x),
pmafE

Z Za log(Ag,a,),

4=Pmin aq—l
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Details on the continuum extrapolation for asymptotic confinement

| m/g | (B)/g |(E)/g27 |
0.125 | 3x1074 -
025 | 2x107% -
03| 0.0014 0.0(3)
0.35 | -0.313(2) -
0.5 | -0.42041(3) | -0.421(1)
0.75 | -0.46145(2) -
1] -0.47692(2) | -0.4769 (5)
2 | -0.49364(3) -
4 | -0.49834(3) .

Table A.1.: Electric field at Q = 1/2 for different value of m/g.

for a particular value of . As already mentioned in section because the
Schwinger model is equivalent to a non-critical boson theory [6], the half
chain Von Neumann entropy should diverge as (—1/6) log(1/+/z) [90] when
x — +00. Because the coefficient of the logarithmic divergence of the Von
Neumann entropy is universal, the renormalized entropy ASg = Sg — Sp
should be UV finite. In fig. we plot ASg(z) as a function of 1/y/x
and observe that this scales linearly in 1/1/z to the continuum limit. A
continuum result for different values of Q and m/g is obtained in exactly
the same way as for the electric field. The errors originating of the choice of
fitting interval and fitting function were relatively small.

For the electric field and the string tension we had that our results at z =
100, or equivalently ga = 1/y/x = 0.1, only differed from the continuum
result by at most 10 percent, see fig. and fig. Contrary, for the
entropy this is not the case at all, see fig. the result at z = 100 and the
continuum result differ by a factor of order one and sometimes also have a
different sign. The main lesson is that, contrary to other quantities like the
electric field and the string tension, we should be careful when extrapolating
results at finite x of the renormalized entropy to the continuum limit. In
particular, for the non-uniform case, see section one should always check
how the results scale for different values of x.
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Figure A.5.: ) = 0.3. Continuum extrapolation of the renormalized half chain
Von Neumann entropy for different values of m/g.
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Supplementary material for the Schwinger
model at finite temperature

Here we provide some additional information on the simulations at finite
temperature, chapter

B.1. The chiral condensate for a = 0

Assume we computed the chiral condensate ¥(3, x) for the z-values x =
x1,...,%y and we want to obtain a continuum value

X(B)= lim X(B,x).

T—+00

In our case we performed simulations for
x =100, 125, 150, . . ., 300, 400, 500, 600.

When 8 — +oo the chiral condensate diverges logarithmically in x for
m/g # 0. Perturbative computations and numerical simulations pointed
out, see [23,[34] and subsection that this can be traced back to the free
theory (g = 0). By subtracting the free chiral condensate eq. (2.4),

1 1
Ef?"ee(-r):_m K 2 |
1 ns \1tgm
g2z

where K is the complete elliptic integral of the first kind, the logarithmic
divergence is removed. At finite temperature for a fixed value of x we will
subtract the contribution of the ground state expectation value (89 = +00)

119



The chiral condensate for o« = 0

Srenl 8,7/ (m/g = 0.25)
£(8,2)/g (m/g = 0.25)

Figure B.1.: Scaling of chiral condensate 3(3, z) and renormalized chiral
condensate %, (83, z) to x — +00. (a) X(8, z) for m/g = 0. (b) Xyen (8, ) for
m/g = 0. (c) X(8,x) form/g = 0.25. (d) Xyen (8, z) form/g = 0.25.

value and add the renormalized expectation value in the continuum limit,
i.e. we will consider

Eren(ﬁax) = 2(671’) - 2(1') + Xren (B.1)

where ¥(z) = X(+00, z) corresponds to the chiral condensate of the ground
state of H at finite x and ¥ = (400, +00) is the chiral condensate in the
continuum limit. This quantity is UV finite. Note that in subsection [2.1.4
we already obtained Y.y, to sufficient precision. Comparing fig. [B.Ta] with
fig. (resp. [B.1q with fig. it is clear that almost the full scaling
in z of (3, z) is removed by considering X,., (3, ). Indeed, the graphs of
Yren(B, x) for different values of = are almost on top of each other.

Like in [34] we perform a continuum extrapolation by fitting

fi(x) = A1+ By 103%8) + (Jl\}5 (B.2a)
and : . X
fo(x) = A2 + By Oig) + Cgﬁ + DQ; (B.2b)

to Xren(3, ) . These fits were performed using all our data, using all our
data excluding the smallest x—value, using all our data excluding the two
smallest x—values, . . ., using all our data excluding the smallest five x—values.
They give us all possible estimates for the continuum value. Our final value
is the mean of all these estimates.

In figure we show the continuum extrapolation for m/g = 0 (a-d) and
m/g = 0.25 (e-h) for different values of 3g. The full line represents the fit
f1 to all our data and the dashed line represents the fit f to all our data.
For m/g = 0 the star represents the continuum value of the exact result of
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Supplementary material for the Schwinger model at finite temperature

Sachs and Wipf, for m/g = 0.25 the star represents the continuum estimate
of [34]. For small values of g, figs. and the results are quit
robust against the choice of fitting function. During the evolution, 3(5, x)
changes from a decreasing function of 1/y/x to an increasing function of
1/4/x around a certain value of 3g. Around this value of 3¢ it is not possible
to perform a reliable fit to the data, see figs. [B.2b|and In this case we
used our value of z = 100 as the estimated continuum value. Also, for larger
values of g the difference between the values of X, (3, x) for different
values of x becomes small, see and In this case our continuum

estimate is also the value for x = 100.

Comparing in fig. [B.1|our results at finite 2 with the exact result for m/g = 0
and with the continuum estimates from [34] for m/g = 0.25, it is clear that
we do not gain much accuracy by performing a continuum extrapolation: the
difference between the continuum values and the value at z = 100 is only of
order 1073, For larger values of m/g this difference is even smaller. This is
because we renormalized ¥(3, z) by adding —X(400, ) + Xyen (+00, +00).
Apparently, most of the z—scaling in ¥(3,x) is contained in the ground
state expectation value ¥ (400, x).

B.2. Asymptotic confinement: o # 0

In this section we discuss the continuum extrapolation of several quantities
for the case o # 0. For a quantity Q, we will subtract its (o« = 0)-value at
finite temperature and thus consider AQ,(5,z) = Qu(8,2) — Qa=0(5, x).
For the quantities we will consider AQ, (8, z) is a UV finite quantity and it
scales linearly in 1/y/z to x = +o00. Therefore the following fits should be
appropriate

1
fi(z) = A1 + Blﬁ (B.3a)
1 1
Ja(x) =A2+Bzﬁ+02§ (B.3b)
A 1 1 1
fs(x) = 3+B3ﬁ+C3E+D3W (B.3c)

where higher order corrections in 1/4/x should be sufficiently small, i.e.
C>,C3,D3 < 1. In figure we show the extrapolation of the string
tension 0, (8,x) = AF(B,z) = Fu(B,2) — Fo(B, x), fig. and
the renormalized chiral condensate AX, (3, x) = X (5,2) — Xo(8, x) for
m/g = 0.25 and o = 0.25, fig. We also show the fits fi, fo and
f3, eq. to all our data: x = 100,125,150, ...,275,300. The electric
field and the average energy per unit of length show similar behavior as
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Figure B.2.: Continuum extrapolation of X,..,, (5, z) for different values of Sg.
The full line is the fit f; to all our data and the dashed line is the fit fs to all our
data (see eq. ). (a-d)ym/g = 0. (e-h) m/g = 0.25. For m/g = 0 the star
represent the continuum result of Sachs and Wipf [15] while for m/g = 0.25 it
represents the continuum estimate of [34]].

a function of . Our final estimate is obtained by taking the mean of the
estimates obtained from

(a) alinearfit (f1) to the largest three z—values, the largest four x—values,
..., all z—values,

(b) a quadratic fit (f2) to the largest four z—values, the largest five
x—values, ..., all z—values,

(c) a cubic fit (f3) to the largest five z—values, the largest six z—values,
..., all z—values.

The standard deviation on all these estimates serves as our error o¢,.. Our
estimates are shown by a star in fig. It is clear that for small values of
Bg our results are quite robust against the choice of fitting function f; or fs.
For larger values of 3¢, the cubic fit seems to be less suitable, which can also
be observed by inspecting the coefficient Ds.

In fig. (a) - (d) we show the continuum results for m/g = 0.125,0.25
and o = 0.1, 0.25, 0.45 for the string tension, the electric field, the entropy
per unit of length and the renormalized chiral condensate. The error o, for
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Figure B.3.: m/g = 0.25, & = 0.25. Continuum extrapolation of the string tension
oo (B) (a)-(d) and the renormalized chiral condensate AY,,(8) (e)-(h) for different
values of Ag.

each of these quantities is shown in fig. [B.4(e) - (h). The entropy is obtained
from the string tension 0, () and the average energy &,(f3) via the relation

A84(8) = =B(0a(B) — €a(8)).

therefore we display the error on €,(3) and 0,(f) instead of the error on
8« (). The errors are only of order 1074, so our fits are reliable. Note also
that already at = 100 our results are close to their continuum value. For
m/g 2 0.5 the results for different z—values are even closer to each other. In
fig. [B.5 we show some quantities for /g = 0.5 and a = 0.25 and different
values of x. Clearly, the results are almost on top of each other. Therefore, a
continuum extrapolation is only necessary for m/g = 0.125,0.25.

B.3. Simulations for a = 1/2

Here we will discuss our results of the simulations for « = 1/2. Form/g <
(m/g)e =~ 0.33, we already saw convergence of E}/5_5(3,) to zero for

§ > 0 for all values of Bg € [0,10]. When performing simulations for v =

1/2 we indeed observe that Ey5(8,7) = 0, see figs. and When

imposing higher accuracy, which is obtained by lowering the tolerance e
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AS.(8)/g A%.(0)/g

Figure B.4.: (a) - (d): Continuum results for m/g = 0.125 (green), 0.25 (blue) and
a = 0.1 (dotted line), « = 0.25 (dashed line), & = 0.45 (full line). The stars
represent the value at Sg = +00 computed in section[3.3] (a): String tension. (b)
Electric field. (c): Entropy density. (d): Renormalized chiral condensate. (e) - (h):
Errors o¢-. On the continuum extrapolation for m/g = 0.25 and o = 0.25. (e):
String tension. (f) Electric field. (g) Average energy. (h) Chiral condensate.

(see subsection we find that F 5(3, x) becomes smaller in magnitude.
However, even for e = 107, we already have that |E; 5(3,2)| <5 x 107°.
This was expected because the Hamiltonian has for these values of m/g a
unique CT invariant ground state which has a zero expectation value for the
electric field.

In contrast, for m/g 2 (m/g). the electric field is not stable under variation
of ¢, see figs. [B.6d and Because the ground state is two-fold degenerate
fora« = 1/2 and m/g 2 0.33 for a certain value of 3¢ the evolution ‘picks’
out the ground state |¥;/,_) corresponding to & = 1/2 — § in the limit
0 — 0. The Gibbs states has evolved then to

p1/2—(B) o< [Wy/9_) (Y 0—| + O(e %)

for Bg large where A is the mass gap of the Hamiltonian H;/,_; in the
limit 6 — 0. This artifact originates mainly from the fact that the iTEBD
follows a path with minimal entanglement. Clearly, the state p; /5 () has
less entanglement than the exact state p. One can also observe this by
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Figure B.5.: & = 0.25. m/g = 0.25 (full line) and m/g = 0.5 (dashed line).
Quantities for = 100, 125, 150, ..., 300. (a) String tension. (b) Electric field. (c)
Renormalized chiral condensate. (d) Entropy.

investigating the maximum bond dimension D4, over the charge sectors,
see insets figs.[B.6|(a) - (d). We expect that D increases with Sg and saturates
when the system is effectively at zero temperature. For m/g = 1 we observe
for Bg 2 6 that D,,4, decreases with Bg. This indicates that the iTEBD
algorithm converges to a state with less entanglement.

It is clear that this leads to huge errors in the expectation values. Only for
CT invariant observables, e.g. the free energy, the average energy, the chiral

condensate, we can still find accurate results. In figs. and we
indeed find that the free energy is stable under variation of e.

B.4. Thermal corrections in the weak coupling limit

The Lagrangian for the Schwinger model is:

_ . 1

L=1 (’Y”(lau + QAM) —m) — ZFMVFW'
In the weak coupling limit (m/g > 1) with an electric background field ga
Coleman [6] considered the Hamiltonian for this Lagrangian in the semi-

classical approximation and where he restricted to the two-particle sub-
space:

400 +o00o g2 g
Hoé%/ dp 2 p2+m2+/ dx§(|:c\—2ax)+(‘)(h,—>,
m

with [z, p] = i.

The first term is the total energy of a fermion-antifermion pair. The sec-
ond term gives the energy due to the separation of the fermion and the
antifermion and yields an infinite number of bound states. Within this
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Figure B.6.: x = 100, o = 0.5. (a) - (d) Electric field £, /5(3, z) for different
values of the tolerance €. Inset: the maximum bond dimension over all charge
sectors as a function of 8g. (a): m/g = 0.125. (b): m/g = 0.25. (c) m/g = 0.5. (d)
m/g = 1. (e) - (h) String tension 7 /5(/3, ) for different values of the tolerance e.
Inset: zooming in on the interval 8¢ € [9,10]. (¢) m/g = 0.125. (f) m/g = 0.25. (g)
m/g=0.5.(hym/g=1.

semi-classical approximation Coleman then argued that the number of two-
particle states with energy smaller than energy E is [6]

E2

N(E) ~ g*7(1 — 4a?)

O(E — 2m) + O (i) :
m
where O is the Heaviside-function: ©(xz) = 1 if x > 0 and O(z) = 0 if
x < 0. Therefore, thermal fluctuations to the ground state are only relevant
if
too dN
dE—(E) e PE ~ C,
/2m dE "
for some constant C,, of order 1 depending on m but not on /3. Hence, for a
large fixed value of Bg we will only observe significant thermal fluctuations
to ground state expectation values if § < K,,e”2%™ /3 on, with K,, some
positive constant which depends on m but is independent of S.
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Matrix product states for quantum lattices

1.1. Matrix product states for finite lattices

In this section we recall the definition of Matrix Product States (MPS) on a
one-dimensional finite lattice. We also explain how tensor network diagrams
provide a way to visualize the contractions we need to compute expectation
values. The Schmidt spectrum of a MPS is discussed here as well. Finally,
we explain how the MPS can be brought in a canonical form. For a more
extended overview we refer to [[76]].

1.1.1. Definition

Consider a one-dimensional system of IV sites. Mathematically this is de-
scribed by a lattice consisting of IV sites with on each site n a local Hilbert
space 7;,,. Assuming that the quantum degrees of freedom of each of the
particles is described by a ¢g—dimensional Hilbert space, 77, = CY, the total
Hilbert space .7 describing this system is the tensor product of these Hilbert

spaces:
N

A =R A =C
n=1
If {|d),, : d=1,...,q} is a basis for the local Hilbert space .7, on site n the
full Hilbert space ¢ has basis

{ldi,....dn) =|d1)y ... |ldN)y :dn=1,...,q}
and a general state |¥) € % takes the form

q

q
T) =0 Ct N jdy, L dy)
N=1

di1=1 d
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Matrix product states for finite lattices

where C%»N ¢ C. A general state |¥) has thus ¢" components.

A matrix product state (MPS) is now defined as a state where the coeffi-
cients C9~9" take the special form

Chidn =T A% AN g

where A? ¢ CPnxDnt1 for d = 1,...q, vy € CP**! and vy € CPN+1XL,
We call D,, the virtual dimensions or bond dimensions of the MPS represen-
tation. The MPS is denoted by |U[A]), i.e.

WA = > ...

di=1 dn

q
ob AT A g |dy, . dy) (1.1)
=1

Note that we do not mention the dependence of |U[A]) on the boundary
vectors vy, and vg. This is because they can be absorbed in A; and Ap:
Ad ol Al AL — Adop,

Let us now introduce the tensor network diagrams. In this formalism the
tensor C%4N is depicted by

Ctn : Yo =10
{ I {

dy [ dy—1 dy

Every leg of this diagram corresponds to one physical index d,,. The tensors
A¢ that occur in the MPS are drawn as

|:A:'l1,i| ﬁ: u,3,&:]_,...,DTL;B:17“"Dn+1;d:1"..’q'
%)

d

The horizontal legs represent the virtual indices a en (3, the vertical leg
represents the physical index d. In general we omit «, § and d in this tensor
network diagrams. Similary, vy, and vy are drawn as

[UH La ” Nvala = ”'

If we want to contract two tensors this is simply depicted by connecting the
corresponding legs. For instance,

D
d1 d2 _ d1 d2 —
[An Anﬂ} aB Z [An }ary [A”HL,,B B w3'
dy ds

=1

With this convention, the MPS |¥[A]) in eq. is drawn as

) = @O RSO,

130



Matrix product states for quantum lattices

1.1.2. Normalization and the transfer matrix
As a warming-up exercise, let us compute the norm of a MPS |U[A]). If we

denote
d

[Ig}ag B 03’

the norm (W[A]|¥[A]) is represented by the following diagram:

To compute this efficiently we compute this diagram from right to left. Specif-
ically, we first define the transfer matrix E,, by

Note that E,, depends on the tensors AZ. When confusion is possible we
explicitly denote this dependence: E, = Eﬁz The transfer matrices are
linear operators which map (D), 1 X D,,41) matrices to (D,, x D,,) matrices:
if A € CPrt1XPnstt with

[A]a,ﬁ: 70475:17--')Dn+1

then

Interpreting the transfer matrix E,, as a map from CPn+1©Dn+1 to CPn®Dn
one can also consider its transpose EX which maps (D,, x D,,) matrices to
(Dp+1 X Dpy1) matrices: if A € CDPnxDn ith

B

[A]a,ﬁ: ,Cl,ﬁ:].,...,Dn
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(mind here the order of a and 3!) then

With these definitions, the diagram (1.2) becomes

i

where [Zo, 5 = [vL], [VLlg, and [An], 5 = [vRl, 1 [VR]5;. Defining

iteratively

we find for the diagram eq. (1.3)

<\IJ[ZH\II[A]> = a 0 = tr(EnAn)

for any n = 0,... N. To normalize the state it is thus sufficient to divide
Adn by \/tr(Z2,A,,). Note that the computation time of the norm of a MPS
only scales as ﬁ(qND3) with D = max,, D,,.

1.1.3. Schmidt spectrum of a MPS

The matrices =, and A, contain information about the Schmidt spectrum
of |[U[A]). Consider the bipartition {27, 27"} of the lattice where

A =11,2,...,n}and &' = {n+1,...,N}.

If one traces out the local Hilbert spaces living on the sites in the region 27"
one obtains the reduced density matrix pn,

parp = tray (|P[A]) (P[A]])
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with components

dy do

o] sttt = @b

dp,d), =1,...,q. The non-zero Schmidt values with respect to this biparti-
tion are given by the non-zero eigenvalues of pn. Using the property that
for any two matrices A and B the non-zero eigenvalues of AB are the non-
zero eigenvalues of BA, the non-zero Schmidt values are the eigenvalues
of

where we assumed that the state | U[A]) is normalized to one, tr (£,A,,) = 1.

Denoting the eigenvalues of =,A,, by 0,1, ...,04.p, ., With
Dpia
120012 002> .. 2 0nn,y, 20, Y Ona =1,
a=1

the Schmidt decomposition with respect to the bipartition {7/, <7} of the

lattice reads
Dn+1

|W[A]) = Z VOon,a
a=1

<1>§“1"> ® ]@'2“2”> (15)

where

‘@ﬁﬁn> S ® J; and ‘¢52n> S ® ¥4

jedyn jEAy

are orthonormal unit vectors,
e

o o A4
(0" | @) = b5, (05 | 057 ) = b0

Conversely, starting from this Schmidt decomposition, one shows that any
state can be written as a MPS with bond dimensions Dy < g2 [78].

1.1.4. Expectation values of MPS
Consider a local observable O, i.e. a Hermitian operator of the form

N—-K+1
0= 5 Onn+1,..n+K—1-

n=1
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Here 0y, p+1,... ntK—1 is @ Hermitian operator that acts non-trivially on sites
n,...,n+ K —1only, ie. it is a shorthand notation for

Onntl,.nt k-1 < L ®...@Ly,  Q0pnil,. i+ K-10L, ®.. . QL

where 1 4 is the identity operator on J#, and the 0, 41, n+K—1 appear-
ing on the right-hand side can be any Hermitian operator on J#, ® 74,11 ®
... ® H 1 K—1. For our applications we can restrict ourselves to K = 2 and
thus to operators of the form

N-—1
0= Z Opn+1 (1.6)
n=1

where 0y, 41 acts only non-trivially on J¢, ® 2, 1. With tensor network
diagrams we represent an operator by

! / U
(dy,...,d|O|dy,. .., dy) :,dn,dn =1,...,q
R
and eq. (1.6) becomes
dy dn d; dy1 dy, dyt1 dpy2 dn

(1.7)

A . ’ 7 7 " v
d dy dy dp o dy, Ay [ dy

where we introduced the following notation for the identity operator 1 .,

on J;,:

dy,
= (Sdn’d% .
&

n
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The expectation value (U[A]|O|W¥[A]) becomes

(PlAJ|O[w[A]

(1.8)

where A,, and =, are defined in eq. (1.4).

The most efficient way to compute the diagrams in the right-hand side of
eq. is by first computing

=), 0o
dy do

then performing the following contraction

”3 -

dy dy

d
= 3 ddosnnld ) [CEE] o)
dy,dy=1 ’

and finally computing

q
T
D di,d
= Z |: nln—ilA“+1 (Cn,ln—ﬁl) :|

d17d2:1 a7ﬂ

(1.9¢)
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(a) The diagrams in eq. (b) Performing the contraction (1.9a).

(c) Performing the contraction ll (d) Performing the contraction <i

Figure 1.1.: Right order of performing the contractions to compute the diagram

cq. (19 [T 19

By performing the contractions in this order, see also fig. the expectation
value becomes

([0 ¥[A Ztr (0120 ).

and can be computed in &(Ng?>D3?) time. Here we assumed that ¢ < D
which is the case for our applications.

1.1.5. Canonical form of MPS

There is some freedom in the representation eq. (1.1) of a MPS |W[A]). If we
define the tensors A% ¢ CDnxDni1 by

- --0{(-©

with U, € CPn*DPn V¢ CPnXDn and V,,U,, = 1p, «xp,, then it is clear
that if we define the boundary vectors

o}, = v} Vi, = Un110n,

that |V[A, v, vR]) = ‘\If [A,@L,f)R} > Here we explicitly denoted the de-
pendence of a MPS on its boundary vectors. This gauge freedom can be

used to bring the MPS in a so-called canonical form. Consider again the
matrices Z,, and A,, see eq. (1.4), then we say that a MPS is in the left
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canonical form if =, = 1p ., xp,,, foralln = 0,..., N. Similarly, we
say that a MPS is in the right canonical form if A, = 1p, ., «p,., forall
n=0,...,N.

Before we discuss how to bring a general MPS in such a canonical form it
is convenient to get rid of the boundary vectors. Therefore we absorb U;r:
into the definition of Ay: A¢ — UEA‘{Z and vg into the definition of A%:
A‘}V — A?VUR. In this case we have D1 = Dyy1 = land 5g = Ay = 1.
The MPS then takes the form

q q
WA = > .Y AP AR |dy, .. dy) Ay € CPPrer (100)
di=1 dy=1

with D1 = Dy = 1.
(a) Left canonical form

We now discuss how one brings a general MPS |¥[A]), eq. (1.10), in the left
canonical form. Therefore we apply a QR-decomposition of A} € CP1xDz
with components [4]](4.0);5 = [A7],, 5

Ap = Q\My, Q) € CPP2 My e CPP2 (Q)TQ) =15,

Next, we define L¢ € CD1xD2 with components [L‘ll]aﬁ = [@1](d,a);3 and

define A = M A$ € CD2xDs_ These transformations do not affect the
MPS (1.10) which now becomes

(WA = > .Y LPAPAP LAY dy, .. dy) .

q q
di=1 dy=1

Note that Q' Q) = 1, implies that

(1.11)

With tensor network diagrams, we depict this transformation symbolically

as
(QR)
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Assume now that the MPS has been written in the form
q q o 4 .
J _
(WA = > ) LY LA AN LAY Jdy, . di)
di1=1 dy=1

where L‘lil, e LZ’“ are in the left canonical form:

Then one performs a QR-decomposition of A 1:

(QR)
2 )@

The MPS then takes the form

and one defines

q q
d ~d d+
(WA = > .Y L LA AN AR AR |dy, . dy)
di=1 dy=1
with

forn <k+1.
1

Doing this procedure for k = 1,..., N leads to a MPS in the left canonical
form.

(b) Right canonical form

Bringing a general MPS, eq. (1.10), in the right canonical form is done in
a similar way as for the left canonical form, but instead of going from left
to right, we proceed from right to left. More specifically, assume the MPS
representation is put in the form

q q
A =YY AP AR ARREY R |d,. . dy)
di=1 dy=1
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with Afr € CPmPrat (n < k), AjF € CPwPror Rl € P Prot (n >

k + 1) and where RZ’:’II, .. ,R?VN are in the right canonical form:

Then one performs a QR-decomposition of A;j € Ctkr1xDr with com-

ponents [A;]a(dﬁ) = [[lg} 5 A;CT = Q. My, Q) € CiPr1xDr My €
K 9. a’ ~ 3

CPwPr (Q)1Q), = L, - Then one defines R4 € CP#*Pri1 with compo-

nents [R], 5 = [Qﬂﬁ.(d o) and one puts Af | = A} | M] € CPr-1Dx,

The MPS representation then becomes

q q
A =3 0N AP AR AR R |dy, ., dy)
di=1 dy=1

and because (Q},)TQ}, = 15, , Ry is also in the right canonical form:

By applying this procedure for k = N, N — 1,...,1, one brings the MPS
in the right canonical form. Symbolically, this transformation is represented
with tensor network diagrams as

- (RQ)

139



uMPS in the thermodynamic limit

(c) Centered canonical form

One can now combine the left and right canonical form to put a MPS in a
so-called centered canonical form. More specifically, given a site k one uses
the previous procedures to put forn > k + 1:

and forn < k:

This form is convenient for the DMRG algorithm. For a local operator oy
that acts only non-trivial on site k£ we find for the expectation value

1.2. uMPS in the thermodynamic limit

In this section we focus on one-dimensional quantum systems in the ther-
modynamic limit. We define translational invariant states, the uniform MPS
(uMPS), which were introduced for the first time in [79]. Contrary to their
approach, we are not concerned here with a rigorous treatment but rather
follow [88] [136]. As for the finite-size case, we discuss the normalization,
the Schmidt spectrum and the computation of expectation values of these
states.

1.2.1. Definition

On a one-dimensional quantum system with N particles (N — +00), a
uniform MPS (uMPS) takes the form

W, [A] :NLITOOZ Z TAD L AWp|dy,. . dy) . (112)

di1=1
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Note that we here take all A2 € CP*P to be the same tensor A% to impose
translation invariance to the state. For a proper discussion on how the limit
N — 400 must be taken we refer to [79, 136]. For our purposes it is
sufficient to consider this limit as the fact that we are only interested in
the physics of the bulk. By taking the limit N — 400 we avoid boundary
effects. Indeed, as we will see later, all computations are independent of the
boundary vectors vy, and vp. This ansatz is suitable to approximate ground
states of translation invariant Hamiltonians in the case this symmetry is not
spontaneously broken.

1.2.2. Calculus

To compute the norm of a uMPS, we need to consider the transfer matrix E,
see subsection[1.1.2]

Now, contrary to the case of a finite lattice, E is independent of the site n.
However, E still depends on the tensors A%. When confusion is possible we
explicitly denote this dependence: E = Eﬁ. To find the norm of the state,
one needs to find the leading eigenvalue 7, i.e. the largest eigenvalue in
magnitude, of E and the corresponding left and right eigenvectors = and A:

(1.13)

Some remarks are in order here:

(i) The quantum Perron-Frobenius theorem [[163]] assures us that the eigen-
value 7 is real and positive. Furthermore, if this eigenvalue is non-
degenerate, than A and = can be taken positive definite (and thus
Hermitian and non-singular). This is crucial for our numerics.

(if) We assume here that the eigenvalue 7 is non-degenerate, i.e. the ma-
trices A and = defined in eq. are unique up to a complex factor.
When the eigenvalue is degenerate, the MPS can be decomposed a
sum of a finite number of MPS where the transfer matrix has a non-
degenerate leading eigenvalue [164]]. For our numerics however, this
is generically not the case and hence we can assume that the leading
eigenvalue is unique.
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(iv) Using an iterative procedure, like the Arnoldi iteration [165] or the
Jacobi-Davidson method [[166], the leading eigenvalue 1 and the cor-
responding left and right eigenvector = and A can be found in

ﬁ(NiterqDS)

time, with Nj;, the number of iterations needed of the chosen method.
This is because for these iterative methods we only need the action of
the transfer matrix E on a matrix A, see (1.13).

(v) The definitions of Z and A coincide with the definitions in the

sense that
. n Ty . n
@ i E ey~ i ) o

b) lim [E"]"(vzvi) ~ ( lim »")E.
O Lp B o) ~ L
To normalize the state to one, we need to divide A? by /7 and rescale =
and A such that tr(EA) = 1. The singular values of ZA are the Schmidt
values associated to any half chain cut of the lattice. Note that due to
translation invariance, these Schmidt values are also independent of the site

n. Denoting the eigenvalues of ZA by 01, ...,0p with
D
12012022---20D20a20a:17
a=1

the Schmidt decomposition eq. with respect to the bipartition { <" =
Z[1,...,n|, 9 =Zn+1,...,N]|} of the lattice now becomes

IW[A]) = im ¢§1"> ® ]@f2"> .
a=1

Consider now an observable of the form O =372 0, 41 (1 €< 71 <719 <

n=ri
N = +00) where 0, 11 acts only non-trivially on sites n and n + 1, then

(1.14)

Following the scheme in fig. [1.1} this can be performed in &(|ry — 71|¢>D?)
time. Consider now the special case, when 1 = 1,72 = 400 and 0y, 41 = 0:

N—+oc0

N—-1
0= lim Z:‘J‘"flo‘.]'fn+1
=1
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with T the translation operator over one site and where o acts only non-
trivially on sites 1 and 2. In this case the expectation value diverges with the
length of the lattice V. However, the expectation value per site is finite and
equals

which can be computed in &(¢?D?) time.

It is also possible to put the uMPS in a canonical form. Like in the non-
uniform case we can put A = 1p (right canonical form) and 2 = 1p
(left canonical form). We also consider the symmetric canonical form:
=2 = A. In algorithm we give the pseudocode for an implementation
in for instance C++, Matlab or Python. As input we give the tensor A =
{[Ad]a,,é’}d:1_._d;a,ﬁ:1...d representing the uMPS |U[A]) eq. and a
string stringCanForm. The string ‘stringCanForm’ indicates the desired canon-
ical form: ’left’ for the left canonical form, ‘right’ for the right canonical
form and ‘symmetric’ for the symmetric canonical form. The output of the
algorithm is again a tensor A corresponding to the same uMPS but now
with norm 1. The left and right eigenvector = and A of the transfer matrix
corresponding to the leading eigenvalue 7 = 1 are in the desired canonical
form. In either way = and A are diagonal. The algorithm is straightforward
and can also be found in [[136]]. Essentially, it constructs the matrix I to
bring the uMPS in the desired form by the MPS gauge transformation

OO

Let us conclude this part by some giving comments on the algorithm

(i) As already mentioned, we use an interactive procedure to find leading
7 of the transfer matrix and the corresponding left and right eigenvec-
tors Z and A. This is what happens in line 2] and [3] We invoke the
iterative eigensolver ‘eigs’and apply it on the functions ‘ApplyTrans-
ferLeft’ and ‘ApplyTransferRight’. These functions, see lines[26}{28/and
lines 29131} compute the right and left action of the transfer matrix on
a matrix, which can be performed in &(qD?) time. Therefore, finding

1. This nomenclature stems from matlab where the routine for the Arnoldi iteration is called
‘eigs’. But more general ‘eigs’ can be any iterative eigensolver.
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(i)

(iii)

the leading eigenvalue 77 and the corresponding left and right eigen-
vectors = and A takes O (N, qD?) time, where Ny, is the number of
iterations needed by the iterative procedure. We can expect that Ny,
is proportional with the correlation length. The correlation length &
can be computed from the leading eigenvalue 77 and the second leading
eigenvalue 72 of the transfer matrix as £ = — log(n2/7).

Because = and A are positive-definite, the matrices X and Y in line[7]
exist.

Inline8] [U, 2, V] = SVD(Y X ) means a singular value decomposition
of Y.X:

YX =UxV U'U =1,VVT =1, % diagonal and positive definite.

Algorithm 1.1 Normalization of a uMPS

Input: A, stringCanForm
Output: A, ZA.
1: function [A, =, A, n, '] = NorRMALIZEUMPS(A,stringCanForm)

»

[E,n] = eigs(@(Z)ApplyTransferLeft(=,A))

[A,n] = eigs(@(A)ApplyTransferRight(A,A))

A+ Aln

E <+ E/tr(E)

A+ AJtr(A)

Find matrices X and Y suchthat 2 = X X7, A = YTY
[U,%,V] =SVD(Y X)

Y+ X/ /tr(32)

switch stringCanForm do

case ‘left’
r=xvix-1=yty
==1p
A=X2

case ‘right’
r=vix-1=x"1yty
= =132
A=1p

case ‘'symmetric’

r=xt2ytx-1=y-1/2yty

end switch

Tro-oo
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25: end function
26: function =’ = APPLYTRANSFERLEFT(Z,A)

27: =

28: end function
29: function A’ = ApPLYTRANSFERRIGHT(A,A)

30:

31: end function

1.3. The tangent space of uMPS

Here we study the tangent space of the uMPS. They provide a variational
class of states to approximate one-particle excitations with a given momen-
tum [87,O1]]. The calculus of these states is discussed here as well, see also
[88] for a nice overview .

1.3.1. Definition
If T is the translation operator over one site on a lattice with N sites,
T|d1,da,...,dN) = |da,...,dN,d1)

then it is obvious that in the limit N — 400 uMPS are invariant under 7T
T |W,[A]) = |¥,[A]). Furthermore, because TV = 1 its spectrum equals all

the Nth roots of unity, i.e.

spec(T) = {eik tk= 2%%,27ri, . .,27TN]\_[ ! } .
When considering the thermodynamic limit, the spectrum of T becomes
continuous, spec(T) : {e* : k € [0,27[}. Note that k is only determined
up to an integer multiple of 27, so one can also take k € [—m,7[. kis
called the momentum and an eigenstate of T with eigenvalue e’ is called a
momentum-k eigenstate.

Starting from a uMPS | U, [A]), see eq. (1.12), an example of a momentum-k
eigenstate of the translation operator T is |®y[B, A]) which is defined by

N q
NETOOE Y el At At Bl At ANy dy,. L dy)
n=1 dl,...,dNil
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or with tensor network diagrams:

OB, Al) = i
[@x[B, A]) = lim

N
Zeikn . (1.16)
n=1

1 n—1 n n+1 N

We indeed have that T |®[B, A]) = ¥ |®,[B, A]), hence these states can
be used as a variational ansatz for momentum-k eigenstates. More specif-
ically, we use the uMPS |¥,[A]) to approximate the ground states. The
states |®y[B, A]) serve then as a variational ansatz to approximate the one-

particle eigenstates. Note that this ansatz is linear in the tensors B. For any
k € [0, 27| the set

TF = {|®[B,A]) : BLe CP*P d=1...q}

is called the (boosted) tangent space with momentum k in the uMPS | ¥, [A]).
For k£ = 0, this definition exactly coincides with the definition of tangent
space in differential geometry in the sense that

From now on we assume that |¥,[A]) is normalized and that the left and
right eigenvector = and A corresponding to the largest eigenvalue n = 1 of
the transfer matrix are positive diagonal matrices, see algorithm

The overlap of the tangent vectors |®;[B, A]) with |U,[A]) can easily be
computed:

where the delta-Dirac function for momentum k = 2o0m/N (m =0,... N —
1) is regularized as

N
276 (2rm/N) = Nhr-I;-l Z e?mmm/N — fim N6, 0-
—400

N—+o0
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The prefactor 270(k) thus originates from the infinite number of sites V.
Note that for £ # 0 the states are automatically orthogonal to |¥,[A]),
while for k = 0 |¥,[A]) is only orthogonal to |®¢[B, A]) if

e“c =0. (1.17)
)

1.3.2. Gauge freedom and gauge fixing
The uMPS | ¥, [A]) has the gauge freedom

OO

in its representation. When fixing the gauge of the tensor A (left, right or
symmetric) one still has an additional freedom in the tensor B: it is clear
that |®;[B, A]) is invariant under the transformation

@%@Jreik—ﬁ e CP*P. (1.18)

When k # 0 this freedom can be used to let B obey the left gauge fixing

condition,
)
a = a =0 (1.19)
)

or the right gauge fixing condition,

(1.20)

When k = 0 one can still impose the left gauge or right gauge fixing condi-
tion if |®(B, A)) is orthogonal to |V[A]), i.e. if eq. is satisfied.
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Let us now discuss how we can let B obey the left gauge fixing condition.
Given B, it follows from eq. (1.19), that T, see eq. (1.18), must satisfy:

(121)

Because the leading eigenvalue of the transfer matrix E equals 7] = 1, 1-
e""*E is invertible for k # 0. For k = 0, we can still solve eq. (1.21) if B
satisfies eq. - Therefore we introduce the orthogonal prOJector P onto

the kernel of 1 —

When considering Q = 1 — P, it follows from eq. (1.17) that eq. is
solved as

(1.22)

where (1 — e*E)™ is a pseudo inverse of 1 — ¢~**E defined as:

(1—e ™ E)* = (1—e ™ E)~" k # 0 and (1-E)" = Q(Q(1—e"E)Q)'Q.
Similarly, when k # 0 or eq. is satisfied, taking

(1.23)

imposes the right gauge fixing condition eq. on B.

1.3.3. Efficient computation of (]l — e““E)Jr

In the previous subsection we saw that to impose the right gauge fixing
or the left gauge fixing condition on B, we need to compute the (pseudo)
inverse of 1 — e**E. Note that this is a (D? x D?) matrix and that the com-
putation time to compute the inverse exactly would scale as DS. Fortunately,
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the action of 1 — ¢?*E on a vector can be implemented in &(D?) time. Hence
we can use iterative methods to solve eq. (1.22) and eq. (1.23).

More specifically, assume we want to determine

The action on K in the left-hand side can be implemented in €'(¢D?) time.
Using an iterative method like the generalized minimal residual method
[167] or the biconjugate gradient stabilized method [[168] a solution K can
be found in ﬁ(NiterqD3) time where N;ter is the number of iterations needed
for the iterative solver.

A pseudocode for this algorithm is presented in algorithm and essen-
tially solves eq. using the iterative method ‘bicgstab’ ﬂ The com-
mand ‘K= bicgstab(@(K)ApplyTransRight(K,A),£2)’ means that the bicon-
jugate gradient stabilized method is applied to the linear map ‘ApplyTran-
sRight’, which maps K to K’ as shown in Iine and gives the solution K of
ApplyTransRight(K) = (.

Algorithm 1.2 Determine (]1 — e““E)Jr acting on the right

Input: AQkZEA

Output: K.
1: function K = INVTRANSRIGHT(A,(,k,Z,A)
2: if K = 0 then

P aass

. This is the matlab command to invoke the biconjugate gradient stabilized method. Of course,
one could choose another method.
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5: K = bicgstab(@(K)ApplyTransRight(/,A,k),(2)
6: end function
7: function K’ = AppLYTRANSRIGHT(K A k)

o
o

9: end function

Similarly, we provide in algorithm [1.3]the pseudocode for the efficient com-
putation of

Algorithm 1.3 Determine (]1 — e““E)+ acting on the left

Input: A,Qk=A

Output: L.
1: function L = INVTRANSLEFT(A,$,k,Z,A)
2: if t = 0 then

4 end if

5: L = bicgstab(@(L)ApplyTransLeft(L,A,k),(2)
6: end function

7: function L' = AppLYTRANSLEFT(L,A,k)

el
e
;

9: end function

1.3.4. Variational freedom in the tangent plane

In subsection we discussed how we can use the freedom eq. (1.18) in B
in the representation of |®y[B, A]) to impose the left gauge fixing condition
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eq. or the right gauge fixing condition eq. on B. Here we will
parametrize B such that either the left gauge fixing condition or the right

gauge fixing condition is fulfilled.

Assume first that B satisfies the right gauge fixing condition. Let Vi €
Cn=x4D he a matrix such that the rows of Vi form an orthonormal basis for
the left zero space of Wg € CI1P*P where

[WR](da)ﬁ = [Al/z(Ad)T] d=1...q;o,=1...D.

)
anB

We thus have that VRWR =0and ‘N/Rf/; = 1,,,. In general, we expect that
nr = (¢ — 1) D, but we also allow for the more general case ngp > (¢ —1)D.

Defining now foralld =1...¢: Vél € C"r*D with components [V}C%l]a 5=

[VR} s’ any B satisfying the right gauge fixing condition can be written
a7

(-0 1250

where X € CPxnr,

(1) = and (v =0. (1.25b)

Any B satisfying the right gauge fixing condition can thus be parametrized
by a matrix X € CP*"r and vice versa.

Similarly, if B satisfies the left gauge fixing condition, we consider V;, €
CIP*nL gych that the columns of ‘N/L form an orthonormal basis for the
right zero space of W, € CP*P where

Wila s = [(Ad)TEl/Q] d=1...q;a,f=1...D.

ap’
We thus have that WLIN/L = 0 and f/fjf/L = ]lnqL. In general, we expect that

nr, = (¢ — 1)D, but we also allow for the more general case ny, > (¢ —1)D.

Defining now foralld =1...¢: VLd € CP*nL with components [VLd]aﬁ =

[VL} (da).p” any B satisfying the left gauge fixing condition can be written
164
(-0 (1263
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where X € CnexD,

(1.26b)

Any B satisfying the left gauge fixing condition can thus be parametrized
by a matrix X € C".*P and vice versa.

1.3.5. Calculus

In the previous subsection, we focussed on the gauge freedom and how this
can be used to impose the left gauge fixing condition eq. or the right
gauge fixing condition eq. on B. In this subsection we discuss how
expectation values of tangent vectors |®y[B, A]) are computed. In order that
these expectation values are well-defined it is important that the tangent
vector |y [B, A]) is orthogonal to |V, [A]), i.e. that k& # 0 or that

As we discussed in subsection[1.3.2] we can take B such that it obeys either
the left gauge fixing condition or the right gauge fixing condition. From now
on, we assume that this is the case:

) )
:()or =0.

The overlap between two different tangent vectors equals

a
<(I)k/ [F, ZH(I)]C[B, A]> = 271'5(]{3 . k‘/) e““ (1.27)

Notice that the tangent vectors satisfy a delta-Dirac normalization in the
thermodynamic limit. Also, two tangent vectors with different momentum
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are automatically orthogonal as it should. When B and B’ are parametrized

asin eq. oreq. (1.26): B = B(X) and B’ = B(Y'), we have that
(@ [B', A]|®[B, A]) = 210(k — k') tr(YTX). (1.28)

Consider now an operator of the form O = limy_ 400 Zg:_ll Jr—log—ntl
where o acts non-trivially on site 1 and site 2. One can show that [43]

can be computed efficiently using algorithms[1.2]and[1.3] The inverse

(1-B)7"
that appears here originates from the geometric series:

N

(1-B)" = lim > (QEQ)".

Note that if B obeys the right gauge fixing condition resp. the left gauge
fixing condition, the first resp. second term drops out of the expression.
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Finally, we compute expectation values of the form (®/[B’, A]|O|®[B, A]).
For these expectation values, to be well-defined, we need to subtract the
expectation value of O with respect to |¥,[A]) from it: if

N-1

O = lim gn—log—ntl
N—+oo

then we need to subtract (¥, [A]|o| ¥, [A]):

0 < 0 — (U, [A]|o|Tu[A]) .

If one computes the following matrices iteratively (algorithms|[1.2]and [1.3):

(1.30a)

(1.30b)

(1.30¢)

(1.30d)

(1.30e)
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(1.30f)

(1.30g)

(1.30h)
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one finds [88]]

(@10 (7, 4] 0|4 [B, A]) = 276 (k — k')

1.4. CTJ invariant MPS

In this section we extend the formalism of uMPS and its tangent space to
systems invariant under CT, with T translation over one site and C a local
idempotent (G2 = 1) observable.

1.4.1. Ground state ansatz

Consider a lattice with 2N sites in the thermodynamic limit (N = 4o0)
and a local idempotent operator € (G2 = 1cq). The following MPS is then
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invariant under CT:

d dy don1 don don 1 oy

(1.31)

in the limit N — +oo where A% € CP*P_ By construction this state is
obtained from the uMPS

914) =D - DO

A
dap—1 day, dan—1 dan

by applying C on the even sites. In this context we call |¥,,[A]) the ‘uniform
counterpart’ of |¥e[A]). As will become clear later, all computations can be
performed on the level of its uniform counterpart |¥,[A]). In particular, we
can apply the whole formalism developed for uMPS to these states as well.
For instance, concerning the normalization we find because €2 = T ¢q that

(Ve[A]|We[A]) = (Du[A]|W,[A]) = tr (EA)

where = and A are the left and right eigenvector corresponding to the lead-
ing eigenvalue of the transfer matrix E = E“, see subsection They
are also obtained via the algorithm Note that we here also assumed the
leading eigenvalue of the transfer matrix to be normalized to one.

Furthermore, for any local operator

i day IN_1 dy dp—1 dy dn+1 dni2 dan
= E . Onntt
- n=1
d b di i dy, A B2 dyy

we have that
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where

dy dsy

¢ = C
o o an d w onanit

& 4, @ FA

d} dh

For our simulations, we are interested in the case when o, ,,1 only depends
on the parity of n:

02n—1,2n = 01,2 and 02y, 2,11 = 023.

In this case, we find in the thermodynamic limit for the expectation value

per site

with
dy dy dy da
dy dy dy dy
(o)== e = )= =)
d A d, a4
d & d A

We thus find that if we absorb € on the even sites in the operators that the
expectation value with respect to |We[A]) reduces to the expectation value
with respect to its uniform counterpart |V, [A]).

158



Matrix product states for quantum lattices

1.4.2. Tangent space
On a lattice of 2N sites we have that
CT|dy1, da,...,dan) = (Cld2)) (C|d3)) ... (C|dan)) (C|dy)) .

Note that (CT)? = T2 and that CT commutes with 2. Because (T2)Y = 1
its spectrum contains all the Nth roots of unity, i.e.

0 1 N -1
spec(‘J’Q):{’k k—27rN 27rN ,2m ~ }

When considering the thermodynamic limit, the spectrum of T2 becomes
continuous, spec(T2) = {e?* : k € [0,27[}. Note that k is only determined
up to an integer multiple of 27, so one can also take k € [—m,7[. kis
called the momentum and an eigenstate of T2 with eigenvalue ¢?* is called a
momentum-k eigenstate. The spectrum of CT follows now from (€T)? = T2
which implies that

spec(CT) = { e*/? ke [-m, 7],y = {—1,+1}}.

Eigenstates of CJ with 7y = —1 are referred to as vector particles while
eigenstates of CT with v = 1 are referred to as scalar particles. The label
k € [—m, 7] is the momentum of the eigenstate for translations over two
sites.

Starting from a CJ invariant state |We[A]), see eq. (1.31), an example of a CT

eigenstate with quantum numbers 7 and k is ]@gw[B,AD which is defined
by

e T
’(I)kfy[B’AD - N1—1>I—1r—loo

Z,ynzk/2 a .

(1.32)

where one needs to take into account that €2 = 1¢cqs. We indeed have that
CT |y~ [B, A]) = ~eik/? ‘(I)gv[B’ A]) so these states can be used as a vari-
ational ansatz for eigenstateé of CT. More specifically, if the MPS |Ue[A])
approximates the ground state then the states |®EW[B, A]) are variational
states linear in the tensors B to approximate one-particle eigenstates with
quantum numbers (k, 7).

159



CTJ invariant MPS

One observes that the state |<I>S7V[B, A]) is quite similar to the state |9y [B, A]),
see subsection considering the last one also defined on a lattice consist-
ing of 2N sites. In fact, the state |<I)g7,y[BjA]> is obtained from the state
|, [B, A]) where

kly=k/2, ify=1,[kly =k/2+ 7, ify=—1,

by applying C on the even sites. Therefore, all expectation values with
respect to |<I>gV[B,A]> can be reduced to expectation values with respect
to [®), [B, A]). For the overlap with [¥¢[A]) we find

(®F,[B, Al We[A]) = 276(k)5y 1 g“g
)

where the delta-Dirac function for momentum k = 2rm/N (m =0,... N —
1) is regularized as

276 (2rm/N) = lim Z 2N — im 2N G, 0.

H+oo N—+o00

The prefactor 270 (k) thus originates from the infinite lattice size 2N (N —
+00). Note that for k # 0 or v = —1, the states are automatically orthogo-
nal to |Ue[A]), while for (k,y) = (0,1) |¥e[A]) is orthogonal to |(I)IS,7[Bv Al)
if we impose eq. on B.

Similar to eq. we have the following freedom in the representation of
B:
B« B4 ety At — Adr g =1,...,¢; T € CP*P, (1.33)

As explained in subsection when [k], # 0 or eq. is satisfied this
freedom can be used to let B obey the left gauge fixing condition, see eq.

(1.19), or the right gauge fixing condition, see eq. (1.20). Therefore we can
also parameterize B by a matrix X, see eq. for the right gauge fixing

condition and see eq. for the left gauge fixing condition.

When B obeys either the right or left gauge fixing condition, the overlap
between different tangent vectors is

(D% [B7, A]|9F (B, Al) = (Ppr), [B', Al @y [B, A]) (1.34)

=276k — k)85, e“g
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as follows from eq. (1.27). We thus find again that tangent vectors with
different quantum numbers (k, ) are automatically orthogonal.

For our purposes it is sufficient to consider operators of the form

di | dew IN—_1 d dn1 dy dn1 dn2 dan
Y =
N—+o0
A e U n:1
& oy d} ), d,, iy )iy dyy
where
dy d: dy dy
dy do dq do
~( e =)= ()
i dy dy dy
i dy dj B

for some local operator o. Note that this operator is €7 invariant. If we now
define its ‘uniform counterpart’ O,, by

2N—1

O, = lim § Jrlogntl
N—+oco 1
n—=

then we find that
(®f ., [B, A]|0|Te[A]) = (B, [B', A]| 04|V, [A]) .

The value of (@mw[ﬁ, A]|O04|¥,[A]) can be found in eq. and con-
tains now an overall 6(k)J, 1 factor. Similarly, we find that

(5., (B ) 0[0F 1B, Al) = (®y0, [F. )00, (B, A).  (135)
If we subtract the expectation value of O with respect to |¥e[A]) from O, i.e.
0 40— (Vy[A][o|¥y[A]) Tee ® L,

we can use eq. to evaluate the right-hand side. The delta-Dirac
appearing there needs to be replaced by §(k — k)d., .

161






Optimization methods for MPS

2.1. TDVP

The Time-Dependent Variational Principle (TDVP), introduced in [[169]], pro-
vides a tool to evolve the Schrodinger equation within a variational mani-
fold of states in an optimal way. Starting from the action principle for the
Schrédinger equation, applying the Euler-Lagrange equations with respect
to the variational parameters gives the TDVP equations. They have also a
nice geometric interpretation [170].

Here we review the method of [43,[87] to apply the TDVP to the manifold of
uMPS with a fixed bond dimension. We give the main ideas and construct
the TDVP equations. With these equations the steepest descent method is
reformulated to find the optimal approximation for the ground state within
the class of uMPS with a fixed bond dimension. The TDVP equations can
also be applied to perform real-time evolution of the Schrédinger equation.
Finally, we generalize this framework to €T invariant MPS.

Note that recently it has been shown that the TDVP unifies a lot of opti-
mization methods for MPS [171]].

2.1.1. Introduction
The goal is to evolve the Schrodinger equation
0 |Wu[A]) = FC[W,[A]),

where | U, [A]) is a uMPS eq. with A9 € CP*P(d=1...q) and K the
Hamiltonian, within the manifold of uMPS with the same bond dimension
D. For the left-hand side we can write

O¢ [Wu[A]) = |o[A, A])
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where |®g[A, A]) is a tangent vector introduced in section Clearly,
H | W, [A]) does not belong to the tangent plane. Therefore, we will approxi-
mate H | ¥, [A]) by a tangent vector in an optimal way, i.e. we want to find
B such that

|1H [V [A]) — [@o[B, A]) |2

is minimal. The Schrédinger equation yields norm conservation of the state.
By projecting H |V, [A]) to a tangent vector, we will lose this unitarity.
However, we can still impose norm conservation up to first order in the time
step. Therefore we need to project H |¥,[A]) orthogonal to |¥,[A]). We
thus need to find B such that it minimizes

13| Wu[A]) — |Ro[B, A]} [|2 with (Ro[B, A]|Wy[A]) = 0.

We assume that H is translational invariant and takes the form

N-1
H= li gr-lpg—rtl
N—1>I-I‘rloo ;

with h a hermitian operator acting non-trivially on the sites 1 and 2 only.

2.1.2. TDVP equations

As discussed in subsection if (®9[B, A]|¥,[A]) = 0 we can impose
either the left gauge fixing condition eq. or the right gauge fixing
condition eq. on B. In this case we can parametrize B by a matrix X,

see eq. for right gauge fixing condition and eq. for left gauge
fixing condition in subsection|[1.3.4]

(a) Equations when B obeys the right gauge fixing condition

Assume now B obeys the right gauge fixing condition and we use the para-
metrization eq. : B = B(X) with X € CPX"&_ With this parametri-
zation the complete freedom in the representation of B is removed and we
thus need to minimize

F(X,X) = (13| u[A]) — |@0[B(X), A]) ||2)*
= (®o[B(X), Al|®o[B(X), A]) — (®o[B(X), AJ|H[ W, [A])
+ terms independent of X
= 276(0) (N(Y, X) - H(X, X))
+ terms independent of X (2.1
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where

and

(2.3)
with respect to X € CP*"r_Here we used eq. (1.27) and eq. (1.29a) and the
fact that B obeys the right gauge fixing condition. The matrix Ky € chxD
is defined in eq. (1.29¢). Note that f is linear in X and X (both considered

as independent variables). f is minimized if we find X such that

D 0B, 5 af

of
=25 e

y,0=1d=1 7P 835

(B(X))=0 (2.4)

fora=1...D;86=1...n

For further use it will be convenient to exilain how we take the partial

. . . . —d
derivative of an expression of the form eq. (2.1) with respect to B, ;5. Because

[fis linear in B_ 5 this is formally done by the substitution

@

d

For instance, for the third diagram in (2.1) we get
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Omitting the virtual indices and physical indices in the tensor network dia-
grams and denoting

of
e N e
8B%5
d
we find
where
and
VgH - =

where

Note that the parametrization eq. implied that V&N (X, X) = X,
ie. VyVXN(Y,X) = 1, ,xny- This has a nice interpretation when con-
sidering the manifold of uMPS as a Kahler manifold and the overlap of two
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tangent vectors as a metric, see [172]. The equation V+f = 0 is easily

Therefore, the optimal approximation |®¢[B, A]) for 3 |V, [A]) is obtained

for
) -0 D0

Note that both Vi and VH depend on A, therefore the TDVP yields a
highly non-linear ordinary differential equation of the form A = B(A).

solved as

(b) Equations when B obeys the left gauge fixing condition

Assume B obeys the left fix-gauge condition and we use the parametrization

eq. : B = B(X) with X € C"2*P_n this case we have

(2.7)
with Lo defined in eq. (1.29b). |[|H|¥,[A]) — |®o[B(X), A])||2 is thus

minimized if we take

(2.8)

Therefore, the optimal approximation |®y[B, A]) for H |V, [A]) is obtained
by taking
-0 D-0-0
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2.1.3. Efficient computation of B(A)

Looking at eq. (2.5) and (2.7) we observe that we need to compute diagrams
of the form

(2.9)

We will now discuss how this is performed in the most efficient way when
q < D. For both diagrams one first defines

di 4d
a?ﬁ
dy dy dy dy
and then performs the following contraction

a Dy B =

dy dy

q

_ Z (dy, dao|dy, db) [Cf,/lz’dé}

& dh=1 o0

With these definitions, the diagrams (2.9) reduce to resp.
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Performing the contractions in this order yields a computational cost of
ﬁ(HIaX(q“DQ, q2D3)) = 0(¢°D?)

because we assume that in our simulations D is larger than q.

Now we have discussed how one efficiently computes the contractions, we
can present the algorithm to compute

B(A) = argmin {||H [W,[A]) — |®o[B, A]} ||z : (®o[B, A]|W,,[A]) = 0} .

(2.10)
The pseudocode is shown in algorithm 2.1/ and is justified by the discussion
in subsection We assume that A is normalized such that the leading
eigenvalue 7 of the transfer matrix equals one and that the matrices = and A
corresponding to the left and right eigenvector are positive definite. We also
pass the string ’stringGaugeFix’ to the function which tells us what gauge
fixing condition we need to impose: ‘right’ if we want B = B(A) in the
right gauge fixing condition and ‘left’ if we want B = B(A) in the left gauge
fixing condition. The output of the function gives the gradient X = V+H,

eq. or (2.8), and B = B(A) eq. (2.10).
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Algorithm 2.1 Compute gradient TDVP

Input: A, = A, h, stringGaugeFix

Output: X, B
1: function [X, B] = TDVPpIRECTION(A,E,A, h,stringGaugeFix)
2: switch stringGaugeFix do
3: case ‘right’

5: Find Vg such that

6: Compute V5 H > Eq.

9: case ‘left’

> Algorithm 1.3

11: Find V1, such that < and @‘

12: Compute V5 H D Eq. (
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O O U T €

15: end switch
16: end function

2.1.4. TDVP algorithm for optimization

Here we discuss how the TDVP can be used to find an optimal approxima-
tion for the ground state. Therefore we evolve the Schrodinger equation in
imaginary time dr = —idt,

(W [A(T)]) = =H|WL[A(T)]),

which evolves any state not orthogonal to the ground state of J{ to the
ground state of J{ as 7 — +00. As discussed in the previous subsection, the
evolution is performed within the manifold of uMPS by evolving A according
to

A(r) = =B(A(7))

where the computation of B(A(T)) follows from algorithm Solving this
ordinary differential equation with an Euler integrator gives the following
equation:

A(r +dr) = A(1) — B(A(r)) dr + O(dr?).

For dt small enough this equation will evolve towards the optimal approxi-
mation of the ground state. The convergence criterium is that

|| [®o[B(A), Al |2

is small enough, i.e. that

normGrad =

= \Jtr (VgH(VH)) < 6grag 211)

where €g,44 is a preset tolerance and VH is defined in eq. or
depending on whether you choose the left gauge fixing or right gauge fixing
condition for B.

The pseudocode is given in algorithm[2.2land resembles a simple steepest de-
scent algorithm [[173]. Note however that the TDVP equation does not yield
a steepest descent in parameter space, but produces the best approximation
to a gradient descent in the full Hilbert space. This steepest descent can also
be extended to a naive variational conjugate gradient method, see [174] for
an example.
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Algorithm 2.2 Steepest descent TDVP

Input: Ag.€4pqa, d7, h

Output: A
1: function A = TDVPFLOW(€grqd,dT, Ao, h)
2: A« Ao
3: normGrad = 1
4: while normGrad > €444 do
5 [A,E, A, n,T] = normalizeUmps(A) > Algorithm
6: [X, B] = TDVPdirection(A,=,A,h) > Algorithm
7: normGrad =
8: A+ A— Bdr
9: end while

10: end function

2.1.5. TDVP for real-time evolution

In the previous subsection we used the TDVP to perform imaginary time
evolution of the Schrédinger equation, but of course we can also use the
TDVP for simulating real-time evolution. In that case the TDVP equation
becomes

A(t) = —iB(A(t))

where the computation of B(A(t)) is discussed in algorithm To solve
this differential equation numerically we need to improve the Euler inte-
gration which is only correct up to order dt?. We will use the Runge-Kutta
fourth-order method (RK4) [175]. Given a general ordinary differential equa-
tion of the form & = f(t,x) with x a vector, one defines

ki = f(t,z(t)) (2.12a)

ke = f(t+dt/2,x(t) + kidt/2) (2.12b)
ks = f(t+dt/2,2(t) + kodt/2) (2.12¢)
ky = f(t+dt,z(t) + ksdt) (2.12d)
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and one advances z(t) with time step dt using the following update rule
h
r(t+dt) = z(t) + g(kl + 2ko + 2k3 + kq) + O(dt) (2.12e)

which is correct up to order dt>. Making now the replacements z(t) —
[A%(t)]a,5 and f(z(t))— —iB(A(t)) one can easily write down the algo-
rithm for real-time evolution. There is however one thing one needs to take
care of. For the computation of B(A) one should first normalize A, i.e. we
compute Br , = B(Ar,) with

see algorithm Because

B(A) = arggmin {|| |@0[B, A]) — H |Wy[A]) |2 : (D[ B, A]|Wy[A]) = 0}

- =-O—-O-1A

Therefore, if we first normalize A,

and we compute Br, = B(Ar,) via the TDVP, algorithm we need to

transform it back:
& -0 o

In algorithm [2.3| we give the pseudocode for advancing a state | ¥, [Ao]) at
time ¢ to the state |V, [A(t + dt)]) at time ¢ + dt using TDVP and RK4. For
simplicity, we assume that the Hamiltonian is time-independent. The algo-
rithm is an implementation of the steps eq. with z(t) — [A%(t)]a,5 and
f(z(t))— —iB(A(t)) and taking into account that we need to transform B
back after normalizing A, see eq. (2.13).

it follows that

Algorithm 2.3 Real-time with TDVP and RK4

Input: Ag,dt, h
Output: A=A
1: function A = TDVPRrk4(dt,Ag,to, h)
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A« Ao

[A, 2, A,n,T] = normalizeUmps(A)
[X, B] = TDVPdirection(A,=,A, h)

Kl +— —iB

AQ — A+ Kldt/Q

[A2, =2, A, n, '] = normalizeUmps(A42)
[X, B] = TDVPdirection(As,=,A, h)

Y s uRo

= A+ Kodt/2
[A3,Z, A, n, '] = normalizeUmps(A3)
12: [X, B] = TDVPdirection(As,=,A, h)

13: :—i\/ﬁ (s ()

R A T 4

:

[ ,m,I'] = normalizeUmps(A4,)
16: [X, B] = TDVPdirection(A4,=,A, h)

SV O=G

18: A=A0+(K1+2K2+2K3+K4)dt/6
19: [A, 2, A, n,T'] = normalizeUmps(A)
20: end function

:

> Algorithm [1.1]
> Algorithm [2.1]

> Algorithm [1.1]
> Algorithm[z

> Algorithm [1.1]
> Algorithm 2.1]

> Algorithm [1.1]
> Algorithm 2.1]

> Algorithm [1.1]

2.1.6. TDVP for CTJ invariant MPS

Consider now the case when H is of the form

di | da IN—1 dy dp—1 dy dyy1 dny2
N—+o00
iy & oy & dy
where
dy do dq d
dy dy dy dy
()= ( ) )=
d d & A
d} dh a

(2.14a)

Ay

] (2.14b)

d

with h a Hermitian local operator on C?®@C? and C an idempotent Hermitian

operator: €2 = Tcq. The Hamiltonian is then CT invaria
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it is known that this symmetry is not spontaneously broken, one can use
the ansatz |Ue[A]), see eq. (1.31), to approximate the ground state. The
Schrédinger equation,

i0 |[WelA]) = H|We[A]) (2.15)
is then equivalent to
o ‘\Iju[AD = H,y ’\IlU[AD (2.16)

where |, [A]) is the ‘uniform counterpart’ of |Ue[A]), see section and
H, is the uniform counterpart of I :

2N-1
_ : -1 —n+1
9, = lim n§:1 gn-lpg-ntl, (2.17)

This equivalence follows from applying C on the even sites of the Schrodinger
equation eq. (2.15). As a consequence, if we want to find the optimal solution
of the Schrédinger equation within the manifold of CT invariant MPS,
we need to apply the TDVP algorithm for the Schrodinger equation (2.16).
Therefore, to find the optimal approximation of the ground state we can
apply algorithm while if we want to perform real-time evolution we can
use algorithm In both cases, the A that comes out of the algorithm
corresponds to the desired €7 invariant state. The expectation values have
to be computed as explained in section

2.2. Excitations in the tangent plane

In the previous section we discussed how one can use the TDVP to find an
optimal uMPS approximation |¥,[A]) for the ground state of a translational
invariant Hamiltonian. Here we consider the tangent vectors |®[B, A])
[87], see section to find an optimal approximation for the one-particle
excitations with momentum k. These tangent vectors are an extension of
the Feynman-Bijl ansatz [176] [177], the single mode approximation [[178]
and the Rommer-Ostlund ansatz [179] for one-particle excitations to the
thermodynamic limit. Motivated by [91] [180], where it is proven that the
momentum-k eigenstates with energy separated from the rest of the spec-
trum in that momentum sector can be created by acting with local operators
on the vacuum, we expect that these tangent vectors are a good ansatz for
elementary excitations.

We follow the method of [87] and find the optimal tangent vector that
approximates the elementary excitations by solving an eigenvalue equation.
The method is also extended to CT invariant Hamiltonians (C idempotent)
where we optimize the tangent vectors ]fbgs[B, A)).
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2.2.1. Translational invariant Hamiltonian

Once we have a good uMPS approximation | ¥, [A]) for the ground state we
use the tangent vectors |®;[B, A]) to approximate the one-particle excita-
tions with momentum k, see section Because the excitations should be
orthogonal to the ground state we can impose either the left gauge fixing
condition eq. or the right gauge fixing condition eq. on B. In
both cases, it is then possible to parametrize B by a matrix X, see eq.
for the left gauge fixing condition and eq. for the right gauge fixing
condition. The variational freedom lies thus within the matrices X € CP*"r
or X € C"t*P_ Finally, we note that the ansatz |®,[B(X), A]) is linear
in X. Therefore, the optimal approximation |®[B(X), A]) for the excited
states are found by minimizing

(%, X) = (®x[B(X), A]|H|®4[B(X), A))
’ (@r[B(X), A]|24[B(X), A])

(2.18)

with respect to X. This is equivalent to solving the generalized eigenvalue
problem
HI(x) =& NI (X)

where
[H;ff(X):| (a’ﬁ) — 8)fa 5 <¢k[§(Y),Z”H|(I>k[B(X)> A]> )
[Nijff(X)} (@) 6Xaaﬁ (B, AenBE0 A

This generalized eigenvalue system can also be recognized as the Rayleigh-
Ritz equation. As we are only interested in the difference of the energy of
the excited state with respect to the ground state energy, we subtract the
(divergent) ground state energy from the Hamiltonian. More specifically, if

N-1

H= lim gr-lpg-rtl

N—+4o00
n=1

then we renormalize J by
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which implies that (U, [A]|H|¥,[A]) = 0. As a consequence, from eq.
it follows that

H{T(X) = 2m6(0) Y (X)

with f[;ff(X) finite, see eq. . Furthermore, eq. implies that
N (X) = 278(0) X
so we need to solve the eigenvalue problem
HI (X)) = &.X.

Because we are only interested in the smallest eigenvalues, we can solve
this eigenvalue problem iteratively. Therefore we need to implement the
action of ﬁsz on X efficiently. We can use similar tricks as for the TDVP
equations, see subsection If B obeys the left gauge fixing condition
and we parametrize B:

=000 @)

with X € C"xD and VLd € CPXnL see eq. 1D then one first defines
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where K\ and Ly are defined in egs. (1.29b) and (1.29¢) and K1 (X), La(X),
L3(X), Ly(X) are defined in eq. M H[X] is obtained by taking the
partial derivative of the right-hand side of eq. with respect to B’ and
taking into account that B’ obeys the left gauge fixing condition. ﬁ;ff [X]
is now found as

(2.21)
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The pseudocode is presented in algorithm[2.4] As input we pass the tensor A
corresponding to the uMPS approximation | ¥, [A]) of the ground state of 3.
The output arguments are the estimates &, of the energies of the excitations
and the matrices X}, € C”LXD The corresponding approximations for the
excited states are |®;[B(X%), A]) with

£ -0~

Similar as in algorithm we apply the iterative eigensolver ‘eigs’ to the
function ’ApplyHeff’, but now it should search for the smallest eigenvalues
and eigenvectors. This function ’ApplyHeff’ computes Heff

eq. (2.21).

Algorithm 2.4 Excitations in the tangent plane

efficiently, see

Input: Akh
Output: {X;}, {Ex}
1: function [{ Xy}, {€x}] = ELEMENTARYEXCITATION(A K D)

2 [A, =2, A,n,T'] = normalizeUmps(A) > Algorithm E
3 > Algorithm|1.2
4: > Algorithm 1.3
5: = 0.

6: { Xk}, {Er}] = eigs(@(X)ApplyHeff(X,A,Ko,Lo, A=,V ,k,h))

7: end function

8: function H ff APPLYHEFF(X A, KoLy, A2, V1,k D)

9:

@

> Algorithm|1.3
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> Algorithm 1.3

12: > Algorithm|1.3
13: > Algorithm|1.2
14: > Eq. (2.20)
15:

16: end function

2.2.2. CT invariant Hamiltonian

Let us now focus on the case when J is of the form and thus in
particular CT invariant (€% = 1cq). If the ground state is CT invariant and
|WelA]) is a CT invariant MPS approximation for the ground state, see sub-
section we can use the tangent vectors |<I),§N [B, A]) to approximate the
one-particle excitations with quantum numbers (k,v) € [—m, 7] x {—1,1},
see subsection Again, because the excitations should be orthogonal to
the ground state we can impose either the right gauge fixing condition eq.
or the left gauge fixing condition eq. on B. In both cases, it is
then possible to parametrize B by a matrix X, see eq. for the right
gauge fixing condition and eq. for the left gauge fixing condition. The
variational freedom lies thus within the matrix X. Finally, we note that the
ansatz |<I>]§’7[B(X),A]> is linear in X. Therefore, the optimal approxima-

tions \@gﬁ[B(X), A]) for the excited states are found by minimizing

(2F,[B(X), AJ|3|2f | [B(X), A])
(@F,[B(X), A]|®f | [B(X), A])

HIS,'V(Y7 X) =

with respect to X.
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Using eq. and eq. (1.35), we find that

B8 (%, x) i B, A3 @y, [BX), 4]
(k) (@, [B(X), Al| @y, [B(X), 4])
:HH( , X)

where H,, is defined in eq. , H[kh(Y, X) is defined in eq. and

kly =k/2ify=1and [k]y =k/2+mify=—

The minimization of H, (X, X) with respect to X is discussed in the pre-
vious subsection. We can thus apply algorithm to find the matrix X
corresponding to the optimal approximation \CIDEN[B(X), Al) of the excited
states. The algorithm also gives (an estimate for) the energy €y, = €y, of
the excited state.

3. iTEBD

The Time-Evolving Block Decimation (TEBD) algorithm, for the first time
published in [45], provides another way to evolve a MPS according to the
Schroédinger equation. Contrary to the TDVP it enables a dynamical expan-
sion of the variational manifold, i.e. one can increase or decrease the bond di-
mension of the matrices representing the MPS. As we will see, decreasing the
bond dimension results in an effective truncation in the Schmidt spectrum.
The fact that we can dynamically adapt the variational freedom makes it
very attractive to use it for real-time evolution. Indeed, when evolving a state
in real-time it is known that in general the entanglement grows [42], hence
we need small bond dimension at early times and large bond dimension at
later times.

Two drawbacks of the method are that the way of updating the MPS rep-
resentation might not be (globally) optimal and that it breaks translation
symmetry down to translation symmetry over two sites. However by in-
creasing the number of variational parameters we can always improve our
approximation and thus we can always control the error in our truncation.
Also, for our purpose the Hamiltonian is only translation invariant over two
sites, therefore the second drawback of TEBD is not a stumbling-block as
well. Here we focus on the TEBD algorithm for infinite lattices, called the
infinite Time-Evolving Block Decimation (iTEBD), and follow mainly the
considerations of [[136]].
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2.3.1. Introduction

Assume we start from a uMPS |¥,,[A; As]) at ¢ = 0 which is translational
invariant over two sites:

2n—1 2N -1
(2.22)
(N — 400). If we block site 2n — 1 and 2n into one effective site and define
Add2 — A% A% this indeeds corresponds to a uMPS |, [A]) as defined in
section We now want to evolve the state according to the Schrodinger
equation within the manifold of uMPS. We assume that the Hamiltonian is
translation invariant over two sites:

= lim Zh 1
N—+o0 mntls

2 —2n42 n—2 —2n42
hzn—1,2n = T2 2Ry 0T 22 hop o1 = T2 2hy 3T 20

where hy 2 resp. ho 3 is a local operator acting only non-trivial on site 1 and
2 resp. site 2 and site 3. We assume that J{ is time-independent. Then
the Schrédinger equation implies that after time ¢ the state | ¥, [A1 As]) has
evolved to the state

(1)) = exp(—i%t) [W,[A Ag)).

The iTEBD algorithm expands the operator exp(—iHdt) through a Trotter-
Suzuki decomposition [123] as a sequence of two-site gates WU, p41(dt’) =
exp(—ihppy1dt’) (dt’ < dt < 1) which we rearrange into the gates V,, =

X,ez Uzrin2r+14n, (n = 1,2). In general exp(—iJHdt) is then approxi-
mated by a sequence of the form

exp(—if]{dt) ~ vl(dtl)VQ(dtg)vl (dtg) - Vz(dth)Vl (dt2M+1). (2.23)

In our case we used a fourth-order Trotter-expansion:

exp(—iHdt) = Vi (sdt/2)Va(sdt)V1((1 — s)/2dt)Va((1 — 2s)dt)
Vi((1 = 5)/2sdt)Va(sdt) Vi (sdt/2) + O(dtD),

where s = 1/(2 — +/2) and this represents exp(—iJ(dt) correct up to order
dt®.
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2.3.2. iTEBD algorithm

The Trotter-Suzuki decomposition eq. implies that we need to apply
the gates V1(dt) and V5 (dt) to a uMPS. We will now discuss how each of the
gates are applied to a uniform MPS and how a new uniform MPS is obtained.

(a) Application of V;

Applying the Trotter-gate Vi(dt) to a uniform MPS |¥,[A;As]), see eq.
(2.22), gives us V1 (dt) |¥ (A1 Az)) which equals

where

(2.24)

Ui 2(dt)
d

da
- [eXp(_ihl’2dt)](d' ydy);(da,dz)

d; dh

Note that if A‘f}édQ = AN A% is normalized, see algorithm where = resp.
A is the normalized positive matrix corresponding to the left resp. right
eigenvector of the leading eigenvalue 7 of the transfer matrix, then By o is
also normalized with the same matrices = and A. This is a consequence of
the fact that U; 2(dt) is a unitary gate. In order to reobtain a uMPS of the
form one performs the decomposition

O O -0 e

with

= (2.26)
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and X1 o € CIP%4D g positive diagonal matrix with tr (Ziz) = 1. This is
obtained by applying a singular value decomposition of the matrix 31,2 €
CqDXqD With components [31,2](d1a);(d25)} = [51/235,12’@‘/\1/2]0476:

Bio=UiX12Vs

with Uy, V, € CiPxab unitary matrices and X195 € CaPxaD 3 positive
diagonal matrix. Then one defines U; and V3 by

d g d ~
- ’ d = , .
|:U1 i| a,(d'B) [U] (dax),(d’'B) an |:‘/2 :| (da),B [V](d a),(dB)

If we consider the bipartition {7 ™!, 77"} of the lattice, where
AP ={1,2,...,2n — 1} and "1 = {2n,...,2N},

then the diagonal elements of E%Q are the Schmidt values associated to this

bipartition. Denoting the eigenvalues of 2%72 by o1,...,04p with
qD
12012022200 20,) 0a=1,
a=1

the Schmidt decomposition with respect to the bipartition { &7~ @721}

of the lattice reads
2n 1 2n—1

‘ fl2n 1>€ ® and‘ %" 1> ® I

jeQ{2n 1 JEQ{ZIL 1

|V, [B12]) Z\/E

where

are orthonormal unit vectors.

Note that the bond dimension of the new uMPS has increased from D to
gD. Doing this after every update with V; would lead to an exponential
increase of D in time. Therefore we lower the bond dimension by discarding
all the Schmidt values with respect to this bipartition smaller than a preset
tolerance e. If ‘21,2 € CP*D s the diagonal matrix which contains the D
diagonal elements of 21,2 larger than e (in decreasing order) and has all the
other elements zero, we define
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Hence, we have approximated V1 |¥,,[A1 A2]) by the uMPS W, [A1 As]) with
bond dimension D:

Bl = DD D
1 2 2N

2n—1 2n 2N -1
(N — 400) which takes the same form as the uMPS eq. (2.22).
(b) Application of V;

After applying the gate V; to |V, [A; As]) and discarding the irrelevant Schmidt
values associated to the half chain cut {&/?" 1 @72" "'} of the lattice, we
obtain a uMPS of the form eq. but with a different bond dimension.
Because we are working in the thermodynamic limit, we can equivalently

block site 2n and 2n + 1 into one effective site and consider the uMPS
|Wu[A2A41]) = |V, [A1A2]):

Puldal) = (D))=
2 3

1 As
2n 2n+1 2N 2N +1

Applying the Trotter-gate Vs to this uMPS yields

- = A O e

where

Ba frnd

(2.28)

Similar, as in (a) one first renormalizes the uMPS |¥,,[B2 1]), see algorithm
If = resp. A is the normalized positive diagonal matrix corresponding
to the left resp. right eigenvector of the leading eigenvalue of the transfer
matrix, one performs the decomposition

(SV D)
O ()@

dy dy
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with

= . (2.29)

The diagonal elements of E%}l are the Schmidt values associated to the
bipartition { 2", @™} of the lattice, where

"={1,2,...,2n} and @" = {2n +1,...,2N}.

Denoting the eigenvalues of 2571 by o1,...,04p with
qD
12012022 ... 20,0 20,) 0a=1,
a=1

the Schmidt decomposition with respect to the bipartition {&/*", &"} of
the lattice reads

qD

2n 2n
u[B21]) Z Ua‘q)gl >®“1>§(2 >

where

‘®%2n> € ® Jt; and ‘(I)gzzn>€ ® I

jEAE jEAE
are orthonormal unit vectors.

The bond dimension between the sites 2n and 2n + 1 is now ¢D. Again
one can reduce the bond dimension by discarding the Schmidt values with
respect to this bipartition smaller than a preset tolerance e: if 22,1 c chxp
is the diagonal matrix which contains the D diagonal elements of 53271 larger
than € (in decreasing order), we define

Hence, we have approximated V2 [W,,[A241]) by the uMPS |W,[A2A1]) with
bond dimension D:

Vo [ W, [AzA))

2n+1 2N 2N +1
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(N — +00). In the thermodynamic limit, expectation values of local opera-
tors are independent of the boundary conditions. Therefore we have that

Vel ~ (D—G )G
1 2 2N

2n—1 2n 2N -1
which has the same form as eq. (2.22).

(c) iTEBD algorithm

In (a) and (b) we discussed how to apply the gates V1 and Va. In general, a
Trotter-Suzuki decomposition yields a sequence of the form eq. (2.23)

exp(—iﬂ-(dt) = Vl(dtl)VQ(dtQ) . Vg(dth)Vl (dt2M+1).

From the previous discussion it follows that applying the gates V1 (dt;) and
Vo(dtz) to a uMPS |W,[A;As]) results in a new uMPS |T,[A;A5]). In
general this requires the bond dimension of the tensors A; and Ay to in-
crease exponentially in time. This can be avoided by discarding the irrelevant
Schmidt values. Below we give the algorithm for real-time evolution with the
iTEBD algorithm for a general Trotter-Suzuki decomposition eq. (2.23). The
algorithm starts from a state A  at time ¢t = ¢( and advances the state with
time step dt. In the for-loop over k the gate Vo1 (dtog+1) and Vor (dto)
are applied to the uMPS and a SVD as in eq. is performed to discard
the Schmidt values smaller than the preset tolerance e.

Algorithm 2.5 Real-time with iTEBD and Trotter-Suzuki decomposition

Input: ALQ,dt,tQ,ul,Q, ull,e
Output: A; -
1: function A172 = ITEBD(dt,ALQ,to,)
2 [Bi1,2,2, A, n, '] = normalizeUmps(A) > Algorithm
3 fork=M:—-1:1do
4 Ba,1 = svdiTEBD(A1,2,Us 2(dt2k41))
5 [B2,1, =, A, n, '] = normalizeUmps(Bz,1)
6 By 9 = svdiTEBD(Ba,1,Uz 1 (dtay))
7 [Bi1,2, =, A, n, '] = normalizeUmps(B 2)
8 end for

9: Ao =

10: end function
11: function B = svDITEBDT(A4,U)
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12:

> eq. (2.25))

18: end function

2.4. DMRG for infinite boundary conditions
2.4.1. Introduction

Now we consider the thermodynamic limit (N — 4o00) for a Hamiltonian
that is only asymptotically translation invariant. More specifically, the lat-
tice now consists of the sites

{—NL,—NL+1,...,0,1,...,M,M+1,...,M—|—NR}

where the meaning of Np, M and Ng will become clear soon.

H takes the form
M+Ngr—1

H= Z hn,n+1
——Np,

where
hon—12n = T*"2hiyT 22 formp < 2n — 1 < M + Ng

hongntt = T R T2 for mp < 2n < M + Ng
han—12n = T 2h{,T 2" 2 for — Ny <2n—1<myg
h2n,2n+1 = T2n_1h§737_27L+1 for — N, < 2n < my,

and Ay, 41 can be any Hermitian operator acting on two sites for mj <
n<mgr-—1with —-N;, < 1 <m; <mrp <M <« M + Ng and where
hﬁ,nJrl and hﬁnﬂ are Hermitian operator that act only non-trivially on sites
n and n + 1. The thermodynamic limit is obtained by Ny, Np — 400 while
keeping mp—my, fixed. mp—my is the length of the non-uniform part of the
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Hamiltonian. For all sites n < 1 the Hamiltonian generates the interaction
hﬁ,n—i—l which only depends on the parity of n and on all sites n > mp the
Hamiltonian generates the interaction hﬁnﬂ which only depends on the
parity of n as well. For convenience we assume that Ny, is odd and that M
and N are even.

2.4.2. MPS ansatz and calculus

We will now construct a MPS ansatz for the ground state. Because H{ has for
n < mp and n > mp the same interactions we can assume that the ground
state of J{ converges on the left (i.e. for n < mp) to the ground state of

_ 1L —nt1 e 1L L
= lim E T hy 1T with hg,, 9, = hi 29 h, 2n+1 = a3
K—+4o00

while the ground state of J on the right (i.e. for n > mp) will converge to
the ground state of

= lim Z‘T” Ipk

T with bl = bl W = h¥
K400 n,n+1 2n—1.2n — 1,29 '2n 2n+4+1 — 1923
n=1

More specifically, if |¥,,[L L)) is the uniform MPS (for translation over two
sites) corresponding to the ground state of H{, where L; € CPI*DP3 and
Ly € CPZ*D1 are in the left canonical form,

=A%, @ A¥

with A ¢ CPZxD% and V= CPI*DT positive matrices, then we put in
the MPS ansatz the tensors L and L9 on sites n < 1. When applying the
TDVP algorithm we get a uMPS |U,,[L; 5]) where the sites 2n — 1 and 2n

are blocked, i.e.

=

(dy,d2)
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with

Then one applies a SVD eq.

(SV D)
-

and one puts

Defining

it follows that AlL = 12031 2. Note that one can discard the irrelevant
Schmidt values in X1 5 to reduce the bond dimension.

Similarly, if | ¥, [R1R2]) is the uniform MPS corresponding to the ground
state of Hy where Ry € CPIxDF and Ry € CDEXDI are in the right
canonical form,

with 2t € CP2*Dy and = e COI=Df! positive matrices, then we put in
the MPS ansatz the tensors R; and Ry on sites n > M. When applying the
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TDVP algorithm we get a uMPS |, [R; 2]) approximation for the ground
state of H g where the sites 2n — 1 and 2n are blocked, i.e.

=T

(dy,ds)

with

Then one applies a SVD eq.

(SVD)
-

and one puts

Defining

it follows that Eg = X1,20031 2. Note that one can discard the irrelevant
Schmidt values in ¥ 5 to reduce the bond dimension Df.

On the remaining sites we will put some new tensors B,, that have to be
determined with a variational method. The MPS trial state for the ground
state of J{ takes then the form [80; 112, [113]

CRORORRORRaRAIG

(d-nys---,do) dy dyr—1 dyr (darsrs - dareng)

(2.30a)

with Bdn € CPnxDus1 (Dy = DL Dyyy = Dﬁ),

,,,,,,, d_y, 1
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and

ROED RO 0N ONNCE

(darsas - dareNg) dyry1 dyry2 dyryNg-1 drreNg

In the thermodynamic limit (Ng, N;, — +00) all the expectation values are
independent of the boundary vectors vg and vy. Because the tensors L,
and R, are already fixed, the freedom of this ansatz lies within the tensors
Bi, ..., By In this form we blocked sites — N7y, ..., 0 into the effective site
0 and we blocked the sites M +1, ..., M + Np into the effective site M + 1.
Therefore this MPS ansatz can be interpreted on a finite lattice and thus
indeed resembles the state but on site 0 and site M + 1 the local Hilbert
space is infinite dimensional.

Consider now an operator of the form

M+NR

0= g On n+1

n=-—nry,

where 0y, 5,1 acts only non-trivially on sites n and n 4 1 with
02n—1,2n = 3'2"_20{%2‘3'—27”'2 for M <2n—1< M + Npg

02n2nt1 = T 20f,T2"2 for M < 2n < M + Ng
02n—12n = 72"7201L72772”+2 for — N, <2n—-1<0
020, 2n+1 = TQ”_20§3T_2”+2 for — N, <2n <0

where 0{3"2 and 0%72 resp. 053 and 0573 are Hermitian operators acting on
sites 1 and 2 resp. 2 and 3. To avoid divergences originating from the infi-
nite lattice we subtract from o ni1 and oanJrl its ground state expectation
value, i.e.

(2.31a)

(2.31b)
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withn=1,2n+1=n+1mod 2 € {1, 2}.

To compute the expectation value (V[B|O|¥[B]) we first compute Ly €
cDi <Dy,

fz - !

(2.32a)

(2.32¢)

which can be computed efficiently by using algorithm [1.3|for the inverses of
+ +
(1 — Eﬂz) and (1 — Eﬁzi) . We also need to compute a similar matrix

Ko € CPID1 for the right uniform part:

(2.33a)

Hal - !
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Prh -

which can be computed efficiently by using algorithm[1.2]for the inverses of
+ +
(1 - Egi;) and < — E? 1) . Finally we compute iteratively

2,1

(2.34a)

(2.34b)

and we arrive at

2.4.3. DMRG algorithm

The MPS |¥[B]) is linear in each of the B, (1 < n < M) and thus we can
apply the DMRG algorithm [44} 80] to find the optimal approximation for
the ground state. The DMRG algorithm minimizes

_ wBes)
H(By,...,By) = (V[B]|¥[B])

by first minimizing H(Bj, ..., Bys) with respect to By while keeping Bo,. . .,
By fixed, then minimizing H(Bj, ..., Byy) with respect to By while keep-
ing By, Bs, ..., By fixed and so on until By;. After this ‘sweep’ it will
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‘sweep back’: first the DMRG algorithm minimizes H (B, ..., By) with
respect to By while keeping By, ..., By/—1 fixed, then it minimizes
H(By,...,By) with respect to Byy_1 while keeping B, ..., Byr_2, By
fixed and so on until Bj.

Let us now discuss how H(Bjy,. .., By) is minimized with respect to B,
(n = 1,...,M). Therefore we assume that By,...,B,_1 are in the left
canonical form

and that By 41,..., By are in the right canonical form,

Because L and Lo are in the left canonical form and Ry and R are in the
right canonical form, we can use the procedure described in subsection [1.1.5]
to bring By, ..., By_1 in the left canonical form and By, 11, ..., By in the
right canonical form. Minimizing H(Bj, ..., Bys) with respect to B,, is then
equivalent to finding the smallest eigenvalue &( of H,, with components

[ ] -
n d/, ,6 3 d,Oé,ﬁ () B [0} [3 (9 T? l 1
H (d7,0);( ) [ n] > [ n]’}’:

H(By,...,Buy). (2.36)

An exact diagonalization of H,, would take &(¢® D®) computation time. How-
ever, because we are only interested in the smallest eigenvalue we can use
an iterative procedure and we only need the action of H,, on By, i.e. we only
need to compute

0
[Hn(Bn)](d/ﬂ’(;) - TH(BL e ,B]y[).
ge
7,0

n

The computation of H,,(B,,) can be performed efficiently [80] and follows
from taking the partial derivative with respect to B,, of the expression eq.

for O = 3, i.e.

L _ 4L L _+L R _3R R _ 3R _
079 = h19,053 = hg3,0175 = N1, 053 = o3, 0nnt1 = Nnpt1
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and taking into account that Zj, depends on B,, for k > n,

Here we used that By, ..., B,,_1 are in the left canonical form and that
By +1, ..., By are in the right canonical form. H,,(B,,) can be constructed
as follows. First one computes Ky and Lg as in eqs. (2.32) and (2.33) with

L _ 3L L _ 3L R _ 3R R _ 1R
012 = h1,2a 023 = h2,3, 012 = h1,2a 023 = h2,3-

Then one computes

q
=[Lolosbaa+ D [(L)'LE)] (.o lds,d).
di da=1 @
(2.37a)
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d
@
’

d d!
s B

q
=baa[Kolag+ D (d dilharareild,da) [RilQ(Rih)q
dy,do=1

Q,

(2.37b)

and one computes fork =2,...,n

q
d d1,da 1d
- Z [(Bkl—l)TFki12Bk2—1]aBédd'
dy,da=1 ’

q
+ 3 (di |l de, d) [(B;jl_l)TBgQ_l IR
dy,d2=1 ’
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andfork=M -1, M —-2,...,n

d do,d d
=daa Y- [BR.GET(BE']

+(d, dy Py 1|d, do) [B,‘fil(B,fﬁrl)q s (2.37d)

)

Once we have constructed F), and G, one easily obtains H,,(B,,):

q
=% {F;fﬁdOBgO} + > {BﬁfOG‘f;dO} . (238)
do=1 R p

Assuming that ¢ < D, the computation time of H,,(B,,) scales like O(Mq?D?)
with D = max,,(D,,).

2.4.4. Pseudocode of the DMRG algorithm

The pseudocode for the DMRG algorithm [44}[80] is presented in algorithm
As input we give the tensors Afz and AfQ corresponding to the MPS
approximations of the ground states |\IIU[A{*2]) and |\IIU[A{{:2]> of Hy =
SE L gt 7t and Hp = S KT T (K — +00). The
tensors do not need to be normalized, this will be done in the algorithm
(lines2H7) . Furthermore, we also pass a desired tolerance € to the function.
This will be the error on the ground state energy &g of J{. We also give an
initial ansatz for the ground state By, ..., Bys. We have also transformed
By, ... By in the right canonical form, see lines[18}{23] using the procedure
from subsection[1.1.5]and normalized the state to norm 1.
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As output we get the tensors Bjy,..., Bys corresponding to the optimal
approximation of the ground state J{ with the class of states defined in
eq. ([2.30). Furthermore the algorithm gives the vectors X, ..., 3 which
contain the square roots of the Schmidt values of |¥[B]) with respect to the
bipartition {.27", @'} of the lattice, where

A ={=Np,2,...,n}and &' = {n+1,...,M + Ng}.

Finally we also get the estimate £y for the smallest eigenvalue of . To
obtain a IR finite quantity for &g one should subtract the ground state ex-
pectation values from the left uniform part hﬁ,nﬂ and the right uniform

part hf* .| of H asin eq. |i

n,n+

The main function ‘DMRG?, line[1]-[33] performs the sweeps where

H(By,...,Byy) is optimized with respect to B,,. After the sweep from left to
right (i.e. from n = 1 until n = M) by using the function ‘SweepLeft2Right’
we get an estimate &; for the ground state energy and after a sweep from
right to left (by using the function ’SweepRight2Left’) we get another (and
smaller) estimate €5 for the ground state energy. When the difference be-
tween €1 and €5 in magnitude is small enough, i.e. smaller than our desired
tolerance €, the DMRG algorithm has converged and our estimate for the
ground state energy is &g = €o. This is what happens if the algorithm

executes the while loop, lines

In this while loop, the algorithm invokes the functions ‘SweepLeft2Right’
and "SweepRight2Left’ which are presented in lines[34{51]and [52}{69] Both al-
gorithms are similar. Let us therefore focus on the function ‘SweepLeft2Right’.
This function first minimizes H(Bj, . .., Bys) with respect to By while keep-
ing Ba, ..., By fixed, then minimizes H(By,..., Bys) with respect to Bo
while keeping By, Bs, . .., By fixed and so on until By;. As explained in the
previous subsection we therefore need to find the smallest eigenvalue of H,,
see eq. (2.36). To implement the action of H,, on B,, we need to compute F,,
and G, see egs. and (2.38).

First of all, note that F; and Gj; are independent of By, ..., Bys and thus
only need to be computed once, see lines [24] and Hence they can be
passed via an extra argument to the function ‘SweeplLeft2Right’. When
sweeping from left to right one deduces that GG, only dependson B, 11, ...,
By and that these tensors are not optimized yet in this sweep. Therefore,
one can compute all the tensors GG, before optimizing, see line In
contrast, F;, can only be computed when B, ..., B,,_1 are optimized. The
for loop, line[38[50], exactly performs the optimization of B, forn =1,... N
assuming that By,. .., B,_1 are optimized. First, F}, is computed in line [40]
This allows to implement the action of H,, on B,,. As before the command in
line [42 means that you have to use an iterative eigensolver which gives you
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the tensor B, corresponding to the eigenvector H,, with smallest eigenvalue
&p. The function ‘HeffDMRG’, Iines computes the action of H,, on B,
and has to be passed as an argument to ‘eigs’.

After applying this iterative eigensolver we have optimized B,,. Note how-
ever that all our formulas use the fact that By, is in the left canonical form for
k < nand By, is in the right canonical form for &£ > n. Before proceeding we
need to put B, in the left canonical form. This can be performed with the
method discussed in subsection see lines As a nice byproduct
we also get the Schmidt values associated with the bipartition {27, <%} of
the lattice, where

‘Q{lnz{_NL727---7n}ande%n:{TL+1,...,M—|—NR},

The square roots of these Schmidt values are stored in the vector %,,.

The function ’SweepRight2Left’, lines is similar but now one first
optimizes By, then By;_1 and so on. In this case F}, will dependon By, ...,
B,,_1 which are not optimized yet and can thus be computed before starting
the sweep. When now sweeping from right to left we have to update G,
after every step. By applying an iterative eigensolver to H,, we have update
B,,. Afterwards we need to transform B, in the right canonical form in the
way that is discussed in subsection [1.1.5]

We have now discussed the pseudocode of algorithm[2.6/and this can be used
as a basis for implementing the DMRG algorithm.

Algorithm 2.6 DMRG for infinite open boundary conditions

Output: B = (Bl, .. BM) E (21, .. ) 80
2 [L1,2, ]lDL A 5] = normallzeUmps(A1 92 Ieft ) > Algorlthm 1.1

3:

f 5”” > Eq. (2.25
4
. B

6: A% = 21’2921’2 with =

7: [R12,ZE, Lpr] = normalizeUmps(Af',, right’) > Algorithm
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12:

-
»

201

> Eq. (2.25

> algorithm|1.3

> algorithm|1.3

> algorithm|1.2

> algorithm|1.2
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20: M, < M, /tr(M, M)

S R o
22: By — Byt @

23: end for

25: Gy == @ +

26: AE =1

27: while A& > e do

28: [B,X,E1]=SweepLeft2Right(B,F1,G )
29: [B,X,E2]=SweepRight2Left(B,F1,GN)
30: AE:‘gg—gl‘

31: end while

32: 80 = 82

33: end function
34: function [A,X,€]=SweepLerT2RiGHT(B,F,GN)
35: fornr=M-1:-1:1do

|
36: = [ Git j + { [ - }
{
By
37: end for
38: forn=1: M do
39: if n > 1 then

40: [ F,

41: end if
42: [Bn,E] = eigs(@(B,)Heff DMRG(B,,,F},,Gr))
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S O O O

o My My /(M M)
45: ¥ « singular values of M,
46: if n < M then

s
- Bebo

49: end if

50: end for

51: end function

52: function [B,Y,E]=SWEEPRIGHT2LEFT(B,F1,GN)
53: forn=2: M do

w (o))

55: end for
56: forn=M:—-1:1do
57: if n < M then

= [ G j+

58:

59: end if

60: [Bn,E] = eigs(@(B,)Heff DMRG(B,,,F},,Gr))
61: f (RQ)

62 M, < M, /tr(M, M)

63: Yin—1 4 singular vaIues of M,

64: if n > 1 then

s ooy

S R e

67: end if

68: end for

69: end function

70: function H,(B,,) = HEFFDMRG(B,,,F},,G,)
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72: end function
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3.1. Hilbert space and gauge invariance

We briefly recall the lattice formulation of the Schwinger model. A more
extended discussion can be found in subsection[1.3.2 of part[l] In the Kogut-
Susskind formulation [[68] the eigenvectors {|sy),, : sn € {—1,1}} of 0.(n)
will form the basis of the local Hilbert space at site n for our computations:

o.(n)|s), =sls),,s=-1,1;

o~ (n)|-1), =0"(n)[1), =0,07(n) 1), = [-1), ;07 (n) |-1), = [1),,.

n

On the links between the sites, we put the gauge field (n) = agA;(na) and
the electric field E(n) < E(na), with a the lattice spacing, g the coupling
constant and [0(n), E(m)] = gy m. The commutation relation determines
the spectrum of E(n) up to a constant: E(n)/g = L(n) + a(n), where
L(n) is the angular operator which has an integer spectrum and a(n) € R
corresponds to the background electric field at link [n]. Therefore, at link [n]
a basis is {|pn)},) : Pn € Z} with

L(n) [p) n] =P p) [n] and et |p) n] = lp+ 1>[n] (p € 2).

The Kogut-Susskind Hamiltonian [[7] defined on 2N sites reads now, see eq.

(1.5) in part
part[]

g 2N ) \/5 2N
H= NG (; [L(n) + a(n)]” + gm;(—l) (o2(n) + (=1)")

2N—-1
+x Z (et ()Mo= (n+1) + h.c.)), (3.1)

n=1
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where m is the fermion mass and x = 1/(g%a?) is the inverse lattice spacing
squared in units g = 1.

In our formalism we block site n and link [n] into one effective site n. Writing

Kn = (Sn, pn) we introduce the multi-index

k= ((s1,p1), (52,02), ..., (s2n,p2n))= (K1, ..., Kan).

With these notations we have that the effective site n is spanned by {|x,,),, }-
Therefore the Hilbert space 7 of the full system of 2N sites and 2N links,
which is the tensor product of the local Hilbert spaces, has basis {|k) =
|K1)q - .. |k2N)on } and a general state | W) is thus a linear combination of
these |k):

’\I/> _ Zcm,...,/{gN ’K,>

with basis coefficients C*1-*2N ¢ C,

Because QED is a gauge theory we have to restrict to J7},,, the set of all
gauge invariant states that satisfy G(n) |¥) =0,Vn =1,...,2N, where

ox(n)+ (—=1)"

G(n)=L(n)—Ln—1)+ ,
see eq. of part|l]

3.2. Gauge invariant MPS with open boundary
conditions

Every state in .7 can be written as a MPS with open boundary conditions

[Z6l
918,00 = ({2 - -
s1 P1 Sn Pn

with Bé» € CPnxDu Cbr e CPuxPrit g e {<1,1}, p, € Z and Dy =
D/2N+1 =1, and where B,, and C,, are in the right canonical form:

) 3.2)

P2nN

S2N

= (@) (3.3)
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and

— (3.4)

for positive definite diagonal matrices ¢ € CPn*Pn and 28 € CPnxDn,
Every |¥) € J#)pnys has to satisfy

|¥) = exp(—ip(n)G(n)) |¥),n=1,...,2N.Yp(n) € R (3.5)
where

Gn)=L(n) —Lin—1)— 2T poy=0.  (36)

For the MPS eq. applying G(n) yields

exp(—ip(n)G(n)) |¥[B,C])

51 J4i Sn Pn

where if n > 1:

Bi = Bj fork #n,Cf = Ci fork #n — 1,n,

C~'5—1 = e*w(n)PCfb_l, B;"’L = e—i@(n)[5+(;1)n] B C’ﬁ _ ew(n)pcg
and if n = 1: i )
By =B}, Cy =Cjfork #1
and

By = e W51 B3 OF = etellrce,

Because the MPS eq. (3.2) and eq. (3.6) represent the same state, it follows by
theorem 2 of [[164], that there exist invertible square matrices U, € CPx* Pk
and V}, € CPexDy such that

Note that Uy and Vj depend on ¢(n) and n and that U; = Usy4q = 1.

Furthermore, because the tensors By, and CY are in the right canonical form
the matrices Uy and V}, are unitary matrices. Indeed, it’s not hard to check
that B; and C}, also obey eq. li and eq. li For kK = 2N we have
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that C5y = VQNCN'QSN which implies that VQNVQTN = ]lDéN' Using this,
BgN = U{A}BgNVQZ}V and the fact that Bb; and BgN obey eq. it follows
that UQNU;N = 1p,,. Proceeding in the same way from k = 2N till k = 1
one finds that all the matrices Uy, and V}, are unitary.

Now we will prove that Uy, = 1p,, V) = ]le for k # n. If kK < n we can
assume that n > 1. Note that U; = 1 and that B{ = B = B{Vj. Using
eq. it follows that Vi = (E¢)~' 3, B{1=28B; = Lp;. Assume now
Vi1 = ]le_1 (k < n—1)then C,f_l = C’ﬁ_l = CZ_IUk, which implies
Uy = (EB)~! > CﬁflTnglCﬁil = 1p,, ie Vi1 = 1p;  implies that
U, = 1p, for k < n — 1. In a similar way, one proves that U, = 1p,
implies Vi, = ]lD;v (k < n). This concludes the case K < n. For k > n
one starts from égN = CgN = ~V2NC'§N. From eq. 1) we obtain that
Von = ]lDéN' As a consequence B3y, = B35y = Uan B3y holds. By eq.
it follows that Uany = 1p,,. One can now repeat this reasoning and
find that U, = 1p,, Vi = 1p, forall k > n.

Hence, the MPS eq. is gauge invariant iff forevery n = 1,...,2N there
exist unitary matrices U,, and V}, (depending on ¢(n)) such that

S+(71)n

UlB3V, = e M=% —1Bs,
CP U, =e nPCP_ (n>1),VICP = #mPCE. (3.7)

Let us now choose ¢(n) = 1, then the matrices U,, and V,, do not depend
on ¢(n) anymore. The unitary matrices can be diagonalized (as exponential
of a Hermitian matrix): U,, = WnTAUan, V, = X,TLAVTLXR, where W,,, X,,
are unitary matrices and Ay, and Ay;, are diagonal matrices where all the
diagonal elements have modulus one. If we perform the following MPS
gauge transformation:

A O e Oan Gl e O B e O

(W1 = Wan41 = 1), the MPS eq. is unaffected and the conditions eq.
now read

A"[.]anLAVn — e—i(s-‘r(—l)n)/QBfL’
CP_ Ay, = e PCE_ (n>1),Al, CF = eCE. (38)

The property eq. (3.3) will also hold for the ‘new’ B and C, however the
. e (s —B =C .

property eq. (3.4) is modified in the sense that 22 and =€ are not diagonal

anymore, but they are still positive definite. As already mentioned, the
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entries of the diagonal matrices Ay, and Ay, are complex phase factors. Let

e~Pni j=1,... ny,, respectively e"#ni, j = 1,...,n,, be the eigenval-
ues of Ay, W|th muItiplicity m(An ;) respectively of Ay, with multiplicity
m(fin,j)s

Nuy ™M

Z Z e ™A o HAn g (3.92)

j=1 a;=1

Nyy M an ])

Z Z € wn]’ﬂnw%}{ﬂnwa]’ (3.9b)

j=1 a;=1
then we can write B and C as
Nuypy Nop m(An,j) m(“n,k)

BZ:ZZ Z Z [Bfl]()‘mﬁaj)?(/in,kﬁk)‘)\nvj’aj}{:un,kMBH

(3.10a)

Ch = [CF) i 00): 1 o) s @5 H{ A1, Bl

(3.10b)
for n < 2N, whereas
m(pq,
Z [BI11: 1 ) 11,12 B, (3.10¢)
k=1 Bp=1
(:U‘2N])
CSN = Z Z CgN (pan,j,aj) 1’M2N7]7aj} (3.10d)
7j=1 ;=1
Using eq. it follows that
—i(p—\
(e P=A41,6) _ )[Cp](#nw%) i) = 0
(e—i(p—un,j) )[Cp](unwaj) O i) = 0,
(e —i(p—pan,;) _ 1)[02N](M2NJ7%) L =0,
hence
[Cg](Nn,j7aj)§(An+1,kaBk) = 6P’#n,j 5p7)‘n+1,k [Cﬁ]awﬂw (3.112)
[CgN](P«ZN,jyaj);l - 5177/»621\7,]' [CIZ)N]OKJ'J? (3‘1”3)
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Note that ), j and p, ; are only unique up to a multiple of 27. By writing
Op.uin.; We mean that we must take ji,, j equal to p modulo 27.

Assume now that there would exist a A\, 1z, (n < 2N) with A1 1, # D,
Vp € Z. Then it follows by eq. that

(Ot 3,030t g Bg) = 05

Vp € Z,V¥j = 1,...,ny,,Va; = 1,...,m(n ;). If we now consider the
non-singular matrix 2, see eq. (3.4), then

<Z(C£)TESC§’> =0,
(A

peZ n+1,kgs@ko)s(Ant1,k:8k)

Vako = 1, ey m()\n,ko),Vk = 1, sy My s Vﬁk = 1, Ce ,m()\)\nJrLk). By
eq. 1) this would mean that =% has a zero-row and would be singular
which is a contradiction because =, is positive definite. As a consequence
all the A, j are integers. In the same way, but now by using the condition
eq. one proves that all the y,, ; are integers.

We can thus write eq. (3.9) as

D}
=2 > ¢ g, ag}{g aql, (3.12a)

qeZ ag=1

’q
Dn

=D e Mg, g {a, aql, (3.12b)

qeZ ag=1
and expand B and C"

D¢ DY
B, = Z Z Z Q7aq );(r,8r) |Qa0‘q}{7" Brl
q,r€Z ag=1 pr=1
D/q Dn+1
Ch=3" > > [Clapsrsmlt ag}{r. b,
q,r€Z ag=1 B,=1
D’y
=S
Bi =) > [Bilups)ir b,
reZ Br=1
D/q

2N = Z Z C2N (g,q); 1|, aq}

qeZ aq=1
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Matrix product states for the Schwinger model

where D7 respectively D' denotes the multiplicity of the eigenvalue ¢ in
the matrix U, respectively V;,. Note that D, = >° Dy and D), = - D'
We have already proven, see eq. (3.11), that

[Cﬁ] (q,aq)§(7”,ﬁr) - 6q7P5q,T [Cﬁ]aq,ﬁr ) [Cﬁ] (q7aq);1 = 6q,p [Cfl]an? (3 1 3a)

where ¢, € CD'fLXDiﬂ, Finally, if we substitute eq. in eq. ’ we
obtain
(e M ENN2H=] _ ) [BE] (anitrgy) =0, (0> 1),
(e =D — ) [Bi 1y, = 0

implying that

[Bil(g.00):(r.8) = Orgt (s (—1)m)/2[0% g 8, (> 1),
[B3)1.(r5,) = Ongs1y/2[b5"l1,5, (3.13b)

« DAt GHEDT) /2,

q
where b3* € CPn is random.

We have now proven that every MPS that is invariant under local gauge
transformations with ¢(n) = 1 can be brought in the form eq. by a
MPS gauge transformation. A state in this form is also invariant under any
gauge transformation. Indeed, according to eq. (3.8), we need to find unitary
matrices U,, and V,, such that

e_w(”)pCﬁ_l =CP U, eiemrcr — yicp,
e~ WMs+H=0M2ps — Ut ey,
where B and C take the form of eq. (3.13). The choice

[Un] (q7a4);(,r7ﬁ'r) = 5q7r(5aq’5’reii¢(n)q, [Vn](qza‘Z);(rzﬁT) = 6q7r5aq757"67i<p(n)q7

solves this problem. This proves that every gauge invariant state can be
brought in the form eq. (3.13) by a MPS-gauge transformation and, con-
versely, that every MPS in the form eq. (3.13) is gauge invariant.

3.3. Gauge invariant MPS in the thermodynamic
limit

In the previous subsection we have constructed the most general MPS for

open boundary conditions that are gauge invariant. For our simulations we

will block site n and link [n] into one effective site. The local Hilbert space
on the effective site n is then spanned by the set

{”‘in> = ‘3n7pn>n : (Sn,pn) € {—1, 1} X Z}.
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Gauge invariant MPS in the thermodynamic limit

In terms of the MPS representation (3.2) this means that we define

s = Uiflog =+ (2 )0 = oI = (BiCHLs
s P

and the MPS ansatz then reads

S1 P1 Sn Pn S2N P2N

From it follows that this MPS is gauge invariant if and only if A, can
be brought in the form

(4,0q) rnB) = [G%S]aq,ﬁr 5p7q+(5+(_1)n)/2(57«,p (3.14)

s p

where al® € cDaxDyy

The interpretation is that ¢ labels the eigenvalues of L(n — 1) while r labels
the eigenvalues of L(n), which is reflected in the last Kronecker-delta that
identifies the physical index p with the virtual index r. The first Kronecker-
delta is then equivalent with Gauss’ law G(n) = 0. The virtual indices
aq and (3, give the state |U[A]) some additional variational freedom. Note
that we have chosen to label the matrices a/® by the virtual index ¢ but
equivalently one could also label it by the physical index p. This is only a
choice of convention. The multiple-index structure of the tensors A,, implies
that the Schmidt decomposition eq. with respect to the bipartition
{e* =2Z]1,...,n], o' = Z[n+ 1,2N]} of the lattice reads

n+1

Z Z V Unaq qaq>®’q)q,aq>
qeZ ag=1
where
n+1
q q q _
120012 00,2208 0 >0, Z Z 08 4 =1
qeZ ag=1
and

07k,) € @ Hjand [07h,) € @

jedy jedy

are orthonormal unit vectors,

2k poAl LA AL
<(I)Q7‘11q ’é"",ér> = 5Q7T5QQ7BT7 <(pq72a |(p7’,%7'> = 6q,7"5qu,ﬂr :
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Matrix product states for the Schwinger model

For our numerical scheme we can only retain a finite number of eigenvalues
in min max

p of L(n), say pp'tt < p < ppit for some integers p)"t"y and p)'t{. This
implies that we set D}, = 0 for ¢ ¢ Z[p["t,p¢f]. In particular, the
Schmidt decomposition now becomes

max q
pn+1 Dn+1

A = Y > \Joha

q:pmz:ll ag=1

AP Ayt
(PlLaLI > ® ‘(P(LQO‘(I >

and it is clear that any state can be approximated faithfully if we take p",
p®® and D}, large enough. The power of this approach is of course
that for our studies we can take these parameters relatively small and still
have a very good approximation. We will not always explicitly denote the
truncation in the eigenvalues of L(n). In particular we write ¢ € Z instead
of ¢ € Z[pm", pa7] but one has to keep in mind that for our numerical
simulations we consider a finite range of eigenvalues of L(n), i.e. when

q & Z[pii, piesl or g+ (s+(=1)")/2 ¢ Z[pjih, prif] we put by definition

. mazx
a® = 0. One also define a%® = a? M4 P15 where ¢ mod ppt €
min ,max
V4 n+17pn+1]'

For our applications we are interested in the thermodynamic limit N —
—+00. Physically this means that we only want to consider the bulk properties
of our system. As we already discussed in chapter [1] the MPS formalism
allows to perform the computations directly in the thermodynamic limit,
thereby bypassing any finite size effects. This also has the advantage that
we can take into account translation symmetry. In the following subsections
we discuss some special types of MPS in the thermodynamic limit and make
them gauge invariant.

3.3.1. Translation invariance over two sites

In the thermodynamic limit (N — +00) and when the electric background
field a(n) is independent of n, i.e. a(n) = «, the Hamiltonian is in-
variant under T2, i.e. translation invariant over two sites. For the Schwinger
model this symmetry is not spontaneously broken and the ground state has
the same symmetry. As an ansatz for the ground state we can choose the
A, to depend only on the parity of n:

Agnflz TJ gn:Ag,VHZI,,N
We then arrive at the MPS eq. (2.22):

i) = D~ - - DO
K1 ) Ron—1 Kan, K2N

(3.15a)
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Gauge invariant MPS in the thermodynamic limit

(N — +00) with Kk, = (sn,pn) € {—1,1} X Z,

((Z-Gq)(r‘fj,‘) = [a%s]aq,ﬁr (5r7q+(s+(_1)n)/25ﬁp. (3.15b)

(s.7)

where af”® € CP1xD5 and ad® e CD3%Di_ In the thermodynamic limit all
our computatlons are mdependent of the boundary vectors vr and vy. This
form will be useful when using the iTEBD algorithm for performing real-time
evolution, see subsection|4.3.1

When we want to apply the TDVP to find the optimal approximation for the
ground state it is convenient to block the effective sites 2n — 1 and 2n into
one effective site. More specifically, we define

[AC] = [A™"] (ag)(rp) = @ )
(g,2q)(m,Br) !

K1 Ko

“ = AT A5 0,00

whereC = (/{1,%2) = (Sl,pl,SQ,pQ) S {—1,1} x Z X {—1,1} x Z. The
uMPS ansatz then has the form

-0 O D0 ew
Q G Cn (N1 v

and gauge invariance is imposed by

)f , _Wf

9l D1, 52, Pz

= [a®"*2] 4 1.8, Op1a+(s1-1)/20ps g+ (s1452) /20r.p2- (3.16b)

with a®*1:52 ¢ CP**DP" (D7 = DY) as follows from 1b

Once we have a good approximation |¥,[A]) for the ground state we can
use the states |®;[B, A]), eq. (1.16), to approximate the momentum-k exci-
tations (k € [—m, 7[):

®[B, A) = lim

N—4o00

CW+1
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Matrix product states for the Schwinger model

where ¢, = (S2p—1, P2n—1, S2n, P2n ). If we want these states to obey Gauss’
law, G(n) = 0, we need to give B¢ the same block-structure eq. (3.16) as A:

(4 0) @ rB) = [bq751752:|aq7/87‘ 5p1,q+(51fl)/25p2,q+(51+52)/25T,p2' (3.17b)

(81,1, 52, 2)

with 95152 ¢ CPaxDr,

3.3.2. CT invariance

We will again consider the thermodynamic limit (N — 400) and a uniform
electric background field «(n) but in addition assume that a(n) = 0 or
a(n) = 1/2. In this case the Hamiltonian is also CT invariant where C is
charge conjugation:

CL(n)C = —2a — L(n),CO(n)C = —0(n),
Co.(n)C = —0.(n),CoT(n)€ = o (n).
For the local basisvectors |k) = |s, p) we have that C s, p) = |—s, —2a — p)
with s = +1,p € Z. Note that > = 1. When the Hamiltonian does not

break this symmetry spontaneously, we can use the CT invariant MPS ansatz
|We[A]), eq. (1.31), to approximate the ground state of this Hamiltonian.

We will now construct this MPS starting from the MPS (3.15) which is trans-
lation invariant over two sites and is gauge invariant. We first apply the
following MPS gauge transformation between site 2n — 1 and site 2n:

(q,04) (r,8;) = (¢.0q) (7, 8r) 9
(s,p)

(s.p)

(g. rg) (r,8,) = (q.aq) (r, Br)
(s.p)

(s,p)
where
[U](q,aq);(r,,&-) = 60‘qw8r57“»*Q*2a(: [UT](q,aq);(r,B,.))'

Because A; Ay = A A this leaves the MPS |¥,,[A; As]) invariant. Now we
have that

_ q,s
(0.0 50 = (01" g6, 0p.q+(s—1)/20-r—20p
(s.p)

— [a(f’s]aq,5r6p,q+(s—1)/257’7*p*2a
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Gauge invariant MPS in the thermodynamic limit

and
; o —q—2a,s 5 5
(@, 0) ) = [GQ ] a—g—2a,0r9p,—q—2a+(s+1)/2%%r,p
(s,p)
= (¢,2) (7, Br)
(s,p)
where

N o [.—q—20,—s
<"‘aﬂ)(7‘*’f> = ay Jorg—20,8:Op,g+(s—1)/20r,~p—20a-

(5,0)

By applying the MPS gauge transformation U between sites 2n — 1 and 2n
we have thus transformed the MPS |, [A; A3]) to the MPS

(s1,p1) (s2,p2) (520-1,P2n—1) (820, P20) (s2n—1,P2N—1) 82N, P2n)

Note that A} and Aj have the same form because we applied the MPS gauge
transformation U. Therefore, we can put A| = Ay = A if we take

—g—2a,— —q—2
al® =a, 77" =a® and DY = D, = DA,

We then arrive at the CT invariant ansatz, eq. (1.31),

KaN-1 RaN

(3.18a)
which is also gauge invariant if

K (s,p)

(3.18b)
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Conversely, starting from the CT invariant ansatz eq. (3.18) we put

(g, aq) (r6r) = [aq’s]aq,ﬁr 5r,q+(371)/257‘,p7 (3.192:1)

K

(a.00) (rn8) = [a‘q_m’_s]aiqﬂaﬁr Orq+(s+1)/207,ps (3.19b)

K

and (D{, D) = (D%, D~972%) to write | U¢[A]) as a uniform MPS |¥,,[A; As])
with A,, of the form eq. (3.15).
Once we have a good approximation |We[A]) for the ground state we can

use the states \@gﬂ[B, Al), eq. (1.32), to approximate the excitations with
quantum numbers (k,~) € [—m, m[x{—1,1} under CT:

[0 ,[B, A]) = lim

n z(k/Q)n. :

and these states are gauge invariant if B = B*P takes a similar form as A:

(@:a9) @ (r6) = [bq’s]aq,ﬁr5p,q+(s—1)/25r,—p—2a~ (3.20b)

K

(3.20a)

3.4. Gauge invariant operators

3.4.1. Purification of Gibbs states

Let us consider the Hamiltonian J{ eq. but now assuming that the
system is coupled to a heat reservoir with fixed temperature T". In thermal
equilibrium the system is described by the Gibbs state p(3) = e 5, where
B = 1/T is the inverse temperature. The probability of finding the system in
a particular eigenstate | E) of H is e #F /Z(3) where Z () = tr(e 5%) is the
partition function. Because the physical sector corresponds to states with
G(n) = 0, we need to exclude the (micro)states that are not gauge invariant.
In particular, the probability to find the system in an eigenstate |€) of H
which is not gauge invariant, G(n) |€) # 0, should be zero: (E|p(B)|E) = 0.
Therefore we need to project H onto the (G(n) = 0)—subspace. If P is
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Gauge invariant operators

the projector onto the (G(n) = 0)-subspace, the canonical ensemble is thus
described by the density operator p(f) = Pe P (= Pe FHP = ¢=AHp),
The ensemble average of a given gauge invariant observable Q is computed
as

tr(PQPeA)

8= 2)

the partition function.

with Z(3) = tr ('J’e_m{)

Let us now construct a Matrix Product Operator (MPO) to approximate the
Gibbs state Pe~ . Therefore we will use the method discussed in [119]. The
main idea is that we purify the MPO ansatz by a MPS in a higher dimen-
sional Hilbert space. Starting from the identity on the (G(n) = 0)-subspace
for 8 = 0, we obtain the state for finite 8 by evolving this purification in
imaginary time using the iTEBD algorithm, see section In addition to
[119], we need to take gauge invariance into account when constructing the
MPS purification by imposing a block structure similar to eq. on the
tensors describing the MPS.

On a lattice of 21V effective sites we denote the local Hilbert space with .77,
6, = span{|kpn) = |Sn,Pn),, : sn € {—1,1},pp € Z[p;”f{,pmff .

By introducing the multi-index

k= ((s1,p1), (52,02), ..., (s2n,p2n))= (K1, ..., Kan).

it follows that the Hilbert space of the full system of 2NV sites and 2N links,
2N
A = Q) S
n=1

has basis
{Ir) = K1)y - |Kan)an}

and a general operator p thus takes the form:

p= Z C(Hl,fﬂll),...,(ligN,I{éN) ‘KZ> <K,/‘

K,k
with ClEAD s (rax o) € C.
In this basis, the projector P on the (G(n) = 0)-subspace reads

2N

P=> (H 6<)> %) () (:21)

n=1
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Matrix product states for the Schwinger model

where we take periodic boundary conditions (pg = pan). For 8 = 0 we have
that p(0) = P. We will now write this state as a MPO [[119} [120]:

p(0) = Z tr (mell . W;]f,NH;N ) |Kk) (K] (3.22)

K,k’
/
KnK .
where W, """ € CPn*Pn+1 are complex matrices. Thereto we put

Whhz — ZAIT‘@LLN“ ® Azzﬂa
Kﬂ‘
with k¢ = (s%,p%) and Agﬂ),(“a) _ A£LS7P),(SQ7P“) € CPn*Dnt1 complex
matrices. In order that p(0) = P we give, similar as in eq. (3.14), the virtual

indices («, 3) of [Agf’p)’(sa’pa)]aﬁ a multiple index structure: o« — (g, og),
B — (r, Br) where q,r € Z label the eigenvalues of L(n). If we put

[A’Sls’p)’(sa’pa)](qp;);(’l”,ﬁ) = [a’n]aqvﬁr

Or g+ [s+(—~1)n)/20p,r 05,50 Opa gy [sa-+(~1)n] /2, (3.23)
where a,, € CPn»*DPn+1 can be any non-zero matrix, then it follows that p(0)
equals (3.21) up to a normalization factor.

To obtain a purification of the state p(0) we need to consider the Hilbert
space

2N
Hun = Q) S, ® I
n=1
where J2;* = span{|x%), = [s%), |p%)} is an auxiliary Hilbert space with

the same dimension as .77;,. Then we introduce the MPS [119]

WA = 3 b (Afl**”“f .. AngN’”gN) Ik, K%Y € Hpun,

K,K?

|k, k) = |"01>1 ”1(11>1 ) |“2N>2N ’”5N>2N=

where A2 is defined in 1! By contracting the k¢ we obtain up to a
normalization factor p(0):

trope (|2LA]) (U[A]]) oc p(0).

Because p(0) is the projector P on the (G(n) = 0)-subspace, [H,P] = 0
implies that p(8) = Pe P = e~ FH/2P=BH/2 As a consequence, if we
evolve the purification |¥[A(/3)]) according to

(WAB)]) = e PP w[A () (324)
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we have for all values of § that

p(B) = troee ([[A(B)]) (Z[AB)]]) -

Note that the Hamiltonian 3 here only acts on 7, but not on the auxiliary
Hilbert spaces .77;".

Because A, (8 = 0) takes the form (3.23), gauge invariance of H and the
fact that it act as the identity on JZ* implies that during the evolution (3.24)
Ap () will have a similar form:

[AGP P (8)] (g aystry = (08" (8)]ag
Or,g[s+(~1)7)/20p Opn g+ [sa(~1)r) /2 (3:25)

where ad**" € CPA D represents the variational freedom of the MPS

|W[A(B)])- Note that contrary to as™*" now also depends on ¢, s and
s*. The interpretation is quite S|mp|e. q labels the eigenvalue of L(n). The
physical index p is updated according to Gauss’ law similar as in eq. :
p = q+(s+(—1)")/2. We also need to consider the auxiliary system 3, and
here also p® is updated according to Gauss’ law: p* = ¢ + (s* + (—1)")/2.
Note thus that once (q, s, s%) are fixed that (p,p®,r) are also known and
thus the variational parameters must only be labeled by (g, s, s%).

The virtual dimensions of this MPS are D,, = Eq D, Finally we note that
by restricting ourselves to finite eigenvalues of L(n) we can not represent
the initial state p(0) exactly. Fortunately, as we will see later this does not
spoil our results for non-zero .

In the thermodynamic limit (N — +o00) the Hamiltonian in a uniform
background field « is translation invariant over an even number of sites. By
starting from a state which has this symmetry, i.e. by taking in all a,,
equal for 5 = 0, we have for all values of 3 that ay st (B) depends only on

the parity of n: a3?”* 51 (B) = aP?? “(8) and az’ps (B) = 2’ps (B8),¥n.

We have thus reduced the problem of approximating the Gibbs state to
evolving the Schrodinger equation in imaginary time dt = —i3/2 within
the manifold of uniform MPS |¥,,[A; As]) which takes a form similar to eq.
(3.15):

(%1, K7) (K2, £3) (K2n—1, 88, 1) (K2n, £5,,) (Kan—1, K3y _1) (K2n, K5 y)

(3.26a)
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(N — +00) with Kk, = (Sp,pn), k% € {—1,1} X Z and

p J— q757sa
() ws = (a5 ], 5, Onar(sr(-1m)/20mp0pe gt (so 4 (-1)m) 25

(s.p,5%p")

(3.26b)
ab®™" e CPAxDn ¢ e Z[pmin pmar] p e Z[pmim prar]. At B = 0 we
have to put

al®® = 0g gatp.

The evolution in imaginary time dt = —id(3/2 is discussed in subsection
4.3.2)

Note that all operators (including the Hamiltonian ) act as the identity
operator on the ancilla indices p® and s®. In particular all computations are
independent of p®. Comparing egs. and the tensors a?%%@ have
now an additional label s, € {—1,1}. This label has no physical meaning
and will be traced out in all expectation values.

3.4.2. Local observables
Consider a local observable O, i.e. a Hermitian operator of the form

N-K+1
0= g Onn+1,..n+K—1-

n=1

Here 0y, nt1,... n+K—1 is a Hermitian operator that acts non-trivially on sites
n,...,n+ K — 1 only, i.e. it is a shorthand notation for

Onn+1,.n+K—-1 = ]l_%”l .. -®]l,%f;l,1 ®6n,n+1,...,n+K71®ﬂﬁﬂn+K®‘ . ®]l_%”N

where 1 4, is the identity operator on J7}, and 0y, n+1,.. n+K—1 can be any
Hermitian operator on 3¢, ® 76,11 Q ... ® 1K —1-

The observables of interest are the gauge invariant operators, i.e. the opera-
tors which commute with G(n):

[0k kt1,.. .kt K—1,G(n)] =0

forall n,k, K = 1,...,2N, with kK + K — 1 < 2N. As a consequence it
follows that

/ / / /
<817p1> cee 732N,P2N|0k,k+1,.‘.,n+K—1‘517271, ceey 32N7p2N>

2N
LI 600 v cvnizm v, st nin2 =0,
j=1
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hence, by taking into account that

! / / /
<S1,p1, .. ,52N,p2N|0k,k+1,...,k+K—1|517p1a ) 52N7p2N> =
2N
| T
<k j>k+K
~ ! / / /
(Sk,pk, cee 3k+K717pk+K71lok,...,k+K71’3k7pka cee 73k+K717pk+K71>
we find that
/A ! / o
(81,01, 52N, PaN Ok ks 1,k K—1151, D15 - - -, SoN, Don) =
2N
T 060000 |0 oy ,
5,85 PjoPj 5k+5k+1+---+5k+K—173k+5k+1+---+3k+[{_1
<k, i>k+K
Pr—1 / /
(Sky-- - 5k+K—1|0k,k+17,_,,k+K71|5ka o Sk —1)
k+K—1
) j ) j
H P12y (s1H(=1)1) /27pp) 4+ 30 (sH(=1)1) /2
j=k
Opprc1 e, (3272)
where
Pr—1 / / _
(Sky s 3k+K—1\Ok,k+1,...,k+K—1‘5ka e ShyK—1) =
~ / / / /
(Sky Py -+ s Skt K—15 PRt K—1|0k,... k- K—1/8)> Pl - -+ » Skt K 1> P K1)
k+K—1
0 j 0 j
Hk PjPk—1+201g (s (=11 /27D p 30 (s1+H(=1)1) /2
J:
5pk+K_17p;€+K_l. (3.27b)

What is the interpretation of this result? The locality of o k41, k+K—1
implies that at site ¥ — 1 we have the eigenvalues p;_; = p)_, of L(k —
1). Because o p+1,. k+K—1 IS gauge invariant, Gauss’ law tells us how to
compute p; and p; for j > k given py_1 = p,_,; and the charges s; and s
on the matter sites:

J 1 J o l
s+ (—1) s+ (—1)
Pi=DPe-1+ ) — Dy =ph YL R (3.28)
=k =k

At sites n with n > k + K the operator o, j11,.. x+x—1 acts trivially and
therefore we have that s,, = s/, and p,, = p/, forn > k + K, but we also
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have, again Gauss’ law, that

Spox +(—1 k+K
Pk+K = Pk+K—-1 + ns é )

=Pr+k—1 T 5 = Dhs ks

hence pryrx—1 = pj x_,- Notice that this implies conservation of the
overall charge in the non-trivial sector of oy k11, k+K—1°

Sk + Sk41+ ...+ SkrK—1 :32+5;€+1—1—...—|—5§€+K_1.
The matrix elements
(Sky- - 73k+K71‘02?1;_i1,,__’k+1<_1‘327 R 52+K—1>
are obtained by the matrix elements
(Sks Phs -+ s Skt K15 Pht K [0, ot =1 |8 Pl -+ » Skl —1 Pt K —1)

where we take into account eq. (3.28).

We will see later that the expectation values of gauge invariant observables
indeed only depend on the matrix elements

(Sky s SkJrKfl‘Oiljk_—il,...,k—i-K—l‘s;f’ c Sk -1) -

For K = 2 we find that

/ / / /
<81,p1, ce ,32N,p2N|0k,k+1‘317p17~-'a32N7p2N> =
H 65_7'75;‘ 6p] 7p;
J#k,k+1

Pr—1 /o
(88> k41 ’Ok7k+1 |Sks Skt1) 58k+8k+1752+52+15Pk+17p2+1
5Pk7Pk71+(Sk+(f1)’“)/25pk,pk,1+(sk+sk+1)/2
6p2¢1pk—1+(S;€+(_l)k)/25p;€’pk71+(3;‘:+s;€+1)/2 (3.29a)

where

(Sks Sk+1 !0?};1 |S%s Sht1)

-1 k Sk + Sk+1
) 73k+17pk71+%

/ /
S Sk
2

= <8k7pk1 +

O Jot1| s Plm1 +  Ski1> Ph—1 + (3.29b)
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In this chapter we finally discuss the algorithms that will lead to our results
in part [l In addition to the optimization methods discussed in chapter
we will now incorporate gauge invariance by imposing the block structure
eq. on our tensors. As we will see, we can use the same algorithms
as before but now we have to perform the contractions on the level of the
non-zero blocks that represent the variational freedom of a gauge invariant
MPS. Besides a speed up in computation time this also guarantees that all
our states are manifestly gauge invariant.

4.1. Ground state properties and spectrum: CT
invariant case

4.1.1. Introduction

Here we will discuss the implementation of the algorithms needed in section
2.1 of part[l} We start from the Hamiltonian

g 2N \/» 2N
=7 n) + al? —xm —1)™*(oy(n 1"
J{_M@WH e Y1) o)+ (1))

2N—1
+x Z (et ()Mo= (n+1) + h.c.)), (4.1)

n=1
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Ground state properties and spectrum: CT invariant case

where @ = 0 or &« = 1/2. Note that we here also allow the case & = 1/2.
This Hamiltonian is €T invariant, with € charge conjugation

CL(n)C = —2a — L(n),CO(n)C = —0(n),
Co.(n)C = —0.(n),Cot(n)€ = oT(n).
When the ground state is also CT invariant we can use the CT invariant

MPS ansatz (3.18) constructed in subsection to approximate the ground
state:

(WelA]) =
| ‘ . (42a)
(‘1'”4>(7‘3"> = q”q)# = [0%")ay8.0p,g+(s—1)/20r,—p—2a-
(4.2b)

with K, = (8n,pn) € {—1,1} x Z[p™i", pmaz],
4.1.2. Normalization and Schmidt spectrum

As discussed in section[1.4] to normalize |¥¢[A]) we can investigate its ‘uni-
form counterpart’ |¥,, [A]). We thus need to apply algorithm[1.1]to normalize
|Wel[A]) = |¥e[A(a)]) and to bring it in a desired canonical form. Let us now
discuss in full detail how we can exploit the block structure in eq. to
speed up the algorithm and to maintain gauge invariance after every step.
The pseudocode is given in algorithm As input we pass the matrices
a®s € CPixDTlttmi/me representing the variational freedom of the
gauge invariant state |We[A]) to the function. The string ‘stringCanForm’
contains the desired canonical from: ‘left’” if we want A in the left canonical
form, ‘right’ if we want A in the right canonical form and ‘symmetric’ if we
want A in the symmetric canonical form.

The first step, lines2]and 3 is to find the leading eigenvalue 7 of the transfer
matrix E and the corresponding left and right eigenvectors = and A:

(4.3)
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The tensors A take the special form and therefore we find that

(g, o)

]\.
= 6 (zi: {(am(s—l)/mevs) E[q+(5—1)/2]ea[qﬁ-(s—l)/zle,s} ﬁ) (4.4)
s==1 Qgq,Pr

where Z¢ € CP**P" has components

[E%aq,8, = [El(g,aq):(a.6)

and we introduced the notation [...]¢ to indicate that we apply a charge
conjugation:

ldle = —q—2a,[qg+ (s —1)/2]e = —q — (s — 1)/2 — 2a..

One observes that the outcome is a matrix which is block diagonal in the
different sectors corresponding to the eigenvalues ¢ of L(n). Also, the result
only depends on the diagonal blocks =9 of = corresponding to the eigenval-
ues q of L(n). Note that the computation time of this diagram scales linearly
in P = p™ma® — p™in 1 1 the number of eigenvalues of L(n) we retain in
our numerical scheme. As we will see later, this is the main advantage of our
formalism: the overall computation time will scale linearly in P. In contrast,
a full computation of this diagram, without taking into account the block
structure , would take &'(P*) time.

In a similar way we find that

S [ AlrHe-n/e (g 6). 45)
s==+1 ol

To solve the eigenvalue problems eq. (4.3), the iterative eigensolver ‘eigs’
computes the left resp. right action of the transfer matrix on =4 by applying
the functions ‘ApplyTransferLeft’, line and ‘ApplyTransferRight, line
Now the diagrams are computed according to egs. and (4.5). In partic-
ular we thus only need to consider the action of the transfer matrix on the

diagonal blocks =7 and A? of = and A, see eq. and eq. (4.5). When
implementing this algorithm one can store the (D? x D") matrices a?® in a
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Ground state properties and spectrum: CT invariant case

(P x 2) cell array. Similarly, the diagonal blocks A? and =7 can be stored in
a (P x 1) cell array. Note that the eigenvalue equations,

T [(am(s1)/216,s>T5[q+<s1)/2lea[q+<s1>/2}e,s] _

s==£1
Z [aq,sA[qu(sfl)/?}c (aq,S)T} = nA?
s=+1
for ¢ = p™", ..., p™® and 29, A? € CP**P? connect different eigenvalue

sectors of L(n). This is important, because otherwise we could not apply the
quantum Perron-Frobenius theorem [[163]] and we would not be guaranteed
that the blocks £ and A9 are non-singular.

The other steps in the algorithm are also performed on the level of the
blocks in each of the sectors corresponding to the eigenvalues of L(n). In-
deed, the algorithm is exactly the same as for the general case, algorithm[1.1]
The only difference is that we now have to transform each of the blocks =¢

and A9, this explains the for-loop, line

After the for-loop over the eigenvalue sectors ¢ of L(n) we have the matrix
I' € CP*P to perform the MPS gauge transformation with, see line
Here also this diagram can be computed on the level of the blocks: because
M g.aq):rpr) = Oar[[]a,, it follows that

- OO

a?® « T9q%* (r[q+(sfl>/21e)‘1 .

Remember that after applying this algorithm =9 and A9 are diagonal positive
definite matrices. In further discussions we will assume that =7 and A? are
positive definite matrices (it is not really necessary that they are diagonal
but it is certainly convenient).

Hence, by taking the block structure eq. (4.2b) into account we can normalize
the state |We[A]) in

Vi (Niter Z Z max (Dq (D[qu(S*l)/?]e)z 7 (Dq)2D[q+(81)/2]e)>
q s

~0 <2NiterP maX(Dq)3>
q

is equivalent to

time where N, is the number of iterations needed by the iterative eigen-
solver ‘eigs’ and the factor 2 originates from the number of spins on a site.
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Algorithm 4.1 Normalization of a gauge and CT invariant MPS

Input: a, stringCanForm
Output: a, ZA.
1: function [a, =, A, n, | = NorMALIZEUMPS(a,stringCanForm)

—_ 2
- o

12:

30:

34:
35:

R AN i o

[2,n] = eigs(@(Z)ApplyTransferLeft(=Z,a))
[A,n] = eigs(@(A)ApplyTransferRight(A,a))
for q= pmm . pmax do

fors=—1,1do

a®® « a®*/\/n

end for

21+ 2/tr(E9)

A7 A?/tr(A?)

Find matrices X9 and Y9 such that 29 = X9(X )T, A7 = (Y9)TY4

[U?,%, V1] =SVD(Y1X1)
end for

= fir (S s02)

for q= pmin . pmaz do

1 ¥/
switch stringCanForm do
case ‘left’
I =x9(vVat(xa)=—t = (U)ty?
2% =1pa
A = (£9)2
case ‘right’
re = (Vo) (x0)~L = (20)"L(U9)ty e
21 = (x9)2
A? =1pq

case 'symmetric’

1= (2O)Y2(vot(xa) -1 = (x9)-1/2(U9)tye

=1 =34
A =3X4
end switch

end for
for g = p™" : P do
fors=—1,1do
a®s  T9q%5 (F[q+(s—1)/2}e)71
end for
end for

36: end function
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37: function =’ = APPLYTRANSFERLEFT(Z,a)

38: for g = p™" : p* do

- =3 [(a[qﬂs—l)/me,s)T Sla+(a=1)/2e gla+(s—1)/2eus
s==+1

40: end for

41: end function
42: function A’ = APPLYTRANSFERRIGHT(A,a)

43: for ¢ = p™™" : P do

44: [A)4 = Z [aquA[q“S_l)/Q]@ (a?)f
s==1

45: end for

46: end function

As explained in subsection[1.1.3] we can compute from A and = the Schmidt
spectrum of the state |Ue[A]). Denoting the eigenvalues of Z9A% by o, . . .,
o, with
pmaT g
1>0{>08>... 200,20, > > ol =1,
q:pmin aqzl
the Schmidt decomposition with respect to the bipartition

{e* =2Z[1,...,n|, oy =Z[n+1,...,2N]}

of the lattice reads

max

P D1
i) = 3 D ok,

q:pmin aqzl

‘@fﬁ) € ® #; and ’@f§q> € ® I

jedn jey

o oA
(I)qvtl)fq> ® ’(I)q7(219>

where

are orthonormal unit vectors,
S AN Dy 5T\
<(pq7aq ’(p'l‘,ﬁr> - 6q7r5QQ76T7 <(pq7a ’(p'r’,ﬁr - (5(]77"5&(1,57«'

Due to €T symmetry we find that the Schmidt spectrum is independent of

the site n. However, the Schmidt values o, in a particular eigenvalue sector

q of L(2n — 1) on the odd sites will correspond to the Schmidt values g’
in the eigenvalue sector g of L(2n) on the even sites. As a measure of the
entanglement we can compute for instance the Von Neumann entropy S

mazx

p D1
§=- 3 > ol,log(ol,)

q:pmin a=1

which is site independent.

230



Gauge invariant MPS in the thermodynamic limit: calculus and algorithms

4.1.3. Calculus

Once we normalized the CT invariant state |Ue[A]) we can compute expec-
tation values of observables. We are interested in observables O that take
the form

2N—-1
0= g On,n+1,
n=1

_ q2n-2 2n—2 _ 2n—2 —2n+2
02n—1,2n = T 201 2T 7%, 02p on41 = T 209 3T "7,

with o1 2 resp. 023 Hermitian observables acting only non-trivially on the
sites 1 and 2 resp. 2 and 3. In that case we have for the expectation value
per site, see subsection

Jim o (Zel A0 Te[4]) =

with

(s1,p1) (s2,p2) (s1,p,1) (s2,p2)

(s1,p1)  (s2,p2) (s1,m)  (s2,p2)
() m(E )= o
(s1,91) (55, p%) (81,p1) (55, ph)

(s1,p1) (55, p3) (s1,p1) (s5,p5)

To compute this diagram efficiently we need to perform the contractions as
discussed in fig. in subsection Here the block structure of A, =
and A leads to some simplifications. Let us discuss this for more general
diagrams of the form

(4.7)

where A,, has the block structure eq.

(A3 ] g.aq),(rBe) = [0 ] erg B, Oprg(s—1) /207, —p—20 (N = 1,2,3,4)  (4.8)
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Ground state properties and spectrum: CT invariant case

and = and A are block diagonal

[E](‘Laq)v(rvﬁr) - [Eq]aq:BT6Q7T7 [A](%O‘q)v(rwgr) - [Aq]aq,/grdq’r (49)

and o can be any operator acting on two sites. First one defines the tensors
Cri ((k,1) = (1,2), (4, 3)) that are obtained by blocking the tensors A, and
A

(6.0 Cu (6 = (q-,aq><v:3r> ki = (si,pi) (i = 1,2).
K1 Ko

K1 Ko

Eq. (4.31) implies now that C},; has a similar block structure

(q.0q) Cry (r,Br)
— 4,51,52
= Op1q+(s1-1)/20ps,[q+ (51— 52) /2] Or,q+(s1—52) /2 {Ck,l Lé 3
qs~r
with
) ) ) q+ s1—1)/2 ,S
s = gt Bles, (4.10)
Hence, we have
(4.11)
(g aq) D1 (r,8;) — (4]2)

When o is of the form eq. with o1 2 and 02 3 a gauge invariant operator,
then D 3 is also of the form (4.10). This follows from eq. and applying
a charge conjugation on the even or the odd sites. When we allow 01 2 and
02,3 to be gauge variant, D1 o is not necessarily of the form . However,
because of the block structure of Cy3, the fact that = and A are block
diagonal and because we are interested in the expectation value eq. (4.11),
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we can impose this form on D1 ». Stated otherwise, the replacement

(r,Br)

Opy,q-+(51-1)/20pg [q+(s1—52) /2] Or,q+(s1—s2) /2

does not affect the expectation value (4.11). Therefore, from now on we
define the outcome of the contraction eq. (4.12) to be

K1 K2

_ q,51,52
= Op1,g+(s1-1)/20p2. g+ (s1-52) /2] Org+(s1—-52) /2 [dn,nHL 5
g ~Mr
with
q,51,52 __ o ,8% .85
dyy ™ = E (51, 52]0%|s7, 85) cP1%2
s,8h=—1,1
and

<317 32’0(]‘3/17 3l2> = <317p17 327p2|0’3117p/17 3/27]7/2) 551—32,5’1—5’2
Opy,q-+(s1—-1)/2 Opo,[g+(s1—s2) /2]
Opt (5, —1)/2 Oph lg+(s)—s4) /2l Opa - (413)

With these definitions the expectation value eq. (4.11) now becomes

(g,0) (9, )

(r,8) (r, Br)
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and we easily find that

[Q] (‘J7aq)§(7”757-) = [Qq]aq 7ﬁ'r (Sqﬂ'

with
q __ q,51,52 A q+(s1—52)/2( .4,51,52\t
Q= E d1,2 ATH % (04,3 )"
s1,52=—1,1

After performing these contractions, the expectation value is obtained as

These steps are summarized in the pseudocode of algorithm The input
are the tensors ai, ag, as, a4, see eq. , the blocks =7 and A9, see eq.
and the local observable o. After executing the algorithm we have the
outcome of the diagram (4.7). Assuming that max, D? > 2, P; the overall
computation time scales with

o <22Pmax(Dq)3)

q

where the factor 22 originates from the dimension of the tensor product of
two spin-1/2 bases.
We conclude this subsection with two comments on the algorithm:

i. Inline[10](s1, s2]0%|s], s5) is defined in eq. (4.13).

ii. 2{32}7 2_{s,} are shorthand notations for 28,175,1:_171, D sy sp= 11"

Algorithm 4.2 Expectation value of a gauge and €T invariant MPS

Input: aj,a2,a3,a4,=,A,0
Output: Outcome of the diagram (4.7)
1: function (0) = EXPVALMPS(a1,a2,a3,a4,2,A,0)

2 for g = p™" : p** do
3: for s1,s90 = —1,1do
4,51,52 _ _q,51 [g+(s1—1)/2]e,s2
. gs1,52 __ _q,51[q+(s1—1)/2]¢,s2
5: cyy’ " =ay ag
6: end for
7: end for
8: for g = p™" : p"** do
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9: for s;,s0 = —1,1do
. dq,s1,82 _ gl o q75,175/2
10: 12 = (s1, 82057, 55) C1,2
{5k}
11 end for ;
. q _ q,51,52 A g+ (s1—s2)/2 [ .9,51,52
12 07 = E diy A y'3
{sk}
13: end for
pmaz
14: (o) = E tr (29Q29)
q:pmin

15: end function

From our discussion it also follows that if o is gauge invariant, we can effi-
ciently compute the following contractions:

)

Z [(Cq+(52—51)/2,51,32> f :q—s—(sz—31)/2dq+(82—51)/2781782
4,3 = 1,2

s1,52=—1,1 ag,Br
(4.14a)
and
(¢: oq)
= 5(177“

(r, 5r)

Z |:d‘{a§1,$2Aq+(81—52)/2 <C?17§1152>T:| (4.14b)
s1,52=—1,1 aqvﬁr

in 0 (22P man(Dq)g) time. The ¢4, factor is a consequence of gauge
invariance of o.

4.1.4. TDVP

Here we will formulate the TDVP algorithm, see section for gauge invari-
ant MPS |We[A]). The objective is to find B such that it minimizes

130 [ [A]) = [@0[B, A]) [|2 with (®o[B, A]|¥,[A]) =0,
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see subsection [2.1.6] where I, is the uniform counterpart of H: if

FLo TN oN_1 @ Fin-1 Kn K1 Knt2 KN
e S
N—+400
n=1
l KoN K Lo Ky, Kt Knta KN
where
K1 K2 K1 Ko
K1 K2 K1 Ko
| | | |
[ han—12n ] - [ h ] and [ o 2nt1 ] — [ h ]
W W W W
K Kf kY K
K K Ky K
then
2N—-1
H, = lim Jrlpgntl
N—+400 1
n=

Now we need to take into account that A and B have a special block struc-

(¢, ) f = aq, aq,ﬁr(;pq-i-(s 1)/257" —p—2as

ture:

(9:0) = [6%%]ag, 8, Op,q-+(s—1)/20r,~p—20-
(s,p)

(a) Gauge fixing in the tangent plane

A first consequence is that the parameterization of B, eqs. (1.25) and (1.26)),
also has a block structure. Let us discuss this in more detail when B obeys
the right gauge fixing condition

If we define the matrices b7 € CP**F and W, € CF'*P" by

u agi(Brs) [bw (A[Q“S‘l)/me)l/?}

aﬁhﬂr
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1/2
VB, [(a070-2) ]

a7'7ﬁq
with
91— Z plat(s—1)/2]e

s=—1,1

then the right gauge fixing condition is equivalent with
bIWE = 0.

Let V}% € C"=*F? be a matrix such that the rows of ‘7}% form an orthonor-
mal basis for the left zero space of qu% e CE'xD? e, VIgWI% = (0 and

~ o (=T
%5 (V}%) = ]ln‘]]{ where nf, is the dimension of the kernel of W}. We

expect that nf, = F7 — D7 but we also allow for the more general case

nf > F1 — D7 as well. l;qW]% = 0 implies that there exists a matrix

X4 € CP**n% such that
b = (29712 XVE,
the (Eq)*l/2 is only a matter of convention. It follows that

b (X)) = (Eq)—1/2Xqv}1%S(A[q+(8—1)/2]e)—1/2 (4.15)

le
has components

q +(s—1)/2
where v}é’s € C”RXD[Q (o=

(V8] a8 = [Vf%] agi(s.8r)

The parameterization eq. (1.25),

=0 OO

can be recovered from eq. by nothing that

[B¥P](q,00):m8r) = [67%]arg,8,9p,g+ (s—1) /200 [+ (s—1) /2] (4.16a)

[E] (g,0q),(r,Br) — 5q,r[5q]aq,,3r’ [A](q,aq),(r,ﬁr) = 6q,r[Aq]aq,BM (4-16b)

and by putting
[X](g.00).r8:) = O, [X ey 5.5 (4.16¢)

Vel @eo)irs) = W lag.8:0p.q+(s—1)/20m g+ (s-1)/2e (4.16d)
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~ 0 (=o\T
Note that V3 (Vg) = 1, implies that

> ok E) =T

s=—1,1

The pseudocode to determine Vg is presented in algorithm and is ba-
sically a summary of the steps discussed before. In line [12] the command
‘nullLeft’ determines the matrix f/}% € C"r*F? such that the rows of V}%
form an orthonormal basis for the left zero space of W}, € Ccroxbe,
Matlab one has to apply the command ‘null’, which determines the right
zero space, to (WI%)T, and take the Hermitian conjugate.

In

Algorithm 4.3 Compute vp, for gauge and CT invariant MPS

Input: a,=,A
Output: Tensor vg which allows parameterization eq.
1: function vg = coMPUTEVR(a,=,A)
2 for ¢ = p™™" : p™% do
3: fors=—1,1do
4: for 5, =1: D%do
5 for o, = 1: Dlat(s=1)/2e do
6

[W}q%] (ar,8).8g [(A[q+(s—1)/2]@)1/2 (a%s)T] ar,Bq
7: end for
end for

9: end for

10: end for

11: for g =p™n": pme® do

12: Vi = nullLeft(W},)

13: end for

14: for g = p™" : P do

15: fors=—1,1do

16: fora, =1: n% do > an is rank of ‘71%
17: for 8, = 1: Dlat(s—1)/2e do

18: (5 s = |V o

19: end for
20: end for
21: end for

22: end for

23: end function
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We can find a similar parameterization when we want B to obey the left

gauge fixing condition,

Now we define W} € CP"*F? with components

W] (Bros) — [(a[q+(8_1)/2]@’5)T (E[q+(5—1)/2]e,s)1/2]
0tg,(Brs

0“1767'

and consider VL‘I € CI"*nL 2 matrix such that the columns of VL‘I form
an orthonormal basis for the right zero space of W} € CP"*I™. We thus

~ ~\NT ~
have that W/V}! = 0 and (Vf) Vi = ]lnqL. In general, we expect that
nqL = F9 — DY but we allow for the more general case ny, > F'9 — D1 as

. ] lg+(s—1)/2le
well. Defining now the matrix v}’ € CPxny with components

4,8 . ¥ 7 [q+(371)/2]Cas
[UL j|aq7ﬁr - |:VL ](aq,s),ﬁr
we find that B = B(b) can now be parameterized by a matrix X e C"z*D":
o = ()12 o X0/ 2 (Nl =0/ ) o (4.17)

This agrees with the parameterization (1.26),

-0

Elg.aq), ) = 9a.r[E%ag,8, [Miga0),r,8) = Oar[Aag8,,  (4.18a)

if we note that

and we put
[X](%O‘q):(rwgr) - 5(177'[Xq]aq,ﬁrv (418b)

Vil gag)ir8) = [V lag8:0p.g+(s—1) /200, g+ (s—1) /2 (4.18¢)

.
From (Vg) Vi = ]ln% it follows that

Z (v%’S)T vl = L.

s=—1,1

239



Ground state properties and spectrum: CT invariant case

The pseudocode is presented below, algorlthm- 4.4, Here the command ‘null-
Right’, Ime | determines Vi € CF**"L such that the columns of V; form
an orthonormal basis for the right zero space of W] € CP™*I" |n Matlab
this coincides with the command ‘null(f/Lq)’.

Algorithm 4.4 Compute vy, for gauge and CT invariant MPS

Input: a,=,A
Output: Tensor vy, which allows parameterization (4.17)
1: function vy, = comMpuTEVL(a,=,A)
2: for ¢ = p™" : p™% do
fors=—1,1do
fora, =1:D%do
for 8, = 1: Dlat(s=1)/2le 4o

o X = Wi, ge) = [(“[qﬂm)/z}c’sy

(Slrvtemn/2ies) Y 2]

g s w

O‘q’ﬁr

7: end for

8: end for

9: end for

10: end for

1m1: for g =p™n":pmeT do

12: V7 = nullRight(W})

13: end for

14: for g = p™" : P do

15: for s =—1,1do

16: fora,=1:D%do

17: for 3, =1: [q+(s D/2e 4o >n? is rank of f/]g

. 4,8 _ |vrla+(s=1)/2]e,s

18: [vf ]aq,ﬁr = [VL ](aq’s)ﬂr

19: end for
20: end for
21: end for

22: end for

23: end function

(b) TDVP equations

Once we have parameterized b?° with the block diagonal matrix X, see
eq. (4.15) or eq. (4.17), we have identified the variational freedom in the
representation of |®g[B, A]). The TDVP dictates that we have to minimize

FX,X) = (11960 [WulA]) — [20[B(X), A]) [|2)*
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with respect to the complex conjugate of [X|(g a,.):(r,8.) = [X U ag,8,0q,r We
can now follow the method from subsection Because of eq. (1.27), we
have that

F(X, X) = 216(0) (N(Y, X) - H(X, X)) — terms independent of X

where

and

with

and

The computation of Ky and Lg will be discussed in (c). The only property
that is important for now is that K¢ and Lg are block diagonal:

(Kol (q.00):(r8) = Oa,r [ Gl 80+ [L0) (g,0q)s(r,80) = O [Lleg 5

with K@, L§ e CP*xD,
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As can be verified easily, the parameterization eq. (4.15) or eq. (4.17) implies
that

max

NXEX)= > ((XQ)T Xq) .
gq=pmin
This is also a consequence of eq. (1.28). When B obeys the right gauge fixing
condition it follows from eq. that f(X, X) is minimized with respect to

X if and only if

(4.19a)
(g, q) (¢, 0q)
(g, ) (9,84)
29)~1/2 a5 (Ala+(s=1)/2e) 2 ( asyt
= Z {(:q) (VgH) (Aq c) (UR7 ) }
s=hl agq,Bq
(4.19b)
with
[(V5H) " oy 5. = UVBH) ™ (g0 ) Ol ts—1)/20eOma (512
(4.19¢)
and
Vi =

(4.19d)
Here we used the block structure of =, A and Vg, see eq. (4.16). Contrary to
the TDVP for general states we only need to compute the ‘gauge invariant
part’ of V5 H, see eq. (4.19¢). Note that, because J is gauge invariant and

because of the block structure of A*P, = and A we have also conversely that
S,p q,5
[(VEH)™] (o) rp) = Onlat(s—1)/2eOpars—1y/2 [(VEH) ], 5. -

The efficient computation of the matrix (VgH)q’s e CDIxDITH =D le )
be discussed in (d). Once we obtain (VEH) © the optimal approximation of
Hoy [V, [A]) is |Po[B, A]) with

[B*")(g,00),(r8) = (07" )ag,8,Op.g+-(s—1) /200 g+ (s—1)/2]e
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and

with [Xq]aq’ﬁq - [VYH] (9,24)5(q,84)"

If B obeys the left gauge fixing condition it follows from eq. that

(9, aq)

=3 {(v[g*(s—“/%sy (glre-/e) 172

s=—1,1

(VEH) la+(s—1)/2]e,s (Aq)—l/Q] (4.20&)

ag,Bq

where we used eq. (4.18) and where

(4.20b)
Like for the right gauge fixing condition, gauge invariance of J{ and the block
structure of A%P, = and A implies that

((VEH)™] () r) = Orlat(s—1)/20eOpars—1y/2 [(VEH) ], 4
(4.200)

The computation of (VgH)q’s is discussed in (d). Hence, the optimal ap-
proximation of 3, |V, [A]) is |®o[B, A]) with

b0 = (59) 712 408 xlats=1)/2e (A[q+<s-1)/z}e>—1/2_

and [X,, 5, = [VYH] (g,04)3(9,84)"

(c) Computing (1 — ¢*E)*

To compute Ky and Lj we need to take the (pseudo) inverse of (]l - eikE)+.
As already discussed in subsection this is done by an iterative method
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for which we only need the action of 1 — ¢’*E on a matrix. In fact for the
computation of matrices that take the form

or

- a‘ (1 7 61kE)+

we can use the algorithms[1.2land[1.3} The previous equations are equivalent
with

and

For our applications €2 will also be block diagonal: [Q] (4 ):(r,8) = 94,#[2] a5, -
Using the block structure of A%P, = and A, it immediately follows that we
need to find K and LY such that

Kq _ 6lk Z aq,SK[qJF(S—l)/Q}Q (aqjs)'i' —
s=—1,1

max

p

Q- Y tr(Eq/Qq/> A

q/:pmin

and

L1t 3 ( la+(s=1)/2]es )* Llat(=1)/2e glat(s=1)/2)e,s _
s=—1,1

max

p

QG| > (Qq'Aq') =9,

q/:pmin
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The algorithms for computing these inverses are presented in algorithms[4.5]
and[4.6|and are just resuming algorithms[1.2land[1.3|with taking into account
the previous discussion. The overall computation time scales like

o (2NiterP max(Dq)3> .
q

Algorithm 4.5 Determine (]1 — eikE)+ acting on the right (CT and gauge
invariant case)

Input: a,Q.k,=,A
Output: K.
1: function K = INVTRANSRIGHT(a,$2,k,=,A)
2: if £ = 0 then
3: for g = p™" : P do
p
Q- -5, 3w (E‘/Q‘I'> Al

q/:pmin

max

»

5 end for

6 end if

7: K = bicgstab(@(K)ApplyTransRight(K,a,k),{2)
8: end function

9: function K’ = AppLYTRANSRIGHT(K ,a,k)

10: for g = p™" : P do

11: K1 — K9 _ ¢tk Z a®s Klat=1/2e (qas)T
s=—1,1

12: end for

13: end function

Algorithm 4.6 Determine (]1 — eikE)+ acting on the left (CT and gauge
invariant case)

Input: a,Q.k,=,A

Output: L.
1: function L = INVTRANSLEFT(a,$),k,Z,A)
2: if K =0 then

3: for g = p™™" : P do
pmaz
& Q-5 3w (Qq'Aq/> =4
q/:pmin
5: end for
6: end if

7: L = bicgstab(@(L)ApplyTransLeft(L,a,k), 2)
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8: end function
9: function L' = AppLYTRANSLEFT(L,a,k)

10: for ¢ = p™™" : p™% do
1 L' =14
DS ( lg+(5—1)/2e, )* Llat(s—1)/2le glat(s-1)/2e.s
s=—1,1
12: end for

13: end function

For the computation of Ky and Ly we need to apply the algorithms for

Because of eq. it follows in both cases that ) has the required block
structure: [Q](q,aq);(r,ﬁr) = 5q7T[Qq]aq75r.

(d) Efficient computation of V;

For the computation of V;H we need to compute the following type of
diagrams:

(q. q)

(s,p)

where p = g+ (s —1)/2and r = [¢+ (s —1)/2]e, = and A are block
diagonal and A,, take the form eq. (4.37):

[Elg.00)ir80) = a0 E%aq.8, [A(gag)ir80) = Oar[A]ay,8,

(A2 ) (.00 8:) = Opaat(s—1)/20r g+ (s—1) /2] [05 g, 8, -
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The first diagram can be obtained immediately by noting that

= [EqaquA[H(s—l)/Qle}

aanT

Op,g+(s—1)/20r [g+(s—1) /2] e - (4.21)

For the other two diagrams, we follow the procedure described in subsection
2.1.3] but take now into account the special structure of the matrices. First
we compute

i o o =w-()—(i)-e

(31-171) (52472) (51 5 711) (52~ IJz)
—1)/2]e
— |:a(%781@[2q+(81 )/ ]C752i|

O“hﬁr

Opy,g-+(s1-1)/20p3 [+ (s1—52) /2] Or,q+ (s1—s2) /2

and apply o:

(r. )
(g, O‘q) Do (r,Br) =—

(s1,p1) (s2,p2)

(s1,p1) (s2,12)

= Y (snsalofsh sh) [er ]

s,sb=—1,1

Opy,q-+(s1-1)/20pg [+ (s1—52) /2] Or,g+(s1—s2) /2

alpﬁ'f‘

(0% is defined in eq. (@.13)).
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Next, we perform the following contractions

(g, )

(s,p)
/ ’ — 5’ T
= > [d‘{;;s AdH(s=s)/2 (agﬁ(s D/2e, ) ]
s'=—1,1 aqaﬁv'
Op,g+(s—1)/20m,[g+(s—1) /2] e

(r,Br)

(q. 0q) (r,8,) =

(s.p)

(5,)
= Z [(a[gﬁ(s’—l)/%evs’)f5[q+(s’—1)/2}e
s'=—1,1

[g+(s'"=1)/2]¢,s,s
d1q,2 ‘ Lq 5, Op,q+(s—1)/20r[q+(s—1)/2] >

hence

(5.0)

=[E%€"|ag,8,0p.g+(s—1) /207 g+ (s-1)/2]e>
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- { fas A[q+(s—1)/2]e} St (s 1)/20n [at (s-1) /2]

QQ7B7‘

The steps are summarized in algorithms[4.7]and Algorithm[4.7] concerns
the computation of the diagram

(4.22)

(5.7)

(4.23)

Both diagrams result in a tensor A, which has the same form as the A,
[AZ ) (.00 8:) = Opaat(s—1)/20r g+ (s—1)/2)e [04 o 8, -

The computation time is of order

o <22Nitwp max(Dq)3) .
q

Algorithm 4.7 Diagram eq. for gauge and CT invariant MPS

Input: aj,a2,a3,2,A,0
Output: Outcome a, of the diagram (4.22)
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1:
2:
3:
4:
5:
6
7
8
9

10:
11:

17:

function a, = cOMPUTEDIAGRAM1(a1,a9,a3,2,/A,0)

for qg= pmin . pma:p do

for s1,s90 = —1,1do
as1,52 __ .51 [q+(s1—1)/2]e,s2
Gl = a1 Qg
end for
end for
for g = p™" : p"* do
1,82 = —
for sq,s 1,1do
q,51,52 q| / Q73/1a5/2
d1,2 = E (s1,82]07s7, 59) €12
{5k}
end for
end for

for qg= pmin . pmax do
fors=—1,1do

e = Y [d‘{zg’s,/\%(s#)/? (agqﬂsl)/z]e,s'ﬂ

end for
end for

18: end function

Algorithm 4.8 Diagram for gauge and CTJ invariant MPS

Input: aj,a2,a3,2,A,0
Output: Outcome a, of the diagram (4.23)

1:
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:

function a, = cOMPUTEDIAGRAM2(a1,a9,a3,2,/A,0)

for q = pmin . pmax do

for 51,50 = —1,1do
B2 st plat(si=1)/2)e.s2
1 1 Qg
end for
end for
for ¢ = p™" : p™** do
for s1,s0 = —1,1do
q,51,52 a1t I\ D818y
d1,2 = E (s1,52]07]s7, 59) C1,2
{s3}
end for
end for

for q= pmin . pmax do
fors=—1,1do
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I _ S/ T 7
14: fas = Z <a£q+(8 1)/2]e, ) Sla+(s'=1)/2)e
s'=—1,1
d[ltg—(s’—l)/2]@,s/,s
15: a?® = fasplat(s—1)/2]e
16: end for
17: end for

18: end function

(e) TDVP algorithm for gauge and C7 invariant MPS

We are finally ready to present the algorithm for the TDVP for gauge and
CT invariant MPS. In algorithm we present the ‘gauged CT invariant
version’ of algorithm The input is also the same as in algorithm but
now A = A(a), =, A, have the block structure. ‘stringGaugeFix’ tells us the
desired form of b: ‘left’ if we want b to obey the left gauge fixing condition
and ‘right’ if we want b to obey the right gauge fixing condition.

Algorithm 4.9 Compute gradient TDVP for gauge and C7 invariant MPS

Input: a,=, A, h, stringGaugeFix

Output: X, b
1: function [X, b] = TDVPbIRECTION(a,Z,A,h,stringGaugeFix)
2: a1 = computeDiagram1(a,a,a,Z,A,h) > Algorithm
3 ag = computeDiagram2(a,a,a,=,A,h) > Algorithm
4: switch stringGaugeFix do
5 case ‘right’
6 = > Eq. (4.14
7: Ky = invTransRight(A,,0,=,A) > Algorithm [4.5]
8: for g =p™" : p* do
9: fors=—1,1do
10: ag»s — Eqaq,sK([)‘I+(5_1)/2]€
11 (VgH)q’s = a‘f’s + aQ’S + ag’s
12: end for
13: end for
14: vR = computeVR(a,=,A) > Algorithm
15: for g = p™™" : P do
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24:

25:
26:
27:
28:
29:
30:
31:
32:
33:

34:

35:
36:
37:
38:
39:
40:
41:

X=X [

s=—1,1
(Ale+e-0/72e) o (ng)*]
end for
for q= pmin :pmaz do
fors=—1,1do

pes = (Eq)—1/2 X0%® (A[tﬂr(s—l)/%)*l/2
end for
end for
case ‘left’
= > Eq. (4.14
Lg = invTransLeft(a,2,0,Z,A) > Algorithm 4.6
for q= pmin : pmar do
fors =—1,1do
ag’s = Lga‘I75A[‘I+(S_1)/Q]G
(VgH)q’s =al® +al® + ag’s
end for
end for
vy, = computeVL(a,=,A) > Algorithm

for q= pmin : pmar do
_ T —1/2
X9 = Z |: U%Jr(s 1)/2]e,s E[q+(s—1)/2]e
2 | ) ( )
(VgH) [g+(s—=1)/2]e,s (Aq)—1/2:|
end for
for q= pmin :pmax do
for s = —1,1do
pos = (29) 712 08 xlat(s=1)/2e (A[q+(8*1)/2]e)*1/2
end for
end for

end switch

42: end function

Now we have rewritten the function “TDVPdirection’ we can use the algo-
rithms[2.2land 2.3|to perform a steepest descent or to perform real-time evo-
lution. For our purpose we want to use[2.2)to find an optimal approximation
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|We[A]) of the ground state of H{ where A is automatically gauge invariant:
(.00 e = 0oy 8,0p,g+(s-1)/20r,~p—20-
(s,p)

The steepest descent just keeps on computing [ X, b] = TDVPdirection(a,Z,A,h)
and updates a according to

a%®  a%* — b0 dr

for dr small. The algorithm has converged to its optimal approximation
when

prar
normGrad = Z tr ((XCI)Jr Xq>
q=pmin
is sufficiently small. Instead of normalizing with the general algorithm
we now have to use algorithm With these comments, we conclude

that we can apply algorithm in exactly the same way, we refer to the
pseudocode for the details.

4.1.5. Excitations in the tangent plane

Assume now we have found |We[A]) with

(@0 oo = [a®”] ag,Br 5P,Q+(371)/2 57“, [ples

(s,p)

which is a CT and gauge invariant MPS approximation for the ground state
of H. Then we can use the tangent vectors |<I>£’7[B, Al), see eq. , to
approximate the one-particle excitations with quantum numbers (k,~) €
[—, 7] x {—1, 1}, see subsection[1.4.2] Gauge invariance is imposed by

@ 080 = [6"")ag 5. 0p.g+(s-1)/20r ple-

(s,p)

As in the general case, because the excitations should be orthogonal to the
ground state we can impose either the left gauge fixing condition eq.
or the right gauge fixing condition eq. on B. In both cases, it is
then possible to parameterize B by a matrix X, see eq. for the left
gauge fixing condition and eq. for the right gauge fixing condition.
As discussed in section , the optimal approximation \@gﬁ[B, Al) for the
excited states is found by solving the eigenvalue problem

el f o3y —
HE (X) = By, X
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where ﬁ{;j]cf(X) can be found in egs. 2.20') and (2.21) and

kly=k/2+mify=—1,[kly=Fk/2ify=1.

Let us now assume that B obeys the left gauge fixing condition and thus
that b is parameterized as in eq. . Then in eq. Hy,., is computed
and this involves computing diagrams of the form:

(s,p) (s,p) (s,p)

These can be computed as discussed in equation eq. and algorithms
[4.7 and Note also that eq. involves the computation of the pseudo
inverses (1 — ¢*E)* which can be performed using the algorithmsand
After performing the contractions in eq. we obtain the tensor
H, [X] which takes the form

00" = [0 i

Computing the diagram eq. yields then that

{ﬁ[ek]]cf(X)} (¢,0q),(r,Br) = s [(ﬁ%f(){))q} og,Br

with

) - 3 [y o

s=—1,1
~ la+(s—1)/2]e,s _
(o, 1) a2,

The eigenvalue equation ﬁ[?]cf(X) = Ej}), X thus boils down to finding the
blocks X € CP**P? of the block diagonal matrix X such that ,

~ q .
(7 (0))" = By Xg = 7

The pseudocode is presented in algorithm and in fact resumes algorithm
but takes now into account the special structure of the tensors as dis-
cussed above. Again the main function ’ElementaryExcitation’ invokes the
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iterative eigensolver ’eigs’ to find the smallest eigenvalues of ’ApplyHeff’. As
discussed above, ’ApplyHeff’ computes, given the block diagonal matrix X,

~ q .
(H[?]cf(X)) in
o (22PNiter max (Dq)3>
q
time where Ny, originates from the computation of Ly, L, L3, Ly and K3

that also need an iterative method, see algorithms[4.5]and Note that in
our case we need to give as input k < [k],.

Algorithm 4.10 Excitations in the tangent plane for CJ and gauge
invariant MPS

Input: a,k, h
Output: {X}, {Ex}
1: function [{ Xy}, {€x}] = ELEMENTARYEXCITATION(a,K D)
2 [a, E, A] = normalizeUmps(a) > Algorithm (4.1

3: > Eq. (4.14
4 > Algorithm [4.5|
5: > Eq. (4.14

6 Ly = invTransLeft(a,$2,0,2Z,A) > Algorithm 4.6
7: vy, = computeVL(a,=,A) > Algorithm
8 [{ Xk} {€x}] = eigs(@(X)ApplyHeff(X,a,Ko,Lo,AZvp,h.k))

9: end function

10: function H-//[X] = AppLyHerr(X,a,Ko,Lo,AE,VE,h,k)

11 for g = p™" : P do

12: fors=—1,1do

13: b = (29) Y2 00 xlat(s=D/2e (A[q+(s—1)/2]e)*1/2
14: end for

15: end for

16: = > Eq. (4.14
17: Lo = invTransLeft(a,$2,—k,=,A) > Algorithm [4.6|
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20:

21:

22:

23:
24:
25:

26:

27:

= > Eq. (4.14
L3 = mvTransL;eft (a,92,—k,Z,A) > Algorithm 4.6|
§ ( > Eq. (4.4

= invTransLeft(a,$,—k,Z,A) > AlgorithmE6:|

; )

4.5

Ky = mvTransnght a,$,k,=,\) > Algorithm|4.5
20, algorithmsligand

Compute Hk |, eq. - > Eq. , algorithms

for q= pmm . pmax do

(A 0)' = 2 [(U[Lﬁ(s—l)/me,s)T

s=—1,1

(Em(sfl)/z}e)qm (ﬁk[X]) [+(s—1)/2]e,s (Aq)_1/z}

end for

28: end function

4.1.6. Application to the Schwinger model

In section [2.1)of part[l|we apply this formalism to the Schwinger model with
a = 0, i.e. to the Hamiltonian

‘{'}—C:

g 2N \f 2N
e TL2 im —nO'TL _1\n
Zﬁ(;L( P 2Em Y ) + (1))

2N—-1

+z Y (o ()Mo (n+1)+ h.c.)) .
n=1

This Hamiltonian can be rewritten in the form

t R2N K1 Kn—1 Kn Knt1 Kn+2 KaN

IN—_1

SERSENIDY
N——+oco

) n=1

. . 7 y , _/ "
sl Ran K1 Fn—1 K Fnt1 Fn+2 Kan
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where

K2

[ hon-12 ]:[ h ]and [‘ hanans1 ‘
T

)

K1
] = [ h
vy vy v _/
K Ky K Ky

if we set

8

g s VT i6(1
h= NG (L(l) - 7m(az(l) — ) +a(ot(1)e®@ot(2) + h.c.)).

By applying the TDVP as in subsection we obtain the ground state
approximation |¥e[A]), with

(AN g )i = 0", Op.gr(s-1) /20 Or g~ (s41) 2
In our computations we stopped the steepest descent method when

normGrad ~ 5 x 1072 — 1072,

By normalizing the state we can obtain the Schmidt spectrum and compute
entanglement properties like for instance the Von Neumann half chain en-
tropy, see subsection The energy density wy is computed as

(4.24)
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These diagrams can be computed using algorithm Therefore we only
need the matrix elements

g T
(51, 52lh7]58, ) = 577 (Gun D, (a4 51 = 1)/2)* - {m<s1 ~1))

+ 1'531,52 53’175’2 531,73’1 582,78%)

m
<51752|O%‘5/175/2> 551,31532 sh 2 (51 - 1)

see eq. (4.13)

To find the excitations we set the ground state energy equal to zero, i.e.

and we apply then algorithm[4.10]to find the excitation energies £, and the
corresponding approximations for the eigenstates |® . [B, A]) with

[B*l@00)r.8:) = [0 laq 80p.4 (s 1)/2: Or, g~ (s11)/2-
If we want to have a state with physical momentum k,;,; we need to take
k = kphys\/2/2 in the ansatz |<I>S7V[B,A]>.
4.2. Ground state properties and spectrum for o # 0
4.2.1. Introduction

Let us now turn our attention to the simulation of the Schwinger model with
a uniform non-zero background: a(n) = a # 0. The Hamiltonian now reads

g 2N \/» 2N

= = n) +al? + YEm 1" (oy(n —-1)"

—2\/5(;[L()+}+g nz::l( 1)"™(o2(n) + (=1)")
2N—1

+z Z )€™ (n 4+ 1) + h.c.)>.

Clearly this Hamiltonian is ‘J’2 invariant. To approximate the ground state
we use the MPS ansatz |V, [A]) eq. -

M-O— -0 D DD s
G G Cn CN-1 (65
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wher¢ C - (Slvpla 527102)’ S; € {*17 1}7 p1 € Z[pgnin’pgnam]’ P2 €
Z[p™™, p"®*]. Remember that this ansatz is obtained by blocking the effec-
tive sites 2n — 1 and 2n into one effective site n, see subsection Gauge

invariance is imposed as

(@00 (r6) = (0 (r:6)

¢ (51,1582, p2)

= [aqﬁhsg]aq,ﬁr 6p1,q+(s1—1)/26p2,q+(sl+sg)/25r,p2' (4.25b)

ao . 4
where 9152 ¢ CP**P" From now we denote p™" = ™™ and p™e*

p***. Due to Gauss’ law we have that, if we restrict on the even links to
the eigenvalues p € Z[p"™"", p™| that at the even sites we must restrict to

pE Z[pgzin’pgna:c] with p72‘m'n > pmin and p72nam < pmaa: +1.

Comparing this ansatz with the ansatz in the CT invariant case from the
previous section, see eq. (4.2b), we observe that they are similar. In both
cases the variational degrees of freedom are labeled by only one of the
physical or virtual indices related to the operator L(n). Starting from the
eigenvalue g of L(2n—1) we can obtain the others by updating them accord-
ing to Gauss’ law. For the €T invariant case we had to flip the eigenvalues
in between, which was related to the CJ eigenvalue; here it is even more
straightforwardly. The blocking of the sites comes at the price that the local
dimension of the Hilbert space is squared: on each effective site we have
now two spin systems corresponding to the matter.

Like in the previous section, we now want to reformulate the TDVP and the
search for the excitations using the tangent vectors |®4[B, A]) on the level
of the blocks a?*1%2. 1t should be clear that we can use exactly the same
ideas as in the previous section. In particular we will find again that the
computation time of all the algorithms scales linearly in P = pe% —pmin 1,
A difference is now that the outgoing virtual index r of [AS1PL2P2] (o g
equals r = py = ¢+ (s1+ s2)/2 instead of r = [q + (s — 1)/2]e. Similar we

have that the outgoing index for [(Asl’phs?’p?)T isT=q— (s1+
(q>atZ7T767‘)
82)/2:
[(Asl’pl’SQ’pQ)q (@t ) = 5r,qf(s1+82)/25p27q6p1,(1*(82+1)/2aq7(81+82)/2781’82'
s Qg T Pr

Therefore, as a rule of thumb, we can just copy all the algorithms and for-
mulas from the previous section by performing the following substitutions:

5 — (s1,82),t — (t1,12) (4.26a)

a®s — q®5152 (a[!lJr(S*l)/?](z,S)Jr N (CLII*($>’1+6>’2)/275175’2)Jr (4.26b)
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—1)/2]e,t 2,0t
a‘f’sagﬁ_(s )/2le; _ a¢11,81782ag+(51+52)/ Jta,t (4.26¢)

(a2HE=5)/2 gla (=1 2oyt

2 %

(ag*(tl+1‘/2+S1Jr“>‘2)/2,1‘/1,752)Jr (al{*(81+82)/2,81,82)Jr (4.26d)

with g = p™n, .. p™ s 51, 89,1 1,1y € {—1,1}.

In the next subsections we discuss the optimization methods to find the
optimal ground state approximation with TDVP and the optimal tangent
vectors to approximate one-particle excitations. Because of the similarities
with the CT invariant case in the previous section we won’t go into full detail
and mainly restrict ourselves to the pseudocodes of the algorithms.

4.2.2. Normalization and Schmidt spectrum

To normalize the state we need the action of the transfer matrix E on the
block matrices [Z](4.a,):(r,8,) = 9. [Z% g8, and [A](g.a0):ir,8,) = O [Aarg, 5,

)

For any two tensors A and B of the form eq. (4.25b) with general matrices
a®5152 pas1s2 ¢ CPXD" e have similar to eqs. (4.4) and (4.5):

= 0y Z |:(aq_(sl-+-5>’2)/2,81782>Jr Eq—(sl+32)/2bq_(51+52)/2,51752:|

{sk} agq,Br

(4.27)

=)

“ = 6q . Z |:b(I,81,82Aq+(81+82)/2 (aq,sl,SQ)T
7 aqBr
{sn} ?

(.8,

(4.28)

where Z{Sk} = 251,52:11-
Therefore, to normalize a state and bring it in a desired canonical form, the
only difference with respect to algorithm [4.1|is that we need to redefine the
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functions * ApplyTransferLeft’ and ° ApplyTransferRight’ which implement
the action of the transfer matrix. Now we need to compute the left and right
action on the block diagonal matrices according to egs. and eq. (4.23).
Another small modification is that now

OO

—1
aq,51732 “— anq,51732 (Fq+(sl+82)/2> .

is equivalent to

The pseudocode is presented below in algorithm

Algorithm 4.11 Normalization of a gauge and T invariant MPS

Input: q, stringCanForm

Output: a, ZA.
1: function [a, Z, A, 7, T'| = NorRMALIZEUMPS(a,stringCanForm)
2: [E,1n] = eigs(@(Z)ApplyTransferLeft(=Z,a))

3 [A,n] = eigs(@(A)ApplyTransferRight(A,a))

4 for ¢ = p™™" : P do

5: for s;,s0 = —1,1do

6: a®S1:52 aq,81782/\/ﬁ

7 end for

8 B9+ Z7/tr(E9)

9: A7 — A?/tr(A?)

10: Find matrices X9 and Y such that 27 = X9(X ), A7 = (Y)Y 4
1 [U1,34, V1] = SVD(Y1X19)

12: 39 X4/, /tr((329)?)

13: switch stringCanForm do

14: case ‘left’

15: I =x9vat(xa)-! = Uty

16: =1 =1pgq

17: A = (%9)?

18: case ‘right’

1o re = (Vo) (X)~1 = (%0)~L(U9)tye
20: 24 = (X9)2
21: AT = 1 pg

22: case ‘'symmetric’
23: 7 = (2O)Y2(vot(xo)—1 = (9)-1/2(U9)tye
24: =21 =31
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25: AT =31

26: end switch

27: end for

28: for ¢ = p™™" : p™% do

29: for s1,s0 = —1,1do

30: a®® < T9q®s1:52 (Fq+(51+52)/2)_1
31 end for

32: end for

33: end function
34: function =’ = APPLYTRANSFERLEFT(Z,a)

35: for ¢ = p™™" : p™% do

36: (217 = Z (aq—(ﬁ—&-s’z)/lﬂ,S2)Jf =a—(s1+s2)/2 4= (s1+52)/2,51,82
{sk}

37: end for

38: end function
39: function A’ = APPLYTRANSFERRIGHT(A,a)

40: for ¢ = p™™ : p™* do

41: A9 = Z [aq781752Aq+(51+82)/2 (aq781782)’r]
{5k}

42: end for

43: end function

The Schmidt spectrum of the state |¥,[A]) follows now from computing the
eigenvalues of 2AY denoted by o7, ..., o%, with

max

D D1
1>0{>08>...200,>0, > > ol =1

g=pmin ag=1
Note that these are the Schmidt values with respect to the bipartition
(P =2Z[1,...,2n], " =Z[2n +1,...,2N]}

of the lattice. The Schmidt spectrum is now independent of the parity of the
site where we take the half chain cut. The Schmidt spectrum with respect to
a bipartition of the form

{7t =2[1,...,2n — 1], @™ = Z]2n,...,2N]}
is obtained by decomposing the effective site consisting of the sites and links

2n — 1 and 2n. This will be discussed in subsection[4.3.1] Here we will refer
the Schmidt values corresponding to the bipartition 42" and @™ as ‘the’
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Schmidt values. ‘The’ Schmidt decomposition reads

Z Zwaaq qaq>®‘@§ij:>

q=p™i" ag=1

where v P
@) e @ Aand |05 e @
jedin JEAI

are orthonormal unit vectors. The quantity .S

mazx

P
Z Z ol log

q= pmzn a=1

then corresponds to the Von Neumann entropy associated to a cut of the
lattice between link [2n] and site 2n + 1.

4.2.3. Calculus

Consider now a local operator of the form:

2N—-1

0= E 5n,n+17
n=1

~ _ Tq2n—2~ 2n— n— 2~ 2n—+2
Oon—12n = T 261 9T 72 Gopony1 = T° 37

with 012 resp. 023 a local operator acting on sites 1 and 2 resp. 2 and 3.
Because we are working on the effective site n consisting of sites 2n — 1, 2n
and links [2n — 1] and [2n] we rewrite this sum as

N-—1
0= E On n+1
n=1

where

Onni1 = Tn_loTn_l

with 0 = 01 2+02 3 defined on the effective sites 1 and 2 (i.e. onsites 1,2, 3,4
and link [1], [2], [3], [4]). In components we have

<C17 C2’0|<15 C2> <’€17 ’€2|01 2|’€1> H2> 5C’ (o +5m1 ménﬁl K4 <K/2) ”é|02,3”i27 ’€3>
with

Ck = (szq, /<52k) = ((32k717p2k71), (Szk,mk)): (32k717p2k717 32k7p2k);
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CI:: = (KJIZk—la ”ék) = ((Sék—lvp,zk:—l)’ (Slzk’plzk)): (5/2k—1apl2k—175,2k7p,2k)

(si,s; € {—1,1},pi, P € Z). For further use we define the matrix elements
(with the notations from above)

! / / / ! !
<317 S92, 53, 34|0q’317 82, 53, 34) = <C17 C2‘0|Clv C2>
Oph (s} —1)/20py g+ (s} + ) /20ph g+ (5] + s+ 55 —1)/20p] g+ (51 +sh+ 55 +1) /2
51’17q+(31*1)/252027q+(31+82)/25P37q+(51+82+83*1)/251047q+(81+82+83+84)/2

551 +s2+s3+54,81 +sh+s5+s) Ypa,p) (4.29)

The interpretation of the matrix elements (s!, s, s5, s)|0%|s1, s2, s3, $4) is
that they equal the general matrix elements (({, ¢5|0|C1, (2) where we take
into account Gauss’ law. Thereby we interpret the q as the incoming eigen-
value of L(n). Given the charges s; and s, on the matter sites, the Kronecker
delta’s indeed reflect Gauss’ law which tells us to compute p; from p;_;
and s; as p; = pi_1 + (s; + (—=1)%)/2. One recognizes here the matrix
elements occurring in eq. for K = 4. As a consequence, the com-
putation of the expectation values only depends on the matrix elements
(s}, sh, sh, sylo]s1, 2, 3, S4).

For the expectation value per site of O with respect to |¥,[A]) we have

(4.30)

where A,, has the block structure

[Ail,PLSQ,PQ] — [aq,smg]

(@:0q)(r,Br) = g, Op1,a+(51-1)/20p2,g+ (s1+5) /207 pa -

(4.31)
and = and A are block diagonal

[E](qvaq)v(Tvﬁr) = [Eq]aqﬁr(sqﬂ"? [A](q,aq),(r,ﬁr) = [Aq]aq,ﬁréq,r (432)

and o can be any operator acting on two effective sites.
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The computation of this diagram is similar to the computation in subsection

First we compute for (k,1) = (1,2), (4, 3):

K1 K2

G ¢
_ | .9,51,52,53,54
- [C 5171»(1-1'(81—1)/25P27Q+(81+82)/2

K, }
’ atuT‘
5p37q+(81 +s2— 1)/25p47q+(81 +s2 +83+54)/25r,p4
with
[cq781782,83784} _ [az,swz a?+(sl+52)/2,53,54
aq»ﬁr

aq’ﬁ’r

Next we compute

(r.8r)

B3 g,

Op1,g-+(s1-1)/20p2,0-+ (51+52)/20p3.,q-+ (s1-+52-1)/20pa,0-+ (s1+s3+ 53+54)/207,ps
with
q,51,52,83,54 __ / / / / ,S/ ,8/ ,sf,s’
d172 - : : <Sl732783734‘0q|31,$2733,34>Cq 17257374
{s},}=—-11

With these definitions we can already compute the following diagrams

-5 [<Cq—(sl+52+53+54)/2,sl,52,53,54)T
= Og,r 4,3
{sk}
Eq_(51+52+53+84)/2d‘f_2(81+S2+S3+S4)/2’81’82’53’84} . (433a)
’ aq’ﬁr
and
((Loq) ({Ia”q)
(r,ar) (r, Br)
T
— 5q’r [d(f’gl’32’83’84AQ+(51+52+53+84)/2 (03’31’82’83’54) (4.33b)
a‘hﬁf'

{sk}
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which is similar to eq. (4.14). The expectation value can now be computed
easily:

max

tr (2909) .
P

q= min

p

The pseudocode is given below

Algorithm 4.12 Expectation value of a gauge and T2 invariant MPS

Input: a1,02,a3,a4,=,A,0
Output: Outcome of the diagram
1: function (0) = EXPVALMPS(a1,a2,a3,a4,2,A,0)
2 for ¢ = p™" : P do
3: for s1,892,53,54 = —1,1 do
4 PSLszsass a‘f’sl’82a§+(81+82)/2’83’84

)

q,51,52 _q+(s1+52)/2,53,54
as

4,51,52,53,54 __
6 end for
7: end for
9 for s1,59,53,54 = —1,1do
q,51,52,53,54 q| o/ / / / qullzséasézsil
10: di’y = E (51,52, 53, 54]0%]57, 85, 83, 84) €15
{3}
11: end for ;
) q_ q,51,52,53,54 A q+(s1+52+s3+54)/2 [ .4:51,52,53,54
12: 01 = E Py A €43
{sk}

13: end for

pm(mt
14: (o) = g tr (29Q9)

q:pmin

15: end function

4.2.4. TDVP

According to the TDVP, see section given a state |¥,[A]), we have to
find B such that it minimizes

|3 Wu[A]) = |Ro[B, A]} [|2 with (Ro[B, A]|Wy[A]) = 0.
Now A and B take the form eq. (4.25D):

[A817P1,S27p2] —

[aq731752]aq7ﬁr

(g,0q)5(r,Br)
5}21 ,q+(s1 —1)/25;72 ,q+(s1 +52)/25T,p2 ) (4-343)
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[le,}?l,sz:PZ] bQ751,s2

]a(bﬂr
5p17‘”(51*1)/25172,q+(81+52)/25r,p2 ) (4.34b)

(g:00q)5(r,Br) = [

Here we assume that I is gauge invariant and of the form

N-1
H=>) T hg !

n=1

where h acts only non-trivially on the effective sites 1 and 2 (i.e. on sites 1,

2, 3,4 and link [1], [2], [3] and [4]).
(a) Gauge fixing in the tangent plane

Because of eq. (4.28), when B obeys the right gauge fixing condition

we can parameterize b?°1°2 by a block diagonal matrix with blocks X? €
CDqXTL%:

pes182 (Eq)71/2 Xqvg%,shsz <Aq+(s1+52)/2)*1/2 (4.35)

where v}, € Crx D72 ah be obtained from algorithm This
algorithm is similar to algorithm[4.3|for the €T invariant case. As discussed
in that algorlthm the command ’nullLeft’, line [12] determines the matrix
VR € C"=*F" such that the rows of V]% form an orthonormal basis for the
left zero space of W} € CH**D? Here we have that

max

p

Z Z Dat(sits2)/2

q=p™" {sy}

and an > F9 — D9 is the dimension of the kernel of W,1.

Algorithm 4.13 Compute vg for gauge and T2 invariant MPS

Input: a,=,A

Output: Tensor vr which allows parameterization eq.
1: function vg = compuTEVR(a,=,A)
2: for ¢ = p™™" : P« do
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3: for s;,s0 = —1,1do

4: for 3, =1: D%do

5: for a, = 1: DIt(s51152)/2 g

WH s, = (000 C52) P @]
7: end for

8: end for

9: end for

10: end for

11 for g = p™" : P do

12: Vi = nullLeft(W})

13: end for

14: for g = p™" : P do

15: for s1,s0 = —1,1do

16: fora, =1: n‘]]% do > an is rank of V}%
17: for 3, = 1: DIt(s1+52)/2 (o

q,51,52 _ q

b [UR ]aq,ﬁr B [VR] ag,(Br,s1,52)
19: end for
20: end for
21: end for

22: end for

23: end function

The parameterization eq. (1.25)),

-0

is recovered if we put

[X] (%aq):(raﬁr) = 5(]77" [Xq]aqyﬁr )

q,51,52

V' P 2] (gag)ir8r) = VB 7 g8, Op1 gt (s1—1)/20pa g+ (s1 +52) /20,2 -

~ o [\ T
Note that V2 (Vg) = ]lan implies that

q,51,52 (, ¢,51,52\T _
g vp (UR ) = ]lan.
{sk}

Similarly, if B obeys the left gauge fixing condition,
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b?1:52 can be parameterized by X9 € crxD?;
pe:s1,52 — (Eq)—l/z U%81782Xq+(51+52)/2 (Aq+(81+82)/2> —1/2 ] (4.36)

. q+(s1+s2)/2 |
The pseudocode to obtain v¥°1'*2 € CP"xnp is presented below,

algorithm m Here the command ‘nullRight’, determines f/Lq e CFixng
such that the columns of V! form an orthonormal basis for the right zero
space of W} € CP"*F" with

max

p

i — Z ZDQ—(81+82)/2

q=p™in {s;}

and nqL > F1— D1,

Algorithm 4.14 Compute vy, for gauge and T2 invariant MPS

Input: a,=,A
Output: Tensor vy, which allows parameterization (4.36)
1: function vy, = comMpuTEVL(a,Z,A)

2: for g = p™" : p* do

3: for s;,s0 =—1,1do

4; fora,=1:D%do

5: for 3, = 1: DI~(51+52)/2 do

¥ e = |52
(Eq—(81+82)/2751,82)1/2:|

ag,Br

7: end for o

8: end for

9: end for

10: end for

1m1: for g =p™n":pmeT do

12: V7 = nullRight(W})

13: end for

14: for g = p™" : P do

15: for s1,s0 = —1,1do

16: fora,=1:D%do

17: for 3, =1: n%+(sl+s2)/2 do >n? is rank of V!

) q,51,52 _ | vra+(s1+s2)/2,51,52
. [UL ]aq767‘ B [VL (ctg,51,82),8r
19: end for
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20: end for
21: end for
22: end for

23: end function

The parameterization eq. (4.36) agrees with the parameterization eq. (1.26)),
-- (00

[X] (%aq)v(?"vﬂr) = 5q,r [Xq]aq7ﬁ7' ?

(@00)i(r8r) = V17 g8 0py a4 (s1-1) /207,20 (51 -+52) /2

if we put
[V£1>p1’827p2:|
o\t
From (Vg) Vi = 1,4 it follows that

3 (U%f(sﬁsz)/Zsl,sz)TU%—@ﬁsz)/zsl,sz _1
{sk}

TLL’
(b) TDVP equations

Once we parameterized b%9°1-%2 with the block diagonal matrix X, see eq.

(4.35) or eq. (4.36), we have identified the variational freedom in the repre-
sentation of |®g[B, A]). The TDVP dictates that we have to minimize

FXX) = (1€ [u[A]) — |@[B(X), A]) [|2)*

with respect to X with (X (g.00)5r,8,) = Oqr [X7]

aleT"
When B obeys the right gauge fixing condition we find in a similar way as
in the previous section, see in particular eq. (4.19), that we need to take

(X a8, = [VxH](g0,):(0.80)
with

q, )

(9, q) z (
(¢, ) (4 B4)

q;qq
5 [l s
{s}

( Aq+<51+sz>/2>

—1/2 (U%31,32)T:|
O‘qﬁq
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(V)] 5 = [(VBH) ™ )
5

p1,Q+(81—1)/25P27q+(81+82)/267"7p2

and

The computation of Ky will be discussed in (c) and the computation of
(VEH) 7052 Wil be discussed in (d).

If B obeys the left gauge fixing condition, we find as in eq. that the

solution X equals
[X a8, = [VxHl (g0,

with

(4, 84) B @ (q,84)

(q. )

(q.q)

(VBH)Q_(51+S2)/275L52 (Aq)71/2j|

M
aq,Bq

[(V3H)"2),, 5, = (g H) )

aq 757‘ -

(¢,04),(7:5r)

517141+(51—1)/25172711+(81+82)/267"7P2 )
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The computation of Ly,

will be discussed in (c) and the computation of (VEH) L5250 ().
(c) Computing (1 — ¢™*E) T
If €2 is block diagonal, [] (4 a):(r.3) = 4.+ ay,s,, the equations

are equivalent to

K9 — ¢tk Z @552 [¢at(s14s2)/2 (aq,SLSE)T —
{sk}

max
p

Qg0 | > tr(EQ’QQ’) A

q/:pmin
and

4 _ ok Z (aq—(81+82)/2,81752)Jr L3 (s1+s2)/2 q—(s1+52)/2,51,82
{sk}

max
p

Qg | > (Qq'Aq') =9,

q/:pmin
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Therefore K and L can be computed with a method that solves the previous
equations iteratively in

o <4Nit6TPmax(Dq)3)
q
time. The algorithms for computing these inverses are presented in the pseu-

docode of algorithms and and are very similar to the algorithms[4.5]
and[4.d for the CT invariant case.

Algorithm 4.15 Determine (]l — eikE)Jr acting on the right (72 and gauge
invariant case)

Input: a,Q.k,=A

Output: K.
1: function K = INVTRANSRIGHT(a,2,k,=,A)
2: if £ = 0 then

3: for ¢ = p™"™ : pT do
pmaz
& Q=G0 | Y (EQ’Q‘J’) A
q/:p'min
end for

5
6 end if

7: K = bicgstab(@(K)ApplyTransRight(K,a,k),(2)
8: end function

9: function K’ = AppLYTRANSRIGHT(K ,a,k)

10: for ¢ = p™" : p™% do

11: K,q = Kq — elk’ Z aQ7sl752Kq+(31+82)/2 (aq781752)1-
{sk}

12: end for

13: end function

Algorithm 4.16 Determine (]l — e”“E)Jr acting on the left (72 and gauge
invariant case)

Input: a,Q.k,=,A
Output: L.
1: function L = INVTRANSLEFT(a,$),k,Z,A)
2: if £ = 0 then
3: for ¢ = Pmin : Pmaz do
D
& Q-5 3w (Qq’AQ’) =4

q/:pmin

mazx
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5 end for

6 end if

7: L = bicgstab(@(L)ApplyTransLeft(L,a,k),(2)
8: end function

9: function L’ = AppLYTRANSLEFT(L,a,k)

10: for ¢ = p™" : p™% do
11: )9 — 14 _ eik Z <aq—(51+82)/2781,82>T
{5k}

L3~ (s1+52)/2 [ q—(s1+52)/2,51,52
12: end for
13: end function

For the computation of Ky and Ly we need to apply the algorithms for

where ) can be computed as in eq. (4.33).

(d) Efficient computation of V;H

For the computation of V;H we need to compute the following type of
diagrams:

where ( = (s1,p1,52,p2),p1 = ¢+ (51— 1)/2,r =pa = q+ (s1+52)/2, E
and A are block diagonal and A,, take the form eq. (4.34):

[E] (q,0);(rBr) — 5q,T[Eq]aq,Bw [A](anQ);(Tvﬁ'r) = 5:1,7" [Aq]awﬁr

[AfllvphSvaQ} a%751752]

(g,0q);(r,Br) = ‘5:01,q+(5171)/25p2,q+(51+52)/25np2[ ag,Br
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For the first diagram we find

— [Eqaqys1,82Aq+(81+s2)/2}

ale’r

5101,q+(81*1)/257‘,1725r,q+(s1+32)/2- (4.38)

with ¢ = (s1,p1, S2, p2).

To compute the two other diagrams, as in subsection [2.1.3] we start with

(0) Cus (8 = @ag) n5)
G G

G G2

{a(f’sl’” ag+(51+52)/2,53754]

a(pﬁr
5:01,q+(81—1)/25p27q+(81+82)/26p37q+(51+82+83—1)/2

5p41q+(51+52+53+34)/25T7p4
(Ck = (S2k—1, P2k—1, S2k, P2k)) and then apply o:

(g: ) (r,Br)

(g, ) Dip (r,8,) =

G G2

! ! / !
— E (81,892, 83,54|07]8], 85, 55, s) [cq’sl"s?’s?”s‘l]
{53}
5171,q+(51*1)/25172,q+(51+S2)/25P3,q+(31+S2+S3*1)/2

5p4,q+(51 +s2+s3 +S4)/25T1p4

aq:ﬁr

((s1, 52, 53, 54]0%[s], sb, 54, s}y) is defined in eq. (4.29)).

The outcome of the diagrams eq. (4.37) can now easily be computed:
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Next, we perform the following contractions (( = (s1,p1, 2, P2))

(q: )

(g. ) (r,8r) =
¢

= E [d({’zl782’5,1’SI2AQ+(S1+82+S’1+5’2)/2
{sk}
( Q+(81+82)/2,s'1,s’2)T:|

az
Qgq Br

5101,q+(51—l)/25p2,q+(51+52)/257‘,p2 ’

(r.5)

-y [(ag—wws@/asasg)T Za—(s}+55)/2
{5}
dr ]
1,2
’ aq:ﬁr

51717q+(81—1)/25p2,q+(51+52)/25T,p2 )

hence

—[=4,9,51,52
=[=%e Jevg 8- 0p1 g+ (s1-1)/20pa,q-+ (s1+52) /20r,p2
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= (gay) (r, )
¢

— {fq751,82Aq+(81+$2)/2}

aan’r

Opy,q-+(s1-1)/20ps -+ (s1+52) /207, pa-

The steps are summarized in algorithms and The algorithm
gives the outcome of the diagram

(4.39)

(4.40)

Both diagrams result in a tensor A, which has the same form as the A,,:

[AZPEP2P2 ] aa)srBe) = Oprgt(s1-1)/20p,q+(s1-+82) /20mp2 [0 |y 8, -

The computation time scales with

o (42NiterP max(Dq)3> .
q

Algorithm 4.17 Diagram (4.39) for gauge and T2 invariant MPS

Input: aq,a9,a3,2,A,0
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Output: Outcome a, of the diagram (4.39)

1: function a, = COMPUTEDIAGRAM1(a1,a2,a3,=,A,0)
2 for g = p™" : p"** do
3 for s1,59,83,54 = —1,1do

4,51,52,53,84 __ ;81,52 q+(s1+52)/2,83,84
4: 12 =a a,
5: end for
6 end for
7 for g = p™" : p"** do
8 for s1,89,83,54 = —1,1do

dq,s1,5253,54 _ q| ! / / / Qa5/175/275§,7521
9 1,2 = (81,82, 83, 84|0%[s7, 85, 85, 54) €12
{s3}
10: end for
11 end for
12: for q= pmm . pmax do
13: for s1,s0 = —1,1do
14: ed51:52 — E [dgélvs%sﬁ73/2Aq+(sl+sz+s’1+s’2)/2
{sp}
gdH(s1ts2).s1,5 f
3

15: al®tt? = Blets1,52
16: end for
17: end for

18: end function

Algorithm 4.18 Diagram for gauge and T2 invariant MPS

Input: a;,a2,a3,2,A,0
Output: Outcome a, of the diagram (4.40)
1: function a, = coMPUTEDIAGRAM2(a1,a2,a3,2,A,0)

2 for ¢ = p™™" : p™% do
3 for s1, 589,583,584 = —1,1do
4 c(f:§1,52,53754 _ a%sl,SQag+(81+52)/2,53,54
5: end for
6: end for
7 for ¢ = p™" : p™% do
8 for 81,82,83,84:—1,1d0
/ / ! /
9 d%:;LSQS&&L = Z <31a 52,53, 54|0q|5/1a 5,27 Sé’)» Sil) 63131782,83784
{s3}
10: end for
11: end for
12: for q= pmin . pmax do
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13: for s;,s0 = —1,1do
” EEEDY (ag—“’l*sé)/%i’sé)T Za— (s +55)/2
{s}}=—1,1
d(11—2(3/1+5'2)/273/1,8'2,81782
15: al®1%? = fq781752Aq+(81+82)/2
16: end for
17: end for

18: end function

(e) TDVP algorithm for gauge and 72 invariant MPS

In algorithm we present the ‘gauged T invariant version’ of algorithm
One notices that this algorithm is very similar to that of the previous
section, algorithm The input ‘stringGaugeFix’ is the desired form of the
output b: ‘left’ if we want b to obey the left gauge fixing condition and ‘right’
if we want b to obey the right gauge fixing condition. The computation time
of the algorithm, when P, 2 < max, DY, scales with

o (42Nim,P maX(Dq)3> .
q

Algorithm 4.19 Compute gradient TDVP for gauge and T2 invariant MPS

Input: a,=, A, h, stringGaugeFix

Output: X, b
1: function [X, b] = TDVPDIRECTION(a,Z,A,h,stringGaugeFix)
2: ay = computeDiagram1(a,a,a,=,A,h) > Algorithm
3: ag = computeDiagram2(a,a,a,=,A,h) > Algorithm
4: switch stringGaugeFix do
5: case ‘right’
6: = > Eq. (4.33
7: Ky = invTransRight(A,Q,0,=,A) > Algorithm 4.15
8: for ¢ = p™™" : p™* do
9: for s1,s0 = —1,1do

10: aq,81732 — Eqaq,sl,sng+(51+52)/2

11: (VEH)Q’SLSQ — at{,shsz —l—CL%’SI’SQ + ag,sl,sz

12: end for

13: end for
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24:

25:
26:
27:
28:
29:
30:
31:
32:
33:

34:

35:
36:
37:
38:

39:
40:
41:

vg = computeVR(a,=,A) > Algorithm
for q= pmin :pmam do

X1 = Z [(Eq)*l/Z (VEH)q,sm’z

{sx}
(AQ+(81+32)/2> —1/2 (’L);]%’SI’S2)T:|
end for
for ¢ = p™™ : p™* do
for s1,50 = —1,1do
951,52 — (EQ)_l/Q Xqv}]%’sl’SQ (AQ+(S1+82)/2)_1/2
end for
end for
case ‘left’
- > Eq. (4.33
Ly = invTransLeft(a,$2,0,=,A) > Algorithm [4.16|
for g = p™" : p"* do
for s1,50 = —1,1do
aq,81732 — Lgaq,sl,SQAq+(sl+32)/2
(VEH)Q,81752 — a({,sl,sg + ag,sl,sg + ag,sl,sz
end for
end for
vg, = computeVL(a,Z,A) > Algorithm

for ¢ = p™" : p™* do
X7 — Z [(U%—(81+52)/2751782)T (Eq—(s1+52)/2)_1/2

{sk}

(VEH)Q_(51+52)/2751732 (Aq)—l/Q]

end for
for q= pmin :pmax do
for s1,50 = —1,1do

p51,52 — (Eq)—l/Q U%ShszXqHsﬁsz)/z
(Aat(si+s2)/2) =12
end for
end for

end switch

42: end function
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Now we have rewritten the function “TDVPdirection” we can use the algo-
rithms and to perform a steepest descent or to perform real-time
evolution.

When using algorithm 2.2 to find an optimal approximation |¥,[A]) of the
ground state of H{ where now A is automatically gauge invariant,

- — q,51,52
(@) i) = [a ]aqﬁr(sp#ﬁ‘(sl—1)/251727Q+(51+52)/26T’7p27
(s1,p1, 52, p2)

the steepest descent just keeps on computing [ X, b] = TDVPdirection(a,=,A,h)
and updates a according to

aQ751132 — aq731752 _ bq151752d7-

for dr small. The algorithm has converged to its optimal approximation
when

normGrad = pi“f tr ((XCI)Jr X‘l>

4=Pmin

is sufficiently small. Instead of normalizing with the general algorithm
we now have to use algorithm With these comments, we can apply
the algorithm [2.2)in exactly the same way, we refer to is pseudocode for the
details.

In a similar way we can now apply algorithm[2.3]to perform real-time evolu-
tion with a time-independent Hamiltonian by invoking the function [X, b] =
TDVPdirection(a,=,A,h) via algorithm [4.19] In this formulation it is hard
to let the bond dimension grow during the evolution as the TDPV here
is developed for an optimal evolution within the manifold of MPS with a
fixed bond dimension. In general however, we expect the entanglement to
grow with time during real-time evolution and it would thus be convenient
to increase the bond dimension. Therefore we will rather use the iTEBD
method that will be discussed in the next section.

4.2.5. Excitations in the tangent plane
Assume now we have found | ¥, [A]) with
(g, @) (r,B) = [aq751,82]aq,5T5p17q+(51_1)/25p27q+(51+52)/257«’p2.
(s1,p1,52,p2)

which is a T2 and gauge invariant MPS approximation for the ground state
of H. Then we can use the tangent vectors |®;[B, Al]), see eq. (1.16), to
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approximate the one-particle excitations with momentum k € [—7, [, see
section[1.3] Gauge invariance is imposed if

— »51,8
(@00 (o) = 0T oy 5, Opy g (51-1)/20p3, 0+ (s1+52) /2072 -

(51¢P1~ S‘LPZ)

As in the general case, because the excitations should be orthogonal to the
ground state we can impose either the right gauge fixing condition eq.
or the left gauge fixing condition eq. on B. In both cases, it is then
possible to parameterize B by a matrix X, see eq. for the right gauge
fixing condition and eq. for the left gauge fixing condition. As dis-
cussed in section the optimal approximation |®[B, A]) for the excited
states is found by solving the eigenvalue problem

HI(X) = E.X

where ﬁ[gff(X) can be found in egs. and .

Let us now assume that B obeys the left gauge fixing condition and thus
that b is parameterized as in eq. 1! Then in eq. li Hj, is computed
and this involves computing diagrams of the form:

These can be computed as discussed in equation eq. (4.38) and algorithms
and Note also that eq. (2.20) involves the computation of the

pseudo inverses (1 — e’*E)T which can be performed using the algorithms

and [4.76] After performing the contractions in eq. (2.20) we obtain the
tensor Hy[X] which takes the form

{(ﬁk[X])Shpl,SQpr](q’aq%(r’ﬂr) — K}Nzk[XDq,sl,sz]%ﬁr

5171,q+(81—1)/25pz,q+(51+82)/2573P2 :

Computing diagram yields then that

{ﬁk(x)} (@) (nfr) O Kﬁ’iff(X))q} agBr
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with

(ﬁ;ff(X))q _ Z |:(’U%(81+82)/2781782>T (Eq—(51+52)/2) —1/2

{sx}
~ —(s1+s2)/2,s1,82
(ngay) ™ oy

The eigenvalue equation lflgff(X) = &1 X thus boils down to finding the
blocks X7 € CP**P? of the block diagonal matrix X such that ,

- q .
(X)) = exxt,q = pmin, L pme,

The pseudocode is presented in algorithm [4.20| and is similar to algorithms
and The main function ’ElementaryExcitation’ invokes the iter-
ative eigensolver ’eigs’ to find the lowest eigenvalues of ’ApplyHeff’. As
discussed above, ’ApplyHeff’ computes, given the block diagonal matrix X,

~ o q .
(Hk,ff(X)) in
o (42PN,-M max (Dq)?’)
q

time where Ny, originates from the computation of Lg, Lo, L3, Ly and K3
which also need an iterative method, see algorithms and

Algorithm 4.20 Excitations in the tangent plane for 72 and gauge invariant
MPS

Input: a,k, h
Output: {X;}, {Ex}
1: function [{ Xy}, {€x}] = ELEMENTARYEXCITATION(a,k, )

2 [a, E, A] = normalizeUmps(a) > Algorithm 4.11
3: > Eq. (4.33
4 > Algorithm [4.15|
5: > Eq. (4.33
6: Lo = invTransLeft(a,2,0,=,A) > Algorithm [4.16|
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7:
8:

vy, = computeVLl(a,=,A)
{ Xk}, {€k}] = eigs(@

9: end function
10: function H;jff[X] = AppLYHEFF(X ,a,K,Lo, A2,V ,h k)

11:
12:

20:

21:

22:

23:
24:
25:

27:

for q= pmin ; pmaT do
for s1,s0 = —1,1do

> Algorithm

(X)ApplyHeff(X,a,Ko,Lo,\,Z,v1,,h,k))

pe:S1,52 — (Eq)—1/2 v%’sl’SQXqu(lerSQ)/Q (Aq+(81+32)/2)_1/2

end for
end for

Ly = mvTransLeft (a,92,—k,Z,A)

> I3

Ky = mvTransnght a2k, =,A)

Compute Hk ], eq. -
for q= pmm : pmaT do

> Eq.

4.33

> Algorithm

[4.16|

> Eq.

4.33

> Algorithm

[4.16|

> Eq.

4.27

> Algorithm

.16

> Eq.

4.28

> Algorithm

4.15

4.18

> Eq. , algorithms|4.17/and

(ﬁ;ff(X))q = [(v%(51+52)/2)T

{sk}

(Eq_(51+52)/2>_1/2 (ﬁk[XDq—(lersz)/Z,sl,sQ (Aq)_1/2

end for

28: end function
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4.2.6. Application to the Schwinger model

In section[2.2]and section[3.3of part[l|we apply this formalism to the Schwinger
model with o # 0, i.e. to the Hamiltonian

g 2N \/» 2N
— 2 L n n
o= 52 (Solato) ol 4 S 1) )+ 1

2N-1
+x Z (et (n)e? ™Mo~ (n +1) + h.c.)>.
n=1

By blocking sites 2n — 1, 2n and link 2n — 1 and link 2n into one effective
site the Hamiltonian can be written as
N-1
=3 (7)) h(T) T (V= 4oo)

n=1

h=-2_ ([m) +a’ +[L(2) + o]’ + fm(—ozﬂ) +0:(2) +2)

+ $(0+(1)ez‘0(1)0—(2) + U+(2)€i9(2)0—(3) + h.c.)).

For our applications we will be interested in the string tension o, which is
the difference of the ground state energy for o # 0 with the ground state
energy for o = 0 per unit of length. Therefore we will immediately subtract
this contribution from the Hamiltonian. More specifically, if €g is the ground
state energy per site of H with o = 0, i.e. €9 = 2wy with wy the energy
density computed in eq. (4.24), then we renormalize h by

h<+h—2wl®l.

Using the TDVP, see subsection we obtain the ground state approxi-
mation | ¥, [A]) with

[A317p1732,102} [aq,51:32]

(g:0q)i(r,Br) = aqBr Op1 g+ (s1-1) /20ps,q+ (51 +52) /207,p2

In our computations we stopped the steepest descent method when
normGrad ~ 5 x 1072 — 10, With this renormalized Hamiltonian the
string tension equals
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We will also be interested in the electric field

with

op = (L(1) + L(2))/2.

These diagrams can be computed using algorithm Therefore we only
need the matrix elements

Y Y A
<31782a53734|hq’31a32733734> = 553,35(554,321

g
2\/5 (531,3’1 532,5’2
T

((q +51—1)/2)% 4+ (g + 51+ 52)/2)® + 7m(—s’l + 594+ 2) — 2:):w0>

+x (551,5/2551,3’2551,75/1 552,73/2533,33 + 551,5/1652,3{355'2,53653,7%532,75/2> 534,52)

g+s1—1+(s2+1)/2

!
84,5) 92

O, s Ogq 510

<Sla 52,53, S4|OqE|S/17 5/23 Sg’ 5£1> =0

see eq. (4.29).

The Schmidt spectrum is obtained as discussed in subsection[4.2.2 In partic-
ular we are interested in the renormalized entropy AS,, associated to a half
cut of the lattice which is the difference of the entropy of the ground state of
Hq with o # 0 with the entropy of the ground state of H{p with o = 0. We
always assume that the half cut is taken between an even and an odd site.

! !/ !
51,81 Y82,55 V53,83

To find the excitations we put the ground state energy equal to zero, i.e.

and we apply then algorithm[4.20]to find the excitation energies £, and the
corresponding approximations for the eigenstates |®y[B, A]) with

[38171717527172] bQ731752}

(q,0q);(r,Br) = [ ag,Br 6]717Q+(51—1)/251727q+(51+52)/257’,p2 :
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4.2.7. Real-time evolution within the coherent state
approximation

Using the one-particle excitations we can approximate real-time evolution
within the one-particle spectrum of H,. If H,, is the Hamiltonian in an
electric background field oy

g 2N \/» 2N
= n) + apl? + YEm —1)*(o,(n -1"
%ao—2ﬁ<;w( ) +aol + 2 ;( 1™ (o=(n) + (1))

2N—-1

+x Z (et (n)e® ™o~ (n +1) + h.c.)>.
n=1

and J{, is the Hamiltonian in an electric background field «, then we can
write (up to an irrelevant constant)

Ho =Hoy + €V
where
p 2N
V=-"=% L(n)

and € = o — ag. Now we approximate H, by a free bosonic Hamiltonian of
the form

Ho = [ dk ( > Em(k:)ain(k)am(k)> : (4.41)

Here the integral goes over the momenta from — till m, the sum over m
goes over all one-particle excitations and &,,(k) is positive. The operators
am and al, are the annihilation and creation operators of the one-particle
excitations with energy €,, (k) and momentum k which satisfy the canonical

commutation relations
[an(K'), aly (k)] = 6(K' = k)dmn, [am ('), an(k)] = 0, [al,(K'), al, (k)] = 0.

Using the TDVP, algorithm[4.19] we have a uMPS approximation |¥,,[A]) for
the ground state of 3, and by using algorithm [4.20| we have a MPS approxi-
mation |®x[Bp,(k), A]) for the m-th one-particle excitation with momentum
k and energy &,,(k). They are normalized as

<\I’u[A]|\Iju[A]> =1 (4.42a)

<\I}u[A} ‘(I)k[Bm(k)v A]> = 27r5(k)5m,0Nelff[Aa Bm(k)] (4‘42b)
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<(I>k’ [Bn(k,)’ A”(I)k[Bm(k)v A]> = 271'(5(/{7 - k/>5n,mNe2ff[Bn(k/)v Bm(k)]
(4.42¢)
where Nelff and N? 7 are finite values depending on the tensors of the MPS,
see subsection We will normalize the states such that N2,. = 1. The
delta-Dirac functions originate from the infinite lattice length and have to
be read as

2N
(5(k — k/) = Nliriloo g(sk’k/ (4.43)

where 2N (N — 400) is the number of sites on the lattice. In this approxi-
mation we have that

Ho [Wu[A]) = 0, Ho | @k [Bm(k), A]) = Em (k) [Pk [Bm(k), A]) ,

and
1

am (k)T |0, [A]) = Nors

|[@%[Bm(K), Al) , am (k) [Wu[A]) = 0. (4.44)

We now want to express the ground state |0), of H,, in terms of the ground
state |, [A]) and the excitations |®[B, A]) of H,. Therefore, similar as eq.
we approximate H,,, up to second order in (a,,(k), ain(k:)):

Hop = /dk:/dk:’ (Zum,n(k,k’)am(k)fan(k’)>
+ / dk <Z e (k) am (k) + Zam(k)ajn(k)> .

m

Because JH,, is Hermitian, (i, should also be a Hermitian operator (in
the indices (m,n)). Using the ground state |¥,[A]) and the one-particle

excitations |®x[Bp,(k), A]) of H, it follows from eq. and eq.

that we can compute the coefficients y,, , and ¢;, as

Nm,n(ka k/) = % <(I)k[Bm(k)7 A} |:}Ca’q)k’ [Bn(k/)7 A]> (4-453)

cm (k) = (Wu[A]|Ha|Em (k) (4.45b)

5~
3

If we renormalize J{,,, such that

<\I/u[AH Ha ‘\I/u[AD =0
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and normalize the states in (4.42) with N2 crr = L the right-hand side of eq.
is normalized as follows.

(Pk[Brm(k), Al| Hag |®rs [Bn(K'), Al) = 216 (k — k') H, ;¢ [Bm(K'), Bn (k)]
(4.46a)

cm (k) = (Wu[A]| Hog |04 [Bp(k), A]) = 278 (k) HZ;[A, By (k)] (4.46b)

where Helff and Hfff are finite quantities that can be computed from eqgs.
(1.29a) and (1.30i).

Using eq. (4.45) and (4.46) we rewrite H,, now:

Hop = / dk <Z My (k)al, (k)a, (k)

where
M (k) = Helf s[Bm(k), Bn(K)], (4.47a)
cm (k) = V2rHZ; ([A, B (0)]6(K). (4.47b)

Ha, is now diagonalized by the following transformations:

be(k) = 3 (U B+ 55 Con))

where U (k) is the unitary transformation which diagonalize M (k) and & (k)
is the diagonal matrix containing the eigenvalues of M(k), i.e. M(k) =
U(k)T&(k)U (k). In vector notation we can write this transformation as

b(k) = U(k)a(k) + 1 (k)U(k)&(k) (4.48)

" a(k) = UT(k)b(k) — UT (k)& (k)U (k)&(k).

One easily verifies now that

Hey = /dk: (Z & (k)b (k)b (k) — Z[Ml]m,n(k)cm(k)cn(k)> :

Some remarks are in order here
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i. The last term in H,, is a constant (divergent) term and can be omit-
ted. This terms is only necessary if we are doing computations in the
eigenbasis of J{,, because it is this term which assures us that

(W [A]|Ha[Wu[A]) = 0.

ii. In the Hamiltonian there appear terms of the form ¢, (k)c, (k) which
is ill defined as ¢, (k) oc §(k). One regularize this by replacing the
Dirac-functions by d(k) — 65 02N/(27) and the dk by dk — 27 /2N
(2N the number of sites on the lattice, 2N — +00).

iii. £-(k) should be positive, otherwise the quadratic expansion of Hj in
the creation and annihilation operators a};(k) and an (k) is certainly
not valid anymore.

Now we have diagonalized H,,, the ground state |0), of H,, is the state
satisfying

br(k)|0), = 0,Vk € [—m, 7| and Vr, (4.49a)
or
am(k)[0)g = dm (k) [0}y (4.49b)
where
(k) = = [M (k) rr (K) (4.49¢)

T
as follows from (4.48). Note that if k& # 0 that d,,(k) = 0, so for non-
zero momenta (in this approach) H,, and 3, have the same vacuum. This
can be interpreted as the fact that a translation invariant quench cannot
create particles with non-zero momentum out of the vacuum. Again, in the
calculation for k& = 0, d,,, (k) involves a Delta-dirac distribution which can

be regularized by (4.43).

Assume now we want to compute expectation values with respect to \O>0 of
a translation invariant observable
2N
O=» T lor !
b
where o has only support on sites 1 and 2. Then we expand this operator
similar as H,, quadratically in the annihilation and creation operators of

Ha

0= / dk (Z OQ,m(k)am(k)+62,m(k)ain(k>>
+ / dk / dk’ (Zolmn(k,k:’)ain(/-c)an(k')>.
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We renormalize O such that (¥,,[A]|O|¥,[A]) = 0. The coefficients can be
extracted similar to (4.46):

Otk K) = o (BB (), 4] O |4 B, (K, A]
- 5(k k )Oeff[B (k)a Bn(kl)]
O2n(k) = = (U, AO14{ By (1), A)) = VERS(K)OZ A, B ()

where O;ff and ngf are finite quantities that can be computed from eqgs.
(1.29a) and (1.30i).

Hence we find

0= ; (o;mam( + 09 ma ) /dk (Z 01,mn(k a (k) n(k))

(4.50)
with
OLm,n(k,’) Oeff[ (k)’Bn(k)]v
02,m = V202 ;[A, B (0)].

To perform real-time evolution with {, we will work in the Heisenberg
picture. The creation- and annihilation operator ain(k:) and a,, (k) satisfy
the following differential equation

am (k) = i[Ha, am (k)] = —i&m(k)am (k) and af (k) = i&,(k)al, (k)
(4.51)
which can be solved as

am(k,t) = e % ®Blg (k) and af (k,t) = e®m®ial (k).

m

In the Heisenberg picture (4.50) becomes

o) =" (OQmam(o £) + Gamal, (0, t))

+ / dk (Z ol,m,n(k)ain(k,t)an(k,t)>

and the expectation value with respect to |0),, the vacuum of 3., see eq.

(4.49), then reads
(Ol01)[0)g = 02, mdm(0)eEm O + 3" 5y 1y (0)€7m O

/ w (Zol enB=Enltq, <k>dn<k>>
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where we used egs. and (4.51). As already noted before, dp, (k) involves
a delta-Dirac contribution: d,,(k) = &(k)d],. The expression (0|O(t)]0)
is regularized by 6(k) — 0, 02N/(27) and dk = 2w /2N. This yields the
following results:

2N —1Em (0)t
(00()[0) = 5~ [;%d:ne ©

m,n

Because O = ZZN Lrn=loT—m+1 (0]O(t)|0) will scale with the number of
lattice sites. It follows that

2i (0o(t) [Z 02 mpy e SO+ " 09 e Em O
(Z 01,m e’ “m 0" 5”‘””%%)]

is the expectation value per site and is finite.

4.3. iTEBD for the Schwinger model

4.3.1. Real-time evolution

At t = 0 we assume that we have a uMPS approximation |¥,[A; 2]), see eq.
(4.25), for the ground state of

2N
3{0:2\9/5<Z[L( ) + ag)? mz

2N—-1

Y (oT(n)e® ™Mo (n+1) + h.c.)) .
n=1

obtained by for instance using the TDVP, see subsection Gauge invari-
ance implies that A » takes the form

— q,51,52
(g, aq) — Ar2 — (r,8,) = |:CL12 :|

)

ag,Br 6p1’q+(51_1)/261727Q+(s1+82)/25r,p2 s

(s1,p1,52,p2)
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i q s
with q,7,pa € Z[pL .., DL wel and p1 € Z[p2,,,,, P2,0z] @and a1:§1,82 c CDixDy.

Now we want to evolve the state with the Hamiltonian

g (2 Jz 2N
_ 2 € n
He = NG (;[L(n) +a]” + 7m ;(—1) o.(n)

2N-1
+ Z (et (n)e® ™o~ (n+1) + h.c.)).
n=1

according to the Schrodinger equation: |U(t)) = exp(—iHat) |V, [A12]).

We will use the iTEBD algorithm to approximate the real-time evolution
within the class of MPS. As discussed in section the iTEBD algorithm
expands the operator exp(—iH,dt) through a Trotter-Suzuki decomposition
[123] as a sequence of two-site gates U, ,,+1(dt") = exp(—ihy py1dt") (dt’ <
dt < 1) that are rearranged into the gates V,, = @, cz Uor4n 20140, (n =
1,2). In general exp(—iJH,dt) is then approximated by a sequence of the
form

exp(—if}fadt) ~ Vq (dtl)VQ(dtz)V1 (dtg) .. .Vg(dth)Vl (dtQMJrl).

After applying each of the gates the uMPS is updated as explained in section
see also algorithm In fact we can just copy the whole section (but
we won’t do this) but now the special structure of the matrices implies that
we can compute the following diagrams more efficiently:

- =-O—-C a2
(- @2

(4.52¢)

S . . S . . S S . .
where A>? lives on site n, An’ﬁl lives on site n + 1, Anl;lpi’l 2P2 [ives on sites
b

n and n 4+ 1 and WU, 41 is a unitary operator acting on sites n and n + 1.
Gauge invariance imposes now the following block structure, see eq. (3.14),

(@) — A j— (B = [CLZ’S] ag,Br 5Tvq+(5+(*1)k)/267”7pv k=mnn+1

(s,p)
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with al* € CP*Phsr (q € Z[pprin, piroe], r,p € Z[pyin, ppes)),

— q,51,52
(a0 o) = [GWHL g, Pt e+ (1)) 20t o +52)/ 20
qsPr

(s1,p1)  (s2,p2)

q Id . .
with a3 € CPRPhee (g € Z[pp™, pp*], p1 € Z[ppih, ppey) rop2 €
max

Z[pz;n_iga pk+2 ])a
[El(g,a);r,80) = a7 (2 ag.805 [M(g,0)sr,8,) = Oa.r (AN ay.8,

with 27 € CPA*Di and A7 € CPn+1 %D,
In a similar way as in the previous sections we find that the diagrams eq.

(4.52) result in tensors with a similar structure:

sS
wa) B J= 50 = [0°la, 6, Orgt(s+(-1)m)/20mp;

(5,p)

— q,51,52
ear = PTGt D artoresa) 20
qMr

(s1,p1)  (s2,p2)

For eq. (4.52a) we find

DS = EQG%SAQ+(S+(*1)")/2

)

for eq. we find

q+(s1+(=1)")/2,s2

@51,82 _ _q,51
bn,n—f—l = Ay an+1
and finally for eq. (4.52c) we have
/ !
q,51,82 __ § : q 1oy 95152
bn,n-i—l - <317 52 ‘un,n—i-l ’817 82> an,n-i—l
s),8h==+1

where

(s1,82[U 4[5, 85) = (51,01, 52, D2|Un nt157, P, 52, P5)

Opy g+ (s1-H(=1)7)/20p2 g+ (s1+52) /209 g+ (s, +(=1)") /2000, g+ (s +55) /2

) (4.53)

s1+s2,51+s5 pa2,ph

as follows from gauge invariance of U, ,+1 and eq. (3.29).
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The last issue we need to address is decomposing the tensors A,, ;1 on sites
n and n + 1 into tensors on site n and n + 1 as in eq. (2.25):

(SV D)
2 @0

where

and X, 1 € CPrt1xDPnt1 s a positive definite diagonal matrix

If Ay, nt1 is of the form

q,51,52

(@:00) Anaty () = |:an,n+1 Op1,q+(s14+(=1)™) /20ps.q-+(s1452) /2072

i| Qg 761'

(s1,p1) (s2,p2)

then for every ¢ for which ¢ — (s1 + (—1)")/2,q + (s2 + (=1)"1)/2 €

Z[P}yin» Plmaz) we perform a singular value decomposition of a@? € €1,
with
Fo1 = Z DI s+(=0M/2 Z Dg+(8+(—1)"+1)/2

s=—1,1 s——1,1
and ( -

a - + _1 " 27 b

(@) (@s1) 5.50) = [Ty 085 (4.542)

il = U,V (4.54b)

~ q q ~ q q . .
where U9 € Clu1*Futi and V4 € CFa+1*Fati are unitary matrices and
aq q . oy . . .
DIINS Cln+1*Fust is a positive diagonal matrix. Next, one defines

U5 )@.0).r8) = Op.at (s (-1)m)/20pr [ ] 5

with [u2*], 5 = [UH(S“—U")/Z} s @599

Vil (@), r,8) = Opigt (s+(—1)n 1y /20pr [V} 1] 8
with [0 0,5 = [ V7] (4.54d)

a’(/378)

1. Because we work in a translational invariant setting over two sites all equalities with respect
to the site n have to be read modulo 2, for instance with D, 42 we mean D,, and if n = 2
then n + 1 means 1.
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[En—l-l](q,a)'( ,ﬂr) = 5 T[Ez+1]aq7/5r (4.546)

CPR*Fai1 and v2° € Clar1*Diiz | With these definitions, we

(SVD)
as in eq. (2.25).

Notice that if we allow on site n and on site n + 2 EI the eigenvalues q €

Z[pmin pmat] of [(n) that this implicitly means that we retain the eigen-

n 7pn
values g € Z[p", p?¥] of L(n + 1) in our numerical scheme where

where ud® ¢
indeed recover

pnmﬂ = p™" _ 1ifnis odd ,pﬁfﬁ = ™" if n is even ,

Pl = pn ™ + Lifniseven,ppy = p** if nis odd .

In this way we can dynamically expand the eigenvalues of L(n) we keep in
our numerical scheme. Also, similar to the general iTEBD algorithm, section
it follows that at site n + 1 the bond dimension equals

DY  =F1

41 = Di+ DI ~ 2Dy,

n+1 =

When applying the iTEBD algorithm and performing the singular value de-
compositions exactly this would lead to an exponential increase of DZH
This can be avoided by discarding the diagonal elements of X7, smaller than
a tolerance €. In particular, it is even possible to discard the discard the
sector corresponding to the eigenvalue ¢ of L(n + 1): if all singular values of
En—l—l are smaller than e we put D i1 = 0. Note that discarding the singular
values of En 1 corresponds to a truncation in the Schmidt spectrum: if we
denote with J%aq the eigenvalues of (Z%)2 then the Schmidt decomposition
of the state with respect to the bipartition {&]" = Z[1,...,n], &' = Z[n+
1,2N7]} of the lattice reads

n+1

|\Ilu nn+1 Z Z \/O'naq

q€Z ag=1

q, aq> ® ‘%,aq> (4.55)

where

n+1

q q
Zolizelaz 2 el 20T o
eZ o :

min

. Due to translation invariance the bond dimension and p mar

parity of the site.

and p only depend on the
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and

o) e @ and [8) € ® 1

jedn jedp

are orthonormal unit vectors,
'Q{In y{{l — MQTL Q{Qn —_
<(bq,0éq ’¢T76T> - 5(177‘50‘(1757'7 <¢Q7a |¢T‘,ﬁ’,~ - 5(177‘506117ﬂ7"

To apply the iTEBD algorithm we note that gauge invariance of H, implies
that U, 41(dt’) = exp(—ihy p41dt’) has a similar form as eq. (4.53) and
that

(1, 82| [exp(—ihnnr1dt))]%]s1, 85) = (s1, s2llexp(—ihy, ,, 1 dt)]|s1, 55)

here h? . | € C2®2x(282) js the matrix with components

(s1,52|hi, 1151, 85) = (51, D1, 52, D2l hnn 1187, DY, 85, 05)

Opy g+ (514 (—1)m) /20p2,g-+ (51 +52) /209, -+ (55 +(—1)m) /200l g+ (s}, +55) /2
5 ¥

/ .
S$1+52,87 1S5 p27p2

For the Schwinger model we have that

(51,52l a1, 80) = 5 (Gus g (a1 (1)) /2 + @)
JT

+ (—1)"7771(81 + (—1)”))+$5517_52(58/ —5’2651,5’2552,5’1) (n =1, 2).
When we have at time t the state |¥,,[A; 2]) and evolve it, using the iTEBD
algorithm, this results in a state with a similar form at time ¢ 4+ dt. To
compute expectation values or to normalize the state we can use the tools
from section see in particular algorithms and Note that the
computation time of the iTEBD algorithm (for advancing with a step dt)
scales with

0 (23 max (Dq)3> .

q
4.3.2. Thermal evolution

In subsection we showed that to determine the Gibbs state p = Pe e
we need to apply imaginary time evolution within the class of states | ¥, [A; A3])

that take the form eq. (3.26):

W, [A; As])

(K1, K$) (K2, K3) (Kan—1, K%, 1) (Kan, K5, (Kan—1, Kn_1) (Kan, K3y )

(4.56a)
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(N — +00) with Kk, = (Sp,pn), k% € {—1,1} X Z and

W(""g’) = [0 ], 5. Frat (s (1) /20mp0p0 g (s (-1)m) /29

(s.p,5%p")
(4.56b)
a q r . .
ap™* € CUPnar, g € Zpin, piie®lp,r € ZIpi piif). At B =0 we
set

a
q,8,5% _
al = 05 5aap

and we have to evolve the state according to
U(8)) = e Pl? |0, [A1 As)) .
The Gibbs state is then obtained as

p(B) o trypa ([Wu[Ar2]) (WulAd2]])

which means that we have to trace out the auxiliary indices s* and p®.

Comparing this ansatz eq. with the ansatz eq. we observe that
the tensors have now the extra label s®. This is not a physical index and
will be traced out. As we will see, we can apply the machinery from the
previous subsection but now there will be one or two extra loops with respect
to the auxiliary spin indices s®. To apply the iTEBD we need to discuss the
following topics:

(a) How the contractions in eq. (4.52) must be performed taking into
account the block structure eq. (4.56b) and the fact that the operators
are gauge invariant and act as the identity on the auxiliary indices s*
and p®.

(b) How to normalize the state, i.e. ensuring that tr(p(ﬂ)): 1. As a nice
byproduct we will obtain the free energy from the largest eigenvalue
of the transfer matrix.

(c) How to perform the singular value decomposition eq. (2.25).
(d) How to compute expectation values of gauge invariant operators.

Because we work in a translational invariant setting over two sites all equal-
ities with respect to the site n have to be read modulo 2, for instance with
Dy 412 we mean D,, and if n = 2 then n + 1 means 1.

(a) The contractions eq. (4.52)

Here we discuss how to perform the following contractions

- =-O—-C @579
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- asm
A1
-

[ ]
s,p,s? s e . .
where AP % lives on site n, A ’p’ “P* lives on site n + 1,

WUpnt1
51,P1,51,P1552,02,55,P3 . .
bl lives on S|tes n and n + 1 and U, 41 is a unitary

operator acting on sites n and n + 1. Here the tensors have the following
block structure, see eq. (4.56b),

(4.57¢)

q787sa
o) s = [af }aqﬁrl5r74+(s+(*1)k)/25 POpa g (s (—1)4) /2
(5,057, 9)

(k = n,n + 1) with ak7878a CD XDk+1 (q S Z[ mznvpznax]’ Tvpapa €

2l Py,

_ q7511525(11753 5
e R prat(s1H(=1)")/2
atpﬁ’r

(K1, 69) (K2, K3)

Ops.q-+ (s1+52)/20p8 q+ (s3+(~1)") /20p5 g+ (¢ +55)/20rp

with x; = (32-7pi) C.L = (Sg,pf) ;11721_1_812,81752 c CD xDp o (q € Z[ mznyp;:nax]’
mazx maz

p1 € Z[pz’i’},pkﬂ] T,p2 € Z[pﬁ’;,pku])
El(g.0):r80) = Sa.r[E%ag.80s [N (g.0):(r.80) = O Ay 8,

q q
with ¢ € CPA*Di and A7 € CPn1* P

In a similar way as in the previous subsection we find that these diagrams
result in tensors with a similar structure:

" i = 055 ] 4, 5, Orat o4 (-1)m)/20rp0pe g+ s (1)) /2

(s,p, 5%, p")

JE— b‘]a51:323?133 5
q>~r

(k1,K9)  (K2,K3)

Opo,q-+(s1-+52)/20p% g+ (s -+(—1)m) /20p2 g+ (s¢+52) /20r.p2
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For eq. we find

q7575a — =9 Q7575a q+ s+(=1)")/2
pirsst — Zagas® AaH(s+H(-1)")/

’

for eq. we find

q,51,52,57,5§ aq75115(f g+(s1+(=1)")/2,52,55
n

n,n+1 - n+1
and, finally, for eq. (4.57c) we have
4,51,52,5¢,85 __ q I 081,855,585
bn,nJrl - E <517 52 ‘un,nJrl |517 82> Ao+l
s),sh==%1

where (s1, 59U}, 1], 55) is defined in eq. (4.53). We indeed observe that
the auxiliary indices s{, 59, s* only serve as an additional label.

(b) Normalization of the state

If
p(B) o trypa ([Wu[Ar2]) (PulAi2]])

then it follows that for all observables O that the ensemble average equals
tr(p(8)0)/Z(B) = (Vu[A12]|O1Wu[As 2]) /Z(B).

with Z(/3) the partition function,

Z(B) = tr(p(B))= (Vu[A12]|Vu[A12]) .

In order to compute these expectation values we thus need to normalize
the uMPS |, [A; 2]). Within the iTEBD algorithm we will block the sites
2n — 1 and 2n into one effective site but also the sites 2n and 2n + 1
into one effective site. In both cases we need to normalize a uniform MPS

| Wy [Ap nt1]) of the form eq. where

| a,51,525%,5% 5
(q'“")(""?") = [Pt pLa+(s1+(=1)")/2
alpﬁ'f‘

(k1,K9)  (K2,K3)

Opaq-t(s1-+52)/20p 0+ (s3+(~1)7)/20p -+ (s5+58) /2072
q’31:5275(1175% _ q75175(f q+(51+(71)n)/27827s;
n,n+1 - un n+1 :

This is done by applying algorithm[1.1] but similar to algorithm[4.11] we can
speed up the computation by exploiting the block structure of the tensors.
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More specifically, as follows from algorithms[1.1]and the crucial step is
to implement the action of the transfer matrix

Ennit= 3 AV oAl
K1,k$,K2,K5
with K = (Si,pi)’ ,‘qu‘ = (3?7]7?) c {_1, 1} < Z.
If
[Z(g.0:r8:) = 90 Eag.8rs [N (ga)s(r,8r) = Oar A ag.6.

then we find for the left and the right action of the transfer matrix:

[EZ,TH*l(E)](q,CV);(Ta/BT) =

(g: )

—(s1+s2)/2,51,52,5%,55 f
§ : Z On n-l—l

{si} {sx}

q—(s1+s2)/2,,9~ (S1+82)/2,81782,8‘f,8§] )
nn+1
QQ7ﬁT

{En,n+l(A)](q,a);(T,ﬁr) =

. q,51,52,5%,85
_5(177“ E : [an,nJrl
{siHsrk}

T
q+(s1+s2)/2 q,51,52,5%,55
A (U .
aq’ﬁr

If we in algorithm[4.11]implement the functions ‘ApplyTransferLeft’ and ‘Ap-
plyTransferRight’ as above and implement the MPS gauge transformation

Ge
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as

—1
q,51,52,5%,55 q,,9:51,52,5%,85 q+(s1+s2)/2
an,n+1 < T an,n+1 r

forq = pp", ..., ppt**, si, 8¢ = —1,1 we can obtain the matrices =,,_1 and

Ay 41 corresponding to the left and right eigenvector of the transfer matrix
En,n+1 in

o (24Niter maX(D%)3>
q
time.

The matrices =,,—1 and A,4+1 enable us to compute the Schmidt spectrum
of the purification |¥,[A; 2]) of p(8) and give thus no information about
the entanglement properties of the Gibbs state p(3). They are only useful
to control the error when discarding Schmidt values during the iTEBD algo-
rithm.

Every time we normalize the state we divide A, 11 by /1 with 1 the leading
eigenvalue of the transfer matrix in magnitude. It is useful to retain the
values of 1 as they give us the free energy (up to an additive constant). If
we would define for 3 = 0: f = 0 and every time we divide A,, ,,+1 by n we
update F” according to

fa(B) < fa(B) +log(n) (4.58a)
then we have that
1 _ Fu(B)
—%fa(ﬁ) =—<n T C(N — +00) (4.58b)
with C a constant and
Fo(B) = (=1/B) log(tr(Pe™ ")) (4.58¢)

the free energy. The reason that we only have the free energy up to a
constant is that at 5 = 0 we cannot compute the free energy of p(3) = P
because we would need to keep an infinite number of eigenvalues of L(n).
Fortunately, the constant C' is independent of o and we can thus consider
the finite renormalized quantities

AFW(B) = FalB) — Fo(B). (4.58d)

More specifically we will be interested in the string tension which equals

ro= Vi D = B - Rle) (asse)

and is a UV finite quantity.
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(c) The singular value decomposition eq. (2.25)

Here we discuss how we can decompose the tensors A,, ,41 on sites n and
n + 1 in tensors on site n and n + 1 as in eq. (2.25):

(SV D)
-

where

and ¥, ;1 € CPr+1XDn+1 is a positive definite diagonal matrix.

If A, nt1 is of the form

A — q7S7Sa
@ a0 = [a" ] o, 5, Orat (st (-1)m) /20rp0pe g4 (so (-1 /2
(s,p,s%p%)

then for every ¢ for which ¢ — (s1 + (—=1)")/2,q + (s2 + (=1)"T1)/2 €

n n ; et ~ 2F1,  x2F1
ZIpr . Prae) We perform a singular value decomposition of a¢ € C*nt+1* " n+1,

with

Fn-l,-l: Z D%*(SJr(*l)")/Q: Z D%+(s+(71)n+1)/2
s=—1,1 s=—1,1

and

—(s1+(—=1)™)/2,s1,82,5,85
a? (s1+(=1)")/2,51,52,5¢ 2]0475’

4 B
[a ](0478178(11)(,8782,85) o [
59 — 74y v
it =05 |V
~ q q ~ q q . .
where U? € C?nt1*2Fus1 and V4 € C2nr1*2F041 are unitary matrices and

q a . oy . . .
IS C?Fn+122Fui1 s a positive diagonal matrix. Next, one defines

[P "] (g (r8) = Opaqt (s (—1)m)/20pa gat (sa-+ (~1)m)/20p,r (U™ Ja

with [u%*]a g = [U‘(H—(s-&-(—l)n)/Q} s

Vi N i.0),8) = Opugrt(s+(—=1)w+1) /20pe gt (94 (—1)n+1) /20p,r [0 YT Loy

with [vP7 ] g = [f/q}a (B,s,5%)
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Dnt1l(ga);rr) = SarZniilag.sr

where u%® € CP"*2Fni1 and v2° € C2Fa+1%Pns2. With these definitions,
we indeed recover

as in eq. (2.25).

Notice that if we allow on site n and on site n 4+ 2 the eigenvalues ¢ €
Z[pmin pmat] of [(n) that this implicitly means that we retain the eigen-

n
values g € Z[p", p?7] of L(n + 1) in our numerical scheme where

Pt = p — 1ifnis odd , pity = p"™ if n is even ,

max max

Pl = o™ 4+ Lifniseven ,ppy = p** if nis odd .

In this way we can dynamically expand the eigenvalues of L(n) we keep in
our numerical scheme. Also, similar to the general iTEBD algorithm, section
it follows that at site n + 1 the bond dimension equals

DI, =2F  =2(Dg+ DI V") ~ 4Dy,

When applying the iTEBD algorithm and performing the singular value de-
compositions exactly this would lead to an exponential increase of Dj ;.
Therefore one can discard the diagonal elements of 37, smaller than a toler-
ance e. In particular, it is even possible to discard the sector corresponding
to the eigenvalue ¢ of L(n + 1): if all singular values of X7 | are smaller
than e we put D! ; = 0. Note that discarding the singular values of ¥} ,
corresponds to a truncation in the Schmidt spectrum of the purification
| Wy [An nt1]) of p(B). The Schmidt values that we now obtain are thus
only useful for numerical purposes but don’t tell us anything about the
entanglement properties of the Gibbs state p(/3).

(d) Expectation values of gauge invariant operators

Starting at inverse temperature /3 the state |¥,[A; 2]) is evolved using the
iTEBD algorithm but taking into account the special structure of the
tensors by computing the contractions, performing the normalization and
performing the singular value decomposition as discussed in (a), (b) and (c).
The computation time of the iTEBD algorithm for advancing with a step dg
scales with

q

o <26 max (Dq)?’) .
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To compute expectation values we first decompose the tensor A; 5 using the
singular value decomposition discussed in (c) and reblock the sites 2n and

ﬂ " DO
PG00

In the thermodynamic limit we have that |V, [A;2]) = [W,[A21]). If we
now normalize both representations as discussed in (a) and the matrices
Zn—1 and A, correspond to the left and right eigenvector of the leading
eigenvalue of the transfer matrix E,, 41, then we find for an observable O
which is translation invariant over two sites,

N1
_ _ Tq2n—2 —2n+2
0= E Onn+1,02n—1,2n = T %0127 ;

n=1

2n—2
0onont1 = J

for the ensemble average per site that

li 1t
1im ——=1r
N—+o0o0 2N

as discussed in (a). Then one computes

q _ 4,51,52,5¢,85 A q+(s1+s2)/2 [ q,51,82,87,59 f
Qn—l_ E :E :bnn+1 An+1 amn+1
{sk} {s¢}

and we arrive at
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4.4. Confinement: from small to large distances
4.4.1. MPS ansatz

Here we discuss the simulations for confinement between static charges
separated by a finite distance, see section[3.4of part[l} We consider a slightly
more general setting where the Hamiltonian equals

, M4 Np1 Vi M+Ngr—1
— _J n aln 2 im —1)"o.(n
_2\/5<n;w [L(n) + a(m)] + n:Z;VL( )"0 (n)
M+Np—1
o> 0o (k) he)).
—_Ng,

where
a(n) =ar for — Np <n<mp,

a(n) =agrformrp+1<n<M+ Ng

with ar,ap independent of n and —N;p, < 1 < mp < mp < M <
M + Npg. Formp +1 < n < mp we allow a(n) to be any function of n. The
thermodynamic limit is now obtained by taking the limits Ny, Np — +00
while keeping my, mp and M fixed. Notice that this Hamiltonian takes the
same form as the Hamiltonian discussed in section Therefore, a MPS
ansatz for the ground state is, see eq. ,

JRCRORORRORE S Ro

...... KM-1 KM (KM41s- -y KMANR)

(4.59a)

with Bfin € CDn XD,

© -G

h Nps-«os K KR—Np+1

h\1+1 "'\1+\R RM+1 RM+2 KM+Np— KM+Ng

and

max

fn = (Sn,pn) € {—1,1} x Z[pi", p?7] where R, resp. L, are the ten-
sors corresponding to the MPS approximation |V, [L1 Lo]) resp. |V, [R1 Ra))
of the ground state of the Hamiltonian eq. with a uniform electric
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background field a(n) = ay, resp. a(n) = ar. We assume that L, resp.
R, is in the left resp. right canonical form. As a MPS approximation for
the ground state of a gauge invariant Hamiltonian they have the following
block-structure:

(g rq) R, (r,3,) = [TTqL,s]aqaﬁr 5r,q+(s+(71)")/267”,1? (459d)

K

(@00 w50 = (120, 5, Frg(set(—1)m)/20mp (4.5%)

K

R, R,r L, L,r
for r2® € CPr *Dpi1 and 125 ¢ CcPn "Dy {1 Note also that we here
assume that M and Np are even and that Ny, is odd. In order that the
state obeys G, |¥[B]) = 0 we impose the same block structure on B,;:

(tb%) (rp,) = [b%’s]aq,ﬁr 5r,q+(s+(71)")/267’,p (4.59f)

with b* € CP*Pia, DI = DP9 DY, = DY
4.4.2. DMRG

The ansatz eq. is linear in each of the bY°, hence we can use the
DMRG algorithm, see section and in particular in algorithm to find
an optimal approximation for the ground state. We recall that the DMRG
minimizes

H(By,...,By) = —<\I/[Bﬂj{]\1/[3]>
(V[B]|¥[B])
with respect to B,, by sweeping from left to right, i.e. from site n = 1
until site n = M, and sweeping back, i.e. from site n = M until site n =
1, thereby finding for every n the smallest eigenvalue and corresponding

eigenvector of

[Hn] (N/v(qlvvq/)v(rlvé-r’)) 5 (Kv(qp‘q):(r’ﬁ?‘))

0 0
g — H(Bi,...,Buy),
[ n](Q7aq)7(T16’l‘) a[Bn :I(qu'yq/)a("‘/767‘/)

with
k= (s,p), K = (s,p)) € {=1,1} x Z[pi% pe5 ) q.d' € Z[p™ pie”];
min ,_mazx

r,r’GZ[anrl,an];ozq:1,...,D%;7q/:1,...,D?L;

!
T . _ T
/BT:17"'7 n+1,57~/—1’..., n+1-
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In our case By takes the form eq. (4.59f), hence we need to minimize
H(By, ..., By) with respect to the variational degrees of freedom b%. When
now performing the sweeps we need to find for every n the smallest eigen-
value and corresponding eigenvector of

0 0

[Hn]”/é/- T: ; — 7 o
I SR G

H(By,...,By).

We can now apply algorithm 2.6 for the DMRG, but now taking into account
the structure of B}:. Specifically, this means that, similar to subsec-
tion [4.3.1) for the iTEBD algorithm, we have to contract the tensor network
diagrams that occur in algorithm on the level of the matrices b},®, I* and
r&°. In subsection we discussed already if A,, takes the form

“””W’J = [a%lay 5, Orat(s+(-1)m) /200,

(5,p)

and A;, ,4+1 takes the form

) — q,51,52
A R e [an,nﬂ Op1,g+(s14+(=1)")/20p2,g+(s1452)/207.p2

i|aq»ﬁ

(s1,p1)  (s2,p2)

how to contract tensor network diagrams of the form

OO

see eq. (4.52), and how to perform the singular value decomposition,

I G S T
see eq. (4.54).

Looking at algorithm[2.6|we only need to discuss how

(a) to bring By, in the left canonical form:

(QF) with @‘

—1p,,,-
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(b) to bring By, in the right canonical form:

- @)

(c) to update F,, see eq. (2.37),

(a) QR decomposition to put B, in the left canonical form

When B,, takes the form

y: —_— q,S,
(@) s = [bF ]aq,,& Op,g-+(s+(~1)m)/20rp

(s.p)

then for every ¢ € Z[p"t1 prt1] for which g—(s+(—1)")/2 € Z[p7;.., Do)

minvpma:p B . q m
we perform a QR decomposition of b}, € CF"XDnH, with

F, = Z D%—(S+(—1)")/2
s=-—1,1
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and

= [bgl—(8+(—1)”)/2,s]aﬂ’

b = Q4

CF ><.D

where Q1 € n+1 is an isometry,

(Q%)TQ% = ]IDZJH’DZ—H = min (F Dn+1)
and M e CDR1xDrsr Next, one defines

(@) .00, 8) = Opgt(s+(=1))/20pr [0

with [qg’s]a,ﬁ = Qq+(s+(—1)")/2:| (,5),8 and [M, [ ](q a),(r,B8) = 64, [ } B9

q nd Nd q
where g1® € CPn*Pri1 and Ml e CPn+1%DPri1 With these definitions, we
indeed recover

G-

Notice that if we set b, equal to @),, and absorb M,, into By, 1,

— , ie bl MDY,

that we change the bond dimension on site n + 1 from D | to DnJrl =
min(D? |, F ;). This is not a truncation in the state but only a MPS
gauge transformation. If By, ..., B,_; are in the left canonical form and
Bpi1,..., By are in the right canonical then we can compute from M,! the

Schmidt values: if we denote with o7, o, the eigenvalues of X7 (E%)T,

max

Prii

so=mg/ | | S w(anzoat) |

q= pn+1

then the Schmidt decomposition of |¥[B]) with respect to the bipartition
{* = Z|-Ng,...,n|, " = Z[n + 1, M + Ng|} of the lattice reads
1<n< M)

mazx

Pr+1 n+1

=3 3 Volha,

m'Ln aa=1
n+1 a—

i) ©[¥1)
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where
PRt Diyy
q q E : 2 : _
120n,120n,2-'2 nD?H_1>O Unaq_l
q=pin aq=1
and

0h,) € Q Hand |07E,) e @ 4

jed Jjedg

are orthonormal unit vectors,
Mln Mln — WQ” ”(26’1 —
<(pq704q ’(I)T‘,Br> - 5%7’50411757“7 <(I)q,a ’(Er,ﬁr - 5‘177"504q’5r‘

(b) RQ decomposition to put B,, in the right canonical form
When B,, takes the form

— S,
way ) = [0 ]ag,8, Op.at(s+(-1)m)/20mp

(s,p)

then forevery g € Z[p? ., p2, .| for which g+ (s+(—1)")/2 € Z[p”“ n+l]

mzn’pmax
we perform a QR decomposition of bl € CFr*Ph with

+(s+(-1)
n+1 Z Dg-i-ls 02
s=—1,1

and
5] s = 0]
i, = QT
where QY € CFl XD is an isometry,
(Q%)TQ% = ]lf);i’ D% = min (Fgﬂa qul)
and M e CDAxDY, Next, one defines

Q") g.0),8) = Opgt(s+(-1))/20pr (00"l

with [¢7"]a 5 = {(Qq)T] » and [Mn)(g.a),() = Ogr [(Mﬁ)T]aﬁ
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where ¢1°® € CcPn*Dhs1 and M e CPixDi With these definitions, we
indeed recover

el with
Notice that if we set B,, equal to @, and absorb M,, into B, _1,

H q,s qd,s JF + 71 n—l 2
e by TR

that we change the bond dimension from D% to D% = min(D$, F). If
By,...,By_1 are in the left canonical form and By, 1,..., By are in the
right canonical then we can compute from MY the Schmidt values: if we

the eigenvalues of X7 (E%_l)T,

denote with og_

1Laq
pRer

S =M/ | Y (o))
q=pi"

then the Schmidt decomposition of |U[B]) with respect to the bipartition

{/" ' =Z[-Np,...,n—1], 4" ' = Z[n, M + Ng]} of the lattice reads
(1<n< M)

Zlaz %n 1 %nfl

S 5 SN T B

q=ppi" ag=1
where
p:{la.T
1200 112050 192207 p 20, Z Z"nlaq:
mzn aq_l

and

{anl %nfl
Db, >e X %”and’ 0 >e & 7
jean ! jeapt

are orthonormal unit vectors,

p{n 1 -1 'Q{n— y{n—
< q O(q |(I)7‘B > = 6q7T5aq7ﬁT7 <¢)Q7?¥ ’(I) > = 6q’T6QQ7ﬁT'
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(c) Computation of F},

For F} we have that, see eq. (2.37)

where the expression of Ly can be found in eq. (2.32). Note that Ly can be
computed efficiently using algorithm[4.16/and that Ly is block diagonal

[Lol(g,a0),r.8:) = Oqir = [Lilag,,-

Therefore, it follows from gauge invariance of J{ that F} takes the form

[Fl(s P )’(S’p)](q,aq),(r,ﬂr) = Opp/ Or.q+(s'—s) /2 [ffs ’S} (4.60a)

Oéqv T

where

75/75 q
fl = 55,5’L0

—(t AR
+ Z 6t t’s—s s’]hg (t'+1) /2“ )<[lg (t+1)/2,t] lg (t+1)/2,t>.

tlf

(4.60b)
where the matrix elements (¢, s'|h, 1 [t, s) are defined in eq. ll
Similarly, it follows from
(r, Br) . (r, Br)
/ ) (s:7)
(T -( )
(s',7) (s"7)
\ (qﬂq)l (q‘aq)p
that
[Fqss P )’(S’p)](q,aq),(r,ﬁr) = Opp/ O g4 (s/—5) /2 {f”’s 78} og.B (4.60c)
qPr
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with

fass

_s pa= /287 T g (1) 2 g e (1)) /20
= Os,s’ Z n—1 n—1 n—1

tt'=—1,1

+ Y [5 (¢, D2 g

(d) Computation of G,
For G we have that, see eq.

(sp) (0

= +

where the expression of K can be found in eq. (2.33). Note that K can be
computed efficiently using algorithm[4.15and that K is block diagonal

[Ko)(g.aq),(r-8:) = Oar = [KGag,6,-

Therefore, it follows from gauge invariance of J{ that Fj takes the form

[Gg\s/lm )’(S7p)](q,0tq)a(7"75r) 0 :p/(sT q+(s’ _S)/2 |: i s:| (4-613)

O‘lpﬁ'f‘
with
g%j = 58,8’Kg

iyt
+ ST v (8 IR Pl t) (r?’t [r‘f“t t)/“] ) (4.61b)

tt/=—1,1

Similarly, it follows from
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that
(G PIEP s ) = Oy Or g (51—s) 2 [ n SLQ 8, (4.61¢)
with
1)n+1 ;1T
g;’];'s ¥ = 5575’ Z bgz7+1 Zi(lt+( K )/Zt ' [b%’il}

tt'=—1,1

n+1 T

tt/=—1,

(4.61d)

(e) Applying H,, to b%*

Now we can compute F}, and G,,, we can implement the action of H,, to b,*,

see eq. (2.38). From

(qnqﬂTB -
(s,p)

and the form of F,, and G, see egs. and (4.61), it follows that

[(Ha (b)) 7]

(g q)

)~ Pt r0m20npl i On)lag s,
b q)s "W-r

with

HE (b)) = S @bt =/20 1 N7 e gat (s (-17)/2

s=—1,1 s=—1,2

for g = p™" ..., p™m% and s = —1, 1. Hence, when sweeping in the DMRG
algorithm we need for every site n to invoke an iterative eigensolver to find
the smallest eigenvalue £g such that

HL*(by,) = Egbl®.

The computation time of H,»*(b,,) thus scales with

o (24 max (Dn)‘I> .

q
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