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Imprecise Hidden Markov Model (iIHMM)

states: X1

X
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Imprecise Hidden Markov Model (iIHMM)

assumes values in finite set 2

states: Xi X3 e X Xn
outputs: O, 0, Ok o Oy

assumes values in finite set ),
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Imprecise Hidden Markov Model (iIHMM)

marginal local model: Q,

local model: Q, (+[X¢—1)

states: X Xo e X Xn
outputs: 0 0, e Oy . O,

local model S (-|Xy)
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First step

Recursive construction of the joint

local model: Q (+[X,-1)

local model S, (- X,)
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Recursive construction of the joint
First step

local model: Q, (+[X,—1)

local model S, (- X;)
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Recursive construction of the joint

Recursive step

local model: Q, (+|X;—1)

Xy Xea1 o0 X1 X,
Ok 0k+1 s On—l On
local model S, (-|Xx) joint model Py (+Xi)
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Recursive construction of the joint
Recursive step
local model: Q, (+Xi—1)

X

Oy

local model S (+|Xx)
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Recursive construction of the joint
Recursive step
local model: Q, (+Xi—1)

X

Oy

local model S (+|Xx)

E,(-|Xx) is factorising = very handy recursive ex%ressc%ons!_
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Updating the joint with the observations oy,
Since all local models are strictly positive: P, ({01.,}) > 0.

Generalised Bayes Rule yields uniquely coherent value of P, (f|o1.).

Py (]I{Uln}f)L\
u
Bl (]I{ol;n} [f - IJ'])

Py (flor:n)

Py (floi:n) <0< Py(Ig,,,1f) <O.
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The notion of optimality we use: maximality

We define a partial order - on state sequences:

Rin = X1 © Py (L, =Ly 3 |010) > 0
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The notion of optimality we use: maximality

We define a partial order - on state sequences:
Rin = X1 Py (L, ) =Ly, 3 01:0) > 0

A state sequence is optimal if it is undominated, or maximal:

Xl EOPt(%:n|01:n) (vxln S %n)xln ?Lj\cln
& (V10 € 21)Py (I, ) =Lz 3 010) <0
& (Vi € 1) Py (Lo, [T,y — Iy, p]) <0
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The notion of optimality we use: maximality

We define a partial order - on state sequences:
Rin = X1 © Py (L, =Ly 3 |010) > 0

A state sequence is optimal if it is undominated, or maximal:

X1 € Opt(%:nwl:n) g (vxl:n S %:n)xl:n ?A X1
= (vxlzn S f%i:n)ﬂl (]I{xlm} _]I{)”c] n}|01‘n) <0
< (vxl;n € %:n)gl (]I{Ol:n}m{xl:n} ]I{xl n}]) S

Py, 1 Iixyy — Lizp1 1) can be easily determined recursively!
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The notion of optimality we use: maximality

We define a partial order - on state sequences:

Rin = X1 © Py (L, =Ly 3 |010) > 0

A state sequence is optimal if it is undominated, or maximal:

X1 € Opt(%:nwl:n) g (vxl:n S %:n)xl:n ?A X1
= (vxlzn S f%i:n)ﬂl (]I{xlm} _]I{)*c]:n}|01:n) <0
< (vxl;n € %:n)Bl (H{Ol:n}m{xl:n} _H{%l:n}]) S O’

Py, 1 Iixyy — Lizp1 1) can be easily determined recursively!

Aim of the algorithm:
Determine opt (Z7.,|01.,) efficiently. J
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More general optimality operators

opt ( Zk—1|2k—1,0kn)

Sen € opt(Zi—1]zk—1,0kn)
= (VXk;n < %‘:n>£k(]1{0k:n}[]1{xk:n} - H{;Ck:n}] |Zk71) <0.

These are the optimal sequences for part of the original iIHMM:

marginal local model: Q, (-zx—1) — X Xiq1 X,
O Ok+1 On

The corresponding joint lower prevision is precisely Py (-|zx—1).
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The Principle of Optimality

Xien € Opt(f%fk:nkk*laok:n) = Xq1m € Opt(%c+1:n|)%k,0k+1:n)-

And so we can say that:

Opt (Zken|zk—1,0kn) € Sk = Uy, e 2, 2 D 0Pt (Lt 1:n|2k; Okt 1:m) -

And therefore:

opt (Zk:n|zk—1,0k:n) = Opt (Sk|2k—1,0k:n)-
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Checking if a final state %, is optimal

&n € opt (Zn|zk—1,0k) & (Vx, € %,)En(ﬂ{on}[]l{xn} _H{,%,,}]Izn—l) <0.

This is OK if x, = &,, SO we can use the equivalent condition:

(Vxn € 2\ {fn})Qn(H{xn}Sn({On}Hn) - ]I{fc,,}sn({on}ﬁnﬂznfl) <0.

So for every z,_; we can easily find opt (25 |z,—1,0n)-
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Checking if a state sequence ., is optimal

Xt:n € Opt (f%fk:nkkfl 70k1n>
& (Vxkn € Zien) Py, y (L, y — Ly, 3l 12-1) <0

Since ., € Sk, the inequality holds when x; = 3.
This leads to the equivalent condition:

(Vxx 7# ) (VXpy 100 € '%chl:n)Qk(]I{xk}ﬁ(xk:n) - ]I{fck}a()%k:n)lzkfl) <0.

where

n

B (zin) = S ({ox }zx) ._l;;[l&-({oi}|Zi)Q,-({Zi}|Zi71)

(zxn) = Sk({oc}|z) [T Sil{oi}|z)Qi({zi}|zi1)-

i=k+1
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Checking if a state sequence ., is optimal

Equivalent formulations for &y, € opt( Zj.n|zk—1,0kn)

(Vi # %) (VX 1:n € Lt 1:0) @ Ly B (ten) — Ly @ () |z-1) <0
is equivalent to

(Vo 7 %) @ (L y B () — Lzyy 0 (fken) [26—1) <0,

where
M (%) := max Zken)-
k ( k) Zk:ne_f%/k:nB( k-")
k=2,
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Checking if a state sequence ., is optimal

Equivalent formulations for &, € opt(Zin|zk—1,0kn)
(Ve 7 31) Q, (T BE™ () — Tz & (Rken)|22-1) <0
is equivalent to
(Vxx 7 %) & (Raen) > Quhreshota (s Xi|z—-1),
where

Olthreshold (Rk Xk |2k—1)

= min {0‘ € R: Q) (T Be™ (i) — ol fzr—1) < 0}

and finally, this is in turn equivalent to:

O (Rken) > 0P (Rye|zr—1) = maxy, £z, Oupreshotd (R Xk|zk—1)-
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Determining the set of optimal .,

by backward-forward recursion

Fork=n—1:

opt (Zien|2k—1,0kn) = {kn € Skt A(Rken) > P (Ric|ze—1)}

Now recurse forward:
First step: Fix any %, € Z;.
Then there is some optimal state sequence zi., € opt( Zin|zk—1,0%:n)

such that z; = %, if and only if

maxzk:negflcn a(zk:n) = a]t{nax (%) > aom(ffkkk—l)-
2 =Xk
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Determining the set of optimal .,

by backward-forward recursion

Second step: Fix any & for which o™ (%) > o®P" (& |zk—1)-
Consider any first state ;. ; of some element %, ., of
opt ( L+ 1:nl %k, 0k 11:0) then:

0 (Rpen) > o (Rk|zk—1)
& (R 1:0)Sk41 ({011 HA%1) Qrn (R 2} Rar1) = P (Relzx1)
o (R lzi—1)
Sk({or} ) Ot ({1 )

So we see that there is some zx., € opt(Zin|zk—1,0k,) such that
2k = Xx and Zhk+1 ZJACk_H if and only if

S (R 1) = O (Rerrt |2rm1) =

P (Rrr1) > 0P (Rpek1128-1)-

Go on until you reach the end of the chain ...
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