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Abstract

The subject of this thesis is the bifurcation analysis of dynamical systems (ordinary
differential equations and iterated maps). A primary aim is to study the branch of homoclinic
solutions that emerges from a Bogdanov-Takens point. The problem of approximating such
branch has been studied intensively but neither an exact solution was ever found nor a
higher-order approximation has been obtained. We use the classical “blow-up” technique to
reduce an appropriate normal form near a Bogdanov-Takens bifurcation in a generic smooth
autonomous ordinary differential equations to a perturbed Hamiltonian system. With a
regular perturbation method and a generalization of the Lindstedt-Poincaré perturbation
method, we derive two explicit third-order corrections of the unperturbed homoclinic orbit
and parameter value. We prove that both methods lead to the same homoclinic parameter
value as the classical Melnikov technique and the branching method. We show that the
regular perturbation method leads to a “parasitic turn” near the saddle point while the
Lindstedt-Poincaré solution does not have this turn, making it more suitable for numerical
implementation. To obtain the normal form on the center manifold, we apply the standard
parameter dependent center manifold reduction combined with the normalization, using the
Fredholm solvability of the homological equation. By systematically solving all linear systems
appearing from the homological equation, we correct the parameter transformation existing
in the literature. The generic homoclinic predictors are applied to explicitly compute the
homoclinic solutions in the Gray-Scott kinetic model. The actual implementation of both
predictors in the MATLAB continuation package MatCont and five numerical examples
illustrating its efficiency are discussed. Besides, the thesis discusses the possibility to use
the derived homoclinic predictor of generic ordinary differential equations to continue the

branches of homoclinic tangencies in the Bogdanov-Takens map.
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The second part of this thesis is devoted to the application of bifurcation theory to analyze
the dynamic and chaotic behaviors of a nonlinear economic model. The thesis studies
the monopoly model with cubic price and quadratic marginal cost functions. We present
fundamental corrections to the earlier studies of the model and a complete discussion of the
existence of cycles of period 4. A numerical continuation method is used to compute branches
of solutions of period 5, 10, 13 and 17 and to determine the stability regions of these solu-
tions. General formulas for solutions of period 4 are derived analytically. We show that the
solutions of period 4 are never linearly asymptotically stable. A nonlinear stability criterion
is combined with basin of attraction analysis and simulation to determine the stability region
of the 4-cycles. This corrects the erroneous linear stability analysis in previous studies of the
model. The chaotic and periodic behavior of the monopoly model are further analyzed by

computing the largest Lyapunov exponents, and this confirms the above mentioned results.

The content of this thesis has been published in or submitted for publication, see [2], [3],
[107], [92] and [91].



Introduction

Dynamical systems theory is one of the classical topics in mathematics. It deals with
the continuous- and discrete-time behavior of mathematical objects, primarily differential
equations (ordinary and partial) and difference equations (maps). The theory mainly focuses
on analyzing the behavior of such objects and examining its dependence on the parameters.
The space in which the objects (states) live is called the state space (phase space) of the
dynamical system while the parameters live in the parameter space. In the case of autonomous
ordinary differential equations (ODEs), the solution starting at an initial point = defines a
curve in the phase space passing through z. The collection of all curves corresponding to
different initial conditions in the phase space forms the phase portrait. In general the phase
portrait provides a global qualitative picture of the dynamics of the dynamical systems
based on the value of the parameters. If we vary some of the parameters, the phase
portrait may change qualitatively. This phenomenon is called a bifurcation. The study
of dynamical systems so leads to the topic of bifurcation theory. In this field one studies
the qualitative changes in the phase portrait, e.g., the appearance or disappearance of
equilibria, periodic orbits or more complicated features such as chaos. Similar to dynamical
systems theory, bifurcation theory uses ideas and methods from the qualitative theory of
differential /difference equations, linear algebra theory, group theory, singularity theory and
computer-assisted study of differential/difference equations. Bifurcation theory is considered
as one of the richest interdisciplinary subjects in applied mathematics. The theory is used
not only in many traditional sciences like physics, astronomy, chemistry, biology, medicine

and engineering but also in economics, sociology and physiology.
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This thesis focuses on the study of the bifurcations in dynamical systems (ODEs and maps).
The main focus is on the dynamics near the Bogdanov-Takens (BT) bifurcation. This
bifurcation plays an important role in the study of dynamical systems since it implies global
(homoclinic) bifurcations as well as two local (limit point and Andronov-Hopf) bifurcations.
The approximation of the local bifurcations near the BT bifurcation point is standard. A
more interesting problem is to construct the homoclinic bifurcation curve along which the
homoclinic orbit shrinks to the BT point while tracing the homoclinic bifurcation curve. For
this problem, no exact analytic solution is possible. The present thesis provides not only a
novel construction of the homoclinic bifurcation near a BT point of a generic system of ODEs
but also a software implementation (MatCont) to study this type of bifurcation. Along this
we apply basic linear algebra theory, perturbation techniques, continuation techniques and
computer software packages (MATLAB R2015a, Maple 18 and Wolfram Mathematica 10).
Since the bifurcation structure near a fixed point of BT type of maps is similar to but more
complicated than the case of ODEs, the thesis also discusses the homoclinic structure in the

BT map, i.e., the normal form of the 1:1 resonance bifurcation.

It is known that a BT point is a regular point for the continuation problem of the fold
curve as well as of the Andronov-Hopf curve (if the Andronov-Hopf curve is defined by
requiring that there are two eigenvalues summing up to zero). So one can use the standard
continuation methods [70] to continue these curves in two parameters. The difficult case is
to continue homoclinic orbits starting from a BT point. In this case, the problem is regular
near the BT point but not at the BT point itself. So with a small nonzero step away, ¢,
form the BT point, it should be possible to derive a special predictor based on asymptotics
for the bifurcating parameter values and the corresponding small homoclinic orbits in the
phase space. The idea of starting homoclinic orbits near a BT point in planar systems with
the help of Melnikov’s method was developed by Rodriguez et al. [114]. Beyn [15] treated
the general n-dimensional problem. He derived the first asymptotics, i.e., a homoclinic
predictor, of the homoclinic solutions near a generic BT point. If we assume that a generic
n-dimensional ODE has a BT point, then by the existence of the parameter-dependent
two-dimensional center manifold near the bifurcation, the problem of approximating the
homoclinic solution splits naturally into two sub-problems: (a) derive the asymptotics for the
smooth normal form on the two-dimensional center manifold; (b) transform the approximate
homoclinic orbit into the phase- and parameter-space of the original n-dimensional ODE.
The general first step in solving sub-problem (a) is to perform a singular rescaling (based on
a small non-zero step away from the BT point) that brings the two-dimensional normal
form into a Hamiltonian system (with known explicit homoclinic solution) plus a small

perturbation. Then one can use several methods to obtain an asymptotic expression for
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the parameter values corresponding to the perturbed homoclinic orbit. One possibility is
to apply the classical Melnikov technique [78] or the equivalent branching method [15] to
derive a first-order approximation for the homoclinic bifurcation curve in parameter space
and a zero-order approximation for the homoclinic orbit in phase space. The sub-problem (b)
can either be solved with a Lyapunov-Schmidt method [15], or using a parameter-dependent
center manifold reduction combined with the normalization and based on the Fredholm

solvability applied to the homological equation [16].

The present thesis revisits both sub-problems (in reversed order). For the sub problem (a),
we use the regular perturbation (R-P) method to derive the second-order approximation
to the homoclinic bifurcation curve and to obtain explicit first-, second- and third-order
corrections of the unperturbed homoclinic orbit, see also [91, 92]. This approximation
involves a “parasitic turn” in the homoclinic solution near the saddle point. Actually, as the
perturbation parameter ¢ increases, the higher-order corrections in ¢ quickly become larger
than the zero-order approximation and then the expansion breaks down for larger time-spans.
Therefore, we use a generalization of the Lindstedt-Poincaré perturbation (L-P) method to
derive an accurate third-order homoclinic approximation of the unperturbed homoclinic orbit
(see [2]). The predicted orbits based on the L-P method not only “nearly” coincide with the
actual homoclinic situation but also approach the saddle along the correct direction. It
is known that the standard L-P method for oscillators removes secular terms by a linear
time-rescaling dependent on a small parameter which allows to eliminate unbounded terms
and to obtain a solution valid for all time. In our case, we use a nonlinear time-rescaling
dependent on the perturbation parameter € to remove the “parasitic turn” near the saddle-
point rather than secular terms. This improves the prediction in the phase space. For
the sub-problem (b), we correct the parameter transformation presented in [15, 16]. This
is achieved by systematically solving all linear systems appearing from the homological
equation. By collecting all these results, we formulate an accurate homoclinic predictor

at a generic BT bifurcation.

The old versions of MatCont [51, 52] use the incorrect homoclinic predictor given in [15, 16].
In practice, the initialization of the homoclinic continuation from a BT point often fails. So
the new predictors are implemented in MatCont and proved to be more robust than the
previous one. We show how to use the new predictors to explicitly (not only numerically)
derive an accurate approximation for the homoclinic solution in ODEs (as an example we

study the homoclinic solutions in the Gray-Scott kinetic model).

For maps things are different. In the maps case the parameters that correspond to the

transverse homoclinic orbits (or simply the homoclinic orbits) are located inside a sector,
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instead of forming a curve in the ODE case. This sector, i.e., the homoclinic zone [66],
is bounded by two curves, i.e., the homoclinic tangencies curves, where the homoclinic
trajectories intersect tangentially. The idea of continuing branches of homoclinic orbits and
homoclinic tangencies, given a good starting point, was developed in [17, 18]. To find such
a point, the algorithm in [85] can be used in the case of planar maps if an asymptotic
of the homoclinic parameters exists. This algorithm consists of finding a finite number of
intersection points of the stable and unstable manifolds of the saddle, i.e., the connecting
orbit, by computing the manifolds from a local approximation near the saddle [59]. These
points can be continued in one parameter until the limit point is detected, which corresponds
to a tangency of the stable and unstable manifolds. Continuation of such a limit point in
two parameters gives the homoclinic tangency structure. Therefore, if a good asymptotic of
the homoclinic parameter exists, then one can use the numerical method described above to

compute the homoclinic tangencies bifurcations.

It is known that the map is exactly (up to a certain order of terms) the time-1 flow of a
system of ODEs. Although the exact bifurcation structure is different for the map and its
approximating ODE, the usage of the ODE provides information that is hardly available
by the analysis of the map alone. The thesis describes two methods to approximate the
BT map by a system of ODEs, namely, the interpolating technique and the method of
Picard iteration. Using the homoclinic predictor in Chapter 3, we derive an asymptotic of
the homoclinic parameter of the approximating system. Further, we use this asymptotic
to predict the homoclinic bifurcation that appear in the BT map. The new asymptotic is
proved to be more accurate than the asymptotic of the homoclinic parameter presented in
[26, 34, 64, 126]. We show how to use the new asymptotic to compute the branches of the

homoclinic tangencies in the BT map.

In the second part of the thesis, we aim to apply bifurcation theory and difference equation
theory to study the dynamic behavior of a nonlinear market model (the monopoly model).
This model is based on cubic price and quadratic marginal functions [111, 112]. The recent
literature still deals with simplified versions of the monopoly model, cf. [1, 8, 98, 104],
and none of them analyzes the dynamic behavior of the monopoly model in detail. These
versions are far from reality since the market dynamics should be described by a higher-order
polynomials. A numerical continuation analysis, Lyapunov stability analysis and numerical
simulations are used to study the periodic and chaotic behaviors that arise in this model. In
this study, we use the continuation and bifurcation package MatContM and the computer
software packages MATLAB and Maple.
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T. Puu [111, 112] provides incomplete information on the existence of cycles of period 4 and
the chaotic behavior in his model. We reconsider the dynamic monopoly model. We present
fundamental corrections to the study presented in [112]. We prove the existence of solutions
of period 5, 10, 13, 17. A general formula for two cycles of period 4 is derived. We prove that
one of them is always unstable while the stability region of the second 4-cycle is larger than
the one obtained in [112] which is based on an incorrect linear stability analysis. The chaotic

behavior of the monopoly model is studied by computing the largest Lyapunov exponents.

Outline of thesis
This thesis is divided into two parts. The first part is dedicated to the study of the homoclinic
solutions rooted at a generic BT point of an ODE and the homoclinic structures of the BT

map. The second (smaller) part is an application of bifurcation theory to a monopoly model.

Chapter 1 recalls some basic concepts related to the qualitative theory of differential and
difference equations along with notions and terminology in dynamical systems (continuous
and discrete) and bifurcation theory. Basic results and definitions related to the linear
stability analysis, multivariate Taylor expansion, Jordan canonical form, center manifolds and
normal forms, local and global (homoclinic) bifurcations, Melnikov’s method for homoclinic

bifurcations, periodic orbits, chaotic behavior and Lyapunov exponents are discussed.

Chapter 2 provides a description of the bifurcation diagram of the BT bifurcation.
We describe the parameter-independent center manifold for a generic smooth family of
autonomous ODEs at the critical parameter value (i.e., at the BT point). Further, by normal
form theory, the dynamics in the parameter-dependent center manifold is transformed to
the critical BT normal form. However, the interesting dynamical behavior happens in the
neighborhood of the critical parameter value, so the parameter dependence is introduced
in the critical normal form (by constructing a wversal deformation) such that we get the
so-called BT topological normal form. By adding the (usually ignored) cubic terms in the
BT topological normal form, we obtain the smooth BT normal form. This normal form will
be used to derive a correct second-order approximation for the homoclinic bifurcation rooted
at a generic BT point in Chapter 3. The complete bifurcation diagram of the topological
normal form is discussed. Using the standard parameter-dependent center manifold reduction
combined with the normalization, that is based on the Fredholm solvability of the homological
equation, we derive a quantitative relation between orbits of the smooth BT normal form
and of the original system. This relation will be used in Chapter 3 to transfer the homoclinic
approximation in the smooth BT normal form back to the original n-dimensional system.

Finally, we discuss the existence of the BT bifurcation in the Gray-Scott kinetic model.
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Chapter 3 contains the most important results of the thesis. Second-order homoclinic
predictors at a generic BT bifurcation are presented. We use the classical “blow-up” technique
to reduce the smooth BT normal form to a Hamiltonian system (with known explicit
homoclinic solution) plus a small perturbation. First, with the R-P method, we derive explicit
first-, second- and third-order corrections of the perturbed homoclinic orbit and parameter
value. We fix the phase of the solution by applying two different conditions (a point phase
condition and an integral phase condition). This leads to different approximations to the
homoclinic orbits in the phase space and the same homoclinic curve in parameter space.
An extensive numerical comparison in the state space is presented. However, in general
the R-P method leads to a “parasitic turn” near the saddle point. So we apply the L-P
method to approximate the homoclinic solution. We prove that the L-P method leads to
the same homoclinicity conditions as the classical Melnikov technique, the branching method
and the R-P method. A numerical comparison is presented to illustrate the accuracy of the
asymptotic for the L-P and R-P method. This proves that the homoclinic asymptotic based
on the L-P method does not have a “parasitic turn”, making it more suitable for numerical
implementation. By the parameter-dependent center manifold reduction that we derived in
Chapter 2, we provide the explicit computation formulas for the second-order homoclinic
predictor to a generic n-dimensional ODEs. The results of this Chapter are applied to derive

an explicit approximation to the homoclinic solutions in the Gray-Scott kinetic model.

Chapter 4 discusses the implementation and computational algorithms to continue the
homoclinic orbits in two free parameters. We show how to use the computed homoclinic
asymptotics in Chapter 3 to calculate the initial homoclinic cycle so as to continue homoclinic
orbits starting from a BT point. We derive an important relation between the geometric
amplitude of the homoclinic orbit and the initial choice of the perturbation parameter. We
also present an extra parameter that can be used to find a suitable finite time interval
where the continuation problem will converge. The new homoclinic predictors are
implemented in the MATLAB continuation package MatCont. This implementation includes
the computation of the smooth BT normal form coefficients. Five examples with multi-
dimensional state spaces are included, namely, the Morris-Lecar model, a predator-prey
model with constant rate harvesting, CO-oxidation in platinum model, an indirect field

oriented control model and the extended Lorenz-84 model.

Chapter 5 describes two methods to approximate the BT map by a system of ODEs,
namely, the interpolating technique and the method of Picard iteration. We present an
improved asymptotic for the homoclinic parameter in the BT map by (i) considering all the
second-order terms of the coordinates and parameter in the computation of the approximating

system using the method of Picard iteration, (ii) applying the results in Chapter 3 on the
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BT bifurcation of ODEs to obtain an improved asymptotic of the homoclinic bifurcation in
the approximating system. We show how to use the new asymptotic parameter to continue
branches of homoclinic tangencies in the BT map. In this way we obtain the whole homoclinic
structure of the BT map. We derive an asymptotic formula for the homoclinic parameter at
a generic BT point of maps by applying the standard parameter-dependent center manifold
reduction combined with the normalization, that is based on the Fredholm solvability of
the homological equation. By systemically solving all linear systems appearing from the

homological equation, we correct the parameter transformation existing in the literature.

Chapter 6 is a study of a dynamic monopoly model. Some preliminary results are presented
including corrections to the fixed point stability analysis presented in [112]. By simulations,
the existence of solutions of period 4, 5, 10, 13, 17 and the chaotic behavior are investigated.
Continuation and bifurcation analysis is used to get information about the stability of 5, 10,
13, 17-cycles under parameter variation. In all regions, further period-doubling bifurcations
are found which implies the existence of orbits with higher periods as well. A general formula
for solutions of period 4 is derived. Among other things, we discuss the symmetry properties
of these solutions. The analytical stability analysis for the 4-cycles proves that they are
never linearly asymptotically stable. Therefore, the stability of the 4-cycle is investigated by
studying the effect of small displacements in the direction of the eigenvector corresponding
to the eigenvalue located at the stability boundary. This work, combined with simulation
and the basin of attraction analysis for the 4-cycle allows us to determine the stability region
of the 4-cycle. This region is larger than the one obtained in [111, 112] which is based on an
incorrect linear stability analysis. Two methods to compute the largest Lyapunov exponent
are discussed. Further, we analyze the chaotic behavior of the monopoly model by the largest

Lyapunov exponents. This analysis confirms the results in the earlier sections.

Chapter 7 and 8 collect the conclusions of the previous chapters and suggestions for further

research, respectively.

The content of this thesis has been published or is submitted for publication, see [2], [3],
[107], [92] and [91].
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CHAPTER 1

Preliminaries

In this introductory chapter we provide the major definitions, notions and facts
of the dynamical system theory that will be used in the remainder of this thesis.
Most of the material cited in this chapter are based on [23, 41, 78, 88, 109].

1.1 Dynamical systems

Consider the following system of ODEs of the form

dx
ditl = fl(ml,...,xn,al,...,ap)7
dx
ditQ = fg(l'l,...,I71,,al,~-~;ap)7
(1.1)
dx
ditn = fn(xl,...,.rn,oﬂ,n-aap)v

dependent on the parameters «; € R, which describes a motion in an n-dimensional state
(phase) space R", where each f; is assumed to be sufficiently smooth. Introduce a phase
vector x € R™ and a parameter vector o € RP with coordinates z = (z1,...,2,) and

a=(aq,...,ap). With an abuse of notation we write

filz,a) = fi(z1,...,zn,00,...,0p), 1=1,2,...,n.
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Thus the system (1.1) can be written in the form

% = fl(xaa)v

d$2 -

E - fg(fE,C&% (12)
dr,

e fnl(z, Q).

The function f; can be regarded as the i*" component of the vector-valued function f(z, )
defined by

f(xv OZ) = (fl(.I‘,Oé), R fn(l', OZ)) :
Then the system (1.2) can be written in compact form as

. dx
&=

=0 = flz, @). (1.3)

The unique solution z(t) of (1.3) with initial condition z(ty) = z¢ for a fixed value of «,
a = ag, defines a C*-mapping!
¢l R* = R",

which transforms 2y € R" into some state z(t) € R™ at time ¢:
Pao (0) = (1)
This map is called the flow determined by (1.3). From now, we drop the subscript ag to
simplify writing.
Definition 1.1. A continuous-time dynamical system is a triplet {R,R", ¢}, where o' :
R™ — R™ s a local flow parametrized by t € R and satisfying the properties
(1) For all zg € R™ the equation ¢° (zo) = xo holds,

(2) For all zog € R™ and t,s € R the relation ©'75(zg) = plop® (x¢) holds, where the

[P

composition symbol “0” means

©'op” (z0) = ¢" (¢° (20)) -

Similarly, the notion of discrete-time dynamical systems can be introduced as follows

fCF means that the map ¢k, has the same smoothness as the R.H.S. of (1.3).
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Definition 1.2. A discrete dynamical system is a triplet {Z,R™, @*}, where ©* : R — R"
is a local flow parametrized by k € Z and satisfying the properties

(1) For all xo € R™ the equation ¢° (z¢) = zo holds,

or all xg € and k,m € Z the relation ¢ To) = @ o™ (xg) holds.
2) For all R™ and k Z the rel km ko™ hold

If we consider ¢! as the flow map of a continuous-time dynamical system, then the (time-1)
map ' defines an invertible discrete-time dynamical system. An example of discrete-time

dynamical system is an n-dimensional map which can be written in compact form as

Trr1 = [, a), (1.4)

where z = (Tg,1, T2, -, Thn) € R?, o € RP, k € Z denotes the time and the vector-
valued function f : R™ x RP — R” is assumed to be sufficiently smooth. It thus follows
that

T = fk(an Oéo)

where f* denotes a k-fold compositions of f to (zg, o), f¥ = fofo...of.
—

k—times

Definition 1.3. A dynamical system {T,R", o'}, where T is a time set (I = R or T =
7), is called topologically equivalent to a dynamical system {T,R™ ¢t} if there is a homeo-
morphismth : R™ — R™ mapping orbits of the first system onto orbits of the second system,

preserving the direction of time.
The orbit (or trajectory) of ¢! starting at xq is an ordered subset of the state space X,
Or(zg) = {r € X : 2 = ¢'(xg), for all t € T}.

In the study of dynamical systems, we are mostly interested in a special class of orbits,

namely the invariant sets.

Definition 1.4. Let Q C R™ be a set in the state space of a dynamical system {T,R™, p'}.
Q is said to be invariant under the dynamical system if for any xo € Q we have ' (x9) € Q
forallteT.

An example of invariant sets is the equilibria.

TA continuous map with continuous inverse is called homeomorphism.
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Definition 1.5. A point © = x¢ at « = «ag is called an equilibrium (a fizved point) if
o' (zg) =z for allt € R (for allt € Z).

Another example of invariant sets is a periodic orbits which is defined as follows

Definition 1.6. [88] A cycle or periodic orbit T is an orbit that for each point xg € T' holds
that @' (z0) # 2o and P10 (z0) = p!(xo) with some Ty > 0, for all t € R. The minimal Ty
with this property is called the period of the cycle I'. A cycle of a continuous-time dynamical

system, in a neighborhood of which there are no other cycles, is called a limit cycle.

Note that, for a given equilibrium solution (x,ap) one can always move it to the origin,
(0,0), by a change of coordinates, so from now we assume (0,0) to be an equilibrium for
(1.3).

1.2 Taylor expansion, linear stability analysis

At z =0, a = 0 the Taylor expansion of (1.3) can be expressed as

1 1 1 1
flz,a) = Az + Jia + iB(:L',x) + A (z, ) + §J2(a, a) + EC(SC, x,x) + QBl(x,x, a) (L5)

+0 (lzlllel* + llol*) + O (|, a)l*) ,

where A = f,(z,)|, denotes the Jacobian matrix evaluated at (0,0), J; = fo(x, )|, and
B, Ay, Jy, C, By, ... are vector-valued functions with n components. The i*" component of

these functions are defined by

02 £i(€, 1) _ NN Pl
]kzl aé.]ag Oxjykta Al,z(xaa) - ;; 8€j8‘uk Oxjalﬁ
PhEm| ~ PhEw|
J27, OZ 6 ]kzl a’u]a‘uk 0 Jéka :L' ya ]le 3 3€k6€ :ijkrzla (16)
= D3 fi(€, )
B .
Hene kzlz T

For a fixed value of «, the terms Jy, 4;(z, a), Jo(a, @), Bi(z, @, ) ... need not be considered
and we have,
= Az + O(||z|?). (1.7)
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Near z = 0 the terms O(||z|?) are negligible so that we may try to approximate (1.7) by the
linear part, i.e., £ = Ax. It is possible to transform the matrix A to an “almost” diagonal

form. This form is known as the Jordan canonical form.

Theorem 1.1 (The Jordan Canonical form). Let A be a real matriz with k real eigen-
values and n — k complex eigenvalues. Then there exists a non-singular matrix P such that
the matriz J = P~YAP is a block diagonal matriz of the form J = diag[Jy, ..., J5|. The
elementary Jordan blocks J = J., r =1,... s are either of the form J = diag[\, ..., \]+ N
for X one of the real eigenvalues of A or of the form J = diag[D, ..., D]+ Ny for A = a+1ib
(complex eigenvalues of A), where N is the nilpotent matriz with ones on the super-diagonal

—b 1 0
and zero elsewhere, D = Z ) and No is the nilpotent matrixz with <0 1) on the
a

super-diagonal and zero elsewhere.

Hence, the general solution z(¢) with an initial condition zq is obviously given by
x(t) = mo P {diag [et‘]-f] pp

where if A is a real eigenvalue of A and J; = J is an m x m matrix then

m—1
Lot (fn—m
0 1 A
old — At o (m=2)!
0 0 1

Similarly, if A = a +ib and J; = J is a 2m x 2m matrix then

R m—1

R Rt ... (”‘17_1)2,

Rt™™

otd — pat 0 B o G
0 0 R

cos(bt) —sin(bt)
sin(bt)  cos(bt)
element of €'’/ decays to zero and if R(\) > 0, then some elements of e!’ diverge to oc.

where R = ( ) In general, it is clear that if R()\) is negative then every
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Definition 1.7. An equilibrium point is said to be hyperbolic if the Jacobian matriz has no

eitgenvalues on the imaginary azis.

Two invariant sets are associated to a hyperbolic equilibrium z = 0 at some fixed value
of «, namely the stable and unstable sets of 0 given by W* = {x|<pt (z) = 0,t — 400},
W = {z|e' (x) = 0,t - —oo}, respectively. Note that if we perturb the system (1.3)
slightly, then the hyperbolic equilibrium point cannot disappear, nor can another equilibrium

point be born near it. Indeed the following theorem holds:

Theorem 1.2. Consider a family of autonomous ODEs

d
:b:d—f:f(:c,s), 0<exkl,

such that at € = 0 there exists a hyperbolic equilibrium point x = 0. Then the system has a

unique hyperbolic equilibrium x. in a small neighborhood of 0 for all small &.

Definition 1.8. Two maps x +— f(z) andy — g(y), f,g: R™ — R™, are called topologically
conjugate if there is a homeomorphism y = h(z), h: R™ — R", such that f = h=' o go h(x)
for all x € R™.

We note that the conjugacy in the previous definition can be localized at some fixed point p
and q if there are an open neighborhoods U C R™ of p and V' C R" of ¢, and a homomorphism
h:U — V that satisfies f = h=' o go h(x) for all z € U such that f(z) € U and q = h(p).

Theorem 1.3 (Hartman and Grobman). Let x =0 be a hyperbolic fized point of (1.3)
at some fized value of o, and @t denote the flow of (1.3). Then there is a neighborhood Q
of 0 such that @' is locally topologically conjugate to the flow generated by the linear system

T = Ax.

Therefore, the dynamics in the neighborhood of a hyperbolic equilibrium point are
guaranteed to be “simple”. Thus the stability of the hyperbolic equilibrium point is deter-

mined completely by the eigenvalues of the matrix A.

Lemma 1.4. An equilibrium of a continuous-time dynamical system is locally asymptotically
stable if for all eigenvalues \ of the Jacobian matriz holds that R(\) < 0. If for at least one
eigenvalue holds that R(N\) > 0, the equilibrium is unstable.
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As for the continuous-time dynamical systems, the following holds for a discrete-time

dynamical system.

Definition 1.9. A fized point is said to be hyperbolic if the Jacobian matriz has no eigen-

values with magnitude equal to one.

Lemma 1.5. A fized point of a discrete-time dynamical system is locally asymptotically
stable if all eigenvalues p of the Jacobian matriz have magnitude smaller than one. If for at

least one eigenvalue holds that the magnitude is larger than one, the fized point is unstable.

1.3 Center manifold and normal forms

The Hartman-Grobman theory shows that the local behavior of the flow near a hyperbolic
equilibrium point is determined by the linearized flow. In this section we discuss a results
for determining the stability and qualitative behavior in a neighborhood of a nonhyperbolic
equilibria. Assume that (1.7) has a nonhyperbolic equilbrium at = = 0, and further assume
that there are n_ eigenvalues with R(\) < 0, ng with R(\) = 0, and no eigenvalues with
R(A\) >0 (n_ 4+ mng=n). Let T be a non-singular matrix such that

Jortar— (% O ,
0 J

where J,. and J are the blocks in the diagonal matrix whose diagonals contain the eigenvalues
with R(A) = 0 and R(X\) < 0, respectively.

Write

m:T<u>, ueR™ veR".
v

wy  fu g1(u,v)
()= ()- G

where g1 (u, v) and g2 (u, v) are the first ng and last n_ components, respectively, of the vector
T2 O(IT (u, ) [1?).

Thus (1.7) becomes

TIf the matrix A has ny-eigenvalues with positive real part, then = 0 is unstable with an n-dimensional
unstable manifold.
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Theorem 1.6 (Center manifold theorem). There exists an invariant C*-center manifold

We0) ={(u,v) € R"™ x R"~|v = H(u), ||ul] <d§, H(O)=0, %H(O) =0},

for & sufficiently small, which satisfies

%H(u) (Jeu+ g1(u, H(u))) = JoH (u) + go(u, H(w)).

Once H(u) is determined, the system describing the dynamics on the center manifold is given

by the following ng-dimensional system

= Jeu+ g1(u, H(uw)). (1.8)

The center manifold is exponentially attractive. So, to understand what happens to the
system around the non-hyperbolic equilibrium point, it is sufficient to investigate what
happens in the center manifold. In this way, the study of a high-dimensional dynamical

system can be reduced to the study of a low-dimensional center manifold.

To write (1.8) in the simplest form, i.e., the critical normal form, that is easier to analyze,

we first rearrange terms in (1.8),
= Jeu+ gi(u) + O(||ul]?), (1.9)

where g7(u) is a real no-dimension vector whose components are homogenous polynomials of

degree 2 in u, i.e., g>(u) € H2. Then we apply a near-identity transformation of coordinates’
u=w+ z(w), zw)eH? (1.10)

where the coefficients of zo(w) are unknown and to be determined. Substituting (1.10) into
(1.9) gives

(I ; ;‘U@(w)) i = Jow+ Jozs(w) + g (w) + O(fw]|*) (1.11)

For sufficiently small w, (I + %22 (w))71 exists. By the binomial theorem we have

<1+ ;U@(w))_l . a%zg(w) + (awzg(uo)z b

TThis method originated in the Ph.D thesis of Poincaré [110].




1 Preliminaries | 9

Thus (1.11) becomes

W = Jow + Jezo(w) — <£U22(w)> Jew + g2 (w) + O(|Jw||*) (1.12)

The second-order terms J.zo(w) — (%zg (w)) Jew + g3 (w) can be simplified (or, in the ideal

case, removed) by solving the homological equation,

(ai)f?("”)) Jow = Joza(w) = g(w), (1.13)

for the unknown coefficients of zo(w). After possible elimination of terms, we can write (1.9)

in the critical normal form,
W = Jew + Sa(w) + O(|Jw]|?).

If So(w) # 0 then it is referred to as the resonance vector which contains the second-order
terms that cannot be eliminated by the nonlinear transformation (1.10). As we mentioned
before, in the ideal case So(w) = 0. In general it is possible to generalize this method to
simplify the g} (u) € H" terms of (1.8), see, for example, [6, 7, 25, 109, 131] for more detail.

1.4 Equilibria and their bifurcations

For a fixed value of «, assume that ! is a flow of (1.3) that is uniquely determined by an
initial condition . The collection of orbits corresponding to various initial conditions of (1.3)
in phase space forms the so-called phase portrait. The phase portrait provides information
about the qualitative behavior such as whether an attraction or a repeller present in (1.3). If
« is varied slightly, then it may happen that the new phase portrait is nonequivalent to the
original one. In this case the corresponding parameter value o = «. is called a bifurcation

point, where a bifurcation is said to occur.

Definition 1.10. The appearance of a topologically nonequivalent phase portrait under

variation of a parameter is called a bifurcation.

The bifurcation diagram shows the topologically nonequivalent strata in parameter space,
together with their corresponding phase portraits. The minimal number of parameters that
have to be varied for the detection of the bifurcation is called the codimension of a bifurcation

(codim). Bifurcations are said to be local if they occur in an arbitrary small neighborhood
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of the equilibrium; otherwise they are said to be global. To study what happens to (1.3) as
« varies near the bifurcation value o = «.., the standard approach is used. This approach

has several steps (see for example [6, 88] for further details):

(1) Reduction: Restrict (1.3) at the bifurcation parameter o = « to the appropriate

center manifold (the parameter-independent center manifold).

(2) Normalization: Simplify the dynamics in the center manifold by computing the

critical normal form for the bifurcation.

(3) Unfolding: Introduce small terms (linear and possibly nonlinear) into the critical
normal form for the bifurcation to describe the effects of varying . away from «.. This

yields the model system for the bifurcation.

(4) Equating: Prove that (1.3) is locally (near a@ = a.) topological equivalent to the

model system. The model system then is called the topological normal form.

Codimension 1 bifurcations of equilibria
In particular, we are interested in the local bifurcation that occurs when one parameter

change causes the stability of an equilibrium to change.

Definition 1.11. The bifurcation associated with the appearance of a simple real eigenvalue
A =0 is called a limit point bifurcation (LP) (or fold or saddle-node bifurcation,).

The limit point bifurcation corresponds with a collision and disappearance of two equilibria,
a stable and an unstable one, when crossing the bifurcation parameter value o = a.. At
the bifurcation value a saddle-node equilibrium appears. The topological normal form at the

limit point bifurcation is given by the one-dimensional system
W= B+ apw?, weR.

where app # 0 is the normal form coefficient and (5 is the unfolding parameter.

Definition 1.12. The bifurcation corresponding to the presence of a simple conjugate pair
of eigenvalues satisfying R(A) = 0 (A = Liwg) is called an Andronov-Hopf bifurcation (H).
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The topological normal form at the Hopf bifurcation is given by the two-dimensional system
z = (iwo + B) z + l12|z|?, 2 €C,

where 3 is the unfolding parameter and I; # 0. At the Andronov-Hopf point a periodic orbit
is born and there is an exchange of stability of the equilibrium. A stable periodic orbit is
born from a stable equilibrium if /; is negative, in which case the Andronov-Hopf bifurcation
is supercritical or soft. Otherwise, the periodic orbit is unstable and coexists with the stable

equilibrium, which corresponds with a subcritical or hard bifurcation.

Codimension 2 bifurcations of equilibria

Codim-2 bifurcation points are points where curves corresponding to codim-1 bifurcations
intersect transversally or tangentially. In generic system (1.3) only five codim-2 bifurcations
of equilibria are possible [88]. We list them in Table 1.1. Note that the coefficients ar,p and Iy
appear in the normal forms of the limit point and Andronov-Hopf bifurcation, respectively.

The eigenvalues mentioned in the table are assumed to be the only ones for which £(\) = 0.

1.5 Homoclinicity in two-dimensional vector-field

In this section, we discuss the existence of homoclinic bifurcation ¥ in two-dimensional
systems (as in the BT normal form for ODEs and maps). So we restrict to the study of

existence of a homoclinic orbit in (1.3) when n = 2 and the parameter « is assumed to be
fixed.

Definition 1.13. An orbit I starting at a point x € R™ is called a homoclinic orbit to the

equilibrium point x = 0 of system (1.3) if for some parameter values 'z — 0 as t — +oo0.

In general, there are two invariant sets related to homoclinic orbits, namely the stable and un-
stable manifolds. These manifolds are tangent to the stable (generalized) eigenspace, corres-
ponding to the union of all eigenvalues A of A with £()\) < 0, and the unstable (generalized)
eigenspace, corresponding to the union of all eigenvalues A\ of A with R(\) > 0, respectively.
Depending on the type of equilibrium and the correspond invariant sets there are many kinds

of homoclinic orbits (for further details, see for example [16, 32, 33, 47]):

11 is called the first Lyapunov coefficient.
#Homoclinic bifurcation is a global bifurcation.
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Name Properties The model system®

Cusp (C) A=0, ap =0 W= 1+ Bow + cw?, ceR,

11)0 w1
Bogdanov-Takens (BT) X1 2=0 = ) . (a,b) € R?,
un B1 + Bawi + awg + bwow

Generalized-Hopf (GH) A2 = tiwo, [1 =0 2= (B1 +iwo)z + B2z|z|*> + laz|2|*, 2 €R,
w B1 + b(B)w? + ¢(B)|2|2

Zero-Hopf (ZH) A1 =0, A3 = Fiwo = L) (I 5 + O(ll(w, 2, 2)[1*),
Z (B2 +iw(B))z + d(B)wz + e(B)w z

b, ¢, w, e are real functions, d is a complex function.

20 (B1 + iw1)zo + Pi2zo|z1)* + %131120|Z0|2 + %5'12‘0|Z1|4 + i R120|20|*
HOpf—HOpf (HH) /\1,2 = :i:iw1, /\3,4 = :tiwz =

(B2 + iw2)z1 + 132121|Zo|2 + %P2221|21|2 + %5221|Zo|4 + iR221|Zl|4
O(l|(20, 20, 21, 21)[°),

Pji, Sk are complex, Ry are real.

Z1

Table 1.1: Codim-2 bifurcations of equilibria. See [16, 87, 88] for background information and notation used.

%For the cusp, Bogdanov-Takens and generalized-Hopf bifurcations, the model system is the topological normal form. In the model systems: w € R,
(wo,w1) € R?, 2 € C, (20,21) € C? and B = (B1, B2) € R? are the unfolding parameters.
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Codimension 1 homoclinic bifurcations:

Homoclinic to hyperbolic-saddle, Homoclinic to saddle-node.

Codimension 2 homoclinic bifurcations:

Non-central Homoclinic to saddle-node, Neutral saddle, Neutral saddle-focus, Neutral bi-
focus, Shilnikov-Hopf, Double real stable leading eigenvalue, Double real unstable lead-
ing eigenvalue, Neutrally-divergent saddle-focus (stable), Neutrally-divergent saddle-focus
(unstable), Three leading eigenvalues (stable), Three leading eigenvalues (unstable), Orbit-
flip with respect to the stable manifold, Orbit-flip with respect to the unstable manifold,
Inclination-flip with respect to the stable manifold, Inclination-flip with respect to the un-

stable manifold.

1.5.1 Melnikov’s method for homoclinic orbits

Consider the following two-dimensional system of ODEs of the form

a.j = y +5 gl(x’y) 9 O<E<<].,
] f(z) 92(z,y,7)
or, equivalently, in a vector-field form:

X = X), +¢X,, (1.14)

where
Xp=yozx+ f(x)0y, X, =gi(z,y)0x+ ga(x,y,T) 0y,

fs g1, g2 are sufficiently smooth and 7 is referred to as a homoclinic bifurcation parameter.

Assume that

1) There exists k € R such that h(z,y) := 1y?> — [7 f(2)dz — k = 0 defines a homoclinic
( ) =557 — [,
loop to a hyperbolic saddle point pg. This loop is explicitly known and it is defined by

Lo(t) = (zo(t); yo(t))-

(2) For e small, the vector-field (1.14) possesses a homoclinic orbit at the critical value

T =T.(8).

To obtain information about the homoclinic solution of (1.14) when & # 0, one needs to
approximate it by perturbation (asymptotic) techniques. According to these techniques, the
homoclinic solution can be approximated by the first few terms of an asymptotic expansion in

the phase space, (z,y) = (0, %0) + (w1, y1) +&%(22, y2) + O(£3), together with an expansion
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of the homoclinic bifurcation parameter, 7 = 79 + e + €27 + (9(63). A detailed discussion
of different perturbation approaches to find asymptotics for the homoclinic solution of (1.14)

-with explicitly given f, g1, go- will be presented in Chapter 3.

We start with basic perturbation results. Since the fixed point pg is hyperbolic it will
continue to exist in the vector-field (1.14) for £ small, say p.. However, the stable and
unstable manifolds W#(p;), W*(p.) of p. will in general not coincide and hence there is
no homoclinic orbit to p.. The distance between W?*(p.), W*(p.) can be approximated by
the Melnikov method [78, 106, 131]. Further we can use this approximation to compute
the critical homoclinic parameter 7.(¢) &~ 79 where the distance between the stable and
unstable manifolds vanishes. Let L:(t), L¥(t) be the trajectories lying in W*(p.), W*(p.),

respectively, which can be expressed as follows (see [78, Lemma 4.5.2])

L2(t) = Lo(t) + £Li(t) + O(), t € [0,00),
(1.15)
LE(t) = Lo(t) + €LY (t) + O(?), t € (~o0,0],

where L(t) = (x7"(t), y;""(t)) are uniformly bounded in the indicate intervals. As shown
in Figure 1.1, we assume that the saddle point py to be at the origin. Then for fixed
t =0 (i.e., at 79 = Lp(0)) the displacement vector d between W*(p.), W"(p.) is given by:

d(0) = v — v and hence
d(0) = LZ(0) = L£(0) = (L§(0) = Li(0)) + O(e?). (1.16)

On the other hand, the unit normal vector v to the unperturbed homoclinic orbit at g is

given by o o
oo B3 (= @00).30() i)
\/(giz)?Jr(ghf V 2 (0(0) + 43 (0)

By projecting the distance vector d(0) onto the unit normal vector v, we obtain the following

distance function between the stable and unstable separatists of the flow generated by (1.14):
A(0) = & (v,d(0)) + O(e?). (1.18)

Hence,

A*(0) — A*(0) 2
A = + O , .
(0) i (\/f2(550(0)) + y§(0)> (E ) (1 19)

where A%#(0) = yo(0)y;"*(0) — f(z0(0))x}"*(0). Note that, the e-term of (1.19) vanishes if
A"(0) = A®(0). We define the Melnikov function as
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M(0) = A*(0) — A*(0). (1.20)
If the time ¢ is no longer assumed to be 0, we can rewrite (1.20) as a function of time ¢,

M(t) = A%(t) — A%(1), (1.21)
where A"5(t) = yo(t)y,""(t) — f(xo(t))z]"*(t). To simplify (1.20), differentiate (1.21) with
respect to t to obtain

d

270 = 59" (1) + 9o By (1) = flzo(£)21 () = f(wo(8)do(B)ar" (1) (1.22)

The components 21*(t), 9;"°(t) can be computed as follows. Substituting (1.15) into (1.14)

with the expansions for

fla2s(t)) = flzo(t)) +ef (zo(t))at" () + O(), (1.23)
g1(x° (1), y2* (1) = g1(@o(t), yo(t)) + O(e), (1.24)
g2(x2°(t), y2° (1), 7) = g2(xo(t), yo(t), 70) + O(e), (1.25)

then equating the coefficient of equal ¢ gives

2P () =y (1) + g1 (wo(t), yo(2)),
(1.26)

9 () = f'(@o ()21 (t) + g2 (w0 (t), yo(t), T0)-
Substitute (1.26) into (1.22) to get

4

thu’s(t, 70) = Yo(t)g2(xo(t), yo(t), 70) — f(xo(t))g1(zo(t), yo(t)),

or simply p
dt

Finally, we integrate from —oo to 0 and 0 to co to obtain

A" (L, 10) = (Xph)|L0(t)~

0
A™(0,79) — A%(—00,79) = / (XpP)| Ly a) s

— 00

A® (00, 19) — A®(0,79) = / (Xph)|L0(t) dt.
0
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Note that A¥(—o0,79) = 0 and A®(o0,79) = 0 because tl}rin (f(zo(t)),yo(t)) = (0,0), and
x77°(t), y17°(t) are bounded. Thus, the Melnikov function (1.20) becomes

M (79) = A*(0,79) — A*(0,79),

or
M(ry) = [ (X - (1.27)

This function vanishes along the curve M(7m9) = 0 which gives a zero-order asymptotic

formula of the actual homoclinic bifurcation parameter 7 = 7.(¢), i.e., 7 ~ 7.(0).

Figure 1.1: Construction of the distance function d(0). The dashed curve is the un-
perturbed homoclinic orbit to pg. The solid curves are the stable and unstable manifolds
W*(pe), W"(p:) of the perturbation of the saddle po (i.e., p-). The points v, , 74 represent
the points on each of the stable and unstable manifolds, respectively, closest to the point
Yo = Lo(0) on the unperturbed homoclinic orbit.

Example 1.1. Consider the following vector-field
V=V +V,, (1.28)

where Vi = vou + (—4 + u2) v and V5 = (531} (t+ u)) dv, which results from applying the
singular rescaling (3.1) to the BT normal form (2.23). The vector-field V; is a Hamiltonian
system with the first integral

2 u3

h(u,v)::%+4u—§—k20 keR. (1.29)
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The phase portrait of (1.29) is presented in Figure 1.2. Every closed orbit of (1.29) urround-
ing (—2,0) corresponds to a level curve: Fh = { (u,v) | h(u,v) =0, 8 <k < 18}, Fh
shrinks to the equilibrium (—2,0) as k — =28 and tends to a homoclinic solutlon as k — 18
The Hamiltonian system has a well-known exphclt homoclinic solution Lg(s) = (ug(s), vo(s ))
given by (see for example [16, p.213]): Lo(s) = (2 — 6sech’(s), 12sech?(s) tanh(s)). The
Melnikov integral (1.27) is given by

M(7) = /*°° (Vah)| (o ds = 52 /°° V2(s) (10 + uo(s)) ds = %9 (770 — 10) .

o0 — 00

This function vanishes when 79 = 7 , and hence the homoclinicity of (1.28) occurs at

T=— +0(e). (1.30)

Figure 1.2: The phase curves of (1.29) for k = ﬁ _—16 —4, 145, 136, %

A collision criterion of the limit cycle with a homoclinic orbit

Assume that at 7 = 7.(¢) the homoclinic orbit of (1.14) exists by the (dis)appearance of
an isolated periodic orbit (limit cycle) C. Suppose that for € small, C' survives in the
neighborhood of the homoclinic orbit of the unperturbed vector-field X. Let ¢y be a point
on C' and the line that connects the perturbed hyperbolic saddle p. to the focus F', see Figure
1.3. Tt is clear that as 7 — 7. we have ¢g — p.. Thus, the homoclinicity condition 7 = 7.(¢)

is satisfied if a collision occurs between the limit cycle and the saddle, i.e,:

o = pe- (1.31)
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In [13, 14], it was shown that if the k*!-order approximation of the limit cycle (z,9),

x x x z
= e ) e
Y Yo Y1 Yk,

that bifurcates near the unperturbed homoclinic orbit exists, then one can use condition

(1.31) to derive a higher-order approximation for the homoclinicity condition

k—1
Te(€) = Z "7y, 4+ O(e").
n=0

Y

Figure 1.3: The collision of the periodic orbit C' and the perturbation saddle p..

In Chapter 3, we derive a second-order approximation for the homoclinic bifurcation
parameter of (1.28) by using a generalization of the Lindstedt-Poincaré perturbation method
based on the criterion (1.31) . This parameter is

10, 288 f

T=—

3
TP O(e?). (1.32)

For (a,b) = (—1,1), we integrate (1.28) using the built-in MATLAB function ode45. The
initial point is set to (z,y) = (1.99999,0). We use the homoclinic bifurcation parameter as
given in (1.30) and (1.32) with different ¢ values. As a result, the Melnikov method fails

in predicting the homoclinic orbits for € moderate, see Figure 1.4a. On the other hand,

fIn Chapter 3, we use hyperbolic functions rather than the Jacobian elliptic functions were used in [13].
This allows to approximate the actual homoclinic situation. In [13], the Jacobian elliptic functions was used
to approximate the limit cycle of period T close to the homoclinicity. However, both functions lead to the
same homoclinicity condition 7 ().
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the solution based on the collision criterion (1.31) leads to a good approximation to the
bifurcation parameter 7 even for € small where the computed orbits always converge to the

actual homoclinic situation, see Figure 1.4b.

Y
y

(a) (b)

Figure 1.4: Forward and backward numerical integration of (1.28) starting at (z,y) =
(1.99999,0) for e=0.3 and (a,b) = (=1,1). (a) 7= 22, (b) 7= L2 4 2 28

7 2401

Homoclinicity using Mathematica

This section discusses a numerical method to approximate the homoclinic bifurcation
parameter 7 = 7.(¢) in (1.28). The simple idea is based on using the interactive command
Manipulate of the software package Mathematica. Consider again the vector-field (1.28). We
can numerically integrate the invariant manifolds of the saddle point (2,0) for fixed values of
¢ and 7. However, to obtain the homoclinic solution, we need a suitable choice (a homoclinic
choice) of these variablest. In fact, we can use the command Manipulate to control these
variables via an interactive interface and then to handle them until the homoclinicity occurs.
To do so, we assume that 7 € [22,1.55] (where 7 steps through this interval with step 1076)
and € € [0, 1] (with step equal to 0.05). Evaluating the following command

1Clear [u, s, tau, T, eps]

Manipulate [Module [{sol=NDSolve [{u’’[s]+4-uls] 2==eps*u’[s]*(tau+uls]),
sul0l==p[[1]], uw’[0])==p[[2]]},u,{s,0,T}]1},
ParametricPlot [Evaluate [{uls],u’[s]}/.so0l]l,{s,0,T},

sPlotRange ->{{-5,3},{-10, 5}}1],{{p,{1.9999999,0.0000001}},Locator},
{{T,-20},-500,500},{{tau,10/7},10/7,1.55,1%10" -6} ,{{eps,0},0,1,0.05}]

returns the interactive window presented in Figure 1.5. We gradually increase € with step
size 0.05. At each £ we find the corresponding value of 7 where the homoclinicity occurs,

i.e., the stable and unstable manifolds connect again at the saddle point (2,0). Figure 1.6a

TOne option is to use (1.32). However, here we do not assume any information about the homoclinicity
in (1.28).
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10
7
We increase 7 until the homoclinicity occurs which happens at 7 =

it is clear that there is no homoclinic orbit.

10296541
7000000 >

By computing the value of 7 at each ¢, we obtain the following list of homoclinic sets {e, 7}:

shows the situation when € = 0.6 and 7 =

see Figure 1.6b.

hom = {{0,10/7}, {0.05,5001057/3500000}, {0.1,10009429/7000000},

2 {0.15,10018879/7000000} ,{0.2,10033607/7000000}, {0.25,2010507/1400000},
{0.3,2015113/1400000}, {0.35,315699/218750}, {0.4,101337/70000},

4 {0.45,635521/437500}, {0.5, 10207277/7000000},{0.55, 256251/175000},
{0.6, 10296541/7000000},{0.65,5173341/3500000}, {0.7, 10400323/7000000},

6 {0.75,5228669/3500000}, {0.8, 10517573/7000000},{0.85,10580867/7000000},

{0.9, 5323519/3500000}, {0.95,1071589/700000}, {1,10787213/7000000}}

Next, we fit these pairs with a curve:

1tau=Rationalize [Fit [hom,{1,eps~2,eps~4},eps],107-4]

The result of this is
10,7, 1,

758 a2t
Compared to the homoclinicity condition (1.32), equation (1.33) gives a better prediction to

T (1.33)

the actual homoclinic situation for large e. This can be easily checked by plugging (1.32) and
(1.33) back into the first Mathematica command. For ¢ = 1.4, Figure 1.7 plots the solution
of (1.28) based on (1.32) (Figure 1.7a) and based on (1.33) (Figure 1.7b).

tau

I

[T =D+ alx] =]
eps |

=Dl alel =

Figure 1.5: Mathematica interactive window of the command Manipulate. The un-
perturbed homoclinic orbit of (1.28) is shown. Note that the unperturbed part is in-
dependent of the choice of 7.
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Figure 1.6: Mathematica interactive window of the command Manipulate. For e = 0.6, (a)
the invariant manifolds of the saddle (2,0) for 7 =
(2,0) for 7 = 10296541

(b) homoclinic orbit to the saddle

= |

-} .
o =D|+]| ale| =
|

€

Ll
fa =]+ al¥| =]

Figure 1.7: Mathematica interactive window of the command Manipulate. For ¢ = 1.4,
(a) the invariant manifolds of the saddle point (2,0) based on (1.32), (b) homoclinic orbit
to the saddle (2,0) based on (1.33).
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1.6 Chaos and the logistic map

In this section we introduce some concepts and lemmas, which will be used in Chapter 6. As

an illustration, we briefly study the logistic map. The standard form of this map is
Tnt1 = f(zn), n=1,2,3,... (1.34)

where f(z) := px(1 —2) and g > 0 is a parameter. The logistic map was first introduced by
the Belgian sociologist and mathematician, Pierre-Frangois Verhulst (1804-1849), see [129],
to describe the population growth with limited resource from time n to n + 1. The variable
x represents the population and p represents the growth rate. For all x > 1 and = < 0,
f™"(x) » —o0 as n — oo [50, Proposition 5.2]. So the interesting behaviors occur in the

unit interval [0, 1].

Existence and stability of 2-,3-cycles

Definition 1.14. Consider the map (1.4). For a fized value of o, & = g, a point xq is
said to be a period-k point of f if f¥(xg,a0) = wo and fI(xg,an) # wo for 1 < j < k—1.
The k-tuple {xj};?;& is then said to be a k-cycle or cycle of period k, where xj11 = f(z;, )
for0<j<k-—2.

A point z € [0,1] is a period-1 point (a fixed point) of (1.34) if f(z) = x. This occurs for
x=1- i and x = 0. The first point 2 =1 — i € [0,1) is asymptotically stable if u € [1,3)
and unstable if ;4 > 3. On the other hand, the point z = 0 is unstable for all u > 1. If
f?(x) = x and f(z) # 2 then x € [0,1] is a period-2 point. Thus, the points of period-2
2
_ 1 _
can be found by computing the discriminant of ];((:L‘))SC = 0, which is L(j#) So,
T)—x 1
at = 3, a 2-cycle emerges (i.e., u is a period-doubling bifurcation’). The stability of this

2-cycle is given by the following Lemma.

Lemma 1.7. Let xg be a k-periodic point of f. Assume that \; are the eigenvalues of the
Jacobian matriz D f*(xq). Then the following statements holds

(1) g is asymptotically stable if |\;| < 1 for all i,

(2) xo is unstable if |\;| > 1 for some i.

TA period-doubling bifurcation occurs when the Jacobian has only one eigenvalue A for which |A| = 1,
namely A = —1, and some non-degeneracy conditions are satisfied, see [88].
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Note that, if {xg,x1,...,2x_1} denotes a cycle of period k. Then by the chain rule, the

stability of o can be obtained from
Df*(wo) = Df(wx—1)Df (wx—2) ... Df (o). (1.35)
In general, the stability at any point x,., r = 0,1,...,k — 1, in the cycle can be defined from

D) = Dy 1)Df(2r2) .- Df(20)Df (21 1) .- Df (). (1.36)
Remark 1.1. The eigenvalues of (1.85) and (1.36) are identical.

Definition 1.15. A cycle T of period k, T' := {xo, 1, ..., Tr—1}, is stable if xq is a stable
fized point of f*.

By Lemma 1.7, the 2-cycles of (1.34) are asymptotically stable for u € (ua, 4], po := 3,
g := 1+ /6, and unstable for y > py. Further, at 4 = p4 a stable 22-cycle emerges (p4 is
a period-doubling bifurcation point). The process of period-doubling bifurcations continue

which indicates the existence of cycles of period 23, 2%, ... 2", ...

fia)—=
flz)—=
which may be complex. Myrberg [103] proved that u = p3, pz = 1+ /8 allows a real

Similarly, a 3-cycle can be computed by solving = 0. This equation has six roots

solution. Saha and Strotgatz [115] simplified the proof by expressing the solution in terms
of three points (see also [12, 69]),

Ty —z—T.

So the value of u corresponding to the 3-cycle satisfies

df (z) df (y) df ()
dz dy dx

=1=4501-22)(1-2y)(1—2x)=1.
Therefore, the 3-cycle is given by a system of four equations with four unknowns (z,y, z, p):

y=f@), z=f), ==F), #*(1-22)(1-2)(1—2)=1.

They solved this system to obtain the solution 1 = 3. Later, Shi and Yu [120] proved that
there exist two 3-cycles when p > pus.
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Bifurcation diagram

The bifurcation diagram of (1.34) is presented in Figure 1.8. The period-doubling cascade
starting at @ = uo coexists with other “windows” of periodic cycles even in the chaotic region,
see Figure 1.8a. The largest region starts at u = 3 where we have a window of 3-cycles,
which undergoes period-doubling with periods 6, 12, 24, ... until one enters again into the
chaotic regime, see Figure 1.8b. The most important parts of the bifurcation diagram are as
follows (for computational background see [12, 50, 57, 115, 120, 124]):

(1) Cycles of period 2 emerge at u = ps (us2 is a period-doubling bifurcation point).

(2) 22-cycles emerge at u = 4 (p4 is a period-doubling bifurcation point) and are asymp-
totically stable for u € (ua, ps), pg ~ 3.54409, but unstable for u > ps.

(3) The process of period-doubling bifurcation continues to period 23, 2%, ... (period-
doubling cascade) and finally gives rise to chaos at fio ~ 3.569946. This is the famous
period-doubling scenario leading to chaos. This is only confirmed by numerical simu-

lation and not proved yet.
(4) For p € (foo, it3), the system alternates between periodic and chaotic behavior.
(5) For p € (us, pe), pe ~ 3.8415, cycles of period 3 appear.

(6) For p € (ue, 4], the system exhibits only chaotic behavior.

2
IS

1
(a) (b)

Figure 1.8: Bifurcation diagram of the logistic map with (a) 0 < u <4, (b) 3.5 < pu <4
(5,000 points, uniformly distributed). For each p the initial points were reset to o = 0.01,
10,000 map iterations were performed and 9, 900 iterations were discarded.
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Chaos and Lyapunov exponents

There is no universal mathematical definition of “chaos” in dynamical systems. The use of
the word “chaos” was introduced by Li and Yorke in [95]. Brown and Chua [28] review the
different mathematical definitions of chaos. Many authors call the system chaotic when, for

example:

It has a positive Lyapunov exponent [79].

It has a Smale horseshoe [43].

It has sensitive dependence on initial conditions and is topologically transitive' [130].

e It has sensitive dependence on the initial conditions, has a dense set of periodic orbits

and is topologically transitive [50].

The “sensitive dependence on initial conditions” plays a central role in the idea of chaos;
it is simply the classical notion of Lyapunov instability [50]. The quantitative measure of
sensitive dependence on initial conditions is the Lyapunov exponent, which measures the
exponential separation of nearby orbits. A positive Lyapunov exponent can be considered
as an indicator of chaos. Since the sign of the Lyapunov exponent of maps can be computed
numerically, we will use in this thesis the following notion of chaos that mainly depends on

the Lyapunov exponents:

Definition 1.16. [122] Chaos is aperiodic long-term behaviort in a deterministic system?

that exhibits sensitive dependence on initial conditions.

Now consider a one-dimensional map. Also, consider a small displacement A, applied to the
initial point z¢ and let A,, be the resulting displacement from f™(xzq) after n iterations. If

this displacement evolves approximately as
|An| ~ |Agle™, (1.37)

then o is the Lyapunov exponent.

TThere are two definitions of topological transitivity which are the following (see [86]): Consider the metric
space X and the continuous map f : X — X. We say that f is topologically transitive if:

— for every pair of non-empty open (nopen) sets U and V in X there exists a positive integer k such that

FUynNv #£0.
— there exists z € X such that its orbit { f™(x) | n > 0} is dense in X (i.e., { f?(z) | n >0} =X ).

Note that these definitions are not equivalent.

t Aperiodic long-term behavior means that there are orbits which do not settle down to fixed points,
periodic orbits, or quasi-periodic orbits as n — oco.

§A system is deterministic if for each state in the phase space there is a unique future.
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Taking logarithms of both sides of (1.37) and noticing that
Ap = f"(xo + Ao) — f"(0),

we obtain

[An| _ 1
Ao] |Ao|

Taking the limit Ay — 0 for (1.38) gives

1

= (/") (w0)]-

Then using (1.35) in the term inside the logarithm leads to

ln|Hf ;)| Zln|f

|f™ (2o + Ag) — f"(l"o)|.

(1.38)

(1.39)

Figure 1.9 shows the Lyapunov exponent of (1.34). A negative Lyapunov exponent indicates

a stable periodic solution. The Lyapunov exponents approach zero at the points where stable

fixed points or cycles are born (at p = 1 the stable fixed point emerges, at ;1 = po the stable

2-cycle emerges, ...). The first rise for o is around p due to the chaotic behavior which is

clear in Figure 1.8b. The dips for p > s are caused by stable periodic cycles (at p = pus a

stable 3-cycle emerges, ...).

f

0.01 T T T 0.01
b o o 0 'I[ T
—0.01 . - . =0.01 . .
0 1 /%l/ 3 4 35 3.6 3.7
(a)

3.8 3.9 4

Figure 1.9: Lyapunov exponents for the logistic map when (a) 0 < u <4, (b) 3.5 < p < 4.
Note that there are intervals of stability in the chaotic region corresponding to periodic

cycles.
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1.7 MatCont

MatCont is a MATLAB interactive toolbox for the numerical study of continuous-time
dynamical systems . The software development started in 2000 [100, 113] and the first
publication appeared in 2003 [51]. For a historical overview and recent development of
MatCont, see [45, 52, 72]. The numerical analysis of equilibria, cycles and connecting orbits
as well as their stability and bifurcations can partly be reduced to the continuation of curves
parametrized by parameter(s) in some space R™, for background information, see [16, 88].
The aim of MatCont is to provide a continuation toolbox which is compatible with the stand-
ard MATLAB ODE representation of differential equations. In MatCont, most curves are
computed with the same prediction-correction continuation algorithm based on the Moore-
Penrose matriz pseudo-inverse, see [16, 70, 82, 88]. The continuation of bifurcation points of
equilibria and limit cycles, in one and two parameters, is based on bordering methods [73, 82]
and minimally extended systems [16]. The limit cycles are computed by an approach based
on the discretization via piecewise polynomial approximation with orthogonal collocation of
the corresponding boundary value problems. The sparsity of the discretized systems for the
computation of limit cycles and their bifurcation points is exploited by using the standard
MATLAB sparse matrix methods. The same approach is applied for homoclinic orbits, in
combination with the continuation of invariant subspaces for the equilibrium end point of the
homoclinic orbit, see [49, 61]. MatCont uses test functions that have regular zeroes at the
bifurcation points to detect and accurately locate bifurcations along the computed curve; for
details see for example [88, Chapter 10] or [70]. Moreover, MatCont provides the normal form
coefficients for all codim-1 and -2 bifurcations of equilibria as well as periodic normal-form
coefficients for all codim-1 and 2 bifurcations of limit cycles. The necessary expansions of
the unfolding parameters to switch to (some) limit cycle and (some) homoclinic bifurcation
curves rooted there are also obtained. See [2, 46, 88, 90] for further details and notation
used. The relationships between objects of codim-0, 1 and 2 computed by MatCont are pre-
sented in Figure 1.10. The symbols and their meaning are summarized in the Table below
the figure, where the labels based on standard terminology are given in [88]. An arrow in
the figures from an object of type A to an object of type B means that the object of type B
can be detected (either automatically or by inspecting the output during the computation of
a curve of objects of type A). Each object of codim-0 and 1 can be continued in one or two
system parameters, respectively. We note that generically a curve of HHS emanates from a
BT point, as well as (under some conditions on the normal form coefficients) two such curves
from a Zero-Hopf bifurcation point (ZH). The current version of MatCont fully supports,

however, only one such connection: BT to HHS, which is not presented in Figure 1.10.

fThe computational core of MatCont is called CL_ MatCont. It can be used independently as a general-
purpose non-interactive continuation toolbox in MATLAB.
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Figure 1.10: Relationships between objects of codim-0, 1 and 2 computed by MatCont. The symbols and their meaning are
summarized in the Table below, where the labels are based on standard terminology given in [88]. An arrow in the figures from an
object of type A to an object of type B means that that object of type B can be detected during the computation of a curve of
objects of type A. Each object of codim-0 and 1 can be continued in one or two system parameters, respectively.

[ Label | Type of object [[ Label | Type of object [[ _Label | Type of object [[ Label | Type of object
o Orbit EP Equilibrium LC Limit cycle LP Limit point
H Andronov-Hopf LPC LP bifurcation of cycles NS Neimark-Sacker PD Period-doubling (flip)
HHS Homoclinic to Hyperbolic Saddle HSN Homoclinic to Saddle-Node BP Branch point cp Cusp point
BT Bogdanov-Takens ZH Zero-Hopf HH Double Hopf GH Generalized Hopf (Bautin)
CcPC Cusp bifurcation of cycles BPC Branch Point of Cycles LPNC LP-NS R1 1:1 Resonance
R3 1:3 Resonance R4 1:4 Resonance PDNS PD-NS CH Chenciner
LPPD Fold-Flip R2 1:2 Resonance NSNS Double NS GPD Generalized Period-doubling
NSS Neutral saddle NSF Neutral saddle-focus NFF Neutral Bi-Focus DR* Double Real S/U leading eigenvalue
ND* Neutrally-Divergent saddle-focus S/U TL" Three Leading eigenvalues S/U SH Shilnikov-Hopf OF* Orbit-Flip with respect to the S/U manifold
IF* Inclination-Flip with respect to the S/U manifold NCH Non-Central Homoclinic to saddle-node

TThe symbol “%” stands for either S or U, depending on whether a Stable or an Unstable invariant manifold is involved.

8¢

O LT |



CHAPTER 2

The Bogdanov-Takens

bifurcation

In this chapter we introduce the smooth BT normal form and the complete
bifurcation diagram near the BT point. We compute the critical normal form
on the two-dimensional center manifold of a generic n-dimensional system that
has a BT point at its equilibrium. Using the homological equation technique,
we derive a quantitative relation between orbits of the smooth BT normal form
and of the generic n-dimensional system. By solving all linear systems appearing
from the homological equation, we correct the parameter transformation exiting
in the literature. Finally, we discuss the existence of the BT bifurcation in the

Gray-Scott model.

2.1 The smooth normal form

Consider the continuous-time dynamical system

= f(l'va)a (21)

where f : R x R? — R is generic and sufficiently smooth. The BT bifurcation occurs in the

two-parameter system (2.1) when for some parameter values, the equilibrium of (2.1) has a
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double-zero eigenvalue with the Jordan block

J:(g ;).

Assume that (2.1) has a BT point at (0,0). Then the Taylor expansion of (2.1) at the fixed
o = 0 can be written as .
i = Ar+ L B(z.2) + O(Ja]") (2.2)

where A and B are given as in (1.5). The matrix A has a double (but not semi-simple)
zero eigenvalue. Then there exist two real linearly independent (generalized) eigenvectors

go,1 € R", of A, and two adjoint eigenvectors po 1 € R", of AT such that

A 0) o) _o (AT 0 () (2.3)
—In A q1 - —In AT Po - .

where [,, is the n X n unit matrix. We can assume that these vectors satisfy

Podo=piqi =1, piai =pigo=0, qia=1 qiq =0, (2.4)

and this defines them uniquely up to a common =+ signs. Define the center eigenspace (E¢) of
A as the space spanned by go and ¢;; and the stable eigenspace (E*) as the space spanned by
the eigenvectors corresponding to the eigenvalues with negative real part. So for any y; € E¢
there is (u,us) € R? so that

Y1 = u1qo + u2qi.

Assume that R™ is spanned by E® and E€ ounly (i.e., there are no eigenvalues with positive

real part). Then any vector x € R™ can be written in a unique way as
T=y1+Yy2, Y2 €L, (2.5)

By (2.4) the new coordinates (u1,us) are given by

_ T
{ “=h (2.6)

— T
U2 = pP1 o,

The vectors (y1,y2) can be represented as

{ Y1 = el (2.7)

Y2 = (In - 7Tc) x,
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where 7. is a projection of R™ onto E°. Substituting (2.6) and (2.7) into (2.2) together with
(2.5), we obtain the following system

1
ipoTR2(U» Y2)

u=Ju+ . + O([| (u, y2)II?), (2.8a)
§p1TRz(U,y2)

. 1
Yo = Ayz + §(I — me)Ra(u, y2) + O(|| (u, y2) %), (2.8b)
where u = (u1,u2) and

Ra(u,y2) = uiB(qo, q0) + 2u1u2B(qo, ¢1) + u3 B(q1, 1)
+ 2B(u1qo, y2) + 2B(u2q1, y2) + B(y2, y2)-

On the center manifold W¢(0) we have (see Theorem 1.6),
y2 = Ha(u) + O(ul®),  Hz:E°— E?, (2.9)
where the component Ha(u) takes the form
1 2 L 2
Hg(u) = §H20u1 + Hijujug + §H02’U,2, (210)

and H;; C E° € R™ are unknown vectors to be determined. This allows us to write system

(2.8a), on the center manifold, for the center eigenspace variables (u1, us) only,

1
§poT (ufB(qo, @) + 2u1u2B(qo, 1) + u3B(q1, Q1))

i = Ju+ +O(|lul]?). (2.11)

1
§P1T (UfB(QO, ) + 2u1u2B(qo, q1) + u3B(q1, CI1))

Differentiating both sides of (2.9) gives
Yo = —u + Dus Us. (2.12)
Then by substituting (2.11) and (2.10) into (2.12), we obtain

yg = HgoU1U2+H11U%+O(”UH3). (213)
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Since the center manifold W¢(0) is invariant, equation (2.9) should satisfy (2.8b), and hence

72 can be expressed as

1
U2 = §(AH20 + (I — 7)B(q0,90))u} + (AH11 + (I — 7.)B(qo, q1))uruz

1 (2.14)
+ 5 (AHoz + (I = 7o) Blar, ¢1))uz + O(|[ull®)-
Comparing the coefficients of corresponding terms of (2.14) and (2.13), we obtain
Hao = —A™V((I = 7)B(go, %)),
Hiy = —A™YV((I = m.)B(qo,q1) — Hao), (2.15)

H02 = —AINV((I - WC)B((haql) - 2H11)’

where the expression h = ANV is defined as solving the non-singular border system

A hY (r
@ 0)\s 0)’
where 7 is in the range of A. This uniquely defines the local center manifold system (2.9) up

to quadratic terms.

As in Section 1.3, the two-dimensional center manifold system (2.11) can be simplified by

introducing a near-identity coordinate transformation of the form
u=w+zw), zw)ecH? (2.16)
whose coeflicients are to be determined, i.e,

2 2
a20WqH + a11wWow + agewy

zo(w) =
2 2
bgo’wo + b11w0w1 + b02w1

Substituting (2.16) into (2.11) gives
0
(I + awzz(w)> W = Jw + Jza(w) + g5 (w) + O(|lw]?), (2.17)

where
18 B(qo, q0)w3 + pg B(qo, ¢1)wowr + 3p¢ B(q1, q1)w?
gt (w) =
1pT B(qo, q0)w3 + pT B(qo, ¢1)wowr + 3pT B(q1, q1)w?
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Therefore, after the change of variables (2.16) system (2.11) takes the form (see also system
(1.12))

0= Tut Taaw) — (o)) u -+ g2(w) + Oul) = T+ pa(w) + O(Jl?), (215)

where

[ 3P0 B(qo,q) + b2 2 po B(qo, q1) — 2a20 + b1y
o (w) = LT wy + - wow
5P1 B(qo, q0) p1 B(qo, 1) — 2b2o

1pEB(g1, q1) — a1 + bos w2
2
ipTB(g1, q1) — b

Substituting
b = %IHTB(QL(M), azp = %POTB(QO7Q1) + %P?B(‘hﬂh),
bao = —3pg B(qo, ), a11 — boz := 3pg Bla1, q1),

into (2.18) gives’

0
W= Jw + ( ) ) + O(Jlw]|?), (2.19)
awg + bwow;

a = 3pi B(q0, ),
b= pT B(qo, 1) + 4 B(qo, qo0)-

where

(2.20)

It is clear that the term w? is a resonance term where we cannot eliminate it by the nonlinear

transformation (2.16). Further, by a change of coordinates

wo — Wo,
wy — wi + O([|wlf?),

system (2.19) transforms to

{ Wy = wi, (2.21)

Wy = awg + bwowy + O([|w]?),

The following theorem is a direct consequence of the previous computations

Tt is clear that the choice of bag is not unique. By the choice of bag = %prlfB(qo, g1) we obtain the critical

1.2
normal form w = Jw + ( 2;21]20 ) + O(||w||?). However this form and (2.19) are completely equivalent, see
0

[7, Proposition 2.4.3].
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Theorem 2.1. At the critical parameter value o = 0, system (2.2) is locally C*-equivalent

near x = 0 to a parameter-independent system given by

o + O(lwl®). (2.22)

8.
I

aw% + bwows

The normal form (2.22) is called the critical normal form because it is computed by
substituting the critical parameter value, a = 0, into the original system (2.2). However, the
interesting dynamical behaviors of (2.2) happen in a neighborhood of the critical parameter
value, i.e., when o # 0, || < 1. In order to study these behaviors, we need to re-construct the
parameter-dependence in the normal form (2.22). Theoretically, this is done by constructing
a versal deformation (also called unfolding) of the linear part of (2.22). A universal unfolding

of the critical BT normal form, i.e., the topological normal form, is (see, e.g. [6, 78])

wy
W= : (2.23)
B1 + Pawi + aw% + bwow

where 3 = (81, 2) € R? are the unfolding parameters. This was proved independently by
Takens [123] and Bogdanov [20]T. System (2.23) contains all possible qualitative dynamics

behavior that occurs near the critical parameter value of the original system (2.1).

The present thesis uses the smooth BT normal form

w1
B + Bawr + awd + bwows + g(w, B2) (2.24)

+ 0 (1Bullwl® + 182lwi) + O (1812wl + 1Bllw]® + [[w]*),

where g(w, B2) := a1 fowd + by fowow + dwi + ewdw;. Truncating the O-terms and omitting
g(w, B2) gives the topological normal form for the BT bifurcation. We emphasize that it is
essential to include the term g(w, B2) in addition to the topological normal form to achieve
an accurate second-order approximation for the homoclinic solution of (2.1) which depends
on the term g(w, B32) [92]. This term was ignored in earlier studies [15, 91]. Details of the
effect of this term on the second-order correction to the homoclinic solution near a generic

BT point will be presented in Chapter 3.

TThis normal form is slightly but equivalent to that used in [20, 123], where the second unfolding term
was [Bawg.



2 The Bogdanov-Takens bifurcation | 35

2.2 The bifurcation diagram near a BT point

In this section, we study the bifurcation diagram of the topological normal form system

(2.23). Assume that @ > 0 T, then the system (2.23) has two hyperbolic equilibrium points

(s%,0) = (i\/—%,()) . B <0

and there are no equilibria if 5; > 0. The Jacobian evaluated at these equilibria is

which are given by

A =
2asT Py + bsT

The eigenvalues associated with these equilibria therefore are given by

1

A2 = 5( (B2 +bs™) £ \/(52 + bst)? + 8ast).

(1) For 81 < 0, B2 # 0, the quantity under the square root for s¥ is greater (in absolute
value) than (82 + bs+)2. So the eigenvalues have opposite signs, and hence (s™,0) is a

saddle for all B5. On the other hand, the second equilibrium point (s—,0) has purely
/_ B

a

imaginary eigenvalues for 8y = b4/ f%. This point is a source for S > b and a

sink for s < b\/—%l. The generic phase portrait for §; < 0, 83 # 0 is presented in
Figure 2.1.

(a) (b)

Figure 2.1: Generic phase portrait of (2.23) for a > 0, f: slightly negative and (a) B2 >

by/—EL (b) B2 < by/—2.

tA similar analysis can be carried out for a < 0.
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(2) For 81 = By = 0, the system (2.23) has a nonhyperbolic equilibrium point at the origin.

It follows from [5, Theorem 67, p.362] that system (2.23) has a “cusp” at the origin,
see Figure 2.2.

Figure 2.2: Generic phase portrait of (2.23) for 81 = 82 = 0.

For 81 = 0, B2 # 0, the system (2.23) has a nonhyperbolic equilibrium at (0,0) with
the eigenvalues
Xo,1 =0, Ba. (2.25)

The eigenvectors {qo, ¢1 } corresponding to the eigenvalues (2.25), respectively, are given
by go = (1,0), g1 = (1, 52). To investigate the nature of the flow on the one-dimensional

center manifold system, we apply the linear transformation
w =g, q1]v, v=(v1,02) € R?

which transforms (2.23) into

et (e e (e )
0 =————v]—[b+ = |viva— [ b+ — | v3,
' Bo B! By) 7 Br) 2
=L 4 +a2+<b+2a> +(b+a)2
Uy = — vy + —v — ) vv — ) vs.
T e B2) 1 By)
The center manifold can be approximated by considering the tangent plane approxi-

mation, i.e., vo =0,

b = _ L (B1 +avi). (2.26)
Ba

For 35 < 0, the flow on the center manifold system (2.26) is given in Figure 2.3. Notice
that the position of the stable and unstable manifolds of the saddle will be reversed for

B2 > 0. Tt is clear that system (2.26) exhibits a limit point bifurcation, see Figure 2.4.
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U1
I I
4 4
\/E I I
a I
I I
v I
I I
I I
i — 51
I I
Y |
I I
I I
_\/Z I
“ I I
A A

Figure 2.3: The bifurcation diagram of (2.26) for a > 0 and 82 < 0.

Given the information we have collected, we conclude that limit point bifurcations occur on
the line

LP: 61 = 0) 52 7& 07 (227)

while

B <o, (2.28)
a

is a bifurcation curve on which (s7,0) undergoes a (nondegenerate) Andronov-Hopf bifur-

cation, i.e., the equilibrium (s7,0) has a pair of eigenvalues with zero sum. Along the

Andronov-Hopf curve, the eigenvalues are given by
(A (81 X(BY) = (i, ~iw) (2:29)

where w = W. If b > 0 then the Andronov-Hopf curve is located in the second
quadrant of the (51, 82)-plane; this curve is located in the third quadrant if b < 0. To study
the stability of the Andronov-Hopf bifurcation and the existence of the limit cycle bifurcation,
we use a method described in [88, Section 3.5]. Firstly, we fix 8y = b@ and then we

apply the following linear change of the coordinates

)= ()
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(a) (b)

Figure 2.4: Generic phase portrait of (2.23) for a > 0, 51 = 0 and (a) f2 > 0. (b) 82 < 0.

which places the equilibrium at the origin. This transforms (2.23) into

w:A(ﬁl)w+F(w,61), (230)

0 1 0
A(ﬂl) = <—UJ2 0) ) F(Uhﬁl) = < aw§+bw0w1 > .

For small |3;|, the matrix A (1) has the eigenvalues (2.29). Then there exist an eigenvector
q(B1) € C2, of A(B;), and an eigenvector p(3;) € C2, of AT (1), corresponding to the

where

eigenvalues A (1) and A (1), respectively, such that

AB)a(B) =A(B1)a(Br), AT (B)p(B) =AB)p(Br), (p(Br),q(Br)) =1, (2.31)

where (p,q) = p*q. The vectors

0(3) = (i) Cp(B) = o <“’> ,

satisfy (2.31). Using these vectors we can uniquely represent w for small |S;] as

w=2zq(B1)+zq(B1) = (2+7,iw(z—7%)), (2.32)

for some complex z. Taking the scalar product with p (1) of both side of (2.32) and using
the fact that <p (51),q (61)> = 0, we obtain
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2= B),w) =X(B)z+pB)F((2+7 iw(z—2), b), (2.33)
or . )
Z = 2iwz + g11 (B1) 2Z + 5920 (B1) 22+ 5902 (51)52,
where

gu1 (br) = —i gv g20 (B1) = —ig +b, go2(B1) = —ig —b.

Hence the first Lyapunov coefficient ¢; along the Andronov-Hopf curve in the BT normal

form (2.23) is given by

b

8ﬁ1> w, P <0.

b (Br) = ﬂlgRe(igzogn) = - <

It is clear that ¢1(51) < 0 for all b < 0. This indicates a supercritical Andronov-Hopf

bifurcation. This bifurcation gives rise to a unique stable limit cycle (LC) as 3 increases

from By = —% (the uniqueness of the limit cycle was proved for instant in [94]). On

the other hand, for b > 0 we have a subcritical Andronov-Hopf bifurcation in which an
unstable limit cycle bifurcates from s~ as 52 decreases from [y = \/7’8—; for each 51 < 0.
The generic unstable limit cycle is presented in Figure 2.5a. The unstable (stable) limit

cycle generated in the Andronov-Hopf bifurcation expands monotonically as (2 decreases
_B1

- until it intersects the saddle at sT and forms a homoclinic loop at

(increases) from
some parameter value f2(51) [21], see Figure 2.5b. It follows from Chapter 3 (see also [91])

that this homoclinic loop bifurcation curve in (S, 82)-plane is given by

720° 5b 5
HHS: 6 = 03y + o v/=afi + 0 (181]F) (2.34)

As conclusion, for system (2.23) we have the following theorem

(a) (b)
Figure 2.5: Generic phase portrait of (2.23) (a) For b > 0, a unique unstable limit cycle
emerges from the Andronov-Hopf curve (2.28) as 2 decreases from fo = /—21. (b) The

a

homoclinic orbits corresponding to the parameter value (2.34).
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Theorem 2.2. Fora > 0, b > 0 the five bifurcations occur near the BT point of (2.23) are
(1) LPY = {(B1,82) | B2 >0, B1 =0},
(2) LpP~ = {(ﬁlvﬁQ) ’ ﬂQ < Oa 61 = 0};

(3) H:{(ﬁhBQ) }ﬁ?zb _%7 ﬁl<0}7

720° 5b 5
(4) HHS = { (B1.82) | B2 = =gz + 2o v/=aBi + O (1811, 61 < o},

(5) a unique LC when B lies between H and HHS for 31 < 0.

To summarize we plot the full bifurcation diagram of system (2.23) for a > 0, b > 0, see
Figure 2.6.

B

’ A

Figure 2.6: The bifurcation diagram of (2.23) for @ > 0 and b > 0.
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2.3 Smooth normal form in the parameter-dependent

center manifold

Suppose that an explicit formula giving an emanating codim-1 bifurcation for the normal
form (2.24) is available. In order to transfer this back to the original system (2.1) we need a
relation

a=K(p), K:R?—=R? (2.35)

between the unfolding parameters § and the system parameter o. Moreover, we need to

parametrize the center manifold of (2.1) with respect to (w, 8),
r=H(w,pB), H:R?>xR?-R" (2.36)

Taking (2.36) and (2.35) together as (x, o) = (H(w, 8), K(B)) yields the center manifold for

the suspended system

&= f(z,a),
(,2) (2.37)
d =
The invariance of the center manifold implies the homological equation [42, 58, 87]:
Hy (w,B8) G (w, B) = f(H(w,B), K(B)). (2.38)

We write the Taylor expansions of K, H and f as
f(z,a) = Az + J1a + %B(x,m) + Ay (z,a) + %Jg(a, a) + %C’(m, x,x) + %Bl(x, T, Q)
+O (llzlllalf® + llal®) + O ([I(z, a)[*), (2.39)
H(w, B) = gowo + qrwi + Hoo1081 + Hooo1 P2 + %Hmoowg + Hypowowy + %Hozoow%
+ Hip10B1wo + Hipo1B2wo + Hor1081w1 + Hoio1 Sowr + %Hooozﬂg + éH?)ooowS’

1 1
+ ngloowgwl + §H200152w3 + Hiio1fowowr + O (5% —+ |5152|) + (’)(|w1|3

2
+ wowd] + 8203 + Bl ] + [81%w] + 181°) + O (lw, BIY) . (2:39b)
K(8) = Kvoby + Kiafs + 5 Ko + O (87 + 18151 + O(I8]%), (2:390)

where A, Jy, B, Ay, Jo, C, By are given as in (1.5). We insert the expansions (2.39a)-(2.39¢)
into (2.38) together with the smooth normal form (2.24). Then the resulting equations

for terms of the same order in w and 8 can be solved by a recursive procedure based on
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Fredholm’s solvability condition that gives the Taylor coefficients of H and K. Collecting

the terms with equal components in w and S up to the second order in the homological

equation leads to the following systems’

wp : Ago = 0, (2.40a)
w1+ Agr = qo, (2.40Db)
B1: AHooro + J1 K10 = @1, (2.40¢)
B2+ AHgoo1 + J1 K11 =0, (2.40d)
wp = AHaoo0 + B(qo, g0) = 2aq, (2.40e)
wowy : AH1100 + B(qo,q1) = Haoo0 + b1, (2.40f)
w} : AHoooo + B(q1,q1) = 2H1100, (2.40g)
woB1 : AHi010 + B(qo, Hoo1o0) + A1 (g0, K1,0) = Hi1o0, (2.40h)
wof2 : AH1001 + B(qo, Hooo1) + A1(qo, K1,1) =0, (2.401)
w11 AHorio + B(q1, Hooto) + A1(q1, K1,0) = Hozo0 + Hio10, (2.40j)
w1 P2+ AHoio1 + B(q1, Hooo1) + A1(q1, K1,1) = Hioo1 + a1, (2.40k)
B3+ AHoooz + J1 Ko + B(Hooo1, Hooo1) + 241 (Hooo1, K1.1) + J2 (K1 1, K1.1) = 0. (2.401)

The solvability condition for (2.40e),

gives

p1 A Haooo + pi B(do, q0) = 2apy q1,
\O/J \\1,-/

1
a = 5p1 B(ao, q0)- (2.41)

Taking the scalar product of both sides of (2.40e) with pl yields

p1 Ha000 = —pg B(q0, 90)- (2.42)

The solvability condition for (2.40f) gives

b= pi B(qo, 1) — pi Ha000- (2.43)

TThe systems are computed with Maple, see Appendix A.1.
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Taking into account (2.42), we get

b= pT B(qo, q1) + pg B(qo. 90)- (2.44)

The coefficients (a, b) are known and given in (2.20). However, given a and b, the solutions
to the singular linear systems (2.40e)-(2.40g) are not unique. The uniqueness of the solutions
can be guaranteed by requiring that (2.40g) is solvable for Hysgp (see [88, Section 8.7]). The
solvability condition for (2.40g) requires that

2p Hioo — pi B(a1,q1) = 0 (2.45)
Multiplying both sides of (2.40f) by pd gives

pi Hi100 = po Hao00 — po B(q0, ¢1)-

Substituting this into (2.45) yields

2py Haooo — 2p) B(qo, @1) — p1 B(q1,q1) = 0. (2.46)
Using the substitution Hoggo — H2000 + 7q0, With

1
ri=g (—2pg Ha000 + 20y B(qo. q1) + p{ Bla1,q1)) , (2.47)

makes the L.H.S of (2.46) equal to zero. So this substitution implies that (2.40g) is solvable
for Hoogo. Thus, from (2.406), (240f) and (240g) the vectors Hogop, Hi100 and Hygpo can

be uniquely determined by solving the non-singular (n + 1)—dimensional systems,

Hoooo = A™Y (2aq1 — B(qo,q0)) . Ha000 — Ha000 + 740
Hi100 = A™Y (bgy — B(qo, q1) + Hao00) (2.48)

Hosoo = ANV (2H1100 — B(q1, q1)) -
Rewrite system (2.40c) and (2.40d) into the following vector form
AHOl + JlKl - [qlvo]a (249)

where Hp1 = [Hoo10, Hooo1], K1 = [K1,0,K1,1]. The solvability condition for (2.40h) and
(2.401) gives
p1 B(qo, Ho) + p1 A1(q0, K1) = [p1 Hi100,0]. (2.50)
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The solvability condition for (2.40g) gives

1
pi Hyo0 = 5P1TB(Q1,Q1)7 (2.51)

while the scalar product of both sides with pl gives
p1 Hozo0 = —p4 B(q1, q1) + 2pg Hi1oo- (2.52)

Substituting (2.51) into (2.50) then yields

1
p1 B(go, Hor) + p1 A1(g0, K1) = 5[p1 Bla1, @1), 0). (2.53)
The solvability conditions for (2.40j) and (2.40k) yield the following equations

pi B(qo, Hoowo) + pi A1(q1, K1,0) = pi Hio10 + P Hoz00,
(2.54)

pi B(qo, Hooo1) + pi A1(q1, K1,1) = pi Hioo1 + 1.

On the other hand, taking the scalar product of both sides of system (2.40h) and (2.40i) with
pOT gives
T Hio10 = —(pg B(qo, Hoo10) + pg A1(q1, K1,0)) + pg H
P1 {11010 Po 540, £10010 Po A1(q1, 810 Pg 111100,

(2.55)
pi Hioon = —(pg B(qo, Hooo1) + pg A1(q1, Ki1.1)).
Substituting the formula of pf Hig1p and p{ Hygo: into (2.54) gives
p1 B(qo, Hoo1o) + p1 A1 (g1, K1,0) =
— (pd B(qo, Hoo10) + pa A1(q1, K1,0)) + pd Hi100 + pT Ho200, (2.56)

pT B(qo, Hooo1) + pt A1(q1, K1,1) = —(pd B(qo, Hooo1) + pg A1 (g1, K11)) + 1,

or in vector form

po Blqo, Ho1) + pg A1 (q1, K1) + p1 B(qo, Ho1) + pi A1 (a1, K1) = [py Hi1o0 + pi Hozo0, 1] -
(2.57)
With additional information from (2.52) about pi Ho200, (2-57) becomes

po B(qo, Ho1)+pg A (a1, K1) +p1 B(qo, Hor)+pi A1(q1, K1) = [—pg B(qr, a1) + 3pg Hi100, 1] -
(2.58)
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Taking (2.49), (2.53) and (2.58) together, one computes K, and Hy; by solving the (n + 2)-

dimensional system

A Jl q1 0
T T Hoy 1,7
pi Bgo piA1qo K T Blqi,q1) 0 |, (2.59)
1
poBao +p1Bar pg Ao + pT A c 1
where ¢ = 3ng1100 — pr(ql,ql) and the expressions with matrix B, A; have natural

interpretations. We note that the existence and uniqueness of the solution to (2.59) requires
that the (n + 2) x (n + 2) matrix

A J1
M = piBao pi A1go (2.60)
PoBao +piBar pgAiqo +pi A1
is non-singular. The left (n + 2) x n block has full rank n since the null vector ¢p of A is
not orthogonal to the row vectors in the (2,1) and (3,1) block entries of M if a # 0 and

b # 0. Since the right block column of M contains parameter derivatives in all entries, the

non-singularity of M is the transversality condition for the BT point.

To prove that K7 is non-singular we proceed by contradiction. Suppose that there exist real

variables v and 7 not both zero, such that K (v,n) = 0. Then

& Y41
M{o] = Ipi Blgi, q1)
0

—po Blar, q1) + 3vpg Hi1o0 + 1
with ¢ € R™. This implies that A¢ = ~q;, hence 0 = pf A¢ = yp{q; = . Hence
M (57 O’ 0) = (07 07 77) )

with n £ 0. This, in turn, implies that £ = uqg for a scalar p # 0. From the second block
row in M we then have up? B(qo, qo) = 0, which contradicts a # 0. The system (2.59) above
corrects [15, 16], where a wrong formula to compute K is suggested based on the assumption
that K satisfies the equation (2.49) only. The terms K is immediately obtained from (2.401)

Ky = —pT (B(Hooo1, Hooo1) + 2A1 (Hooo1, K1.1) + Jo (K11, K1.1)) Ki 0. (2.61)
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Using (2.401), (2.40i) and (2.40k), one obtains

Hoooz = —A™V (B(Hoo01, Hooo1) + 241 (Hooo1, K1,1) + Jo(K11, K1,1) + A1K2),
Hiygo1 = —A™V (B(qo, Hooo1) + B(qo, K1,1)),

Hoio1 = =A™V (B(q1, Hooo1) + B(q1, K1,1) — Hioo1 — q1) -
(2.62)

Collecting the terms with equal components in w and  of order three at the homological

equation lead to

wi © AHzo00 + C(qos g0, q0) + 3B(qo, Haooo) = 6aH1100 + 6dqn, (2.63a)

wows : AHz100 + C(qo0, 90, q1) + 2B (g0, Hi100) + B(q1, H2000)
= 2bH1100 + 2aHo200 + Hzo00 + 2eq1 (2.63b)

wg B2 : AHao01 + C(qo, 9o, Hooo1) + B1(qo0, 90, K1,1) + 2B (g0, H1001)
+ B(Hooo1, Ha2000) + A1(H2000, K1,1) = 2aHp101 + 2a1q1, (2.63c)

wowi B2+ AH1i101 + C(qo, q1, Hooo1) + Bi(qo, 1, K1,1) + B(q1, Hioo1) + B(Hooo1, Hi100)
+ B(qo, Ho101) + A1(H1100, K1,1) = bHo101 + H1100 + Ha001 + b1g1.  (2.63d)

The solvability condition gives the following expressions for the cubic coefficients:

1
d= gprf (C(q0,90,90) + 3B(q0, H2000) — 6aH1100) , (2.64)

Hso00 = —A™Y (C(q0, 90, 90) + 3B (g0, H2000) — 6aH1100 — 6dq1) , (2.65)

1
e= gprf (C(q0,90,q1) + 2B(qo0, H1100) + B(q1, H2000)

— 2bH1100 — 2aHo200 — H3000) , (2.66)
1
ay = §P1T (C(qo, g0, Hooo1) + B1(qo, qo, K1.1) + 2B(q0, H1001) + B(Hoo01, H2000)
+ Ay (Hazo00, K11) — 2aHp101) , (2.67)

Hao01 = —A™Y (C(qo, g0, Hooo1) + B1(qo0, 90, K1.1) + 2B (g0, Hi001)
+ B(Hooo1, H2000) + A1(H2000, K1,1) — 2aHo101 — 2a1q1) - (2.68)

b1 = pi (C(q0,q1, Hooo1) + Bi(qo, q1, K1.1) + B(q1, Hioo1) + B(Hooo1, Hi100)
+ B(qo, Hoi01) + A1(Hi100, K1,1) — bHo101 — Hi100 — Ha001) - (2.69)
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In formulas (2.48), (2.62), (2.65) and (2.68), we define the expression z = A™NVy as solving

the non-singular border system
A p ry _ (Y
@ 0) \s 0)’

where y is in the range of A.

2.4 Bogdanov-Takens point in the Gray-Scott model

In this section, we study the BT bifurcation of the Gray-Scott kinetic model

% =-UV?+F(1-0),
v (2.70)
T Uv? — (F +k)V,

(see [99, 125]). The model (2.70) describes cubic autocatalytic chemical or biochemical
reactions. This model serves as a reaction part of the reaction diffusion system describ-
ing various pattern formation phenomena [75-77]. The analysis of (2.70) shows that points
(1,0) and

(2(k+F)2 (Fj:p))
Fxp '2(k+F))’

where

p=+F2(1 —4F) — 4Fk (k + 2F),

are the equilibria. The trivial point (1,0) always exists and it is stable for all k¥ and F. The

Jacobian matrix of (2.70) at an equilibrium point (U, V¢) is

—VZ-F —2U.V.
A= . (2.71)
V2 2.V, —F — k

c

The BT bifurcation conditions, i.e., Determinate(A)=Trace(A)=0, imply that

—2FU.V.+ FV2 +kV2+ F?+ Fk =0,
(2.72)
2U.V, — V2 —2F —k=0.

Substituting any of the nontrivial steady states into (2.72), and then solving this system for
1
6

L L) with (U, V,) = (4, 1). Therefore,

(k, F) gives the critical parameter value (k., F¢) = (15, 15 507

system (2.70) exhibits a BT bifurcation at (k., F¢.).
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Theorem 2.3. At the parameter values (k., F.), system (2.70) is locally C*°- equivalent
near (U, V2) to

wo = wi,
) 1, 5 (2.73)
iy = —ad -+ wowy + O,

Proof. Under the change of variables
(U,V):(Uc+$1,‘/;+$2), (F,k‘):(FC-‘rOéhkc—l-OéQ), (274)

the system (2.70) takes the form

. 1 1 9 9
I = fgzrl — 5% + 302 = §(x1x2 +a3) — xie — T3,

1 1 N 1 (2.75)
= 64 + g%~ 1(0&1 + ) + §($1JU2 + 22) — xo(ay + o) + 2123,

which has the BT-equilibrium @ = (z1,22) = (0,0) at a = (a1,a2) = (0,0). The system
(2.75) can be represented at o = (0,0) as (2.2) where

—=(21y2 + 22y1) — T2Y2

, B(z,y) = : (2.76)

00| = x| =
i

§(x1y2 + Toy1) — T2y

The normal form coefficients a, b can be computed using the homological equation technique

as we described in Section 2.3. The vectors
1 1
qdo = §m (27_1)7 q1 :_im(_Qnan—’—Sm)v P1 :T(laQ)a Po = (8, 16T+2$),

where {m,n,r, s} € R, satisfy (2.3). We can select these vectors to satisfy (2.4) so that we

obtain the following numerical value for the vectors qo, 1, po,1

V5 16v/5 V5
QO:i?(_Zl)v Q1=ﬂ1?(172)» Po = qo, P1=iﬁ(1>2)-

Using these vectors with B as we defined in (2.76), we can compute a, b as
V5 (1
h=F—1(-—,1]). 2.77
(0.0) =532 (. (277)

Since the critical normal form coefficients (a,b) can be simultaneously divided by :F‘l/—og by
applying an appropriate scaling of the phase coordinates (wg,w;) in (2.22), we arrive at
(2.73). L



CHAPTER 3

Homoclinic orbits near a

Bogdanov-Takens point of a

vector-field

With a regular perturbation (R-P) method and a generalization of the Lindstedt-
Poincaré (L-P) perturbation method, we derive the explicit computational
formulas for the second-order homoclinic predictor to a generic n-dimensional
ODE. The generic homoclinic predictors are applied to explicitly compute the

homoclinic solutions in the Gray-Scott kinetic model.

3.1 Blowing-up the smooth normal form

To construct an approximation for the homoclinic solution of (2.24), one first performs a

blow-up transformation. We take the normal form (2.24) and apply the rescaling

(3.1)

I
|
£
S
£
|
|
<
2
I
v

4 b
ﬂl = _754 Ta 52 = 75277 wWo
a a

TWe use —%64 rather than —%64 as used in [78]. This simplifies the final result. The minus sign in the

expression of 81 comes from the fact that the equilibria are (:I: %ﬁl, 0) . This requires sign(81) = —sign(a).
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This gives

0= —4+u®+ sgv (7 +u) + &2 Hu? (tbay + du) + €3 uv (1bby + eu) + O(e),
or
L2 b. 21 o I 4
i—u+4= e (T+u)+e U (tbay + du) + ¢ Sl (Tbby + eu) + O(e*), (3.2)

where 0 < € < 1 and 7 are the new parameters. The dot now indicates the derivative with
respect to s. For e = 0, (3.2) is a Hamiltonian system with the homoclinic solution (see, for

example, [16])

up(s) =2 (1— 3sech2(s)),
(3.3)
vo(s) = 12sech?(s) tanh(s).

3.2 The regular perturbation method

The regular perturbation method can be used to compute the homoclinic orbits to (3.2), cf.

[91, 92]. Assume that the homoclinic solution of (3.2) is parametrized by € and approximated

u(s) uo(s) uy(s) us(s) us(s)
v(s) | = | vo(s) | +e|vi(s) |+ [ vals) | +&° [ vs(s) | +O (). (3.4)
T 7o T1 To T3

Inserting (3.4) into (3.2) and equating equal powers of € leads to the following systems
Order (%) : dig — ug +4 =0, (3.5)
Order (51) Dty — 2uou; = zi(u,v,7), i=1,2,3,... (3.6)

where
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b .
z1(u,v,7) = 5u0 (10 + uo),

b . b . 1, 2
2o(u, v, 7) = o (11 +up) + s (1o +wo) + peL (a1b7o + dug) + ui,

b b b
23(u7v,7') = a’UJQ (T2 —+ ’LLQ) =+ gul (Tl —+ ul) —+ aUQ (TO =+ Uo) —+ 27.L1U2

2 1 . 1
+ peLCL! (a1bmo + dug) + 3 tolio (bby70 + eug) + gug (ar1bm + duy),

The % terms yield the Hamiltonian system with solution (3.3). Differentiating (3.5) with

respect to s we find that ¢1(s) = 4g(s) solves the homogeneous problem of (3.6), i.e.,
@ — 2ugp = 0. (3.7)
Then there exists a second solution to (3.7) in the form
2 = 10, (3.8)

for some differentiable function . Substituting (3.8) into (3.7) gives

B0+ 2010 + 910 — 2ue070 = 0. (3.9)
If we define p = 6, (3.9) becomes
201p+ p1p =0 (3.10)
2 cosh®
with solution p = LQ(S). Therefore, a second solution for the homogeneous problem
3sinh*(s)
(3.7) is
Y2 = 1 /pds = 2cosh?(s) + 15sech?(s) (s tanh(s) — 1) + 5. (3.11)

As we have two linearly independent solutions {1, p2} for the homogeneous problem (3.7),
it is straightforward to solve the inhomogeneous problems of (3.6). The general solution for
these problems can be written as

gi fi
—_— —_—

272 P12
()= | Oy — [ =222 g Cogi __PE g . (3.12
u;(s) 2(i—1)+1 /W(%,@z) z o1+ | Oy 1)+2+/W(¢1’¢2> z | w2, (3.12)
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i = 1,2,3,..., where W (¢1,p2) is the Wronskian of {@1,p2}, Coi—1)41, Coxi—1)42 are
undetermined integration constants and f;(0) = ¢;(0) = 0 must hold. The description of
the homoclinic solution (3.4) to the saddle of (3.2) requires that v and v are bounded, i.e.,
sl}rfoo |u(s)| # oo and slirinoo [v(s)| # oo, and as s — +oo the solution must approach the

saddle. This implies
hm lug(s)| # oo, for 1>1.

s—Foo

Thus, the first-order correction to the Hamiltonian homoclinic solution can be written as

u1(s) = (C1 — g1(s)) p1(s) + (C2 + f1(s)) p2(s),
where

b sinh®(s)(7ro — 10) N ibsinh?’(s)(?m — 10) 9 sinh®(s)

s)=-—
fi(s) 35a cosh®(s) 70a cosh®(s) 7a cosh’(s)’
6b b sinh(s)(7ry — 10) b (=70 + 1)
— 2 1og(2 cosh 2 A S
9(s) Ta og(2 cosh(s)) + *28a cosh(s) 28a cosh?(s)
b sinh(s)(719 —10)  3b (77o + 30) 3b sinh(s)(—77 — 20)
SE6a 3 e 1 TS 5
96a cosh”(s) 96a cosh”(s) 96a cosh”(s)

— 45()( 1 — ssinh(s) ) _ b<7—0+1+610 (2))
28a \ cosh®(s) cosh”(s) a\s 287 ’
Now we check the limits of u;(s) for s — toco. First we see that

lim gi(s)p1(s) = lim ¢i(s) = 0.

s—+oo s—too

So we focus on the other terms. We find

b7
lim (Co+ f(s)) = ng:fL.
35
Thus we recover
10 (3.13)
D= — :
077

together with Co = 0. We point out that (3.13) coincides with the result of the Melnikov
method in (1.30). Therefore, we obtain the following first-order correction to the Hamiltonian

homoclinic solution

wn(s) = T2 b sinh(s) log(cosh(s)) Cro(s
() 7a cosh?(s) *Girls), (3.14)

v1(s) = 1y (s).
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The constant C7 can be determined by adding an extra condition that fixes the solution
phase. This condition can be used to determine all Cy(;_1)41, ¢ = 2,3, ... and hence to obtain
a unique description for the homoclinic solution (3.4). Next we discuss two approaches to

define such a unique solution.

3.2.1 A point phase condition
By fixing the solution phase by requiring that [15]:
0i(0) = 4;(0) =0, i=1,2,3,... (3.15)

one can obtain a (unique) i*'-order correction for the homoclinic solution (u(s), v(s), 7).
The condition (3.15) requires that C; = 0. Thus, we get

72 b sinh(s) log(cosh(s))

wn(s) = 7Ta cosh®(s) ’
(3.16)
() 72b sinh®(s) + (1 — 2sinh?(s)) log(cosh(s))
v1(s) = —— ,
! Ta cosh?(s)
as first reported in [91]. Applying the previous procedure to (3.6) for i = 2 gives
18b% — 140a1b + 245d
1 = Oa CE’) - 07 04 - 39242 )
and hence
us(s) = _%ﬁ10g2(cosh(s))(cosh(2s) -2) ﬁﬁlog(cosh(s))(l — cosh(2s))
2T 49 2 cosh?(s) 49 a? cosh?(s)
(Fbar —30d) 18 b* (6ssinh(2s) — 7cosh(2s) +8) 2 (5bay + 7d)
cosh?(s)a2 49 a? cosh?(s) 7a? (3.17)
s (%bal + 12d) sinh(s) 27d
cosh?(s)a? cosh®(s)a2’
va(s) = ta(s).

We notice that the same value of the homoclinic parameter 71 was derived in [15, 16] using

different methods. By solving equation (3.6) for i = 3, we obtain
4 (25 e 2 144
= Zby— - )4+ — [ ==b*>—25b d
2 a(491 b>+49a2<49 Sbay + 73 >
Cs = Cg =0,

(3.18)
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with the third-order correction (us3(s),vs(s)) to the Hamiltonian homoclinic solution explic-

itly given by

3 9 scp ¢ tanh?(s)
= —— =21 h + tanh +
us(s) ((cosh2(s) ) og(cosh(s)) + tan (8)> cosh?(s) cosh?(s)
172863 sinh(s) log(cosh(s))
— log(cosh(s))? — 3log(cosh(s))) + ¢ >
(343a3 (Tog(cosh(s)) B(cosh(s)) + cs cosh’(s) (3.19)
129603 sinh(s) log(cosh(s))
41 h(s))? — 71 sh
+ (343@3 (41og(cosh(s))? — 7log(cosh(s))) —|—C4> cosh™(s) ,
vs(s) = ts(s)
where 36 6 (234
3 2 _ 3
0 =33 (366> — 35a1b* — 98bd) , ¢y = —=3 (491) — 28ae + 3bd) ,
36b 312 648
€3 = 1003 (20b1a — 25a1b + 60d — b2> 1=z (bd — b3)

Note that we will use {u;,v;,7;}, ¢ = 0,1,2 to derive a second-order homoclinic predictor
for the n-dimensional system (2.1) (See Section 3.5). However, as shown above, we need
to compute usz,vs to obtain the value of 5. Since the actual homoclinic curve in the two
parameter space of (2.1) could be nonlinear, deriving (at least) a second-order predictor arises
naturally. Also, it is clear that the above {us, v, 72} depend on the terms g(w, 82) in the
smooth normal form (2.24). So a wrong second-order homoclinic solution will be derived if
we use the topological normal form (2.23). The correct second-order solution was presented
n [2, 92], while the third-order approximation (3.19) was reported in [2]. A part of the
Maple commands that we have used to make the previous explicit computations is shown in
Appendix A.2.

Substituting {uo, vo, u;, vi, Ti—1}, ¢ = 1,2,3 into (3.4) and then plugging the substitution
back into (3.1), we obtain the third-order approximation for the homoclinic solution of the

BT normal form system (2.24):

82 & i

=0

- % (; a%i(st)> +0(e), (3.20)
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3.2.2 An integral phase condition

The phase condition (3.15) can be replaced by a different one that uses an integral phase
condition as in [33, 47, 55]. The expansion of u(s) in (3.4) can be grouped as

u(s) —uo(s Z clu,(s 4) . (3.21)

Then we can fix the phase of u(s) by requiring its minimal Lo-distance to the Hamiltonian

solution ug(s), i.e.,

/+OO a(s)ds = /+°° (Z«Eiﬂi(s) +0 (e ) ds = 0. (3.22)

where

;(8) = (ui(s),uo(s)), 1=1,2,3.

Dividing both sides in (3.22) by ¢, we get

M /+oo s)ds +¢€ /+<>0 fia(s)ds + & /+OO iiz(s)ds + O (%) . (3.23)

— 00 — 00

For € — 0, the following phase condition

+oo +o00
/ a1(s)ds = / (u1(s),up(s))ds =0 (3.24)
holds for (3.14) if
llb 3b

This implies
120 sinh(s)(—31 + 301log(2 cosh(s)))

(s) = —— ,
1(s) 35a cosh®(s)

(3.25)
o1 (s) = 11 (s).

Similarly, if we divide both sides of (3.22) by 2 and take (3.24) into account, we obtain

+oo +o00
/ fia (s)ds — / (ua(s), 110 (s))ds = 0. (3.26)

—00 — 00
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The phase condition (3.26) with (3.25) leads to

1 = 07 03 = 07
(3.27)

14a? 8

O = _b? (9log(2) (15log(2) +31) 1329\ 1 (5bay  5d
L 245 2450 ) a2 ’

and hence we get the following second-order correction for the Hamiltonian homoclinic

solution
- 6s sinh(s) 27 (804b% + 1225d)
iia(s) = (35ba; — 36b% + 98d +
2(5) = ! ) 49a2 cosh®(s) 122542 cosh?(s)
49216 < 3 2) b%log(2 cosh(s))? 6 (27320 + 6125d)
cosh?(s) 49a2 cosh?(s) 1225a2 cosh?(s)
(3.28)
o ( 123 ) b%log(2 cosh(s)) N 30bar  2(5a1b+7d)
5 \ cosh?(s) 49a2 cosh?(s) 7a2 cosh’(s) 7a? '
Ta(s) = tia(s)
3.2.3 Analysis of the homoclinic asymptotics
In Figure 3.1a-Figure 3.1d, we plot the homoclinic solution'
u(s) = uo(s) + et (s) + etz (s),
v(s) = vo(s) + &by (s) + €20a(s),
for several values of ¢ and with a = —1,b =1, a; = by = ¢ = d = 0. It is remarkable, see

also the close-up, that the orbits for € # 0 approach the saddle along the “wrong” direction,

making a “parasitic turn” when s — 400 or s — —o0o. Indeed, the difference
2 — (Uo(S) -+ 5’&1(5))

asymptotically behaves for s — oo as

288 b
2880 o2,
7 a

fSimilar results were obtained in [91] by using (3.16) and (3.17).




8 Homoclinic orbits near Bogdanov-Takens point of a vector-field | 57

and, therefore, is negative for s — —oo if ab > 0 or for s — +o0 if ab < 0 (provided that
€ > 0). On any finite time interval [—T, T] the tangent predictor, i.e., u(s) = ug(s) + €1 (s),
with sufficiently small € does approximate the “true” homoclinic solution better than the
Hamiltonian predictor with e = 0. In particular, while the Hamiltonian homoclinic orbit (3.3)
is symmetric w.r.t. the u-axis, the tangent predictor defines a non-symmetric approximate
orbit, better corresponding to the non-symmetric true homoclinic orbit in (3.2) and in the
normal form (2.24) (see Figure (3.2b) for a graphical illustration). Figure 3.1e and Figure 3.1f
show a comparison between the different solutions using (3.16), (3.17) and (3.25), (3.28). It
is clear that the second-order predictor with (3.25) and (3.28) has a smaller “parasitic loop”.

3.2.4 A comparison in the topological normal form

Consider the topological BT normal form, i.e., the system (2.23). We want to compare
the predicted homoclinic solutions with those obtained via the high-accuracy numerical
continuation in MatCont [47]. From (3.20) we obtain that ¢ = {/—$5;. Substituting this
into the expression of S5 in (3.20), we obtain the following second-order approximation for

the homoclinic bifurcation curve in the parameter plane (31, 82) of (2.23):

7203 50
b= —giib+ oo/=aB + O (111F) sign(8) = —sign().  (329)
For a = —1 and b = 1, this approximation is shown as the red curve Hom?"¢? in Figure

3.2a. We use MatCont to start a continuation of equilibria with initial parameter values (1,
B2) = (1, —2) and the equilibrium point (wg,w;) = (1,0); P2 is the free parameter. We find
two bifurcation points along the curve of equilibria, limit point and Andronov-Hopf. The limit
point continuation is now carried out to detect the BT-bifurcation point at (81, f2) = (0,0).
We start the homoclinic continuation with ¢ = 0.08. This yields the dashed blue curve
Hom®°™ in Figure 3.2a and the blue orbits in Figure 3.2b. The predicted orbits (red orbits
in Figure 3.2b) are computed by taking the computed homoclinic orbits from the numerical
continuation. This gives the values of 5; which yield the values for ¢ in the predictor. The
predictors are then compared with the computed solution using the time points of the fine
mesh in the numerical continuation, after a time shift so that the computed and predicted
curves coincide for ¢ = 0. We see that the improved predictors perform better than the one
based on the Hamiltonian solution since the homoclinic orbit is indeed non-symmetric w.r.t.

wy (as is correctly predicted by (3.20)).
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5 >
-1
E 3 S 1 3 %5 2.1
U
(a) (b)
7 0.3
3
) IS
-1 J /
5 -2 1 3 15 2.1
u u
(c) (d)
5 0.3
7
3l
> >
gt
E3 3 g 2.1

U U
() (f)

Figure 3.1: Homoclinic solution for a = —1, b =1, a1 = by =e=d =0and € =0
(red), 0.2 (green), 0.4 (blue), 0.6 (black). (a) Tangent predictors using (3.25); (b) Zoom
of the tangent predictors near the saddle: the “parasitic turn” is clearly visible; (¢) The
second-order predictors using (3.25) and (3.28); (d) Zoom of the second-order predictors
near the saddle: the “parasitic loop” is not clear but will appear for large ¢, (¢) Homoclinic
solution for a = =1, b=1, a1 = b1 =e =d =0 and € = 0 (blue), 0.3 tangent predictors
(red using (3.16), green using (3.25)) and second-order predictors (black using (3.16) and
(3.17) , brown using (3.25) and (3.28)). (f) Zoom of the same curves near the saddle: the
second-order predictor where we fix the solution phase by requiring the “minimal distance”
is the best one approaching the zero order predictor near the saddle.
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BT ] 0.3
0.2

0.1

Hom“™

0 1 2 3 4 5 6 0.4 0.2 0 0.2 0.4 0.6 0.8

—

3
—0.05

=0.1
—0.151
-0. : ‘ : -0.2 w s ‘
0—210 -5 0 5 10 -10 -5 0 5 10
Time Time

(c) (d)

Figure 3.2: (a) Predicted using (3.29) (red) and computed (dashed blue) homoclinic
bifurcation curves in parameter space, (b) The comparison of homoclinic orbits in phase
space between computed (blue) and predicted (red) using the second-order correction with
(3.16), (3.17) for log(B1) = —3.755, —2.313, —1.647, —1.267, —1.005, —0.801, —0.638.
(c) and (d) The time shift so that the predicted (red) and computed (blue) curves consider
at t = 0 for °log(B1) = —1.005.
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3.3 The Lindstedt-Poincaré method

In this section, we apply a generalization of the Lindstedt-Poincaré (L-P) method combined
with hyperbolic functions instead of the Jacobian elliptic functions used in [13, 37]. We
prove that this method gives the same homoclinicity conditions and the same predictor in the
parameter space. Chen et. al. [35, 36, 38-40] used the L-P method to study the homoclinic
solution to a family of nonlinear oscillators. They applied a non-linear transformation of
time instead of the linear one used in the original L-P method for periodic solutions (see,
e.g. [105]). Belhaq et al. [13] proved that the generalized L-P method combined with a
special criterion leads to the same results as the classical Melnikov method. This criterion
is based on a collision between the bifurcating limit cycle near the homoclinic orbits with
a saddle equilibrium point. We should also point out that yet another approach based on
periodic time transformations exists in the literature [30]. However, the L-P method has
a clear advantage since it provides an explicit time-parametrization which is necessary for

numerical continuation.

First, we introduce the non-linear transformation of time,

s _

i w(&), (3.30)

where w(§) is a bounded positive function for all . Then

d ded . d
d*SZ— £d*§ —w(g)d§,
d d d
w0 (%)

The new parametrization of time transforms (3.2) into
w— (W) —t*+4 =¢ éwﬂ’ (7 +4)+e2 1 (Tbay + di)+¢* L aww (Tbby + e@)+O (%)
d¢ a a? a? '
(3.31)

The hat is used to distinguish the solution of the L-P method from the R-P solution while the
prime denotes the derivative of 4 with respect to the new independent variable £. As before,

we assume that the homoclinic solution of (3.31) is parametrized by ¢ and approximated by

a(é) tio(€) a1 (€) 2 (€) a3(€)
%) | « +e 2(6) + &2 %2(6) +&° %(8) +0 (e*). (3.32)
w(§) wo(§) wi(§) wa2(§) ws (&)
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Substituting the series expansions (3.32) into equation (3.31) with wg(¢) = 1 T; and then

successively collecting the terms with equal power in € leads to the following systems:

Order (%) : 4y — 4§ +4 =0, (3.33)
1 51 b i PN

Order (¢) : @] = o (10 + Qo) , (3.34)
A N b N

Order (e%) : @3+ ¥y —4f = E% (11 + 1) + T, (3.35)
A N N d b N A

Order (€) : @3 + WF + W) — 20907 + wa g (witih) = E% (G2 +72) + L2 +Q,  (3.36)

where

P/ = 3 (wjtiy) + wiay + @) — 260,

T, d 1 ~ 1/ d ~1

i = e (wjti;) + w;t; +W1d*§ (wjdi_q)

- b ~ 1 ~ 1 ~2 ~

Fi = a (wluo + Ul) (7_2'—1 —+ Ui—l) —+ EUO (baln_l —+ ui_ld) s

A 2 N 1 ., . . b N N N N
Q= 2ot (bay7o + diig) + ﬁuguo (bby70 + efig) + . (wotly + w1y + 45) (1o + o) -
Equation (3.33) is identical to (3.2) with e = 0. So it has the exact homoclinic solution

19(€) = —6sech®(€) +2,
(3.37)

o(€) = 12sech?(€) tanh(€).

For £ # 0, we assume that the homoclinic solution of (3.31) is still given by (see, for example
[37]):
() = osech?(€) + 9,

) (3.38)
0(&) = (§) = —ggw(f)@o(f),
where o and § are parameters that depend on ¢,
o =09 t+eoy +€20'2 +€30'3 + @) (€4) s
(3.39)

6 =0p+ed +€252 —|—€3(53 +O (€4> .

TIf we keep wo(€) free then the homoclinic solution to (3.33) requires that wo(€) = 1.
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Substituting (3.39) into (3.38) and then equating each of the coefficients of £ to (3.32) yields

that o9 = —6, g = 2 and

01(6) = («1(8) = 5 ) (&),
02(6) = (w2(8) = Zwr(§) — 2) 90(¢),

g1 g9 03

03(8) = (ws(§) — Fwa(§) = Twr(§) = ) 50(©)-

6 6 6

(3.40)

(3.41)

(3.42)

(3.43)

Using the assumptions (3.40)-(3.43), we solve the linear equations (3.34)-(3.36) for @;(£), one

by one to determine 7;_1, ¢;, 0; and w;(§) for i =1,2,3.

We multiply both sides of (3.34) by 4 and then integrate both sides from &y to &, and get

1S d 13 1S 13 b [
/ i — (w1ﬁ6)dx+/ Qg iy d:z:+/ apt dor — 2/ Upioty dr = f/ ag (1o + o) da
0 dx &o 0 &o a Je,

I II

Differentiating (3.33) with respect to £, we obtain

A1

o o

The terms I and II of (3.44) can be simplified by

Ifw1u2|€ WJFM = W1U62|5 )
I = (@) ‘50 M_Q///

Using (3.45)

Therefore, (3.44) can be written as

3 b

~ A
(wluo + Uou1 — uluo) . p
0 &o

3 &
ay' = 2000y = [ Wdy de = 2/ G todg d.

3
:*/ 'IAL62 (To+ﬁ0)dl’.

(3.44)

(3.45)
by — andg)l, -

(3.46)
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Setting £y = —oo and £ = oo in (3.46) yields the following condition for the bifurcation of

homoclinic orbit:

b oo
- / 4 (o + @) dx = 0. (3.47)
and hence b 192 (79 — 10) 10
T0 —
hd R /| = . 3.48
a 35 =7 (3:48)

Note that the same condition was derived using the classical Melnikov technique (see (1.30)).
By setting £ = 0, £ = 0o, we find that

o1 = —0;. (3.49)
We change the integration boundaries to 0 and &, and get
12w1 (€) + 81 cosh(2¢) = —% tanh(&). (3.50)
Since w(&) is bounded function, we can choose the parameter d; such that

i w1 (§)] # .

This condition implies that
01 =0.
Thus, w1 () is given by
wi(§) = —?—Z tanh(&). (3.51)
Substituting the values of d1, o1, w1 (&) into (3.40) and (3.41) gives the first-order correction

to the initial homoclinic solution (g(€),00(£))

o (3.52)
U =——1 U .
01(6) = —=. tanh(€)6(¢)
We multiply both sides of (3.35) by 4, and then integrate both sides from &y to {. Then we
simplify to
¢ 2592 sinh(z) |°

~12 ~A12 NN ~ Al
wally + wity” + Ugly — uwo) —— 8§,
( 4902 cosh®(x)

¢
:/ al ( R.H.S. of (3.35) ) dz
o €o

(3.53)
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We repeat the last procedure of changing the integration variables to equation (3.53) and get

T1 = O’
2 (5a1b + 7d)
=T
5 (60? (3.54)
2= T U942 (66 — 70bay + 49d),
1 18 5 9 6
w2(§) = [} <7b2 + ibal + 7d) ~ 1z (49b2 +d> Sech2(§)7
with
2 b d
i2(§) = — (6b2 — 70bay + 49d) sech?(€) — M’
49a? o -

)= gz (37 gton + 34) = (30 ) e’ )t

Similarly, we multiply both sides of (3.36) by 4, and then integrate both sides from &g to &.
Then we simplify to

P PN
3 1944b [ 6 sinh? ()
~12 ~12 ~12 A~ AT ~ Il 2
— — d) =/
(wguo + wotiy” + witls + Ugls u3u0> @ + TR <49 + > coshg(x) .
0
o . (3.56)
432b 5 36 sinh” () /
— —(2d+ =b =p?) 2| = [ ay( RH.S. of (3.36) )d
7a3( Tt )cosh7(x)5o 0”0( of (3:36) ) d
The last procedure of changing the integration variables is used to obtain
4 (25 e 2 (144
=—(=b— - )+ — [ ==b* — 25ba; + 73d
E a(491 b>+49a2(49 @t )
63 = 07
3.57
S (3.57)
(€)= ech?(¢) — 5 (% _oni2a; +116d) + ¢ tanh(¢)
wals) =\ %8 4943 \ 49 ! 6 ’
where
4 3 6,
G= 3¢~ 73 (bd+ Eb ) ,
60 3 /1 10 50 6 60 18
= bby + =— | =bd* — —b*ayd + =b*a? + —b3d — —=b* — b
= g2 T (2 TR T 343" ™ T ga01” )

with



8 Homoclinic orbits near Bogdanov-Takens point of a vector-field | 65

(3.58)

03(€) = <c5sech2(£) - % (gzﬁ — bb%ay + de> + 06> tanh(&)0g(€).

We notice that the same values of the homoclinic bifurcation parameters {7y, 71, 72} were

derived in Section 3.1 using the regular perturbation method. A part of the Maple commands

that we have used to perform the previous explicit computations is shown in Appendix A.3.

Finally, the third-order approximation to the homoclinic orbit of the smooth BT normal

form system (2.24) is given by
- 3
_ Qg 6
wo(t) = = (Z;E uz(€)> +OE),

3
wi(t) == (Z am—(g)) +O(ET),
i=0

(3.59)

where 1, B2 are the unfolding parameter as in (3.20).

Notice that the small displacement 20, in the saddle point (2,0) can be determined just
using the boundedness assumption and the equation (3.31). Indeed, the saddle point is given
by

lim (a(¢), 0(£)) = (6,0).

£—+oo
Since 4/(§) = v(§) and w(§) is a bounded function, taking the limit of both sides in equation
(3.31) leads to
1
6% +4=e>—6 (tbay + df).
a

Substituting the expansions for 7 and § in this and collecting powers of €, we get

Order (50) D=0 4+4=0
Order (e') : =206, =0
(58 (a1 bTo + déo)

Order (52) 1 —26p09 — (5% = 2

We then solve at each order to get

(aleg —+ Qd)
T E—

bp=2, 6 =0, dp=—

a

Note that it is only necessary to compute 7y to determine the 2-shift of the saddle.
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3.4 A comparison in the topological normal form

Consider again the topological normal form (2.24). It is required that the homoclinic orbits of
(2.24) satisfy wy(0) = 0 and approach the wg-axis at the saddle from both sides as t — +oo.
Before we proceed, we check if the solutions (3.4) and (3.32) satisfy these requirements.
Consider the point ¢ = (u(sg),v(s0)), So € (—00,+00) on the homoclinic orbit (replace s

by ¢ and (u,v) by (@, 9) when we consider the homoclinic solution (3.32)), see Figure 3.3.
0(s0)

(o)

homoclinic orbit (the blue curve in Figure 3.3) can only have one vertical asymptote at time

. The correct

The slope of the homoclinic orbit at a time s = sq is given by S(sg) =

so = 0 (i.e., where v(0) = 0 or equivalently, the denominator of S(0) vanishes). We can
use this criterion to check whether the homoclinic solutions (3.4) and (3.32) approach the
saddle along the correct direction. Since we discuss the normal form system (2.24), we set

ay; = by = e = d = 0. The homoclinic solution (3.32) has only one vertical asymptote because

@' (&) = cosh® (&) sinh(&o) (3b%a’e? + 494°) = 0,

3
has only the trivial solution £, = 0 for all ¢ > 0. Moreover, the component 9(£) = Z eo;(€)
=0

of (3.32) can be written as 0(§) = 1(§)00(&), where

b b2 [ 3(42a% — b2
(g =1- 5% tanh(¢) + 52% (1 - %sechQ(ﬁ)) —&° 31483a3 ( ( 40;(12 ) +sech2(£)> tanh(g).

Then for a given (a, b), we can always define an e-interval such that [(¢) > 0. This interval can
be found by solving the inequalities ggrinoo 1(¢) > 0 for e (e.g., for a = b =1, the function /(&)
is positive for all £ € [0,1.9927)). Thus for this e-interval the homoclinic solution (%(&), 6(&))
intersects the @i-axis only once at & = 0 and approaches the saddle point (—2,0) from both
sides as & — 00 along the correct direction. On the other hand, for the first-order solution
of (3.4), i.e., u(s) = up(s) + eui(s), the homoclinic orbit has two wvertical asymptotes, at

sg = 0 and at the solution sy to

%sinh(so) cosh(sg)a + 5( (2 cosh?(s9)b — 3b) log(cosh(sg)) — cosh®(so) + b) =0. (3.60)

Figure 3.4a plots the left-hand side of (3.60) as a function of time sy for a = b = 1 and
¢ = 0.01. It is clear that this function has a nontrivial solution at sg ~ —59.52285. This
solution corresponds to the appearance of the “parasitic turn” near the saddle (as “globally”

presented in the red curve in Figure 3.3). Figures 3.4b plots (3.60) for ¢ = 0.1. We notice
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that as ¢ increases, the “parasitic turn” is expanding away from the saddle and the nontrivial
zero of (3.60) gets closer to 0 (In general, as ¢ — 0, the nontrivial zero of (3.60) — —oo and
the “parasitic turn” shrinks to the saddle point. On the other hand, as ¢ — 1, the nontrivial
zero of (3.60) — 0 and the “parasitic turn” grows till the homoclinic orbit breaks down).
The corresponding “parasitic turn” to the numerically computed sy # 0 in Figure 3.4b is
presented in Figure 3.5a. This Figure plots (3.4) for s € [-16,—12.5] and 100,000 points,
uniformly distributed. Figure 3.5a and 3.5b show the “parasitic turn” in the first- and third-
order solution of (3.4), respectively. Note that, the visualization of the “parasitic turn” for
both solutions requires a different scale. This indicates that the third-order solution provides
a much more accurate solution in comparison to the first-order one. To summarize, we plot

Figure 3.5c.

We switch back to the original problem of finding the homoclinic solution to (2.24). Figure
3.6 plots the homoclinic orbits of (2.24) computed with a continuation method (blue) for
a =0 =1and (f1,02) free. At each orbit, a value of ¢ can be computed by taking the
computed £1 from the numerical continuation data and then solving the third equation of
(3.20) for e. This gives: ¢ = 0.139, 0.230, 0.326, 0.401, 0.470, 0.531, 0.589, 0.647, 0.707,
0.767. Using these values of €, we plot the corresponding homoclinic orbits obtained by
(3.20) (red), (3.59) (green). Since the bounded O(e)-terms in w(§) are small, see Figure 3.7,
we approximate w(§) by 1. This allows to approximate ¢ by et. It is clear that, the L-P
solution (7.e., (3.59)) has accurate orbits which nearly coincide with the computed orbits.
These orbits approach the saddle along the correct direction as t — o0, i.e., near the saddle

the strange “parasitic turn” does not appear, see Figure 3.6b.

Figure 3.3: The “parasitic turn” near the saddle of the homoclinic orbit (red) predicted
by (3.4).
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] zﬁ
du 7 du
ds ds ©

80 60 40 20 0 20 40 60 80 80 -60 -4 20 0 20 40 60 80

(a) (b)

Figure 3.4: The asymptotes of equation (3.60) for a = b =1 and (a) ¢ = 0.01, (b) e = 0.1.

2.0E—6, 4.0E-10 0.1
o 0
0
2 B S

-0.1

~1.4E-9 R
~60E6 2.0+0.2E-5 2 2.0+0.5E-9 029 2 2.1

U U
(a) (b) (c)

Figure 3.5: The “parasitic turn” for € = 0.1. (a) The first-order solution of (3.4), (b) The
third-order solution of (3.4). The “parasitic turn” of the third-order solution is very small
so that we cannot compare it with the one of the first-order solution. (c) For e = 0.3,
the “parasitic turn” in the first-order (red), the second-order (blue) and the third-order
(green) solutions of (3.4). The black curve denotes the third-order solution of (3.32)

3.5 Homoclinic asymptotics in n-dimensional systems

In this section, we provide two explicit asymptotics for the bifurcating homoclinic orbits of
(2.1). Following the procedure described in Section 2.3, we transfer the smooth BT normal
form (2.24) with the homoclinic approximation (3.20), and (3.59) back to the original system
(2.1).

With data collected in (2.41), (2.44), (2.48), (2.59), (2.61), (2.62), (2.64)-(2.69), we get two
second-order homoclinic predictors zg (i.e., the regular homoclinic asymptotic) and zr, (i.e.,
Lindstedt-Poincaré homoclinic asymptotic) for the original system (2.1). Thus, we obtain

the following second-order homoclinic predictions in phase space for the the original system
(2.1) (see also Appendix A.4):
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wq

Y,

4 0.3
wo ’ wy

(a) (b)

Figure 3.6: (a) Homoclinic orbits in phase space of (2.24) for a = b = 1 and e= 0.139,
0.230, 0.326, 0.401, 0.470, 0.531, 0.589, 0.647, 0.707, 0.767. Blue orbits are computed with
a continuation method, red orbits denote the homoclinic orbits obtained by (3.20), while
the green orbits denote the homoclinic orbits obtained by (3.59). (b) Zoom of Figure
3.6a. For ¢ # 0, the approximate orbits obtained by (3.20) approach the saddle along
the “wrong” direction making a “parasitic turn”. This turn does not appear in the orbits
obtained by (3.59).

€2 10b gt 5052
= _——K — [ —4K Ko+ K ° 61
« o 7 B + u < 1,0+ 19 2+ 072 1,1) +0(g”), (3.61)
e? (10b ed et 5052
rR(t) = o (7H0001 + UO(S)CIO) + . ('UO(S)QI + u1(8)(J0) + " (—4H0010 + 497(1170002

1 106
+ braHooo1 + u2(8)qo + v1 ()1 + %Ug(s)Hmoo + muo(s)Hlom) + 0(55)’ (3.62)

e? [/ 10b

R el /. R et 5052
rL(t) = s 7H0001 +0o(&)qo | + . (Uo(f)ql + iy (f)(Io) + o —4Hoo10 + 497H0002

. - 1 100
+ braHooo1 + 2(£)qo + 01(§)q1 + %U%(S)Hzooo + muo(ﬁ)Hmm) +0(%), (3.63)
where 75 is given in (3.18); (ug,v0), (u1,v1) and wug are specified by (3.3), (3.16) and
(3.17), respectively; and (g, 0o), (@1,01) and 4y are specified by (3.37), (3.52), and (3.55),
respectively. Notice that £ in (3.63) is related to s = et by the differential equation (3.30).

However, as explained before, we can approximate w(£) by 1 and replace & by et.
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0.5¢
—
| ] £ =001
0 ‘t ...........................

\ £ =0.05
e=0.1
=02

-0.5
“Hoo -50 0 50 100

¢

Figure 3.7: The bounded function w(§) — 1 for (a,b) = (1,1) and €=0.01, 0.05, 0.1, 0.2.
3.6 The homoclinic solutions of the Gray-Scott model

In this section, we use the second-order predictors (3.61) and (3.63) to explicitly derive
an accurate approximation for the homoclinic solution in the Gray-Scott kinetic model
(2.70). We compare these solutions with the homoclinic solutions computed by a numerical

continuation method to illustrate the accuracy.

Theorem 3.1. The parameters (F,k) wunfold the BT singularity generically and for

parameter values near (Fe,ke) system (2.70) has a homoclinic orbit, provided k < k. and

5 8952
F = Fe =~ /=T = ko) + g

148 (k = ke) + Ok — kel 7). (3.64)

Proof. As discussed in Section 2.4, the change of variables (2.74) transforms the system (2.70)

into (2.75). This system has a BT-equilibrium = (21, z2) = (0,0) and a = (a1, a2) = (0,0).
Therefore, the system (2.75) can be recast as system (2.1) with f(z,«) as in (2.39a) where

1 1 1
-5 - 5 0 512+ -z
A = 18 N J1 = ? 1 s B((ﬁ,y) = ?( 142 2y1) 2Y2 ,
16 -1 ~1 5(T1y2 + w2y1) + 2290

—Tr« —2(x1y222 + Toy129 + T2Y22
Al(x,a):< 102 )7 C(x,y,z)z( ( 1Y222 2Y122 2Y2 1) >,

ol N

—Top — Ta2Q 2(x1y222 + Tay122 + T2Y221)

and Jo = By = (0,0). The vectors

qdo = — q1 = 25

Y a1) =105

ol

(-21) m=Y50:2)

1a2)a Po =
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satisfy (2.3) and (2.4). The normal form coefficients a and b are given in (2.77), i.e.,

V5 V5

T T 0

To find an explicit formula for the homoclinic solutions of (2.70), we compute the coefficients
of (2.48), (2.59), (2.61), (2.62) and (2.64)-(2.69) to get

96 [—1 768 (1 73728 (1
2000 125 ( 9 ) ) 1100 625 <2> ) 0200 3125 <2> )
64+/5 [ —26 0 32v/5 [ 122
Hooro = —— Hooo1 = Kiog=—"2X—"|[12
0010 125 (2519> ) 0001 _2> ) 1,0 5 <_1 )
-1 179 1728 (1
Kiq1= Ky =8| 125 H,
1,1 (0 ) 2 (_1 ) 0002 625 9 ) ( )
3.65
= 16v5 (1 = 7685 (1 gL
1001 25 2 ) 0101 — 125 2 5 407
213125 (1 679 75
3000 = " raor s €= ——"=, ay = ——,
15625 |2 625 50
384 (1 36v/5
Hapo1 = —— by = —L°.
2001 125 <2> ) 1 25

Substituting these values into (3.61) and (3.63) gives the following second-order predictor for

the homoclinic solution of (2.75),

160 73334784
oy - —_—
— _52 7 _ 54 12005 + O (55) , (366)
N 0 303104
g 49
N 512
T 64U0 64@1 - ?'IA)O
_ 2 3
—° 30| T 1024
i) —32”0 - 7 —32u1 — Vo
16384 49152 , 512 9551872
7 G0 o U0 = =50 64 = 00
+¢t +0(%), (3.67)
32768 . 86016, 1024, .. 848551936
7 07 o5 0T 5 ! 2 60025

where g, U9, 11,71 and 4y are explicit functions of et given by (3.37), (3.52), and (3.55),

respectively. Using
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of 49
303104 2’

ER

we obtain the second-order approximation for the homoclinic bifurcation curve of (2.75) in
the (a1, ag)-space that implies (3.64). The formulas (3.66)-(3.67) are computed using Maple.
The full commands can be found in Appendix A.5. O

The homoclinic curve and the corresponding orbits are shown in Figure 3.8. The BT point

so(11 101
15(§a1) 16° 16

black curve is obtained by predictor (3.64). The blue curve is obtained by a continuation

in the phase space and ( ) in the parameter space. In Figure 3.8a, the dashed
method [47, 51, 52]. It is clear that the predictor (3.64) gives a good approximation to the
computed homoclinic curve based on a continuation method for the saddle point as well as for
the homoclinic curve, see Figures 3.8a and 3.8b. The normal form (2.73) predicts the birth
of an wunstable limit cycle via a subcritical Andronov-Hopf bifurcation near the BT point.
However, this bifurcation becomes supercritical away from the BT point at the Generalized
Hopf point at (k, F) = (0.0352,0.0117). Here a curve of limit points of cycles emerges. This

curve (solid black) and the homoclinic seem to extend to the origin, see Figure 3.8c.

0.062° X
BT 0. - 0.06:

085 0.065 025 055

F U F—Fy x10™*
(a) (b) (c)

Figure 3.8: (a) Bifurcation diagram of (2.70) near the BT point: The blue curve is the saddle
homoclinic curve computed by a continuation method, the dashed black curve corresponds to
the predictor (3.64), the limit point and Andronov-Hopf bifurcation curves are green and red,
respectively; (b) The predicted homoclinic orbits using the predictor (3.67) in the phase space
for e=0.0052, 0.0066, 0.0084, 0.0109, 0.0142, 0.0173 and the numerical solutions (blue) obtained
for the corresponding values of k; (¢) Andronov-Hopf (red), homoclinic (blue), and limit points of
cycles (black) bifurcation curves in the (F — Fyy, k)-plane, where Fp = %\/E(l —V1—-4vVk—2Vk)
is the Andronov-Hopf bifurcation value of parameter F' at a given k.



CHAPTER 4

LInitialization of a homoclinic

solution

In this chapter we discuss the implementation of the derived homoclinic
asymptotics in the MATLAB continuation package MatCont. Five numerical

examples illustrating its efficiency are presented.

4.1 Initialization issue

From a numerical point of view, the continuation problem of homoclinic orbits is well defined
near but not at the BT point. So, a small nonzero step away form the BT point (essentially
determined by the perturbation parameter €) should be chosen so that the initial prediction
is sufficiently close to the actual homoclinic solution. The continuation problem itself should
be defined in a finite time interval instead of an infinite one. In the present chapter, we
derive an important relation between the geometric amplitude of the homoclinic orbit and
the initial perturbation parameter €, see Step 2 in Section 4.1.1. We also present an extra
parameter that can be used by the user to find a suitable finite time interval where the

continuation problem will converge, see Figure 4.1 and Step 3 in Section 4.1.1.
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In general, to continue the homoclinic orbits in two free parameters, MatCont uses an

extended defining system that consists of several components (see [47, 61]).

First, the infinite time interval [—oo,o0] is truncated to a finite interval with suitable
boundary conditions, say [—T,+7T], where T is the half-return time. So, after applying this

truncation of time, system (2.1) becomes
& —2T f(x(t),a) = 0. (4.1)

The interval [—T, +77] is rescaled to [0, 1] and divided into mesh intervals where the solution
is approximated by a vector polynomial of degree m (typically, m = 4), a linear combination
of the rescaled Lagrange basis polynomials. The mesh is non-uniform and adaptive. Each
mesh interval is further subdivided by (m + 1) equidistant fine mesh points and contains m
collocation (Gauss) points. These points are the rescaled roots of the m'™—degree Legendre
polynomials [44, 88]. The numbers ntst of mesh intervals and ncol = m of collocation points
are part of the continuation data chosen by the user. Equation (4.1) must be satisfied at

each collocation point.

The second part is the equilibrium condition
f(zo, ) = 0. (4.2)

Third, if two homoclinic parameters are free, then the following integral phase condition is
added

1
/ (2(t) — #(), (1)) dt = 1, (4.3)
0
where T is the homoclinic solution obtained at previously found point on the curve.

Fourth, the equations (4.1), (4.2) and (4.3) must be complemented with projection boundary

conditions at 0 and 1:
Qs(x(0) —x0) =0,
(4.4)

Qu(z(1) —x9) =0,
where Qg and Qp are matrices whose rows form a basis for the stable (S) and unstable (U)
eigenspaces respectively of AT (zg, ). The projection boundary conditions place the solution
at the two end points in the unstable and stable eigenspaces of A(zg, ) respectively [33].
MatCont uses a specific algorithm that depends on the real Schur factorization and a Riccati
equation to construct and update Qg, Qu, for more details see [19, 47, 49, 53, 54, 61].
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Finally, the distance between x(0) (respectively, 2(1)) and ¢ must be small enough, i.e.

g0 = [|2(0) — xol|, (45)
e1 = [|2(1) — xol|.

The half-return time 7', g9 and €, are called the homoclinic parameters. We note that either

one or two homoclinic parameters can be free.

MatCont calculates the initial homoclinic solution, the initial 7', ¢y and £; by the homoclinic
predictor (3.63) (or (3.62) in MatCont 6.2 and older earlier versions). This is done by calling
the initializer init_BT_Hom.m that implements the Lindstedt-Poincaré predictor (3.63); then
MatCont uses the initial data to start up the homoclinic continuation by calling the continuer

cont.m which itself calls homoclinic.m.

4.1.1 The initializer init_BT_Hom.m

The algorithm to initialize the homoclinic continuation data proceeds as follows:

Assume that system (2.1) has a BT point at (xg, ag).

Step 0. Introduce new variables, (z,«) — (x — g, @ — ag), that move the BT point of (2.1)
to the origin, (0,0).

Step 1. Compute the matrices and multilinear forms A, Jy, B, Ay, Jo, C and B;. Then

define the non-singular bordered system (BS) by

BS = 4w c R(n—i—l)x(n-&-l).

vT 0

The vectors w, v € R™ are chosen such that BS is non-singular. To compute the

eigenvectors

{q07Q1ap1apO} S R"™

one starts by solving

BS (q0,5) = (0,1), BS(q1,s) = (q0,0), BS™ (p1,s)=(0,1), BST (po,s) = (p1,0).
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Following [89], these vectors are normalized by

1 1
p=/latawl, @ :=-w0, @=-a, a:=aq—/(q0gau)p,
1 [
1

1
V= quPO; p1 = ;Pl; Po = Ppo — (pOqu)pl, po 1= ;Poa

and hence BS can be redefined as

BS — ( A ¢ ) c R(HDX(n+1)
T b)

% 0

Step 2. Compute a,b, Haooo0, Hi100, Ho200, K1,0, K1,1, Hooro, Hooo1, K2, Hoooz, Hioo1,

Hoy101, d, H3000, €, a1, Haoo1, b1-

Step 3. Substituting these values into (3.61) and (3.63) gives an approximation of the homo-
clinic solution (x(t, ), a(e)). Therefore the asymptotic homoclinic of the solution in the

parameter and state space of (2.1) is given by (x(t, ), a(e)) — (z(t, &) + xo, a(e) + ag).

Step 4. Let
Ap = ||z(F£oo,e) — x(0,¢)||

be the size of the initial homoclinic orbit (see Figure 4.1). Using (3.63) we approximate
2 —4 6
(0o (3ol == ()
a a |al
The amplitude Aq is chosen by the user, so we get

£ = \/AQ%. (46)

This defines the initial perturbation parameter ¢.

Ay for small € by

Ag =

Step 5. We choose the initial 7" such that, at the end points, the distance
k= ||lx(£oo,e) — x(£T, e)|| (4.7)

is sufficiently small [15], see Figure 4.1. For small €, we approximate k using (3.63) as

k=¢e? (6||qo|> sech?(+eT). (4.8)

lal
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Hence, the half-return time 7' can be estimated by solving

1 [k
sech(eT):g %,

or, equivalently,

sech(eT') = \/AT (4.9)
0

The tolerance k should be small; by default it is set to 1 x 107°. However, in the
case where a is small, we sometimes need to adjust k to find a suitable T" to initialize
the continuation of homoclinic orbits. This takes some trial-and-error to set k, as well
as Ag. It is possible for users to change the default values if needed in the GUI input
window of MatCont (i.e., in the Starter window, see Figure 4.2), where the parameters
k and Ag are denoted by Tolerance and Amplitude, respectively. Examples will be

discussed in Section 4.2.

Figure 4.1: The initial homoclinic solution.

Step 6. Compute the initial cycle by discretizing the interval [0, 1] into equidistant points
fi (the fine mesh) and then evaluate (3.63) at each t where ¢ is given by

t=2f-1T, f €]0,1].

The initial saddle point z* (i.e., x(+00,¢€)) is approximated by

. 100 2
T* =x0+ &> <7(1H0001 + aQo) .
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Step 7. From data collected in Step 3, it is now easy to compute the initial values of €y
and 1. It is worth pointing out that £ are computed from (3.63) with terms up to
3. On the other hand, the value of k is computed by truncating the O(g3) form (3.63).

So, in general k is greater than eq 1.

Continuation Data Initial Point e e & k.
InitStepsize 0.01 @ nut fo g:ij:m g?E
MinStepsize Te 5 cn2 o Curve BT_Hom(1)
MaxStepsize 01 Ca 1 Point Type BT
Corrector Data L | 1 Curve Type Hom
itialization P Derivatives SSSNN
3 2 Duration 15.7 secs
MaxCorrlters 10 Ampitude 0,001 Status ready
MaxTestiters 10 TTolerance [1e-05
Mt L R R .o
FunTolerance 1e-06 eT Fle Edt Vew Insert Toos Desktop Window Help Layout Plot ~
TestTolerance 1605 @ eps0 D3l AKX OBDLL-|A|08 D
Adapt 1 © epst
Stop Data Jacobian Data
MaxNumPoints 100 increment  [1e-05
ClosedCurve | =0 Discretization Data i
‘Window 3 a | ncol ﬁ
Panamats - Monitor Singularities 15
nut 057128264 Neutral s, f, of ff ho 7
nu2 -0.52949888 Double SL-eigenvalue [no -I
a 1 i i
Double UL-eigenvalue [no '|
b 1
Homoclinic Zero-divergent Ssf  |no :I’
T 3633002 ZerdivergentUst  |no | T osp
eps0 8.3056e-10 Three SL-eigenvalues |no -l
51 80583¢-06
. Eigenvalues Three UL-eigenvalues [no "I oL
Re[1] 232817 Shilnikov-Hopf no :]
Ref2] 0.853441 Non-central HSN ho 7]
‘lrn[1] 3 Bogdanov-Takens  [no 'I L
2l Orbit-flip (SM) ino 'I
Orbit-flip (UM) o 7] AL
Incinationfip (SM)  [no 7] 25 1
-|| Inclination-flip (UM) Ino ’I B

Figure 4.2: MatCont window during the homoclinic orbits continuation from a BT point.

Step 8. Since all curves in MatCont are computed by a prediction-correction continuation
method applied to a defining system in an appropriate discretization space RV*1 [51],
the homoclinic orbits continuation involves a calculation of the tangent vector to predict
and correct the next point. If the initial point X* € RN*! is sufficiently close to the
homoclinic curve, then the next point in the homoclinic curve can be predicted using

the initial tangent prediction

X = X' 4 p Ve (4.10)
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where h; is the current step size and V' € RV*! is the normalized tangent vector at

the homoclinic curve at point X*. The tangent vector at X is computed by solving
J(XHVi=0, (4.11)

where J(X?) € RVX(N+1) i5 the Jacobian matrix of the defining system evaluated at
X% The initial point can be obtained from predictor (3.63). Compute|Forward
and Compute|Backward select the appropriate sign of V0 without any additional

computation.

4.2 Examples

In this section we use MatCont to start homoclinic orbits that emanate from BT points in
several modelst. Recall that in the GUI of MatCont k is denoted as TTolerance. In all
examples, we will set TTolerance=10"°. As a rule, the Amplitude should always be larger
than TTolerance given the geometric meaning of both variables, ¢f. Figure 4.1. In all cases,
€p and €7 are the free homoclinic parameters since this appears to be the most stable choice.
As another rule, the BT point itself should be computed to a geometric precision significantly
smaller than TTolerance. This can be achieved in MatCont by decreasing the tolerances

VarTolerance and TestTolerance for the curve on which the BT points are detected.

4.2.1 Morris-Lecar model

Every cell in our body has a membrane that controls the movement of ions in and out of the

cell. Cell membranes have specific channels that allow ions to move across the membrane.

In the Morris-Lecar model (see [102]) we have calcium (Ca®") and potassium (K'T) voltage
channels and a leak (L) channel. The resulting system is
CV = Iapp - Iimu
(4.12)
W = P(woe — w) ’
T

TThe examples require MatCont 6.2 or higher
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where
Lion = gCamoo(V - VCa) + ng(V - VK) + gL(V - VL)a
Maw = 0.5 (1 + tanh(V U )) ,
V2
Woo = 0.5 (1 + tanh(Y—3 )> ,
vy
and

1
T=—".
cosh( —V2;Z3 )

In these equations, C' is the membrane capacitance; Iy, is the applied current; I;,, collects
the C'a®t, K'* and L currents; gr, gc, and gx are the maximal conductance’s for L, Ca?*t
and K'* channels, respectively. V is the membrane potential; Vi, Vo, and Vi are the
equilibrium potentials corresponding to L,C'a®t and K'* conductance’s, respectively; w is
the fraction of open KT channels; mq, and ws are the fractions of open Ca?t and K+
channels at steady state respectively; g determines the activation time for the K% current.

Note that vy,v9,v3 and v4 are parameters chosen to fit the model data.

We fix the parameter values as follows, C' = 20, V;, = —60, Vo, = 120, Vg = =84, g1, = 2,
goa = 44, gk =8, vy = =12, v3 = 18, v3 = 2, vy = 30, ¢ = 5. Then we compute
the equilibrium curve with free parameter /,,,, starting with initial values Iop, = 0, V' =
—60.854568 and w = 0.014914. Two Andronov-Hopf points are detected. In the Continuer
window we set MaxStepSize = 1. We start from any Andronov-Hopf point and compute the
Andronov-Hopf curve passing through it with (I, v3) free parameters. Four BT points are
detected, see Table 4.1 and 4.2. We compute the homoclinic to saddle curve from each BT
point with: (I4pp,vs) free system parameters, (eps0O,epsl) as free homoclinic parameters,
TTolerance = 1 x 107°, ntst = 80, Adapt = 1 and initial numerical data as in Table 4.3,

see Figure 4.3 and Figure 4.4.

Label Topp v3 State variables
BT, 519.625363 —63.401900 (—11.152829,0.970208)
BT, 487.997701 —51.777427 ( 2.815616,0.974408)
BT; —227.131893 69.755741 ( 13.611167,0.023136)
BT, 48.225883 21.734195 (—27.149905, 0.037007)

Table 4.1: Parameter, state values at the bifurcation points in Figure 4.3.
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Label a b d e aq b,
BT, 0.000738 0.022894 —0.000007 —0.000837 —0.002540 —0.053071
BT, —0.000749 —0.029614 —0.000040 —0.001595 0.005192 0.070564
BT3 —0.001120 —0.033012 0.000026 0.000779 —0.000223 —0.058309
BT, 0.000277 0.015131 0.000004 0.000602 —0.000554 0.065855

Table 4.2: BT normal form coefficient {a, b, d, e, a1, b1} values at the bifurcation points
in Figure 4.3.

Label Amplitude Initial T Initial e Compute|
BT, 3.2x107° 22046.73 6.28 x 107° Backward
BT: 1.5 x 107° 12599.94 4.33 x 107° Forward
BT; 1.5x107° 10301.45 5.29 x 107° Backward
BT, 1.5 x 1077 20727.74 2.63 x 107° Forward

Table 4.3: The initial continuation data at each BT point defined as in Table.4.1.

4.2.2 Predator-prey model with constant rate harvesting

Consider the following predator-prey system with constant rate predator harvesting (see
[24]):

xr €T
o o1 - 5y
b=ra(l- ) —y——,
(4.13)
) =y(—d+ : )—h
y=y P ;

where k is the carrying capacity of the prey population, d is the death rate of the predator,
r is the intrinsic growth rate of the prey population, and h is the harvesting rate. The
function ¥ is often called the functional response of Holling type II. Xiao and Ruan [133]
show the existence of a BT bifurcation in (4.13) and sketch the global bifurcation diagram
including the homoclinic curve which emanates from the BT point. We study the occurrence
of homoclinic orbits that emanate from the computed BT point using MatCont. We fix the
parameter values as follows: r =1, e =1, k = 2, h = 0.5, then we compute the equilibria
with free parameter d (initially d = 0) and initial value for state variables x = 1 and y = 1.
A limit point is detected. We compute the limit point curve passing through it with (d, h)
as free parameters. One BT point is detected (see Table 4.4). The smooth BT normal form
coefficients at the BT point are shown in Table 4.5. To initialize the homoclinic orbit from
the BT point with (d, h) as free system parameters, we input the following numerical data
in the MatCont Starter window: Amplitude = 1073, TTolerance = 107° and ntst = 40.
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Figure 4.3: (a) and (b) Homoclinic orbits in parameter space (Iapp,vs). The dashed blue
curves are homoclinic curves. The green line is the limit point curve. The red line is the
Andronov-Hopf curve. (¢) and (d) The same curves as in Figure 4.3a and Figure 4.3b,
respectively, zoomed near the BTs 4 points. The non-central-homoclinic-to-saddle-node
orbit on the limit point curve is circled, where the homoclinic curve ends.

In the Continuer window we set Adapt = 1. Activate epsO and epsl as free homoclinic
parameters and then Compute|Backward. The result is shown in Figure 4.5. The initial €
is 5.475 x 1073 and during continuation 7' = 856.934. Note that by computing the Hopf curve
passing through the BT point, a degenerate BT point! is detected. This point is labeled by
BTy in Figure 4.5. The critical BT normal form coefficients, the state and parameter values
at this BT point are: (a,b) = (0,—1), (x,y,d,h) = (0,1,0,0). Recall that the homoclinic
asymptotics (3.61)-(3.63) can be used only in the case of the nondegenerat BT points.

fDegenerate because the critical normal form coefficients (a, b) satisfies ab = 0.
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Figure 4.4: Homoclinic orbits (blue curves) in the Morris-Lecar model in state space (V, w).
The green line is the limit point curve; the red line is the Andronov-Hopf curve.

Label d h State variables
BT 0.198909 0.307265 (1.124149,0.930219)

Table 4.4: Parameter and state values at the bifurcation point in Figure 4.5.

Label a b d e a; b,
BT —0.179826 0.378287 0.063886 -0.479004 —0.169755 —0.157654

Table 4.5: BT normal form coefficient {a, b, d, e, a1, b1} values at the bifurcation point
in Figure 4.5.

4.2.3 CO-oxidation in a platinum model.

Consider the following chemical model which describes CO-oxidation in platinum (see
[15, 29, 83])
& = 2k12% — 2k_12° — ksxy,

Y = koz — k_oy — kaxy, (4.14)
§$=ky(z — As).
k_y4

where z :=1—z —y—sand A = 5=*. The underlying reaction scheme is studied in [29] and

we notice that a factor 2 is missing in front of k;2? in [83].
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Figure 4.5: (a) The homoclinic orbits in state space for system (4.13), (b) The homoclinic
orbits in parameter space. The dashed blue curve is the homoclinic curve. The red is the
Andronov-Hopf curve and the green is the limit point curve.

We fix the reaction rates (constants) above as follows k; = 2.5, k_; = 1, k3 = 10, k_5 = 0.1,
ky = 0.0675, ko = 1.4707, A = 0.4. We compute the equilibria curve with free ko and initial
state variables x = 0.002954, y = 0.762104, s = 0.167816. Two limit points are detected.
We start the limit point continuation from the first computed limit point-point with (), k2)
free system parameters. Two BT points are detected, see Table 4.6. The smooth BT normal

form coefficients at the BT points are listed in Table 4.7.

From BT; and with (kg, A) as free system parameters we start the homoclinic
curve continuation using Amplitude = 2 x 107°, TTolerance = 1 x 107° and ntst =
40. In the Continuer window we set InitStepsize = 1 x 1072, Adapt = 1. Then
Compute|Backward with (eps0,epsl) as free homoclinic parameters. It turns out that
the initial € is 5.28 x 107% and 7" = 1667.78. For BT, we set InitStepsize = 1 x 1072,
Amplitude = 1.2 x 107%, TTolerance = 1 x 10~%, ntst = 40, Adapt = 1 then we use
Compute|Backward. Notice that the initial e is 9.821 x 107° and during continuation
T = 49559.486. The results are presented in Figure 4.6

Label ko A State variables
BT, 1.417629 0.971400 (0.115909, 0.315467, 0.288436)
BT, 1.161198 0.722334 (0.016337,0.638408, 0.200457)

Table 4.6: Parameter and state values at the BT points in Figure 4.6.
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Label a b d e aq b,
BT; —0.083785 —2.136283 —0.177758 —7.142211 0.861775 7.117579
BT> —0.048225 —1.937610 —0.074466 9.236539 0.660272 13.446324

Table 4.7: BT normal form coefficient {a, b, d, e, a1, b1} values at the BT points in Figure
4.6.

Figure 4.6: (a) Homoclinic orbits in (z,s)-space for the CO—oxidation model, (c)
Homoclinic orbits in parameter space. The dashed blue curve is the homoclinic curve.
The green curve is the limit point curve and the red is the Andronov-Hopf curve.

4.2.4 Indirect field oriented control model

The indirect field oriented control (IFOC) system of an induction motor can be mathemati-
cally described as in [10, 116] by the following ODEs:

. ke
T1 = —C1T1 + C2%4 — —5 T2y,
Ug
. 0 keq
To = —C1X2 + CoUug + —g T1%4,
Uz (4.15)
. _ 0 T
T3 = —C3T3 — C4C5 (352554 - U2$1) + (caTin + c3wyey)
. 0
&4 = —(ki — kpes)ws — kpcacs (m2x4 — u2x1) + kp (caTm + c3wyey) -

Here x1, x5, x3 and x4 are the state variables, where x1 and x5 denote direct and quadrature

components of the rotor flux; x3 is the rotor speed error (i.e., the difference between the



86 | 4.2 Examples

reference and the real mechanical speeds of the rotor); and x4 denotes the quadrature axis
component of the stator current. We also define the following constants and parameters: u$
is a constant reference for the rotor flux magnitude; c¢; to c¢s are machine parameters; k,
and k; are the proportional (P) and the integral (I) control gains, respectively; wys is the
speed reference; T,, the load torque; k& the measure of rotor time constant mismatches. The
occurrence of limit points and Andronov-Hopf points in IFOC has been characterized as a
result of rotor time constant mismatches (see, for example, [11, 68] and [101]). The first
results on the occurrence of a BT bifurcation in the IFOC model were presented in [117]. A

detailed analytical study for the codim-2 bifurcations of (4.15) can be found in [116].

By continuation of equilibria with free k (initially k¥ = 17) and fixed parameters T;, = 5,
c1 = 4.4868, co = 0.3567, c3 = 0, ¢y = 9.743, c5 = 1.911, w3 = 11.3, k, = 4.5, k; = 500,
wres = 0, and initial point (z1,x2, x3,24) = (—0.207486,0.107263,0.0,2.534337), MatCont
detects a limit point and an Andronov-Hopf point. Further, we continue of the limit point
with (k,T,,) free, a BT point is detected (in Table 4.8 this point is labeled by BT;). We
select BTy and we compute the the Andronov-Hopf curve passing through it with (k, 7))
free, an extra BT point is detected (labeled by BT3). The smooth BT normal form at the
BT points are listed in Table 4.9. From the BTy point we start the continuation of the
homoclinic curve, using k and T,,, as free system parameters, (eps0,epsi) as free homoclinic
parameters, initial Amplitude = 2 X 107°, TTolerance = 1 x 107°, ntst = 40, Adapt =
1. Then Compute|Forward, noticing that during continuation 7' = 91.221. For BT,
we use the same procedure then Compute|Backward, noticing that during continuation
T = 91.221. In both cases, the initial € is 0.01, see Figure 4.7.

Label k T,. State variables
BT, 4.538573 8.109670 (—0.163289, 0.238334, 0.0, 10.063675)
BT: 4.538585 —8.109652 ( 0.163288,0.238333, 0.0, —10.063682)

Table 4.8: Parameter and state values at the bifurcation points in Figure 4.7.

Label a b d e a; b,
BT, 28.005817 —0.911013 —4.468334 —0.435057 4.388082 0.066363
BT, 28.006045 —0.911099 —4.468354 —0.435062 4.388129 0.066366

Table 4.9: BT normal form coefficient {a, b, d, e, a1, b1} values at the bifurcation points
in Figure 4.7.
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Figure 4.7: (a) Homoclinic orbits emanating from the BT points of the IFOC model in
parameter space (k,T,). The blue dashed curve is the homoclinic orbit. The green is the
limit point curve and the red is the Andronov-Hopf curve. (b) The homoclinic orbits in
state space (z1,z2).

4.2.5 The extended Lorenz-84 model

This example is an extended version of the Lorenz-84 model. In this model we can find all
codim-2 points of equilibria (i.e., BT, CP, GH, ZH and HH) [93, 121, 127]. Here, we discuss

the switching from the BT points to the homoclinic branches.

The extended Lorenz-84 model has the form

X=-Y2-22—aX+aF —¢U?,

Y=XY-BXZ-Y +G,
(4.16)
Z=BXY +XZ -2,

U=—6U+¢UX +8S.

In this system, X models the intensity of a baroclinic wave, Y and Z the sin and cos
coeflicients of the wave respectively, the variable U is added to study the influence of external

parameters such as temperature.

We fix the parameters as follows o = 0.25, § = 1, G = 0.25, § = 1.04, £ = 0.987 and
F = 2.61. We start the equilibria continuation with free S (initially S = 0) and with initial
state variable values X = 1.053698, Y = —0.012060, Z = 0.236645, U = —0.580787. Two
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limit points are detected. From any limit point we can compute the limit point curve passing
through it with (F,S) as free system parameters to find two BT points (see Table 4.10). The
smooth BT points are listed in Table 4.11. From BT; we start the homoclinic continuation
with (F,S) free, Amplitude = 4 x 10~°, TTolerance = 1 x 107°, ntst = 40, Adapt = 3 and
we choose (eps0, eps1) as the free homoclinic parameters then Compute|Forward. In the
resulting continuation 7' = 1346.112 is fixed and the initial € is 1.2 x 1073. The obtained
homoclinic orbits are as in Figure 4.8. For BTy the same procedure works with Amplitude
= 4 x 107° and then Compute|Backward leads to a continuation with 7' = 1346.112 as
well. The initial £ is 1.2 x 1073,

Label F S State variables
BT, 1.446717 0.020940 (1.225641, —0.036321,0.197288, —0.123390)
BT- 1.446722 —0.020941 (1.225646, —0.036321,0.197287, 0.123392)

Table 4.10: Parameter and state values at the bifurcation points in Figure 4.8.

Label a b d e aq b,
BT; 0.214424 0.606515 —0.2381464 —2.815244 0.588486 1.238143
BT, 0.214426 0.606525 —0.2381432 —2.815177 0.588481 1.238118

Table 4.11: BT normal form coefficient {a, b, d, e, a1, b1} values at the bifurcation points
in Figure 4.8.
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Figure 4.8: (a) Homoclinic orbits in parameter space for the Lorenz-84 model. The blue
curve is the homoclinic curve. The red is the Andronov-Hopf curve and the green is the
limit point curve, (b) Homoclinic orbits in (X, U)—space.



CHAPTER D

LHomoclinic structure in the

Bogdanov-Takens map

In this chapter we derive an accurate asymptotic expression for the homoclinic
parameter of the BT map. We show how to use the derived homoclinic parameter
to continue branches of homoclinic tangencies in the BT map. By a reduction to
the parameter-dependent center manifold at the BT point, we derive an asymp-

totic expression for the homoclinic parameter at a generic BT point of maps.

5.1 Bogdanov-Takens map

A fixed point of an n-dimensional smooth map
z— f(z,a), f:R"xR*—R", (5.1)

with double-unit eigenvalue is said to be a fixed point of BT type' if the only Jordan block

of the Jacobian matrix of (5.1) corresponding to the unit eigenvalue is

b1)

falso known as 1:1 resonance point, see [88].
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Similar to the theory of the BT bifurcation of ODEs (see Chapter 2), there is a change of

coordinates and parameters that transforms such map into a two-parameter normal form

ug 1 1Y fuo 0
— + s +O(|[(w, )|I*),
Uy 0 1 Uy V1 + voug + aug + buou

where (@,b) € R? are the normal form coefficients, u = (ug,u;) € R? parametrizes the two-

family,

dimensional parameter-dependent center manifold of (5.1) and v = (v1,12) € R? are the

unfolding parameters. The truncated map,

1 1 0
a: (") = o) ~ : (5.2)
(5 0 1 U1 V1 + vouy + du% + bugu

(or simply the BT map) coincides with the time-1 flow (up to a certain order of terms) of a
system of ODEs which exhibits a BT point at its equilibrium (the same fixed point of the
map (5.2)). This system is called the approzimating system'. The dynamic behavior of (5.2)
is different form the approximating system. In the approximating system, the parameters
that correspond to the homoclinic bifurcation form a curve in the plane, while a homoclinic
region bounded by two curves corresponding to homoclinic tangencies is possible in system
(5.2), see Figure 5.1. If a parameter (v,12) is located in the homoclinic region, then the
BT map possesses transverse homoclinic trajectories. On the curves of the tangencies, the

homoclinic trajectories become nontransverse.

Definition 5.1. For a fized value of «, let x* be a hyperbolic saddle fized point of (5.1).
Suppose that the stable and unstable manifolds W* (x*), W (z*) of * intersect transversally
at a point xo # x*. Let {x}72 _ be the orbit through xo. {x} is called a transversal homo-
clinic orbit (or simply homoclinic orbit) and each xy, is called a homoclinic point. Since x
lies in both the stable and unstable manifolds, so does the homoclinic orbit {xy}. The homo-

clinic orbit {z1} is referred to as tangential if W* (z*) and W* (z*) intersect tangentially at

{zr}

Although the exact bifurcation structure is different for the map (5.2) and the approximating
ODE, the usage of the ODE provides information that is hardly available by the analysis
of the map alone. The approximating system allows to predict the homoclinic structure

that appears in the map. This structure occurs near the homoclinic bifurcation of the

By the theory presented in Chapter 2, we can further express the approximating system near the BT
point as the normal form (2.24).
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approximating system. Our main concern throughout this chapter is to present an accurate
asymptotic of the homoclinic solution of the BT map in order to continue the branches of
homoclinic tangencies. Then we can transfer this asymptotic into the parameter space of
the generic n-dimensional map (5.1). It is worth noting that J. Chavez [34] attempted to
construct an asymptotic for the homoclinic orbits near a generic BT point of (5.1). However,
neither the asymptotic of the homoclinic solution nor the parameter transformation is correct

since it is based on flawed assumptions inherited from earlier studies.

In this chapter, we improve the asymptotics of the homoclinic parameter that are presented
in [26, 34, 64, 66] by

(a) considering all the second-order terms of the coordinates and parameters in the

approximating system that results from the method of Picard iteration.

(b) using the accurate homoclinic asymptotic derived in Chapter 3 to derive an asymptotic

of the homoclinic parameter in the approximating system.

Moreover, by systemically solving all linear systems appearing from the homological equation,

we correct the parameter transformation presented in [34].

2]

v

V1

vy (1)

(a) (b)

Figure 5.1: The bifurcation diagram in the unfolding parameter space of the BT map.
(a) The homoclinic curve v2(v1) of the approximating ODE. (b) The homoclinic structure
of the BT map. The points (v1,v2) situated between the lower and upper curves (i.e.,
va(v1)" and va(v1) ) are the (transverse) homoclinic points. These points collide on the
curves of tangencies V2(1/1)+, va(v1)~.
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5.2 The parameter-dependent center manifold

We use the homological equation technique described in Section 2.3 to obtain the coefficients
(a,b) of (5.2) on the parameter-dependent center manifold of (5.1), as well as to derive an
explicit relation between the orbits of (5.2) and those of the original system (5.1). Since the
Jacobian matrix, A, of (5.1) at the BT point has a double unit eigenvalue, there exist two
real independent eigenvectors go 1 € R™, of A, and two adjoint eigenvectors pp 1 € R™, of AT,
such that

()06 ) )G
I, A-1)\aq 0/’ I, AT—1,)\p)] \0)
We assume that the vectors satisfy
podo=pia =1, poa1 =pido=0, =1, qig =0.
Further, we define a relation
a=K(), K:R?—-R? (5.3)

between the unfolding parameter v and the original system parameter «. The local parameter

-dependent center manifold for (5.1) can be parametrized by (u,v),
r=H(u,v), H:R*xR?—R" (5.4)
Since the center manifold is invariant, we obtain the following homological equation:
H(G(u,v),v) = f(H(u,v), K(v)). (5.5)

We can solve the homological equation by the same recursive procedure based on Fredholm’s
solvability condition that we have described in Section 2.3. We insert the Taylor expansions
of K, H and f

1
flw,@) = Az + Jia+ S B(z,2) + Ai(z,0) + O (lall® + 1 (z,a) ), (5.6)
1
K(l/) = K1,0V1 + K1’11/2 + §K2V§ + O (1/12 + |V1V2|) + @) (||V||3) s (57)
H(u,v) = Hoo1ov1 + Hooo1v2 + qouo + qru1 + Hioiov1uo + Hioo1v2uo + Horiovius

1
+ Hoo1v2u1 + §H2000u3 + Hiyoouour + O (uf + [[v]|* + || (u,v) [|?) . (5.8)

into (5.5) together with the BT map (5.2).
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From linear and quadratic u-terms in the homological equation, we obtain

a= %plTB(qO,qO% (5.9)
b= p{ B(qo,q1) + pj B(qo, q0); (5.10)
Haooo = (A — 1)V (2dg1 — B(qo,90))  Haoo0 — Ha2000 + 740, (5.11)
Hioo = (A — 1,)"V (bgy — B(qo, q1) + Hz000)- (5.12)

where r is given in (2.47). Moreover, the vectors K1 o, K11, Hoo10 and Hopo1 can be computed

by solving the (n + 2)-dimensional system

A—1, Jh I H q1 0
0010 0001
piBaqo pTA1qo = | pI'Hio 0 |, (5.13)
T T T T Ko Kig
PoBgo +pi Bai  pgA1go + p1 Biga c 1

where ¢ := 3p{ Hi100 + pf Hao00 + p1 Hir00 — pd Blg1,q1). We define z = (A — 1)V y by
solving the (n + 1) x (n + 1) non-singular bordered system

(" DE-6)

where y is in the range of A — I,,. As soon as K o, K11, Hooio and Hopo1 are determined,

we can compute the quadratic term
K> = (—pi 2)K1, (5.14)

where
z := B(Hooo1, Hooo1) + 2A1(Hooo1, K1,1) + J2 (K11, K1,1).

5.3 Approximation by a flow

In this section we describe two methods known in the literature to approximate the map
(5.2) by a system of ODEs, namely, the interpolating technique and the method of Picard
iteration. For each system we derive an asymptotic of the homoclinic orbits. In Section
5.4, we will compare these asymptotics with the homoclinic structure of (5.2) to show the

accuracy.
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5.3.1 Interpolation by a flow

It is possible to formally interpolate the map G by an autonomous system of ODEs

g = P(u,v),
ul = Q(’LL, V)v
or in the vector-field form:
U, = POug + Q0uq, (515)

where P and @ are formal power series in ug, u1, v1 and v5. Generally speaking, we say that

U, is the approximating vector-field of the map
G = e (ug,u1),

if the series eV (ug,u1) coincides with the time-1 shift along trajectories of U,. Following

[64], we say that the order of the monomial uf u} vj* V3 is given by'

S(uf ul v vy) = 2k + 31 + 4m + 2n. (5.16)
Thus the formal series P and () can be expressed as

P= E pi(uo, ui, 1, v2),
i>3

(5.17)
Q=> q;(ug,ur,v1, 1),
>4
where p; and g; are §-homogenous polynomials of order ¢ and j respectively, i.e.,
Pi = Z Cklmn U’S ull l/in V;a
2k+3l4-4m+2n=i (5.18)
qj = Z Aiimn ul ul VI VY.

2k+3l+4m—+2n=j

with coefficients ciimn, drimn € R to be determined. We ignore the convergence question.
Then the vector-field U, can be expanded into a sum of J-homogenous polynomial vector-
fields,

U, = Z U, U;,= pi+28uO + qi+36u1. (519)

i>1

TThe idea of ordering the terms this way is to arrive at a vector-field with terms ordered according to
(3.1).
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We note that when we apply U; to a J-homogenous polynomial of §-order n we obtain a
d-homogenous polynomial of §-order n + i. Using the assumptions above, we are ready to

prove the following proposition (cf. [65]):

Lemma 5.1. For all sufficiently small |||, there is a unique formal vector-field Z such that

T

(@, )" =e? (u, v) (5.20)

Proof. Assume that the vector-field Z can be expressed as
Z = POug + Q0uy + ROvy + SO0vs,

where P, (), R and S are formal power series in ug, u1, v, V2. Expand the vector-field Z into

a sum of §-homogenous polynomial vector-fields

Z:ZZZ».

i>1

Let ; denote the projection of a formal series onto the subspace of j-homogenous polynomials

of §-order 7 and assume that

Dit2 = Tiy2 (Uo + U1 — € Uo)

u1+gu 1/ fezul)

(
(
(5.21)
(
(

qi+3 = Ti+3
Tiya = Tiya (11 — eZ11),

Siv2 = Migpa (2 —eZ1n) . i>1,

where g(u,v) := v1 + vou; + aud + bugu;. The right hand side of (5.21) are finite sums and
depend on p,, with 3 <n; <i—2, g, with 4 <ng <i—1, r,, with 5 < ng < i and s,,

with 3 < mny <1i—2 as well as on the coeflicients of the terms of (G, v). Define the exponent,
=TI+ Z —~Z", (5.22)

where Z™ stands for the vector-field Z applied n-times, and the equality

ZUoZZPi, Zulith', ZV1:Z7"17 ZVQZZSi- (5.23)

i>3 i>4 i>5 i>3
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Then by taking the leading order in (5.21), we obtain
T ~ 2
Zy (u, v)" = (p3, q4, 75, 83) = (Ul, vy + apug, 0, 0)- (5.24)

The polynomials ps, q4, 75 and s3 are uniquely defined and hence the recurrent polynomials
Dit2y Git3, Tira and s;40, 7 > 2 are also uniquely defined. Also, it is clear that the polynomials
Ti+4, Sit2 are equal to zero for all ¢ > 2. Thus we can write the J-homogenous polynomials
vector-field Z;, i > 2 found in the form

Z’L' = (Ulv O)a

where
Ui = pit20uo + qip30uy, i > 2. (5.25)

With a suitable number of terms in (5.22) and solving (5.21) for ¢ > 2, we obtain

Ui = u10ug + (V1 + &u%) du,

1 -
Uy = —5 (Vl + dug) Oug + (Vgul + (b — d) Uoul) duq,

1 2 1
Us = (—21/2u1 + (3& — 2b> UOU1> dug+

1 1/1 ~ 2 1- 2 1_-~
(—2 (nive + aoud) + B (3d — b) u? + (3(1 - 2b> viug + (3&2 _ de) u%) Ouy,

It follows from Lemma 5.1 that the map (5.2) can be formally interpolated by the autonomous
vector-field
U, =U, +Us +U3z + .... (526)

The first order vector-field U; defines a Hamiltonian system with

1
h:= 5113 +V(ug,v1) — k=0, kecR, (5.27)

where 4y = u; and the function V' (ug,v1) is given by

" =2 aug
V(ug, 1) = — (ul—i—au ) du = — V1U0—|—7 .
0
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2,/ (=n)?
3 &1 . The

function V'(ug, ;) and the phase portrait of the homoclinic solution of (5.27) are shown in

If =% > 0 then equation (5.27) has a homoclinic loop defined by &k =

Figure 5.2. The solution curve in the (ug, u1)-plane satisfies the homoclinic condition i.e.,

the phase point (ug,u1) approaches the saddle point

(ug,uy) = ( _dyl,O) , sign(vy) = —sign(a), (5.28)

as t — +o00. The related homoclinic solution can be found explicitly

Lo(t) = (uo(t),ua(t)) = ( *a”l (1 — 3sech? (t v f;”l)) ’jt“()(t)> . (5.29)

This solution persists for U, ~ Uy + Uz + Us if the Melnikov integral (1.27) vanishes:

M) = / (U2h+U3h) dt
— oo Lo(t
24 24 (—v)t 24 (—1y)} (5:30)
_ 4= e 2% (— 2% (—V1)2 V2
= 351/1 (51/1 5/ 1/1) —+ 7 P —+ 5 \/E
The function M (v) vanishes along the curve
PRI oo
2 =
7 —ria

Figure 5.2: The function V' (uo,v1) and the phase portrait of equation (5.27).
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5.3.2 The method of Picard iteration

Following [88], we start with writing system (5.2) at the fixed point as a 4-dimensional system

(G,v): () = Au,)" + (F2,0)7, (5.32)

where

) 0
F? .= .
9 v ~ 9
vouy + aug + buoug

Assume that the approximating system to (5.32) having the same equilibrium (i.e., the fixed

S = =k O

1
1
0
0

o o o =

point of (5.2)) can be written as
(.0)" = A )"+ (F(w),0)" (5.33)

where A is a 4 x 4 matrix and the components of the two-dimensional vector f2(u) are smooth

polynomials of order 2 in wug, w1, v1 and vo with coefficients to be determined, i.e.,

2 1 fa000ud + fiioouour + 3 fosooud 1 foo20v? + foor1vive + % fooo2v3
o (u) = +

1 2 1 2 1 2 1 2
592000UH T g1100UoU1 + 579020007 59002071 + goo11V1V0 + 59000273

frotouorr + froortovz + forrouivr + fororuive (5.34)

g1010UoV1 + g1001UoV2 + Jgo110U1V1 + Go101U1V2

The flow ¢! (u) generated from the component (7o, 1) in (5.33) can be seen as the first two

components of the generalized flow
(u,v)" = & (w) (5.35)

generated by (5.33), i.e., ¢l (u) := (L (u),v)". The method of Picard iteration can be used
to generate the flow map (5.35). If the corresponding terms in the generated time-1 flow
(i.e., ¢L(u)) and (5.32) coincide then system (5.33) is said to be the approximating system
of the map (5.32). The solution of the linear part of (5.33) can be used as initial data to

generate the Picard iterate. Therefore, we set

U°(t) = M (u, )" . (5.36)
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Since we seek a flow whose time-1 orbits coincide with (5.32), we have
e = A

Solving for A gives

—
o O o O

o O O =
o o r—\m"

Now, we perform a Picard iteration to compute the second order terms to ¢':
t
U (t) = eM (u, )" + / AT (£2(UN () dr (5.37)
0

By comparing the coefficients of the similar terms in (5.37) for ¢ = 1 and (5.32), we arrive

at the following systems

1 1 1 1 1 _
52000 + 792000 = 0, 52000 + f1100 + 592000 + 591100 = 0,
2 1 e - 2 6 3

) our -

1 ~ 1 _ 7
592000 = @, 91100 + 592000 = b,
2 2

1 1 1 1 1 1 _
51100 + 91100 + 5792000 + 52000 + 5 fo200 + 790200 = O,

1 1 1
591100 + 592000 + 390200 = 0,

1 1 1 1 1 _
5J1100 — 15 2000 + f1010 — 5792000 + 391010 + §g1100 = 0,
2 12 24 2 6

Uplq
1 _ 1 =0
591100 — 7592000 + g1010 = U,
Upl2
91001 = 0,
1 1 1 1
1f1100 + 5791100 + 5 f1010 + fo110 + 5 fo200+
1 1 1 1 1 _
Uy - 590200 + 591010 — ﬂfQOOO — 5692000 + 590110 = 0,
1 1 1 1 _
590200 — 5792000 + go110 + 791100 + 591010 = 0,
1 1 1 —0
390101 + fo101 + 3 f1001 + 591001 = 0,
UV

{
|
|
{ Froos + 491001 = 0,
|
{

391001 + goro1 = 1,
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1 1 1 1 1
18692000 + 3790200 — 151010 — 5591100 + GYo110+

2. 1 1 1 1 1 1 1 _

vy 516./2000 — 571100 + 5 fo110 — 3791010 + §fo200 + 5 foo20 + 590020 = O,
1 1 1 1 1 1
590110 + 590200 + 37592000 — 5791100 — 1391010 + 590020 = O,
1 1 1 =0 1 1 =0
5fo101 + 590101 + foo11 + 590011 = 0, 9 590002 + 5 fooo2 = 0,

IR 1 s Vy ! 1

590101 + goo11 = 0, 590002 = 0.

Solving for these systems will specify the components of (5.34). The unique solution for these

systems is given as follows

g1001 = 0,  fio01 =0, goooz =0,

foooz = 0, ga000 = 2a,

1 1 -
f2000 = —592000, giioo = —592000 + b,

1 1
=91100 + §f2000 )

92000 + 5

1
91100 + 92000 fi100 = — 6

f2000 + <1100 + Fr100 + =goz00 + —
2000 391100 1100 290200 1292000 ,

gio10 =

1
g1100 — 692000>

X
X
e

1 1
fio10 = 6f2000 + 91010 + f1100 - 2492000 + 691100) )
1 1 1 1 1
goto1 = 1,  foio1 = —5901017 goi10 = — <491100 + 590200 - ﬂgzooo + 291010) s

s - 1f + 1 1 s 1 " 1
0110 = 9 1010 690200 24 2000 6092000 691010

L 1100 + 2 go110 + + frioo +
2491100 290110 4 1100 2 0200 ) »

1 1 1 1
90020 = — <390200 - 591010 + go110 — Eguoo + 12092000) s

1 1 1

%92000 - gio10 + 5 9o110

1
foozo = — <f0110 - Efnoo + 12 3

1

2 o020+~ fao00 +  for00 — = Froro + —
3091100 290020 120 2000 3 0200 3 1010 1290200 ’

1 o — (g L]
gooi1 = 2901017 0011 — 2 0101 690101 290011 .

Thus, we have the following Lemma (cf. [126],[88, Sec.9.5.2]):
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Lemma 5.2. For all sufficiently small ||v||, the map (5.2) can be represented as
ul e oy (w) + O ([I(u, v)|P) (5.38)

where oY (u) is the flow of a planer system

1
0 1 L
al = w12+ (), (5.39)
0 0 ”
where
1 2 1 2
2(0) &oo(v) &10(v)uo + &o1(V)uy 5520% + &§11uouy + §fo2u1
u) = + +
v 1 1
Coo(v) Cro(v)uo + Co1(v)ua 5{on3 + Griuguy + §C02'Mf
and ) )
500(1/) = (28 — EL) U12 + §V1V27 COO(V) = (3()& - 126) 1241 21/1U2,

1._ 5~ 1 ~ B
501 (I/) = <5a — 12b) 1% 51/2, <01 (V) = b — a) 141 + Vo,
§20 = —a, G20 = 2a,
> 1. o
&1 = <3a_2b)a (11_(b—a)7
2~ 1_ 1_ -
o2 = (35—361), ngga—b,

Note that, if we reorder the terms of (5.39) according to (5.16), then up to the quadratic
terms in (u,v), the similar terms of the systems (5.26) and (5.39) are equivalent. On the
other hand, the cubic term (2a? — 1ab) w3 in Us will be present in (5.39) if we perform
two Picard’s iterations to (5.32) and add the polynomial vector (f3(u), O)T to (5.33). Also
solving (5.25) for Uy will give the terms for ugvs, ujvs and vivy exactly as in (5.39). Thus

the interpolating technique and the method of Picard iteration are equivalent, i.e.,

Sui= w2 Y ).
i=1

00 141 =2
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Next we compute the homoclinic solution of (5.39) following the procedure described in
Section 2.3 and 3.5 (see also Section 3.6). It is clear that system (5.39) has a BT point u = 0
at v = 0. The Jacobian matrix of (5.39) evaluated at the BT point is

0 1
A= )
0 0
This matrix has a double-zero eigenvalue with the generalized eigenvectors qo = (1,0), ¢1
(0,1) and p; = (0,1), po = (1,0) which satisfy (2.3) and (2.4). At the BT point, the R.H.S.

of (5.39) can be expressed as (2.39a),

1 1 1 1
= Au+ Jiv+ EB(u,u) + Ay (u,v) + §J2(V, v)+ EC(u,u,u) + §Bl(u,u,u) +....

&) U101 — a/UOUO
U1

v1 + 2augvg

J

J1 = 2 0 . B(u,v) = (i~ %6) o + o) (%
1 d) (u1vo + uguy) (%EL

(%IN) — %d) uo1 + (%& — %5) uyT — %’U/]_Z/Q
Ar(wv) = {4, 75 171
(ga — §b) Ugl1 + (§b — ga) ULV + UL
15 14 0
Jo(v, p) = (51~ olﬂf)l/1u1+ Va1 + V142 . B =C= .
(Fa— §b) vipn — Lvopn — 2vips 0

We compute the coefficients of (2.41), (2.43), (2.48), (2.59), (2.61), (2.62) and (2.64)-(2.69)
using the MAPLE commands in Appendix A.5. These coefficients are found as follows

5 .
- —a—2>b 1 0
a:d, b:b—2d, Hgo()o: 6a s HllOO:* . ~ 1,
i 2\la—b
3
g1 0 —— oo (0
0200 =3 | 0010 = 5 12(1 , o001 = | f
1
0 0 0
Kio=1| 232 —5ab+02 | > K= <1> , Ko = <0>’ Hogo2 = (())’
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Substituting these values into (3.61) and (3.63) gives the following asymptotic for the homo-

clinic solution of (5.39),

2
€ 2
uo(t) — (2 — 6sech’(et)) 4
=| = a + 8EH(t, e)+0 (%), (5.40)
u1 (1) = (12 tanh(et) sech?(et))
0
21 2 4 (4
== 10 - - +0(e%), (5.41)
Vo @\ = (b—2a) a\ s
7
where
(s B) o (w0
H(t,e) = a ) cosh?(et) a a2 2 ) 49cosh®(et) a 3 (5.42)
2(1- 3S€Ch2(6t))2 ~ 7z (b — 2a) tanh®(et) sech®(ct) — 2
a
and ) S
1 ~ _ _ = ~ 26 —5ab+b
= S0l (b—2a) (857a> — 3650ab — 288b%) + — (5.43)

Using ¢ ~ 4/ @7 we obtain the following approximation for the homoclinic bifurcation

curve of (5.39) in the parameter space (v, v2):

o 10\/ —U1

~ ~ 1 5
=l (b—2a)+1(51/1+(’)(|yl| ) (5.44)

5.4 The homoclinic zone of the Bogdanov-Takens map

To check whether the homoclinic asymptotic parameters (5.31) and (5.44) are located inside
the homoclinic zone of (5.2), we use the MATLAB interactive toolbox for numerical study
of smooth maps MatContM to compute the stable and unstable manifolds of the saddle at
the approximated homoclinic parameter. MatContM uses an algorithm originally adopted
from [59] (for details on the algorithm used see [84]). We set @ = b = 1 and v; = —0.15.
Then we use the saddle point (5.28) and the asymptotics of the homoclinic parameter (5.31),
(5.44) to obtain (u§,u$) = (0.387298,0) and vy = —0.249762, v = —0.276642. The growing
of the stable and unstable manifolds of the saddle (u§,u;) at (v1,v9) and (vq,vs) is shown
in Figure 5.3a and Figure 5.3b, respectively. For v, = —0.15, it is clear that the predicted

homoclinic parameter based on (5.31) is located outside the homoclinic zone of (5.2).
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The result is not surprising because (5.31) is derived by the Melnikov method which gives
the zero-order approximation for the homoclinic parameter. In Figure 5.3b the stable and
unstable manifolds of the saddle (uf, uf) intersect transversally. This proves the usefulness

of the new asymptotic (5.44).

0.7 0.7

uy
uy

Uo ’ Up
(a) (b)

Figure 5.3: The growing of the stable and unstable manifolds of (5.1) for @ = b = 1,
v = —0.15, (u§,ui) = (0.387298,0) and (a) v§ = —0.276642, (b) v2 = —0.249762.

The idea of continuing branches of homoclinic orbits and homoclinic tangencies, given a good
starting point, was developed in [17, 18]. The algorithm implemented in MatContM can be
used in the case of planar maps if an asymptotic of the homoclinic parameters exist. This
algorithm is based on the existence of a finite number of intersection points of the stable and
unstable manifolds of the saddle (i.e., the homoclinic points) (see [84]). Using MatContM we
compute the intersection points of the manifolds presented in Figure 5.3b. These points are
continued in one parameter (v; freed while vy is fixed) until two limit points are detected,
which correspond to tangencies of the stable and unstable manifolds, see Figure 5.4a. Figure
5.4b and 5.4c show the corresponding tangential homoclinic orbit in the state space at the
limit points LP; and LPs in Figure 5.4a, respectively. Continuation of such limit points in

two parameters (v, v2) gives the full homoclinic tangencies structure shown in Figure 5.4d.

Since we now have the whole homoclinic structure in the BT map, we can compare the
numerically computed tangency branches with the asymptotic of the homoclinic curve (5.44)
and the homoclinic curve obtained by (5.31) (see also [26, 66]), see Figure 5.5. This compar-
ison demonstrates the accuracy of the present asymptotic (5.44). However the predicted
curve is not always located in the homoclinic zone (i.e., between the homoclinic tangencies)

so the homoclinic parameter should be carefully chosen.
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051 12
LP;
(=] —
3 3
LP,
04253 y ~0.245 043 2% 15
1
(a) (b)
12 -0.0
) g
RAK 15 045 0
U 41
(c) (d)

Figure 5.4: (a) The limit points are computed by continuing the homoclinic points in
Figure 5.3b. During continuation, vy is freed while v is fixed, (b) Stable and unstable
manifolds along the first homoclinic tangential point (i.e., LP1), (¢) Stable and unstable
manifolds along the second homoclinic tangential point (i.e., LP2), (d) Two branches of
the tangential homoclinic orbits are computed by continuing both of the LP’s on Figure
5.4a with v1 and v free.

5.5 Homoclinic parameter in n-dimensional maps

For the BT map, we obtain an asymptotic for the homoclinic parameter at (v1,r2) which
is given in (5.41). With the data collected in (5.7) and (5.9)-(5.14) we arrive at a generic

asymptotic of the homoclinic parameter at the Bogdanov-Taken point of maps

50 (b— 2a)”
9 a

€210 gt
CV(E) E? (b—2a)K11—— 4K10+5K11

K2> +0().  (5.45)

where 0 is given in (5.43).
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0.05

9

BT

s
141

0.02

Figure 5.5: (a) The limit points are computed by continuing the homoclinic points in
Figure 5.3b. During continuation, v is freed while v is fixed, (b) Stable and unstable
manifolds along the first homoclinic tangential point (i.e., LP1), (c) Stable and unstable

manifolds along the second homoclinic tangential point (i.e., LP2)
the tangential homoclinic orbits are computed by continuing both

, (d) Two branches of
of the LP’s on Figure

5.4a with 11 and v free, (e) Branches of homoclinic tangencies (solid curves) of (5.2) are
compared with: the asymptotic of the homoclinic curve (5.44) (dashed curve) and the
homoclinic curve (5.31) (dotted curve) (see also [26, 64, 66]) to demonstrate the accuracy

of the present asymptotic.



CHAPTER O

The monopoly model

In this chapter we study the monopoly model with cubic price and quadratic
marginal cost functions. A numerical continuation method is used to compute
branches of solutions of period 5, 10, 13 and 17 and to determine the stability
regions of these solutions. General formulas for solutions of period 4 are derived
analytically. We show that the solutions of period 4 are never linearly asymptot-
ically stable. A nonlinear stability criterion is combined with basin of attrac-
tion analysis and simulation to determine the stability region of the 4-cycles.
This corrects the erroneous linear stability analysis in previous studies of the
model. The chaotic and periodic behavior of the monopoly model is further
analyzed by computing the largest Lyapunov exponents, and this confirms the

above mentioned results.

6.1 Model description

During the last two decades increasing attention has been paid to the analysis of nonlinear
dynamics of economic models using difference equations [74, 96, 112, 119, 134]. In particular,
the monopoly model is well documented in [9, 111, 112]. Baumel and Quantdt [9] analyzed
a cost-free monopoly model. They examined in both discrete and continuous systems the

problem of maximizing the profit function.
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T. Puu [111] assumes a cubic price and quadratic marginal cost function when the monopoly
firm maximizes the profit using as strategic variable the produced quantity. In [111] the price

p for a good is represented as a monotonically decreasing function
p(z) = A— Bx + Cx? — D3, (6.1)

of the produced quantity x. Decreasing is implied by requiring that A, B,C,D > 0 and
C? < 3BD. The revenue of the monopolist is

R(x) = p(x)x. (6.2)

The marginal revenue is then given by

R d
=il (6.3)

MR .= — =
dx dx

Also in [111], the marginal cost curve is assumed to be
MC = E — 2Fz + 3G, (6.4)

where I/, F' and G are positive constants. A standard result of economic theory is that the

profit is maximized at a point where M R = MC'. The profit function is
M(z) = (A— E)r — (B - F)z* + (C — G)2® — Dx* (6.5)

up to a constant term. A simple algorithm to find the maximum of the not explicitly known
function (6.5) is to evaluate (6.5) in the last two visited points z and y, and use a Newton-like
iteration with step size 5. We get the next point as

y+o _m(x) :y+5<(A_E)_(B—F)(90+y)+(C—G)(x2—|—xy+y2)

I(y) — 11
Y (6.6)

— D(a2® + 2%y + 2y + y‘g))

The iteration of this procedure may lead to any of the profit maxima, to an oscillating
process, or to chaos depending on the coefficients A through G and the step size d. Following
[111], we assume A = 5.6, B =2.7, C =0.62, D = 0.05, E = 2, F = 0.3 and G = 0.02. With

these parameter values, the profit function (6.5) is symmetric about (3, 3), i.e.,

I3 +x) =1(3 — ), (6.7)
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for all z. The updating process (6.6) can be interpreted as the two-dimensional mapping
M- Tt . Te+1 ) _ Yt , (6.8)
Yt Yit1 Ye + 0P (e, ye)

P(z,y) = 3.6 —2.4(x +y) + 0.6(z* + zy + v*) — 0.05(z> + 2%y + zy® + 3°). (6.9)

where

The map has three steady states, which are extrema for the profit function, namely a local
minimum and two local maxima. Puu [111, 112] provides incomplete information on the
existence of cycles of period 4 and the chaotic behavior of (6.8). Most of the recent literature
deals with simplified versions of the Puu model (6.8), cf. [1, 8, 98, 104], and none of them
analyzes the dynamic behavior of the Puu model in detail. Naimzada and Ricchiuti [104]
propose to use a demand function (6.1) without inflection point to achieve a one-dimensional
map. Their model was generalized by Askar [8] and further by Matsumoto and Szidarovszky

[98]. In these models the chaotic dynamic arises via a cascade of period-doubling bifurcations.

6.2 Dynamic analysis by simulation

A fixed point of (6.8) satisfies the equations

x =y, (6.10)
y=y—+dP(z,y). (6.11)

Substituting (6.10) into (6.11), we find that
P(z,z) = 3.6 — 4.8z + 1.82% — 0.22° = 0, (6.12)

with solutions = 3 + /3 and 2 = 3. In fact, I1(3 + v/3) are the maxima of II(z) and I1(3)
is the local minimum. To determine the stability of these points, we calculate the Jacobian
matrix of (6.8)

J—( 0 L ) (6.13)
- 9 9 ! '
§9r 1+58—§

The characteristic equation is

p(AN) =22 —(1 +5%§)A+ (— gf) =0. (6.14)
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We use the Jury test [81] to determine whether all roots of (6.14) lie in the open unit disk
(i.e., [\ < 1). The three conditions (Jury’s stability criterion) are given by

oP oP
)=—0— —6— 1
p(1) %9 s =0 (6.15)
oP oP
oP

The first condition is not satisfied for x = 3 since 5%—};|(373) = 5%—};\(373) = 0.3, hence p(1) <0
for all 6 > 0. Both fixed points x = 3 + /3 satisfy (6.15) and (6.16) since

50

oP
Cleeviseys = 587y|(3i\/§,3:t\/§) = —0.60.

The fixed points x = 3 + /3 are therefore asymptotically stable if (6.17) is satisfied. This
is the case iff § € (O7 g) For ¢ = % we have A\; o = eTi% . So we have a (non-generic) 1:4
resonant Neimark-Sacker (NS) bifurcation. The same results were derived in [111] using a
different method.

Figure 6.1a plots the bifurcation diagram of (6.8) with § € [1.5,4]".. For each d the initial
points were reset to (zg,y0) = {(3£¢,3+¢),(3,3)}, e = v/3—107°, 10° map iterations were
performed and transients were discarded. This leads to a crude bifurcation diagram that will
be refined by a continuation method in Section 6.3. It is remarkable that as we exceed the

NS value § = % a cycle of period-4 is born. The fixed point z = 3 forms the middle line.

We see that for § €]0, %[, (2n,yn) converges to a nonzero steady state and for § > % cycles
of period 4 are born. These cycles are indicated by three upper branches and three lower
branches in Figure 6.1a. The middle upper and lower branches in Figure 6.1a are visited
twice. Two typical 4-cycles are presented in Figure 6.2 for § = 2.44. In Section 6.4.3 we will
see that the 4-cycles lose stability only for § > 7% + %g 21 & 3.8647 but for 6 > 2.62 the

radius of attraction is very small.
For ¢ around 2.45 a stable cycle of period 17 exists, see Figure 6.3a and Figure 6.3b.

For 6 = 2.62, the radius of convergence of the stable 4-cycle is very small and there is a

nearby chaotic attractor in which a ”ghost of 4-cycle” is still present, see Figure 6.4a.

fThe Figure was produced using the MATLAB code in Appendix B.1
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For § around 2.63, a stable cycle of period 5 exists, see Figure 6.5a. At § around 2.7, a stable
cycle of period-10 exists, see Figure 6.5b.

For § around 2.83 we find a stable cycle of period 13, see Figure 6.6 and Figure 6.1c.

2.889816 2.82982

()

Figure 6.1: Bifurcation diagram of (6.8). For each § the initial points were reset to
(zo,y0) = {(3+¢,34+¢),(3,3)}, ¢ = v/3 - 1077 and transients were discarded. (a)
§ € [1.5,2.8] with step size 1 x 1072 and 1 x 10° map iterations were performed, (b)
§ € [2.5,2.8] with step size 1 x 107" and 2 x 10° map iterations were performed, (c)
§ € [2.829816,2.829820] with step size 1 x 10~7 and 5 x 10° map iterations were performed.
The bifurcation diagrams show the existence of solutions of period 4, 5, 10, 13 and 17.
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Figure 6.2: Two cycles of period-4 for § = 2.44. The cycles

(3,3).

5.5

Bl
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are point-symmetric around
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Figure 6.3: (a) Two cycles of period-17 for § = 2.45 as a time series of z,, vs n. (b) The
same cycles of period-17 in (z,, yn)-plane. The 5-cycles are point-symmetric around (3, 3).

6.3 Analysis by numerical continuation

We perform a numerical stability analysis for the cycles of period 5, 10, 13 and 17 of (6.8).

The stability analysis is based on a continuation method and uses the MATLAB package
MatContM, see [71, 84]. For the cycles of period 5, 10, 13 and 17, and using the initial data
in Table 6.1, we continue each cycle with free parameter §. The continuation of each cycle

leads to a closed curve of cycles. Limit point (LP), branch point (BP) and period-doubling
(PD) bifurcations are found along these curves, see Figure 6.7.
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(a) (b)
Figure 6.4: (a) and (b) A chaotic attractor for 6 = 2.62. Note that this coexists with a 4
cycl
s s
® .
® /d” '
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(a) (b)

Figure 6.5: (a) A cycle of period-5 for § = 2.63. (b) A cycle of period-10 for § = 2.7. It
obviously arises from a period-doubling of a 5-cycle.

The computed bifurcation points on the computed curves are summarized in Table 6.2. The
stability regions of the 5, 10, 13 and 17-cycles are bounded by the LP and PD points. The
10-cycles are stable in the regions bounded by the BP and PD points. The 5, 10, 13 and
17-cycles are unstable between two successive LP points or two successive PD points. Table
6.3 shows the stability regions for each cycle.
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6.3 Analysis by numerical continuation

6 =283
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Figure 6.6: A cycle of period-13 for § = 2.83.

A branch point (BP2) on the 10-cycle curve is given by (x,y) = (3.687975,4.210773) and
6 = 3.525215732. Clearly the stable 10-cycles arise from a period-doubling of 5-cycles. The
10-cycle presented in Figure 6.7b arises from the PD2 point with x = 3.687975 on the 5-

cycle curve. The same point is labeled as BP2 at the 10-cycle curve. The existence of PD

bifurcations on the 10, 13, and 17-cycles indicates the existence of cycles of higher periods

as well.
5-Cycle 10-Cycle 13-Cycle 17-Cycle
[ 2.63 2.7 2.83 2.45
T 5.39438 3.99216 5.47699 4.24294
y 3.38445 4.86040 4.26739 5.16145
Table 6.1: One point on the 5,10,13,17-cycles.
LP1 BP1 PD1 PD2 PD3 LP2 PD4 BP2
5-Cycle 2.62813 2.69111 3.52522 3.52573
10-Cycle 2.80134 2.69111 2.70485 2.80214 3.12750 3.12753 3.52149 3.52522
13-Cycle 2.47864 2.48136 2.82987 2.83005
17-Cycle 2.44977 2.45042 2.76425 2.76432

Table 6.2: The bifurcation points on the continuation curves of the 5,10,13,17-cycles with
the corresponding value of §.
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Figure 6.7: Bifurcation diagram in (4, z)-plane of period-5 (a), period-10 (b), period-13
(c) and period-17 (d) cycles.

6.4 The existence of period-4 solutions

We now explore the existence of period-4 cycles in (6.8). We introduce the following general

cycle notation

— — — — . (6.18)
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Stable for § in

5-Cycle
10-Cycle
13-Cycle

17-Cycle

(2.62813,2.69111) U (3.52522, 3.52573)

(2.69817,2.70485) U (2.80134, 2.80214) U

(2.47864,2.48136) U (2.82987,2.83005)

(2.44977, 2.45042) U (2.76425, 2.76432)

(3.12750, 3.12753) U (3.52149, 3.52522)

It follows from (6.10) and (6.11) that

z=y+0P(x,y),
w=z+6P(y,2),
x=w+ 0P (z,w),

y=x+ 0P(w,x).

6.4.1 The solutions

Table 6.3: Stability regions of the 5,10,13 and 17-cycles of the monopoly model.

To investigate the case where one of the ordered pairs in (6.18) has two equal components,

ie,x=yory=zorz=worw=x, we solve system (6.19) - (6.22) for z = w (the other

cases follow by cyclicity). Substituting z = w into (6.19) -

or

2 —y=0P(z,y), (6.23)

0 =6P(y, 2), (6.24)

w— 2= 0P(z,2), (6.25)

—x =6P(z,2). (6.26)
(z=y)ly —x) =d0(y — x)P(x,y), (6.27)
0=26(z—y)P(y,2), (6.28)

(x—2) =6P(z,2), (6.29)

(y —x)(x —2) = 6(x — 2)P(z, x). (6.30)

(6.22) gives
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Adding (6.27) to (6.28), we get
(z—y)(y —x) = =d(x — 2)P(z,x). (6.31)

From (6.30) it now follows that x = y. Plugging x = y into (6.23)-(6.26), we obtain

z—y=90P(y,y), (6.32)
y—z=0P(z,z), (6.33)
0=0P(y, 2). (6.34)

The set of equations (6.32)-(6.34) has the solutions

(3,3), (3£ 3,3+ V3) if §>0,
(Z/>Z) = (Si \/3526+105,3¥ 3625+105) if 5> g

(6.35)

The solutions for which y = z are the fixed points of (6.8) and can be ignored. So, the general
solution of period 4 for which two successive ordered pairs of cycle (6.18) have the same first

component is given by
34+ /3624108
5 I

T

T
S R =1 (6.36)
w z

Figure 6.8 shows a plot of (6.36) for 6 = 2.

Bl

Figure 6.8: A cycle of period 4 for § = 2.
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Now suppose that x # y, y # z, 2 # w and w # z in (6.18). Thus, system (6.19)-(6.22) is

equivalent to

(z=y)ly—z) =d0(y — ) P(z,y), (6.37)
(x —w)(w—2) =0(w— z)P(z,w), (6.39)
(y —z)(x —w) =d(x —w)P(w, x). (6.40)
Adding (6.37) to (6.38), (6.38) to (6.39), (6.39) to (6.40), (6.40) to (6.37), we get
(z—y)(y—x+w—2z2)=08z—x)P(z,2), (6.41)
—(w-2)y—z+w-2)=0w-y)Py,w), (6.42)
(x—w)(ly—z+w—2)=0d(x—2)P(z,z), (6.43)
—(y—2)y—z+w—2z2) =5y —w)P(y,w) (6.44)
We now distinguish two cases:
6.4.1.1 Casel: z =z
If 2 = z, we can solve system (6.41)-(6.44) for {y, z, w} and obtain two solutions:
0.2(15547)
x B
—0.2(150+r+2v1556%=256) | 0.4(155+r)
vyl s + s
z x 7
w 0.2(155+r+2+/155%—259)
3
(6.45)
0.2(155—r)
x — 5
—0.2(150—r—2v/1562-2538)  0.4(156—r)
vl 5 R
z x ’
w 0.2(156—r—2v/1552—253 )
5

where r = 1/152 4 1000. This case has been studied by J. Vandenameele [128]. She derived
the first 4-cycle in (6.45).
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6.4.1.2 Case 2: © # 2

If © # 2z, we have

) _ L=y (6.46)

i.e.

r=w—z+vy. (6.47)

Plugging (6.47) for x in (6.41)-(6.44) and solving this system for {y, z, w}, we get another

formula for two-cycles of period-4:

2762 —1200+4 51/5(205+750) —34/5(205+758)8

€ (96—40)5
y 2762 —1200+ 2 51/6(205+750) — 2 \/6(205+758)5 —44/5(205+750)
_ (95—40)5
- b)
P 1 v/6(20s+756)
3+ r—7—
w
Y
(6.48)
2762 —1206— £ 51/5(205+758)+34/8(205+756)5
x (96—40)5
2762 —1206— 251/5(205+7508)+ 2 1/6(205+758)5+44/5(205+750)
y _ (96—40)6
- )
P 3_1 \/6(205+7506)
—iyeeemee
w
Y

where s = /962 + 45 — 100.

6.4.2 The symmetry property

The 4-cycles (6.36) (the stars), (6.45) (the black points) and (6.48) (the black points) are
shown in Figure 6.9. The 4-cycles (6.45), (6.48) differ only in the choice of the first point
of the cycle. Figure 6.9 possesses a point symmetry around (3,3) i.e., the upper 4-cycle is

obtained by a rotation of the lower one over 180°.

The vertices of each 4-cycle form a perfect square. The points ¢; = (0'2(125”), 0'2(1§5+T))

and ¢y = (0'2(12’64), 0‘2(1264)) are the center points of the upper and lower square respec-

tively; ¢ = (3, 3) is the center point for the big square.
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Figure 6.9: The general diagram for the 4-cycle (6.36) (the stars), (6.45) and (6.48) (the
black points). The 4-cycles (6.45), (6.48) differ only in the choice of the first point of the
cycle.

6.4.3 Stability analysis

The next step is to determine the stability of the cycles in Section 6.4.1.

Consider the 4-cycle (6.36). The Jacobian of the 4-cycle is the product of the Jacobians
evaluated at each point of the cycle (6.36), i.e.,

Jig = J(w,z)J(z,w)J(y, 2)J(x,y), (6.49)

where

J( ) 0 1
Z, =
Y 5L P(x,y) 1482 P(a,y)

and the other Jacobians follow by cyclicity.

After some computations we find

0.366%2 +3.66 +9 0.3662 + 3.66 + 8
Juq = y i N - , (6.50)
0 1
with eigenvalues
Ao = {1,0.360% + 3.65 + 9}. (6.51)

The second eigenvalue is always greater than 1 for § > % So the 4-cycle system (6.36) is

unstable.
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On the other hand, for the first 4-cycle in (6.45) (the same results hold for the second 4-cycle)

the Jacobian matrix is given by

Ja— (AP (6.52)
4,2 — C _D B .
where
144 36 216 348 84 13 44 o9
A= o b4 — 52— 20 53 0205 0% Ak
1562570 T 31250~ Tmes’ 6350 31 VY T 135 T o
216 36 276 36 11600 16
B=——22 gps— g2 20 Gy D5 22000 D
15625° 12350 "3 B s T
432 3024 92592 252 792
— 52 53 54 o 2 5
300605°Y° T 7e125° T 300605 56250 TRios”Y
L 26, 116 208 4 gy
276 o 1116 = 208 444 o9
31257 15625 625 ' 3125 5
| B8 o SSS6 LU o 338 8L ST96, Moy | 3553
390625° | 78125° ' 15625 15625° 3125 3125 625 0 625

and 1 = /302 — 5, o = /302 + 20. The characteristic equation is
pr2(N) =N — (k+ 1A+ k=0. (6.53)

where

3888 , 7776 53— 3168 , 70565+ 2993

~ 390625 78125 15625 3125 625
At any point (€,7) of the 4-cycle (6.45), there are two eigenvalues

k

Ao = {1,k}. (6.54)

From (6.54) we infer the following results on the stability and bifurcations of the 4-cycle
system (6.45):
e For 5 < § < 52 4 231/21, there are two eigenvalues A\; = 1 and |Xo| < 1.

o At § = ’75 + % 21 a resonant 1:1 NS bifurcation occurs at

3v/26 + 2v/21 3v/26 + 2121 — 12¢/11 — 2V/21
(z,y) = |3+ 34+ :
—9+4 521 —9+ 521

e For § > %5 + %\/21, there are two real eigenvalues A\; = 1 and |A\2] > 1, and hence,
the 4-cycle is unstable.
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Since there is always an eigenvalue 1, the 4-cycle is never linearly asymptotically stable.The
stability and the existence of bifurcation points for g << _75 + %g 21 are determined by
the stability analysis in the direction of the eigenvector corresponding to A\; = 1. Let (z,y)T
be a fixed point of the fourth iterate of (6.8). For 0 < £ < 1, let ev be a small perturbation
of (z,y)T where v is the unit right eigenvector corresponding to the eigenvalue one. We
decompose

M ()" +ev) = aco+ Baw+ (2,9)" (6.55)

where «., (. are scalars and w is an eigenvector corresponding to As. Taking inner products

of (6.55) with the left eigenvector v! corresponding to the eigenvalue one, we get

CoN [M“ ((ﬂx y)’ + Ev) — (x, y)T]

(v')Tw ’

(6.56)

Qe =

In the sense of the definition of the stability on a specific eigenvector of the linearized system
at the fixed point (see for example [97, Chapter 2]), the 4-cycle at the fixed point (z,y)T
is stable in the direction v if |a.| < € for all sufficiently small e. Moreover, the fixed point
(z,y)"

of €. The vectors v and v' are given by:

of the 4-cycle is unstable in the direction of v if |ae| > € for all small enough values

37562 + 18501 + 25008 + 14501

v=| 1883 + 1502 + 12601 — 700 + 5500 |, (6.57)
1
Boys? + 220% — Hoys + 2226° — 11109 + 8762 + 2600
ot = 1863 + 1502 4 12804 — 7006 + 5501 . (6.58)
1

Using MATLAB, we compute numerically the value a. for a large number of values of § €] g, 5(
(33,324 points, uniformly distributed) for ¢ = 1072 and 1075. The results are presented in
Figure 6.10. The 4-cycles where |a.| < € are plotted in green. The 4-cycles where |a.| > &
are plotted in blue. The first labeled points are those where |« — € changes sign. The second
labeled points indicate the resonant 1:1 NS point for which § = _75 + %\/ﬁ . We see that the
change of sign happens for increasing values of § if € tends to zero. By numerical simulation
for a large number of initial points computed by (6.45) for different values of § in the range
[2.71,3.9] we find that the 4-cycle is stable for all values of § smaller than the value of the
bifurcation point (i.e., the resonant 1:1 NS point) but with a very small domain of attraction.
Figure 6.11b shows what happens if we round the initial point in Figure 6.11a to 8 digits:
the initial point is no longer in the domain of attraction of the 4-cycle. For all § greater than

the value of the bifurcation point the 4-cycle is unstable, see Figure 6.11c.
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e=0.01 e=1x10"%
4. 4.
8 2.6514500 8 2.7083500
oL, 38646500 T 38646500
at . 41 5
) 1)
(a) (b)

Figure 6.10: (a) Stability analysis for the 4-cycle (6.45) using ¢ € [1.7,5] with step size
10™*. Solid curve where points |a.| < ¢; Dashed curve where points |ae| > €. In the first
labeled points |ae| — € changes sign.

0=385 n=>50,000 0=385 n=21080 0=388, n=1770
> > >
2 6 2 3 0 6
(a) (b) (c)

Figure 6.11: (a) Stable 4-cycle for ¢ = 3.85 where the initial point is computed by (6.45),
exact to machine precision. (b) Behavior if the initial point in (a) is rounded to 8 digits
[(zo,y0) = (4.28021914, 3.11358339)]: the point is no longer in the domain of attraction of
the 4-cycle, (c) Unstable 4-cycle for § = 3.88 with initial point exact to machine precision.

To further corroborate this result, we explore the “basin of attraction”.

Definition 6.1. [4] Let f be a smooth map on R™ and let x; be a point or periodic orbit
for f. Then basin of attraction of x;, or just basin of x;, is the set of points x such that
|f*(x) — fF(x:)| = 0, as k — oo.

The basin of attraction of the 4-cycles (6.45) is computed by performing 10° map iterations
at 40,000 different initial points located in the range [—1,7] x [—1, 7]. Figure 6.12 shows the
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basins of attraction of the 4-cycles (6.45) for four values of §. The points in the attraction
domain of the first 4-cycle in (6.45) are colored red, in the second 4-cycle green. The yellow
points are these where no convergence was established after 10° iterations. For § < 2.6 the
basin of attraction is connected, then it shrinks and contains holes. Already for § = 2.615
there are points very close to the 4-cycle which are not in its domain of attraction. However,
numerical simulations show that even for values of § slightly smaller than _75 + %\/ﬁ the
4-cycle has a small radius of attraction, which is not the case for values slightly larger than
_75 + %\/ﬁ So the loss of stability of the 4-cycle is, in fact, caused by a 1:1 resonant

Neimark-Sacker bifurcation.

§ =262
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0 =2.615

Figure 6.12: The basins of attraction of the 4-cycles (6.45) (a) for § = 2.6; (b) for 6 = 2.62;
(c) for 6 = 2.615 and the initial points located in the range [4.36,4.56] x [3.42, 3.62] and
(d) for § = 2.616 and the initial points located in the same range as in (c).
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6.5 Analysis by Lyapunov exponents

Consider the two-dimensional map
Xn+1 = F(Xn)a Xn — (:En7yn)7 n = 07 172u37 ey

where F : R? — R2. To monitor how a small error applied to the initial condition evolves

after IV iterations, we use the following algorithm:

Step 1. Iterate the initial point Xy, say, for k times’ to obtain Xj,. Initialize an accumulator

to the value zero.

Step 2. For an arbitrary angle ¢, we perturb X by a small finite displacement (error)
0 < g9 < 1 in the direction V' = (cos(¢),sin(¢)). Compute the perturbed point
Xk = Xk + EQV.

Step 3. Iterate both points X , X and compute the distance €, between them, i.e., the

new error.

€1

€0

Step 4. The error g increases by the factor , we add the logarithm of this factor to the

accumulator.

Step 5. Renormalize the distance between X1 and Xk+1 so that the distance between

them becomes equal to gg, see Figure 6.13. This is done by setting

N £ ~
Xpi1 = Xig1 + i (XkJrl - Xk+1) .

Step 6. Iterate steps 3-5 until IV iterations have been performed.

Step 7. Divide the accumulator by V.

The average logarithmic growth of the relative error per iteration can be considered as the

largest Lyapunov exponent * in the direction V,

N

1
= 1. B
7=y 2

g4

€0

TTo let the transient die out.

¥The formal definition of Lyapunov exponents is given in [78, Definition 5.8.2]. It is worth pointing out
that, in the case of a two-dimensional map, there is a second Lyapunov exponent which indicates how much
points near X}, are attracted after N iterations. See [22, 63, 108, 118, 132] for more details.
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Xiy2 "
Figure 6.13: The renormalization step in the calculation of the largest Lyapunov exponent.

We apply this algorithm to calculate the largest Lyapunov exponent of the monopoly model
(6.8) for ¢ € [0.01,4]. For each ¢ we reset the initial data to g9 = 0.00001, ¢ = Z, (z0,y0) =
(3++v3—107°,3 4+ /3 — 107°) and 10° map iterations are performed. This is done by
evaluating the MATLAB code in Appendix B.2. The end result of this code is presented in
Figure 6.14. The first problem with the preceding algorithm is that different error directions

_Ei
€i—1

g1

. }T and thus different Lyapunov exponents.

PRI

could produce different factors {

0.5

Figure 6.14: The largest Lyapunov exponent for § € [0.01,4]. Negative values correspond
to stable cycles, zero corresponds to 4-cycles with one eigenvalue equal to one and positive
values indicate chaotic behavior.

€i—1
€j—2 | "

€i
€i—1

£1

TTo study how the error evolves after each iteration, we note that =

i
€
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For the monopoly model, we did the following numerical test. For a fixed value of §, 6 = 3,
we compute the largest Lyapunov exponent using four directions, namely ¢o =0, 7, , 37”,
with £g = 0.00001. The numerical result is shown in Table 6.4. It is clear that as the number
of iterations N increases, the computed exponents converge to the same value no matter
what initial error direction is used. So the direction of the error is not really important
in our model. However this is not the only problem since we still need to know how the
Lyapunov exponent is affected by the choice of the initial error g to which we normalize
after each iteration. To arrive at a well defined exponent we must let the size of the initial

error to go to zero,

N
. . 1 €

o= lim lim — E —1,
Eo*)ON—)OON4 €0

1=

which is not possible in the previous algorithm. To solve the limit problem, we can use the
Jacobian matrix. This matrix can be used to project forward the initial displacement vector
Vo = (cos(¢),sin(¢)) to monitor the directions of stretching and shrinking at each iteration.
To describe the new algorithm, let us consider the displacement from X in the direction of

the vector Vj, then the vector after NV iterations given by
VN =DF(Xn_1)VN_1, (6.59)

will determine the displacement of the orbit for Xx_;, where DF(Xy_1) is the Jacobian

matrix evaluated at Xy_1. Then the ratio

[Vl

Vel =1
Vol

shows whether the displacement grows or shrinks. Therefor, the largest Lyapunov exponent

N ¢o =0 $o =% ¢o =T b0 = F
10 0.5806 0.6555 0.5806 0.6555
100 0.3914 0.3989 0.3914 0.3989
1000 0.3650 0.3658 0.3649 0.3657
10,000 0.3896 0.3897 0.3896 0.3897
100, 000 0.3907 0.3907 0.3907 0.3907
Table 6.4: The largest Lyapunov exponent for § = 3 and using different error direc-

tions with e = 0.00001 and increasing iteration numbers N. As the number of iterations
increases, the computed exponents converge to the same value no matter what initial error
direction is used.
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for initial X in the direction of the vector V} is given by
(X0, Vo) = lim - In (V) (6.60)
airo, Vo) = NE}OO N . N ’
From (6.59) we have

Vy = DF(Xy_1)DF(Xn_2)VN_2
= DF(Xn_1)DF(Xn_3)... DF(Xo)Vo (6.61)
= DFN(Xo)Vp.

Hence, the Lyapunov exponent is given by

o(Xo, Vo) = (IDFN(Xo)Voll).-

1
li —1
Nir}oo N .

Using (6.59) and (6.60) the algorithm to estimate the Lyapunov exponents in this case is as
follows [108]:

Step 1. Iterate the initial point Xy k-times to arrive at Xj. Initialize an accumulator to
Zero.
Step 2. Chose an initial direction of error ¢qt.

Step 3. Compute the direction vector of error Ej 1 using the Jacobian matrix:
Ejt1 = J(Xi) (cos(¢o), sin(¢o)) -

Step 4. The error has increased (or decreased) by the factor d = ||Ex+1]|. Compute In (d)

and add it to the accumulator.

Step 5. Normalize the new error direction (Ejy; = E’:;“l) and then replace the error direc-
tion (cos(¢g),sin(¢)) by the vector Ejy1.

Step 6. Compute the next point of the map Xx11 and then go back to step (3) using Xy11

and the new error direction Ek+1'
Step 7. After N iterations, divide the content of the accumulator by N.
The computed Lyapunov exponent of the monopoly model for ¢ € [1.5,4] using the second

algorithm is shown in Figure 6.15a (see Appendix B.3 for the corresponding MATLAB code).

The result looks exactly the same as in Figure 6.14. Table 6.5 shows the Lyapunov exponent

. 9
X%l

TThis can be done by solving (cos(¢o),sin(¢o))
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0.4r
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5 e e T
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Figure 6.15: (a) The largest Lyapunov exponents for § € [1.5,4], (b) Convergence of the
Lyapunov exponent for 6 = 3

of the monopoly model at § = 3 based on the first algorithm with different sizes of error (the
first 3 columns) and base on the second algorithm (last column). It is clear that for e > 0
the exponents of the first algorithm slowly converge to the actual exponent whose computed

by the second algorithm.

N €0 = 0.1 €0 = 0.01 €0 = 0.001 €0 — 0
10 0.550702 0.578336 0.580343 0.592340
100 0.402211 0.385633 0.390898 0.393341
1000 0.374649 0.368181 0.366863 0.365137
10,000 0.384310 0.389172 0.389916 0.389626
100, 000 0.388071 0.390482 0.390772 0.390703

Table 6.5: The largest Lyapunov exponent for § = 3 and using ¢ = 7w with different errors
€o for increasing number of iterations V.

6.6 Lyapunov exponents versus bifurcation diagram

Comparing the Lyapunov exponent diagram with the bifurcation diagram in Figure 6.16 and

the cycle diagrams (Figure 6.3 - Figure 6.6), we notice that:
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(1) For 6 € [0.01,2), o is negative; it approaches zero at the 1:4 resonant NS bifurcation
point 0 = g where the cycles of period 4 are born. The Lyapunov exponent remains
zero for % < § < 2.615 except for the dip around § = 2.45 caused by stable cycles of
period 17.

(2) The first rise for o is around 6 = 2.62 due to the chaotic behavior which is clear in
Figure 6.4a and Figure 6.4b.

(3) The second dip between 6 = 2.62 and § = 2.7 is due to the stable period 5 cycles in

Figure 6.5a. As 0 touches zero around 0 = 2.7 a cycle of period 10 is born.

(4) For § > 2.7, the Lyapunov exponent increases and the system becomes more and more
chaotic, except for the big dip caused by the stable period 13 cycles around ¢ = 2.83,
see Figure 6.6.

The chaotic behavior of the monopoly model can now be better understood with the help of
the Lyapunov exponents analysis discussed above. Roughly speaking, the positive Lyapunov
exponent for 6 € {~ 2.62} U (2.7,00)\{~ 2.83} confirms the predominance of a chaotic

attractor.

0.6

Figure 6.16: Plotting of Lyapunov exponents versus bifurcation diagram for § € [1.5,4].



CHAPTER 1

Conclusions

In the first part of the thesis, accurate homoclinic predictors at a generic codim-2 BT bifur-

cation were derived. The procedure that we have used mainly consists of two steps:

(1) derive asymptotics of the homoclinic orbits and parameters of the two-dimensional BT

normal form (the homoclinic predictor).

(2) transfer the derived predictors into the phase and parameter space of a given generic

n-dimensional ODE.

For the first step we used an appropriate BT normal form (we called it the smooth BT
normal form) to derive the explicit third-order homoclinic predictors by applying both the
R-P and the L-P perturbation methods. Both methods give the same asymptotic for the
homoclinic parameter values. However, the L-P predictor has a clear advantage, since it
does not suffer from the “parasitic turn” in the asymptotic for the homoclinic orbit in the
phase space. While doing so, we reported for the first time the explicit first-, second- and
third-order homoclinic predictors for both R-P and L-P methods. We recall that the order
of the predictor refers to the maximal order in the e-expansion of the homoclinic solution in
the perturbed Hamiltonian systems, and not the truncation e-order in the final predictors.
The L-P method for standard oscillators removes secular terms, i.e. a linear time-rescaling

depending on the small parameter ¢, yields a choice to eliminate unbounded terms and allows
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to obtain a solution valid for all time. Then an expansion in € recovers the unbounded term.
Here we argue that our homoclinic predictor obtained from the L-P method is related in a
similar way to the predictor from the R-P method. The difference though is that here we
remove the parasitic turns rather than secular terms. Our claim is that if we expand the
L-P predictor including the e-dependent rescaled time, we recover the R-P predictor in the
corresponding order. This implies that the geometry of the predictor is correct in phase
space. We will restrict ourselves to first-order in €. First of all, from (3.51) we have
d€ ds

_ 6b 2 ds _ 6b 2
= 1 e tanh(&) + O(e”) = T 1+e7a tanh(€) + O(e?),

which can be integrated and inverted to yield
60 9 60 9
s=&+ e log(cosh(§)) + O(e®) = £ = s — e log(cosh(s)) + O(e*).
Then it is easily checked that

uo_,Lp(f(s)) = UO,RP(S) + S’LLLRP(S) + 0(52)

and that
U(LLP(&(S)) + 8’1)1,[413(6(8)) = UO,RP(S) + EULRP(S) + 0(52).

The parasitic turn appears due to the log-term, so it is present in the R-P predictor. In the
L-P predictor, this is removed by a nonlinear time reparametrization along the homoclinic
orbit. We conjecture that this holds for higher order terms in € as well. Note that for the
L-P method we prescribe the wu-solution restricting the homoclinic excursion to one side of
the saddle. Then solvability requires additional freedom, provided by the time-rescaling. For
the R-P method the solution satisfies @ = v, which by the time-rescaling does not hold in
the L-P method. Also, for large values of ¢, % may become negative marking the end of the

validity of the asymptotic.

The second step in the construction of generic homoclinic predictors was to obtain the smooth
normal form on the center manifold. So we applied the standard parameter dependent
center manifold reduction combined with the normalization, that is based on the Fredholm
solvability of the homological equation. By systematically solving all linear systems appearing
from the homological equation, we removed an ambiguity in the parameter transformation
existing in the literature. Also, we reported for the first time the computational formulas of

the coefficients (a1, b1, e, d) of the smooth BT normal form.
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By collecting the results from both steps, we formulate an accurate homoclinic predictor at a
generic codim-2 BT bifurcation. In Appendix A.5 we describe a sequence of Maple commands
that can be used to explicitly compute the homoclinic solution rooted at a generic BT point
of two-dimensional models. This solution is based on the L-P perturbation method. Using
these commands we illustrate the homoclinic solution in the Gray-Scott model. We have also
described an initializer implemented in MatCont to start homoclinic orbits from a generic BT
point based on the L-P perturbation predictor. The initializer allows to compute the initial
homoclinic solution and parameters so that the continuation of the homoclinic orbit can be
started. Then we used MatCont to start the homoclinic orbits that emanate from BT points
in several multidimensional models. In all examples, we set TTolerance=10"". As a rule, the
Amplitude should always be larger than TTolerance given the geometric meaning of both
variables. As another rule, the BT point itself should be computed to a geometric precision
significantly smaller than TTolerance. This can be achieved in MatCont by decreasing
the tolerances VarTolerance and TestTolerance for the curve on which the BT points
are detected. We suggest to allow eps0O and eps1 to vary as homoclinic parameters. In the
MatCont continuer window set Adapt = 1. Then start to increase/decrease the Amplitude
value. This works for all studied models. However, this choice is not an absolute rule
and it takes some trial-and-error to set all parameters (including TTolerance, continuation
parameters and adaptation (Adapt)) for the successful continuation. Note that in each case
both Compute|Forward and Compute|Backward should be tried. We recall that the idea
of starting homoclinic orbit from BT point is based on applying a small nonzero step (&) away
from the BT point. However choosing a suitable € such that the initial homoclinic prediction
will be in the convergence domain of the homoclinic continuation problem is correlated, in
some way, to the value of the BT normal form coefficient a. In general, cases where a has

small (absolute) value are more difficult to handle than cases where a is moderate.

There is a similarity between the bifurcation structure in the BT normal form of an ODE
and the BT map. We investigated the possibility of applying our asymptotic to predict the
homoclinic parameter in the BT map with the aim to continue the branches of tangential
homoclinic orbits. As a first step, we derived the homoclinic asymptotic for the ODE whose
time-1 shift map coincides with orbits of the BT map. The result is a curve in the parameter
space. We showed that for a suitable choice of the parameter value this curve is located inside
the homoclinic zone in the BT map which means that the predicted homoclinic parameter can
be used to approximate the homoclinic structure in the BT map. It is worth to point out that
our predictor improves the existing one in the literature. Numerically, the derived asymptotic
of the homoclinic parameter was sufficient to grow the stable and unstable manifolds of the

saddle of the BT map. After numerically computing the (transversal) intersection points of
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these manifolds we used these points as initial data to continue the homoclinic tangencies
(the boundary of the homoclinic zone) so that we obtained the whole homoclinic structure
in the BT map. However, we still believe that using the derived homoclinic asymptotic it
could be possible to predict a finite number of intersection points of the stable and unstable
manifolds and hence the tangential homoclinic orbits can be continued without growing and

intersecting the stable and unstable manifolds which is time consuming.

In the second part of this thesis we studied the monopoly model. This study was motivated
by the erroneous claims in the analysis of the model in the existing literature. Also because
of the rich periodic behaviors, a part of this study was to apply the MATLAB interactive
toolbox for numerical study of smooth maps (MatContM) in the analysis of these periodic
behaviors and to study the stability regions. By numerical simulation, based on a crude
bifurcation diagram, it was not difficult to find periodic points of period 4, 5, 10, 13 and
17. Computing these points for a specific value of the bifurcation parameter ¢ (with high
accuracy ) allows us to have good starting points to use MatContM to compute whole branches
of solutions of period 5, 10, 13 and 17 (parametrized by ) and to determine the stability
regions of these solutions. The most interesting solutions were those of period 4. These
solutions have always an eigenvalue equal to one which contradicts the claims in previous
studies on the model where it is said this happens only for § &~ 2.488. We derived the explicit
formula for solutions of period 4. Then we proved that these solutions are never linearly
asymptotically stable. For ¢ > %5 + %\/ﬁ the second eigenvalue of the 4-cycles is always
greater than one and hence the 4-cycles are unstable, so we focus our study in the interval
% << _75 + %g\/ﬁ A nonlinear stability criterion is combined with basin of attraction
analysis and simulation to show that the 4-cycles are stable in this interval. We also showed
that the 4-cycles have a small radius of attraction for § slightly smaller than _75 + % 21.
In agreement with the computed bifurcation points using MatContM, we exactly determined
the value of ¢ for which two NS bifurcation occur. These values were § = g where stable
cycles of period 4 emerge and § = _75 + % 21 where the 4-cycles lose their stability. Further,
the chaotic and periodic behaviors of the monopoly model were analyzed by computing the
largest Lyapunov exponents. The most interesting result was for § > 2.7 where the positive
Lyapunov exponent increases and the system becomes more and more chaotic. The positive
Lyapunov exponent for § € {~ 2.62} U (2.7,00)\{~ 2.83} confirmed the predominance of
a chaotic attractor. This corrects the previous literature where the chaotic behaviors was

assumed to exist for § > 2.48.
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Future work

In the first part of the thesis we discussed the initialization of a branch of homoclinic orbits
starting from a generic BT point in multidimensional ODEs. Homoclinic orbits are also
known to emanate from Zero-Hopf (ZH) and Hopf-Hopf (HH) codim-2 bifurcation points.
However, the initialization of these orbits starting from ZH and HH bifurcations is still an
open problem. Some important results are obtained in [27, 31, 56, 62]. In the ZH case it
is possible to derive an asymptotic of the homoclinic parameter and also the corresponding
parameter-dependent center manifold reduction (see for example [93]). So a future research
direction is to construct a suitable initial solution in the state space. Once the homoclinic
asymptotics is derived, the next step should be to propose an initializer to start up homoclinic
orbits from a generic ZH point and to introduce it into MatCont. The case of HH points is

mathematically as well as computationally quite difficult.

In the map case, we derived a predictor for the homoclinic parameter at a generic BT
point of maps. The problem of deriving such predictor in state space is first to construct
an asymptotic of the homoclinic points in the BT map and then generalize the derived
asymptotic. In general if a two-dimensional map consists of an area-preserving system (with
explicitly known homoclinic solution) with a small perturbation part, then one can apply
the Melnikov’s method for maps to approximate the homoclinic points (see [48, 60, 67, 80]).
In [67, 126], it was shown that the Melnikov method gives a fairly good approximation for
the transverse intersection points of the homoclinic trajectories in the Hénon Map. However,
the BT map neither possesses an area-preserving system with a known explicit homoclinic
solution nor a perturbation part. In [126], it was claimed that it is possible to derive a small
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perturbation part to the BT map by performing two Picard’s iterations to the approximating
system (the approximating system itself is constructed by performing one Picard’s step), so
that we get a map of the form F' = G + P, where G is the BT map and P is the rest of the
remaining higher-order terms. Thus G = F — P, meaning that P is a perturbation of the
map F. If we assume that the orbits of F' are close to those of G (for ||P| small), then at
the derived homoclinic parameter of GG, one can use the Melnikov method by considering F
as “unperturbed map” and P as “perturbation” to find an approximation for the homoclinic
points of the map G. However, using all quadratic and cubic terms in F' and P does not lead
us to the expected result. So more thinking on the construction of the perturbation part
should be done. If the problem of constructing a suitable perturbation part such that the
Melnikov method gives the desired result (i.e., an asymptotic to the homoclinic points) is
solved, then because of the existence of the parameter dependent center manifold, the result
should be extended to the n-dimensional case, and further an initializer to the tangential
homoclinic orbit starting from a generic BT point of maps should be implemented into
MatCont.

Another direction for further research is the stability of the 4-cycle in the monopoly model. In
Section 6.4 we show (without rigorous proof) that the 4-cycle is stable for § € (2, 5>+ 22+/21)
and unstable otherwise. However there is a small region before the NS bifurcation point, i.e.,
6= _75 + % 21, where the stability criterion indicates an unstable region. By simulations
and basin of attraction analysis, we showed that the 4-cycle is still (locally) stable but
coexists with other attractors in this region, so the real loss of the stability is caused by the
NS bifurcation point. We recall that the idea of the stability criterion was based on studying a
small displacement in the direction of the eigenvector corresponding to the eigenvalue located
at the stability boundary. Since the basins of attraction are highly intermingled, even starting
extremely close to the 4-cycle can lead to convergence to the coexisting attractor. So our
stability criterion (6.56) is strongly affected by the choice of the size of the displacement & (we
clarified that in Figure 6.10). So for future research, the idea of the stability criterion should
be reconsidered such that it becomes independent of the choice of €. One idea is to expand
M* ((z,y)" +ev) in (6.56) in terms of e. The zero-order term will cancel and the first-order
term will be equal to 1. So we would obtain a criterion of the form a. = e(1+ Ae+ Be?+...).
Since ¢ should be allowed to be either positive or negative, the stability condition would
require that A = 0 and B < 0. A symbolic computation of A and B looks challenging but

some work in this direction is currently under development.

Besides the mathematical work, future directions of development of the MatCont software
are in order. This work could include: (a) updating and improving the GUI of MatCont
to make it more flexible; (b) introduce vector variables as MatCont input; (c¢) improve the

graphical representation in two-dimensional and three-dimensional plots.



APPENDIX A

‘_Homoclinic solutions using

Maple

This appendix provides a part of the Maple commands that were used in our

study of the homoclinic solution near a generic Bogdanov-Takens point.

A.1 The homological equation

The following sequence of MAPLE commands can be used to solve the homological equation
(2.38):

1>readlib(mtaylor):
>readlib(coeftayl):

The first two commands help us to compute the truncated multivariate Taylor series expan-

sion and its individual coefficients.

>define (B, ’orderless’,multilinear): define(A[1],’orderless’,multilinear):
2>define (J[2],’orderless’,multilinear): define(C, ’orderless’,multilinear):
>define (B1, ’orderless’,multilinear):

Using these commands we define the multilinear forms B, Ay, Jo, C, Bj.

1>CM:=mtaylor (sum(sum(sum(sum(H[i,j,k,11*‘w[0] “"i*‘w[1] ‘" j*‘betall] ‘"k*‘betal2] ‘"1/(
factorial(i)*factorial(j)*factorial(k)*factorial(l)),i=0..4),j=0..4),k=0..4),1=0..4)
,[wlo]“, ‘wl1]l ¢, ‘betal1]‘, ‘betal2]‘],4):

>H[0,0,0,0]:= O: H[1,0,0,0]:= q[0]: H[0,1,0,0]:= ql1]:

The above commands compose the Taylor series expansion of (2.39b).
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>PS:=mtaylor (sum(sum(Kappa[n,m]*‘beta[1] ‘"n*‘betal[2] ‘“"m/(factorial (m)*factorial(n)),n
=0..4) ,m=0..4) ,[‘betal1]‘, ‘betal2]],4):

2>Kappa [0,0]:= 0:

>Kappa[1,0]:= Kappal€1,0¢]: KappalO,1]:= Kappal€1,1°]: Kappal0,2]:= Kappal¢2‘]:

The above commands compose the Taylor series expansions of (2.39c¢).

1>g[1] “:=C‘wl1] “:

>‘gl2] “:=‘betall] ‘+‘betal2] ‘*‘wl[1] ‘+(‘betal2] ‘*al[1]+a)*‘w[0] "2+ (‘betal2] ‘*b[1]+b)*‘w
[0] “*x“w[1] “+d*‘w[0] ‘"3+ex‘w[0] “"2x‘w[1] “:

3>LHS :=(diff (CM, ‘w[0] ))*‘gl[1] ‘+(diff (CM, ‘wl[1] ))*x‘gl2]:

By the commands above, we compute the LHS of (2.38).

1>tmp:=constants: constants:=constants, ‘w[0] ‘, ‘w[1] ‘, ‘betal[l]‘, ‘betal[2] ‘:

>RHS :=simplify (A*CM+J[1]1*PS+(1/2)*B(CM,CM)+A[1](CM,PS)+(1/2)*J[2](PS,PS)+(1/6)*C(CM,CM,CM
)+(1/2)*B1(CM,CM,PS)):

3>constants:=tmp:

The above commands compute the RHS of (2.38) where f(.,.) is composed as in (2.39a).

1>Hom :=RHS-LHS=0:

>sort (collect (Hom,{‘betal[1] ‘, ‘betal[2] ¢, ‘w[0] ¢, ‘w[1] ‘},distributed)):

The above command is used to evaluate (2.38).

>coeftayl (Hom,[‘w[0]‘, ‘w[1]‘, ‘betall]‘, ‘betal[2] ‘]1=[0,0,0,0],[i1,i2,1i3,i4]1);

The final command can be used to compute a particular equation for terms of the same order
in w and (. For example, we set 11=1, 12=13=14=0 to find (2.40a). In the same way, we can
compute the equations (2.40b)-(2.401) and (2.63a)-(2.63d).

A.2 R-P solution

The following sequence of MAPLE commands can be used to derive the first-order correction
to the Hamiltonian homoclinic solution of (2.24). This solution is based on the R-P method,
see Section 3.1.

1>u0:=t->2-6/cosh(t) 2:

>v0:=t->12*tanh (t)/cosh(t) 2:

3>phil:=t->12*tanh(t)/cosh(t) ~2:

>phi2:=t->2*cosh(t) "2+5+15*t*sinh(t)/cosh(t) "3-15/cosh(t) 2:
s>w:=simplify (phil (t)*(diff (phi2(t),t))-(diff (phil(t),t))*phi2(t)):
>F1:=t->b*v0(t)*(taud+u0(t))/a:

7>g:=integrate (phi2(s)*F1(s)/w,s=0..t):

>f:=integrate (phil(s)*F1(s)/w,s=0..t):

9>tul:=simplify (convert (phil(t)*(cl-g)+phi2(t)*(c2+f) ,exp)):

By the commands above, we define u4(s) using to the formula of the general solution (3.12).

1>1limit (tul,t=infinity):
>limit (tul,t=-infinity):
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The above commands are used to check the limits of u(s). The results of these are

35ac2 + 7b70 — 10b  35ac2 — 7b70 + 10b
a ’ a '

We solve these equations for ¢2 and 70 by the following commands

>so0l:= solve ({(35*xa*c2+7*b*tau0-10*b)/a, (35*a*xc2-T*bxtau0+10*b)/a},{c2,taud}):

2>assign(sol):

This gives (3.13) with Cy = 0.

>tul:=collect(simplify (expand(convert (simplify (tul),trigh))) ,{1ln(cosh(2*t)+sinh(2*t)+1) ,t
,In(2) 1) :

2>tul:=collect (expand (subs(ln(cosh(2*t)+sinh (2*t)+1)=(1n(2)+t+1n(cosh(t))),tul)) ,{In(cosh(
t))1):

These commands are used to obtain (3.14).

>tvi:=diff (tul,t):

2>cl:=solve(eval(tvl,t=0),c1):

Using these commands we compute the value of C; based on condition (3.15).

>ul:=t->simplify (tul):
2>vl:=t->simplify (tvl):

>ul (t):
2>collect (vi(t) ,{In(cosh(t))});

The final commands are used to compute (3.16). The same procedure can be used to compute

the second-order as well as the third-order solutions.

A.3 L-P solution

The following sequence of MAPLE commands can be used to derive the first-order correction
to the Hamiltonian homoclinic solution of (2.24). This solution based on the L-P method,
see Section 3.2.

>readlib(mtaylor);
2>readlib(coeftayl);

4>BTsys2:=omega (mu) *diff (omega (mu)*diff (u(mu) ,mu) ,mu)+4-u(mu) "2=epsilon*(omega (mu) *b*diff (
u(mu) ,mu) *(Tau+u(mu))/a)+epsilon~2*u(mu) "2*(Tau*al*b+u(mu)*d)/a"2+epsilon”3*u(mu) *
omega (mu) *diff (u(mu) ,mu) * (Tauxb*bl+u(mu)*e)/a”2:

>u:=’u’:

s>omega (mu) :=1+sum(epsilon~i*omegal[i] (mu),i=1..5):

>Tau:=sum(epsilon~i*taul[i],i=0..5):

g>u(mu) :=sum(epsilon”~i*ul[i] (mu),i=0..5):

>Sigma:=sum(epsilon~i*sigmal[i],i=0..5):

10>Temp:= BTsys2:

The above commands are used to compose (3.31) while taking (3.32) into account.
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>EqEpsO:=subs(epsilon = 0, Temp);

2>EqEpsl:=coeff (lhs(Temp) ,epsilon)=coeff (rhs(Temp),epsilon);
>EqEps2:=coeff (1lhs (Temp) ,epsilon~2)=coeff (rhs(Temp) ,epsilon~2);
4>EqEps3:=coeff (lhs(Temp) ,epsilon~3)=coeff (rhs(Temp) ,epsilon~3);

6>u[0]:= mu->sigma [0]*sech(mu) "2+delta[0]:
>ul1]:= mu->sigma[1]*sech(mu) "2+deltal[1]:
s>u[2] := mu->sigma[2]*sech(mu) "2+delta[2]:
>ul3]:= mu->sigma[3]*sech(mu) "2+deltal[3]:
10>v [0]:=diff (ul[0] (mu) ,mu):
>v[1]:=coeff (-1/6*Sigma*omega (mu) ,epsilon,1)*v[0]:
12>v[2] :=coeff (-1/6*Sigma*omega(mu) ,epsilon,2)*v[0]:
>v[3]:=coeff (-1/6*Sigma*omega(mu),epsilon,3)*v[0]:
1u>delta[0]:= 2:
>sigma [0]:=-6:
16>simplify (1hs (EqEps0)) ;
0
18>rhs (EqEps0) ;
0

By these commands we obtain (3.33)-(3.36) and (3.40)-(3.43). Also we set the initials
delta0=2, sigma[0]=-6 such that ufo] and v[o] are equivalent to (3.37).

1>tau[0]:=solve(int (diff (u[0] (mu) ,mu)*rhs (EqEpsl) ,mu=-infinity..infinity),taul0]);

The above command computes (3.47)-(3.48).

1>1hsl:=omega [1] (mu) *(diff (u[0] (mu) ,mu)) "2+diff (ul0] (mu) ,mu)*diff (ul1] (mu) ,mu)-ul1] (mu)*
diff (ul0] (mu) ,mu,mu):
>L10:=simplify (subs(mu=infinity,lhs1l)-subs(mu=0,1lhs1)):
3>L11:=simplify (int (diff (u[0] (mu) ,mu)*rhs (EqEps1) ,mu=0..infinity)):
>sigma[1]:=solve(L10=L11,sigmal[1]):

The above yields (3.49).

>L12:=simplify (subs (mu=x,1lhs1)-subs (mu=0,1lhs1)):
2>L13:=int (diff (u[0] (mu) ,mu)*rhs (EqEps1) ,mu = 0 .. x):
>omega [1]:=solve(L12=L13,omega[1]):

These commands compute the function wy(§). Since wy(§) should be bounded we compute
the limits by the following commands

1>1limit (omega [1] (t) ,t=+infinity);
>limit (omega[1] (t) ,t=-infinity);

to get

-signum(delta[1]) infinity
2 -signum(delta[1]) infinity

So w1 (&) is bounded iff ;7 = 0. So we set
>delta[1]:=0:

The following commands are used to check if u; (&) is a bounded function and also to get the

simplified expressions (3.52):
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1>1limit (ul1](t) ,t=infinity);
>limit (ul1]1(t),t=-infinity);
3>simplify (ul[1]1(t));
>simplify (v [1]);

s>omega [1](t);

The same procedure can be used to compute the second-order as well as the third-order

solutions.

A.4 Asymptotics in n-dimensional systems

The following commands are used to compute (3.61)-(3.62).

1>readlib(mtaylor); readlib(coeftayl);

>X:=mtaylor (sum(sum(sum(sum(Etali,j,k,1]*w[0] i*w[1]" j*beta[1] k*beta[2]"1/(factorial (i)=*
factorial(j)*factorial(k)*factorial(l)),i=0..2),j=0..2),k=0..2),1=0..2),[w[0],w[1],
beta[1],beta[2]]1,3);

3>Eta[0,0,0,0]:=0;

>Eta[1,0,0,0]:=q[0];

5>Eta[0,1,0,0]:=q[1];

>alpha:=mtaylor (sum(sum(Kappa[m,n]l*beta[1] "m*beta[2] "n/(factorial(m)*factorial(n)),n
=0..2) ,m=0..2) ,[beta[1] ,beta[2]],3);

7>Kappa [0,0]:=0;

>Kappal[1,0]:= Kappal€1,0¢]: KappalO,1]:= Kappal‘1,1¢]: Kappal0,2]:= Kappal‘2¢]:

The above commands compose the Taylor series expansions of (2.36) and (2.35).

>w[0]:=epsilon~2/a*(ul0]+epsilon*ulil]l+epsilon~2*ul2]):
2>w[1]:=epsilon~3/a*(v[0]+epsilon*v[1]+epsilon~2*v[2]):
>beta[1]:=-4*epsilon~4/a:

4>beta[2] :=bxepsilon~2/a*(tau[0]+epsilon*taul[l]l+epsilon~2*xtaul[2]):

The above commands define wg, wy, 81, B2 according to the singular rescaling (3.1).

>X:= mtaylor (X, [epsilon],5);
2>alpha:=mtaylor (alpha,[epsilon],5);

The final commands are used to obtain (3.61)-(3.62).

A.5 Computing homoclinic solutions in two-dimensional

systems

The following sequence of MAPLE commands can be used to compute the homoclinic
solutions rooted at a BT point of two-dimensional ODEs. We note that this code can be used
to explicitly derive the homoclinic expression of a two-dimensional system after replacing the

BT point (in the parameter as well as in the state space) at (0,0) by an appropriate change
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of coordinates. In the following commands, the free parameters are assumed to be (ry,72)
while the state parameters are (X7, Xo)

> with(plots):
2> with(LinearAlgebra):
> with(VectorCalculus):

The first command allows us to use the MAPLE linear algebra and vector calculus packages.

1> f[1]:=-(1/4)*X[2]-(1/2) *X[2]72-(1/8) *X [1] -(1/2) *X [1]*X [2] -X [1]1*X[2] "2+ (1/2) *r [1] -r [1]*X
[1]:

> £[2]:=(1/8)*X[2]1+(1/2) *X[2]"2+(1/16) *X [1]+(1/2) *X [1]1*X [2]+X[1]1*X[2]"2-(1/4) *r [1] -r [1]*X
[2]1-(1/4) *r [2] -r [2]*X[2]:

These commands define the system (2.75) which results after we apply the change of variables
(2.74) to the Gray-Scott model (2.70).

> A:=Jacobian([f[1],£f[2]],[X[1],X[2]1]):

2> AT:=A"(%T):

> Ji:=Jacobian([£f[1],£f[2]],[r[1],r[2]]):

4> B:=Matrix ([[Hessian (f[1],[X[1],X[2]]1)],[Hessian(£f[2],[X[1],X[2]11)]1]1):
> J2:=Matrix ([[Hessian(f[1],[r[1],r[2]]1)],[Hessian(f[2],[r[1],r[2]1)11):
6> Al:=Matrix (2,4):

> for i from 1 to 2 do

8> column:=0:
> for j from 1 to 2 do
10> for k from 1 to 2 do
> column:=column+1;
12> A1[i,column]:=diff (£[j],r[i],X[k]);
> end do:
14> end do:
> end do:

16> C:=Matrix(2,8):
> for i from 1 to 2 do

18> column:=0:
> for j from 1 to 2 do
20> for k from 1 to 2 do
> for 1 from 1 to 2 do
22> column:=column+1;
> Cli,column]:=diff (£[i],X[j],X[k],X[1]1);
24> end do:
> end do:
26> end do:
> end do:

26> Bl:=Matrix (2,8):
> for i from 1 to 2 do

30> column:=0:
> for j from 1 to 2 do
32> for k from 1 to 2 do
> for 1 from 1 to 2 do
34> column:=column+1;
> Bi[i,column]:=diff (£[i],X[j],X[k],r[1]);
36> end do:
> end do:
38> end do:

> end do:
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The above commands are used to compute the matrices and the multilinear forms A, AT,
Jla Ba A17 J27 07 B1~

1> r[1]:=0:
> r[2]:=0:
3> X[1]:=0:
> X[2]:=0:

The above commands evaluate the previous and the next commands at the Bogdanov-Takens
point, i.e.,, (X[11,X[2]1)=(0,0), (r[1]1,r[2]1)=(0,0).

Eg:=evalf (Eigenvectors(A)):
2EgT:=evalf (Eigenvectors (AT)):
for i from 1 to 2 do
4 if (abs(Re(Eg[11[i]))<10°(-6)) and (not (Equal(Re(Vector(Eg[2]1[()..(),il)),<0,0>)))
then cl:=i end if;
if (abs(Re(EgT[11[il))<107(-6)) and (not (Equal(Re(Vector (EgT[21[()..(),i])),<0,0>)))
then c2:=i end if;
6end do:
v:=Re(Eg[2][(O) .. ,c1]):
sw:=Re (EgT[2]1[()..(),c2]):
Bdl:=Matrix ([[A,w],[v"%T,0]]1):
10tq0:=LinearSolve (Bdl, <0,0,1>):
tq0:=simplify ((Vector ([tq0[1],tq0[2]11))):
12tpl:=LinearSolve (Bd1~(%T), <0,0,1>):
tpl:=simplify ((Vector ([tp1[1],tp1[2]11))):
14Bd2:=Matrix ([[A,tp1],[tq0"%T,011):
tql:=LinearSolve (Bd2, <tq0,0>):
16tql:=simplify ((Vector ([tql[1],tq1[2]1]1))):
tpO:=LinearSolve (Bd2~ (%T), <tpl,0>):
18tp0:=simplify ((Vector ([tp0O[1],tp0[2]1]1))):
Ni:=sqrt (abs(tq0~(%T).tq0)):
2090 :=1/N1%tq0:
ql:=1/N1*tql: ql1:=q1-(q0~ (%T).ql)*q0:
22N2:=q0~ (%T) .tp0:
pl:=(1/N2)*tpl:
24p0:=tp0-(tp0~(%T).ql)*pl: p0:=(1/N2)*tp0:
A.q0;
26 Oel[x]+0ely]
A.q1-q0;
28 Oe[x]+0ely]
AT .p1;
30 Oe[x]+0ely]
AT .pO-p1l;
32 Oe[x]+0ely]

The above commands are used to compute the vectors qg, q1, po, p1- We note that these
vectors are computed in such a way that (2.3) and (2.4) are satisfied (see also Step 0 in
Section 4.1).

1> BQOO:=Vector ([(B[1..2].90).q0,(B[3..4]1.q0).q01):
> BQO1l:=Vector ([(B[1..2].90).q1,(B[3..4].q90).q1l):

3> BQll:=Vector ([(B[1..2].q91).q1,(B[3..4].q1).q1]):
> a:=simplify (expand ((1/2)*p1~%T.BQO0)):

5> b:=simplify (p0~%T.BQOO+p1~%T.BQO1) :
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The above commands are used to compute the normal form coefficients a and b of the
Bogdanov-Takens bifurcation.

1> Bord:=Matrix ([[A,p1],[q0"%T,011):
> RHS1:=simplify (Vector ([2*xa*ql1-BQ00,0]1)):
3> H2000:=LinearSolve (Bord, RHS1):
> H2000:=simplify ((Vector ([H2000[1],H2000[2]11))):
5> H2000:=H2000+1/2%(-2%p0.H2000+2%p0.BQ01+pl.BQ11).q0;
> RHS2:=Vector ([b*ql-BQO1+H2000,01):
7> H1100:=LinearSolve (Bord,RHS2):
> H1100:=simplify (Vector ([H1100[1],H1100[2]1)):
9> RHS3:=Vector ([2%¥H1100-BQ11,0]):
> H0200:=LinearSolve (Bord,RHS3):
11> H0200:=simplify (Vector ([H0200[1] ,H0200([2]])):

13> pl.(2%¥H1100-BQ11);
0

The above commands are used to compute the vectors Hogog, H1100 and Hgogo. See system
(2.48).

> BQO :=Matrix ([[B[1..2].q0,B[3..4]1.q011) (4T):

2> BQ1 :=Matrix ([[B[1..2].q91,B[3..41.q111) " (%T):
> A1qO:=Matrix ([A1[()..(),1..21.90,A1[()..(),3..41.901) " (%T):

4> Algql:=Matrix ([A1[(O)..(O ,1..2].q91 ,A1[()..(),3..4]1.q911) " (%T):
> Blkil:=Matrix ([[p1~%T.BQO],[evalm(p0~%T.BQO+p1~%T.BQ1)1]1):

6> Blk2:=Matrix ([[p1~%T.A1q0],[evalm(p0~%T.A1q0+p1~%T.A1q1)]]):
> BigSys:=Matrix ([[A,J1],[Blk1,B1k2]]):

&> RHS4:=Vector ([ql,(1/2)*(p1~%T.BQ11) ,3*(p0~%T.H1100)-p0"%T.BQ11]):
> RHS5:=Vector ([0,0,0,1]):

10> HK:=Matrix ([[LinearSolve (BigSys ,RHS4),LinearSolve (BigSys ,RHS5)]]):
> H1:=HK[1..2]: HOO010:=H1[()..(),1]: HO001:=H1[(O .. ,2]:

12> K1:=HK[3..4]: K10:=K1[(O) .. ,1]: Ki1:=K1[(O) .. () ,2]:

By the above commands we solve (2.59) for Hioo0, Ho100, K1,0, K1,1-

> zl:=Vector ([(B[1..2] .HO0001).H0001,(B[3..4] .H0001).H0001]):

2> z2:=Vector ([(AL1[()..(),1..2].H0001).K11 ,(A1[()..(),3..4].H0001).K11] ):
> z3:=Vector ([(J2[1..2].K11 ).K11 ,(J2[3..4].K11 ).K11] ):

4> z:=Vector ([z1+2%z2+23]):

> K2:=simplify (Vector ([-(p1~(%T).z)*K10])):

6> RHS6:=-Vector ([z+Vector (J1.K2) ,0]):

8> H0002:=LinearSolve (Bord,RHS6):

> HO0002:=simplify(Vector ([H0002[1],H0002[2]1)):
10> hil:=Vector ([(B[1..2].q0).H0001,(B[3..4].90).H0001]):

> h2:=Vector ([(AL1[()..(),1..2]1.90) .K11,(A1[()..(),3..4]1.90).K11]1):
12> RHS7:=Vector ([-h1-h2,0]):

12> H1001:=LinearSolve (Bord,RHS7):
> H1001:=simplify (Vector ([H1001[1],H1001[2]1)):
16> h3:=Vector ([(B[1..2].q1).H0001,(B[3..4].q1).H0001]):
> h4:=Vector ([(AL[()..(),1..2].q91) .K11,(AL1[(O)..(),3..4].q91).K11]):
18> RHS8:=Vector ([-h3-h4+H1001+q1,0]):
> HO101:=LinearSolve (Bord,RHSS8):
20> HO0101:=simplify (Vector ([HO101[1] ,H0101[2]1])):
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The above commands are used to compute the vectors (2.61)-(2.62). The following commands

are used to compute the vectors (2.64)-(2.69).

> column:=0:

2

> Vi:=Vector (8): V2:=Vector(8): V3:=Vector (8):
4> V4:=Vector(8): V5:=Vector (8): V6:=Vector (8):

6> for j from 1 to 2 do

>

8>

46 >

for
f

e

end do:

end do:

€q000:=Vector ([CL1]17(%T).V1,C[2]"(%T)
Cq001:=Vector ([C[1]1~(%T).V2,C[2]1 " (%T)
CqO00H:=Vector ([C[1]17(%T).V3,C[2]"(%T)
CqO01H:=Vector ([C[1]1~(%T).V4,C[2]1 " (%T)
CqO00K:=Vector ([B1[1]7(%T).V5,B1[2]"(%T).V5]):
CqO01K:=Vector ([B1[1]1~(%4T).V6,B1[2]~(4T).V6]):

h5:=Vector ([(B[1..2].q0).H2000,(B[3..4].q0).H2000]):
d:=simplify (p1~%T.(1/6%xCq000+1/2%h5-a*H1100)):
RHS9 :=6*Vector ([-1/6%Cq000-1/2*h5+a*H1100+d*ql,0]) :

H3000
H3000

h6:=Vector ([(B[1..2],90).H1100,(B[3..4].9q0).H1100]):

h7:=Vector ([(B[1..2],ql).H2000,(B[3..4].q1).H2000]):

e:=simplify (p1~%T.(1/2%¥Cq001+h6+1/2%h7-H1100*%b-H0200*a-1/2*H3000)):
h9:=Vector ([(B[1..2].q90).H1001,(B[3..4].90).H1001]):

h10:=Vector ([(B[1..2].H0001) .H2000,(B[3..4].H0001).H2000]):

hii:=Vector ([(A1[(O)..(),1..2]1.H2000).K11,(A1[(O)..(),3..4]1.H2000).K11]):
al:=simplify (pl1~%T.(1/2%CqO0H+1/2%Cq00K+h9+1/2%h10+1/2%h11-H0101%a)):

k from 1 to 2 do

or 1 from 1 to 2 do
column:=column+1;
Vi[column]:=q0[jl*q0[k]I*q0[1];
V2[column] :=q0[jl*q0[k]l*q1[1];
V3[column]:=q0[jl*q0[k]*H0001[1]
V4[column] :=q0[jl*ql[k]*H0001[1]
V5[column] :=q0[jl*qO0[kI*K11[1];
V6 [column] :=q0[jl*ql[k]I*K11[1];
nd do:

:=LinearSolve (Bord ,RHS9):
:=Vector ([H3000[1] ,H3000[2]11):

3

LV11)
.v21):
.V31):
.V4l):

RHS11:=2*Vector ([-1/2*%CqO00H-1/2%¥Cq00K-h9-1/2%h10-1/2*xh11+H0101*a+ql*al ,0]) :

H2001

H2001:=simplify (Vector ([H2001 [1],H2001[2]]1)):

h12:=Vector ([(B[1..2].q1).H1001,(B[3..4].q1).H1001]):

h13:=Vector ([(B[1..2].H0001).H1100,(B[3..4].H0001).H1100]):

h14:=Vector ([(B[1..2].q0).H0101,(B[3..4].q0).H0101]):

hi5:=Vector ([(A1[()..(),1..2]1.H1100) .K11,(A1[()..(),3..4]1.H1100).K11]1):
bl:=simplify (pl~%T.(CqO1H+Cq01K+h12+h13+h14+h15-H0101%b-H1100-H2001)):

LinearSolve (Bord ,RHS11):

To summarize, we use the following commands to obtain the concrete formulas (3.65).

>
2>
>
4>

a; b
HO001
H1001
H2001

; H2000; H1100; H0200; HO0010;
H K10; Ki1; K2; H0002;
H HO101; d; H3000; e; al;

; bl;
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The following commands are used to obtain (3.66) and (3.66).

>
2>
>
4>

2>

4>

6>

8>

t0:=10/7:

t1:=0:

t2:=simplify ((2/2401) *(2450*a*b*bl-1225%al*b~2+144%b"3-4802%a*xe+3577*b*d)/(a~2%b)):

ALPHA :=convert (K11*tO*b*xepsilon~2/a+Kll*tl*b*epsilon~3/a+(-4*K10/a+K11*t2*b/a+(1/2)*K2*
t0"2*xb~2/a"2)*epsilon~4, Vector):

ALPHA[1]:

ALPHA[2]:

XS:=convert ((u0*xq0/a+t0*b*H0001/a)*epsilon~2+(ul*q0/a+v0*ql/a+t1*b*xH0001/a)*epsilon~3+(
t2*b*H0001/a+t0*xb*u0*xH1001/a~2+(1/2) *u0~2¥H2000/a~2+(1/2) *t0"2xb~2%xH0002/a"2+vlx*ql/a
-4xH0010/a+u2%q0/a)*epsilon~4, Vector):

collect (XS,epsilon):

u0:= 2-6/cosh(t)"2:

v0:=12*tanh(t)/cosh(t) ~2:

ul:=0:

v1:=-(6/7)*b*sinh(t)/(a*cosh(t))*v0:

u2:=-(1/49) *(-210*%al*b+18*b~2+147*d) *sech(t) "2/a"2-(2/7) *(5xal*b+7*d) /a”2:

v2:=((3/7)*b"2/a"2+(3/2)*d/a"2-(5/14) *al*b/a"2+(-(9/4)*d/a"2-(27/98) *b~2/a"2) /cosh (t)
~2)*v0:

By the following commands we plot the homoclinic orbits, the result is shown in Figure A.1.

>
2>
>
4>
>
6>

with(plots):

for i to 10 do

epsilon:=0.002%1i;

P[i] := plot([XS[1],XS[2],t=-200..200] ,numpoints=1000,color=black);
end do:

display(seq(P[i],i=1..10));

Figure A.1: Homoclinic orbits of (2.75). The Bogdanov-Takens point is (0, 0).
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APPENDIX B

Stability analysis using
MATLAB

This appendix provides a part of the MATLAB codes that were used to study
the monopoly model (6.11).

B.1 Bifurcation diagram Figure 6.1

The first MATLAB function defines the monopoly model

function M=monopoly(x,y,delta)

Mi=y;

M2=y+delta*(3.6-2.4*%(x+y)+0.6%(x"2+x*y+y~2) -0.05*%(x7"3+x"2%y+x*xy~2+y~3));
M=[M1, M2];

To obtain Figure (6.1) we use the following commands

clc; clear all

d=[0:1e-2:4]; n=1eb5; e=sqrt(3)-1e-5; XuO0=[3+e,3+e]l; Xm0=[3,3]; X10=[3-e,3-e];
for j = 1:size(d,2)

xu(j,1)=Xu0(1); yu(j,1)=Xu0(2); xm(j,1)=Xm0(1); ym(j,1)=Xm0(2);
x1(j,1)=X10(1); yl(j,1)=X10(2);
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for i = 2:n

Xu=monopoly (xu(j,i-1),yu(j,i-1),d(j)); Xm=monopoly(xm(j,i-1),ym(j,i-1),d(j));

Xl=monopoly (x1(j,i-1),yl(j,i-1),d(j));

xu(j,i)=Xu(1); yu(j,i)=Xu(2); zm(j,i)=Xm(1); ym(j,i)=Xm(2); x1(j,i)=X1(1);

i)=X1(2);

end
end
hold on
plot(d(:,:),xu(:,(n-200):n),’.b’, MarkerSize’ ,5);
plot(d(:,:),xm(:,(n-200):n),’.g’,’MarkerSize’ ,5);
plot(d(:,:),x1(:,(n-200):n),’.r’,’MarkerSize’ ,5);
axis ([0 4 0 61)

%set (gcf,’Units’,’inches’); screenposition = get(gcf,’Position’);

y1(j,

%set (gcf,’PaperPositionMode ’,’Auto’,’PaperUnits’,’Inches’,’PaperSize’,[screenposition

(3:4)1)

B.2 Largest Lyapunov exponent (method: I)

clc; clear all
format long
YA
X0=[3+sqrt (3)-1e-5,3+sqrt (3) -1e-5];
delta=[1.7:0.01:4]; e=0.00001;
phi=0; Yphi=pi/2; phi=pi; phi=3%pi/2;
YA
k=100; N=100000;
for l=1:size(delta,2)
X=X0;
for j=1:k
X=monopoly (X (1) ,X(2),delta(l));
end
Xh=[X(1)+e*xcos (phi) ,X(2)+e*sin(phi)];
X=monopoly (X (1) ,X(2),delta(l));
Xh=monopoly (Xh (1) ,Xh(2) ,delta(l));
d(1)=norm(Xh-X);
for i=1:N
Xh=[X(1)+e*(Xh (1) -X(1))/d(i), X(2)+e*x(Xh(2)-X(2))/d(i)];
YA
X=monopoly (X (1) ,X(2),delta(1l));
Xh=monopoly (Xh (1) ,Xh(2),delta(l));
d(i+1)=norm(X-Xh);
end
%The greatest Lyapunov exponent
LO(1)=1/(N+1)*sum(log(d/e));
end
Lyapunov = [delta;LO0];
YA
hold on
plot (Lyapunov(1l,:),Lyapunov(2,:),’-b’,’LineWidth’,1.2);
line ([0 4], [0 01);

%Renormalization



15

21

23

25

27

29

31

33

35

B.3 Largest Lyapunov exponent (method

The first function defines the Jacobian matrix of the monopoly model.

function Mjac=Mjac(x,y,delta)
£fx=0; fy=1;

gx=0+delta*(-2.4+0.6*(2*x+y) —0.05% (3*x"2+2*x*xy+y~2));
gy=1+delta*(-2.4+0.6%(x+2%y) -0.05%(x"2+2*x*y+3%y~2));

Mjac=[fx,fy; gx,gyl;
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I1)

The largest Lyapunov exponents can be computed by running the following commands

clc; clear all

X0=[3+sqrt(3)-1e-5,3+sqrt (3) -1e-5];
delta = [0.01:0.01:4];

k=100;

N = 10000;

YA

for j = 1:size(delta,2)
X=X0;
for 1=1:k

X=monopoly (X (1) ,X(2),delta(j));

end

phi=angle (complex (X (1) ,X(2)));
for i = 1:N
J=Mjac (X(1),X(2),delta(j));
Dir=[cos (phi);sin(phi)];
E=J*Dir;
d=norm (E) ;
s(i)=log(d);
T2(i,j)=sum(s)/i;
T1(i)=i;
%Renormalization
X=monopoly (X (1) ,X(2),delta(j));
phi=angle (complex(E(1)/d,E(2)/d));
end
%The greatest Lyapunov exponent
lya(j) = sum(s)/N;

Lyapunov = [delta;lyal;
%

hold on

line ([0 4], [0 01);

plot (Lyapunov (1,:),Lyapunov(2,:),’-b’,’LineWidth’,2);
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Computationele Analyse van Dynamische Systemen:
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Het onderwerp van deze thesis is de bifurcatieanalyse van dynamische systemen, d.w.z.
stelsels van gewone differentiaalvergelijkingen en geitereerde afbeeldingen. FEen hoofddoel-
stelling is de studie van de tak van homoclinische oplossingen die zijn oorsprong vindt in een
generiek Bogdanov-Takens punt. Het probleem van de benadering van deze tak werd reeds
intensief bestudeerd in de literatuur maar tot nog toe werd geen exacte oplossing gevon-
den, noch een hogere-orde benadering. Wij gebruiken de klassieke “blow-up” techniek om
een gepaste normaalvorm in de buurt van een Bogdanov-Takens punt te herleiden tot een
geperturbeerd Hamiltoniaans systeem. Met een reguliere perturbatiemethode en een veral-
gemening van de Lindstedt-Poincaré methode bekomen we twee expliciete derde-orde correc-
ties van de niet-geperturbeerde homoclinische baan en parameterwaarde. We tonen aan dat
beide methoden leiden tot dezelfde homoclinische parameterwaarde als de klassieke Melnikov
methode en de vertakkingsmethode. We tonen ook aan dat de reguliere perturbatiemethode
leidt tot een “parasitische kering” nabij het zadelpunt terwijl de Lindstedt-Poincaré oplos-
sing dit merkwaardige verschijnsel niet vertoont. Dit maakt de Lindstedt-Poincaré methode

beter geschikt voor numerieke implementatie. Om de normaalvorm in de centrale variéteit
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te bekomen, gebruiken we de standaard parameter-afhankelijke reductie gecombineerd met
een normalizatie, waarbij de Fredholm oplosbaarheid van de homologische vergelijking geéist
wordt. Door het systematisch oplossen van alle lineaire stelsels die verschijnen in de Tay-
lorontwikkeling van de homologische vergelijking corrigeren we een dubbelzinnigheid (fout)
in de transformatie van de parameters die standaard voorkomt in de bestaande literatuur.
We gebruiken verder de generieke homoclinische predictors om expliciet de homoclinische
oplossingen in het kinetische Gray-Scott model te bekomen. We bespreken ook de imple-
mentatie van beide predictors in de Matlab continuatiesoftware MatCont en hun gebruik in
vijf numerieke voorbeelden. Aansluitend hierop tonen we aan hoe de bekomen homoclinische
predictors voor generieke differentiaalvergelijkingen gebruikt kunnen worden om de takken

van homoclinische tangencies te continueren in de Bogdanov-Takens afbeelding.

In een tweede, korter deel van de thesis passen we bifurcatietheorie toe op het analyzeren
van het dynamisch periodiek en chaotisch gedrag van een niet-lineair economisch model. Het
gaat om een model voor een monopoliesituatie met kubische prijsfunctie en kwadratische
marginale kostfunctie. We stellen fundamentele correcties voor aan vroegere studies van dit
model en geven een volledige analytische beschrijving van alle cykels met periode 4. Met een
numerieke continuatiemethode berekenen we takken van cykels met periode 5, 10, 13, 17 en
bepalen de stabiliteitsgebieden van deze cykels.We tonen ook aan dat de 4-cykels weliswaar
stabiel zijn in een groot parameterdomein maar nooit lineair asymptotisch stabiel. We ge-
bruiken verder een niet-lineair criterium voor stabiliteit, analyse van het attractiedomein en
simulatie om het exacte stabiliteitsgebied van de 4-cykels te bepalen. We corrigeren hiermee
de incorrecte stabiliteitsanalyse in de literatuur die gebaseerd is op een (verkeerde) lineaire
analyse van de stabiliteit. De berekening van de Lyapunov exponent bevestigt de bekomen

resultaten.

De inhoud van deze thesis werd reeds gepubliceerd of is nu aangeboden voor publicatie, zie
(2], [3], [107], [92] en [91].
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