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$ kmz"�Áilgyâ·¼&�¡ÃqÄ�Å¿nÁÀ���¼Dn ¹ n ¹ p~¾�Ä,��¾�Ä�gàÆ z<Ã�p ¼´¾)n ¹ zon)i�½<pqg�zoÅ§Å�i���¾�pqgj½�z�nj¼Di<{Ò¼§¾y{�iln)á:i<¾ N¾�¼I��ÅDp<�OA ¹ ppq{3nj¼Dgjp�¾Ánjg�ÄãÃ�n�Ä�g�p~k Äã¾ÁnM�:ppHG�njgjzláãi<Å§zon�pwâäÆÞgjilk�z1Å§¼Dkm¼Dn�psâ {3Ä�kB�:pqg ilÆ>â·¼´¾ NÃqg�pqn�p~i���¾�pqgj½�z�nj¼Di<{�¾q� $ �ãpqÅ´â��yilg��lpwgyÃwzo{ il{�ÅDÀäÃ ¹ i<¾�p~¾�ilkmp¾�áãpsÃ�¼I�ãÃ~áãi<¼D{3n�¾ z�nD� ¹ ¼´Ã ¹nji°¾ÁnjÄ�â·À'n ¹ päÄ�{�â·pwg�v<g�i<Ä�{�â 	×k1i3¾ÁnjÅDÀ ��À n�z"��¼D{�v vlgjilÄ�{�â®¾jzokmá�Å§pw¾#	×i<g���À'á�Å§z<Ã�¼§{�v zv<g�i<Ä�{�â ��z�njpqg>�ypqÅ§Å�� A ¹ ¼´¾«ioÆ�n�pw{°Å§¼Dkm¼Dnj¾«n ¹ p á:i<¾j¾à¼ ��¼§ÅD¼Dn�¼§pw¾�ioÆézäkÒz�n ¹ pqkÒz�nj¼§ÃwzoÅ4k1i·â·pwÅ 	z<¾é¼§{�¾�Ä'�¡Ã�¼§pq{3nyâ�zonjz�ÆÞilg)n ¹ p~ÃqzlÅD¼ ��g�z�n�¼§il{ÒilÆåÃ�i<k1á�ÅD¼´Ãqzon�pwâ¡g�pwvl¼§il{�zlÅ�vlgjilÄ�{�â ��z�n�pwghá:ilÅINÅ§Ä·n�¼§il{°k1i·â·pwÅ§¾�Ãqzl{ Ä�{�â·pwg�km¼§{�p�n ¹ p ½�zlÅD¼´â·¼DnÁÀ}ilÆ>n ¹ p1â·pwÃq¼§¾�¼Di<{�¾>�ãzl¾�pwâ i<{ n ¹ pçk1i·â·pwÅ��

A ¹ p�â�p�n�pwg�km¼§{�z�nj¼Di<{³ilÆ×kmi·â·pqÅ×Ã ¹ zog�zlÃ�n�pqgj¼´¾Ánj¼§Ãw¾é¼´¾�n ¹ pqgjp�ÆÞilgjp�½lpqgjÀ¡¼§kmáãi<gàn�zo{3nw�
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$ n�n ¹ pm¾�zlkmp�n�¼§kmp�	 n ¹ pmÃ�il{ã¾àp �<Ä�pq{�Ãqpw¾ ilÆékÒzo{�À á�gji�Ãqpw¾j¾àps¾+	@¾�Ä�Ã ¹ z<¾«z<â�¾ài<g�á�n�¼§il{zo{ãâ ¼§{ ��ÅDn�g�z�nj¼Di<{ ilÆ��������h¾ ' {�il{�z �3Ä�pqi<Ä�¾1á ¹ zl¾�p Å§¼ �3Ä�¼´â�¾#	)Å§¼I�<p �ãpw{,7qpw{�p%)Òzlg�p ¾àn�¼§ÅDÅÄ�{�ÃqÅDpszogs��1·kmzlÅDÅ�¾jÃqzoÅ§p¡njpw¾ànj¾1zo{�âØk1i·â·pwÅ§¾ç{�pwpwâ nji��:p³¼§kmá�Å§pqkmpq{3n�psâ nji��:p�nànjpqgmÄ�{ Nâ·pwgj¾ànjzl{�â®n ¹ pw¾�päá�gji·Ã�pw¾j¾�pw¾��:p�ÆÞi<g�pän ¹ pwÀ Ãqzo{ �ãp}¼D{ãÃ�ilgjá:ilg�z�n�psâ®¼D{Ïg�pwvl¼§il{�zlÅékmi·â·pqÅ´¾q�
-)il{�½<pqgjvlpq{ãÃ�p»¼§{ ¼§â�pwzoÅ6¾�p�n�n�¼§{�v<¾ ¹ zl¾ynji �:pá�gji�½lpsâÒn�iÒv<¼D½<p»n ¹ pkmp�n ¹ i·â�¾ Ã�gjpwâ�¼I��¼§Å§¼¿nÁÀ<�

�¢{�- ¹ zoá�n�pqg���n ¹ p â·ÄãzoÅIN �ypqÅ§Å á�gji���Å§pqk�¼´¾ ¾�ilÅ§½lpsâ �OA ¹ p�â·ÄãzoÅIN �ypqÅ§Å ¼§¾»zÒ¾àÄ,�ã¾àÄ�g�Æ zlÃqpkmpwz<¾àÄ�gjpq{3nçn�pwÃ ¹ {�¼ �3Ä�p
	£¼D{ � ¹ ¼§Ã ¹ n��)i��)pwÅDÅ´¾çzlg�p³â·g�¼§Å§ÅDpsâ 	£il{�p³á�Ä�kmá�¼§{�v �yzon�pqgç¼D{3njin ¹ p©¾�Ä,��¾�Ä�g�Æ zlÃ�p
	 zo{�â!i<{�p°á�Ä�kmá�¼D{�vÏilÄ�nän ¹ p'¾jzokmp'zlk1i<Ä�{3näioÆ���z�njpqgs� $ njgjz<Ã�pwg¼´¾�zlâ�â�pwâ°n�i n ¹ p��yzon�pqg%	åzl{�â©¼¿n�¾�Ã�i<{�Ã�pw{<njgjzon�¼§il{'¼§¾~kmpwz<¾àÄ�g�psâ'zonn ¹ pÒi<Ä·n ��i��� A ¹ pâ·Ä�zlÅ �)pwÅDÅ·¼´¾>¼§{1ps¾�¾�pq{ãÃ�p�z�Ãqil{�½lpsÃ�nj¼Di<{ NTâ�¼J!@Ä�¾�¼Di<{�á�gji���Å§pqk ��¼Dn ¹ â·i<k1¼§{�zl{<nhÃqil{�½lpsÃ�n�¼§il{å�
�¢{ 1�psÃ�n�¼§il{����D� n ¹ p°kÒzon ¹ pwkmzon�¼´ÃqzlÅ�n�i�ilÅ´¾¡zlg�p á�gjpw¾�pq{3njpwâ r'ilá:pqg�z�n�i<g¡¾àá�ÅD¼Dnànj¼D{�v*	�n ¹ pt�¼§pqkÒzo{�{�á�gji���Å§pqk zo{ãâ(��{�¼Dn�py½lilÅ§Ä�kmphkmp�n ¹ i·â�¾w� �¢{�1�psÃ�nj¼Di<{ç�·� �yn ¹ p)â·Ä�zlÅJN �ypqÅ§Å<kmi·â·pqÅ¼´¾åâ·psâ·Ä�Ã�psâ �LA ¹ p ��i��8��pqÅ´â¼´¾åÃwzoÅ´Ã�Ä�Å´z�njpwâ 	ªzo{�â�n ¹ pékmi·â·pwÅoÆÞilg4Ã�i<{<n�zokm¼§{�zo{3n n�g�zo{ã¾àá:ilg�n¼´¾�â�pwâ·Ä�Ãqpwâ � A ¹ pw{C	@n ¹ p1zlá�á�gji G�¼§kÒz�nj¼Di<{}kmpqn ¹ i·â 	 ��¼Dn ¹ i<Ä·nzo{�â���¼¿n ¹ zlâ�¾ài<g�á·nj¼Di<{ ¼§¾vl¼§½lpw{6�>�¢{�1�psÃ�nj¼Di<{'�·� �1n ¹ pçzoá�á�g�i G·¼§kÒz�n�p�¾�ilÅ§Ä·nj¼Di<{ ¼§¾»á�g�i�½<pwâ³n�i}Ã�i<{3½<pqgjvlp�n�i}zÒ½lpwg�À
�ypwz"�'¾ài<ÅDÄ·nj¼Di<{6�äÂ4¼§{�zoÅ§ÅDÀ
	L1·pwÃ�nj¼Di<{Ø�·� � á�g�i�½�¼´â·pw¾�{�Ä�kmpqgj¼´ÃqzoÅ£p+G·áãpwg�¼§kmpq{3nj¾½�zlÅD¼´â�z�nj¼D{�vn ¹ p�â·pq½<pqÅ§ilá:pwâän�pwÃ ¹ {�¼ �3Ä�ps¾q�

A ¹ päÃqil{�¾àn�gjÄ�Ã�n�pwâ®kÒzon ¹ pwkmzon�¼´ÃqzlÅhkmi�â�pqÅy¼§¾ {�i�½lpwÅh¼D{®n ¹ z�n1¼¿nçg�psâ·Ä�Ã�ps¾n ¹ päâ·Ä�zlÅJN
�ypqÅ§Å:á�g�i
��ÅDpwk"¼D{

R
2 nji1zçgjpwÃ�n�zo{�v<Ä�Å´zog)â�ilkÒzo¼§{Q��À¡z Ãqil{·ÆÞi<g�kÒzlÅãkÒzoá�á�¼D{�v�� ¹ pwg�p»n ¹ p

��i�� njz"�<pw¾çá�Å´zlÃ�p zlÅDi<{�v n ¹ p ½lpwgànj¼§ÃwzoÅ´¾q� A ¹ p Ãqil{3njzlkm¼D{�zl{3n���i�� ¼§¾mv<i�½lpqgj{�psâ��3À zÃ�i<{�½lpwÃ�n�¼§il{ N¢â·¼I!:Äã¾à¼§il{³p��3Ä�z�nj¼Di<{���¼Dn ¹ â·i<km¼D{�zl{3n�â�¼J!@Ä�¾�¼Di<{
∂tF (u) − v(y)∂yu− g(x, y)∇ ·D(x, y)∇u = 0.

;©p�zlá�á�Å§ÀÒilá:pqg�z�n�i<g)¾�á�Å§¼¿n�n�¼§{�v1z<¾)zl{äzoá�á�g�i G·¼§kÒz�n�¼§il{Òkmpqn ¹ i·â �P� pwg�p
	3n ¹ p~Ã�i<{3½<pwÃ�n�¼§il{¼´¾ ¾àá�ÅD¼Dnànjpwâ³ÆÞg�i<k�n ¹ p�â·¼I!:Ä�¾�¼§il{6� $ t�¼§pqkÒzl{ ¾�ilÅ§½lpwg�¼§¾�Ãqil{�¾àn�gjÄ�Ã�njpwâäÆÞilg�n ¹ p~n�g�zo{ã¾àá:ilg�ná�zlgàn%	�zl{�â*z ��{�¼Dn�p°½lilÅ§Ä�kmp kmp�n ¹ i·â!ÆÞilgÒn ¹ p°â·¼I!@Ä�¾à¼§il{*áãzog�nw� ;©p'¾ ¹ i�� n ¹ zon¡n ¹ pzoá�á�g�i G·¼§kÒz�n�¼§il{ ¼´¾Ò½lpwg�À pH!@pwÃ�nj¼D½<p zo{�â Æ z<¾Áns� . i<g�pwi�½lpwg#	)¼D{ n ¹ p {�il{�ÅD¼§{�pwzlgä¾�p�nànj¼D{�v
� ¹ pw{'zoÅ´¾�i³zlâ�¾ài<g�á·nj¼Di<{ ¼§¾~Ãqil{�¾�¼§â�pqgjpwâ 	@z ¹ À ��gj¼§â ¼Dkmá�Å§pqkmpq{3n�z�n�¼§il{'ioÆ£n ¹ pçgjpqÅ´z�G�zon�¼§il{kmp�n ¹ i·â³zl{�â �»p+��njil{CF ¾yk1pqn ¹ i·â}Ã�i<kB��¼§{�pwâ���¼Dn ¹ n ¹ p(��{�¼Dn�p~½<ilÅ§Ä�kmp«kmp�n ¹ i·â 	�zoÅ§Å§i�� ¾ÆÞilg�n�z"��¼§{�vmÅ§zlg�v<p»nj¼Dkmp�¾àn�pqáã¾ zo{�â³á�gji�½�¼§â·ps¾�Ã�il{�½<pqgjvlpq{ãÃ�p»¼§{}ÆÞp+� ¼¿njpqg�z�nj¼Di<{}¾àn�pwá�¾q�

;©p³â·p+��{�p³z ½lpqgjÀ��ypwz��©¾�ilÅ§Ä·nj¼Di<{®n�i n ¹ päá�gji���ÅDpwk�	£¾�pqpä�«pH�ã{�¼¿nj¼Di<{ �·� �·� �·�?A ¹ p{�i�½<pqÅDnÁÀÏ¼´¾mn ¹ zonQ�:ilÄ�{�â�zogjÀ Ã�i<{�â·¼Dn�¼§il{�¾äzogjp³n�z"�<pq{!¼D{3njiÏzlÃwÃ�ilÄ�{<nÒ¼§{!n ¹ p'â·pH��{�¼¿nj¼Di<{¼Dnj¾�pqÅDÆÁ�/;©p�á�gji�½lp�Ã�i<{3½<pqgjvlpw{�Ã�p)ioÆ:n ¹ p�{�Ä�kmpqgj¼´ÃqzoÅ·kmpqn ¹ i·âçn�i~n ¹ ¼§¾h½lpqgjÀ �ypwz"�ç¾ài<ÅDÄ·nj¼Di<{¼§{�A ¹ pwilgjpqk �·� �·�§�l�:A ¹ péá�gji�ioÆ�¼´¾ ��z<¾àpsâil{çt�¼Dps¾ 7+NTÂ�g�psÃ ¹ p�n�NT|«ilÅ§kmilv<ilgji�½�Ãqilkmá�z<Ã�n�{�pw¾j¾zogjvlÄ�k1pw{3nj¾hzl{�âçn�pwÃ ¹ {�¼ �3Ä�ps¾£ÆÞgjilk -)gjzl{�â�zoÅ§Å�zl{�â�. z��àâ�z	�D�s��
;� �«{�p ilÆãn ¹ pM�<pqÀçáãi<¼D{3nj¾¼´¾�n ¹ pmá�gji�ioÆéilÆ&�:ilÄ�{�â�pwâ·{�ps¾�¾�ilÆén ¹ pçnjion�zoÅ£½�zogj¼§zon�¼§il{C	�� ¹ ¼´Ã ¹ ¼§¾z<Ã ¹ ¼Dpw½lpsâ ¼D{ �o� ��ÀÃ�i<kB��¼§{�¼§{�v1n ¹ p�Ãqil{3n�gj¼ ��Ä·n�¼§il{ã¾�ioÆån ¹ p�â·¼I!:pwg�pw{3n»¾Ánjpqá�¾w�Â4¼D{ãzoÅ§ÅDÀ
	én ¹ p á:pqg�ÆÞilgjk1psâÏp+G·áãpwg�¼§kmpq{3nj¾m{�iln¡il{�Å§ÀÏ¼§Å§ÅDÄ�¾àn�g�z�njp}n ¹ p ½�zlÅD¼´â·¼DnÁÀØioÆ�n ¹ p
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zlá�á�gji<zlÃ ¹ 	,��Ä·n~zoÅ´¾àiä¾ ¹ i�� ¹ i�� n ¹ p1â·¼I!:pwg�pw{<n~¾àÄ ��¾àÄ�gàÆ z<Ã�pá�zlgjzlk1pqn�pwgj¾�¼§{���Ä�pq{�Ãqp�n ¹ pi<Ä·n�á�Ä�n ioÆ4n ¹ p�â·ÄãzoÅIN �ypqÅ§Å@pHG·áãpwg�¼§kmpq{3nw�

A ¹ p}¾àpsÃ�i<{�â á�gji���Å§pqk njg�psz�n�psâ ¼§{Ïf£zog�n��gjpqÅ´z�njpw¾ n�i°á:i��ypqg Å§i<¾j¾�pw¾ç¼D{ØpwÅDpsÃ�njg�¼´ÃqzlÅkmionjilg�¾zo{�â©njgjzl{�¾àÆÞilgjkmzon�i<gj¾w� A ¹ pw¾�p¡Ã�i<{�¾�¼§¾àn ioÆ�¼§g�i<{®Ãqilgjpw¾=� ¹ ¼´Ã ¹ zogjpmkÒzlâ·pÒÆÞgjilk¾àn�pwpqÅézlÅDÅ§i�À·¾q�¡Â�ilg�psÃ�il{�ilkm¼§ÃwzoÅhzl{�â©pwÃ�i<ÅDi<vl¼´ÃqzlÅ4gjpwz<¾ài<{�¾�il{�p���zo{3n�¾�n�i á�gji·â·Ä�Ã�p¡zl{�âÄ�¾�p~zoÅ§ÅDi�À·¾én ¹ zonyi<á·n�¼§km¼I7wp»n ¹ p~¼D{�{�pqg �)i<g���¼§{�v<¾)ioÆ6n ¹ p�k1iln�i<g)i<génjgjzl{�¾ÁÆÞi<g�kÒzon�ilgs�:A ¹ pkm¼§{�¼Dkm¼ 7wzon�¼§il{ ioÆhá:i��ypqg Å§i<¾j¾àps¾ Ãqzl{��ãp1zlÃ ¹ ¼§pq½<pwâ���¼Dn ¹ ¾àn�pwpqÅ´¾�n ¹ z�n ¹ zª½<p z ¹ ¼§v ¹ pwg(1�¼
'�¾à¼§ÅD¼´Ã�i<{*)~Ã�i<{3n�pq{3nn ¹ zo{©n ¹ p¡{�i���zlâ�zªÀ·¾�á�gji�â�Ä�Ã�psâ'i<{�pw¾w� �¢{�â�Ä�¾Ánjg�¼´zoÅ>njpwÃ ¹ {�¼ �3Ä�ps¾�zogjp�:pq¼§{�v®â·pq½<pqÅ§ilá:pwâ®nji��yzlgjâ�¾�n ¹ ¼´¾1á�Ä�gjáãi3¾àp
	P��Ä·nmk Ä�Ã ¹ �)i<g��©gjpqkÒzo¼§{�¾ç¼D{ ilá·nj¼Dkm¼ 7q¼§{�vn ¹ pqk�zo{�â}¼§{³Ä�{ãâ·pqg�¾Án�zo{�â�¼D{�v1n ¹ pá ¹ À·¾à¼´ÃqzlÅ á�g�i·Ãqpw¾j¾àps¾)¼§{�½li<ÅD½<pwâ �
�«{�p¡¾�Ä�Ã ¹ á ¹ À·¾�¼§ÃwzoÅhá�gji·Ã�ps¾�¾~¼´¾n ¹ p³â·¼I!@Ä�¾à¼§il{ ilÆM1�¼é¼§{3n�i n ¹ pä¾àn�pqpwÅékÒz�njg�¼IG8��À®znjpwÃ ¹ {�¼ �3Ä�p»ÃwzoÅ§ÅDpsâÒzo{�{�pszoÅ§¼D{�v~â�¼J!@Ä�¾�¼Di<{6�PA ¹ p ¼§{<njpqg�zlÃ�n�¼§il{���¼¿n ¹ $ Å/' zlÅDÄ�km¼§{�¼§Ä�k )hÃ�i<k Ná�Å§¼´Ãqz�njpw¾)n ¹ p<�:p ¹ zª½�¼§ilÄ�gs�>f ¹ À·¾à¼´ÃqzlÅãá�zlgjzlkmp�n�pwgj¾éÆÞilg�z n�pqgj{�zlg�À 1�¼IN $ ÅJN¢Â�p~Ã�i<kB��¼§{�zon�¼§il{zlg�p«kmzl¼D{�ÅDÀmÄ�{,��{�i���{ 	 ��Ä·n zogjp {�pqpsâ·pwâä¼D{³ilg�â·pqg)n�içi��·n�zo¼§{³¾�ilÅ§Ä·n�¼§il{ã¾éilÆ×z�kmi·â·pqÅ:ÆÞi<gn ¹ p�n�¼§kmp�pq½<ilÅ§Ä·n�¼§il{mioÆ:n ¹ p»zoÅ§ÅDi�À<� $ ��g�¾àné¾Ánjpqámn�ii
�·njzl¼D{1n ¹ pw¾�p�á�zog�zokmpqn�pqg�¾#	ozª½lil¼´â·¼§{�vÅ´zogjvlpçg�ps¾àpszog�Ã ¹ ¼D{�½lps¾Ánjkmpq{3nj¾#	 ¼§¾«n ¹ pÒâ·p�njpqgjk1¼§{�zon�¼§il{°ilÆhn ¹ pmzlá�á�zlg�pw{<n~â·¼I!:Ä�¾�¼§il{©¼D{®z¾�¼Dkmá�Å§¼I��pwâ ¾�p�nànj¼D{�v��
�¢{ - ¹ zoá·njpqgÒ�©zo{�{�pszoÅ§¼D{�v'â·¼I!:Äã¾à¼§il{ ¼§¾1á�gjpw¾�pq{3njpwâ �2�¢{ 1�psÃ�n�¼§il{ ���§�än ¹ p á�gji�Ãqpw¾j¾¼´¾ÒpHG·á�Å´zo¼§{�psâ 	�zo{�â!z®kÒz�n ¹ pqkÒz�nj¼§ÃwzoÅ kmi·â·pwÅ ¼§¾¡vl¼§½lpq{å� A ¹ ¼´¾Òkmi·â·pqÅ ¼´¾¡gjpwâ�Ä�Ã�psâÏnjii<{�pM��¼Dn ¹ zo{äzlá�á�zogjpq{3n)â�¼J!@Ä�¾�¼Di<{6�£Â�Ä�g�n ¹ pwg�kmi<g�p
	3z{�Ä�kmpwg�¼´ÃqzlÅ:zlá�á�gji G�¼§kÒz�nj¼Di<{ �ãzl¾�pwâi<{°n ¹ pmk1pqn ¹ i·â'ioÆyÅD¼§{�pw¾~¼´¾â·pw½lpqÅ§ilá:pwâC	 �ãiln ¹ ��¼¿n ¹ zl{�â?��¼Dn ¹ ilÄ·nn ¹ pmá�g�ps¾àpw{�Ã�p1ioÆ�zkmi�½�¼D{�vÒ¼D{3n�pwgàÆ z<Ã�p<�&�¢{�1�psÃ�nj¼Di<{ ��� �1á ¹ À�¾�¼´ÃqzoÅåpHG·áãpwg�¼§kmpq{3nj¾»áãpwgàÆÞi<g�kmpsâ}zon 
åz�� . pqn ioÆ¸�¹ pw{3nº»{�¼§½lpqg�¾�¼¿nÁÀ zlg�pçá�g�ps¾àpw{3n�pwâC	6zo{�â°¼D{ 1�pwÃ�n�¼§il{®��� �ä{�Ä�kmpwg�¼´ÃqzlÅ×p+G�á:pqgj¼§k1pw{3nj¾~zogjpv<¼D½<pq{6�
�«Ä�g1kÒzo¼§{C	é{�i�½lpqÅ�Ã�i<{3n�gj¼I��Ä�n�¼§il{Ø¼´¾1n ¹ p ¾�p�n NTÄ�á ioÆ n ¹ p}g�psâ·Ä�Ã�psâØkmi·â·pqÅ 	)zl{�âØ¼Dnj¾zlá�á�gji G�¼§kÒz�nj¼Di<{M��z<¾àpsâ«i<{�n ¹ phkmpqn ¹ i·â~ioÆ�Å§¼D{�ps¾q�4Â�Ä�g ¹ pwg�kmilgjp�	w¼D{~n ¹ péÃwzl¾�p4ilÆ�z�kmi�½�¼§{�v¼§{3n�pqg�Æ zlÃqp�	 �yp¾ ¹ i�� ¹ i��*n ¹ p�zoá�á�ÅD¼´Ãqzon�¼§il{}ioÆ 
×zo{�â�zoÄCF ¾yn�g�zo{�¾àÆÞilgjkÒz�nj¼Di<{³zoÅ§Å§i�� ¾éÆÞi<g z¾àn�g�zo¼§v ¹ nàÆÞi<g���zog�â â�p�n�pwg�km¼§{�z�nj¼Di<{ÒioÆ@n ¹ p�n�¼§kmp»½�zogjÀ�¼D{�v*	lzá�gj¼§ilgj¼�Ä�{,��{�i���{Òá:i<¾�¼¿nj¼Di<{mioÆn ¹ p¼D{�ÆÞpqg�Æ zlÃ�p<�
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∂tu− a(x, t)∂2
xu = f(x, t),� ¹ pwg�p1n ¹ pqgjp1¼´¾z â·pqv<pq{�pwgjzon�p
	 n�¼§kmp1½�zlg�À�¼§{�v³á:il¼§{3n

x = s(t)
	 ��¼Dn ¹

a(x, t) = 0
ÆÞi<g

x ≥ s(t)
zo{�â

∂xa(s(t), t) = c(t)
��¼Dn ¹ −∞ ≤ c(t) < 0

�
A ¹ p�njpwÃ ¹ {�¼ �3Ä�p�n�i�zlg�gj¼§½lp�z�n£n ¹ p zlâ �Ái<¼D{3nhp �<Äãz�n�¼§il{m¼´¾P�ypqÅ§Å�pw¾ànjz���ÅD¼´¾ ¹ pwâ �L� i��ypq½<pqg%	n ¹ p¡g�ps¾àÄ�Å¿nj¼D{�v z<â �Áil¼§{3n�p��3Ä�z�nj¼Di<{©¾�pqpwkÒ¾{�ionnji ¹ zª½lp �:pqpq{ØÃqil{�¾�¼´â·pqgjpwâ©¾ài}Æ zlgw�QA ¹ pâ·¼ �¡Ã�Ä�ÅDnÁÀ³Ãqil{�Ãqpqgj{�¾)n ¹ p~Æ z<Ã�n�n ¹ z�n�n ¹ p�â·¼J!@Ä�¾�¼Di<{ Ãqzo{��:p�¾Ánjg�i<{�vlÅ§À¡â·pqv<pq{�pwgjzon�p
	3¼;� pl�

∂xa(s(t), t) = −∞,

gjpw¾�Ä�Å¿nj¼D{�v}¼§{ z}á�Ä�gjp1gjpwz<Ã�nj¼Di<{'á�gji���ÅDpwk ¼D{®z á�zlgànioÆ)n ¹ p¡â�ilkÒzo¼§{6��;'p¡zlg�pÒz���ÅDp1njiá�gji�½lp¡p+G·¼§¾àn�pw{�Ã�p¡ilÆ»z°¾�ilÅ§Ä·n�¼§il{ ilÆ�n ¹ p��)psz"�'ÆÞilgjk Ä�Å´z�nj¼Di<{C	>¼D{Øn��)i°¾�p�n�n�¼§{�v<¾w�'Â4¼§gj¾àn#	
� ¹ pw{Øil{�Å§À'z g�pwvlÄ�Å´zogj¼I7sz�nj¼Di<{°ioÆ

a(x, t)
zlg�i<Ä�{�â

x = s(t)
¼´¾ Ãqil{�¾�¼§â�pqgjpwâ 	LA ¹ pqi<g�pwk

9�� �·�§�l�@1�psÃ�il{ãâ·ÅDÀ
	D� ¹ pq{ z®½�zl{�¼§¾ ¹ ¼§{�vØ½�¼´¾�Ãqi<¾�¼¿nÁÀÏ¾�ilÅ§Ä·nj¼Di<{*¼§¾³Ã�il{ã¾à¼´â·pqgjpwâC	EA ¹ pqilgjpqk
9�� �·� �·� $ {�Ä�kmpqgj¼´ÃqzoÅ«pHG·á:pqgj¼Dkmpq{3n}il{�z kmi·â·pwÅ�á�g�i
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uB(t)
ioÆ)n ¹ p1n�g�zlÃqpqg~¼§{°n ¹ pÒilÄ·n ��i�� �ypqÅ§Å>' z<¾¾ài<ÅDÄ·nj¼Di<{'ilÆ
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n ¹ p«â·¼§gjpwÃ�n)á�g�i
��Å§pqk ¼D{mnjpqgjkm¾éioÆ

u(x, y, t)
)H	3zlá�á:pwzog�¾£¼§{Òn ¹ p»zlâ �Ái<¼D{3nép �3Ä�z�nj¼Di<{?'Þvl¼§½lpw{¼§{}n�pqgjkÒ¾�ioÆ

v(x, y, t)
) 	�¼´¾�n ¹ g�i<Ä�v ¹ z �ãi<Ä�{�â�zlg�À³Ã�il{ãâ·¼¿nj¼Di<{³ilÆån ¹ p�zlâ �Ái<¼D{3n á�gji���ÅDpwk�	

a∂y(g(x, y)v(x, y, t))−bg(x, y)v(x, y, t) = c

∫

Γ1

(u(x̃(s), ỹ(s), t)−uB(t) ds,
i<á

Γ1.
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��Å§pqpqkÒ¾àn�pwÅDÅ§¼D{�vlpq{ 	 ¹ pqn(�:pqá�zlÅDpw{½�zo{®â·pçn�pwÃ ¹ {�¼Dp#�lpw{°{�i·â·¼§v³i<k â·p+7wpçi<á njp1Å§i<¾j¾�pq{C	 pw{ ¹ pqn=�:pwzl{3n��)i�ilg�â·pw{ ½ªzl{'i<áãpw{
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Ky¼ �>½�gjz<zov3¾ÁnjÄ,� �lpq{çkmp�nhá�g�z"�3n�¼´¾jÃ ¹ {�Ä·néÅ§¼§vonéâ·p�{�z<â·gjÄ,��{�i<g�kÒzlzlÅ·{�¼§p�nhiláÒâ·p ¾àn�Äãâ·¼Dp½�zo{ â·pi<á�ÅDi3¾�¾�¼§{�vç½�zl{ ¹ p�n»½�g�zlzov3¾ÁnjÄ,��7qpwÅ¿Æ�	ãkmz<zog�ilá ¹ pqn vlp#��g�Ä�¼I�¡½�zl{ â�¼Dpi<á�ÅDi3¾�¾�¼§{�vilk�â�p«ÆÞÀ·¾�¼§¾jÃ ¹ p ��Ã ¹ pwk1¼´¾jÃ ¹ p �·�q�q��á�gji���Å§pqpwkm¾àn�pwÅDÅ§¼§{�v=�ãpqn�pqgynjp(�:pqv<g�¼ �Áá:pq{C	·pw{Q7qi1il{ã¾énji�pn�p�Å´z�n�pw{Q�:p�njpqgjp»kÒz�njpqgj¼§zlÅDpw{C	lnjpwÃ ¹ {�¼Dp#�lpq{ 	3pw{,7l�3njp«i<{<n��ypqgjá:pq{6�>�»¼Dn�ÅDpw¼§â�n�il{�k1¼´â�â·pwÅD¼ ���n�iln»¼§{3½<pqg�¾àp~á�gji���ÅDpwk1pw{6�&�»p�n ¹ i3pqÆ�n«â�zl{}i�i
�ä{�¼§p�n�njp�½lpwg��yil{�â�pqgjpq{³â�z�nM�yp~ÆÞi·Ã�Ä�¾j¾àpw{ilá n��)pwp�¼D{�½<pqg�¾àpá�gji���ÅDpwk1pw{6r ¹ p�n(�ãpwá�zoÅ§pq{ ½�zl{ pq¼§vlpq{ã¾�Ã ¹ zlá�á:pq{ ½�zo{ â·pçil{�â�pqgjvlgjil{�â¼§{ g�pwÅ§zon�¼§p~n�iln�Ã�i<{3njzokm¼§{�zo{3njpq{3n�g�zo{�¾�á:ilg�n#	·pq{ ¹ p�n<�:pqáãzoÅ§pq{ ½�zo{ â�p�pH!@pwÃ�n�¼§pq½lpçâ·¼J!@Ä�¾�¼Dpvlpsâ·Ä�gjpq{�â�p~â�p�Ã�il{ã¾Ánjg�Ä�Ã�n�¼§p~½ªzl{}¾ànjz<zoÅ§ÅDpwvlpwg�¼§{�vlpw{6��«p+7qpÒá�g�i
��ÅDpwkmpq{ 7q¼ �Á{ �:pq¼´â·pÒ½�zo{ ¹ pqn â·¼J!@Ä�¾�¼DpqnÁÀ�áãp
	×zoÅ ¹ i�p+�ypqÅ£kmpqn�pqgjv³½<pqg�¾�Ã ¹ ¼§ÅINÅ§pq{�â·p³pq¼§vlpw{�¾�Ã ¹ zoá�á:pq{6rÒâ·p³pq{�p³¼§¾çÃ�i<{3½<pwÃ�n�¼§pHN¢â·¼J!@Ä�¾�¼Dpäk1pqn1â·i<km¼D{�zl{3n�p³Ãqil{�½lpsÃ�nj¼Dp¡pw{vlpsÃ�i<kB��¼§{�pqpwgjâäkmp�n»zlâ�¾ài<g�á·nj¼Dp
	�â·pzo{�â�pqgjp�¼´¾�pwpq{}á�Ä�Ä�g»â�¼J!@Ä�¾�¼Dpwá�g�i
��Å§pqpqk ��«¼J!@Ä�¾�¼Dp
	3zlÅ�â�zo{m{�¼§p�n)vlp+�<ilá�á:pqÅ´âçk1pqn)zo{ãâ·pqgjp�á�g�i·Ãqpw¾j¾àpw{C	o¼´¾hpqpw{mvli�pwâ �:pw¾àn�Ä�â·pwpqg�ân ¹ pqkÒz���¼D{�{�pq{Ïâ·p���Å§z<¾�¾�¼§p+�lpmÆÞÀ·¾�¼§Ãwz,	£kÒzlzlg�njpqg�7qpqÅDÆ â·pwgànj¼ �àâ pwpq{Øpwg�v'kmi�â�pqgj{ n�i�pqáãzl¾ N¾�¼D{�v3¾àv<p+��¼§pwâ6�>. pq{?��zl{ pq{,�<pqÅåi<{�â·pwg«â·pç¼D{�â�g�Ä,��7q¼ �Á{ ½�zo{ ¹ p�n«ÆÞpq¼Dn�â�zon»n�i�pwá�zl¾j¾à¼§{�v<pq{â·¼§p 7qi®â·¼D½<pqg�¾B7w¼ �Á{!zoÅ´¾ ��¼§i�â�¼J!@Ä�¾�¼Dp}n�Äã¾�¾�pq{ Ã�pqÅ§kmpqk���gjzl{�pq{ pq{!â·ilá:pqgj¼§{�v<¾jâ·¼I!:Ä�¾�¼§pä¼§{¹ zlÅ¿ÆÞv<pqÅ§pq¼´â·pqg�¾+	��:pw¾jÃ ¹ gjpq½lpw{?��Ä�{�{�pw{��yilg�â·pq{°k1pqnpq{,�<pqÅ§p�	@vlpwÅD¼ ����zlzog�â·¼§vlp ÆÞÀ�¾�¼´¾�Ã ¹ p���z�N¾�¼§¾�g�pwvlpwÅ§¾w���»¼Dpqnànjpqkm¼D{ ��Ä�{�{�pq{³â�p«nj¼ �àâ Nhpq{}ÅDpw{�vonjpw¾jÃ ¹ zoÅ§pq{ä¾àn�pwg��Ò½<pqg�¾�Ã ¹ ¼DÅ§ÅDpw{C	3pq{}pHG�n�g�z
��¼´¾�¾�pqÅ �)pwg���¼§{�vlpw{C	D7qi3zoÅ´¾äz<â�¾ài<g�á�n�¼§p�	�gjpwzlÃ�n�¼§p�	 pw{,7l� 	M��Ä�{�{�pq{�â�p©Ãqilkmá�Å§pHG·¼¿njpq¼Dn}¾àn�pwg��â·i�pq{}nji3pw{�pqkmpw{6�x£pqpwÅ��:pq{�z<â·pqgj¼§{�v<¾àn�psÃ ¹ {�¼§p+�lpw{M7w¼ �Á{i<{<n��yilgjá:pq{�ilk â·¼J!@Ä�¾�¼Dphn�pP�:pw¾àn�Ä�â·pwg�pw{C	ªpqÅ �»kmp�n¾àn�pqg��lp1pq{ 7+��z"� �<p á�Ä�{3njpq{C	×kmz<zog~½lpwpqÅ ¹ ¼§pqg���¼ �«ilá@â·Ä�¼ �lpw{�â·p���¼´¾ ��Ä�{�â�¼Dv<pçá�gji���ÅDpwk1pw{
7q¼ �Á{ {�ilvmi<{ �:pwzl{3n��)i�ilg�â �
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7wp»Å´z�njpq{Ònji3p~â·p«¼Dkmá�z<Ã�n�½ªzl{ �:pqá�z<zoÅ´â·p»gjpqkmpwâ�¼Dps¾£n�p�il{,Nâ·pwg�7wi�p+�lpw{C	�pq{ ��¼§pwâ·pw{1â�pykmi<vlpqÅ§¼ ��� ¹ pq¼´â â·pE�:p�n�gji�� �<pq{ á�g�i·Ã�ps¾�¾�pq{B�ãpqn�pqg>njpE�ãpwvlgj¼ �Áá:pq{6�Çhpw{��:pqÅ´zo{�vlgj¼ ���<p)kmi�pq¼§ÅD¼ ��� ¹ pq¼´â��ãpqn�gjpH!@pq{�â·p â�pyi<{�â·pwg�v<g�i<{�â¼´¾4â�z�n£pqpw{çv<g�i�ion�¾�Ã ¹ z�NÅ§¼Dv<p�kmil{�¼Dn�i<g�¼§{�vÒ{�¼§p�n«k1i<vlpwÅD¼ ���³¼´¾w���«pnjionjzlÅDpç¾Ánjg�Ä�Ã�n�Ä�Ä�g»kmi�p�n»v<p �HG�njgjzláãi<ÅDpwpqg�âQ�yilg�Nâ·pw{ ½<pqg�n�gjp+� �lpw{�â·p}½�zo{ pqpq{ �:pqá:pqg��<näz<zo{3njzlÅyâ�¼§¾jÃ�gjp�njp}kmpqn�¼§{�vlpw{6�!Çhpq{!½lpwÅ§â,�)pwg��<pqg
��zo{}pq{ �lpqÅ ¾�áãpsÃ�¼I��p+�<p«á�Å§z<z�nj¾�pq{���¼Dp#7qpq{���zlzog ¹ ¼ �yâ·p~i<{�â·pqgjvlgjil{ãâ��ãps¾ÁnjÄ�â·pwpqg�n#	·½�¼§zçpqpw{
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A×pqg�7qpwÅ¿Æ â·pwgànj¼ �àâ 7q¼ �Á{
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�¢{��ç�w�à���ª����¶<µ��O�yilg�â�n ¹ p�n4â�ilÄ,��Å§p�n�N;á�g�i
��ÅDpwpqk ilá�v<pqÅ§i<¾ànw�å�«p�â·ilÄ,��ÅDpqn×¼´¾åpwpq{ kmpwp�n Nn�psÃ ¹ {�¼§p+����zlzogj¼§{ n��ypqp>��g�i<{�{�pq{Òv<p+�:i�ilg�â��)i<gjâ·pw{6�×�«p»pw{�pM��g�i<{ �yilg�â�név<p+��gjÄ�¼ �3néilk
��z�n�pwgå¼§{ â·p)il{�â·pwg�v<g�i<{�â«n�p)áãi<k1á:pq{�'Þ¼§{ ��ÅDn�g�z�n�¼§p+��g�i<{*) 	ª½�¼§z«â·pézl{�â·pqgjp �yilg�â�n×â·p#7qpwÅ¿Æ â·p¹ i�pq½<pqpwÅ ¹ pw¼§âQ�yzon�pwgénjpqgjÄ�vçi<á�vlpwáãi<kmá·n=' il{3nànjg�p#� �3¼§{�v3¾ ��gjil{ )��åÇépq{}k1pwg��<pqg �)i<gjâ·nyzlzl{¹ pqn(��z�njpqg nji�pqvlpw½li�pqv3â 	�pw{°â·pmÃ�i<{�Ã�pw{<njgjzon�¼§p½�zo{'â�p kmpqg��lpwgM�yilg�â�n»vlpwkmp�n�pw{ ¼§{ ¹ p�nilá�vlpqá:ilkmá·njp=�yzon�pqgs��«péâ·ilÄ ��ÅDpqnåÅ§pq¼´â�n×¼§{pw¾j¾àpw{3n�¼§p>n�ion×pqpq{�Ãqil{�½lpsÃ�nj¼Dp+NTâ·¼I!@Ä�¾à¼§pqá�g�i
��ÅDpwpqk kmpqn×â·ilkm¼§{�zo{3njpÃ�i<{�½lpwÃ�n�¼§pl�:�¢{�1�pwÃ�n�¼§p����D�O�)i<gjâ·pw{�â·p ��¼§¾���Ä�{�â·¼§vlphkmpqn ¹ i·â·pw{ vlpwá�gjpw¾�pq{3n�pwpqg�â�â�¼Dpy{�i·â·¼§v
7q¼ �Á{Ïi<k pqpq{Ïilá�Å§i<¾j¾à¼§{�v njpQ�:p+�<ilkmpq{6rÒi<áãpwgjzon�i<gj¾�á�Å§¼¿n�¾à¼§{�v 	 ¹ pqn1t�¼§pqkÒzo{�{Øá�gji���Å§pqpwk�	pq{*pw¼D{ãâ·¼Dv<p ½li<ÅDÄ�k1pwkmp�n ¹ i�â�pq{6� �¢{ 1�pwÃ�n�¼§p'�·� � �)i<gjâ·n ¹ p�n³â�ilÄ,��Å§p�njkmi�â�pqÅ«zoÆÞvlpwÅDpw¼§â �
� pqn�¾à{�pwÅ ¹ pq¼´â�¾à½<pqÅ´â?�yilg�â�n=�ãpwg�p#�lpq{ãâ 	 pq{ ¹ p�n~kmi·â·pqÅ£½<i3i<g�Ãqil{3njzlkm¼D{�zl{3n�pq{3njgjzl{�¾àá:ilg�n
�yilg�â�nhz�ÆÞvlpwÅDpw¼§â6�×��zlzogj{�z<�)i<gjâ·n>â·pE�:pq{�z<â·pqgj¼§{�v<¾�kmp�n ¹ i�â�p�	okmp�n£pw{ 7wil{�â�pqg£zlâ�¾�ilgjá·nj¼Dp
	vlpwvlpw½lpq{å�:�¢{?1�psÃ�n�¼§il{ �·� �B�)i<gjâ�nE�:p+�yp+7qpw{}â�z�n â·p=�ãpw{�zlâ�pqgj¼D{�vÒÃqil{�½lpwg�v<pqpqg�né{�z<zog�pqpw{pqgjv�7+��z"� �<pçi<á�ÅDi3¾�¾�¼§{�v��äº»¼¿njpq¼§{�â·pwÅD¼ ����	4¼§{ 1�psÃ�n�¼§p³��� � 	å½�zoÅ§¼§â�pqgjpq{ �)p¡â·päil{3n���¼I� �<pqÅ´â·pn�psÃ ¹ {�¼§p+�<pq{ zlzo{ â·p ¹ zl{�â³½ªzl{ {3Ä�k1pwg�¼§p+�<p«p+G·áãpwg�¼§kmpq{3n�pw{6�

� pqn�il{3n���¼I� �<pqÅ´â·pM��¼´¾ ��Ä�{ãâ·¼Dv<p~k1i·â·pwÅ ¼§¾y½<pqgj{�¼DpwÄ �)pw{�â¡¼§{}â�p<7w¼D{ â�z�n ¹ pqn â·pâ·ilÄ N
��Å§p�n gjpwâ·ÄãÃ�pqpwgàn�½�zo{}pqpw{ á�g�i
��Å§pqpqk ¼D{

R
2 n�iln pqpq{ gjpwÃ ¹ n ¹ i3p#��¼Dv1â·ilkmpq¼§{ ½�¼§z1pqpw{}Ãqil{ NÆÞilgjkmp�zoÆ �ãpwpqÅ´â·¼§{�v 	 ��zlzlg&�:i�½lpw{�â·¼§pq{³â�p~¾àn�gjilkm¼§{�v1vlp+�:pqÄ�gàn�Å§zl{�v<¾�â·p�½lpwgànj¼I��zlÅDpw{6�P� p�nÃ�i<{3njzokm¼§{�zo{3njpq{3n�g�zo{�¾�á:ilg�n(�yilg�â�n �ãp ¹ pqpwgj¾àn â·i�ilgpwpq{ØÃqil{�½lpsÃ�n�¼§pHN¢â·¼I!:Äã¾à¼§pq½<pqgjvlpqÅ§¼ ���3¼§{�vkmp�n»â·i<km¼D{�zl{3n�pâ·¼I!:Ä�¾�¼§p½ªzl{ â·p½li<g�k

∂tF (u) − v(y)∂yu− g(x, y)∇ ·D(x, y)∇u = 0.

;©p á�zl¾j¾àpw{ i<áãpwgjzon�i<gj¾�á�Å§¼¿n�¾à¼§{�v nji�p zlÅ§¾��:pq{ãzlâ·pwg�¼§{�v<¾àn�psÃ ¹ {�¼§p+�@� � ¼§pqg�â·i�ilg��)i<gjâ·nÒâ�pÃ�i<{�½lpwÃ�n�¼§pvlps¾àá�Å§¼Dnj¾àn ½ªzl{ â·p�â·¼I!:Äã¾à¼§pl��Çhpw{ t�¼DpwkÒzo{�{ kmp�n ¹ i·â·p��yilg�â�n�vlp#��g�Ä�¼I�3n ½li�i<g¹ pqn n�g�zo{�¾�á:ilg�n�vlpsâ·pqpwÅ¿njp�	�pq{ pwpq{ pq¼§{�â·¼§vlp½<ilÅ§Ä�kmpqkmp�n ¹ i·â·p½li�ilg ¹ pqn«â·¼I!:Äã¾à¼§pqv<pwâ·pwpqÅDn�pl�
;©p~n�il{�pq{ zlzl{}â�zon»â·p�zoá�á�g�i G·¼§kÒz�n�¼§p�pqgjvçp+!:psÃ�n�¼§p�Æ£pw{ ¾�{�pwÅ ¼§¾w�é��zlzogjpq{ �:i�½lpw{C	<¼§{ ¹ p�n{�¼§p�n�N;Å§¼D{�pwzo¼§gjp�v<pq½�zoÅ 	 ��zo{�{�pwpqg�i�i��¡z<â�¾ài<g�á�n�¼§p<�:pw¾jÃ ¹ ilÄ � â��)i<gjâ·n#	·¼§k1á�ÅDpwk1pw{3n�pqgjpq{��yppqpw{ Ã�i<kB��¼§{�z�nj¼Dp½�zl{ â�p�g�pwÅ§z"G�z�n�¼§pqkmpqn ¹ i·â·p~pq{ �»p+��njil{CF ¾�kmp�n ¹ i·â·p�ilá ��z<¾à¼´¾�½�zo{ â�ppq¼§{�â·¼§vlp�½<ilÅ§Ä�kmpqkmp�n ¹ i·â·pl�>�«¼¿néÅ´zlzon£n�i�p�vlgjionjpyn�¼ �àâ�¾Án�zoá�á:pq{mnjpD�ãps¾�Ã ¹ ilÄ �)pw{C	okmp�néÃqil{ N½lpwg�v<pq{3n�¼§p i�½<pqg����q{Ònj¼ �àâ�¾ànjzláä½�zo{³â·p»{�¼§p�n�N;Å§¼§{�pwzl¼Dgjp»zoá�á�g�i G·¼§kÒz�n�¼§p {�z pq{,�<pqÅ§p ¼Dn�pqg�z�nj¼Dps¾q�

;©p°â·pH�ã{�¼��wg�pw{!½lpqgj½li<ÅDv<pq{�¾1pwpq{!pqgjv�7+��z"� �lp ilá�ÅDi3¾�¾�¼D{�v©½�zl{ ¹ p�näá�gji���ÅDpwpqk 	E7q¼§p�«pH��{�¼Dn�¼§p��·� �·� �·� � ¼§pqÄ � ¼´¾åâ�zon×â·p)gjzl{�â�Ã�i<{�â·¼Dn�¼§pw¾ ¼§{�v<p+�:ilÄ � â=�)i<gjâ�pq{~¼D{çâ·p+7wpéâ·pH�ã{�¼¿nj¼Dp
7qpwÅ¿ÆÁ�L;©p<�:p+��¼ ��7qpw{äâ�zl{¡â·p«Ãqil{�½lpwg�v<pq{3n�¼§p�½�zo{¡â·p«{3Ä�k1pwg�¼§p+�<p kmp�n ¹ i·â·p»{�z<zogéâ�p+7qp«pqgjv
7+��z"� �<pÒilá�Å§i<¾j¾à¼§{�v*	:A ¹ pwilgjpqkÒz �·� �·�§�l� � pqnB�ãp#��¼ �à¾ç¼´¾�vlp#��zl¾�pqpwgjâ'iláØt ¼Dps¾ 7+NTÂ�g�psÃ ¹ p�n�N|«ilÅ§k1i<vli<g�i�½ Ãqilkmá�z<Ã�n ¹ pq¼´â�¾�zlg�v<Ä�kmpq{3n�pw{mpq{¡i<áÒn�psÃ ¹ {�¼§p+�lpw{¡½�zo{�-)g�zo{ãâ�zoÅ§Å�pw{Q. z��àâ�z
�§�w��
T�³Çépq{ ½�zo{ â·p �<pqgj{�á�Ä�{3njpq{®¼§¾ ¹ p�nB�:p+��¼ �à¾�½�zl{®â�p��ãpwvlgjpq{�¾jâ ¹ pw¼§â©½�zo{Øâ·pmnjion�zoÅ§p½�zogj¼§zon�¼§p�	:â·¼DpB�ãpwg�pw¼I�3n>�yilg�â�n ¼D{°�l� â·i�i<g ¹ p�n�Ã�ilk���¼§{�pqgjpq{ ½�zo{ â·pB��¼ �àâ�gjzlvlpq{ ½�zo{ â�p½lpwgj¾jÃ ¹ ¼§ÅDÅ§pq{ãâ·p�¾ànjzlá�á:pq{6�
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	×kÒzlzlg~n�i<{�pq{®i�i�� ¹ i�pÒ½lpqg�¾jÃ ¹ ¼DÅ§Å§pwâ·pmil{ãâ·pqgjvlgjil{�â�á�zog�zokmp�njpqg�¾ ¼§{�½3Å§i�pwâ ¹ p#�,�ãpw{i<á}â·p�â�ilÄ,��Å§p�njkmp�n�¼§{�v<pq{6�
�»p�nän��ypqpsâ·p°á�g�i
��ÅDpwpqk#â�z�n��ãp ¹ zo{ãâ·pqÅ´â �yilg�â�n³¼§{��«pqpqÅ(� 	 ¹ pqpqÆ�n}½<pqg���zo{�â!kmpqn¾àn�gji�ilk ½<pqgjÅD¼§p+7wpq{ ¼§{ÏpwÅDpsÃ�n�gj¼´¾�Ã ¹ p³kmion�i<g�pw{Øpq{Ïn�g�zo{�¾àÆÞilgjkÒz�njilgjpq{6�©�»p#7qp��ãps¾Án�zlzo{ Ä�¼Dn¼ ��7qpwg��<pqgj{�pq{ v<pqkÒzlz��<nçk1pqn1¾ànjz<zoÅ§ÅDpwvlpqgj¼§{�vlpw{6� �«kB��¼§ÅDÅ§pä½�zl{ØpwÃqil{�i<k1¼´¾jÃ ¹ p¡pq{ÏpwÃ�i<ÅDi�Nv<¼§¾jÃ ¹ p1g�psâ·pq{�pw{8�:pqi�i<vonkmpq{ â·pmá�gji�â�Ä,�3n�¼§p1pw{ ¹ p�nvlp#��gjÄ�¼I�°½ªzl{'Å§pqv<pqgj¼D{�vlpq{©â·¼§pmâ�p

�ypqg���¼D{�vm½�zo{ â�p�kmion�i<g�ioÆ>n�g�zo{ã¾ÁÆÞi<g�kÒz�njilg�ilá�n�¼§kmzlÅD¼ 7qpwg�pw{6�)�«p km¼§{�¼§k1¼´¾�pqgj¼D{�vÒ½�zl{ â�p¾àn�gji�ilk ½<pqgjÅD¼§p+7wpq{��ªzl{ �ãpwg�pw¼I�3n>�yilg�â·pq{}kmp�n«¾ànjz<zoÅ6â�zon»pqpw{ ¹ ilvlpwg�p�1�¼&' ¾�¼DÅ§¼§Ãq¼DÄ�k�) Ã�il{,NÃqpq{3n�g�z�nj¼Dp ¹ pwp�Æ�n«â�zl{ ¹ p�n�n ¹ zo{�¾ ½3¼´z1kÒzl¾j¾�zlá�g�i·â·ÄãÃ�n�¼§p~vlpwkmz<z"�3n�p~¾ànjzlzlÅ��&. p�n»â·¼Dn»â·i�pqÅ
�yilg�â·pq{Ï¼D{�â�Ä�¾Ánjg�¼ �qÅ§p}n�psÃ ¹ {�¼§p+�lpw{Ïi<{<n���¼ � �lpwÅ§â 	£kÒz<zog ¹ p�nÒilá�n�¼§kmzlÅD¼ 7qpwg�pw{ ¹ ¼§pqgj½�zo{Ïpw{¹ pqn>�ãpwvlgj¼ �Áá:pq{ ½�zo{ â·pgjpqÅ§pq½�zo{3njp«ÆÞÀ·¾�¼§¾jÃ ¹ p~á�gji·Ã�pw¾j¾�pq{Q��ÅD¼ �Á½lpw{��:pqÅ´zo{�vlgj¼ ���@�Çhpw{®½ªzl{ â·p+7wpmÆÞÀ�¾�¼´¾�Ã ¹ pÒá�g�i·Ã�ps¾�¾�pq{©¼´¾�â·p¡â·¼I!:Äã¾à¼§pÒ½�zo{21�¼é¼§{ â·p¡¾ànjzlzlÅDkÒzon�gj¼JG°½�¼´zpwpq{ njpwÃ ¹ {�¼Dp#� vlpw{�zlzlkmâ �àâ·¼I!@Ä�¾à¼§pmzo{�{�pszoÅ§¼D{�v � 	 ¹ p�nilá �yp+� �lpw{ ½�zo{'â�¼J!@Ä�¾�¼DpÒâ·i�ilg ¹ pqnÄ�¼Dn�v<ÅDi�pw¼Dpw{'½�zo{ ¹ pqn ¾Án�zlzoÅ;�m�»¼Dn�7qi<Ä°pqpw{ ¾Án�zo{�â�z<zog�â á�gji���Å§pqpwkÒ¾ÁnjpqÅ§ÅD¼§{�v��3Ä�{�{�pq{�7w¼ �Á{C	kÒzlzlg ½�zo{ �ypqv<päâ·p}¼D{3n�pwgjz<Ã�nj¼Dp³k1pqn $ Å ' zoÅ§Ä�km¼§{�¼DÄ�k�)�n�gjpwâ�pq{ÏÃqilkmá�Å§¼§Ãwz�n�¼§pw¾çiláå�®Â�À N¾�¼§¾jÃ ¹ pÒá�zlgjzlkmp�n�pwgj¾�½li�ilgpwpq{®n�pwg�{ãzo¼§g 1�¼IN $ ÅJN¢Â�p³¾àÀ·¾àn�pqpwk 7w¼ �Á{Ø{�ilv il{ �:p+�<pq{�â 	>kÒzlzlg
7w¼ �Á{1n�i·Ã ¹ {�i·â·¼§v�i<k n�ilnhilá�Å§i<¾j¾�¼D{�v<pq{ n�pE�li<k1pw{ç¼§{mkmi�â�pqÅ§ÅDpw{1â·¼§p â·pyn�¼ �àâ�¾�pq½<ilÅ§Ä·n�¼§p�½ªzl{â·pÅ§pqv<pqgj¼D{�vçá:ilv<pq{³n�p�¾�¼DkçÄ�ÅDpwg�pw{6�£Çhpw{}pwpqg�¾Ánjp¾Án�zoá ¼D{ ¹ pqn>�ãp#�li<k1pw{³½�zl{}â·p#7qpá�zlgjz"Nkmp�njpqg�¾+	�7wil{�â�pqg4vlgjion�péil{�â·pwg�7wi�p+�·¾à¼§{�½lpwgj¾àn�pwg�¼§{�vlpw{C	q¼´¾ ¹ p�nL�ãpwá�zoÅ§pq{ç½�zo{ pwpq{1¾�Ã ¹ ¼ �Á{ ��zogjpâ·¼I!@Ä�¾à¼§p½�zo{ pqpw{³v<pqgjpwâ·ÄãÃ�pqpwgjâäá�gji���Å§pqpwk}�

�¢{ � �s�Á��������¶<µ � �)i<gjâ·n�â�¼J!@Ä�¾�¼Dp+NTzl{�{�pwzlÅD¼§{�v��:pw¾jÃ ¹ g�pw½lpw{6�P�¢{?1�pwÃ�n�¼§p����§�(�yilg�â�n ¹ pqná�gji·Ã�ps¾»½<pqg��3Å´zlzlgjâ pw{°pwpq{°kÒzon ¹ pwkmzon�¼´¾�Ã ¹ k1i·â·pwÅ>ilá�v<pw¾àn�pqÅ´â ���«¼¿n~kmi·â·pqÅL�yilg�â�n~â�zo{v<pqgjpwâ·Ä�ÃqpqpwgjâÏn�ilnäpqpw{*k1i·â·pwÅ kmp�näpwpq{ ¾jÃ ¹ ¼ �Á{ �ãzogjp â�¼J!@Ä�¾�¼Dp<� �«i
�Ïi<{<n���¼ � �lpwÅDpw{ �yppwpq{*{�Ä�kmpqgj¼Dp#�lp �:pq{�z<â·pqgj¼D{�v vlp+�ãzl¾�pqpqg�â ilá*â·p kmp�n ¹ i·â·p°â·pwg¡Å§¼ �Á{�pw{C	�pq{ â�¼¿nQ7wi��)pwÅ½<i3i<g ¹ p�n~vlpq½�zlÅ4kmpqn~pwpq{8�ãp#�)pwvlpq{ãâ ¼§{<njpqg�zlÃ�n�¼§pq½�Å§z�� zoÅ´¾M7wil{�â·pwgw�B�¢{ 1�psÃ�n�¼§pÒ��� ���yilg�Nâ·pw{*ÆÞÀ·¾à¼´¾jÃ ¹ p pHG·á:pqgj¼Dkmpq{3njpq{C	�Ä�¼Dn�v<pq½<i3pwgjâ!z<zo{ ¹ pqnäÅ§z��ãi<gjzon�i<g�¼§Ä�k 
×z"� . p�nä½�zo{ â�pº»{�¼D½<pqg�¾à¼Dn�pw¼¿n ¸ pq{3n��)pwpqgjvlpwvlpq½<pq{6�8�¢{ 1�psÃ�nj¼Dp ��� � ½<pqgjk1pwÅ§â�pq{2�ypäpw{,�lpwÅDp³{3Ä�k1pwg�¼§p+�<pp+G�á:pqgj¼§k1pw{3n�pq{å�
�«{,7wp¡½li�i<g�{�z<zokÒ¾àn�p���¼ �àâ·g�zovlpä¼§¾ ¹ p�nmÃ�i<{�¾Ánjg�Ä�pqgjpq{ ½�zo{Øpwpq{Øv<pqgjpwâ·ÄãÃ�pqpwgjâ©kmi·â·pqÅpw{Ïâ·pQ�:pq{ãzlâ·pwg�¼§{�v°pwg�½�zl{ ½3¼´z°â�päkmp�n ¹ i·â·p³â·pwgçÅ§¼ �Á{�pq{6�©x£pqg�â·pwg ¹ p#�,�ãpw{ �ypä¼§{ ¹ pqnv<pq½�zoÅ3½�zo{ pwpq{��:p+�ypqv<pq{�â ¼D{3njpqg�zlÃ�nj¼Dpw½�Å§z���z<zo{�v<p�n�i�i<{�â ¹ i�p ¹ p�n>vlp+��g�Ä�¼ �~½�zo{ 
×zo{�â�zlÄCF ¾njgjzl{�¾ÁÆÞi<g�kÒzon�¼§p�n�i�pqÅ´zlzonéilk"â·p�nj¼ �àâ�¾à½<pqg�zo{�â·pwg�Å§¼ ���lp�pq{³zá�gj¼Di<g�¼ãil{�v<p+�lpw{�â·p�á:i<¾�¼¿nj¼Dp»½ªzl{â·¼Dn ½�Å§z��Òn�g�zo{ã¾àá�zlgjzl{3n)njp(�:pqáãzoÅ§pq{6�
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n�i�p�njpyÅ´z�njpq{mâ·p�kmi�â�pqÅ§ÅDpw{çnjp�vlp+��g�Ä�¼ �lpw{ ¼§{mg�pszoÅ§¼§¾àn�¼´¾�Ã ¹ péilkmv<pq½�¼D{�vlpq{å�×�«pyáãzog�zokmp�njpqg�¾
7q¼ �Á{��3½@�·â·¼I!:Äã¾à¼§pwÃqi ���¡Ã�¼§pq{3n�pw{C	·g�pszlÃ�n�¼§pw¾�{�pqÅ ¹ pwâ�pq{C	�pq{ 7l�P�¢{³â�p+7qp�n ¹ pw¾�¼§¾ygjp ��psÃ�njpqgjpq{³â�pkmi·â·pqÅ§ÅDpw{��)pwg�� ��¼ ��7qpq{1â·¼§p ¾àá:pwÃq¼J��p#��ilá�vlpw¾àn�pwÅ§âB7q¼ �Á{milk ¾�ilkmkm¼Dv<p�½ªzl{1â�pyáãzog�zokmp�njpqg�¾n�p(�:pqá�zlÅDpw{6r ¹ p�n�â·i�pqÅ:½�zo{³â�p«â·i<Ä,��Å§p�n�¼§¾ ¹ p�nE�:p+�li<kmpq{¡½�zo{³il{�â�pqgjvlgjil{�â·áãzog�zokmp�njpqg�¾ �vlpsâ·Ä�gjpq{�â�p¡â·päzo{�{�pwzlÅD¼§{�v"N¢â·¼I!:Äã¾à¼§p��)i<gjâ�pq{®pHG�n�g�z kmp�nj¼D{�v<pq{ Ä�¼Dn�v<pq½<i3pwgjâ©i<k â·päâ�¼¿Æ NÆÞÄ�¾�¼DpsÃ�i ���¡Ãq¼Dpw{<n�njp �ãpwá�zoÅ§pq{å�

;©p �ãpwvl¼§{�{�pw{��ç�w�à���ª���;¶<µ���kmp�nåâ·phá�g�i
��ÅDpwpqk��ãps¾�Ã ¹ gj¼ �Á½3¼§{�vy½�zo{�â·¼I!:Äã¾à¼§pHN¢zo{�{�pwzoÅ§¼§{�v��
;©p ¾àn�pwÅDÅ§pq{ pqpwgj¾ànÒâ·p��<i<¾ànàÆÞÄ�{ãÃ�n�¼§il{ãzlzoÅ�i<á6�Ï�«p��<i<¾ànàÆÞÄ�{ãÃ�n�¼§il{ãzlzoÅy¼´¾mpqpq{ kÒzlz�nm½li�i<gâ·pÒz�Æ ��¼ ����¼D{�v³njÄ�¾j¾àpw{'p+G�á:pqgj¼§k1pw{3n�pqpwÅP�ãpwá�zlzlÅ§â�p���zlzlgjâ·pw{°½�zo{®â·pmilá�ÅDi3¾�¾�¼D{�vä½�zo{ ¹ p�nâ·¼I!:Äã¾à¼§pqá�gji���ÅDpwpqk�pw{�pqg�7q¼ �àâ�¾�pq{}{�Ä�kmpqgj¼Dp#���ãp#�li<k1pw{���zlzlgjâ�pq{¡½�zo{ â·p~ilá�ÅDi3¾�¾�¼D{�v1Ãqilg�Ngjpw¾�áãi<{�â·pqgjpq{ãâ kmp�n£pwpq{mvlp#�li�7wpq{çá�zog�zokmp�njpqg�¾ÁnjpqÅ�zo{�â�pqg�7q¼ �àâ�¾q�/�¢{ 1�pwÃ�n�¼§p 9��§� �yilg�â�n ¹ p�nâ·Ä�z<zoÅ@á�gji���Å§pqpwk"ilá�v<pw¾àn�pwÅ§â �£�«¼¿n ¼´¾ypqpw{ ¹ Ä�Å§á�½3g�zlzlv<¾àn�Ä,�mâ�zonynji�pqÅ´zlz�n�ilk�â�p�v<gjz<â·¼§pq{3n½�zo{¡â·pM�li<¾ànàÆÞÄ�{�Ã�nj¼Di<{�zlzlÅ�n�p>�:pqgjp+�<pq{�pw{6�4�«p+7wp vlg�zlâ�¼Dpw{<n£¼´¾h{�i·â·¼§vilk â·p i<á·n�¼§kÒzoÅ§p�á�z�Ng�zokmp�njpqg��yz<zog�â·pq{1n�p«½�¼D{�â�pq{6�h�«p«â·ÄãzoÅ§p«½<pqgjvlpqÅ§¼ ���3¼§{�v¼´¾y½ªzl{ ¹ pqnyi<{<n�zlzlgjâ·p Ãqil{�½lpsÃ�nj¼Dp+Nâ·¼I!:Äã¾à¼§pHNTg�pszlÃ�n�¼§p�nÁÀ�áãp<�>�¢{81�psÃ�nj¼Dp 9�� ���ãp#��¼ ��7wpq{?�yp p+G·¼§¾àn�pw{<nj¼Dp ½ªzl{ pqpw{ ilá�ÅDi3¾�¾�¼D{�vÒ½ªzl{â·p~â·Ä�zlÅDp�½lpwg�v<pqÅ§¼ ����¼§{�v�� �«á ¹ pqnypw¼D{ãâ·p~½ªzl{ ¹ pqn ¹ i3ilÆ â�¾àn�Ä,����gjpq¼´â·pw{Q�yp ¹ pqnyá�g�i
��ÅDpwpqkÄ�¼Dn�n�ilnçâ·¼´¾�Ãqg�pqn�pmnj¼ �àâ�¾�kmp�nj¼D{�v<pq{C	4pq{ �:pw¾jÃ ¹ i<Ä �ypq{ �ypÒ{3Ä�k1pwg�¼§p+�<pmpHG·áãpwg�¼§kmpq{3n�pw{ â·¼Dpâ·p ��gjÄ�¼ � ��zlzlg ¹ pw¼§âä½�zo{ â·pil{3n���¼ � �<pqÅ´â·p(�ãpw{�zlâ·pwg�¼§{�v<pq{ zlzo{3njil{�pw{6��«p ¹ i3ilÆ â ��¼ �àâ·g�zovlp(�:pw¾ànjzlzonyÄ�¼¿n ¹ pqn ilá�¾àn�pwÅDÅ§pq{³½ªzl{ ¹ p�n â·Ä�z<zoÅ@á�gji���Å§pqpwk"½li�ilg ¹ p�nâ·¼I!:Äã¾à¼§pHN¢zo{�{�pwzoÅ§¼§{�vl½�g�zlzov3¾ÁnjÄ,�@�<;©pm½lpwg���gj¼ �Áv<pq{ pwpq{'â�¼J!@pqgjpq{3n�¼´zlzlÅD½<pqgjvlpwÅD¼ ����¼D{�vä½ªzl{©â�p½li<g�k

∂tu− a(x, t)∂2
xu = f(x, t),

��zlzog���¼ �ãi<{<n�zlzlgjâ·¼§{�v�ilá�n�gjpqpwâ·n6¼D{ ¹ pqn6n�¼ �àâ�¾�½lpqg�zo{ãâ·pqgjÅD¼ ���lp>á�Ä�{<n
x = s(t)

	ªkmp�n
a(x, t) =

0
½li�ilg

x ≥ s(t)
pq{}kmp�n

∂xa(s(t), t) = c(t)
	,��zlzog���¼ � −∞ ≤ c(t) < 0

��«p}kmpqn ¹ i·â·p}ilk pwpq{ â·Ä�zlzlÅ�á�g�i
��Å§pqpqk i<áÏnjp}¾àn�pwÅDÅ§pq{ ¼§¾mâ·i�i<g�v3zlzo{ã¾�vli�psâØvlp#� Npq{ãâ �D�¢{ ¹ p�n ¹ Ä�¼§â·¼§v¡v<pq½�zoÅ6pw½lpw{ �ypqÅ 	�¼´¾»â·p g�ps¾àÄ�ÅDn�pwg�pw{�â·p�â·ÄãzoÅ§p�½lpwg�v<pqÅ§¼ ����¼§{�vm{�ilvÒ{�¼§p�n
�:pw¾jÃ ¹ ilÄ � âØ¼§{ â�p³Å§¼¿njpqg�z�njÄ�Ä�gs�Ï�»p}½lpwg�v<pqÅ§¼ ����¼§{�v���zl{Ï{�zlk1pwÅD¼ ���Ø¾àn�pqg�� il{3n�zlzog�â�7q¼ �Á{C	
∂xa(s(t), t) = −∞,

pw{ i�½lpwg�v3zlzo{}¼§{ pqpw{ á�Ä�Ä�g�gjpwzlÃ�n�¼§pqá�gji���ÅDpwpqk ¼§{ pwpq{ nj¼ �àâ�¾�½lpwgjzl{ Nâ·pwg�Å§¼ ���}â·pqpwÅ6½�zo{ ¹ pqn»â·ilkmpq¼§{6�P;©p ��Ä�{�{�pw{ â·p~pHG·¼§¾àn�pw{3n�¼§p½ªzl{ pqpq{ i<á�ÅDi3¾�¾�¼§{�vç½�zl{ â�p
7+��z"� �<p ÆÞilgjk Ä�ÅDpwg�¼§{�v ½�zl{ ¹ pqn�á�g�i
��ÅDpwpqk �:p+�<ilkmpq{³¼D{än��)pwp«v<pq½�zoÅ§ÅDpw{6�PAåpw{äpwpqg�¾Ánjp«½�¼´zpqpw{'gjpqv<Ä�Å´zogj¼I7sz�n�¼§p ½�zl{

a(x, t)
gjil{�â

x = s(t)
	/A ¹ pqi<g�pwkÒz 9�� �·�§�l� Aåpw{°n��ypqpsâ·p��yzl{ N{�pwpqg�pqpw{ä½�¼§¾jÃ�i3¾à¼Dn�pw¼¿n�¾ài<á�Å§i<¾j¾à¼§{�v �:pw¾jÃ ¹ ilÄ � â��yilg�â�n#	 A ¹ pwilgjpqkÒz 9ã� ��� ���×Çépq{ä{�Ä�kmpwg�¼§p+�pHG·á:pqgj¼Dkmpw{<n«½ªzl{ pqpw{ kmi�â�pqÅåá�g�i
��ÅDpwpqk�¼DÅ§Å§Ä�¾Ánjg�pwpqg�n«â�zon«â·pçâ�Ä�zoÅ§p�½lpwg�v<pqÅ§¼ ����¼§{�vmvli�pwâ�pgjpw¾�Ä�Å¿n�z�njpq{}ilá�Å§pq½<pqg�n�½<i�ilg�â·p~g�psÃ�i<{�¾Ánjg�ÄãÃ�n�¼§p~½�zo{ â·pá�zog�zokmpqn�pqg�¾w�

�¢{ � �s�Á�������;¶<µ��(�ãps¾�Ã ¹ i<Ä �)pw{��yp ¹ p�n»â·i<Ä,��Å§p�n�N;p+G�á:pqgj¼§k1pw{3nw�P;©pvlpq½<pq{}pqpw{}i�½<pqg�N
7q¼´Ã ¹ n1½�zl{Ïkmp�n ¹ i·â·pq{ ½li�ilg1á�zog�zokmpqn�pqgj¼´â·pq{3n�¼I�ãÃwz�n�¼§p¡½<i3i<gçâ·p}il{ãâ·pqgjvlgjil{�â®¼§{ 1·pwÃ�nj¼Dp�·�§�l� �¢{ 1�pwÃ�n�¼§pÒ��� �Q�yilg�â�n�â·p 
6pq½<pq{ �:pqgjv"N . zog �3Ä�zog�â�n NTkmp�n ¹ i·â·p �ãi<{�â·¼§v ¼D{ ¹ pqgj¼§{�{�pHNgj¼D{�v}vlp#��g�zlÃ ¹ nw� �¢{ 1�pwÃ�n�¼§pm��� ���yilg�â�n ¹ p�n�â·Ä�zlÅDp1á�gji���Å§pqpwk il{3n���¼I� �<pqÅ´â 	 ¾�zlk1pw{°kmp�n
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pwpq{ vlpwá�zl¾àn�pÒ{�Ä�kmpwg�¼§p+�<p �:pq{ãzlâ·pwg�¼§{�v����¢{ 1�psÃ�n�¼§p³��� 9 njpq{�¾�ÅDilnànjp�	L�)i<gjâ�pq{©{3Ä�k1pwg�¼§p+�<pp+G�á:pqgj¼§k1pw{3n�pq{}vlpwvlpw½lpq{å��«pÒ½li�ilgj{�z<zokÒ¾Ánjp���¼ �àâ·g�zov<pm½ªzl{ ¹ p�n ¹ i3ilÆ â�¾àn�Ä,�'¼§¾�â�z�n��ypÒpqpq{ â·ÄãzlzoÅéá�g�i
��Å§pqpqkÄ�¼Dn��ypqg��lpq{ ½li�ilg>pqpw{çÃqil{�½lpsÃ�n�¼§pHN¢â·¼I!:Äã¾à¼§pq½�g�zlzov3¾ÁnjÄ,��	#��zlzlg���¼ �åâ·p�kmp�nj¼D{�vlpq{1vlpwkm¼§â�â�pqÅ´â·p
��zlzlgjâ·pw{�7q¼ �Á{°i�½<pqg»pwpq{©â·pqpwÅ4½�zl{°â·p1gjzl{�â ½�zo{ ¹ p�nâ·ilkmpw¼D{C	 â·p 7qi<vlpw{�zlzlkmâ�p â·i�ilg�N¾�¼ �Áá:pqÅ§¼§{�v<¾jÃ�Ä�gj½lp<� �«¼¿n¡Å§¼ ���<n �:pqá:pqg��3n�p ¼§{·ÆÞilgjkÒz�n�¼§p³n�p 7q¼ �Á{!ilk pwpq{!â·Ä�zlzlÅ�á�g�i
��Å§pqpqkkmpqpi<áänjp�¾ÁnjpqÅ§ÅDpw{6�P�¢{�â·pwgjâ�zlzlâC	�â�ppq{�¼§vlp~kÒzo{�¼§pqg â�z�n â·ppHG·á:pqgj¼Dkmpw{<njpqpwÅ ilá�v<pqkmp�njpq{Ãqil{�Ãqpq{3n�g�z�nj¼Dp

uB(t)
½�zo{ â·pÒkmpwg��<pqg¼§{ ¹ p�n�ilá�vlpqá:ilkmá·njp��yzon�pwg ' zoÅ´¾gjpw¾�Ä�ÅDnjzlzon�½�zl{¹ pqn«â·¼§g�psÃ�njp½3g�zlzlv<¾àn�Ä,�Òi<á�vlps¾ÁnjpqÅ´âä¼§{ n�pwg�kmpw{}½�zl{

u(x, y, t)
) 	�½<i�ilg��lilk ny¼§{ â·p â·ÄãzoÅ§p½<pqgjvlpqÅ§¼ ���3¼§{�v�'Þilá�vlpw¾àn�pwÅ§âä¼D{³n�pwg�kmpw{ä½�zo{

v(x, y, t)
) 	�¼´¾y½�¼§zçpqpw{³g�zo{�â�Ã�il{ãâ·¼¿nj¼Dp�½�zo{ ¹ p�nâ·ÄãzoÅ§p�á�g�i
��ÅDpwpqk 	

a∂y(g(x, y)v(x, y, t))−bg(x, y)v(x, y, t) = c

∫

Γ1

(u(x̃(s), ỹ(s), t)−uB(t) ds,
i<á

Γ1.

. pw{ 7qi<Ä½lpqg���zlÃ ¹ n�pw{�â�zon4â·¼DnåÅ§pq¼´â�nånjionåpwpq{ ¾�Å§pwÃ ¹ n6vlps¾ÁnjpqÅ´â~¼D{�½lpwgj¾6á�g�i
��Å§pqpqk 	%�yz<zogjkmpqp¹ pqn ��¼ ��7wil{�â�pqg~kmi3pw¼DÅ§¼ ��� ¼§¾~áãzog�zokmp�njpqg�¾ njp1¼´â·pw{<nj¼J�:Ã�pqgjpq{å��� pqn~n�pqv<pq{�â�pqpqÅ>¼´¾~pq½<pq{ �)pwÅ
��zlzlgwr~½�¼§z â·pÒ{�Ä�kmpwg�¼§p+�<pçp+G�á:pqgj¼§k1pw{3n�pq{��yilg�â·pq{87qpwpqgvli�psâ·pÒg�ps¾àÄ�Å¿n�z�n�pw{8�:p+�<ilkmpq{å��«¼¿nh¼§Å§ÅDÄ�¾àn�gjpqpwgàn£â�zon£â�p�â�ilÄ,��Å§p�n£pwpq{1p��¡Ã�¼ �q{3n�p�kmp�n ¹ i·â·p�ilá�Å§pq½<pqg�n4i<k á�zog�zokmpqn�pqg�¾×½ªzl{â·pi<{�â·pwg�v<g�i<{�âÒkmpqp~njp �ãpwá�zoÅ§pq{6�
È}É�É3Û 
 
 
�� ��É3Ð®Ê4Ì�Ë�ÚoÍsÙ ßsÚªÖ �ãÌ�Ñ54Ð���� Ë·ÍsÉ3ÌªßwÍqÌ�Ñ:ÎØÙ Ð��:ß«Ê4Ì�Ñ�4>Û É�É�Î �«k ¹ p�n�â·ilÄ,N��Å§p�n�N;v<g�i<{�â ��z�njpqg�¾Ánjg�i<k1¼§{�v3¾àá�gji���ÅDpwpqk�ilá njpäÅ§i<¾j¾àpw{C	>vlp#��g�Ä�¼I�<pq{ �ypäâ·pQ7wilv<pq{�z<zokÒâ·p�«Ä�á�Ä�¼Dn N¢Â�i<gjÃ ¹�¹ pq¼§kmpqgC�:pq{�z<â·pqgj¼§{�v 	sâ·¼Dpé½lpqg�n�¼ ��zoÅ§p>vlgjil{�â ��z�njpqg�¾Ánjg�i<km¼D{�v)½lpwg���zlzlg�Å§i�i<¾ànw�¸ psâ·Ä�gjpq{�â·p�â·p�½�zoÅ§¼´â�z�nj¼Dpy½�zo{mâ·p+7wp)njpwÃ ¹ {�¼Dp#� 	��ypqg�â·pw{B�ypyv<pwÃqil{·ÆÞgjil{3n�pwpqg�â~kmp�nOA��on ¹ F ¾gjpqv<¼Di<{�zlzlÅ×¾àn�gjilkm¼D{�v<¾�á�g�i
��Å§pqpqk 	:pqpw{��:p+�lpw{�â ½<i�ilg��ãpwpqÅ´â��yz<zogj¼D{°½lpqg�n�¼ ��zoÅ§p v<g�i<{�â ��z�Nnjpqg�¾Ánjg�i<k1¼§{�v � �wÅ6½�zo{��ãpwÅ§zl{�vm¼§¾ pq{�7qpqÅDÆ ¾�pwpq{}á�g�i<km¼D{�pw{3n�p~g�i<Å6¾àá:pqpwÅ¿ns�

$ Å ¹ i�p#�)pwÅ ¹ p�n£kmi�â�pqÅ�vli�pwâB�ãps¾�Ã ¹ g�pw½lpq{ ¼§¾>¼§{çâ·p�Å§¼¿njpqg�z�njÄ�Ä�g%	o¾ÁnjpqÄ�{�pw{1â�p)v<p+��gjÄ�¼ �<njpi<á�ÅDi3¾�¾�¼§{�v<¾�kmp�n ¹ i�â�pq{Òilá³¾Ánjpqg��lp ½<pqgjpqpq{�½<ilÄ�â·¼§vl¼§{�v<pq{6�C�¢{ ¹ p�nyilgj¼Dv<¼D{�pqÅ§p gjzlá�á:ilg�n#	 � �o��
 	á�gji"�ÁpsÃ�njpqpqg�n A��on ¹ ¹ p�n³â·i<kmpq¼§{ i<á!pqpq{!gjpwÃ ¹ n ¹ i3p#��	hn�pwg���¼ �ÁÅ»pwpq{!kmpqpwg¡g�psÃ�pw{<njp ��¼ � Nâ·g�zov<p�	 � � ��
 	:pwpq{ i<{�pq¼§{�â·¼§väâ·¼§pqá©â·ilkmpw¼D{ v<p+��gjÄ�¼ �3nw�M�¢{ � �s�Á���ª���;¶<µ��=�:p ¹ zo{�â·pwÅDpw{��yp¹ pqn�á�gji���Å§pqpwk pq{®v<pq½lpw{8�ypm{�¼§p�n pw{,�lpwÅ£pqpq{ ¾�pqkm¼INTzl{�zoÅ§À3n�¼´¾�Ã ¹ p1ilá�ÅDi3¾�¾�¼D{�v 	6kÒzlzlg~n�i�N{�pw{ �)pi�i��³zlzo{ ¹ i�p�â·p �àil{�pw¼D{ãâ·¼Dv<p��~pqÅ§pqkmpq{3n�pw{�kmp�n ¹ i·â·p ��zo{ vlp#��g�Ä�¼I�3nD�)i<gjâ�pq{ zoÅ´¾zlá�á�gji G�¼§kÒz�nj¼Dpwk1pqn ¹ i·â·p<�
�»p�n ¹ i�ioÆ â�¾àn�Ä �Ï¼´¾ÒzoÅ´¾m½lilÅ§vonm¼§{�vlpsâ·pqpwÅ§â � �¢{ 1�psÃ�n�¼§p ��� �'vlpq½<pq{ �)p â·p i<g�¼§vl¼§{�pqÅ§pi<á�ÅDi3¾�¾�¼§{�v ½�zo{�A��on ¹ �ypqpwgw�/�¢{ 1·pwÃ�nj¼Dp��� �B�ãps¾�Ã ¹ i<Ä �)pw{Q�yp«pwpq{ä½<pqg��ãpqn�pwgjâQ��¼§¾���Ä�{�â·¼§vkmi·â·pqÅ;�4Çhpq{ zl{�zoÅ§À3n�¼´¾�Ã ¹ philá�Å§i<¾j¾�¼D{�vM�ãps¾Án�zlzo{ãâ·péÄ�¼Dn>il{�pw¼D{�â�¼Dv<phg�pwp+�·¾�pq{��yilg�â�n×zoÆÞvlpqÅ§pq¼´â¼§{B1�pwÃ�n�¼§pé��� 9��×�»pé¾�pqkm¼INTzl{�zoÅ§À3n�¼´¾�Ã ¹ p/�:pq{ãzlâ·pwg�¼§{�vD�yilg�â�n6Ä�¼Dn�pqpw{�vlp#7qpqn6¼D{B1�psÃ�nj¼Dpé��� ���å�«p{�Ä�kmpqgj¼§p+�lp»g�ps¾àÄ�ÅDnjzon�pw{��)i<gjâ·pw{Ò½lpwgjâ·pwgh½lpwg�v<pqÅ§p+�<pq{1k1pqnygjpw¾�Ä�ÅDnjzon�pq{ÒÄ�¼¿n�â·p»Å§¼¿njpqg�z�njÄ�Ä�gs�
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�¢{ 1�psÃ�nj¼Dp}��� ���)i<gjâ·nçâ�zo{ �<ilg�n â·p¡nji�pqá�z<¾�¾�¼D{�v ½�zo{Øâ·p³pq¼§{�â·¼§vlp¡pwÅDpwk1pw{3n�pq{�k1pqn ¹ i·â·p
�:pw¾�á�g�i
�lpw{C	·zoÅ´¾ài�i��Ò½�zl{äpqpw{³v<pqá�z<¾Ánjp«i<{�pq¼§{�â·¼§vlp�pqÅ§pqkmpw{<njpq{�kmpqn ¹ i·â·p<�P;'p~njil{�pw{³zlzl{¹ i�p�â·¼§p~Å§z<z�nj¾àn�p=��zo{ v<p+��gjÄ�¼ �<nD�yilg�â·pq{���¼ ��â·pkmi·â·pwÅDÅ§pqgj¼D{�v1½�zl{}â·¼§pqá:pvlgjil{ãâ·Å§zlvlpw{6�

� pqn ½li�i<g�{�z<zokÒ¾àn�pmâ·i�pqÅh½�zo{Øâ�¼¿n ¹ i3ilÆ â�¾àn�Ä,�'¼§¾ ilk ½<i�ilgpqpw{��ãpwÅ§zl{�vlgj¼ ��� ¹ À�â�g�i�NvlpwilÅ§ilv<¼§¾jÃ ¹ ½�g�zlzlv<¾àn�Ä,� pw{,�lpwÅDpÒÄ�¼Dn�pwpq{�Å§ilá:pq{ãâ·p¡ilá�ÅDi3¾�¾�¼D{�v<¾�k1pqn ¹ i·â·ps¾~½li�ilg~njpä¾àn�pqÅ§Å§pq{C	v<z<zo{�â�p�½�zl{³pwpq{ ' ¾�pqkm¼ ) N¢zo{�zlÅDÀ3n�¼´¾jÃ ¹ p«kmpqn ¹ i·â·p~njion {�Ä�kmpqgj¼Dp#�lp�kmp�n ¹ i�â�pq{6�
Ü¡Ê4ÊéÉ�Ð��×Ù�ÚlÉ�ß �«k�â�p+7qp�n ¹ ps¾à¼´¾�'Þv<pwâ·pwpqÅDn�pwÅD¼ ���,)�ilá 7w¼§Ã ¹ 7wpqÅDÆh¾Án�zlzo{ãâänjp�kÒz"�<pq{C	 ¹ p+� N
�:pq{2�ypä� zlá�áãpw{�â·¼´Ã�ps¾n�i�pwvlpq½<i�pqv<â6� $ á�áãpw{�â·¼IG $ vlpwp�Æ�n1pqpq{ i�½<pqg�7q¼´Ã ¹ n~½�zl{ pq{,�<pqÅ§p¾ànjzo{ãâ�zlzlgjâ g�ps¾àÄ�ÅDnjzon�pw{ Ä�¼Dnéâ·pyÆÞÄ�{�Ã�n�¼§il{�z<zoÅ´zo{�zlÅDÀ·¾�pl� $ á�áãpw{�â·¼IG K �:pw¾jÃ ¹ i<Ä ��nL��z<¾à¼´¾ �:pHNvlgj¼§á�áãpw{ä¼§{ä½<pqg���zo{�â¡k1pqn�vlgjil{�â ��z�njpqgjkmi�â�pqÅ§ÅDpwg�¼§{�v 	l{3Ä�nàn�¼§vm½li�ilg � i�ioÆ â�¾ÁnjÄ,� �lpq{ ��pw{���E�¢{ $ á�á:pq{�â·¼IG8- �)i<gjâ·pw{ ��zl¾�¼§¾jzl¾�á:pwÃ�njpq{ ½�zo{ {�Ä�kmpqgj¼§p+�lpkmpqn ¹ i·â·pw{ ½li�ilg�¼§{�½lpwgj¾�p½�gjz<zov3¾ÁnjÄ,� �lpq{Q�ãps¾�Ã ¹ gjpq½<pq{6�£�«¼¿n»zlÅ§¾�z<Ã ¹ n�pqgjvlgjil{ãâ���¼ ���«pqpwÅC� �����
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;©p Ã�i<{�¾à¼´â·pwg»zlâ·½<pwÃ�n�¼§il{ N¢â·¼I!:Ä�¾�¼§il{}á�g�i
��Å§pqkÒ¾�¼§{ z¡â·ilkÒzl¼D{
Ω ⊂ R

d kmi·â·pwÅDpsâ �3Àän ¹ p½�zogj¼§z���Å§p~Ãqi�p��¡Ã�¼§pq{3n�p��3Ä�zon�¼§il{
∂tφ(u) + ∇ · (vu− D∇u) = 0.

'����D� )
� pwg�p

φ(u)
¼´¾ n ¹ pçgjp�n�zog�â�z�nj¼Di<{C	

v
¼§¾»n ¹ p1½lpwÅDi·Ãq¼¿nÁÀ���pqÅ´â°â�pqá:pq{�â·¼§{�v³il{ n ¹ pçá:i<¾�¼Dn�¼§il{C	zo{ãâ

D
¼´¾~n ¹ päâ·¼I!:Äã¾à¼§il{®njpq{�¾�ilg%	×zlÅ§¾�i â·pqá:pq{ãâ·¼D{�v il{©n ¹ p¡áãi3¾à¼Dn�¼§il{å�Q;©p¡ÅDi�i
� ÆÞilgçz¾�ilÅ§Ä·n�¼§il{
u(x, t)

	
x ∈ Ω

zl{�â
t ∈ (0, T ) := It

¾�zon�¼´¾ÁÆÞÀ�¼§{�v�';�·�§�%)H	�zlÅDi<{�v���¼Dn ¹ zo{¡¼§{�¼Dn�¼´zoÅÃ�i<{�â·¼Dn�¼§il{
u(x, 0) = u0(x), x ∈ Ω,zo{ãâ��:ilÄ�{�â�zogjÀ¡Ã�i<{�â·¼Dn�¼§il{�¾�ilÆ>�«¼§g�¼´Ã ¹ Å§p�n�nÁÀ�áãp

u(x, t) = uD(x, t), x ∈ ∂ΩD, t > 0,zo{ãâ �»pqÄ�kÒzl{�{änÁÀ�á:p
∂nu(x, t) = uN (x, t), x ∈ ∂ΩN , t > 0,ilg t i���¼§{}nÁÀ3á:p

∂nu(x, t) + c(x, t)u(x, t) = uR(x, t), x ∈ ∂ΩR, t > 0,

� �
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� ¹ pwg�p

∂Ω = ∂ΩD ∪ ∂ΩN ∪ ∂ΩR ∪ Γ
	
meas Γ = 0

�
A ¹ ps¾àp'nÁÀ�áãps¾ ioÆ1p��3Ä�z�nj¼Di<{�¾}i·ÃqÃ�Ä�g}¼§{ áãi<g�i<Ä�¾}k1psâ·¼´z �ãi�� 	 ¹ psz�n}n�g�zo{�¾�á:ilg�n}¼§{

��i���¼§{�v��yzon�pqg%	�á�gjilá�zlv<z�nj¼Di<{ÒioÆåpwá�¼´â·pqkm¼´Ãq¾yilg�Ãqzlg�gj¼Dpwghnjgjzl{�¾àá:ilg�n)¼§{ ¾àpwk1¼´Ã�i<{�â·Ä�Ã�n�i<gj¾w�
A ¹ pwÀäzogjpzlâ·½<pwÃ�n�¼§il{ â·ilkm¼§{�z�njpwâ��ãpsÃqzoÄã¾àp�n ¹ pq¼§g»¾ài�NTÃwzoÅ§ÅDpsâ³�l¦D�l¤�¥o¦@�����q¦D���y��¶��Ò¤����

Pe :=
‖v‖∞diam(Ω)

‖D‖∞¼´¾ ¾�¼Dv<{�¼J�:Ãqzo{3njÅDÀÒÅ´zogjvlpwg)n ¹ zo{©�l�. zl{�Àäâ·¼ �ÒÃqÄ�ÅDn�¼§pw¾»zlg�ppw{�Ã�i<Ä�{3n�pwg�psâä¼§{ n ¹ p {3Ä�k1pwg�¼´ÃqzlÅåzoá�á�g�i G·¼§kÒz�n�¼§il{³ioÆhzlâ�½lpwÃHNnj¼Di<{°â·ilkm¼§{�z�njpwâ â·¼I!@Ä�¾à¼§il{ á�g�i
��ÅDpwkÒ¾q�>A ¹ ¼´¾ ¼´¾�â·Ä�pnji¡n ¹ p�{�z�njÄ�gjp�ioÆhkÒzo{�À}zoá�á�gji G N¼§kÒz�n�¼§il{©kmp�n ¹ i·â�¾+	/� ¹ ¼´Ã ¹'¹ zª½lpm¾àá:pwÃq¼J�ãÃÒâ�gjz �D��z<Ã5�·¾q�m�»Ä �Ò¾�¼§il{®á�gji���Å§pqkÒ¾~Ãqzl{©p���NÃq¼Dpw{<njÅDÀ �:p�¾ài<ÅD½<pwâB��¼¿n ¹ ½�zogj¼´z�n�¼§il{ãzoÅ�zoá�á�gji G·¼DkÒzon�¼§il{�¾&' ¸ zoÅ§pqg���¼D{çkmp�n ¹ i�â�¾�)H	"��Ä·n>n ¹ pw¾�pÆ zl¼DÅ·â·g�zokÒz�nj¼§ÃwzoÅ§ÅDÀ=� ¹ pw{1zlá�á�Å§¼Dpsânji ¹ À�áãpwg��:ilÅ§¼´Ãéá�gji���ÅDpwkm¾#	�Å§¼I�<p)á�Ä�g�p�zlâ·½<pwÃ�n�¼§il{�á�gji��,NÅ§pqkÒ¾w�(A ¹ pçg�pszl¾�il{ ¼´¾ n ¹ z�n ¹ À3á:pqg��:ilÅ§¼§Ãá�g�i
��ÅDpwkÒ¾»pw{<n�zo¼§Å4â�¼§¾jÃ�i<{<nj¼D{�Ä�¼Dn�¼§pw¾#	@zo{�â kÒzl{3Àkmp�n ¹ i·â�¾���g�psz"�©â·i���{ØÄ�{�â�pqgç¾�Ä�Ã ¹ Ãq¼Dg�Ã�Ä�kÒ¾ànjzl{�Ã�ps¾q�?�»À3á:pqg��:ilÅ§¼§Ãäá�g�i
��Å§pqkÒ¾ Ãwzo{ �:p¾�ilÅ§½lpsâ?��¼Dn ¹©¹ ¼Dv ¹ NTg�ps¾ài<ÅDÄ·nj¼Di<{���{�¼Dn�pÒ½<ilÅ§Ä�kmpçkmpqn ¹ i·â�¾#	C� ¹ pwg�pmzoá�á�g�i<á�g�¼´z�njp {�Ä�kmpqgj¼INÃwzoÅ �ãÄ GçÆÞÄ�{�Ã�nj¼Di<{�¾ézlg�p�Ä�¾�pwâC	
��Ä�nén ¹ pw¾�p»zogjp�{�ionyzl¾£á�g�zlÃ�n�¼´ÃqzlÅ·ÆÞilgyâ·¼J!@Ä�¾�¼Di<{Òá�gji���Å§pqkÒ¾w�
�»À ��g�¼´âmkmp�n ¹ i�â�¾ ¹ zª½<p �:pqpw{äâ·pw½lpqÅ§ilá:pwâ1i�½<pqg>n ¹ p á�zl¾àn)â·psÃqz<â·pw¾ �oÆÞi<g)zo{mi�½<pqgj½3¼§p+� ¾àpwp
� 9<��
 	 - ¹ zlá·n�pwg 8,	"� ¹ pwg�pD13njg�pszok 
6¼§{�pHN¢�«¼J!@Ä�¾�¼Di<{C	 
åzlvlg�zo{�v<pHN ¸ zoÅ§pqg���¼D{zo{ãâ Â4¼D{�¼¿njp�x£ilÅINÄ�kmp«k1pqn ¹ i·â�¾)zogjp á�gjpw¾�pq{3n�psâ �P1�pqp»zlÅ§¾�i	� �o��
 	,- ¹ zoá·njpqg � 	<ÆÞilgP��{�¼¿njp»½li<ÅDÄ�k1p»k1pqn ¹ i·â�¾
'Þn ¹ pwg�p~ÃqzlÅDÅ§pwâÒv<pq{�pwgjzlÅD¼ 7qpsâmÄ�á ��¼D{ãâäâ·¼I!:pwg�pw{�Ã�p�¾�Ã ¹ pqkmpw¾5)��PA ¹ ps¾àp«k1pqn ¹ i·â�¾�zlg�p«¼D{äÆÞÄ�ÅDÅâ·pw½lpwÅDi<á�kmpq{3nw�

;©p ¹ zª½<p Ã ¹ i3¾àpw{ z¡â·¼I!:pwg�pw{<n~zoá�á�g�i3zlÃ ¹ �>�¢{ã¾Ánjpwzlâ ilÆéâ·pq½<pqÅ§ilá�¼§{�väzäkmp�n ¹ i�â n ¹ zon¾�ilÅ§½lps¾ n ¹ pÒzlâ·½<pwÃ�nj¼Di<{'â·i<km¼D{�zon�psâ'â·¼I!@Ä�¾à¼§il{©á�gji���Å§pqk 	 �ypç¼§{3n�pw{�â nji Ä�¾àpçn ¹ p���g�i3zlâ
��{�i���Å§pwâ·v<p�n ¹ zonépHG·¼´¾Án�¾hi<{¡¾ài<ÅD½�¼§{�v�zlâ·½<pwÃ�n�¼§il{má�gji���Å§pqkÒ¾hi<{Òil{�p ¹ zo{�â 	�zo{ãâÒâ·¼J!@Ä�¾�¼Di<{á�gji���ÅDpwkm¾åil{n ¹ péiln ¹ pwgw� $ njpwÃ ¹ {�¼ �3Ä�p)ÃwzoÅ§ÅDpsâ~ilá:pqg�z�njilg×¾�á�Å§¼¿n�n�¼§{�v»kÒz��lpw¾6n ¹ ¼´¾×áãi3¾�¾�¼I��ÅDp<rn ¹ päi<g�¼§vl¼§{�zoÅ)á�gji���Å§pqk ¼§¾1¾�á�ÅD¼Dnç¼§{ n��yi�rmil{�päá�Ä�gjpqÅ§À ¹ À�á:pqg��ãi<ÅD¼´Ã¡á�g�i
��ÅDpwk 	>zl{�â i<{�pá�zlgjz��ãi<ÅD¼´Ã«á�g�i
��Å§pqk �

A ¹ p){�Ä�kB�:pqg4ioÆ�p+G·¼§¾àn�¼§{�v»{�Ä�kmpwg�¼´ÃqzlÅlkmp�n ¹ i·â�¾4¼§¾ ¹ Ä�vlp<�C�¢{�n ¹ p�Ã ¹ il¼´Ã�p)ioÆ�kmp�n ¹ i·â�¾+	
�yp��ypqgjp zoÅ �yzªÀ·¾�v<Ä�¼´â·pwâ���À³n ¹ pçá�g�zlÃ�nj¼§ÃwzoÅ×pHG�zokmá�Å§p��ypB��zo{3n�psâ}n�i³¾�ilÅ§½lp
	�n ¹ pçâ·ÄãzoÅIN
�ypqÅ§Åãp+G·áãpwg�¼§kmpq{3nw�/;'p<��¼DÅ§Å@Ã�il{ã¾à¼´â·pqg)kmp�n ¹ i�â�¾O� ¹ ¼´Ã ¹ zlg�p ¾�Ä�¼Dnjz"��ÅDp»ÆÞilghn ¹ p«â�Ä�zoÅIN �ypqÅ§Å;�
;©p zogjp�z ��zogjp»n ¹ z�n»kÒzl{3À³ion ¹ pqg kmpqn ¹ i·â�¾»pHG�¾à¼´¾àn#	ãzl{�â³n ¹ zon n ¹ pqgjpk1¼§v ¹ nM�:p��:p�n�n�pqgÃ ¹ i<¼§Ãqpw¾w�

A ¹ ¼´¾�- ¹ zoá�n�pqg~¾ànjzog�nj¾(��¼Dn ¹ zo{°i�½<pqgj½�¼Dp#� ilÆhn ¹ p1kÒzon ¹ pwkmzon�¼´ÃqzlÅ×nji�ilÅ´¾»{�pwpwâ·psâ nji¾�ilÅ§½lp�'����D� )�r>n ¹ p�ilá:pqg�z�njilg�¾�á�ÅD¼Dnànj¼D{�v¡kmp�n ¹ i�âC	�t�¼§pqkÒzo{�{ ¾�ilÅ§½lpwgj¾#	�zo{�â³n ¹ p=��{�¼Dn�p�½<ilÅINÄ�kmpmkmp�n ¹ i·â ���¢{�1·pwÃ�nj¼Di<{®��� �Q�yp1á�g�ps¾àpw{<n~n ¹ pÒâ·Ä�zoÅIN �)pwÅDÅ£á�gji���ÅDpwk}��A ¹ pm{�p+G3n~n��yi
1�psÃ�nj¼Di<{�¾«zlá�á�Å§À kmzon ¹ zlkÒz�n�¼´ÃqzlÅånji�ilÅ´¾ nji¡n ¹ p1â·ÄãzoÅIN �ypqÅ§Ååá�gji���ÅDpwk�	 ��g�¾àn<��¼Dn ¹ i<Ä·n~zl{�ân ¹ pq{ ��¼¿n ¹ z<â�¾�ilgjá·n�¼§il{6�L1�pwÃ�n�¼§il{m�·� � ¼´¾>â·pq½<ion�psânji«n ¹ p�Ã�i<{3½<pqgjvlpw{�Ã�philÆ�n ¹ py{�Ä�kmpwg�¼´ÃqzlÅzlá�á�gji G�¼§kÒz�nj¼Di<{6�4Â4¼§{�zoÅ§Å§À�	·¼§{�1·pwÃ�nj¼Di<{ �·� �ç{�Ä�kmpwg�¼´ÃqzlÅ:p+G·áãpwg�¼§kmpq{3nj¾�zlg�p~vl¼§½lpw{6�
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�«á:pqg�z�n�i<g»¾�á�ÅD¼Dnànj¼D{�vä¼´¾ n ¹ p�njpwÃ ¹ {�¼ �3Ä�p ilÆéâ·¼§½3¼´â·¼§{�väz³Ã�ilkmá�Å§¼´Ãqz�njpwâ â·¼I!@pqgjpq{3n�¼´zoÅ4p��3Ä�z"Nn�¼§il{ ¼§{3n�i¡¾�pq½lpwgjzlÅ6¾à¼§kmá�Å§pqg�á�zlgàn�¾q�OA ¹ p�Ã�ilgjgjpw¾�áãi<{�â·¼§{�vçkmpqn ¹ i·â�¾«zogjp~ÃwzoÅ§ÅDpsâ �j±�����¥o�T�o��;±:¦W���;�;���3� �Ò�q�����w���@i<gã����¥<���;� ���@¥�¦·���¢�T±:� �Ò���Þ���s�ª���LA ¹ p)¾�á�Å§¼¿n�n�¼§{�v»ilÆ�z»â·¼I!@pqgjpq{3n�¼´zoÅ3p��3Ä�z"Nn�¼§il{ Ãwzo{ �ãp�â�il{�pzlÃwÃ�i<gjâ·¼§{�vçn�imn ¹ p�¾àÄ �·nÁÀ�áãpilÆ×n ¹ pá�gji���Å§pqkÒ¾wrhâ·¼J!@Ä�¾�¼Di<{C	�gjpwz<Ã�n�¼§il{ 	zlâ�½lpwÃ�n�¼§il{C	>¾�ilÄ�g�Ã�p1n�pwg�kÒ¾w���Tn1Ãqzo{ØzlÅ§¾�i �ãp³â·il{�p³zlÃqÃqilg�â·¼§{�v}n�i n ¹ päâ·¼§k1pw{�¾�¼Di<{�¾+	>¾�iÃqzlÅDÅ§pwâ®��� �Ò�q����� ���@¥�¦×��±@¦W���;�������o�
È}Ù ÎØÉ�Ð4ßwÙ�ÑãÐ4Ë�ÛhßwÊ4Û�ÙÞÍwÍwÙ Ð��
�«¼Dkmpq{ã¾à¼§il{�zlÅ»¾�á�ÅD¼Dnànj¼D{�v ¼§¾mnÁÀ�á�¼´ÃqzlÅDÅ§ÀØÄ�¾�pwâ nji©gjpwâ�Ä�Ã�p kçÄ·n�¼´â·¼§k1pw{�¾�¼Di<{�zoÅ ¹ À�áãpwg��:ilÅ§¼´Ãá�gji���Å§pqkÒ¾�nji}i<{�pÒâ·¼§k1pw{�¾�¼Di<{�zoÅ£á�gji���ÅDpwkm¾w� -)il{�¾�¼§â�pqg�n ¹ pmn��yi â·¼§k1pw{�¾�¼Di<{�zoÅ£Ã�i<{�¾�pqg�N½�z�nj¼Di<{}Å´z �

∂tu+ ∂xf(u) + ∂yg(u) = 0, u(x, y, 0) = u0(x, y).
'��·� ��)

�«pq{�iln�p ��À T f,x
t u0 n ¹ p�¾ài<ÅDÄ�n�¼§il{}ioÆ

∂tv + ∂xf(v) = 0, v(x, y, 0) = u0(x, y),

� ¹ pwg�p
y
¼´¾�z1á�zl¾j¾�¼D½<p«á�zlgjzlkmp�n�pwgw� 1�¼§km¼DÅ´zogjÅ§À�	·Å§p�n T g,y

t u0 �ãp~n ¹ p�¾ài<ÅDÄ�n�¼§il{}ioÆ
∂tw + ∂yg(w) = 0, w(x, y, 0) = u0(x, y),

� ¹ pwg�p
x
¼´¾�zçáãzl¾j¾à¼§½lp�á�zog�zokmpqn�pqgs�PA ¹ p~¼§â�pwz1ioÆ£â·¼§k1pw{�¾�¼Di<{�zoÅ ¾�á�ÅD¼Dnànj¼D{�vÒ¼§¾ynji¡zoá�á�gji G N¼§kmzon�p~n ¹ p�¾ài<ÅDÄ�n�¼§il{}ioÆ ';�·� ��)�zon

t = n∆t
	C'
n ∈ N0

) 	,��À
u(x, y, n∆t) ≈

[
T g,y

t ◦ T f,x
t

]n
u0(x, y).

'��·� �
)
A ¹ p~z"�:i�½lp ¼´¾�ÃqzlÅDÅ§pwâ³zç¾�pqkm¼INTâ·¼´¾jÃ�gjp�n�p«¾àá�Å§¼Dnàn�¼§{�vmkmp�n ¹ i·â 	�zl¾én ¹ p�ilá:pqg�z�njilg�¾ T zogjpÃ�i<{�¾�¼§â·pwg�psâÒnjiçá�gji·â·Ä�Ãqp«p+G·z<Ã�n�¾ài<ÅDÄ�n�¼§il{�¾)ioÆ×n ¹ p ������F ¾w�L�TÆån ¹ p~ilá:pqg�z�n�i<gj¾)Ã�i<g�gjpw¾�áãi<{�ân�i'z {3Ä�k1pwg�¼´ÃqzlÅhkmp�n ¹ i·â zoá�á�gji G·¼DkÒzon�¼§{�v}n ¹ pä¾�ilÅ§Ä·nj¼Di<{©ilÆ�n ¹ päÃqilgjg�ps¾àá:il{ãâ·¼D{�v � � ��	

�ypäÃqzlÅDÅén ¹ p}zoá�á�gji G·¼DkÒzon�¼§il{®z ÆÞÄ�Å§ÅDÀ N¢â·¼§¾jÃ�gjp�njpä¾�á�ÅD¼Dnànj¼D{�v°kmp�n ¹ i·â �?�Tn1Ãwzo{ �:pä¾ ¹ i���{n ¹ z�n1n ¹ p ¾�pqkm¼JN¢â·¼´¾�Ãqg�pqn�p}â·¼Dkmpw{�¾à¼§il{ãzoÅ�¾àá�Å§¼Dnàn�¼§{�v©á�gji�â�Ä�Ã�ps¾1z'¾àp �3Ä�pq{�ÃqpäilÆ ÆÞÄ�{�Ã�n�¼§il{�¾ÆÞilg
∆t → 0

n ¹ zon Ã�i<{3½<pqgjvlps¾»nji z ¾ài<ÅDÄ�n�¼§il{©ioÆ '��·� ��)�¼§{Øz �ypwz"�'¾àpw{�¾àp
	×zl{�â'n ¹ zon�¼¿ná�gjpw¾�pqgj½lps¾�¾ànjz���¼§ÅD¼DnÁÀ�	×k1pszo{�¼§{�v}n ¹ z�n�¼DÆ
v
¼´¾z ¾ài<ÅDÄ�n�¼§il{®ioÆ�z³á�g�i
��ÅDpwk ��¼Dn ¹ â·¼I!:pwg�pw{3nâ�zonjz,	

∂tv + ∂xf̃(v) + ∂yg̃(v) = 0, v(x, y, 0) = v0(x, y),
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�yp ¹ zª½lp�n ¹ z�n

‖u(·, t) − v(·, t)‖1 ≤ ‖u0 − v0‖1 + Ctmax
(
‖f − f̃‖Lip, ‖g − g̃‖Lip

)
.

'���� 9 )
Â�ilg�kmilgjpâ·p�n�zo¼§Å§¾#	�¾àpwp � �<� 
;�
�çÑ:Ð /ãÉ3Ì �ãÉ�Ð4ÚlÉ Ì�Ë·ÍsÉ
�Tn ¼´¾¼§kmáãi<gàn�zo{3n�n�i v<¼D½<pÒpHG�n�g�z z�n�n�pq{3nj¼Di<{®n�i n ¹ päÃ�i<{3½<pqgjvlpw{�Ã�p1gjzon�p<��A ¹ p¡¼§{3n�gj¼D{ã¾à¼´Ãpwg�gjilgilÆyn ¹ p³â�¼Dkmpq{ã¾à¼§il{�zlÅé¾�á�ÅD¼Dnànj¼D{�v ¼§¾ ioÆ�n ¹ päilg�â·pwg √

∆t
	>¾�pqp � � � 
 	PA ¹ pqi<g�pwk 9ã� ���

1�i i<{�p km¼Dv ¹ nÒn ¹ ¼§{,�Øn ¹ ¼´¾Òkmp�n ¹ i�â!á:pqg�ÆÞilgjkÒ¾mk Ä�Ã ¹ �yilg�¾àp}n ¹ zo{!ion ¹ pqgÒ{�Ä�kmpwg�¼´ÃqzlÅkmp�n ¹ i·â�¾�� ¹ ¼§Ã ¹ zlg�p°ioÆ=��g�¾Án}ilg ¹ ¼§v ¹ pqgäi<gjâ�pqgs��A ¹ ¼§¾³¼§¾ä{�ion³n ¹ p©Ãqz<¾àp
	�z<¾¡¼§{*n ¹ pi<áãpwgjzon�ilg�¾�á�ÅD¼Dnànj¼D{�v1kmpqn ¹ i·â 	·n ¹ p�n�¼§kmpw¾àn�pqá
∆t
¼´¾y{�ionD�:ilÄ�{ãâ·pwâ���Àäz������mÃqil{�â·¼Dn�¼§il{å�

A ¹ p������³Ãqil{�â�¼¿nj¼Di<{ ¼D{©zlâ·½<pwÃ�n�¼§il{ á�gji���ÅDpwkm¾�¾ànjz�njpw¾»n ¹ zon«n ¹ pçn�¼§k1ps¾Ánjpqá'k Ä�¾àn�gjpqÅ´z�njpnjiän ¹ p1¾�á�z<Ã�p v<g�¼´â ¼§{'¾�Ä�Ã ¹ zQ�yzªÀ}n ¹ z�n~¼D{'il{�pm¾àn�pqá°n ¹ p���i�� i<{�ÅDÀ gjpwz<Ã ¹ pw¾«z¡á:il¼§{3nilÆån ¹ p�¾àá�z<Ã�p~vlgj¼´â¡ÆÞgjilk�á:il¼§{3nj¾E� ¹ ¼´Ã ¹ zogjp«¼§{}n ¹ p�¾àn�pw{�Ã�¼§Å ioÆ4n ¹ p�{�Ä�kmpwg�¼´ÃqzlÅ k1pqn ¹ i·â �
A ¹ Ä�¾#	 z¡kmp�n ¹ i·â n ¹ z�nÃqzoÅ´Ã�Ä�Å§zon�pw¾»n ¹ p ½�zoÅ§Ä�p1¼D{

xi
ÆÞg�i<k�½�zlÅDÄ�ps¾�¼D{

xi−1, xi, xi+1
¼§{n ¹ p á�gjpq½�¼§ilÄ�¾4nj¼Dkmpw¾àn�pwáC	3k Ä�¾àn ¹ zª½<p�z�nj¼Dkmps¾Ánjpqá¡¾�Ä�Ã ¹ n ¹ zonhn ¹ p ��i��2��pwÅ§âm¼§{�â·pwpwâmi<{�ÅDÀÃwzogjg�¼§pw¾y¼§{·ÆÞilgjkÒz�n�¼§il{³ÆÞgjilk"n ¹ pw¾�p{�pq¼§v ¹ �:ilgj¼D{�v1á:il¼§{3nj¾#	·¼�� pl�

v∆t ≤ ∆x
�éÂ�i<g�kÒzlÅDÅ§À �yp¼§{3n�gji�â�Ä�Ã�p
	�¾àpwp�� 9 � 
 	

È}É��4Ð4ÙÞÍsÙ Ñ:Ð - � 	�� 	
	 ��	 � �çÑ:Ð��4ÙÞÍsÙ Ñ:Ð�� �� �ã¶��m�q��� ��¥�¦ �m�q�����w� ��¥��Ø¤��Ò�����ã¨ª�q���3���ã��o��¦��¡� ����� ���¶��Ò�q��� �j¥o¦×�l� �m¥o���Ø�Á� �<�T±����@�l�q�:���m�������¢¥�������������;��¶��ç�<� �Ò¥���� �Á� �<�T±��q����<���@�j�1�Á������� �������)¥��y¦D��¥ª���y��� �Þ��� ¦W� �ç��� ¥��
∆t
¥o�:�

∆x
�<�¡�T���w�q�����

�»ion�pmn ¹ z�nn ¹ p������ Ãqil{�â·¼Dn�¼§il{®¼´¾il{�ÅDÀ©z {�pwÃqpw¾j¾�zlg�À Ãqil{�â·¼Dn�¼§il{©ÆÞi<g Ã�i<{3½<pqgjvlpw{�Ã�pzl{�â³¾ànjz���¼§ÅD¼DnÁÀ�	�zl{�â³¼§¾�{�ion zoÅ �yzªÀ·¾�¾�Ä'�¡Ã�¼§pq{3nw�
�¢{ z<â·½lpsÃ�nj¼Di<{ â·ilkm¼§{�z�njpwâá�g�i
��ÅDpwkÒ¾6n ¹ p�������Ã�i<{�â·¼Dn�¼§il{�kÒz"�<pw¾×Ã�ilkmá�Ä�njz�nj¼Di<{ ½<pqgjÀ¹ zlgjâC	ªz<¾åz«¾àkÒzoÅ§Å3vlgj¼§â~¼§kmá�ÅD¼§pw¾4zo{ pHG�n�gjpqkmpqÅ§À~¾àkÒzoÅ§Å<n�¼§k1ps¾Ánjpqá6�LA ¹ p)ilá:pqg�z�n�i<gå¾�á�ÅD¼Dnànj¼D{�vâ·i�ps¾»{�iln ¹ zª½lpn ¹ ¼§¾«Å§¼Dkm¼Dnjz�nj¼Di<{C	6¾�iäil{�pçÃqzl{°¾�á�ÅD¼Dn�zon«nj¼Dkmpm¾Ánjpqá�¾«Ä�á°n�i°�s��N��s�çnj¼Dkmpw¾n ¹ p������Ò{3Ä�kB�:pqg�¾q�PA ¹ ¼´¾�kÒz"�<pw¾y¼¿n»zçÆ z<¾Án kmp�n ¹ i·â 	�Ä�¾�p�ÆÞÄ�ÅDÅ6¼§{ zlâ·½<pwÃ�n�¼§il{ â·ilkm¼§{�z�njpwâá�gji���ÅDpwkm¾#	@ilg�¼D{'á�gji���Å§pqkÒ¾<� ¹ pqgjp�n ¹ pÒÃ�ilkmá�Ä�njz�nj¼Di<{�¾«{�pqpsâ n�i��ãp1Æ z<¾Án%	:Å§¼ �lp1¼D{�½lpwgj¾�pá�gji���ÅDpwkm¾w�
�TnékçÄ�¾ànO�ãp«{�ionjpwâ1n ¹ z�nhn ¹ p»{�Ä�kmpwg�¼´ÃqzlÅ�kmp�n ¹ i�âmÄã¾àpsâ1n�i ¾�ilÅ§½lp�n ¹ p»¾�á�ÅD¼Dn)á�g�i
��ÅDpwk 	â·i�ps¾ ¹ zª½lp�nji¡¾�zon�¼´¾ÁÆÞÀän ¹ p������¡Ãqil{�â·¼Dn�¼§il{å�éÂ�i<g á�Ä�gjp ¹ À3á:pqg��:ilÅ§¼§Ã�á�gji���Å§pqkÒ¾ ¹ i��)pw½lpqg%	¾�áãpsÃ�¼´zoÅ«k1pqn ¹ i·â�¾äÅD¼ �lp ÆÞg�i<{<nän�g�zlÃ5��¼D{�v 	 ��zl¾�pwâ!i<{!n ¹ p°t ¼Dpwkmzl{�{ á�gji���ÅDpwk�	�Ãwzo{ �:pÄ�¾�pwâ6� A ¹ pw¾�p~k1pqn ¹ i·â�¾»â·im{�ion ¹ zª½<p�z������1nÁÀ�áãpilÆ4Å§¼§k1¼Dnjzon�¼§il{6� $ Å§¾�imá�Ä�gjpâ·¼J!@Ä�¾�¼Di<{á�gji���ÅDpwkm¾�â�i1{�ion pHG ¹ ¼ ��¼Dn�n ¹ ¼´¾�Å§¼Dkm¼Dnjz�nj¼Di<{6�Â�g�i<k�n ¹ pz"�:i�½lp�â·¼§¾jÃ�Äã¾�¾�¼Di<{¡ilá:pqg�z�njilg�¾àá�ÅD¼Dnànj¼D{�vçn�psÃ ¹ {�¼ �3Ä�pw¾ykm¼Dv ¹ n�zlá�á:pwzog)n�i �:pÅ§pw¾j¾mÄ�¾�p�ÆÞÄ�Å§Å»¼§{!{�il{!zlâ·½<pwÃ�n�¼§il{!â·ilkm¼§{�z�njpwâ á�gji���Å§pqkÒ¾w� �»i��)pw½lpwg#	)pq½lpw{Ïn ¹ pq{ n ¹ pqÀ
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km¼Dv ¹ n(�:p ¹ zo{�â·À nji³¾�á�Å§¼¿n�n ¹ p1ilgj¼§vl¼§{�zoÅ×á�g�i
��Å§pqk ¼§{°Å§pw¾j¾«Ãqilkmá�Å§¼§Ãwz�n�psâ á�zlgàn�¾q� �»zon�Ä Ng�zoÅ§ÅDÀ
	·n ¹ p vlgjpwz�n»z<â·½�zo{3njzlvlp~ioÆL�:pq¼§{�väz"��ÅDp~nji¡Ä�¾�p�z1n�¼§k1ps¾Ánjpqá�� ¹ ¼´Ã ¹ ¼´¾�k Ä�Ã ¹ Å´zogjvlpwgn ¹ zo{ ¼D{ iln ¹ pwg�{3Ä�k1pwg�¼´ÃqzlÅ@k1pqn ¹ i·â�¾ ¼§¾�{�ion zo{ zogjvlÄ�kmpw{<n zl{3À�kmilgjpl�
�éÑ��:Ù ÚlË�ÛyÑãÊéÉ3Ì�Ë·ÍwÑãÌäßwÊ4Û�ÙÞÍwÍwÙ Ð�� � �4Ù 2%4ßwÙ�ÑãÐ
�¢{ØÅ§ilv<¼§ÃwzoÅ£ilá:pqg�z�njilg ¾�á�Å§¼¿n�n�¼§{�v 	4n ¹ p¡ilgj¼§vl¼§{�zoÅ � � �©¼´¾ ¾�á�ÅD¼Dn1zlÅDi<{�v ÅDi<vl¼´ÃqzlÅhá�zog�nj¾wrçâ�¼¿Æ NÆÞÄ�¾�¼Di<{C	6zlâ�½lpwÃ�n�¼§il{C	6¾�ilÄ�gjÃqpn�pwg�kÒ¾#	 g�pszlÃ�nj¼Di<{C	@p�n�Ão� -)i<{�¾à¼´â·pwg�zl{'zlâ�½lpwÃ�n�¼§il{°â�¼J!@Ä�¾�¼Di<{p��3Ä�zon�¼§il{ zo{�â}¼§{�¼Dn�¼´zoÅ6Ã�i<{�â·¼Dn�¼§il{

∂tu+

m∑

j=1

∂xjfj(u) − µ∆u = 0, u(x, 0) = u0(x),
'��·� ��)

� ¹ pwg�p
∆u =

∑
j ∂x2

j
u

	ozo{�âB� ¹ pqgjp
µ
¼§¾>z�Ã�i<{�¾Án�zo{3nw�4�»pw{�ionjp&��À Tj(t)u

0 n ¹ p�¾ài<ÅDÄ·nj¼Di<{ioÆ
∂tv + ∂xjfj(v) = 0, v(x, 0) = u0(x),zo{ãâ���À D(t)u0 n ¹ p�¾ài<ÅDÄ·nj¼Di<{³ilÆ

∂tw = µ∆w, w(x, 0) = u0(x).

A ¹ p�¼´â·pwz�ilÆãilá:pqg�z�njilg£¾�á�ÅD¼Dnànj¼D{�v�¼´¾>nji~zlá�á�gji G·¼DkÒz�njpén ¹ p�¾ài<ÅDÄ�n�¼§il{1ioÆ/';�·� ��)>zon
t = n∆t

	
'
n ∈ N0

)H	,��À
u(x, n∆t) ≈ [D(∆t) ◦ Tm(∆t) ◦ . . . ◦ T1(∆t)]

n
u0(x).

'��·� �
)
Â�i<g»n ¹ ¼´¾�¾�pqkm¼INTâ�¼§¾jÃ�gjp�njp�ilá:pqg�z�njilg«¾�á�Å§¼¿n�n�¼§{�v 	:n ¹ p1Ãqil{�½lpwg�v<pq{�Ãqp~n�i}z �ypwz"� ¾�ilÅ§Ä·n�¼§il{

uioÆD'���� �
)yÃqzo{��:pá�g�i�½<pwâ 	·¾�pqp � � � 
T�
�¢{ Å§ilvl¼´ÃqzlÅhilá:pqg�z�njilg ¾�á�Å§¼¿n�n�¼§{�v 	>¼Dnç¼´¾�{�iln {�psÃ�pw¾j¾jzogjÀ n�i°¾�ilÅ§½lp¡n ¹ pä¾�Ä,� á�gji���ÅDpwkm¾¼§{Ïn ¹ p ¾�zlkmpänj¼Dkmpw¾àn�pwá*zl¾çn ¹ p i<áãpwgjzon�ilgm¾�á�ÅD¼Dnànj¼D{�v'nj¼Dkmps¾Ánjpqá

∆t
� 
åp�n

∆t = l∆τ
	

l ≥ 1
zo{'¼D{3njpqvlpwgw� A ¹ pw{C	6zo{�ion ¹ pqg~¾àÅ§¼Dv ¹ n�Å§À â�¼J!@pqgjpq{3n~ilá:pqg�z�n�i<g«¾�á�Å§¼¿n�n�¼§{�v³kmpqn ¹ i·â'¼§¾n�i¡zlá�á�gji G·¼DkÒz�njp»n ¹ p¾ài<ÅDÄ�n�¼§il{}ioÆD'��·� ��)yzon

t = n∆t
��À

ũ(x, n∆t) ≈
[
D(∆t) ◦ [Tm(∆τ) ◦ . . . ◦ T1(∆τ)]

l
]n
u0(x).

'��·� �")
1�i»Æ zog%	%�yp)â�pw¾jÃ�gj¼I�:pwâi<{�Å§À«n ¹ p)¾�pqkm¼INTâ�¼§¾jÃ�gjp�njphkmp�n ¹ i�â6�:�¢{n ¹ p)ÆÞÄ�ÅDÅ§À�â·¼´¾�Ãqg�pqn�phkmpqn ¹ i·â 	n ¹ päilá:pqg�z�njilg D(∆t)

	hÃqzl{Øzov<zl¼D{��:päzoá�á�g�i G·¼§kÒz�n�psâ �3À®z {�Ä�kmpqgj¼´ÃqzoÅék1pqn ¹ i·â©n ¹ z�nÄ�¾�pw¾�¾�pq½<pqg�zoÅ:n�¼§kmpw¾àn�pqáã¾�n�iÒzoá�á�g�i G·¼§kÒz�n�p«n ¹ p�â·¼J!@Ä�¾�¼Di<{ i�½lpqg
∆t
�
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	×Ñ�Ì�ÎØË�Û)Ë�Ð4Ë�ÛÞÝ6ßsÙ ßÒÓTÑãÌäÛ Ù�Ð×É�Ë·ÌÒÊ4Ì�Ñ�4>Û É�ÎØß
�¢{ vlpw{�pqg�zoÅ 	·Ã�i<{�¾à¼´â·pwg)n ¹ pÅ§¼D{�pszog �����³ioÆ4n ¹ p~ÆÞi<g�k

∂tu = (A + B)u,

� ¹ pwg�p A,B kmzªÀ��ãp¡â·¼I!@pqgjpq{3n�¼´zoÅhi<áãpwgjzon�i<gj¾w�1Â�ilg�¾�¼Dkmá�Å§¼´Ã�¼DnÁÀ'¾�Ä�á�á:i<¾�pçn ¹ pqÀ©â·i {�ionâ·pwáãpw{�â}pHG·á�Å§¼§Ãq¼¿njpqÅ§Àäi<{
t
�P;©p ¹ zª½lp«n ¹ z�n

∂j
tu = (A + B)ju.

�TÆ A,B â·pqá:pq{ãâ il{ t �yp��)i<Ä�Å´â ¹ zª½lp~nji¡Ä�¾�pn ¹ pçá�gji�â�Ä�Ã�n»gjÄ�Å§p zo{ãâ}n�pqgjkÒ¾ Å§¼I�<p
∂tA�yilÄ�Å´â*zoÅ´¾�iØzoá�á:pwzlgw� $ ¾Òn ¹ p°ilá:pqg�z�njilg�¾Òâ·iÏ{�ion³â·pwáãpw{�â*i<{

t
�)p°Ãwzo{ ��gj¼¿njp n ¹ p¾�ilÅ§Ä·n�¼§il{ z�n�nj¼Dkmp

t = ∆t
Äã¾à¼§{�v�A×zªÀ�Å§ilg�¾�pqgj¼Dps¾�zl¾

u(x,∆t) = u(x, 0) + ∆t(A + B)u(x, 0) + 1
2
(∆t)2(A + B)2u(x, 0) + . . .

=

∞∑

j=0

(∆t)j

j!
(A + B)ju(x, 0)

= e∆t(A+B)u(x, 0).
'���� � )

�«pq{�iln�¼§{�v���À
ũ
n ¹ p�¾�ilÅ§Ä·nj¼Di<{³i
�·njzl¼D{�psâQ��Àän ¹ p�ÆÞg�zlÃ�nj¼Di<{�zoÅ6¾àn�pwá k1pqn ¹ i·â 	 �)p ¹ zª½<p

ũ(x,∆t) = e∆tBe∆tAu(x, 0).

A ¹ pwg�pqÆÞilgjp�	3n ¹ pm��±@¦W���;�������³�q�������ç¼§¾ vl¼§½lpq{���À
u(x,∆t) − ũ(x,∆t) =

(
e∆t(A+B) − e∆tBe∆tA

)
u(x, 0).

A ¹ ¼´¾ Ãwzo{ Ãqzo{��:p�ÃqzoÅ´Ã�Ä�Å§zon�pwâ���Àäz�A×zªÀ�Å§ilg�¾�pqgj¼Dps¾�pHG·á�zo{ã¾à¼§il{C	3ÆÞi<g
ũ

ũ(x,∆t) =
(
I + ∆tB + 1

2
(∆t)2B2 + . . .

) (
I + ∆tA + 1

2
(∆t)2A2 + . . .

)
u(x, 0)

=
(
I + ∆t(A + B) + 1

2
(∆t)2(A2 + 2BA + B2) + . . .

)
u(x, 0).

-)i<k1áãzogj¼D{�v ��¼Dn ¹ '���� � )éÀ�¼§pqÅ´â�¾
u(x,∆t) − ũ(x,∆t) = 1

2
(∆t)2(AB − BA)u(x, 0) + (AB − BA)O((∆t)3).

'���� 8 )
�»pq{�Ãqp�	3n ¹ p¾�á�Å§¼¿n�n�¼§{�vçpwg�gjilg�â·pwáãpw{�â�¾yil{än ¹ p¡��� � �ç¶·�¢¥��¢��� AB−BA zo{�âä¼§¾E7wpqgjiÄ�á'il{�Å§À ¼D{°n ¹ pÒ¾�áãpsÃ�¼´zoÅ>Ãqz<¾àp�� ¹ pq{°n ¹ pmâ·¼I!:pwg�pw{<nj¼§zlÅ×i<áãpwgjzon�i<gj¾ A zo{�â B Ãqilkmk Ä�n�pl��«½<pqg³zlÅDÅ T

∆t

nj¼Dkmp ¾Ánjpqá�¾#	M�yp'zlg�gj¼§½lp°zon}z k1pqn ¹ i·â n ¹ zon}¼´¾���gj¾àn³i<gjâ�pqg zlÃqÃqÄ�g�z�n�p
	



- �3	 � ÔÕË�ÍwÖ4É3ÎÏË·ÍwÙ�ÚlË�ÛéÍwÑ6Ñ:Û ß - �

pq½<pq{©¼¿Æyn ¹ pm¾�Ä,��á�g�i
��ÅDpwkÒ¾zogjp1¾�ilÅ§½lpsâ pHG�z<Ã�n�Å§Àl�.� iln�¼´Ã�p1n ¹ z�nn ¹ p1i<gjâ�pqg~ioÆ�zlÃqÃqÄ�g�zlÃ�Ài���njzo¼§{�psâ ¹ pqgjp il{�ÅDÀ ¹ ilÅ´â�¾hÆÞilg)¾�kmi�ion ¹ ¾�ilÅ§Ä·nj¼Di<{�¾q�/�¢{mn ¹ p»vlpw{�pqg�zoÅãÃqzl¾�p zÅ§i��)pwghilg�â·pwgioÆ£zlÃwÃ�Ä�g�zlÃqÀ���¼DÅ§Å �:pi���¾�pqgj½lpsâ �
A ¹ p�z��ãi�½<p»ÆÞi<g�k�ilÆ4i<áãpwgjzon�i<g�¾�á�Å§¼¿n�n�¼§{�vÒ¼´¾ ¾ài<kmp�n�¼§kmpw¾�ÃwzoÅ§ÅDpsâ�� �s��¶·�:�o¨1��±@¦W���;�������o�

�«{�p1Ãqzo{ i
�·njzl¼D{ ¾�pwÃqil{�â i<gjâ�pqg»z<ÃqÃ�Ä�gjz<Ã�ÀQ��¼Dn ¹ zä¾�ÅD¼§v ¹ n»kmi·â·¼I�ãÃqzon�¼§il{ ÃqzlÅDÅ§pwâ��:���j¥��3��;±:¦W���;�;���3�l� �Tn ¼§¾�v<¼D½<pq{³ÆÞilgjkÒzoÅ§ÅDÀ���À
u(x,∆t) = e

1
2
∆tAe∆tBe

1
2
∆tAu(x, 0).

fhg�zlÃ�n�¼´ÃqzoÅ§Å§ÀØn ¹ p ¾�zlk1p z<ÃqÃqÄ�gjz<Ã�À ¼´¾¡i
��¾àpwg�½<pwâ � A ¹ ¼§¾Ò¼´¾¡â·Ä�p n�i®n ¹ p Æ zlÃ�n¡n ¹ zonÒn ¹ pÃ�i�p��ÒÃq¼Dpw{3n�ilÆhn ¹ p O(∆t)
n�pqgjk�kÒzªÀ��ãp1k Ä�Ã ¹ ¾àkÒzlÅDÅ§pqg«n ¹ zl{ n ¹ p1Ãqi�p��¡Ã�¼§pq{3n~¼D{°n ¹ p¾�pwÃ�i<{�â NTilg�â·pqg n�pqgjk �(13njgjzl{�vä¾�á�Å§¼¿n�n�¼§{�v³¼´¾«ioÆ�n�pw{ Ä�¾�pwâ ¼§{°â·¼§kmpq{�¾�¼§il{�zlÅ4¾�á�Å§¼¿n�n�¼§{�v���Â�ilgÅ§ilvl¼´ÃqzlÅã¾�á�Å§¼¿n�n�¼§{�v ¼Dn)km¼§v ¹ n&�:p»Å§pw¾j¾hÆ zª½<ilÄ�g�z"��ÅDpE� ¹ pw{äzoÅ´¾àiB�ãi<Ä�{�â�zlg�ÀmÃ�i<{�â·¼Dn�¼§il{�¾){�pqpsân�iQ�ãpn�z"�<pq{ ¼D{3nji¡zlÃqÃqilÄ�{3nsr£n ¹ pwg�p¼´¾ Å§¼Dnàn�Å§p�Ä�¾�p�¼§{ â·¼J!@Ä�¾�¼Di<{ ioÆhzÒÃ�i<{3njzokm¼§{�zo{3nD� ¹ pw{{�iln Àlp�n�n ¹ p~n�ilnjzoÅ ¼§{���Ä,G³i�½lpwg

∆t
¹ z<¾�i�ÃwÃ�Ä�gjpwâ}zoÅ§il{�v n ¹ ppwâ·v<pw¾w�

�.4��sÉ�ÚoÍwÙ3/ãÉ
;©pB��¼§ÅDÅ>zoá�á�ÅDÀ ilá:pqg�z�njilg»¾�á�Å§¼¿n�n�¼§{�v¡nji8';�·�§�%)�zl{�â á�gji�½lp¼Dnj¾�Ã�i<{3½<pqgjvlpw{�Ã�p<�EA ¹ p kÒzo¼§{â·¼I!:pwg�pw{�Ã�p(��¼Dn ¹ á�g�pw½�¼Di<Ä�¾àÅ§À1á�Ä,��Å§¼§¾ ¹ psâ¡gjpw¾�Ä�Å¿n�¾y¼§¾)n ¹ p»Æ z<Ã�nyn ¹ zon �yp�Ãqil{�¾�¼´â·pqg�z�gjp�n�zog�Nâ�zon�¼§il{

φ(u)
zo{ãâän ¹ z�n(�)p ��¼§Å§Å×Ã�i<{�¾�¼§â·pwg {�Ä�kmpqgj¼§ÃwzoÅ6kmpqn ¹ i·â�¾M� ¹ ¼§Ã ¹ ¾�ilÅ§½lp~n ¹ p ¾�á�Å§¼¿ná�gji���Å§pqk ¼D{}n ¹ ¼§¾ ¾�p�n�n�¼§{�v��PA ¹ Ä�¾#	 �)p�â�il{CF n�ÅDpszo{}Ä�áãi<{}n ¹ p~njgjzl{�¾ÁÆÞi<g�kÒzon�¼§il{Ònji¡zç{�p+�½�zogj¼§z���Å§p

w = φ(u)
	,� ¹ ¼´Ã ¹ �yilÄ�Å§â���gj¼D{�v1n ¹ pá�gji���Å§pqk�¼§{ z ÆÞi<g�k ÅD¼ �lp�'���� �
))ilg�'���� �
)��Â�i<g»n ¹ pm¾àpwk1¼IN¢â·¼§¾jÃ�gjp�njp kmp�n ¹ i·â n ¹ ¼§¾~â·¼´¾àn�¼§{�Ã�nj¼Di<{ ¹ z<¾»{�i³¼Dkmá�z<Ã�nsr g�ps¾àÄ�Å¿n�¾ ÆÞi<g

w
zogjpn�g�zo{ã¾ÁÆÞpwgjz���ÅDp»n�i1g�ps¾àÄ�Å¿n�¾éÆÞi<g

φ(u)
	�zl¾én ¹ p~ilá:pqg�z�njilg�¾éÃqil{�¾�¼§â�pqgjpwâ¡zlg�p�pHG�zlÃ�ny¾�ilÅ§Ä·n�¼§il{ã¾q�Â�i<g£n ¹ p�ÆÞÄ�Å§ÅDÀmâ·¼´¾�Ãqg�pqn�p�kmp�n ¹ i·â1n ¹ p�{�Ä�kmpqgj¼´ÃqzoÅ�k1pqn ¹ i·âÒzlá�á�gji G�¼§kÒz�nj¼D{�v«n ¹ p á�gji���Å§pqk¼§{

w
¼´¾ â·¼I!:pwg�pw{3n�ÆÞg�i<k"n ¹ pi<{�p~¼D{

u
�

$ {�ion ¹ pqgçâ�¼J!@pqgjpq{�Ãqp���¼¿n ¹ ¾ànjzo{ãâ�zog�â®Ã�il{�½<pqgjvlpq{ãÃ�p1á�g�i�ilÆ ¾�Ã�i<{�Ã�pwg�{�¾n ¹ päâ�ilkÒzo¼§{
Ω
��. i<¾àn�á�g�i�ioÆ ¾~zlg�p1il{'¼D{ �ã{�¼¿njp¡â·ilkÒzl¼D{�¾w�B;©p���¼DÅ§ÅhÃ�i<{�¾�¼§â·pwgzQ�:ilÄ�{ãâ·pwâ©â·ilkÒzl¼D{C	

��¼Dn ¹ zoá�á�g�i<á�gj¼§zon�p��ãi<Ä�{�â�zlg�À©Ã�i<{�â·¼Dn�¼§il{�¾w��A ¹ p¡Ãqilgjg�psÃ�n�¾�á�ÅD¼Dnànj¼D{�v ioÆ�n ¹ p��ãi<Ä�{�â�zlg�ÀÃ�i<{�â·¼Dn�¼§il{�¾�nji}n ¹ p¡¾�Ä,�©á�g�i
��Å§pqkÒ¾~ioÆ)n ¹ pmilgj¼§vl¼§{�zoÅ>á�gji���Å§pqk ¼§¾~{�i<{ N;n�gj¼D½�¼´zoÅ 	6zo{�â ¹ zl¾n�i��:p�â·i<{�p=��¼¿n ¹ Ãwzogjpl�
;©p<��¼§ÅDÅ@á�gji�½lp n ¹ pÃ�i<{�½lpqgjvlpw{�Ã�p�ilÆ6n ¹ p»ÆÞÄ�Å§Å§Àäâ·¼´¾�Ãqg�pqn�p»i<áãpwgjzon�i<g)¾�á�ÅD¼Dnànj¼D{�vç¼§{ 1·pwÃo��·� �·�

��� + � � ��� �
	0����( � � � � �#" $ &���(
�»zª½�¼§{�vÒ¾àá�ÅD¼Dn�n ¹ pá�g�i
��ÅDpwk�¼§{ zl{ zlâ·½<pwÃ�nj¼Di<{³zl{�â z1â�¼J!@Ä�¾�¼Di<{}á�g�i
��ÅDpwk 	 �)p~{�pwpwâ zoá Ná�gjilá�gj¼´z�n�pÒ{�Ä�kmpwg�¼´ÃqzlÅhkmp�n ¹ i�â�¾ÆÞilgçpwz<Ã ¹ ilÆ�n ¹ pwk}��;©pä¾ànjzlgàn���¼Dn ¹ n ¹ p ¹ À�áãpwg��:ilÅ§¼´Ã
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á�gji���ÅDpwk}�=A ¹ pçk1i3¾Án~¾àÄãÃqÃ�ps¾ÁÆÞÄ�ÅDÅ>zoá�á�g�i G·¼§kmzon�¼§il{ kmp�n ¹ i·â�¾�zogjp���{�¼Dn�p1½li<ÅDÄ�k1p k1pqn ¹ Ni·â�¾#	�pw¾�áãpsÃ�¼´zoÅ§ÅDÀ n ¹ p ¹ ¼Dv ¹ g�ps¾ài<ÅDÄ·nj¼Di<{!k1pqn ¹ i·â�¾#	 ¾�pqp � 9 ��
 	 zo{�â n ¹ p ÆÞgjil{3nÒn�g�zlÃ5��¼§{�vkmp�n ¹ i·â 	å¾�pqp � �<� 
T�B;©p ��¼§Å§Å4{�ionÄ�¾�p n ¹ p ��{3n�p1½lilÅ§Ä�kmp1k1pqn ¹ i·â°ÆÞilg�n ¹ p ¹ À�á:pqg��ãi<ÅD¼´Ãá�gji���ÅDpwk�	 ��Ä·n>��¼DÅ§Å6Ä�¾�p~¼¿n�ÆÞi<g�n ¹ p�áãzog�z"�:ilÅ§¼§Ã�á�gji���Å§pqk 	�¾�pqp�1�psÃo�é�·�§�l� ���

;©p ��¼DÅ§Å×zlá�á�Å§À¡n ¹ p~ÆÞg�i<{3n�n�g�zlÃ5��¼D{�v1kmpqn ¹ i·â 	*��Ä·n»¼§{ ¼¿n�¾�kmi<¾àn pHG�zlÃ�n�ÆÞilgjk rhpHG�zlÃ�n¾�ilÅ§Ä·n�¼§il{ ilÆ�n ¹ p t�¼§pqkÒzo{�{Øá�gji���Å§pqk �?�¢{Øv<pq{�pwgjzlÅ 	×n ¹ päÆÞgjil{3n�njgjz<Ã5�3¼§{�v kmp�n ¹ i·âÏÃwzo{¾�ilÅ§½lpmzoÅ§Å4nÁÀ3á:pw¾~ilÆ ��Ä,G°á�gji���Å§pqkÒ¾~¼§{©z³vlpw{�pqg�zoÅL��zªÀ�	 ��z<¾àpsâ il{®z}vlpw{�pqg�zoÅ§¼I7sz�nj¼Di<{ ioÆn ¹ pät�¼§pqkÒzo{�{ á�g�i
��Å§pqk �}Â�ilgn ¹ p³zlá�á�Å§¼§Ãwz�nj¼Di<{ �yp ¹ zª½<pÒ¼D{ km¼§{�â 	>¼¿nç¼§¾ áãi3¾�¾�¼I��ÅDpÒnji�yilg�� ��¼¿n ¹ p+G�zlÃ�n¾�ilÅ§Ä·n�¼§il{�¾w�BA ¹ pwg�pqÆÞilgjp�	@n ¹ pmvlpq{�pqg�zoÅ4ÆÞg�i<{3n«njgjz<Ã5�3¼§{�v³k1pqn ¹ i·â'{�pqpsâ{�ilnB�:p³zoá�á�ÅD¼§pwâ6��� i��ypq½<pqg%	 � ¹ pw{ k1i<g�p³Ã�ilkmá�Å§¼´Ãqz�njpwâ ��Ä,G�ps¾�kçÄ�¾Án �ãp³Ã�il{ã¾à¼´â·pqgjpwâC	n ¹ pq{©zoÅ§Å6n ¹ pçgjpw¾�Ä�ÅDnj¾»Ãwzo{?�:p p+G�n�pq{ãâ·pwâ n�iäpw{�Ã�i<kmá�zl¾j¾ ¾�ilÅ§Ä·n�¼§il{�¾«i���njzo¼§{�psâ ��¼¿n ¹ n ¹ pÆÞgjil{3n�n�g�zlÃ5��¼§{�vçkmpqn ¹ i·â �
;©p�¾Án�zog�n ��¼Dn ¹ n ¹ p�â·p+��{�¼Dn�¼§il{³ÆÞilg�il{�p�â·¼Dkmpw{�¾à¼§il{ãzoÅ6Ã�i<{�¾�pqgj½ªzon�¼§il{³Å§z � ¾w�
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� ��� ���~�������q�q��¨ª¥o��� �o� ¦D¥��>� �£�������«� � �
�Ò¥��ã�m±:���<¤�¦§� ���´����������ã����� ¥o¦å¨�¥�¦W¶���±:�j�l¤q¦D� �

∂tu+ ∂xf(u) = 0, u(x, 0) =

{
ul for x < 0
ur for x ≥ 0

'��·�§�w� )
A ¹ p�gjpwzlâ�pqgé¼´¾yg�pqÆÞpqgjg�psâmn�i � 9�� 	�����	·�<� 
@ÆÞilg�z Ãqilkmá�Å§p�njp�zl{�zoÅ§À·¾à¼´¾éilÆ6n ¹ p�t�¼§pqkÒzl{�{á�gji���ÅDpwk}�P�»pqgjp�	,�yp=��g�¼§p �ãÀ¡g�psÃqzlÅDÅ@n ¹ p~g�ps¾àÄ�ÅDnj¾w�

ÔÕÑãÍwÙ3/�Ë·ÍwÙ�ÑãÐ
;©pg�p#��g�¼Dn�p~Ç �:� ';�·�§�w� )é¼§{}{�il{�Ãqil{�¾�pqgj½�z�nj¼D½<p»ÆÞi<g�k

∂tu+ f ′(u)∂xu = 0,
';�·�§�l� )

zl{�âB�yp�â·pH��{�p)n ¹ p��j��¥���¥<���¢�q���´���;� ��q¶·��¨ª��z<¾×n ¹ p�¾�ilÅ§Ä·n�¼§il{1ioÆ�n ¹ p â·¼I!:pwg�pw{3n�¼´zoÅ�p��3Ä�zon�¼§il{
d

dt
x(t) = f ′ (u (x (t) , t)) .

';�·�§�s��)
%~Ì�ÑãÊéÑãßsÙÞÍsÙ Ñ:Ð - �3	 �3	 �  ¦D�o�3�}¥����ä�j��¥���¥<���¢�����´���;� �m��¶·��¨��ç�<���é�:���ä¤ �
	 ����� ��ä�Þ������o¦W¶ ��;� ���®�Á��	 ��������ä�´� ���������¢¥��ã� �

A ¹ ¼´¾yÆÞilÅ§Å§i�� ¾yÆÞg�i<k
d

dt
u(x(t), t) = u1(x(t), t)

d

dt
x(t) + u2(x(t), t)

= u1(x(t), t)f
′ (u (x (t) , t)) + u2(x(t), t)

= 0.
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� pwg�p
ui
â·pq{�ion�ps¾�n ¹ p�áãzog�n�¼´zoÅ6â·pwg�¼§½�z�n�¼§½lp~ilÆ

u
��¼Dn ¹ gjpw¾�áãpsÃ�n�n�i1n ¹ p¼JN;n ¹ zogjvlÄ�k1pw{3nw�Â�gjilk '����D�ª��)>¼DnyÆÞilÅ§ÅDi�� ¾hn ¹ zonén ¹ p«Ã ¹ zlgjz<Ã�n�pwg�¼´¾àn�¼´Ã�Ã�Ä�gj½lps¾P��¼DÅ§Å@¼D{3njpqg�¾àpsÃ�nhÆÞi<g)Ã�pwgàn�zo¼§{¾�k1i�iln ¹ ¼D{�¼Dn�¼´zoÅ�Ãqil{�â�¼¿nj¼Di<{�¾+	ozonP� ¹ ¼§Ã ¹ kmilkmpq{3n4n ¹ p ¾�ilÅ§Ä·nj¼Di<{B�:pwÃ�i<kmpw¾>z�k Ä�ÅDn�¼IN;½�zlÅDÄ�psâÆÞÄ�{�Ã�n�¼§il{6�PA ¹ ¼´¾>¼´¾£¼DÅ§Å§Ä�¾Ánjgjzon�psâ ¼§{ÒÂ×¼§v��l���D�E� ¹ pwg�p�z~Ã�i<{�½lpHG �ãÄ G ÆÞÄ�{ãÃ�n�¼§il{m¼´¾>vl¼§½lpw{1zl{�ân ¹ p»¾àá:pqpsâ1¼§¾hâ�gjz ��{ ÆÞilgéz�½lpwg�Àç¾ ¹ zlg�áçÆÞgjil{3nM' â·g�z ��{mzl¾£z¾ ¹ i·Ã5� 	���Ä·n ¹ pwg�p Ãqil{�¾�¼§â�pqgjpwân�iB�ãp»¾�kmi�ion ¹ ��¼Dn ¹ Å´zogjvlp�½�zoÅ§Ä�p ilÆ@n ¹ p»â�pqgj¼D½�z�nj¼D½<p%)��:�¢{¡Â4¼§v��3���D��' ¼D¼IN �*)£zkçÄ·n�¼IN;½�zlÅDÄ�psâá�gji"��Å§p ¾ ¹ ilÄ�Å§â â·pw½lpwÅDi<á6��f ¹ À�¾�¼´ÃqzoÅ§Å§À�	�n ¹ ¼´¾»¼´¾ {�iln«zlÃwÃ�pwá·njz���ÅDp<�>A ¹ p ¾�ilÅ§Ä·n�¼§il{ ÆÞi<g�n ¹ ¼§¾â·¼§ÅDpwkmkmz�¼´¾4n ¹ zon>n ¹ p�ÆÞÄ�{ãÃ�n�¼§il{1¼´¾>{�i~ÅDi<{�vlpwg>¾�kmi�ion ¹ rå¾ ¹ i�Ã5�·¾>zogjp)ÆÞilgjk1psâ �LA ¹ pqgjp�ÆÞi<g�p
	¾ ¹ i·Ã5��¾yzogjp ps¾�¾�pq{3n�¼´zoÅ:¼§{³Ã�i<{�¾�pqgj½ªzon�¼§il{ÒÅ´z � ¾+	�zo{ãâÒn ¹ p�¾àn�Ä�â�À1ilÆ6n ¹ pq¼§g �ãzl¾�¼§Ã ÆÞilgjk 'Þn ¹ pt�¼§pqkÒzo{�{}á�g�i
��ÅDpwk )é¼´¾�¼§kmáãi<gàn�zo{3nw�

u

u

u1

u1

u2

u2

f ′(u1)

f ′(u1)
f ′(u2)

f ′(u2)

s = f(u1)−f(u2)
u1−u2

f(u)

'Þ¼ ) ' ¼D¼ )

' z ) ' � )

ss

x

Â4¼Dv<Ä�gjpä�·�§�lr�' ¼4)�-)il{�½lp+G ��Ä G©ÆÞÄ�{�Ã�n�¼§il{
f(u)

'Þ¼§¼ ) A �yi ¾ ¹ i·Ã5��¾���¼¿n ¹ Ã�ilgjgjpw¾�áãi<{�â·¼§{�v¾�áãpwpwâ�¾

� É�Ë7� ßwÑ:Û3×ÍwÙ�ÑãÐ4ßçË�Ð��*Ë�Ú<ÚlÉ3Ê4ÍwË74>Û É'ßwÖ4Ñ6Ú��6ß
�TÆ>n ¹ pç¾ài<ÅDÄ·nj¼Di<{

u(x, t)
¹ zl¾ ¾ ¹ i·Ã5�·¾�¼D{

x = xi
	�n ¹ pq{ n ¹ pilgj¼Dv<¼D{�zlÅ ��� ��';�·�§�w� )ykmz��lps¾{�i}ÅDi<{�vlpwg�¾�pq{ã¾àp<�=A×i}¼D{�ÃqÅDÄãâ·p n ¹ pmâ·¼§¾jÃ�i<{3n�¼§{3Ä�ilÄ�¾�¾ài<ÅDÄ�n�¼§il{�¾<�)p1kÒzªÀ Ã�il{ã¾à¼´â·pqg �é��¥wµ�q��¦W¶·�;� �����ioÆån ¹ p �����@�

-)il{ã¾à¼´â·pqgyn ¹ pá�gji���Å§pqk
∂tu+ ∂xf(u) = 0, u(x, 0) = u0(x), x ∈ R.

';�·�§�w�
)
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;©p�â·pH�ã{�p~n ¹ p�¾�p�n�ilÆy�¢�����:��¶·�:�q��� �o��� 	

C1
0

zl¾
C1

0 = {φ ∈ C1 : {(x, t) ∈ R × [0,∞) : φ 6= 0} ⊂ [a, b] × [0, T ]}, '����D� 9 )
ÆÞi<gm¾�ilkmp

a
	
b
	
T
� A ¹ p}ÆÞÄ�{�Ã�n�¼§il{�¾m¼§{

C1
0

zogjp}¾jzo¼´â nji ¹ zª½lp}Ã�ilkmá�z<Ã�n¡¾�Ä�á�á:ilg�n1¼§{
R × [0,∞)

� A ¹ ¼§¾çÆ zlÃ�nÒ¼§¾Òâ·pw{�ionjpwâ �3ÀØn ¹ p ¾�Ä,��¾jÃ�gj¼Dá·n
0
� ;'p kçÄ�Å¿nj¼Dá�ÅDÀ ';�·�§�w� )���À

φ ∈ C1
0

zo{�â ¼§{3n�pwvlg�z�n�pB��¼¿n ¹ gjpw¾�áãpsÃ�n»nji
x
ÆÞg�i<k −∞ n�i ∞ 	 zo{ãâ���¼¿n ¹ gjpw¾�áãpsÃ�n«n�i¡nÆÞgjilk

0
nji ∞ 	·nji1i
�·njzl¼D{

∫ ∞

0

∫ ∞

−∞

[u∂tφ+ f(u)∂xφ] dxdt+

∫ ∞

−∞

u0φ0 dx = 0,
';�·�§�s�
)

� ¹ pwg�p
φ0 = φ(x, 0)

� $ ÅDÅ4Ã�Å´zl¾j¾à¼´ÃqzlÅ6¾ài<ÅDÄ�n�¼§il{�¾M��¼DÅ§Å×¾jz�nj¼§¾àÆÞÀäá�gjilá:pqg�nÁÀ8';�·�§�s�
) 	 � ¹ pqgjpwzl¾zlÅDÅ6Ãqil{3n�¼§{�Ä�ilÄ�Å´¾�À¡â·¼J!@pqgjpq{3nj¼§z���ÅDp�ÆÞÄ�{ãÃ�n�¼§il{ã¾
u
¾�zon�¼´¾ÁÆÞÀ�¼§{�v�'����D�ª��)O��¼DÅ§ÅåzoÅ´¾�i��:p�Ã�Å´zl¾j¾à¼´ÃqzlÅ¾�ilÅ§Ä·n�¼§il{ã¾6ioÆ ';�·�§�w� )�� $ Å§¾�i»{�i<{�â·¼I!:pwg�pw{<nj¼§z���Å§phÆÞÄ�{�Ã�n�¼§il{�¾×km¼Dv ¹ n �ãpy¾ài<ÅDÄ�n�¼§il{�¾åioÆ '����D�ª��)��

A ¹ pwg�pqÆÞilgjp�	 �yp¼D{3n�gji·â·Ä�Ãqp
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φ ∈ C1
0

� ¶°�´�1�q¥�� � �¢� ¤��¡¥ �é��¥wµ�q��¦¿¶·��� �o�©�Á��������������;� ¥�¦ �¢¨ª¥o¦W¶��»±:���<¤�¦§� � 	 ����� �  �
�«zª½3¼§{�vÒp+G3njpq{�â�pwâ n ¹ pçâ�pH��{�¼Dn�¼§il{°ioÆéz¡¾�ilÅ§Ä·n�¼§il{ n�iÒn ¹ p1â�¼§¾jÃ�i<{<nj¼D{�Ä�i<Ä�¾ Ãwzl¾�pw¾#	*�ypkçÄ�¾Án�¾�áãpsÃ�¼DÆÞÀ�� ¹ ¼§Ã ¹ nÁÀ�áãp~ioÆåâ�¼§¾jÃ�i<{<nj¼D{�Ä�¼Dn�¼§pw¾�zlg�p�zlÃqÃqpqá·n�z"��Å§pl�L;©p«Å§¼§k1¼Dn�ilÄ�gy¼§{<njpqgjpw¾ànnji¡¾ài<ÅDÄ·nj¼Di<{�¾E� ¹ ¼´Ã ¹ zogjp~¾�kmi�ion ¹ pHG�Ãqpqá·n»z<Ã�gji<¾j¾)i<{�pilg�kmi<g�pÃ�Ä�g�½<pw¾y¼D{

(x, t)
NT¾�á�z<Ã�p�	

� ¹ pwg�p�n ¹ pwÀ ¹ zª½lpE�ÁÄ�kmá°â·¼´¾jÃ�il{3nj¼D{�Ä�¼Dn�¼§pw¾#	*� ¹ ¼§Ã ¹ �ypçÃwzoÅ§Åh�����s�jµ����MA ¹ p ÆÞilÅ§ÅDi���¼§{�vÒ¼§k�Ná:ilg�njzl{<n�gjpw¾�Ä�ÅDn�Ãwzo{��ãp�â�pqgj¼D½<pwâ 	�¾�pqp � � � 
T�
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C : xC = xC(t)
¤��¡¥³� �Ò�w�o���®�q¶·��¨��m���®�����

(x, t)
�T�;±�¥l���¥<�j�q�����j� �×�·� �j� ¥
�é��¥sµ �q��¦¿¶·��� �o�

u
�à� 	 ����� �  ��¥��ä¥���¶��»±*���´�q�����ã�����ã¶·��� � � � ���

P =
(x0, t0)

�
t0 > 0

�»¤��ä¥o���ç±����������Á�
C
�
s = dxC

dt
(t0)

�«¥o�:� ¦D�q�
ul
¥��:�

ur
¤��m�Þ���¡¦W� �ç���¨�¥�¦W¶���� �Á�

u
����� ���Þ��� ¦D� ����¥��@�Ò�Þ��� ���¿�s�·� �Á�

P
�h�����;±����q����¨���¦ � ���:�����

(ul − ur)
dxC

dt
= f(ul) − f(ur).

'��·�§�w� )
A ¹ p©¾àá:pqpsâ

s = dxC
dt

¼´¾¡n ¹ pÏ�;±����j�!�à�Ò±@���j±�¥q�3¥��;� ��� �à�°�Þ��� �o�´�����o���;����¶·��� ��� Ç��ã�
';�·�§�w�
)»¼´¾�ÃwzoÅ§ÅDpsâ n ¹ p���¶�� ± �����@�����;� ���Øi<g»n ¹ p �»¥sµ����@� � ��¶l�<�o��� �����j�o�:�o����� �o���çÂ�ilg�n ¹ pt�¼§pqkÒzl{�{¡á�gji���Å§pqk�n ¹ ¼§¾)¼Dkmá�Å§¼§pw¾én ¹ zony¼DÆ n ¹ p«vl¼§½lpw{=�ÁÄ�kmáä¼´¾)z<ÃqÃ�pwá·njz���Å§p�	on ¹ p«¾�á:pqpwâ¡ioÆn ¹ p«¾ ¹ i·Ã5� ÆÞi<ÅDÅ§i�� ¾£ÆÞgjilk�';�·�§�w�
)��:�¢{ãâ·pqpsâ 	3n ¹ p«½ªzlÅDÄ�p»ioÆ

u
Ãqzl{�{�ion�Ã ¹ zo{�vlp�Å§p�Æ�n�ilgégj¼§v ¹ nilÆãn ¹ p»¾ ¹ i·Ã5�Q'Þ¼Dné¼´¾>n ¹ p Ãqil{�¾ànjzl{3n

ul
zo{�â

ur
g�ps¾àá:pwÃ�n�¼§½lpqÅ§À,)��L� i��ypq½<pqg%	�¼¿né¼´¾£¼§kmáãi<gàn�zo{3nnji}{�ion�p1n ¹ z�ná ¹ À·¾à¼´ÃqzlÅDÅ§À Ä�{�z<ÃqÃqpqá·n�z"��Å§p��ypwz�� ¾ài<ÅDÄ�n�¼§il{�¾=��¼§ÅDÅhzlÅ§¾�i ¾�zon�¼´¾ÁÆÞÀ n ¹ p=�ÁÄ�kmáÃqil{�â·¼Dn�¼§il{å� AåiÒÃ ¹ i3¾àp«n ¹ p�z<ÃqÃqpqá·n�z"��Å§p¾ài<ÅDÄ·nj¼Di<{³i<{�p~Ä�¾�pw¾�zo{Ø�q���;���j± �ä�����:�o����� �o���
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�«{�p ioÆ�n ¹ p kmi<¾ànäÃ�ilkmkmil{ pq{3njg�i<á3À Ã�il{ãâ·¼¿nj¼Di<{�¾m¼´¾mn ¹ p'¾ài�NTÃwzoÅ§ÅDpsâ ¨s�´�����o¶�� �j�;� �¶·¦D¥o��� �w¥o��� �o� 	D� ¹ pwg�p ';�·�§�w�
) ¼´¾Òg�pwá�Å´zlÃ�psâ ��À
∂tu + ∂xf(u) = ε∂2

xxu
	én ¹ p ¾�i"N¢ÃqzoÅ§Å§pwâgjpqvlÄ�Å§zlg�¼ 7qpsâ p��3Ä�zon�¼§il{6�§��1�¼§{�ÃqpÒ¼D{ z}á ¹ À·¾à¼´ÃqzlÅh¾à¼Dn�Ä�zon�¼§il{©n ¹ pqgjp���¼DÅ§ÅézoÅ ��zªÀ�¾(�:p¡¾ài<kmp¾�ilg�n ioÆ£â·¼§¾j¾�¼Dá�zon�¼§il{C	 � ¹ ¼§Ã ¹ n ¹ p�kmi·â·pqÅ§pqg�{�pwvlÅ§pwÃ�n�pwâ�� ¹ pw{���g�¼Dn�¼§{�vmn ¹ p�Ã�i<{�¾àpwg�½�zon�¼§il{Å´z � 	P�)p}ÅDi�i
�'ÆÞi<g1¾�ilÅ§Ä·nj¼Di<{�¾�' ioÆ n ¹ p Ã�il{ã¾àpwg�½�z�nj¼Di<{ Å§z �M)n ¹ zonmzlg�pän ¹ p}Å§¼Dkm¼DnmilÆ�n ¹ pgjpqvlÄ�Å§zlg�¼ 7qpsâ p��3Ä�zon�¼§il{®zl¾

ε → 0
� A ¹ ¼´¾~¼´¾�ÃqzlÅDÅ§pwâ°n ¹ p ¨�¥��ã�´�������3�'¨s�´�q�j������� � �q��¦¿¶·��� �o� 	vl¼§½lpw{���À

∂tu
ε + ∂xf(uε) = ε∂2

xxu
ε, uε(x, 0) = u0(x), x ∈ R,

z<¾
ε→ 0.

'����D� �")
A ¹ p~ÆÞi<ÅDÅ§i���¼D{�vçpw{<njg�i<á�ÀäÃ�i<{�â·¼Dn�¼§il{³ÆÞilÅ§ÅDi�� ¾#	 � �<� 
T�
È}É��>Ð4ÙÞÍwÙ�ÑãÐ - � 	�� � 	 ��Ð@ÍqÌ�ÑãÊ Ý �çÑãÐ��×ÍwÙ Ñ:Ð 
 � � �@���~�q��¦W¶·�;� ���

u(x, t)
�à� 	 ����� ��ä��������¢¥����������¡¥Ò���´�q�����ã�����ã¶·��� � ±:����±�¥w�<¥o������� �£���Þ�ä�;±������

s
�4�´�«��¥o� �1�T� �q¥��;�´�Þ� ���y���;���j± ���h����������;� ��� � � �

s|k − ul| < sign(k − ul) (f(k) − f(ul)) ,
';�·�§��� )

�����1¥�¦�¦@µÒ������� ��µo��¦��ä¤��q� �é���q�
ul
¥��:�

ur
�

�¢{}n ¹ p�Ãwzl¾�p«ilÆ>zmÃqil{�½lp+G
��Ä GäÆÞÄ�{�Ã�nj¼Di<{
f
n ¹ ¼´¾ Ãqil{�â·¼Dn�¼§il{}gjpwzlâ�¾�zl¾

f ′(ul) > s > f ′(ur).
';�·�§� 8 )

A ¹ ¼´¾ Ã�i<g�gjpw¾�áãi<{�â�¾Q��¼¿n ¹ Â4¼§v�� �·�§��	<� ¹ pqgjp ';�·�§� 8 )Ò¼´¾}¾jz�nj¼§¾ ��psâ*ÆÞilg}n ¹ p Ãqzl¾�p ' ¼D¼IN �*) 	kÒz"��¼§{�v1n ¹ ¼´¾ zo{ zlÃwÃ�pwá·njz���ÅDp¾ ¹ i·Ã5��	 ��Ä·n {�iln�ÆÞilg Ãqz<¾àp�'Þ¼§¼IN �*)��
A ¹ p�¼D{�p��3Ä�zoÅ§¼DnÁÀ?'��·�§��� )hkmiln�¼§½ªzon�ps¾yzl{�ion ¹ pqg�pw{<njg�i<á�ÀmÃqil{�â�¼¿nj¼Di<{C	3n ¹ p��ç��¶���µl�o¨1�q����;���j± � �����@�����;� ���ã�(A ¹ ¼´¾�¼§¾«ioÆ�njpq{ kmi<g�p Ãqil{�½lpw{�¼§pq{3n«zl¾«¼Dn�Ã�i<kB��¼§{�ps¾ n ¹ pçâ·p+��{�¼Dn�¼§il{'ioÆz �)psz"�ä¾�ilÅ§Ä·nj¼Di<{���¼Dn ¹ n ¹ z�n ioÆ×n ¹ ppw{3n�gjilá�ÀäÃ�i<{�â·¼Dn�¼§il{6�

È}É��>Ð4ÙÞÍwÙ�ÑãÐ - �3	 � � 		� Ì �
 �:Ñ�/ ��Ð@ÍqÌ�ÑãÊ Ý�� Ñ:Ð��×Ù ÍwÙ Ñ:Ð � � �@��� �q��¦W¶·�;� ���
u(x, t)

�à�
	 ����� ��ä�������¢¥����ã���3�³¥¡���´�q�����ã�����ã¶·��� �«±:�j�j±�¥q�3¥��;���3���£�����³�;±����j�

s
�£�´����¥o� �Ò�¢�ç�q¥��;�´��� �m�Þ���

�ç��¶���µl�o¨��y�ã���j�j±���h�o�:�����;� ���©� �
∫ ∫

(|u− k|∂tφ+ sign(u− k)(f(u) − f(k))∂xφ) ≥ 0,
';�·� �o�
)

������¥o¦�¦:�j�j¥o¦6�j�o�����¢¥������
k
¥��@�Ò¥�¦�¦@�:�o���¢�:�T�3¥��;��¨ª���¢��������¶·�@���;� �����

φ ∈ C∞
0 (R× (0,∞))

�
� pwg�p

C∞
0

¼´¾)n ¹ p~¾àáãzlÃ�p�ioÆ×¼D{ �ã{�¼¿njpqÅ§À¡â·¼I!:pwg�pw{<n�z"��Å§p«ÆÞÄ�{�Ã�nj¼Di<{�¾ ��¼¿n ¹ Ãqilkmá�zlÃ�n�¾�Ä�á Ná:ilg�n«¼§{
R × (0,∞)

�»Â�ilg»n ¹ p â�pwâ·Ä�Ã�n�¼§il{ ilÆ>n ¹ p1|~g�Ä��#�li�½¡Çé{<njg�i<á�À�-)i<{�â·¼Dn�¼§il{C	@zo{�ân ¹ pg�pwÅ§zon�¼§il{�¾ ¹ ¼§á���¼Dn ¹ ion ¹ pqg�pw{3n�gjilá�À¡Ã�i<{�â·¼Dn�¼§il{�¾#	 �)p~gjp�ÆÞpwg�n�i � � � 
T�
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;©p�{�i�� ¹ zª½lpzlÅDÅ n ¹ p�¼§{�vlgjpwâ�¼Dpw{<n�¾�n�i¡¾�ilÅ§½lp�n ¹ p t�¼§pqkÒzo{�{ á�g�i
��Å§pqk �O;©p Ãqzl{ â·p�njpqg�Nkm¼§{�pB�yp�n ¹ pqg~z¡¾ ¹ i·Ã5�³¼´¾«z<ÃqÃqpqá·n�z"��Å§p�	@zo{�â°ÃqzoÅ´Ã�Ä�Å§zon�p�¼Dnj¾�¾àá:pqpsâ �(�TÆ£n ¹ p1¾ ¹ i·Ã5� ¼´¾ {�ilnz<ÃqÃ�pwá·njz���Å§p�	��)p ¹ zª½lp�n�i¡ÆÞi<ÅDÅ§i�� n ¹ p1Ã ¹ zlgjz<Ã�njpqgj¼§¾àn�¼´Ãq¾w� $ ¾ài�NTÃwzoÅ§ÅDpsâ®��¥�������¥l�q�;� ��� ��zª½lpâ·pw½lpwÅDi<á�¾q�<�Tnj¾«ÆÞilgjk Ãqzl{ pwz<¾à¼§ÅDÀ �:pB��gj¼¿n�n�pw{'â·i���{ kÒzon ¹ pwkmzon�¼´ÃqzlÅDÅ§À�	 ��Ä·n~¼D{'á�g�zlÃ�nj¼§Ãqp¼Dn1km¼§v ¹ n��:p}½lpqgjÀ ¹ zog�â®nji��:p}â·pqn�pwg�km¼§{�pwâ ��;©p³Å§i�i��'ÆÞilgmz°¾�ilÅ§Ä·n�¼§il{ÏioÆ n ¹ päÆÞi<g�k
u = u(x, t) = w(x/t) = w(z)

	 � ¹ pwg�p
z = x

t

¼§¾�n ¹ p�i<{�ÅDÀ³½�zogj¼§z���ÅDp<�&1�Ä,�ã¾Ánj¼¿njÄ·n�¼§il{ ¼§{
';�·�§�w�
))Å§pwz<â�¾yn�i

− x

t2
w′ +

1

t
f ′(w)w′ = 0 ⇒ z = f ′(w).

�TÆ
f ′ ¼´¾ ¾àn�gj¼§Ã�n�Å§À¡kmil{�iln�il{�p�	·n ¹ pq{

w = f−1(z)
� �¢{ vlpw{�pqg�zoÅ

f ′ {�pqpsâ�¾�n�i��:pgjpqá�Å´zlÃqpwâ��Àäz1kmil{�iln�i<{�p�ÆÞÄ�{�Ã�nj¼Di<{ il{}n ¹ p¼§{3n�pwg�½�zoÅ��:p�n��ypqpw{
[ul, ur]
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f^�à�«¥y��¶·�:�q��� �o�
f
��� �Þ���«�����¢�q��¨ª¥o¦

[a, b]
�´�»�����«¦D¥����3�����é���o��¨�������¶·�@���;� ���}����¥��>�´��� �m¥o¦�¦D�q��Þ��¥o�©��� ���q¶�¥�¦6�¢�

f
���

[a, b]
�>�q�

f^(u) = sup{g(u)| g ≤ f
¥o�:�

g
������¨����}�o�

[a, b]}.Â�ilg�z�ÆÞÄ�{�Ã�nj¼Di<{
f

	�n ¹ p~ÅDi��ypqg�Ã�i<{�½lpHG¡pw{�½lpqÅ§ilá:p~Ãqzo{��ãp¼§{3n�pwg�á�gjp�njpwâ³zl¾�zo{}pqÅ´zl¾àn�¼´ÃgjÄ,�,�:pqgD��zl{�â ¾Ánjg�pqnjÃ ¹ psâ³zlÅDi<{�v ��Ä·n>�:pqÅ§i��
f
ÆÞg�i<k

(a, f(a))
nji

(b, f(b))
	

A ¹ p'ÆÞilÅ§Å§i���¼D{�v á�gjilá:i<¾�¼¿nj¼Di<{�¾àÄ�k1kmpwg�¼ 7qps¾än ¹ p®g�ps¾àÄ�Å¿n�¾¡ÆÞi<g³n ¹ p ¾ài<ÅDÄ�n�¼§il{�ilÆ�n ¹ pt�¼§pqkÒzl{�{ á�g�i
��Å§pqk ';�·�§�w�
)é¼§{³n ¹ p�Ãqz<¾àp
ul < ur

�
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ul < ur
�h������q�o¦W¶·��� �o�©�à��	 ������� ä�´�»�o��¨����®¤ �

u(x, t) = w(z) =





ul
���o�

x ≤ f ′
^(ul)t,

(f ′
^)−1(x/t)

�����
f ′

^(ul)t ≤ x ≤ f ′
^(ur)t,

ur
���o�

x ≥ f ′
^(ur)t,

'��·� �·� )
�×�������

f^
�l�q�:�o�T���¡�����³¦D���é�q�}�����ã¨ª��� �q��¨���¦D��±��°�Á�

f
��� �Þ���}�����¢�q��¨ª¥o¦

[ul, ur]
��¥��@�

(f ′
^)−1 �´���Þ������ã¨ª�q���q�m�Á�~�������<������¨�¥��;��¨�� �

A ¹ ¼´¾�á�gjilá:i<¾�¼¿nj¼Di<{³¼´¾�¼§ÅDÅ§Ä�¾àn�g�z�n�psâä¼§{ Â4¼Dvã�ã�·� �
�TÆ
ul > ur

	P�ypäÃqzl{®n�g�zo{�¾àÆÞilgjk n ¹ päá�g�i
��ÅDpwk nji n ¹ p³Ãqz<¾àpÒv<¼D½<pq{Øz��ãi�½<p��3À'n ¹ pnjgjzl{�¾ÁÆÞi<g�kÒzon�¼§il{
x → −x 	:ÆÞg�i<k

ur
n�i
ul
�<;'p1{�pqpsâ n ¹ p Å§i��)pwg«Ã�i<{�½lpHG}pq{�½lpwÅDi<áãp ioÆ

−f 	 � ¹ ¼§Ã ¹ ¼´¾»{�ion ¹ ¼D{�väpqÅ´¾àpn ¹ zo{ n ¹ p {�pqv<zon�¼§½lpilÆ4n ¹ p Ä�á�áãpwg�Ãqil{�Ãwzª½lp~pq{�½<pqÅ§ilá:p
f_ÆÞgjilk

ul
n�i
ur
� A ¹ p~Å§zonànjpqg�¼´¾ â·pH�ã{�pwâ}i�½lpwgyn ¹ p~¼§{<njpqgj½�zoÅ

[a, b]
��À

f_(u) = inf{g(u)| g ≥ f
zo{ãâ

g
Ãqil{�Ãwzª½lp«il{

[a, b]}.;©p ¹ zª½lp
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ul

ur

u1

u1

u2

u2

u

u

u

f

f ′

x/t

(f ′
^)−1

�����

�������

���������

�
s

Â4¼Dv<Ä�gjp}�·� �·rÒ�«p�njpqgjk1¼§{�zon�¼§il{ØilÆ�n ¹ p}¾ài<ÅDÄ·nj¼Di<{ØioÆ�n ¹ p³t ¼Dpwkmzl{�{Ïá�g�i
��ÅDpwk � 'Þ¼ )�Â4Å§Ä GÆÞÄ�{�Ã�n�¼§il{
f
zo{�â*¼Dn#F ¾³ÅDi��ypqg}Ã�il{�½<pHG!pq{�½lpwÅDi<áãp

f^
� ' ¼D¼ )QA ¹ p'â·pwg�¼§½�z�n�¼§½lps¾+	D� ¹ pqgjp½

s = f(u1)−f(u2)
u1−u2

�E' ¼D¼§¼ )&A ¹ p�¾�ilÅ§Ä·n�¼§il{
(f ′

^)−1(x/t)
	�Ã�i<{�¾�¼§¾àn�¼§{�v ilÆ×z1¾ ¹ i·Ã5�Òzo{ãâmn��)ig�zogjp�Æ zlÃ�n�¼§il{��yzª½<pw¾w�
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ul > ur

�h������q��¦¿¶·��� �o�©�Á� 	 ������� ¡�´� �l��¨����®¤ �

u(x, t) = w(z) =





ul
���o�

x ≤ f ′
_(ul)t,

(f ′
_)−1(x/t)

�����
f ′

_(ul)t ≤ x ≤ f ′
_(ur)t,

ur
���o�

x ≥ f ′
_(ur)t,

';�·� �l�
)

�×���q���
f_
�<���@���¢���1�����m¶s±l±����Ò�����@�j¥o¨ª�³���ã¨ª�q¦D��±��³�Á�

f
���®�Þ���m���ã�T�q��¨ª¥o¦

[ul, ur]
�»¥��:�
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_)−1 �´����������ã¨ª�q���q�ç�à�~��� � �<������¨�¥��;��¨ª� �
fhgjilá:i<¾�¼¿nj¼Di<{�¾�·�§�l� �³zl{�â'���D�<� 9 zogjp1½ªzlÅD¼´â©zl¾~Å§il{�v zl¾«n ¹ pÒpq{�½lpwÅDi<áãpmÃ�i<{�¾à¼´¾ànj¾�ioÆ�z

��{�¼Dn�p~{�Ä�k��ãpwg)ilÆå¼D{3njpqgj½ªzlÅ§¾O� ¹ pqgjp
f^ 6= f

zo{�â
f_ 6= f

	·zoÅDn�pwg�{�zon�¼§{�v���¼Dn ¹ ¼D{3njpqgj½ªzlÅ§¾
� ¹ pwg�p

f
Ãqil¼§{�Ã�¼´â·ps¾E��¼¿n ¹

f^
ilg
f_
� A ¹ ¼§¾�Ãwzo{��ãpp+G3njpq{�â�pwâän�i1n ¹ p�Ãwzl¾�p<� ¹ pqgjp

f
¼§¾il{�ÅDÀ � � ±ã�q������� �Ò�������;����¶��o¶�� 	�¾�pqp � � � 
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�¢{'n ¹ p¡zlá�á�Å§¼§Ãwz�nj¼Di<{C	 ¼�� pl�@n ¹ pÒâ·Ä�zlÅJN �)pwÅDÅ£á�g�i
��ÅDpwk 	 ¼¿n ��¼§ÅDÅ �:pmáãi3¾�¾�¼ ��ÅDp1nji��yilg�����¼¿n ¹n ¹ p pHG�z<Ã�nät�¼§pqkÒzo{�{ ¾ài<ÅDÄ·nj¼Di<{C	yn ¹ zonä¼´¾qr°n ¹ p ¼§{�½lpwgj¾�p

(f ′
^)−1 Ãwzo{ �:p°â·p�njpqgjkm¼D{�psâp+G�á�ÅD¼´Ã�¼Dn�pwÅDÀ<� A ¹ ¼´¾ç¼§¾ç¼D{Ïvlpq{�pqg�zoÅé{�ion n ¹ p³Ãwzl¾�pl� �«{�päÄ�¾jzoÅ§Å§À©zlá�á�gji G�¼§kÒz�njpw¾

f
��À zá�¼§pwÃqp+��¼´¾àp1Å§¼D{�pszog�ÆÞÄ�{�Ã�n�¼§il{

f δ ��A ¹ pq{C	@n ¹ pÒ¾ài<ÅDÄ·nj¼Di<{'Ãqil{�¾�¼§¾ànj¾�i<{�ÅDÀ ilÆ)¾ ¹ i·Ã5��¾<� ¹ ¼´Ã ¹zlg�p>��{�i���{äpHG�zlÃ�n�Å§Àl�PA ¹ pw¾�p«¾ ¹ i·Ã5�·¾ézlg�p�njgjz<Ã5�lpsâ 	 ¹ pq{�Ãqp n ¹ p«{�zlkmp)�����o���h�;��¥l��µo���3�1ÆÞi<gn ¹ ¼§¾�k1pqn ¹ i·â �Q�Tn ¼§¾�¼Dkmá:ilg�njzo{3n~n�i ¾ ¹ i�� Ã�il{�½<pqgjvlpq{ãÃ�p ilÆ)n ¹ p¡¾�ilÅ§Ä·n�¼§il{®i���njzo¼§{�psâ°¼§{n ¹ ¼§¾>�yzªÀ
	<njimn ¹ p�¾�ilÅ§Ä·nj¼Di<{³ilÆån ¹ pilgj¼Dv<¼D{�zlÅ@á�g�i
��Å§pqk � 1�pqp � � � 
åÆÞilg�kmilgjpâ·p�n�zo¼§Å§¾w�
A ¹ p~kmp�n ¹ i·â³Ãwzo{��ãpp+G�n�pq{ãâ·pwâän�i ¹ ¼§v ¹ pwg â·¼§k1pw{�¾�¼Di<{�¾q� $ ¾�Ä�¼¿n�z"��Å§p~á�gji�Ãqpwâ·Ä�g�p~¼´¾njimzlá�á�Å§À³â·¼§kmpq{�¾�¼§il{�zlÅ ilá:pqg�z�n�i<gy¾�á�Å§¼¿n�n�¼§{�v��

��� + ��� � � � ���7� � "%& � (*� ( � � � " 	 )
A ¹ p�kmi3¾Án£á:ilá�Ä�Å´zoghâ�¼J!@pqgjpq{�Ãqp�kmp�n ¹ i�â�¾hzogjpynÁÀ3á�¼§ÃwzoÅ§ÅDÀ �é�����¢�»�o� �»���j���@�j� �Ò���Þ���s�ª�»zl{�â
�é�����¢�»�q¦D� �Ò�q��� �Ò�q�����w�����L� i��ypq½<pqg%	sn ¹ pwg�py¼§¾>z»n ¹ ¼§g�â á:ilá�Ä�Å§zlg4â·¼´¾jÃ�gjp�n�¼ 7wzon�¼§il{çk1pqn ¹ i·â 	n ¹ p �h�ã���T� ¨���¦W¶��Ò� �m�q�����w�o���»pw½lpqÅ§ilá�k1pw{3n ioÆ>n ¹ ¼´¾�kmp�n ¹ i·â ¾Án�zog�n�psâ}zlÅDgjpwz<â·À¡¼§{ � 8<�l�
'�Â�ilg�¾�À<n ¹ pmzo{�â�;©z<¾ài��M)�� �Tn�¼§{�Ã�Å§Ä�â·ps¾~¼§â�pwzl¾»ÆÞgjilk��:ion ¹ ��{�¼Dn�pÒâ·¼I!@pqgjpq{�Ãqp1zl{�â���{�¼¿njppwÅDpwk1pw{3n×kmp�n ¹ â·i<¾#	�zo{�â~¼´¾ n ¹ pqgjp�ÆÞi<g�p)¾ài<k1pqn�¼§kmpw¾åÃwzoÅ§ÅDpsâz»�3���@����¥o¦W� �s��� �h�ã���T���o� �»���j���@�j�
�Ò���Þ���s���)Â�ilg zl{³p+G�n�pq{ã¾à¼§½lpâ·¼´¾�ÃqÄ�¾j¾à¼§il{}¾àpwp � 93��
;�

;©p ¾Án�zog�nÒilÄ�gÒnjg�psz�njk1pw{3n ��¼¿n ¹ n ¹ p pwÅDÅ§¼Dá�n�¼´Ã Ãqzl¾�pl� $ ¾¡kmpq{3nj¼Di<{�pwâ �:p�ÆÞilgjp�	)n ¹ p
��{�¼¿njp ½li<ÅDÄ�kmp�kmp�n ¹ i·âm¼§¾hzlÅ§¾�i~½lpwg�À ¾�Ä�ÃwÃ�pw¾àÆÞÄ�Å§Å�¼§{mâ�¼§¾jÃ�gjp�nj¼I7w¼D{�v ¹ À�á:pqg��ãi<ÅD¼´Ãyp��3Ä�z�nj¼Di<{�¾w�
A ¹ pwg�pqÆÞilgjp�	�¼Dn ¼§¾�ilÆ�n�pw{}Äã¾àpsâä¼§{ ��Ä�¼´â �ãi���á�gji���Å§pqkÒ¾w�
�åÉ�ÚlÑ:Ð��*ÑãÌ �×É3ÌäÛ�Ù Ð4É3Ë�Ì¡É3Û�Û Ù Ê×ÍsÙ Ú �4Ù 2)É<Ì�É�Ð@ÍwÙ�Ë�ÛyÉ�� 4Ë·ÍsÙ Ñ:Ð
-)i<{�¾à¼´â·pwg zo{}p��3Ä�z�nj¼Di<{³ilÆån ¹ p~ÆÞilgjk

Lu := −∇ · (K∇u− cu) + ru = f,
'��·� �o� )

� ¹ pwg�p
K : Ω → R

d×d 	
c : Ω → R

d zo{�â r, f : Ω → R
� Â�i<g»¾�¼Dkmá�Å§¼§Ãq¼¿nÁÀ��yp�g�ps¾Ánjg�¼´Ã�ni<Ä�gj¾�pqÅ§½lps¾)n�i1n ¹ p�Ãwzl¾�p

r = 0
zl{�â

d = 2
�

�¢{!ilg�â·pwgçnjiØâ·pqgj¼§½lp n ¹ p ��{�¼Dn�p ½<ilÅ§Ä�kmp â�¼§¾jÃ�gjp�nj¼I7sz�n�¼§il{ 	én ¹ p â·ilkÒzl¼D{
Ω

��¼DÅ§Å>�:p¾�Ä,�@â·¼D½�¼´â·pwâm¼§{3n�i
M
¾�Ä,�:â�ilkÒzo¼§{�¾

Ωi
	lÆÞi<g�km¼§{�v�z«±�¥����;����� �o�³ilÆ

Ω
	 ��¼Dn ¹ pwz<Ã ¹

Ωi
ilá:pq{C	¾�¼Dkmá�Å§ÀäÃqil{�{�psÃ�njpwâ 	·zo{ãâäá:ilÅ§À�vlil{ãzoÅ§ÅDÀ��:ilÄ�{�â�pwâ 	�zl{�â ��¼Dn ¹

Ωi ∩Ωj = ∅
'
i 6= j

)yzo{ãâ
∪M

i=1Ωi = Ω
� A ¹ ps¾àp�¾�Ä,�@â·ilkÒzo¼§{�¾�zlg�p~ÃqzlÅDÅ§pwâ®�������;���o¦6¨ª�o¦W¶��Ò���ilg ���o���;����¦å�<� �Ò¥������ �

�»pHG�n#	/�)pä¼D{3n�pwvlg�z�njp ';�·� �o� )�i�½lpqgpszlÃ ¹ Ã�i<{3n�gjilÅh½<ilÅ§Ä�kmp
Ωi

	>zo{�â zlá�á�Å§À ¸ zlÄ�¾�¾#F ¾â·¼§½lpwg�v<pq{�Ãqp»n ¹ pqi<g�pwk 	�n�iÒvlpqn
∫

∂Ωi

ν · (K∇u− cu) dσ =

∫

Ωi

f dx, i ∈ {1, . . . ,M}, '���� � 9 )



- �3	 � ÔÕË�ÍwÖ4É3ÎÏË·ÍwÙ�ÚlË�ÛéÍwÑ6Ñ:Û ß � 	

Ωi

νi1

νi2

νi3

νi4

νi5

νi6

νi7

Â4¼Dv<Ä�g�p���� ��r -)i<{3n�gjilÅ@x£ilÅ§Ä�kmp~ÆÞilg�n ¹ p=��{�¼Dn�p½<ilÅ§Ä�kmp�kmpqn ¹ i·â}¼D{ �1â·¼§kmpq{�¾�¼Di<{�¾w�

� ¹ pwg�p
ν
â�pq{�iln�pw¾Òn ¹ p i<Ä·n�pwgÒÄ�{�¼Dnä{�ilgjkÒzoÅyn�i

∂Ωi
� $ ¾mn ¹ p Ã�i<{3n�gjilÅ�½li<ÅDÄ�k1ps¾Òzogjpá:ilÅ§À3v<il{�zlÅDÅ§À��:ilÄ�{ãâ·pwâ 	<n ¹ p�ÅDpqÆ�n ¹ zo{ãâ1¾�¼´â·p»Ãqzl{��:p gjp+��gj¼¿n�n�pw{mz<¾hz~¾àÄ�k�ilÆ@¾�¼Dkmá�Å§p�Å§¼D{�p¼§{<njpqv<gjzlÅ§¾

ni∑

j=1

∫

Γij

νij · (K∇u− cu) dσ =

∫

Ωi

f dx, i ∈ {1, . . . ,M}, '���� �<��)

� ¹ pwg�p
ni
¼´¾>n ¹ p�{3Ä�kB�:pqg£ioÆ ¾àn�g�zo¼§v ¹ n NTÅD¼§{�p�¾�pqvlkmpw{<n�¾

Γij
ilÆãn ¹ pD�:ilÄ�{�â�zogjÀ�ioÆ

Ωi
	
��¼¿n ¹{�i<g�kÒzoÅ

ν|Γij =: νij
	�zÒÃ�il{ã¾Án�zo{3ny½<pwÃ�n�ilg%	�¾�pqpÂ4¼Dvã���·� ���

�¢{®n ¹ p���{�zlÅé¾ÁnjpqáC	4n ¹ p¡¼§{<njpqv<gjzlÅ§¾zlá�áãpszogj¼D{�v ¼D{ ';�·� �l��)~zlg�pÒzlá�áãi G·¼§kÒz�n�psâ � A ¹ ¼§¾Ãqzl{2�:p}â·i<{�pä¼§{ØkÒzo{�À â·¼I!:pwg�pw{3n ��zªÀ·¾+	>zo{�âÏ¾ài©â·¼J!@pqgjpq{3n���{�zoÅ�â·¼´¾jÃ�gjp�n�¼ 7wzon�¼§il{�¾çzogjpi���njzo¼§{�psâ �$ {Ò¼§kmáãi<gàn�zo{3néâ·¼´¾Ánj¼D{�vlÄ�¼´¾ ¹ ¼D{�v�Ãqil{�â�¼¿nj¼Di<{��ãpqn��)pwpq{ ��{�¼Dn�p ½<ilÅ§Ä�kmp�kmp�n ¹ i�â�¾h¼´¾>n ¹ pá:i<¾�¼¿nj¼Di<{ÒioÆ n ¹ p»Ä�{,��{�i���{ã¾P��¼¿n ¹ gjpw¾�áãpsÃ�nénjin ¹ p«Ã�i<{3n�gjilÅ�½<ilÅ§Ä�kmpw¾w� �«{mn ¹ p»i<{�p ¹ zl{�ân ¹ pqgjp~zlg�p»n ¹ p¡���q¦�¦��à�����ã�������¡k1pqn ¹ i·â�¾E� ¹ pqgjp»n ¹ p~Ä�{,��{�i���{�¾�zogjp«z<¾�¾�i·Ã�¼´z�njpwâ���¼Dn ¹ n ¹ pÃ�i<{3n�gjilÅ�½li<ÅDÄ�kmps¾ ' pqvã�lz ÆÞÄ�{�Ã�nj¼Di<{1½�zlÅDÄ�p�zon£¾�ilkmp�¼§{<njpqgj¼Di<g>áãi<¼D{3n5)�� �«{çn ¹ p�ion ¹ pqg ¹ zl{�ân ¹ pqgjp«zogjp�n ¹ p1����¦�¦ �¢¨ª�q���T���Q��{�¼Dn�p«½lilÅ§Ä�kmp�kmp�n ¹ i·â�¾O� ¹ pqgjp�n ¹ p«Ä�{,��{�i���{�¾)zogjp�ÅDi·Ãwz�n�psâz�n�n ¹ p½lpwgànj¼§Ãqpw¾yioÆ4n ¹ p�Ã�il{3njg�i<Å:½<ilÅ§Ä�kmpw¾w�
A ¹ p~kÒzo¼§{ zlâ·½�zo{3n�zovlps¾yioÆån ¹ pkmp�n ¹ i·â}zlg�p
	�¾àpwp~pl� v�� � 9<��
Tr
• Â×Å§pHG·¼ ��Å§p«v<pqilkmpqn�gjÀ1ilÆån ¹ pâ·ilkÒzo¼§{³zl{�âäz<â·km¼§¾j¾�¼I��¼§Å§¼¿nÁÀmÆÞi<gyÄ�{�¾Ánjg�ÄãÃ�n�pwg�psâ¡v<g�¼´â�¾w�
• 1�¼Dkmá�Å§p�zl¾j¾�pqkB��ÅD¼§{�v
• -)il{�¾�pqgj½�z�n�¼§il{³ioÆ>Ã�pqg�njzl¼D{}Å´z � ¾�Ãqzo{��:pv<zog�zo{3njpqpwâäÅDi·ÃwzoÅ§ÅDÀ<�
• Çézl¾�À¡Å§¼D{�pszogj¼I7sz�nj¼Di<{äioÆ>{�i<{�ÅD¼§{�pszog�á�gji���Å§pqkÒ¾
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• 1�¼§k1á�ÅDp�â·¼´¾jÃ�gjp�n�¼ 7wzon�¼§il{³ioÆL�ãi<Ä�{�â�zlg�À¡Ãqil{�â·¼Dn�¼§il{ã¾
A ¹ p�â�gjz �D��z<Ã5�·¾)zlg�p

• 1�kÒzoÅ§ÅDpwg�gjzl{�vlp�ioÆ>zoá�á�Å§¼´Ãqz�nj¼Di<{än ¹ zo{���{�¼Dn�ppwÅDpwkmpq{3n ilg ��{�¼Dn�p�â�¼J!@pqgjpq{�Ãqp~k1pqn ¹ Ni·â�¾q�
• �»¼ �¡Ã�Ä�ÅDn�¼§pw¾ ¼D{ â·ps¾à¼§vl{}ioÆ ¹ ¼Dv ¹ pqg�i<gjâ�pqg�kmp�n ¹ i�â�¾q�
• �¢{ ¹ ¼§v ¹ pwg³¾�á�z�nj¼§zlÅ�â·¼§kmpq{�¾�¼§il{�¾8'

d ≥ 3
) 	»Ãqil{�¾àn�gjÄ�Ã�n�¼§il{*ioÆ�v<pq{�pwgjzlÅ�nÁÀ�áãps¾¡ilÆÃ�i<{<njg�i<Å@½lilÅ§Ä�kmpw¾�Ãwzo{ �ãp�Ãqilkmá�Å§pHG³zl{�âän�¼§k1p+NTÃqil{�¾�Ä�km¼§{�v

• �»¼ �¡Ã�Ä�ÅDn kÒz�n ¹ pqkÒz�nj¼§ÃwzoÅ6zl{�zoÅ§À·¾à¼´¾=' ¾ànjz"��¼DÅ§¼¿nÁÀ
	�Ã�i<{�½lpqgjvlpw{�Ã�p
	
. . .

)��
�¢{~n ¹ p)â·ÄãzoÅIN �ypqÅ§Ålá�gji���ÅDpwk�n ¹ z�n/�)p ��¼§Å§Å3Ãqil{�¾�¼§â�pqg%	s¾�kÒzoÅ§Å<zokmi<Ä�{3nj¾6ilÆ�Ã�il{3n�zokm¼D{ãzo{3n{�pwpwâ n�i��:p n�g�zlÃ5�<pwâ � -)il{ã¾àpwg�½�z�nj¼Di<{ÏilÆ�kÒzl¾j¾ÒÃqzl{ �:p v<zlgjzl{3n�pqpsâØÅ§i·ÃqzoÅ§Å§ÀØ¼D{ ��{�¼¿njp½<ilÅ§Ä�kmpk1pqn ¹ i·â�¾w��Â�i<g�n ¹ ¼´¾«g�pszl¾�il{��)p ��¼§ÅDÅ×Ä�¾�p ��{�¼Dn�pç½lilÅ§Ä�kmpkmp�n ¹ i·â�¾q� $ ÃwÃ�Ä�g�zlÃqÀ

��¼§ÅDÅ/�:p�i��·n�zo¼§{�pwâ?�3À}gjpwâ·Ä�Ãq¼D{�vÒilÄ�g�¾àá�zon�¼´zoÅ×vlgj¼§â�¾�¼ 7qpl�DA ¹ ¼´¾ ¼´¾»zäÃ�il{ã¾àp �<Ä�pq{�Ãqp�ioÆ£ilÄ�gÃ ¹ i<¼§Ãqp�ÆÞilg�ilá:pqg�z�njilg�¾�á�ÅD¼Dnànj¼D{�v��
$ ¾�pwÃqil{�â©¼§k1á:ilg�njzl{3n�g�pszl¾�il{ nji Ä�¾�p¡z���{�¼Dn�pÒ½<ilÅ§Ä�kmpÒk1pqn ¹ i·â®¼´¾~n ¹ pÒÆ zlÃ�nn ¹ zon

�ypmÄ�¾àpÒz t�¼§pqkÒzo{�{©¾�ilÅ§½lpwg»ÆÞi<g~n ¹ p ¹ À�áãpwg��:ilÅ§¼§Ã1á�gji���ÅDpwk i��·n�zo¼§{�pwâ'¼D{©n ¹ pmilá:pqg�z�n�i<g¾�á�Å§¼¿n�n�¼§{�v�� A ¹ pqgjp�ÆÞilgjp�	£i<Ä�g1¼D{�¼Dn�¼´zoÅ Ãqil{�â�¼¿nj¼Di<{ØÆÞilgçn ¹ p â�¼J!@Ä�¾�¼Di<{Ïá�gji���Å§pqk ��¼§Å§Å �:p zá�¼§pwÃqp+��¼´¾àp)Ã�il{ã¾Án�zo{3n6¼D{�¼¿nj¼§zlÅ<á�gji"�ãÅDp>'�Ã�pqg�njzl¼D{�ÅDÀ(� ¹ pq{�ÆÞg�i<{<nån�g�zlÃ5��¼D{�vy¼´¾6Äã¾àpsâ 	ªion ¹ pqg���¼§¾�pzlÅ§¾�i gjzlg�pqÆ zlÃ�n�¼§il{ �yzª½<pw¾Òi·ÃqÃqÄ�g )��@A ¹ ¼´¾¡¼´¾äÃ�i<kmá�z�nj¼I��Å§p���¼Dn ¹ zØÃqpqÅ§ÅJN¢Ã�pw{3n�pqgjpwâ ��{�¼¿njp½<ilÅ§Ä�kmp»kmp�n ¹ i·â � A ¹ p~¾ài<ÅDÄ·nj¼Di<{¡i���njzo¼§{�psâ ��ÀÒzçÃqpqÅ§ÅJN¢Ã�pw{<njpqgjpwâ ��{�¼¿njp�½<ilÅ§Ä�kmp»kmp�n ¹ i·â¾ ¹ i�� ¾�zov<zl¼D{'z¡á�¼§pwÃqp+��¼´¾àpmÃ�i<{�¾Án�zo{3n«á�g�i���ÅDp
	:n ¹ p1¼§â�pwzoÅ£¾ànjzlgànj¼D{�v³áãi<¼D{3n�ÆÞilg~zäv<pq{�pwgjzlÅt�¼§pqkÒzl{�{ á�g�i
��Å§pqk � 1�i1n ¹ ps¾àp~n��yimk1pqn ¹ i·â�¾�Ãwzo{ �:p~Ãqilk���¼D{�pwâ}áãpwgàÆÞpsÃ�njÅDÀ<�
A ¹ p«¼D{3njpqvlg�zoÅ´¾yzoá�á:pwzlg�¼§{�v�¼§{8';�·� �l��)O��¼§ÅDÅ��:p�zlá�á�gji G�¼§kÒz�njpwâ���À¡Ã�pw{<njgjzlÅ:â�¼J!@pqgjpq{�ÃqpÆÞi<g�kçÄ�Å§z<¾+	·z<¾�â·¼§¾jÃ�Äã¾�¾�pwâäÆÞÄ�g�n ¹ pwgw�

� � ÍwÉ�Ð4ßwÙ�ÑãÐ ÍwÑ©Ê>Ë·Ì�Ë74éÑ:Û Ù�Ú �4Ù 2)É<Ì�É�Ð@ÍwÙ�Ë�ÛyÉ�� 4Ë·ÍsÙ Ñ:Ð×ßmË�Ð�� Ð4ÑãÐ4Û Ù�Ð×É�Ë·Ì�ÙÞÍ�Ý
A ¹ päpHG�n�pw{�¾à¼§il{®nji á�zlgjz��ãi<ÅD¼´ÃÒâ·¼I!:pwg�pw{<nj¼§zlÅép �<Äãz�n�¼§il{ã¾¼§¾ g�pwÅ§zon�¼§½lpwÅDÀ'pwzl¾�Àl� Â4¼§gj¾àn#	4n ¹ p¾�á�z�nj¼§zlÅ�â�¼§¾jÃ�gjp�nj¼I7sz�n�¼§il{*¼´¾}Ã�il{ã¾Ánjg�Ä�Ã�n�psâ � A ¹ pq{C	�zÏ¾�Ä�¼¿n�z"��Å§p nj¼Dkmp®â·¼´¾�Ãqg�pqn�¼ 7wz�nj¼Di<{ ¼´¾Ã ¹ i3¾àpw{6�=AéÀ�á�¼´ÃqzlÅDÅ§À�	���z<Ã5� ��zog�â}ilg�¼Dkmá�Å§¼´Ã�¼Dn�ÇhÄ�ÅDpwg(��¼§Å§Å/�:p1Ä�¾àpsâ � A ¹ ¼´¾<��¼§Å§Å×v<¼D½<p gj¼§¾�pnjimzmkÒzon�gj¼JGäp �3Ä�z�nj¼Di<{än ¹ z�n�{�pwpwâ�¾�nji��ãp�¾�ilÅ§½lpsâ³zon�zlÅDÅ6â�¼§¾jÃ�gjp�njp«nj¼Dkmp�á:il¼§{3nj¾w�
�»il{�Å§¼D{�pwzogj¼DnÁÀäÃqzl{��ãpn�z"�<pq{ ¼§{<njiäzlÃwÃ�i<Ä�{3n>�3À³kÒzo{�À}â�¼J!@pqgjpq{3n»kmp�n ¹ i·â�¾#	�pwz<Ã ¹ ioÆ

� ¹ ¼´Ã ¹ â·pqá:pq{ãâ·¼D{�v ¾Ánjg�i<{�vlÅ§À il{©n ¹ p¡¾àá:pwÃq¼J�ãÃ1nÁÀ�á:pÒioÆ�{�il{�ÅD¼§{�pwzlg�¼DnÁÀ Ã�i<{�¾�¼§â·pwg�psâ ��;©pá:i<¾àn�á:il{�p~n ¹ ¼´¾�â·¼§¾jÃ�Äã¾�¾�¼Di<{änjiQ1�pwÃ�n�¼§il{ �·� 9�� 9��
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Â4¼Dv<Ä�gjp��� 9ãr $ �<Ä�¼¿ÆÞpwg>��¼¿n ¹ â·Ä�zoÅIN �)pwÅDÅ;�%�«{�p~g�psÃ ¹ zogjvlp<�)pwÅDÅ6zl{�â}il{�p~á�Ä�kmá�¼§{�v��ypqÅ§Å��
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A ¹ p á�g�zlÃ�n�¼´ÃqzlÅ ¾àpqn�Ä�á �yp��yzl{<nmnji k1i·â·pwÅ ¼§{!â�p�njzl¼DÅ»¼§¾1n ¹ p°â·Ä�zlÅJN �ypqÅ§Å�pHG·áãpwg�¼§kmpq{3nw�Â�i<gév<pq{�pwgjzlÅ·n�pwg�km¼§{�ilÅ§ilv<ÀçÃ�i<{�Ã�pwg�{�¼D{�vv<g�i<Ä�{�â ��z�njpqg �ãi��!zl{�âmkmi·â·pqÅ§¼D{�v 	 �)p gjp�ÆÞpwghnji$ á�áãpw{�â·¼IG K�� A ¹ ¼§¾/1�pwÃ�n�¼§il{~¼§¾åilgjv<zl{�¼I7wpwâ«zl¾@ÆÞi<ÅDÅ§i�� ¾q�×Â×¼§g�¾Án%	qn ¹ phá ¹ À·¾à¼´ÃqzlÅ"��z<Ã5�3v<g�i<Ä�{�â¼´¾åv<¼D½<pq{C	�â·pwk1i<{�¾àn�g�z�n�¼§{�v�n ¹ pégjpqÅ§pq½�zo{ãÃ�philÆ·n ¹ pyâ·Ä�zoÅIN �)pwÅDÅ<pHG·áãpwg�¼§kmpq{3nw��� p+G3n%	ªn ¹ p ��i����pwÅ§â ¼´¾ â·pqn�pwg�km¼§{�pwâ 	@zo{ãâ���{�zoÅ§Å§À�	�n ¹ p Ãqil{3njzlk1¼§{�zl{<n�njgjzl{�¾�áãi<gàn kmi·â·pqÅ×¼§¾«â·pq½<pqÅ§ilá:pwâ �
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n ¹ p»á�¼Dp#7qilkmpqn�gj¼§Ã ¹ pwz<â

' ÃqilÄ�{3njpwâ³ÆÞg�i<k"n ¹ p �ãilnàn�i<k ilÆån ¹ p�z �3Ä�¼DÆÞpqg )��
A ¹ p ��i��
áãiln�pw{<nj¼§zlÅ6ioÆ4n ¹ p �)pwÅDÅ6â·i<Ä,��Å§p�n«Ãwzo{��ãp~ÆÞi<Ä�{�â���À³¾�Ä�á:pqgjáãi3¾à¼Dn�¼§il{}ioÆ4n ¹ pn��yi �ypqÅ§Å´¾q�L�¢{ Ãqzlgànjpw¾�¼§zl{³Ã�i�i<gjâ·¼§{�zon�pw¾)n ¹ ¼§¾ ÅDpszlâ�¾ynji

Φ(x, y) =
Q1

4π
ln

(x+ d)2 + y2

(x− d)2 + y2
+ Φ0,

';�·� �o� )
� ¹ pwg�p~n ¹ p Ã�i<{�¾ànjzo{3n

Φ0
kçÄ�¾àn>�ãp â�p�n�pwg�km¼§{�pwâ}ÆÞgjilk n ¹ pB�ãi<Ä�{�â�zlg�ÀäÃqil{�â�¼¿nj¼Di<{�¾q�&;'p

��¼§ÅDÅ(��g�¼Dn�p°n ¹ p©â·¼´¾�Ã ¹ zlg�v<p gjzon�p
Q1
zl¾

Q
� Ç��ã�='���� �l�
)Ò¾jz�nj¼§¾ ��ps¾Òn ¹ p®¾àn�pwz<â·À!¾Án�z�n�pp��3Ä�zon�¼§il{

∆Φ = 0,
';�·� � �")

zo{ãâÃqzo{=�:péÃ�i<kmá�ÅDpqn�pwÅDÀ�â·p�njpqgjk1¼§{�psâ=�3À�á�gjpw¾jÃ�gj¼I��¼D{�vyn ¹ p ��i��©áãiln�pw{<nj¼§zlÅo¼§{�z�g�pqÆÞpqgjpq{�Ãqpá:il¼§{<n
(x0, y0)

	:¼§k1á�ÅDÀ�¼§{�v¡zÒ½�zoÅ§Ä�pÆÞi<g�n ¹ pçÃ�il{ã¾Án�zo{3n
Φ0
� � iln�pn ¹ z�n<� ¹ pq{ n��yi ¹ pwz<â½�zoÅ§Ä�pw¾#	

h1
	
h2

	«zogjp vl¼§½lpw{ z�n}â�¼J!@pqgjpq{3n³á:il¼§{3nj¾#	�n ¹ p°½�zoÅ§Ä�p°ilÆ
Q
zo{�â

Φ0
Ãqzl{ �ãpâ·pqn�pqgjkm¼D{�pwâ ���¢{ØÂ4¼Dvã� ��� �³n ¹ p¡gjpw¾�Ä�Å¿nj¼D{�v ��i���á:ionjpq{3n�¼´zoÅé¼§¾ á�ÅDilnànjpwâ 	×n�i<vlp�n ¹ pqgB��¼¿n ¹n ¹ p ��i���Å§¼D{�pw¾D� ¹ ¼´Ã ¹ zogjp�á:pqgjá:pq{�â·¼´Ã�Ä�Å§zlg�n�i1n ¹ pp �3Ä�¼Dá:ionjpq{3n�¼´zoÅåÅD¼§{�pw¾�ilÆ

Φ
�
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���������
	�������

����� ����
�������������������

Â4¼§vlÄ�gjp¡�·� �·r�Â4ÅDi�� á:ion�pw{3n�¼´zoÅézl{�â �ãi���Å§¼D{�pw¾~ÆÞi<g�z â·Ä�zoÅO�)pwÅDÅ 	åkmi·â·pqÅ§pwâ ��À'z}á:il¼§{3n¾�ilÄ�g�Ã�p~zo{ãâ}¾�¼§{,�@�

�¢{ n ¹ p³Ãwzl¾�pÒn ¹ z�n n ¹ pägjpqv<¼Di<{�zoÅ ��i�� ¼D{ n ¹ p z �3Ä�¼DÆÞpqgçÃwzo{ {�iln��:pä{�pwvlÅ§pwÃ�n�pwâC	hzo{p+G3njgjzçnjpqgjk�k Ä�¾àn>�:p�zlâ�â·psâ 	�¾�pqp�1�pwÃ�n�¼§il{�K�� �,	·vl¼§½�¼D{�v
Φ(x, y) = −Q0x+

Q

4π
ln

(x+ d)2 + y2

(x− d)2 + y2
+ Φ0,

'��·� ��� )
� ¹ pwg�p

Q0
¼§¾«n ¹ pçÄ�{�¼¿ÆÞi<g�k �ãi��@��pqÅ´â ¼§{'n ¹ p

x
N¢â·¼§g�psÃ�n�¼§il{å�B1�i 	@ÆÞi<g

Q0 > 0
	@n ¹ pwg�p1¼§¾gjpqv<¼Di<{�zoÅ ��i��
ÆÞgjilk�ÅDpqÆ�n»n�iÒgj¼§v ¹ nw� �«{�Å§À¡ÆÞi<g«¾�Ä'�¡Ã�¼§pq{3n�Å§ÀäÅ´zogjvlp

Q
	*�yzon�pqg»¼D{��ÁpsÃ�njpwâ zonn ¹ p�gjpwÃ ¹ zlg�v<pM�ypqÅ§ÅC��¼DÅ§Åågjpwz<Ã ¹ n ¹ p�á�Ä�kmá�¼§{�v��ypqÅ§Å��&�Tn»Ãqzl{��:p ¾ ¹ i���{³n ¹ zon n ¹ ¼´¾�¼´¾�n ¹ pÃwzl¾�p&� ¹ pw{

Q > πdQ0
	<¾�pqp � � 9 
T�£Â�ilg£Ãqil{3njzlk1¼§{�zl{<n4n�g�zo{ã¾àá:ilg�n#	�¼Dné¾àpwpqkÒ¾>kmilgjp)Äã¾àpqÆÞÄ�ÅDÅnji¡¾àpqn»Ä�á}n ¹ p�n��)i��ypqÅ§Å§¾�¾�Ä�Ã ¹ n ¹ z�n

Q0 < 0
	 � ¹ ¼´Ã ¹ ��¼DÅ§ÅåzoÅ ��zªÀ�¾�zlÅDÅ§i���gjpwÃq¼Dg�Ã�Ä�Å§zon�¼§il{nji1i·ÃwÃ�Ä�gs�

�¢{mÆ z<Ã�n#	�¾�ilÅ§Ä·n�¼§il{�'���� �l�
)>¼´¾h{�ionégjpwzlÅD¼´¾Ánj¼§Ã�¼§{mn ¹ p»{�pw¼Dv ¹ �:ilg ¹ i�i·â1ioÆ@n ¹ pM�)pwÅDÅ´¾+	�¾�¼D{�Ãqpn ¹ pqgjpn ¹ p �»Ä�á�Ä�¼Dn N¢Â�ilg�Ã ¹�¹ pw¼Dkmpwg«zoá�á�g�i G·¼§kÒz�n�¼§il{}¼´¾»¾àn�gjil{�v<ÅDÀ³½3¼§ilÅ´z�njpwâ �EA ¹ ¼´¾»Ãwzo{��:p¾�ilÅ§½lpsâ �3À Ã�i<{�¾�¼§â·pwg�¼§{�vÒn��yi �ypqÅ§Å§¾«¾àpwá�zog�z�njpwâ ��À zäâ·¼´¾Án�zo{�Ãqp
D

��¼Dn ¹ v<¼D½<pq{ g�zlâ·¼§¼
r1

	
r2

	 '
D > r1 +r2

)H	3zl{�â �3Àçá�gjpw¾jÃ�gj¼I��¼§{�v�n ¹ p ¹ pwz<â1½ªzlÅDÄ�pw¾£gjpwz<Ã ¹ pwâçil{1n ¹ pq¼§g �ãi<Ä�{�â�zlg�ÀÄ�{ãâ·pqg ¾àn�pszlâ·À N¢¾Án�z�njpmÃqil{�â�¼¿nj¼Di<{�¾q�Q;'p¡Äã¾àpmn ¹ pÒ{�ion�z�nj¼Di<{
Br(a, b)

ÆÞilg~n ¹ p ��zlÅDÅO��¼¿n ¹g�zlâ·¼§Ä�¾
r
zl{�â*Ã�pw{3n�pqg³¼D{

(a, b)
	 zl{�â

∂Br(a, b)
ÆÞilg³¼¿n�¾Q�:ilÄ�{�â�zogjÀl�@A ¹ Ä�¾#	D�)p'zogjpÃqil{�¾�¼§â�pqgj¼D{�vçn ¹ pp��3Ä�z�nj¼Di<{

∆Φ = 0
¼D{

Ω = R2 \Br1(−d, 0) ∪Br2(d+ c, 0),
';�·� � 8
)
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� ¹ pwg�p
D = 2d+ c

	�zoÅ§il{�v���¼Dn ¹ n ¹ p �ãi<Ä�{�â�zlg�À³Ã�il{ãâ·¼¿nj¼Di<{�¾
Φ = Φ1

il{
∂Br1(−d, 0)zo{ãâ

Φ = Φ2
il{

∂Br2(d + c, 0)
� A ¹ ¼´¾¡¼´¾¡n ¹ p'�«¼Dgj¼´Ã ¹ ÅDpqn³á�gji���ÅDpwk ÆÞi<g}zl{*ilÄ·njpqgâ·i<kmzl¼D{å�ä�»Ä�pÒn�i n ¹ p¡¾àÀ�kmkmp�njg�À©zoÅ§il{�v}n ¹ p

x
N¢z�G·¼§¾#	 �yp¡¾�ilÅ§½lp '��·� � ��)�¼D{©n ¹ pÒÄ�á�á:pqg¹ zlÅ¿Æ NTá�Å´zo{�p
	6¾àpwp1Â4¼§v��å�·� �,	 ��¼Dn ¹ �«¼Dgj¼§Ã ¹ ÅDpqn~Ãqil{�â·¼Dn�¼§il{ã¾«i<{ n ¹ p ¹ zoÅDÆ NTÃq¼Dg�Ã�Å§pw¾~zl{�â°z ¹ i"Nkmilv<pq{�pwilÄ�¾ �»pqÄ�kÒzo{ Ãqil{�â�¼¿nj¼Di<{}i<{ n ¹ p á�zog�nj¾�ilÆ4n ¹ p

x
NTz"G�¼´¾D�:ilg�â·pqgj¼§{�v1n ¹ p â�ilkÒzo¼§{

' �:pwÃwzoÄ�¾�pioÆ£¾�À3kmkmp�njg�À,)�� A ¹ ¼§¾�á�g�i
��ÅDpwk�Ãwzo{��ãp�¾�ilÅ§½lpsâäp��ÒÃq¼Dpw{3n�Å§ÀäÄ�¾�¼D{�vmÃqil{·ÆÞi<g�kÒzlÅkÒzoá�á�¼D{�v*	hzo{�âC	4ps¾àá:pwÃq¼§zlÅDÅ§À�	L��¼§á:ilÅ´zog�njgjzl{�¾àÆÞilgjkmzon�¼§il{C	 � �l� 
 	>n ¹ zon njgjzl{�¾ÁÆÞi<g�kÒ¾ ';�·� � 8 )¼§{<nji¡z1g�psÃ�njzl{�vlÅ§p
Ω̃ = [0, π] × [v(1), v(2)]

	�¾àpwp�zoÅ´¾àimÂ4¼Dvã�ã�·� ���

x

y

u

v

0 π

v(1)

v(2)

�

�

�

�

�

� ��

�

�

Â4¼Dv<Ä�gjpÒ��� ��r(Kyi<Ä�{�â�zlg�À ioÆ)n ¹ p¡â�ilkÒzo¼§{
Ω
¼D{©n ¹ p

(x, y)
á�Å´zo{�p�	åzl{�â n ¹ pÒâ·ilkÒzl¼D{

Ω̃¼§{
(u, v)

NTÃqi�ilg�â·¼D{ãz�n�ps¾�z�Æ�njpqg>��¼§á:ilÅ´zog�njgjzl{�¾ÁÆÞi<kÒz�n�¼§il{å� $ ¼´¾�n ¹ p¼D{��ÁpsÃ�nj¼Di<{��)pwÅDÅ 	*K n ¹ ppHG�njgjz<Ã�n�¼§il{��ypqÅ§Å��
¸ pq{�pqg�zoÅ§ÅDÀ
	�n ¹ p ��¼§á:ilÅ´zogyn�g�zo{�¾àÆÞilgjkÒz�nj¼Di<{ä¼´¾�vl¼§½lpw{Q��À
x =

γ

2

sinh v

cosh v − cosu
, y =

γ

2

sinu

cosh v − cosu
, u ∈ [0, 2π), v ∈ (−∞,∞),';�·� �l� )

� ¹ pwg�pn ¹ p�½�zoÅ§Ä�p
γ
Ãqzo{��:p Ã ¹ i3¾àpw{6�EA ¹ pn�g�zo{ã¾ÁÆÞi<g�kÒz�nj¼Di<{ ¹ zl¾�n ¹ p ¾�áãpsÃ�¼´zoÅåá�g�i<áãpwgànÁÀn ¹ z�n�ÃqÄ�gj½lpw¾>��¼¿n ¹ Ã�i<{�¾Án�zo{3n

u
i<g
v
zogjp�Ã�¼§gjÃ�Å§pw¾ ¼D{ n ¹ p

xy
NT¾�á�zlÃqpl�DA ¹ ¼´¾�ÆÞi<ÅDÅ§i�� ¾�ÆÞgjilkn ¹ p¼§â·pw{3n�¼Dn�¼§pw¾

x2 +
(
y − γ

2 cotu

)2

=
γ2

4

1

sin2 u

';�·� ��� )
(
x− γ

2 coth v

)2

+ y2 =
γ2

4

1

sinh2 v
.

';�·� �<�
)
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A ¹ Ä�¾#	�zmÃ�il{ã¾Án�zo{3n

v
NT½�zoÅ§Ä�p~ÅDpszlâ�¾ynjimzmÃq¼Dg�Ã�Å§p=��¼¿n ¹ g�zlâ�¼DÄ�¾ γ

2
1

sinh v

zl{�â}Ã�pq{3njpqg�il{³n ¹ p
x

NTz"G�¼´¾�ÅDi·Ãwz�n�psâ ¼§{
x = γ

2 coth v

�B;'pÒÃqzl{°Ã ¹ i�i<¾�p�n��yi
v
½�zlÅDÄ�ps¾+	

v(1) zl{�â v(2) 	@n ¹ zon
��¼§ÅDÅ£Ãqilgjg�ps¾àá:il{�â���¼Dn ¹ ilÄ�g�vl¼§½lpw{��)pwÅDÅ4gjz<â·¼§¼ 	 zo{ãâ��)p1Ãqzl{°Ã ¹ i�i<¾�p

γ
zl{�â

c
	 ¾�i³z<¾ njiÃqpq{3n�pwg×n ¹ p Ã�i<g�gjpw¾�á:il{�â·¼§{�v�Ã�¼§gjÃqÅDps¾×¼§{çn ¹ p�Ã�i<g�gjpwÃ�n4á:i<¾�¼Dn�¼§il{6�/A ¹ ¼§¾>Å§pwz<â�¾4n�i«n ¹ p ¾àÀ·¾àn�pqk





2d+ c = D

sinh v(1) = − γ
2r1

sinh v(2) = γ
2r2

γ
2 coth v(1) = −d

γ
2 coth v(2) = d+ c.

1�¼§kmá�Å§¼¿ÆÞÀ�¼§{�v 	,�yp(��{�â³n ¹ z�n�n ¹ pÄ�{,��{�i���{�¾
v(1) 	

v(2) 	
d

	
c
zl{�â

γ
ÆÞilÅ§ÅDi���ÆÞg�i<k





sinh v(1) = − γ
2r1

sinh v(2) = γ
2r2

d = 1
2

√
2r1

2D2+r1
4−2 r1

2r2
2+r2

4−2 r2
2D2+D4

D2

γ = 2
√
d2 − r21

c = D − 2d.

;*¼Dn ¹ n ¹ ps¾àp�½�zoÅ§Ä�pw¾#	3n ¹ p=��¼§á:ilÅ´zog)n�g�zo{�¾àÆÞilgjkÒz�n�¼§il{8'��·� �l� )P��¼§ÅDÅ:njgjzl{�¾ÁÆÞi<g�k n ¹ pâ·ilkÒzo¼§{
Ω
¼§{3n�i n ¹ p'gjpwÃ�njzl{�vlÅ§p

[0, π] × [v(1), v(2)]
	>� ¹ pwg�p8�)p {�pqpwâ*n�i ¾�ilÅ§½lp n ¹ p 
×zoá�Å´zlÃqpp �<Äãz�n�¼§il{ '���� �<�") 	6¾�pqpmÂ4¼Dvã�1��� ��� � iln�pçn ¹ zon=� ¹ pq{

r1 = r2
	C�yp ¹ zª½lp

d = D/2
zo{ãâ

c = 0
�PA ¹ p�
åzlá�Å§z<Ã�p�p��3Ä�zon�¼§il{}Ä�{�â·pwg�n ¹ p ��¼Dá:ilÅ´zogyn�g�zo{ã¾ÁÆÞi<g�kÒz�nj¼Di<{ä¼´¾�vl¼§½lpw{Q��À
4

γ
(cosh v − cosu)

2

(
∂2Φ̃

∂u2
+
∂2Φ̃

∂v2

)
= 0, (u, v) ∈ [0, π] × [v(1), v(2)]

� ¹ pwg�p
Φ̃(u, v) = Φ(x, y)

� A ¹ ¼´¾gjpwâ·Ä�Ãqpw¾�zlv<zl¼D{'n�i n ¹ p 
åzlá�Å§z<Ã�pmp��3Ä�zon�¼§il{C	4{�i���¼D{
(u, v)

NT½�zogj¼§z���Å§pw¾w�P�¢{���¼Dá:ilÅ´zog Ãqi3i<gjâ�¼D{�zon�ps¾+	�n ¹ p�
åzlá�Å§z<Ã�p~p��3Ä�zon�¼§il{}¼§¾»¾àpwá�zog�z"��Å§pl�PA ¹ p¾�ilÅ§Ä·n�¼§il{ç¼§¾>Ä�{�¼ �3Ä�pwÅDÀçâ·pH��{�pwâç¼¿Æ@il{1zoÅ§Å �ãi<Ä�{�â�zlg�¼§pw¾>z<�ãi<Ä�{�â�zlg�À�Ãqil{�â·¼Dn�¼§il{ ' �«¼§g�¼´Ã ¹ Å§p�n#	
�»pqÄ�kÒzo{�{C	�t�i���¼D{*)é¼´¾)v<¼D½<pq{6�/�¢{äi<Ä�g�zoá�á�g�i3zlÃ ¹ 	
�)p ¹ zª½lp«z ¹ i<kmilvlpw{�pqi<Ä�¾%�»pqÄ�kÒzl{�{Ãqil{�â·¼Dn�¼§il{!¼§{

u = 0
zo{ãâ

u = π
	�zo{�â z �»¼§gj¼§Ã ¹ Å§p�näÃqil{�â�¼¿nj¼Di<{!zonÒn ¹ p ¼§{���i���zo{ãâi<Ä·n ��i���PA ¹ p�¾�ilÅ§Ä·nj¼Di<{³¼´¾�vl¼§½lpw{���À
Φ̃(v) = Av +B

'���� �<�
)
� ¹ pwg�p

A
zl{�â

B
zlg�pâ·pqn�pqgjkm¼D{�pwâ��3Àän ¹ p �:ilÄ�{�â�zogjÀÒp��3Ä�zon�¼§il{�¾

Av(1) +B = Φ1, Av(2) +B = Φ2.
'��·� � 9 )
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�¢{Òn ¹ ¼§¾O�yzªÀ��)p»i��·n�zo¼§{mz ¾à¼§kmá�ÅDp»pHG�zlÃ�n)¾ài<ÅDÄ�n�¼§il{ÒioÆ@n ¹ p ��i��!á�gji���Å§pqk�¼D{¡n ¹ p»â�ilkÒzo¼§{
Ω̃
zo{ãâ 	3n�g�zo{�¾àÆÞilgjkm¼D{�v �ãzlÃ5��	<¼§{

Ω
�P� pwg�p
	ln ¹ p»p �<Ä�¼Dá:ionjpq{3n�¼´zoÅ@Ã�Ä�gj½lps¾hilÆ

Φ
¼§{

Ω
Ãqg�psz�njpn ¹ p ¹ ilgj¼I7wil{3njzlÅ×Å§¼D{�pw¾~¼§{

Ω̃
' á�zog�zoÅ§Å§pqÅL��¼¿n ¹ n ¹ p

u
N¢z�G·¼´¾�)«zo{ãâ n ¹ pm¾àn�gjpwzlkmÅD¼§{�pw¾#	 � ¹ ¼´Ã ¹zogjp~ilg�n ¹ i<vli<{�zoÅãn�imn ¹ pqk 	�Ãqg�psz�n�p«n ¹ p½lpqg�n�¼´ÃqzlÅ ÅD¼§{�ps¾+	·á�zlgjzlÅDÅ§pqÅ ��¼Dn ¹ n ¹ p

v
N¢z�G·¼´¾q�

0 1 2 3
u

–6

–4

–2

0

2

4

6

v

0 1 2 3
u

–6

–4

–2

0

2

4

6

v

0

Â4¼Dv<Ä�gjp ��� �·r}Â4Å§i�� p �<Ä�¼Dá:ionjpq{3n�¼´zoÅ�Å§¼D{�pw¾1ÆÞilg¡z®â·ÄãzoÅD�ypqÅ§Å�¼D{
uv

NTÃqi�ilg�â·¼D{ãz�n�ps¾q� 
6pqÆ�nwr{�i'g�pwvl¼§il{�zlÅ ��i���°t�¼§v ¹ nwr1gjpqvl¼§il{ãzoÅ ��i��"zlÅD¼§vl{�psâ©n�i©â·Ä�zoÅIN �)pwÅDÅ �ãi�� 	4gjpwÃq¼Dg�Ã�Ä�Å§zon�¼§il{
�:p�n��ypqpq{}n ¹ p�â·Ä�zlÅ �)pwÅDÅ´¾qr ��i���ÆÞg�i<k�njilá³n�i��:ionànjilk �

A ¹ pÒá:ionjpq{3n�¼´zoÅM';�·� �o� )»¼´¾�z}vli�i·â©zoá�á�gji G·¼DkÒzon�¼§il{°ilÆ)n ¹ p¡p+G·z<Ã�ná:ion�pw{3n�¼´zoÅ
Φ
â·pHNn�pwg�km¼§{�pwâ³ÆÞgjilk '��·� � 8 )��%�«Ä�g ¾�ilÅ§Ä·n�¼§il{}¼´¾�¼§â�pq{3n�¼´ÃqzlÅ n�iÒzÒâ·Ä�zlÅ �)pwÅDÅ×Ã�il{ã¾Ánjg�Ä�Ã�n�psâ¡ÆÞgjilkn��yi1á:il¼§{3n»¾ài<Ä�g�Ã�pw¾#	 � ¹ pqgjp�n ¹ ps¾àp¾�ilÄ�g�Ã�ps¾�zogjp�¾�p�n ¼§{

(−γ/2, 0)
	
(γ/2, 0)

r

Φ(x, y) =
Q

4π
ln

(x+ γ/2)2 + y2

(x− γ/2)2 + y2
+ Φ0 = Av +B = Φ̃(u, v),

Ä�{�â�pqgmn ¹ p}v<¼D½<pq{Ïn�g�zo{�¾àÆÞilgjkÒz�n�¼§il{å� A ¹ ¼´¾ÒzoÅ§ÅDi�� ¾ ÆÞilgm¼§{<njg�i·â·ÄãÃ�¼§{�v°n ¹ p���z<Ã5�3v<g�i<Ä�{�âvlgjilÄ�{�â ��z�n�pwg��i�� 	y¼�� pl�én ¹ p��ãi���á�gjpw¾�pq{3nÒ¼§{!n ¹ p°¾�Ä,��¾�Ä�g�Æ zlÃqp ¼D{�â�pqá:pq{�â·pw{3näioÆ�n ¹ p
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0 1 2 3
u

–6

–4

–2

0

2

4

6

v

0
0 1 2 3

u

–6

–4

–2

0

2

4

6

v

0

Â4¼§vlÄ�gjpç�·� ��r�Â4Å§i�� p �3Ä�¼Dá:ionjpq{3n�¼´zoÅ4Å§¼D{�ps¾ ÆÞi<g«z¡â�Ä�zoÅ/�)pwÅDÅ4¼§{
uv

NTÃqi�ilg�â·¼D{ãz�n�ps¾+	�g�pwvl¼§il{�zlÅ
��i�� zlv<zo¼§{�¾àn»â·Ä�zlÅJN �)pwÅDÅ ��i��� 
6pqÆ�nwr�{�i³g�psÃ�¼§gjÃqÄ�Å§zon�¼§il{ �:p�n��ypqpq{ n ¹ pçâ�Ä�zoÅ:�)pwÅDÅ´¾+	 ��i��ÆÞgjilk�n�i<á njiä¼§{ ��{�¼DnÁÀ�	6zl{�â ÆÞgjilk�¼D{,��{�¼DnÁÀ n�i��ãilnàn�i<k �~t ¼Dv ¹ nsr�á�zog�n�¼´zoÅ4gjpwÃ�¼§g�Ã�Ä�Å´z�nj¼Di<{C	á�zlgàn�ilÆ×njilá}vli�pw¾ynji �:ion�n�i<k�	ãzo{�â}á�zlgàn�vli�ps¾énjiÒ¼D{,��{�¼DnÁÀl�

�ypqÅ§Å§¾#	�ÆÞilgD� ¹ ¼§Ã ¹ �yp~¾�Ä�v<vlpw¾ànyn ¹ pv<pq{�pwgjzlÅãÆÞi<g�k

Φ(x, y) =
Q

4π
ln

(x+ γ/2)2 + y2

(x− γ/2)2 + y2
+ Φ0 −Q0x

= Av +B − C
γ

2

sinh v

cosh v − cosu

'��·� �<�
)
= Φ̃(u, v).

�»pqgjp
A

	
B
zo{ãâ

C
kçÄ�¾ànO�ãp�â·p�njpqgjkm¼D{�psâ1ÆÞg�i<k n ¹ p»v<¼D½<pq{m½�zoÅ§Ä�p ilÆ:n ¹ p �ãi�� á:ionjpq{3n�¼´zoÅ¼§{ �'áãi<¼D{3n�¾q� �¢{�â�pqpwâC	hn ¹ p ¹ pszlâÏ½ªzlÅDÄ�p���¼§ÅDÅE�:p³{�i'Å§il{�v<pqgmÃ�i<{�¾Án�zo{3nçi�½<pqg n ¹ p �ypqÅ§Å

�:ilÄ�{ãâ�zogj¼Dps¾yÆÞilg�';�·� �<��)��
;©pB��{�i�� n ¹ z�n»n ¹ p ¹ pwzlâ

h
¼´¾»gjpqÅ´z�njpwâ}n�iän ¹ p ��i�� áãiln�pw{<nj¼§zlÅ 	 ¾�pqpQ' K�� 8 ) N ' K��D�s�
)��

A ¹ pwg�pqÆÞilgjp�	 �yp1Ãwzo{©vl¼§½lpçn ¹ p ¹ pszlâ'½�zoÅ§Ä�pw¾~z�n¼§{���i�� zo{�â°ilÄ·n ��i�� �:ilÄ�{�â�zogj¼Dps¾+	åzl{�âÃwzoÅ´Ã�Ä�Å´z�njp
Φ1
zo{�â

Φ2
{�pqpwâ�pwâØ¼§{�'��·� � 9 )�� A ¹ p Ã�Ä�gj½lp

h(x, y) = H
¾àpwá�zog�z�njpw¾�n ¹ pÃqil{ ��{�pwâ}zo{�â}Ä�{�Ãqil{ �ã{�pwâ�7qi<{�pl�
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A ¹ p¾�pqpqáãzovlp~½<pqÅ§i�Ãq¼¿nÁÀ
vs
¼´¾�vl¼§½lpw{���À

vs = − 1

h ��� θ0
∇Φ,

';�·� �l� )
� ¹ pwg�p

θ0
¼§¾én ¹ p«áãi<g�i3¾à¼DnÁÀl�/A ¹ Ä�¾+	<n ¹ p ��i�� ��pwÅ§âÒ¼´¾éÃqilkmá�Å§p�njpqÅ§Àmâ�p�n�pwg�km¼§{�pwâ6�/;©p»á�ÅDilnn ¹ p1p �3Ä�¼Dá:ionjpq{3n�¼´zoÅ>Å§¼D{�pw¾�¼D{©¾àpw½lpwgjzlÅ×¾�p�n NTÄ�á�¾w�BA ¹ p���i�� Å§¼D{�pw¾(��¼DÅ§ÅP�:pçá:pqgjáãpw{�â·¼´Ã�Ä�Å´zogn�i n ¹ pqk ���¢{®Â4¼§v��³��� � 	 
åp�Æ�n#	×n ¹ pqgjp1¼´¾{�i gjpqv<¼Di<{�zoÅ ��i����A ¹ pÒ¼D{"�ÁpwÃ�nj¼Di<{��)pwÅDÅh¼´¾�zonn ¹ p»njilá6�PA ¹ p(�yzon�pwg ��i�� ¾hÆÞg�i<k�n ¹ p«n�iláän�i n ¹ p(�ãilnànjilk 	 ��¼¿n ¹ ��i��!Å§¼D{�ps¾yá�zog�zoÅ§ÅDpwÅ�njin ¹ p

v
N¢z�G·¼§¾w�=�¢{'Â4¼§v��ç��� � 	@t ¼Dv ¹ n%	@n ¹ p1gjpqvl¼§il{ãzoÅ �ãi��Õ¼§¾«ÆÞgjilk

x = +∞ nji x = −∞ 	¼;� p<�I	
Q0 < 0

	:¾�iÒ¼Dn«vli�ps¾�ÆÞg�i<k n ¹ p ¼§{��ÁpsÃ�n�¼§il{ nji¡n ¹ p�pHG�njgjz<Ã�n�¼§il{ �ypqÅ§Å��>A ¹ p�g�ps¾àÄ�Å¿nj¼D{�v
��i���ÅD¼§{�ps¾Òzogjp³ÆÞgjilk n ¹ p njilá n�i®n ¹ p��:ionànjilk 	E��Ä·näzlg�i<Ä�{�âÏn ¹ p á:il¼§{3näz�n¡¼§{ ��{�¼DnÁÀl�
A ¹ pwg�p
	/�ypä¾�pqpÒn ¹ p��ãi���ÆÞgjilk

x = +∞ 	4¼;� pl�
(u, v) = (0, 0+)

	×nji
x = −∞ 	4¼;� pl�

(u, v) = (0, 0−)
�

�¢{ Â4¼Dvã�»�·� �,	ãn ¹ p g�pwvl¼§il{�zlÅ ��i�� ¼§¾ ÆÞg�i<k
x = −∞ nji x = +∞ 	:zo{�â}n ¹ p�nÁÀ�á:p ioÆ

��i��*â·pwáãpw{�â�¾)il{mn ¹ p«¾àn�gjpq{�vln ¹ ioÆ n ¹ ¼´¾ ��i�� ��pwÅ§â6�LA×in ¹ p»gj¼Dv ¹ n#	��yp ¹ zª½lp�n ¹ p«Ãqz<¾àp»ioÆz¾àn�gjil{�v~gjpqvl¼§il{ãzoÅ ��i�� 	okÒz"��¼§{�vÃ�¼§gjÃqÄ�Å´z�n�¼§il{1ioÆ���z�n�pwg>ÆÞg�i<kÕn ¹ p�¼D{"�ÁpwÃ�nj¼Di<{��)pwÅDÅ�nji~n ¹ ppHG�njgjz<Ã�n�¼§il{Q�)pwÅDÅ@¼§k1á:i<¾j¾�¼I��Å§pl� A×içn ¹ p�ÅDpqÆ�n#	�n ¹ p~g�pwvl¼§il{�zlÅ ��i��*¼´¾ �)psz"�<pqg%	3zl{�âä¾�ilkmp�ioÆn ¹ p �yzon�pqg�ilÆån ¹ p¼D{"�ÁpwÃ�nj¼Di<{ �)pwÅDÅ6Ãwzo{ ¾Ánj¼DÅ§Å gjpwzlÃ ¹ n ¹ ppHG�n�g�zlÃ�n�¼§il{Q�ypqÅ§Å;�Â�i<g�n ¹ p�kÒz�n ¹ pqkÒz�nj¼§ÃwzoÅ6kmi·â·pqÅ:�ãpwÅDi�� 	 �)pn�z"�<p
Q0 = 0

	�¾�i
C = 0

� �¢{ á�gjz<Ã�nj¼§Ãqp�	n ¹ ¼§¾�kmpwzl{�¾)n ¹ zon)n ¹ p~g�pwvl¼§il{�zlÅ �ãi�� k Ä�¾ànE�ãp~{�pwvlÅ§pwÃ�nj¼I��ÅDp�¼D{ Ã�i<kmá�zogj¼§¾�il{mnji1n ¹ p���i����pwÅ§â ilÆ£n ¹ p1â·Ä�zlÅJN �)pwÅDÅ;�>�¢{ n ¹ ¼´¾«Ãwzl¾�p�	@zl¾>��¼§Å§Å:�:pç¾�pqpw{C	:n ¹ p1¾à¼§kmá�ÅDp ÆÞilgjk�ilÆ£n ¹ p ��i��á:ion�pw{3n�¼´zoÅ
Φ̃
Ãqzo{ �:ppHG·á�Å§il¼Dn�psâ �

��� � ��� � � � � ��( � �7� � � & (*" 	 ��& � " � � " � � � ( � �
� � � ��� � � ) � " �7�
A ¹ p~njgjzl{�¾àá:ilg�n�p��3Ä�z�nj¼Di<{äÆÞi<g zÒÃ�i<{<n�zokm¼§{�zo{3n �ªn�g�zlÃqpqg ¹ zl¾yn ¹ p~ÆÞilgjk ' ¾�pqp ' K«�§� 9 ) )H	

∂t(h ��� C) = ∇ · (h ��� D∇C) −∇(h ��� vC) +
h ��� I
θ0

,
';�·� �<��)

� ¹ pwg�p~n ¹ p�á:ilgji<¾�¼¿nÁÀ
θ0
¼´¾�n�z"�lpw{änji��ãpçÃ�il{ã¾Án�zo{3n i�½lpwg)n ¹ p z �<Ä�¼¿ÆÞpwg#	�zl{�â�� ¹ pqgjp

D
¼§¾n ¹ p�â·¼§¾�á:pqg�¾à¼§½�¼¿nÁÀÒnjpq{�¾�ilg

Dij = {(D0 + αT |v|)δij +
vivj

|v| (αL − αT )}, ';�·� � �
)

D0
�ãpw¼D{�vmn ¹ pkmilÅ§pwÃqÄ�Å´zog�â·¼I!:Ä�¾�¼§il{ zo{�â

δij
n ¹ p�|~gjil{�psÃ5�lpwgy¾�À�kB�:ilÅ;�L. ilgjpqi�½lpwg#	

v = − 1

h ��� θ0
∇Φ

';�·� �;8 )



� - � Ö4Ë·Ê4ÍwÉ3Ì - � Ü ��/ãÉ�ÚlÍwÙ Ñ:Ð0�4ÑãÎØÙ�Ð×Ë�ÍwÉ�� �4Ù 2 ×ßsÙ Ñ:ÐÏÊ4Ì�Ñ�4>Û É�Î
zl{�â

Φ
¼´¾n ¹ pä¾�ilÅ§Ä·n�¼§il{®ilÆ=';�·� � 8
)���A ¹ p¡¾ài<Ä�gjÃqpmn�pwg�k

I
kmi�â�pqÅ´¾�g�zlâ·¼§i<z<Ã�n�¼§½lpmâ·psÃqzªÀ�	z<â�¾ài<g�á�n�¼§il{C	·pqnjÃo� $ n n ¹ p�kmilkmpq{3n>�yp�¾àpqn

I = 0
�O;©p���¼§ÅDÅ×Ã�ilkmp ��z<Ã5�Òn�i¡n ¹ ¼´¾�á:il¼§{<n¼§{ Å§zon�pqgM1·pwÃ�nj¼Di<{�¾w�

A×iäÄ�¾�p1n ¹ pmzo{ãzoÅ§À<nj¼§ÃwzoÅ>¾ài<ÅDÄ�n�¼§il{°ilÆhn ¹ p��ãi��Õkmi�â�pqÅ>¼D{ '���� ���")H	 �yp ¹ zª½lp n�i Ã�il{,N¾�¼§â�pqgzo{'Ä�{ �ãi<Ä�{�â·psâ'â·i<kÒzo¼§{
Ω

	 � ¹ ¼´Ã ¹ Ãqzo{©ÃqzlÄ�¾àp1kÒzo{�À á�gji���Å§pqkÒ¾#	 ¼D{©á�zlgànj¼§ÃqÄ�Å§zlg{�Ä�kmpqgj¼´ÃqzoÅåpqgjg�i<gj¾w� A ¹ Ä�¾D�yp~n�g�zo{�¾àÆÞilgjk ';�·� �<�")y¼§{3n�imn ¹ p â·i<kmzl¼D{
Ω̃
ioÆ>n ¹ p�½�zogj¼§z���ÅDps¾

u
zo{�â

v
	<Ä�¾�¼§{�vn ¹ p»¾�zlkmp�n�g�zo{�¾àÆÞilgjkÒz�n�¼§il{mzl¾£ÆÞilghn ¹ p ��i�� á:ion�pw{3n�¼´zoÅ;�LA ¹ ¼§¾O�yz<¾hâ·il{�p

��g�¾àn�¼§{ �D�ª� 
;�P�Tn Å§pwz<â�¾)n�i¡Ãqilkmá�Å§¼§Ãwz�n�psâÒÆÞi<g�kçÄ�Å§z<¾�zo{�â}Ã�i<k1á�Ä·njzon�¼§il{�¾ � �)p ¹ zª½<p«gjpqÅ§¼§pwâi<{Ï¾àÀ�k��ãi<ÅD¼´Ã¡Ã�i<kmá�Ä·njzon�¼§il{ Ä�¾�¼§{�v n ¹ p�. zlá�Å§p¡á�zlÃ5��zlvlpl�?. ilgjpqi�½lpwg#	ån�i'vlp�nmz vli�i·ââ·¼´¾jÃ�gjp�n�¼ 7wzon�¼§il{C	 �yp k Äã¾Án(��g�¼Dn�p n ¹ pç{�p+� v<i�½lpqgj{�¼§{�vÒp��3Ä�zon�¼§il{ ¼§{'Ãqil{�¾�pqgj½�z�n�¼§½lp~ÆÞi<g�k¼§{°n ¹ p
u
zo{�â

v
½ªzlg�¼´z"��ÅDps¾q� ;©p���g�¼§p �ãÀ ¾ �<p�njÃ ¹ n ¹ pÒÃqzlÅ§ÃqÄ�Å´z�n�¼§il{ã¾+	 zo{ãâ n ¹ pq{©á�g�ps¾àpw{3nn ¹ p=��{�zlÅ g�ps¾àÄ�ÅDnj¾�¼§{}n ¹ p�z���¾�pq{�Ãqp�ilÆ>¾�ilÄ�gjÃqp»njpqgjkm¾ '

I = 0
)��

$ â·¼§g�psÃ�nhÃqzlÅ§ÃqÄ�Å´z�n�¼§il{1Å§pwzlâ�¾ånji~n ¹ pyÆÞi<ÅDÅ§i���¼D{�v«njgjzl{�¾àÆÞilgjkmzon�¼§il{ÆÞi<g>n ¹ p â�pqgj¼D½�z�nj¼D½<pw¾#	
∂

∂x
=

−2 sinh v sinu

γ

∂

∂u
− 2(cosu cosh v − 1)

γ

∂

∂v
,

'��·� 9<� )
∂

∂y
=

2(cosu cosh v − 1)

γ

∂

∂u
− 2 sinh v sinu

γ

∂

∂v
.

'��·� 9�� )
�¢{ n ¹ p Ã�il{,��{�pwâ!Ãwzl¾�p�'

h ��� = H
)H	)Ä�¾�¼§{�v '���� � 8
)1zo{�â!¾�p�n�n�¼§{�v

Φ(x, y) = Φ̃(v) =
Av +B

	,�)p~v<p�n

vx = 2
(cos (u) cosh (v) − 1) d

dv Φ̃ (v)

θ0Hγ

vy = 2
sinh (v) sin (u) d

dv Φ̃ (v)

θ0Hγ

|v| = 2

√√√√
(

d
dv Φ̃ (v)

)2

(cosh (v) − cos (u))
2

θ0
2H2γ2

.

�»pq{�Ãqp�	 ';�·� �<�"))¼§{än ¹ p�Ã�i<{ ��{�psâ â·ilkÒzo¼§{�' � ¹ pwg�p
h > H

	·¼�� pl� 	
h ��� = H

))À3¼§pqÅ´â�¾wr

∂tC =
4λ2

γ3θ0H

{
∂u

[(
D0θ0Hγ + 2αTλ(∂vΦ̃(v))

)
∂uC

]
+

'��·� 93�
)

+ ∂v

[(
D0θ0Hγ + 2αLλ(∂vΦ̃(v))

)
∂vC + γ(∂vΦ̃(v))C

]}
,

� ¹ pwg�p
λ = cosh v − cosu

	�zo{ãâ�� ¹ pqgjp
∂vΦ̃(v) = A

ÆÞgjilk ';�·� �l� )��



- � - � ��Ö4É ��×Ë�Û� �çÉ3Û�ÛéË�ßÒË'Ê4ÌªË�ÚoÍwÙ�ÚlË�Û�É��6Ë�ÎØÊ4Û�É � �

�¢{*n ¹ p°Ä�{ãÃ�il{,��{�pwâ�â·ilkÒzo¼§{ ' � ¹ pqgjp
h ≤ H

	 ¼;� p<�I	
h ��� = h(v)

) 	<�)p'Ä�¾àp n ¹ pgjpqÅ´z�n�¼§il{��:p�n��ypqpq{³n ¹ p ¹ pwz<â³½�zlÅDÄ�pzl{�â¡n ¹ p ��i��
áãiln�pq{3nj¼§zlÅ 	�¼;� pl��ÆÞgjilk ' K��D�s�
) 	
Φ(x, y) = 1

2
kh2(x, y).

A ¹ ¼´¾ zoÅ§Å§i�� ¾énji���g�¼Dn�p ';�·� �;8
)yz<¾
v = − 1

h(x, y)θ0
∇( 1

2
kh2(x, y)).

�Tn�n ¹ pq{}ÆÞilÅ§ÅDi�� ¾yn ¹ z�n
vx =

2k

θ0γ
(cosh v cosu− 1)

∂h(v)

∂v
,

vy =
2k

θ0γ
sinh v sinu

∂h(v)

∂v
,

|v| = 2

√√√√k2 ∂h(v)
∂v

2
(cosu− cosh v)2

θ20γ
2

.

� pw{�Ã�p
	 '���� ���"))gjpwzlâ�¾yz<¾
∂tC =

4λ2

γ3θ0h(v)

{
∂u

[(
D0θ0h(v)γ + 2αTλ(∂vΦ̃(v))

)
∂uC

]
+

';�·� 9<� )
+ ∂v

[(
D0θ0h(v)γ + 2αLλ(∂vΦ̃(v))

)
∂vC + γ(∂vΦ̃(v))C

]}
,

� ¹ pwg�p=�yp�Äã¾àpsâ
∂vΦ̃(v) = kh(v)∂vh(v)

�Â�i<g ¾à¼§kmá�Å§¼§Ãq¼¿nÁÀ
	 �)p�¾ ¹ zoÅ§Å ��gj¼¿njp�';�·� 93�
) 	C'���� 93�
))¼§{³n ¹ p~ÆÞilgjk
∂tC = g{∂u(a∂uC) + ∂v(b∂vC)} +G∂vC,

¼D{
Ω

';�·� 9;9 )
� ¹ pwg�p

g
	
a

	
b
zo{ãâ

G
zogjp<��{�i���{³ÆÞÄ�{�Ã�n�¼§il{�¾»â·pqá:pq{�â�¼D{�vÒi<{

u
zl{�â

v
r

g =
4λ2

γ3θ0h ��� (v)
, λ = cosh v − cosu, a = D0γθ0h ��� (v) + 2αTλA

b = D0γθ0h ��� (v) + 2αLλA, G = Aγg,zo{ãâ�� ¹ pqgjp
Ω
¼§¾»zçgjpwÃ�njzl{�vlÅ§p«¼§{}n ¹ p

(u, v)
NTâ·i<kÒzo¼§{6�

;©p�Ã�il{ã¾à¼´â·pqgyn ¹ p¼D{ ��i�� �:ilÄ�{ãâ�zogjÀäÃ�i<{�â·¼Dn�¼§il{
C = C0(t)

i<{
Γ1,

';�·� 93�
)
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n ¹ p�¾àÀ�kmkmp�njg�À �:ilÄ�{�â�zogjÀäÃqil{�â·¼Dn�¼§il{ã¾

∂uC = 0
i<{

Γ2 ∪ Γ4,
'��·� 9<� )

zl{�â¡n ¹ pilÄ�n ��i�� �ãi<Ä�{�â�zlg�ÀäÃqil{�â�¼¿nj¼Di<{
∂vC = 0

i<{
Γ3,

'��·� 9���)
� ¹ pwg�p

Γ1 := (0, π) × {v = v(2)} 	
Γ2 := {0} × (v(1), v(2))

	
Γ3 := (0, π) × {v(1)}zl{�â

Γ4 := {π} × (v(1), v(2))
�P;©p�Ã�i<{�¾à¼´â·pwg�n ¹ p ¹ i<kmilvlpw{�pqi<Ä�¾)¼D{�¼Dn�¼´zoÅ×Ã�il{ãâ·¼¿nj¼Di<{

C((u, v), 0) = 0.
'���� 9 �
)

A ¹ phÆÞÄ�{�Ã�nj¼Di<{
C0(t)

¼§¾6n ¹ péá�g�ps¾�Ãqg�¼ �:pwâÃ�i<{�Ã�pw{3n�g�z�n�¼§il{~z�nån ¹ p)¼D{��ãi�� 	#� ¹ ¼´Ã ¹ �ypéÃ ¹ i�i<¾�pnji �:p�Ã�i<{�¾ànjzo{3n%	
C0(t) = C0 	·ilg�á�Ä�Å´¾�p�¾ ¹ zláãpsâ �

A ¹ pi<Ä·n �ãi�� �:ilÄ�{�â�zogjÀ³Ãqil{�â�¼¿nj¼Di<{³ÆÞi<ÅDÅ§i�� ¾�ÆÞgjilk n ¹ p1zl¾j¾àÄ�kmá·nj¼Di<{}n ¹ zon n ¹ pçÃ�il{,Nn�zokm¼D{ãzo{3n}Ãqil{�Ãqpq{3n�g�z�nj¼Di<{ ¼§{�¾�¼§â�p'zo{ãâ*ilÄ·n�¾à¼´â·p n ¹ p �)pwÅDÅ«Å§zon�pqg�zoÅ<�yzlÅDÅ�zogjp°zoá�á�g�i G·¼INkÒz�njpqÅ§À¡p��3Ä�zlÅ6â·Ä�gj¼D{�vÒpHG�n�g�zlÃ�n�¼§il{C	

n · ∇C(x, y) = 0
i<{

Γ3,

n
�ãpw¼D{�vmn ¹ p~{�ilgjkÒzoÅ Ä�{�¼¿n ½<pwÃ�njilg�il{

Γ3
� A ¹ ¼´¾�¼§¾�n�g�zo{�¾àÆÞilgjkmpwâÒnji?'���� 97�")éÄ�¾à¼§{�v

nx =
cosh v cosu− 1

cosu− cosh v
, ny =

sinu sinh v

cosu− cosh v
,

zl{�â8';�·� 9<� ) N '��·� 9�� )��
A ¹ pä¼D{��ãi�� �:ilÄ�{ãâ�zogjÀ'Ãqil{�â·¼Dn�¼§il{ØzlÅDÅ§i�� ¾~ÆÞi<g â·¼I!:Ä�¾�¼§½lp
��Ä,G@� $ ¾n ¹ päkmilÅ§pwÃqÄ�Å§zlgâ·¼I!@Ä�¾à¼§il{®Ãqzl{'Äã¾àÄ�zlÅDÅ§À��:p1{�pqvlÅ§pwÃ�n�psâ 	 n ¹ ¼§¾â·¼I!@Ä�¾à¼§½lp���Ä,G ÆÞilÅ§ÅDi�� ¾«ÆÞgjilk n ¹ pmkmilÅ§pwÃ�Ä,NÅ´zog�â·¼´¾�áãpwgj¾�¼Di<{6�³Â�ilgÅ´zogjvlpmkmilÅ§pwÃqÄ�Å§zlg�â·¼´¾àá:pqg�¾à¼§il{'n ¹ ¼§¾B��¼DÅ§ÅéÃ�i<{3n�gj¼I��Ä�n�pmn�i zl{®pHG�n�g�zzlk1i<Ä�{3n«ilÆéÃ�il{3n�zokm¼D{ãzo{3n»kÒzl¾j¾ i<g#	:¼D{ n ¹ p1Ãqzl¾�p�ilÆéz¡á�Ä�Å´¾�p�	 zÒkÒzl¾j¾»Å§i<¾j¾»â�Ä�p�nji¡n ¹ p¼§{��ÁpwÃ�n�¼§il{��ypqÅ§Å��LA ¹ ¼´¾£km¼Dv ¹ nO�ãp��<Ä�pw¾àn�¼§il{�z���ÅDp
	lzl¾hk1i<ÅDpsÃ�Ä�Å´zoghâ�¼§¾�áãpwgj¾�¼§il{m¼§¾éz~k1psÃ ¹ zo{,N¼´ÃqzlÅ4á�g�i·Ã�ps¾�¾�zo{ãâ'Ãwzo{�{�iln~ÃwzoÄ�¾�pçâ�¼J!@Ä�¾�¼Di<{©zlv<zo¼§{�¾àn»n ¹ p���i�� â·¼§g�psÃ�nj¼Di<{C	 ilg�ÆÞgjilk�n ¹ p

�ypqÅ§Åh¼§{<nji}n ¹ p¡¾�Ä,��¾�Ä�g�Æ zlÃ�p<� A ¹ pqgjp�ÆÞi<g�p
	6¾ài<kmp¡zoÄ·n ¹ ilg�¾+	 � 9<8�
 	4¾àÄ�vlvlps¾Án~n ¹ p¡zlâ·½<pwÃ�n�¼§½lp
�:ilÄ�{ãâ�zogjÀäÃ�i<{�â·¼Dn�¼§il{

n · (C(t)v −D∇C(t)) = C0(t)n · v, il{ ∂Br2(d+ c, 0),
';�·� 9 8
)

��¼Dn ¹
n

�ãpw¼D{�vän ¹ pç{�ilgjkmzlÅ×Ä�{�¼¿n~½lpsÃ�njilg�il{
∂Br2(d + c, 0)

� A ¹ ¼´¾=K>- ¼§¾�ilÆE-yzoÄ�Ã ¹ ÀnÁÀ�á:päzo{�â©p+G�á�g�ps¾�¾�pw¾�n ¹ pÒÆ zlÃ�n�n ¹ z�nçz��,G·psâ zokmilÄ�{3n�ilÆ�Ãqil{3njzlkm¼D{�zl{3n~kÒz<¾�¾ ��¼§Å§ÅO�:p
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á�gjpw¾�pq{3nh¼§{Òn ¹ p«¾àÄ,�ã¾àÄ�g�Æ zlÃqp�	o¼§{�â·pwáãpw{�â·pw{<nyioÆ@n ¹ p»â·¼´¾àá:pqg�¾à¼§il{ÒÃqi3p��¡Ã�¼§pq{3nj¾w�:�¢{mn ¹ p«Ãwzl¾�pn ¹ z�n�n ¹ p ��i���á:ionjpq{3n�¼´zoÅ ¼´¾�vl¼§½lpw{���À�';�·� �l� ) 	C'���� 9<8
))gjpwâ·Ä�Ãqpw¾)n�i
(
D0θ0h ��� +

2αLλ

γ
(∂vΦ̃(v))

)
∂vC + (∂vΦ̃(v))C = (∂vΦ̃(v))C0(t),

il{
Γ1,';�·� �o� )njz���¼D{�vm¼§{3n�i¡zlÃwÃ�i<Ä�{3n=';�·� �;8
)yzl{�â8';�·� 9<� ) N '��·� 9�� )ézl{�â

nx = −cosh v cosu− 1

cosu− cosh v
, ny = − sinu sinh v

cosu− cosh v
.

� iln�p)n ¹ zonE';�·� �o� ) ��¼§ÅDÅ�il{�ÅDÀ�â·¼I!@pqg£¾à¼§vl{�¼J�ãÃwzo{3n�Å§À«ÆÞg�i<k '��·� 93�
)@ÆÞi<g
D0
ilg
αL
¾�Ä'�¡Ã�¼§pq{3njÅDÀÅ´zogjvlpl�

����� � �  �� "$� � � ��� ��� 	���� "$� � � � � ������� "���� �!� � ���$� � � ���
� ����� "$������ ��

;©p ¹ zª½lp~gjpwâ·ÄãÃ�pwâän ¹ p Ã�i<{<n�zokm¼§{�zo{3n�n�g�zo{�¾�á:ilg�n�á�g�i
��ÅDpwk�ioÆ>n ¹ p�â·Ä�zlÅJN �)pwÅDÅ �ypqÅ§Å nji¡zÃ�i<{�½lpwÃ�n�¼§il{ N¢â·¼I!:Äã¾à¼§il{ p��3Ä�zon�¼§il{���¼Dn ¹ ½�zlg�¼´z"��Å§p�Ã�i�p��ÒÃq¼Dpw{3nj¾ ¼§{ zÒgjpwÃ�njzo{�vlÅ§pl�D;©p�{�i��á�gjpw¾�pq{3n�n ¹ p{�Ä�kmpwg�¼´ÃqzlÅ6â·¼§¾jÃ�gjp�nj¼I7sz�nj¼Di<{6�
����� � + � �'( ����� � � & � � � �#"�� � ( � �7� " � "��	� ��� ����

A×i}¾�ilÅ§½lpn ¹ ¼´¾�Ãqil{�½lpsÃ�nj¼Di<{ NTâ�¼J!@Ä�¾�¼Di<{ á�g�i
��Å§pqk 	��)p1Ä�¾�p�n�¼§kmp1¾àn�pwá�á�¼§{�v zo{�â i<áãpwgjzon�i<g¾�á�ÅD¼Dnànj¼D{�v�� �¢{ pwzlÃ ¹ ¾�kmzlÅDÅ�nj¼Dkmp ¼§{3n�pqgj½�zoÅ 	hn ¹ p á�gji���Å§pqk ¼´¾Ò¾�á�ÅD¼Dn¡¼§{<njiØ�°áãzog�nj¾wr'�Þ����;��¥�����±������×±@���l¤q¦D� � zo{�â®�Þ���Ò�o� ��¶���� ���³±:���<¤�¦§� � 	 ¾àpwp�1�psÃ�n�¼§il{©�·�§�l�§�l�D. ilgjp¼§{°â·p�n�zo¼§Å 	Å§p�n

τ = T/n
�ãp z1nj¼Dkmp ¾àn�pwá zo{�â

Ci ≈ C((u, v), ti)
ÆÞilg

i = 1, . . . , n
� ¸ ¼§½lpw{

Ci−1
	n ¹ pg�pwÅ§zon�¼§il{

Ci = Di(τ)T i(τ)Ci−1, τ = ti − ti−1,â·pqn�pqgjkm¼D{�pw¾
Ci
� A ¹ p°njgjzl{�¾�áãi<gàn

T i(τ)
Ãqilgjg�ps¾àá:il{ãâ�¾¡njiÏn ¹ p ¾ài<ÅDÄ�n�¼§il{

φT
ilÆ�n ¹ pn�g�zo{ã¾àá:ilg�n�p��3Ä�z�nj¼Di<{

∂tφ−G∂vφ = 0,
';�·� �·�%)

��¼Dn ¹ n ¹ p¼§{���i�� Ã�i<{�â·¼Dn�¼§il{
φT ((u, v(2)), t) = C0(t)

zl{�âän ¹ p¼§{�¼Dn�¼´zoÅåÃqil{�â·¼Dn�¼§il{
φT ((u, v), ti−1) = Ci−1.

A ¹ p�â·¼I!@Ä�¾à¼§il{
Di(τ)

¼´¾�i���njzo¼§{�psâQ��Àä¾�ilÅ§½�¼D{�v1n ¹ p�â·¼I!:Ä�¾�¼§il{}p��3Ä�z�nj¼Di<{
∂tφ = g {∂u(a∂uφ) + ∂v(b∂vφ)} , ';�·� �l��)
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��¼Dn ¹ ¼§{�¼¿nj¼§zlÅåÃ�i<{�â·¼Dn�¼§il{

φ((u, v), ti−1) = C
1/2
i

	,� ¹ pwg�p
C

1/2
i := T i(τ)Ci−1 ≡ φT ((u, v), ti).

A ¹ pw{C	,�yp¾àpqn
Ci = Di(τ)C

1/2
i = Di(τ)T i(τ)Ci−1 ≡ φ((u, v), ti).

A ¹ pçÃ�il{�½<pqgjvlpq{ãÃ�p~ioÆ>n ¹ ¼§¾«zoá�á�gji G·¼DkÒzon�¼§il{ ¾�Ã ¹ pwkmp�¼§¾M��zl¾�pwâ i<{ Ã�il{�½<pqgjvlpq{ãÃ�p~g�ps¾àÄ�Å¿n�¾ÆÞi<g�ilá:pqg�z�n�i<g�¾àá�Å§¼Dnàn�¼§{�v*	�¾àpwp �D�s��
 	 � ��� 
 	ãzo{�â³ilÄ�g�i���{}gjpw¾�Ä�Å¿n�¼§{?1�pwÃ�n�¼§il{ �·� �·�
;©pé¾àn�¼§ÅDÅ<k Ä�¾àn6kmpq{3n�¼§il{~n ¹ p �:ilÄ�{�â�zogjÀ«Ã�i<{�â·¼Dn�¼§il{�¾#	s¼D{á�zlgànj¼§ÃqÄ�Å´zog ¹ i��'n ¹ péilgj¼Dv<¼D{�zlÅ

�:ilÄ�{ãâ�zogjÀ°Ã�i<{�â·¼Dn�¼§il{�¾�kçÄ�¾Án��:p¡zoá�á�ÅD¼§pwâ°n�i}n ¹ p¡¾àá�ÅD¼Dn�á�gji���Å§pqk ��A ¹ ¼§¾�¼§¾~¼§kmáãi<gàn�zo{3nnjiÒvlp�n�n ¹ p�Ã�i<g�gjpwÃ�n�á ¹ À·¾�¼§ÃwzoÅ ¾�ilÅ§Ä·n�¼§il{6� �«{
Γ2 ∪ Γ3 ∪ Γ4

n ¹ pqgjp¼§¾yn ¹ p ¹ i<k1i<vlpw{�pqi<Ä�¾
�»pqÄ�kÒzo{�{©Ãqil{�â·¼Dn�¼§il{ '���� 93�
) 	 ';�·� 9���)�n ¹ z�nk Äã¾Án=�ãpÒ¾�á�Å§¼¿ns�1�«Ä�gj¼D{�v³n�g�zo{ã¾àá:ilg�n#	@n ¹ pqgjp¼´¾ {�i ��Ä GØi<{

Γ2 ∪ Γ3
	h¾�i°{�i8�ãi<Ä�{�â�zlg�À Ãqil{�â·¼Dn�¼§il{Ï¼§¾ç{�pqpsâ·pwâ6�

Γ4
¼´¾çzl{ØilÄ�n ��i��

�:ilÄ�{ãâ�zogjÀ�	�¾àiçz �ãi<Ä�{�â�zlg�ÀmÃ�i<{�â·¼Dn�¼§il{¡¼´¾)¼Dkmá:i<¾j¾à¼ ��Å§pl�£�»Ä�g�¼§{�vn ¹ p«â·¼I!@Ä�¾à¼§il{³¾ÁnjpqáC	3n ¹ p
�:ilÄ�{ãâ�zogjÀ�Ã�i<{�â·¼Dn�¼§il{ i<{

Γ2∪Γ3∪Γ4
¼§¾£¾àn�¼§ÅDÅ�n ¹ p ¹ ilkmi<vlpq{�pqilÄã¾��»pqÄ�kÒzo{�{1Ãqil{�â·¼Dn�¼§il{å�

�Tn~g�pwkÒzo¼§{�¾ nji³â·pqn�pwg�km¼§{�p ¹ i�� n�i ¾àá�Å§¼Dn«n ¹ p��:ilÄ�{�â�zogjÀ Ã�i<{�â·¼Dn�¼§il{°i<{
Γ1
� �TÆhn ¹ p

�:ilÄ�{ãâ�zogjÀ¡Ã�i<{�â·¼Dn�¼§il{³n ¹ zon {�pqpsâ�¾yn�i��:p~¾jz�nj¼§¾ ��psâä¼´¾ '���� 9���) 	 �yp~á�gjilá:i<¾�p»njiçn�z"�<p»n ¹ ¼§¾�«¼Dgj¼´Ã ¹ ÅDpqn»Ã�i<{�â·¼Dn�¼§il{ zl¾E�:ilÄ�{ãâ�zogjÀäÃ�i<{�â·¼Dn�¼§il{}ÆÞilg n ¹ p~njgjzl{�¾àá:ilg�n�á�zog�n#	ãzl¾E�ypqÅ§Ååzl¾yÆÞi<gn ¹ p â·¼I!:Äã¾à¼§il{ á�zlgàns�O�TÆ>n ¹ p �ãi<Ä�{�â�zlg�À}Ã�il{ãâ·¼¿nj¼Di<{ ¼§¾�'��·� �o� ) 	,�ypá�gjilá:i<¾�p�n�i¡¾�á�ÅD¼Dn n ¹ ¼§¾Ãqil{�â·¼Dn�¼§il{å�©�«Ä�gj¼D{�v°n�g�zo{�¾�á:ilg�nB�)p}Ã�i<{�¾à¼´â·pwg�n ¹ p}�«¼Dgj¼´Ã ¹ ÅDpqn1Ãqil{�â·¼Dn�¼§il{
C(u, v(2)) =

C0(t)
�:�¢{n ¹ ¼´¾×kmzl{�{�pwgåzoÅ§ÅlkÒzl¾j¾ �ãÄ GioÆ�Ã�i<{<n�zokm¼§{�zo{3n6¼§{<nji�n ¹ p)â·i<kmzl¼D{�â�Ä�g�¼§{�v»z�n�¼§k1p¾àn�pwá ¹ z<¾L�ãpwpq{mgjpwzoÅ§¼ 7qpwâçâ·Ä�gj¼D{�v«n ¹ pyn�g�zo{�¾�á:ilg�n£¾àn�pwá6�LA ¹ pqgjp�ÆÞi<g�p
	oâ·Ä�gj¼D{�v�n ¹ p�â·¼J!@Ä�¾�¼Di<{¾àn�pwáC	*�yp Ãqil{�¾�¼§â�pqg�n ¹ p ¹ i<kmilvlpw{�pqi<Ä�¾ �»pqÄ�kÒzo{�{ Ã�il{ãâ·¼¿nj¼Di<{

∂vC(u, v(2)) = 0
�>A ¹ ¼§¾zlá�á�gji<zlÃ ¹ vlÄ�zlgjzl{3n�pqps¾hn ¹ p�Ã�i<g�gjpwÃ�nykÒz<¾�¾E��zlÅ§zl{�Ã�p<�

A ¹ p~¾�á�zlÃqp«â·¼´¾�Ãqg�pqn�¼ 7wzon�¼§il{ä¼´¾ ��zl¾�pwâ¡il{¡n ¹ pÃ�pwÅDÅINTÃqpq{3n�pwg�psâ���{�¼Dn�p~½<ilÅ§Ä�kmp�Ãqil{�Ãqpqá·n%	
��¼Dn ¹ il{�p1Ä�{,��{�i���{°áãpwg~ÃqpqÅ§Å 	×¾àpwp 1�psÃ�n�¼§il{ �·�§�l� ��� 
åp�n {ui}N

i=0

zo{ãâ {vj}M
j=0

�ãp1n ¹ p{�i·â�zlÅ«á:il¼§{3nj¾äÆÞilg}z 'Þ{�ion {�pwÃqpw¾j¾�zlg�¼§ÅDÀ p��3Ä�¼´â·¼´¾Án�zo{3n5)¡á�zog�n�¼Dn�¼§il{�¼§{�vØ¼§{
u
zo{ãâ

v
	 gjpHN¾�áãpsÃ�nj¼D½<pqÅ§Àl� ;©p ��¼DÅ§Å Ã�i<{�¾àn�gjÄ�Ã�nÒz'ÃqpqÅ§Å zogjilÄ�{ãâ®n ¹ ps¾àp

(ui, vj)
áãi<¼D{3n�¾Òzo{�âØn ¹ p Ã�pwÅDÅ½�zoÅ§Ä�p���¼§ÅDÅ&�ãp¡n ¹ päÃqil{�Ãqpq{3n�g�z�nj¼Di<{'½�zlÅDÄ�pÒ¼§{®n ¹ ¼§¾ áãi<¼D{3nw��;©p¡vlpw{�pqg�zoÅ§ÅDÀ njz"�<p¡z {�il{,Np �<Ä�¼§â·¼´¾ànjzo{3n

v
á�zog�n�¼Dn�¼§il{�¼D{�v®ÆÞi<ÅDÅ§i���¼§{�v®ÆÞg�i<k-zl{*p��3Ä�¼´â·¼§¾ànjzl{3n

x
NTá�zog�n�¼Dn�¼§il{�¼§{�vÏzlÅDi<{�vn ¹ p

x
N¢z�G·¼§¾<�:p�n��ypqpq{°n ¹ p1n��yiQ�ypqÅ§Å§¾w� �¢{'n ¹ p1áãi<¼D{3n�¾ {ui, vj}

ÆÞilg
j = 0

	:n ¹ pÒ�»¼§g�¼´Ã ¹ NÅ§p�nÒÃ�i<{�â·¼Dn�¼§il{�¾�ÆÞilg1¼D{��ãi���Ã�il{ãÃ�pq{3njgjzon�¼§il{
C
zogjp¡á�gjpw¾jÃ�gj¼ �ãpsâ ��;©p ¹ zª½lp

v0 = v(2) 	
vM = v(1) 	)¾�i

v0 > vM
	)zo{ãâ

0 < u0 < uN < π
	�¾�pqp Â×¼§v�� �·� 8�� 
åp�n {ui, vj}�:p zo{ ¼D{�{�pqg á:il¼§{<n ¼§{

Ω̃
� ;©p®â�pH��{�p

∆u+ = ui+1 − ui
	

∆u− = ui − ui−1
	

ui+1/2 = ui + ∆u+/2
	
ui−1/2 = ui − ∆u−/2

	
∆u = ui+1/2 − ui−1/2

� ;©pÒá�g�i�NÃqpqpwâ zl{�zoÅ§ilv<ilÄ�¾�Å§ÀmÆÞilg
v

	 � ¹ pqgjp�	
∆v+ = vj−1 − vj

	ãp�njÃl�DA ¹ Äã¾>�ypi��·n�zo¼§{
ui

NT¾àn�gj¼Dáã¾â·p+��{�psâ ��À
(ui−1/2, ui+1/2) × (v(1), v(2))

	ézo{ãâ®¼D{Ïn ¹ ps¾àp}¾Ánjg�¼§á�¾n ¹ p���{�¼Dn�pä½<ilÅ§Ä�kmp
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Vij = (ui−1/2, ui+1/2)× (vj+1/2, vj−1/2)
Ã�i<g�gjpw¾�áãi<{�â·¼§{�v�n�i

(ui, vj)
�£Â�i<ghn ¹ p»pwâ�vlpw¾

ioÆ
Ω̃

�yp�¾�p�n
u−1/2 ≡ 0

	
uN+1/2 ≡ π

	
v−1/2 ≡ v0

zl{�â
vM+1/2 ≡ vM

�
����� � � � "%& � �#��" � "�� � � � �%� � � � � & �7� � � ) � " �#� � �#"%$'&���(
A ¹ pÏ¾�ilÅ§Ä·nj¼Di<{ ilÆmn ¹ p njgjzl{�¾�áãi<gàn á�gji���ÅDpwk '���� ���%)���¼§ÅDÅ��ãp ��zl¾�pwâ il{Õz!á�¼DpsÃ�p+��¼´¾�pÃ�i<{�¾ànjzo{3nä¼§{�¼Dn�¼´zoÅ~á�gji"��Å§p

φ0(v)
	»¼;� p<�I	 n ¹ p©¾ài<ÅDÄ·nj¼Di<{ ioÆ zØk Ä�ÅDn�¼§á�Å§p©t�¼§pqkÒzl{�{ á�gji�� NÅ§pqk 	O� ¹ ¼´Ã ¹ ¼´¾1i��·n�zo¼§{�pwâØ¼D{!zo{�zlÅDÀ3nj¼§ÃwzoÅ)ÆÞilgjk}� ;©p ¾ ¹ zlÅDÅ�¾�ilÅ§½lp '��·� �·� )¼§{Øn ¹ p ¾Ánjg�¼§á

(ui0−1/2, ui0+1/2) × (v(1), v(2))
	 ��¼Dn ¹ ¾ ¹ i·Ã5�·¾ i<{Øn ¹ p³psâ·vlps¾ ilÆ n ¹ pQ��{�¼¿njp³½<ilÅ§Ä�kmp

ve
0 ≡ v(2) 	

ve
1 ≡ v3/2

	
ve
2 ≡ v5/2

	£�q�w�+	
ve

M−1 ≡ vM−1/2
	
ve

M ≡ v(1) 	6¾�pqp1Â×¼§v���·� 8���«pq{�iln�p
φ0(v) = U j ÆÞi<g v ∈ (ve

j , v
e
j−1)
�L;'p n�g�zo{�¾àÆÞilgjk';�·� �·�%)H	���¼Dn ¹

G = Kλ2/h ��� 	



/

π

u0 uN
v(1) = vM = ve

M

v(2) = v0 = ve
0

v1

v2
v3

ve
1

Â4¼Dv<Ä�g�p���� 8�rLA ¹ p
(u, v)

â·i<kÒzo¼§{}â·¼§½�¼§â�pwâ}¼D{ ¾àn�gj¼Dáã¾�zo{�â}Ã�pwÅDÅ´¾q�
� ¹ pwg�p|�¼§¾�zmÃ�i<{�¾ànjzo{3n%	·Ä�¾à¼§{�v1n ¹ p{�p+� ½�zogj¼§z���ÅDp

y = y(v)
� ¹ pqgjp

y = G̃(v) =

∫ v

v(1)

h ��� dv
Kλ2

, λ2 = (cosh(v) − pi0)
2, pi0 = cosui0 .

';�·� �o� )
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A ¹ pw{

φ(y, t) = φ(v, t)
¾jz�nj¼§¾ ��ps¾
∂tφ− ∂yφ = 0, φ(y, 0) = φ0(v).

1�¼§{�Ãqp
λ
¼´¾4áãi3¾à¼Dn�¼§½lp
	ªn ¹ p)n�g�zo{�¾àÆÞilgjkÒz�nj¼Di<{�¼§¾4i<{�phnji«i<{�pl�/A ¹ p�¾ài<ÅDÄ·nj¼Di<{ Ãqzl{B�:p&��gj¼Dnàn�pw{¼§{}n ¹ p~ÆÞi<g�k

φ(y, t) = φ(y + t, 0),
ilg

φ(y, 0) = φ(y − t, t),zl{�â 	�Ãqil{�¾�p��3Ä�pw{<njÅDÀ
	�Ä�¾à¼§{�v1n ¹ p¼D{�½lpwgj¾�p
G̃−1 : y 7→ v

	 �)p~i���njzo¼§{
φ(v, t)

ÆÞgjilk
φ0(v)

�
�»ion�¼´Ã�p�n ¹ z�n&�)p�{�pwpwâm{�ilnéÃ�i<k1á�Ä·n�p�n ¹ p�¼§{3½<pqg�¾àp�¼§{¡zoÅ§Å�á:il¼§{<n�¾

y
	<¾�¼§{�Ã�p�¼DnhÆÞilÅ§Å§i�� ¾4n ¹ zon

φ(y, t)
¼´¾há�¼§pwÃqp+��¼´¾àp�Ã�il{ã¾Án�zo{3nO��¼Dn ¹ n ¹ p»½�zoÅ§Ä�ps¾ {Uj}M

j=1

�L�Tn)¼´¾)¾�Ä'�¡Ã�¼§pq{3n)n�i Ãqilkmá�Ä·njp

yk =

∫ ve
k

v(1)

h ��� dv
Kλ2

,
ÆÞilg

k = 0, . . . ,M,

zl{�â©n ¹ pw{®n�i°¾ ¹ ¼DÆ�n ¼Dn i�½lpwg~n ¹ pän�¼§k1p³¾Ánjpqá
τ

	£zo{�â Ãqilkmá�Ä·njpmn ¹ p³¼D{�½<pqg�¾àp
G̃−1(yk −

τ) := δk
ÆÞi<g

k = 0, . . . ,M
��A ¹ p ¾�ilÅ§Ä·n�¼§il{

φ(v, τ)
z�nàn�zo¼§{�¾mn ¹ p°Ã�i<{�¾ànjzo{3n¡½�zoÅ§Ä�p

U jk ∈ {Uj}N
j=1

¼D{³n ¹ p¼§{3n�pwg�½�zoÅ
(δk, δk−1)

�
A ¹ p ¼D{�¼Dn�¼´zoÅ4Ã�i<{�â·¼Dn�¼§il{

φ(y, 0) = φ0(v)
¹ z<¾�n�i �:pçzlá�á:i G�¼§kÒz�njpwâ���À}zÒá�¼DpsÃ�p+��¼´¾�pÃqil{�¾ànjzl{<néÆÞÄ�{�Ã�nj¼Di<{

φc
0(v)

	�¾�in ¹ z�n)n ¹ p�t�¼DpwkÒzo{�{ä¾�ilÅ§Ä·nj¼Di<{¡zoÅ´¾ài zlá�á�Å§¼Dps¾ézonén ¹ p»¼§{���i��
�:ilÄ�{ãâ�zogjÀl�

A ¹ p8��{�zlÅ~ilÄ·njá�Ä·n#	(� ¹ ¼´Ã ¹ ��¼§ÅDÅ �:p'Äã¾àpsâ�zl¾}¼§{�á�Ä·n ioÆ n ¹ p â·¼I!:Äã¾à¼§il{
á�zog�n�'�¾àpwp
1�psÃ�nj¼Di<{Ò��� ��� � ) 	<¼§¾£i
�·njzl¼D{�pwâ ��À á�gji"�ÁpsÃ�n�¼§{�v

φ(v, τ)
n�i�z~á�¼§pwÃqp+��¼´¾àp Ãqil{�¾ànjzl{<n£ÆÞÄ�{�Ã�nj¼Di<{i<{}¼§{3n�pwg�½�zoÅ´¾

(ve
j , v

e
j−1)

	
j = 1, . . . ,M

�EA ¹ ¼´¾ Ã�i<g�gjpw¾�á:il{�â�¾ynjiÒnjz���¼D{�v¡zª½<pqg�zov<pw¾)i�½lpqg
(ve

j , v
e
j−1)
�~Â�i<g«p+G·zlkmá�ÅDp
	ã¼DÆ

δk ∈ (ve
j , v

e
j−1)

zo{�â
δk−1, δk+1 /∈ (ve

j , v
e
j−1)

	:n ¹ pw{��yp¹ zª½<p
C

1/2
l (v) = U jk

ve
j−1 − δk

ve
j−1 − ve

j

+ U jk+1
δk − ve

j

ve
j−1 − ve

j

,
ÆÞilg

v ∈ (ve
j , v

e
j−1),

zl{�â 	�¾�¼Dkm¼§Å§zlg�Å§À�	·¼§{ ion ¹ pqg Ãwzl¾�pw¾w� A ¹ Äã¾+	·¼DÆ
ve

j−1 < δk−1 < ve
j−2

zl{�â
ve

j+1 < δk < ve
j

	
n ¹ pq{

C
1/2
l (v) = U jk

ÆÞi<g
v ∈ (ve

j , v
e
j−1)
� A ¹ pw{C	

C
1/2
l = PC1/2 = PT (τ)

¼§¾á�¼§pwÃqp+��¼´¾àpÃqil{�¾ànjzl{<n zl{�âQ�yp�Ãqzl{}¾���¼DnjÃ ¹ n�imn ¹ p~â�¼J!@Ä�¾�¼Di<{6�t�psÃqzlÅDÅ×n ¹ zon�¼§{ n ¹ p1Ãqil{ �ã{�pwâ'¾àpqnàn�¼§{�v '
h2 > h1 ≥ H

)H	 �)p1Ãqzl{ pHG·á�gjpw¾j¾
G̃(v)

¼§{zl{ zo{ãzoÅ§À<nj¼§ÃwzoÅéÆÞilgjk�	)¾à¼§{�Ã�p
h ��� ¼´¾çn ¹ pw{Øn ¹ p}Ãqil{�¾ànjzl{3n H 	h¼;� pl�

G̃(v) = G̃(v; p) =(
G(v; p) −G(v(1); p)

)
H/K

zl{�â
G(v, p) :=

2pz − 2

(1 − p2)(z2 − 2pz + 1)
+

2p

(1 − p2)3/2
arctan

z − p√
1 − p2

'��·� � 9 )
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� ¹ pwg�p
z = ev 	

p = cosui0

' � ¹ pw{ �)päzlg�pm¼§{ n ¹ pä¾Ánjg�¼§á
ui0−1/2 < u < ui0+1/2

)��
�¢{!n ¹ p Ä�{�Ãqil{ ��{�pwâ*¾�p�nànj¼D{�v 	

G̃(v)
kçÄ�¾Án��ãp°â�p�n�pwg�km¼§{�pwâ!{�Ä�kmpwg�¼´ÃqzlÅDÅ§Àl� ;'p Äã¾àp°z

� p#��n�i<{³¼Dn�pwgjzon�¼§il{³n�iÒâ·p�njpqgjkm¼D{�p
δk = G̃−1(yk − τ)

ÆÞi<g
yk − τ ∈ (yj , yj−1)

¾�i n ¹ z�n
δk ∈ (ve

j , v
e
j−1)
rC�yp)Å§i�i��«ÆÞilg×n ¹ p 7qpwg�i«áãi<¼D{3n4ioÆ

ψ(v) ≡ G̃(v)−(yk−τ)
¾ànjzlgànj¼D{�v ÆÞgjilk

vj
� ¹ pwg�p

ψ(vj) = yj − yk + τ
�'�»ionjpn ¹ zon

ψ(v)
zo{�â n ¹ p1â·pqgj¼D½�zon�¼§½lp

ψ,(v) =
h ���
Kλ2Ãqzl{��:ppwz<¾à¼§Å§ÀäÃ�i<k1á�Ä·n�psâäÆÞi<g�pq½<pqgjÀ

v
�

�TÆO�ypç{�pqvlÅ§pwÃ�n
D0

	
αL

	
αT

' ¼�� pl� �ypçâ·i<{CF n~Ãqil{�¾�¼§â�pqg~â·¼J!@Ä�¾�¼Di<{*) 	6n ¹ p1g�ps¾àá:il{ã¾àpçioÆÃ�i<{3njzokm¼§{�zo{3né¼§{��ÁpsÃ�n�¼§il{¡zon
t = 0

¼´¾ép+G·áãpsÃ�n�psâmpHG�zlÃ�n�Å§À1zonhn�¼§kmp
Tr

	ln ¹ p»gjpqá:il{�¾�p�n�¼§kmp�	
��¼Dn ¹

y0 − Tr = yN ,
¼;� p<�

Tr =

∫ v(2)

v(1)

h ��� dv
Kλ2

,
';�·� �l�
)

ÆÞilg
u = π

'
p = −1

) ¼D{
λ

	 � ¹ ¼´Ã ¹ Ã�i<g�gjpw¾�áãi<{�â�¾�nji¡n ¹ pçÅ§¼§{�pçÃqil{�{�psÃ�nj¼D{�vän ¹ pmÃ�pw{3n�pqg�¾ioÆ«n ¹ p �ypqÅ§Å§¾w� A ¹ ¼§¾1nj¼Dkmp ioÆ�g�ps¾àá:il{�¾�p³¾ ¹ i<Ä�Å§â Ã�i<g�gjpw¾�á:il{�â®nji©n ¹ p �:pqvl¼§{�{�¼§{�v©ioÆ~z
��¼Dn ¹ â·g�z ��zoÅ Ã�Ä�gj½lpÃqilgjg�ps¾àá:il{�â�¼D{�v n�imn ¹ pá�Ä�Å´¾àp�nÁÀ�á:p¼D{��ÁpsÃ�nj¼Di<{}ilÆ>Ãqil{3njzlkm¼D{�zl{3nw�
����� ��� � "%& � �#��" � "�� � � � 	 ��� �')<� " ���
� �7�
$ ¾ vlgj¼§â©á:il¼§{3nj¾��ypÒÄ�¾�pÒn ¹ p¡ilg�â·pqgjpwâ'á�zl¼Dg�¾ {ui, vj}

	
i = 0, . . . , N

�
j = 0, . . . ,M

�
A ¹ p�â·¼I!@Ä�¾à¼§il{ á�zlgàn�ilÆ '���� 9 9 ))¼´¾

∂tφ = g {∂u(a(u, v)∂uC) + ∂v(b(u, v)∂vC)} . ';�·� �o�
)
$ ¾«kmpq{3n�¼§il{�pwâ��:p�ÆÞi<g�p
	ãn ¹ pB�:ilÄ�{�â�zogjÀ Ã�il{ãâ·¼¿nj¼Di<{ ¼´¾«z¡�«¼§g�¼´Ã ¹ Å§p�n<�:ilÄ�{�â�zogjÀ ilg�z ¹ i"Nkmilv<pq{�pwilÄ�¾ � pwÄ�kÒzo{�{ Ãqil{�â·¼Dn�¼§il{®z�n~n ¹ pm¼D{��ãi�� 	åzo{�â ¹ i<kmilvlpw{�pqi<Ä�¾ � pqÄ�kmzl{©Ãqil{ Nâ·¼Dn�¼§il{�¾«pqÅ´¾�p+� ¹ pwg�p<�>;'pç¼D{3njpqvlg�z�njpQ'���� �l�
)�i�½<pqg

(tk−1, tk)
zl{�â

Vij
�<;'pmzl¾j¾àÄ�k1p�ÆÞÄ�g Nn ¹ pqg¡n ¹ z�n³n ¹ p°½ªzlÅDÄ�pw¾

Cij
zo{�â

gij = g(ui, vj)
zlg�p â�ilkm¼D{ãzo{3näi�½lpwg

Vij
� 
6pqn³Ä�¾â·pw{�ionjp��3À

CE = CE
ij = Ci+1,j

	
CW = CW

ij = Ci−1,j
	
CN = CN

ij = Ci,j−1
	

CS = CS
ij = Ci,j+1

zl{�â
aE = aE

ij = ai+1/2,j

zo{�â ¾�¼Dkm¼§Å§zlg�Å§À
aW 	

aN 	
aS 	

bE
	
bW

	
bN

	
bS
� A ¹ pq{C	ãzoá�á�Å§À�¼D{�vçn ¹ p=��{�¼Dn�p½<ilÅ§Ä�kmp~k1pqn ¹ i·â 	 �)pÃ�i<{�¾�¼§â·pwg

Vij

∫

∆t

∂tCij dt = gij

∫

∆t

∫

Vij

{∂u(a(u, v)∂uC) + ∂v(b(u, v)∂vC)} du dv dt.

A ¹ p1zoá�á�gji G·¼DkÒzon�¼§il{ Ãqzl{��ãp1â·il{�pçÄ�¾�¼D{�vä¼D{3n�pwvlg�z�nj¼Di<{��3À}á�zlgàn�¾»zo{ãâ zoá�á�g�i G·¼§kmzon�¼§{�v
∂uC

il{Òn ¹ p�pwâ·v<p
(ui+1/2, v)

	·g�ps¾àáå�
(ui−1/2, v)

	<ÆÞi<g
v ∈ (vj+1/2, vj−1/2)

��À
(CE −

C)/(∆u+)
g�ps¾àáå�

(C − CW )/(∆u−)
	ãzl{�â ¾à¼§km¼DÅ´zogjÅDÀ

∂vC
il{³n ¹ p�pwâ·v<pw¾

(u, vj+1/2)
	

(u, vi−1/2)
�&-)ilk���¼D{�pwâ���¼¿n ¹ zl{³¼§kmá�ÅD¼´Ã�¼Dn�n�¼§kmp¾ÁnjpqáC	,�yp�i��·n�zo¼§{än ¹ p�zoá�á�g�i G·¼§kmzon�¼§il{
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¾jÃ ¹ pqkmp
[
ω +

(
aE ∆v

∆u+
+ aW ∆v

∆u−
+ bN

∆u

∆v+
+ bS

∆u

∆v−

)
τ

]
Ci,j =

[
τ

∆v

∆u−
aW

]
Ci−1,j +

[
τ

∆v

∆u+
aE

]
Ci+1,j

+

[
τ

∆u

∆v+
bN
]
Ci,j−1 +

[
τ

∆u

∆v−
bS
]
Ci,j+1 + ωCk−1

i,j ,
'��·� � ��)

� ¹ pwg�p
ω = ωij =

|Vij |
gij

� A4z"��¼D{�vä¼§{<nji³z<ÃqÃ�i<Ä�{3n n ¹ p��:ilÄ�{ãâ�zogjÀ Ã�il{ãâ·¼¿nj¼Di<{�¾#	 �yp ¹ zª½lp
nji á�Ä·n

aW ≡ 0
ÆÞilgÒn ¹ p á:il¼§{<n�¾ {u0, vj}

zo{�â
aE ≡ 0

ÆÞilgmn ¹ p á:il¼§{3nj¾ {uN , vj}
	

j = 1, . . . , N
��. ilgjpqi�½lpwg#	ãÆÞilg {ui, vM} 	

i = 0, . . . , N
	C�yp n�z"�<p

bS ≡ 0
¼D{ '���� �<�")��A ¹ p�¼§{���i�� �ãi<Ä�{�â�zlg�À1Ã�i<{�â·¼Dn�¼§il{m¾Ánj¼DÅ§Å�{�pwpwâ�¾>nji �ãp Ãqil{�¾�¼´â·pqgjpwâ �:�TÆ �)p ¹ zª½<p)nji�¾�zon�¼´¾ÁÆÞÀz �»pqÄ�kÒzo{�{ØÃ�il{ãâ·¼¿nj¼Di<{C	 �yp=�ÁÄ�¾àn {�pwpwâ©n�i á�Ä·n

bN ≡ 0
ÆÞi<g {ui, v0}

	
i = 0, . . . , N

�
�¢{ n ¹ p Ãwzl¾�p³z©�»¼§g�¼´Ã ¹ Å§p�n¡Ã�i<{�â·¼Dn�¼§il{ k Ä�¾àn��ãp zoá�á�ÅD¼§pwâC	 �)p ��{�i�� n ¹ p ½ªzlÅDÄ�p}ilÆ n ¹ pÃqil{�Ãqpq{3n�g�z�nj¼Di<{6� �¢{Øn ¹ ¼§¾ÒÃwzl¾�pQ�ypB�Ái<¼D{ n ¹ p��ã{�¼¿njp ½lilÅ§Ä�kmp³zlg�i<Ä�{�âØn ¹ ¼´¾1áãi<¼D{3n���¼¿n ¹n ¹ p«{�pHG�nE��{�¼Dn�p�½lilÅ§Ä�kmp«¾�içn ¹ zon

Vi1
¼´¾

(ui−1/2, ui+1/2)× (v0, v3/2)
	�zl{�â��yp�¾�p�nyn ¹ pâ·pwg�¼§½�z�nj¼D½<p�p��3Ä�zlÅånji

(Ci,0 − C)/(v0 − v1)
	�� ¹ pqgjp

Ci,0
¼´¾»n ¹ pçá�g�ps¾�Ãqg�¼ �:pwâ �«¼Dgj¼§Ã ¹ ÅDpqnÃqil{�â·¼Dn�¼§il{ z�n�nj¼Dkmp

iτ
�

A ¹ pz��ãi�½<p�¾jÃ ¹ pqkmpÃ�i<g�gjpw¾�á:il{�â�¾)njiçn ¹ pkÒz�njg�¼IG³¾�À�¾àn�pwk
ACk = d.

';�·� ��� )
�»pqgjp�	�n ¹ p°kÒz�njg�¼IG

A
¼§¾³â·¼´zovli<{�zoÅ«â·ilkm¼§{�zo{3n³zl{�â!áãi3¾à¼Dn�¼§½lp'â·pH��{�¼¿njpl� A ¹ p'½lpsÃ�n�i<g

d
Ãqzo{ �:päÃqil{�¾àn�gjÄ�Ã�njpwâ©ÆÞgjilk n ¹ p³á�g�pw½�¼Di<Ä�¾�n�¼§kmpw¾àn�pqá zo{�â©n ¹ pä�«¼Dgj¼§Ã ¹ ÅDpqnB�ãi<Ä�{�â�zlg�ÀÃqil{�â·¼Dn�¼§il{ 'Þ¼DÆçá�gjpw¾�pq{3n5)H	 ¼;� p
	

di,j = ωCk−1
i,j + δj1b

N ∆u
∆v+

τCi,0
	M� ¹ pwg�p

δlk
¼§¾än ¹ p|~gjil{�psÃ5�lpwgy¾�À�kB�:ilÅ;�Â�ilg6n ¹ p�¾ài<ÅDÄ·nj¼Di<{�ioÆ·n ¹ ¼´¾×kÒzon�gj¼JGp��3Ä�zon�¼§il{��ypéÄã¾àpén ¹ pyá�gjpHN¢Ã�il{ãâ·¼¿nj¼Di<{�pwâÃqil{��ÁÄ�v<z�njpv<gjz<â·¼Dpw{3n¡k1pqn ¹ i·â z<¾¡¼§kmá�ÅDpwkmpq{3n�psâ ¼§{!n ¹ p'á�zlÃ5��zov<p?. pw¾jÃ ¹ z<Ã ¹ �@�TÆ

αT = 0
zl{�â

D0 = 0
	:n ¹ pmâ�¼J!@Ä�¾�¼Di<{°¼´¾«gjpwâ�Ä�Ã�psâ n�i}il{�ÅDÀ}n ¹ p

v
N¢â·¼DgjpwÃ�n�¼§il{ '

a(u, v) = 0
)��BA ¹ pw{'z¾�¼Dkmá�Å§p�A��<. $ 'Þn�gj¼§â·¼´zov<il{�zlÅåkÒz�njg�¼IG°zoÅ§vli<g�¼Dn ¹ k�	@¾�pqp � �3� 
 )«Ãqzl{��:pçÄã¾àpsâ n�i}¾ài<ÅD½<p ¼§{pszlÃ ¹ ¾Ánjg�¼§áän ¹ pil{�pHN¢â·¼Dkmpw{�¾à¼§il{ãzoÅ â·¼I!:Ä�¾�¼§il{C	,� ¹ ¼§Ã ¹ �yp�á�g�ps¾àpw{<n�¼§{än ¹ p{�p+G3n»¾�pwÃ�n�¼§il{6�

��� ��� � � � � � � ( � � � )<"%& � �#��" ��� � � � � � )<� αT = 0 = D0�Tn¡¼´¾Ò¼§k1á:ilg�njzl{3nÒn�i ½�zoÅ§¼§â�z�n�p z®kmi·â·pqÅ;� Kypq{ãÃ ¹ kÒzog��Ï¾ài<ÅDÄ�n�¼§il{�¾ÒÃwzo{ áãpwgàÆÞi<g�k-á�zog�nilÆ«n ¹ ¼§¾1n�zl¾��@� �Tn¡¼§¾Òz®¾�ilÅ§Ä·n�¼§il{ ioÆz®¾à¼§kmá�ÅD¼I��psâ Ãwzl¾�p�	&� ¹ ¼§Ã ¹ Ãwzo{ �ãp ¾�ilÅ§½lpsâØkmilgjpz<ÃqÃ�Ä�gjzon�pqÅ§Àl�@KyÀ*Ã�i<k1áãzogj¼D{�v©n ¹ p'¾�ilÅ§Ä·n�¼§il{*ilÆn ¹ p'vlpw{�pqg�zoÅ kmi·â·pwÅM� ¹ pw{*n ¹ p©â�z�n�z
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Ã�i<{�½lpqgjvlp»n�i1n ¹ p~â�z�njz1ilÆån ¹ p �ãpw{�Ã ¹ kÒzog��¡¾ài<ÅDÄ�n�¼§il{C	·i<{�p�Ãwzo{}pw¾àn�¼§kÒz�n�p�n ¹ pzlÃqÃqÄ�g�zlÃ�ÀioÆ4n ¹ pvlpq{�pqg�zoÅ@kmi�â�pqÅ;�
�TÆ=�)p ¹ zª½<p il{�Å§ÀØÅ§il{�v<¼¿njÄ�â·¼§{�zoÅ»â�¼§¾�áãpwgj¾�¼§il{C	('Þ¼;� p<�I	

αT = 0 = D0
) 	�z â·¼I!:pwg�pw{3nzoá�á�g�i3zlÃ ¹ n ¹ zo{ n ¹ p�il{�p ilÄ·njÅD¼§{�pwâ ¼D{ n ¹ p á�gjpq½�¼§ilÄ�¾»¾àpsÃ�n�¼§il{ ¼´¾ á:i<¾j¾�¼I��Å§pl�E�¢{ n ¹ ¼§¾�â·¼´¾�NÃ�gjp�nj¼I7sz�nj¼Di<{C	<{�Ä�kmpwg�¼´ÃqzlÅãâ·¼I!:Äã¾à¼§il{äzlg�¼´¾�pw¾éâ�Ä�p nji�n ¹ p»á�gji"�ÁpsÃ�n�¼§il{ÒilÆ n ¹ p~¾�ilÅ§Ä·n�¼§il{¡zoÆ�n�pqgn�g�zo{ã¾àá:ilg�n)njimá�¼DpsÃ�p#��¼§¾�pÃ�il{ã¾Án�zo{3nj¾#	 � ¹ ¼§Ã ¹ ¼´¾�áãpwgàÆÞi<g�kmpwâän�imv<p�n zo{}¼D{�¼¿nj¼§zlÅ6Ã�il{ãâ·¼¿nj¼Di<{ÆÞilg n ¹ p â�¼J!@Ä�¾�¼Di<{ á�zog�nw� ;'p�Ãwzo{ ¾���¼Dá}n ¹ ¼§¾»á�g�i��ÁpwÃ�n�¼§il{ ¾Ánjpqá�� ¹ pw{ il{�Å§ÀäÅ§il{�v<¼¿njÄ�â·¼§{�zoÅâ·¼´¾àá:pqg�¾�¼Di<{³¼´¾ynjz��lpq{}¼§{<njiÒzlÃqÃqilÄ�{3n%	�z<¾yn ¹ p~á�gji���ÅDpwk�g�psâ·Ä�Ãqpw¾yn�iÒ¾�ilÅ§½�¼D{�vm¾�pq½lpwgjzlÅãi<{�pHNâ·¼§kmpq{�¾�¼Di<{�zoÅ>á�gji���ÅDpwkm¾w�=;'p1i���njzo¼§{'z³á�gjpwÃq¼§¾�p {�Ä�kmpqgj¼´ÃqzoÅ>zoá�á�g�i G·¼§kÒz�n�¼§il{ n ¹ z�nÃqzl{

�:pÄ�¾àpsâ zl¾�z �ãpw{�Ã ¹ kÒzog��ä¾�ilÅ§Ä·n�¼§il{å�
;©p�{�i�� zlá�á�Å§À�¼D{mpw½lpqgjÀ

ui
¾Ánjg�¼§á n ¹ p�n�g�zo{ã¾ÁÆÞi<g�kÒz�nj¼Di<{�';�·� �o�
)ånji«n ¹ p�vlpw{�pqg�zoÅ3ÆÞi<g�k

'���� 9 9 )��/A ¹ ¼´¾hv<¼D½<pw¾4ÆÞi<gépwz<Ã ¹ ¾Ánjg�¼§á
u ∈ (ui−1/2, ui+1/2)

n ¹ p �s� Ã�i<{3½<pwÃ�n�¼§il{ N¢â·¼I!:Ä�¾�¼§il{á�gji���Å§pqk

∂tC̃i − ∂yC̃i = ∂y


 2αLh ���
γK λ

(
G̃−1 (y) , ui

)∂yC̃i


 , y ∈ (y

(i)
0 , y

(i)
M ),

';�·� � 8 )

� ¹ pwg�p=�yp ¹ zª½lp
λ̃(y, ui) = λ

(
G̃−1 (y) , ui

) �
;©p'zª½li<¼§â {�Ä�kmpqgj¼§ÃwzoÅ�â·¼§¾�á:pqg�¾à¼§il{*â·Ä�p°n�i n ¹ p°á�g�i��ÁpwÃ�nj¼Di<{!il{3n�iÏ¾àn�pwá!ÆÞÄ�{�Ã�n�¼§il{�¾Ã�i<g�gjpw¾�á:il{�â·¼§{�v'n�i®n ¹ p��,G·pwâ v<g�¼´â {vj}M

j=1

	E��À â·i<¼D{�v zlÅDÅ»Ãqilkmá�Ä·n�z�nj¼Di<{�¾Ò¼§{ n ¹ p
yÃ�i�i<gjâ·¼§{�zon�p�ÆÞgjzlkmpl�hÂ�i<g�n ¹ ¼´¾D�yp~Ä�¾àp�z��,G·psâ '�Ã�i3zog�¾àp )éâ·¼´¾jÃ�gjp�n�¼ 7wzon�¼§il{ {yj}N

j=1

� ¹ ¼´Ã ¹
¼´¾6Ä�{�¼DÆÞilgjk il{

(y
(i)
0 , y

(i)
M )

��¼Dn ¹ ¾àn�pwá�¾�¼I7wp
∆y(i) � $ Å§il{�vD��¼Dn ¹ ';�·� � 8
) �yp ¹ zª½<pL�ãi<Ä�{�â�zlg�Àzo{ãâ³¼§{�¼Dn�¼´zoÅ6Ãqil{�â·¼Dn�¼§il{ã¾

C̃(y
(i)
0 , t) = C0(t)

ilg
∂yC̃(y0, t) = 0,

zo{ãâ
∂yC̃(yN , t) = 0, C̃(y, 0) = 0.

� pwg�p
	
C0(t)

¼´¾mzov3zo¼§{Ïz'¾àn�pwáÏi<g1z'á�Ä�Å´¾àp ¼§{�á�Ä·ns� A×i'gjpw¾�ilÅ§½lpÒn ¹ p ¾ ¹ i�Ã5�·¾ n ¹ zon¡zogjpá�gjpw¾�pq{3n�¼D{än ¹ p�¼D{�á�Ä·n�á�gji"��Å§p�	 �yp«zlâ�âäzÆÞp#��v<g�¼´âÒá:il¼§{<n�¾)n�imâ·i�ÆÞgjil{3nyn�g�zlÃ5��¼D{�v��LA ¹ ¼§¾kmpwzl{�¾�n ¹ zon~n ¹ pmpHG�njgjz³vlgj¼§â°áãi<¼D{3n�¾zogjp á�Å´zlÃqpwâ©Ã�Å§i<¾�p njiän ¹ pmÆÞg�i<{3n�' ��{�pmvlgj¼§â*) 	åzl{�â
��¼§ÅDÅ×k1i�½<p=��¼¿n ¹ n ¹ pnjgjzl{�¾�áãi<gàn�½lpwÅDi·Ãq¼¿nÁÀ −1

� ;©p â·pq{�ion�p~n ¹ p ¾�p�n ilÆL�:ion ¹ �,G·pwâ zo{ãâkmi�½�¼D{�vmv<g�¼´âäá:il¼§{3nj¾�ilÆ
(y

(i)
0 , y

(i)
M )

��À {yj}N+m
j=1A ¹ p¡kmpqn ¹ i·â ilÆ�zlá�á�gji G·¼DkÒz�nj¼Di<{©ÆÞilg�';�·� � 8 )�¼§¾1zov3zo¼§{©i<áãpwgjzon�i<g�¾àá�Å§¼Dnàn�¼§{�v'ioÆ�n ¹ pn�g�zo{ã¾àá:ilg�n�á�zog�nçzl{�â®â·¼J!@Ä�¾�¼Di<{Øá�zlgàns�}Â�ilgn ¹ p³¾�¼Dkmá�Å§p¡i<{�pHN¢â·¼§k1pw{�¾�¼Di<{�zoÅ ¹ À�áãpwg��:ilÅ§¼´Ãn�g�zo{ã¾àá:ilg�nçá�zlgàn%	 �ypän�z"�lp z nj¼Dkmp ¾àn�pqá

∆t = q∆y(i) 	
q ∈ N0

	O� ¹ ¼´Ã ¹ gjpqÅ´z�njpw¾ n ¹ pÃ�i3zog�¾àp~v<g�¼´â ¾Ánjpqá�¾�¼I7wp ��¼¿n ¹ n ¹ p�n�¼§k1p1¾Ánjpqá6�EA ¹ ¼´¾�¼´¾»¾�Ä,��¾ànjzo{3nj¼§zlÅåzl¾�n ¹ ¼´¾ ¼§k1á�ÅD¼§pw¾�n ¹ z�nn ¹ p Ã�il{ãÃ�pq{3njgjzon�¼§il{1¼D{1n ¹ pE�,G·pwâ1vlgj¼§âçá:il¼§{<n�¾£¼´¾>pHG�zlÃ�n�Å§À���{�i���{C	lzl{�â1{�i¼D{3njpqgjáãi<Å§zon�¼§il{¼´¾�{�pwÃqpw¾j¾�zlg�À<�:;©p ¹ zª½lp�pHG�z<Ã�n�Å§À
C(yi, t+ ∆t) = C(yi−q , t)

� � iln�p�n ¹ zon
∆t
Ã ¹ zo{�vlpw¾
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ÆÞgjilk ¾àn�gj¼§áänjim¾àn�gj¼§á6�PA ¹ pkmi�½3¼§{�v1vlgj¼§âäáãi<¼D{3n�¾E�lpqpwáän ¹ pq¼§g Ã�i<{�Ã�pw{3n�g�z�n�¼§il{³½�zoÅ§Ä�p�	 ��Ä�n¹ zª½<p»nji��ãp�¾ ¹ ¼DÆ�n�psâ³i�½<pqg�zmâ·¼´¾Án�zo{�Ãqp −∆t

�
A ¹ p â�¼J!@Ä�¾�¼Di<{Òá�zog�néÃqzl{ �:p ¹ zl{�â·Å§pwâÒz<¾£¼D{Q1·pwÃ�nj¼Di<{¡�·� ��� �,	�� ¹ pqgjpD�)p ¾�p�n

a(u, v) =
0
� 1�áãpsÃ�¼´zoÅ�Ãqzlg�p³{�pqpsâ�¾çn�i �ãp³njz��lpw{ ��¼Dn ¹ n ¹ p}kmi�½3¼§{�v'vlgj¼§â á:il¼§{3nj¾#	 �:pwÃqzlÄ�¾�pän ¹ ¼§¾Ã ¹ zl{�vlps¾)n ¹ p�v<g�¼´â}z�Æ�n�pwg�pq½<pqgjÀÒn�¼§kmp�¾Ánjpqá6�OKyÀ¡kmpszo{�¾�ilÆ×n ¹ pkmi�½3¼§{�vmvlgj¼´âäá:il¼§{3nj¾D�ypÃwzo{Øzoá�á�g�i G·¼§kÒz�n�pmn ¹ p¡ÆÞgjil{3n ilÆ�n ¹ p��yzª½<pÒk Ä�Ã ¹ kmi<g�p¡á�g�psÃ�¼´¾àpwÅDÀ8��¼¿n ¹ z gjpqÅ´z�nj¼D½<pqÅ§À¾�kÒzoÅ§Å){�Ä�k��ãpwg1ilÆD�,G·pwâÏvlgj¼§â á:il¼§{3nj¾1zo{�â ��¼¿n ¹ á�gjpw¾�pqgj½�z�nj¼Di<{ ioÆ�n ¹ p³kÒzl¾j¾���zoÅ´zo{�Ãqp

' ÅDi·ÃqzlÅDÅ§Àäzl{�â}vlÅ§i���zlÅDÅ§À,)��A×i�gjp�n�gj¼§pq½lp�zgjpw¾�Ä�ÅDn)z�n�z¾àá:pwÃq¼J�:Ã�n�¼§kmp
t
	�'���� �;8
)4k Äã¾Án �ãp»¾�ilÅ§½lpsâm¼D{¡zlÅDÅ:¾Ánjg�¼§á�¾éÄ�ánjiäzÒnj¼Dkmp

t
(i)
e ≥ t

	P' ��¼¿n ¹
t
(i)
e = r∆y(i) 	

r ∈ N0
)H	 zo{�â ¾�¼Dkmá�Å§p Å§¼§{�pwzlg ¼D{3njpqgjáãi<Å§zon�¼§il{¼§{}n�¼§k1p¼´¾�Ä�¾�pwâ³n�imi
�·njzl¼D{}n ¹ p�Ã�il{ãÃ�pq{3njgjzon�¼§il{ä½�zlÅDÄ�pzon

t
ÆÞilg�pszlÃ ¹ ¾Ánjg�¼§á ¾àpwá�zog�z�njpqÅ§Àl�

��� ��� , � � � � � � &.�#��( � � � " � " � � � � �7" �0) � & ���<�#� � �
�¢{¡zlÅDÅãilÄ�g){3Ä�k1pwg�¼´ÃqzlÅ�zoá�á�g�i G·¼§kÒz�n�¼§il{ã¾>ioÆ '���� 9 9 ) 	
�)p«zoá�á�Å§À1ilá:pqg�z�n�i<gh¾àá�ÅD¼Dnànj¼D{�vã�PA ¹ ¼§¾kmpwzl{�¾×n ¹ zon/�yp&��gj¾àn£Ã�il{ã¾à¼´â·pqg4njgjzl{�¾àá:ilg�n4â�Ä�g�¼§{�v~z nj¼Dkmp

∆t
	ozo{�â n ¹ pq{ Å§p�n>n ¹ p�¾àÀ·¾àn�pqkâ·¼I!@Ä�¾àp â�Ä�g�¼§{�v�n ¹ p ¾�zlk1pynj¼Dkmpl�PKypwÃwzoÄ�¾�p�¼D{�';�·� �o�
)×zo{ãâ�';�·� � 8 )6n ¹ p â·¼I!:Äã¾à¼§il{m¼´¾>á�Å§z<Ã�p+Nâ·pwáãpw{�â·pw{<n%	»zo{�pqgjg�i<gäâ·Ä�p°n�i n ¹ p°i<áãpwgjzon�ilg³¾àá�Å§¼Dnàn�¼§{�v ¼§¾³¼D{3njg�i·â·Ä�Ãqpwâ � A ¹ ¼§¾äpqgjg�i<g

��¼§ÅDÅL�:pç¾�kÒzoÅ§Å×¼DÆhn ¹ p nj¼Dkmpm¾Ánjpqá ilÆhn�g�zo{�¾�á:ilg�n»¼§¾�¾�Ä'�¡Ã�¼§pq{3n�Å§À ¾àkÒzoÅ§Å 	@¾�i¡n ¹ z�n«n ¹ pwg�p1¼´¾i<{�ÅDÀÒzç¾àkÒzoÅ§Å@Ã ¹ zo{�v<p ¼§{³â·¼I!:Äã¾à¼§il{äÃqi�p��¡Ã�¼§pq{3nj¾&�:p�n��ypqpq{¡n ¹ p�¼D{�¼¿nj¼§zlÅ:á:i<¾�¼Dn�¼§il{äzl{�âmn ¹ p{�p#� áãi3¾à¼Dn�¼§il{å�MA ¹ p â·¼I!@Ä�¾à¼§il{'Ã�i�p��¡Ã�¼§pq{3n�¾ ioÆ£n ¹ p��ã{�zoÅ×áãi3¾à¼Dn�¼§il{°Ãwzo{ n ¹ pq{?�:p�n�z"�<pq{z<¾ z v<i3i·â zlá�á�gji G�¼§kÒz�nj¼Di<{�¾~ioÆ�n ¹ p³Ã�i�p��ÒÃq¼Dpw{3nj¾�i�½<pqgn ¹ päpw{3n�¼§g�pÒnjgjzl{�¾�áãi<gàn�Å§pq{�vln ¹ �$ {�ion ¹ pqg~zoá�á�g�i3zlÃ ¹ �)i<Ä�Å´â��ãp n�iänjz"�<pçz<¾»â·¼I!:Äã¾à¼§il{°Ãqi�p��¡Ã�¼§pq{3nj¾»n ¹ p1zª½<pqg�zovlp~½�zoÅ§Ä�ps¾ilÆ×n ¹ p¼D{�¼¿nj¼§zlÅ6â·¼J!@Ä�¾�¼Di<{ zo{�âQ��{�zlÅåâ·¼I!:Ä�¾�¼§il{ Ã�i�p��¡Ãq¼Dpw{<n�¾q�
����� � �  �� "$� � � ��� ����	���� "�� � � � � ������� "���� �!� � �!��� � � � �#" 
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�»i�� �yp ��¼§Å§Åé¾Án�zog�n�zlâ�â·¼§{�v {�i<{�ÅD¼§{�pszogj¼¿nÁÀ nji}n ¹ pÒá�gji���ÅDpwk}� A ¹ p¡¾ài<ÅDÄ·nj¼Di<{'i
�·njzl¼D{�pwâ¼§{ 1�psÃ�nj¼Di<{'�·� �¡¼´¾�Ä�¾àpsâ n�i}pq½�zlÅDÄ�zon�p n ¹ pmzlÃwÃ�Ä�g�zlÃqÀ³ilÆ£n ¹ pmâ·¼´¾�Ãqg�pqn�¼ 7wz�nj¼Di<{6rD� ¹ pw{ n ¹ p{�i<{�Å§¼D{�pszogjÀ¡â·¼´¾�zlá�áãpszog�¾+	 �yp¾ ¹ ilÄ�Å´âägjpwÃqi�½lpwgén ¹ pÅD¼§{�pszog ¾�ilÅ§Ä·n�¼§il{6�Â�ilg¡Ã�i<{3njzokm¼§{�zo{3nmn�g�zo{ã¾àá:ilg�n#	én ¹ p kÒzo¼§{!{�il{�ÅD¼§{�pwzlg�¼DnÁÀØÃ�i<kmpw¾1ÆÞgjilk-z<â�¾�ilgjá·n�¼§il{á�gji·Ã�ps¾�¾�pw¾w�D; ¹ pq{ n ¹ pmÃ�i<{<n�zokm¼§{�zo{3n ��i�� ¾ n ¹ gjilÄ�v ¹ n ¹ pm¾�Ä,��¾�Ä�gàÆ z<Ã�p�zäáãi<gànj¼Di<{ ioÆh¼Dn¾àn�¼´Ã5�·¾£n�i�n ¹ p~¾àÄ�gàÆ z<Ã�p�ioÆ n ¹ p»v<gjzl¼D{ã¾+	
� ¹ ¼§Ã ¹ n ¹ pqgjp�ÆÞi<g�pM�ãp ¹ zª½lp»z<¾é¾�¼D{ ��¾w� $ nén ¹ p«¾jzokmpnj¼Dkmp�	@n ¹ pÒÃ�i<{<n�zokm¼§{�zo{3n�Ãwzo{°â�p�njz<Ã ¹ ilÆhn ¹ p1vlg�zo¼§{C	�� ¹ ¼´Ã ¹ v<¼D½<pw¾«g�¼´Ã�p n�i z³¾�ilÄ�g�Ã�p ioÆÃqil{3njzlk1¼§{�zl{<ns�
-)i<{<n�zokm¼§{�zo{3n£n�g�zo{ã¾àá:ilg�nO��¼Dn ¹ z<â�¾�ilgjá·n�¼§il{m¼´¾)z½<pqgjÀ1â�À3{ãzokm¼§ÃwzoÅ:zo{�â¡â�¼&�¡Ã�Ä�Å¿nyg�p+N¾�pwzlgjÃ ¹ zogjpwz��)fég�psÃ�¼´¾àp�kÒzon ¹ pwkmzon�¼´ÃqzlÅ6kmi�â�pqÅ´¾»zogjp zª½�zo¼§Å´z"��Å§p�zo{�â zÒ¾�¼§vl{�¼I�ãÃqzl{3n»pH!@ilg�n
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¹ z<¾P�ãpwpq{Òâ·i<{�p�n�i�â·pw½lpwÅDi<áçp��ÒÃq¼Dpw{3nh{3Ä�k1pwg�¼´ÃqzlÅ·kmp�n ¹ i�â�¾>ÆÞilg>n ¹ p»¾�ilÅ§Ä·n�¼§il{6�L� i��ypq½<pqg%	n ¹ p�¾ài<ÅDÄ·nj¼Di<{äilÆ4¾àn�gjil{�v<ÅDÀÒ{�i<{�Å§¼D{�pszog�Ã�i<{�½lpwÃ�n�¼§il{ N¢â·¼I!:Äã¾à¼§il{¡á�g�i
��ÅDpwkÒ¾&��¼Dn ¹ â·i<km¼D{�zl{3nÃ�i<{�½lpwÃ�n�¼§il{}zo{�âä{�il{�Å§¼§{�pwzlg�z<â�¾�ilgjá·n�¼§il{³¼§¾�¾àn�¼§ÅDÅ6zl{äi<áãpw{³á�gji���ÅDpwk}�PA ¹ p~kÒzo¼§{}g�pszl¾�il{¼´¾»n ¹ z�n�n ¹ p1¾�ilÅ§Ä·n�¼§il{'Ãqzo{��ãp1ÅDi·ÃwzoÅ§¼I7wpwâ?��¼Dn ¹ n ¹ pm¾ ¹ zogjá ÆÞgjil{3nj¾�zo{�â ¼§¾�½lpwg�À â·À�{�zlk�N¼´ÃqzoÅ;�<A ¹ ¼§¾»¼§¾�zÒ½lpwg�À â·¼ �¡Ã�Ä�ÅDn«n�zl¾��äÆÞi<g»á�gjpwÃq¼§¾�p�{�Ä�kmpqgj¼´ÃqzoÅ4zoá�á�g�i G·¼§kmzon�¼§il{6��xhzlg�¼§ilÄã¾nÁÀ�áãps¾»ilÆhg�pwvlÄ�Å´zogj¼ 7wz�nj¼Di<{�¾�' pl� v�� 	ãÄ�á8��¼D{ãâ·¼D{�v )�kçÄ�¾àn<�:p1zlá�á�Å§¼Dpsâ n�i}¾Án�z"��¼§ÅD¼ 7qp {3Ä�k1pwg N¼´ÃqzoÅ�i3¾�Ãq¼DÅ´z�nj¼Di<{�¾ zl{�âØ¼§{�¾ànjz"��¼DÅ§¼¿nj¼Dps¾q� A ¹ ¼´¾#	h¼D{Ïn�Ä�gj{C	hÅ§pwz<â�¾ n�i©{3Ä�k1pwg�¼´ÃqzlÅ)â·¼´¾�áãpwgj¾�¼Di<{
� ¹ ¼´Ã ¹ ¾ ¹ zlâ·i�� ¾n ¹ p³¼D{��ãÄ�pq{�ÃqpäilÆ�	hzo{�âØ¾�pq{ã¾à¼Dn�¼§½�¼¿nÁÀ©il{C	4n ¹ päkmi·â·pqÅ�â�zonjz����¢{Ï¾ài<kmp¾�áãpsÃ�¼´zoÅéÃwzl¾�pw¾~â·pw¾�¼§gjz���ÅDpmgjpw¾�Ä�ÅDnj¾ ¹ zª½<p �:pqpw{®i��·n�zo¼§{�pwâ � $ Å§¾�i ¼§{©i<Ä�gkmi·â·pqÅé¾�p�n�n�¼§{�v 	n ¹ päâ·Ä�zlÅJN �)pwÅDÅ 	×z Ãqil{3n�gj¼ ��Ä·n�¼§il{©nji��yzlgjâ�¾z á�g�psÃ�¼´¾àpm{�Ä�kmpqgj¼§ÃwzoÅé¾�ilÅ§Ä·nj¼Di<{©¼´¾i
�·njzl¼D{�psâ
��ÀäÄ�¾w�¸ pq{�pqg�zoÅ§ÅDÀ
	4z<â�¾ài<g�á�n�¼§il{®vl¼§½lps¾g�¼´¾�pw¾nji°z ¾�ilÄ�g�Ã�p ��¾�¼D{ � n�pwg�k

I
	h¾àpwp�'���� ���")��?A ¹ pÆÞilgjk�ilÆån ¹ ¼§¾ynjpqgjk�¼§¾�â�pwâ·Ä�Ãqpwâ}¼§{ � � 	�� 8�
 	�zl{�â³pHG·á�Å´zo¼§{�pwâ³Å§zon�pwgy¼§{?1�pwÃ�n�¼§il{ K�� �·� �«{�p¹ z<¾

h ��� ∂tC = ∇ · (Dh ��� ∇C) −∇(h ��� vC) − h ���
θ0

% ∂tS,
';�·� �l� )

� ¹ ¼´Ã ¹ ÆÞilg�p��3Ä�¼§Å§¼I��gj¼§Ä�k zlâ�¾ài<g�á·nj¼Di<{ä¼´¾D��gj¼¿n�n�pq{ z<¾
h ��� ∂tF (C) = ∇ · (Dh ��� ∇C) −∇(h ��� vC),

';�·� ���%)
� ¹ pwg�p

F (C) = C + Ψ(C)
	 ��¼Dn ¹

Ψ(C)
n ¹ p zlâ�¾�ilgjá·nj¼Di<{³¼´¾àiln ¹ pwg�k ' ¹ ¼´â·¼§{�vmn ¹ p

%/θ0n�pwg�kÒ¾�¼§{ ¼¿n�¾ â·p+��{�¼Dn�¼§il{*)��OA ¹ ¼´¾�¼§¾�n ¹ p�¾jzokmp~p��3Ä�zon�¼§il{C	�zlá�zog�n�ÆÞg�i<k"n ¹ p~n�¼§k1pçâ·pqgj¼D½�z"Nn�¼§½lp
	lzl¾ '���� ���")��:A ¹ p)n�g�zo{�¾àÆÞilgjkÒz�nj¼Di<{�¾åâ·i<{�pyá�g�pw½�¼Di<Ä�¾àÅ§À~il{ n ¹ p�¾àáãzlÃ�p�â·i<kmzl¼D{çÃqzo{��ãpgjpqá:pwz�njpwâ1njii��·n�zo¼§{¡zo{mp��3Ä�zon�¼§il{Òi�½lpwghz�� N¢� gjpwÃ�njzo{�vlÅ§py¼§{mn ¹ p»Ãqz<¾àp�ilÆ:n ¹ p»â·ÄãzoÅIN �ypqÅ§Å��
A ¹ pw{�';�·� 9;9 )é¼´¾�gjpqá�Å´zlÃqpwâ��3À

∂tF (C) = g{∂u(a∂uC) + ∂v(b∂vC)} +G∂vC,
¼§{

Ω,
';�·� �<��)

��¼Dn ¹ n ¹ p°¾jzokmp â·pH�ã{�¼¿nj¼Di<{*ÆÞilg
g, a, b, G

zo{�â
Ω

	 zl{�â*zoÅ´¾ài���¼Dn ¹ n ¹ p°¾jzokmp ¼§{�¼¿nj¼§zlÅÃ�i<{�â·¼Dn�¼§il{ ';�·� 9 � )Òzo{�â �ãi<Ä�{�â�zlg�À!Ã�i<{�â·¼Dn�¼§il{�¾8'��·� 9<� ) N '���� 97�")mzo{ãâ@'��·� 93�
)milg '���� �l�
)��Â�i<gD��gjpq½�¼¿nÁÀQ�)p=��¼§ÅDÅ6i<{�Å§À �)i<g�����¼Dn ¹ K>- '��·� �o� ) 	�z<¾én ¹ ¼´¾�¼§¾�n ¹ pkmi<¾àn�á ¹ À·¾à¼´ÃqzlÅ il{�p<�
A ¹ p~gjpw¾�Ä�Å¿n�¾�ioÆ4n ¹ ¼´¾M1�psÃ�nj¼Di<{}zlá�áãpszogjpwâ³¼D{ � �;8�
T�

��� � � + � �'( ����� � � & � � � �#"�� � ( � �7� " � "��	� ����� + 

A×i ¾ài<ÅD½<p�n ¹ p�Ã�i<{3½<pwÃ�n�¼§il{mâ·¼J!@Ä�¾�¼Di<{¡á�gji���Å§pqk z"�:i�½lpD�yp Ä�¾�p�n�¼§kmp»¾àn�pqá�á�¼D{�vçzo{ãâmilá:pqg�Nz�njilgy¾àá�Å§¼Dnàn�¼§{�v1¼D{Q� ¹ ¼§Ã ¹ 	<ÆÞi<g)pszlÃ ¹ ¾�kÒzoÅ§Å�nj¼Dkmp�¼D{3n�pwg�½�zlÅ 	<n ¹ p«á�gji���Å§pqk ¼´¾)¾�á�Å§¼¿n�n�pwâä¼D{3nji� á�zlgàn�¾qr³�����³����¥o���;±������é±:���<¤�¦D� � zo{ãâ!�����}�o� ��¶���� ���°±:���<¤�¦§� � ��. i<g�pÒ¼§{Ïâ·pqnjzl¼DÅ 	×Å§p�n
τ = T/L, (L ∈ N)

	 �ãp zÒn�¼§k1p1¾Ánjpqá zl{�â Å§p�n
Cn ≈ C((u, v), tn)

ÆÞilg
n = 1, . . . , L

�
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�TÆ
Cn−1 ¼´¾D��{�i���{C	�n ¹ pq{}n ¹ pg�pwÅ§zon�¼§il{

Cn = Dn(τ)Tn(τ)Cn−1, τ = tn − tn−1,

â·pqn�pwg�km¼§{�pw¾
Cn �PA ¹ p�njgjzl{�¾�áãi<gàn

Tn(τ)
Ã�ilgjgjpw¾�áãi<{�â�¾4n�i~n ¹ p ¾�ilÅ§Ä·n�¼§il{

φ
ioÆ:n ¹ p�njgjzl{�¾�Ná:ilg�n�p��3Ä�z�nj¼Di<{

∂tF (φ) −G(u, v)∂vφ = 0,
';�·� �l� )

��¼Dn ¹ n ¹ p¼D{��ãi��
Ã�i<{�â·¼Dn�¼§il{
φ((u, v(2)), t) = C0(t)

zl{�â¡n ¹ p¼§{�¼¿nj¼§zlÅåÃ�i<{�â·¼Dn�¼§il{
φ((u, v), tn−1) = Cn−1.

A ¹ pw{C	,�yp~á�Ä·n
Cn,1/2 := Tn(τ)Cn−1 ≡ φ((u, v), tn).

A ¹ p�â�¼J!@Ä�¾�¼Di<{
Dn(τ)

¼´¾�i��·n�zo¼§{�pwâ���À³¾�ilÅ§½3¼§{�vçn ¹ p�â�¼J!@Ä�¾�¼Di<{}p �3Ä�z�nj¼Di<{
∂tF (φ) = g {∂u(a∂uφ) + ∂v(b∂vφ)} , ';�·� � 9 )

zlÅDi<{�v���¼Dn ¹ n ¹ p¼D{�¼¿nj¼§zlÅåÃ�i<{�â·¼Dn�¼§il{
φ((u, v), tn−1) = Cn,1/2,

zl{�â¡n ¹ p �:ilÄ�{�â�zogjÀäÃ�i<{�â·¼Dn�¼§il{
∂νφ = 0

il{
∂Ω.

A ¹ p�zogjvlÄ�kmpw{<n�¾>ÆÞilgén ¹ p�¾àá:pwÃq¼J�:Ã»¾�á�ÅD¼Dnànj¼D{�v ioÆ n ¹ pM�:ilÄ�{�â�zogjÀmÃ�il{ãâ·¼¿nj¼Di<{¡zogjp�n ¹ p«¾jzokmpz<¾�¼D{}n ¹ pÅD¼§{�pwzlg ¾àpqnànj¼D{�vã� � pHG�n%	,�)p¾�p�n
Cn = Dn(τ)Cn,1/2 = Dn(τ)Tn(τ)Cn−1 ≡ φ((u, v), tn).

;©p ��¼DÅ§Å á�gji�½lp~Ã�i<{3½<pqgjvlpw{�Ã�p»ÆÞilgyn ¹ ¼´¾ zlá�á�gji G�¼§kÒz�nj¼Di<{¡¼D{?1�psÃ�nj¼Di<{ ��� �,	 �ãzl¾�pwâ³il{ Ã�il{,N½<pqgjvlpq{ãÃ�p�g�ps¾àÄ�ÅDnj¾yÆÞi<g�ilá:pqg�z�njilg�¾àá�ÅD¼Dnànj¼D{�v¡zlá�á�gji G·¼DkÒz�nj¼Di<{C	 �D�s��
×zo{ãâ � ��� 
T�
A ¹ p«¾àá�z<Ã�p»â�¼§¾jÃ�gjp�nj¼I7sz�n�¼§il{1ÆÞi<ghn ¹ p {�il{�ÅD¼§{�pwzlgéá�gji���ÅDpwk�¼´¾£n ¹ p«¾jzokmp zl¾O�ãpqÆÞilgjp�	�¾àpwp

1�psÃ�nj¼Di<{ ��� ���D�<�
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��� � � � � "%& � �#��" � "�� � � � � " � & � � � � � �7� � � ) � " �7� � �#"%$'&���(
;©p³Ã�i<{�¾�¼§â·pwgQ'���� �<�
)~¼§{ n ¹ pä¾àn�gj¼Dá

(ui0−1/2, ui0+1/2) × (v(1), v(2))
��¼¿n ¹ ¾ ¹ i�Ã5�·¾i<{n ¹ p�psâ·vlps¾

vj+1/2
ilÆån ¹ p<�ã{�¼¿njp~½lilÅ§Ä�kmpw¾w�PA ¹ p~g�ps¾àÄ�Å¿nj¼D{�v}�w�MNTá�g�i
��Å§pqk"Ãqzl{��:p¾ài<ÅD½<pwâ

��ÀØz°¾�pqkm¼INTzl{�zoÅ§À3n�¼´ÃqzoÅyt�¼§pqkÒzo{�{Ïk1pqn ¹ i·â ��¼¿n ¹ ilÄ·nÒz°n�¼§k1p ¾àn�pqáÏÅD¼§km¼¿n�z�n�¼§il{ÏÆÞilgçn ¹ pÃqz<¾àp³ioÆ 
×zo{�v<k Ä�¼§g i<g1Â�g�pwÄ�{�â·Å§¼§Ã ¹ nÁÀ3á:p}¼§¾�ion ¹ pqgjkÒ¾+	h¾�pqp � ��� 	�9�� 
T��A ¹ p}¾�ilÅ§Ä·n�¼§il{ÏioÆn ¹ p»njgjzl{�¾àá:ilg�n)á�g�i
��ÅDpwk�'��·� �l� )P��¼§ÅDÅ zlv<zo¼§{��:p<��z<¾àpsâ¡i<{äz�á�¼§pwÃqp+��¼´¾àp~Ã�i<{�¾ànjzo{3né¼§{�¼Dn�¼´zoÅá�gji"��Å§p
φ0(v)

	h¼;� p<�I	hn ¹ p ¾ài<ÅDÄ�n�¼§il{ØilÆ n ¹ p}k Ä�Å¿nj¼Dá�Å§p t�¼DpwkÒzo{�{Øá�g�i
��ÅDpwk 	é¾àpwp�1�psÃ�nj¼Di<{�·�§�l� �·�
�¢{~n ¹ phvlpw{�pqg�zoÅlÃwzl¾�p£ioÆ·¼´¾àiln ¹ pwg�kÒ¾ �yp£n�g�zo{ã¾ÁÆÞi<g�k '��·� �l� ) ��À«Ä�¾�¼§{�v�n ¹ p){�p+�®½�zogj¼´z"��Å§p

y = y(v)
� ¹ pqgjp

y = Gi(v) ≡ G(ui, v) =

∫ v

v(1)

h ��� dv
Kλ2

,
';�·� �<�
)

λ2 = (cosh(v) − pi)
2, pi = cosui, ϕ(ui, y) = ϕ(ui, v) i = 1, ..., N.

;©pi��·n�zo¼§{ ' ¼D{�â�pHG
i
¼§¾�i<km¼¿n�n�pwâ*)

∂tF (φ) − ∂yφ = 0, φ(y, 0) = φ0(v).
';�·� �l�
)

�TÆ n ¹ p©¼D{�¼Dn�¼´zoÅá�g�i���ÅDp
φ0(v)

¼D{ '���� �<�
)ä¼§¾}á�¼§pwÃqp+��¼´¾àp©Ã�il{ã¾Án�zo{3n#	»n ¹ pw{�n ¹ p©¾�ilÅ§Ä·nj¼Di<{Ã�i<{�¾�¼§¾ànj¾milÆ»n ¹ p}½�zlÅDÄ�ps¾mioÆ
φ0(v)

zo{�â g�zogjp�Æ zlÃ�n�¼§il{�¾ç¼§{ n ¹ p ¼§{<njpqgj½�zoÅ´¾çv<¼D½<pq{ �3ÀØn ¹ pá:i<¾�¼¿nj¼Di<{�¾éilÆ@n ¹ p«ilgj¼Dv<¼D{�zlÅã¾ ¹ i·Ã5�·¾>'Þ¼;� p<�£ilgj¼Dv<¼D{ãzoÅ�¼§{3n�pqgj½�zoÅ´¾�)hz�Æ�n�pwghnj¼Dkmp�pq½li<ÅDÄ�n�¼§il{
τ
�P�TÆn ¹ pçi<g�¼§vl¼§{�zoÅ4¾ ¹ i�Ã5� zon

y = yj
��zl¾�zlÃwÃ�pqá�njz"��ÅDp
	�n ¹ pq{'¼¿n�¾«á:i<¾�¼Dn�¼§il{?��¼§ÅDÅL�:pçv<¼D½<pq{?��Àn ¹ p�t zo{,��¼§{ N � Ä�v<il{�¼§ion ¾�áãpwpwâ³k1i�½<pqkmpq{3n

ṡ(t) =
φ̄(y+

j , 0) − φ̄(y−j , 0)

F [φ̄(y+
j , 0)] − F [φ̄(y−j , 0)]

,

� ¹ pwg�p
y+ â�pq{�iln�pw¾1n ¹ p Ä�á�¾àn�gjpwzlk Å§¼Dkm¼Dn#	�zo{�â

y−
n ¹ p â·i���{ã¾Ánjg�pszok Å§¼Dkm¼Dnw� �TÆ�n ¹ pilgj¼§vl¼§{�zoÅ·¾ ¹ i·Ã5��z�n

y = yj
��zl¾4{�iln£z<ÃqÃqpqá·n�z"��Å§p�	ªn ¹ pq{m¼Dn£â�pq½lpwÅDi<á�¾4¼D{3nji«n ¹ p�gjzlg�pqÆ zlÃ�n�¼§il{zoÅ§il{�vçn ¹ p

y
N;¼§{3n�pwg�½�zoÅ

(yj −
1

F ′[φ̄(y−j )]
τ, yj −

1

F ′[φ̄(y+
j )]

τ).

�TÆ
F
¼´¾'Ãqil{�½lp+G zl{�â

φ(y−j , 0) ≤ φ(y+
j , 0)

	 n ¹ pw{ n ¹ p ¾ ¹ i·Ã5�
¼´¾©zlÃqÃqpqá·n�z"��Å§pl� �TÆ
φ(y−j , 0) ≥ φ(y+

j , 0)
	 n ¹ pq{©n ¹ p¡¾ ¹ i·Ã5� ¼´¾~Ä�{�zlÃwÃ�pwá·njz���ÅDp<���TÆ

F
¼´¾Ã�i<{�Ãqzª½<p�' pl� v��çÆÞilg


åzl{�vlkçÄ�¼§gmz<â�¾�ilgjá·n�¼§il{Øi<gÒÂ�gjpqÄ�{�â�ÅD¼´Ã ¹ z<â�¾�ilgjá·n�¼§il{ ��¼¿n ¹
p < 1

)H	hn ¹ pq{ n ¹ p gjilÅ§p³ilÆzlÃwÃ�pwá·njz���ÅDpzl{�âäÄ�{�zlÃwÃ�pqá�njz"��ÅDp¾ ¹ i·Ã5��¾�¼´¾�¼§{<njpqg�Ã ¹ zo{�vlpwâ6�
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�¢{ n ¹ pmÃqzl¾�p ilÆ)Â�gjpqÄ�{�â·Å§¼§Ã ¹ ¼´¾�ion ¹ pqgjk�	@¼;� p<�

F (s) = s +K0s
p 	@n ¹ p1vlpq{�pqg�zoÅ6ÆÞi<g�kilÆ4g�zogjp�Æ z<Ã�n�¼§il{ä¼§¾�'�¾àpwp � ��� 
 )

φ̄(y, t) =

(
t+ y − yj

pK0(yj − y)

) 1
p−1

,
ÆÞilg

0 < yj − y < t.

�¢{
n ¹ p®Ãqz<¾àp©ioÆ 
åzo{�vlk Ä�¼Dg ¾ài<g�á�n�¼§il{ ¼´¾àiln ¹ pwg�k 	«¼�� pl�
F (s) = s + K1

s
1+K2s

	«n ¹ pg�zogjp�Æ z<Ã�n�¼§il{³¼§¾�ilÆ×n ¹ p~ÆÞilgjk '�¾àpwp�� �<� 
 )

φ̄(y, t) =
1

K 2

(
−1 +

√
K1

2(yj − y)√
t2 − (2(yj − y) − t)2

)
,
ÆÞilg

0 < yj − y < t.

A×iäÃ�i<{�¾àn�gjÄ�Ã�n n ¹ p�v<ÅDi
��zoÅ6pw{3n�gjilá�À³¾�ilÅ§Ä·n�¼§il{ ilÆ>n ¹ pçk Ä�ÅDn�¼§á�Å§p t�¼§pqkÒzo{�{°á�g�i
��Å§pqk 	 �yp
��{ãâ}n ¹ p�á:i<¾�¼Dn�¼§il{ ioÆ£vlgj¼´â³á:il¼§{3nj¾�' ioÆ>n ¹ p�ilgj¼Dv<¼D{ãzoÅ6¾ ¹ i·Ã5��¾5)�z�Æ�njpqg�nj¼DkmpçÅDpw{�von ¹

τ
zl{�âá�Ä�n4njilv<p�n ¹ pqg4n ¹ p�Ã�i<{�¾ànjzo{3n>½�zoÅ§Ä�pw¾>zo{ãân ¹ pyÅ§i·ÃqzlÅ�¾�ilÅ§Ä·nj¼Di<{�¾åilÆ�n ¹ p�gjzlg�pqÆ zlÃ�nj¼Di<{ �yzª½<pw¾w�

A ¹ ¼´¾ ¹ ilÅ´â�¾çÆÞilgm¾�kmzlÅDÅynj¼Dkmp ¾Ánjpqá
τ
â·Ä�gj¼§{�v�� ¹ ¼´Ã ¹ {�i©ÃqilÅ§ÅD¼´¾à¼§il{ zogj¼§¾�pQ�:p�n��ypqpw{Øn ¹ p{�pw¼Dv ¹ �ãi<Ä�g�¼§{�v¡¾ ¹ i·Ã5�·¾�ilg«gjzlg�pqÆ zlÃ�nj¼Di<{�¾w� A ¹ pçÃ�ilÅ§Å§¼§¾�¼Di<{�¾�ilÆh{�pq¼§v ¹ �:ilÄ�gj¼D{�v¡¾ ¹ i·Ã5�·¾ Ãwzo{

�:p�n�gjpwzon�psâ1z<¾>ÆÞilÅ§Å§i�� ¾q�/A ¹ p Ã�i<{�¾Án�zo{3nh½�zoÅ§Ä�pD�:p�n��ypqpq{¡¾ ¹ i·Ã5�·¾£â·¼´¾�zlá�áãpszog�¾£zo{�â �yp zogjpÅ§p�Æ�n(��¼¿n ¹ il{�Å§Àäi<{�p ¾ ¹ i·Ã5�Q��¼Dn ¹ n ¹ pD�ÁÄ�kmá p��3Ä�zlÅ n�i¡n ¹ p ¾�Ä�kmkÒz�nj¼Di<{ ioÆ>n ¹ p ilgj¼Dv<¼D{�zlÅ
�ÁÄ�kmá�¾w� A ¹ p ÃqilÅ§ÅD¼´¾à¼§il{!ilÆ�n ¹ p°g�zogjp�Æ z<Ã�nj¼Di<{ � ¹ ¼´Ã ¹ kmpqpqnj¾Òn ¹ p°¾ ¹ i·Ã5�·¾¡Ãqzl{!zlÅ§¾�i �:pâ·ps¾�Ãqg�¼ �:pwâm¼§{äzo{äzl{�zoÅ§À3n�¼´ÃqzlÅ·ÆÞilgjk '�¾àpwp � �<� 
 ) 	 ��Ä�n&�yp»¾ ¹ zoÅ§Å�Å§¼Dkm¼Dnyi<Ä�ghnj¼Dkmp«¾àn�pwá¡Ä�áÒnjin ¹ pE��g�¾ÁnéÃqilÅ§ÅD¼´¾à¼§il{1ioÆ@g�zogjp�Æ zlÃ�n�¼§il{mzo{�â1¾ ¹ i·Ã5� 	<zo{�â1á�gji"�ÁpsÃ�nhil{3nji�á�¼DpsÃ�p+��¼´¾�p�Ãqil{�¾ànjzl{3nj¾w�
A ¹ pw{C	 �yp1Ãqil{3n�¼§{�Ä�p�n ¹ p1n�g�zo{�¾�áãi<gàns��1�¼D{ãÃ�p �)pmÃ�i<{�¾à¼´â·pwg»il{�ÅDÀ z³½lpwg�À ¾�áãpsÃ�¼´zoÅ4¼D{�¼Dn�¼´zoÅá�gji"�ãÅDp
	<¼Dn)¼´¾)¾�¼§k1á�ÅDp»n�içÃwzoÅ´Ã�Ä�Å´z�njp�n ¹ ¼§¾én�¼§kmp»Å§¼Dkm¼Dnjz�nj¼Di<{6�£Â�gjilk n ¹ p«¾�ilÅ§Ä·n�¼§il{ÒilÆO'��·� �l� )
�yp i��·n�zo¼§{Øn ¹ p â�pw¾�¼Dgjpwâ ¾ài<ÅDÄ�n�¼§il{ÏilÆ ';�·� �l�
)�ÆÞilgmpszlÃ ¹ ¾àn�gj¼§á

i = 1, ..., N
Ä�¾à¼§{�v'n ¹ p

��z<Ã5� �yzlgjâçn�g�zo{ã¾ÁÆÞi<g�kÒz�nj¼Di<{6� �¢{³Ãqzl¾�p�n ¹ z�n
h2 > h1 ≥ H

	�' Ã�i<{ ��{�psâ¡z �3Ä�¼DÆÞpqg ) 	 �yp«Ãqzl{p+G�á�g�ps¾�¾='���� �3��)yzl¾

Gi(v) = [Ḡ(ui, v) − Ḡ(ui, v
(1))]

γ2θ0H

4A
,

� ¹ pwg�p
Ḡ(ui, v) =

2pz − 2

(1 − p2)(z2 − 2pz + 1)
+

2p

(1 − p2)3/2
arctan

z − p√
1 − p2

��¼Dn ¹
z = ev, p = cosui.
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��� � ��� � "%& � �#��" � "�� � � � � �#"��<�����#� " � � �#" $ &���(
$ Æ�njpqg»n�g�zo{�¾�áãi<gàn>�ypi���njzo¼§{ n ¹ p�á�gji"��Å§p

φ̄(y)
� ¹ ¼´Ã ¹ Ã�il{ã¾à¼´¾Án�¾�ioÆ>á�¼§pwÃqp+��¼´¾àp�Ãqil{�¾ànjzl{<ná�zlgàn�¾�zo{�âägjzlg�pqÆ zlÃ�nj¼Di<{�¾&�yzª½<pw¾w�/Kyp�ÆÞi<g�p~¾ànjzog�n�¼§{�vçn ¹ p�â�¼J!@Ä�¾�¼Di<{C	�n ¹ ¼´¾�á�gji"�ãÅDp�k Ä�¾ànD�ãpá�gji"�ÁpsÃ�n�psâÒil{3njiçzçá�¼DpsÃ�p#��¼§¾�p«Ãqil{�¾ànjzl{<nyá�gji"��Å§p
φ̄(yj)

n ¹ z�nE��¼§ÅDÅ��:p«Ä�¾�pwâ¡ÆÞilg�â·¼I!:Ä�¾�¼§il{6�Â�gjilk ';�·� �l� )6¼´¾4ÆÞilÅ§ÅDi�� ¾×n ¹ z�n
F (φ̄)

¼´¾4n ¹ p�Ãqil{�¾�pqgj½lpsâ �3Ä�zo{3nj¼¿nÁÀ
	�� ¹ ¼§Ã ¹ ¼´¾£zoÅ´¾ài~Ã�Å§pwzlgÆÞgjilk z³kÒzl¾j¾<�ãzoÅ´zo{�Ãqp1Ãqil{�¾�¼§â�pqg�z�n�¼§il{å�BA ¹ Ä�¾+	 �)p1{�pqpsâ nji���{�â°n ¹ pm½�zoÅ§Ä�p
φ̄(yj)

ÆÞilg
� ¹ ¼´Ã ¹ �)p ¹ zª½<p

F (φ̄(yj))∆y = Fj∆y =

∫ yj+1/2

yj−1/2

F (φ̄(y))dy.
'���� ���")

A ¹ p~gj¼Dv ¹ n ¹ zl{�â}¾à¼´â·p~ioÆE'��·� �<��)éÃwzo{��ãpgjpwz<â·¼DÅ§ÀÒi���njzo¼§{�psâä¼§{än ¹ pÃqz<¾àp�ioÆ>zçá�¼DpsÃ�p+��¼´¾�pÃ�i<{�¾ànjzo{3n�á�gji"��Å§pl�/; ¹ pq{}g�zogjp�Æ zlÃ�n�¼§il{���zª½lps¾)zlg�p«pq{�ÃqilÄ�{3n�pwg�psâ 	3pHG�zlÃ�nyá�gji"�ÁpsÃ�nj¼Di<{ ¹ zl¾
�:pqpq{ �yilg��lpsâ¡ilÄ�n ¼D{ � ��� 
 	�zo{�â}¼´¾�vl¼§½lpw{���À
∫ β

α

F (φ̄(y)) = J(β) − J(α),
��¼Dn ¹

J(β) = β
[
F (φ̄(β)) − φ̄(β)F ′(φ̄(β))

]
.

�»zª½�¼§{�v�â·pqn�pqgjkm¼D{�pwâ
Fj

	
�yp Ãqzl{¡ÃqzoÅ´Ã�Ä�Å§zon�p
φ̄(yj)

�3Àmz ¹ À ��g�¼´â.� p#��n�il{,NTt zlá ¹ ¾�il{�����¼IN¾�pwÃ�nj¼Di<{ zoÅ§vlilgj¼Dn ¹ k 	�¾�pqp � ����
 	�¼§{ n ¹ pçÃqzl¾�p~ioÆ£Â�gjpqÄ�{ãâ·ÅD¼´Ã ¹ zlâ�¾ài<g�á·nj¼Di<{6�hÂ�i<g 
åzl{�vlkçÄ�¼§gzlâ�¾ài<g�á·nj¼Di<{¡n ¹ p¼D{�½<pqg�¾àp�¼§¾»z���{�i���{³ÆÞÄ�{�Ã�n�¼§il{6�
��� � � � � "%& � �#��" � "�� � � � � " � & � � � � � 	 � � � )���" � � �#" $ &���(
A ¹ p�¾jzokmpzoá�á�g�i G·¼§kmzon�¼§il{ä¾jÃ ¹ pwk1p�n ¹ z�n ¹ z<¾�ÅDpsâ³n�i?'���� �<�")H	3{�i���Å§pwzlâ�¾yn�i

ωF (Ci,j) +

(
aE ∆v

∆u+
+ aW ∆v

∆u−
+ bN

∆u

∆v+
+ bS

∆u

∆v−

)
τCi,j =

[
τ

∆v

∆u−
aW

]
Ci−1,j +

[
τ

∆v

∆u+
aE

]
Ci+1,j

+

[
τ

∆u

∆v+
bN
]
Ci,j+1 +

[
τ

∆u

∆v−
bS
]
Ci,j−1 + ωF (Cn−1

i,j ),
';�·� � � )

� ¹ pwg�p
ω = ωij =

|Vij |
gij

	�zo{�â
F (Cn−1

i,j )
¼´¾)n ¹ p½�zoÅ§Ä�p

Fij
i��·n�zo¼§{�pwâä¼D{³n ¹ pá�g�i��ÁpwÃ�n�¼§il{¾àn�pqáå�A4z"��¼D{�v�¼D{3nji zlÃwÃ�ilÄ�{<nén ¹ p<�ãi<Ä�{�â�zlg�ÀmÃ�i<{�â·¼Dn�¼§il{�¾O�)p ¹ zª½lp�nji�á�Ä·n

aW ≡ 0
ÆÞilgén ¹ pá:il¼§{<n�¾ {u1, vj}

zo{�â
aE ≡ 0

ÆÞilg�n ¹ p¡á:il¼§{3nj¾ {uN , vj}
	
j = 1, . . . ,M

��. ilgjpqi�½lpwg#	ÆÞilg {ui, v1}
	
i = 1, . . . , N

	��yp�njz��lp
bS ≡ 0

¼§{ '���� �<�") 	 zl{�â
bN ≡ 0

ÆÞi<g»n ¹ pçá:il¼§{3nj¾
{ui, vM} �
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;©p ¾�Ä�vlv<pw¾ànyn��yiÒá:i<¾j¾à¼ ��Å§p ¾ài<ÅDÄ�n�¼§il{ kmp�n ¹ i�â�¾�ÆÞilg n ¹ p�{�il{�Å§¼D{�pwzog«¾àÀ·¾àn�pqk�ioÆhzoÅ§vlp+N

��g�zo¼´Ã~p��3Ä�zon�¼§il{�¾ ';�·� � � )��)Â4¼§gj¾àn#	*�)p�Ãwzo{ Ä�¾�p � p#��n�il{ nÁÀ�á:p�¼Dn�pqg�z�nj¼Di<{�¾#	�¾Án�zog�n�¼§{�v���¼¿n ¹
C ≡ Cn−1 � A ¹ ¼§¾~¼§kmá�Å§¼Dps¾�¾ài<ÅD½�¼§{�v z³kÒzon�gj¼JG°p �3Ä�z�nj¼Di<{°¼§{©pw½lpwg�À ¼Dn�pwgjzon�¼§il{®¾Ánjpqá6���TÆ
αT = 0

zo{ãâ
D0 = 0

	�n ¹ p�â·¼J!@Ä�¾�¼Di<{m¼§¾>gjpwâ·ÄãÃ�pwâ�n�ii<{�ÅDÀ~n ¹ p
v
NTâ·¼§gjpwÃ�nj¼Di<{�'

a(u, v) = 0
)zl{�â©¼D{®pwz<Ã ¹ ¾Ánjpqá z ¾à¼§kmá�Å§p A��<. $ '�n�gj¼´â·¼§zlvli<{�zoÅ>kÒz�njg�¼IG©zlÅDv<ilgj¼¿n ¹ k )«Ãwzo{��:pÒÄ�¾àpsânji³¾�ilÅ§½lp¼§{ pwz<Ã ¹ ¾Ánjg�¼§á n ¹ pçil{�p+NTâ�¼Dkmpq{ã¾à¼§il{�zlÅåâ·¼I!:Äã¾à¼§il{ á�g�i
��ÅDpwk � � ionjp�n ¹ z�n�il{�Å§À³¼DÆÃqil{�½lpwg�v<pq{�Ãqp)ilÆãn ¹ p � p#��n�i<{Òk1pqn ¹ i·âm¼´¾£gjpwzlÃ ¹ pwâ 	okÒz<¾�¾P�ãzoÅ´zo{�ÃqpD��¼DÅ§Å,�:p>�lpwá·nw�PA ¹ Ä�¾#	nj¼Dkmpw¾àn�pwá1zl{�âçvlgj¼§â�¾�¼ 7qp�¾ ¹ i<Ä�Å´âB�:p�Ãqzogjp�ÆÞÄ�ÅDÅ§À�Ã ¹ i<¾�pq{ n�i~i���njzo¼§{�n ¹ ¼´¾£Ã�il{�½<pqgjvlpq{ãÃ�p)zoÆ�n�pwgzm¾�kmzlÅDÅ {�Ä�k��ãpwg ioÆ4¼¿njpqg�z�nj¼Di<{}¾àn�pwá�¾q�

1�psÃ�i<{�â·Å§À�	%�)pyzoÅ´¾ài�¼§kmá�ÅDpwkmpq{3n4z�gjpqÅ´z�G�zon�¼§il{~kmp�n ¹ i�â zl¾6¼§{	� �l��
�zo{�â	� �3� 
�z<¾@ÆÞilÅ§Å§i�� ¾

ωλ
(l−1)
i,j (C

(l)
i,j − Cn−1

i,j ) +

(
aE ∆v

∆u+
+ aW ∆v

∆u−
+ bN

∆u

∆v+
+ bS

∆u

∆v−

)
τCi,j =

[
τ

∆v

∆u−
aW

]
Ci−1,j +

[
τ

∆v

∆u+
aE

]
Ci+1,j

+

[
τ

∆u

∆v+
bN
]
Ci,j+1 +

[
τ

∆u

∆v−
bS
]
Ci,j−1,

'��·� �;8 )
� ¹ pwg�p

l
¼´¾ zo{}¼¿njpqg�z�nj¼Di<{³á�zlgjzlkmp�n�pwg�zo{�â

λ
(l)
i,j :=

F (C
(l)
i,j ) − F (Cn−1

i,j )

C
(l)
i,j − Cn−1

i,j

, λ
(0)
i,j := F ′(Cn−1

i,j )

¼´¾ z1g�pwÅ§z"G�z�n�¼§il{äÆÞÄ�{�Ã�n�¼§il{6�
;©p�¾Ánjilá³n ¹ p¼Dn�pwgjzon�¼§il{�¾�zl{�â â·pH��{�p

Ci,j := C
(l0)
i,j

z<¾�¾ài�il{ zl¾
'�z
) |λ(l0)

i,j − λ
(l0−1)
i,j | < τ

zl{�â ' �*) ∑
i,j

∣∣∣C(l0)
i,j − C

(l0−1)
i,j

∣∣∣ < ε,
';�·� ��� )

ε
�:pq¼§{�v¡zm¾�kmzlÅDÅ@njilÅ§pqg�zo{�Ãqpl�PA ¹ ¼´¾�¼´¾yn ¹ pm���¢�j±l±@���3� �q�����T�q����¶��ç�

�³É3ÎÏË·Ì � - � �$�3	 � �@���«���q¦D¥ �3¥o��� �o� �Ò���Þ���s��´���Ò����� ���l¤q¶����å�Þ��¥o�ä�Þ���éèç���£�¢��� �m�q�����w� �¥o¦�¦D���£�����Ò�¢���q�o¦W¨ª�¥o¦ �q�1����� ���¿�l¦��1�:���ã¦W���:��¥o����¥ª�q��� �£���Þ�¡¦§¥����3�~�;� �m�»���T�¢±ã� � �@���q��� ���o��� ����×�´�y�Þ���>±:���������j�j�ç�j����� ��� � �ç���é�q¨ª�q� �>�q¦D�ª�q� �T�~�Þ���«����¥<���å���o¦W¶·�;� ���¡�Þ���)è � �£�T�o� �m�q�Þ���s������ã¨ª�q���3��� �1¶�������¥����¢�q� � � ¶·��������� �Ò���j� �é�Þ��� ���¢�j±l±@���3� �q�����T�q����¶�� 	 ����� � ä�´���:�o� �j±:�;� �
�Ò¥�¦D²~¥o����¶·�@�m����� �Ò��¨s���3�ä�����¢���Þ��¥<��� � �×������� �Þ��� ���o�:�����ã���j¥��;� ��� �´�~¨ª�q� �1� �m¥o¦�¦ �

λ
��¥o������q��¦D¥o�T� �>±:���q¨����ã������� 	 ����� � �à¤ }�T� ¤�����¶·¦ �é¦�¦D��� � ��� �o¨ª�q����� �Ò�m�Þ���´�Ò��� �!��¶·¦W� � �é�1��¶l� ��3�����y�q��¨��q��¥�¦£�j±@��� �1� �s¥��;� ����� �°¯1� �£��¦�¦4��¦�¦W¶�������¥o�T�ç�Þ���m�����������q¶����@���1¤ �³��� �»±�¥������3�}�Þ���� �j±:� ��¥�¦×��¶��Ò¤�����Á�~���¢���j¥��;� �������� �Þ���ç��¥ª�q�ç�à� � �j��¶·�@��¦W� ��� ¥l���q���;±:�;� ��� �£���Þ�

p = 0.25
�
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¯}�����ç�Þ���)���¢¥��:�<¥����«���¢�j±<±:���3� �������¢������¶�� ����������¥o����� �j±:� ��¥�¦�¦ � � � �����q¦D¥ �3¥o��� �o�Ò���T�q��¥o��� �o���±�����;� �m�����T�¢± ¥o�)�Þ���1¤��T�o���ã�����3�}�Á�~�Þ��� ��� �q���q��� �o���
•  �h�����m�j±:�;� �1� �w¥o��� �o� �:�T�l¦D�������
�×��¥�� ��¥j±l±��q��� �¢�Ø�Þ��� � �m¥o¦�¦������@�j�q���;��¥o��� �o��� �¥��:� ���o���;����¦ �ç����� �m¥����1¤�¥�¦D¥o�:���m�������¢��¥l� �Ø¯1�ç���¢�j±Ï�Þ���m���¢���j¥��;� �����Ò¥��@�}�<���é�:�
Ci,j := C

(l0)
i,j

¥ª�~�q�w�o�'¥ª�
	Á¥� ���o� ¥�¦�¦

C(l0) > ε
���
C(l0−1) > ε : |λ(l0)

i,j − λ
(l0−1)
i,j | < τ,

';�·� ���%)
	¢¤  ∑

i,j

∆ui∆vjλ
(l0)
i,j (C

(l0)
i,j − Cn−1

i,j ) ≈ 0.
';�·� �o��)

�£�o�:�o����� �o� 	 ����� �������¦�¦D� �>�4����� � ���������o���q����¨�¥��;� ��� �à���m¥����«¥����l¶��m�q��� �é¬ ¶·�����3������ç�o� ��¶���� ��� ���¢�T± �é����¥�¨����� �Ò�j�<�q�:����¶��»èç��¶��Ò¥��ã�����4� � �h���������q¶����ã��¦ � �
∫

Ω

∂tF (C) = 0 ≈
∑

i,j

∫

Ωi,j

(
F (C

(l)
i,j ) − F (Cn−1

i,j )
)
/τ,

����� � �×��� ��� 	 ����� ��1����¦�¦D� �>� � �@�·�´�~±:���s���j�o¶·���1�o¶�¥o��¥��ã�T�����m�Þ��¥o�»�Þ���ä���T�q��¥o��� �o���¥����Ò�����ã�����ã¶����¡���®�Þ���ª�q�¡��¥������ �×�������1�Þ���ç�q�o¦W¶·��� �o��� ¨�¥���� ���m�o��¦�� ¥³¦W���;��¦D� �×�����±�¥��j������������ � �o�:�1���¢���j¥��;� ��� �¢�ä�Þ���1�@���<� ��¤q¶·�������Ò�j�o�����������q�o¦W¶·��� �o�®�´�ç�:�o� �l����l¤q�T¥o���:��� � ¯m�}�:��� ��¥�¨�� � �j±:� ��¥�¦�¦ � �����©���q¦D¥ �3¥o��� �o�!���T�q��¥��;� �����±����³��� �Ò�����¢�T±��¥��:�¡������±@���l¤q¦D� � �Á���ª�q�q��¦D¥��;���3�
λ
�´� ��� �»±:¦D�q�T�q¦��³¥o¨ª�o� �l��� �

• � �@�«�à���Þ���«����¥ª�q�����«�Á����¦D� � �����ã¨ª�q���3���@�j�«�´� �Þ��¥o�£�o¶·�����3� �����«����¥o���;±�������±:���s������������1�����¢���Þ��¥<�j� �é¥�� ����¥o�;±��q�:������¬�¶·������� ��� ��¶���� ��� �Þ���1���ã�T�q�Þ��¥l���m�Þ���q�'� �Ò�s���Þ�3���¶·�y¥w�<¥o����� � � �é��¨��q� �é���������ã����� ¥o¦6¨�¥�¦W¶��1�Á��Þ�������q¦D¥ ��¥��;� ���¡±�¥o��¥ �Ò�q�T�q�
λ
�¢�m�Þ������¿�s�·���´�³¨ª�q� � ¦D¥o���<�}¶s±*�¢� ��� �h����� � 	Á¥ª�¡�Þ���ä���¢¥����;���3�®�����:���q���;��¥��;� ��� �´�¡�:��¥o��¦��

�w�q���Ø�o� �w�q���  �Ò¥��@�®�:�����ª� �T�Ï�j�o��¨����;�<�q�:��� �¢�Ø¥®¨�¥�¦¿¶��
F (C)/C

� �@��� ��¦D����j�o��¨����;�<�q�:��� ��¥�� ¤��³� �»±:���o¨ª���®¤ �°�T¥sµ������m�����¡�Þ���³¨�¥�¦W¶����¡�T�°�Þ���³���¿�s�·���Á�Ò�Þ��������¢���Þ��¥<�j�«�Þ��� �q¥ �Ò�»¨�¥�¦¿¶����å���o�
λ(0) ¥��������ª�q�4����¶·�:� ���ä�Þ���h±@����¨s� ��¶�� ��¶·�}�Á���Þ������ ��¶���� ���©���¢�T± �  ���¢�q�ç¥¡��¶·��� �é�µl���¢±Ø��� �Ò� �Ò��� �³�����ç¨ª¥o¦W¶������¢�ä����� ���¿�ª���»�à������~�����¢���Þ��¥<��� �×��� ��� ¥o����� �m¥o¦�¦D�q�«�Þ��¥o�

D
	
D >> 1

m¥��:� �é¥��h�Þ����¤��T�l�����������¡�Á������»�@���<�£��� ��¶���� �o�³���¢�T±�� �é�«�¢¥wµ<���T� �Þ�������¿�ª���h�Á�«�����«�����¢���Þ��¥<�j���Þ�����q�«¨ª¥o¦W¶����~¥ª������~¨ª¥o¦W¶����4�����
λ(0) ��� ���T��¥<�Ò�Á� F ′(Cn−1

i,j )
� �@���´�� �j±:� ��¥�¦�¦ �1�j�j�o¶���������������¶��Ò¤j�q��Á�~���¢����¥o��� �o�����¢� � ���

• � ���@¥�¦�¦�� � �é�}¶����}�Þ���~��¥����ç������¨��q���<�q�:��� �à�ä�Þ���Òèç���£�¢��� �Ò���Þ���s�®��¦D���q� �T�'�Þ������o¦W¶·�;� �����  ���¢���»�q¨���� ����¢���j¥��;� ���¡���¢�T±�� �é���j���j��µ �é���Þ���q���Þ��� �m¥��j���´�»���������q��¨��j�¶s±'�T�ä¥�±:�j�j�q�´��� ���®�Á�
1%

�£� ��� � �é����q¦D¥ �}���o�:�����;� ��� 	 ����� �  � � �~�Þ���´��´���Þ���1��¥ª�q� �
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�~���q¦D¥ ��¥o��� �o�¡���T�q��¥o��� �o��� ¤j�������j�����¢¥����;���3��Þ���)è � �£�T�o�Ò���T�q��¥o��� �o��� � �@���´��� �j±:� ��¥�¦�¦ �������¶������«�Þ��� ��¶��Ò¤j�q��Á�~���¢����¥o��� �o���~�T� �m���q¦D¥ ��¥o��� �o�°���¢����¥o��� �o����¥��@��� �çè � �£�T�o����T�q��¥o��� �o��� �

;©pÃ�il{ãÃ�Å§Ä�â·p«n ¹ zonE�yp ¹ zª½lp�â·pq½<pqÅ§ilá:pwâäz1{�Ä�kmpqgj¼´ÃqzoÅ@zoá�á�g�i G·¼§kÒz�n�¼§il{³¾�Ã ¹ pwkmp»ÆÞi<gn ¹ pä{�i<{�Å§¼D{�pszog â�Ä�zoÅIN �ypqÅ§Åéá�g�i
��ÅDpwk 	:��z<¾àpsâ®Ä�á:il{Øi<áãpwgjzon�ilg�¾�á�Å§¼¿n�n�¼§{�v 	>n ¹ pät�¼§pqkÒzl{�{á�gji���ÅDpwk�	3zo{�âäz~{�il{�Å§¼§{�pwzlg ��{�¼Dn�p»½lilÅ§Ä�kmp»¾jÃ ¹ pqkmp»¾�ilÅ§½lpsâ ��¼¿n ¹ zg�pwÅ§z"G�z�n�¼§il{Ò¾jÃ ¹ pqkmp<�
����� � � � 	��� ������� � ��� " 
!� � � �������� �  ��� " 
 � ����� ���

;©p {�i�� á�g�i�½<pyÃqil{�½lpwg�v<pq{�Ãqp)ilÆãn ¹ p�ilá:pqg�z�njilgh¾�á�Å§¼¿n�n�¼§{�vkmp�n ¹ i�âÒzlá�á�Å§¼Dpsâçn�i�z(�ãi<Ä�{�â Nzlg�À¡½�zlÅDÄ�p~á�gji���ÅDpwk�ioÆ×n ¹ p~ÆÞi<g�k
1

g(x,y)∂tF (v) − h(x, y)∂yv − (∂x(a(x, y)∂xv + ∂y(b(x, y)∂yv) = 0

v(x, y, 0) = v0(x, y),
b(x, y)∂yv + h(x, y)v = h(x, y)v0(x, y, t)

i<{
Γ1

'Þ¼§{���i��M)
,

∂νv = 0
il{

Γ2,
∂νv = 0

i<{
Γ3

'Þi<Ä·n ��i��M)H	
'��·� ��� )

� ¹ pwg�p
(x, y, t) ∈ Ω×I = [x(1), x(2)]×[y(1), y(2)]×[0, T ]

	
Γ1
¼´¾ån ¹ py¼D{ ��i�� �ãi<Ä�{�â�zlg�À

'
hny < 0

) vl¼§½lpw{?��À³n ¹ p Å§¼§{�p
y = y(2) '

h(x, t) ≥ 0
) 	

Γ3
¼´¾»n ¹ p1ilÄ·n ��i����ãi<Ä�{�â�zlg�À

'
hny > 0

) vl¼§½lpw{ ��À«n ¹ pyÅD¼§{�p
y = y(1) 	ozl{�â

Γ2
¼§¾4¾�Ä�Ã ¹ n ¹ z�n

∂Ω = Γ1∪Γ2∪Γ3
�L� pwg�p
	

�yp¡zogjpm¼D{3n�pwg�ps¾Ánjpwâ©¼§{®ÆÞÄ�{�Ã�nj¼Di<{�¾
F
ioÆyn ¹ pÒnÁÀ�áãp

F (v) = v + cψe(v)
	>ÃÒz Ãqil{�¾ànjzl{3nzl{�â

ψe
z°¾�i"N¢ÃqzlÅDÅ§pwâ®p �3Ä�¼DÅ§¼ ��g�¼§Ä�k ¾�ilgjá·n�¼§il{ ¼´¾àiln ¹ pwg�k � $ ¾1zoÅ �yzªÀ·¾#	

∂ν
â�pq{�iln�pw¾ n ¹ pi<Ä·n��yzlgjâä{�ilgjkÒzoÅ6â·pwg�¼§½�z�nj¼D½<pl�

;©p>��¼§ÅDÅã{�pqpsâ1n ¹ p�ÆÞi<ÅDÅ§i���¼§{�v�zl¾j¾àÄ�k1á�n�¼§il{�¾wr
F−1 ¼§¾ 
6¼§á�¾�Ã ¹ ¼¿n�7»Ã�i<{<nj¼D{�Ä�i<Ä�¾#	okmil{�i�Nnjil{�p1¼D{ãÃ�gjpwzl¾�¼§{�vQ��¼Dn ¹

F (0) = 0
zo{�â

F (s) < CL
¼DÆ
s < L

� Â�Ä�g�n ¹ pqgjk1i<g�p
a
zo{�â

bzlg�p¾�k1i�iln ¹ zo{�â³áãi3¾à¼Dn�¼§½lpzl{�â
g
zo{�â

h
zogjp~¾àkmi�ion ¹ 	�áãi3¾à¼Dn�¼§½lpzl{�âQ�:ilÄ�{�â·pwâ6�

�³É3ÎÏË·Ì � - �� � 	��
• ¯1�1��¥�¨��}�¢¥wµ<��� F−1 � � ±ã�q������� � �������;����¶��o¶��Ò¥��¡�������Ï�����}��¥����}�Á� � ���q¶·�:�·¦W� �j�¥l�����o�;±:�;� ��� �£�����»±����é�q��¦D�����y�Þ��¥o� �~�´�����:�q¦W¶��l����	 �£���Þ����¶·�×�:�������Á�)�;±��j�q� ¥�¦�������¥o� �
�m�q���  � �@���´���´��Þ��� �����¢���j�����;���3�}�j¥��q� �

• �@���~��¶�¥o¦ �é�q¦�¦s��¶·¦�¦�� �h���y���ã�T� �Þ���»�q�j��� �Ò� 	 ����� �  �é�����j�¢±:�������~���@� �1���:�o�>±��������¢²
g(u, v)

¥ª�©�<���é�:���Ø��� 	 ��� � ��Ï�´� �s�q���Ï���
�Þ���¡±��������
(0, 0)

� �@���´�¡±��o�����¡��¥����� �é��¨�����¤�����´�����T�3¥����<���¡¥ª�����h�´�«�Þ���é±������ã�)¥��h��� �h�ã��� � �×���q���~�Þ���������ã�T¥ �ç���@¥��ã�
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�j�o�:���q���;��¥��;� ��� �´� �s�q��� �}¯m� �Ò¥ �Ò���T�l¶·¦D¥���� �s�
g
¤ �
gε > ε

�)¥�±��ª�����;��¨ª�y��¶·�@���;� ����������)��¶·��������� �«� �Ò¥���µ ��� ����� � �
A ¹ p~á�gji�ioÆ×¼´¾D��z<¾àpsâäi<{än ¹ p¼´â·pwz<¾�á�g�ps¾àpw{3n�pwâ³¼§{ �§�w�,	ã� � 	��<� 	����"	#9<� 
;�

6pqn Ä�¾E��g�¾àn�â�pH��{�p~n ¹ p��ypwz��¡¾ài<ÅDÄ·nj¼Di<{}n�imá�gji���Å§pqk '��·� ��� )��P;©pi��·n�zo¼§{än ¹ p�½�zogj¼INz�nj¼Di<{�zoÅO�)psz"� ÆÞi<g�kçÄ�Å´z�n�¼§il{ ��À'k Ä�ÅDn�¼§á�Å§À3¼§{�v '��·� ��� )(��À©z}njpw¾àn ÆÞÄ�{�Ã�n�¼§il{

φ(x, y, t) ∈
C∞(Ω× I) 	 �3À1¼§{<njpqv<gjzon�¼§{�v~i�½lpqg

Ω× I zl{�âmá:pqg�ÆÞilgjk1¼§{�v�i<{�Ã�p»¼D{3n�pwvlg�z�nj¼Di<{���À1á�zog�nj¾w�
A ¹ ¼´¾�vl¼§½lps¾
∫

Ω×I

(∂tφ)
F (v)

g
−
∫

Ω

φ
F (v)

g

∣∣
t=T

+

∫

Ω

φ
F (v)

g

∣∣
t=0

−
∫

Ω×I

(∂yhφ)v +

∫ T

0

∫ x(2)

x(1)

[
(hφv)

∣∣
y=y(2) − (hφv)

∣∣
y=y(1)

]
dx dt

−
∫

Ω×I

[(∂xφ)(a∂x(v)) + (∂yφ)(b∂y(v))]

+

∫ T

0

∫ y(2)

y(1)

[
φa∂x(v)

∣∣
x=x(2) − φa∂x(v)

∣∣
x=x(1)

]

+

∫ T

0

∫ x(2)

x(1)

[
φb∂y(v)

∣∣
y=y(2) − φb∂y(v)

∣∣
y=y(1)

]
= 0.

';�·� � 9 )
� p+G�n#	P�yp¡¼Dkmá:i<¾�p¡n ¹ pQ�:ilÄ�{ãâ�zogjÀ©Ãqil{�â�¼¿nj¼Di<{�¾�ilÆ ';�·� ��� ) 	L��¼¿n ¹ ¾�áãpsÃ�¼´zoÅ�ÃqzogjpmÆÞilg n ¹ p¼§{���i�� �:ilÄ�{ãâ�zogjÀl� ;©p©Ãqil{�¾�¼§â�pqg³n�pw¾àn}ÆÞÄ�{�Ã�nj¼Di<{�¾

φ
��¼Dn ¹

φ = 0
il{ n ¹ p©ilÄ·n ��i��

'
y = y(1) )�zo{ãâQ��¼Dn ¹

φ(u, v, T ) = 0
�P;'p�zlg�p�Å§pwâ³n�imn ¹ p~ÆÞilÅ§ÅDi���¼§{�vmâ·pH�ã{�¼¿nj¼Di<{6�

È}É��>Ð4ÙÞÍwÙ�ÑãÐ - � � �3	 �  �é��¥sµm�q��¦¿¶·��� �o�
u
�à� 	 ����� � Ò�q¥��;�´� �)���

∫

Ω×I

(∂tφ)
F (u)

g
+

∫

Ω

F (v0(x, y))

g
φ(x, y, 0)

−
∫

Ω×I

[(∂xφ)(a∂x(u)) + (∂yφ)(b∂y(u))]

−
∫

Ω×I

(∂yhφ)u+

∫ T

0

∫ x(2)

x(1)

hv0(t)φ dx dt
∣∣
y=y(2) = 0,

';�·� �o��)
�����Ò¥�¦�¦

φ(x, y, t) ∈ C∞(Ω × I)
� �£���Þ�

φ = 0
¥o�
t = T

��¥ ��� �é���
Ω
��¥o�:� �£���Þ�

φ = 0���'�����ç�o¶·� ��� ��¤j�o¶·�:�<¥�� �
Γ3

	T� ��� �
φ(x, y(1), t) = 0

������ ¥���� �
t > 0

� �
;©p�Ãqzo{ zoÅ´¾�iç¼§{3n�gji�â�Ä�Ã�p�z}¨���� �(�)psz"�ä¾�ilÅ§Ä·nj¼Di<{}z<¾éÆÞi<ÅDÅ§i�� ¾
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u
�Á� 	 ����� � Ò�q¥o���´� �)���

∫

Ω×I

(∂tφ)
F (u)

g
+

∫

Ω

F (v0(x, y))

g
φ(x, y, 0)

+

∫

Ω×I

u [∂x(a∂x(φ)) + ∂y(b∂y(φ))]

−
∫

Ω×I

(∂yhφ)u+

∫ T

0

∫ x(2)

x(1)

hv0(t)φ dx dt|y=y(2) = 0,
';�·� ��� )

���o�m¥o¦�¦
φ(x, y, t) ∈ C∞(Ω × I)

�×��� ��� ��¥�¨��¡��� �»±�¥l�q����¶s±l±��������:��¥��
Γ3
� ¥��:� �×�·� �j�

�Ò�������o¨ª�q� ��¶·¦�¦ �h¦�¦
φ = 0

¥o�
t = T

�»¥ ��� �y���
Ω
�«¥��@� ¥�¦W���'�l¤�� �

∂yφ = 0
�o�

Γ1
¥��@�

∂xφ = 0
�o�

Γ2
���o� ¥ ��� �

t > 0
�

�³É3ÎÏË·Ì � - �� � - � èç���¢�Ò�Þ��¥��«�����:���
∂yφ = 0

�o�
Γ1
�����ä¥ ¨ª�q� � �é�j¥sµ �q�o¦W¶·��� �o� �»�Þ���

�¢��� � −
∫ T

0

∫ x(2)

x(1) bv∂yφ|y=y(2)

�<�w���Ò�:� ¦D�����<�q�ä¥����´�q� � �×��� ���Ï�´�ä�l�������j¥l¤q¦D� � �@���ä�j� �
�q¶·����� �m�q���

φ
��� � ±�¥l�q� ���®�����Ò���ã�����j�Ò�l� �Ò¥���� ���©���¢�j¥<� �Á�m���ã¦��ä�@�j¥o�

Γ3
�é��¶·¦D� ¥�¦W����q�q�«�Þ���´�Ò�¢��� � ����¶�¥o¦ �s����� �~¤q¶·�»�Þ���q�Ï�Þ���ä� � ±������¢¥��ã�«��� ������¤���¶·�@�l¥o� �°�j�o�:�o����� �o�!�o�

Γ1
�é� ��� �£�Þ���ç¦D¥����y�¢��� � �Á� 	 ����� �  � �é��¶·¦D�ä�:�o��¤���±:�����q���ã�����°�Þ���ç¨ª�q� � �é��¥wµ¡�q��¦¿¶·��� �o���

�@��� �q¥ �Ò���<�s���h���o�
Γ2
�

;©pO�ãgj¾àn4Ãqil{�¾�¼§â�pqg×n ¹ p«�q� �1� �à���´�q�q�����¢���Ò�q�����w��¼D{�� ¹ ¼§Ã ¹ ilá:pqg�z�n�i<g×¾�á�Å§¼¿n�n�¼§{�v«¼´¾×Ä�¾àpsâ
��Ä�n¡n ¹ p ¾�pqáãzog�z�n�p ¾�Ä,��á�gji���ÅDpwkm¾Òzlg�p ¾�ilÅ§½lpsâÏp+G·z<Ã�njÅDÀ
	�zl{�â {�pHG�n¡n ¹ p¡��¶·¦�¦�� �o�´���q���q�T�
�Ò���Þ���s�³¼D{ � ¹ ¼´Ã ¹ n ¹ p�¾�Ä,��á�gji���ÅDpwkm¾�zlg�p~¾�ilÅ§½lpwâ³{�Ä�kmpqgj¼§ÃwzoÅ§ÅDÀ<�
��� , � + � ��( ��� 	 � )<� ��� �7� (*� � � " 	
$ ¾ kmpq{3n�¼§il{�pwâ��ãpqÆÞilgjp�	·n ¹ pqgjp�zogjp�¾�pq½lpwgjzlÅ��yzªÀ·¾yn�i¡¾�á�Å§¼¿n»n ¹ p�p �3Ä�z�nj¼Di<{C	�¾�pqppl� v�� 	 �§�w��
zl{�â � ��� 
;�L� pwg�p �)p�¾�á�Å§¼¿nP��¼Dn ¹ g�ps¾àá:pwÃ�n4nji»n ¹ p�á ¹ À·¾à¼´ÃqzlÅ�á�g�i<áãpwgànj¼Dps¾q�:A ¹ pqgjp�ÆÞi<g�p
	,'��·� ��� )¾�á�Å§¼¿n�¾�¼D{3njimz ¹ À�áãpwg��:ilÅ§¼´Ã«áãzog�n

∂tF (v) −G(x, y)∂yv = 0,
';�·� �;��)

� ¹ pwg�p
G = gh

	�zl{�â���¼¿n ¹ ¼D{��ãi��
Ã�i<{�â·¼Dn�¼§il{
v(x, y(2), t) = v0(x, y(2), t)

'��·� � � )
zl{�âä¼§{�¼Dn�¼´zoÅåÃqil{�â�¼¿nj¼Di<{

v(x, y, 0) = v0(x, y),
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zo{ãâ}z1á�zlgjz��ãi<ÅD¼´Ã«á�zog�n
∂tF (w) = g(x, y) {∂x(a(x, y)∂xw) + ∂y(b(x, y)∂yw)} , ';�·� � 8
)

��¼Dn ¹ ¼D{�¼¿nj¼§zlÅåÃ�i<{�â·¼Dn�¼§il{
w(x, y, 0) = w0(x, y)zo{ãâ��:ilÄ�{�â�zogjÀ¡Ã�i<{�â·¼Dn�¼§il{
∂νw = 0

il{
∂Ω.�¢{ � ¹ z�n�ÆÞi<ÅDÅ§i�� ¾E�)pÃ ¹ i�i3¾àp~zçn�¼§k1p�¾àn�pwá

∆t
zo{ãâ³zl{³¼§{3n�pqv<pqg�{ ¾�Ä�Ã ¹ n ¹ z�n

n∆t = T
�

;©p�â·pq{�iln�p~ÆÞÄ�g�n ¹ pqg
tn = n∆t

�
A ¹ pÃ�i<g�gjpw¾�á:il{�â·¼§{�v ' ¾�pqkm¼INTâ·¼´¾jÃ�gjp�n�p )y¾àá�Å§¼Dnàn�¼§{�vÒkmp�n ¹ i·â³n ¹ pw{}gjpwz<â�¾

C∆t(t) = [D∆t ◦ T∆t]
n
C0,

ÆÞi<g
t ∈ (tn−1, tn], n = 1, . . . , N,

� ¹ pwg�p Tt
zo{�â Dt

â�pq{�iln�p�n ¹ p»¾ài<ÅDÄ�n�¼§il{1ilá:pqg�z�n�i<gj¾>ilÆL';�·� �;��)×zl{�â '���� � 8
) 	lg�ps¾àá:pwÃ�n�¼§½lpqÅ§Àl�
� iln�p«n ¹ zon â·Ä�p«n�içn ¹ p¾�áãpsÃ�¼I�ãÃ ÆÞi<g�k"ilÆ&'���� � �")H	 � ¹ pqgjp n ¹ p~Ã ¹ zog�zlÃ�njpqgj¼§¾àn�¼´Ãq¾)zogjp«zlÅDi<{�vil{�p�ioÆ�n ¹ p»z"G�ps¾+	��)p ¹ zª½<p)n ¹ z�n£n ¹ ¼´¾h¾ài<ÅDÄ�n�¼§il{ ��¼DÅ§Å,�:p�¼§â·pw{3n�¼´ÃqzoÅ�n�i~n ¹ p ¾ài<ÅDÄ·nj¼Di<{ç¼§{1n ¹ pÃqz<¾àp=� ¹ pwg�p�n ¹ p ¹ À3á:pqg��:ilÅ§¼§Ã�á�zlgàn�¼´¾yÆÞÄ�gàn ¹ pqg«¾àá�Å§¼Dn ¼D{3n�imi<{�pHN¢â·¼§k1pw{�¾�¼Di<{�zoÅ@p��3Ä�zon�¼§il{�¾wr

C∆t(t) =
[
D∆t ◦ I ◦ T 2

∆t

]n
C0,

ÆÞilg
t ∈ (tn−1, tn], n = 1, . . . , N,

';�·� �l�
)
� ¹ pwg�p T 2

t

¼§¾mn ¹ p p+G·z<Ã�nä¾�ilÅ§Ä·n�¼§il{!i<áãpwgjzon�ilgÒz<¾�¾�i·Ã�¼´z�n�psâ ��¼Dn ¹ ½�zlg�¼´z"��Å§p
y

	�zl{�â n ¹ p¹ À�áãpwg��:ilÅ§¼§Ã�i<áãpwgjzon�ilgyÆÞi<g�n ¹ p
x
½�zogj¼´z"��Å§p~¼§¾yn ¹ p¼§â�pq{3n�¼DnÁÀ�	�i<g T 2

t = I
�

��� , � � � � (
�«Ä�g×vli<zlÅl¼´¾6nji»á�gji�½lphÃqil{�½lpwg�v<pq{�Ãqp4n�i n ¹ p)¾�ilÅ§Ä·nj¼Di<{�ioÆC'���� �o�
)@ilÆ·n ¹ p�¾�ilÅ§Ä·n�¼§il{i
�·njzl¼D{�psâ
��ÀØn ¹ p Ä�¾�pwâ ilá:pqg�z�njilgÒ¾àá�ÅD¼Dnànj¼D{�vã� º {�¼ �3Ä�pq{�pw¾j¾ÒioÆ�n ¹ ¼´¾¡¾�ilÅ§Ä·n�¼§il{ ÆÞilÅ§Å§i�� ¾1ÆÞg�i<k n ¹ pilgj¼§vl¼§{�zoÅ>á:ilgjilÄ�¾�kmpwâ·¼´z}p��3Ä�zon�¼§il{ '��·� �<��) 	 � ¹ ¼´Ã ¹ ¼§¾~¼§{ ¾Án�zo{�â�zlgjâ ÆÞilgjk 	åzo{�â'¼´¾~{�il{ Nâ·pwvlpq{�pqg�z�n�p<�$ ��gj¾àn�áãi3¾�¾�¼I��ÅDp~zoá�á�g�i3zlÃ ¹ ¼´¾)n�i1á�Ä·n�'���� ���")£¼§{3n�içn ¹ p�ÆÞi<g�k"Ä�¾�pwâä¼D{ � �l� 
 	�zo{�âäÄ�¾�pn ¹ p�i<áãpwgjzon�i<g)¾�á�ÅD¼Dnànj¼D{�vçkmp�n ¹ i·âäz<¾yâ�pq½lpwÅDi<áãpsâmn ¹ pqgjpq¼§{6�PA ¹ ¼§¾ykmp�n ¹ i·â �yilÄ�Å´âäÃqÅDpszogjÅDÀÃ�i<{�½lpqgjvlp<���¢{Ïn ¹ ¼§¾m¾�pwÃ�n�¼§il{C	&�)p��yzl{3n n�i®¾ ¹ i��"n ¹ z�n¡zo{�zlÅDi<vlÄ�p¡n�pwÃ ¹ {�¼ �3Ä�ps¾mÃqzo{ �ãpÄ�¾�pwâ'il{°n ¹ pçn�g�zo{�¾àÆÞilgjkmpwâ p �3Ä�z�nj¼Di<{ '���� �o�
)H	 i��·n�zo¼§{�¼D{�v³z³á�g�i�ilÆéioÆ)Ãqil{�½lpwg�v<pq{�ÃqpÆÞilgilÄ�g�ilá:pqg�z�n�i<g�¾àá�Å§¼Dnàn�¼§{�vÒkmp�n ¹ i·â�� ¹ ¼§Ã ¹ ¾ànjzog�nj¾yÆÞgjilk�n ¹ ps¾àp~njgjzl{�¾ÁÆÞi<g�kmpsâ¡p��3Ä�zon�¼§il{�¾w�


6pqn»Ä�¾E�ãgj¾àn ¹ ¼§v ¹ Å§¼§v ¹ n�n ¹ pçâ·¼J!@pqgjpq{ãÃ�pw¾>�ãpqn��)pwpq{2'���� �o�
)�zl{�â � �<� 
;��Â4¼Dg�¾àn»ioÆhzoÅ§Å 	�¼¿n¼´¾{�pqpsâ·pwâ'nji ¾àpqn
F (v) = u

	6ÆÞi<g�� ¹ ¼´Ã ¹ {�ion�{�psÃ�ps¾�¾jzogjÅDÀ z���{�i���{®¼§{3½<pqg�¾àpçÆÞÄ�{�Ã�n�¼§il{¼´¾D��{�i���{6�hÂ�Ä�gàn ¹ pqgjkmilgjp�	�n ¹ p~n�pqgjk
heff

	,� ¹ pq{ â·¼´¾jÃqzog�â·psâä¼§{}n ¹ pÄ�{ã¾�zon�Ä�g�z�njpwâ}Ãqzl¾�p�	Å§pwzlâ�¾4n�i~z«{�il{ N¢â·¼§½lpqgjvlpw{�Ã�péÆÞg�pwp�½lpqÅ§i·Ã�¼DnÁÀ=��pqÅ´â�� ¹ pq{ ¹ zo{ãâ·ÅDpsâçz<¾4¼D{ � �l� 
 	"� ¹ ¼´Ã ¹ ¼´¾>{�iln
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Ãqil{�¾�¼§â�pqgjpwâ³n ¹ pwg�p<� Â4¼D{�zlÅDÅ§À�	 �yp Ã�i<{�¾à¼´â·pwg�n ¹ p ÆÞÄ�Å§Å:�¢x(K)f�á�g�i
��Å§pqk �DA ¹ pqgjp�ÆÞi<g�piln ¹ pwgÃqilkmá�Å§¼§Ãwz�n�¼§il{ã¾�zogj¼§¾�p�	·¾�Ä�Ã ¹ z<¾yn ¹ p�Ãqilgjg�psÃ�n�¾àá�ÅD¼Dnànj¼D{�vÒilÆ×n ¹ p �:ilÄ�{�â�zogjÀ¡Ã�il{ãâ·¼¿nj¼Di<{�¾w�

$ ¾én ¹ pqgjp~¼§¾�{�i1â·pwvlpw{�pqg�zlÃqÀ1ilÆån ¹ pâ·¼J!@Ä�¾�¼Di<{änjpqgjk 	�n ¹ p�¾�ilÅ§Ä·n�¼§il{}Ãqzl{�{�ion�Ã�i<{3njzo¼§{¾ ¹ i·Ã5�·¾qr�n ¹ Äã¾«pw{3n�gjilá�À ¾ài<ÅDÄ·nj¼Di<{�¾«{�pqpsâ {�iln(�:p1Ãqil{�¾�¼´â·pqgjpwâ ÆÞi<g ';�·� ��� )�� � i��ypq½<pqg%	:z<¾
�ypÄ�¾�pilá:pqg�z�n�i<g ¾àá�ÅD¼Dnànj¼D{�v*	�n ¹ ppq{3n�gjilá�ÀäÃqil{�â�¼¿nj¼Di<{ á�Å§zªÀ·¾�zl{}¼§kmáãi<gàn�zo{3n gjilÅ§p�¼§{ n ¹ p¹ À�áãpwg��:ilÅ§¼´ÃÒá�zog�n�ioÆ�n ¹ p³¾�á�Å§¼¿n p �3Ä�z�nj¼Di<{6��A ¹ pä¾�ilÅ§Ä·n�¼§il{ ilÆ ';�·� ��� )~¾�zon�¼´¾���ps¾�pw{<njg�i<á�ÀÃqil{�â·¼Dn�¼§il{ã¾+	·pw½lpq{}¼DÆ×n ¹ pqÀ}zogjp�{�ion�Ä�¾�pwâ³n�iÒ¾�pqÅ§pwÃ�n�n ¹ p~á ¹ À·¾à¼´ÃqzlÅ6¾ài<ÅDÄ·nj¼Di<{6�
��� , ��� � � & & � 	 � )�� �#� �7� (*� � � " 	
fhg�zlÃ�n�¼´ÃqzlÅDÅ§À�	én ¹ p pHG�z<Ã�n¡¾ài<ÅDÄ�n�¼§il{ ilá:pqg�z�n�i<gj¾ç{�pwpwâÏn�i��ãp gjpqá�Å§z<Ã�pwâ ��ÀÏ¾àÄ�¼¿n�z"��Å§p {3Ä,Nkmpqgj¼´ÃqzoÅ kmpqn ¹ i·â�¾w�yÂ�ilg�n ¹ p Ã�i<{�½lpqgjvlpw{�Ã�p�á�gji�ioÆ�	,�ypÄ�¾�p�zmg�pwÅ§z"G·zon�¼§il{änÁÀ3á:p Â4x<. njizlá�á�gji G�¼§kÒz�njp Dt

	ãzl{�â zmÅ§zlg�v<p¾Ánjpqá}ÆÞg�i<{3n�n�g�zlÃ5��¼D{�v1kmpqn ¹ i·â}n�i¡zlá�á�gji G·¼DkÒz�njp Tt
�&�¢{n ¹ ¼§¾�ÆÞg�i<{3n�n�g�zlÃ5��¼§{�v k1pqn ¹ i·â �yp ��¼§ÅDÅ&�)i<g��°¼D{Ïz v<g�¼´â�� ¹ pwg�pmn ¹ pÒÆÞgjil{3n�n�g�zlÃ5��¼§{�v ¼´¾â·i<{�p¾Ánjg�¼§á N ��¼§¾�p~¼D{ pw½lpqgjÀ

x
N¢¾àn�gj¼Dá6�


åp�n D∆xy(t)
¾ànjzl{�â®ÆÞi<g n ¹ p}Â4x�¾ài<ÅDÄ�n�¼§il{Øi<áãpwgjzon�ilgçzl¾j¾ài·Ã�¼´z�njpwâ���¼Dn ¹ '��·� � 8 )�zonnj¼Dkmp

t
zo{�âmÅ§p�n Tδ,∆xy(t)

¾ànjzo{ãâ ÆÞi<g£n ¹ p�ÆÞg�i<{3n£n�g�zlÃ5��¼D{�v�¾�ilÅ§Ä·n�¼§il{mi<áãpwgjzon�ilghz<¾�¾�i·Ã�¼´z�njpwâ
��¼Dn ¹ '���� � �")�� $ ¾�kmpq{3n�¼§il{�pwâ��ãpqÆÞilgjp�	,�yp ¹ zª½lp Tδ,∆xy(t) = I ◦ Tδ,∆x(t)

�
$ Æ�n�pqgh¾�ilÅ§½�¼D{�v«n ¹ p ¹ À�áãpwg��:ilÅ§¼§Ã�¾àn�pwáC	"�yp�k Ä�¾àn£á�g�i��ÁpwÃ�n4n ¹ p ¾�ilÅ§Ä·n�¼§il{1il{3n�i~zB-yzog�n�p+N¾�¼§zl{Ïv<g�¼´â � ;©p}Ãqil{�¾�¼§â�pqgÒz {�i<{ NTp��3Ä�¼´â·¼§¾ànjzl{3n1v<g�¼´â

xi, yj
	 ��¼¿n ¹

i = 1, . . . , N1
zl{�â

j = 1, . . . , N2
	�zo{�â³¾àpqn

∆xij = ∆xi∆yj
� ¹ pwg�p

∆xi = xi+1 −xi
	·zo{�âäzo{�zlÅDi<vlilÄã¾àÅ§ÀÆÞi<g

∆yj
��A ¹ pçá�g�i��ÁpwÃ�nj¼Di<{ ilá:pqg�z�njilg�¼§¾~Ãqil{�¾àn�gjÄ�Ã�njpwâ°¼D{©¾àÄ�Ã ¹ zQ��zªÀ zl¾«n�i}kÒzo¼§{3njzo¼§{kÒzl¾j¾E��zlÅ§zl{�Ã�p
	C' ∫

F (v)dΩ)
�O�Tn ¼§¾�v<¼D½<pq{��3À

πv(x, y) = F−1

(
1

|Ωij |

∫

Ωij

F (v(x, y)) dΩ

)
= F−1 (π̃F (v)) ,

ÆÞi<g
(x, y) ∈ Ωij ,

'��·� ��� )
� ¹ pwg�p

Ωij = [xi, xi+1)× [yj , yj+1)
	 ��¼Dn ¹

i = 1, . . . , N1 − 1
zo{�â

i = j, . . . , N2 − 1
�

�TÆ �yp~zl¾j¾àÄ�kmp»n ¹ zonyi�½<pqg)n ¹ p�pq{3n�¼§gjp»nj¼Dkmpw¾àn�pwá¡n ¹ p�ÆÞg�i<{<n)n�g�zlÃ5��¼§{�vçzlÅDv<ilgj¼¿n ¹ k á�g�i�N½�¼´â·pw¾�zm¾�ilÅ§Ä·n�¼§il{C	�ilÄ�gyÆÞÄ�Å§ÅDÀ}â·¼´¾�Ãqg�pqn�p¾àá�ÅD¼Dnànj¼D{�vÒkmpqn ¹ i·â}g�pszlâ�¾
Cη(t) = [D∆xy,∆t ◦ π ◦ Tδ,∆y,∆t]

n
C0,

ÆÞilg
t ∈ (tn−1, tn], n = 1, . . . , N,'��·� �<�
)

� ¹ pwg�p �yp³Äã¾àpsâ D∆xy,∆t = D∆xy(∆t)
	)n ¹ p ¾�zlk1p³ÆÞilg Tδ,∆y,∆t

	)zl{�â � ¹ pqgjp
η =

(δ,∆xy,∆t)
gjpqá�gjpw¾�pq{3nj¾)n ¹ p�â·¼´¾�Ãqg�pqn�¼ 7wz�nj¼Di<{³áãzog�zokmp�njpqg�¾q�

�»ion�p³n ¹ z�nmn ¹ p}ÆÞgjil{3n1n�g�zlÃ5��¼D{�v'zoÅ§vli<g�¼Dn ¹ k n ¹ z�n��yp³Äã¾àp}¼§¾ ��z<¾àpsâØi<{ÏpHG�z<Ã�nÒ¾ài�NÅ§Ä·n�¼§il{ã¾q�QA ¹ ¼§¾¼´¾¼§{ØÃ�i<{<njgjz<¾Án=��¼Dn ¹ kmilgjpmvlpq{�pqg�zoÅhzoÅ§vli<g�¼Dn ¹ km¾#	C��z<¾àpsâ°i<{®á�¼DpsÃ�p#��¼§¾�pÅ§¼D{�pwzog�¼§{3n�pwg�á:ilÅ§Å§zon�¼§il{�¾yilÆån ¹ p ��Ä G³zl{�âä½<pqÅ§i·Ã�¼DnÁÀÒÆÞÄ�{�Ã�n�¼§il{�¾w� A ¹ pw¾�p~kmp�n ¹ i�â�¾�g�p �3Ä�¼Dgjp
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z ¾ànjz���¼DÅ§¼DnÁÀ'gjpw¾�Ä�ÅDnB� ¹ ¼´Ã ¹ zoÅ§ÅDi�� ¾~nji á�gji�½lpÒÃ�i<{�½lpqgjvlpw{�Ã�pmilÆyn ¹ pä¾�ilÅ§Ä·n�¼§il{ ilÆ�n ¹ p³¼D{ Nn�pwg�á:ilÅ´zo{3n�¾»nji}n ¹ pmgjpwzoÅ£¾�ilÅ§Ä·n�¼§il{å�BA ¹ ¼´¾=��¼DÅ§Å£{�ion �:pm{�pqpsâ·pwâ8� ¹ pq{©¼Dn~¼´¾�áãi3¾�¾�¼ ��ÅDp1nji
�yilg�����¼Dn ¹ n ¹ p¡pHG�zlÃ�n���Ä G zo{ãâ®½lpqÅ§i·Ã�¼DnÁÀ ÆÞÄ�{ãÃ�n�¼§il{å� A ¹ päâ·¼´¾�z<â·½�zo{3njzlvlp ¹ i��ypq½lpwg¼§¾n ¹ z�n�n ¹ ppHG�zlÃ�n�¾�ilÅ§Ä·nj¼Di<{³¼´¾�{�imÅDi<{�vlpwgE�3{�i���{�� ¹ pw{ z1¾ ¹ i·Ã5�ÒgjpwzlÃ ¹ pw¾)n ¹ p �:pqv<¼D{�{�¼D{�vioÆ>z1gjzlg�pqÆ zlÃ�nj¼Di<{ ��zª½lpl�LA ¹ ¼´¾�Ãqzl{��:p~i�½lpqg�Ã�i<kmpM��À¡á:pqg�ÆÞilgjk1¼§{�vmzo{}pHG�n�g�zçá�g�i��ÁpwÃ�n�¼§il{â·Ä�gj¼§{�v1n ¹ p ¹ À�áãpwg��:ilÅ§¼´Ã�¾àn�pwá6� �«Ä�g�ÆÞÄ�Å§Å§À³â·¼´¾�Ãqg�pqn�p¾�á�ÅD¼Dnànj¼D{�vÒk1pqn ¹ i·â³n ¹ pq{ g�pszlâ�¾

Cη(t) =
[
D∆xy,∆t ◦ [π ◦ Tδ,∆y,∆tk

]
l
]n
C0,

� ¹ pqgjp l∑

k=1

∆tk = ∆t,
';�·� �l�
)

zo{ãâ
t ∈ (tn−1, tn]

	
n = 1, . . . , N

��Tn)¼´¾h{�pwÃ�ps¾�¾jzogjÀnjiç¾ ¹ i��Ïn ¹ z�n
l <∞ � ¹ pq{

∆t,∆x → 0
�:;©p ¹ zª½lp�n ¹ p ÆÞilÅ§Å§i���¼D{�v


6pwkmkmz��
�éÉ�ÎØÎÏË - �� � 	�� � �o�m����� ���j±����q¤��o¦W� �~±@���l¤q¦D� � 	 ��� � �  �q��¦W¨���� ¤ � ¥ �«� � �m¥o���®�q��¦¿¨ª�q�
	 ����� �  ���£���Þ�

F (φ) = u
�
φ = f(u)

�
0 ≤ f ′ < L

�Ò�����©��¶��Ò¤j�q�°�Á�Ò±:��� �q�����;� �����
l
�:�����l��� ��¶·�������®�;��¥�����±��������� 	 ����� � ®�´�����o� ¥ �l��¨ª�q�*�;� �m�����T�¢±

∆t
�

∆t/∆x = C
�¤���¶·�@�l���ä¥<¤j�o¨ª�m¤ �

lmax
� �£���Þ�

lmax
���@�l�¢±��q�:�<���ã� �Á�~�Þ��� ��� �Ò�����¢�T± �

�y���s�Á� �(1�pqn4n������/A ¹ p)¼§{�¼Dn�¼´zoÅ·Ã�i<{�â·¼Dn�¼§il{ç¼§¾>z á�¼DpsÃ�p+��¼´¾�pyÃqil{�¾ànjzl{<n×ÆÞÄ�{�Ã�n�¼§il{1i�½lpqg4z v<g�¼´â
{xi}
�Â×¼§g�¾Án%	:Å§p�n~Ä�¾~¾�Ä�á�á:i<¾�p�n ¹ z�n=�)p1á�gji"�ÁpwÃ�n»njiäá�¼§pwÃqp+��¼´¾àpmÃ�i<{�¾Án�zo{3nj¾»pq½<pqgjÀ<nj¼Dkmp1zÆÞgjil{3nçá�z<¾�¾�pw¾1z v<g�¼´â·á:il¼§{3nw� ;*¼¿n ¹ ÆÞgjil{3n��ypäkmpwzl{Øn ¹ pQ�:pqv<¼D{�{�¼D{�v©ioÆ»z°gjzlg�pqÆ zlÃ�n�¼§il{

��zª½lp�	yn ¹ p pq{ãâ!ioÆ�z g�zogjp�Æ zlÃ�n�¼§il{ �yzª½<p�	yilgäzÏ¾ ¹ i·Ã5�@� $ ¾Òn ¹ p �ãÄ G ÆÞÄ�{�Ã�nj¼Di<{
f =

F−1 ¾jz�nj¼§¾ ��ps¾ f ′ < L
	 n ¹ p¡¾àá:pqpsâ'ilÆ�z³ÆÞgjil{3n¼§¾~Å§pw¾j¾�n ¹ zo{

L
��A ¹ pÒkm¼§{�¼DkçÄ�k nj¼Dkmpz�Æ�njpqg � ¹ ¼´Ã ¹ z á�gji"�ÁpsÃ�n�¼§il{ØÃwzo{ ¹ zoá�á:pq{Ø¼´¾

∆x/L
�'zo{�â®n ¹ päkÒz"G�¼§k Ä�k {�Ä�k��ãpwgçilÆá�gji"�ÁpsÃ�n�¼§il{ã¾)¼´¾�n ¹ pqgjp�ÆÞi<g�p

lmax = ∆t/(∆x/L) = CL
	·¼§{�â·pwáãpw{�â·pq{3n»ilÆån ¹ p~n�¼§kmpw¾àn�pqáå�

;©pk Ä�¾àn»¾Ánj¼DÅ§Å6Ã�i<{�¾�¼§â·pwg�n ¹ p~Æ z<Ã�n�n ¹ z�n á�gji"�ÁpsÃ�nj¼Di<{äkm¼Dv ¹ n ¹ zoá�á:pq{ �:p�ÆÞi<g�pzçÆÞg�i<{3ná�z<¾�¾�pw¾yz v<g�¼´â·á:il¼§{3nw�L;'p�il{�ÅDÀÒ{�pwpwâ¡n�imÃ�il{ã¾à¼´â·pqg)n ¹ p~Ãwzl¾�pM� ¹ pwg�p~z ¾ ¹ i·Ã5�?' z<¾é¼§{ Â×¼§v���·�§��	
ul
n�i

ur
	h¾�á:pqpwâ

s = (f(ul) − f(ur))/(ul − ur)
)kmpqpqnj¾ n ¹ p��ãpwvl¼§{�{�¼§{�v°ilÆ»zg�zogjp�Æ zlÃ�n�¼§il{ �yzª½<p('

ul
	3¾àá:pqpsâ

f ′(ul)
)>zl¾£i<{�Å§Àn ¹ pw{Òá�gji"�ÁpwÃ�n�¼§il{1¼§¾h{�pwÃqpw¾j¾�zlg�À 'Þn ¹ p»Ãwzl¾�p

� ¹ pwg�pyn ¹ p�pq{�âçioÆ@z«g�zogjp�Æ z<Ã�nj¼Di<{B��zª½lpékmpwp�nj¾éz�¾ ¹ i·Ã5��Ãqzl{��:p ¾�ilÅ§½lpwâ pHG�zlÃ�n�Å§À,)�� $ ¾L�yp¾ànjzog�n�psâ���¼Dn ¹ z á�¼DpsÃ�p#��¼§¾�p«Ãqil{3n�¼§{�Ä�ilÄ�¾é¼D{�¼¿nj¼§zlÅ:Ãqil{�â·¼Dn�¼§il{¡n ¹ p�¾ ¹ i·Ã5�mk Äã¾Án �ãp�z�n
t = 0z�n~z¡v<g�¼´â·á:il¼§{<n

xi
	:zl{�â n ¹ p��:pqv<¼D{�{�¼D{�väioÆ£n ¹ p g�zogjp�Æ z<Ã�nj¼Di<{��yzª½<p�z�n

xi+1
�=A ¹ Ä�¾+	:¼§{ilg�â·pwg«ÆÞi<g~n ¹ pÒá�g�i��ÁpwÃ�nj¼Di<{ nji ¹ zoá�á:pq{ �:p�ÆÞilgjpÒz³ÆÞg�i<{<ná�z<¾�¾�pw¾~z v<g�¼´â·á:il¼§{<n%	C�yp1kçÄ�¾àn¹ zª½<p

s > 0 > f ′(ul)
	,� ¹ ¼´Ã ¹ ¼´¾�{�iln�áãi3¾�¾�¼I��ÅDp~¼§{}i<Ä�g ¾�p�n�Ä�á z<¾

f ′ ≥ 0
�

�äÉ�ÎØË�Ì�� - �� � � ��� � � �m¥ ��� � ��� ±@¦D¥ �ª�m¥Ò���o¦D�y����� �Þ���1���3¥<��� �«� � �Ò¥��ã�°�q�o¦W¨ª�q� �×�·� �j��´�Ò��� �ç��¦§¥��ä�¢� �Þ���ä���o¦D� �Á�Ò�Þ��� � � � �m¥ �������£�����©����¥����������j�³¥o��� ¥ �h�ã���T�ä��¶��Ò¤����ä�à������s�jµÏ����¦�¦W�´��� ����������� � �����
δ
����� �Þ������j����� ����¥<�jµo���3� �m�q�����w� � �×���q��� �Þ��� �)¶��

f
�´�¥j±<±:��� �<� �m¥o�T���Ò¤ �ç¥�±@� ���j� �£�´�q�����������¢¥��ã��±@��� �é¦D�

f δ �×������� � � � ����� � � � ��¶·���q�q��¶s± �����s�jµ
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�1�¿�s�·�>¤���¥j±<±:¦W� ��� �é¥o�:��Þ���£±:�j�l¤q¦D� �"�Á���à���w��µ�� �m���q���������¥o��� ��¥<���;� ��� �é¥�¨���� �£��¦�¦:¥����´�q� �
� �ä¥ �é�������×��¥ª�q�������q�:¥o��� � �×��� �ç�¿�ª���>¤j�»¤j�����å�¢��¶��q�������6�����o���6�;��¥<�jµo���3� �m�q�����w��������T��¥<��à��¥��'����¥l�q� �«� � �Ò¥��ã� �q��¦W¨����~�¢�¡¥�¨���� �¡�;±:¶·��� �o¶��é±@��� �q���q��� �o��� � � �������é±�������� ¤q¦D� �Ò���Þ����s�ª�ä¥��j��±:�j� �q�����;� ���!���!¥ ¦D¥��;�<�q�Ò�������o¦W¶·�;� ���Ø�Þ��¥o�Ø�����ç�l��� � ��� �s� �����¡���ã¦��1±:�j� �q�����;� ���¥o����¶·�@�Ò�Þ����±:���<¤�¦D� �Ò¥��;� �1���o¦�¦W�´��� ���Ø¥��@�Ò�:�o�y�o¨ª�q���Þ���1���ã�������ç�l� �m¥o�����

; ¹ ¼§Å§p Ä�¾à¼§{�vØz®{�Ä�kmpqgj¼´ÃqzoÅ»k1pqn ¹ i·â 	E�yp i��·n�zo¼§{*zo{*zoá�á�g�i G·¼§kmzon�p ¾ài<ÅDÄ�n�¼§il{
Ck¼§{*pq½<pqgjÀØáãi<¼D{3n

tk
ioÆ�n ¹ p n�¼§kmp°â·¼´¾�Ãqg�pqn�¼ 7wz�nj¼Di<{6� �¢{!ilg�â·pwgmn�i i���njzo¼§{*Ã�i<{3½<pqgjvlpw{�Ã�pgjpw¾�Ä�ÅDnj¾#	/�yp¡{�pwpwâ®ÆÞÄ�{�Ã�nj¼Di<{�¾n ¹ z�nmzogjpäâ·pH�ã{�pwâ i<{®n ¹ p�� ¹ ilÅ§p¡¼§{3n�pqgj½�zoÅ

[0, T ]
� A ¹ ¼§¾¹ z<¾ nji��:pmâ·il{�pmÃqzlg�pqÆÞÄ�Å§Å 	 zl¾«¼§{'i<{�p�nj¼Dkmpw¾àn�pwá

∆t
njgjzl{�¾�áãi<gàn«zl{�â°â�¼J!@Ä�¾�¼Di<{ ¹ zlá�áãpw{¾�¼DkçÄ�ÅDnjzo{�pqilÄã¾àÅ§À�	C� ¹ pqgjpwzl¾~¼§{®ilÄ�g�â�¼§¾jÃ�gjp�nj¼I7sz�n�¼§il{'n ¹ ¼§¾ ¹ zl¾=�:pqpw{®¾�á�Å§¼¿nç¼D{©n��yi}áãzog�nj¾w�

A ¹ pwg�pqÆÞilgjp�	C�ypm{�pqpsâ nji Ã�i<k1á�g�ps¾�¾«n ¹ pmn��)i ¾�pqá�zlgjzon�pm¾Ánjpqá�¾~¼§{3n�i il{�pmnj¼Dkmps¾Ánjpqá6� A×in ¹ ¼§¾)pq{ãâ 	·zoÅ§Å�n ¹ p n�g�zo{ã¾àá:ilg�né¼´¾éÃ�i<{�¾�¼§â·pwg�psâm¼D{¡n ¹ pM��gj¾àn ¹ zlÅ¿Æ6ilÆ n ¹ p»n�¼§kmpw¾àn�pqá 	�zl{�â1n ¹ pâ·¼I!@Ä�¾à¼§il{®¼§{©n ¹ p¡iln ¹ pwg ¹ zoÅDÆ�	/��¼¿n ¹ á�g�i��ÁpwÃ�nj¼Di<{©zon ∆t
2

� 
6pqn�Ä�¾~n ¹ pqgjp�ÆÞi<g�pÒâ·p+��{�pmn ¹ pÆÞi<ÅDÅ§i���¼D{�v1¾�p��3Ä�pw{�Ã�ps¾qr
vν(x, y, t) =

{
Tδ,∆y(2(t− tk))vk(x, y) t ∈ [tk, tk+1/2)
D∆xy,∆t(2(t− tk+1/2))v

k+1/2(x, y) t ∈ [tk+1/2, tk+1)

� ¹ pwg�p
vk ¼§¾»n ¹ p1¾ài<ÅDÄ�n�¼§il{ i
�·njzl¼D{�psâ z�n«n�¼§kmp

tk
�=A ¹ p áãzog�zokmp�njpqg

ν
Ã�ilgjgjpw¾�áãi<{�â�¾�njinj¼Dkmp¡zo{ãâ'¾�á�zlÃqpÒâ·¼§¾jÃ�gjp�nj¼I7sz�nj¼Di<{6� A ¹ pmâ�pH��{�¼Dn�¼§il{®ilÆ)n ¹ pÒ¾àp �<Ä�pq{�Ãqpw¾�ÆÞilgjkÒzoÅ§ÅDÀ Ãqilgjg�p+N¾�áãi<{�â�¾ynjimn ¹ pi<áãpwgjzon�ilg�¾�á�Å§¼¿n�n�¼§{�vmá�g�i·Ãqpwâ·Ä�gjpl�

A ¹ pÃqil{�½lpwg�v<pq{�Ãqp»á�gji�ioÆ4Ãqil{�¾�¼´¾Án�¾�ioÆ4¾�pq½<pqg�zoÅ���z<¾à¼´Ã~¾Ánjpqá�¾wr
• ;'pá�g�i�½<p n ¹ z�n

vν
¼§¾ Ä�{�¼DÆÞilgjk1Å§À �:ilÄ�{ãâ·pwâ

• ;'p�¾ ¹ i��*n ¹ z�n
vν
¹ z<¾E�ãi<Ä�{�â·psâ³n�ion�zoÅ ½�zogj¼´z�n�¼§il{}¼§{³n ¹ p�¾�á�zlÃqp«½�zogj¼´z"��Å§p

• ;'pá�g�i�½<p n ¹ z�n
vν
¼§¾
L1

N � � Å§â�pqg�Ã�i<{<nj¼D{�Ä�i<Ä�¾�¼§{³nj¼Dkmp ��¼Dn ¹ Ã�i�p��ÒÃq¼Dpw{3n
1
2

• $ á�á�ÅDÀ�¼§{�v1t ¼Dps¾ 7+NTÂ�g�psÃ ¹ p�n�NT|«ilÅ§kmilvli<g�i�½�F ¾×Ãqilkmá�z<Ã�n�{�pw¾j¾)Ãqg�¼Dn�pwg�¼§il{ �yp�á�g�i�½<p�n ¹ ppHG·¼´¾Ánjpq{�ÃqpÒioÆ Ã�i<{3½<pqgjvlpw{<n�¾�Ä,��¾�p��3Ä�pw{�Ã�ps¾ioÆ
vν
Ã�i<{�½lpqgjvl¼§{�v}ÆÞilg

ν → 0
¼§{
L1

N¾àpw{�¾�p«njiÒ¾ài<k1p�ÆÞÄ�{ãÃ�n�¼§il{
v(x, y, t)

• ;'pm¾ ¹ i�� n ¹ zon«n ¹ pçÅ§¼§k1¼Dn�ÆÞÄ�{�Ã�nj¼Di<{
v(x, y, t)

¾�zon�¼´¾���ps¾�n ¹ pç½�zlg�¼´z�nj¼Di<{�zoÅåÆÞilgjk Ä NÅ§zon�¼§il{�'���� �l��)
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Â�i<g4n ¹ pyÆÞÄ�Å§ÅDÀçâ·¼§¾jÃ�gjp�njp)kmpqn ¹ i·â '���� �<�
)6n ¹ p�gjpw¾�Ä�Å¿n>¼´¾£¾àÄ�kmkÒzogj¼ 7qpwâ ¼D{çn ¹ p)ÆÞi<ÅDÅ§i���¼§{�vkÒzo¼§{}n ¹ pwilgjpqk
��Ö4É�Ñ�Ì�É�Î - �� � 	 	 	�×Û�ÛÞÝ	� �4Ù ßsÚoÌ�É3ÍwÉ}ÚlÑ:Ð /ãÉ3Ì �:É3Ð4ÚlÉ � ��� ���h�Þ��������¢¥��j�l¥��;� ���ç��¶·�:�q��� �o�
F (v)

¤j����¶��j� �Þ��¥��y�����´���:�o�:�l���q����¥ª�����3� ¥o�:�ä����¥��
F−1 �´� � � ±:��������� �Ò�����ã�����ã¶���¶�� � � �¥l�<�����;� �����m¦§���ç����� ��¶·�@���;� �����

g(x, y)
�
h(x, y)

�
a(x, y)

¥��:�
b(x, y)

¤�� � �Ò�w�o����¥��:�¦D�q�
g(x, y)

�
a(x, y)

�
b(x, y)

¤�� ±��������;��¨�� � � �
v0(x, y)

¥o�:�
v0(x, y, .)

¥����}�@���ã�:�T�<¥ ��;��¨ª� �)¤���¶·�:�<���ä¥��@�¡�Á��¤��o¶·�:�l���m�¢���¢¥�¦ ¨�¥���� ¥o��� �o� �y������� �Þ������¶��Ò����� ��¥�¦4¥j±l±@��� �<� �Ò¥��;� ���
vn(x, y)

�é�l¤q�T¥o���:���ä¤ �1����� �j±��q��¥��¢�����;±:¦W���;�;���3�m�q����� �m� 	 ����� �  �)�j�o��¨����;�<�����¢�1�Þ���¨��q� �
�é��¥wµç�q�o¦W¶·��� �o� �Á�«������j�o��¨������;� �����à��� ��¶���� �����à¥l�����o�;±:�;� ���m±@���l¤q¦D� � 	 ����� � y���o�

n→ ∞ �
Â�i<gmn ¹ p ¾�pqkm¼INTâ�¼§¾jÃ�gjp�njp³kmp�n ¹ i·â 	�z®¾à¼§km¼DÅ´zogÒgjpw¾�Ä�ÅDnÒÃwzo{ �ãp i
�·njzl¼D{�pwâ � �¢{ � ¹ zonÆÞilÅ§Å§i�� ¾E�)pÃ�i<{�Ã�pw{3n�g�z�n�p�il{³n ¹ p~ÆÞÄ�ÅDÅ§À³â�¼§¾jÃ�gjp�njpk1pqn ¹ i·â �

��� , � � ��� � ��� � � �#$ "%& � � );�7� � � �
	 � � � � �#"��<�����#� " �
A ¹ pÒnjgjzl{�¾�áãi<gàn ¾àn�pwáØzo{�â©á�gji"�ÁpsÃ�n�¼§il{ ¾àn�pwáØzogjpÒi���½�¼Di<Ä�¾àÅ§À Ä�{�¼¿ÆÞi<g�kmÅ§À8�:ilÄ�{ãâ·pwâ zl{�â¹ zª½<p �:ilÄ�{�â·pwâ©njion�zoÅh½�zogj¼´z�n�¼§il{å��� i��ypq½<pqg%	 n ¹ pw¾�pÒi���½�¼Di<Ä�¾~g�ps¾àÄ�Å¿n�¾�zogjpmi��·n�zo¼§{�pwâ©¼§{â·¼I!:pwg�pw{3nçÃ�i�ilg�â·¼§{�z�njpw¾ �ª½�zogj¼´z"��Å§pw¾»n ¹ zl{®n ¹ päil{�ps¾Ä�¾�pwâ©¼D{®n ¹ pä¾�Ä,��¾�p��3Ä�pw{<n â�¼J!@Ä�¾�¼Di<{¾àn�pqáå�/A ¹ pwg�pqÆÞilgjp�	 �yp&��¼§ÅDÅ ��gj¼¿njpyâ�i���{n ¹ ps¾àpyá�zlgàn�¾å¼§{1â�p�njzl¼DÅ;� $ ÆÞÄ�g�n ¹ pqg>Ã�ilkmá�Å§¼´Ãqz�nj¼Di<{¼´¾�n ¹ p³â·¼§kmpq{�¾�¼§il{�zlÅy¾�á�Å§¼¿n�n�¼§{�v�r1n�ilnjzlÅ)½�zogj¼´z�n�¼§il{ ¼§{Øi<{�p³¾�á�zlÃqpäâ·¼§kmpq{�¾�¼Di<{ km¼Dv ¹ n �ãp�:ilÄ�{�â�pwâ 	 ��Ä�n)n ¹ ¼§¾ ¹ z<¾hnji��:p«Ãqil{�{�psÃ�njpwâÒnji�n ¹ p«gjpw¾�Ä�ÅDn)i
�·njzl¼D{�psâÒ¼§{¡n ¹ p«iln ¹ pwg)¾�á�zlÃqpâ·¼§kmpq{�¾�¼Di<{6�
	 È�� Ý ÊéÉ3Ì�4)ÑãÛ�Ù Ú}ßqÍsÉ<Ê
A ¹ p�kÒzl¼D{ Ã�i<{�¾àn�gjÄ�Ã�nj¼Di<{}¼§{}n ¹ p {3Ä�k1pwg�¼´ÃqzlÅåzoÅ§vli<g�¼Dn ¹ k�¼§¾�n ¹ pnjgjzl{�¾àÆÞilgjkmzon�¼§il{}ioÆ4n ¹ pil{�p~â�¼Dkmpq{ã¾à¼§il{�zlÅ ¹ À3á:pqg��:ilÅ§¼§Ã�p��3Ä�zon�¼§il{}¼D{3nji

∂tV − ∂eyf(V ) = 0,
'���� �;9 )

� ¹ ¼´Ã ¹ ¼§¾å¾ài<ÅD½<pwâ<�3À»ÆÞg�i<{3n n�g�zlÃ5��¼D{�v ��¼Dn ¹ ��-
V (ỹ, 0) = V0(ỹ)

zl{�â�n ¹ p K>-
V (ỹ(2), t) =

V 0(t)
z�n>n ¹ p�¼D{��ãi��

ỹ = ỹ(2) �/�»pqgjp�	�n ¹ p�½ªzlg�¼´z"��ÅDp
ỹ
¼§¾>i
�·njzl¼D{�pwâ���¼¿n ¹ z1�HN��hnjgjzl{�¾àÆÞilg�NkÒz�nj¼Di<{ ÆÞgjilk

y
	3zo{�â��)p ¹ zª½<p

F (v) = V
� $ ¾

F
¼§¾£¾àn�gj¼§Ã�n�Å§À�kmil{�iln�i<{�p�	lzlÅ§¾�i

f = F−1¼´¾�¾Ánjg�¼´Ã�njÅDÀ¡kmi<{�ionjil{�p<� $ Æ�n�pwg�n ¹ p�ÆÞgjil{3n�n�g�zlÃ5��¼D{�v 	3á�g�i��ÁpwÃ�n�¼§il{¡njiÒz�-yzlgànjpw¾�¼§zl{¡vlgj¼´â¡¼§{
y
¼§¾«â·il{�pl�MA ¹ ¼´¾«vlgj¼§â ¼´¾�njgjzl{�¾ÁÆÞi<g�kmpsâ®�HN��~n�i³z¡vlgj¼§â {ỹj}

�MA ¹ ¼´¾«vl¼§½lpw¾ Ä�¾»½�zlÅDÄ�ps¾
Vj� ¹ ¼´Ã ¹ Ãqzl{ �:p n�g�zo{ã¾ÁÆÞi<g�kmpwâ��ãzlÃ5�çn�in ¹ p«½�zlÅDÄ�p

vij
ilÆ n ¹ p«ilgj¼Dv<¼D{ãzoÅ�½�zlg�¼´z"��Å§p

v
	 � ¹ pqgjp�ypçÄ�¾�p

V (j)|
ey=eyj = F (vij)

�BAåiän ¹ ¼´¾�pq{�â©z¡{�Ä�kmpwg�¼´ÃqzlÅ×á�gji·Ã�psâ·Ä�gjpB��¼Dn ¹ z �»p+��n�i<{nÁÀ�áãpilÆ4¼Dn�pwgjzon�¼§il{}Ãqzo{ �:pÄ�¾�pwâ �
�¢{©vlpq{�pqg�zoÅ 	ãn ¹ pm¼D{�¼¿nj¼§zlÅhâ�z�n�z

v0
	O'Þi<g

V0
) 	6¼´¾~zoá�á�g�i G·¼§kmzon�psâ���À°z³¾àn�pwá°ÆÞÄ�{�Ã�nj¼Di<{

v0,∆x = πv0
	L'Þi<g

V0,∆x
) 	 �:p�ÆÞi<g�pn ¹ p ¹ À�á:pqg��ãi<ÅD¼´Ã�¾àn�pwá ¼§¾«pHG·psÃ�Ä·njpwâ � � iln�p�n ¹ z�n«n ¹ p
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gjpw¾�Ä�ÅDnåioÆ·ilÄ�gåÂ4x<. ��¼§ÅDÅ �ãp)z ¾Ánjpqá~ÆÞÄ�{ãÃ�n�¼§il{å�:A ¹ pwg�pqÆÞilgjp�	wn ¹ pé¾àn�pwá ��¼§¾�phzoá�á�g�i G·¼§kmzon�¼§il{kçÄ�¾Án�il{�Å§À��ãp1áãpwgàÆÞi<g�kmpsâ z�n

t = 0
� �»ionjp�n ¹ z�n«¼§{ n ¹ pçâ·ÄãzoÅIN �ypqÅ§Ååá�gji���ÅDpwk�yp ¹ zª½<p

v0(x) ≡ 0
�

;©p~ÆÞilÅ§ÅDi���n ¹ pgjpwz<¾ài<{�¼§{�vçilÆ � �l��
;� K)À³Ã�il{ã¾Ánjg�Ä�Ã�n�¼§il{C	
V
¼§¾�{�iln ¼D{ãÃ�gjpwzl¾�¼§{�vm¼D{}n ¹ p

L∞
N;{�i<g�k zl{�â ¹ z<¾B�:ilÄ�{ãâ·pwâ ½�zogj¼§zon�¼§il{6��A ¹ ¼´¾ç¼´¾1Ã�Å§pwzogçÆÞilgçn ¹ p�-yzlÄ�Ã ¹ À©á�g�i
��ÅDpwk 	ÆÞgjilk � �·� 
P� ¹ pwg�p1¼§{<njpqgjáãi<Å§zon�psâ ��Ä G·pw¾~zl{�â ½<pqÅ§i�Ãq¼¿nj¼Dps¾~zogjp Ä�¾�pwâ ��Â�ilg�n ¹ p���Kyx»f
n ¹ p

�:ilÄ�{ãâ�zogjÀ°Ã�i<{�â·¼Dn�¼§il{ ¹ z<¾~n�i��:pÒnjz��lpw{'¼§{3n�i zlÃwÃ�i<Ä�{3nw�QA ¹ pÒi<Ä·n �ãi�� �:ilÄ�{ãâ�zogjÀ ¹ z<¾{�i°¼D{��ãÄ�pq{�Ãqpäi<{®n ¹ p}¾ài<ÅDÄ·nj¼Di<{6�?A ¹ p¡¼§{���i�� �:ilÄ�{ãâ�zogjÀ
V 0(t)

¼§¾çzoá�á�g�i G·¼§kmzon�psâ8��Àz³¾Ánjpqá ÆÞÄ�{�Ã�nj¼Di<{
V 0

∆t

�=A ¹ p���zª½lp�á�g�i<á�zov3z�n�¼§il{}ÆÞgjilk�n ¹ pç¼§{���i��@�:ilÄ�{�â�zogjÀ ��¼DÅ§Å 	 �3ÀÃqil{�¾àn�gjÄ�Ã�nj¼Di<{C	 �:p�â·pwÃqg�pszl¾�¼D{�v1¼§{³n ¹ p
L∞

NT{�i<g�k �P�Tn»zlâ�â�¾�{�ion kmi<g�p�n�i1n ¹ p�½�zogj¼§zon�¼§il{n ¹ zo{®n ¹ p¡¼§{�Ã�i<k1¼§{�v���zª½lp ¹ z<¾¼¿n�¾àpwÅ¿Æ�	£¾�pqp¡zlÅ§¾�i � �3� 
T�}Â�Ä�gàn ¹ pqgjkmilgjp�	4zoÅ§ÅO��zª½lpw¾ ¹ zª½lp
��{�¼¿njp»¾àá:pqpsâ1ioÆ@á�g�i<á�zov3z�nj¼Di<{C	ozoÅ´¾ài«n ¹ p il{�ps¾£z�n£n ¹ p�¼D{ ��i�� �:ilÄ�{�â�zogjÀ�	<¾ài~n ¹ p ¾ài<ÅDÄ�n�¼§il{¼´¾ 
6¼§á�¾�Ã ¹ ¼¿n�7HN¢Ã�il{3nj¼D{�Ä�i<Ä�¾h¼§{¡nj¼Dkmp(��¼¿n ¹ gjpw¾�áãpsÃ�n)n�içn ¹ p

L1
N;{�i<g�k �4ÇézlÃ ¹ ¾ài<ÅDÄ�n�¼§il{ä¾jz�n�N¼´¾��ãpw¾>n ¹ p pq{3njg�i<á3ÀçÃ�il{ãâ·¼¿nj¼Di<{ ÆÞi<g£n ¹ p áãpwgànjÄ�g��ãpsâçp �3Ä�z�nj¼Di<{ '
V0,∆x, V

0
∆t

n ¹ p»á�¼DpsÃ�p#��¼§¾�pÃqil{�¾ànjzl{<nÒzoá�á�g�i G·¼§kÒz�n�¼§il{ã¾�ioÆ»n ¹ p ¼§{�¼¿nj¼§zlÅ zo{�âÏ¼D{ ��i�� Ã�i<{�â·¼Dn�¼§il{ g�ps¾àá:pwÃ�n�¼§½lpqÅ§À,) zl{�ân ¹ Äã¾�¼§¾�zl{³pw{3n�gjilá�Àä¾�ilÅ§Ä·n�¼§il{6�
�¢{ � �3��
»zlÅ§¾�i z©¾ànjz���¼§ÅD¼DnÁÀÏgjpw¾�Ä�ÅDnm¼´¾Òv<¼D½<pq{6� A ¹ ¼´¾Ògjpw¾�Ä�Å¿n�¾ÒzoÅ§ÅDi�� ¾1Ä�¾Òn�i Ã�i<{�¾à¼´â·pwg

V0,∆x
zl{�â

V 0
∆t

ÆÞilg~n ¹ p���- zl{�â�K>- ¼§{�¾àn�pszlâ ilÆén ¹ pmpHG�zlÃ�nÃqil{�â�¼¿nj¼Di<{�¾q��;'pÒâ·i}{�iln¼§{3n�pqgjá:ilÅ´z�n�p�n ¹ p ��Ä G zo{�â³½lpwÅDi·Ãq¼¿nÁÀ��ãpqÅ´â 	ã¾�i1n ¹ p�¾ànjz���¼DÅ§¼DnÁÀägjpw¾�Ä�Å¿n�{�pwpwâ�¾ {�ion�nji��ãp�z<¾v<pq{�pwgjzlÅ@z<¾�¼D{ � �l� 
T�
;©p�¾àÄ�k1kmpwg�¼ 7qp�n ¹ pw¾�p~Ãqil{�¾�¼´â·pqg�z�nj¼Di<{�¾y¼D{}n ¹ p~ÆÞilÅ§ÅDi���¼§{�v1ÅDpwk1kÒz

�)É3ÎÏÎØË - �� � - � � ���
V (ỹ, t)

¤��~¥�q��¦¿¶·��� �o� �à� 	 ����� ��1�<¤��¢¥����@�j�m¤ ���Þ���×�������ã�4�;��¥<�jµo���3�
�Ò���Þ���s� � �@���q�

V
�q¥��;�´���y����Þ���)����¦�¦D� �£���3� ������� �Ò¥��¢���

‖V (., t)‖∞ ≤ max
(
‖V0‖∞ ,

∥∥V 0(.)
∥∥
∞

)
,

TVey(V (., t)) ≤ TVey(V0) + TVt(V
0(.)) ≤ TVey(V0) + Ct,

‖V (., t) − V0‖1,ey ≤ Ct,
�×�������

C
�´�»¥����������¢¥��ã�4�<�T±����@�������1�o�¡�Þ�����l¥��¢¥ � �@���»�q��¦W¶·�;� ���³��¥o�}¤��»������������¶��q�T����¤ ������o��� �;��¥l��µo���3�~���ä¥ �é�����¢�y��¶��Ò¤j�q�y�à�h���¢�T±:�ã����� ¥o���

t > 0
� � � �´�)���T¥<¤�¦D���£�����ç�����;±����q� �T����ã����� ¥o¦×¥��@�¡¤���¶·�:�<¥�� �¡�l¥o�T¥<²«¦D���

V 1 ¥o�:� V 2 ¤j��� �é�ç�q�o¦W¶·��� �o���������������;±��o�:�������¡�¢� � �4�
V 1

0

¥o�:�
V 2

0

�y�j���;±��j�q�;��¨ª�q¦�� � ¥��:� �������j���;±����:�o���3� �¢� ���4�
V 0,1 ¥o�:� V 0,2 �y�����;±�������¨���¦ � �

�@���q� � �é����¥�¨��
∥∥V 1(., t) − V 2(., t)

∥∥
1,ey

≤
∥∥V 1

0 − V 2
0

∥∥
1,ey

+ t ‖f‖Li

∥∥V 0,1 − V 0,2
∥∥
∞

≤
∥∥V 1

0 − V 2
0

∥∥
1,ey

+ Ct,

�×������� �Þ���1�j�o�����¢¥����
C
�l�¢±��q�:���ç���'����� �l¥o�T¥ 	 �y¶�� �£¨���¦§�w�q��� �}¥��:�¡�������;� ¥�¦>�j�o�:�o����� �o�  �
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A ¹ ¼´¾�Å§pqkmkÒzÒÃqzo{ �:p�pwz<¾à¼§Å§Àägjp+��gj¼¿n�n�pq{ ¼§{}n�pqgjkÒ¾�ioÆ£½�zogj¼´z"��Å§p
v
zo{ãâ}Ãqi�ilg�â·¼D{ãz�n�p

yzl¾
F
¼´¾�zçkmi<{�ionjil{�p~¼§{�Ã�gjpwz<¾à¼§{�vçÆÞÄ�{�Ã�nj¼Di<{6�

�éÉ�ÎØÎÏË - � � � ��� � �q�
v(y, t)

¤��¥ç���o¦W¶·�;� ���°�Á� 	 ����� � ¡�l¤q�T¥o���:���Ò¤ �1�Þ���£�����o���£�;��¥l��µo���3�
�Ò���Þ���s�³¥�� �l�����q��� ¤����³¤���������� � �:�����

v
��¥o���´� �y����Þ���h���o¦�¦D���£����� �����;� �Ò¥��¢���

‖F (v(., t))‖∞ ≤ max
(
‖F (v0)‖∞ ,

∥∥F (v0(.))
∥∥
∞

)
,

‖v(., t)‖∞ ≤ max
(
‖v0‖∞ ,

∥∥v0(.)
∥∥
∞

)
,

TVy(F (v(., t))) ≤ TVy(F (v0)) + TVt(F (v0(.))) ≤ TVy(F (v0)) + Ct,
∥∥∥∥
F (v(., t)) − F (v0)

G

∥∥∥∥
1

≤ Ct,

�×���q���
C
�´�»¥ ���������¢¥��ã�×�l�¢±����@�����3�m�o�¡�����«�<¥��¢¥ � �@��� ���o¦W¶·�;� ���}��¥o�³¤��»���������;��¶��q�T����¤ ������o���é�;��¥<�jµo���3�¡���'¥ �é�����¢�~��¶��Ò¤�����Á�����¢�T±:�>���o� ¥����

t > 0
� � �h�´�~���¢¥l¤q¦D� �£����� �����;±�������¢��������;� ¥�¦@¥��@� ¤���¶·�@�l¥�� � �<¥��¢¥l² ¦D���

v1 ¥��@� v2 ¤��»� �é����o¦W¶·�;� �����»�������j���;±����:�o���3�ç�¢� � �4�
v1
0

¥o�:�
v2
0

�×�j���;±��j�q�;��¨ª�q¦�� �h¥��:�1�����������;±��o�:�o���3�m�¢� ���4�
v0,1 ¥��@� v0,2 �×�����;±����q����¨��q¦���� �é¥ª��Þ���¨�¥�¦¿¶�� �Á�

u
��¥o���:�o�y����¥o�3�3�¦D�����y�o�����¿�ª�����Á�~�Þ���������w��µ
	T���h�´�~�Þ��� ���o�����T¥o���

ul
¥��:�

ur
������±������;��¨���¦���¡�Þ���q� �é�~��¥o¨ª�

∥∥∥∥
F (v1) − F (v2)

G

∥∥∥∥
1

≤
∥∥∥∥
F (v1

0) − F (v2
0)

G

∥∥∥∥
1

+ t
∥∥F−1

∥∥
Li

∥∥F (v0,1) − F (v0,2)
∥∥
∞
,

�×���q���ç�Þ���1�j�o�����¢¥����
C
�l�¢±��q�:���ç���°�Þ���1�l¥o�T¥ 	 �)¶�� �£¨���¦D�s�q��� �³¥o�:�¡�������;� ¥�¦4���o�:�����;� ���  �

�äÉ�ÎØË�Ì�� - �� �� � �@���«���¢¥l¤q��¦W��� �ç������¶·¦W�h��¥�� ¤�����<�¢���@�l�����¢�m��� �»�q���q��� �y¶��Ò¥��@�m��� �»�q� ��q���>¨ª�q¦D�s����� � �)�q¦D�ª� �£���Þ�}¥ � ��¶���µ<��¨ ¥o�:¥�¦ �ª���´� �>�q��� � � � � � � �«¥o�:� 	 ��� �  ����¶�¥�¦¿���T¥o����¨���¦ � ��Þ��� ������¶·¦W�)�´�������q¥ �Ò�s²
TVey(V (., t)) ≤ TVey(V0) + Ct¥��@�

‖V 1 − V 2‖1,ey ≤ ‖V 1
0 − V 2

0 ‖1,ey + Ct,
�×���q���ç�Þ���1�j�o�����¢¥����

C
�l�¢±��q�:���ç���°�Þ���1�l¥o�T¥ 	 �)¶�� �£¨���¦D�s�q��� �³¥o�:�¡�������;� ¥�¦4���o�:�����;� ���  �ê°����� � �»±��o���T¥o���;¦�� �)¥ª����� �»�q���q���)¨ª�q¦D�s����� � �)�q¦D���¥o��� ��������� �l�q����� �é�Þ��������¥o���Þ����� �Ò¥��;� ���

y
�T�
ỹ
��¥��©¤j���q�����®¥ª� ¥Ò¨���¦§�w�q��� � �)�q¦D� �)¥o¦�¦D���£�����}�T� �£�����T��	 � � � � 

‖F (v1) − F (v2)‖1 ≤ ‖F (v1
0) − F (v2

0)‖1 + Ct,
';�·� �<��)

�×��� ���¡�´��¥���;���o�3�3���y���T¥<¤���¦¿��� �������¶·¦W�6�Þ��¥o�¡�����«�o�:�«�Á� � � � �m¥���� � � � �³¯1�����;�����j��¥q�3¥�����Þ��¥����¢� �l¤q�T¥o���®���·�´� ������¶·¦¿��¥³�q�¢±�¥o��¥��¢���ç��¶���µl�o¨ä¥��:¥o¦��ª���´� �1¶�����¤��Ò�<���:�1�¢¥wµo���3�}���ã�T�¥l������¶·�ã�é¨���¦§�w�q��� � �)�q¦D�ª� 	T¦W�Dµ<�
G
 �
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�³É3ÎÏË·Ì � - �� � � � � � � �m¥ ��� � � � �j¥o�Ï¤�����¶·���������1��� �h�@�j� ¤ �}����¨��wµo���3�°����� � � ±:��������� ������ã�����ã¶·��� ���à�

F−1 ² |v1−v2| = dF−1

ds (ε)|V1−V2| ≤ C|V1−V2| = C|F (v1)−F (v2)|
�¥o�:�©¤ � �¢¥wµo���3�©���ã�T�'¥l������¶·�ã���Þ��¥o�«�Þ���q��� ¥��j�ä� �é�©�j�o�����¢¥������

C1, C2
��¶��j�Ø�Þ��¥��

0 <
C1 < G < C2

�

	 È �#%~Ì�Ñ �sÉ�ÚoÍsÙ Ñ:Ð*ßqÍsÉ<Ê
$ Æ�n�pqg�n ¹ pmnjgjzl{�¾àá:ilg�n�¾ÁnjpqáC	4z}á�g�i��ÁpwÃ�n�¼§il{®¾Ánjpqá©¼§¾�â�il{�p<���TÆ �ypÒÃ�il{ã¾à¼´â·pqg�z³nj¼Dkmpw¾àn�pwá
∆t

	�n ¹ pq{�¾ànjzlgànj¼D{�v ÆÞg�i<k
v(x, tn) = vn 	>�yp°zogjg�¼§½lp zoÆ�n�pwgäil{�p n�g�zo{�¾�á:ilg�n³¾Ánjpqá�zon

Tδ,∆x,∆tv
n = v(x, tn+1) = ṽn+

1
2
�8;*¼Dn ¹ á�gji"�ÁpwÃ�n�¼§il{ nji n ¹ pQ� G�psâ vlgj¼´â 	P�)pän ¹ pw{i
�·njzl¼D{
πṽn+

1
2 = vn+

1
2 .

A ¹ p�ÆÞi<ÅDÅ§i���¼D{�v1Å§pqkmkÒz1¼§¾»¾Ánjgjzl¼Dvln ¹ ÆÞi<g���zog�â�' � �o� 
 )��
�)É3ÎÏÎØË - �� � ��� � �q�

h(x, t) ∈ BV (R)
¤j�°¥ç��¶·�@���;� ��� ���������´���;���3�¡����� ��±@� ���j� �£�´�q����������T¥o���å±�¥o��� � ¥��@�³���o���;����¶���¶�� �Ò���@���¢���:�ç��¥o������¥l�q��� �o� �é¥o¨ª��� ��¥��@�¡¦§���

π
¥��@�

π̃
¤j��Þ����±:��� �q�����;� ��� �j±����j¥��¢�����é����� � 	 ����� �� �}¯1����¥o¨ª�ç�Þ��¥��

TV (F (h)) = TV (F (g)) ≥ TV (π̃F (h)) = TV (F (πh)),

�×�������
g(x, t)

�´�}�������¶·�:�q�;� �������������´���;���3�Ø�à�
h
� �×������� ����� ��¥��j� ��¥<���;� ��� �é¥o¨ª��� ¥�������¢±:¦§¥l�����³¤ ��±:� �������£�´�q�Ò���������T¥o������¶·�@���;� �����~���ã�T�q�;±���¦D¥o�������ä�Þ��� ��¥o��� ��¥<���;� ��� �é¥�¨���� �

�y�j�w�à� � 
åp�n
F (hc)

�ãp'z©Ãqil{3n�¼§{�Ä�ilÄã¾Òzoá�á�gji G·¼DkÒzon�¼§il{Ønji
F (h)

â·pH��{�pwâ!zl¾1ÆÞi<ÅDÅ§i�� ¾q�
�¢{ z ¾�kÒzoÅ§Å {�pq¼§v ¹ �:ilÄ�g ¹ i<Ä�âÏilÆ�pszlÃ ¹ �ÁÄ�kmáC	D�yp ÅDpqn

F (hc)
�ãp'z®ÅD¼§{�pwzlg¡¼§{<njpqgjáãi<Å§z"Nnj¼Di<{ �ãpqn��)pwpq{*n ¹ p n��yiÏÃqil{�¾ànjzl{<n³½ªzlÅDÄ�pw¾

F (vl)
zo{�â

F (vr)
� A ¹ pq{

TV (F (h)) =
TV (F (hc)) ≥ TV (π̃F (h))

	�¾�¼§{�Ã�p
π̃F (h)

¼´¾�zmá�zog�n�¼´Ã�Ä�Å´zog�á�zlgànj¼¿nj¼Di<{³ilÆ
F (hc)

�
�»i��ÕÅDpqn

g
�:pÒzl¾~â·pH�ã{�pwâ � $ ¾«n ¹ pmg�zogjp�Æ z<Ã�n�¼§il{���zª½lps¾«zlg�pçkmil{�iln�il{�p�	 zo{�â

F
¼´¾�zl{z<¾�Ãqpq{�â·¼§{�v1ÆÞÄ�{�Ã�n�¼§il{C	*�)p ��¼§Å§Å ¹ zª½lp�ÆÞi<g�pq½lpwg�Àägjzlg�pqÆ zlÃ�nj¼Di<{Q��zª½lp

s
n ¹ z�n

TV (F (s)) =
TV (F (g|dom(s)))

� A ¹ pqgjp�ÆÞi<g�p
	 ��À¡pHG�n�pw{�¾�¼Di<{
TV (F (h)) = TV (F (g))

�
;©p�Ãwzo{}zoÅ´¾ài â�pqgj¼D½<p�z g�ps¾àÄ�ÅDnyÆÞilg)n ¹ p~½�zogj¼§zon�¼§il{¡¼§{¡nj¼Dkmp<�P;'p�kÒzªÀmâ�i n ¹ ¼§¾ykçÄ�Å¿nj¼JNâ·¼§kmpq{�¾�¼§il{�zlÅ6zl¾yn ¹ ¼§¾ â�i3ps¾�{�ion»z<â�â}Ã�ilkmá�Å§pHG·¼DnÁÀl�

�)É3ÎÏÎØË - � � � � � � �
C = ∆x/τ

�é������±@��� �q���q��� �o�®��±��q��¥o�T�o�~��¥o���´� �y���
‖F (vn+

1
2 ) − F (ṽn+

1
2 )‖1 =

∫

Ω

|π̃F (v) − F (v)|dxdy ≤ CτTV (F (ṽn+
1
2 )).
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�y���s�Á� �M;©p ¹ zª½<p£n ¹ z�n
F (vn+

1
2 ) = Fij

	oz»Ãqil{�¾ànjzl{<n×¼D{n ¹ py½lilÅ§Ä�kmp
Ωij = (xi, xi+1)×

(yi, yi+1)
� �«Ä�p n�i®n ¹ p á�gjilá:pqg�n�¼§pw¾milÆ«n ¹ p á�gji"�ÁpsÃ�nj¼Di<{ i<áãpwgjzon�ilg?'�Ã�i<{�¾àpwg�½�zon�¼§il{ ioÆ

F (v)
)H	 �yp ¹ zª½lp

F ij ≤ Fij ≤ F ij
	 � ¹ pqgjp

F ij = min(F (ṽn+
1
2 ))
¼§{mn ¹ p»½li<ÅDÄ�k1p

Ωij
	zo{ãâ}zl{�zoÅ§ilv<ilÄ�¾�Å§À�	

F ij
¼§¾yn ¹ pkÒz�G·¼§k Ä�k �

�TÆ
F
¼§¾çz ¾àkmi�ion ¹ ÆÞÄ�{�Ã�n�¼§il{C	4n ¹ pqgjp¡¼§¾çz á:il¼§{<n

ξij
� ¹ pqgjp

F (ṽn+
1
2 (ξij)) = Fij

�
$ á�á�ÅDÀ�¼§{�vçn ¹ p~kmpwzl{¡½�zoÅ§Ä�p»n ¹ pqi<g�pwk n�i

F (ṽn+
1
2 )

	�zl{�â ��¼Dn ¹ n ¹ p«á:il¼§{3n
ξij
Å§pw¾j¾)n ¹ zl{zmâ·¼´¾Án�zo{�Ãqpw¾

∆x
zo{ãâ

∆y
¾�pqá�zlgjzon�psâÒÆÞgjilk�pw½lpqgjÀÒá:il¼§{<n ilÆ

Ωij
	,�yp~i��·n�zo¼§{

‖F (vn+
1
2 )−F (ṽn+

1
2 )‖1 ≤

∫

Ω

|∂xF (ṽn+
1
2 ))|∆xdxdy+

∫

Ω

|∂yF (ṽn+
1
2 ))|∆ydxdy

= CτTV (F (ṽn+
1
2 )).

�¢{}n ¹ p�Ãwzl¾�p�n ¹ zon
F
Ã�i<{�¾�¼§¾ànj¾�ilÆ4¾ ¹ i·Ã5��¾#	 �yp ¹ zª½lp

‖F (vn+
1
2 ) − F (ṽn+

1
2 )‖1 =

∑

ij

∫

Ωij

|Fij − F (ṽn+
1
2 )| dxdy

≤
∑

ij

(F ij − F ij)∆x∆y ≤ CτTV (F (ṽn+
1
2 )).

A ¹ p~z"�:i�½lp«ÅDpwk1kÒz���¼DÅ§Å �:p�Äã¾àpqÆÞÄ�ÅDÅ:njiçgjpqÅ´z�njp�zlÅDÅ@pqgjgjilg�¾hkÒzlâ·p«n�içn ¹ p«njion�zoÅ@½�zogj¼§z"Nn�¼§il{ '����:)hioÆ6n ¹ p»¼§{�¼Dn�¼´zoÅ Ã�i<{�â·¼Dn�¼§il{6� � iln�p«n ¹ zon#	�¼D{ãâ·pqá:pq{�â�pq{3n�Å§À�	 �yp ¹ zª½<p�n ¹ p«ÆÞilÅ§Å§i��EN¼§{�vÒg�ps¾àÄ�Å¿nsr
�éÉ�ÎØÎÏË - �� � � � � � ‖F (ṽn+

1
2 )‖∞ ≤ C

�)�����y±:�j� �q�����;� ��� �j±��q��¥��¢����q¥o���´� �)���
‖F (vn+

1
2 ) − F (ṽn+

1
2 )‖1 → 0,

¥��
∆x → 0.�y���s�Á� �«�«Ä�p~n�i1n ¹ pá�g�i<áãpwgànj¼Dps¾yioÆån ¹ p~á�gji"�ÁpwÃ�n�¼§il{³ilá:pqg�z�n�i<g ' Ã�i<{�¾�pqgj½ªzon�¼§il{¡ilÆ

F (v)
)H	

�yp ¹ zª½<p
F ij ≤ Fij ≤ F ij

	 � ¹ pqgjp
F ij = min(F (ṽn+

1
2 ))
¼§{°n ¹ p1½lilÅ§Ä�kmp

Ωij
	6zl{�âzo{ãzoÅ§ilvli<Ä�¾�ÅDÀ
	

F ij
¼§¾yn ¹ pkÒz�G·¼DkçÄ�k �P;'p ¹ zª½lp

‖F (vn+
1
2 ) − F (ṽn+

1
2 )‖1 ≤

∑

ij

|Ωij |(F ij − F ij) → 0,
zl¾

∆x → 0,

� ¹ ¼´Ã ¹ ÆÞilÅ§ÅDi�� ¾�ÆÞgjilk n ¹ pÒÆ z<Ã�nn ¹ z�nn��yi t ¼Dpwkmzl{�{ ¾àÄ�km¾�ioÆén ¹ pä¾jzokmpm¼D{3njpqvlg�zoÅ
0 <∫

F (ṽn+
1
2 ) < C

zlg�pÃ�i<{�¾�¼§â·pwg�psâ �
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- È Ö@Ý ÊéÉ3Ì 4éÑãÛ�Ù Ú}ßqÍsÉ3Ê!Ë�Ð��*Ê4Ì�Ñ �sÉ�ÚoÍsÙ Ñ:Ð
;©p {�i�� Ãqil{�¾�¼§â�pqg n ¹ p�ÆÞÄ�ÅDÅ£�¡â·¼§kmpq{�¾�¼§il{�zlÅåá�gji���Å§pqk �>A ¹ p��ãi<Ä�{�â·psâ·{�ps¾�¾«¼§¾»pq½�¼´â·pq{3nw�
A ¹ p ���©g�ps¾àÄ�Å¿n ¹ i��ypq½<pqgy¼§¾�Å§pw¾j¾ ÃqÅDpszogs�t�psÃqzlÅDÅ@n ¹ z�n

[π ◦ Tδ,∆x,∆t ◦ π ◦ Tδ,∆y,∆t] v
n = [π ◦ I ◦ Tδ,∆y,∆t] v

n = πṽn+
1
2 = vn+

1
2 ,

'��·� �l� )
� ¹ pwg�pän ¹ pän�g�zo{�¾�á:ilg�nçilá:pqg�z�njilg�¼´¾ç¼D{Ïn�pqgjkÒ¾ ilÆ

u = F (v)
	h¼D{ã¾ÁnjpwzlâØioÆ

v
�©Â�ilgçn ¹ pÃqilkB��¼D{�zon�¼§il{³ioÆånjgjzl{�¾�áãi<gàn�zo{�â³á�gji"�ÁpsÃ�n�¼§il{ä¼¿n ¼´¾E�ãps¾Án�nji1á:pqg�ÆÞilgjk �:ion ¹ ÃwzoÅ´Ã�Ä�Å´z�nj¼Di<{�¾¼§{}n ¹ p�¾jzokmpÃ�i�ilg�â·¼§{�z�njpw¾w�:;©p�â·i��:ion ¹ ¼§{}n�pqgjkÒ¾�ioÆ

u
�L;©p ¹ zª½lp
	 ��¼¿n ¹

F (v) = u
	

[π̃ ◦ Tδ,∆x(∆t) ◦ π̃ ◦ Tδ,∆y(∆t)]u
n = [π̃ ◦ I ◦ Tδ,∆y(∆t)] u

n = π̃ũn+
1
2 = un+

1
2 ,'��·� �<��)

� ¹ pwg�p Tδ,∆y(∆t)
¼´¾�n ¹ p�njgjzl{�¾àá:ilg�n�ilá:pqg�z�njilg zlÃ�n�¼§{�vÒil{

v
� ;'p�á�g�i�½<p«n ¹ p�ÆÞi<ÅDÅ§i���¼§{�vÅ§pqkmkÒz��

�)É3ÎÏÎØË - � � � 6 � � �o� 	 ����� �� �é����¥�¨��ç����¥��
TVx,y(F (vn+

1
2 )) ≤ TVx,y(F (vn)) + Cτ,�o� ���q¶·��¨�¥�¦D�q���;¦��

TVx,y(u
n+

1
2 ) ≤ TVx,y(u

n) + Cτ,�y�j�w�à� �MA ¹ p}á�gji�ioÆ vli�ps¾ zoÅ§il{�v n ¹ p}Å§¼D{�ps¾1ioÆ � �o��
T� A ¹ p³i<áãpwgjzon�i<g Tδ,∆x(∆t)
¼§¾ n ¹ p¼´â·pq{3nj¼¿nÁÀ ¼§{°i<Ä�g�Ãwzl¾�p�	 ¾�iä¼Dn~gjpqkÒzl¼D{�¾»n�i}¾ ¹ i�� n ¹ pÒzl¾j¾�pqg�n�¼§il{ ÆÞilg

π̃ ◦ Tδ,∆y(∆t)
	 n ¹ pnjgjzl{�¾àá:ilg�nh¼§{mn ¹ p

y
â·¼§g�psÃ�n�¼§il{å�LA:�yi¼D{�v<g�psâ·¼§pq{3nj¾L��¼§ÅDÅ*�ãp»Ä�¾àpsâm¼D{mn ¹ ¼´¾há�gji�ioÆÁr:��gj¾àn£n ¹ pá�gjilá:pqg�n�¼§pw¾�ilÆhn ¹ pÒ¾�ilÅ§Ä·n�¼§il{°ÆÞilg�n ¹ p}�s� á�gji���Å§pqk ¼§{

y
zl{�â 	å¾�pwÃqil{�â�ÅDÀ
	@n ¹ pÒ¾ànjz"��¼DÅ§¼¿nÁÀilÆ6n ¹ p¾�ilÅ§Ä·n�¼§il{¡ÆÞilgyn ¹ pm�s�
á�g�i
��ÅDpwk"¼D{

y
�LA ¹ pw¾�p»n��yiçáãzog�nj¾yÃ�ilgjgjpw¾�áãi<{�âmn�içn ¹ p»n��yiá�zlgàn�¾�ioÆ×n ¹ p �1â·¼§kmpq{�¾�¼Di<{�zoÅ@njion�zoÅ6½�zogj¼´z�n�¼§il{ 	3v<¼D½<pq{���À

TVxyh(x, y) =

∫ y(2)

y(1)

TVx(h(x, y))dy +

∫ x(2)

x(1)

TVy(h(x, y))dx.

�¢{Ïn ¹ p ¹ À3á:pqg��:ilÅ§¼§Ã³¾ÁnjpqáØn ¹ p}¼D{�¼Dn�¼´zoÅ�Ãqil{�â·¼Dn�¼§il{ ¼§¾1z'á�¼DpsÃ�p#��¼§¾�p³Ãqil{�¾ànjzl{<n1á�gji"��Å§p
uij

	
i = 1, . . . , N1

zo{ãâ
j = 1, . . . , N2

�>�TÆ�	�ÆÞi<g»pszlÃ ¹ �,G·pwâ
x

	
u(x, y)

¼´¾»zÒá�¼DpsÃ�p+��¼´¾�pÃqil{�¾ànjzl{<n�ÆÞÄ�{ãÃ�n�¼§il{ ¼§{
y

	 �yp=��g�¼Dn�p
uj(x) = u|j∆y<y<(j+1)∆y(x, y),zl{�â³¾�¼§k1¼§Å´zogjÅDÀ
ui(y) = u|i∆x<x<(i+1)∆x(x, y).
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;©p�zoÅ´¾àiÒâ·pw{�ionjp
ui(y, t) = Tδ,∆y(t)ui(y),

� ¹ ¼´Ã ¹ Ã�i<{3njzo¼§{�¾�¾ ¹ i�Ã5�·¾«zo{�â g�zogjp�Æ z<Ã�nj¼Di<{���zª½lps¾q�«�»Ä�pçn�iän ¹ pmz"�ã¾àpw{�Ã�p�ilÆhn�g�zo{ã¾àá:ilg�n¼§{³n ¹ p
x
â·¼§g�psÃ�nj¼Di<{C	

uj(x, t) = Tδ,∆x(t)uj(x) = uj(x).

$ ÃqÃqilg�â·¼§{�vÒn�i 
6pwk1kÒz}�·� �·� � 	�n ¹ pm¾ài<ÅDÄ·nj¼Di<{ ioÆ£n ¹ p}�w��á�g�i
��Å§pqk ¾�zon�¼´¾��ãpw¾�n ¹ p1¼D{ Np��3Ä�zlÅD¼DnÁÀ
TVy(ui(y,∆t)) ≤ TVy(ui(y)) + C∆t,

� ¹ pwg�p
y
kÒzªÀ �ãp©Ä�¾�pwâ*¼§{�¾àn�pszlâ!ioÆ

ỹ
zl¾än ¹ ¼§¾³¼§¾än ¹ p'i<{�p°â·¼§kmpq{�¾�¼Di<{�zoÅ�½�zogj¼§zon�¼§il{6�Â�Ä�gàn ¹ pqgjkmilgjp�	 
6pwkmkmzÒ��� ��� 91À�¼DpwÅ§â�¾wr

TVy(u
n+

1
2

i,j ) ≤ TVy(ui(y,∆t)).

-)ilk���¼§{�¼D{�vçn ¹ pw¾�pgjpw¾�Ä�Å¿n�¾E�)p ¹ zª½<p
TVy(u

n+
1
2 )∆x ≤ TVy(un)∆x+ Cτ∆x.

Â�i<g
TVx(un+

1
2 )

�ypQ��¼§ÅDÅyÄ�¾�p¡n ¹ p³¾ànjz"��¼DÅ§¼¿nÁÀ®gjpw¾�Ä�ÅDn�'���� �3��)��?�TÆM�ypäÃ�i<{�¾à¼´â·pwg�n��yizlâ��àzlÃ�pw{3n
x

NT¾àn�gj¼Dáã¾
i
zl{�â

i + 1
��¼Dn ¹ ¾�ilÅ§Ä·n�¼§il{

ui(y, t)
zo{�â

ui+1(y, t)
	hn ¹ pq{ n ¹ ps¾àp¾�ilÅ§Ä·n�¼§il{�¾ézogjp�i��·n�zo¼§{�pwâ1¼§{¡z

y
¾àn�gj¼Dá¡¾ànjzlgànj¼D{�v�ÆÞgjilk â·¼I!:pwg�pw{<nh¼§{�¼Dn�¼´zoÅ:Ã�il{ãâ·¼¿nj¼Di<{�¾

ui(y)zo{ãâ
ui+1(y)

zo{ãâ ¾�ÅD¼§v ¹ n�Å§À â·¼I!@pqgjpq{3n£½lpqÅ§i·Ã�¼DnÁÀ~ÆÞÄ�{�Ã�n�¼§il{�¾
G(x, y)

�PA ¹ p�¾ànjz���¼DÅ§¼DnÁÀ�g�ps¾àÄ�Å¿n¾jzªÀ�¾)n ¹ z�n
∫ y(2)

y(1)

|ui+1(t+ ∆t) − ui(t+ ∆t)|dy ≤
∫ y(2)

y(1)

|ui+1(t) − ui(t)|dy + C(η)∆t

≤
N2∑

j=1

|ui+1,j − ui,j |∆y + C(η)∆t,

� ¹ pwg�p
C(η)

¼§{�â·¼´Ãqzon�pw¾»n ¹ z�n
C
â·pwáãpw{�â�¾�il{ n ¹ pmâ�z�n�z�r ��Ä G ÆÞÄ�{�Ã�n�¼§il{C	@½<pqÅ§i�Ãq¼¿nÁÀ���pwÅ§âzo{ãâ°¼§{�¼Dn�¼´zoÅhâ�zonjz,	 � ¹ ¼§Ã ¹ zogjp1zlÅDÅhâ�¼J!@pqgjpq{3n~ÆÞg�i<k il{�pÒ¾àn�gj¼Dá°n�i}n ¹ p1iln ¹ pwgw��� i��ypq½<pqg%	â·Ä�p�nji1gjpH�ã{�pqkmpq{3n�ioÆ×n ¹ p~vlgj¼´â 	3n ¹ p�n��yi1¾àn�gj¼Dáã¾�zogjp»Å§pw¾j¾�¾àpwá�zog�z�njpwâ?' ¼�� pl��zon�Å§pwz<¾Án�il{�p¼´¾)¼§{ zçâ·¼I!@pqgjpq{3nyá:i<¾�¼Dn�¼§il{*)H	�zo{�â³¾ài

C(η)
Ã ¹ zo{�v<pw¾yzl¾én ¹ pâ�zonjz il{Q� ¹ ¼§Ã ¹ ¼¿n�â·pwáãpw{�â�¾Ã ¹ zl{�vlps¾q�EAåiQ�ãpçk1i<g�pp+G�zlÃ�n%	�ÆÞgjilk�n ¹ pç|~g�Ä��#�li�½äzl{�zoÅ§À·¾à¼´¾�' 
6pqkmkÒzä��� ��� �,	 � ��� 
 )D�yp

��{�i��*n ¹ p»ÆÞi<g�k"ilÆ
C(η)

	ãzo{�âQ�)p~Ãqzl{¡pHG�n�g�zlÃ�n)n ¹ p~â·pqá:pq{�â�zo{�Ãqp�i<{
∆x

	 � ¹ ¼§Ã ¹ vl¼§½lpw¾



6 � � Ö4Ë·Ê4ÍwÉ3Ì - � Ü ��/ãÉ�ÚlÍwÙ Ñ:Ð0�4ÑãÎØÙ�Ð×Ë�ÍwÉ�� �4Ù 2 ×ßsÙ Ñ:ÐÏÊ4Ì�Ñ�4>Û É�Î

C(η) = C∆x + O(∆x2)
	 � ¹ pqgjp -�¼§¾«z¡Ã�i<{�¾ànjzo{3n»â·pwáãpw{�â·¼§{�v¡i<{ n ¹ p ��Ä G 	�½<pqÅ§i�Ãq¼¿nÁÀzl{�âä¼§{�¼Dn�¼´zoÅåâ�z�njz1ilÆ>¾àn�gj¼Dá
i
i<{�ÅDÀ<� A ¹ pqgjp�ÆÞi<g�p
	 �)p~i���njzo¼§{

∫ y(2)

y(1)

|ui+1(t+ ∆t) − ui(t+ ∆t)|dy ≤
N2∑

j=1

|ui+1,j − ui,j |∆y + C∆t∆x.
';�·� � �
)

KyÀäâ·p+��{�¼Dn�¼§il{ ioÆ×n ¹ pá�g�i��ÁpwÃ�nj¼Di<{³i<áãpwgjzon�i<g&�yp ¹ zª½lp
∫ y(2)

y(1)

|ui+1(y, t+ ∆t) − ui(y, t+ ∆t)|dy

=

N2∑

j=1

∫ yj+1

yj

|ui+1(y, t+ ∆t) − ui(y, t+ ∆t)|dy

≥
N2∑

j=1

∣∣
∫ yj+1

yj

ui+1(y, t+ ∆t) − ui(y, t+ ∆t)dy
∣∣ =

N2∑

j=1

|un+
1
2

i+1,j − u
n+

1
2

i,j |∆y

-)i<kB��¼§{�¼§{�v���¼¿n ¹ ';�·� � � ) 	�zo{ãâ³¾�Ä�kmkm¼D{�vÒi�½<pqg
i = 1 . . . , N1 − 1

À�¼DpwÅ§â�¾
∑

ij

|un+
1
2

i+1,j − u
n+

1
2

i,j |∆y ≤
∑

ij

|ui+1,j − ui,j |∆y + C∆t

� ¹ pwg�p ∑
i ∆x = C

�
A ¹ pw{

TVxyu
n+1/2 ≤ TVxyu

n + Cτ.

��� , � , ��� � � � � � $ "%& � � ) �7� �
A ¹ p<�ãi<Ä�{�â·psâ·{�ps¾�¾)ioÆ n ¹ p«â·¼I!@Ä�¾à¼§il{}zo{�âÒn�ion�zoÅã½ªzlg�¼´z�nj¼Di<{¡â·pwÃqg�pszl¾�¼D{�v�á�gjilá:pqg�nÁÀ km¼Dv ¹ n
�:phpHG·á:pwÃ�n�pwâ�¼D{�z<â·½�zo{�Ãqpl�åÂ�ilg6n ¹ php+G·z<Ã�n×¾�ilÅ§Ä·nj¼Di<{�ilÆ�n ¹ p)á�zog�z"�:ilÅ§¼§Ã>¾àn�pwá�¼¿n×¼§¾×¾Ánjgjzl¼Dv ¹ n�NÆÞi<g���zog�â nji ¾ ¹ i�� n ¹ ¼´¾á�gjilá:pqg�nÁÀ Ä�¾�¼D{�v n ¹ p��<pqgj{�pqÅ 	å¾�pqp � � � 
T�Q� i��ypq½<pqg%	@ÆÞilg�z � � �nÁÀ�á:p°ioÆ�â·¼´¾jÃ�gjp�n�¼ 7wzon�¼§il{!n ¹ p°á�gji�ioÆ¼´¾¡{�iln}zl¾³¾à¼§kmá�Å§p�	 zo{ãâ ¹ zl¾ä{�ion��ãpwpq{�â·i<{�p njii<Ä�gM��{�i���Å§pwâ·v<p~ÆÞilg»n ¹ pm�o� Ãqzl¾�pl�>�»i��)pw½lpwg#	�¼Dn»njÄ�gj{�¾»i<Ä·n n ¹ z�n«n ¹ pçá�g�i<áãpwgànÁÀ}¼´¾ {�iln{�pwpwâ·psâ�nji~á�g�i�½<p)Ãqil{�½lpwg�v<pq{�Ãqpl�C�Tnh¾�Ä'�¡Ã�pw¾4nji¾ ¹ i��Øn ¹ zon4n ¹ p ���}¼´¾/�ãi<Ä�{�â·psâ1i�½lpqg×n ¹ pÃqilkB��¼D{�psâ �ä¾àn�pwá�¾qrynjgjzl{�¾àá:ilg�n#	ãá�gji"�ÁpwÃ�n�¼§il{ zl{�â â·¼I!:Äã¾à¼§il{6�<;'p���¼DÅ§Å4á�g�i·Ãqpqpwâ ¼§{ n ¹ ¼§¾��zªÀl�>Â4¼Dg�¾Án%	��yp vl¼§½lp�n ¹ p»zlá�á�gji G�¼§kÒz�nj¼Di<{1¾jÃ ¹ pqkmp Äã¾àpsâ 	on ¹ pq{ �yp�á�gji�½lpD�:ilÄ�{ãâ·pwâ·{�pw¾j¾zl{�â®z ¾Án�z"��¼§ÅD¼DnÁÀ°gjpw¾�Ä�ÅDn zl¾i
�·njzl¼D{�pwâ'ÆÞilgn ¹ p¡iln ¹ pwg ¾Ánjpqá�¾w�³Â4¼§{�zoÅ§Å§À�	/�)pÒá�gji�½lpmz ���á�gjilá:pqg�nÁÀ�	4n ¹ z�n ��¼DÅ§ÅyzlÅDÅ§i�� Ä�¾ ¼§{ n ¹ pä{�p+G�n1¾�pwÃ�nj¼Di<{®n�i©Ã�ilk���¼§{�pÒn ¹ p³â·¼I!:Äã¾à¼§il{Ï¾àn�pwá
��¼Dn ¹ n ¹ pion ¹ pqg ¾àn�pqáã¾+	�zl{�â}vlp�n zl{³Ä�á�áãpwg>�ãi<Ä�{�â}il{³n ¹ p~n�ion�zoÅ6½�zlg�¼´z�nj¼Di<{6�
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%»Ñ:ßsßwÙ344Û�É Ë·Ê×Ê4Ì�Ñ��6Ù ÎØË�ÍwÙ Ñ:Ð ßwÚªÖ4É3ÎÏÉ3ß
A ¹ pmzoá�á�g�i G·¼§kmzon�¼§il{°¾jÃ ¹ pwk1p�'���� � �
)»¼§¾�Ä�¾�pwâ n�i}á�g�i�½<p Ã�i<{�½lpqgjvlpw{�Ã�p<�<;©pmg�p#��g�¼Dn�pç¼¿nzl¾
ωF (wi,j) +

(
ai+1,j

∆y
∆x+ + ai,j

∆y
∆x− + bi,j+1

∆x
∆y+ + bi,j

∆x
∆y−

)
τwi,j =

[
τ ∆y

∆x+ai+1,j

]
wi+1,j +

[
τ ∆y

∆x− ai,j

]
wi−1,j

+
[
τ ∆x

∆y+ bi,j+1

]
wi,j+1 +

[
τ ∆x

∆y− bi,j

]
wi,j−1 + ωF (wn−1

i,j ),
';�·� �;8 )

� ¹ pwg�p
ω = ωij =

|Vij |
gij

	
F (wn−1

i,j )
¼§¾«n ¹ p1½�zlÅDÄ�p1ioÆ

Fij
i
�·njzl¼D{�psâ ¼§{ n ¹ pmá�g�i��ÁpwÃ�n�¼§il{

¾àn�pqá 	�zo{�âQ� ¹ pqgjp<�yp~zoÅ§ÅDi��ypwâmÆÞi<g�z {�i<{�p��3Ä�¼´â·¼´¾Án�zo{3n�vlgj¼§â 	·¾�i
∆x+ = x1

i+1 − x1
i

	�p�n�Ão�
A4z"��¼D{�v1¼§{3n�iÒzlÃwÃ�i<Ä�{3nyn ¹ p �:ilÄ�{�â�zogjÀäÃ�i<{�â·¼Dn�¼§il{�¾#	 �)pá�Ä·n

aij ≡ 0
ÆÞi<g�n ¹ pá:il¼§{3nj¾

{x1, yj}
zo{�â

ai+1,j ≡ 0
ÆÞi<g~n ¹ pmá:il¼§{3nj¾ {xN1 , yj}

	
j = 1, . . . , N2

� . ilgjpqi�½lpwg#	ãÆÞilg
{xi, y1}

	
i = 1, . . . , N1

	 �)p njz"�<p
bij ≡ 0

¼D{ '��·� �;8 ) 	@zo{�â
bi,j+1 ≡ 0

ÆÞi<g n ¹ pçá:il¼§{3nj¾
{xi, yN2}

�
;©pB��¼§ÅDÅ×Ä�¾àp�'���� � 8
) 	:zl¾j¾àÄ�k1¼§{�v

wi,j
n�i �:p ¼Dnj¾«pHG�z<Ã�n«¾�ilÅ§Ä·n�¼§il{å�D�¢{ á�g�zlÃ�nj¼§Ãqp�	:¾àpw½
Npqg�zoÅ â·¼I!@pqgjpq{3n zoá�á�gji G·¼DkÒzon�¼§il{ä¾jÃ ¹ pqkmps¾yzlg�p�Ã�i<{�¾à¼´â·pwg�psâ �L;'p~gjpq½�¼§¾�p«n ¹ pwk"ÆÞilgyÆÞÄ·njÄ�g�pgjp�ÆÞpqgjpq{ãÃ�pl� A ¹ p {�il{�Å§¼§{�pwzlg¡¾àÀ·¾àn�pqk-ioÆzoÅ§vlp#��gjzl¼§Ã³p��3Ä�zon�¼§il{�¾�';�·� �;8 )B��¼§Å§Å>�ãp'¾ài<ÅD½<pwâ{�Ä�kmpqgj¼§ÃwzoÅ§ÅDÀ ��À � p#��n�il{ nÁÀ3á:p1¼¿njpqg�z�n�¼§il{ã¾+	@¾Án�zog�n�¼§{�vQ��¼Dn ¹

C ≡ Cn−1 �=A ¹ ¼§¾«¼§k1á�ÅD¼§pw¾¾�ilÅ§½3¼§{�v©z kÒz�njg�¼IG p��3Ä�z�nj¼Di<{Ø¼§{Ïpq½<pqgjÀ®¼¿njpqg�z�n�¼§il{ ¾Ánjpqá6� A ¹ ¼´¾mÃqzo{ �ãp â·il{�päÄ�áÏn�i®zâ·ps¾à¼§g�psâäi<gjâ�pqg�ioÆ£zlÃwÃ�Ä�g�zlÃqÀl�
;©p�zoÅ´¾àimÃ�i<{�¾à¼´â·pwg�n ¹ pgjpqÅ´z�G�z�nj¼Di<{äkmp�n ¹ i·â 	 ';�·� �;8
)H	 � ¹ ¼§Ã ¹ �yp=��g�¼Dn�p ¹ pwg�p�z<¾
ωλ

(l−1)
i,j (w

(l)
i,j −wn−1

i,j )+
(
ai+1,j

∆y
∆x+ + ai,j

∆y
∆x− + bi,j+1

∆x
∆y+ + bi,j

∆x
∆y−

)
τw

(l)
i,j =

[
τ ∆y

∆x+ai+1,j

]
w

(l)
i+1,j +

[
τ ∆y

∆x− ai,j

]
w

(l)
i−1,j

+
[
τ ∆x

∆y+ bi,j+1

]
w

(l)
i,j+1 +

[
τ ∆x

∆y− bi,j

]
w

(l)
i,j−1,

';�·� 8l� )
� ¹ pwg�p

l
¼§¾»zç¼Dn�pwgjzon�¼§il{}á�zog�zokmpqn�pqg�zl{�â

λ
(l)
i,j :=

F (w
(l)
i,j ) − F (wn−1

i,j )

w
(l)
i,j − wn−1

i,j

, λ
(0)
i,j := F ′(wn−1

i,j )

¼´¾ z1g�pwÅ§z"G·zon�¼§il{äÆÞÄ�{�Ã�nj¼Di<{6�P�TÆ4n ¹ p�Ãqil{�½lpwg�v<pq{�Ãqp«Ã�i<{�â·¼Dn�¼§il{�¾
|λ(l0)

i,j − λ
(l0−1)
i,j | < τ,

∑

ij

∣∣∣w(l0)
i,j − w

(l0−1)
i,j

∣∣∣ < ε,
';�·� 8��%)
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ε
�:pq¼§{�v«z«¾àkÒzoÅ§ÅonjilÅ§pqg�zo{�Ãqp�	�zogjphkmp�n%	��)p)¾Ánjilán ¹ p)¼Dn�pwgjzon�¼§il{�¾×zo{�ââ�pH��{�p

wi,j := w
(l0)
i,j

�Â�ilg~Ã�il{�½<pq{�¼§pq{�Ãqp�	��ypçgjp+��gj¼¿njp�';�·� �;8
)»¼§{ n��yi³p �<Ä�¼D½�zoÅ§pq{3n«ÆÞilgjkm¾w� Â�ilg~¾à¼§kmá�ÅD¼´Ã�¼DnÁÀ�	¾�p�n
∆x+ = ∆x− = ∆y+ = ∆y− = ∆x = ∆y

	ãzo{�â³g�p#��g�¼Dn�p�';�·� �;8
)yz<¾
F (wn

i,j) − F (wn−1
i,j )

gij
=

τ

∆x∆y

(
ai+1,jZ̃

i
i+1,j − aijZ̃

i
ij + bi,j+1Z̃

j
i,j+1 − bijZ̃

j
ij

)
,'��·� 8<�
)

� ¹ pwg�p
Z̃i

ij = wij −wi−1,j
zo{�â

Z̃j
ij = wij −wi,j−1

� A ¹ ¼´¾)p �3Ä�z�nj¼Di<{³¼´¾yn�g�zo{�¾àÆÞilgjkmpwâ
��Àä¾�p�n�n�¼§{�v

F (wij)

gij
= uij , wij = F−1(gijuij) = A(xi, yj , uij).

'��·� 8l� )
A ¹ p)ÆÞÄ�{�Ã�n�¼§il{

A
¼´¾4kmil{�iln�il{�p)¼§{�Ã�gjpwz<¾à¼§{�v ¼§{1Ä6r

F
¼´¾>¾Ánjg�¼´Ã�njÅDÀ¼§{�Ã�gjpwz<¾à¼§{�v ¼§{

w
	l¾�i

F−1¼´¾«¾àn�gj¼´Ã�n�Å§À}¼D{�Ãqg�pszl¾�¼D{�vÒ¼D{
u

	@zl¾
g
¼§¾>�,G·pwâ zon�zÒv<g�¼´â·á:il¼§{<ns�>A ¹ pç¾jÃ ¹ pwk1p ¼§¾ n ¹ pwg�pqÆÞilgjpp �<Ä�¼D½�zoÅ§pq{3n�n�i

ui,j − un−1
i,j =

τ

∆x2
(ai+1,j(A(ui+1,j) −A(ui,j)) − aij(A(ui,j) −A(ui−1,j))+

bi,j+1(A(ui,j+1) −A(ui,j)) − bij(A(ui,j) −A(ui,j−1))) .
';�·� 8 9 )

A ¹ ¼´¾ ¼´¾�zmk1i<g�pçÃ�ilkmá�Å§¼´Ãqz�njpwâ ½<pqg�¾à¼§il{ ioÆ>n ¹ p�¼§k1á�ÅD¼´Ã�¼Dn~¾jÃ ¹ pwk1pÄã¾àpsâ ¼D{ � �l��
 	@zl¾ ¹ pqgjp
A
zlÅ§¾�i1â�pqá:pq{�â�¾ il{³n ¹ p�¾�á�zlÃqp�Ãqi�ilg�â·¼D{ãz�n�ps¾ �ãpsÃqzoÄã¾àp~ioÆ

g
�P;©p=��¼DÅ§Ååzoá�á�ÅDÀ¡n ¹ pkmpwzl{½�zoÅ§Ä�p�n ¹ pqilgjpqk�zl¾yÆÞilÅ§Å§i�� ¾qr

A(xi+1, yj , ui+1,j) −A(xi, yj , ui,j)

= A(xi+1, yj , ui+1,j) −A(xi+1, yj , ui,j) +A(xi+1, yj , ui,j) −A(xi, yj , ui,j)

=
∂A

∂u
(xi+1, yj , ξi+1,j)(ui+1,j − uij) +

(
∂A

∂x

)

i+1,j

∆x,

ÆÞi<gåz�¾àÄ�¼¿n�z"��Å§p
ξi+1,j

zl{�â(� ¹ pqgjp
(∂A/∂x)i+1,j = ∂A/∂x(ηi+1, vj , uij)

ÆÞi<g6z ¾àÄ�¼¿n�z"��Å§p
ηi+1
� A ¹ pq{ 	,�)p~gjp+��gj¼¿njp�'��·� 8 9 )éz<¾
ui,j − un−1

i,j = α̃i+1,jZ
i
i+1,j − α̃i,jZ

i
ij + β̃i,j+1Z

j
i,j+1 − β̃i,jZ

j
i,j

'��·� 8<�
)
+ τ

∆x2 (ai+1,j(∂A/∂x)i+1,j∆x− aij(∂A/∂x)i,j∆x+

+bi,j+1(∂A/∂y)i,j+1∆y − bij(∂A/∂y)i,j∆y)

� ¹ pwg�p
Zi

i,j = ui,j − ui−1,j
	
Zj

i,j = ui,j − ui,j−1
zl{�â

α̃i+1,j = ai+1,j
τ

∆x2A
′(ξi+1,j),
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zo{ãâ³¼´â·pw{<nj¼§ÃwzoÅ§ÅDÀ
β̃i,j+1 = bi,j+1

τ
∆x2A

′(ζi,j+1),ÆÞilg�¾�Ä�¼¿n�z"��Å§p
ξi+1,j

	
ζi,j+1

� � ionjp n ¹ z�n
a

	
b
zlg�p<�ãi<Ä�{�â·psâ¡zo{ãâä¾àn�gj¼§Ã�n�Å§À1á:i<¾�¼Dn�¼§½lpl�PA ¹ pâ·pwvlpq{�pqg�zlÃ�ÀÒi<{�Å§ÀäÃ�i<k1ps¾yÆÞg�i<k"n ¹ p

A′ njpqgjk}�P;©p�Ãqzl{³gjp+��gj¼Dn�p�n ¹ p�z��ãi�½<p�z<¾+	
ui,j − un−1

i,j = α̃i+1,jZ
i
i+1,j − α̃i,jZ

i
ij + β̃i,j+1Z

j
i,j+1 − β̃i,jZ

j
i,j

';�·� 8l� )
+ τ

∆x (γi+1,j − γi,j + δi,j+1 − δi,j) ,� ¹ pwg�p
γi+1,j = ai+1,j(∂A/∂x)i+1,j , δi,j+1 = bi,j+1(∂A/∂y)i,j+1.$ { zlá�á�gji G�¼§kÒz�nj¼Di<{äioÆE'���� 8<�
))¼§¾ vl¼§½lpq{���À

ui,j − un−1
i,j = α̃i+1,jZ

i
i+1,j − α̃i,jZ

i
ij + β̃i,j+1Z

j
i,j+1 − β̃i,jZ

j
i,j ,

';�·� 8<��)
� ¹ ¼´Ã ¹ ¼§¾�á�gjpwÃq¼§¾�pqÅ§ÀÒn ¹ p�¾�Ã ¹ pqkmp~Ä�¾àpsâä¼§{ � �<� 
T�
�äÉ�ÎØË�Ì�� - � � � 6 � � �1�������l�T�<�q�:�q��¥o�T�6±��������

(0, 0)
�é�£��¥�¨�������¥��

A(u) ≡ 0
¥o�:�

A′ = 0
�

� �°��������T�l� ��� �×�����j��:�³�����:���q���;��¥��;� ��� �´�y±@�����q�q��� �
u = 0

�£�Þ���´��´��¥�¦ �q�Ò�Þ���ç��¥ª�q� �  ��Þ��� �m�o¨w�����ä���ã�T�q�Þ��¥l��� � �é�~��¥�¨��
limv→0+ F

′(v) = +∞ �£�q�
limu→0+ A

′(u) = 0
�

;©p�¾àÄ�kmkmpqgj¼ 7qp�n ¹ p 9Ò¾jÃ ¹ pqkmps¾yn ¹ zon>�)p ¹ zª½<p�â·psâ·Ä�Ãqpwâ r
�åÚsÖ4É�ÎØÉ 	 	 � � Ì�É�Û Ë��6Ë�ÍwÙ Ñ:Ð*ÎØÉ3ÍwÖ4Ñ � �

Wn,l ¼§¾yn ¹ p�¾�ilÅ§Ä·n�¼§il{}ioÆ
λij

gij

(
Wn,l

i,j −Wn−1,l
i,j

)
+ (ai+1,j + aij + bi,j+2 + bij)

τ

∆x2
Wn,l

i,j −
τ

∆x2

[
aijW

n,l
i−1,j + ai+1,jW

n,l
i+1,j + bi,j+1W

n,l
i,j+1 + bijW

n,l
i,j−1

]
= 0,

';�·� 8 �
)
� ¹ pwg�p

λij
¼´¾yn ¹ pÅ´zl¾àn»ÃqzlÅ§ÃqÄ�Å§zon�psâ¡gjpqÅ´z�G�z�nj¼Di<{äá�zlgjzlk1pqn�pwgw�

�åÚsÖ4É�ÎØÉ 	 - � � 	�� ßsÚsÖ4É�ÎØÉ �
Wn ¼§¾yn ¹ p�¾�ilÅ§Ä·n�¼§il{}ioÆ

F (Wi,j) − F (Wn−1
i,j )

gij
+ (ai+1,j + aij + bi,j+1 + bij)

τ

∆x2
Wi,j −

';�·� 8;8 )
τ

∆x2
[aijWi−1,j + ai+1,jWi+1,j + bi,j+1Wi,j+1 + bijWi,j−1] = 0.

�åÚsÖ4É�ÎØÉ 	 � � � �×É��:É3Ð4É3Ì�Ë·ÍwÉ /�Ë·Ì�Ù Ë74>Û É Ú<Ñ6É��ØÚlÙ É�Ð@Í �4Ù 2 ×ßsÙ Ñ:ÐØÎØÉ3ÍwÖ4Ñ � �
w
¼§¾én ¹ p¾�ilÅ§Ä·n�¼§il{}ioÆ

wi,j − wn−1
i,j = α̃i+1,jZ

i
i+1,j − α̃i,jZ

i
ij + β̃i,j+1Z

j
i,j+1 − β̃i,jZ

j
i,j

+
τ

∆x
(γi+1,j − γi,j + δi,j+1 − δi,j) ,

';�·�§�w�l� )
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�åÚªÖ×É�ÎØÉ 	 � � � �4É��ãÉ�Ð4É3ÌªË�ÍwÉ �4Ù 2%4ßwÙ�ÑãÐ ÎØÉ3ÍwÖ4Ñ � �

u
¼´¾�n ¹ p�¾�ilÅ§Ä·nj¼Di<{³ilÆ

ui,j − un−1
i,j = α̃i+1,jZ

i
i+1,j − α̃i,jZ

i
ij + β̃i,j+1Z

j
i,j+1 − β̃i,jZ

j
i,j

';�·�§�w���%)
1·Ã ¹ pqkmpB'Á� )£zo{ãâ�'���)P��¼DÅ§Å �:p»Ä�¾�pwâm¼§{ÒilÄ�géá�g�zlÃ�n�¼´ÃqzoÅãÃ�ilkmá�Ä�njz�nj¼Di<{�¾w�P-)i<{3½<pqgjvlpw{�Ã�pilÆå¾�Ã ¹ pwkmpB'Á� )>n�i n ¹ p�¾ài<ÅDÄ�n�¼§il{?'���� � 8
) ¹ zl¾ �:pqpw{äá�gji�½lpw{m¼D{ � �<��
:¼§{Òn ¹ p

L2
N;{�ilgjk}�/;©p

��¼§ÅDÅ)á�gji�½lpÒÃ�i<{3½<pqgjvlpw{�Ã�p1ioÆyn ¹ päilá:pqg�z�n�i<g�¾àá�ÅD¼Dnànj¼D{�v°k1pqn ¹ i·â���À©Ä�¾à¼§{�v
Wn � $ ¾çzo{p+G3njgjz�á:il¼§{3n �)p Ãwzo{m¾ ¹ i�� z�Æ�njpqg��yzlgjâ�¾×n ¹ z�n

Wn,l Ãqil{�½lpwg�v<pw¾ån�i Wn �L;'p ¹ zª½lp�zlâ�â�pwâ¾jÃ ¹ pqkmp�' 9 ) 	4zl¾~gjpw¾�Ä�Å¿n�¾�ÆÞilg~n ¹ ¼§¾¾jÃ ¹ pwk1pmp+G�¼´¾àn�¼D{'n ¹ pÒÅ§¼Dnjzog�z�njÄ�gjpl� $ Ã�i<{�{�pwÃ�n�¼§il{'ioÆ¾jÃ ¹ pqkmp�' 9 ) ��¼¿n ¹ ilÄ�g ¾jÃ ¹ pqkmp�'��
)yÃqzo{ �:pi��·n�zo¼§{�pwâän ¹ g�i<Ä�v ¹ ¾�Ã ¹ pqkmp�' �
)��
�1Ñ54Ð��×É��4Ð×É�ßsßçË�Ð�� ßwÍwË74>Ù Û�ÙÞÍ�Ý
;©päi<{�ÅDÀ®Ã�i<{�¾�¼§â·pwgç¾jÃ ¹ pqkmp�';��)��?;'p³á�gji�½lpmn ¹ pQ�:ilÄ�{�â�pwâ·{�ps¾�¾1zo{ãâ ¾Án�z"��¼§ÅD¼DnÁÀ®¼D{ zo{zl{�zoÅ§ilv<Ä�p»ÆÞi<g�k�n�imn ¹ p�i<{�pi���njzo¼§{�psâ¡ÆÞi<g�n ¹ p~njgjzl{�¾àá:ilg�n�zo{�â}á�gji"�ÁpsÃ�n�¼§il{å�
�)É3ÎÏÎØË - � � � ����� ���

Wn ¥��:� V n ¤��ä¥j±<±:��� �<� �m¥o�T�¡�q��¦W¶·�;� �����Ò�à� 	 ��������¡�3�q�:�q��¥��¢���¤ �Ò������q����� �m� 	 �������  ���@���q� �y�o�:�~��¥��
‖F (Wn)‖∞ ≤ ‖F (W 0)‖∞,

∥∥∥∥
F (Wn) − F (V n)

g

∥∥∥∥
1

≤
∥∥∥∥
F (W 0) − F (V 0)

g

∥∥∥∥
1

.

�y�j�w�à� �(- ¹ i�i3¾àpç¼D{ ';�·� 8;8 )
i = l

	
j = k

	6¾�Ä�Ã ¹ n ¹ z�n
W n

l,k = maxij Wij
��»Ä�p nji¡n ¹ pá�gjilá:pqg�n�¼§pw¾�ilÆ

F
	
F (Wn

l,k) = maxij F (Wij)
��;'pÒâ·¼§gjpwÃ�njÅDÀ°i��·n�zo¼§{

maxF (W n
i,j) ≤

maxF (Wn−1
i,j )

	<zl{�âçn ¹ pwg�pqÆÞilgjp zoÅ´¾ài
maxWn

i,j ≤ maxWn−1
i,j

�/A ¹ ¼§¾hÃwzo{��:p g�pwáãpsz�njpwâÆÞi<g
minij Wij

	C� ¹ ¼´Ã ¹ á�g�i�½<pw¾»n ¹ p��ãgj¾àn�zl¾j¾àpwgànj¼Di<{?��À ¼D{ãâ·Ä�Ã�nj¼Di<{'i<{
n
��A ¹ pÒ¾�pwÃ�i<{�âz<¾�¾�pqg�n�¼§il{ÏÆÞilÅ§ÅDi�� ¾���ÀÏ¾�Ä,�·njgjz<Ã�n�¼§{�v '���� 8 8
) ÆÞilg

W
ÆÞg�i<k n ¹ p p��3Ä�z�nj¼Di<{ÏÆÞi<g

V
	 ��¼¿n ¹

dij = Wn
ij − V n

ij

� A ¹ ¼´¾�vl¼§½lpw¾
[
F ′(ξij)

gij
+ (ai+1,j + aij + bi,j+1 + bij)

τ

∆x2

]
dij

=
τ

∆x2
[aijdi−1,j + ai+1,jdi+1,j + bi,j+1di,j+1 + bijdi,j−1]+

F (Wn−1
i,j ) − F (V n−1

i,j )

gij
.

A4z"��¼§{�vÒz"��¾�ilÅ§Ä·n�p~½�zoÅ§Ä�ps¾�zo{�â}¾àÄ�k1kÒzon�¼§il{}i�½lpqg
i
zl{�â

j
	�ÅDpszlâ�¾)nji

∥∥∥∥
F (Wn) − F (V n)

g

∥∥∥∥
1

≤
∥∥∥∥
F (Wn−1) − F (V n−1)

g

∥∥∥∥
1

,

� ¹ ¼´Ã ¹ á�gji�½lpw¾én ¹ pÅDpwk1kÒz��
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�yÑ�ÍsË�Û /�Ë·Ì�Ù Ë·ÍsÙ Ñ:Ð!ÌªÉ�ß�×Û Í1Ñ:Ó�� - ���
�¢{ � �<� 
�n ¹ p �:ilÄ�{ãâ·pwâ·{�pw¾j¾mioÆ»n ¹ p}n�ilnjzoÅ�½�zogj¼´z�n�¼§il{ ioÆ~¾�Ã ¹ pwkmp '39 )ç¼§¾Ò¾�Ä�v<vlpw¾àn�psâ®ÆÞilg�©ilgmkmilgjp â·¼§k1pw{�¾�¼Di<{�¾���¼Dn ¹ i<Ä·n¡á�gji3ilÆÁ� A ¹ p n�psÃ ¹ {�¼ �<Ä�pw¾Òv<¼D½<pq{ zlg�p ¹ i��ypq½<pqgm{�ilnpHG�njpq{�â�z���Å§pänji ¹ ¼Dv<pqgmâ·¼Dkmpw{�¾à¼§il{ã¾q�ÏÂ�ilgÒÃ�Å´zogj¼DnÁÀ�	 �yp³gjpwÃwzoÅ§Åén ¹ p g�ps¾àÄ�Å¿n�¾q�2;©p �ãpwvl¼§{
��¼Dn ¹ n��)imps¾à¼§kÒz�n�ps¾yn ¹ zon»Ãqzl{��:pg�pszlâ·¼§Å§À¡pHG�n�pw{�â·psâ¡njimn��)imilg�kmilgjpâ·¼§k1pw{�¾�¼Di<{�¾q�
�éÉ�ÎØÎÏË - �� � � ��� �q�

un ¥��@� vn ¤j� � �é�m�q��¦W¶·�;� ����� �Á��	 ����� � �� � �@�����
‖un‖∞ ≤ ‖u0‖∞, ‖un − vn‖1 ≤ ‖u0 − v0‖1.

�y���s�Á� �»Ç �:��';�·�§�w��� )«¼§¾�n ¹ p¡¼§k1á�ÅD¼´Ã�¼Dn ¾�Ã ¹ pqkmpmÄ�¾àpsâ©¼D{ � �l� 
)zl{�â'n ¹ p¡z��ãi�½<pçgjpw¾�Ä�ÅDn�¼§¾

6pwkmkmz©�·� � ÆÞgjilk � �l� 
T� A ¹ p

L∞
pw¾àn�¼§kmzon�päÆÞilÅ§ÅDi�� ¾çâ·¼DgjpwÃ�n�Å§À©ÆÞg�i<k ';�·�§�w���%)=��À©n ¹ p¾jzokmpÒg�pszl¾�il{�¼§{�v zl¾~¼§{ 
6pwkmkmz ��� ��� ���QA ¹ p

L1
N¢¾Án�z"��¼§ÅD¼DnÁÀ°¼´¾{�iln á�gji�½lpw{'p+G�á�ÅD¼´Ã�¼Dn�pwÅDÀ¼§{ � �l� 	å� � 
 	C��Ä·n Ãwzo{8�ãpÒpszl¾�¼DÅ§À i��·n�zo¼§{�pwâ8��À n ¹ p¡zlg�v<Ä�kmpq{3nj¾«vl¼§½lpw{6� ;'pÒ¾ ¹ i�� n ¹ ¼§¾¾ànjz"��¼DÅ§¼¿nÁÀ³¼D{ �mâ·¼§kmpq{�¾�¼Di<{�¾w�t�p#��g�¼Dn�p '��·�§�w���%)1ÆÞi<g

un ¼§{ ¼¿n�¾}ilgj¼Dv<¼D{�zlÅ�ÆÞilgjk '���� 8;9 ) 	«zo{�â ¾�Ä,��¾àn�g�zlÃ�nä¼Dn³ÆÞgjilkn ¹ pÒp��3Ä�z�nj¼Di<{ ÆÞi<g
vn ��KyÀ n ¹ pÒk1pszo{©½�zoÅ§Ä�p1n ¹ pwilgjpqk �yp ¹ zª½lp

A(un
i,j) − A(vn

i,j) =
A′(ζn

ij)(u
n
i,j − vn

i,j)
ÆÞi<gy¾�ilkmp«zlá�á�gjilá�gj¼´z�n�p

ζn
ij

�L;©g�¼Dn�¼§{�v
Un

ij = un
i,j − vn

i,j

	 �)p«i��·n�zo¼§{
(
1 +

τ

∆x
A′(ζn

i,j)
(
aE + aW + bN + bS

))
Un

ij = Un−1
ij +

τ

∆x

(
aEA′(ζn

i+1,j)U
n
i+1,j

+aWA′(ζn
i−1,j)U

n
i−1,j + bNA′(ζn

i,j+1)U
n
i,j+1 + bSA′(ζn

i,j−1)U
n
i,j−1

)
.

A ¹ p<��g�¾ÁnhÆ z<Ã�njilgy¼D{Òn ¹ p�ÅDpqÆ�n ¹ zl{�â¡¾�¼§â�p»¼´¾éá:i<¾�¼¿nj¼D½<p«z<¾
A
¼§¾yzo{¡¼§{�Ãqg�pszl¾�¼D{�v�ÆÞÄ�{�Ã�nj¼Di<{¡¼§{

u
� A×z��3¼§{�vmz"��¾�ilÅ§Ä·njp�½�zlÅDÄ�ps¾+	�zl{�â ¾àÄ�k1km¼§{�vmi�½lpwg

i
zo{�â

j
	,�)p~i
�·njzl¼D{

‖un − vn‖1 ≤ ‖un−1 − vn−1‖1,

ÆÞgjilk � ¹ ¼´Ã ¹ n ¹ pgjp��3Ä�¼§gjpwâ¡gjpw¾�Ä�ÅDn�ÆÞilÅ§ÅDi�� ¾ ��Àä¼§{�â·ÄãÃ�n�¼§il{}il{
n
�

A ¹ p�ÆÞilÅ§Å§i���¼D{�vmgjpw¾�Ä�ÅDn�Ãwzo{�{�ionD�ãpp+G�n�pq{ãâ·pwâ³n�i ¹ ¼§v ¹ pqg â·¼§kmpq{�¾�¼Di<{�¾wr
�éÉ�ÎØÎÏË - � � �3	 ��� � �q�

un ¤��»¥�� ¥j±<±:��� �l� �Ò¥��¢�»�q��¦W¶·�;� ���ç�3�q�:�q��¥��¢��� ¤ ������ �q¬ ¨�������� ����Á� 	 ���������� � �@���q�
TV (un) ≤ TV (u0)

�y���s�Á� �M;©pg�pwÅDÀ¡Ä�áãi<{ � �l��
;�P�¢{®�w��	�n ¹ pp��3Ä�z�nj¼Di<{³¼´¾
ui = un−1

i + αi+1Zi+1 − αiZi
';�·�§�w�<�
)
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;©p ¹ zª½<pn ¹ z�n

TV (u) =
∑

i |Zi|
�»fhgji·Ã�pwpwâ·¼§{�vä¾�¼Dkm¼§Å§zlg«z<¾»¼§{ n ¹ p á�gjpq½�¼§ilÄ�¾»ÅDpwk1kÒz<¾

�ypâ·pwâ·ÄãÃ�p~ÆÞgjilk ';�·�§�w�<�
)£n ¹ z�n
Zi = Zn

i + αi+1Zi+1 + αi−1Zi−1 − 2αiZi.

;©pQ��gj¼§{�v n ¹ pän ¹ ¼§g�â©n�pqgjk ioÆ�n ¹ p¡g ¹ ¾n�i n ¹ p³ÅDpqÆ�n#	4njz��lpäz���¾ài<ÅDÄ�n�pÒ½�zoÅ§Ä�pw¾çzo{�â ¾�Ä�ki�½<pqg
i
n�iÒi
�·njzl¼D{³n ¹ pg�ps¾àÄ�ÅDnw�

$ {�ion ¹ pqg zlá�á�gji<zlÃ ¹ ¼§¾�{�pwpwâ·psâ³n�imi��·n�zo¼§{�A�xÕâ�¼Dkm¼§{�¼§¾ ¹ ¼§{�vmá�gjilá:pqg�n�¼§pw¾�ioÆ>¾�Ã ¹ pqkmp
';�·� 8;8
)��
Ü ß� �ØÚ<Ù É�Ð@ÍçÍsÑ�ÍsË�Û /�Ë·Ì�Ù Ë·ÍsÙ Ñ:Ð!Ì�É3ß�4ÛÞÍ
;©p �ãpwvl¼§{ �3Àäg�p#��g�¼Dn�¼§{�v '��·� 8;8 )yzl¾

F (Wi,j )−F (W n−1
i,j )

gij
= τ

∆x

[
ai+1,jD

i
i+1,jW − aijD

i
i,jW

]

+ τ
∆y

[
bi,j+1D

j
i,j+1W − bijD

j
i,j+1W

]
,

';�·�§�w�<�
)
� ¹ pwg�p

Di
ijW =

Wi,j−Wi−1,j

∆x , Dj
ijW =

Wi,j−Wi,j−1

∆y .
;©p ¹ zª½lp«n ¹ p~ÆÞilÅ§ÅDi���¼§{�v1ÅDpwk1kÒz�r

�)É3ÎÏÎØË - � � �3	�	�� � ���
Wn ¤���Þ�����q��¦W¶·�;� ���®�Á� 	 �������  �£���Þ� a � b ≥ δ > 0

�h�Þ���q�
τTV (Wn) ≤ C1ατ −

C2

α

∑

ij

1

gij

[
F (Wn

ij) − F (Wn−1
ij )

]
Wn∆x∆y,

';�·�§�w� 9 )
�×�������

C1
¥o�:�

C2 > 0
¥��@� �×�����j�

α > 0
�´� ¥��q¤q�����j¥�� �³¤q¶·� � �3�����

�y�j�w�à� �>;©p¡k Ä�Å¿nj¼Dá�Å§À �ãiln ¹ ¾�¼§â·ps¾�ilÆ=';�·�§�w�l� )(��¼¿n ¹
Wij
zo{�â

∆x∆y
��;'pä¾�Ä�k i�½lpwg

i
zo{ãâ

j
	:zl{�â zoá�á�ÅDÀ $ �ãpwÅ§¾#F:¾�Ä�kmkÒz�nj¼Di<{ ' $ � �
)�¼§{ n ¹ p g ¹ ¾B' ¼D{3n�pwvlg�z�nj¼Di<{��3À á�zlgàn�¾ ¼§{â·¼´¾jÃ�gjp�n�p�ÆÞi<g�k ) 	§�hº»¾�¼§{�v1n ¹ p �:ilÄ�{ãâ�zogjÀäÃ�i<{�â·¼Dn�¼§il{�¾ '

DijW = 0
) 	,�ypzogjg�¼§½lp�z�n

∑

ij

1

gij

[
F (Wn

ij) − F (Wn−1
ij )

]
Wn

ij∆x∆y

+ τ
∑

ij

[
a(Di

ijW
n)2 + b(Dj

ijW
n)2
]
∆x∆y = 0.

'����D�s�<�
)
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Â�i<g zog���¼¿njgjzlg�À
α > 0

' �,G·psâ ) 	«n ¹ p -yzlÄ�Ã ¹ À ¼§{�p��3Ä�zlÅD¼DnÁÀ Ãqzl{ �:p©Äã¾àpsâ 	»¼;� p<� |f | ≤
α
2 + 1

2αf
2 �&-)ilkB��¼D{�zon�¼§il{���¼¿n ¹ '��·�§�w�3��)éÅDpszlâ�¾ynji

∑

ij

[∣∣Di
ijW

n
∣∣+
∣∣∣Dj

ijW
n
∣∣∣
]
∆x∆y

'����D�s�l� )

≤ 1

2
α|Ω| + 1

2
α|Ω| + 1

2αδ

∑

ij

[
a(Di

ijW
n)2 + b(Dj

ijW
n)2
]
∆x∆y

≤ α|Ω| − 1

2αδ

1

τ

∑

ij

1

gij

[
F (Wn

ij) − F (Wn−1
ij )

]
Wn

ij∆x∆y,

� ¹ pwg�p=�yp�Äã¾àpsâän ¹ p�zl¾j¾�Ä�kmá·n�¼§il{
a, b ≥ δ > 0

�
�äÉ�ÎØË�Ì�� - � � � ��� èç���¢� �Þ��¥o�3���o�«¥y±@¶·������� ��¶���� ��� ±:�j�l¤q¦D� ���>�������q����� �m� 	 �������  �£�<�w���±:�j��¨s� �l�Ò¥��©�j¥�� � �é¥ �Ò�¢��±@����¨��ç¤��o¶·�:�l���o�:���j� �à�~�T�o�T¥o¦6¨ª¥o��� ¥��;� �����é�q��� � � � �m¥ ��� ����� �¤���¦§��� � � ��� �����·�´�¦D� � �Ò¥ �h����� �ç��¦D��¥o�����¥���¥�¦�¦4�o� � �q¶·¦W�;� ���ç¥o���´�q�é����� � ��¶·�»���j±����q¤��o¦W� ����T�¢±¡±����Þ���o� �m���³¤j�q� �é�j�q�

2
�o� ��¶���� ��� ���¢�T±:� �·���o� �×��� ��� ¥m�j����¶·¦W�)¥������ 	 ������� � ¡�´���@���¥�¨�¥���¦§¥l¤q¦D� �

�éÉ�ÎØÎÏË - �� � 	7- � � �q�
Wn ¤��m�����m�q��¦¿¶·��� �o� �Á�Ò¥ç±@¶·���ä�o� ��¶���� ��� ±@���l¤q¦D� � �l¤q�¢¥����:���¤ �
	 ����� �� � �×���q���

a
�
b ≥ δ > 0

� �@�����
TV (Wn) ≤ C1α+

C2

α

∑

ij

[
a(Di

ijW
0)2 + b(Dj

ijW
0)2
]
∆x∆y,

�×���q���
C1
¥o�:�

C2 > 0
¥��@� �×�������

α > 0
�´� ¥��q¤q�����j¥�� �ä¤q¶·� � ����� �

�y���s�Á� �«�«pq{�iln�p
αij = aijD

i
ijW

zl{�â
βij = bijD

j
ijW
� . Ä�ÅDn�¼§á�Å§À�¼D{�v �:ion ¹ ¾à¼´â·pw¾ioÆB';�·�§�w�<�
)=��¼Dn ¹

Wn
ij −Wn−1

ij

zo{ãâ
∆x∆y

	hzl{�âØ¾�Ä�kmkm¼D{�v'il{
i = 1, . . . , N1

zl{�â
j = 1, . . . , N2

vl¼§½lpw¾
∑

ij

F ′(ξij)

gij
(Wij −Wn−1

ij )2 =
τ

∆x

∑

ij

{
(αi+1,j − αij)

(
Wij −Wn−1

ij

)

+ (βi,j+1 − βij)
(
Wij −Wn−1

ij

)}
.

;©p)zoá�á�ÅDÀ $ �:pqÅ´¾#Fw¾�Ä�kmkmzon�¼§il{¼§{~n ¹ p)g ¹ ¾ '�n�z"��¼D{�v ¼D{ ' $ � ��)6il{�Ãqp
ai = αi+1,j

zo{ãâ~il{�Ãqp
aj = βi,j+1

)�� $ ¾D�ypÃ�il{ã¾à¼´â·pqg z ¹ ilkmilv<pq{�pwilÄ�¾ � pwÄ�kÒzo{�{�K>-<	 �yp ¹ zª½lp
αN1+1,j =

α1,j = 0 = βi,1 = βi,N2+1
' ¾�pqp¡n ¹ p �:pqv<¼D{�{�¼D{�v ioÆ�n ¹ ¼§¾1¾àpsÃ�nj¼Di<{*)�� t�psÃqzoÅ§Å§¼D{�v n ¹ z�n
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F ′ > 0
	 �yp~i��·n�zo¼§{

0 ≤ − τ

∆x

∑

ij

ai,jD
i
ijW

n
(
Di

ijW
n∆x−Di

ijW
n−1∆x

)

− τ

∆x

∑

ij

bi,jD
j
ijW

n
(
Dj

ijW
n∆x−Dj

ijW
n−1∆x

)
.

;©p{�i���Äã¾àp�n ¹ p¼§â·pw{3n�¼DnÁÀ
s(s− r) = s2

2 − r2

2 + (s−r)2

2 ,

ÆÞgjilk � ¹ ¼§Ã ¹ ¼Dn�ÆÞilÅ§ÅDi�� ¾)n ¹ z�n
∑

ij

(
ai,j

(
Di

i,jW
n
)2

+ bi,j

(
Dj

i,jW
n
)2
)

≤
∑

ij

(
ai,j

(
Di

i,jW
n−1
)2

+ bi,j

(
Dj

i,jW
n−1
)2
)
.

';�·�§�w���")

-)i<kB��¼§{�pwâ���¼Dn ¹ '����D�s�l�
)én ¹ ¼§¾�v<¼D½<pw¾yn ¹ pg�p �3Ä�¼Dgjpwâäg�ps¾àÄ�Å¿ns�
�»ion�p n ¹ zon«¼DÆO�ypçâ·i³{�ion~Ã�il{ã¾à¼´â·pqg�z ¹ i<kmilvlpw{�pqi<Ä�¾ �»pqÄ�kÒzo{�{8K>-<	�n ¹ p�K>- ��¼§ÅDÅzlÅ§¾�im¼D{��ãÄ�pq{�Ãqp�n ¹ p�z��ãi�½<p»njionjzlÅ6½�zogj¼§zon�¼§il{³g�ps¾àÄ�ÅDnw�

��� , ��� ��� � � � �#� � );�7� � ) � "%( $'� � � 	
;©pÄ�¾�p«n ¹ p~ÆÞilÅ§Å§i���¼D{�vm{�ilnjzon�¼§il{6r
[D∆x,∆y,∆t ◦ π ◦ Tδ,∆x,∆t ◦ π ◦ Tδ,∆y,∆t] v

n = [D∆x,∆y,∆t ◦ π ◦ Tδ,∆y,∆t] v
n

= D∆x,∆y,∆t ◦ πṽn+
1
2

= D∆x,∆y,∆t ◦ vn+
1
2

= vn+1,
';�·�§�w� �
)

t�psÃqzlÅDÅ@n ¹ z�n
F−1 ¼§¾ 
å¼Dáã¾�Ã ¹ ¼Dn�7�Ãqil{3n�¼§{�Ä�ilÄã¾+	�¾�i1n ¹ zon

(F−1)′(s) ≤ LiF
	 ∀|s| < L

	i<g#	 p �<Ä�¼D½�zoÅ§pq{3njÅDÀ
	
F ′(s) ≥ 1/LiF

� Kyp�ÆÞilgjpB�:pq¼§{�v z"��ÅDpçn�i}á�gji�½lp�n ¹ pm¼Dkmá:ilg�njzl{<n ���
�:ilÄ�{ãâ·pwâ·{�pw¾j¾+	,�yp~{�pqpsâ¡nji¡â·pH�ã{�p�zo{ zoÄ G·¼§ÅD¼´zogyÆÞÄ�{ãÃ�n�¼§il{å� ;'p~¼§{3n�gji�â�Ä�Ã�p

B(s) := sF (s) −
∫ s

0

F (z) dz.
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;©p ¹ zª½lp�n ¹ z�n
[F (u) − F (v)] u ≥ B(u) −B(v).

';�·�§�w�;8 )
�¢{�â·pwpwâ 	 {�ion�pçn ¹ z�n

[F (u) − F (v)] u = F (u)u − F (v)v − (u − v)F (v) ≥ F (u)u −
F (v)v−

∫ u

v
F (z) dz ≡ B(u)−B(v)

	�¾�¼D{�Ãqp
F (u)

¼´¾ykmil{�iln�il{�p ¼D{ãÃ�gjpwzl¾�¼§{�v��/;'p~zoÅ´¾�i¹ zª½<p
B(s) > 0

¼¿Æ
s > 0

	�zl{�â
B(0) = 0

	·zl¾E�ypqÅ§Å6zl¾
B′(s) = sF ′(s)

�&-)il{ã¾àp �<Ä�pq{3n�Å§À�	ÆÞilg 
×zo{�v<k Ä�¼§g4zl{�â Â�g�pwÄ�{�â·Å§¼´Ã ¹ zlâ�¾ài<g�á·nj¼Di<{��yp ¹ zª½<phn ¹ z�n
B′(s) ≤ LB

	 ∀|s| < L
�:;'p¾ ¹ zoÅ§Å@{�ion�Ä�¾�p»n ¹ ¼§¾�Å´zl¾àn�pw¾àn�¼§kmzon�p
	�z<¾)n ¹ p(�ãi<Ä�{�â·psâ·{�ps¾�¾yioÆ

B(s)
	 ∀|s| < L

	3ÆÞilÅ§Å§i���¼D{�vÆÞgjilk n ¹ p��:ilÄ�{�â�pwâ·{�ps¾�¾~ilÆ
F

	 ∀|s| < L
	C��¼§ÅDÅO�ãpä¾�Ä'�¡Ã�¼§pq{3n~ÆÞilg ilÄ�gá�Ä�g�á:i<¾�pw¾w��;'p¹ zª½<p«n ¹ p~ÆÞilÅ§Å§i���¼D{�v1Å§pqkmkÒz��

�éÉ�ÎØÎÏË - �� � 	 ��� �@���1¥j±<±:��� �<� �m¥o��� �o�'�q����� �m���l��¨ª�q�®¤ �
	 ����� � � ä��¥o���´� �y���
‖vn‖∞ ≤ C,

¥��@� ∫ t

0

TVxy(v∆t(t)) dt ≤ C,

�×���q���y�Þ�������������T¥o���
C
�´�é���@�l�¢±��q�:�<���ã�å�Á�)�����h�;±�¥l��� ¥o�:�«��� �Ò�����´�q�q�����;� �s¥��;� ���ä¥o�:�~���ã¦���l�¢±����@�ª�«���³�����~�l� �Ò¥���� ¥��@�ç�o�

a
�
b
� ‖v0‖∞

¥o�:� ‖v0‖∞ ��ê°�o������¨���� �
v∆t(x, y, t) =

vn(x, y)
�����

t ∈ (tn−1, tn)
�´� ¥~±:� �������£�´�q�m���������¢¥��ã�ã��¶·�:�q�;� ���°���

(x, y)
�

�y���s�Á� �<A ¹ pD�ãgj¾ành¼D{�p��3Ä�zoÅ§¼DnÁÀ�ÆÞilÅ§Å§i�� ¾hâ·¼§g�psÃ�n�Å§À�ÆÞgjilk 
6pwkmkmz���� ��� �~zl{�â 
6pwk1kÒz���� ��� � 	Ä�¾�¼D{�vçn ¹ p�
6¼§á�¾jÃ ¹ ¼Dn�7�Ã�i<{3n�¼§{3Ä�¼¿nÁÀ¡ilÆ
F−1 	�¼;� p<� ‖vn‖∞ < C‖F (vn)‖∞

�
Â�i<g�n ¹ pç¾àpsÃ�il{ãâ³¼§{�p �<ÄãzoÅ§¼¿nÁÀ
	,�)p~Ä�¾�p�
6pwkmkmz¡��� ���D�<��	 � ¹ pwg�p

Wn−1 ≡ vn+
1
2

	ãzl{�â�yp~zlá�á�Å§À8';�·�§�w�;8 )£njimvlp�n
τTV (vn+1)

≤ C1ατ − C2

α

∑
ij

1
gij

[
F (vn+1

ij ) − F (v
n+

1
2

ij )

]
vn+1

ij ∆x∆y

≤ C1ατ − C2

α

∑
ij

1
gij

[
B(vn+1

ij ) −B(v
n+

1
2

ij )

]
∆x∆y

= C1ατ − C2

α

∑
ij

1
gij

∫

Ωij

[
B(vn+1

ij ) −B(v
n+

1
2

ij )

]
dxdy

= C1ατ − C2

α

∑
ij

1
gij

∫

Ωij

[
B(vn+1

ij ) −B(vn
ij)
]
dxdy

+C2

α

∑
ij

1
gij

∫

Ωij

[
B(ṽn+

1
2 (x, y)) −B(vn

ij )
]
dxdy

+C2

α

∑
ij

1
gij

∫

Ωij

[
B(v

n+
1
2

ij ) −B(ṽn+
1
2 (x, y))

]
dxdy
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≤ C1ατ − C2

α

∑
ij

1
gij

∫

Ωij

[
B(vn+1

ij ) −B(vn
ij)
]
dxdy

+C2

α

∑
ij

1
gij

∫

Ωij

[
F (ṽn+

1
2 (x, y)) − F (vn

ij)
]
[ṽn+

1
2 (x, y)]dxdy

+C2

α

∑
ij

v
n+

1
2

ij

gij

∫

Ωij

[
F (v

n+
1
2

ij ) − F (ṽn+
1
2 (x, y))

]
dxdy.

A ¹ pÒÅ´zl¾àn~n�pwg�k z�n~n ¹ pÒg ¹ ¾~¼´¾ 7qpwg�i*	6zl¾�n ¹ ¼§¾�¼§¾p+G�zlÃ�njÅDÀ n ¹ pÒá�gji"�ÁpsÃ�nj¼Di<{ '���� ���%)���A ¹ pn ¹ ¼Dg�â°n�pqgjk Ãwzo{ �ãpmpw¾àn�¼§kÒz�njpwâ8�3À Äã¾à¼§{�v
F (‖vn‖∞) = ‖F (vn)‖∞ ≤ ‖F (v0)‖∞ =

F (‖v0‖∞)
¾àimn ¹ z�n ‖vn‖∞ ≤ ‖v0‖∞ = C‖F (v0)‖∞

�E. ilgjpqi�½<pqg%	·¼D{�½<i���¼D{�v 
åpqkmkÒz��� ��� ��' 
å¼Dá�¾jÃ ¹ ¼Dn�7�Ãqil{3n�¼§{�Ä�¼¿nÁÀä¼D{}n�¼§kmpioÆ×n ¹ p~njgjzl{�¾àá:ilg�n5)yzl{�â
g > ε

�yp(��{�â

τTV (vn+1) ≤
(
C1α+ C(‖F (v0)‖∞)

α

)
τ

− C2

α

∑
ij

∫

Ωij

1

g

[
B(vn+1

ij ) −B(vn
ij)
]
dxdy.

�»pHG�n#	,��Àä¾�Ä�kmkm¼D{�v1i<{
n
æ
� G�¼§{�v

α
zlg���¼Dn�g�zogjpqÅ§À<æ �yp~kmzªÀ³zogjg�¼§½lp~z�n

n∑

i=1

τTV (vi) ≤ C(‖F (v0)‖∞)T − C2

∑
ij

1
gij

[
B(vn

ij) −B(v0
ij)
]
∆x∆y

≤ C(‖F (v0)‖∞)T + C2

∑
ij

1
gij
B(v0

ij)∆x∆y

≤ C(‖F (v0)‖∞)T + C2
‖F (v0)‖∞‖v0‖∞

ε ‖Ω‖ ≤ C,

� ¹ pwg�p �yp1¾àn�¼§ÅDÅ£Äã¾àpsâ n ¹ pçÆ z<Ã�n�n ¹ zon
0 ≤ 1

gB(v) ≤ 1
g ‖F (v0)‖∞‖v0‖∞

�BA ¹ ¼´¾~¼§¾«n ¹ pgjp��3Ä�¼§g�psâägjpw¾�Ä�ÅDnw�
A ¹ pDA�x �:ilÄ�{�â·pwâ�{�pw¾j¾>á�gjilá:pqg�nÁÀ�ioÆ�
6pwk1kÒz�·� �·�§�w��Ãqzl{��ãp�gjpqá ¹ gjz<¾àpsâ zl¾4ÆÞi<ÅDÅ§i�� ¾w�

�)É3ÎÏÎØË - � � �3	���� �@���m¥�±l±:�j� �<� �m¥o��� �o�©������� �Ò�«�l��¨ª�q� ¤ �
	 ����� � ��Ò��¥o���´� �y���
∫ T

0

∫

Ω

|v∆t(x+ k∆x, y + l∆y, t)− v∆t(x, y, t)| dxdydt ≤ C(l∆x+ k∆y),';�·�§�l�s�
)
�×�������

C
����¦ � �<�T±��q�:�ª�ä�o�Ø�����¡�l� �m¥o��� ����

a
¥o�:�

b
�«¥��:�°��� ‖v0‖∞

¥��@� ‖v0‖∞ �ê°���j�j�o¨ª�q� �
v∆t(x, y, t) = vn(x, y)

���o�
t ∈ (tn−1, tn)

�´� ¥±:� �������£�´�q�Ò���������¢¥��ã�ã��¶·�@� ��;� ���'���
(x, y)

�
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;©ppw¾àn�¼§kmzon�pn ¹ p~n�ilnjzlÅ6½�zogj¼§zon�¼§il{}¼D{
t
�&;'p~n�z"�lp

t ∈ (tn, tn+1)
�yÂ�ilg n ¹ p ¹ À�áãpwg N

�:ilÅ§¼§Ã�zl{�â³n ¹ p á�g�i��ÁpwÃ�n�¼§il{ ¾Ánjpqá}n ¹ ¼§¾»g�ps¾àÄ�ÅDn ¹ z<¾ zoÅ§g�pszlâ·ÀQ�ãpwpq{ i���njzo¼§{�psâ �&�Tn«g�pwkmzl¼D{ã¾n�i¡Ãqil{�¾�¼´â·pqgyn ¹ pá�zog�z"�:ilÅ§¼§Ã«á�zlgàns�
�éÉ�ÎØÎÏË - �� � 	�� � �@���1¥j±<±:��� �<� �m¥o��� �o�'�q����� �m���l��¨ª�q�®¤ �
	 ����� � � ä��¥o���´� �y���

∫ T

0

∫

Ω

|v∆t(x, y, t+ kτ) − v∆t(x, y, t)| dxdydt ≤ C
√
kτ,

'����D�<�l� )
�×���q���

C
�o��¦��'�<�T±��q�:�ª�³�o� �Þ���}�l� �m¥o��� � ���

a
¥o�:�

b
¥��@�'�o� ‖v0‖∞

¥o�:� ‖v0‖∞ �ê°�������o¨ª�q� �
v∆t(x, y, t) = vn(x, y)

���o�
t ∈ (tn−1, tn)

�´�ç¥�±@� ���j� �£�´�q�Ò���������¢¥��ã�ã��¶·�:� ��;� ���°���
(x, y)

�
�y���s�Á� �M;©p«Ã�i<{�¾�¼§â·pwgéz�¾�kmi3iln ¹ ÆÞÄ�{ãÃ�n�¼§il{

φ
	�zo{ãâm¼¿n�¾éá�¼§pwÃqp+��¼´¾àp Ãqil{�¾ànjzl{3n)zoá�á�g�i G·¼§kmz"Nn�¼§il{

φh ≡ φ∆x,∆t = φij
	�ÆÞi<g

(x, y) ∈ Ωij
�D;'pçk Ä�ÅDn�¼§á�Å§À �ãiln ¹ ¾�¼§â�pw¾ ilÆM'����D�s�l�
) ��À

φij
zo{ãâ'¾�Ä�k Ä�á'i�½<pqg

i
zo{�â

j
�Òº»¾�¼D{�v}n ¹ pm{�ion�z�n�¼§il{ '����D�s� � )»zl{�â'zlá�á�Å§À�¼D{�v�' $ � �
) 	

�yp�v<p�n
∑

ij

∫

Ωij

1

gij

[
F (vn+1

ij ) − F (v
n+

1
2

ij )

]
φhdxdy

≤ τ

∣∣∣∣∣∣

∑

ij

[
aij [D

i
ijv

n+1]Di
ijφh + bij [D

j
ijv

n+1]Dj
ijφh

]
∆x∆y

∣∣∣∣∣∣

≤ τCmax (‖Dxφh‖∞, ‖Dyφh‖∞)TV (vn+1)

≤ Cτ‖∇φh‖∞TV (vn+1)

≤ Cτ‖∇φ‖∞TV (vn+1).
';�·�§�l�s�
)

� pwg�p
	*�yp�Ä�¾�pwâ}n ¹ p ps¾Ánj¼DkÒzon�p ‖F (vn+1)‖∞ ≤ ‖F (v0)‖∞ ≤ C
	�n ¹ p á�gjilá:pqg�n�¼§pw¾ ioÆ

azo{ãâ
b
	�zo{�âän ¹ p~Æ z<Ã�n�n ¹ z�n

φh → φ
ÆÞilg

τ → 0
	�â�g�i<á�á�¼§{�v ¹ ¼Dv ¹ pqg�i<gjâ·pwgyn�pqgjkÒ¾�¼§{

τ
�

;©p pw¾ànjz���ÅD¼´¾ ¹ �)psz"� 
å¼Dáã¾�Ã ¹ ¼Dn�7'Ã�il{3nj¼D{�Ä�¼DnÁÀÏ¼§{!n�¼§kmp'¾�¼Dkm¼§Å§zlg�Å§À z<¾Ò¼D{ � �<� 
 ' ��¼¿n ¹z'n�psÃ ¹ {�¼ �<Ä�p â·Ä�p}n�iØ|~gjÄ��+�<i�½,)�� �«Ä�p nji'n ¹ p ¾àn�gjil{�v 
6¼§á�¾jÃ ¹ ¼¿n�7 Ã�il{3nj¼D{�Ä�¼DnÁÀØioÆ«n ¹ p¹ À�áãpwg��:ilÅ§¼§Ã�i<áãpwgjzon�ilg�zl{�â¡n ¹ pá�gjilá:pqg�n�¼§pw¾�ilÆ×n ¹ p~á�g�i��ÁpwÃ�n�¼§il{C	C';�·� ���%)H	 �)p ¹ zª½<p»n ¹ z�n
∑

ij

∫

Ωij

1

gij

[
F (v

n+
1
2

ij ) − F (ṽn+
1
2 (x, y))

]
φhdxdy = 0,

'����D�<�w� )
zo{ãâ

∑

ij

∫

Ωij

1

gij

[
F (ṽn+

1
2 (x, y)) − F (vn

ij)
]
φhdxdy ≤ C‖φ‖∞τ.

';�·�§�l� 9 )
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-)i<kB��¼§{�¼§{�vn ¹ p»n ¹ g�pwp�¾àn�pwá�¾('��·�§�l�ª��)H	 ';�·�§�l�w� ) 	 '��·�§�l� 9 )H	3zl{�âÒgjpqá:pwz�nj¼D{�v�n ¹ p�zlg�v<Ä Nkmpq{3n�ÆÞi<g�n�¼§k1p�¾àn�pwá�¾

n, n+ 1, . . . , n+ k
	 �yp<�ã{�â 	

∑

ij

∫

Ωij

1

gij

[
F (vn+k

ij ) − F (vn
ij)
]
φhdxdy ≤ C‖φ‖∞kτ+C‖∇φ‖∞τ

k∑

i=1

TV (vn+i).

. Ä�Å¿nj¼Dá�Å§À�¼D{�v��3À
τ

	ã¾�Ä�kmk1¼§{�vmil{
n

	,�yp~vlp�n
∫ T

0

∫

Ω

1

g
[F (v∆t(x, y, t+ kτ)) − F (v∆t(x, y, t))]φdxdydt ≤ C(‖φ‖∞+‖∇φ‖∞)kτ,

��À 
åpqkmkÒzm��� ���D�s��� - ¹ zo{�vl¼§{�v1n ¹ p�¾�Ä�kmkÒz�n�¼§il{���À¡¼§{<njpqv<gjzlÅ§¾#	�pqgjg�i<gj¾yzogjp~¼D{3n�gji·â·Ä�Ãqpwââ·Ä�p�n�i{�Ä�kmpqgj¼´ÃqzoÅ�â�¼J!@pqgjpq{3n�¼´z�nj¼Di<{�'Þpl� v��
gij
gjpqá�Å´zlÃqpwâ��3À

g(x, y))
�P� i��ypq½lpwg#	ªn ¹ pw¾�p�vlinji 7wpqgjiçz<¾

∆x → 0
� � i�� 	·Å§p�n

ωh
�:pz1¾�kmi�ion ¹ kmilÅ§ÅD¼I��pqgE��¼Dn ¹ ¾àÄ�á�áãi<gàn�¼§{

[−h, h]3 	â·p+��{�p
ψ = sgn(v∆t(x, y, t+ kτ) − v∆t(x, y, t)),zl{�â°¾�p�n

φ = ωh(x, y, t) ∗ ψ ��13n�zo{�â�zog�â zogjvlÄ�kmpw{<n�¾M�ãzl¾�pwâ Ä�áãi<{ n ¹ p1á�g�i<áãpwgànj¼Dps¾»ilÆ
ωh
zoÅ§ÅDi��
Ä�¾yn�i���gj¼¿njp�	�¾�pqp � �l� 	#93��


∫ T

0

∫

Ω

1

g
|F (v∆t(x, y, t+ kτ)) − F (v∆t(x, y, t))| dxdydt ≤ C(h+

1

h
)kτ ≤ C

√
kτ,';�·�§�l�ª��)

� ¹ pwg�p
h =

√
kτ
� t pwÃqzlÅDÅ«n ¹ z�n

v∆t
¼´¾Q�:ilÄ�{�â·pwâ6� º»¾�p n ¹ p Æ zlÃ�nän ¹ z�n

TV (v) ≤
C TV (F (v))

	/'
F ′(v) ≥ 1

C

)H	�zo{�â³{�iln�¼´Ã�p�n ¹ zon
g < C

�P;©p�Ã�i<{�Ã�Å§Ä�â·p�n ¹ z�n
∫ T

0

∫

Ω

|v∆t(x, y, t+ kτ) − v∆t(x, y, t)| dxdydt ≤ C
√
kτ .

';�·�§�l�w� )

��� , ��� � � � );�7� � � �
A ¹ p©Ã�i<{3½<pqgjvlpw{�Ã�p ilÆn ¹ p®¾àp �3Ä�pq{�Ãqp

(v∆t(x, y, t))
ÆÞilg

∆t → 0
ÆÞilÅ§ÅDi�� ¾¡ÆÞg�i<k�n ¹ pt�¼§pw¾�7HN¢Â�g �wÃ ¹ p�n N¢|«ilÅ§k1i<vli<g�i�½©n ¹ pqilgjpqk 	�¾àpwp $ á�áãpw{�â·¼IG $ 	=A ¹ pqi<g�pwk $ � �·� �·� ;*¼¿n ¹n ¹ ¼§¾MA ¹ pqi<g�pwk �)pÃwzo{ ¾Án�z�n�p<r

�)É3ÎÏÎØË - �� � 	 ����� �
∆t → 0

���Þ���q� �������j�¡���<�´�����m¥}��¶�¤������q¶����@���
vνj (x, y, t)

�Á�1�Þ����q����¶��q�:���
v∆t(x, y, t)

��¶���� �Þ��¥o�
vνj → v

���o�
j → ∞ ���

L1,loc(Ω × I)
�

Ω × I =

(x(1), x(2)) × (y(1), y(2)) × (0, T )
�
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�y���s�Á� � 
6pwkmkmz �·� �·�§�w�!¼§kmá�ÅD¼§pw¾°n ¹ z�n
v∆t(x, y, t)

¼§¾'Ä�{�¼DÆÞilgjkmÅDÀ �:ilÄ�{�â�pwâ ��Â�gjilk

6pwkmkmz¡��� ���D� 9çzl{�â �·� �·�§�s� ¼¿n�ÆÞi<ÅDÅ§i�� ¾)n ¹ zon
∫ T

0

∫

Ω

|v∆t(x+ k∆x, y + l∆y, t+m∆t) − v∆t(x, y, t)| dxdydt

≤ C(k∆x+ l∆y +
√
m∆t),

A ¹ Ä�¾@n ¹ péÃ�i<{�â·¼Dn�¼§il{~ioÆ3n ¹ péÃ�i<k1áãzlÃ�nj{�pw¾j¾ Ã�gj¼Dn�pqgj¼§il{~¼D{�n ¹ pét�¼§pw¾�7HN¢Â�g �wÃ ¹ pqn N¢|»i<ÅDkmi<vlilgji�½n ¹ pqilgjpqk ¼§¾~¾jz�n�¼´¾ ��pwâ ��-)il{�¾�p��3Ä�pw{3n�Å§À�	 n ¹ pqgjpçp+G·¼§¾ànj¾z}¾àÄ ��¾àp �3Ä�pq{�Ãqp
vνj (x, y, t)

n ¹ z�nÃ�i<{�½lpqgjvlps¾hnji¡¾ài<kmp
v(x, y, t)

¼§{
L1,loc(Ω × I)

�
�äÉ�ÎØË�Ì�� - �� � � � ¯m��� �»±���¥���� �w������>��¥l�q�£����¥��£�Þ��������ã¨ª�q���3���@�j���´�«���

L1,loc(Ω× I) ��q�ç�:���Þ�������Ò��¥�� ¤j�»�q¥�� �Ò�o�³�Þ����¨�¥�¦¿¶���Á�
v
�o�}�Þ���~¤���¶·�@�l¥o� � � �@��� �é�j¥sµ)����� �1¶·¦D¥��;� ���

	 ����� ��°�l�s���m�:�o� �:�����}�Þ���Ò¨�¥�¦¿¶��ä�Á�
v
�o�Ø�Þ���¡¤���¶·�@�l¥o� � ��¥ª�Ò����¦ �

v0
¥��:�

v0 �)�o��¨������¶·�:�q�;� ����� �ç¥�±l±��j¥o� ��� �Þ���°¤j�o¶·�:�<¥�� �©�T�q� � � �Á�³����� �é��¥wµm���o� �ç¶·¦D¥o��� �o��� �:�����j� ���o��� ��Þ���´� �é��¥wµ«����� �1¶·¦D¥��;� ���'�´�ç���������´���¢���ã� �£���Þ� ��¶·� ¥�±l±@���w¥<�j�ç���o�y±:���o¨w�����}���o��¨������3�q�:��� �
Kyp�ÆÞi<g�pÒÃ�i<{3n�¼§{3Ä�¼D{�v*	 �ypm{�pqpsâ z³kmi<g�pmpqÅ´z"�:ilg�z�njpwâ°ÆÞÄ�{�Ã�n�¼§il{®n ¹ zo{

v∆t
	:� ¹ ¼´Ã ¹ ¼§¾á�¼§pwÃqp+��¼´¾àpÃ�i<{3n�¼§{3Ä�ilÄ�¾�¼§{}n�¼§k1p<�P;'p�â�pH��{�p

vν(x, y, t)
zl¾

vν(x, y, t) =

{
Tδ,∆y(2(t− tk))vk(x, y), t ∈ [tk, tk+1/2)
D∆xy,∆t(2(t− tk+1/2))v

k+1/2(x, y), t ∈ [tk+1/2, tk+1)

� ¹ pwg�p
vk ¼§¾�n ¹ p³¾ài<ÅDÄ·nj¼Di<{®i��·n�zo¼§{�pwâ®z�n n�¼§k1p

tk
zl{�â

vk+1/2 = πTδ,∆y(2(tk+1/2 −
tk))vk(x, y) = πṽk+

1
2 (x, y)

	>��¼Dn ¹
k = 0, . . . , N − 1

��Â�Ä�g�n ¹ pwg�kmilgjp�	
tk+1/2 =

(tk+1 − tk)/2
�L;'p ��gj¼Dn�p

τk = tk+1 − tk
�$ Å§Å·n ¹ p gjpw¾�Ä�Å¿n�¾>i��·n�zo¼§{�pwâçÆÞi<g

v∆t
zlg�p�zoÅ´¾�i�½�zlÅD¼´âçÆÞilg

vν
�/;©p {�i��Ïá�g�i�½<pEA ¹ pqilgjpqk�·� �·�§��	on ¹ p Ãqil{�½lpwg�v<pq{�ÃqpéioÆ:n ¹ p ¾ài<ÅDÄ·nj¼Di<{çi
�·njzl¼D{�pwâ ��À�ilÄ�g£i<áãpwgjzon�i<g>¾�á�Å§¼¿n�n�¼§{�vkmp�n ¹ i·ân�imn ¹ p½lpwg�À��ypwz��ä¾�ilÅ§Ä·n�¼§il{�'���� �o�
)éioÆD'��·� ��� )��

�������������
	���������������������� 
6pwkmkmz �·� �·�§�w�³Ã�Å´zo¼§kÒ¾ n ¹ z�n~n ¹ p1¾�p��3Ä�pw{�Ã�p {vν}∆t>0Ã�i<{�½lpqgjvlps¾×n�i ¾�ilkmp
v(x, y, t)

�PAåi�Ãqilkmá�Å§p�njp�n ¹ p»Ãqil{�½lpwg�v<pq{�Ãqp)á�g�i�ioÆ:ÆÞilghn ¹ p»¾�á�Å§¼¿n�n�¼§{�vá�gji·Ã�pwâ�Ä�g�p
	�¼Dn«¼´¾�{�i�� ¾àÄ �ÒÃq¼Dpw{3n�n�iä¾ ¹ i��
n ¹ zon n ¹ ¼´¾ Å§¼§k1¼Dn«¼´¾�n ¹ p�½<pqgjÀ �)psz"�}¾ài<ÅDÄ·nj¼Di<{
'���� �o�
))ioÆ>á�gji���Å§pqk '��·� ��� )��


6pqnçÄ�¾mÃqil{�¾�¼§â�pqg�njpw¾ànçÆÞÄ�{�Ã�nj¼Di<{�¾
φ(x, y, t) ∈ C∞(Ω × I)

	O��¼¿n ¹ Ã�i<kmá�zlÃ�n1¾�Ä�á Ná:ilg�nä{�pwzlgÒn ¹ p ilÄ·n ��i�� �ãi<Ä�{�â�zlg�À<� $ n¡n ¹ p ¼§{���i�� �ãi<Ä�{�â�zlg�À
	
y = y(2) 	E�yp ¼§k�Ná:i<¾�p

∂yφ
∣∣
y=y(2) = 0

zo{�â zon»n ¹ pç{�i"N ��i��@�ãi<Ä�{�â�zlg�À��yp ¼§k1á:i<¾�p
∂xφ

∣∣
x=x(1) = 0 =

∂xφ
∣∣
x=x(2)

� Â�Ä�g�n ¹ pqgjk1i<g�p
	 �ypÒg�p �3Ä�¼Dgjp
φ(x, y, T ) = 0

��A ¹ p¡½�zogj¼§zon�¼§il{�zlÅ>ÆÞilgjk Ä�Å´z�Nn�¼§il{ ¼´¾�n ¹ pq{°vl¼§½lpq{ ��À�'��·� ��� )��E;©p�{�pqpsâ}n�iä¾ ¹ i�� n ¹ z�n n ¹ p�Å§¼Dkm¼Dn»ÆÞÄ�{�Ã�n�¼§il{
v(x, y, t)¾jz�n�¼´¾ ��pw¾ ';�·� ���
)��L;'pÄ�¾�p�n ¹ p¼´â·pszl¾yÆÞgjilk �§�w�,	�� � 
T�
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;©p��ãpwvl¼§{ ��¼Dn ¹ n ¹ pmn�g�zo{�¾�áãi<gàn~á�zlgàn~ÆÞilg

t ∈ (tk, tk+
1
2
)
	×zo{ãâ'Ãqil{�¾�¼§â�pqg~n ¹ p1{�p+�

½�zogj¼´z"��Å§p
z = 2(t−tk)

	<zo{ãâ�n ¹ p zlÃwÃ�ilkmá�zl{�À3¼§{�v»n�g�zo{�¾àÆÞilgjkÒz�n�¼§il{çioÆãn ¹ p�njpw¾àn£ÆÞÄ�{�Ã�nj¼Di<{
φ(x, y, z) = φ(x, y, z

2 + tk)
��;'gj¼Dn�p³ÆÞilgjkmzlÅDÅ§À

vν(u, v, t) = vk
T (2(t − tk))

	O� ¹ pqgjp
vk
T (t) = Tδ,∆y(t)v

k(x, y)
�L�¢{n ¹ pyÃqil{�¾�¼´â·pqgjpwâ~nj¼Dkmpy¼D{3njpqgj½ªzlÅ 	

vν
¼§¾×n ¹ p)p+G�zlÃ�n>¾ài<ÅDÄ�n�¼§il{ilÆ»n ¹ p³njgjzl{�¾�áãi<gànmá�gji���Å§pqk ';�·� �;�")B��¼Dn ¹ ¼D{�¼¿nj¼§zlÅ Ã�il{ãâ·¼¿nj¼Di<{Øn ¹ p á�¼§pwÃ�p#��¼§¾�p Ã�il{ã¾Án�zo{3nÆÞÄ�{ãÃ�n�¼§il{

vk 	£zl{�â���¼¿n ¹ ¼§{���i��"Ã�i<{�â·¼Dn�¼§il{
v(x, y(2), t) = v0(x, y(2), t)

��A ¹ pqgjp�ÆÞi<g�p
	
�ypÃqzo{���gj¼¿njp

∫

Ω

∫ t
k+

1
2

tk

(
1
2

F (vν)

g
∂tφ− vν∂y (hφ)

)
dΩ dt

=

∫

Ω

∫ τk

0

(
F
(
vk
T (z)

)

g
∂zφ− vk

T (z)∂y

(
hφ
)
)
dΩ 1

2
dz

= 1
2

∫

Ω

F
(
vk
T (z)

)

g
φ

∣∣∣∣
z=τk

z=0

dΩ − 1
2

∫ τk

0

∫ x(2)

x(1)

hvk
T (z)φ

∣∣∣∣
y=y(2)

y=y(1)

dz

= 1
2

∫

Ω

F
(
ṽk+

1
2

)

g
φ(t

k+
1
2
) dΩ − 1

2

∫

Ω

F (vν(tk))

g
φ(tk) dΩ

− 1
2

∫ tk+1

tk

∫ x(2)

x(1)

hv0(x, y(2), t̃)φ(
t̃− tk

2
+ tk) dx dt̃,

= 1
2

∫

Ω

F
(
ṽk+

1
2

)

g
φ(t

k+
1
2
) dΩ − 1

2

∫

Ω

F (vν(tk))

g
φ(tk) dΩ

− 1
2

∫ tk+1

tk

∫ x(2)

x(1)

hv0(x, y(2), t̃)φ(t̃) dx dt̃+ O(∆t2).
';�·�§�l� �")

Â�ilg n ¹ p Å§z<¾Án p �3Ä�zoÅ§¼¿nÁÀ
	=�)p Ä�¾�pwâ
t̃ = 2(t − tk) + tk

	�zl{�â
φ ∈ C1(Ω × I)

¾ài
φ( t̃−tk

2 + tk) = φ(t̃) + O(∆t)
ÆÞilg

t̃ ∈ (tk, tk+1)
�8A ¹ p¡pwg�gjilg vli�pw¾�n�i?7wpqgji 	>pq½<pq{zoÆ�n�pqg ¾�Ä�kmkÒz�nj¼Di<{}i�½<pqg

k
'Þ¼;� p<� ∑

k(∆t)2 → 0
) 	�¾�i��)pÃqzl{}â�g�i<áän ¹ ppqgjg�i<gyn�pqgjk �

;©pØ{�i�� n�Ä�gj{ ilÄ�g'z�nànjpq{3n�¼§il{ nji!n ¹ p â·¼J!@Ä�¾�¼Di<{ á�zog�n i�½lpwg n ¹ pØn�¼§k1pÏ¼D{3n�pwg�½�zlÅ
(t

k+
1
2
, tk)

��¼Dn ¹ ¼§{�¼¿nj¼§zlÅ�Ã�il{ãâ·¼¿nj¼Di<{
vk+1/2 � A ¹ ¼§¾mÃqilgjg�ps¾àá:il{�â�¾�nji©¾jÃ ¹ pqkmp�'����D�s�l�
)��

Â�ilg¾à¼§kmá�Å§¼§Ãq¼¿nÁÀ°¾�p�n
∆x+ = ∆x− = ∆x

zo{�â
∆y+ = ∆y− = ∆y

� . Ä�Å¿nj¼Dá�Å§À?�:ion ¹¾�¼§â�pw¾ ilÆ>'��·�§�w�<�
) ��¼Dn ¹
φij = φ(xi, yj , tk)

	@zo{�â°¾àÄ�k�i�½lpwg
i
zo{�â

j
� º»¾�¼D{�vÒn ¹ p1¾Án�zo{ N
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â�zlgjâ³{�ion�z�nj¼Di<{ ';�·�§�w� � )ézl{�â
φk+1

ij = φ(xi, yj , tk+1)
	 �)p~vlpqn�n ¹ zon

I :=

N1∑

i=0

N2∑

j=0

[
∆x∆y

gij

F (vij) − F (v
k+

1
2

ij )

τk
φij

− φij

(
ai+1,j

vi+1,j − vij

∆x
∆y − ai,j

vi,j − vi−1,j

∆x
∆y

)

− φij

(
bi,j+1

vi,j+1 − vij

∆x
∆x− bi,j

vi,j − vi,j−1

∆y
∆x

)]
= 0.

;©p�gjpwzlg�g�zo{�vlp�n ¹ pM��g�¾àn)njpqgjk�	·zl{�âäzlá�á�Å§À $ �ãpwÅ F ¾�¾�Ä�kmkmzon�¼§il{�' $ � ��))il{¡n ¹ p~Å´zl¾ànén��yin�pwg�kÒ¾w� A ¹ ¼´¾�zoÅ§ÅDi�� ¾)n�i���gj¼Dn�p

I =

N1∑

i=0

N2∑

j=0

∆x∆y

gij


−

φk+1
ij − φij

τk
F (vij) +

F (vij)φ
k+1
ij

τk
−
F (v

k+
1
2

ij )φij

τk




+

N1∑

i=1

N2∑

j=0

φij − φi−1,j

∆x
ai,j

vi,j − vi−1,j

∆x
∆x∆y

+

N1∑

i=0

N2∑

j=1

φij − φi,j−1

∆y
bi,j

vi,j − vi,j−1

∆y
∆x∆y = 0,

'����D�<���
)

� ¹ pwg�p �yp~Ä�¾àpsâ
a0,j = aN1+1,j = 0 = bi,0 = bi,N2+1

�ãpsÃqzlÄ�¾àp~ilÆ×n ¹ p ¹ i<k1i<vlpw{�pqi<Ä�¾
� pwÄ�kÒzo{�{ �:ilÄ�{�â�zogjÀ�Ã�il{ãâ·¼¿nj¼Di<{6� ;©p�zov3zo¼§{çzoá�á�ÅDÀ $ �ãpwÅ F ¾£¾�Ä�kmkmzon�¼§il{çil{�n ¹ p�¾àpsÃ�i<{�â
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zl{�â¡n ¹ ¼§gjâ â·i<Ä,��Å§p�¾àÄ�k ioÆD'��·�§�l� �
)H	<njiÒi��·n�zo¼§{

I =

N1∑

i=0

N2∑

j=0

∆x∆y

gij


−

φk+1
ij − φij

τk
F (vij) +

F (vij)φ
k+1
ij

τk
−
F (v

k+
1
2

ij )φij

τk




−
N1∑

i=2

N2∑

j=0

(
ai,j

φij − φi−1,j

∆x
− ai−1,j

φi−1,j − φi−2,j

∆x

)
vi−1,j

∆x
∆x∆y

−
N1∑

i=0

N2∑

j=2

(
bi,j

φij − φi,j−1

∆y
− bi,j−1

φi,j−1 − φi,j−2

∆y

)
vi,j−1

∆y
∆x∆y

+

N2∑

j=0

aN1,j
φN1,j − φN1−1,j

∆x

vN1,j

∆x
−

N2∑

j=0

a1,j
φ1,j − φ0,j

∆x

v0,j

∆x

+

N1∑

i=0

bi,N2

φi,N2 − φi,N2−1

∆y

vi,N2

∆y
−

N1∑

i=0

bi,1
φi,1 − φi,0

∆y

vi,0

∆y
= 0.

';�·�§�l� 8 )

A ¹ pçÆÞilÄ�g�¾�¼D{�vlÅ§pç¾�Ä�kÒ¾«Ãqil{3njzl¼D{ ½�zlÅDÄ�ps¾»ilÆhilÄ�g~¾�ilÅ§Ä·n�¼§il{
v
i<{ n ¹ p �:ilÄ�{�â�zogjÀl�=A ¹ pw¾�pnjpqgjkm¾£zlg�p�zoÅ§Å 7qpwg�i«ÆÞilg£¾�Ä'�¡Ã�¼§pq{3n�Å§À ¾�kÒzoÅ§Å

∆x
	
∆y
�/A ¹ p

bi,N2

njpqgjkÕ½�zo{�¼´¾ ¹ pw¾L�:pwÃwzoÄ�¾�pilÆ
∂yφ = 0

i<{än ¹ pilÄ�n ��i�� �ãi<Ä�{�â�zlg�À��:pwÃwzoÄ�¾�p~ioÆån ¹ p�Ã�i<kmá�zlÃ�n�¾�Ä�á�á:ilg�n�n ¹ pwg�p ��n ¹ piln ¹ pwg��¡n�pqgjkÒ¾�½ªzl{�¼´¾ ¹ �:pwÃwzoÄ�¾�p ilÆhn ¹ p��:ilÄ�{ãâ�zogjÀ Ã�il{ãâ·¼¿nj¼Di<{�¾«¼Dkmá:i<¾�pwâ i<{
φ
z�n�n ¹ piln ¹ pwgD�ãi<Ä�{�â�zlg�¼§pw¾w�L;'p~n ¹ pqgjp�ÆÞi<g�p ¹ zª½lp

I =

N1∑

i=0

N2∑

j=0

∆x∆y

gij


−

φk+1
ij − φij

τk
F (vij) +

F (vij)φ
k+1
ij

τk
−
F (v

k+
1
2

ij )φij

τk




−
N1−1∑

i=1

N2∑

j=0

(
ai+1,j

φi+1,j − φi,j

∆x
− ai,j

φi,j − φi−1,j

∆x

)
vi,j

∆x
∆x∆y

−
N1∑

i=0

N2−1∑

j=1

(
bi,j+1

φi,j+1 − φi,j

∆y
− bi,j

φi,j − φi,j−1

∆y

)
vi,j

∆y
∆x∆y = 0.

'����D�ª�o� )

KyÀ¡gjpqi<gjâ·pw{�¼§{�v njpqgjkÒ¾+	�kçÄ�ÅDn�¼§á�ÅDÀ�¼§{�v���À
τk

	 ��g�¼Dn�¼§{�v1ÆÞilgjkÒzoÅ§ÅDÀ
vν(u, v, t) = vk

D(2(t−
tk))

	C� ¹ pqgjp
vk
D(t) = Dδ,∆x,∆y(t)v

k+
1
2 (x, y)

	 '��·�§�s�l�
)»Ãqzo{8�ãpm¾�pqpq{®zl¾�zo{©zoá�á�g�i G·¼IN
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kÒz�nj¼Di<{}ilÆån ¹ pp��3Ä�zlÅD¼DnÁÀ
∫

Ω

∫ τk

0

[
F (vk

D(z))

g
∂zφ(z) + vk

D(z)
(
∂xa∂xφ(z) − ∂yb∂yφ(z)

) ]
dΩdz

=

∫

Ω

F (vk
D(τk))

g
φ(τk) dΩ −

∫

Ω

F (vk
D(0))

g
φ(0) dΩ,

'����D�ª�·�%)
KyÀØá�z<¾�¾�¼D{�v°ÆÞgjilk ';�·�§�s�l�
)�n�i '����D�ª�·�%)H	épwg�gjilg�¾çzlá�á:pwzog1n ¹ z�näzlg�p â·Ä�p}n�i {�Ä�kmpwg�¼´ÃqzlÅâ·¼I!:pwg�pw{3n�¼´z�n�¼§il{©zo{�â'¼§{<njpqv<gjzon�¼§il{ ¼§{°nj¼DkmpÒzo{ãâ°¾�á�zlÃqpl���»i��)pw½lpwg#	ãn ¹ ps¾àpmpwg�gjilg�¾ v<iänji
7qpwg�i z<¾

∆t → 0
	×zlÅ§¾�i z�Æ�njpqg�¾�Ä�kmkmzon�¼§il{®il{

k
� A ¹ pwg�pqÆÞilgjp�	C�ypÒ{�pwpwâ©{�ion Ãqil{�¾�¼´â·pqgn ¹ pqk�ÆÞÄ�gàn ¹ pqgs� $ ¾ z1Å´zl¾àn ¾Ánjpqá �)p~gjp+��gj¼¿njp�'��·�§�s���%))zl¾

∫

Ω

∫ tk+1

t
k+

1
2

[
1
2

F (vν(t))

g
∂tφ(t) + vν(t) (∂xa∂xφ(t) + ∂yb∂yφ(t))

]
dΩdt

= 1
2

∫

Ω

F (vν(tk+1))

g
φ(tk+1) dΩ − 1

2

∫

Ω

F (vk+
1
2 ))

g
φ(t

k+
1
2
) dΩ.

'����D�ª�l�
)
-)ilk���¼§{�¼D{�v�n ¹ pén��)i»g�ps¾àÄ�ÅDnj¾ ��À~z<â�â·¼§{�vB';�·�§�l� ��) zo{ãâ�'��·�§�s�<��):ÆÞi<g

k = 0, . . . , N−1
	

�yp~zlg�gj¼§½lp~z�n
∫ T

0

∫

Ω

(
1
2

F (vν)

g
∂tφ− χT (t)vν∂y (hφ)

+ χD(t)vν(t) [∂xa∂xφ(t) + ∂yb∂yφ(t)]

)
dΩ dt

= 1
2

∫

Ω

F (vν(T ))

g
φ(T ) dΩ − 1

2

∫

Ω

F (vν(0))

g
φ(0) dΩ

+ 1
2

n−1∑

k=0

∫

Ω

[
F (ṽk+

1
2 ) − F (vk+

1
2 )
] φ(t

k+
1
2
)

g
dΩ

− 1
2

∫ T

0

∫ x(2)

x(1)

hv0(x, y(2), t)φ(t) dx dt.
'����D�ª�o�
)

� pwg�p
	
χT (t)

zo{ãâ
χD(t)

zogjp~Ã ¹ zog�zlÃ�njpqgj¼§¾àn�¼´Ã�ÆÞÄ�{�Ã�nj¼Di<{�¾ â·p+��{�pwâ z<¾

χT (t) =

{
1
ÆÞilg

t ∈ ∪k [tk, tk+1/2)
0
ion ¹ pqg���¼§¾�p , χD(t) =

{
1
ÆÞi<g

t ∈ ∪k[tk+1/2, tk+1)
0
iln ¹ pwg���¼´¾�p

.
,
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;©p ¹ zª½lp�' �§�w� 	�� � 
 )

χT (t)
zl{�â

χD(t) ⇀
1

2

¼§{
L2(0, T )

ÆÞi<g
∆t→ 0

t�psÃqzlÅDÅéÆÞÄ�gàn ¹ pqg n ¹ zon�n ¹ p¡n�ps¾ÁnçÆÞÄ�{�Ã�n�¼§il{
φ

�yz<¾�Ã ¹ i3¾àpw{Ø¾ài z<¾n�i'¾�zon�¼´¾ÁÆÞÀ
φ(T ) = 0

�
. i<g�pwi�½lpwg#	�ÆÞilg

∆t → 0
'
n → ∞ )H	@n ¹ p1á�gji"�ÁpsÃ�n�¼§il{°pqgjg�i<g g�pwá�gjpw¾�pq{3n�psâ���À³n ¹ pçn ¹ ¼§gjânjpqgjk il{³n ¹ pg ¹ ¾�ilÆ ';�·�§�s�o� ) 	�njpq{�â�¾ynji�7qpwg�iã�LA ¹ ¼§¾�á�gjilá:pqg�nÁÀÒÆÞi<ÅDÅ§i�� ¾)ÆÞg�i<k

1
2

N−1∑

k=0

∫

Ω

[
F (ṽk+

1
2 ) − F (vk+

1
2 )
] φ(t

k+
1
2
)

g
dΩ

= 1
2

N−1∑

k=0

∑

ij

∫

Ωij

[
F (ṽk+

1
2 ) − F (v

k+
1
2

ij )

] φij(tk+
1
2
)

gij
dΩ

+ 1
2

N−1∑

k=0

∑

ij

∫

Ωij

[
F (ṽk+

1
2 ) − F (v

k+
1
2

ij )

] [φ(t
k+

1
2
)

g
−
φij(tk+

1
2
)

gij

]
dΩ

= I1 + I2.

KyÀ³n ¹ p1â·pH��{�¼¿nj¼Di<{ ioÆ>n ¹ p á�gji"�ÁpsÃ�n�¼§il{ 	:'���� ���%)H	 �yp ¹ zª½lp~n ¹ z�n
I1 ≡ 0

	 ∀k �»Â�ilg I2 �ypÃwzo{ Ä�¾�pn ¹ pç¾�k1i�iln ¹ {�ps¾�¾ ioÆ
φ
zo{�â

g
	
g > ε

	 
6pwkmkmz³�·� �·� �mzo{�â 
åpqkmkÒzä�·� �·�§�w� 	·n�ii
�·njzl¼D{
I2 ≤ 1

2

N−1∑

k=0

∫

Ω

∣∣∣∣F (ṽk+
1
2 ) − F (v

k+
1
2

ij )

∣∣∣∣
[‖∇φ‖∞

ε
+

‖φ‖∞‖∇g‖∞
ε2

]
∆x dΩ

≤ 1
2

N−1∑

k=0

C∆t TV (F (ṽk+
1
2 ))∆x ≤ C∆x.

;©p {�i�� á�z<¾�¾�n�i¡n ¹ p Å§¼§k1¼Dn
∆t → 0

¼D{ ';�·�§�s�l�
) 	*��¼¿n ¹
∆t = C∆x

�(A×z���¼D{�vä¼D{3n�iz<ÃqÃ�i<Ä�{3n n ¹ p1Ãqil{�½lpwg�v<pq{�ÃqpioÆ
vν
nji
v
¼§{
L1,loc(Ω × I)

	 �yp���{ãzoÅ§ÅDÀ i���njzo¼§{ n ¹ z�n�n ¹ pÅ§¼Dkm¼Dn�ÆÞÄ�{�Ã�n�¼§il{
v
¾jz�n�¼´¾ ��pw¾ ';�·� ���
)��

�³É3ÎÏË·Ì � - � � �3	 � 	�� Ð4Ù � 4É�Ð×É�ßsß � � �ç¥�¨s���3�}±@����¨����Ï�����ã¨ª�q���3���@���°�Á� �o¶·� ¥�±l±:�j� �<� �
�Ò¥��;� ���©�q�j��� �Ò�1�¢�³¥³¨���� � �é�j¥sµä�q��¦W¶·�;� ���Ø�Á��	 ����� �  � �é� �Ò¥ � ¥l�l�o�����j�1����� ��¶�������� �o��à�¶·��� �q¶����@����� � ¯m�ç��¥��'�����������¢�}���Þ���q� �é����µ����T�~±�¥o����¦ �³¥������é�q���Þ���´� �q¶������;� ��� 	;¦¿�Dµl�
� � � � � ���  � � ���ç�o¶·�y±:���<¤�¦§� ���é¶·��� �q¶��q�:���j� �à� ¥ä�o�:� �à��� �Ò������� �o�:¥o¦×¨�������� �o�®�à� 	 ����� �  ������é�q¨ª�q� �£���Þ�}���Þ���q� ���4� �å��¥���¤������ ±:���o¨ª���ç��� � � � � � � � �Ò� �é����µ��¥���¥�¦W���Ò¤����q� �<���:���� � � � � ���×�@�l�q�m¥ ����¥o���Þ����� �Ò¥��;� ���

w = F (v)
� �é�}��¥��Ï¥�¦W��� ���������Ò�¢� � � � � �«¥��«¦D��¥ª���

�×�����
Ω = R

d �
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�äÉ�ÎØË�Ì�� - �� � 	5	 	 �)ÙÞÊ>ßwÚªÖ4ÙÞÍ��!Ú<ÑãÐ@ÍsÙ Ð 4ÙÞÍ�Ý Ë�Ð��"Ú åÍ �jÑ52�� �� ������ ¤��;�l�����ã���3�Ø�à��Þ���´� �@���q��� �o� � �é���@���¢���m����¥�� �é��:�����m�¢�m���T�l¶·¦D¥���� �s�
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gε
�)�q¨ª�q� ���×���q���±��ª��������¨�� � � � �Þ��� �<¤��¢¥����@�j�'¨���� � �é��¥wµ°�q��¦W¶·�;� ��� �´�¡��� ��¥l�q������ä¨��q� � �é��¥wµ �q��¦W¶·�;� ����Á�ä���·�´�¡���T�o¶·¦§¥���� �s���Ò±@���l¤q¦D� ���

(vε)
�  �j���o���������©�T� � � � �Ò�Þ���q��� ���<�´��� �³¥ ��¶�¤��q���q¶����@�j�

{εj}j>0
��¶���� �Þ��¥��

(vεj )
�´� �é��¥wµo¦��³�����ã¨ª�q���3���ã�é���'¥�±l±:�j�j±:��� ¥o�T����¶·�@���;� ��� ��±�¥l����� ¥��:��Þ���ä¦W� �ç���~�´�Ò�Þ���ä¨ª�q� � �é��¥wµ �q��¦W¶·�;� ���!�Á�Ò�Þ���}�����¿�l���:¥o¦6±@���l¤q¦D� � 	 ����� �  � ¯m� ��¶·���Þ���q������q¶·�������®����� � � ±ã�q������� �'���o���;����¶·��� � �à�

F−1 � � �}�Þ���´�°�����@�����;� �����´� �:�o�)��¶·¦ �é¦�¦D��� �é�
�Ò¥ ��±�¥ª�����T�1¥ç���T�o¶·¦D¥o��� �s¥��;� ��� 	Á�T���6������j¥��q��Á� � ���q¶·�:��¦¿� �j� ¥<�ª�q���;±@��� �o�

p > 1
� �×���q���

F ′(0) = 0
 �  �<¥o��� �~¥©�����ã¨ª�q���3���ã�»��¶�¤������q¶����@���³��¥��!¤��»���o¶·�:� �������ã¨ª�q���l���3�'�T� �����¨���� � �é��¥sµm�q��¦¿¶·��� �o�©�Á������� �����¿�l���:¥o¦�±@���l¤q¦D� ��� � � � � �

��� , ��� � " � � 	�� � � � " �
	 ���#��" � ) � � 	 " � � � � �7" �0) � & � ���#� � �
�Tn�¼´¾~¼Dkmá:ilg�njzo{3n~n�i Ãqilkmkmpq{3nil{'n ¹ pÒgjpqÅ´z�nj¼Di<{��:p�n��ypqpq{��:ilÄ�{ãâ�zogjÀ Ã�i<{�â·¼Dn�¼§il{�¾zl{�ân ¹ p ilá:pqg�z�n�i<g1¾�á�Å§¼¿n�n�¼§{�v kmp�n ¹ i·â � $ ¾1Æ zlg¡zl¾ �)p ��{�i�� 	&�ãi<Ä�{�â�zlg�ÀÏÃqil{�â�¼¿nj¼Di<{�¾Òzogjpg�zogjpqÅ§À Ãqil{�¾�¼´â·pqgjpwâ°¼D{©á�gjpq½�¼Di<Ä�¾(�)i<g��·¾»ÆÞilg�Ãqil{�½lpsÃ�n�¼§il{,NTâ·¼I!@Ä�¾à¼§il{°p��3Ä�z�nj¼Di<{�¾~zo{�â°ilá Npqg�z�njilg}¾àá�Å§¼Dnàn�¼§{�vãr®n ¹ p©zoÄ·n ¹ ilg�¾¡Å§¼Dkm¼Dn³n ¹ pqkÒ¾�pqÅ§½lps¾Òn�iÏn ¹ p -yzoÄ�Ã ¹ À á�gji���Å§pqk � A ¹ pgjpwzl¾�il{äÆÞilgyn ¹ ¼§¾�gjpw¾àn�gj¼´Ã�n�¼§il{ä¼§¾yn ¹ pÅDi·ÃwzoÅ Ã�i<{3½<pqgjvlpw{�Ã�p«i��·n�zo¼§{�pwâQ��¼¿n ¹ t ¼Dps¾ 7+NTÂ�g �sÃ ¹ p�n�N|«ilÅ§k1i<vli<g�i�½ Ãqilkmá�zlÃ�n�{�ps¾�¾�n ¹ pwilgjpqk ��A ¹ ¼´¾1â·i�pw¾ç{�ionçzlÅDÅ§i�� n�i©Ã�il{ã¾à¼´â·pqg n ¹ p³ÅD¼§km¼¿nÆÞÄ�{�Ã�n�¼§il{ i<{ n ¹ p��:ilÄ�{�â�zogjÀl� � pw{�Ã�p
	ã�«¼Dgj¼§Ã ¹ ÅDpqn«zo{�â �»pqÄ�kÒzl{��:ilÄ�{�â�zogjÀ³Ãqil{�â�¼¿nj¼Di<{�¾+	
� ¹ ¼´Ã ¹ zogjpÒÃ�ilkmkmil{�ÅDÀ©Ã�il{ã¾à¼´â·pqgjpwâ'¼§{ØÃ�il{�½<pwÃ�nj¼Di<{ N¢â·¼J!@Ä�¾�¼Di<{'á�g�i
��ÅDpwkÒ¾+	4zogjp¡â·¼&�¡ÃqÄ�Å¿nn�i��:p ¹ zl{�â·Å§pwâ �

. i3¾Án°á�g�i
��ÅDpwk�¼D{ n ¹ pÏÅ§¼Dn�pqg�z�njÄ�gjpÏzogjpØá�Ä�gjpqÅ§À ¹ À3á:pqg��:ilÅ§¼§Ã i<g'zlg�pÏâ�pqvlpw{�pqg�z�njpá�zlgjz��ãi<ÅD¼´Ã»p �3Ä�z�nj¼Di<{�¾+	�gjp��3Ä�¼§g�¼§{�vçn ¹ p~¼§{3n�gji�â�Ä�Ã�nj¼Di<{³ilÆ×pq{3njg�i<á3À¡¾�ilÅ§Ä·nj¼Di<{�¾q�LA ¹ ¼´¾�Ã�i<k�Ná�Å§¼§Ãwz�njpw¾£n ¹ p»¼§{�ÃqÅDÄ�¾�¼§il{mioÆC�:ilÄ�{ãâ�zogjÀçÃqil{�â·¼Dn�¼§il{ã¾q�>Â�i<g)zo{mi�½<pqgj½3¼§p+� ioÆ@n ¹ p»â·¼ �¡Ã�Ä�ÅDn�¼§pw¾
��¼Dn ¹ �»¼§g�¼´Ã ¹ Å§p�n=KD-y¾~zl{�â ¹ À�áãpwg��:ilÅ§¼§Ãçá�gji���Å§pqkÒ¾#	:¾�pqp �§�s� 
T��A ¹ pçâ�¼&�¡Ã�Ä�Å¿nj¼Dps¾Ã�il{ãÃ�pqgj{n ¹ pçÆ z<Ã�n�n ¹ zon~n ¹ pÒÃ ¹ zlgjz<Ã�n�pwg�¼´¾àn�¼´Ãq¾ kÒzªÀ ¼§{<njpqg�¾àpsÃ�n

∂Ω
ÆÞg�i<k�n ¹ p1¼D{3njpqgj¼Di<g#	 ¾�Ä�Ã ¹ n ¹ z�nn ¹ p&�:ilÄ�{ãâ�zogjÀÃ�il{ãâ·¼¿nj¼Di<{ â·i�pw¾×{�iln ¹ i<Å§â áãi<¼D{3n���¼´¾àpéÆÞilg>zoÅ§Ålnj¼Dkmpw¾w�:A ¹ ¼§¾>zogjvlÄ�k1pw{3n ¹ zl¾Å§pwâ1Ä�¾>nji~Ãqil{�¾�¼´â·pqghâ·¼I!@pqgjpq{3n>nÁÀ3á:pw¾hioÆ*�:ilÄ�{�â�zogjÀ Ãqil{�â·¼Dn�¼§il{ã¾>il{çn ¹ p�¼§{���i�� �ãi<Ä�{�â�zlg�Àzo{ãâ³i<{än ¹ pilÄ�n ��i�� �ãi<Ä�{�â�zlg�À<�

Kyp�ÆÞi<g�p~Ã�i<{<nj¼D{�Ä�¼§{�v*	 �)p~kmpq{3n�¼§il{}n ¹ z�n»¾�á�Å§¼¿n�n�¼§{�vmk1pqn ¹ i·â�¾»zogjp~zlÅ§¾�i1Ä�¾àpsâ}¼D{ Ã�i<k�N��¼§{�z�nj¼Di<{Q��¼Dn ¹ g�psâ·Ä�Ã�nj¼Di<{Òn�i���� �·¾#	3zlÅDÅ§i���¼§{�v�n ¹ p«Äã¾àp«ioÆ×¾�ilÅ§Ä·n�¼§il{äk1pqn ¹ i·â�¾)ÆÞi<g���� �·¾
' . p�n ¹ i�â°ioÆ 
å¼D{�ps¾�)��<. ÄãÃ ¹ �)i<g�� ¹ z<¾M�:pqpw{°â·il{�p�n�i³¼D{ãÃ�ilgjá:ilg�z�n�p �:ilÄ�{�â�zogjÀ Ã�il{ãâ·¼JNn�¼§il{ã¾�¼D{³n ¹ ¼§¾ ¾�p�n�n�¼§{�v���¼Dn ¹ ¾àá:pwÃq¼J�:Ã=�ãi<Ä�{�â�zlg�À¡Ãqilgjg�psÃ�n�¼§il{än�psÃ ¹ {�¼ �<Ä�pw¾#	�¾àpwppl� v�� � � 8�
T�

�¢{Øi<Ä�gçÃwzl¾�p�	E'��·� ��� )~¼´¾çz áãzog�z"�:ilÅ§¼§Ãmp �<Äãz�n�¼§il{ 	>zl{�â®n ¹ pQ�ypwz�� ÆÞilgjk Ä�Å§zon�¼§il{ØÃqzl{�:p1gjpwz<â·¼§ÅDÀ i
�·njzl¼D{�psâ ��;©p ¹ zª½lpmzQ��{�i���{C	 �,G·psâ°½<pqÅ§i�Ãq¼¿nÁÀ���pwÅ§âC	åzoÅ§ÅDi���¼§{�vän ¹ pm¼´â·pq{ Nn�¼I�ãÃwz�n�¼§il{ ioÆ�{�i"N ��Ä G2�:ilÄ�{�â�zogj¼§pw¾#	h¼D{ ��i�� zo{ãâÏi<Ä·n ��i�� �ãi<Ä�{�â�zlg�¼§pw¾w�2�¢{!z°v<pq{�pwgjzlÅ� N¢��¾�p�n�n�¼§{�v n ¹ ¼´¾�¼´¾{�i Å§il{�vlpqg~n ¹ p¡Ãqz<¾àp<� �TÆ�il{�p¡Ãqil{�¾�¼´â·pqg�¾«ÆÞilg�¼§{�¾ànjzo{ãÃ�pmn ¹ p¡p��3Ä�z"Nn�¼§il{
∂tu + ∇f(u) − ∆u = 0

	>¼Dkmá:i<¾�¼D{�v'z {�i"N ��i�� �:ilÄ�{�â�zogjÀ Ã�i<{�â·¼Dn�¼§il{ ¼´¾ kmilgjp
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Ãqilkmá�Å§¼§Ãwz�n�psâ �LA ¹ pqgjp�ÆÞi<g�p
	<zo{Òi<áãpwgjzon�i<gé¾àá�ÅD¼Dnànj¼D{�v k1pqn ¹ i·âÒ¼´¾){�ionéi<á·n�¼§kÒzoÅ�ÆÞilgév<pq{�pwgjzlÅnÁÀ�á:pw¾yioÆ/�ãi<Ä�{�â�zlg�ÀÒ½�zoÅ§Ä�p�á�gji���Å§pqkÒ¾w�/�¢{³ilÄ�g�Ãwzl¾�p�	3n ¹ p~½<pqÅ§i�Ãq¼¿nÁÀ ��pwÅ§â}zo{ãâ���Ä,GÒÆÞÄ�{�Ã Nnj¼Di<{1¼´¾£¾�Ä�Ã ¹ n ¹ z�n �ãi�� �:ilÄ�{�â�zogjÀ�Ã�il{ãâ·¼¿nj¼Di<{�¾D'Þ¼§{���i�� ��ilÄ·n ��i�� �ª{�i"N ��i��M) zogjp�¾�zon�¼´¾��ãpwâ¼§{�â·pwáãpw{�â·pq{3n ilÆ×n ¹ p½�zoÅ§Ä�p~ioÆ

u
�$ ¾6¾àpwpq{C	ª¾�ilkmph¾àá:pwÃq¼§zlÅ"�:ilÄ�{�â�zogjÀ»Ã�i<{�â·¼Dn�¼§il{�¾6Ãwzo{=�:péÃ�i<{�¾à¼´â·pwg�psâM� ¹ pw{�zyá�zog�z"�:ilÅ§¼§Ãp �<Äãz�n�¼§il{mÅ§¼I�<p�'���� �o�
)×¼§¾é¾ài<ÅD½<pwâ ��À ilá:pqg�z�njilg£¾�á�ÅD¼Dnànj¼D{�v�ioÆ:n ¹ p n�g�zo{�¾�áãi<gànhzl{�âmâ·¼J!@Ä�¾�¼Di<{á�zlgàns�>A ¹ p��ãgj¾àn njz<¾ �}¼´¾�n ¹ p ¼§{�Ã�Å§Ä�¾�¼Di<{ ioÆ£n ¹ p�¼D{�¼¿nj¼§zlÅ4Ãqil{�â·¼Dn�¼§il{ ¼§{ n ¹ pB�ypwz��¡ÆÞilgjk Ä,NÅ´z�nj¼Di<{6�>. ilgjpqi�½<pqg%	 �)p ¹ zª½lp�á�g�i�½<pwâän ¹ zon�zo{ z<â·½lpsÃ�nj¼D½<p¼D{��ãÄ G��ãi<Ä�{�â�zlg�À Ã�i<{�â·¼Dn�¼§il{Ãwzo{ zoÅ´¾ài��:p�Ã�il{ã¾à¼´â·pqgjpwâ6�:;©p�Ãqzl{ ¾ànjzon�p�n ¹ p~ÆÞilÅ§ÅDi���¼§{�v�r

%~Ì�ÑãÊéÑãßsÙÞÍsÙ Ñ:Ð - �� � 	��� �����ã¨ª���q��� �o���à�o� ��¶���� ���ç±:���<¤�¦§� � �q��¦¿¨ª���m¤ �m�j±����j¥��¢��� �;±@¦W�����;���3��à�«�Þ�����;��¥o���;±��o���é¥��@�Ò��� ��¶���� ���Ò±�¥o��� � �£���Þ� ¥¬������ �q¦D�q� ���!��¨����~�Þ���~��� �����*¤j�o¶·�:�<¥�� ��o¶·�����3�'���j¥����;±������ ��¥��@�'¥}��� �m�j�<�q�:���o¶��çè �q¶��m¥o��� ��� ��¶·������� �Þ���}��� � ¶���� �o� ������� ������;±��o�:��� �T� ¥ �����ã¨ª���q��� �o���à�o� ��¶���� ���}±:�j�l¤q¦D� � �£�����©¥��Ø¥<��¨��j�q�;��¨ª�¡��� �y¶�� ��� 	 �1� ������ �j±�� ä��¨�����Þ��� ��� ��� ��¤j�o¶·�:�<¥�� � �
A ¹ ¼´¾yÆÞilÅ§Å§i�� ¾�â·¼DgjpwÃ�n�Å§ÀÒÆÞgjilk"n ¹ pá�gji3ilÆ×ilÆLA ¹ pwilgjpqk ��� ���D�<�

�³É3ÎÏË·Ì � - � � �3	#- � � ±��q��¥o�T�o� �;±:¦W���;�������Ø�´� �Ò¥����ã¦��Ø¶��q���®�¢�Ï��¨��q����� �Ò�°�Þ���®�o� � �q¶·¦���;� ��� �o¶����¢�m�Þ���1�l� �1���:¥o����������¨������;� ��� � �:�·�´�ç�l� �ç���@¥����������ã¨ª���q��� �o�®�o¨ª�q���������� �����¤���¶·�@�l¥o� �}� �»±:¦¿� ���Ò� �é�}���·���3�o� � � ������� � �Þ���ä��� �»�q���q�:���ä¤��q� �é���q�Ï¥Ò¬������ ����¦D�q� ��� ¥��@��Þ���ç¥l��¨������;��¨�� ��� �y¶�� ��� �£��¦�¦×¤��� �Ò¥�¦�¦4¥ª�~����� ��� � ¶���� �o�Ò±�¥����)�´� �1¶��j�}� �Ò¥�¦�¦§����Þ��¥o��Þ��� ���o��¨��j�q�;��¨ª�ç±�¥���� � � ���j�o�:��¦ � �ç�l� �1���:¥o���ç���o��¨��j�q�;� ������¨��q�³�Þ��� ��� �����"¤j�o¶·�:�<¥�� �
�£��¦�¦ �Ò¥wµ<�m���4±�� �ª��� �j¥o¦�¦�� ¨���� � ��� �!�q¶·¦W� �¢�ä� �»±:¦§� �Ò���ã�«¥Ò¬ ����� �j�·¦D��� ��� ���Ø¥}����¥�¦h�����±������ �Ò�q��� � � � �Ò�������j�<¤�¥l��µ �Ò�j����¥o���´� � �´�1�:�����l��� ����¶��j�®¥��m���q¶·��¦W� ¤�����¶�� �l���q���;±:�;� ����¢�«�3¥��j¥����¢���«�����y¬ ����� ����¦D�q� ��� � � �o� ����� ±@���l¤q¦D� � � �h¥�� ¥l��¨������;��¨��~��� �y¶�� ��� ¥�±l±���¥�����¢�ä¤�� �m������¥j±<±:����±:��� ¥��¢� �
�³É3ÎÏË·Ì � - �� � 	 ��� �@���³¥l¤���¨��ä���o����� �l�q��¥��;� ���Ï� � ±@¦W� ���m�Þ��¥�� �»¥�¦W�Þ���o¶l�s�®�����Ò��� ��¶���� ������¢�T± ��¥ª�«��� �m�j�<�q�:���o¶���èç��¶��Ò¥��ã� ���*¥��:�Ò���h�´���Þ���¦D¥ª���h���¢�T±©�à������� �j±��q��¥��¢�����;±:¦W��� ��;���3� �×�Þ���«������¶·¦W��������¦¿� �ç������¶·�@���;� ��� �£��¦�¦ã�@���h�l¤�� �ç¥��� �Ò�j�<�q�:����¶��)èç��¶��Ò¥��ã� ��� �>¤q¶·��´�Ò�Þ�����é�j¥sµ �q�o¦W¶·��� �o� �£���Þ�Ï¥<��¨������;��¨ª�³��� �)¶������ � �@�·�´�¡�´�¡���o�����´���T�q��� �£����� �����»��¥<����Þ��¥o� �é�~��¥o¨ª�m���ã¦��ä�����ã¨ª�q���3���@�j� ���

L1,loc
�T�q������� �

�³É3ÎÏË·Ì � - �� � 	��$� �@���Ø¥<��¨��j�q�;��¨ª�Ø��� �y¶�� ���������������;±��o�:�ª�'��� ¥ ±@¶·��� ���j±��q�q¤j�o¦W� �±@���l¤q¦D� � �¢� ¥«¬������ ����¦§��� ��� 	
a = 0 = b

 � �@�·¶�� �£���@� �´��¦D����¢����ã���j�w�o¶��������ç¤���¶·�@�l¥o� ��q���;���j± �1�����@�����;� ����� � �@���´�~�j¥o� ¤j�¥o¨ª�o� �l���m��� ��¶·�~¥j±l±@���s¥l��� � � � �é��¨��q� �4�Þ���«�q��¦¿¶·��� �o��à� �Þ���»����¥o���;±�������±�¥o���£�<�w��� �q¥��;�´�Þ� ���:�o�h����¦ � 	 ����� � 1¤q¶·�>¥o¦ �q�ç�q���;���j± �ç�����@�����;� ����� �4�q�j�
� � � � � � � �

A ¹ p«¾àpsÃ�il{ãâ1nÁÀ3á:p ilÆ K>-Ïn ¹ z�n)â�i3ps¾h{�iln)v<¼D½<p�á�g�i
��Å§pqkÒ¾£¼´¾)z �»pqÄ�kÒzl{�{��ãi<Ä�{�â�zlg�ÀÃqil{�â·¼Dn�¼§il{}i�½lpwg�zç{�i"N ��i�� �:ilÄ�{�â�zogjÀl�
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%~Ì�Ñ�Ê)ÑãßsÙÞÍsÙ Ñ:Ð - �� � - �  èç��¶��Ò¥��ã�®¤��o¶·�:�l¥o� �}�����@�����;� ���Ï�o¨ª�q�1¥³�:� � ����� ¤��o¶·�:�l¥o� �� �»±:¦W� ���©�@� �)¶��*�o¶·�����3�!�Þ���©�;��¥o���;±��o����±�¥o��� � ¥��:� �Þ��� èç��¶��Ò¥��ã� �����o¶·�����3� �Þ������ � ¶���� �o�¡±�¥���� �
A ¹ p ¹ ilkmi<vlpq{�pqilÄã¾ � pwÄ�kÒzo{�{8�ãi<Ä�{�â�zlg�À Ãqil{�â�¼¿nj¼Di<{ ÆÞilgz ¹ À�á:pqg��ãi<ÅD¼´Ã � � �°¼D{©zvlpw{�pqg�zoÅ ¾�p�n�n�¼§{�v ¹ zl¾E�:pqpw{ Ã�il{ã¾à¼´â·pqgjpwâä¼D{ â·pqnjzl¼DÅ6¼§{ �D�ª� 	��<��

�Tn)gjpqkÒzl¼D{�¾£n�içÃqil{�¾�¼´â·pqg£n ¹ p»i<Ä·n �ãi�� �:ilÄ�{�â�zogjÀl�>�«Ä�g�¼§{�vnjgjzl{�¾�áãi<gành{�iB�ãi<Ä�{�â�zlg�ÀÃ�i<{�â·¼Dn�¼§il{ ¼´¾»Ãqil{�¾�¼§â�pqgjpwâ 	*� ¹ ¼DÅ§pçâ�Ä�g�¼§{�v¡â·¼I!@Ä�¾à¼§il{'z ¹ ilkmi<vlpq{�pqilÄã¾ � pqÄ�kmzl{�{�K>-�¼§¾njz��lpw{6�4Â�g�i<k t�pwkmzlg��1�·� �·�§�w�<�)p�â·psâ·Ä�Ã�p�n ¹ z�n>n ¹ p�ÅD¼§km¼¿nj¼D{�v~ÆÞÄ�{�Ã�nj¼Di<{���¼DÅ§Å·{�ilné¾�zon�¼´¾ÁÆÞÀz ¹ i<kmilvlpw{�pqi<Ä�¾ �»pqÄ�kÒzo{�{ KD-<	3zl¾é¼§¾ég�p �<Ä�¼Dgjpwâ ��À n ¹ p»i<g�¼§vl¼§{�zlÅ�á�gji���Å§pqk '��·� ��� )��/;'pzogjp�{�ionhÃqil{�Ãqpqgj{�pwâ���¼¿n ¹ n ¹ ¼´¾hÃ�i<kmá�ÅD¼´Ãqzon�¼§il{m¾à¼§{�Ãqp �yp�Ã�i<{�¾à¼´â·pwghâ·ilkm¼§{�zo{3nhÃ�i<{3½<pwÃ�n�¼§il{zo{ãâä¼Dn»¾àpwpqkÒ¾�â·¼ �¡Ã�Ä�ÅDn�n�imá ¹ À·¾à¼´ÃqzlÅDÅ§À¡¼§kmáãi3¾àpz ¹ ilkmi<vlpq{�pqilÄã¾ �»pqÄ�kÒzo{�{ K>- z�n�n ¹ pilÄ�n ��i��� A ¹ pwg�p³¼§¾1{�i8�ãpqnàn�pwgÒzoÅDn�pqgj{�zon�¼§½lp¡ÆÞi<g n ¹ p}ilÄ·n ��i�� K>-�¼D{ '��·� ��� )�� $ ÆÞg�pwpilÄ�n ��i�� KD-<	·z<¾�¼§¾�¼§kmá�ÅDpwkmpq{3n�psâQ��ÀÒn ¹ pilá:pqg�z�njilg�¾àá�Å§¼Dnàn�¼§{�vmkmp�n ¹ i·â 	�¼´¾�g�pszl¾�il{�z���ÅDp
	zo{ãâ ¹ zl¾ån ¹ pyz<â·½�zo{3njzlvlp£n ¹ z�n×n ¹ pyilÄ·n ��i��®¼§¾4{�iln4z"!:psÃ�n�¼§{�v»n ¹ p�¾ài<ÅDÄ�n�¼§il{C	 � ¹ ¼´Ã ¹ �yilÄ�Å´â

�:p n ¹ pçÃwzl¾�pB��¼Dn ¹ zäg�pszoÅ �à{�i�N ��i�� ���:ilÄ�{ãâ�zogjÀ}Ãqil{�â�¼¿nj¼Di<{6�M�¢{°Æ zlÃ�n%	:n ¹ pçilgj¼Dv<¼D{�zlÅ:K>-¹ z<¾>ÅD¼§km¼¿njpwâÒ¾�pq{�¾�p�zl¾>¼DnéÃ�il{ ��¼§Ã�nj¾L��¼Dn ¹ n ¹ p�á ¹ À�¾�¼´ÃqzoÅ·kmpszo{�¼§{�v~ioÆãn ¹ p�p+G3njgjz<Ã�nj¼Di<{��ypqÅ§Å��
� i��ypq½<pqg%	�n ¹ p�KD- Ãwzo{?�:p1¼D{3n�pwg�á�g�pqn�pwâ°zl¾»ÆÞilÅ§ÅDi�� ¾wr�g�i<Ä�v ¹ ÅDÀ ¾àá:pwz���¼D{�v

b(x, y)∂yv +
h(x, y)v = h(x, y)vout

	yzl{�âØn ¹ p Ã�i<{�½lpwÃ�n�¼§il{ ¼§¾Òâ·i<km¼D{�zl{3n#	
h >> b

� A ¹ pqgjp�ÆÞilgjp�	
v ≈ vout

	 ¹ pw{�Ã�p
∂yv ≈ 0

�

È}ÙÞÌ�Ù ÚªÖ4Û É3Í
���Ë�Ð�� Ð4ÑãÐ �jÖ4Ñ:ÎØÑ5�:É�Ð×É�Ñ�×ß � É<4ÎØË�Ð4Ð ��
�Tn~¼§¾«zo{ i<áãpw{ á�gji���Å§pqk �)pqn ¹ pwg«i<g»{�iln�z¡�«¼§g�¼´Ã ¹ Å§p�n(K>-
i<g»{�i<{ N ¹ ilkmilv<pq{�pwilÄ�¾ �»pqÄ NkÒzo{�{�K>-ÏÆÞilg�z Ã�i<{�½lpwÃ�n�¼§il{ N¢â·¼I!:Äã¾à¼§il{Òá�gji���ÅDpwk Ãwzo{ �:p�¼Dkmá�Å§pqkmpq{3njpwâ ��¼Dn ¹ zo{³ilá:pqg�Nz�njilgé¾�á�Å§¼¿n�n�¼§{�v kmpqn ¹ i·â �PA ¹ p»Ãqilkmkmil{���zªÀ�n�i ¼Dkmá�Å§pqkmpq{3n�z��»¼§gj¼§Ã ¹ Å§p�n KD- �yilÄ�Å´â �ãpn�iäg�p �<Ä�¼DgjpzÒ�»¼§g�¼´Ã ¹ Å§p�n<K>-�â·Ä�gj¼D{�vmn�g�zo{�¾�áãi<gàn»zl{�â â·Ä�gj¼D{�v¡â·¼J!@Ä�¾�¼Di<{6�EA ¹ ¼§¾M��¼DÅ§Ååv<¼D½<pz}Ã�il{�½<pwÃ�nj¼D½<p zo{ãâ zäâ·¼I!@Ä�¾à¼§½lp���Ä G i�½<pqg»n ¹ p1¼D{ ��i��� $ ¾~¾àpwpq{C	 zä{�il{ N ¹ i<k1i<vlpw{�pqi<Ä�¾
� pwÄ�kÒzo{�{ K>- i�½lpwg«z³á�zog�n«ilÆhn ¹ p �:ilÄ�{�â�zogjÀ�� ¹ pqgjp n ¹ pqgjp ¼´¾�{�i³½<pqÅ§i·Ã�¼DnÁÀQ��pwÅ§â 'Þ{�i
��Ä GÏÆÞilgçn ¹ p}n�g�zo{ã¾àá:ilg�nçá�zlgàn ) Ãwzo{ �ãp ¼§k1á�ÅDpwk1pw{3n�pwâ ¼§{Øn ¹ p}i<áãpwgjzon�i<gç¾�á�ÅD¼Dnànj¼D{�v ��Ànjz���¼D{�v³n ¹ ¼§¾ K>- i<{�ÅDÀ ÆÞi<g�n ¹ pÒâ·¼I!:Äã¾à¼§il{©á�zog�nw�ç�»Ä�gj¼§{�vänjgjzl{�¾�áãi<gàn~{�i KD- ¼§¾~{�pwpwâ·psâi�½lpwg�zç{�i"N ��Ä GQ�:ilÄ�{ãâ�zogjÀl�

$ �«¼Dgj¼§Ã ¹ ÅDpqn�K>-"i�½<pqgÒz®{�i"N ��Ä G �ãi<Ä�{�â�zlg�À
	)i<g¡z � pwÄ�kÒzo{�{ K>-�i�½lpqgÒz ��Ä,G N�:ilÄ�{�â�zogjÀ�	li<g)z�t i���¼§{mnÁÀ�áãpMK>- � ¹ ¼´Ã ¹ ¼´¾h{�ilnéioÆ@n ¹ p«zlâ�½lpwÃ�n�¼§½lp ��Ä,GçnÁÀ�á:p�	 �)i<Ä�Å§âÒzlÅDÅ¼§k1á�ÅDÀ�â·¼ �¡Ã�Ä�ÅDn�¼§pw¾×ÆÞi<g>zl{�ilá:pqg�z�njilg4¾àá�Å§¼Dnàn�¼§{�v~zoá�á�g�i3zlÃ ¹ 	��ÁÄ�¾àn>z<¾6n ¹ p ¹ zo{�â�ÅD¼§{�v»ilÆ�n ¹ pw¾�pnÁÀ�áãps¾éilÆ K>-Ï¾àn�¼§Å§Å:v<¼D½<p�g�¼´¾�p n�i kmzl{�Àçi<áãpw{¡á�gji���Å§pqkÒ¾£ÆÞi<g ¹ À�á:pqg��ãi<ÅD¼´Ã�á�gji���Å§pqkÒ¾w� �«{�pÃqzl{�zogjvlÄ�p ¹ i��)pw½lpqg6n ¹ zonån ¹ pw¾�p£nÁÀ�áãp)ioÆ,K>-y¾åzogjph{�iln6n ¹ pékmi<¾ànåá ¹ À·¾à¼´ÃqzlÅDÅ§À�g�pszl¾�il{�z���ÅDp<�
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Â4¼§vlÄ�gjpä�·�§�w��r�-)ilkmá�Ä�njz�nj¼Di<{�zoÅévlgj¼§â©¼§{ -yzog�n�pw¾�¼´zo{ Ã�i�ilg�â·¼§{�z�njpw¾�ÆÞi<g p��3Ä�zlÅDÅ§À'¾�á�z<Ã�pwâC	
40 × 40

	
(u, v)

{�i·â�zlÅ áãi<¼D{3n�¾q�

����� � �!�������� �� ��� � ���������� "$�

��� ��� + � � � � "�� � � 	 )<" � � �#��" �

Â�ilg~n ¹ päâ·¼§g�psÃ�ná�gji���Å§pqkÒ¾#	 �yp¡¾ ¹ zlÅDÅhÃqil{�¾�¼´â·pqg�z���¾Án�zo{�â�zlgjâ �1pHG�zlk1á�ÅDp���¼Dn ¹ n ¹ p¡ÆÞilÅINÅ§i���¼D{�vØâ·pH��{�¼D{�v â�z�n�z�r n ¹ p?�ypqÅ§Å§¾äpwz<Ã ¹ ¹ zª½lp z g�zlâ·¼§Ä�¾ÒilÆ
r1 = r2 = 15

Ãqk�zl{�ân ¹ pq¼§g�Ã�pw{<njpqg�¾~zogjpçá�Å´zlÃqpwâ
10
k�ÆÞgjilk pwzlÃ ¹ ion ¹ pqg�'

d = 5
k 	

c = 0
)���A ¹ p ¹ pq¼§v ¹ n~ioÆn ¹ pÒz �3Ä�¼DÆÞpqg~¼§¾

H = 10
k�	 n ¹ pmáãi<g�i3¾à¼DnÁÀ ioÆhn ¹ pÒ¾ài<¼DÅ>¼´¾

θ0 = 0.2
zo{ãâ n ¹ p ¹ À·â·g�zoÄ�Å§¼´ÃÃqil{�â·ÄãÃ�n�¼§½�¼¿nÁÀ

k = 10−5 k / ¾ = 0.864
k
/
â�zªÀã�2A ¹ p}Å§il{�v<¼¿njÄ�â·¼§{�zoÅ�â·¼´¾àá:pqg�¾à¼§½�¼¿nÁÀ

αL
	zl{�â ¼¿n�¾�njgjzl{�¾à½<pqg�¾�zlÅ Ã�ilÄ�{<njpqgjá�zog�n

αT
	:z<¾D�ypqÅ§Ååzl¾�n ¹ p�á�gjpw¾jÃ�gj¼ �ãpsâ ¹ pwzlâ ½�zlÅDÄ�p�zon n ¹ pp+G3njgjz<Ã�nj¼Di<{��ypqÅ§Å×zl{�â z�n»n ¹ pç¼D{��ÁpsÃ�nj¼Di<{��)pwÅDÅ 	*��¼§Å§Å �:p�½�zogj¼Dpsâ ¼D{ ¾�pq½<pqg�zoÅ6p+G�á:pqgj¼§k1pw{3nj¾w�

;©p ¼D{"�ÁpwÃ�nän ¹ p njgjz<Ã�pqg���¼Dn ¹ Ãqil{�¾ànjzl{<näÃqil{�Ãqpq{3n�g�z�nj¼Di<{
C(2)(t) = C0

�
Â�ilgÒpszl¾�p ioÆá�gjpw¾�pq{3n�z�n�¼§il{��yp ¾�p�n
C0 = 1

�<A ¹ p�n�g�zlÃqpqg»â�i3ps¾»{�ion�â�pwÃqzªÀ�'
µ = 0

)»zo{�â k1i<ÅDpsÃ�Ä�Å´zogâ·¼I!@Ä�¾à¼§il{©¼´¾{�pqv<ÅDpsÃ�njpwâ � �¢{©n ¹ ¼´¾�1�pwÃ�n�¼§il{ �)pmi<{�ÅDÀ°á�g�ps¾àpw{3nâ�z�njz³i���njzo¼§{�psâ���¼Dn ¹ n ¹ p
��Ä,G��:ilÄ�{�â�zogjÀ¡Ã�il{ãâ·¼¿nj¼Di<{ '��·� �o� )��

A ¹ p�Ãqilkmá�Ä·n�z�n�¼§il{ãzoÅ�vlgj¼§âC	�ÆÞilg
40×40

p �3Ä�zoÅ§ÅDÀ�¾�á�z<Ã�pwâç{�i·â�zlÅ3á:il¼§{3nj¾£¼§{çn ¹ pyn�g�zo{ã¾�NÆÞi<g�kmpwâ
(u, v)

½ªzlg�¼´z"��ÅDps¾+	�¼´¾«á�ÅDilnànjpwâ '�njgjzl{�¾àÆÞilgjk1psâ ��zlÃ5�än�i�-yzog�n�pw¾�¼´zo{ Ã�i�ilg�â·¼§{�z�njpw¾5)¼§{ Â×¼§vlÄ�g�p��·�§�w���
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;©pÒÄ�¾àp1n ¹ p��ãpw{�Ã ¹ kÒzog�� ¾jÃ ¹ pqkmp1n�i ¼§{3½<pw¾àn�¼§v<zon�pçn ¹ pÒÃ�i<{�½lpqgjvlpw{�Ã�pçioÆ)n ¹ p¡¾ànjzl{�â�zog�â¾jÃ ¹ pqkmpl� Â�i<g�n ¹ ¼§¾ á�Ä�gjáãi3¾àp��ypäÃwzoÅ´Ã�Ä�Å´z�njpmn ¹ p¡gji�ion�N;kmpwzl{ N¢¾ �3Ä�zlg�p1pqgjg�i<g�' t>.�1 )~ÆÞilgâ·¼I!:pwg�pw{3n1v<g�¼´âØ¾�¼I7wpw¾1zo{�â®nj¼Dkmp ¾àn�pqáã¾q� $ ¾mz gjp�ÆÞpwg�pw{�Ã�p��)p³Ä�¾�pän ¹ p���g�psz"�'n ¹ gjilÄ�v ¹Ã�Ä�g�½<p ' KEAM-E)�ioÆyn ¹ p��:pq{�Ã ¹ kmzlg��'¾ài<ÅDÄ·nj¼Di<{8��¼Dn ¹

80
¾àn�gj¼Dáã¾+	

800
�,G·pwâ®â·¼§½�¼§¾�¼Di<{�¾~il{n ¹ p

y
NTz"G·¼§¾ zl{�â

10
kmi�½�¼§{�v¡vlgj¼´â·áãi<¼D{3n�¾»zogjilÄ�{�â³n ¹ p1¾ ¹ i·Ã5�@�>A ¹ p1¾Án�zo{�â�zlgjâ}p+G·zlkmá�ÅDp¼´¾»Ä�¾�pwâ ��¼Dn ¹

αT = 0
	
αL = 0.1

	
h1 = 10

zo{�â
h2 = 20

�DA ¹ p KEAM- ¼´¾�â·p�njpqgjk1¼§{�psâi�½lpwg�zçá:pqgj¼§i�â}ilÆ)���mâ�zªÀ·¾�z�Æ�njpqg�n ¹ p¼§{��ÁpwÃ�n�¼§il{}ioÆ£z1¾àn�pwá ¼D{�á�Ä·nw�
�¢{BA4z"��Å§py���D�hn ¹ pyg�ps¾àÄ�Å¿n�¾åzogjphv<¼D½<pq{ÆÞi<g6n ¹ p&�:pq{�Ã ¹ kmzlg���kmp�n ¹ i·â 	ozo{�â�¼D{ A×z���ÅDpy�·� �ÆÞilg�n ¹ pvlpw{�pqg�zoÅ@kmp�n ¹ i·â �éÂ�ilg�n ¹ p �ãpw{�Ã ¹ kÒzog��¡¾ài<ÅDÄ�n�¼§il{��)p ¹ zª½<p<�:p�n�n�pwg>�ãp ¹ zª½�¼Di<Ä�g%	zo{ãâ zØÅ§i�� pqgjg�i<gw� A4z"��¼§{�v zØÅ§zlg�v<pqgäi<áãpwgjzon�i<gä¾àá�ÅD¼Dnànj¼D{�v n�¼§kmp'¾àn�pwá�¼§{�Ã�gjpwz<¾àps¾mn ¹ ppqgjgjilg kmi<g�pän ¹ zl{ â·psÃ�gjpwzl¾�¼§{�v n ¹ p}{�Ä�k��ãpwgçilÆ»vlgj¼´â áãi<¼D{3n�¾1â�i3ps¾q� $ á�á�zlg�pw{<njÅDÀ
	>n ¹ pilá:pqg�z�njilg~¾àá�ÅD¼Dnànj¼D{�v pwg�gjilg�¼´¾�¾�Ä�Ã ¹ n ¹ zon�zlâ�â·¼§{�v}kmi�½3¼§{�v}vlgj¼§â'á:il¼§{<n�¾�kmz��lps¾«¼Dnkmilgjpá�gjilkm¼§{�pq{3n=� ¹ pq{°n ¹ p1n�¼§kmpw¾àn�pwá'¼´¾~z"�:i�½lpçz³Ã�pwgàn�zo¼§{ n�gjpw¾ ¹ i<Å§â 	 ¹ pwg�p

∆t = 0.1
â�zªÀ·¾q�$ â�â·¼§{�v}kmi�½3¼§{�v³vlgj¼§â°áãi<¼D{3nj¾�â·i�pw¾�gjpwâ·ÄãÃ�pçn ¹ p1pqgjg�i<gM� ¹ pw{ n ¹ pÒ¾àá�Å§¼Dnàn�¼§{�v³n�¼§kmpm¾àn�pwá¼´¾mÅDps¾�¾çn ¹ zo{

0.1
â�zªÀ·¾q� �TnÒ¼´¾çn ¹ pw{ á:i<¾j¾à¼ ��Å§pänji'Äã¾àp z��,G·pwâØv<g�¼´âØilÆ

200
â·¼§½�¼§¾�¼Di<{�¾

��¼Dn ¹ Å§i�� pqgjgjilgs��A ¹ pqgjp�ÆÞilgjp�	 �)pÒÄ�¾�pmn ¹ p��ãpw{�Ã ¹ kÒzog�� kmp�n ¹ i·â���¼¿n ¹
80
¾àn�gj¼§á�¾+	

200�,G·pwâ
y
N¢z�G·¼§¾mâ·¼§½�¼§¾�¼§il{�¾#	

10
kmi�½�¼D{�v®v<g�¼´â·á:il¼§{<n�¾mzogjilÄ�{�âØn ¹ p ¼§{���i���¾ ¹ i�Ã5�·¾#	)zl{�â zn�¼§kmp«¾àn�pwá¡ioÆ

0.05
â�zªÀ·¾w�@Aåi�kÒz��lp�n ¹ p ¼§{���Ä�pw{�Ã�p«ioÆ n ¹ p kmi�½3¼§{�v�v<g�¼´â1áãi<¼D{3n�¾)ÃqÅDpszogjÅDÀ½�¼§¾�¼ ��ÅDp}¼§{ z á�¼§Ã�n�Ä�gjp�	 �yp³¾ ¹ i��"¼§{ Â4¼§v��£�·�§�l�³z'Ã�Ä·n�N;i<Ä·nmioÆ�n ¹ p�KEAM- i
�·njzl¼D{�psâ®ÆÞilgn ¹ ¼§¾p+G�zokmá�Å§p�	 ��Ä·nB��¼Dn ¹ z á�Ä�Å´¾àpÒ¼§{�á�Ä�n�ioÆ

C0
â·Ä�gj¼D{�v

1
â�zªÀ<� . i�½�¼D{�v}v<g�¼´â'áãi<¼D{3nj¾zogjpmÄ�¾�pwâ©ÆÞilg~n ¹ p �:pqv<¼D{�{�¼D{�v zl{�â'ÆÞilgn ¹ pÒpq{ãâ®ioÆyn ¹ p¡¾ ¹ i·Ã5�@�QA ¹ pQKEAM- ÆÞilg�z

800vlgj¼´â 	 ��¼Dn ¹ {�i'kmi�½�¼§{�v°v<g�¼´â·á:il¼§{<n�¾ i<g���¼¿n ¹
20
kmi�½3¼§{�v'vlgj¼§âÏáãi<¼D{3nj¾1á:pqgÒ¾ ¹ i·Ã5� 	é¼§¾¹ zlgjâ·Å§À â·¼§¾àn�¼§{�v<Ä�¼§¾ ¹ z���ÅDp�ÆÞg�i<k n ¹ p

200
vlgj¼§â ��¼Dn ¹

10
kmi�½3¼§{�v¡v<g�¼´â·á:il¼§{3nj¾�á:pqg�¾ ¹ i·Ã5�@�

�«{³n ¹ p~ion ¹ pqg ¹ zl{�â 	�n ¹ p
200
v<g�¼´â ��¼Dn ¹ {�imkmi�½�¼D{�vçvlgj¼§â�áãi<¼D{3nj¾#	·â·i�pw¾�{CF n�á�g�i�½�¼´â·p«zl{zlÃwÃ�pwá·njz���ÅDpzlá�á�gji G�¼§kÒz�nj¼Di<{6�

A ¹ p�¾Án�zo{�â�zlgjâä¾�Ã ¹ pwkmp»vl¼§½lps¾hi�½<pqg�zoÅ§Å�Å§zlg�v<pqg)pqgjg�i<gj¾#	<z<¾éÃqzl{ �:p�¾�pqpw{ä¼§{QA×z���Å§p��·� �·�
A ¹ ¼´¾é¼´¾hkÒzl¼D{�Å§Àmâ·Ä�p njin ¹ p»á�gji"�ÁpsÃ�n�¼§il{mpwg�gjilgs�×Â�ilghÆÞÄ�gàn ¹ pqg)pHG·áãpwg�¼§kmpq{3nj¾O�)p«¾ ¹ zlÅDÅãÄ�¾�pn ¹ p

80× 400
vlgj¼§â³ilg

80 × 200
v<g�¼´â 	 ��¼Dn ¹ nj¼Dkmp�¾àn�pqá

0.05
â�zªÀ·¾w�P1·¼Dkm¼§Å§zlg g�ps¾àÄ�Å¿n�¾�zl¾¼§{ A4z"��ÅDps¾ �·�§��	��·� �1zogjp«i
�·njzl¼D{�pwâäÆÞilg zmá�Ä�Å´¾�p�¼§{�á�Ä�nw�

�¢{BA4z"��Å§p)��� � 	#�ypév<¼D½<p>n ¹ pyt>.�1â·¼I!@pqgjpq{�ÃqpéioÆ�n ¹ p&KEAM-'i���njzo¼§{�psâ=��¼¿n ¹ ¼D{ãÃ�gjpwzl¾�¼§{�vÅ§il{�v<¼¿njÄ�â·¼§{�zoÅ�â·¼´¾�áãpwgj¾�¼D½�¼DnÁÀ~¼D{çn ¹ pE�:pq{�Ã ¹ kmzlg��i<g£¾Án�zo{�â�zlgjâç¾�Ã ¹ pqkmp�	oÃqilkmá�zogjpwâ�n�i«n ¹ p
KEAM-�i��·n�zo¼§{�pwâ���¼Dn ¹ n ¹ p��:pq{�Ã ¹ kÒzlg��}¾�Ã ¹ pwkmp~ÆÞilg

αL = 0
k}�EA ¹ ¼§¾«t>.�1 â·¼I!:pwg�pw{�Ã�p¾ ¹ ilÄ�Å´â®Ã�i<{3½<pqgjvlp n�i

0
��¼¿n ¹ â·pwÃqg�pszl¾�¼D{�v

αL
� A ¹ ¼§¾�¼§¾�n ¹ p¡Ãqz<¾àp1ÆÞilg~n ¹ p��:pq{�Ã ¹ kÒzlg��kmp�n ¹ i·â 	 ��Ä·néÆÞi<ghn ¹ p»v<pq{�pwgjzlÅ�kmp�n ¹ i�â1n ¹ pqgjp»¼´¾ézn ¹ gjpw¾ ¹ ilÅ´â��:pqÅ§i�� � ¹ ¼§Ã ¹ �yp»Ãqzl{�{�ilngjpwâ·Ä�Ãqphn ¹ pytM.�1�â·¼I!@pqgjpq{�Ãqpl� $ v<zl¼D{C	sn ¹ ¼§¾4¼´¾×â�Ä�pénji n ¹ p){�Ä�kmpwg�¼´ÃqzlÅ3â·¼´¾�áãpwgj¾�¼Di<{�ÃqzlÄ�¾àpsâ

��À!n ¹ p®á�gji"�ÁpsÃ�nj¼Di<{ ilá:pqg�z�njilgs� ;©p Ã�il{ãÃ�Å§Ä�â·p n ¹ z�n n ¹ p©¾ànjzl{�â�zlgjâ ¾jÃ ¹ pwk1p©¼§{ n ¹ ¼§¾pHG�zlk1á�ÅDp Ãwzo{mil{�Å§À �ãp Äã¾àpsâ ÆÞi<géz~½�zoÅ§Ä�p ilÆãn ¹ p Å§il{�v<¼¿njÄ�â·¼§{�zoÅ�â�¼§¾�áãpwgj¾�¼§½3¼DnÁÀ Å´zogjvlpwg>n ¹ zl{
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¾àn�gj¼Dáã¾ �

ydiv
�
ymov ∆t

' â�zªÀ·¾5) tM.�1
�<� �l�l� � ��� �<� ��� �l�<��� 9<�;8
�<� 9<�l� �w� ��� �<� ��� �l�<���<� 9<�
�<� 9<�l� � ��� �<� ��� �l�<�l� �l�<�
�<� �o�l� �w� ��� �<� ��� �l�<�l�<�<�·�
�<� �o�l� � ��� �<� ��� �l�<� �;9 8l�
�<� �w�l� �w� ��� �<� ��� �l�<�<�<� �l�
�<� �w�l� � ��� �<� ��� �l��� �·�w�<�
�<� �l�l� �w� ���§� ��� �l�<���s�;8l�
�<� �l�l� � ���§� ��� �l�<�<�����;8
�<� �l�l� �w� ��� � ��� �l�<� 9�� 9��
�<� �l�l� � ��� � ��� �l�<� 9ã� 8 9
�<� �l�l� �w� ��� 9 ��� �l�<�;83�l�l�
�<� �l�l� � ��� 9 ��� �l�<�;8������

A4z"��Å§pç���D�<r�tM.�1 pqgjgjilg�ioÆ£n ¹ pB�:pq{ãÃ ¹ kÒzog��}¾�ilÅ§Ä·n�¼§il{ 	:â·pwáãpw{�â·¼§{�väi<{ n ¹ pç{�Ä�kB�:pqg«ioÆ¾àn�gj¼Dáã¾+	ån ¹ p¡{�Ä�k��ãpwg�ioÆ �,G·pwâ
y
N¢â·¼D½�¼´¾à¼§il{ã¾+	ån ¹ pÒ{�Ä�k��ãpwg�ioÆ�kmi�½�¼D{�v v<g�¼´â°á:il¼§{3nj¾á:pqg¾ ¹ i·Ã5��	�zo{�âän ¹ pi<áãpwgjzon�i<g�¾�á�Å§¼¿n�n�¼§{�vmn�¼§kmp�¾Ánjpqá6�

0.001
	�ilg

αL/D > 0.0001
�

� � ÊéÉ3Ì�Ù ÎØÉ�Ð@Í - � ������ÑãÓ�ßwÍwÉ3Ê Ù�ÐåÊ åÍ
Â�ilg�n ¹ p �ãpw{�Ã ¹ kÒzog��³¾�ilÅ§Ä·nj¼Di<{C	�n ¹ p�n�g�zo{�¾�½lpwgj¾jzoÅ â·¼´¾àá:pqg�¾�¼D½�¼DnÁÀ¡¼§¾ {�pqv<ÅDpsÃ�n�psâ�'

αT = 0
)��

;©p©zlá�á�Å§À n ¹ p©kmp�n ¹ i�â�¼D{
80
¾àn�gj¼Dáã¾+	<��¼¿n ¹

ydiv = 400
� A ¹ p°¼§{��ÁpsÃ�n�psâ*ÆÞgjil{3n ¼§¾njgjz<Ã5�lpwâQ��¼¿n ¹

10
kmi�½�¼§{�vçv<g�¼´â³áãi<¼D{3nj¾#	�zo{ãâ¡n ¹ p~n�¼§kmp~¾àn�pwá ioÆån ¹ pilá:pqg�z�njilg�¾àá�ÅD¼Dnànj¼D{�v¼´¾

0.05
â�zªÀ·¾��¡Â�Ä�gàn ¹ pqgjkmilgjp�	@n ¹ p ¹ pwz<â°½�zoÅ§Ä�pm¼´¾

h1 = 10
k z�nn ¹ pmpHG�n�g�zlÃ�n�¼§il{ �)pwÅDÅzl{�â

h2 = 15
k zon~n ¹ pÒ¼§{��ÁpwÃ�n�¼§il{��ypqÅ§Å���A ¹ pÒgjpw¾�Ä�Å¿nj¼D{�v�KEAM-y¾~ioÆ)n ¹ p¡Ãqil{ �ã{�pwâ ��i��ÆÞi<g

7
â·¼I!:pwg�pw{3n»½�zoÅ§Ä�pw¾�ÆÞi<g

αL/D
zogjp~á�Å§ionànjpwâ ¼§{°Â4¼Dvã�ã�·�§�s���&A ¹ p�gjpw¾�Ä�ÅDn»¼´¾ ¾�ÃwzoÅ§pwâ}njin ¹ p1¾jzokmp1½�zoÅ§Ä�pw¾�zl¾«Ä�¾�pwâ ¼§{ � ��� 
4nji}zlÅDÅ§i�� Ã�i<k1áãzogj¼§¾�il{6� $ Ãqzlg�pqÆÞÄ�Å4zl{�zoÅ§À·¾à¼´¾ ilÆhn ¹ p

��v<Ä�gjpw¾h¾ ¹ i�� ¾>n ¹ z�nhÆÞi<géÅ§i�� ½�zlÅDÄ�ps¾hilÆ
αL/D

i<Ä�gé¾�Ã ¹ pqkmp á�gji·â·Ä�Ã�ps¾h¾�¼Dkm¼§Å§zlg&KEAM-y¾hzl¾¼§{ � ��� 
 	C��Ä·nn ¹ zon~ÆÞilg ¹ ¼§v ¹ pwg~â�¼§¾�áãpwgj¾�¼§½3¼Dn�¼§pw¾~ÃqÅDpszogjÅDÀ â·¼I!@pqgjpq{3ng�ps¾àÄ�ÅDnj¾~zlg�p1i��·n�zo¼§{�pwâ6��Tny¼§¾)¼Dkmá:ilg�njzl{<n)n�i�á:il¼§{3n)i<Ä·nén ¹ z�n)n ¹ p~zoá�á�g�i G·¼§kmzon�¼§il{mkmp�n ¹ i·âÒ¼D{ � �o��
:¼´¾)il{�Å§Àç½�zlÅD¼´â
� ¹ pw{

αL/D < 0.1
� A ¹ pqgjp�ÆÞi<g�p
	6n ¹ p¡Å§z<¾Án ÃqÄ�gj½lpmn ¹ z�nç¾ ¹ ilÄ�Å§â �:päÃ�i<k1áãzogjpwâ'¼§¾�n ¹ pi<{�pÃ�ilgjgjpw¾�áãi<{�â·¼§{�v nji
αL/D = 0.05

��¼Dn ¼§¾»¾Ánj¼DÅ§Å6¼§{}p+G�Ã�pqÅ§Å§pq{3n zovlgjpqpwkmpq{3nw�PA ¹ Ä�¾#	·ilÄ�ggjpw¾�Ä�ÅDnj¾�zogjp~½lpwg�ÀÒgjpqÅ§¼§z���Å§pl�
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¾Ánjg�¼§á�¾ ÃqpqÅ§Å§¾
∆t

'�â�zªÀ·¾�) t>.�1
�l� �l�<� ��� �<� ��� �<�l�3� �o�;8
�l� 9<�<� ��� �<� ��� �<�l�<�<� 9 9
�l� �o�<� ��� �<� ��� �<�l� �<� � 8
�l� �w�<� ��� �<� ��� �l��� 9 8<�
�l� �l�<� ���D� ��� �l���s��� �
�l� �l�<� ��� � ��� �l��� ���<�
�l� �l�<� ��� 9 ��� �l�<�;8;8<�

A4z"��Å§p°�·� �·r t>.81Ïpwg�gjilgmilÆ«n ¹ p°¾ànjzo{ãâ�zog�âÏ¾jÃ ¹ pqkmp
	�â�pqá:pq{�â·¼§{�v i<{ n ¹ p {�Ä�kB�:pqgäioÆ¾àn�gj¼Dá�¾#	�n ¹ p{3Ä�kB�:pqg ilÆ4Ã�pwÅDÅ´¾�zo{ãâ³i<{än ¹ pilá:pqg�z�njilg�¾�á�ÅD¼Dnànj¼D{�vmn�¼§k1p�¾àn�pwá6�

αL
' k ) t>.�1�KE. t>.�1

0
� ��� �l�<�l� 8<�

10−6 ��� �l�<�<�<�o�<� ��� �l�<�l� 8<�
10−5 ��� �l�<�<�·�w�l� ��� �l�<�l� 8 �
10−4 ��� �<��� 9<�;8 ��� �l�<���ª�·�
10−3 ��� �<�<�<� 8<� ��� �l�<�;8<�<�
10−2 ��� �<� 9������ ��� �l�;9<�3�·�

A4z"��Å§p �·� ��r£t>.�1 â�¼J!@pqgjpq{�Ãqp=��¼¿n ¹ ¼D{�Ãqg�pszl¾�¼D{�v
αL
ilÆån ¹ p��:pq{�Ã ¹ kÒzlg��ä¾jÃ ¹ pwk1pzl{�â}ioÆn ¹ p�¾ànjzl{�â�zog�âÒ¾jÃ ¹ pqkmpM� ¹ pq{³Ãqilkmá�zlg�psâ���¼¿n ¹ n ¹ p<�:pq{�Ã ¹ kmzlg��Ò¾jÃ ¹ pqkmp�ÆÞi<g

αL = 0
k}�
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0.15

0.155

0.16

0.165

0.17

0.175

 

3.6 3.8 4 4.2 4.4

C / C
0

t (days)

800 y grid, 20 moving gridpoints per shock
800 y grid, no moving gridpoints

200 y grid, 10 moving gridpoints per shock
200 y grid, no moving gridpoints

Â4¼§vlÄ�gjp����D�<�lr �¢kmá:ilg�njzo{ãÃ�pyioÆãkmi�½�¼§{�v»v<g�¼´â�á:il¼§{3nj¾4¼D{�KEAM-©i���njzo¼§{�psâB��¼Dn ¹ n ¹ pE�:pq{�Ã ¹ NkÒzog��Ò¾ài<ÅDÄ�n�¼§il{6�O-)Ä·n�N;i<Ä·n)ilÆ:KEAM- ÆÞilg
αL = 0.1

k�	
αT = 0.0

k�	�á�Ä�Å§¾�p«ilÆ
1
â�zªÀ<�PAåi<áÃqÄ�g�½<plr°�l�l�'vlgj¼§â 	y{�i kmi�½�¼D{�v©á:il¼§{3nj¾ �>�:ionànjilk�Ã�Ä�gj½lp<r �l�l�©v<g�¼´â ��¼Dn ¹ �l�'kmi�½�¼§{�vv<g�¼´â·á:il¼§{<n�¾�áãpwg ¾ ¹ i�Ã5�@�

� � ÊéÉ3Ì�Ù ÎØÉ�Ð@Í � � ������Ê�4Û ßsÉ Ù Ð×Ê åÍ
;©p¡{�i�� ¼§{��ÁpwÃ�n�n ¹ pän�g�zlÃqpqg ��¼Dn ¹ z Ãqil{�¾ànjzl{<n Ãqil{�Ãqpq{3n�g�z�nj¼Di<{

C(2)(t) = 1
â�Ä�g�¼§{�v

1â�zªÀ
	×zoÆ�n�pqg � ¹ ¼§Ã ¹ �yp1¼§{��ÁpsÃ�nB7wpqgji Ãqil{�Ãqpq{3n�g�z�nj¼Di<{C	
C(2)(t) = 0

� $ ¾kmpq{3nj¼Di<{�pwâ 	:�)pÄ�¾�pmn ¹ p¡¾Án�zo{�â�zlgjâ°kmp�n ¹ i�â®¼§{ zo{
80 × 400

vlgj¼´â���¼Dn ¹ n�¼§kmp¡¾Ánjpqá
0.05

â�zªÀ·¾�n�i v<p�np �<ÄãzoÅ§ÅDÀmvli�i·â¡gjpw¾�Ä�ÅDnj¾yzl¾ ��¼Dn ¹ n ¹ p=�ãpw{�Ã ¹ kÒzog��mkmp�n ¹ i�â6�P�¢{³Â4¼Dvã���·�§�w���yp~zov<zl¼D{Òv<¼D½<pn ¹ p�¾�ÃwzoÅ§pwâ�KEAM-y¾yÆÞilg ¾�pq½lpwgjzlÅ
αL/D

½�zoÅ§Ä�ps¾q�
� � ÊéÉ3Ì�Ù ÎØÉ�Ð@Í � � Ù Ð���4É�Ð×Ú<É ÑãÓ»ÚlÑ:Ð �>Ð×É�� /:É<Ì�ß�×ß.4Ð×Ú<ÑãÐ �>Ð×É�� �>Ñ��
�«Ä�g}{�Ä�kmpqgj¼§ÃwzoÅ~¾�Ã ¹ pqkmp'zlÅDÅ§i�� ¾ÒÆÞi<g}Ãqil{ ��{�pwâ 	«Ä�{�Ã�i<{ ��{�psâ i<gäá�zlgànj¼§zlÅDÅ§À*Ã�il{,��{�pwâ NÄ�{ãÃ�il{,��{�pwâ���i�� zl¾�Å§il{�vÒz<¾yn ¹ p��«Ä�á�Ä�¼Dn N¢Â�i<gjÃ ¹�¹ pq¼§kmpqg zoá�á�g�i G·¼§kÒz�n�¼§il{ä¼§¾�½�zlÅD¼´â �P;©pÃwzo{ ¼§{3½<pw¾àn�¼§v<zon�pÒn ¹ pä¼§{���Ä�pw{�Ã�p³ioÆ�n ¹ ¼§¾çil{®n ¹ p�KEAM-«r4Ä�¾à¼§{�v n ¹ p³¾ànjzl{�â�zlgjâ®kmp�n ¹ i·â¼§{Øz

80 × 400
vlgj¼§â©il{©n ¹ p³¾ànjzl{�â�zog�â'pHG�zokmá�Å§p ��¼Dn ¹

αL = 0.2
k�	

αT = 0 = D0
	nj¼Dkmpw¾àn�pwá

0.05
â�zªÀ·¾�zo{ãâ ¾àpw½lpqg�zoÅ@¼§{��ÁpwÃ�n�¼§il{ zl{�â pHG�n�g�zlÃ�n�¼§il{ ¹ pszlâ}½�zoÅ§Ä�pw¾#	,�yp�i��·n�zo¼§{Â4¼§v��ã���D� 9��$ ÅDÅ K AM-y¾åzogjp4i
�·njzl¼D{�pwâ=��¼Dn ¹ z ¹ pszlâ~â·¼I!:pwg�pw{�Ã�p

∆h = 5
k}�×Â�ilgåzlÅDÅ3Ã�il{,��{�pwâ���i�� 	n ¹ p�¾�zlkmp=KEAM-*¼§¾�gjp�njg�¼§pq½<pwâ 	·zl¾�¼Dn»¾ ¹ ilÄ�Å´â �£Â�i<g�á�zog�n�¼´zoÅ§Å§À¡Ã�il{,��{�pwâ N;Ä�{ãÃ�il{,��{�pwâ ��i��
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0.4

0.5

 

0 0.5 1 1.5 2 2.5 3

C/[C]

t / [t]

αL/D = 0.2

αL/D = 0.002

Â4¼Dv<Ä�gjp1�·�§�s��r>KEAM- ��¼¿n ¹ ¾àn�pqá°¼D{�á�Ä·n~ÆÞilg
αL/D = 0.2

	
0.1

	
0.05

	
0.02

	
0.01

	
0.005zo{ãâ

0.002
k�¾jÃqzlÅDpsâÒn�iÒkÒzonjÃ ¹ � �o��
;�

'
h2 = 13

k�	
h1 = 8

k ) zl{�â Ä�{�Ãqil{ �ã{�pwâ �ãi�� '
h2 = 10

k�	
h1 = 5

k zo{�â
h2 = 6

k�	
h1 = 1

k )H	ªÃqÅDpszogjÅDÀ�â·¼I!:pwg�pw{<n/K AM-y¾×zogjp£ÆÞilÄ�{�â �:A ¹ pOKEAM-°ÃqÄ�gj½lpw¾ ÆÞilgåÄ�{�Ã�i<{ ��{�psâ ��i��â·¼I!:pwgÆÞgjilk pszlÃ ¹ ion ¹ pqg�z�n~n ¹ p¡¾�zlkmp
∆h

	åÄ�{�ÅD¼ �lpmn ¹ p¡Ãqz<¾àpmioÆ�Ã�i<{ ��{�psâ �ãi�� 	å¾à¼§{�Ãqpn ¹ p³njgjzl{�¾�áãi<gàn1á�g�i
��Å§pqk ¼´¾ç{�il{�Å§¼D{�pwzog���¼Dn ¹ g�ps¾àá:pwÃ�n1nji
h
�2; ¹ pw{

∆h
¼´¾1Ãqil{�¾ànjzl{3nzo{ãâ

h1 ≥ 5
k�	@n ¹ pçi
�·njzl¼D{�psâ?KEAM-y¾«â�i³{�iln�â·¼I!@pqg¾à¼§vl{�¼J�ãÃwzo{3n�Å§À}ÆÞg�i<k�n ¹ pmÃ�i<{ ��{�psâÃqz<¾àp<���TÆ

h1 < 5
k 	6n ¹ p¡Ã�i<g�gjpw¾�áãi<{�â·¼§{�v K AM-ÕzogjpÒâ·pqá:pq{�â�pq{3n�il{

h2
zo{�â

h1
� $ Å´¾�in ¹ pçg�z�njp�ioÆ£n ¹ pçá�Ä�kmá�¼D{�v³â·¼I!:pwgj¾«vlgjpwzon�Å§À 'ÞÆÞilg«n ¹ pm¾jzokmp

∆h
)M� ¹ pw{

h1
zo{�â

h2
zogjp¼§{ØÄ�{�¾jz�njÄ�gjzon�psâ®ÅDpw½lpqÅ´¾w� $ n

∆h = 5
k 	4n ¹ p³á�Ä�kmá�¼§{�v°g�z�njp

Q
¼´¾

32.43
k 3/
â�zªÀ ÆÞilgÃ�i<{ ��{�psâ��i�� zl{�â

11.35
k 3/
â�zªÀ ÆÞi<g)Ä�{�Ã�i<{ ��{�psâ��i�� '

h1 = 1
	
h2 = 6

)��PA ¹ p«ÅDi��ypqgn�g�zo{ã¾àkm¼´¾�¾�¼D½�¼DnÁÀ ÆÞi<géÄ�{ãÃ�il{,��{�pwâ��ãi�� p+G·á�Å§zl¼D{ã¾£n ¹ p«¾ ¹ ¼¿Æ�nj¼D{�v ioÆ n ¹ p<KEAM-Øn�i�n ¹ p«g�¼§v ¹ nw�
A ¹ p â·¼I!@pqgjpq{�Ãqpw¾éÃwzo{ÒzoÅ´¾�i(�:p»ÃqÅ§zlg�¼I��pwâ ��Àçn ¹ p>��g�psz"�3n ¹ gjilÄ�v ¹ nj¼DkmpB'

t �����
) 	 � ¹ ¼´Ã ¹

�yp�â·p+��{�pzl¾én ¹ p«Æ z<¾Ánjpw¾ànyá:i<¾j¾�¼I��Å§p(��g�psz"�3n ¹ g�i<Ä�v ¹ ilÆ×Ã�i<{<n�zokm¼§{�zo{3n)¼§{³n ¹ p~z"��¾�pq{ãÃ�p�ioÆâ·¼I!:Äã¾à¼§½lp~njpqgjkm¾w�PA ¹ ¼´¾
t �����

ÆÞi<ÅDÅ§i�� ¾)ÆÞg�i<k ';�·� �o�
)O��¼Dn ¹
u = π

	

t ����� =

∫ v(2)

v(1)

h ��� dv
K(cosh(v) + 1)2

,

� ¹ ¼´Ã ¹ ¼D{}n ¹ p�Ã�il{,��{�pwâ³gjpqvl¼§kmp¾à¼§kmá�ÅD¼I��ps¾yn�i

t
�
����� =

κ

∆h

∫ v(2)

v(1)

dv

(cosh(v) + 1)2
,
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0 0.5 1 1.5 2 2.5 3

C/ [C]

t / [t]

αL/D = 0.2

αL/D = 0.002

Â4¼§vlÄ�gjp �·�§�w��r K AM- ��¼Dn ¹ á�Ä�Å´¾�p¼D{�á�Ä·n»ÆÞi<g
αL/D = 0.2

	
0.1

	
0.05

	
0.02

	
0.01

	
0.005zl{�â

0.002
k�¾jÃqzlÅDpsâ¡njiÒkmzonjÃ ¹ � �o��
T�

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

 

0 5 10 15 20

C / C
0

t (days)

��������� �	�


 � � ������� �	��� h2 = 6  �
h1 = 1 

Â4¼§vlÄ�gjp}���D� 9�r�KEAM- ÆÞilg 9'â·¼I!:pwg�pw{3n ¹ pszlâ ½�zlÅDÄ�ps¾q��A ¹ pän�ilá Ã�Ä�gj½lp³Ã�ilgjgjpw¾�áãi<{�â�¾njiÃqil{ ��{�pwâ ��i��Õzl{�â
∆h = 5

�=A ¹ pçiln ¹ pwg�ÃqÄ�gj½lpw¾«Ã�i<g�gjpw¾�áãi<{�â}n�i³á�zog�n�¼´zoÅ§Å§À Ãqil{ �ã{�pwâ NÄ�{ãÃ�il{,��{�pwâ���i�� ��¼Dn ¹
h2 = 13

k�	
h1 = 8

k 	�zo{ãâ Ä�{�Ã�i<{ ��{�psâ���i�� ��¼Dn ¹
h2 = 10

k�	
h1 = 5

k zo{�â
h2 = 6

k�	
h1 = 1

k�	�gjpw¾�áãpsÃ�n�¼§½lpwÅDÀ
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zo{ãâ³¼§{}n ¹ p~Ä�{ãÃ�il{,��{�pwâ}gjpqv<¼Dkmp�n�i

t
� �
����� =

κ

∆h

∫ v(2)

v(1)

h(v)
h1+h2

2

dv

(cosh(v) + 1)2
.

� pwg�p
	
κ = δ2θ0

4k (v(2) − v(1))
� $ ¾�¼§{ n ¹ pÄ�{�Ã�i<{ ��{�psâ â·ilkÒzl¼D{

h(v) =
√

2A v+B
k

	 �yp
��¼§ÅDÅ:zoÅ �yzªÀ·¾ ¹ zª½<p

t
�
����� < t

� �
�����
�LA ¹ Ä�¾#	oÆÞi<ghilÄ�ghpHG�zokmá�Å§pD�yp ¹ zª½lp

t
�
����� = 6.47

â�zªÀ·¾+	zo{ãâ°ÆÞi<g
h1 = 1

k
, h2 = 6

k �)p ¹ zª½lp
t

� �
����� = 7.88

â�zªÀ·¾w� � ionjpmn ¹ zon�n ¹ pw¾�pÒ½ªzlÅDÄ�pw¾Ã�i<g�gjpw¾�á:il{�â�nji»n ¹ p)á:pwz��·¾åilÆ�n ¹ p�Ã�i<g�gjpw¾�á:il{�â·¼§{�vMKEAM-y¾×¼D{1Â4¼Dvã�ª���D� 9 	 � ¹ ¼´Ã ¹ ¼´¾åp+G·z<Ã�njÅDÀ
� ¹ zon»Ã�ilÄ�Å§â��ãpp+G·áãpsÃ�n�psâ z�Æ�n�pwg�¼D{"�ÁpwÃ�nj¼Di<{ ioÆ£z1¾ ¹ i<gàn�á�Ä�Å´¾�pl�
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ÆÞi<g»n ¹ p¾ànjzl{�â�zog�â'pHG�zokmá�Å§p���¼¿n ¹
αL = 0.5

k zl{�â
αT = 0

k 	4zoÆ�n�pwg
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6
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9
â�zªÀ·¾~ioÆi<áãpwgjzon�¼§il{6�
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�¢{³Â4¼§v����·�§�s� �)p«á�ÅDiln)n ¹ p�pq½li<ÅDÄ�n�¼§il{¡ilÆ6n ¹ p«n�g�zlÃqpqgyÃ�il{ãÃ�pq{3njgjzon�¼§il{¡z�Æ�njpqg

1
	
3

	
6
zl{�â

9â�zªÀ·¾�¼§{ n ¹ p
(x, y)

á�Å´zo{�p
	ãÃqzlÄ�¾�pwâ���À}zÒ¾àn�pwá ¼D{�á�Ä·n»ÆÞi<g�n ¹ pç¾Án�zo{�â�zlgjâ}p+G·zlkmá�ÅDp ��¼Dn ¹
αL = 0.5

k�	
αT = 0

k�	
h1 = 4

k zo{�â
h2 = 15

k³� � ionjpmn ¹ zonn ¹ p¡Ãqil{�Ãqpq{3n�g�z�nj¼Di<{Å§pq½lpwÅ§¾�'Þ¼´¾ài·ÃqÅD¼§{�pw¾5)zlg�p¡gjpqÅ´z�nj¼D½<p�	4¼�� pl� 	4n ¹ p³½�zoÅ§Ä�p
0.5
kmpwzl{�¾n ¹ z�n�n ¹ p³Ãqil{�Ãqpq{3n�g�z�nj¼Di<{¼§{Øn ¹ päá:ilgjpQ��z�n�pwg p �<ÄãzoÅ´¾ ¹ zlÅ¿Æ�n ¹ p}Ãqil{�Ãqpq{3n�g�z�nj¼Di<{®ioÆ�n ¹ pänjgjz<Ã�pqg1z�nçn ¹ p³¼D{��ÁpsÃ�nj¼Di<{

�ypqÅ§Å�� $ ¾hn ¹ p>�ypqÅ§Å�g�zlâ·¼§Ä�¾>¼´¾h{�ilnh½�¼§¾�¼I��ÅDp�i<{çn ¹ p á�Å§ion�¾+	3z¾àkÒzlÅDÅ�Ãq¼Dg�Ã�Å§p ¹ z<¾P�ãpwpq{¡â·g�z ��{zogjilÄ�{�â³n ¹ p��)pwÅDÅ´¾q�>1�¼§{�Ãqp�n ¹ pç¾�ilÅ§Ä·n�¼§il{ ¼´¾»¾�À3kmkmp�njg�¼´ÃqzlÅ ��¼Dn ¹ gjpw¾�á:pwÃ�n»n�iÒn ¹ p
x

N¢z�G·¼´¾+	
�yp~¾ ¹ zlÅDÅ6i<{�Å§À¡á�Å§ion�n ¹ pá:i<¾�¼Dn�¼§½lp

y
NTz"G�¼´¾yÆÞgjilk�{�i��
il{6�

A×i ¼§ÅDÅ§Ä�¾àn�g�z�n�p»n ¹ p«¼D{ ��Ä�pq{ãÃ�p�ioÆ n ¹ p»njgjzl{�¾à½<pqg�¾�zlÅ�â·¼´¾àá:pqg�¾à¼§½�¼¿nÁÀ
αT
i<{mn ¹ p~¾�ilÅ§Ä·n�¼§il{C	

�yp�á�Å§ion»¼§{°Â4¼Dvã�:���D�s�1n ¹ p1Ã�il{ãÃ�pq{3njgjzon�¼§il{}ÅDpw½lpqÅ´¾�ÆÞi<g�n ¹ pç¾jzokmp â�zonjzÒzo{ãâ}n�¼§k1ps¾«z<¾�¼§{Â4¼Dvã�o�·�§�s� 	ªp+G·Ãqpqá·n×n ¹ zon
αT = 0.01

k}�/A×i»¼§ÅDÅ§Ä�¾àn�g�z�njphn ¹ p)¼§{���Ä�pw{�Ã�pyioÆ�n ¹ pyÅDi<{�vl¼Dn�Äãâ·¼D{ãzoÅ
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0.05, 0.10, . . . , 0.95

ÆÞilg«n ¹ p¾ànjzo{ãâ�zog�âäp+G�zokmá�Å§p(��¼Dn ¹
αL = 0.5

k�zo{�â
αT = 0.01

k�	�z�Æ�njpqg
1

	
3

	
6
zo{�â

9
â�zªÀ·¾�ioÆilá:pqg�z�nj¼Di<{6�

â·¼´¾àá:pqg�¾�¼D½�¼DnÁÀ
αL
i<{¡n ¹ p�¾�ilÅ§Ä·n�¼§il{ 	
�yp«á�ÅDilny¼§{³Â4¼§v��·�·�§� ��n ¹ p~Ã�il{ãÃ�pq{3njgjzon�¼§il{ÒÅ§pq½lpwÅ§¾éÆÞilg

αL = 0.05
k ' �lpqpwá�¼§{�v

αT = 0.01
k�)��Â4¼D{ãzoÅ§ÅDÀ
	·¼D{ Â4¼Dvã�ã�·�§��� 	 �)p¾ ¹ i�� n ¹ pg�ps¾àÄ�Å¿n�ÆÞilg

αL = 0 = αT (= D0)
�

A×i�vl¼§½lp£zo{~i�½lpwg�½�¼§p+�'ioÆ3n ¹ php+!:psÃ�nåi<{�n ¹ pOKEAM- ioÆ·â·¼I!:pwg�pw{<n×½ªzlÅDÄ�pw¾ ilÆ3Å§il{�v<¼¿njÄ�â·¼§{�zoÅzo{ãâmn�g�zo{�¾�½lpwgj¾jzoÅãâ·¼§¾�á:pqg�¾à¼§½�¼¿nÁÀ
	ln ¹ p(KEAM-y¾)ioÆ n ¹ p«á�g�pw½3¼§ilÄã¾ 9 p+G·áãpwg�¼§kmpq{3nj¾yzogjp»¾ ¹ i���{
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ÆÞi<g»n ¹ p¾ànjzl{�â�zog�â p+G·zlkmá�ÅDp���¼¿n ¹
αL = 0.05

k zo{ãâ
αT = 0.01

k�	 zoÆ�n�pqg
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zo{�â

9
â�zªÀ·¾ilÆ4i<áãpwgjzon�¼§il{6�

¼§{ Â×¼§v������D��8��
KyÀ Ãqilkmá�zogj¼§{�v»n ¹ p�gjpw¾�Ä�Å¿n�¾>¼D{ÒÂ4¼§v��<���D�ª� NÁ�·�§� 8D�ypE�yzl{<n>nji¼DÅ§ÅDÄã¾Ánjgjzon�pyn ¹ p�¼§{���Ä�pq{�ÃqpilÆ£n ¹ pmâ·¼´¾àá:pqg�¾à¼§il{'Ã�i�p��¡Ã�¼§pq{3n�¾q�(; ¹ pq{

αL = αT = 0
'
D0 = 0

)�n ¹ pmÃ�il{ãÃ�pq{3njgjzon�¼§il{
��pwÅ§âm¾ ¹ ilÄ�Å§âçpHG ¹ ¼ ��¼Dn)z~¾ ¹ i·Ã5�Q'�zoÅ§il{�v�il{�p�¼§¾�i·Ã�Å§¼D{�p )��/�¢{ÒÂ×¼§v��l���D� �(�)p�i���njzo¼§{mz¾àÀ·¾àn�pqkilÆ»¼§¾�i·Ã�Å§¼D{�pw¾mÃ�gjpwzon�¼§{�v'z'{�zogjgji�� ¾àn�gj¼§á � ¹ ¼´Ã ¹ �:pwÃqilkmpw¾���gji<zlâ�pqgmz�Æ�n�pwgÒz Å§il{�v'n�¼§kmpá:pqgj¼Di·â 	>ps¾àá:pwÃq¼§zlÅDÅ§À'¼§{®n ¹ pägjpqvl¼§il{ã¾�Æ zogçz ��zªÀ ÆÞgjilk n ¹ p³pHG�n�g�zlÃ�n�¼§il{��ypqÅ§Å���� i��ypq½<pqg%	n ¹ pw¾�pÒg�pwvl¼§il{�¾zlg�pmi<{�ÅDÀ'ioÆ�¼Dkmá:ilg�njzl{�Ã�pmÆÞi<g~n ¹ p¡Å´z�njpmn�¼§kmp �ãp ¹ zª½�¼Di<Ä�gioÆyn ¹ pQKEAM-«�
A ¹ p�¾àkmi�ion ¹ pq{�¼D{�vçioÆ n ¹ p«¾ ¹ i·Ã5�ç¼´¾yâ·Ä�p«n�i�n ¹ p»{�Ä�kmpwg�¼´ÃqzlÅãâ·¼´¾àá:pqg�¾�¼Di<{¡ioÆ6i<Ä�gékmp�n ¹ i·â
' ¼D{©n ¹ p¡á�gji"�ÁpwÃ�n�¼§{�v}á�g�i·Ãqpw¾j¾�)�� A ¹ pw¾�pmg�ps¾àÄ�ÅDnj¾zlg�pÒ¾àn�¼§ÅDÅO�ãpqnàn�pwgn ¹ zo{©n ¹ i3¾àpÒi
�·njzl¼D{�pwâ
��À¡iln ¹ pwg�zlá�á�gji G·¼DkÒz�nj¼Di<{¡kmp�n ¹ i·â�¾ 'Þp<� vã�I	·Ä�á ��¼§{�â·¼§{�v )��P;'p ¹ zª½<p»n�z"�<pq{

αT
¼D{³n ¹ pw¾�pp+G�á:pqgj¼§k1pw{3nj¾�i<{�ÅDÀ

10%
ioÆ>n ¹ p½�zlÅDÄ�p ioÆ

αL
	ãzl¾�¼´¾ â·¼´¾�ÃqÄ�¾j¾àpsâ³¼§{}n ¹ p ÅD¼Dn�pwgjzon�Ä�gjpl�OA ¹ p¼§{���Ä�pw{�Ã�p ioÆ£¾àÄ�Ã ¹ zm½�zlÅDÄ�pilÆ

αT
¼´¾ ¾�¼Dv<{�¼I�ãÃqzl{<njÅDÀ}¾àkÒzlÅDÅ§pqg Ãqilkmá�zogjpwâ³njimn ¹ zon»ioÆ

αL
�

A ¹ pyá�gjpw¾�pq{�ÃqphioÆ
αT
Ãqzl{�il{�Å§À �:p)gjpwÃqilvl{�¼I7wpwâ=��À�n ¹ p)Æ zlÃ�n×n ¹ z�n4n ¹ py¼´¾ài·Ã�Å§¼§{�pw¾4Ãqzl{n ¹ pw{pw{�â �ãp ¹ ¼§{�â n ¹ p�pHG�njgjz<Ã�n�¼§il{ �ypqÅ§Å 	 � ¹ ¼´Ã ¹ Ãqzl{�{�ion�zoá�á:pwzlg>� ¹ pq{

αT = 0
� ' -)i<k1áãzogjpÂ4¼§v��3���D�ª�~zo{�âÒÂ4¼§v����·�§�w�,	3zo{�âm{�ion�p«z�nhn ¹ p»p+G3njgjz<Ã�nj¼Di<{ �ypqÅ§Åãz ¾ ¹ zlg�á1njgjzl{�¾à¼Dn�¼§il{Ò¼§{mn ¹ p¼´¾ài·ÃqÅD¼§{�pw¾#	 ilg�{�iln5)�� A ¹ ¼´¾«¼§Å§ÅDÄ�¾àn�g�z�njpw¾«n ¹ pmz���¼§ÅD¼DnÁÀ ioÆhn ¹ p1n�g�zo{�¾�½lpwgj¾jzoÅ4â·¼´¾àá:pqg�¾à¼§½�¼¿nÁÀ nji¾�á�gjpwzlâÒÃqil{3njzlkm¼D{�zl{3néÆÞgjilk il{�p�¾Ánjg�pszokmÅ§¼D{�p n�imzlâ �àz<Ã�pq{3n�¾Ánjg�pszokmÅD¼§{�ps¾q�LA ¹ p»¼§{���Ä�pq{�ÃqpilÆ

αT
il{®n ¹ p�KEAM- ¼§¾1â·pqá�¼§Ã�n�pwâØ¼D{Økmi<g�päâ�p�njzl¼DÅ)¼D{ Â×¼§v��>�·� �o� 	>¾�pqpäÇPG·áãpwg�¼§kmpq{3n1���
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ÆÞilg«n ¹ p¾ànjzo{ãâ�zog�â°¾jÃ ¹ pqkmp ��¼¿n ¹
αL = 0.0

k zl{�â
αT = 0.0

k�	åz�Æ�njpqg
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zl{�â

9
â�zªÀ·¾�ioÆilá:pqg�z�nj¼Di<{6�

A ¹ p}¼D{ ��Ä�pq{ãÃ�päilÆ n ¹ p³Å§il{�v<¼¿njÄ�â·¼§{�zoÅ�â·¼´¾àá:pqg�¾�¼D½�¼DnÁÀ'¼´¾1k1i<g�p³¾à¼§vl{�¼I�ãÃwzo{3n#	hzl{�â �yp³Ãqzl{Ã�i<kmá�zogjpÒn ¹ p¡n�¼§kmpäpw½lilÅ§Ä·nj¼Di<{ ioÆ�n ¹ p}¾àn�gj¼Dá ilÆ ¼§¾�i·Ã�Å§¼D{�pw¾#	/� ¹ ¼§Ã ¹ ¼´¾���g�i3zlâ·pwgÆÞilg n ¹ p¹ ¼§v ¹ pwgh½�zoÅ§Ä�pw¾hioÆ
αL
� $ Å´¾ài*	on ¹ p�n�¼§kmp ¼D{�� ¹ ¼´Ã ¹ Ã�i<{<n�zokm¼§{�zo{3nhgjpwzlÃ ¹ pw¾×n ¹ p»pHG�n�g�zlÃ�n�¼§il{

�ypqÅ§Å�¼´¾é¾ ¹ ilg�n�pwg£ÆÞilg)Å§zlg�v<pqg£½�zoÅ§Ä�pw¾éioÆ
αL

'�Ã�i<k1áãzogjp Â×¼§v����·�§�w� 	<�·�§� � 	3�·�§����� )��/A ¹ p kmi<¾ànÃ�i<{�½3¼§{�Ãq¼D{�v ¼§{���Ä�pw{�Ã�päioÆ
αL
Ãqzl{ �:p¡¾�pqpq{®i<{'n ¹ pQKEAM-y¾¼§{ Â×¼§v��4�·�§� 8���A ¹ p¡¾ ¹ zoá:pioÆyn ¹ p K AM-y¾#	åps¾àá:pwÃq¼§zlÅDÅ§À ¼§{©n ¹ pÒpszogjÅDÀ á ¹ zl¾�p�	4zo{�â©zoÅ´¾ài}n ¹ pq¼§g ¾ànjzog�n�¼§{�v á:il¼§{<n�¾+	4zogjpn ¹ p�kmi3¾Án�¼Dkmá:ilg�njzl{<n)ÆÞilgyn ¹ p�â·pqn�pwg�km¼§{�z�nj¼Di<{äioÆån ¹ p�á�zog�zokmpqn�pqg

αL
� ¹ pq{än ¹ p�¼§{���i��

K>- ��zl¾�zÒ¾àn�pwá³¼§{�á�Ä·ns�O� i��ypq½<pqg%	�¼¿Æ4n ¹ p¼§{���i�� K>-!¼´¾�ioÆ>á�Ä�Å´¾àp�nÁÀ�á:p�	·n ¹ pq{}n ¹ p~n�¼§k1ppq½<ilÅ§Ä·n�¼§il{}ioÆ×n ¹ ppw{3n�¼§g�p�KEAM- ��¼§Å§ÅC�ãpÄã¾àpqÆÞÄ�Å ÆÞilg�n ¹ p�â·pqn�pqgjkm¼D{ãz�n�¼§il{}ioÆ
αL
�
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αT
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αT
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�çÑãÎØÊ4Ë·Ì�Ù�ßwÑ:Ð �ÒÙ ÍwÖ!ÎØÉ3ÍwÖ4Ñ � ÑãÓ Û�Ù Ð4É�ß
A ¹ p�á�g�i
��ÅDpwk�zon ¹ zo{ãâ �yz<¾ ¾ài<ÅD½<pwâ���¼Dn ¹ zo{ Ä�á ��¼§{�â kmp�n ¹ i·â ioÆ>Å§¼D{�ps¾ ¼§{ �§�w��
T�DA ¹ ¼§¾kmp�n ¹ i·â³v3zª½lp(��zlâ³gjpw¾�Ä�Å¿n�¾q� $ ¾�z1Ãqilkmá�zlg�¼´¾ài<{C	�il{�p~ilÆån ¹ pg�ps¾àÄ�ÅDnj¾yi
�·njzl¼D{�psâä¼´¾�vl¼§½lpw{ÆÞilgçn ¹ p¡ÆÞilÅ§Å§i���¼D{�v'â�z�n�z�r

r1 = r2 = 15
Ã�k�	

d = 10
k 	

H = 10
k zl{�â

h1 = 4
k�	

h2 = 15
k 	�á:ilgji<¾�¼¿nÁÀäioÆ4n ¹ p ¾�il¼§Å

θ0 = 0.2
	 ¹ À·â·g�zoÄ�Å§¼´Ã�Ãqil{�â�Ä�Ã�nj¼D½�¼DnÁÀ

k = 10−5 k / ¾ =
0.864

k
/
â�zªÀ��£�«¼§¾�á:pqg�¾à¼§½�¼¿nj¼Dps¾£zogjp)n�z"�<pq{Òzl¾

αL = 0.05
	
αT = 0.01

	
D0 = 10−20 ≈ 0

�
-)ilkmá�Ä�njz�nj¼Di<{�¾1zogjpäâ·il{�pä¼§{Ïz 93��G79<� v<g�¼´â���¼¿n ¹ zl{ØÄ�á ��¼D{ãâ kmp�n ¹ i�âÏioÆ Å§¼D{�pw¾#	h¾àpwpÂ4¼Dvã�4��� ���l� A ¹ ps¾àp���v<Ä�gjpw¾kçÄ�¾Án��:päÃqilkmá�zogjpwâ8��¼Dn ¹ Â4¼Dvã�×�·�§� �·�QA ¹ pÒ¼§kmá�ÅDpwkmpq{3n�psâkmp�n ¹ i·â ioÆ×Å§¼§{�pw¾�¼´¾ ¾�pqpw{³nji ¹ zª½lp�Æ zog�nji�iÒk Ä�Ã ¹ {�Ä�kmpqgj¼§ÃwzoÅ â·¼´¾àá:pqg�¾�¼Di<{³njimkmz��lp�n ¹ ¼§¾kmp�n ¹ i·â}¾�Ä�¼Dnjz���ÅDp~ÆÞi<g�á�zog�zokmpqn�pqg�¼´â·pq{3nj¼J�ãÃwz�nj¼Di<{6�
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Â4¼§vlÄ�gjp'�·� �·�<r -)i<{�Ã�pw{3n�g�z�n�¼§il{!Å§pq½<pqÅ´¾mÆÞilg³g�pwÅ§zon�¼§½lp ½�zoÅ§Ä�ps¾
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��¼Dn ¹kmp�n ¹ i·â}ioÆ>ÅD¼§{�pw¾�zoÆ�n�pwg
1

	
3

	
6
zl{�â

9
â�zªÀ·¾yioÆ>ilá:pqg�z�nj¼Di<{6�

��� ��� � � � )<) $ � & � � � � � � 	 � 	 � �����#� � � � � � " � � � �
�¢{mzoÅ§Å�pHG·áãpwg�¼§kmpq{3nj¾4Ä�áçn�i�{�i�� 	��yp&�yilg��lpsâ ��¼Dn ¹ n ¹ p�zlâ�½lpwÃ�n�¼§½lp&�ãi<Ä�{�â�zlg�À�Ãqil{�â·¼Dn�¼§il{ 	¾�pqp�'���� 9<8
)H	 � ¹ ¼§Ã ¹ ¼´¾yn�g�zo{�¾àÆÞilgjkmpwâ¡n�i?'���� �l�
)�r
(
D0θ0h ��� +

2αLλ

δ
(∂vΦ̃(v))

)
∂vC + (∂vΦ̃(v))C = (∂vΦ̃(v))C0(t), v = v(2).

;©p�¾àÄ�vlvlps¾Ánjpwâ¡n�i¡¾�á�ÅD¼Dn»zl¾yÆÞi<ÅDÅ§i�� ¾wråÆÞi<g�n ¹ p�njgjzl{�¾àá:ilg�n�p��3Ä�zon�¼§il{³njz"�<p
C(u, v, t) = C0(t), v = v(2),

';�·�§�s� 9 )
zl{�â¡ÆÞi<g�n ¹ p�â�¼J!@Ä�¾�¼Di<{}p �3Ä�z�nj¼Di<{

∂vC(u, v, t) = 0, v = v(2).
';�·�§�s�<��)

;©pmá�g�i�½<pwâ Ãqil{�½lpwg�v<pq{�Ãqp�ioÆ)n ¹ pÒ¾�ilÅ§Ä·n�¼§il{'i��·n�zo¼§{�pwâ���¼¿n ¹ n ¹ ¼´¾~¾àá�Å§¼Dnàn�¼§{�v kmp�n ¹ i·â°njin ¹ pÒ¾ài<ÅDÄ·nj¼Di<{°ilÆhn ¹ pmi<g�¼§vl¼§{�zoÅ>Ã�i<{�½lpwÃ�n�¼§il{ N¢â·¼I!:Äã¾à¼§il{ á�gji���ÅDpwk���¼¿n ¹ zl{'zlâ�½lpwÃ�n�¼§½lpç¼D{ N
��i�� KD-«�,A ¹ ¼§¾�Ãqilgjg�ps¾àá:il{�â�¾£n�i1n ¹ p~á ¹ À�¾�¼´ÃqzoÅ@kmpwzl{�¼§{�vçilÆ4â·¼´¾�áãpwgj¾�¼Di<{C	 � ¹ ¼´Ã ¹ Ãwzo{�{�ilnÃqil{3n�gj¼I��Ä·n�p njiÏâ·¼I!:Äã¾à¼§½lp��ãÄ G!zon¡n ¹ p°¼§{���i��� � iln�p n ¹ z�n¡n ¹ ¼´¾³z<¾�¾�Ä�kmpw¾

D0
nji2�:p{�pwvlÅ§pwÃ�njz"��ÅDp
	�zl¾�kmilÅ§pwÃqÄ�Å§zlg�â·¼J!@Ä�¾�¼Di<{ â·i�pw¾�Ã�i<{3n�gj¼I��Ä�n�p�n ¹ pwg�p~njiÒz1â�¼J!@Ä�¾�¼D½<p ��Ä G �
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Â�i<g£n ¹ pw¾�pMK>-<F ¾#	ln ¹ p kÒzl¾j¾P��zlÅ§zl{�Ã�p»il{�Å§ÀçÃqil{�¾�¼§¾ànéilÆ z<â·½lpsÃ�nj¼D½<p�¼D{��ãi�� zl{�âÒzlâ·½<pwÃHNn�¼§½lp~i<Ä·n ��i��� ¸ pq{�pqg�zoÅ§ÅDÀ
	<ÆÞi<gyn ¹ p~kÒzl¾j¾O�ãzoÅ´zo{�Ãqp�	 �)p�{�pwpwâän ¹ p~zlâ·½<pwÃ�n�¼§½lp�¼D{��ãi�� ��Ä G
M

� �
� ���

	

M
� �
� ��� =

∫

∆t

∫

δBr2 (d+c,0)

θ0h ��� Cp(x, y, t)(n · v) ds dt

= (∂vΦ̃(v))

∫

∆t

∫ π

0

C(u, v(2), t) dt du,

n ¹ p�â·¼J!@Ä�¾�¼D½<p ��Ä G³zon�n ¹ p¼§{���i�� 	

M
� �
� � � = −

∫

∆t

∫

δBr2 (d+c,0)

θ0h ��� (n ·D∇C(x, y, t)) ds dt

= −
∫

∆t

∫ π

0

(
D0θ0h ��� +

2αL

δ
λ(∂vΦ̃(v))

)
∂vC(u, v(2)) dt du,

æ � ¹ ¼§Ã ¹ Ãqzl{��:páãi3¾à¼Dn�¼§½lpi<g�{�pqv3z�n�¼§½lp�æÒzl{�âän ¹ p�z<â·½lpsÃ�n�¼§½lp~i<Ä·n ��i�� ��Ä G 	

M
�

���
� ��� =

∫

∆t

∫

δBr1 (−d,0)

θ0h ��� Cp(x, y, t)(n · v) ds dt

= (∂vΦ̃(v))

∫

∆t

∫ π

0

C(u, v(1), t) dt du,

zl¾O�)pwÅDÅãzl¾>n ¹ p»kÒzl¾j¾
M

��� �
	 ¼§{mn ¹ p
uv

N¢¾àá�z<Ã�p<�/A ¹ ¼´¾hÅ´z�n�n�pwghkÒzl¾j¾hÃqzo{��:p»ÃwzoÅ´Ã�Ä�Å´z�njpwâ1¼D{pq½<pqgjÀ Ã�pwÅDÅL��À k Ä�Å¿nj¼Dá�Å§À�¼D{�v³n ¹ pÒÃ�i<{�Ã�pw{<njgjzon�¼§il{?��¼Dn ¹ n ¹ p1½<ilÅ§Ä�kmp1zl{�â°n ¹ pmá:ilgji<¾�¼¿nÁÀ
	¼;� p<�
M

��� �
	
i,j = θ0h ��� Ci,j∆V

x,y
i,j ,

� ¹ pwg�p
Ci,j
¼§¾�n ¹ p}zª½lpwgjzlvlpmÃ�il{ãÃ�pq{3njgjzon�¼§il{®i�½lpwg~n ¹ p}Ã�pqÅ§Å)zl{�â�� ¹ pwg�p

∆V x,y
i,j

¼§¾�n ¹ p½li<ÅDÄ�k1p~¼§{}n ¹ p
xy

NTá�Å´zo{�p�n ¹ z�n»Ãqilgjg�ps¾àá:il{�â�¾énji1n ¹ p
uv

N¢Ã�pwÅDÅ;r
∆V x,y

i,j =

∫

xy

dσ

=

∫ ∫
‖∂ur × ∂vr‖ du dv

=
δ2

4

∫ ∫
du dv

λ2
,

� ¹ pwg�p
r = (x(u, v), y(u, v), 0)

�LA ¹ ¼§¾>p+G�á�g�ps¾�¾�¼Di<{ Ãqzl{�{�ilnL�:p�ÃqzlÅ§ÃqÄ�Å§zon�psâçzl{�zoÅ§À3n�¼´ÃqzoÅ§Å§Àzo{ãâ���¼§Å§Å �ãp�zlá�á�gji G�¼§kÒz�njpwâ¡{�Ä�kmpwg�¼´ÃqzlÅDÅ§Àl�
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�«Ä�p~n�imkÒzl¾j¾E��zlÅ§zl{�Ã�p=�yp ¹ zª½lp

M
� �
� ��� +M

� �
� � � −M

�
���

� ��� = M
��� �
	
i,j .

';�·�§�s�l�
)
�¢{çn ¹ p�Ãwzl¾�pyilÆ�n ¹ pDKD- '���� 9���):�)p ¹ zª½<pén ¹ p ¾à¼§kmá�Å§¼J�ãÃwz�nj¼Di<{

C(u, v(2), t) = C0(t)
kzl{�â ¹ pq{�Ãqp

M
� �
� ��� = (∂vΦ̃(v))π

∫

∆t

C0(t) dt.

�¢{}n ¹ p�Ãqzl¾�p�ioÆ4n ¹ p�z<â·½lpsÃ�n�¼§½lp(�:ilÄ�{�â�zogjÀäÃ�i<{�â·¼Dn�¼§il{�'��·� �o� )&�)p=��¼§ÅDÅ ¹ zª½lp
M

� �
� ��� +M

� �
� � � = (∂vΦ̃(v))π

∫

∆t

C0(t) dt.

A ¹ p~¾�Ä�vlv<pw¾àn�pwâÒ¾�á�Å§¼¿n�n�¼§{�v ilÆ6n ¹ p(K>- '���� 9���) �3Àmkmpwzl{�¾)ioÆO'����D�ª� 9 ) N '��·�§�s�<��)H	"��¼DÅ§Å:ÆÞÄ�ÅI��ÅDÅn ¹ ¼§¾ p��3Ä�z�nj¼Di<{6�
;©p»{�i��*á�g�ps¾àpw{<nyz ¾�pqgj¼Dps¾hioÆ6p+G·áãpwg�¼§kmpq{3nj¾é¼D{�� ¹ ¼§Ã ¹ n ¹ p«¼D{��ãÄ�pq{�Ãqp«ilÆ n ¹ p<�ãi<Ä�{�â Nzlg�ÀäÃqil{�â�¼¿nj¼Di<{}zonyn ¹ p¼§{���i���¼´¾�¼§ÅDÅ§Ä�¾àn�g�z�njpwâ 	�zl{�âQ�ypá�gjpw¾�pq{3n�kÒzl¾j¾&�ãzoÅ´zo{�Ãqp«n�z"��Å§pw¾w�

� � ÊéÉ3Ì�Ù ÎØÉ�Ð@Í 	 � ßqÍsÉ3Ê!Ù�ÐåÊ ×Í
;©pçgjpqá:pwzon«n ¹ pÒ¾Ánjpqá'¼D{�á�Ä·npHG·áãpwg�¼§kmpq{3nw� �¢{'ion ¹ pqg(�)i<gjâ�¾+	:n ¹ p��ypqÅ§Å§¾ ¹ zª½<pçzägjz<â·¼DÄã¾ilÆ
r1 = r2 = 15

Ãqk�zl{�â n ¹ pq¼§g«Ã�pw{3n�pqg�¾»zlg�p á�Å§z<Ã�psâ
10
k�ÆÞgjilk�pwzlÃ ¹ iln ¹ pwg�'

d = 5
k�	

c = 0
)�� A ¹ p ¹ pw¼Dv ¹ n³ioÆn ¹ p'z �3Ä�¼¿ÆÞpwgä¼´¾

H = 10
k�	�n ¹ p'á:ilgji<¾�¼¿nÁÀ ioÆn ¹ p'¾�il¼§Å«¼´¾

θ0 = 0.2
	>n ¹ p ¹ À·â·g�zoÄ�Å§¼§ÃäÃ�il{ãâ·Ä�Ã�nj¼D½�¼DnÁÀ®¼§¾

k = 10−5 k / ¾ = 0.864
k
/
â�zªÀ®zo{�â®n ¹ pnjgjzl{�¾à½<pqg�¾�zlÅåÃ�i<Ä�{3n�pwg�á�zlgàn�zo{�â n ¹ p1kmilÅ§pwÃ�Ä�Å§zlg«â·¼I!:Äã¾à¼§il{©zogjpçÃ�i<{�¾�¼§â·pwg�psâ {�pwvlÅ§pwÃ�nj¼I��ÅDp
	

αT = 0 = D0
� A ¹ p Å§il{�v<¼¿njÄ�â·¼§{�zoÅ â·¼´¾�áãpwgj¾�¼D½�¼DnÁÀ

αL
¼´¾Ò½�zogj¼§pwâ 	�zo{ãâ �yp kmpwzl¾�Ä�gjpn ¹ p�K AM-«��;©pm¼D{��ÁpsÃ�n~n ¹ p njgjz<Ã�pqg(��¼Dn ¹ Ã�il{ã¾Án�zo{3n�Ãqil{�Ãqpq{3n�g�z�nj¼Di<{

C(2)(t) = C0
� Â�i<gzl{'pszl¾�À á�gjpw¾�pq{3njzon�¼§il{��yp¡¾�p�n

C0 = 1
� A ¹ pÒgjpw¾�Ä�Å¿n¼´¾�¾ ¹ i���{°¼§{ Â×¼§v��ä��� �<�·� 
6¼DnànjÅDpâ·¼I!@pqgjpq{�Ãqp³¼´¾1ÆÞilÄ�{ãâ ÆÞilgÒz'ÅDi�� ÅDi<{�vl¼Dn�Ä�â�¼D{�zlÅ�â·¼§¾�á:pqg�¾à¼§½�¼¿nÁÀ<�ÏÂ�i<g1Å´zogjvlp

αL
	én ¹ pwg�p ¼´¾z'{�ionj¼§Ãqpwz���ÅDp â·¼I!:pwg�pw{�Ã�p<� A ¹ ¼´¾m¼´¾çpw½lpw{ kmilgjp³zlá�á�zlgjzl{<nm¼§{ z©kÒzl¾j¾��ãzoÅ´zo{�Ãqp¡njz���Å§pÅ§¼I�<p A4z"��ÅDps¾~��� 9 zo{ãâ©��� ���B. zl¾j¾«½ªzlÅDÄ�pw¾zogjp i
�·njzl¼D{�pwâ©â·¼Dkmpw{�¾à¼§il{�ÅDps¾�¾�zl¾
C0(t) = 1

�t�pszoÅ§¼§¾àn�¼´Ã¡½�zlÅDÄ�ps¾1¼D{ �3v©Ãqzl{ �:p³i
�·njzl¼D{�psâ ��À k Ä�ÅDn�¼§á�Å§¼§Ãwz�nj¼Di<{2��¼¿n ¹ zl{Ïzoá�á�g�i<á�gj¼§zon�p¼§{���i�� Ãqil{�Ãqpq{3n�g�z�nj¼Di<{6�:�¢{�A×z���Å§p~��� 9��)p~¾àpwp n ¹ p�¾�¼Dn�Ä�zon�¼§il{¡ÆÞi<g
αL = 2

�L�¢{än ¹ ¼´¾�Ãqzl¾�p�	n ¹ pqgjp¡¼´¾ z Å´zogjvlp¡â·¼I!@pqgjpq{�Ãqpä¼§{®n ¹ p³g�ps¾àÄ�ÅDnj¾�ÆÞilg n ¹ pÒn��yi°â·¼I!@pqgjpq{3n�K>-<F ¾w�?� i��ypq½<pqg%	
� ¹ pw{

αL = 0.1
	C�ypÒi��·n�zo¼§{©z}{�pwvlÅ§pwÃ�n�z"��Å§pÒâ·¼I!:pwg�pw{�Ã�p��:p�n��ypqpw{°n ¹ pmn��)i�K>-<F ¾+	4¾àpwp

A4z"��Å§p��·� �·�
� � ÊéÉ3Ì�Ù ÎØÉ�Ð@Í - � Ê�4Û ßsÉ Ù Ð×Ê�×Í
�¢{ Â4¼Dvã�å�·� �o���)pÒÃqil{�¾�¼§â�pqg�n ¹ p¡¾jzokmpmpHG·á:pqgj¼Dkmpw{<n%	C��Ä·n�{�i��ÕÆÞilg�z}á�Ä�Å§¾�pm¼D{�á�Ä·n�ioÆ

1â�zªÀ<�PA ¹ p«¾jzokmp�i���¾�pqgj½�z�n�¼§il{ ¹ ilÅ´â�¾qr4il{�ÅDÀmÆÞi<g)Å´zogjvlp»â�¼§¾�áãpwgj¾�¼§il{äz1â·¼I!:pwg�pw{�Ã�p«¼§¾)ÆÞilÄ�{�â
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αL/L = 0.2
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6p�Æ�néÆÞilg)�«¼§g�¼´Ã ¹ Å§p�né¼§{���i�� K>-2��¼Dn ¹ i<áãpwgjzon�i<gé¾àá�ÅD¼Dnànj¼D{�v k1pqn ¹ i·â �£t�¼§v ¹ nÆÞilg z<â·½lpsÃ�nj¼D½<p��ãÄ Gä¼§{���i�� K>- Ä�{�â·pwg'�=1@�
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A4z"��Å§p»�·� 9�r/AåilnjzoÅ�kmz<¾�¾h¼D{��ãi�� zl{�â1ilÄ·n ��i�� 	�n�ilnjzlÅ�kÒzl¾j¾£á�gjpw¾�pq{3n#	3zo{�â1kÒzl¾j¾L��zoÅ´zo{ãÃ�p�	¼§{ n ¹ p Ãqz<¾àpyioÆ
αL = 2

��¼¿n ¹ ¾àn�pwáç¼§{�á�Ä�nw� 
6pqÆ�n4ÆÞi<gh�»¼§gj¼§Ã ¹ Å§p�n£¼§{���i�� K>- ��¼¿n ¹ i<áãpwgjzon�ilg¾�á�ÅD¼Dnànj¼D{�v k1pqn ¹ i·â �¡t ¼Dv ¹ n~ÆÞi<g�zlâ·½<pwÃ�nj¼D½<p �ãÄ G'¼§{���i�� KD- Ä�{�â·pwg�ilá:pqg�z�njilg~¾àá�ÅD¼Dnànj¼D{�v
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A4z"��Å§p»�·� �·r/AåilnjzoÅ�kmz<¾�¾h¼D{��ãi�� zl{�â1ilÄ·n ��i�� 	�n�ilnjzlÅ�kÒzl¾j¾£á�gjpw¾�pq{3n#	3zo{�â1kÒzl¾j¾L��zoÅ´zo{ãÃ�p�	¼§{!n ¹ p Ãwzl¾�p ioÆ
αL = 0.1

��¼Dn ¹ ¾àn�pqá!¼§{�á�Ä·ns� 
åp�Æ�nÒÆÞi<gä�»¼§gj¼§Ã ¹ Å§p�n¡¼§{���i�� K>- ��¼Dn ¹ilá:pqg�z�njilg�¾�á�ÅD¼Dnànj¼D{�vÒk1pqn ¹ i·â �ht ¼Dv ¹ n�ÆÞi<g zlâ·½<pwÃ�n�¼§½lp���Ä G³¼§{���i�� K>-!Ä�{�â�pqg �=1@�
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Â4¼§vlÄ�gjp»�·� �o��r KEAM-2��¼Dn ¹ á�Ä�Å§¾�p�¼§{�á�Ä·nyioÆ
1
â�zªÀ ÆÞilg

αL/L = 0.2
	
0.1
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zo{ãâ
0.002

kä� 
6pqÆ�n�ÆÞilg��»¼§gj¼§Ã ¹ Å§p�n�¼§{���i�� K>- ��¼Dn ¹ ilá:pqg�z�njilg)¾�á�Å§¼¿n�n�¼§{�vmkmp�n ¹ i�â6�t�¼§v ¹ n�ÆÞilg z<â·½lpsÃ�nj¼D½<p��ãÄ Gä¼§{���i���KD-*Ä�{�â·pwg'�=1@�
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A4z"��Å§p»�·� ��r/AåilnjzlÅ�kÒzl¾j¾>¼D{��ãi�� zl{�âmilÄ·n ��i�� 	�njionjzlÅ�kÒzl¾j¾£á�gjpw¾�pq{3n#	<zo{�âmkÒzl¾j¾L��zlÅ§zl{�Ã�p
	¼§{©n ¹ pÒÃqz<¾àpmilÆ
αL = 2

��¼¿n ¹ á�Ä�Å§¾�pm¼D{�á�Ä·n�ioÆ
1
â�zªÀl� 
6pqÆ�nÆÞilg��«¼Dgj¼´Ã ¹ ÅDpqn�¼D{ ��i�� K>-

��¼Dn ¹ ilá:pqg�z�njilg�¾�á�ÅD¼Dnànj¼D{�vÒk1pqn ¹ i·â �ht ¼Dv ¹ n�ÆÞi<g zlâ·½<pwÃ�nj¼D½<p ��Ä Gä¼§{���i���K>-!Ä�{�â�pqg'�=1@�
�:p�n��ypqpw{Ïn ¹ p n��)i K>-<F ¾q� A ¹ ¼´¾mÆÞilÅ§Å§i�� ¾1ÃqÅDpszogjÅDÀØÆÞg�i<k A×z���Å§p ��� � 	O� ¹ pwg�p}n ¹ p kÒzl¾j¾
��zlÅ§zl{�Ã�pç¼§¾«vl¼§½lpw{ ÆÞilg

αL = 2
��Â�g�i<k�n ¹ p1½�zoÅ§Ä�pw¾»ÆÞilg«n ¹ pm�«¼Dgj¼§Ã ¹ ÅDpqn»nÁÀ�áãp1ioÆOK>-<	��yp¾�pqpn ¹ pqgjp ¼´¾�zo{ ¼§{���i��Õâ·¼I!:Äã¾à¼§½lp �ãÄ G Ä�á n�i

t = 1
â�zªÀ�	@z�Æ�njpqgM� ¹ ¼§Ã ¹ n ¹ pqgjp�¼´¾«zäÃ�Å§pwzog{�pwv<zon�¼§½lp¼§{���i�� â·¼J!@Ä�¾�¼D½<p ��Ä G ÃqzlÄ�¾à¼§{�vmn ¹ pn�ilnjzlÅ6¼D{ ��i�� kmz<¾�¾ynjiäâ·psÃ�gjpwzl¾�pl�&�¢{ Â4¼Dvã���� �l�än ¹ ¼´¾�vl¼§½lps¾gj¼§¾�pmn�i n ¹ p ¹ ¼§v ¹ pwg�á:pwz"�©½�zoÅ§Ä�p¡zo{ãâ®ÅDi��ypqg~n�zo¼§ÅhÆÞilg

αL = 2
¼§{®n ¹ p�«¼Dgj¼´Ã ¹ ÅDpqn�nÁÀ�áãp K>-<	�zl¾�i<á�á:i<¾�pwâän�i1n ¹ p�Ãwzl¾�p~ioÆ4zl{ zlâ·½<pwÃ�nj¼D½<p �ãÄ G�K>-«�

��� ����� � 	 )<" � � �#��" �
;©pé{�i�� v<¼D½<pé¾�ilkmpé¾�ilÅ§Ä·n�¼§il{�¾åioÆ·n ¹ p)â·ÄãzoÅIN �ypqÅ§Å<â·¼§gjpwÃ�n4á�gji���Å§pqk � ¹ pqgjphn ¹ p)z<â�¾�ilgjá·n�¼§il{Ãqi3p��¡Ã�¼§pq{3nj¾)zogjp ½�zogj¼Dpsâ �:;©p»Å§¼§k1¼Dn)i<Ä�g�¾àpwÅD½<pw¾4n�i1Â�gjpqÄ�{ãâ·ÅD¼´Ã ¹ zlâ�¾ài<g�á·nj¼Di<{6� �«{�ÅDÀ ��gjpwz"�n ¹ g�i<Ä�v ¹ Ã�Ä�g�½<pw¾Òzogjp}vl¼§½lpq{ 	yz<¾1n ¹ p á�Å§ion�¾Ò¼§{ n ¹ p

xy
â·ilkÒzo¼§{ á�g�i�½�¼´â·p ÅD¼DnànjÅDp p+G�n�g�z
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C

v

Â4¼Dv<Ä�gjp ��� � 9�r�1·ilÅ§Ä·n�¼§il{ ioÆ»p �3Ä�¼DÅ§¼ ��g�¼§Ä�k kmi·â·p á�gji���Å§pqk ÆÞi<g
D = 0.001

	
K0 = 1

	
p = 0.75

	���¼Dn ¹ τ
∆y = 40

�,G·pwâ°zl{�â8��¼¿n ¹
τ
gjpw¾�á:pwÃ�nj¼D½<pqÅ§À �ãpw¼D{�v

5
	
1

	
0.1

	
0.05

	 zon
��{�zlÅ n�¼§kmp

T = 15
�

¼§{·ÆÞilgjkÒz�n�¼§il{ Ã�i<kmá�zogjpwâ¡n�imn ¹ pÅD¼§{�pwzlg ¾ài<ÅDÄ�n�¼§il{�¾w�
�çÑãÐ /:É3Ì �:É�Ð×Ú<É ÍsÉ3ßwÍwßmÙ�Ð 	 �jÈ
Â4¼Dg�¾ànE�yp~¼D{�½<pw¾àn�¼§v<z�njp n ¹ p�Ã�i<{3½<pqgjvlpw{�Ã�p»zl{�âän ¹ pâ·pwáãpw{�â·pq{ãÃ�pioÆ×n ¹ p¾�ilÅ§Ä·n�¼§il{}il{än ¹ pâ·¼´¾�Ãqg�pqn�¼ 7wzon�¼§il{6�£Â�i<g�n ¹ ¼´¾E�yp�Äã¾àp ';�·� �<��)é¼§{©�s�B	

Ω = (0, L)
	·¼§{}¾àn�pszlâ³ioÆ>¼D{³n ¹ p�â·Ä�zoÅIN

�ypqÅ§Åå¾àpqnànj¼D{�vã�P;'p~n�z"�<p
a = 0

	
G = 1

	
b = D

	
g = 1

	
F (C) = C +K0C

p 	·n�i<vlpqn ¹ pwg
��¼Dn ¹ ¹ i<k1i<vlpw{�pqi<Ä�¾'�»pqÄ�kÒzl{�{��ãi<Ä�{�â�zlg�À°Ãqil{�â�¼¿nj¼Di<{�¾�zo{ãâ'z t�¼§pqkÒzl{�{'¼§{�¼Dn�¼´zoÅéÃqil{ Nâ·¼Dn�¼§il{6r

u0(x) = 1
¼DÆ
x ≤ 1

	
u0(x) = 0

ion ¹ pqg���¼§¾�pl� A ¹ ¼´¾�¾�p�n�n�¼§{�v Ã�i<g�gjpw¾�áãi<{�â�¾«n�in ¹ p1â·pw½lpwÅDi<áãpsâ {3Ä�k1pwg�¼´ÃqzlÅ4zlá�á�gji G·¼DkÒz�nj¼Di<{ ¼D{ i<{�pç¾�¼§{�vlÅ§p ¾àn�gj¼Dá6�(�Tn«á�g�i�½�¼´â·pw¾«zÒvli�i·â½�¼Dp#�ÏÄ�á:il{ÒÃqil{�½lpwg�v<pq{�Ãqp)zl¾×n ¹ p�á�Å§ionj¾£zlg�p)n�g�zo{ã¾àá�zlgjzl{3n4zo{ãâçÃwzo{ �ãp�gjpqÅ´z�njpwânji�¾à¼§kmá�Å§ppHG�zlk1á�ÅDps¾�ioÆ4n�g�zo{�¾�áãi<gàn�á�gji���Å§pqkÒ¾w�Â�gjilk n ¹ pqilgjp�nj¼§ÃwzoÅéÃqil{�¾�¼´â·pqg�z�nj¼Di<{�¾=�)pQ�3{�i���n ¹ z�n ÆÞilg�� G�psâ
τ/∆y

n ¹ pä¾�ilÅ§Ä·nj¼Di<{Ã�i<{�½lpqgjvlps¾~zl¾
τ → 0

�Q� pwg�p
	
y
¼´¾~n ¹ pÒn�g�zo{ã¾ÁÆÞi<g�kmpwâ°½�zogj¼§z���ÅDp1ÆÞgjilk '��·� �o� )��QA ¹ ¼§¾¼´¾�:p ¹ zª½�¼§ilÄ�g=�yp1i
��¾�pqgj½lpwâ°¼D{ Â4¼§v��¡�·� � 9*	 � ¹ pqgjp

D = 0.001
	
K0 = 1

zo{�â
p = 0.75

�
13n�zog�n�¼§{�v®ÆÞg�i<k

τ = 0.1
	)n ¹ p Ã�i<{�Ã�pw{3n�g�z�n�¼§il{ á�gji"��Å§p â·i�pw¾¡{�ionäÃ ¹ zl{�vlp {�iln�¼´Ã�psz"��Å§Àzo{�À�kmilgjp�z<¾�Ã�i<{3½<pqgjvlpw{�Ã�p ¼´¾�gjpwz<Ã ¹ pwâ �LA ¹ p~n��yi njpqÅ§Å¿n�zoÅ§p�¾à¼§vl{ã¾)ilÆ4z<â�¾ài<g�á�n�¼§il{³Ãwzo{��ãpi��ã¾àpwg�½<pwâ r n ¹ p»â·pw½lpwÅDi<á�kmpq{3nhioÆ z~njzl¼DÅ�n�i~n ¹ p ÅDpqÆ�n#	�zo{�âçn ¹ p»¾ ¹ zogjá1ÆÞg�i<{<n£n ¹ z�n)g�pwkmzl¼D{ã¾z�n�n ¹ pgj¼Dv ¹ n�zoÅDn ¹ ilÄ�v ¹ â·¼I!@Ä�¾à¼§il{ ¼´¾�á�gjpw¾�pq{3nw�

�¢{°Â4¼§v��«��� �<���)p ¼DÅ§ÅDÄã¾Ánjgjzon�pn ¹ pç¼§{���Ä�pq{�Ãqp ioÆ£n ¹ pçâ�¼J!@pqgjpq{3n«pwg�gjilg�¾E��À á�g�ps¾àpw{3n�¼§{�vn ¹ p ¾�zlk1p p+G·zlkmá�ÅDp}ÆÞi<g¡�©â�¼J!@pqgjpq{3n¡½�zoÅ§Ä�pw¾milÆ»n ¹ p â·¼I!:Ä�¾�¼§il{6r
D = 0.1

	
0.01

zo{�â



	�	 � � Ö4Ë·Ê4ÍwÉ3Ì - � Ü ��/ãÉ�ÚlÍwÙ Ñ:Ð0�4ÑãÎØÙ�Ð×Ë�ÍwÉ�� �4Ù 2 ×ßsÙ Ñ:ÐÏÊ4Ì�Ñ�4>Û É�Î

0

0.2

0.4

0.6

0.8

1

4 4.5 5 5.5 6 6.5 7 7.5 8

step  1.5
step  0.1
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Â4¼§vlÄ�gjp1��� �<�·rD1�ilÅ§Ä·n�¼§il{°ioÆ)zl{ p��3Ä�¼§ÅD¼ ��gj¼DÄ�k�kmi·â·pçá�g�i
��Å§pqk ��¼¿n ¹
K0 = 1

	
p = 0.75

	zon�nj¼Dkmp
T = 12

	6ÆÞilg��}½�zoÅ§Ä�pw¾~ilÆén ¹ p¡â·¼J!@Ä�¾�¼Di<{6r
D = 0.1

	
0.01

zo{�â
0.0001

	@pwz<Ã ¹
��¼Dn ¹ �³â·¼I!:pwg�pw{<n�â·¼§¾jÃ�gjp�nj¼I7sz�nj¼Di<{�¾qr

∆y = 0.05
	
τ = 1.5

' â�z<¾ ¹ psâ Å§¼D{�p ) �
∆y = 0.02

	
τ = 0.1

'�â·ion�n�psâ¡Å§¼D{�p )��·zo{ãâ
∆y = 0.002

	
τ = 0.01

' ¾�ilÅ§¼´âÒÅD¼§{�p )�� $ Å´¾�i�n ¹ p�zl{�zoÅ§À3n�¼´ÃqzoÅ¾�ilÅ§Ä·n�¼§il{³ÆÞilg
D = 0

¼´¾�vl¼§½lpw{6�

0.0001
�/A ¹ p<��gj¾àn)pwg�gjilgé¼§¾)n ¹ p«i<áãpwgjzon�ilgy¾àá�ÅD¼Dnànj¼D{�vçpqgjg�i<g#	3â·Ä�p«n�içn ¹ p~¾�á�ÅD¼Dnànj¼D{�v ioÆån ¹ pfé�«Ç©¼D{ â�¼J!@pqgjpq{3n×á�¼DpsÃ�pw¾w�LA ¹ ¼§¾×pqgjgjilgåâ·psÃ�gjpwz<¾àps¾ � ¹ pq{

τ
â·i�pw¾w� $ ¾6n ¹ p)n�g�zo{�¾�áãi<gàn×á�zog�n¼´¾ypHG�zlÃ�n#	�{�i1pqgjg�i<gé¼´¾)¼§{3n�gji·â·Ä�Ã�psâÒ¼§{än ¹ ¼§¾yá�zlgàns�L�¢{�¾Ánjpwz<â 	 �)p ¹ zª½lp�z�á�gji"�ÁpsÃ�nj¼Di<{¡pqgjg�i<gâ·Ä�p~n�i1n ¹ pá�g�i��ÁpwÃ�nj¼Di<{³ilÆån ¹ p~n�g�zo{�¾�á:ilg�n�¾�ilÅ§Ä·nj¼Di<{änji1á�¼DpsÃ�p+��¼´¾�p~Ãqil{�¾ànjzl{3nyÆÞÄ�{�Ã�nj¼Di<{�¾q�

A ¹ ¼´¾�pwg�gjilg â·psÃ�gjpwz<¾àps¾&� ¹ pq{
∆y
â·i�ps¾q�%�»pHG�n#	*�)p ¹ zª½<p�n ¹ p�pwg�gjilgyÆÞgjilk n ¹ p�â·¼I!@Ä�¾à¼§½lpá�zlgàn%	*� ¹ ¼§Ã ¹ â·psÃ�gjpwz<¾àps¾D��¼¿n ¹ ¾�kmzlÅDÅ§pqg»n�¼§kmpw¾àn�pqáã¾«zl{�â ¾àkÒzlÅDÅ§pqg«vlgj¼§â�¾�¼ 7qpl�D;©p i
��¾�pqgj½lpn ¹ z�nÆÞi<g

τ = 1.5
n ¹ pÒi<áãpwgjzon�i<g~¾�á�Å§¼¿n�n�¼§{�v pqgjgjilg~á�gji�â�Ä�Ã�ps¾ �<Ä�¼¿njpÒÅ§zlg�v<pçpwg�gjilg�¾+	 pw½lpw{¼§{ n ¹ päÅ´zogjvlp¡â·¼I!:Äã¾à¼§il{ÏÃwzl¾�p�' � ¹ pqgjp¡{�Ä�kmpqgj¼§ÃwzoÅ)â�¼§¾�áãpwgj¾�¼§il{ ioÆ�n ¹ p³zlá�á�gji G·¼DkÒz�nj¼Di<{�¾¼´¾¡¾�kmzlÅDÅ§pqgmn ¹ zo{ n ¹ p°â·¼I!:Äã¾à¼§il{*)��
Â�ilg

D = 0.1
zo{ãâ

D = 0.01
Ãqil{�½lpwg�v<pq{�Ãqp ¹ zl¾

�:pqpw{ g�pszlÃ ¹ psâ?��À n ¹ p¡kmp�n ¹ i·â 	4z<¾Ãqzl{ �:p¡â·psâ·Ä�Ã�psâ'ÆÞg�i<k n ¹ pä¾àkÒzlÅDÅhÃ ¹ zl{�vlp�� ¹ pw{á�z<¾�¾�¼§{�v¡ÆÞgjilk
τ = 0.1

n�i
τ = 0.01

�=A ¹ ¼´¾�¼§¾�{�iln»n ¹ pmÃwzl¾�p�ÆÞi<g
D = 0.0001
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T�

��� + � + � � � � ��( � �7� � � & (*" 	 ��& "�� 	 ��� �')���" ��� � � � � & � � �
Â�g�i<k � �l��
 	��)pB�3{�i��
n ¹ z�n«n ¹ pmÂ�p+N 1·¼å¼§{<njpqg�â·¼I!:Ä�¾�¼§il{ ¼´¾ ¹ ¼Dv ¹ ÅDÀ â·pwáãpw{�â·pq{3n�il{ n ¹ p 1�¼Ãqil{�Ãqpq{3n�g�z�nj¼Di<{6��A ¹ pwg�pqÆÞilgjp�	@n�z"��¼D{�v³¼§{3n�i zlÃwÃ�ilÄ�{<n�n ¹ pmâ�pqá:pq{�â·pw{�Ã�pÒilÆén ¹ pÒâ·¼J!@Ä�¾�¼Di<{
D
il{'n ¹ pQ1�¼hÃ�i<{�Ã�pw{<njgjzon�¼§il{C	

C
	×¼§¾�¼D{�â�¼§¾�áãpw{�¾�¼I��Å§pl� $ ¾=�)p ¹ zª½<p1z³njpqgj{�zogjÀ°¾�À�¾àn�pwk 	n ¹ ¼§¾ ¼§¾çzo{�zlÅDi<vlÄ�p1nji � �<��
;��A ¹ pwg�pqÆÞilgjp�	 n ¹ p³â�¼J!@Ä�¾�¼Di<{©p �3Ä�z�nj¼Di<{'nji?�:p¡Ä�¾�pwâ®¼´¾+	/��¼¿n ¹

i = 1
' 1�¼ ) 	

2
' $ Å ) 	

∂C3
i (x, t)

∂t
=

∂

∂x

(
D3

i1

(
C3

1 , C
3
2

) ∂C3
1 (x, t)

∂x
+D3

i2

(
C3

1 , C
3
2

) ∂C3
2 (x, t)

∂x

)
,

' ���D� )



���3	 � Ü³Ð×Ð4É�Ë�Û Ù�Ð�� �4Ù 2%4ßwÙ�ÑãÐ Ë�ßmË©Ê×Ì�Ë�ÚlÍwÙ�ÚlË�Û�É��6Ë�Î Ê>Û É 	#- 	

� ¹ pwg�p
0 ≤ x ≤ L

	
0 ≤ t < ∞ � A ¹ p ¾�Ä�áãpwgj¾jÃ�gj¼§á·n

3
¼§{�â·¼´Ãqzon�ps¾mn ¹ p â�pqá:pq{�â·pw{3npqÅ§pqkmpw{<nB'�Â�p )��éÂ�Ä�gàn ¹ pqgjkmilgjp�	 �yp ¹ zª½lp�n ¹ p{�i���i�� �:ilÄ�{�â�zogjÀäÃqil{�â·¼Dn�¼§il{ã¾

∂C3
i (0, t)

∂x
= 0 =

∂C3
i (L, t)

∂x
,

' ��� �
)
zoÅ§il{�v ��¼Dn ¹ ¼§{�¼Dn�¼´zoÅ6Ã�i<{�â·¼Dn�¼§il{�¾

C3
i (x, 0) = C3

0,i(x).
' ��� �
)

A ¹ pB1�¼×Ã�il{ãÃ�pq{3njgjzon�¼§il{
C3

1

	 'Þkmi<Å ��k1k 3 )y¼§¾�i
�·njzl¼D{�psâ³ÆÞg�i<k
C3

1 =
xSi

xSivSi + xAlvAl + (100 − xSi − xAl)vFe
,

' ��� 9 )
� ¹ pwg�p

xi
¼´¾Òn ¹ p'zon�ilkm¼´Ã á:pqg�Ã�pq{3n³zl{�â

vi
¼´¾Òn ¹ p kmilÅ´zog³½li<ÅDÄ�kmp ilÆ~pszlÃ ¹ pwÅDpwk1pw{3n

'
vSi = 12.0 × 103 	

vAl = 10.0 × 103 	
vFe = 7.10 × 103 kmk 3 ��k1i<Å4)�� A ¹ p $ ÅÃ�i<{�Ã�pw{3n�g�z�n�¼§il{³¼§¾ i��·n�zo¼§{�pwâ³¼D{}n ¹ p�¾�zlkmp(��zªÀl�

;©p��)i<g�� ¼§{ il{�pmâ�¼Dkmpq{ã¾à¼§il{®il{�ÅDÀ<��� pw{�Ã�p
	 '����§�%) N5'���� �
)�Ãqzl{©i<{�Å§À?�ãpäÄ�¾àpsâ©il{�Ãqpn ¹ p�Ãqi<z�nj¼D{�v ¹ z<¾&�:pqpw{äkÒzlâ�p ¹ i<k1i<vlpw{�pqi<Ä�¾h¼§{¡n ¹ p~Å§zon�pqg�zoÅ:â·¼§g�psÃ�n�¼§il{å�LA ¹ pqgjp�ÆÞilgjp�	<ÆÞilgn ¹ pç¼§{�¼Dn�¼´zoÅ>Ã�il{ãâ·¼¿nj¼Di<{ ÆÞilg«n ¹ ¼§¾~¾�À�¾àn�pwk �)pçÄ�¾àp n ¹ pçkmpwzl¾�Ä�gjpwâ Ãqil{�Ãqpq{3n�g�z�nj¼Di<{ á�g�i���Å§pz�Æ�njpqg ¾�ilkmp~km¼D{�Ä·njpw¾�ilÆ>â·¼I!@Ä�¾à¼§il{ zo{�{�pwzlÅD¼§{�v��
�«Ä�g>kÒzo¼§{ á�gji���ÅDpwk@� ¹ pq{1¾ài<ÅD½�¼§{�v '����§�%) N5'���� �
) 	�¼´¾×n ¹ pyÆ z<Ã�n4n ¹ zon4n ¹ p�¼D{3njpqg�â·¼J!@Ä�¾�¼Di<{Ã�i�p��ÒÃq¼Dpw{3nj¾

D3
ij

zogjp£Ä�{,��{�i���{6�/A ¹ pqgjp�ÆÞi<g�p
	#�yp£{�ion×il{�Å§À ¹ zª½lp>n�i«¾ài<ÅD½<p>n ¹ php �3Ä�z�nj¼Di<{�¾+	��Ä·n zon«n ¹ pÒ¾�zlkmp nj¼Dkmp��)p1{�pwpwâ°n�i g�pqn�gj¼Dpw½lp n ¹ ps¾àp1¼D{3njpqg�â·¼J!@Ä�¾�¼Di<{©Ãqi�p��¡Ã�¼§pq{3nj¾«ÆÞgjilkn ¹ ppHG·áãpwg�¼§kmpq{3nj¾w�Â4¼Dg�¾àn#	sn ¹ p�Ã�i<Ä�á�Å§pwâ�¾�À·¾Ánjpqk ioÆ�f)�»Çé¾>¼´¾×g�psâ·Ä�Ã�psâ~n�i�z»¾�¼D{�vlÅ§p �����@�/A ¹ ¼§¾×¼§¾×á:i<¾j¾à¼ ��Å§p
�:pwÃqzlÄ�¾�p�n ¹ pçâ·¼I!:Äã¾à¼§il{ áãz�n ¹ â·Ä�gj¼D{�v}â·¼I!:Ä�¾�¼§il{°zl{�{�pwzlÅD¼§{�v¡¼´¾«k1i<{�ionjil{�p ¼D{ n ¹ p $ ÅJN�1�¼Ã�i<{�Ã�pw{3n�g�z�n�¼§il{å�M;©pçgjp�ÆÞpwg n�i³n ¹ p pHG·á:pqgj¼Dkmpw{<n�¾+	 ¾�pqp1Â×¼§v��@��� � 	 zl{�â n�i³ion ¹ pqg«n�pwg�{�zlg�Àâ·¼I!:Äã¾à¼§il{ á�zon ¹ ¾»¼D{ � �·� 
;� �Tn ÆÞilÅ§Å§i�� ¾�n ¹ zon n ¹ p â·¼I!:Ä�¾�¼§il{ á�zon ¹ Ãqzl{ �ãp1zl¾j¾àÄ�kmpsâänji��ãpvl¼§½lpw{���Àäz �ypqÅ§Ååâ·p+��{�pwâ³ÆÞÄ�{ãÃ�n�¼§il{

C3
2 = f(C3

1 ).
' ��� �
)

¸ ¼§½lpq{�n ¹ pyz�n���ilÆ*1�¼�¼D{n ¹ p)¾àn�pwpqÅ 	��)p)Ãqzo{ pHG�n�g�zlÃ�n6n ¹ p)½�zoÅ§Ä�péilÆ $ Å�zoÅ§il{�v�n ¹ p)â�¼J!@Ä�¾�¼Di<{á�zon ¹ �º {ãâ·pqg�n ¹ p z��ãi�½<p~z<¾�¾�Ä�kmá·nj¼Di<{C	·n ¹ pfé�»Ç
¾àÀ·¾àn�pqk�â·pwÃqilÄ�á�ÅDps¾+	�zl{�â��)p�Ãwzo{ ��gj¼¿njpÆÞilgjkÒzoÅ§ÅDÀ
	
∂C3

1 (x, t)

∂t
=

∂

∂x

(
D23

1

(
C3

1 (x, t)
) ∂C3

1 (x, t)

∂x

)
,

' ��� � )
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� ¹ pwg�p

0 ≤ x ≤ L
	
0 ≤ t <∞ 	�zl{�â

D23
1

¼§¾)n ¹ pm¥�±l±�¥����q������� ��¶���� �o�'���w� � �q� �q���yioÆ/1�¼¼§{ Â�p�zoÅ§il{�v n ¹ p�â·¼I!:Ä�¾�¼§il{ á�z�n ¹
f
� $ v<zl¼D{}{�i��ãi�� �:ilÄ�{�â�zogjÀ¡Ã�il{ãâ·¼¿nj¼Di<{�¾ ¹ i<Å§â

∂C3
1 (0, t)

∂x
= 0 =

∂C3
1 (L, t)

∂x
,

' ��� ��)
zlÅDi<{�v���¼Dn ¹ zl{}¼§{�¼Dn�¼´zoÅåÃqil{�â�¼¿nj¼Di<{

C3
1 (x, 0) = C3

0,1(x).
' ��� � )

�³É3ÎÏË·Ì � ���3	 �3	 � ¬ � ��¶���� ��� ���'¥o¦�¦D� �ª� ��¥��°¤��~��¶�¤ �q�����¢���1�T�1�Þ������ �à��¥�¦�¦D�����ç����µ<���@�l¥�¦�¦���»����� �h�q��� � � ���ç�j��¥j±:�¢�q� � � � �@���´�ç���»��������¥�¶��q��� �y�o¶����¢�Ò�Þ���m�o� �»���j���@�j�1�Á�ç��� ��¶���� ����;±��j��� �à�ä�Þ��� �o� �»�q�����ã� ��� �»±��o�:�q����� �ç¥'�q�o¦W� � �T���¢¥��¢� ¥l�o¨ª���q��� �o� 	T¦D¥��;��� ��� ��� �  � �@���´���� �»±:¦¿� �j¥o�T��� �Þ����¥��:¥o¦��ª���´� � � ��� �Ò¥�¦�¦�� ���>��¥�� ¤����q�����}¥ª�»¥��@���Þ���q�4±�¥o���>�à�������«¥�±l±�¥����q����o� ��¶���� ��� �j�s� � �q� ���ã� �)��� � � � � � �
��� + � � � " � � � � � � �7� � � � � �
;©p=��g�¾Án�¼§{<njg�i·â·ÄãÃ�p�n ¹ p�¾�Ä,��¾àn�g�z�njp~á�g�i
��Å§pqk �
È}É��4Ð4ÙÞÍsÙ Ñ:Ð ���3	 �3	 � �@��� ��¶�¤����;��¥o�T��±:���<¤�¦D� ���´���<���é�:���ä¤ �

∂tu− ∂x (D(u) ∂xu) = 0
���

(0, L) × (0, T ),
'���� 8
)

�£���Þ�
D(u) ∈ L∞ � D(u) ≥ 0

�h¥o¦D����� �£�����°¤j�o¶·�:�<¥�� �³�����@�����;� �����
u(0, t) = c0

��� −D(u(0, t))∂xu = 0,
'����§�w� )

−D(u(L, t))∂xu = 0, 0 < t < T,
' ���D�<�%)

¥o�:�ä¥o�°���ã����� ¥o¦4�����@�����;� ���
u(x, 0) = u0(x), x ∈ (0, L),

'����§�s��)
�×������� �Þ��� �������;� ¥�¦<��¶·�@���;� ���

u0(x)
�´�»�o��¨���� ¤ �

u0(x) > δ x ∈ [0, s0[, u0(x) = δ x ∈ [s0, L],
' ���§�w� )

�£���Þ�
0 < s0 < L

�
δ > 0

�¡¯m� ¥ª����¶��Ò�é��¶·���Þ���q�����¥��
u0(x)

�´�~� �m�s���Þ� ¶s±®�T�
x = s0

�
A ¹ p�ÆÞÄ�{�Ã�nj¼Di<{

u0(x)
¼§¾£{�ilnézo{�zlÅDÀ3nj¼§Ã�¼§{

x = s0
�PA ¹ p�½�zoÅ§Ä�p�ioÆ

δ
¼§¾>n ¹ p»zlk1i<Ä�{3n£ioÆ1�¼:¼§{äÂ�p«á�g�ps¾àpw{3n)¼§{Òn ¹ p�¾àÄ ��¾Ánjgjzon�p>��¼Dn ¹ ilÄ·n�zo{�À1zl{�{�pszoÅ§¼D{�v áãpwgàÆÞi<g�kmpwâ6� $ ¾)zç¾àá:pwÃq¼§zlÅÃwzl¾�p(�yp ¹ zª½lp«n ¹ p��w�q���Ò��¶�¤������j¥��¢�y±:�j�l¤q¦D� � � ¹ pw{

δ = 0
�$ Ã ¹ zog�zlÃ�n�pwg�¼´¾Ánj¼§Ã~á�g�i<áãpwgànÁÀ ioÆén ¹ p 7qpwg�i}¾àÄ,�ã¾Ánjgjzon�p á�g�i
��ÅDpwk Ã�ilk���¼§{�pwâ���¼Dn ¹ â·p+Nv<pq{�pwgjzon�p~â·¼J!@Ä�¾�¼Di<{

D(0) = 0
	·¼´¾�n ¹ pk1i�½<pqkmpq{3n�ioÆ4n ¹ pä���o���¢¥l�q� ±��������

x = s(t)
�
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È}É��>Ð4ÙÞÍwÙ�ÑãÐ ���3	 � - � �@���m�����ã�T¥<���6±��o�����y�´��������±������ã�
x = s(t)

�×�����j�
u(s(t), t) = 0

�
�£���Þ�

s(0) = s0
�

A ¹ pä¾�á:pqpwâØioÆ�n ¹ p}Ã�i<{<n�zlÃ�n�áãi<¼D{3nç¼´¾ â�pq{�iln�pwâ z<¾
ṡ(t)
��;'p ¹ zª½lpmn ¹ p¡ÆÞi<ÅDÅ§i���¼D{�vá�gjilá:pqg�nÁÀl�

%~Ì�Ñ�Ê)ÑãßsÙÞÍsÙ Ñ:Ð ���3	 �3	 �  ����¶��Ò��Þ��¥o�)�Þ��� �;±��j���³�Á���Þ���1�����ã�T¥<���å±��o�������´� �h�ã���T� ���°�Þ�����¶�¤����;��¥��¢�h±:���<¤�¦§� � � � �q� 	 � ��� Ò¤j�«�q¥o���´� �)���ç���
x = s(t)

���}������¦W� �ç���h���q���q� � �@���q� ���������¦�¦§���£���3�¡����¦D���
ṡ(t) = − lim

x→s(t)−

(
D′(u)∂xu+D(u)

∂2
xu

∂xu

) '����§� 9 )
= − lim

x→s(t)−

(
∂x

∫ u

0

D(z)

z
dz

) '����§�s�
)
�y���s�Á� �«Â�gjilk�n ¹ pçâ·p+��{�¼Dn�¼§il{'ioÆ£n ¹ pçÃ�i<{3njzlÃ�n«á:il¼§{3n<�yp ¹ zª½<pn ¹ zon

u(s(t), t)
¼´¾«¼D{�â�pHNá:pq{�â·pw{3n il{

t
� A ¹ pqgjp�ÆÞi<g�p
	�¼¿Æ

ṡ(t)
¼§¾D��{�¼Dn�p�	

0 =
d

dt
u(s(t), t) = ∂tu+ ṡ(t)∂xu.

� pw{�Ã�p
	

ṡ(t) = − lim
x→s(t)−

∂tu

∂xu
= − lim

x→s(t)−

(
D′(u)∂xu+D(u)

∂2
xu

∂xu

)

= − lim
x→s(t)−

D(u)∂xu

u
= − lim

x→s(t)−

(
∂x

∫ u

0

D(z)

z
dz

)
.

� pwg�p
	o¼§{çn ¹ p ¾�pwÃ�i<{�âçÅD¼§{�pE�)p�{�iln�psâ n ¹ z�n£n ¹ p ��Ä G
D(u)∂xu

zl{�â n ¹ p�ÆÞÄ�{ãÃ�n�¼§il{
u

�:ion ¹n�pw{�â nji�7wpqgjiäz�n�n ¹ p ¼§{<njpqg�Æ zlÃqpl� A ¹ ¼´¾«zlÅDÅ§i�� ¾�nji³Ä�¾�pçâ�pçÅ F �»i<¾�á�¼DnjzoÅ F ¾»gjÄ�Å§p ¼§{°gjpq½lpwgj¾�p
' z<¾

D(0) = 0
)��

�äÉ�ÎØË�Ì�� � � 	�� - � � ��� � 	 � ��� ������o����¦�¦D� �>�y�Þ��¥o� ����� ��¶·�:�q��� �o� D(u)
u

�1¶����@¤������ã�T�T�l��¥l¤q¦D� �
�äÉ�ÎØË�Ì�� � � 	�� � � � �j� � 	 � ��� � ¡�q� �Ò�1�<����¶��q��� �o���1��¥��®¤�� �Ò¥l�<�m���©�����)���o� � �Á��Þ��������@�j�q���;��¥o��� �o�»±@��� �é¦D�

u(x, t)
���Ò�������j�o���¢¥l�q�3±��o�����

x = s(t)
���¡�����<���y����¥��o���o��¥��l��¨ª�q���� � ¶���� �o�!���s� �!�q� ���ã�«�Þ���¡�;±������

ṡ(t)
�´�Ò���:�l����� �h�����¢� � � �������³����¥ �»±:¦D�

D(u) = up �
p > 0

�»�Þ���q� �é�m��¥o¨ª�
limx→s(t)−D(u) = 0

���Ï�Þ��� �s����� ��¶�¤����;��¥��¢��±@���l¤q¦D� � � �:���±:�j�j±�¥q�3¥��;� ���©�;±������
	 � ��� ��¡�´� �h�ã���T� ��� �Þ���)����¦�¦D� �£���3� ��¥ª�q��� �
• � � limx→s(t)−

∂2
xu

∂xu

�´� �é�����¢���o�«¤��j��¥�¨����~¥ª� 1
up−k

� �×���q���
0 ≤ k < p

�×�Þ���»�q�j���o�:��T�q� ���à� 	 � ��� � ¡�´� �w�q�����
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• � � p = 1
�«�������

D′(u) = c
�~¥'���������¢¥��ã� � �@���q��� ���o���

limx→s(t)− ∂xu = f(t)
�

�£�����
f(t) > 0

�

• � � p > 1
�×�Þ���q�

limx→s(t)−D
′(u) = 0

� �ã���¥o¨ª��¥ �h�ã���T�»�;±��j��� �4���>�´�»�@�j��������¥o� �����¥��
∂xu ∼ u1−p � � �¡�Þ���´� �é¥ � � limx→s(t)− D

′(u)∂xu
�´�����;��¦�¦�¥ �h�ã���T�6��¶·�:�q��� �o��Á�

t
� �@���´� �Ò��¥����»��� �é��¨��q������¥��

limx→s(t)− ∂xu = ∞ �

• � � p < 1
�h������q¥ �Ò�1�l����¶��q��� �o�©��¥��®¤�� �Ò¥l�<� �é�@��� �£���Þ�

limx→s(t)− ∂xu = 0
�

�³É3ÎÏË·Ì � � � 	�� ��� � ��� � �«� �Ò¥���µ � ��� � � ���h���o¦�¦D���>� �Þ��¥��
∂xu
�����o¶·¦D� ¤�� ¥�¨���� �<�j� ����ã¶��m�q��� ��¥�¦:��� � ±@¶·�T¥o��� �o��� � �@�������������j� �£�Þ���4����� � 	 � ��� ���������¶·¦D�m¤��«¶�������� � �»�����»��±�������à������ �����ã�T¥<���å±��������y�´� �h�ã���T� �h�����é��¶·�@���;� ���

F (x)
�l� �h�@�j�³¤ �

F (x) ≡ F̃ (u(x)) =

∫ u(x)

0

D(z)

z
,

�£��¦�¦ ��¥�¨��m¥ �é�����¢� �l�q����¨�¥��;��¨ª�1���
x = s(t)

�
�¢{ v<pq{�pwgjzlÅ 	·n ¹ p�¼§{�¼Dn�¼´zoÅ>Ã�il{ãÃ�pq{3njgjzon�¼§il{}á�g�i���Å§p���¼DÅ§Ååi<{�Å§À��:p zÒv<¼D½<pq{ ¾àpqn»ioÆhâ�zonjz"Ná:il¼§{3nj¾w��A ¹ pqgjp�ÆÞi<g�p
	

u0(x)
��¼DÅ§ÅL�ãpmÃ�i<{�¾Ánjg�ÄãÃ�n�psâ���À ¾àÄ�¼¿n�z"��Å§pçá:ilÅ§À�{�ilkm¼´zoÅ4¼D{3njpqgjáãi<Å§z"Nnj¼Di<{6�/�»pq{�Ãqp�	

∂xu
zo{ãâ

∂2
xu
zogjp){�i<g�kÒzlÅDÅ§Àn��yi�{�il{�7qpwg�i*	��ãi<Ä�{�â·psâ 	3Ãqil{�¾ànjzl{3nj¾w�×Â�gjilk

'����§� 9 )<�ypÒi��·n�zo¼§{©n ¹ zon
ṡ(t) = 0

ÆÞilg
p > 1

	×zl{�â
ṡ(t) = ∞ ÆÞilg 0 < p < 1

�QA ¹ ¼´¾â·i�ps¾«{�ion�zlÅDÅ§i�� Ä�¾«n�i}gjpwÃ�i�½<pqg
s(t)

	 ��Ä·n¼§{�â·¼´Ãqz�njpw¾<� ¹ z�n=��¼§ÅDÅ ¹ zlá�áãpw{°{�Ä�kmpqgj¼´ÃqzoÅ§Å§À:rn ¹ p~¼D{�¼Dn�¼´zoÅ@ÆÞÄ�{�Ã�nj¼Di<{���¼§ÅDÅ@njgjzl{�¾àÆÞilgjk�nji1z1á�gji"�ãÅDp(��¼¿n ¹ n ¹ pâ·pw¾�¼§g�psâäâ·pwg�¼§½�z�n�¼§½lp«¼D{³n ¹ pÃqil{3njz<Ã�n�áãi<¼D{3ns�
��� + ��� � ��� & � �#� � � & )<"%& � �#��" �
Â�ilg¡¾�áãpsÃ�¼´zoÅ�ÆÞilgjkÒ¾mioÆ�' ��� �
)1zl{�zoÅ§À3n�¼´ÃqzoÅ�¾�ilÅ§Ä·n�¼§il{ã¾Òzogjp���{�i���{6� ;©p zogjp}¼§{3n�pwg�ps¾Ánjpwâ¼§{°á�zlgànj¼§ÃqÄ�Å´zogM��¼Dn ¹ n ¹ pmÃqz<¾àps¾M� ¹ pqgjp

D(C) = 0
	 zl¾»n ¹ ¼§¾~Ã�i<g�gjpw¾�á:il{�â�¾ n�i}z¡kmi�½�¼D{�v¼§{3n�pqg�Æ zlÃqp�	 � ¹ ¼´Ã ¹ kÒzªÀ��:p�i
��¾�pqgj½lpwâ¡¼D{än ¹ p~pHG·á:pqgj¼Dkmpw{<n�¾q�£Â�ilgyn ¹ pB-yzlÄ�Ã ¹ À1á�g�i
��ÅDpwk 	¼§{Ïn ¹ p ¾àá:pwÃq¼§zlÅ�Ãqzl¾�p³n ¹ zon

D(C, p) = (p + 1)Cp 	
p > 0

	éz®Ã�Å§i<¾�pwâØÆÞilgjk ¾ài<ÅDÄ·nj¼Di<{p+G�¼´¾ànj¾D� ¹ pw{}n ¹ p¼§{�¼Dn�¼´zoÅåá�g�i���ÅDp~¼´¾
C(x, 0) = Eδ(x)

'Þn ¹ p��«¼§gjz<Ã~k1pszl¾�Ä�gjp%)��O�Tn ¼§¾�n ¹ p
K�zogjpq{ ��Å´z�n�n NTf£z�nànjÅDp~¾�ilÅ§Ä·n�¼§il{C	 � �<��
åá6� ����	�n�z"��¼§{�v1n ¹ p~ÆÞi<g�k

v(x, t) =

{
t−1/(p+2)(1 − (x/s(t))2)1/p,

ÆÞi<g |x| < s(t)
�

0,
ÆÞi<g |x| ≥ s(t)

	 ' ���§�w� )
��¼Dn ¹ n ¹ p¼D{3n�pwgàÆ z<Ã�p~vl¼§½lpw{���À

s(t) =

√
2(p+ 1)(p+ 2)

p
t1/(p+2).

' ���§� ��)



���3	 � Ü³Ð×Ð4É�Ë�Û Ù�Ð�� �4Ù 2%4ßwÙ�ÑãÐ Ë�ßmË©Ê×Ì�Ë�ÚlÍwÙ�ÚlË�Û�É��6Ë�Î Ê>Û É 	#- �

A ¹ ¼´¾ ¾�ilÅ§Ä·n�¼§il{ ¹ zl¾�zm¾�¼D{�vlÄ�Å´zogj¼¿nÁÀ¡zon
x = s(t)

�
A ¹ ¼´¾�K�zogjpq{ ��Å´z�n�n NTf>zonànjÅDpm¾ài<ÅDÄ�n�¼§il{ Ãqzl{8�:pÒÄ�¾�pwâ'n�i njpw¾ànn ¹ p¡{�Ä�kmpwg�¼´ÃqzlÅhzoá�á�gji G N¼§kmzon�¼§il{6� $ n

x = 0
�yp ¹ zª½<p n ¹ p'g�p �<Ä�¼Dgjpwâ ¹ i<k1i<vlpw{�pqi<Ä�¾ � pwÄ�kÒzo{�{ �:ilÄ�{�â�zogjÀÃ�i<{�â·¼Dn�¼§il{C	hzl{�â2�yp ¹ zª½lpÒn ¹ ¼§¾mzlÅ§¾�i ¼§{

x = L
	éz<¾�Å§il{�v©zl¾ n ¹ p}¼D{3njpqg�Æ zlÃ�p}â·i�pw¾ç{�iongjpwzlÃ ¹

x = L
�LA ¹ p ¾ài<ÅDÄ�n�¼§il{

C(x, t)
nji ' ��� �
) N5'���� �")H	���¼Dn ¹ n ¹ p�¼D{�¼Dn�¼´zoÅ:Ã�i<{�â·¼Dn�¼§il{1njz��lpq{n�iQ�ãp

v(x, k)
ÆÞg�i<k '����§�w�
) ��¼Dn ¹

k
zÒá:i<¾�¼Dn�¼§½lp�Ã�i<{�¾ànjzo{3n»zl{�â ¾àÄãÃ ¹ n ¹ z�n

s(k) < L
	�¼´¾vl¼§½lpw{���À

v(x, t − k)
�

��� + � � � �'( ����� � � & � � � �#"�� � ( � �7� " �
$ {�Ä�kmpqgj¼´ÃqzoÅ×zoá�á�gji G·¼DkÒzon�¼§il{�¾yn ¹ z�n«zlÅDÅ§i�� ¾�Ä�¾ n�iä¾�ilÅ§½lp�' ��� � ) N ' ��� � ) 	�ÆÞi<g vlpw{�pqg�zoÅ6â�¼¿Æ NÆÞÄ�¾�¼Di<{©Ãqi�p��¡Ã�¼§pq{3nj¾~¼´¾Ã�i<{�¾àn�gjÄ�Ã�njpwâ ��A ¹ ¼´¾~k1pqn ¹ i·â©¼´¾~Ä�¾àpsâ°Å´z�njpqg~il{'n�i p+G3njgjz<Ã�n�n ¹ p½�zoÅ§Ä�pioÆ

D23
1 (C3

1 )
ÆÞgjilk�n ¹ ppHG·á:pqgj¼Dkmpw{<n�¾q�

� Ñ ÎØÑ�/6Ù�Ð��©Ù Ð@ÍsÉ<Ì�ÓTË�Ú<É
Â�i<gå¾�¼Dkmá�Å§¼§Ãq¼¿nÁÀ
	w¼§{~n ¹ phg�pszoÅ�p+G�á:pqgj¼§k1pw{3nj¾ �ypP��¼DÅ§Åli<{�Å§À«Ã�i<{�¾�¼§â·pwg@n ¹ p)Ãqzl¾�p£ioÆ·¾àn�pqpwÅ§¾C��¼¿n ¹
1�¼

3
��n��ä�>� pw{�Ã�p
	�{�iäá ¹ zl¾�p�Ã ¹ zl{�vlps¾�i·ÃqÃ�Ä�g#	:zo{�â��yp Ãqzl{ zl¾j¾àÄ�kmp

D23
1 (C3

1 ) > 0
¼D{n ¹ ppq{3n�¼§g�pâ·i<kÒzo¼§{6� $ ¾yn ¹ p�â·¼I!:Ä�¾�¼§il{ ¼§¾ pq½lpwg�À � ¹ pwg�p«áãi3¾à¼Dn�¼§½lp
	�{�imkmi�½�¼D{�v1¼§{<njpqg�Æ zlÃqpzogj¼´¾àps¾q� �¢{!n ¹ p ÆÞÄ·n�Ä�gjp°zlÅ§¾�i pHG·á:pqgj¼Dkmpq{3n�¾���¼¿n ¹ {�i<{ 1·¼«pw{�g�¼´Ã ¹ psâ ¾àn�pwpqÅ´¾Òkm¼Dv ¹ nQ�ãpÃ�i<{�¾�¼§â·pwg�psâ �¸ ¼§½lpq{ n ¹ p zoá�á�zlg�pw{3nmâ·¼I!@Ä�¾à¼§il{*Ãqi3p��¡Ã�¼§pq{3n

D(C3
1 ) ≈ D23

1 (C3
1 )

	y¾�À·¾Ánjpqk '���� �
) N' ��� � )äÃwzo{ �:p®¾ài<ÅD½<pwâ z<¾ä¼§{ � � 8 
;� � pwg�p
	M�yp©¾�Ä�v<vlpw¾àn³z â·¼I!:pwg�pw{<n zoá�á�g�i3zlÃ ¹ � ;'pÃ�i<{�¾àn�gjÄ�Ã�nmn ¹ p ¾�ilÅ§Ä·nj¼Di<{
C3

1 (x, t)
ioÆ�' ��� �
) N5'���� �
) ¼D{!zo{!zoá�á�g�i G·¼§kÒz�n�¼§½lp��yzªÀ ��À gjpHNâ·Ä�Ãq¼D{�vä¼Dn«nji³zo{°¼D{�¼Dn�¼´zoÅ4½�zoÅ§Ä�p á�g�i
��ÅDpwk�ÆÞilg«zä{�il{�ÅD¼§{�pwzlg«¾�À·¾Ánjpqk�ioÆ ��� �·¾<��À k1pszo{�¾ioÆ1zØ{�i<{�p��3Ä�¼´â·¼´¾Án�zo{3nQ��{�¼¿njp©â·¼I!@pqgjpq{�Ãqp'â·¼´¾�Ãqg�pqn�¼ 7wzon�¼§il{ ��¼Dn ¹ g�ps¾àá:pwÃ�nän�i n ¹ p'¾�á�zlÃqp½�zogj¼§z���Å§pl� �»pHG�n#	�z©¾Ánj¼J! ��� � ¾ài<ÅD½<pqg1¼§¾mÄã¾àpsâØnji®¾�ilÅ§½lpän ¹ p ¾�À·¾Ánjpqk ilÆ ��� �·¾w� A ¹ p¼§{<njpqgj½�zoÅ

(0, L)
¼´¾ á�zlgànj¼¿nj¼Di<{�pwâ ��À*n ¹ pØ¾�p�n ilÆ1v<g�¼´â�á:il¼§{3nj¾ {xi}N

i=0

��;©pØâ·pw{�ionjp
Ci(t) ≈ C3

1 (xi, t)
zl{�â�Å§p�n

l2(x, i)
¾ànjzl{�â*ÆÞi<g n ¹ p 
×zovlg�zo{�vlp á:ilÅ§À�{�ilkm¼´zoÅ~ioÆçn ¹ p¾�pwÃ�i<{�â*i<gjâ·pwg¡¼§{<njpqgjáãi<Å§zon�¼§{�v n ¹ p°á:il¼§{3nj¾

(xi−1, Ci−1)
	

(xi, Ci)
zl{�â

(xi+1, Ci+1)
�

A ¹ pw{C	P�)p³zoá�á�gji G·¼DkÒzon�p
∂xC

��À
dl2(xi, i)/dx ≡ (dl2(x, i)/dx)x=xi

zl{�â
∂2

xC
��À

d2l2(xi, i)/dx
2 ≡ (d2l2(x, i)/dx

2)x=xi

�DAåi¡¼§{�ÃqÅDÄ�â�pn ¹ p � pwÄ�kÒzo{�{?K>-<F ¾+	�n ¹ p�v<i�½ Npqgj{�¼§{�v �����ä¼´¾�p+G3njpq{�â�pwâ³n�imn ¹ p��:ilÄ�{�â�zogjÀ¡áãi<¼D{3n�¾q� �Tn ¼´¾ â·¼´¾jÃ�gjp�n�¼ 7qpsâ ¾à¼§km¼DÅ´zogjÅDÀ³zl¾�¼§{n ¹ p ¼§{�{�pqg«áãi<¼D{3n�¾>��À¡n ¹ p ¼§{3n�gji�â�Ä�Ã�nj¼Di<{ ioÆ>n ¹ p��ãÃ�nj¼D½<p�áãi<¼D{3n�¾
y−1
zo{�â

yN+1
	 � ¹ i<¾�pÃ�i<{�Ã�pw{3n�g�z�n�¼§il{Ò½�zlÅDÄ�ps¾)zlg�p«Ã ¹ i<¾�pq{Ònjiç¾jz�nj¼§¾àÆÞÀ1n ¹ p(KD-<F ¾w�4Ç��<Äãz�n�¼§il{8' ��� �
)hÅDpszlâ�¾én�i n ¹ p¾�À�¾àn�pwk ilÆ ��� �·¾

d

dt
Ci(t) −D(Ci)

d2

dx2
l2(xi, i) −D′(Ci)

[
d

dx
l2(xi, i)

]2
= 0,

'����§���
)



	#- � �çÖ4Ë·Ê×ÍsÉ3Ì ��� Ü �4É<�:É�Ð×É3Ì�Ë·ÍsÉ �×Ù32%×ßsÙ Ñ:Ð Ê×Ì�Ñ544Û�É3Î Ù Ð 	 È
ÆÞi<g

i = 0, . . . , N
	:� ¹ pqgjp

D′(s) = dD(s)
ds

��A ¹ ¼§¾ ¾àÀ·¾àn�pqk ioÆ�{�il{�Å§¼§{�pwzlg � ���'Ãwzo{��:p¾�ilÅ§½lpsâäÄ�¾�¼§{�vÒz1¾ànjzl{�â�zlgjâäá�zlÃ5��zov<p»ÆÞi<g ¾Ánj¼J! � ���·¾#	·pl� v������������£�
ÔÕÑ�/6Ù�Ð��®Ù�Ð@ÍwÉ3Ì�Ó;Ë�ÚlÉ
;©p¼D{ãâ·¼§Ãwz�njp ¹ i�� n ¹ p~Ãwzl¾�p~ioÆ4z1kmi�½�¼D{�vç¼§{3n�pqg�Æ zlÃqpÃqzo{��:p(�:pw¾àn»¾�ilÅ§½lpwâä{�Ä�kmpqgj¼§ÃwzoÅ§ÅDÀ<�
;©p'¾�á�Å§¼¿n

(0, L)
¼§{3n�iÏn��)iÏâ�ilkÒzo¼§{�¾

Ω1 ≡ (0, s(t))
zl{�â

Ω2 ≡ (s(t), L)
� º»¾�¼D{�v


×zo{�â�zlÄCF ¾yn�g�zo{�¾àÆÞilgjkÒz�n�¼§il{
y = x

s(t)

	·n ¹ p � � � ' ��� 8 )yil{
Ω1(t)

�:pwÃqilkmpw¾�zl{ p��3Ä�z�nj¼Di<{
i<{ n ¹ p � G�psâ â·ilkÒzl¼D{

(0, 1)
���»pw{�ionj¼D{�v¡n ¹ p Ãqilgjg�ps¾àá:il{ãâ·¼D{�vm¾�ilÅ§Ä·nj¼Di<{���À

C1(y, t)
	:¼¿n¹ i<Å§â�¾yn ¹ zon

∂tC
1 = ∂tC1 − y

ṡ(t)

s(t)
∂yC1, ∂xC

1 =
1

s(t)
∂yC1, ∂2

xC
1 =

1

s2(t)
∂2

yC
1.

' ���§� 8 )
A ¹ Ä�¾#	 �)p�zlg�p�Å§pwâ³n�i1n ¹ p~n�g�zo{�¾àÆÞilgjkmpwâ ��� �

∂tC1 − 1

s2(t)
∂y

(
D(C1)∂yC1

)
− y

ṡ(t)

s(t)
∂yC1 = 0.

'���� �o� )
A ¹ p³¼D{3njpqgj½ªzlÅ

(0, 1)
¼§¾çá�zlgànj¼¿nj¼Di<{�pwâ���À©n ¹ p}¾àpqnçilÆ vlgj¼§â®á:il¼§{3nj¾ {yi}N

i=0

	P��¼Dn ¹
yi =∑i

l=0 αl
	L'
i = 0, . . . , N

) 	�� ¹ pwg�p
α0 = 0

zo{�â ∑N
l=0 αl = 1

�<;'p1Ãqzl{°Ã ¹ i�i<¾�p~n ¹ ps¾àpv<g�¼´â·á:il¼§{<n�¾»¾�iäzl¾ n�i¡i
�·njzl¼D{'zÒkmilgjp â·pq{ã¾àp â�¼§¾jÃ�gjp�nj¼I7sz�n�¼§il{ zlg�i<Ä�{�â}n ¹ p á:il¼§{3n
y = 1

�
;©pyâ�pq{�iln�p

C1
i (t) ≈ C1(yi, t)

zl{�âÅ§p�n
l2(y, i)

¾Án�zo{�â~ÆÞi<gån ¹ p�
×zov<gjzl{�vlp£á:ilÅ§À�{�ilkm¼´zoÅlilÆn ¹ p»¾�pwÃ�i<{�â1ilg�â·pqg£¼§{3n�pwg�á:ilÅ´z�nj¼D{�v�n ¹ p á:il¼§{<n�¾
(yi−1, C

1
i−1)

	
(yi, C

1
i )
zo{ãâ

(yi+1, C
1
i+1)
�

A ¹ pw{C	 �ypçzoá�á�g�i G·¼§kÒz�n�p
∂yC1

��À
dl2(yi, i)/dy ≡ (dl2(y, i)/dy)y=yi

zo{�â
∂2

yC
1

�3À
d2l2(yi, i)/dy

2 ≡ (d2l2(y, i)/dy
2)y=yi

� �¢{°n ¹ pmÃqz<¾àpçioÆ)z}�«¼Dgj¼§Ã ¹ ÅDpqn=K>-<	ãn ¹ pm{�i·â�zlÅá:il¼§{3n
y0
{�pwpwâ}{�ion>�:p Ãqil{�¾�¼§â�pqgjpwâ �P�¢{ n ¹ p�Ãqz<¾àp~ioÆhz.� pwÄ�kÒzo{�{?K>-<	,�yppHG�njpq{�â³n ¹ pv<i�½lpqgj{�¼§{�v �����mn�içn ¹ p<�:ilÄ�{ãâ�zogjÀmáãi<¼D{3n�zo{�â¡â�¼§¾jÃ�gjp�nj¼I7wp»¼Dn�¾�¼§k1¼§Å´zogjÅDÀmzl¾éÆÞilgyn ¹ p«¼§{�{�pwgá:il¼§{3nj¾<�3À n ¹ p ¼§{3n�gji·â·Ä�Ã�nj¼Di<{°ilÆéz��ãÃ�n�¼§½lp á:il¼§{3n

y−1
�~Ç �3Ä�zon�¼§il{ '���� �o� )�Å§pwzlâ�¾ nji¡n ¹ p¾�À·¾Ánjpqk�ilÆ ��� �·¾

d

dt
C1

i (t) − 1

s2(t)
D(C1

i )
d2

dy2
l2(yi, i) −

1

s2(t)
D′(C1

i )

[
d

dy
l2(yi, i)

]2

− yi
ṡ(t)

s(t)

d

dy
l2(yi, i) = 0,

'���� �·� )
ÆÞi<g

i = 1, . . . , N − 1
	�zl{�â 	·¼§{³n ¹ p�Ãqz<¾àp~ilÆ4z.� pwÄ�kÒzo{�{�K>-<	�zoÅ´¾�i ÆÞi<g

i = 0
�

�¢{1n ¹ p»¾àpsÃ�i<{�âmâ·ilkÒzo¼§{
Ω2(t)

n ¹ p»Ãqil{�Ãqpq{3n�g�z�nj¼Di<{ gjpqkÒzo¼§{�¾hÃqil{�¾ànjzl{3n#	
C(x, t) = δ

�
�¢{}n ¹ p¼D{3n�pwgàÆ z<Ã�p~á:il¼§{<n

x = s(t)
n ¹ p~ÆÞi<ÅDÅ§i���¼§{�v ��� �³kçÄ�¾ÁnD�:p�¾�zon�¼´¾��ãpwâ
ṡ(t) = − lim

y→1−

d
dyFl

s(t)

' ��� �l�
)
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� ¹ pwg�p
Fl
¼´¾Òn ¹ p'¾�pwÃ�i<{�â!â·pqv<g�pwp 
åzlvlg�zo{�v<p³á:ilÅ§À�{�ilkm¼´zoÅ«¼D{3n�pwg�á:ilÅ´z�nj¼D{�v®n ¹ p'áãi<¼D{3nj¾

(yN−2, F̃ (C1
N−2))

	
(yN−1, F̃ (C1

N−1))
zl{�â

(1, F̃ (s(t)) ≡ 0)
��A ¹ ¼´¾~p��3Ä�zon�¼§il{°i<{�Å§Àzoá�á�ÅD¼§pw¾�z<¾éÅ§il{�v1zl¾

s(t) < L
�:; ¹ pq{

s(t) ≥ L
	 �yp«¾���¼DnjÃ ¹ nji n ¹ p~Ãqzl¾�p»ilÆå{�i1k1i�½�¼§{�v¼§{<njpqg�Æ zlÃqpl� � pHG�n%	*' ��� ���%) N5'���� �l��)×zogjp�¾ài<ÅD½<pwâ���À kmpwzl{�¾£ioÆ@z¾Án�zo{�â�zog�â á�z<Ã5��zovlpyÆÞi<gh¾Ánj¼J!

��� �·¾#	�pl� v�� ���������?�ãzl¾�pwâ³il{ z ��zlÃ5� ��zog�â���{�¼Dn�p�â·¼I!@pqgjpq{�Ãqp~ÆÞilgjk Ä�Å´z��
%»Ñ��çÉ<Ì³Í�Ý ÊéÉ Ñ:Ó �×Ù32%4ßwÙ�ÑãÐ
�¢{ n ¹ p Ãqz<¾àp ioÆhzmáãi��ypqg nÁÀ3á:pçâ�¼J!@Ä�¾�¼Di<{ Ã�i�p��¡Ã�¼§pq{3n%	

D(s) = p1s
p2(1 + p3s + p4s

2)
	

p2 > 0
	�zo{ z<â�â·¼Dn�¼§il{�zlÅ@n�g�zo{�¾àÆÞilgjkÒz�nj¼Di<{³¼´¾�á:pqg�ÆÞilgjk1psâ 	ã¾�pqp�zlÅ§¾�i �D� 9 
T� A ¹ ¼´¾�njgjzl{�¾ÁÆÞi<g NkÒz�nj¼Di<{ ¼§¾ç¾àÄ�v<vlps¾Ánjpwâ ��À©t�pwkÒzog��©���D�<� ��� ¹ pwg�p �yp¡{�iln�psâ©n ¹ zon
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D(C) =
0.4C1.59 � $ { p+G�á:pqgj¼§k1pw{3njzoÅ 1�¼IN;á�g�i���ÅDp°k1pszl¾�Ä�gjpwâ*z�Æ�njpqg �l� km¼§{�Ä·n�ps¾äilÆ â·¼J!@Ä�¾�¼Di<{
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	��³zo{�â'�l�³k1¼§{�Ä·n�ps¾+	åg�ps¾àá:pwÃ�n�¼§½lpqÅ§À}ÆÞilg
D(C) = 0.4C1.59 � $ {p+G�á:pqgj¼§k1pw{3njzoÅP1�¼IN;á�g�i���ÅDp�njz"�<pq{°zoÆ�n�pwg��<�¡km¼D{'ioÆéâ·¼I!@Ä�¾à¼§il{©zo{�{�pwzoÅ§¼§{�v¡¼´¾«â·pwá�¼´Ã�n�psâ ¼§{Å§¼Dv ¹ nE��ÅDÄ�p<�
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Â4¼Dv<Ä�gjp}��� ��r³�«¼J!@Ä�¾�¼Di<{ á�gji"�ãÅDps¾çilÆ n ¹ p K�zlg�pw{ ��Å§zonàn NTf£z�n�n�Å§p³¾�ilÅ§Ä·n�¼§il{ ��¼¿n ¹
D(C) =

2.5C1.5 � A ¹ p}¼D{�¼Dn�¼´zoÅyá�gji"��Å§p¡¼´¾ç¾ ¹ i���{Ø¼§{Øgjpwâ � A ¹ p}ion ¹ pqgçÃqÄ�gj½lpw¾çâ·pqá�¼§Ã�n1á�gji"�ãÅDps¾z�Æ�njpqg
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zl{�â
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¾àpsÃ"	3g�ps¾àá:pwÃ�n�¼§½lpqÅ§À�	�zl¾ékmi�â�pqÅ§pwâ���¼Dn ¹ z�{�il{�p �3Ä�¼§â�¼§¾ànjzl{<nykmi�½3¼§{�vvlgj¼´â �

zo{�{�pwzlÅD¼§{�v ¼´¾äzoÅ´¾�i á�ÅDilnànjpwâ � A ¹ ¼´¾äÃqÄ�gj½lp kÒz�n�Ã ¹ pw¾¡n ¹ p'k1i·â·pwÅDpsâ*Ã�Ä�gj½lp ½<pqgjÀ �ypqÅ§Å��
A ¹ pçk1i·â·pwÅåÄ�¾�pw¾«zÒÄ�{�¼DÆÞilgjk�vlgj¼§â ��¼Dn ¹ �w�l�mp �3Ä�¼§â�¼§¾ànjzl{<n«áãi<¼D{3nj¾w�>A ¹ pB��gj¾àn

10µ
k�ilÆn ¹ p

400µ
k ¾jzokmá�Å§pÒ¼§¾ {�ion�á�gjpw¾�pq{3n z<¾~n ¹ ¼´¾ÆÞg�zlÃ�n�¼§il{©kmpqÅDn�pwâ z ��zªÀ°â·Ä�g�¼§{�v n ¹ p ¹ ionâ·¼§á�á�¼§{�v��

$ ¾ z}¾�pwÃqil{�â'pHG�zlk1á�ÅDp
	 �yp1kmi·â·pwÅ£n ¹ p K�zlg�pw{ ��Å§zonàn NTf£z�n�n�Å§p1á�g�i
��ÅDpwk 	C� ¹ pqgjp1n ¹ p¼§{�¼¿nj¼§zlÅ Ã�i<{�â·¼Dn�¼§il{ ¼§¾1n ¹ p ½ªzlÅDÄ�p}ilÆ�' ���D�s�
)çz�n¡z'n�¼§kmp
t0 > 0

� ;'p â·psÃ�i<k1á:i<¾�p³n ¹ pâ·i<kmzl¼D{*¼§{
�®áãzog�nj¾wr°Å§p�Æ�n}zl{�â!gj¼Dv ¹ n³ioÆ~n ¹ p©¾à¼§{�v<Ä�Å§zlg�¼DnÁÀl� �«{!n ¹ p°gj¼Dv ¹ n¡áãzog�n¡n ¹ p¾�ilÅ§Ä·n�¼§il{Ò¼´¾h¼´â·pq{3nj¼§ÃwzoÅ§ÅDÀ 7qpwg�iã� ;©p«Ãqzl{ÒÄ�¾�pB' ��� �l�
)����¢{¡Â4¼§v��<��� ��n ¹ p»gjpw¾�Ä�ÅDn�¼§{�v�á�gji"�ãÅDps¾zogjpÒ¾ ¹ i���{'ÆÞi<g~n ¹ p³Ã ¹ il¼´Ã�p
D(C) = 2.5C1.5 ��A ¹ p¡¼§{�¼¿nj¼§zlÅhá�gji"��Å§pm¼§¾njz"�<pq{ ¾�i³n ¹ z�nn ¹ p»pwâ�vlp�i·ÃqÃqÄ�gj¾éz�n

x = 1
�PA ¹ p kmi�½�¼D{�vvlgj¼§âmÃ�i<{�¾�¼§¾ànj¾£ilÆ

100
á:il¼§{3nj¾ézl{�â1n ¹ p vlgj¼§âm¼´¾kmilgjpâ·pq{�¾�pz�n�n ¹ ppwâ·v<pw¾w�O-)ilkmá�zogjpwâ¡n�imn ¹ p~pHG�zlÃ�n�¾�ilÅ§Ä·nj¼Di<{C	�n ¹ p�z���¾�ilÅ§Ä·n�p~pqgjgjilg�¼§¾{�i�� ¹ pwg�p�Å´zogjvlpwg×n ¹ zo{

10−6 �:�¢{ÒÂ4¼§v��l��� 8«n ¹ p»¾�zlkmpyp+G·áãpwg�¼§kmpq{3nh¼§¾hg�pwáãpsz�n�psâ 	���Ä·nh{�i��
��¼Dn ¹ z � G�psâ©p��3Ä�¼´â·¼§¾ànjzl{3n�v<g�¼´â°i<{ n ¹ pÒ¼D{3njpqgj½ªzlÅ

(0, 13.5)
Ã�i<{�¾à¼´¾àn�¼§{�v³ilÆ

100
á:il¼§{3nj¾w�

� pwg�p
	3n ¹ p«n�g�zo{�¾àÆÞilgjkÒz�nj¼Di<{
C = v1/p �yz<¾)zlÅ§¾�i�á:pqg�ÆÞilgjkmpwâ 	 ��Ä·n�{�i�� i<{�' ���D� �
)��LA ¹ pÅ´zogjvlpw¾ànhpqgjgjilg>¼§¾)z�nhn ¹ p kmi�½�¼D{�v~ÆÞg�i<{<n%	<Ãqil{ ��gjkm¼D{�v~n ¹ p {�pwÃ�ps¾�¾�¼DnÁÀ ioÆ@pHG�njgjzâ�zonjzláãi<¼D{3nj¾
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D(C) =

2.5C1.5 �PA ¹ p«¼D{�¼¿nj¼§zlÅãá�gji"�ãÅDp ¼´¾é¾ ¹ i���{Ò¼§{¡gjpwâ �LA ¹ p»iln ¹ pwg)ÃqÄ�g�½<pw¾hâ�pqá�¼´Ã�n)n ¹ p�Ã�il{ãÃ�pq{,Nnjgjzon�¼§il{}á�g�i���Å§pw¾�z�Æ�njpqg
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zl{�â
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	�i��·n�zo¼§{�pwâ���¼¿n ¹ zo{}p��3Ä�¼´â·¼§¾ Nn�zo{3nçv<g�¼´â®i�½lpwgn ¹ p}¼§{<njpqgj½�zoÅ

(0, 13.5)
�'Â�ilg1Ã�i<k1áãzogj¼§¾�il{C	/�yp³zoÅ´¾�i°¾ ¹ i���n ¹ päp+G�zlÃ�n¾�ilÅ§Ä·n�¼§il{ z�n

t = 120
¾�pwÃ ' Ãqilkmá�zogjp(��¼¿n ¹ Â4¼§v������ � )��
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Â4¼Dv<Ä�gjp1���D�s��r $ á�á�zogjpq{3n~â·¼J!@Ä�¾�¼Di<{©Ãqi�p��¡Ã�¼§pq{3nz�nm�l�w�<� ◦ - '�ÆÞÄ�Å§Å4)~zl{�â°Â�pHN�1�¼>¼D{3njpqg�â·¼¿Æ NÆÞÄ�¾�¼Di<{ Ã�i�p��¡Ã�¼§pq{3n�' â�zl¾ ¹ pwâ )H	�¼§{}k 2 ��¾w�

zogjilÄ�{�â¡n ¹ p�â·¼I!:Äã¾à¼§il{}ÆÞgjil{3n�n�im¼D{ãÃ�gjpwzl¾�p«n ¹ p�z<ÃqÃ�Ä�gjz<Ã�Àmn ¹ pqgjpl�
����� � � � � ) � & � � � 	 � � � )���" �
�¢{'n ¹ pmÆÞi<ÅDÅ§i���¼D{�v³{�Ä�kmpqgj¼´ÃqzoÅ>p+G�á:pqgj¼§k1pw{3n(�yp ¹ zª½lp1Ä�¾�pwâ

41
v<g�¼´â·á:il¼§{3nj¾

xi
i�½<pqg«n ¹ p¼§{<njpqgj½�zoÅ>'

0µ
k
, 500µ

k )���A ¹ pÒâ·¼I!:Ä�¾�¼§il{ Ã�i�p��¡Ãq¼Dpw{<n¼´¾�z K&NT¾�á�Å§¼D{�p1n ¹ g�i<Ä�v ¹ �}áãi<¼D{3nÃ�i<Ä�á�Å§pw¾
(Ck, Dk)

	
k = 1, . . . , 8

� ¹ pqgjp
C1 = 0.8e − 5

zl{�â
C8 = 1.7e − 5

�QA ¹ ¼´¾
K&NT¾�á�Å§¼D{�pä¼§{<njpqgjáãi<Å§zl{3n ¼§¾çvl¼§½lpw{ ¼D{ Â4¼Dvã�4���D�s�,	×n�ilv<p�n ¹ pqg���¼¿n ¹ n ¹ pä½�zoÅ§Ä�pw¾çioÆ»z'Â�p+N 1�¼¼§{<njpqg�â·¼I!:Ä�¾�¼§il{ 'E'

0
z�n � $ Å ) ))njz��lpw{äÆÞgjilk � �l� 
;� $ ¾�¼D{�¼¿nj¼§zlÅ6Ã�il{ãâ·¼¿nj¼Di<{}ÆÞilg�n ¹ p~Ãqil{�Ãqpq{ Nn�g�z�nj¼Di<{��)p ¹ zª½lpÄã¾àpsâ n ¹ pçpHG·á:pqgj¼Dkmpq{3n�zoÅ>â�z�n�z¡z�Æ�njpqg��¡km¼D{ ilÆéâ·¼I!:Ä�¾�¼§il{°zl{�{�pwzlÅD¼§{�vã�

A ¹ p�gjpw¾�Ä�ÅDnhioÆ:n ¹ p kmi·â·pwÅ,��¼¿n ¹ n ¹ ¼´¾éâ�¼J!@Ä�¾�¼Di<{mÃqi�p��¡Ã�¼§pq{3nh¼´¾£vl¼§½lpw{1¼§{ÒÂ4¼Dvã�l���§�l�yÆÞilgn ¹ pç�1n�¼§kmpw¾àn�pwá�¾ ÆÞi<g>� ¹ ¼´Ã ¹ �)p ¹ zª½lpp+G�á:pqgj¼§k1pw{3njzoÅ×â�z�n�z��DA ¹ p kmi·â·pwÅDpsâ Ã�Ä�gj½lps¾ zogjpvli�i·â°zlá�á�gji G·¼DkÒz�nj¼Di<{�¾ ilÆhn ¹ p1p+G·áãpwg�km¼§k1pw{3nj¾�pHG�Ã�pwá·n~ÆÞilg�n ¹ p1� ¹ NTÃqÄ�gj½lpw¾w��� i��ypq½<pqg%	ÆÞilg�n ¹ p¡Å§il{�vlpw¾àn�zo{�{�pwzoÅ§¼§{�v}n�¼§k1ps¾��yp¡â·p�njpwÃ�n�pwâ©kÒzl¾j¾Å§i<¾j¾¾àá:pwÃq¼J�:ÃqzoÅ§Å§À°ioÆ $ Å;� A ¹ ¼§¾á ¹ pw{�ilkmpw{}¼´¾�{�iln ¼D{ãÃ�Å§Ä�â·pwâ}¼§{}n ¹ p�kmi·â·pwÅåzo{�â}¼Dn á�gji���z���ÅDÀäpHG·á�Å´zo¼§{�¾yn ¹ p�â�pq½�¼§zon�¼§il{6�
. i<g�pmpHG·á:pqgj¼Dkmpw{<n�zoÅ �yilg�����¼§ÅDÅ �:p¡{�pwpwâ·psâ'n�i �3Ä�zo{3nj¼¿ÆÞÀ n ¹ ¼´¾�kÒzl¾j¾~ÅDi3¾�¾zl{�â®â·pwÃq¼§â�p
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¹ i���n�i¡zlâ�zoá·n�n ¹ pk1i·â·pwÅ@n�iÒ¼§{�Ã�i<g�á:ilg�z�njp»n ¹ ¼´¾�Å§zon�p+N�nj¼Dkmp=�ãp ¹ zª½�¼Di<Ä�gs�
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�¢{�f£zlgàn �ä¾�pq½lpwgjzlÅ»kÒz�n ¹ pqkÒzon�¼´ÃqzoÅ~kmi·â·pqÅ´¾��)pwg�p'á�gjpw¾�pq{3n�psâ!n�i!¾ài<ÅD½<p°á�g�zlÃ�n�¼´ÃqzlÅpq{�vl¼§{�pqpwg�¼§{�v�á�g�i
��Å§pqkÒ¾q�:;'p ÃwzoÅ§Å�¾àÄãÃ ¹ kmp�n ¹ i·â�¾ �4ÙÞÌ�É�ÚoÍ�Ê×Ì�Ñ544Û�É3ÎÏßéi<g>zlÅ§¾�i~Ó;ÑãÌ � Ë·Ì �Ê4ÌªÑ54>Û É�ÎØß<r6vl¼§½lpw{mn ¹ p«kmzon ¹ pwkÒz�n�¼´ÃqzlÅãkmi·â·pwÅ:zl{�â1n ¹ p«{�pwÃqpw¾j¾�zlg�À1â�z�n�z,	<n ¹ p«á�gji���Å§pqkÃqzl{��:p¾ài<ÅD½<pwâ �P�»i��)pw½lpqg%	3¼D{ Ã�i<{�¾àn�gjÄ�Ã�nj¼D{�vçn ¹ p�kmi·â·pwÅ 	�kÒzl{3ÀÒáãzog�zokmp�njpqg�¾yzlg�p�Ä�¾�pwâ 	¾�pqp�ÆÞilg�p+G·zlkmá�ÅDp�n ¹ pâ·¼§¾�á:pqg�¾à¼§½�¼¿nj¼Dps¾�¼D{ ' K��§�w� )hi<g�n ¹ p�¾�ilgjá·n�¼§il{}Ã�i<{�¾Án�zo{3nj¾y¼§{ ' K��D� �
) N
' K�� �·� )�� A ¹ pw¾�p}áãzog�zokmp�njpqg�¾ {�pwpwâØn�i��ãp ��{�i���{Ïn�i®Ä�¾�pän ¹ p kmi�â�pqÅ;� �¢{!Ã�il{3njgjz<¾Án%	Ù Ð /:É3ÌªßsÉ
Ê×Ì�Ñ544Û�É3ÎÏß³zlg�¼´¾àp � ¹ pw{*z'kÒzon ¹ pwkmzon�¼´ÃqzlÅ�k1i·â·pwÅ ¼´¾ÒÄ�¾�pwâÏn�i gjpwÃ�i�½<pqgçn ¹ pá�zlgjzlk1pqn�pwgj¾w�/A×imn ¹ ¼§¾�zl¼Dk 	�p+G�á:pqgj¼§k1pw{3njzoÅ gjpw¾�Ä�ÅDnj¾�{�pwpwâän�i��:p ��{�i���{6��¢{�½lpwgj¾�pá�gji���Å§pqkÒ¾»Ãwzo{ zlÅ§¾�i��ãpçÄ·n�¼§Å§¼I7wpwâ nji³â·pqn�pqgjkm¼D{�pn ¹ pçilá·nj¼DkÒzlÅ:��zªÀäilÆ£Ãqil{ Nn�gjilÅ§Å§¼D{�vz~á�gji·Ã�ps¾�¾£¾�i�n�ivlpqnhzâ·pw¾�¼Dgjpwâçgjpw¾�Ä�Å¿ns�:�¢{1n ¹ ¼§¾é¾àpqn�Ä�ámn ¹ p�á�zog�zokmpqn�pqg�¾4kÒzªÀ��ãpn�¼§kmp¡â·pqá:pq{ãâ·pq{3n zo{ãâ'Ãwzo{ �ãpÒÃ ¹ zl{�vlpsâ?��À ¹ Ä�kÒzo{©¼D{3njpqgj½lpq{3nj¼Di<{C	 ÅD¼ �lpmp<� vã� á�g�ps¾�¾�Ä�gjpilg�njpqkmá:pqg�z�n�Ä�g�p<�

A ¹ p~kmi<¾àn�¾àn�g�zo¼Dn ¹ ÆÞilg��yzlgjâ���zªÀmioÆ4pw¾àn�¼§kmzon�¼§{�v1á�zog�zokmp�njpqg�¾é¼´¾�Ã�Ä�g�½<pM��n�n�¼§{�v�� A ¹ ppHG·á:pqgj¼Dkmpw{<n�¼´¾yá�ÅDilnànjpwâ}zl¾yzçÃqÄ�g�½<p�	·zo{ãâÒn ¹ p~â�¼DgjpwÃ�nyá�gji���ÅDpwk"¼§¾�¾�ilÅ§½lpwâ³¾àpw½lpwgjzlÅ�n�¼§kmpw¾n�iÒi
�·njzl¼D{��:pq{�Ã ¹ kÒzlg��äÃqÄ�gj½lpw¾E��¼Dn ¹ ¾�pq½<pqg�zoÅ@á�zog�zokmpqn�pqg�¾w� -)i<kmá�zogj¼D{�vçp+G�á:pqgj¼§k1pw{3njzoÅâ�zonjz ��¼Dn ¹ n ¹ p��ãpw{�Ã ¹ kÒzog���	�n ¹ p á�zlgjzlkmp�n�pwg»½�zoÅ§Ä�ps¾»zogjp�ps¾Ánj¼DkÒz�njpwâ �<�Tn«¼´¾«ÃqÅDpszog�n ¹ z�nn ¹ ¼§¾å¼§¾ i<{�Å§À»á:i<¾j¾à¼ ��Å§p£¼¿Æ�n ¹ pqgjphzogjp×ÆÞp#�®á�zog�zokmp�njpqg�¾+	szo{�â«n ¹ p£kmi�â�pqÅl¼´¾6¾ànjz���ÅDp<�/13n�z"��¼§Å§¼¿nÁÀ¹ pwg�p�kmpwzo{ã¾yn ¹ zon�zm¾�kmzlÅDÅ@á:pqg�n�Ä�g���zon�¼§il{ä¼§{³n ¹ p~pHG·á:pqgj¼Dkmpw{<n�zoÅ@½�zoÅ§Ä�pw¾#	·â·i�pw¾y{�iln�Å§pwz<ân�iÒ½<pqgjÀ¡â·¼I!:pwg�pw{<n ½�zlÅDÄ�ps¾�ioÆ×n ¹ pgjpwÃqi�½lpqgjpwâ¡á�zog�zokmp�njpqg�¾q�
;©pB��¼§ÅDÅ×á�g�ps¾àpw{3n»¼D{�½<pqg�¾àpá�gji���ÅDpwkm¾�ÆÞilg n ¹ p kmpqn ¹ i·â�¾«â·pq½<pqÅ§ilá:pwâ ¼§{ f£zog�nM��� �«Ä�gÆÞi·Ã�Ä�¾���¼DÅ§ÅP�ãpÒi<{°n ¹ p°¥l� �q�����ã� �Ò���Þ���s��	>zoÅ´¾�i}ÃwzoÅ§ÅDpsâ ���ª���¢¥��¢� �Ò���Þ���s�����¢{2- ¹ zlá·n�pwg 9�yp³zoá�á�ÅDÀ'n ¹ ¼§¾ n�i©â·¼J!@Ä�¾�¼Di<{Ïzo{�{�pwzlÅD¼§{�v����¢{ - ¹ zoá·njpqgm� �)p}Ã�i<{�¾à¼´â·pwgn ¹ p}â·Ä�zlÅJN �)pwÅDÅá�gji���Å§pqk � Â�i<g zo{ i�½<pqgj½�¼Dp#�ÕioÆD��z<¾à¼´Ãmg�ps¾àÄ�Å¿n�¾�il{®{�Ä�kmpqgj¼´ÃqzoÅék1pqn ¹ i·â�¾ n ¹ z�nçÃwzo{��ãpÄ�¾�pwâ1nji ¾ài<ÅD½<p�¼D{�½lpwgj¾�p�á�gji���Å§pqkÒ¾#	<zl{�âçÆÞilg)¾�ilkmpD��z<Ã5��vlgjilÄ�{�âç¼§{·ÆÞilgjkÒz�n�¼§il{mi<{1¼§{�½lpwgj¾�pkmp�n ¹ i·â�¾�¼§{}v<pq{�pwgjzlÅ 	 �yp~g�pqÆÞpqg�n�i $ á�á:pq{�â·¼IG�-«�
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 �

 ���$���
�!� +��
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��	)( ���*	��#�

�¢{�- ¹ zlá·n�pwgy�çzo{�{�pwzoÅ§¼§{�v â·¼I!:Äã¾à¼§il{¡¼§{äz�n�pqgj{�zlg�À1zoÅ§ÅDi�À �yz<¾é¾�ilÅ§½lpsâ �/Kygj¼Dp ��Àm¾àÄ�kmkçÄ�g N¼ 7q¼§{�v 	·n ¹ p�â·¼I!:Äã¾à¼§il{��yz<¾�kmi�â�pqÅ§pwâ���À�' ��� � ) 	·¼;� p<�
∂C3

1 (x, t)

∂t
=

∂

∂x

(
D23

1

(
C3

1 (x, t)
) ∂C3

1 (x, t)

∂x

)
,

' 9ã�D� )
ÆÞilg

0 < x < L
	
t > 0

�&�»pqgjp�	
D23

1

¼§¾�n ¹ p zlá�á�zlg�pw{<n â·¼I!@Ä�¾à¼§il{ Ãqi�p��¡Ã�¼§pq{3n ioÆ 1�¼×¼D{ Â�pzoÅ§il{�vmz1v<¼D½<pq{ â·¼J!@Ä�¾�¼Di<{³áãz�n ¹ ¼§{}n ¹ p~njpqgj{�zogjÀ¡zoÅ§ÅDi�ÀQ1·¼JN $ ÅINTÂ�pÒ�$ ¾én ¹ p�â·¼I!@Ä�¾à¼§il{}Ã�i�p��¡Ãq¼Dpw{<n
D23

1

¼´¾éÄ�{,��{�i���{C	�¼¿nyk Ä�¾ànE�ãp~â·p�njpqgjkm¼D{�psâmÆÞgjilk n ¹ ppHG·á:pqgj¼Dkmpw{<n�¾q�P;©p�Ã�i<{�¾�¼§â·pwgyn ¹ p~ÆÞi<ÅDÅ§i���¼D{�vçv<pq{�pwgjzlÅ á�g�i
��Å§pqk �
∂tC −∇ · (D(C) ∇C) = 0

¼§{
Ω × (0, T ),

' 9ã� �
)
zoÅ§il{�v ��¼Dn ¹ �:ilÄ�{ãâ�zogjÀ¡Ã�i<{�â·¼Dn�¼§il{�¾

C = C0
i<{

∂Ω1, −D(C)∇C · ν = 0
i<{

∂Ω2, 0 < t < T,
'39�� �
)

zo{ãâ}zl{³¼§{�¼Dn�¼´zoÅåÃqil{�â�¼¿nj¼Di<{
C(x, 0) = C0(x), x ∈ Ω.

' 9�� 9 )
� pwg�p
	

Ω
¼´¾�zo{®i<áãpw{ �ãi<Ä�{�â·psâ â·ilkÒzo¼§{C	

∂Ω1
zo{�â

∂Ω2
zogjpmilá:pq{ {�i<{ NTi�½lpqgjÅ´zoá�á�¼§{�vá�zlgàn�¾hioÆ6¼Dnj¾�
6¼§á�¾ ¹ ¼¿n�7M�:ilÄ�{ãâ�zogjÀ

∂Ω
' ¾�Ä�Ã ¹ n ¹ z�n

∂Ω = ∂Ω1 ∪∂Ω2
) 	

(0, T )
¼§¾)zvl¼§½lpw{n�¼§kmp¼D{3njpqgj½ªzlÅ6zo{�â

C0 gjpqá�gjpw¾�pq{3n�¾én ¹ pvl¼§½lpw{³¼§{�¼Dn�¼´zoÅ6Ãqil{�Ãqpq{3n�g�z�nj¼Di<{äá�gji"��Å§pl�
� 9��
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åp�n

C∗(x, t)
ÆÞilg

x ∈ Ω
	
t ∈ (0, T ),

'39�� ��)
�:p z � v<¼D½<pq{CF>ÆÞÄ�{�Ã�nj¼Di<{C	�½�¼I7<�h¾àÄ�¼Dnjz���Å§À Ã�i<{�¾àn�gjÄ�Ã�njpwâ ��ÀØ¼D{3njpqgjáãi<Å§zon�¼§il{ ioÆ~k1pszl¾�Ä�gjpwâ½�zoÅ§Ä�ps¾»z�n~â·¼´¾�Ãqg�pqn�p ¾�á�zlÃqpHN;n�¼§kmp�áãi<¼D{3n�¾

(x, t)
�«Â�gjilk ' 9ã� �
)�n ¹ p�ÆÞÄ�{ãÃ�n�¼§il{

D(C)
	
C ∈

(0, 1)
	 ¹ z<¾énji��:pgjpw¾àn�ilgjpwâ6� �«Ä�g�zl¼Dk"¼´¾yn�imâ·p�njpqgjkm¼D{�p�n ¹ p~Ä�{,��{�i���{¡ÆÞÄ�{�Ã�nj¼Di<{

D(s)
	

s ∈ (0, 1)
	«¾àiÏn ¹ zonän ¹ p'kmpwz<¾àÄ�g�psâ!½ªzlÅDÄ�pw¾ ' 9�� ��)äzogjp?�ypqÅ§Å�zlá�á�gji G�¼§kÒz�njpwâ ��À n ¹ p{�Ä�kmpqgj¼´ÃqzoÅ gjpw¾�Ä�ÅDnj¾yÆÞgjilk"n ¹ p�Ã�i<g�gjpw¾�á:il{�â·¼§{�v1â·¼DgjpwÃ�n á�gji���Å§pqk �

A×i�n ¹ ¼´¾ pw{�â=�)p£Å§i�i���ÆÞi<gåzyÆÞÄ�{�Ã�n�¼§il{
D
¼§{�z�Ã�Å´zl¾j¾@ioÆ·pHG·á�Å§¼§Ãq¼¿n ÆÞÄ�{�Ã�nj¼Di<{�¾6á�zlgjzlkmp�n�gj¼ 7qpwâ

��À z ½<pwÃ�njilg
p = (p1, . . . , pm)

� . i<g�päpHG·á�Å§¼§Ãq¼¿njpqÅ§À�	 �yp¡n�z"�lp
D = D(s,p)

	 � ¹ pwg�p
s ∈ (0, 1)

zo{�â
p ∈ Uad ⊂ Rm 	C��¼Dn ¹

Uad
zl{'zlâ�k1¼´¾j¾à¼ ��Å§p1Ãqilkmá�zlÃ�n~¾�Ä,��¾�p�nilÆ

R
m �f>i<¾j¾�¼I��Å§pÃ ¹ il¼´Ã�ps¾)ÆÞilg

D(s,p)
zogjp

• f>i��)pwgyÅ´z �
D(s,p) = p1s

p2(1 + p3s+ p4s).
' 9ã� � )

• 
6¼§{�pwzlg�¼D{3n�pwg�á:ilÅ´z�nj¼Di<{
D(s,p) = pi +

pi+1 − pi

h
(s− ih) ÆÞilg s ∈ (ih, (i+1)h), i = 0, . . . ,m−1,' 9ã� ��)

��¼¿n ¹
h = 1

m

�
• K&NT¾�á�Å§¼D{�p~¼§{3n�pqgjá:ilÅ´z�n�¼§il{

D(s,p) =
½�zoÅ§Ä�p�zon

s
ioÆån ¹ p{�zon�Ä�g�zoÅCK&N¢¾àá�Å§¼§{�p~¼D{3n�pwg�á:ilÅ´zo{3n

,
' 9�� �
)

n ¹ gjilÄ�v ¹ n ¹ páãi<¼D{3n�¾
(Ck, pk)

	
k = 1, . . . ,m

	
� ¹ pqgjp«n ¹ p½�zoÅ§Ä�pw¾

Ck
zogjp~á�gjpw¾jÃ�gj¼I�:pwâ � ' 9ã� 8 )

;©p�ÅDi�i���ÆÞilghzo{1ilá�n�¼§kmzlÅ�½lpsÃ�njilg�N;á�zlgjzlkmp�n�pwg
p̂ = (p̂1, . . . , p̂m)

¾�Ä�Ã ¹ n ¹ zon£n ¹ p Ãqi<¾ànÆÞÄ�{ãÃ�n�¼§il{ãzoÅ
F(p) ≡ F(C,p) =

∫ T

0

∫

Ω

[C(x, t,p) − C∗(x, t)]2 dx dt,
'39��§�w� )

zonànjzl¼D{ã¾»¼Dnj¾«km¼D{�¼§k Ä�k�i<{
Uad
z�n

p = p̂
�M� pwg�p
	

C(x, t,p)
¼´¾�n ¹ pm¾ài<ÅDÄ·nj¼Di<{ ioÆM'39�� ��) N

'39�� 9 ) ��¼¿n ¹
D
zl¾×¼D{ ' 9ã� � ) N ' 9ã� � )��:A ¹ p)½<pwÃ�njilg

p̂
¼´¾4i��·n�zo¼§{�pwâçzl¾×n ¹ p�Å§¼Dkm¼Dn£ioÆãz�¾àp �3Ä�pq{�Ãqp

{pk}∞k=1

¾�Ä�Ã ¹ n ¹ z�n F(pk+1, Ck+1) < F(pk, Ck)
zo{�â F(pk , Ck) → F(p̂, Ĉ)

	
� ¹ pwg�p

Ck = C(x, t,pk)
�

A ¹ p~gjpw¾�Ä�ÅDnj¾�ioÆ4n ¹ ¼§¾ Ã ¹ zoá·njpqg ¹ zª½lp=�:pqpw{}á�Ä,��Å§¼§¾ ¹ pwâ}¼§{ � �,	�9<� 	��l��
;�
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� ��� � 
!� ����� � ��� " ��� � �  �� �

� � + � + �0� 	 �'���#��" �
;©p â·pwâ�Ä�Ã�pn ¹ p z<â �Áil¼§{3n á�g�i
��Å§pqk 	ã¾�pqpB1�psÃ�nj¼Di<{ ¾wr zlâ�Ãqilkmp�	·ÆÞi<g Ç �:�:'39�� ��) N5'39�� 9 ) 	 ��¼¿n ¹Ã�i3¾Án�ÆÞÄ�{ãÃ�n�¼§il{ãzoÅO'39��§�w�
)��L;'p ¹ zª½<p»n ¹ p~ÆÞilÅ§Å§i���¼D{�vmgjpw¾�Ä�ÅDnw�
��Ö4É�Ñ�Ì�É�Î �$�3	 �3	 ��� �q�

C(x, t,p)
¤j�ç�Þ��� �q��¦W¶·�;� ��� �Á��	 ��� �� � 	 ��� �  � �×�������

D(s,p)
�´�¥}� �Ò�w�o���m��¶·�@���;� �����«¥��@�}¦D��� F ¤��ä�<���é�:��� ¤ � 	 ����� �� � � ���

ψ(x, τ)
¤��¡�����1�q��¦W¶·�;� ����Á�������é���o¦�¦D���£����� �j�o��¨������;� �����à��� ��¶���� ���®����¶�¥o��� �o�

∂τψ −∇ · (D(C(x, T − τ,p))∇ψ(x, τ))

+D′
s(C(x, T − τ,p))∇C(x, T − τ,p) · ∇ψ(x, τ) =

= −2 (C(x, T − τ,p) − C∗(x, T − τ))
' 9ã�D�<�%)

�×���q���
D′

s = dD(s)
ds

�y¥�¦D�o�3���£�����°¤���¶·�:�<¥�� �³¥o�:�¡�������;� ¥�¦4���o�:�����;� �����«�o��¨��q�©¤ �
ψ(x, τ) = 0

���o�
x ∈ ∂Ω1,

D(C,p)∇ψ(x, τ) · ν = 0
�����

x ∈ ∂Ω2,

ψ(x, 0) = 0.

'39��§�s�
)

�@���q� �
∇pF(p) =

∫ T

0

∫

Ω

∇pD(C(x, t,p)) (∇C(x, t,p) · ∇ψ(x, t)) dx dt,
'39��§�w� )

�×���q���
ψ(x, t) = ψ(x, T − t).

' 9ã�D� 9 )
�y���s�Á� � 
6pqn«n ¹ p á:pqg�n�Ä�g��:pwâ ½�zlÅDÄ�p

p + δp
	P'

δp ≡ (δp1, . . . , δpm)
) 	 v<¼D½<p�gj¼§¾�pn�iän ¹ p¾�ilÅ§Ä·n�¼§il{

C+δC
�/;©p»zogjp�ÅDi�i
�3¼§{�v~ÆÞi<géz~ÅD¼§{�pszoghkÒzoá�á�¼D{�vQ'Þ¼;� p<� ¸�� n�pszoÄ Gmâ·¼I!:pwg�pw{<nj¼§zlÅ4)�:p�n��ypqpq{

δF := F(p + δp, C + δC) − F(p, C)
zo{�â

δp
� � pwvlÅ§pwÃ�n�¼§{�v}n ¹ pä¾�pwÃqil{�âilg�â·pwg)njpqgjkÒ¾�ioÆ

δp
�ypi��·n�zo¼§{

δF = 2

∫ T

0

∫

Ω

δC (C(p) − C∗(x, t)) dx dt.
' 9ã�D�ª��)

A×i pqÅ§¼Dkm¼§{�z�njp
δC
ÆÞgjilk ' 9��§�s�
)(�)p¡â�pqgj¼D½<pmz �:ilÄ�{�â�zogjÀ°½�zlÅDÄ�pÒá�g�i
��ÅDpwk ��� ¨ª¥o��� �¥��;� �����Ò¼D{'n ¹ pmÆÞi<ÅDÅ§i���¼§{�v���zªÀl��1�¼§{�Ã�p

C + δC
¼´¾�n ¹ pÒ¾�ilÅ§Ä·n�¼§il{©ioÆ=' 9ã� �
) N ' 9�� 9 )�Ãqilgjg�p+N¾�áãi<{�â·¼§{�v1n�i

p + δp
	 �yp ¹ zª½<p

∂t(C + δC) −∇ · (D(C + δC,p + δp) ∇(C + δC)) = 0
¼D{

Ω× (0, T ),
'39��§�w�
)
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zlÅDi<{�v���¼Dn ¹ �:ilÄ�{ãâ�zogjÀäÃ�i<{�â·¼Dn�¼§il{�¾
C+δC = C0

il{
∂Ω1, −D(C+δC,p+δp)∇(C+δC)·ν = 0

il{
∂Ω2,

' 9��§� ��)
zl{�âä¼§{�¼Dn�¼´zoÅåÃqil{�â�¼¿nj¼Di<{

C(x, 0) + δC(x, 0) = C0(x).
'39��§��� )

1�Ä ��¾Ánjgjz<Ã�nj¼D{�v � p �3Ä�z�nj¼Di<{ ��¼´¾�p�FL' 9�� ��) N5'39�� 9 )�ÆÞg�i<k ' 9��§�w� ) N ' 9ã�D� �
)�zl{�â {�pwvlÅ§pwÃ�n�¼§{�v}zlv<zl¼D{¾�pwÃqil{�â³ilg�â·pqgynjpqgjkm¾#	 �yp=��{�â³n ¹ pp �3Ä�z�nj¼Di<{'��� ¨�¥���� ¥o��� �o���
∂t(δC) −∇ · [D(C,p) ∇δC +D′

s(C,p)δC∇C + (∇pD(C,p) · δp)∇C] = 0' 9��§� 8 )¼§{
Ω × (0, T )

	�zlÅDi<{�v���¼Dn ¹ �:ilÄ�{ãâ�zogjÀäÃ�i<{�â·¼Dn�¼§il{�¾
δC = 0

il{
∂Ω1,

[D(C,p)∇(δC) +D′
s(C,p)δC∇C + (∇pD(C,p) · δp)∇C] · ν = 0

il{
∂Ω2,' 9�� �o� )

zl{�âä¼§{�¼Dn�¼´zoÅåÃqil{�â�¼¿nj¼Di<{
δC(x, 0) = 0.

' 9ã� ���%)
. Ä�Å¿nj¼Dá�Å§À�¼D{�v�' 9ã�D��8
)/��Àmz�¾àkmi�ion ¹ ÆÞÄ�{�Ã�n�¼§il{

ψ(x, t)
	3n�i��:p«¾�áãpsÃ�¼I��pwâ��:pqÅ§i�� 	3¼D{3n�pwvlg�z�n�N¼§{�vmi�½lpwg

Ω × (0, T )
zl{�â}Ä�¾�¼D{�v�'39�� �o�
)yzl{�â8'39�� �·� ) 	 �yp�v<p�n

∫

Ω

δCψ dx

∣∣∣∣
T

0

−
∫ T

0

∫

Ω

δC∂tψ dx dt

−
∫ T

0

∫

Ω1

[D(C,p)∇(δC) +D′
s(C,p)∇CδC + (∇pD(C,p) · δp)∇C] · ν ψ dx dt

+

∫ T

0

∫

Ω

[
D(C,p)(∇(δC) · ∇ψ)︸ ︷︷ ︸

(I)

+D′
s(C,p)(∇C · ∇ψ)δC

+ (∇pD(C,p) · δp)(∇C · ∇ψ)
]
dx dt = 0.

'39�� �l��)
;©pg�ps¾Ánjg�¼´Ã�n�n ¹ p�zoÄ G·¼§ÅD¼´zogjÀmÆÞÄ�{�Ã�n�¼§il{

ψ(x, t)
¾àimzl¾ynjiÒi��:pqÀÒn ¹ p�Ã�i<{�â·¼Dn�¼§il{�¾

ψ(x, t) = 0
ÆÞilg

x ∈ ∂Ω1, D(C,p)∇ψ(x, t)·ν = 0
ÆÞilg

x ∈ ∂Ω2, ψ(x, T ) = 0.' 9�� �o� )
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�¢{3n�pwvlg�z�n�¼§il{���Àäá�zlgàn�¾)ilÆ×n ¹ p~n�pwg�k
(I)
¼D{ ' 9ã� �<��)éÅDpszlâ�¾ynji

−
∫ T

0

∫

Ω

δC
[
∂tψ + ∇ ·

(
D(C,p)∇ψ

)
−D′

s(C,p)
(
∇C · ∇ψ

)]
dx dt

+

∫ T

0

∫

Ω

∇pD(C,p)(∇C · ∇ψ) dx dt · δp = 0.
'39�� � 9 )

� i�� 	�n ¹ p~ÆÞÄ�{�Ã�nj¼Di<{
ψ(x, t)

Ãwzo{ �:p Ã ¹ i<¾�pq{ ¼§{ zÒÄ�{�¼ �3Ä�p �yzªÀäÆÞg�i<k�n ¹ p�gjp��3Ä�¼§g�pwk1pw{3nn ¹ z�n�n ¹ pá�zog�z"�:ilÅ§¼§Ã«p��3Ä�zon�¼§il{
∂tψ + ∇ · (D(C,p)∇ψ) −D′

s(C,p)∇C · ∇ψ = 2 (C(p) − C∗(x, t)) ,
'39�� �l��)

¼´¾¾�zon�¼´¾���psâ njilvlpqn ¹ pwg<��¼Dn ¹ ' 9ã� �l�
)�� Â�i<g«n ¹ ¼´¾�Ã ¹ il¼´Ã�p1ioÆ
ψ

	 n ¹ pmgjpqÅ´z�nj¼Di<{�¾�'39��§�s�
)»zl{�â
' 9ã� � 9 ))À�¼DpwÅ§â

δF =

∫ T

0

∫

Ω

∇pD(C,p)∇C · ∇ψ dx dt δp.
' 9ã� �l�
)

KyÀ¡á�Ä·n�n�¼§{�v
τ = T − t

	�n ¹ pá�gji���Å§pqk�Ãqil{�¾�¼´¾Ánj¼D{�v1ioÆE' 9ã� �l�
))zo{�â8' 9�� �l�
))¼§¾ygjpwâ·Ä�Ãqpwâän�in ¹ pá�zog�z"�:ilÅ§¼§Ã«á�gji���Å§pqk ' 9��§�l� ) N ' 9ã�D�ª��)��Â�gjilk n ¹ pçpHG·á�gjpw¾j¾à¼§il{�' 9ã� �l�
)E�ypi���njzo¼§{ n ¹ p�vlg�zlâ·¼§pq{3n ilÆ4n ¹ pçÃqi<¾àn�ÆÞÄ�{�Ã�n�¼§il{�zlÅ×zl¾¼§{�'39��§�w� )��
�äÉ�ÎØË�Ì�� �$�3	 �3	 � �:���4±@���w�à� ¥l¤���¨��)��¥ª���T�¤��«¥l�l¥�±:�¢������Ò�Þ��� ��¥ª�q�«�Á��¥ �Ò��¨s���3����ã�T�q� ���¥l��� � � � ���·�´����¥ª�q�~�Þ���«�q��¦¿¶·��� �o�

C(x, t)
��¥ª�����¦ �

C2 �¢���T�o¶·¦§¥������ � ¶s± �T�ç�Þ�������ã�T�q�Þ��¥l��� �¥����Þ���ç���ã�T�q�Þ��¥l���m�Þ���m�����¿�l���:¥o¦ ��� �Ï�´�ç���ã¦��«��¶·¦ �h¦�¦D���~����� � ����� ¦§� ��� � �@���q��� ���o��� �����ã�T� ��l��¥��;� ���®¤ �«±�¥��������¥��©����¦ �ä¤j�ç�l�o�:�¶s±©�T�m�Þ���������¢���Þ��¥<���ç�à�
C
�>�j���;±��j�q�;��¨ª�q¦��

C + δC
�

� � �é��¨��q� � �����¡¤������<���1�T�q� �ç��������¦�¦h���j�j±!�o¶·�»¥ª�ç�Þ���q���1�´�1�:� �y¶�� ��¨����1�Þ���m���ã�T�q�Þ��¥l��� �¥��@� �Þ���ä�o�������m�¢��� �ç�m��¥o�Ï¤j�³���<�¢���@�l��� ��¨��q�1�Þ���³���ã�����j�¡�l� �m¥o����� �@���»����¦�¦D� �£���3�'�´�� �»±��o���T¥o���y�T�¡�:���¢����'���������ã�T�q�Þ��¥l��� ±:�j�l¤q¦D� �Ò²
• ��� 	 ����� � m¥��£�Þ���«� � � �m�q�;� �1¤���¶·�@�l¥�� �Ò���ã¦�� �Ò¥wµ<���»�q�����q� �×����� �Þ�������ã�T�q�Þ��¥l�����¥ª������¥l�������1�Þ���¤���¶·�@�l¥�� � � � ������� �£�´�q� �£���·�´� ��� �´� ��¶s±��q� �y¶���¶�� � �@�·�´�«�´�~���o������´���¢���ã� �£����� 	 ����� � Ò¥�� �é�»��¥�¨�� ¥«±@¶·���~����¥<���;� ���1±@���l¤q¦D� � �×���q� �Þ����¤��o¶·�:�l¥o� ��´�~�@���y����¥l������� �l����¤ �¡�Þ��� �����¢�q�Þ��¥l��� 	 �×�·� �j�����à���j�o¶·���q� � �Ò¥wµ<�����q¥o���´�Þ� �����3�³�Þ���
���!� �»±����j��� ¤q¦D�  �

• �:���y��¶·�:�q��� �o�
ψ(x, τ)

¶��q���Ò���°�Þ����±:�j�w�à� ¥�¦ �q�}���ã¦��¡�:�����ª��¢�ä¤���� �Ò�s���Þ� ¶s±®�T������»���ã�T�q�Þ��¥l��� �£¥�� �����¢�T�o��¥o��� �o�}¤ ��±�¥����������ä�;±�¥l�����´�«���ã¦��ç�l�o�:�«¶s± �T� ���·�´�>±��o����� �¯1� ��� � �Ò���ã�y�o�°�Þ���´�¦D¥��¢�q� �
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� � + � � � �'( ����� � � & � � � �#"�� � ( � �7� " �
Ç �3Ä�zon�¼§il{�'39��§�l� )£¼´¾)zçÃ�il{�½<pwÃ�nj¼Di<{ N¢â·¼J!@Ä�¾�¼Di<{Òp��3Ä�zon�¼§il{���¼Dn ¹ gjpw¾�á:pwÃ�n)n�i

ψ
zl{�â¡Ãqzl{ �:p¾�ilÅ§½lpsâ ��¼Dn ¹ zoá�á�gjilá�g�¼´z�njp»kmp�n ¹ i·â�¾q�hÂ�ilg�¾�¼Dkmá�Å§¼§Ãq¼¿nÁÀ
	 �)pÃ ¹ i3¾àp�zov3zo¼§{¡n ¹ p�kmpqn ¹ i·â³ioÆÅ§¼D{�pw¾#	,� ¹ ¼´Ã ¹ ��zl¾�Ä�¾�pwâäÆÞilg�n ¹ p�â·¼§g�psÃ�n á�gji���ÅDpwk�	�¾�pqp�'����§���
)yzl{�â8'���� �·� )��

;©p�ÆÞilÅ§Å§i��Ïn ¹ p»zo{ã¾�zon�7 zl¾h¼D{mn ¹ p �s� á�gji���Å§pqk ��¼¿n ¹ kmi�½3¼§{�v¼§{3n�pqg�Æ zlÃqp�ioÆ:- ¹ zlá·n�pwg��� A×i ¾�ilÅ§½lp '39��§�l� ) 	D�yp?��g�¾Án ¾ài<ÅD½<p n ¹ p©â·¼§gjpwÃ�n}á�gji���Å§pqk 	»zl{�â ¾�Ä,��¾�p��3Ä�pq{3njÅDÀ n ¹ pz<â �Áil¼§{3n~¾�À·¾Ánjpqk ' 9ã�D�<�%) N5'39��§�s��)�ÆÞilg
ψ
��K)À n ¹ pm¾�zlkmp 
×zo{�â�zlÄCF ¾»njgjzl{�¾àÆÞilgjkmzon�¼§il{°zl{�â¾�á�zlÃqp«â·¼´¾jÃ�gjp�n�¼ 7wzon�¼§il{�¾én ¹ p«½�zoÅ§Ä�ps¾

C1
i = C1(yi, T − τ)

zl{�â
C2

j = C2(yj , T − τ)
Ãqzl{

�:pÄ�¾�pwâ³n�iÒÃ�i<{�¾àn�gjÄ�Ã�n�½�zoÅ§Ä�pw¾yÆÞi<g
D(C,p)

zo{�â
C
� �»ion�p~n ¹ z�n�n ¹ pá�gji"��Å§pw¾yilÆ

ψ
zo{ãâ

C
��¼DÅ§ÅP�ãp
	6vlpw{�pqg�zoÅ§Å§À�	 �3Ä�zoÅ§¼¿n�z�nj¼D½<pqÅ§À â�¼J!@pqgjpq{3n#	 ¹ pq{�Ãqp n ¹ pm{�il{�p��3Ä�¼´â·¼§¾ànjzl{3n�v<g�¼´â?��¼§ÅDÅ{�iln {�pwÃqpw¾j¾�zlg�pwÅDÀmÅ§pwz<âänjiÒz��:p�n�n�pwg»zoá�á�g�i G·¼§kmzon�¼§il{6��«pq{�iln�p

F 1
i (τ) ≈ ψ1(yi, τ)

il{
Ω1(τ)

	�zo{�â*¾�¼Dkm¼§Å§zlg�Å§À
F 2

j (τ) ≈ ψ2(yj , τ)
i<{

Ω2(τ)
�%�»pHG�n#	ãâ·pq{�iln�p ��À

pk
2(y, i)

n ¹ p�¾àpsÃ�il{ãâäi<gjâ·pwg 
åzov<gjzl{�vlp«áãi<ÅDÀ�{�i<km¼§zlÅ ¼D{3n�pwg�á:i"NÅ´z�nj¼D{�v n ¹ ps¾àp«½�zoÅ§Ä�pw¾é¼D{Òn ¹ p�áãi<¼D{3nj¾
(yi−1, F

k
i−1)

	
(yi, F

k
i )
zo{ãâ

(yi+1, F
k
i+1)
ÆÞilg

k = 1zl{�â
2
�hÂ�Ä�g�n ¹ pqgjk1i<g�p
	·¾àpqn

C∗
i ≈ C∗(yi, T − τ)

� A:�)i ��� � N¢¾�À�¾àn�pwkÒ¾�zogjp«i
�·njzl¼D{�psâ r
d

dτ
F 1

i (τ)− 1

s2(T − τ)
D(C1

i )
d2

dy2
p1
2(yi, i)+yi

ṡ(T − τ)

s(T − τ)

d

dy
p1
2(yi, i) = −2(C1

i −C∗
i ),' 9�� � ��)ÆÞi<g

i = 1, . . . , N − 1
	�zl{�â³zlÅ§¾�i1ÆÞilg

i = 0
¼D{}n ¹ p�Ãqzl¾�p~ioÆ>z �»pqÄ�kÒzl{�{�KD-<	ãzo{�â

d

dτ
F 2

j (τ) − 1

(X − s(T − τ))2
D(C2

j )
d2

dy2
p2
2(yj , j)

− yj
ṡ(T − τ)

X − s(T − τ)

d

dy
p2
2(yj , j) = −2(C1

j − C∗
j ),

' 9�� ��� )
ÆÞi<g

j = 1, . . . ,M − 1
	�zo{ãâ³zlÅ§¾�içÆÞi<g

j = 0
¼§{}n ¹ p�Ãwzl¾�p«ilÆ>z.�»pqÄ�kÒzo{�{ K>-«�

A ¹ p«¼D{3njpqg�Æ zlÃ�p«p��3Ä�zon�¼§il{¡¼´¾hn ¹ p~¾�zlk1p�zl¾é¼D{än ¹ p~â·¼§g�psÃ�n)á�g�i
��ÅDpwk 	�'���� �l�
) 	�zoÅ§ÅDi���¼§{�vn ¹ p pqÅ§¼Dkm¼§{�z�nj¼Di<{ ilÆ
F 1

N = F 2
M

ÆÞgjilk '39�� � ��) N ' 9�� ��� )��!Â�gjilk n ¹ p ¾�ilÅ§Ä·n�¼§il{ �)p i<{�ÅDÀ{�pwpwâ n�i��lpqpwá n�g�zlÃ5�}ioÆén ¹ p1½�zoÅ§Ä�pw¾
d1F

1
i = d

dyp
1
2(yi, i)

zl{�â
d1F

2
j = d

dyp
2
2(yj , j)

zonp �<Ä�¼§â·¼´¾ànjzo{3n�n�¼§kmp½�zoÅ§Ä�pw¾
t = t1, . . . , tm

�
� � + ��� � "%( � � � � �#��" � " � ∇pFA ¹ p1zo{�zlÅDÀ3nj¼§Ã~ÆÞi<g�k�ilÆ ∇pF

¼§¾«vl¼§½lpw{���À�'39��§�w� )��MA ¹ ¼´¾«pHG·á�gjpw¾j¾à¼§il{���¼§ÅDÅ/�:pçzoá�á�g�i G·¼INkÒz�njpwâ Äã¾à¼§{�vÒn ¹ p {�Ä�kmpqgj¼´ÃqzoÅ×½�zoÅ§Ä�pw¾»ioÆ
C

	 ∇C zl{�â ∇ψ 	:i��·n�zo¼§{�pwâ ¼D{ n ¹ p á�g�pw½3¼§ilÄã¾¾�pwÃ�n�¼§il{�¾w�L;'ppwk1á ¹ zl¾�¼I7wp»n ¹ z�n�n ¹ p~½�zoÅ§Ä�pw¾yÆÞi<g
C
zl{�â

ψ
zogjp~ÃqzoÅ´Ã�Ä�Å§zon�pwâ³¼§{än ¹ p�¾�zlkmpv<g�¼´â°á:il¼§{3nj¾

xi
zo{�â'n ¹ pm¾jzokmp1n�¼§kmpÒáãi<¼D{3n�¾

tm
	ån ¹ pmÅ´z�nànjpqg �:pq¼§{�v p��3Ä�¼´â·¼´¾Án�zo{3n ��¼¿n ¹



�$� - � �çÑ:Ð /ãÉ3Ì �ãÉ�Ð4ÚlÉ ÓTÑãÌ
∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	�� 	

n�¼§kmp�¾Ánjpqá
∆t
� A ¹ pq{ 	�Ã�i<{�¾à¼´â·pwg�¼§{�v

ψ(x, t) = ψ(x, τ) = ψ(x, T − t)
	,�yp�i
�·njzl¼D{

∇pF(p) ≈
m−1∑

k=0

∆t

[
N∑

i=0

(α1
i + α1

i+1)

2
∇pD(C1

i (k))d1C
1
i (k)d1F

1
i (m− k))

1

s(tk)

+

M∑

j=0

(α2
j + α2

j+1)

2
∇pD(C2

j (k))d1C
2
j (k)d1F

2
j (m− k))

−1

X − s(tk)


 , '39�� � 8 )

� ¹ pwg�p
α1

0 = α1
N+1 = 0 = α2

0 = α2
M+1

�
� ��� � � � 	��� ����� � � � � � ∂τψ(x, τ) − a(x, τ)∂2

xψ(x, τ) =
f(x, τ) � a

� ������� ����� �������� "$�

Ç �3Ä�zon�¼§il{ ' 9ã�D�<�%)�¼´¾�z â·pwvlpw{�pqg�z�njpmÃqil{�½lpsÃ�nj¼Di<{ NTâ�¼J!@Ä�¾�¼Di<{'á�Ä�g�p¡gjpwz<Ã�nj¼Di<{'á�gji���ÅDpwk ¼§{n ¹ p1Ãwzl¾�p ioÆ&7qpqgji³¾�Ä,��¾àn�g�z�njp á�gji���ÅDpwk�	�� ¹ pwg�p��)p ¹ zª½lp1z¡kmi�½�¼D{�vä¼§{<njpqg�Æ zlÃqpB��¼Dn ¹ i<{n ¹ pçgj¼Dv ¹ n«ioÆh¼Dn
C = 0

	:¾�i¡n ¹ z�n
D(C) = 0

�(�¢{ n ¹ ¼´¾~¾àá:pwÃq¼J�:Ã Ãqz<¾àpç¼¿n�¼§¾�{�iln�zäá�g�¼§ilgj¼Ã�Å§pwzlg��yp�n ¹ pqg�n ¹ pä¾�À·¾Ánjpqk ' 9��§�l� ) N ' 9ã�D�ª��) ¹ zl¾ z ¾ài<ÅDÄ�n�¼§il{6���¢{®n ¹ ¼´¾�1�pwÃ�n�¼§il{��)p³¾ ¹ zlÅDÅá�gji�½lp«n ¹ pp+G·¼§¾àn�pw{�Ã�p~ioÆ£zm¾ài<ÅDÄ�n�¼§il{6�
A ¹ p~il{�pHN¢â·¼Dkmpw{<nj¼Di<{�zoÅ6â�¼J!@pqgjpq{3n�¼´zoÅ p �3Ä�z�nj¼Di<{ '39��§�l�%) ¹ z<¾yn ¹ p~ÆÞi<g�k

∂tψ(x, t) + a(x, t)∂2
xψ(x, t) = f(x, t),

' 9ã� �<�
)
zoÅ§il{�v ��¼Dn ¹ �:ilÄ�{ãâ�zogjÀ¡Ã�i<{�â·¼Dn�¼§il{�¾

∂xψ(0, t) = 0, a(L, t)∂xψ(L, t) = 0,
' 9ã� ���%)

zo{ãâ}¾àn�i<á�á�¼§{�vÒÃ�i<{�â·¼Dn�¼§il{
∂xψ(x, T ) = 0,

' 9ã� �3��)
� ¹ pwg�p

a(x, t)
'
= D(C,p)

) zo{ãâ
f(x, t)

'
= 2 (C(p) − C∗(x, t))

) 	 zlg�p���{�i���{}ÆÞÄ�{ãÃ Nn�¼§il{ã¾q�
A ¹ p³ilgj¼Dv<¼D{�zlÅhá�gji���Å§pqk 	

C(x, t)
	 ¹ zl¾çz kmi�½3¼§{�v ÆÞgjil{3nçzon

s(t)
	
s(0) = s0 > 0

	ioÆ=� ¹ ¼´Ã ¹ ¼DnÒ¼§¾ �3{�i���{ØÆÞgjilk á:ilgjilÄ�¾1kmpwâ�¼§z©p��3Ä�zon�¼§il{�¾1n ¹ z�nÒ¼Dnä¾Án�zog�nj¾çn�i kmi�½<p}zon
t = T1 ≥ 0

	4zo{�â zoÆ�n�pwg���zog�â�¾�¼§¾ ¾Ánjg�¼´Ã�njÅDÀ'¼D{�Ãqg�pszl¾�¼D{�v��ä�«Ä�pÒnji n ¹ p �:p ¹ zª½3¼§ilÄ�gioÆ
Czo{ãâÒn ¹ p�â·pwvlpw{�pqg�zlÃqÀçilÆ

D
	 �)p ¹ zª½<p�n ¹ zon�n ¹ p«ÆÞÄ�{�Ã�n�¼§il{

a(x, t)
¹ z<¾é¼§{

(s0, s(T ))
n ¹ p¾jzokmp�kmi�½3¼§{�v¾�Ä�á�á:ilg�nézl¾

C
�P. i<g�pwi�½lpqg%	ª¼¿Æ

C(x0, t0) > 0
	ln ¹ pw{mn ¹ p ¾�ilÅ§Ä·n�¼§il{m¼´¾

C∞ N¾�k1i�iln ¹ ¼§{çz»{�pq¼§v ¹ �:ilÄ�g ¹ i�i·âioÆ
x0
ÆÞilg

t > t0
� �«{�n ¹ p)iln ¹ pwg ¹ zo{�â 	 ∇a = D′(C)∇C� ¹ ¼´Ã ¹ Ãqzo{��:pwÃ�i<kmp�Ä�{�â·pH�ã{�pwâ z�n�n ¹ p¼§{<njpqg�Æ zlÃqpl�
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A ¹ ¼´¾Ãqzl{��ãpÒp+G�á�Å§zl¼D{�psâ®zl¾�ÆÞilÅ§Å§i�� ¾q���TÆE�)p¡Ãqil{�¾�¼´â·pqg~n ¹ p K�zogjpq{ ��Å´z�nàn�N;f£zonàn�Å§pm¾ài�NÅ§Ä·n�¼§il{ 	 '����§�w�
)H	 �yp ¹ zª½lp1n ¹ z�n#	

D′(C)
¼´¾

0
'�ÆÞi<g

p2 > 1
)H	åilg ∞ '�ÆÞi<g

0 < p2 < 1
)��

A ¹ p�¾àpsÃ�i<{�âmá�zog)ioÆ ∇a n#	 ∇C â·pqá:pq{�â�¾éi<{Òn ¹ p�¾ài<ÅDÄ�n�¼§il{6�>Â�i<ghn ¹ p<K�zogjpq{�á�Å§zonàn NTf£z�n�n�Å§p¾�ilÅ§Ä·n�¼§il{ ∇C = −∞ ÆÞilg x → s(t)
	>'�ÆÞilg

p2 > 1
)~i<g ∇C = 0

ÆÞi<g
x → s(t)

'�ÆÞi<g
0 < p2 < 1

) 	�zo{�â��yp»v<p�n)zlÅI��zªÀ·¾ ∇a = c
	
��¼Dn ¹ −∞ < c < 0

�L�¢{Òvlpw{�pqg�zoÅ 	<zlÅ¿n ¹ ilÄ�v ¹n ¹ p¡¾ài<ÅDÄ�n�¼§il{°¼´¾¾�k1i�iln ¹ Ä�á©n�i}n ¹ pm¼§{3n�pqg�Æ zlÃqp�	åzl{�â°n ¹ pÒ¾�áãpwpwâ©ioÆ)n ¹ pm¼§{<njpqg�Æ zlÃqp
ṡ(t)¼´¾E��{�¼Dn�p
	�¼Dn {�pqpsâä{�iln>�ãp~n ¹ p�Ãqz<¾àp�n ¹ z�n ∇a ¼´¾D�ãi<Ä�{�â·psâ �&-)il{ã¾à¼´â·pqg�ÆÞi<g�pHG�zokmá�Å§p�n ¹ p

������	 � �<� 
 	
∂tw = ∂x

[
(aw2 − bw)∂xw

]
,

� ¹ ¼´Ã ¹ ¹ zl¾yn ¹ p�n�g�zª½lpwÅD¼§{�v"N ��zª½lp»¾�ilÅ§Ä·n�¼§il{
w =

√
2c1x+ 2ac21t+ c2,

zl{�â¡n ¹ pkmi�½�¼D{�vmpsâ·vlp
s(t) = −2ac21t+ c2

2c1
.

�¢{©n ¹ ¼§¾�Ãwzl¾�p�	
D(w) = aw2 − bw

zo{�â
D′(w)

¼§¾�{�il{,7wpqgji}zonn ¹ pä¼D{3n�pwgàÆ z<Ã�p
w = 0

	� ¹ pwg�pszl¾
∂xw|w=0 = sign(c1)∞

�&A ¹ pqgjp�ÆÞilgjp�	 ∇a = −∞ 	�zl{�â��)p�Ãqil{�ÃqÅDÄãâ·p~n ¹ zon ¼D{v<pq{�pwgjzlÅ �ypçÃqzl{�{�iln�zl¾j¾�Ä�kmp�g�pwvlÄ�Å´zogj¼DnÁÀ³ilÆ
a
�=A ¹ ¼´¾�â�pqvlpw{�pqg�zlÃqÀ³â·i�ps¾»{�iln~zlÅDÅ§i�� n ¹ pÄ�¾�p¡ilÆ pq{�pwg�v<À nÁÀ�áãp³z á�gj¼Di<g�¼hps¾Ánj¼DkÒzon�pw¾�'Þ{�i'¼D{3njpqvlg�z�nj¼Di<{8��À®á�zlgàn�¾�)H	4¾�i il{�p¡ioÆ�n ¹ pkÒzo¼§{}n�i�ilÅ´¾�¼§{än ¹ p�zo{�zlÅDÀ·¾�¼§¾�ilÆ×p+G�¼´¾àn�pq{ãÃ�p~¼§¾ {�ion zoá�á�ÅD¼´Ãqz���Å§pl�

A×iÒ¾àÄ�kmkÒzogj¼ 7qp�	 �ypÃqzl{}z<¾�¾�Ä�kmp�n ¹ p~ÆÞi<ÅDÅ§i���¼D{�v ÆÞi<g
a
r





1. a(x, t)
¹ z<¾�¾Ánjg�¼´Ã�njÅDÀä¼D{�Ãqg�pszl¾�¼D{�v1¾�Ä�á�á:ilg�n Ä�á}n�i

s(t)
	

0 < s0 ≤ s(t) ≤ s(T ) < L, 0 ≤ ṡ ≤ K
2. a(x, t) = 0

ÆÞi<g
x ≥ s(t),

3. ∂xa(s(t), t) = c(t),
��¼¿n ¹ −∞ ≤ c(t) < 0.�¢{}n ¹ p�Ãwzl¾�p

c(t) = −∞ 	 �yp~ÃwzoÅ§Å@n ¹ pá�g�i
��ÅDpwk â·pwvlpq{�pqg�z�n�p
.

' 9�� �l� )

�»pqgjp�	
K
¼§¾�z1Ã�i<{�¾Án�zo{3nw�£Â�ilg�¾à¼§kmá�Å§¼§Ãq¼¿nÁÀ �yp«njz"�<p

s(T ) < L
�L�¢{³n ¹ pÃqz<¾àp(�yp�{�pqpwâän�ikmi·â·pqÅ Ä�áänjiçnj¼Dkmps¾

s(T ) ≥ L
	 �ypÃqzl{äÄ�¾�p�n ¹ p~gjpw¾�Ä�Å¿n�¾yvl¼§½lpq{ ¹ pwg�p�Ä�á³n�i

s(te) = L
	zl{�âmn ¹ pq{¡Ä�¾�p�n ¹ pM��{�i���{Ògjpw¾�Ä�ÅDnj¾éÆÞilg)â�¼J!@Ä�¾�¼Di<{ N;gjpwz<Ã�nj¼Di<{1á�g�i
��ÅDpwkÒ¾£n�içi��·n�zo¼§{Òg�ps¾àÄ�Å¿n�¾ÆÞi<g

t > te
�

A ¹ p'{�Ä�kmpqgj¼§ÃwzoÅ«â�¼§¾jÃ�gjp�nj¼I7sz�n�¼§il{*v<¼D½<pq{*¼§{ 1�psÃ�nj¼Di<{�9��§�l� �®¼´¾ �à¼Dkmá�g�zlÃ�n�¼´ÃqzlÅ � ÆÞilg zÃqil{�½lpwg�v<pq{�Ãqpyá�g�i�ioÆÁ�L;©p«¾ànjzlgànhn ¹ pqgjp�ÆÞi<g�pM��¼¿n ¹ z�kmilgjp»¾�Ä�¼Dnjz"��ÅDp»â�¼§¾jÃ�gjp�nj¼I7sz�n�¼§il{��ãzl¾�pwâi<{än ¹ p�¾�zlkmp�á�g�¼§{�Ã�¼§á�Å§pw¾w�
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∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	�� �

� � � � + ��� )�� �#� �#��� � �#� " �
$ ¾³¼§{ 1�pwÃ�n�¼§il{09ã�D�<� �©n ¹ p'â�ilkÒzo¼§{ ��¼¿n ¹ kmi�½�¼D{�v ¼§{3n�pwgàÆ z<Ã�p°zon

x = s(t)
¼§¾än�g�zo{ã¾�NÆÞilgjkmpwâ©nji n��)i �,G·psâ â·ilkÒzo¼§{�¾ ��À 
åzo{ãâ�zoÄCF ¾kÒzoá�á�¼D{�v��}Ç �:�&' 9ã� �<�
)~¾�á�Å§¼¿n�¾n ¹ pq{ ¼§{n��yimÃqil{�½lpsÃ�nj¼Di<{ NTâ�¼J!@Ä�¾�¼Di<{äp��3Ä�zon�¼§il{�¾wr

∂τ ψ̃I + y
ṡ(T − τ)

s(T − τ)
∂yψ̃I −

ã(y, τ)

s2(T − τ)
∂2

yψ̃I = −f̃I(y, τ), y ∈ (0, 1),
' 9ã� �;9 )

zoÅ§il{�v ��¼Dn ¹ �:ilÄ�{ãâ�zogjÀ¡zo{�â}¼§{�¼Dn�¼´zoÅåÃqil{�â·¼Dn�¼§il{ã¾
∂yψ̃I(0, τ) = 0, ψ̃I(y, 0) = 0,

' 9ã� �3��)
zo{ãâ

∂τ ψ̃II − y
ṡ(T − τ)

L− s(T − τ)
∂yψ̃II = −f̃II(y, τ), y ∈ (0, 1),

' 9ã� �<�
)
zoÅ§il{�v ��¼Dn ¹ �:ilÄ�{ãâ�zogjÀ¡zo{�â}¼§{�¼Dn�¼´zoÅåÃqil{�â·¼Dn�¼§il{ã¾

∂yψ̃II(0, τ) = 0, ψ̃II(y, 0) = 0,
' 9ã� ���")

zo{ãâ}zlÅDi<{�v ��¼¿n ¹ n ¹ p�Ã�i<{3n�¼§{3Ä�¼¿nÁÀäÃqil{�â�¼¿nj¼Di<{
ψ̃I(1, τ) = ψ̃II(1, τ).

'39�� � �
)
;©p�Ä�¾�pwâ

τ = T − t
zl{�â³n ¹ p�Æ zlÃ�n�n ¹ z�n

a(x, t) = 0
� ¹ pw{

x > s(t)
�E� pwg�p

ã(y, τ) =

a(ys(T − τ), T − τ),
zo{�â}zo{ãzoÅ§ilvli<Ä�¾�ÅDÀ1ÆÞilg

f̃I(y, τ)
	ãzl{�â

f̃II(y, τ)
�

�äÉ�ÎØË�Ì�� �$� - �3	 � �@���¶�����à��¥Ò���o���;����¶·��� �ç�����:�o����� �o�°¤���� �é����� �Þ����� �é�1���q¶�¥��;� �����~¥��
y = 1

�´�����o� �m¥o¦ � ¯m�ä��¥��ã�:�����l¶�¥���¥o���¢�j�³�������;����¶·��� � � �@���q��� ���o��� �����!��¶·�¡¥j±<±:��� �l� �
�Ò¥��;� ��� �q�j��� �Ò� �é�«����¥�¦�¦å¥�¦ �é¥ �ª�~���T�o¶·¦D¥o��� �s��Þ���>��¶·�:�q�;� ���

a(x, t)
¦D�s�j¥o¦�¦��¡¥��

x = s(t)¤ �
a∆
���q�}����¥�� �Þ���³�j�o���;����¶·��� �}�à� �q�o¦W¶·��� �o� ¥��

x = s(t)
�´�m¥ª����¶·����� � �@���´�Ò�´�Ò�j¥o¦�¦D���

∆ �
��������
	������	�������� � � �®�����1¦W� �ç���;���3�m±:���s������� 	¢�o�´�q�����q�;� �w¥o��� �o� ±�¥���¥ �m�q�T�q���m���o��¨������ ����3�'�¢���s�q���� �é� ��¥��ã�:�o���l¶�¥��j¥����¢���¡�Þ���´��±:����±��q��� � � �@��� ¥Ò±:��� ����������;� �Ò¥��¢��� �×�·� �j�

�é� �£��¦�¦4�<�j�o¶�����¦D¥o�T�q�ç�<��� � ��������¦¿¶��l� �����ç�q����¥��;� ��� �Á� ¥Ò�����s�jµ}¥��
x = s(t)

�×�·� �j�©��¥���l�¢±����@� ��� �Þ���¡�o���l�q�Ò�Á�1�����Ò�l�T�3���@����¥<� � �à�
a
	;� ��� �

∂xa(s(t), t) = −∞  �������1�;±������
ṡ(t)
¥��:�ä�Þ���ç���T�o¶·¦§¥������ �~±:����±��q��� �}�Á�

f
���'�Þ���ç�:�q�¿�ª��¤���¶·�����w�s� �Á�

x = s(t)
� � �����Þ���´�����¥ª�q�o� �������¡�����ã�����ã¶·��� �

ψI(1, τ) = ψII(1, τ)
�´�m�o��¦�� ��������� �<���j�j������� �Ò¥�¦�¦�� �«¥o�:� �é����:�q¦W¶��<�}���«���ã�T�°����� ¥j±l±@��� �<� �Ò¥��;� ���!�q����� �m� �é±@����¨s���3� ���o��¨������3�q�:���³�T�°����� �����¿�l���:¥�¦����¶�¥o��� �o��� � � �é��¨���� � �é� �£��¦�¦@�@���é��������� �<�����Þ���´�������ã�����ã¶·��� �y������������l� �h�ã����� �o�°�Á�~��¶·�¨�¥���� ¥��;� ���@¥�¦×�q��¦W¶·�;� ��� � � ���ç¥o¦ �q� �»� �Ò¥���µ ����� �����
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-�

-
x

y y

�*)

z
) � ���0 Ls(t)

0 1 0

-
∆y �

∆y

-
∆x �

∆x

Â4¼§vlÄ�gjp 9ã�D�<r>z )é�«ilkÒzl¼D{}â·pwÃqilkmáãi3¾à¼Dn�¼§il{ä¼D{än��)i1á�zog�nj¾wr
(0, L) = (0, s(t))∪ (s(t), L)

�
�*)E.°zoá�á�¼§{�v1n�imn ¹ p=�,G·pwâ³Ä�{�¼DÆÞilgjk

y
¼D{3n�pwg�½�zlÅ��

�³É3ÎÏË·Ì � ��� - � - � �@��� ��� 	 ��� � �  ���
y = 0

�´�����o� �m¥o¦ �«¥ª� 	 ��� � �  �o��¦�� ���������´�����1�à�±@¶·���Ò����¥<���;� ��� ���
y = 0

¥��@� �Þ��� ��� � �´�1�¢���é¥o���ª�
y = 0

����� � �Þ���Ò���ã�T�q��� ���ä�à�m������<� �Ò¥������ � ��� ¥�¦W��� �»� �Ò¥���µ ����� ���
;©p gjpqvlÄ�Å§zlg�¼ 7qp n ¹ p ÆÞÄ�{ãÃ�n�¼§il{

a
��À

a∆
¾�i n ¹ z�n

a∆ → a
¼DÆ

∆ → 0
	�n ¹ p

∆
�Ì�É��54Û Ë�ÌªÙ��lË·ÍsÙ Ñ:Ðé�L�Tn�¾hpHG�z<Ã�n)â·p+��{�¼Dn�¼§il{ ��¼§Å§Å*�:p»v<¼D½<pq{Ò¼§{Q1�pwÃ�n�¼§il{ 9ã� ��� 9ã� �Tny¾�Ä'�¡Ã�ps¾hnji¾ànjzon�pyn ¹ zonhzl¾>z~Ã�il{ã¾àp �<Ä�pq{�Ãqp&�ypyÃwzo{1Ä�¾�p)n ¹ p�Ã�i<{<nj¼D{�Ä�¼DnÁÀioÆãn ¹ p�¾�ilÅ§Ä·n�¼§il{mz�n

x = s(t)
	zl{�â?�ypç{�pqpwâ n�i á�gji�½�¼§â·p n ¹ p1pHG�njgjzän�pwg�kÒ¾~zogj¼§¾�¼§{�v¡ÆÞgjilk�n ¹ ¼§¾

a∆
¼§{°n ¹ pç{�Ä�kmpwg�¼´ÃqzlÅzlá�á�gji G�¼§kÒz�nj¼Di<{äioÆE' 9ã� �<�
)�� $ Æ�n�pqg»g�pwvlÄ�Å´zogj¼I7sz�nj¼Di<{C	 '39�� �l� )égjpwz<â�¾�zl¾

∂τ ψ̃II − y
ṡ(T − τ)

L− s(T − τ)
∂yψ̃II −

ã∆(y, τ)

(L− s(T − τ))2
∂2

yψ̃II = −f̃II(y, τ).
'39�� �;8 )

;©p zoá�á�gji G·¼DkÒzon�p�' 9�� � 9 ) zl{�â ' 9�� �l� � 9ã� � 8
) ��À Ä�¾�¼§{�v Ã�pq{3njgjzlÅ�â�¼J!@pqgjpq{�Ãqp ¼D{ n ¹ ppwÅDÅ§¼Dá�n�¼´Ã°á�zlgàn}zo{�â ¶s± �£���:�*nÁÀ3á:p'â�¼J!@pqgjpq{�Ãqpw¾³¼D{ n ¹ p®Ã�i<{3½<pwÃ�n�¼§½lp n�pwg�kÒ¾w��Â�ilg ¾à¼§k Ná�Å§¼´Ã�¼DnÁÀ�	D�yp°Ã�i<{�¾à¼´â·pwgäz Ä�{�¼DÆÞilgjk$¾àáãzlÃ�p â�¼§¾jÃ�gjp�nj¼I7sz�n�¼§il{ {yi}M
i=0

	
∆y = yi − yi−1

	
∀i = 1, . . . ,M

� A ¹ p �,G·pwâ {�i·â�zlÅ á:il¼§{3n
yi
Ã�i<g�gjpw¾�áãi<{�â�¾ nji*n ¹ pÏkmi�½�¼D{�v*v<g�¼´âá:il¼§{3n

xi(t) = yis(t)
¼§{'n ¹ p

x
½�zogj¼§z���Å§p1¼§{®á�zog�n �«ilÆ)n ¹ p¡â·i<kmzl¼D{ 	×zo{ãâ°nji

xi(t) =
L − yi(L − s(t))

¼§{°á�zlgàn=� ����;©p ¹ zª½<pn ¹ z�n
∆x(t) = xi(t) − xi−1(t) = ∆ys(t)

¼§{á�zlgànD� 	�zl{�â
∆x(t) = xi(t) − xi−1(t) = −∆y(L− s(t))

¼§{ á�zog�nD� � 	�¾�pqpÂ4¼Dvã� 9��§�l�

åp�n

Vi(τ) ≈ ψ̃I(yi, τ)
	 ∀i = 0, . . . ,M

	6zo{�â
VM+i(τ) := WM−i

	 � ¹ pwg�p
Wi ≈

ψ̃II(yi, τ)
	 ∀i = 0, . . . ,M

	å¾�pqpÒÂ4¼§v�� 9�� �·��A ¹ pw{®ilÄ�gzoá�á�g�i G·¼§kÒz�n�¼§il{©¾�Ã ¹ pqkmpm¼§¾~ilÆ
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∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	�� �

-
x

� � �0 Ls(t)

V0 Vi VM

WM Wi W0

VM+i V2M

Â4¼Dv<Ä�g�p 9ã� ��r �»Ä�kmpqgj¼§ÃwzoÅ6zlá�á�gji G�¼§kÒz�nj¼Di<{äil{³n ¹ p�¾àá�z<Ã�p~vlgj¼´â �

n ¹ p~ÆÞilgjk
V̇i +

ṡ

s
yiδ

−Vi −
ai

s2∆y
(δ+Vi − δ−Vi) = fi, i = 1, . . . ,M − 1,

' 9ã� 93�
)
� ¹ pwg�p

δ−Vi =
Vi − Vi−1

∆y
, δ+Vi =

Vi+1 − Vi

∆y
,

zo{ãâ
V̇M+i +

ṡ

L− s
yM−iδ

−VM+i −
aM+i

(L− s)2∆y
(δ+VM+i − δ−VM+i) = fM+i,

'39�� 9�� )
i = 1, . . . ,M − 1

	
� ¹ pqgjp>�yp Ä�¾�pwâÒ¾ ¹ ilg�n ¹ zl{�âm{�ilnjz�nj¼Di<{
ṡ = ṡ(T − τ)

	
s = s(T − τ)

	zo{ãâ
ai = ã∆(yi, τ),

¼D{}f£zog�nE�
,

aM+i = ã∆(yM−i, τ),
¼§{ f£zog�nE���

,zo{ãâ
fi = −f̃I(yi, τ), fM+i = −f̃II(yM−i, τ), i = 1, . . . ,M − 1.Ç �:�M'39�� 9��%)é¼´¾�i��·n�zo¼§{�pwâ���À ¶s± �£���@�}â·¼§¾jÃ�gjp�nj¼I7sz�nj¼Di<{³ilÆ ' 9ã� � 8
))¼§{³njpqgjkÒ¾�ioÆ

W
r

Ẇi −
ṡ

L− s
yiδ

+Wi −
a∗i

(L− s)2∆y
(δ+Wi − δ−Wi) = f∗

i , i = 1, . . . ,M − 1,'39�� 93�
)��¼Dn ¹
a∗i = aM+i

zl{�â
f∗

i = fM+i
� A ¹ p¡½�zoÅ§Ä�pw¾ ioÆ

V0
zo{�â

V2M
ÆÞilÅ§Å§i���ÆÞgjilk n ¹ p

�:ilÄ�{�â�zogjÀ³Ã�i<{�â·¼Dn�¼§il{6� A ¹ p zlá�á�gji G�¼§kÒz�nj¼Di<{³ilÆE'39�� �l�
)y¼§{ n ¹ p�áãi<¼D{3n
x = s(t)

ÆÞilÅ§ÅDi�� ¾
��À«Äã¾à¼§{�v�Ä�á ��¼§{�â·¼§{�v�ÆÞilg n ¹ péÃqil{�½lpsÃ�n�¼§il{�á�zlgàn6ilÆ '39�� � 9 )ãzl{�â�' 9ã� � 8
)H	wzo{ãâ=�3À�â·p�njpqgjkm¼D{ N¼§{�v

∂2
xψ
ÆÞgjilk n ¹ p�zoá�á�g�i G·¼§kmzon�p�½�zoÅ§Ä�pw¾

V
z�nhn ¹ p {�i<{�Ä�{�¼DÆÞilgjk1¼§Å§Àç¾�á�zlÃqpwâmá:il¼§{<n�¾

xM
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xM−1
zl{�â

xM+1
	@Ã�ilgjgjpw¾�áãi<{�â·¼§{�v���¼¿n ¹

yM
zo{�â

yM−1
¼§{ á�zog�nM� '

xM−1 ↔ yM−1
)zl{�âäáãzog�n>� �<'

xM+1 ↔ yM−1
)��OA ¹ ¼´¾�vl¼§½lps¾

V̇M +
ṡ

s
δ−VM − 2aM

L∆y

(
1

L− s
δ+VM − 1

s
δ−VM

)
= fM ,

' 9�� 9<� )
� ¹ pwg�p=�yp ¹ zª½lp~Ä�¾�pwâ 1

2∆ys+ 1
2∆y(L− s) = 1

2L∆y
�%� i�� ' 9ã� 93�
) N5'39�� 9<�
)égjpqá�gjpw¾�pq{3nn ¹ pÒâ·¼§¾jÃ�gjp�nj¼I7sz�nj¼Di<{ ioÆ=' 9�� �l� )>��¼Dn ¹ gjpw¾�áãpsÃ�n�n�i}k1i�½�¼§{�v}{�i·â�zoÅ>á:il¼§{<n�¾+	 Äã¾à¼§{�v Ã�pq{3njgjzlÅâ·¼I!@pqgjpq{�Ãqpw¾×ÆÞilg

∂2
x

zl{�â�Ä�á ��¼§{�âÆÞi<g4n ¹ p�Ã�i<g�gjpw¾�áãi<{�â·¼§{�v»Ãqil{�½lpsÃ�n�¼§½lphn�pqgjk@� ¹ ¼´Ã ¹ zlg�¼´¾àps¾ÆÞgjilk"n ¹ pkmi�½�¼D{�vmv<g�¼´â·á:il¼§{<n�¾q�Â�ilg�n ¹ pmnj¼DkmpÒâ·¼´¾�Ãqg�pqn�¼ 7wzon�¼§il{ �)p1Ä�¾�pmzl{'¼§kmá�Å§¼§Ãq¼¿n�ÇhÄ�ÅDpwg ¾�Ã ¹ pqkmpl� -)il{�¾�¼´â·pqg�n ¹ pnj¼Dkmpá:il¼§{<n
τn = nh

	
n = 1, . . . , Nh

	
Nhh = T

	�zl{�â â·pq{�ion�p
V n

j ≈ Vj(τn)
�

;©p ¼§{<njg�i·â·ÄãÃ�p n ¹ p'¾ànjzo{ãâ�zog�â!t�ion ¹ p ÆÞÄ�{�Ã�n�¼§il{�¾w� �»p+��{�p°n ¹ p nj¼Dkmp©Ã�il{3nj¼D{�Ä�i<Ä�¾ÆÞÄ�{ãÃ�n�¼§il{ã¾
Vi,h(τ) := V n

i +
τ − τn
h

(
V n+1

i − V n
i

)
,

' 9�� 9;9 )
∀τ ∈ (τn, τn+1)

	 ∀n = 0, 1, . . . , Nh
	 ∀i = 0, 1, . . . 2M

�
�¢{Øzlvlgjpqpqkmpw{<n���¼¿n ¹ n ¹ p³kmp�n ¹ i�âØioÆ Å§¼D{�ps¾+	4n ¹ päÅ§¼Dkm¼DnçÆÞÄ�{�Ã�nj¼Di<{2� ¹ pq{

h → 0
¼§¾Ãqil{�¾�¼§â�pqgjpwâQ��gj¾àn#	�zl{�â³¼¿n ¼´¾ ¾ ¹ i���{än ¹ z�n

Vh,i(τ) → Vi(τ),
Ä�{�¼DÆÞilgjkmÅDÀäil{

(0, T ).
'39�� 93��)

A×iÒâ·¼§¾àn�¼§{�v<Ä�¼§¾ ¹ n ¹ p~n��yiÒÃ�i<{�¾à¼´â·pwg�psâäâ·i<kmzl¼D{ã¾+	 �yp�ÆÞilgjkmzlÅDÅ§Àäâ·p+��{�p
WM−i(τ) := VM+i(τ),

��¼Dn ¹
i = 0, . . . ,M.

'39�� 9<�
)
�«pH��{�p�zoÅ´¾ài*	

V ∆(y, τ) := Vi−1,h(τ) +
y − yi−1

∆y
(Vi,h(τ) − Vi−1,h(τ)) ,

'39�� 9���)

W∆(y, τ) := Wi−1(τ) +
y − yi−1

∆y
(Wi(τ) −Wi−1(τ)) ,

'39�� 9 � )
∀y ∈ (yi−1, yi)

	 ∀i = 1, . . .M
�2;©p}¾ ¹ i��"n ¹ p Ã�il{�½<pqgjvlpq{ãÃ�pÒnji©z'ÅD¼§km¼¿nmÆÞÄ�{ãÃ�n�¼§il{

� ¹ pw{
∆y → 0

	

V ∆(y, τ)(τ) → V (y, τ), W∆(y, τ)(τ) →W (y, τ).
' 9ã� 9<8
)
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∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	���6

� � � � � � � � � )<"%& � �#��" �
È}É��>Ð4ÙÞÍwÙ�ÑãÐ �$� - �3	 �  �j�o¶s±:¦D�

(ψI (y, t)
�
ψII(y, t))

�´�®¥ ¨�¥���� ¥��;� ���@¥�¦�q�o¦W¶·��� �o� �T�
	 ��� � ��}¥o�:� 	 ��� � �� �y������±������;��¨���¦�� �y� �

ψI ∈ L∞(I × (0, 1))
�
∂yψ ∈ L2(I, L2,loc(0, 1))¥��@�

TV (ψII ) <∞ �£��¶���� �Þ��¥o�é�Þ��� � �l�q���;����� ���
∫

I

∫ 1

0

ψI∂τφ dydτ −
∫

I

∫ 1

0

1

s2
∂yψI∂y [a(ys(T − τ), T − τ)φ] dydτ

−
∫

I

∫ 1

0

y
ṡ

s
∂yψIφ dydτ =

∫

I

∫ 1

0

φf(ys(T − τ), T − τ) dydτ,
'39�� �o� )

∫

I

∫ 1

0

ψII∂τφ dydτ −
∫

I

∫ 1

0

ṡ(T − τ)

L− s(T − τ)
ψII∂y(yφ) dydτ

=

∫

I

∫ 1

0

φf(L− y(L− s(T − τ)), T − τ) dydτ,
' 9ã� ���%)

���o¦D�«�����ç¥o¦�¦
φ ∈ C∞(I × (0, 1))

�£���Þ�}��¶s±<±��o���
φ ⊂ [0, T )× [0, 1) ≡ Q̃T

�
�äÉ�ÎØË�Ì�� ��� - � � � �:����������;����¶·��� � �����@�����;� ���

ψI(1, t) = ψII(1, t)
�´� �:��� �l¶�¥���¥o���¢�j�����

�@���y��¶·�:�q�;� �����
ψI
¥o�:�

ψII
��¥�¨��1¥ �h�ã���T���T�o�T¥o¦6¨�¥���� ¥��;� ��� ¥��@�

ψI
�´� � � ±ã�q�j�·��� �m���o����;����¶���¶��m���

y ∈ (0, Q)
� ∀Q < 1

��¤�¶·� �é�³¥o���¡�@���~¥l¤q¦D�³�T�ç±@����¨��³�����ä�����ã�����ã¶·��� �°¥o�
y = 1

�
È}É��>Ð4ÙÞÍwÙ�ÑãÐ �$� - � - � �@���y��¶·�:�q�;� ���

ψ(x, t) =

{
ψI(

x
s(t) , T − t), x ∈ (0, s(t))

�
t ∈ (0, T )

�

ψII(
L−x

L−s(t) , T − t), x ∈ (s(t), L)
�
t ∈ (0, T )

� '39�� �l�
)

�´�³¥°¨ª¥o��� ¥��;� ���:¥o¦é�q�o¦W¶·��� �o� �¢� 	 ��� � �� � 	 ��� � �� ��� �
ψI(y, τ)

¥��@�
ψII(y, τ)

¥����ä¨�¥���� ¥ ��;� ���:¥o¦6�q��¦¿¶·��� �o����T�
	 ��� � � }¥��@�
	 ��� � �  	;�q�j��¬1���é�����;� ��� ��� ������ �
1�i<k1p'pHG�n�g�zØz<¾�¾�Ä�kmá·n�¼§il{ã¾¡il{

a
��¼§ÅDÅ(�:p°{�pwpwâ·psâ � 
åp�n}Ä�¾³z<¾�¾�Ä�kmp n ¹ pqgjp°¼´¾³zÃ�i<{�¾ànjzo{3n

Q < 1
¾�Ä�Ã ¹ n ¹ z�n>�yp ¹ zª½lp«n ¹ p~ÆÞilÅ§ÅDi���¼§{�vmá�gjilá:pqg�n�¼§pw¾yioÆ

a
r

max
0≤i≤L,L∆y≤Q

∣∣∣∣
ai − ai−1

∆y

∣∣∣∣ ≤ K(Q, τ), min
0≤i≤L,L∆y≤Q,τ∈(0,T )

ai ≥ δ(Q) > 0.'39�� �o� )
�«Ä�g�kÒzo¼§{}g�ps¾àÄ�ÅDn�¼§¾wr
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 Ð /:É<Ì�ßsÉ Ê4ÌªÑ54>Û É�ÎØß1Ù Ð!Ë�Ð4Ð×É�Ë�Û�Ù Ð�� �4Ù 2 ×ßsÙ Ñ:Ð
��Ö4É�Ñ�Ì�É�Î �$� - �3	 � �×�@�l�q�©�Þ��� ¥ª����¶�� ±@��� �o��� 	 ��� � � 
¥��@� 	 ��� � �  �'¥��@� �£���Þ�

f ∈
L∞(Ω) ⊂ H1(Ω)

�ä�Þ���q���Ø���l�´�����'¥ ¨ª¥o��� ¥��;� ���@¥�¦~�q��¦W¶·�;� ��� �¢� 	 ��� � �  � 	 ��� � � !��� �Þ����q�q���q�ç�à� ¬ç� �h�ã����� �o����� ��� �����@���1¥�±l±@��� �<� �Ò¥��¢���q�o¦W¶·��� �o�}�3���@���j¥��¢�j�³¤ �

ψ∆(x, t) =

{
V ∆( x

s(t) , T − t), x ∈ (0, s(t))
�
t > 0

�

W∆( L−x
L−s(t) , T − t), x ∈ (s(t), L)

�
t > 0

� ' 9�� � 9 )
�����ã¨ª�q���3���~±������ã� �£�´�q� 	T¶s±*�T�'¥ ��¶�¤��q���q¶��q�:���  �¢�'¥°¨ª¥o��� ¥��;� ���@¥�¦y�q��¦W¶·�;� ��� �T� 	 ��� � �� �
	 ��� � �� �

A ¹ pá�g�i�ioÆ£ilÆ×n ¹ ¼§¾ n ¹ pwilgjpqk�¼D{�½<ilÅ§½lpw¾)n ¹ pç¾jzokmp~n�psÃ ¹ {�¼ �3Ä�pw¾�ilÆO1�pwÃ�n�¼§il{°�·� �·� $ { Niln ¹ pwg)zoá�á�g�i3zlÃ ¹ �)i<Ä�Å´â��ãp�nji�gjpqvlÄ�Å§zlg�¼ 7qp�n ¹ p �����mi�½lpwg>n ¹ p«pq{3n�¼§g�p«â·ilkÒzo¼§{�'Þ{�iln)i<{�ÅDÀn ¹ p ¼D{3n�pwgàÆ z<Ã�p ) 	ézl{�âØÄ�¾�p ¾Án�zo{�â�zlgjâ n�pwÃ ¹ {�¼ �3Ä�ps¾çÆÞilgÒÃ�i<{3½<pwÃ�n�¼§il{ N¢â·¼I!:Ä�¾�¼§il{6��;©p���¼§ÅDÅv<¼D½<p«zo{³i�½lpwg�½�¼§p+�!ioÆ6n ¹ ¼´¾�zoá�á�gji<z<Ã ¹ ¼D{ 1�pwÃ�n�¼§il{ 9�� �·� �·�/;'p~{�i��*á�gji�½lp»n ¹ p�{�psÃ�pw¾j¾jzogjÀz1á�gj¼Di<g�¼ ps¾Ánj¼DkÒzon�pw¾#	�zo{ãâ¡n ¹ p�A�x pw¾àn�¼§kÒz�n�ps¾�{�pqpsâ·pwâ³ÆÞi<g>A ¹ pqi<g�pwk 9�� �·�§�l�
� � ����� � � �5��" ��� ��) �#� ( � �7��)
Çé¾àn�¼§kÒz�njpw¾£ÆÞi<g

V n
i

zlg�p�v<¼D½<pq{ ��g�¾Áns�:; ¹ pq{mn ¹ pqgjp ¼§¾é{�igj¼§¾�� ÆÞi<gh{�ilnjz�nj¼Di<{�zoÅãÃ�il{�ÆÞÄ�¾à¼§il{ 	
�ypâ·g�i<áän ¹ p�¾�Ä�áãpwgj¾jÃ�gj¼§á·n

n
¼§{än ¹ p~n�¼§kmp�¾Ánjpqá6�

�)É3ÎÏÎØË �$� - �3	 ��� �
cf =

∫ T

0
maxy f(y, τ) dτ < ∞ �«�������Ø�Þ���q���³���<�´��� �¡¥ ���������T¥o���

C(cf ) <∞ �q�¡����¥��
max

0≤j≤2M, n=1,...,Nh

∣∣V n
j

∣∣ ≤ C,
'39�� �l�
)

¶·�ã� ����� �1¦��»�����
h
	
h ≤ h0

 �
� �£��¶·��������� �Ò����� ∫ T

0

∫ L

0
|∂xf(x, t)| dxdt <∞ �h�Þ���q�

2M−2∑

i=1

∣∣Zn+1
i

∣∣ ≤ c

∫ T

0

∫ L

0

|∂xf(x, t)| dxdt,
'39�� �o� )

�£���Þ�
Zi = Vi+1 − Vi

�
�y�j�w�à� � 
åp�n

max0≤i≤2M V n+1
i = V n+1

l

� Â�gjilk ' 9�� 9<� ) N ' 9ã� 93�
) 	)Ä�¾�¼D{�vØzl{*¼Dkmá�Å§¼´Ã�¼DnÇhÄ�ÅDpwg»¾�Ã ¹ pqkmpzo{�â³g�pwilg�â·pq{�¼D{�vçn�pwg�kÒ¾#	 �)pv<p�n
[1 + (γl + βl)h]V

n+1
l ≤ max

i
V n

i + γlhV
n+1
l + βlV

n+1
l + hmax

i
fi,

l = 0, . . . , 2M
�P� pq{ãÃ�p

max
i
V n+1

i ≤ max
i
V n

i + hmax
i
fi.
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∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	�� �

1�¼§km¼DÅ´zogjÅDÀ
	
min

i
V n+1

i ≥ min
i
V n

i + hmin
i
fi,zo{ãâän ¹ pqgjp�ÆÞi<g�p

max
0≤i≤2M

∣∣V n+1
i

∣∣ ≤ max
0≤i≤2M

|V n
i | + h max

0≤i≤2M
|fi| .

'39�� � ��)
A ¹ ¼´¾Ò¼´¾¡z©g�psÃ�Ä�gjg�pw{3n1¼§{�p��3Ä�zlÅD¼DnÁÀ2��¼Dn ¹ gjpw¾�áãpsÃ�nÒn�i

n
� º«¾à¼§{�v®n ¹ p ¼D{�¼Dn�¼´zoÅ«Ã�il{ãâ·¼¿nj¼Di<{

V 0
i = 0

	C'39�� �l��)éÆÞi<ÅDÅ§i�� ¾+	 � ¹ ¼§Ã ¹ á�gji�½lpw¾)n ¹ p=��g�¾Án zl¾j¾�pqg�n�¼§il{äilÆ×n ¹ p�
6pwkmkmz��Â�i<g�n ¹ pç¾àpsÃ�il{ãâ}z<¾�¾�pqg�n�¼§il{ 	3{�ion�p~n ¹ z�n»n ¹ pnj¼Dkmp�â·¼´¾jÃ�gjp�n�¼ 7wzon�¼§il{}vl¼§½lps¾+	�zoÆ�n�pwg�g�pszog�Ng�zo{�v<¼D{�vçn ¹ p~n�pqgjkÒ¾qr
[
1 +

(
ṡyi+1

s∆y
+

ai

s2∆2
y

+
ai+1

s2∆2
y

)
h

]
Zn+1

i = Zn
i +

(
ṡyi

s∆y
+

ai

s2∆2
y

)
hZn+1

i−1

+
ai+1

s2∆2
y

hZn+1
i+1 + h(fi+1 − fi), i = 1, . . . ,M − 2,

' 9ã� � �
)

[
1 +

(
ṡ

s∆y
+
aM−1

s2∆2
y

+
2aM

Ls∆2
y

)
h

]
Zn+1

M−1 = Zn
M−1

+

(
ṡyM−1

s∆y
+
aM−1

s2∆2
y

)
hZn+1

M−2 +
2aM

L(L− s)∆2
y

hZn+1
M + h(fM − fM−1),

'39�� � 8 )

[
1 +

(
ṡyM−1

(L− s)∆y
+

2aM

L(L− s)∆2
y

+
aM+1

(L− s)2∆2
y

)
h

]
Zn+1

M = Zn
M

+

(
ṡ

s∆y
+

2aM

Ls∆2
y

)
hZn+1

M−1 +
aM+1

(L− s)2∆2
y

hZn+1
M+1 + h(fM+1 − fM ),

'39�� �l� )
zo{ãâ
[
1 +

(
ṡyM−i−1

(L− s)∆y
+

aM+i

(L− s)2∆2
y

+
aM+i+1

(L− s)2∆2
y

)
h

]
Zn+1

M+i = Zn
M+i

+

(
ṡyM−i

(L− s)∆y
+

aM+i

(L− s)2∆2
y

)
hZn+1

M+i−1

+
aM+i+1

(L− s)2∆2
y

hZn+1
M+i+1 + h(fM+i+1 − fM+i), i = 1, . . . ,M − 2,

' 9ã� ���%)
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zlÅDi<{�v���¼Dn ¹ n ¹ p �ãi<Ä�{�â�zlg�À³Ã�il{ãâ·¼¿nj¼Di<{�¾

Z0 = 0, Z2M−1 = 0.
'39�� �<�
)

$ ÅDÅ£n ¹ p¡Ã�i�p��ÒÃq¼Dpw{3nj¾~¼§{ '39�� ��� ) N ' 9�� ��� ) zlg�pm{�i<{ N;{�pqv<zon�¼§½lp<�B;©pmnjz"�<pÒz"��¾�ilÅ§Ä·n�pm½�zoÅ§Ä�ps¾¼§{ '39�� ���
) N5'39�� ��� )~zo{�â®n ¹ pq{ ¾àÄ�k Ä�áØÆÞilg
i = 1, . . . , 2M − 2

�®�«Ä�pänji n ¹ p³¾�áãpsÃ�¼I�ãÃ¾àn�gjÄ�Ã�njÄ�gjp�ilÆ×n ¹ p�Ã�i�p��ÒÃq¼Dpw{3nj¾E�yp�i
�·njzl¼D{³n ¹ pg�psÃ�Ä�gjg�pw{3ny¼§{�p��3Ä�zlÅD¼DnÁÀ
2M−2∑

i=1

∣∣Zn+1
i

∣∣ ≤
2M−2∑

i=1

|Zn
i | + h

(
ṡy1
s∆y

+
a1

s2∆2

) ∣∣Zn+1
0

∣∣

+ h
a2M−1

∆2
y(L− s)2

∣∣Zn+1
2M−1

∣∣+ h

2M−2∑

i=1

∣∣∣∣
fi − fi−1

∆y

∣∣∣∣∆y.

A ¹ ¼´¾×g�psÃ�Ä�gjg�pw{3n6¼D{�p �3Ä�zoÅ§¼¿nÁÀ�¼§k1á�ÅD¼§pw¾ ' 9ã� �l�
)��:;'p)Ä�¾�pwâ�n ¹ p)¼§{�¼Dn�¼´zoÅ�Ã�il{ãâ·¼¿nj¼Di<{
Z0

i = 0
ÆÞilgzlÅDÅ

i = 0, . . . , 2M − 1
	·zo{ãâ?' 9ã� �3��) 	�¼;� p<�

Z l
0 = 0 = Zl

2M−1

ÆÞilg�zoÅ§Å
l = 1, . . . , Nh

�
;©p{�i���Ãqil{�¾�¼§â�pqg�n ¹ pÅD¼§km¼¿n�ÆÞÄ�{ãÃ�n�¼§il{å�

�)É3ÎÏÎØË �$� - � - � � � �Þ��� ¦W� �1���
h→ 0

���@�ç�<¤��¢¥������
Vi,h(τ) → Vi(τ)

¶·��� ���o� �ç¦ �³���
(0, T ),

'39�� �l�
)
�£���Þ�

Vi,h
����� � 	 ��� � �� �

�@���)��¶·�:�q�;� ���
Vi(τ)

�q¥o���´� �)��� 	 ��� � �  � 	 ��� � � }¥��@�³¥o¦ �q�Ò�Þ���1¥�±:��� �o���y������� �Ò¥��¢���
max

τ∈(0,T )
|Vi(τ)| ≤ C, ∀i = 0, . . . , 2M,

' 9ã� �;9 )
¥o�:�

2M−1∑

i=0

|Vi+1(τ) − Vi(τ)| ≤ C,
'39�� �<��)

¶·�ã� ����� �1¦�� �£���Þ� �����;±����q�é�¢�
∆y

�
�y�j�w�à� �MA ¹ p Ãqil{�½lpwg�v<pq{�Ãqp¡ÆÞilÅ§Å§i�� ¾�ÆÞgjilk n ¹ p â·pH�ã{�¼¿nj¼Di<{!ioÆ

Vi,h
zo{�âÏn ¹ p �:ilÄ�{ãâ·pwâ N{�ps¾�¾)ioÆ

Vi
	3i
�·njzl¼D{�pwâÒ¼§{ 
åpqkmkÒz 9�� �·�§��	�Ã�i<kB��¼§{�psâ���¼¿n ¹ n ¹ p $ ¾�ÃqilÅ§¼JN $ g�7qpwÅ�� A ¹ pqilgjpqk

' A ¹ pqi<g�pwk $ � �·�§�%)�� . ilgjp«á�g�psÃ�¼´¾àpwÅDÀ
	 �)p ¹ zª½<p

|∂τVi,h(τ)| =

∣∣∣∣
V n+1

i − V n
i

h

∣∣∣∣ ≤ C(∆y , a, f) max
i

|V n
i | ∀h ≤ h0,

' 9�� �l� )
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∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	 ��	

� ¹ pwg�p«n ¹ p~Å´zl¾àny¼§{�p �<ÄãzoÅ§¼¿nÁÀ¡Ãqilkmpw¾)ÆÞgjilk n ¹ p«Æ z<Ã�n�n ¹ z�n�n ¹ p~Å ¹ ¾y¼§¾yn ¹ pzoá�á�g�i G·¼§kmzon�¼§il{ioÆ
V̇i

	@zoÅ§Å§i���¼D{�vmÄ�¾ n�i¡gjpqá�Å§z<Ã�p¼Dn»Ä�¾�¼D{�v8' 9�� 9<� ) 	�¾�imn ¹ z�n�zlÅDÅ6n�pqgjkÒ¾»Ãwzo{ �ãpçpw¾àn�¼§kÒz�n�psâÆÞilgE� G�psâ
∆y
�


6pwkmkmz 9�� �·�§�«n ¹ pw{³¼§kmá�ÅD¼§pw¾ '39�� � 9 ) N ' 9�� �<�
)��4Â�Ä�g�n ¹ pwg�kmi<g�p
	<nj¼Dkmpâ·¼´¾�Ãqg�pqn�¼´¾�zon�¼§il{³ioÆ
' 9ã� 93�
))¼§k1á�ÅD¼§pw¾�n ¹ z�n
V n+1

i − V n
i

h
= − ṡ(τn+1)

s(τn+1)

yi

∆y
(V n+1

i − V n+1
i−1 )

+
ai(τn+1)

s(τn+1)2∆2
y

(
(V n+1

i+1 − V n+1
i ) − (V n+1

i − V n+1
i−1 )

)
+ fi(τn+1),

'39�� �<��)
ÆÞilgmzoÅ§Å

n = 0, 1, . . . , Nh
	>'
Nhh = T

)���;©p³{�i�� n�z"�<pÒn ¹ p}Å§¼Dkm¼Dn
hl → 0

¾�i n ¹ z�n
τnl

= hlnl → τ
�OA ¹ pg ¹ ¾�ioÆE' 9�� �<��) ¹ zl¾�z1Å§¼Dkm¼Dn»zo{�â Ã�i<{�¾�p��3Ä�pq{3njÅDÀ

lim
l→∞

V nl+1
i − V nl

i

hl
= V̇i(τ) = − ṡ(τ)

s(τ)

yi

∆y
(Vi(τ) − Vi−1(τ))

+
ai(τ)h

s(τ)2∆2
y

((Vi+1(τ) − Vi(τ)) − (Vi(τ) − Vi−1(τ))) + hfi(τ).

1�¼§km¼DÅ´zog�Å§¼Dkm¼Dnj¾ ¹ ilÅ´âäÆÞi<g�' 9ã� 9ã�%)yzo{�â ' 9ã� 93�
)H	 � ¹ ¼§Ã ¹ á�gji�½lps¾én ¹ p�
6pwkmkmz��
;©p�{�i�� njÄ�gj{ ilÄ�g»zonànjpq{3n�¼§il{}n�i

V ∆ zl{�â W∆ � ;©p ¹ zª½lp~n ¹ p~ÆÞilÅ§ÅDi���¼§{�v¡zmá�gj¼§ilgj¼pw¾àn�¼§kÒz�njpw¾E��¼Dn ¹ gjpw¾�áãpsÃ�n�n�i1n ¹ p�¾àá�z<Ã�pâ·pwáãpw{�â·pq{ãÃ�Àl�
�éÉ�ÎØÎÏË ��� - � � � �:���m¥�±:��� �o���)�����;� �Ò¥��¢���

∫ 1

0

∣∣∂yV
∆(y, τ)

∣∣ dy ≤ C,

∫ 1

0

∣∣∂yW
∆(y, τ)

∣∣ dy ≤ C,
'39�� � �
)

���o¦D� ¶·�ã� ����� �1¦�� �£�����'�����;±����q���T�
∆
�
τ ∈ (0, T )

� � ¶·���Þ���q� �Ò����� ��¶·�:�l�q� �Þ���ä¥ª����¶�� ± ��;� ����� 	 ��� � �  �é�~��¥o¨ª�ç���°�Þ��� �h�������l� �Ò¥���� ¥��®���@���;� �Ò� �j±��ç¥~±@��� �����)������� �Ò¥��¢� �

δ(Q)

∫ τ

0

L∑

j=1

∆y

∫ j∆y

0

(
∂yV

∆(y, τ)
)2

dy dτ ≤ K(Q),
' 9ã� � 8
)

¶·��� ���o� �ç¦ �»����� {∆} �)¥��:� L �£���Þ�
L∆y ≤ Q < 1

	
K
���:�l�¢±����@�l¥��ã� �Á�

∆y
 �

�y���s�Á� �«Â�gjilk 
6pqkmkÒz.9�� �·� �çzo{�â ' 9ã� �<�
)&�)p~i
�·njzl¼D{
M−1∑

i=0

∣∣∣∣
Vi+1(τ) − Vi(τ)

∆y

∣∣∣∣∆y =

∫ 1

0

∣∣∂yV
∆(y, τ)

∣∣ dy ≤ C,
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zl{�â³zÒ¾�¼§k1¼§Å´zog�g�ps¾àÄ�Å¿n�ÆÞi<g

W
	 � ¹ ¼§Ã ¹ á�gji�½lps¾<'39�� � � )��

�»i�� �yp(��gj¼Dn�p�' 9ã� 93�
)yzl¾
V̇i +

ṡ

s
yiδVi −

ai

s2∆y
(δVi+1 − δVi) = fi, i = 1, . . . ,M − 1,

'39�� ���
)
� ¹ pwg�p<�)p~â·pw{�ionjpwâ

δVi = δV −
i = Vi−Vi−1

∆y

�LA×i á�g�i�ioÆån ¹ p�pq{�pwg�v<Àçps¾Ánj¼DkÒzon�p�	 �ypM�ãgj¾ànkçÄ�Å¿nj¼Dá�ÅDÀ ' 9�� ��� )&�3À
Vi∆y

�O1�Ä�kmkÒz�n�¼§il{}ÆÞi<g
i = 1, . . . , j ≤M

vl¼§½lpw¾
1

2

j∑

i=1

∂τ (Vi)
2∆y+

j∑

i=1

ṡ

s
yiδViVi∆y−

j∑

i=1

ai

s2
(δVi+1−δVi)Vi =

j∑

i=1

fiVi∆y.
' 9�� ��� )

�»ion�p~n ¹ z�n�'39�� ���%)yÃwzo{��ãp ��gj¼¿n�n�pw{}¼§{}n ¹ p~ÆÞi<g�k
I1,j + I2,j − I3,j = I4,j .

' 9�� �o�
)
�TÆ@n ¹ p vl¼§½lpw{çÆÞÄ�{�Ã�nj¼Di<{

f
¼´¾P�:ilÄ�{ãâ·pwâ 	<n ¹ pq{���À 
åpqkmkÒz 9�� �·� �~zo{�â '39�� � �
)/�yp ps¾Ánj¼DkÒz�njp

|I2,j | ≤ C

∫ 1

0

∣∣∂yV
∆
∣∣ dy ≤ C, |I4,j | ≤ C.

'39�� ��� )
º«¾à¼§{�v $ �:pqÅ F ¾»¾àÄ�kmkÒz�nj¼Di<{C	 ' $ � ��) 	�ÆÞilg�n ¹ p~n�pqgjk

I3,j
vl¼§½lpw¾

I3,j ≡ 1

s2

j∑

i=1

Vi(aiδVi+1 − ai−1δVi) −
1

s2

j∑

i=1

ai − ai−1

∆y
δViVi∆y

= − 1

s2

j∑

i=1

ai−1(δVi)
2∆y + [ajVjδVj+1 − a0V0δV1]

1

s2
' 9�� � 9 )

− 1

s2

j∑

i=1

ai − ai−1

∆y
δViVi∆y.

�»i�� 	hk Ä�ÅDn�¼§á�Å§À ' 9ã� �·�%)B�3À
∆y
zl{�âÏ¾�Ä�k ÆÞi<g

j = 1, . . . , L
	 ��¼Dn ¹

L∆y ≤ Q < 1
�

�»ion�¼´Ã�¼§{�v1n ¹ z�n
δV1 = 0

zo{ãâä¼§{�½li���¼§{�v ' 9�� ��� )yzo{�â ' 9ã� � 9 ) 	 �yp~i��·n�zo¼§{
1

2

L∑

j=1

j∑

i=1

∂τ (Vi)
2∆2

y +
1

s2

L∑

j=1

∆y

j∑

i=1

ai−1(δVi)
2∆y

≤ C +
1

s2

L∑

j=1

∆y

j∑

i=1

∣∣∣∣
ai − ai−1

∆y

∣∣∣∣ |δVi|Vi∆y +
1

s2

L∑

j=1

ajVj |δVj+1|∆y.
' 9�� �o�
)
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∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	 � �

A ¹ p�n ¹ ¼§gjâ1njpqgjk ioÆ:n ¹ p g ¹ ¾hÃqzl{ �:p ps¾Ánj¼DkÒz�njpwâm¼§{mn ¹ p«¾�zlk1pD��zªÀ z<¾
I2,j
�LA×ipw¾àn�¼§kÒz�njp

' 9ã� �l��)éÆÞÄ�g�n ¹ pwg>�yp~zlá�á�Å§ÀÒn ¹ pá�g�i<áãpwgànj¼Dps¾yioÆ
a
vl¼§½lpw{ä¼§{�'39�� �o� )��L;'p=�ã{�â

1

2

L∑

j=1

j∑

i=1

∂τ (Vi)
2∆2

y + δ(Q)

L∑

j=1

∆y

j∑

i=1

(δVi)
2∆y ≤ K(Q, τ).

' 9ã� �o�
)

�¢{3n�pwvlg�z�n�¼§{�v ' 9ã� �o�
))i�½lpwg
(0, τ)

	�zo{ãâ³{�ion�¼´Ã�¼§{�v1n ¹ z�n
∫ T

0

K(Q, τ) dτ = K(Q) <∞,
' 9�� �;��)

Å§pwzlâ�¾yn�i
1

2

∫ τ

0

L∑

j=1

∆y

j∑

i=1

∆y(Vi(τ))
2 dτ + δ(Q)

∫ τ

0

L∑

j=1

∆y

j∑

i=1

(δVi)
2∆y dτ ≤ K(Q),

'39�� � � )
� ¹ ¼´Ã ¹ ¼Dkmá�Å§¼Dps¾�n ¹ p�gjp��3Ä�¼§gjpwâ³g�ps¾àÄ�ÅDn�' 9ã� � 8
)��
�äÉ�ÎØË�Ì�� ��� - � ��� � ��� � � � � �Ò¥ ��� ��� � �q�:�q��� �������;� �Ò¥��¢����¥����y�q���q�1�¢�¤�� ���ã¦��é±����j��� ¤q¦D����®����� �h����� �l� �m¥o��� �»¥��é¥ ������� � �Þ���m�l�T�3���@����¥<� � ±�������� � � �'�Þ���´��±�¥���� � �é�Ò�j¥o�®�T¥sµl��Þ���1¦W� �1���

∆y → 0
¥��:�Ò�3�q�����o��¨������3�q�:��� � �×�w���o����¶·�@¥��¢��¦ � �)�Þ���

L1
������� �Ò¥��¢����	 ��� � ��¥��j� �@���å�Þ��¥o�å¶��q����¶·¦�¦ �4¥ª���Þ���

L1
�T�;±�¥l���»�´���@���×��� �����<��¨ª� �4¥��@�»���q�:������� �»±�¥<���;�:����� �<�w����:�o�ã���o¦�¦D���°���j� ��¥o�'�����;� �Ò¥��¢� �Á�~�Þ����� �j±�� ∫ Q

0 |∂xf | dx < C
�³¯1� �£��¦�¦:��¥o¨ª� �T� �é����µ�¢���é¥��j�ª� �m��¦ �Ò�j�<�o����¨¡��� �»±�¥<���;�:������T�~±:���o¨ª�1������¨��q���<�q�:���1��¨���� �����ç�q���;����� �<� �Ò¥���� �

�äÉ�ÎØË�Ì�� �$� - � � � �@���´� �´���Þ��� �é�����y�;� �m�ç�Þ���ç������¶��q�;¶·��� �à�
∂xa(x, t)

±:¦D¥ �ª�m¥ä����¦D�ç����Þ��������� � �à� �Þ���m¥��j��¶��»±:�;� ������	 ��� � �  � � �q��� �)�Þ���Ò�l�T�3���@���j¥l� �}¥��
x = s(t)

��¥��1¤��������¨��q����� �Ò��¤ ��¦D��¥o¨w�����1�o¶·�å�Þ���»�:�q�¿�s��¤���¶·�����s�s�1�à�
x = s(t)

�å�q��� � �¿��� ��� � � � �ã¦�� �£���Þ������Þ���´�������¶������Ò���T�l� ���®���@����� �Ò� �j±��1�����;� �m¥o�T��� ��¥��©¤��ç�j�o�����;��¶����¢��� �
;©p{�i��
â·psâ·Ä�Ãqp~zl{�zoÅ§ilv<ilÄ�¾ygjpw¾�Ä�ÅDnj¾E��¼Dn ¹ g�ps¾àá:pwÃ�n�n�i1n ¹ p

τ
NT½�zogj¼§z���Å§pl�

�éÉ�ÎØÎÏË ��� - � ����� �q�é�Þ���1¥ª����¶�� ±@��� �o��� 	 ��� � � ³¤���q¥o���´� �)����� �@�������
∫ T−z

0

∫ Q

0

∫ x

0

(
V ∆(y, τ + z) − V ∆(y, τ)

)2
dydxdτ ≤ C(Q)z,

' 9ã� � 8
)
¶·��� ���o� �ç¦ �»����� {∆} �£���Þ�

Q < 1
�)¥��@�

∫ T

0

∫ Q

0

∣∣∂τW
∆(y, τ)

∣∣ dydτ ≤ C,
' 9ã� �<�
)

¶·��� ���o� �ç¦ �»����� {∆} � �£����� Q < 1
�
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x

y

a(x, t)

x = s(t)

y = 1Q

δ(Q)

yM
?
yL

Â4¼§vlÄ�gjp'9ã� ��rPA ¹ p~g�pwvl¼§il{³zlg�i<Ä�{�â¡n ¹ p~pwâ�vlp
x = s(t)

¼´¾�ÅDpqÆ�n�ilÄ·n�¼§{}i<gjâ�pqg)n�imi��·n�zo¼§{}zá�gj¼§ilgj¼:pwg�gjilg�ps¾Ánj¼DkÒz�njpw¾�ilÆ×n ¹ ppq{�pwg�v<ÀmnÁÀ�áãp<�

�y�j�w�à� �>;©p)¼§{3n�pwvlg�z�n�p(' 9ã� 93�
) i�½<pqg
(τ, τ+z)

�/. Ä�ÅDn�¼§á�Å§À3¼§{�v(��À
(Vi(τ + z) − Vi(τ)) ∆yzl{�â³¾�Ä�kmkm¼D{�vmÆÞilg

i = 1, . . . , j
À�¼§pqÅ´â

j∑

i=1

(Vi(τ + z) − Vi(τ))
2
∆y =

−
j∑

i=1

yi∆y

∫ τ+z

τ

ṡ(T − r)

s(T − r)
δVi(r) dr (Vi(τ + z) − Vi(τ))

+

j∑

i=1

∫ τ+z

τ

ai(r)

(s(T − r))2
[δVi+1(r) − δVi(r)] dr (Vi(τ + z) − Vi(τ))

+

j∑

i=1

∆y

∫ τ+z

τ

fi(r) dr (Vi(τ + z) − Vi(τ)) ≡ I1,j + I2,j + I3,j .
' 9�� ��� )

KyÀ 
åpqkmkÒz.9�� �·� � zl{�â 
åpqkmkÒz.9�� �·� � ¼Dn�ÆÞilÅ§Å§i�� ¾én ¹ z�n

|I1,j | ≤ Cz, |I3,j | ≤ C

j∑

i=1

∆y

∫ τ+z

τ

fi(r) dr ≤ Cz.
'39�� �<��)
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∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	 �	�

$ �:pqÅ F ¾ ¾àÄ�k1kÒzon�¼§il{}ÆÞilg
I2,j
¼Dkmá�Å§¼Dps¾yÆÞilg�n ¹ pá�zog�nD��¼¿n ¹

Vi(τ + z)
	

I1
2,j =

j∑

i=1

∫ τ+z

τ

ai(r)

(s(T − r))2
[δVi+1(r) − δVi(r)] drVi(τ + z)

=

∫ τ+z

τ

aj(r)

(s(T − r))2
δVj+1(r) drVj (τ + z)

−
∫ τ+z

τ

a0(r)

(s(T − r))2
δV1(r) drV0(τ + z)

−
j∑

i=1

∫ τ+z

τ

ai(r)Vi(τ + z) − ai−1(r)Vi−1(τ + z)

(s(T − r))2
δVi(r) dr

=

∫ τ+z

τ

aj(r)

(s(T − r))2
δVj+1(r) drVj (τ + z)

−
j∑

i=1

∫ τ+z

τ

ai(r)δVi(τ + z)

(s(T − r))2
δVi(r) dr∆y

+

j∑

i=1

∆y

∫ τ+z

τ

ai(r) − ai−1(r)

∆y(s(T − r))2
Vi−1(τ + z)δVi(r) dr = J1

1,j + J1
2,j + J1

3,j ,

� ¹ pwg�p=�yp�Äã¾àpsâ
δV1 = 0

� KyÀ 
6pwk1kÒz 9�� �·� �1zo{�â 
6pwkmkmz 9ã� ��� � 	 �)p~pw¾àn�¼§kÒz�njp
∣∣J1

3,j

∣∣ ≤ CK(Q)z,
á�gji�½3¼´â·psâÒn ¹ z�n

j ≤ L, L∆y ≤ Q.
'39�� �l�
)

KyÀ¡n ¹ pB-yzoÄ�Ã ¹ À¡¼§{�p��3Ä�zlÅD¼DnÁÀ¡¼Dn�ÆÞilÅ§ÅDi�� ¾)n ¹ z�n
∣∣J1

2,j

∣∣ ≤ 1

2

j∑

i=1

∆y

∫ τ+z

τ

ai(r)

(s(T − r))2
(δVi(r))

2
dr

+
1

2

j∑

i=1

∆y

∫ τ+z

τ

ai(r)

(s(T − r))2
dr (δVi(τ + z))

2

≤ 1

2
C

j∑

i=1

∆y

∫ τ+z

τ

(δVi(r))
2

dr + Cz

j∑

i=1

∆y (δVi(τ + z))
2
.
'39�� � 9 )

Â�i<g
J1

1,j

�yp ¹ zª½lp
∣∣J1

1,j

∣∣ ≤ C

∫ τ+z

τ

|δVj+1(r)| dr.
'39�� �<��)
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∆y
zo{ãâ©¾�Ä�k ÆÞilg

j = 1, . . . , L
� �»pHG�n#	/�ypÒ¼D{3n�pwvlg�z�njpi�½<pqg

(0, T − z)
��A ¹ pÒpw¾àn�¼§kÒz�njpw¾i
�·njzl¼D{�psâ'n�¼§ÅDÅ){�i�� n ¹ z�n zlg�pÒilÆ)n ¹ pÒÆÞi<g�k

C(Q)z
	

��¼§ÅDÅ 	�z�Æ�n�pwghn ¹ ¼§¾éilá:pqg�z�nj¼Di<{C	l¾àn�¼§ÅDÅ*�ãp«ioÆ@n ¹ p ÆÞilgjk
C(Q)z

�PA ¹ pw{C	
��Àçk1pszo{�¾éioÆ 
6pwkmkmz
9ã� ��� �mn ¹ pm¾àÄ�k�i�½<pqg

j
'�â·¼§¾jÃ�gjp�njpç¾�á�zlÃqp�¼§{<njpqv<gjzon�¼§il{*) ¼D{ '39�� �<�
) Ãqzl{?�:p pw¾àn�¼§kÒz�njpwâ nji

�:pB�:ilÄ�{ãâ·pwâ z��ãi�½<p �3À
Cz
�DA ¹ pç¾àpsÃ�il{ãâ}n�pqgjk�ioÆ>' 9ã� �;9 )�Ãqzl{ zoÅ´¾ài��:p ps¾Ánj¼DkÒzon�pwâ ��Àkmpwzl{�¾�ioÆ 
6pwkmkmz 9ã� ��� � n�i��:p �ãi<Ä�{�â·psâ z"�:i�½lp(�3À

C(Q)z
�P;'p�Ãqil{�ÃqÅDÄãâ·p�n ¹ zon

∫ T−z

0

L∑

j=1

j∑

i=1

(Vi(τ + z) − Vi(τ))
2
∆2

y dτ ≤ C(Q)z+

C

∫ T−z

0

∫ τ+z

τ

L∑

j=1

∆y

j∑

i=1

∆y (δVi(r))
2

dr dτ.
'39�� �l� )

A×ipw¾àn�¼§kÒz�n�p n ¹ p�Å´zl¾àn£n�pwg�k ioÆP' 9ã� �<�
)/�yp�Ä�¾àp 
åpqkmkÒz 9�� �·� ��¼D{¡Ãqilk���¼D{ãz�n�¼§il{ ��¼Dn ¹ n ¹ pps¾Ánj¼DkÒz�njp ' ¾�pqpÂ4¼Dvã�79�� 9 )��
∫ T−z

0

∫ τ+z

τ

g(r) dr dτ ≤ 2z

∫ T

0

g(r)) dr
��¼¿n ¹

g ≥ 0,
' 9ã� ���")

� ¹ ¼´Ã ¹ ¼Dkmá�Å§¼§pw¾yn ¹ z�n
∫ T−z

0

L∑

j=1

j∑

i=1

(Vi(τ + z) − Vi(τ))
2
∆2

y dτ ≤ C(Q)z,
'39�� � �
)

Ä�{�¼¿ÆÞi<g�kmÅ§ÀÒÆÞilg {∆} ��¼Dn ¹
∆yL ≤ Q < 1

�$ ¾�z1Ãqil{�¾�p��3Ä�pw{�Ã�p~ilÆ ' 9ã� 97�")yzl¾j¾�pqg�n�¼§il{8'39�� � 8 ) ¹ ilÅ´â�¾q�;©p�{�i�� n�Ä�g�{ i<Ä�g»z�n�n�pw{<nj¼Di<{ n�i
W∆ �D�¢{ v<pq{�pwgjzlÅ 	

a∗i ≡ 0
	:¾àpwpQ' 9ã� �<��� ��)H	 ' 9ã� �<�
)��

�»i��)pw½lpqg%	+�ypézlÅDÅ§i��°ÆÞi<g×z�gjpqv<Ä�Å´zogj¼I7sz�n�¼§il{�ioÆ
a

	�¾àÄ�Ã ¹ n ¹ z�n
ai > 0

ÃqÅDi3¾àp>nji�n ¹ pé¼§{<njpqg�Æ zlÃqp
x = s(t)

�PA ¹ pqgjp�ÆÞi<g�p
	�n ¹ pqgjp�¼§¾)zo{m¼D{ãâ·pHG
L
¾àÄ�Ã ¹ n ¹ z�n%	lÆÞi<g

i ≤ L
'
∆y ≤ ∆0

) 	
a∗i ≡ 0

�
-)i<{�¾àp �3Ä�pq{3n�Å§À�	�ÆÞgjilk ' 9�� 93�
)&�)p~vlpqn

∣∣∣Ẇi(τ)
∣∣∣ ≤ C |δWi+1| + f̃∗

i ,
ÆÞi<g

i = 1, . . . , L.
'39�� �;8 )

�«Ä�p~n�i 
åpqkmkÒz 9�� �·� �B�yp(��{�â
∫ T

0

L∑

i=1

∣∣∣Ẇi

∣∣∣∆y dτ ≤ C

∫ T

0

∫ 1

0

∣∣∂yW
∆(y, τ)

∣∣ dydτ +

∫ T

0

∫ 1

0

|f∗(y, τ)| dydτ

≤ C,
'39�� 8l�
)

�������
	���	���
�������	������
�
����	���������� �!�#"%$��
"�$&����'����(%�)�*�#�+�
",���$�������
��".-/�10 ��0!��������23�
$�054�0 46�7�'�!�)8,�
�����

R T−z

0

R τ+z

τ
g(r)drdτ ≤

R T

0

R r

r−z
g(r)dτdr =

R T

0
g(r)(r − (r − z))dτ

0
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∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	 � 6

-
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r

g(r) ≥ 0

τ

�
�

�
�

�
�

�
��

�
�

�
�

�
�

�
��T − z

z T0

r = τ + zr = τ

Â4¼§vlÄ�gjp'9ã� 9ãrP. ionj¼D½�z�nj¼Di<{}ÆÞilg�pw¾àn�¼§kÒz�njp�'39�� �<��)

ÆÞgjilk � ¹ ¼´Ã ¹ zl¾j¾àpwgànj¼Di<{8'39�� �l�
)éÆÞi<ÅDÅ§i�� ¾q�
�äÉ�ÎØË�Ì�� �$� - � ��� �)���;� �m¥o�T� 	 ����� �� �Á� � � � �m¥ ��� ��� �����ã¦�� ����¦D��� ¤�����¥�¶��q�

a∗i = 0
�è �o�T�»��¶·���������m�Þ��¥o� �����Ò���ã�T�T�l��¥��;� ��� �o�

(0, Q)
��� � � � �Ò¥ ��� ��� � ¥o¦�¦D���>�Ò¶��ç�¢� ¶��q�¡¥���´�q�q���q��� �s¥��;� ��� �Á�

a
�»�<���@���¢�j� ¤ �

a∆
���×�������

aM 6= 0
¥o�:� �q¨ª�q�

aM−k 6= 0
¥��ç¦D�o�3�¥ª�

M − k > L
� ��¥sµ������

a∆,ML

�¢� ¤��ä�����Ò¦D¥�����¨�¥�¦W¶��³�Á�
a∆
�Þ��¥o�»�´�Ò�:�o� �s���j� � �é���¥����������ç¥ç�o��¨����

Q
�é�����s�ª�q�

∆0
� �m¥o¦�¦4�q�:��¶l�ª�}�q�¡����¥��

a∆,i = 0
�
yi < Q

�
A×iM��{�¼§¾ ¹ n ¹ p�z»á�gj¼§ilgj¼<ps¾Ánj¼DkÒz�njpw¾#	��)py{�pwpwânji«gjpqá ¹ gjz<¾àpén ¹ pypq{�pqgjvlÀ�nÁÀ�áãp�pw¾àn�¼§kÒz�njp

' 9ã� � 8
)H	·i��·n�zo¼§{�pwâ³¼D{ 
åpqkmkÒz 9ã� ��� � 	�n ¹ zon»zoÅ§ÅDi�� ¾�zmÃ�i<kB��¼§{�zon�¼§il{���¼¿n ¹ '39�� � 8 )��
�éÉ�ÎØÎÏË ��� - �� ��� �q�é�Þ���1¥ª����¶�� ±@��� �o��� �Á� � � � �Ò¥ ��� ��� � ¤���q¥��;�´� �)��� � �@���q� �

∫ T

0

∫ Q

0

∫ x

0

(
V ∆(y + p, τ) − V ∆(y, τ)

)2
dydxdτ ≤ p2K(Q+ p0),

'39�� 8�� )
���o¦D�ª��¶·�ã� ����� �1¦��»���o� {∆} � 0 < p ≤ p0

� �£���Þ�
Q+ p0 < 1

�
�y���s�Á� �»Çé¾àn�¼§kÒz�n�p '39�� �;8 ))Ãwzo{��ãpgjp+��gj¼Dnàn�pw{}z<¾

∫ T

0

∫ Q

0

∫ x

0

(
∂yV

∆(y, τ)
)2

dydxdτ ≤ K(Q).
' 9ã� 83��)

�«{�p�ÃwzoÅ´Ã�Ä�Å´z�njpw¾
V ∆(y + p, τ) − V ∆(y, τ) =

∫ y+p

y

∂yV
∆(y′, τ) dy′ = p

∫ 1

0

∂yV
∆(y + rp, τ) dr,
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� ¹ pwg�p&�)p�¾�p�n

y′ = y+rp
'
∂y
â·pq{�iln�ps¾ån ¹ pyá�zog�n�¼´zoÅ�â·pqgj¼§½ªzon�¼§½lpén�i«n ¹ p&��g�¾Án£Ã�i<k1á:il{�pq{3nn ¹ g�i<Ä�v ¹ ilÄ·n )��P� pw{�Ã�p
	

(
V ∆(y + p, τ) − V ∆(y, τ)

)2 ≤ p2

∫ 1

0

(
∂yV

∆(y + rp, τ)
)2

dr,

zl{�â³Ãqil{�¾�p��3Ä�pw{3n�Å§À�	
∫ T

0

∫ Q

0

∫ x

0

(
V ∆(y + p, τ) − V ∆(y, τ)

)2
dydxdτ

≤ p2

∫ T

0

∫ Q

0

∫ x

0

∫ 1

0

(
∂yV

∆(y + rp, τ)
)2

drdydxdτ.

KyÀ�'39�� 8<��)H	�n ¹ p~njgjzl{�¾àÆÞilgjkmzon�¼§il{
ξ = y + rp

	
z = p+ x

	
r = r

	�v<¼D½<pw¾#	
∫ T

0

∫ Q

0

∫ x

0

(
V ∆(y + p, τ) − V ∆(y, τ)

)2
dydxdτ

≤ p2

∫ 1

0

∫ T

0

∫ Q+p

p

∫ z−p+rp

rp

(
∂yV

∆(ξ, τ)
)2

dξdzdτdr

≤ p2

∫ 1

0

∫ T

0

∫ Q+p

0

∫ z

0

(
∂yV

∆(ξ, τ)
)2

dξdzdτdr ≤ p2K(Q+ p0),

Ä�{�¼¿ÆÞi<g�kmÅ§ÀäÆÞi<g {∆} 	
0 < p ≤ p0

	*��¼Dn ¹
Q+ p0 < 1

�D�»pqgjp��)pÄã¾àpsâ
z − p + rp < z� ¹ pw{

r ∈ (0, 1)
�

� � ��� � � " ��� � � �%� � � �
;©p{�i���á�g�i�½<p»n ¹ p�Ã�i<k1áãzlÃ�nj{�pw¾j¾yioÆ {V ∆} zo{ãâ {W∆} ¼§{ L2

zo{�â
L1
gjpw¾�á:pwÃ�nj¼D½<pqÅ§Àl�

�)É3ÎÏÎØË �$� - � ��� �:��� �q���q¶����@�j� {V ∆l}∞l=1

	 |∆l| → 0
���o�

l → ∞  �´� ���q¦D¥��;��¨���¦����� �»±�¥l�q�)���
L2(I × (0, QV ))

���o� ¥����
QV < 1

�
�@��� �q���q¶��q�:��� {W∆l}∞l=1

�´� ����¦§¥��;��¨ª�q¦��Ï��� �»±�¥<���1���
L1(I × (0, QW ))

�����°¥o���
QW < 1

�

�y�j�w�à� �»Â�ilg
V ∆ �yp Ãqzl{Òg�p#��g�¼Dn�p n ¹ p ps¾Ánj¼DkÒzon�pw¾<' 9ã� � 8
)£zl{�â�' 9ã� 8��%)4Ä�¾�¼D{�vn ¹ p ÆÞilgjk Ä�Å´z

∫ Q

0

∫ x

0

f(s) dsdx =

∫ Q

0

(Q− s)f(s) ds.



�$� - � �çÑ:Ð /ãÉ3Ì �ãÉ�Ð4ÚlÉ ÓTÑãÌ
∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	 � �

;©pvlp�n
∫ T−z

0

∫ Q′

0

(Q′ − y)
(
V ∆(y, τ + z) − V ∆(y, τ)

)2
dydτ ≤ C(Q′)z

∫ T

0

∫ Q′

0

(Q′ − y)
(
V ∆(y + p, τ) − V ∆(y, τ)

)2
dydτ ≤ C(Q′)p2,

∀z ≤ z0
	
p ≤ p0

� A ¹ ¼§¾�¼§kmá�Å§¼Dps¾�n ¹ zon
∫ T−z

0

∫ Q′′

0

(
V ∆(y, τ + z) − V ∆(y, τ)

)2
dydτ ≤ C(Q′)z,

'39�� 8l�
)
��¼Dn ¹

Q′′ < Q′ �/A ¹ pq{C	��3À�z�|«ilÅ§k1i<vli<g�i�½»Ãqilkmá�z<Ã�n�{�pw¾j¾×zlg�v<Ä�kmpq{3n#	sn ¹ p�Ãqilkmá�z<Ã�n�{�pw¾j¾ioÆ {V ∆} ¼§{ L2(I ×Q′′)
ÆÞi<ÅDÅ§i�� ¾+	 � ¹ pqgjp

Q′′ < Q′ < 1
�Â�i<g

W∆ 	ãz1¾àn�g�zo¼§v ¹ n�ÆÞilg��yzlgjâ¡Ãqil{�¾�p��3Ä�pw{�Ã�p�ioÆ 
6pwkmkmz 9ã� ��� �ç¼§¾�n ¹ zon
∫ T

0

∫ Q

0

∣∣∂yW
∆(y, τ)

∣∣ dydτ ≤ C.

A×ilvlpqn ¹ pwg>��¼Dn ¹ 
åpqkmkÒz 9�� �·� 91n ¹ ¼´¾»v<¼D½<pw¾�n ¹ p�gjp��3Ä�¼§g�psâ Ã�ilkmá�z<Ã�nj{�pw¾j¾�gjpw¾�Ä�Å¿n<�3À |«ilÅINkmilv<ilgji�½mÃqilkmá�z<Ã�n�{�pw¾j¾q�
�¢{ 
6pqkmkÒz 9�� �·� �¡n ¹ p¡Ã�i<{�¾ànjzo{3n�¾

QV
zo{�â

QW
â�pqá:pq{�â©il{'n ¹ p¡Ã ¹ i<¾�pq{'g�pwvlÄ�Å´zog�N¼ 7wz�nj¼Di<{ÏilÆ

a
	)Ã�ilk���¼§{�pwâ ��¼Dn ¹ n ¹ p zl¾j¾�Ä�kmá·n�¼§il{�¾�' 9ã� �l�
)�� ;©p}g�pw½3¼§p+� n ¹ p â·¼I!:pwg�pw{<ná:i<¾j¾à¼ ��¼§ÅD¼Dn�¼§pw¾w�

	 � � i�¾�á:pwÃ�¼I�ãÃ�gjpqv<Ä�Å´zogj¼I7sz�n�¼§il{ç¼§¾ézoá�á�Å§¼§pwâ �>�»Ä�p�n�in ¹ p ¾�á�zlÃqp â·¼§¾jÃ�gjp�nj¼I7sz�nj¼Di<{C	�n ¹ ¼§¾¼§k1á�ÅD¼§pw¾çz â·¼§¾jÃ�gjp�njp¡gjpqvlÄ�Å§zlg�¼ 7wzon�¼§il{ ' ÅD¼§{�pszog�¼§{3n�pqgjá:ilÅ´z�n�¼§il{®ilÆ
a(xi, t)

)�� �¢{ á�zog�n��~ioÆn ¹ p�â·ilkÒzo¼§{��)p ¹ zª½<p
QV < 1

n�iÒ¾�zon�¼´¾ÁÆÞÀ8' 9�� �o� )��L�¢{}á�zog�nD� �O�yp ¹ zª½lp�{�imÅ§¼Dkm¼Dnjz�nj¼Di<{C	¾�iQ�yp Ãqzl{ njz��lp
QW = 1

� �«{�Å§À â�Ä�p�nji¡n ¹ pçÃ�i<{3n�¼§{3Ä�¼¿nÁÀ Ã�i<{�â·¼Dn�¼§il{ zon
x = s(t)

	��)p¹ zª½<p~Ãqil{3n�¼§{�Ä�¼DnÁÀÒn ¹ pwg�p<�
- � A ¹ pçÆÞilÅ§ÅDi���¼§{�v}g�pwvlÄ�Å´zogj¼I7sz�nj¼Di<{°Ãqzl{��:p1Äã¾àpsâ � 
åp�n {∆x(t)} ≡ {xi(t)}2M

i=0

�ãpz ¾�p�nioÆ�kmi�½3¼§{�v vlgj¼´â°á:il¼§{3nj¾~ÆÞi<g~n ¹ pÒ{�Ä�kmpqgj¼´ÃqzoÅhzlá�á�gji G·¼DkÒz�nj¼Di<{°ilÆ='39�� �l�
)�zl{�â°Å§p�n
xM (t) ≡ s(t)

Ãqilgjg�ps¾àá:il{�â¡n�i1n ¹ p�â·pqv<pq{�pwgjz<Ã�ÀÒá:il¼§{<n ilÆ
a
� A ¹ pq{ 	�â·pH�ã{�p

a∆(x, t) =





a(x, t)
ÆÞilg

x < xM−1(t)

p3(x, t) xM−1(t) < x < xM+2(t)

0
ÆÞi<g

x > xM+2(t),

'39�� 8 9 )

� ¹ pwg�p
p3(x, t)

¼´¾ n ¹ pP��¼´Ã�Ä,��¼´Ãh¾�á�Å§¼D{�p
	#� ¹ ¼§Ã ¹ ¾jz�nj¼§¾ ��pw¾
p3(xM−1(t), t) = a(xM−1(t), t)

	
∂xp3(xM−1(t), t) = ∂xa(xM−1(t), t)

	ãzo{ãâ³zl{�zoÅ§ilv<ilÄ�¾�ÅDÀÒzon
xM+2

�&-)ÅDpszogjÅDÀ
	3ÆÞilg�n ¹ ¼§¾
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gjpqv<Ä�Å§zlg�¼ 7wzon�¼§il{

a∆(x, t) → a(x, t)
	@Ä�{�¼DÆÞilgjk1Å§À}¼D{

(0, L)
	�ÆÞi<g

∆x → 0
� � i�� 	:Ã�il{ãâ·¼JNnj¼Di<{2' 9�� �o� )y¼§¾«zoÅ �yzªÀ·¾�¾jz�nj¼§¾ ��pwâC	ãzo{ãâ �)p�Ãwzo{ njz��lp¼§{ á�zog�nM� 	

QV = 1
�D�»i��)pw½lpqg%	·¼§{á�zlgàn>���E�)p ¹ zª½<p

QW < 1
	�¾àÄãÃ ¹ n ¹ z�n«¼¿n»Ãqilgjg�ps¾àá:il{�â�¾E��¼¿n ¹ zç½�zlÅDÄ�p

xQ > xM+2
�&�Tn¼´¾ zoÅ ��zªÀ�¾)á:i<¾j¾à¼ ��Å§p«nji¡Ã ¹ i�i<¾�p

∆y
¾àÄ �ÒÃq¼Dpw{3n�Å§Àä¾àkÒzlÅDÅ@njimÆÞÄ�ÅJ�ãÅDÅ n ¹ ¼´¾ Ã�i<{�â·¼Dn�¼§il{6�

��� $ {�ion ¹ pqg�á:i<¾j¾�¼I��¼§Å§¼¿nÁÀ¡¼´¾�njimzlá�á�Å§Àäzo{ pwá�¾à¼§Å§il{}g�pwvlÄ�Å´zogj¼I7sz�nj¼Di<{6r
È}É��4Ð4ÙÞÍsÙ Ñ:Ð �$� - � � 	

ε
�jÌªÉ���×Û�Ë·Ì�Ù �<Ë·ÍwÙ�ÑãÐ � � �@���

ε
�¢���T�o¶·¦§¥���� �s¥��;� ��� �Á� 	 ��� � ��1�´�«�l� �h�@�j�¤ �

∂tψ(x, t) + aε(x, t)∂
2
xψ(x, t) = f(x, t),

' 9ã� 83��)
�×�������

aε := a+ ε
�
ε > 0

¤��q���3�}¥m� �Ò¥�¦�¦4���o�����T¥o��� �
�»ion�p¡n ¹ zon�' 9ã� 83��)~â·¼I!:pwgj¾�ÆÞg�i<k '39�� �l�
)(��À®z ¾�kmzlÅDÅé½3¼´¾jÃ�i<¾�¼DnÁÀ n�pwg�k 	

ε∂2
xψ

	>il{�ÅDÀ<�$ Å§¾�i
aε
¼§¾ â�pqvlpw{�pqg�z�njp�	·¼;� p<�

∂xaε(s(t), t) = −∞ �OA ¹ Ä�¾#	·n ¹ p�Ä�{ �ãi<Ä�{�â·psâ·{�ps¾�¾�ilÆ×n ¹ pâ·pwg�¼§½�z�nj¼D½<p»ioÆ
a
g�pwkmzl¼D{�¾w�PA ¹ pqgjp�ÆÞi<g�p
	<¼§{äáãzog�n �hilÆ6n ¹ p~â�ilkÒzo¼§{ �yp«{�pwpwâ

QV < 1
�L�¢{á�zlgàn=� � 	@n ¹ pÒâ·¼I!:Ä�¾�¼§il{ njpqgjk â·i�pw¾~{�iln~â�¼§¾jzoá�á:pwzlgw��A ¹ pqgjp�ÆÞilgjp�	 zlÅDÅ>pw¾àn�¼§kÒz�njpw¾«ÆÞilg
Wzlg�p�¼§{�½ªzlÅD¼´â �LA ¹ p�{�psÃ�pw¾j¾jzogjÀ zoÅDn�pwgjzon�¼§il{�¾£zlg�p Ãqil{�¾�¼§â�pqgjpwâç¼D{Q1�psÃ�nj¼Di<{ 9ã� ��� ���/A×ii���njzo¼§{n ¹ pg�p �3Ä�¼Dgjpwâ}¾�ilÅ§Ä·n�¼§il{C	�n ¹ pÅ§¼Dkm¼Dn

ε→ 0
��¼DÅ§Å ¹ zª½<p»nji��ãp�Ãqil{�¾�¼§â�pqgjpwâ �

�¢{ zlÅDÅ4Ãqzl¾�pw¾#	�i<{�p�ilÆ4n ¹ p�n��yi¡Ã�i<{�¾ànjzo{3n�¾
Q
g�pwkÒzo¼§{�¾q�DA ¹ ¼´¾ ¼´¾ {�ion�zÒâ�¼&�¡Ã�Ä�Å¿nÁÀ zl¾n ¹ p~ÆÞilÅ§ÅDi���¼§{�v1ÅDpwkmkmz ¹ ilÅ´â�¾q�

�)É3ÎÏÎØË �$� - � 6 � �h������� �<���m¥Ò�q���q¶����@�j� {∆l}∞l=1

�£����� |∆l| → 0
�����

l → ∞ � �@���q������<�´�����)¥
V ∈ L∞(I×(0, 1))

¥��@�
W ∈ L∞(I×(0, 1))

� ¥o�:�~¥»��¶�¤��q����¶��q�:��� {lk} ⊂ {l}�q�Ò�Þ��¥o�:���o�
∆lk → 0

���@����¥ª�
V ∆lk (y, t) → V (y, t), W∆lk (y, t) →W (y, t)

����� ¥ ��� �
(y, t) ∈ (0, 1) × (0, T ).

�y�j�w�à� �(-)i<{�¾à¼´â·pwg {Ql}
	
Ql ↗ 1

ÆÞilg
l → ∞ �D;©pçÃwzo{ Ã ¹ i�i<¾�p�z {l1} ⊂ {l} ¾�iÒn ¹ z�n

V ∆l1 → V
zo{�â

W∆l1 → W
ÆÞilg~z�� pl�

(y, t) ∈ (0, Q1) × (0, T )
�=1�¼D{ãÃ�p

Ql ↗ 1
	 ��Àn ¹ pçkmpqn ¹ i·â'ioÆ)â·¼´zov<il{�zlÅD¼ 7wzon�¼§il{C	*�)pmÃqzl{°Ã ¹ i�i<¾�pçz}¾�Ä,��¾�p��3Ä�pq{ãÃ�p {∆lk} ⊂ {∆l}
¾�in ¹ z�n

V ∆lk → V
zl{�â

W∆lk → W
ÆÞi<g«z�� p<�

(y, t) ∈ (0, 1) × (0, T )
� $ ¾>�:p�ÆÞilgjp�	ãn ¹ pÃqil{�½lpwg�v<pq{�Ãqp ioÆ

V
¼§¾~¼§{

L2
zo{ãâ n ¹ pÒil{�pmilÆ

W
¼§¾~¼§{

L1
��A ¹ p��:ilÄ�{�â·pwâ�{�pw¾j¾~ioÆ

Vzl{�â
W
ÆÞilÅ§Å§i�� ¾yÆÞg�i<k 
6pwk1kÒz 9�� �·� �·�PA ¹ ¼´¾�Ã�i<kmá�ÅDpqn�ps¾yn ¹ pá�gji�ioÆÁ�

;©p�zogjp«{�i���á�gjpqá�zlg�psâÒnjiÒá�g�i�½<p(A ¹ pqilgjpqk 9ã� ���D�<�
����� ������� 	������������ � ���������«Ä�p�nji��»p+��{�¼Dn�¼§il{ 9�� �·� �«¼¿n)¼§¾h¾�Ä'�¡Ã�¼§pq{3n£nji�á�gji�½lp)n ¹ zon
V ∆ → ψI

zo{ãâ
W∆ → ψII

	 � ¹ pwg�p
ψI
zl{�â

ψII
zlg�p«n ¹ p�Ãqilgjg�ps¾àá:il{ãâ·¼D{�v ½�zogj¼§zon�¼§il{�zlÅ¾�ilÅ§Ä·n�¼§il{ã¾�ioÆ '39�� � 9 ))zl{�â�' 9ã� �<�
) 	�gjpw¾�áãpsÃ�nj¼D½<pqÅ§Àl�

;©päÃ�i<{�¾�¼§â·pwg z ¾�p��3Ä�pw{�Ã�p {∆l}∞l=1

��¼¿n ¹ vlgj¼§â�¾à¼ 7qp ∣∣∆l
y

∣∣ → 0
ÆÞi<g

l → ∞ �?A ¹ p{�Ä�k��ãpwg ioÆ v<g�¼´â·á:il¼§{3nj¾�¼´¾�v<¼D½<pq{ ��À
Ml
� 
6pqn

φ ∈ C∞(Q̃T )
�°�»pw{�ionjpQ��À

φi(τ) =
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∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	76 	

1
∆l

y

∫ yi+1/2

yi−1/2
φ(y, τ) dy

	
i = 1, . . . , L

' �)p³ilkm¼Dn n ¹ p³¼§{�â·p+G
l
)�� . Ä�ÅDn�¼§á�ÅDÀ '39�� 9<� )=��À

φi∆y
zo{�â©¾àÄ�k ÆÞilg

i = 1, . . . ,M
��1·¼D{�Ãqp

suppφ ⊂ [0, T ) × [0, 1)
n ¹ pqgjp1pHG·¼§¾ànj¾zl{¼§{<njpqv<pqg

l0
¾�i n ¹ z�n

φi ≡ 0
ÆÞi<g

i = M − 1,M
� ¹ pq{

l > l0
�P;©pi���njzo¼§{³n ¹ pp �<ÄãzoÅ§¼¿nÁÀ

M−1∑

i=1

V̇iφi∆y +

M−1∑

i=1

ṡ

s
yiδViφi∆y −

M−1∑

i=1

ai

s2
(δVi+1 −δVi)φi =

M−1∑

i=1

fiφi∆y.
'39�� 8l� )

KyÀ $ �ãpwÅ F ¾ ¾�Ä�kmkmzon�¼§il{³n ¹ ¼´¾�gjpwâ·ÄãÃ�pw¾ynji
M−1∑

i=1

ai

s2
(δVi+1 − δVi)φi = −

M−1∑

i=1

1

s2
δViδ(aiφi)∆y ,

� ¹ pwg�p �yp~Ä�¾àpsâ
δV1 = 0

zo{�â
aM−1φM−1 = 0

�P�¢{3n�pwvlg�z�nj¼D{�v�'39�� 8l�
)&��¼Dn ¹ gjpw¾�áãpsÃ�n�n�i
τ
zo{�â³á:pqg�ÆÞilgjk1¼§{�vm¼§{<njpqv<gjzon�¼§il{Q��À¡áãzog�nj¾�À�¼DpwÅ§â�¾

−
∫ T

0

M−1∑

i=1

Viφ̇i∆y dτ +

∫ T

0

M−1∑

i=1

ṡ

s
yiδViφ̄

∆∆y dτ

+

∫ T

0

M−1∑

i=1

1

s2
δVi∂y(aφ)∆∆y dτ =

∫ T

0

M−1∑

i=1

f̄∆φ̄∆∆y dτ,
'39�� 8<��)

� ¹ pwg�p��ypçÄ�¾�pwâ
Vi(0) = 0

zo{�â
φi(T ) = 0

�B;©pÒâ·pq{�iln�psâ���À
(aφ)∆

n ¹ p1á�¼DpsÃ�p+��¼´¾�pÅ§¼D{�pszog«ÆÞÄ�{�Ã�n�¼§il{©¼D{
y
â·pH��{�pwâ?��À kmpwzl{�¾�ioÆ

aiφi
zl¾«¼§{ ' 9ã� 97�")��=A ¹ p ÆÞÄ�{ãÃ�n�¼§il{

φ̄∆ ¼§¾á�¼§pwÃqp+��¼´¾àp Ãqil{�¾ànjzl{3n»¼D{
y

	@¾�i
φ̄∆ = φi

ÆÞi<g
y ∈ (yi−1, yi)

�MA ¹ pç¾jzokmp ¹ i<Å§â�¾ ÆÞilg
f̄∆ �;©p�Ãqzo{}gjp+��gj¼¿njp�'39�� 8<��)é¼§{}n ¹ p~ÆÞi<g�k ' ¾�pqp�' 9ã� 97�") 	C'39�� 9 � ) ) 	

−
∫ T

0

∫ 1

0

V̄ ∆∂τ φ̄
∆ dydτ +

∫ T

0

∫ 1

0

ṡ

s
ȳ∆∂yV

∆φ̄∆ dydτ

+

∫ T

0

∫ 1

0

1

s2
∂yV

∆∂y(aφ)∆ dydτ =

∫ T

0

∫ 1

0

f̄∆φ̄∆ dydτ.
'39�� 8 �
)

Â4¼Dg�¾àn#	,�yp~pw¾àn�¼§kmzon�p
∫ T

0

∫ 1

0

∣∣V ∆ − V̄ ∆
∣∣ dydτ =

1

2
|∆y|

∫ T

0

∫ 1

0

∣∣∂yV
∆
∣∣ dydτ ≤ C |∆y| → 0,

'39�� 8;8
)
��À 
åpqkmkÒz 9ã� ��� ���
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1�¼§{�Ãqp

V ∆ → V
¼§{
L2((0, T ) × (0, 1))

	
V ∆ → V

z�� pl�×¼D{
(0, T ) × (0, 1)

' ¾�pqp

åpqkmkÒz.9�� �·� �"))zo{�â ∣∣V ∆

∣∣ ≤ C <∞ '�ÆÞgjilk 
6pqkmkÒz 9�� �·� ��)H	�zo{�â ¾�¼D{�Ãqp
φ
¼´¾ ¾�k1i�iln ¹ 	¼Dn�ÆÞilÅ§ÅDi�� ¾yÆÞgjilk ' 9�� 8;8 )&�3Àä¼D{�½li
��¼D{�vçn ¹ p�
6p+�:pw¾�vlÄ�p«n ¹ pqi<g�pwk 	C' $ � �·� �
)H	�n ¹ zon��

−
∫ T

0

∫ 1

0

V̄ ∆∂τ φ̄
∆ dydτ −→

∆→0
−
∫ T

0

∫ 1

0

V ∂τφ dydτ.
'39��§�w�l� )

Â�g�i<k ' 9ã� � 8
)O�)pi
�·njzl¼D{C	�z<¾�¼D{ 
åpqkmkÒz 9ã� ��� � 	3n ¹ zon
∫ T

0

∫ Q

0

(
∂yV

∆
)2

dydτ ≤ K(Q)
ÆÞilg

Q < 1.
' 9��§�w���%)

A ¹ ¼´¾)¼D{än�Ä�gj{ä¼§kmá�ÅD¼§pw¾én ¹ p«p+G�¼´¾àn�pq{ãÃ�p»ilÆåz ¾�Ä,��¾�p��3Ä�pw{�Ã�p«ioÆ {V ∆} ÆÞilg&� ¹ ¼´Ã ¹
∂yV

∆ ⇀
χ
¼§{
L2(I × (0, Q))

' �)psz"� Ã�i<{3½<pqgjvlpw{�Ã�p ) ' ¾�pqp $ á�á:pq{ãâ·¼JG 	 
åpqkmkÒz $ � ��� 9 )�� Â�g�i<kn ¹ p¼§â�pq{3n�¼DnÁÀ
∫ T

0

∫ 1

0

V ∆∂yv dydτ = −
∫ T

0

∫ 1

0

∂yV
∆v dydτ,

��¼Dn ¹
v ∈ C∞

0 (QT )
zl{�â¡ÆÞgjilk�n ¹ p�Ãqil{�½lpwg�v<pq{�Ãqpw¾
∫ T

0

∫ 1

0

V ∆∂yv dydτ −→
∆→0

∫ T

0

∫ 1

0

V ∂yv dydτ,

∫ T

0

∫ 1

0

∂yV
∆v dydτ −→

∆→0

∫ T

0

∫ 1

0

χ v dydτ,

�yp(��{�â³n ¹ zon
∫ T

0

∫ 1

0

V ∂yv dydτ =

∫ T

0

∫ 1

0

χ v dydτ ∀v ∈ C∞
0 (QT ).

�»pq{�Ãqp�	
χ = ∂yV ∈ L2(I×(0, Q))

� ¼D{1n ¹ pD�)psz"��¾�pq{�¾�pl�/;©p Ãqzo{mzl¾j¾�Ä�kmp='
φ
¼´¾/�,G·pwâ*)n ¹ z�n

suppy φ ≤ Q < 1
	�n ¹ pqgjp�ÆÞi<g�p

∫ T

0

∫ 1

0

ṡ

s
ȳ∆∂yV

∆φ̄∆ dydτ −→
∆→0

∫ T

0

∫ 1

0

ṡ

s
y∂yV φ dydτ,

'39��§�w�<�
)
� �����
	��
	�	�����" �#	������
�
����	�0�� � �!��8,�

(V̄ ∆, ∂τ φ̄∆) = (V̄ ∆, ∂τ φ̄∆ − ∂τ φ) + (V̄ ∆ − V ∆, ∂τ φ) + (V ∆, ∂τ φ)

≤ ||V̄ ∆||L2
||∂τ φ̄∆ − ∂τ φ||L2

+ ||V̄ ∆ − V ∆||L1
||∂τφ||L∞

+ (V ∆, ∂τ φ).

� " ���� �
�
� � �-,������!��	�������� ���"�(%	���
0 	�
 ���� 	�� � �#���"���	�	��#�

φ
�#"�( ���� 	�������"�(&������ 	�
� 4�0 ����� 0� *�������#�
"�	7����%���)8,� ��!����7� �)�#"��!�#	�	��� ���� �
�
� � ���"�(�������%�'�
",��)$����#� 	��
$�"/0����#��
��� �����

V ∆ →
V

�%0 ��0
- �#"�( ��!��
|V ∆| ≤ g

- ���������
g

�
	6�#" �
",��)$���� 	 �
�&����"%����
��".0 ������	�-�� � 	 �)	�$������ 	6��%�)������� �
	
�������
�
�)� 	 �
��0�� �����&�7� ����� ��

y ∈ (0, Q)
0!���#�� ��!�� ����

y " �
",���$����#�
	��#��� ��"
(0, 1)

(��%� �� ���� �������!�#� 
	#���$� ��� ��#�

v
0
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	76 �

¾�¼D{�Ãqp ṡ
s ȳ

∆φ̄∆ → ṡ
syφ
¼§{
L2(QT )

'�¾Ánjg�i<{�vlÅ§À,)��
1�¼§km¼DÅ´zogjÅDÀ
	
∫ T

0

∫ 1

0

1

s2
∂yV

∆∂y(aφ)∆ dydτ −→
∆→0

∫ T

0

∫ 1

0

1

s2
∂yV ∂y(aφ) dydτ,

' 9ã�D�s�l�
)
¾�¼D{�Ãqp

∂y(aφ)∆ → ∂y(aφ)
¼§{
L2(QT )

'�¾Ánjg�i<{�vlÅ§À,)�� Â�Ä�g�n ¹ pwg�kmi<g�p
	D�)p ¹ zª½lp n ¹ z�n
f̄∆φ̄∆ → −fφ 	�â·Ä�p~njiçn ¹ p~Æ zlÃ�n�n ¹ zon

fi = −f(yis(T − τ), T − τ)
�

A4z"��¼D{�v)n ¹ phÅ§¼Dkm¼Dn |∆y| → 0
¼D{�'39�� 8 �
)@zl{�â~zoá�á�ÅDÀ�¼§{�v�' 9ã�D�s�l�
) N5'39��§�w�<�
) 	 �yphÃ�i<{�Ã�Å§Ä�â·pn ¹ z�n

V ≡ ψI
¾�zon�¼´¾���ps¾=' 9�� �o� )��

� i�� 	ãk Ä�ÅDn�¼§á�Å§À ' 9�� 93�
)E��À
φi∆y

zo{�â ¾�Ä�k�ÆÞilg
i = 1, . . . ,M

� �«Ä�p�nji¡n ¹ p á�gjilá Npqg�n�¼§pw¾ ioÆ4n ¹ pgjpqv<Ä�Å§zlg�¼ 7wzon�¼§il{¡ilÆ
a

' ¾�pqp ' 9ã� 8;9 )�) 	,�yp ¹ zª½lp�n ¹ z�n
ai = 0

ÆÞilg
i ≤ L

�P;©pÃqzl{'z<¾�¾�Ä�kmp�n ¹ z�n
suppy φ ≤ Q = L∆y < 1

�ãpsÃqzoÄã¾àp
φ
¹ zl¾~Ãqilkmá�zlÃ�n�¾�Ä�á�á:ilg�nw� �TnÆÞilÅ§Å§i�� ¾ n ¹ z�n�n ¹ pmÃ�i<{3n�gj¼I��Ä�n�¼§il{ gjpw¾�Ä�ÅDn�¼§{�v¡ÆÞgjilk�n ¹ p n ¹ ¼Dg�â njpqgjk ioÆM'39�� 93��) ¼§¾

0
�=A ¹ pzogjvlÄ�k1pw{3nhÄ�¾àpsâçÆÞilg

∂yV
∆ Ãqzl{�{�ion �:p�gjpqá:pwz�njpwâçÆÞilg

∂yW
∆ 	
�ãpsÃqzoÄã¾àpD�yp�il{�Å§À á�g�i�½<pwân ¹ z�n

∂yW
∆ ∈ L1

	×zl{�â
L1
¼´¾{�iongjp ��p+G·¼D½<pl��Aåi n ¹ ¼´¾~pq{�â �ypÒá�g�i·Ãqpqpwâ©zl¾�ÆÞi<ÅDÅ§i�� ¾w��«Ä�p~n�i

M−1∑

i=1

yiδWi+1φi∆y = yM−1φM−1WM − y0φ0W1 −
M−1∑

i=1

Wiδ(φiyi)∆y,
'39��§�w� 9 )

�yp�i
�·njzl¼D{
M−1∑

i=1

Ẇiφi∆y +

M−1∑

i=1

ṡ

L− s
Wiδ(φiyi)∆y =

M−1∑

i=1

f∗
i φi∆y,

'39��§�w�<�
)

� ¹ pwg�pE�ypyÄã¾àpsâ
φM−1 = 0

zo{�â
y0 = 0

'3� iln�p�n ¹ z�nh¼§{mvlpq{�pqg�zoÅ
W1 6= 0

)��:�¢{3njpqvlg�z�nj¼D{�vi�½lpwg
τ
zl{�â}áãpwgàÆÞi<g�km¼§{�vç¼§{3n�pwvlg�z�n�¼§il{���À¡á�zlgàn�¾�À3¼§pqÅ´â

−
∫ T

0

∫ 1

0

W̄∆∂τ φ̄
∆ dydτ +

∫ T

0

∫ 1

0

ṡ

L− s
W̄∆∂y(φy)∆ dydτ

=

∫ T

0

∫ 1

0

f̄∆φ̄∆ dydτ.
' 9ã�D�s�l� )

;©py{�i�� njz��lp)n ¹ p�Å§¼Dkm¼Dn |∆y| → 0
zo{�âçÄ�¾�p

W∆ →W
¼§{
L1(I×(0, Q))

' ¾�pqp 
6pqkmkÒz
9�� �·� �»zo{�â 
6pqkmkÒz'9�� �·� ��)��4t�pqá�Å§z<Ã�¼§{�v

V ∆ zo{�â V̄ ∆ ��À
W∆ zl{�â W̄∆ ¼§{çn ¹ p�pw¾àn�¼§kÒz�njp' 9ã� 8 8
)«vl¼§½lps¾

W̄∆ → W
¼§{
L1(I × (0, Q))

� A ¹ p¡¾àkmi�ion ¹ {�ps¾�¾~ilÆ
φ
njilv<p�n ¹ pqg ��¼Dn ¹

' 9ã�D�s�l� )é¼§kmá�Å§¼Dps¾yn ¹ p¼´â·pq{3nj¼¿nÁÀ ' 9�� �·� )��PA ¹ Ä�¾#	
W ≡ ψII(y, τ)

�
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�Tn�gjpqkÒzo¼§{�¾~nji á�gji�½lp1n ¹ p��:ilÄ�{�â·pwâ�{�pw¾j¾�ilÆ)n ¹ pÒn�ilnjzlÅh½�zogj¼§zon�¼§il{©ioÆ

ψI
zo{�â

ψII
�f£zl¾j¾�¼D{�v1njiçn ¹ pkmi·â·Ä�Å§Ä�¾ zo{ãâä¼§{3n�pqv<gjzon�¼§{�vçn ¹ pp �<ÄãzoÅ§¼¿nÁÀ

V ∆(y + ε, τ) − V ∆(y, τ) = ε

∫ 1

0

∂yV
∆(y + rε, τ) dr, 0 < y < 1 − ε.

'39��§�w�<��)
i�½<pqg

(t, y) ∈ (0, T ) × (0, 1 − ε)
v<¼D½<pw¾

∫ T

0

∫ 1−ε

0

∣∣V ∆(y + ε, τ) − V ∆(y, τ)
∣∣ ≤ ε

∫ 1

0

∫ T

0

∫ 1

0

∣∣∂yV
∆(y, τ)

∣∣ dydτdr ≤ εC.'39��§�w� �
)
1�¼§km¼DÅ´zogjÅ§À�	
∫ T

0

∫ 1−ε

0

∣∣W∆(y + ε, τ) −W∆(y, τ)
∣∣ ≤ ε

∫ 1

0

∫ T

0

∫ 1

0

∣∣∂yW
∆(y, τ)

∣∣ dydτdr ≤ εC.'39��§�w� 8
)
;©p¡Å§p�n |∆y| → 0

¼D{ '39��§�w� � ) N ' 9ã�D�s�;8
)���K)À°n ¹ päáãi<¼D{3n���¼´¾àp¡Ãqil{�½lpwg�v<pq{�Ãqpw¾
V ∆ → Vzl{�â

W∆ →W
zl{�â��3À¡n ¹ p�
åp+�:pw¾�vlÄ�p�n ¹ pqilgjpqk 	·¼Dn�ÆÞilÅ§ÅDi�� ¾yn ¹ z�n

lim
ε→0

sup
1

ε

∫ T

0

∫ 1−ε

0

|V (y + ε, τ) − V (y, τ)| dydτ < C <∞,
'39��§�l�w� )

zl{�â³zÒ¾�¼§k1¼§Å´zog�g�ps¾àÄ�Å¿n�ÆÞi<g
W
�

�³É3ÎÏË·Ì � ��� - � 6 � ¬ç���;±:���¢� ����� �l¤q�T¥o���:���®�Þ�������j���;� ��¥�¦�������¶·¦¿� �}¥<¤���¶·��Þ���}�q��¦¿¶·��� �o�*�à�
	 ��� � �� � 	 ��� � �� �)�Þ���q��� ¥o���~���;��¦�¦å�j±���� ��¶�������� �o����j�o�:���q�������3�¡¶·��� �q¶����@�����¥��:�m� �Ò�s���Þ����@�����)�Á�)�Þ���é�q��¦W¶·�;� ���

ψII
���ç���é�q¨ª�q� �6�Þ���é�q��¦W¶·�;� ���

ψI
�´� 	Á¥��@¦D��¥ª���  ���o¦D�l�q�y���o���;����¶���¶�����o�

y ∈ (0, Q)
���
L2(0, T )

� �@���´���´� ¥ä�������q���q¶��q�:���ç�à�
∂yψI ∈ L2((0, T ) × (0, Q))

²¤ �Ò����� �h¥o¶��j� � � �@��� �é¥�� �m���:����¶�¥o¦W��� � �é����¥�¨��
|ψI (y1, τ) − ψI(y2, τ)| ≤

∣∣∣∣
∫ y2

y1

∂yψI(ξ, τ) dξ

∣∣∣∣

≤ |y1 − y2|1/2

(∫ y2

y1

|∂yψI(ξ, τ)|2 dξ

)1/2

,

¥o�:�ç�����@��� �
∫ T

0

|ψI(y1, τ) − ψI(y2, τ)|2 dτ ≤ |y1 − y2|
∫ T

0

∫ Q

0

|∂yψI(ξ, τ)|2 dξdτ

≤ C(Q) |y1 − y2| .
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� � � � , � " ��� � � �%� � � � "�� � � � ε ����� � � & � ��� � � �#��" �;©p³¼§{3n�gji�â�Ä�Ã�psâ zo{
ε
NTg�pwvlÄ�Å´zogj¼I7sz�nj¼Di<{'¼§{Ï�«pH��{�¼Dn�¼§il{ 9�� �·� ��� $ ¾çz°Ã�il{ã¾àp �<Ä�pq{�Ãqp�	4n ¹ pá�gji���Å§pqk ¼§{¡á�zog�n&���£ioÆ@n ¹ p«â·i<kmzl¼D{ä¼§¾éioÆ n ¹ p«¾jzokmp�nÁÀ�áãp�zl¾é¼D{¡áãzog�nO��� A ¹ pqgjp�ÆÞilgjp�	ln ¹ pgjpw¾�Ä�Å¿n�¾yÆÞilg

V
zlÅ§¾�i ¹ ilÅ´âäÆÞi<g

W
¼§{}n ¹ p

ε
N;gjpqv<Ä�Å´zogj¼I7sz�n�¼§il{å�A ¹ py¾ài<ÅDÄ·nj¼Di<{ Ãqzl{ �ãpyvlÄãzog�zo{3n�pwpwâ�¼D{ n ¹ py¾àpw{�¾�péioÆ��«pH�ã{�¼¿nj¼Di<{ 9ã� ���D�ézl{�â��«pH��{�¼¿nj¼Di<{

9�� �·� � 	 � ¹ pqgjp(�yp~g�pwá�Å´zlÃ�p
ψI

��À
ψI,ε

	
ψII

��À
ψII,ε

	
a

��À
a+ ε

zl{�â8'39�� �·� )O��À
∫

I

∫ 1

0

ψII,ε∂τφ dydτ −
∫

I

∫ 1

0

y ṡ(T−τ)
L−s(T−τ)ψII,ε∂y(yφ) dydτ

−
∫

I

∫ 1

0

1
(L−s)2 ∂yψII,ε∂y [aεφ] dydτ =

∫

I

∫ 1

0

φf(L−y(L−s(T−τ)), T−τ) dydτ.'39��§�l�<�%)
A ¹ p ½�zlg�¼´z�nj¼Di<{�zoÅ�¾�ilÅ§Ä·n�¼§il{

ψI,ε
zo{�â

ψII,ε
Ãqzl{ �:p»Ãqil{�¾àn�gjÄ�Ã�njpwâ ' z<¾hz~Å§¼Dkm¼Dn5)P��Àçk1pszo{�¾ioÆån ¹ p~¾�zlkmp«zoá�á�g�i G·¼§kÒz�n�¼§il{¡¾jÃ ¹ pwk1p~zl¾)Ä�¾�pwâä¼D{ 1�pwÃ�n�¼§il{ 9ã� ��� 9�� ¹ pqgjp

aε
¼§¾ygjpqá�Å´zlÃqpwâ��À

a∆ + ε
	�¾àpwp�'39�� 8 9 )

A ¹ p~Ã�i<{3½<pqgjvlpw{�Ã�p«ioÆ6n ¹ p¾�Ã ¹ pwkmp<��¼§ÅDÅ �:p~¼D{
L2
ÆÞilgE�:ion ¹

V
zo{ãâ

W
	�zl¾yi<á�áãi3¾àpsân�imn ¹ p~pwzlg�Å§¼Dpwg�g�ps¾àÄ�ÅDn#	 
åpqkmkÒz 9�� �·� ���P� i��ypq½<pqg%	<¼Dn g�pwkÒzo¼§{�¾yn�imá�gji�½lp«n ¹ zon�ÆÞilg

ε→ 0n ¹ p~¾�ilÅ§Ä·nj¼Di<{äÃ�i<{3½<pqgjvlps¾>n�içn ¹ p~i<{�p»ilÆ6n ¹ p~i<g�¼§vl¼§{�zoÅãá�gji���Å§pqk � ¹ pwg�p
W
Ã�i<{�½lpqgjvlps¾£¼§{

L1
	�¾�i

ψε → ψ
�

A ¹ p
L1
pw¾àn�¼§kÒz�n�ps¾ gjp��3Ä�¼§g�psâ¡ÆÞi<g

W
Ãqzl{��ãp�pszl¾�¼DÅ§ÀägjpwÃqi�½lpwg�psâ �OA ¹ pps¾Ánj¼DkÒz�njpw¾»ioÆ


6pwkmkmz.9ã� ��� �çgjpqkÒzo¼§{�¾y½�zoÅ§¼§â � A ¹ Ä�¾#	,�yp ¹ zª½lp
∫ T

0

∫ 1

0

∣∣∂yW
∆,ε(y, τ)

∣∣ dydτ ≤ C.
' 9ã�D�<�s��)

Â�Ä�gàn ¹ pqgjkmilgjp�	 ��ÀÒn ¹ p�-yzoÄ�Ã ¹ À N 1�Ã ¹ ��zog�7 ¼§{�p��3Ä�zlÅD¼DnÁÀ �yp ¹ zª½lp
∫ T−z

0

∫ Q

0

∣∣W∆,ε(y, τ + z) −W∆,ε(y, τ)
∣∣ dydτ

≤ C

(∫ T−z

0

∫ Q

0

(
W∆,ε(y, τ + z) −W∆,ε(y, τ)

)2
dydτ

)1/2

≤ Cz1/2,
'39��§�l�w� )

� ¹ pwg�pD�yp�Ä�¾�pwâ1n ¹ p g�ps¾àÄ�Å¿nM'39�� 8l�
)×ÆÞgjilk 
6pwk1kÒz 9ã� ��� � 	"� ¹ ¼´Ã ¹ ¼§¾£{�i�� ½�zoÅ§¼´â ÆÞi<g
W∆,ε �A4z"��¼D{�vçn ¹ pÅ§¼Dkm¼Dn |∆| → 0

zl{�â³Ä�¾à¼§{�v 
åp+�:pw¾�vlÄ�p
F ¾�â·i<km¼D{�zon�psâ³Ãqil{�½lpwg�v<pq{�Ãqp»n ¹ pHNilgjpqk '�n ¹ p
ψ∆,ε zogjp=�ãi<Ä�{�â·psâ ) �)p ¹ zª½<p»ÆÞi<g�á�zog�nD�

∫ T−z

0

∫ Q

0

(ψI,ε(y, τ + z) − ψI,ε(y, τ))
2

dydxdτ ≤ C(Q)z,
' 9��§�l� 9 )
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∫ T

0

∫ Q

0

(∂yψI,ε(y, τ))
2 dydxdτ ≤ K(Q),

' 9ã�D�<�s�
)
∫ T

0

∫ Q

0

(ψI,ε(y + p, τ) − ψI,ε(y, τ))
2

dydxdτ ≤ p2K(Q),
'39��§�l�w� )

i<{mz<ÃqÃqilÄ�{3n£ioÆP' 9ã� � 8
) N ' 9ã� 8��%)��åÂ�i<g£á�zog�n � � 	�n ¹ p ¼§{�p��3Ä�zlÅD¼Dn�¼§pw¾D'39��§�l�ª��)4zo{�â '39��§�l�w� )6v<¼D½<p
∫ T

0

∫ 1

0

|∂yψII,ε(y, τ)| dydτ ≤ C,
' 9ã�D�<� �")

∫ T−z

0

∫ Q

0

|ψII,ε(y, τ + z) − ψII,ε(y, τ)| dydτ ≤ Cz1/2.
'39��§�l� �
)

. i<g�p°¼D{ â·p�n�zo¼§Å 	�n ¹ p©¼D{�p �3Ä�zoÅ§¼¿nÁÀ@'39��§�l� ��)m¼´¾³zlg�v<Ä�pwâ*z<¾¡ÆÞi<ÅDÅ§i�� ¾q� �¢{ ' 9ã�D�<�s�
)
C
¼´¾¼§{�â·pwáãpw{�â·pq{3n ilÆ

∆
zo{�â

ε
� A ¹ pzo{�zlÅDi<vlÄ�p�ioÆD' 9ã�D�s���%)é¼§{}áãzog�nE���)¼´¾�{�i��

ε

∫ τ

0

∫ Q

0

(Q− y)(∂yW
∆,ε)2 dydτ ≤ C,

' 9ã�D�<� 8 )
z<¾
δ(Q) = ε

zo{�â
K(Q) < C

¼D{ á�zlgànD� ��� ;'p�â·psâ·Ä�Ãqp«n ¹ z�nB'
ε > 0

¼´¾E�,G·psâ ) 	
∂yW

∆,ε ⇀
|∆|→0

∂yW
ε,
¼D{
L2(I × (0, Q))

	 ∀Q < 1,

zl{�â
∫ T

0

∫ Q

0

∂yW
εφ dydτ = lim

|∆|→0

∫ T

0

∫ Q

0

∂yW
∆,εφ dydτ,

∀φ ∈ L∞(QT ) ⊂ L2(I × (0, Q))
�P�Tn ¹ i<Å§â�¾�n ¹ zon

∫ T

0

∫ Q

0

|∂yW
ε| dydτ = sup

|φ|
∞

≤1

∫ T

0

∫ Q

0

∂yW
εφ dydτ

= sup
|φ|

∞
≤1

lim
|∆|→0

∫ T

0

∫ Q

0

∂yW
∆,εφ dydτ

≤ ||φ||∞ sup
|φ|

∞
≤1

lim
|∆|→0

∫ T

0

∫ Q

0

∣∣∂yW
∆,ε
∣∣ dydτ

≤ C.

KyÀÏz®¾�¼Dkm¼§Å§zlg¡zogjvlÄ�kmpq{3nÒzl¾m¼§{Ïn ¹ p á�gjpq½�¼§ilÄ�¾m¾�pwÃ�nj¼Di<{ '�¾àpwp}n ¹ p á�gji�ioÆ�ioÆ(A ¹ pqilgjpqk
9ã� ���D� ) 	 �yp ¹ zª½lp«n ¹ zon

∂yW
ε = ∂yψII,ε

¼§{än ¹ p �)psz"�ä¾�pq{ã¾àp<�



�$� - � �çÑ:Ð /ãÉ3Ì �ãÉ�Ð4ÚlÉ ÓTÑãÌ
∂τψ − a(x, τ)∂2

xψ = f(x, τ)
	76�6

A ¹ p z"�:i�½lp¡ps¾Ánj¼DkÒzon�pw¾mzl{�âØz©|»i<ÅDkmilv<ilgji�½°Ã�i<kmá�zlÃ�n�{�ps¾�¾çzogjvlÄ�kmpq{3n1¼Dkmá�Å§À®n ¹ pÃ�i<kmá�zlÃ�n�{�ps¾�¾×ioÆ {ψI,ε}ε
¼§{
L2(I, (0, Q))

	 ∀Q < 1
	ozl{�â~n ¹ pyÃqilkmá�z<Ã�n�{�pw¾j¾6ioÆ {ψII,ε}ε¼§{

L1(I, (0, Q))
	 ∀Q < 1

�&-)il{ã¾àp �<Ä�pq{3n�Å§À�	·zl¾�¼§{}n ¹ pá�g�pw½3¼§ilÄã¾y¾�pwÃ�n�¼§il{C	 �)p~i���njzo¼§{
ψI,ε −→

ε→0
ψI ,

ÆÞi<g z�� pl�
(y, τ) ∈ (0, T )× (0, 1),

' ��Àän ¹ pkmp�n ¹ i·â}ioÆ4â�¼§zlvlil{ãzoÅ§¼I7sz�n�¼§il{ )ézl{�â 	
ψII,ε −→

ε→0
ψII ,

ÆÞi<g z�� pl�
(y, τ) ∈ (0, T )× (0, 1).

$ ¾
ψII,ε

¼´¾>Ä�{�¼DÆÞilgjkmÅDÀ �:ilÄ�{�â·pwâC	"�)p�zlÅ§¾�i ¹ zª½<p
L1(QT )

NTÃqil{�½lpwg�v<pq{�Ãqpl� � p+G�n#	"�yp)kÒzªÀpwz<¾à¼§Å§À1á�g�i�½<p n ¹ z�n {ψI , ψII}
¼´¾�z�½�zogj¼´z�n�¼§il{ãzoÅ@¾ài<ÅDÄ·nj¼Di<{Òn�i ' 9ã� �<�
) N5'39�� �<��)£¼D{än ¹ p~¾àpw{�¾�pioÆ��«pH��{�¼Dn�¼§il{ 9ã� ���D�Òzl{�â®�»p+��{�¼Dn�¼§il{ 9�� �·� �·� A ¹ ¼§¾gjpwz<¾ài<{�¼§{�v ÅDpszlâ�¾�nji n ¹ pÒÆÞi<ÅDÅ§i���¼§{�vn ¹ pqilgjpqk �

��Ö4É�Ñ�Ì�É�Î �$� - � - � � �q� {ψI,ε
�
ψII,ε}

¤j� �Þ���¨�¥���� ¥o��� �o�:¥o¦å�q��¦¿¶·��� �o�©�Á�~�Þ���
ε
�¢���T�o¶·¦D¥o��� �

�s¥��;� �������l¤q�¢¥����:���}¥ª�ç¥¡¦W� �ç��� �à������ç��¶��Ò����� ��¥�¦4¥j±l±@��� �<� �Ò¥��;� ��� {V ∆,ε � W∆,ε} � �£�����
a ↔ a∆ + ε

���:����� {ψI,ε, ψII,ε} → {ψI , ψII}
�����

ε → 0
���

(L2((0, T ) × (0, 1)) ×
L1((0, T ) × (0, 1)))

� �×�����j� {ψI , ψII}
�´� ¥ä¨ª¥o��� ¥��;� ���@¥�¦6�q�o¦W¶·��� �o�©�à� 	 ��� � �  � 	 ��� � �  �

�y���s�Á� �M�¢{Òzlâ�â�¼¿nj¼Di<{çnji~n ¹ p�á�g�pw½3¼§ilÄã¾£zogjvlÄ�kmpq{3n�¾×¼DnhgjpqkÒzo¼§{�¾4n�iá�g�i�½<pén ¹ z�n {ψI
	
ψII}zl¾�z1Å§¼Dkm¼Dn»ioÆ {ψI,ε

	
ψII,ε}

¼§¾�z1½�zogj¼´z�n�¼§il{ãzoÅ ¾ài<ÅDÄ�n�¼§il{6�
�¢{¡n ¹ p~Ãqzl¾�p»ilÆ

ψI
n ¹ p~á�gji3ilÆåÃ�i<{�¾à¼´¾ànj¾)ioÆ n ¹ p»ÆÞi<ÅDÅ§i���¼D{�vç¾àn�pqáã¾q�£Â�gjilk�'39��§�l�s�
)hzl{�âÆÞgjilk

ψI,ε → ψI
¼§{
L2(I × (0, 1))

¼¿n�ÆÞi<ÅDÅ§i�� ¾)n ¹ zon#	
∂yψI,ε ⇀ ∂yψI ,

¼§{
L2(I × (0, Q))

ÆÞilg zl{3À
Q < 1.A ¹ pw{C	�¼§{³n ¹ p¼´â·pq{3n�¼DnÁÀ�'�Ã�ÆÁ�:'39�� �o� ) )

∫

I

∫ 1

0

ψI,ε∂τφ dydτ −
∫

I

∫ 1

0

y
ṡ

s
∂yψI,εφ dydτ

−
∫

I

∫ 1

0

1

s2
∂yψI,ε∂y [aεφ] dydτ =

∫

I

∫ 1

0

fφ dydτ,
' 9ã�D�ª�o� )

�ypykÒzªÀá�z<¾�¾×nji»n ¹ p�ÅD¼§km¼¿n
ε→ 0

	�{�iln�¼´Ã�¼§{�v�n ¹ zon
∂y [aεφ] → ∂y [aφ]

¼D{
L2(I×(0, Q))'

(0, Q)
¼´¾«n ¹ pÒ¾�Ä�á�á:ilg�nioÆ

φ
)��B�Tn~ÆÞilÅ§ÅDi�� ¾«n ¹ z�n

ψI,ε
Ãwzo{8�ãpÒgjpqá�Å´zlÃqpwâ���À

ψI
v<¼D½�¼§{�v

' 9ã� �l�
)��
�¢{çn ¹ p Ãwzl¾�p)ilÆ:á�zlgànP��� 	ªnjz"�<pyn ¹ p�Å§¼Dkm¼Dn

ε→ 0
¼D{�'39��§�l�l� ) 	�� ¹ pwg�p

aε ≡ ε
�4Çé¾àn�¼§kmzon�pn ¹ pÅ§z<¾Án�n�pwg�k�il{³n ¹ pÅ ¹ ¾D��À

Jε :=

∣∣∣∣ε
∫

I

∫ 1

0

1

(L− s)2
∂yψII,ε∂yφ dydτ

∣∣∣∣ ≤ εC

∫

I

∫ Q

0

|∂yψII,ε| dydτ ≤ εC,'39��§�s�·� )
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â·Ä�p~n�i?' 9ã�D�<� ��)��O. i<g�pwi�½lpwg#	 �)pÄã¾àp~n ¹ p�Ã�i<{3½<pqgjvlpw{�Ã�ps¾

ψII,ε → ψII
zo{ãâ

Jε → 0
ÆÞilg

ε→ 0
¼§{ ' 9ã�D�<�l�%)��/A ¹ ¼§¾ Ãqilkmá�Å§p�njpw¾yn ¹ pá�g�i�ilÆÁ�

�³É3ÎÏË·Ì � ��� - � � � �:���ç±:�j�l¤q¦D� � 	 ��� � �  ��¥ª� ¤j���q�!���T�o¶·¦D¥o��� �s�j� ¤ � ¥©¨w�´�q���w�q��� �©�¢�q� �
ε∂2

xψ
� �@���ç�����������;±��o�:�������Ò¨s�´�q�j�s�q��� �1�q��¦W¶·�;� ��� {ψI,ε

�
ψII,ε}

�����ã¨ª�q���3�����T�1�Þ���~¨�¥���� ¥ ��;� ���@¥�¦6���@� � �×��� ��� �é��l� �h�@�¥ª��¥1¨s�´�q�j������� �ç�q��¦W¶·�;� ��� � � �³�Þ�����Þ������� �Ò�Á� �ç��¶��jµ<��¨�Þ���¶·�ã� ��¶��q�:�����Ò�à�m�����ä�q���;���j± � 	;¨s�´�q���w�q��� �� �q��¦¿¶·��� �o�Ø�´��±:���o¨ª��� � �ç���é�q¨ª�q� ����¶·�¡�q¦�¦W� ±:�;� �±�¥����>������¥o�T���y�Þ���»�j�o��¨������;��¨ª�»�¢��� � �×�·� �j�Ò�´�)�������o¶·¦D¥o� 	¢¤�����¥�¶��q�»�à�
∂xa(s(t), t) = −∞ ¥o�:� �Þ���´�m�´�Ò�:�o� ���:�q¦W¶��l��� ��������� � � � ¥����°��¥ª�q�ä�o¶·�1�ã¶��m�q��� ��¥�¦)¥�±l±@��� �<� �Ò¥��;� ���*�j�o���¨����;�<�����T�ä�Þ���ç¨w�´�q���ª����� �¡�q��¦¿¶·��� �o� 	Á¥ª�ç�<���é�:���m���q��� ¡¶·�@�l�q���Þ���1¥ª����¶�� ±@��� �o�'�Þ��¥o�y�Þ���

�é��¥wµ �q��¦W¶·�;� ���Ø�¢� 	 ��� � �� � 	 ��� � �  �´�1¶·�ã� ��¶�� � � ¶·�1�����ã¨ª�q���3���@�j�¡������¶·¦¿���´�Ò�o��¦�� ¶s±Ï�¢�¥}��¶�¤��q���q¶��q�:���ä�à� {∆l}
� � �m�����Ò¨�¥���� ¥��;� ���@¥�¦é���o¦W¶·�;� ���Ø�´�Ò¶·��� �q¶�� � ������� �Þ���³�����¿�l���:¥�¦�q����¶��q�:��� {V ∆l ,W∆l} �´� ������¨��q���o����������� l → ∞ �

� ��� � ��� � ��� "$� "$����� ����� ������� ����� "$�

$ {¡zlâ �Ái<¼D{3n£kmp�n ¹ i�â ¹ zl¾L�:pqpq{¡â�pq½lpwÅDi<áãpsâ�ÆÞi<gh¼§{3½<pqg�¾àp�zo{�{�pwzlÅD¼§{�vâ·¼I!:Ä�¾�¼§il{má�gji���Å§pqkÒ¾w�
A ¹ pçzlâ �Ái<¼D{3n»kmp�n ¹ i·â �)i<g��·¾E�ypqÅ§Å 	:zl¾»¼§¾ Ãqil{ �ãg�kmpwâ ��À³pHG·áãpwg�¼§kmpq{3n 9ã� 9ã�D�
	�zo{�â}ÆÞgjilkn ¹ ppHG·á:pqgj¼Dkmpq{3n�¾�¼D{}n ¹ p{�pHG�n(- ¹ zlá·n�pwgw�

�»i��)pw½lpqg%	�¼§{�á�g�zlÃ�n�¼´Ã�p>ÆÞilg4â·¼I!:Ä�¾�¼§il{�zo{�{�pwzlÅD¼§{�v»zl{�p+G�n�g�z â·¼ �ÒÃqÄ�ÅDnÁÀ«¼´¾6pw{�Ã�i<Ä�{3n�pqgjpwâ6�
A ¹ p1Ã�i3¾Án nji¡vlpqn«p+G�á:pqgj¼§k1pw{3njzoÅ×½�zoÅ§Ä�pw¾

C∗(x, t)
i�½lpwg�n ¹ pçpq{3n�¼§gjp ¾àpqn�Ä�á n�¼§k1p ÆÞg�i<k �njiä� ¹ i<Ä�gj¾ ¼§¾«á�gji ¹ ¼ ��¼Dn�¼§½lpl� $ ½lpqg�¾�¼Di<{³¼´¾ {�pwpwâ·psâ n ¹ z�n n�z"�lps¾»â·¼´¾jÃ�gjp�n�pkmpszl¾�Ä�g�pwkmpq{3nnj¼Dkmpw¾¡¼D{3n�i z<ÃqÃ�i<Ä�{3n#	h¼;� pl�

C∗(x, ti)
	
i = 1, . . . , L

� A)À3á�¼§ÃwzoÅ§ÅDÀ
	hkmpwzl¾�Ä�gjpqkmpq{3n�¾1zlg�pi
�·njzl¼D{�psâ z�n�n�¼§kmpw¾
5
km¼D{ 	

30
km¼§{C	

1
¹ 	

3
¹ �OA ¹ ¼´¾»â·i�pw¾ {�ion»zlÅDÅ§i�� nji¡Ã�il{ã¾Ánjg�Ä�Ã�n pl� v���zá�¼§pwÃqp+��¼´¾àp~Å§¼D{�pwzog zlá�á�gji G·¼DkÒz�nj¼Di<{ä¼§{änj¼DkmpilÆ

f(x, t)
�

A ¹ pz��ãi�½<p«n ¹ pqi<g�À¡Ãwzo{ �:p�zlâ�zlá·n�psâQ��À¡Ä�¾�¼§{�vÒ¼D{ ¾àn�pszlâ ' 9��§�w� )yz1Ãqi<¾àn�ÆÞÄ�{�Ã�nj¼Di<{�zoÅv<¼D½<pq{��3À

F̃ =

M∑

i=1

∫

Ω

[C(x, ti,p) − C∗(x, ti)]
2 dx

=

∫ T

0

∫

Ω

[

M∑

i=1

δ(t− ti)][C(x, t,p) − C∗(x, t)]2 dxdt,

� ¹ pwg�p
δ
¼´¾«n ¹ pm�»¼§g�zlÃ ÆÞÄ�{�Ã�nj¼Di<{6�BA ¹ pwilgjpqk 9��§�l�§�çÃ ¹ zo{�v<pw¾»¾�Å§¼Dv ¹ njÅDÀ
	 ¼D{°n ¹ zon«n ¹ pmg ¹ ¾ilÆE'39��§�l�%)é¼´¾�{�i���v<¼D½<pq{��3À −f̃(x, T − τ)

��¼Dn ¹

f̃(x, t) =
M∑

i=1

2 (C(x, ti,p) − C∗(x, ti)) δ(t− ti).
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Â4¼Dv<Ä�gjp 9�� �·r Â�Ä�{ãÃ�n�¼§il{
χ2(p)

ÆÞi<g
p̂ = (2.5, 1.5)

� 
åp�Æ�nä¼´¾1n ¹ p
p2

N¢z�G·¼´¾+	)g�¼§v ¹ nmn ¹ p
p1

NTz"G·¼§¾w�PA ¹ p�Ã�i<{<njilÄ�g�Å§¼D{�pw¾�zogjp�ÆÞilg�n ¹ p½�zoÅ§Ä�pw¾���� �,	 ��	�� 	 �s�,	��l�1zl{�â}�l���

A ¹ ¼´¾ÒkÒz"�<pw¾çn ¹ p ¼§kmá�Å§pqkmpq{3njzon�¼§il{!ioÆ«n ¹ p Ãqi<¾ànjzon�p kmp�n ¹ i�â kmilgjp Ã�i<k1á�ÅD¼´Ãqzon�pwâC	)zl¾n ¹ p�zlâ �Ái<¼D{3n p��3Ä�zon�¼§il{ ¹ zl¾E�:pwÃqilkmp�zmÃ�i<{3½<pwÃ�n�¼§il{ N¢â·¼I!:Ä�¾�¼§il{äp �3Ä�z�nj¼Di<{C	,��¼Dn ¹ g�pszlÃ�n�¼§il{il{�ÅDÀ z�nm¾àá:pwÃq¼J�:ÃÒn�¼§kmpw¾àn�pwá�¾q� ;©p³á�Å´zo{Øn�i°¼§kmá�Å§pqkmpq{3n1n ¹ p³á�g�i·Ãqpwâ·Ä�gjpÒÆÞi<g n ¹ p}Ãwzl¾�pioÆ�â·¼´¾�Ãqg�pqn�pçn�¼§kmpÒk1pszl¾�Ä�gjpqkmpq{3nj¾�¼§{©n ¹ pm{�pszog~ÆÞÄ·njÄ�g�p<���¢{'n ¹ ¼´¾�n ¹ ps¾à¼´¾=�)pÒzlá�á�Å§À n ¹ p
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D(C) := (p + 1)Cp ��A ¹ päÆÞÄ�{�Ã�nj¼Di<{
C∗(x, t)
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D(C,p) = p1C

p2
	
p = (p1, p2)

	�n ¹ p�kmp�n ¹ i�âä¼§¾yp+G�á:pwÃ�n�psâÒn�imÃ�i<{�½lpqgjvlp�nji n ¹ p�pHG�zlÃ�n¾�ilÅ§Ä·n�¼§il{
p̂ = (p+ 1, p)

�
A×iÏpq½�zlÅDÄ�zon�p'n ¹ p®zoÅ§vli<g�¼Dn ¹ k�	M�)p®Ã�i<k1áãzogjp n ¹ p ÃwzoÅ´Ã�Ä�Å´z�njpwâ*½�zoÅ§Ä�p©ioÆ ∇pF(p)

	



	���� �çÖ×Ë�Ê×ÍsÉ<Ì ��� 
 Ð /:É<Ì�ßsÉ Ê4ÌªÑ54>Û É�ÎØß1Ù Ð!Ë�Ð4Ð×É�Ë�Û�Ù Ð�� �4Ù 2 ×ßsÙ Ñ:Ð
'39�� � 8
)H	·¼D{ ¾�ilkmp~áãi<¼D{3n�¾+	 ��¼Dn ¹ n ¹ pá�ÅDiln ioÆ×n ¹ p

χ2(p)
N�ÆÞÄ�{�Ã�nj¼Di<{ â�pH��{�psâ��3À

χ2(p) =

M∑

j=1

N∑

i=0

(C(xi, tj ,p) − C(xi, tj , p̂))
2
,

� ¹ pwg�p
C(xi, tj)
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χ2 ��¼DÅ§Å ¹ zª½lpçn ¹ p¾jzokmp �3Ä�zoÅ§¼¿n�z�nj¼D½<p(�:p ¹ zª½3¼§ilÄ�g�z<¾ F 	:' 9��§�w� )��

�¢{ Â4¼§v���9ã� � �yp ¹ zª½<p~á�ÅDilnànjpwâ
χ2(p)
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	�¼§{ z¡¾jzokmá�Å§pioÆ
��¼´â�n ¹

X = 15
	�n ¹ z�n Ä�{ãâ·pqg��)pw{3n»â·¼J!@Ä�¾�¼Di<{ â·Ä�gj¼D{�v
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χ2(p) < 1
	/��¼¿n ¹ k1¼´â·á:il¼§{3nB�ãpw¼D{�v n ¹ pkm¼§{�¼DkçÄ�k

p = (2.5, 1.5)
	lzo{ãâ�n ¹ p�g�pwvl¼§il{B� ¹ pqgjp

1 < χ2(p)
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∆t = 0.1
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p1 p2 −∇pF
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N = 202
	
∆t = 0.05
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p1 p2 −∇pF
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A4z"��Å§p 9ã�D�<r)xhzlÅDÄ�ps¾ ilÆ −∇pF
zl{�â gji3iln NTkmpwzo{ ¾ �3Ä�zogjppqgjg�i<g�ÆÞilg�¾àpw½lpwgjzlÅ á�zog�zokmp�njpqg�N¾�p�n�¾q�

�¢{�A×z���ÅDp 9ã�D��¾àpw½lpqg�zoÅ:½�zoÅ§Ä�pw¾yilÆ −∇pF
zlg�p�á�gjpw¾�pq{3n�psâ �PA ¹ pw¾�p<�ypqgjp»i
�·njzl¼D{�pwâ��3Àkmpwzl{�¾çioÆ�n ¹ p³â·pw½lpqÅ§ilá:pwâØ{3Ä�k1pwg�¼´ÃqzlÅékmp�n ¹ i·â 	 � ¹ pwg�p

∆t = 0.1
¾àpsÃ¡zo{�â2� ¹ pqgjp³zl{p �<Ä�¼§â·¼´¾ànjzo{3n~vlgj¼§â���¼¿n ¹
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∆t
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��Ä�n»il{�Å§ÀÒnjimn ¹ p�â·¼´¾jÃ�gjp�n�¼ 7wzon�¼§il{}ioÆ −∇pF
	 ' 9ã� �;8
)�� $ Å§Åå½�zoÅ§Ä�pw¾�Ãqilgjg�ps¾àá:il{ãâQ��¼Dn ¹ n ¹ p
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pHG·á:pwÃ�n�pwâ}i<{�pw¾yÆÞgjilk�Â×¼§v�� 9ã� ��� A ¹ ¼´¾�¼D{ãâ·¼§Ãwz�njpw¾yn ¹ z�n»zoÅ§Å6¼§{�½lpqg�¾�p«kmp�n ¹ i·â�¾D� ¹ ¼´Ã ¹ zogjp
��z<¾àpsâäi<{³n ¹ pi���njzo¼§{�psâä½�zoÅ§Ä�p�ÆÞilg ∇pF
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p̂
�
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vlgj¼§â�áãi<¼D{3nj¾w�OA ¹ p�Ã ¹ zo{�v<p�¼§{ −∇pF

¼§¾ ¾�kÒzoÅ§Å 	
��Ä·n�n ¹ pgji3iln NTkmpwzo{}¾ �3Ä�zlg�p~pwg�gjilg=' t>.81,)�z�n

(2.5, 1.5)
ÃqÅDpszogjÅDÀ¡â·psÃ�gjpwz<¾àps¾q�
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6pw½lpw{ �:pqgjv"N . zlg �3Ä�zlgjâ�nykmp�n ¹ i�â il{}n ¹ pçâ�z�n�zÒâ·pqá�¼´Ã�njpwâ ¼§{ Â4¼Dvã�ã���§�l�<�&A ¹ p�â�¼J!@Ä�¾�¼Di<{Ã�i�p��ÒÃq¼Dpw{3nB�yz<¾ Ãqil{�¾àn�gjÄ�Ã�njpwâ ��¼Dn ¹ � ÃqilÄ�á�ÅDps¾

(Ck, pk)
	L� ¹ pqgjp

C1 = 0.8 10−5 zl{�â
C8 = 1.7, 10−5 � $ ¾�¼§{�¼Dn�¼´zoÅé½�zlÅDÄ�ps¾~ÆÞilg�n ¹ p¡áãzog�zokmp�njpqg�¾
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�ypmn�i�i��°n ¹ päâ�¼J!@Ä�¾�¼Di<{½�zoÅ§Ä�pw¾�ÆÞg�i<k � �l��
 	·n ¹ p�1�¼INTÂ�p¼D{3n�pwgjâ�¼J!@Ä�¾�¼Di<{�'
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A ¹ p�¼Dkmá:ilg�njzl{�Ã�p�ioÆ×â�Ä�zoÅIN �ypqÅ§Å:pHG·áãpwg�¼§kmpq{3nj¾)¼´¾én ¹ pâ·p�njpqgjkm¼D{�zon�¼§il{¡ilÆ6n ¹ p�á�g�i<áãpwgànj¼Dps¾ioÆ4n ¹ p�¾àÄ,�ã¾àÄ�g�Æ zlÃqp�	·¾�pqp $ á�áãpw{�â·¼IG�K*ÆÞi<g zo{}i�½lpwg�½�¼§p+��
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	on ¹ p Ã�il{ãâ·Ä�Ã Nn�¼§½�¼¿nÁÀ
k
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��i��2��¼§ÅDÅ�zlá�á:pwzogL�:p�n��ypqpw{ n ¹ pyn��)i�ÅD¼§{�ps¾+	lzoÆ�n�pwgP� ¹ ¼§Ã ¹ z»n�g�zlÃ�pwg£Ãqzo{��ãp�¼§{��ÁpsÃ�n�psâ¼D{3njiçn ¹ p�z �3Ä�¼DÆÞpqg�ÆÞgjilk�z��ypqÅ§Å ¼§{³n ¹ pkm¼§â�â·ÅDpilÆ×n ¹ pgji���
�¢{°zlÅDÅ×ioÆ£n ¹ pw¾�p�pHG·á:pqgj¼Dkmpw{<n�¾+	:il{�p�i��·n�zo¼§{�¾»zä¾àiäÃwzoÅ§ÅDpsâ���gjpwz��¡n ¹ g�i<Ä�v ¹ ÃqÄ�g�½<p ' � � �*)ÆÞgjilk � ¹ ¼§Ã ¹ zoÅ§Å ¼§{·ÆÞilgjkÒz�n�¼§il{}{�pwpwâ�¾ynji��ãpp+G3njgjz<Ã�njpwâ �Â�ilg�n ¹ p�¼D{�½<pqg�¾àp~á�gji���Å§pqk �)p�¾ ¹ zoÅ§Å6kmpwz<¾àÄ�g�p�n ¹ pn�¼§kmp�pq½<ilÅ§Ä·n�¼§il{}ioÆ>n ¹ p�Ã�il{ãÃ�pq{,Nnjgjzon�¼§il{

C(1)(t)
¼D{³n ¹ ppHG�n�g�zlÃ�n�¼§il{��)pwÅDÅ6â·pwáãpw{�â·¼§{�vÒil{³n ¹ p�Ã�il{ãÃ�pq{3njgjzon�¼§il{äpw½li<ÅDÄ·nj¼Di<{

C(2)(t)
¼D{ n ¹ p�¼§{��ÁpwÃ�n�¼§il{?�ypqÅ§Å 	ã¾�pqp - ¹ zlá·n�pwg«�·�>A ¹ p zª½lpwgjzlvlp~Ã�il{ãÃ�pq{3njgjzon�¼§il{ z�n»i<Ä·n N

��i�� ¼´¾~n ¹ p³zlâ·½<pwÃ�nj¼D½<p1n�g�zlÃ�pwg�kÒzl¾j¾ ��i�� áãpwgç¾�pwÃ�i<{�â©¼D{©n ¹ p �ypqÅ§Åhi�½lpwg~n ¹ p¡½<ilÅ§Ä�kmpilÆ/��z�njpqg ��i���¼§{�v1áãpwg»¾àpsÃ�i<{�â � A ¹ pkÒzl¾j¾�¼§{³n ¹ p�¾�Ä,��¾�Ä�gàÆ z<Ã�p~¼´¾�n ¹ pkÒz<¾�¾�¼§{}n ¹ p
xy

Ná�Å´zo{�p«nj¼Dkmps¾yn ¹ p ¹ pw¼Dv ¹ n�zl{�âäá:ilgj¼´¾à¼DnÁÀ�	
θ0h ���

	�¾àpwp 1·pwÃ�nj¼Di<{ ��� ���PA ¹ pqgjp�ÆÞi<g�p
	�â�pq{�iln�¼§{�v
��À

p
n ¹ p1á�zog�zokmpqn�pqg�¾«il{�� ¹ ¼§Ã ¹ n ¹ p1kmi�â�pqÅ 	6zo{�â ¹ pq{�Ãqp n ¹ p���gjpwz"�}n ¹ g�i<Ä�v ¹ Ã�Ä�gj½lp
	â·pwáãpw{�â�¾#	

C(1)
p (t) =

∫
δBr1 (−d,0) θ0h ��� Cp(x, y, t)(n · v) ds

∫
δBr1 (−d,0)

θ0h ��� (n · v) ds

=

∫
δBr1 (−d,0)Cp(x, y, t)(n · ∇Φ) ds

∫
δBr1 (−d,0)

(n · ∇Φ) ds

'����D� )

=

∫ π

0
2(cosh v(1)−cos u)

δ Cp(u, v
(1), t)(∂vΦ̃(v))

√
(x′(u))2 + (y′(u))2du

∫ π

0
2(cosh v(1)−cos u)

δ (∂vΦ̃(v))
√

(x′(u))2 + (y′(u))2du

=
1

π

∫ π

0

Cp(u, v
(1), t)du.
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� pwg�p
n
â·pw{�ionjpw¾)n ¹ p«i<Ä·n��yzlgjâ¡{�ilgjkÒzoÅ@½lpsÃ�n�i<g)i<{¡n ¹ p<�:ilÄ�{�â�zogjÀ

∂Br1(−d, 0)
ioÆ6n ¹ pÃ�¼§g�Ã�Å§p ��¼¿n ¹ gjz<â·¼§Ä�¾

r1
Ã�pw{<njg�psâ®z�n

(−d, 0)
� A ¹ p¡¼§{�â·pHG

p
¼´¾n ¹ p¡kmi·â·pqÅ)á�zog�zokmp�njpqg½lpsÃ�njilg%	<p<� vã�

p = (k, αL, αT )
�L�TÆ

p
¼´¾yvl¼§½lpw{C	

C
(1)
p (t)

Ãwzo{Q�:p~Ã�ilkmá�Ä�n�pwâ¡ÆÞg�i<k '���� 9 9 ) N
'���� 9 �
)�� A ¹ Ä�¾�'����D� )�¼´¾�n ¹ p}il{�Å§À®k1pszl¾�Ä�gjpqkmpq{3n ¼§{·ÆÞilgjkÒz�nj¼Di<{ n ¹ zon �yp³¾ ¹ zlÅDÅyÄ�¾�pä¼§{n ¹ p¼D{�½lpwgj¾�p�á�g�i
��Å§pqk � � iln�p�n ¹ zon�n ¹ ¼´¾�nÁÀ�á:p�ilÆ4kmpszl¾�Ä�g�pwkmpq{3n�¼§¾�½<pqgjÀ¡â·¼J!@pqgjpq{3n�ÆÞgjilkn�i1n ¹ i<¾�p«¼§{?- ¹ zoá·njpqg 9 	 � ¹ pqgjp«p+G�á:pqgj¼§k1pw{3njzoÅ@½�zoÅ§Ä�ps¾)i�½<pqg)n ¹ p~pw{<nj¼Dgjp~â·ilkÒzo¼§{Q� ¹ pqgjpvl¼§½lpw{6�P� pwg�p
	�il{�Å§Àäzl{³¼§{3n�pqv<gjzlÅ@i�½lpqg�z1á�zlgàn�ioÆ4n ¹ p �ãi<Ä�{�â�zlg�ÀÒ¼´¾D��{�i���{6�

A ¹ pÒzoá�á�g�i G·¼§kÒz�n�¼§il{©¾�Ã ¹ pqkmpÒâ·pq½<pqÅ§ilá:pwâ'¼D{ - ¹ zlá·n�pwg �Q��zl¾~z<ÃqÃ�Ä�gjzon�pmzo{�â'Æ zl¾ànw�
A ¹ ps¾àp1zogjp~n ¹ pçkmzl¼D{'Ã ¹ zog�zlÃ�n�pqgj¼´¾Ánj¼§Ãw¾�{�pqpsâ·pwâ njiä¾�ilÅ§½lp¼§{3½<pqg�¾àpá�g�i
��ÅDpwkÒ¾q� $ ÃwÃ�Ä�g�z�njp
��Ä·n~¾àÅ§i�� ¾�Ã ¹ pwkmpw¾D��¼§ÅDÅåÆ zo¼§Å6njiÒi��·n�zo¼§{ zo{�¾��)pwgj¾�¼§{ zÒgjpwz<¾ài<{�z"��Å§p«n�¼§k1p
	*� ¹ pqgjpwzl¾�Æ zl¾àn
��Ä·n Å§pw¾j¾ z<ÃqÃ�Ä�gjzon�p�k1pqn ¹ i·â�¾>��¼DÅ§Å á�gji�½3¼´â·p~{�i<{ N;gjpqÅ§¼´z"��Å§p�zl{�¾��)pwgj¾w�

;©pä{�i�� á�gjpw¾�pq{3n ¹ i�� n ¹ p³â·pw½lpqÅ§ilá:pwâ®¾jÃ ¹ pqkmpäÃwzo{ �:päi<á·n�¼§kÒzoÅ§ÅDÀ©Ä�¾�pwâ©ÆÞilgçá�z�Ng�zokmp�njpqg�¼´â·pq{3nj¼J�ãÃwz�nj¼Di<{C	å¼§{�½li���¼§{�v}n ¹ p¡n�pwÃ ¹ {�¼ �3Ä�ps¾pHG·á�Å´zo¼§{�psâ'¼§{ $ á�áãpw{�â·¼IG -«��;'p¾ànjzog�nO��¼Dn ¹ n ¹ p 
åpq½<pq{ �ãpwg�v�N .°zog �<Äãzog�â�n4kmpqn ¹ i·â¡zlá�á�Å§¼Dpsâmn�in ¹ p«â�Ä�zoÅIN �ypqÅ§Å;���»pHG�n#	 �ypâ·pw½lpqÅ§ilá zÒÃ�i3¾Án�z�njp�kmpqn ¹ i·â}ÆÞilg�n ¹ ¼´¾»¾�p�n NTÄ�á6�&A ¹ pw¾�p~g�ps¾àÄ�ÅDnj¾ ¹ zª½lp=�:pqpq{ á�Ä ��ÅD¼´¾ ¹ pwâ}¼§{
� ��� 	59�� 
T�yt pwÃ�pw{3n�Å§À�	�n ¹ p z<â �Áil¼§{3n�n�pwÃ ¹ {�¼ �3Ä�p ¹ zl¾D�:pqpw{ pHG�n�pw{�â·psâ}n�iÒ{�i<{ N;p �3Ä�¼DÅ§¼ ��g�¼§Ä�kzlâ�¾ài<g�á·nj¼Di<{Øzo{�â n�i n ¹ päÄã¾àp³ioÆ»z°â�¼J!@pqgjpq{3nçá:pq{ãzoÅDnÁÀ'ÆÞÄ�{�Ã�nj¼Di<{ ��À 6ã�>|z�3�Ä�gçzo{ãâ26��
K�z"��Ä ��� �li�½�0ç¼D{ � �<� 
T�

����� � �$� ��� " 
!��� �	���� � ���� � � ��� ���!� ��� " ��� " 
 � �

Â�i<g¡n ¹ p'¼§{�½lpwgj¾�p á�gji���Å§pqk �)p���g�¾ÁnäÄã¾àp°n ¹ p 
6pq½<pq{ �:pqgjv"N . zog �3Ä�zog�â�nmk1pqn ¹ i·â � $ ¾ilÄ�g¡á�zog�zokmpqn�pqg�¾Òzogjp ¼§{
R

+\{0} �yp ilá·nj¼Dkm¼ 7qp n ¹ p Å§ilv3zogj¼¿n ¹ k ilÆ«n ¹ p á�zlgjzlk1pqn�pwgj¾¼§{�¾Ánjpwz<â¡ioÆån ¹ p�á�zog�zokmpqn�pqg�¾£n ¹ pqkÒ¾�pqÅ§½lps¾q�PA ¹ ¼´¾ ¹ zl¾én ¹ p(�:pq{�p+��n�n ¹ zon)n ¹ p«áãzog�zokmp�njpqg�¾Ãqzl{�{�ilnéz�nàn�zo¼§{Ò{�pqv3z�nj¼D½<py½�zlÅDÄ�ps¾+	3zo{�â1n ¹ z�n£n ¹ p»¾àn�pwá�¾à¼ 7qp»¼§¾hzlÅI��zªÀ·¾>g�pwÅ§zon�¼§½lp<�:A ¹ Ä�¾#	��yp¼§{<njg�i·â·ÄãÃ�pzmáãpw{�zoÅDnÁÀÒÆÞÄ�{ãÃ�n�¼§il{

F(p) =

N∑

i=1

(C(1)
p (ti) − Ĉ(1)(ti))

2,

� ¹ pwg�p
Ĉ(1) ¼§¾én ¹ p�kmpszl¾�Ä�g�psâ � � � zl{�â C(1)

p
¼´¾)n ¹ p~Ã�i<{�Ã�pw{<njgjzon�¼§il{¡¼§{¡n ¹ p�pHG�n�g�zlÃ�n�¼§il{

�ypqÅ§Å�Ãqilgjg�ps¾àá:il{ãâ·¼D{�v�n�i�z»á�zlgjzlkmp�n�pwg×¾�p�n
p = (p1, . . . , pn)

zl{�âi���njzo¼§{�psâ�{�Ä�kmpqgj¼§ÃwzoÅ§ÅDÀÆÞgjilk�'���� 9 9 ) N '���� 9 �
)��/13n�zog�n�¼§{�v�ÆÞgjilk"zo{ä¼D{�¼Dn�¼´zoÅ:á�zlgjzlk1pqn�pwg)¾�p�n
pk 	�z {�p+� ¾�p�ny¼§¾)vl¼§½lpw{

��À
pk+1

j = pk
j +

[
1

JT
k Jk + λI

(JT
k Dk)

]

j

pk
j .

'���� �
)
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(Jk)ij = pj∂pjC
(1)

pk (ti)
n ¹ pØÅDi<v<zlg�¼Dn ¹ km¼´Ã 6<z<Ã�i
��¼§zl{C	

(Dk)i = C
(1)
p (ti) −

Ĉ(1)(ti)
zl{�â

λ
¼´¾éz�á�zog�zokmp�njpqg � ¹ ¼§Ã ¹ ¼´¾h¼§{�¼Dn�¼´zoÅ§ÅDÀmÃ ¹ i<¾�pq{mp �<ÄãzoÅ·njiBAåg

(JT
k Jk)/

Aåg
(I)

	¾�pqp � �o��
;�L�TÆ6n ¹ p»{�p+�*á�zlgjzlk1pqn�pwg)¾�p�n)v<¼D½<pw¾ég�¼´Ã�p»n�içzç¾àkÒzlÅDÅ§pqg)áãpw{�zoÅDnÁÀ1ÆÞÄ�{�Ã�nj¼Di<{¡½�zoÅ§Ä�p�	¼Dn4¼´¾×g�pqnjzo¼§{�psâ 	�zo{�â
λ
¼´¾×â·¼§½�¼§â�pwâ���À~zo{�pw½lpwgå¼§{�Ã�gjpwz<¾à¼§{�v ¼§{3n�pqv<pqg4¾ài»z<¾6nji»v<p�n �3Ä�z<â·g�z�n�¼´ÃÃqil{�½lpwg�v<pq{�Ãqpl� �¢{}n ¹ p~ion ¹ pqg Ãqz<¾àp
	�n ¹ p~á�zlgjzlkmp�n�pwg�¾àpqn�¼´¾ â·¼´¾jÃqzog�â·psâ 	·zo{�â}zo{�iln ¹ pwg�¾àpqn¼´¾ ¾�ilÄ�v ¹ n>��¼Dn ¹ z1Å´zogjvlpwg

λ
½�zoÅ§Ä�pl� A ¹ pá�gji·Ã�pw¾j¾�¼´¾»¾àn�ilá�áãpsâ�� ¹ pq{

λ
�:pwÃqilkmpw¾�Å´zogjvlpwgn ¹ zo{ z1á�gjpw¾�p�n�½�zoÅ§Ä�p

λ  ���
�

A ¹ pkÒzl¼D{ z<â·½�zo{3njzlvlp~ioÆ>n ¹ p 
6pw½lpq{ �:pqgjv"N . zog �3Ä�zog�â�nyk1pqn ¹ i·â ¼´¾ ¼Dnj¾»g�i
��Ä�¾àn�{�ps¾�¾w�
�»i��)pw½lpqg%	�n ¹ p {�Ä�kmpqgj¼§ÃwzoÅåâ�p�n�pwg�km¼§{�z�nj¼Di<{ ioÆ>n ¹ p�6<z<Ã�i���¼§zl{}Ãwzo{ ¹ zª½<p�z ¹ pwzª½�Àäá�g�¼´Ã�p
	ps¾àá:pwÃq¼§zlÅDÅ§À�� ¹ pw{©n ¹ p¡¾�ilÅ§Ä·n�¼§il{®ilÆ)n ¹ p¡â·¼§g�psÃ�n�á�gji���Å§pqk ¼§¾�pqÅ´z"�:ilg�z�n�p
	åzo{ãâ°n ¹ pqgjpÒzogjpkÒzo{�ÀÒá�zlgjzlkmp�n�pwgj¾w�>Â�ilg�pw½lpwg�Àmá�zlgjzlk1pqn�pwg

pi
	�zl{³p+G3njgjz1â·¼§g�psÃ�n�gjÄ�{���¼Dn ¹

pi + ∆pi
¼´¾{�pwpwâ·psâ³n�imi��·n�zo¼§{

(Jk)ij
�

����� � �$� � � "�
�� ��� � � ��� " ������� "$� � � ��� " 
 � �

$ ¾~k1pw{3n�¼§il{�psâ��:p�ÆÞi<g�p
	 n ¹ pÒz<â �Áil¼§{3n~p �3Ä�z�nj¼Di<{°kmp�n ¹ i·â©â�p�n�pwg�km¼§{�pw¾«n ¹ pÒvlg�zlâ·¼§pq{3n�ioÆn ¹ p�Ã�i3¾Án�ÆÞÄ�{�Ã�n�¼§il{�zlÅ6¼§{³njpqgjkÒ¾�ioÆ4n ¹ pá�zlgjzlkmp�n�pwgj¾w�PA ¹ ¼´¾�vlg�zlâ·¼§pq{3n Ãqzl{än ¹ pq{ �:pÄ�¾àpsâ¼§{Øzo{®¼Dn�pqg�z�nj¼Di<{���zl¾�pwâ®kmp�n ¹ i·â zl¾~ÆÞi<g�pHG�zlk1á�ÅDp¡Ãqil{��ÁÄ�v3z�njpÒvlg�zlâ·¼§pq{3n�kmp�n ¹ i·â�¾+	>�«p
Kygji�À�â�pq{äkmpqn ¹ i·â�¾#	�p�n�Ão�Â�ilgmilÄ�g¡Ãqil{�½lpw{�¼§pq{�Ãqp��yp á�gjpw¾�pq{3nçn ¹ p â·psâ·Ä�Ã�nj¼Di<{!ioÆ�n ¹ p zlâ��Áil¼§{<nä¾�À·¾Ánjpqk ¼§{*z¾�ÅD¼§v ¹ njÅDÀ Å§pw¾j¾»Ã�i<kmá�ÅDp+G ¾àpqnàn�¼§{�vã�<;©pçz<¾�¾�Ä�kmp

D0 = 0
zl{�â

αT = 0
�<A ¹ ¼´¾�¼§¾»ÆÞpwz<¾à¼ ��Å§pz<¾yn ¹ ps¾àp�n��yi1áãzog�zokmp�njpqg�¾yzlg�p�½lpwg�À¡¾�kÒzoÅ§ÅåÃ�i<kmá�zogjpwâ¡n�i1n ¹ piln ¹ pwg�á�zog�zokmpqn�pqg�¾#	�zl{�ân ¹ pqgjp�ÆÞi<g�p ¹ zª½lp i<{�ÅDÀÒz�¾�kÒzoÅ§Åã¼§{���Ä�pq{�Ãqp«i<{mn ¹ p � � �å�%�<��¾�pqgj½lp�n ¹ z�ny¼¿n�¼§¾){�ilnéÆÞpwz<¾à¼ ��Å§pnji â·p�njpqgjk1¼§{�pmn ¹ pw¾�pmn��)i á�zlgjzlkmp�n�pwgj¾�¼§{®n ¹ pÒp+G·áãpwg�¼§kmpq{3n�Ä�¾�pwâ'n�i i
�·njzl¼D{®¾ài<g�á�n�¼§il{¼´¾àiln ¹ pwg�kÒ¾w�PA ¹ pqgjp�ÆÞi<g�p
	ln ¹ pqÀ}â·iç{�ion�á�Å´zªÀ¡z gjilÅ§p«¼§{}n ¹ pÃqil{�¾àn�gjÄ�Ã�nj¼Di<{äilÆ6n ¹ p�z<â �Áil¼§{3n¾�À·¾Ánjpqk �Â�g�i<k '���� �3��) 	�n ¹ p~á�gji���Å§pqk"nji��ãp�¾�ilÅ§½lpsâ¡¼´¾

∂t (C + B(p1, C)) = g(u, v)∂v(2p2λA∂vC)} + g(u, v)Aγ∂vC,
'���� � )

� ¹ pwg�p
p1

zlg�p�n ¹ pá�zog�zokmpqn�pqg�¾y¼D{}n ¹ pn�¼§kmp�â·pqgj¼§½ªzon�¼§½lp
	·pl� v��·ÆÞi<g Â�gjpqÄ�{�â�ÅD¼´Ã ¹
(K0, q)

	zl{�â
p2

	�p<� vã�
(αL)

	1zogjp®n ¹ pÏá�zog�zokmp�njpqg�¾ ¼D{ n ¹ pÏâ·¼I!@Ä�¾à¼§il{ áãzog�nw� Â�Ä�g�n ¹ pqgjk1i<g�p
	
B(p1, C) = %

θ0
Ψ(C)

zo{�â
g
¼§¾ z ��{�i���{³ÆÞÄ�{�Ã�n�¼§il{ â·pqá:pq{ãâ·¼D{�vÒil{

u
zo{�â

v
r

g =
4λ2

γ3θ0h ��� (v)
, λ = cosh v − cosu
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A ¹ p �:ilÄ�{ãâ�zogjÀäÃ�i<{�â·¼Dn�¼§il{�¾E�:pwÃqilkmp�	�¾�pqpB- ¹ zlá·n�pwg»� 	
(

2αLλA

γ

)
∂vC +AC = AC0(t)

il{
Γ1,

'���� 9 )
∂uC = 0

i<{
Γ2 ∪ Γ4, ∂vC = 0

il{
Γ3.

'���� �
)
A ¹ pá�zlgjzlkmp�n�pwgj¾

p = (p1,p2)
k Äã¾ÁnD�:pg�pqn�gj¼Dpw½lpwâ���ÀÒn ¹ p¼D{�½lpwgj¾�p�k1pqn ¹ i·â �

;©p�Ã�il{ã¾à¼´â·pqgyn ¹ páãpw{�zoÅDnÁÀ¡ÆÞÄ�{�Ã�nj¼Di<{C	

F(p) =

∫ T

0

(C(1)
p (t) − Ĉ(1)(t))2 dt ≈

N∑

i=1

∆ti(C
(1)
p (ti) − Ĉ(1)(ti))

2.
'���� � )

;©p{�i��
â·psâ·Ä�Ãqp~n ¹ p�Ãqilgjg�ps¾àá:il{�â�¼D{�v1Ã�i3¾Án�z�n�p~kmp�n ¹ i·â �
, ��� � + �0� 	 �'���#��" � "�� � � � � 	 �<"%� � � ) � ) �7��(
;©pá�g�i�½<p»n ¹ p~ÆÞilÅ§Å§i���¼D{�vã�
��Ö4É�Ñ�Ì�É�Î � � � � 	�� � �q�

C(u, v, t,p)
¤�� �Þ��� �q��¦W¶·�;� �����T�Ø�����1±:�j�l¤q¦D� � 	 � � �  � 	 ��� �� �

�×���q��� B �´�ç¥¡� �m�s���Þ���¶·�@���;� ����� t ∈ (0, T )
¥��@� F �´� �l� �h�@�j�}¤ � 	 � � �  � � �q�

ψ(x, τ)¤����Þ�����q��¦W¶·�;� ���®�Á�~�Þ���)����¦�¦D� �£���3� �����ã¨ª���q��� �o���à�o� ��¶���� ��� ���q¶�¥��;� ���
(1 + B′(p1, C(u, v, T − τ))) ∂τψ(u, v, τ) − ∂v2λAp2∂v(g(u, v)ψ(u, v, τ))

+Aγ∂v(g(u, v)ψ(u, v, τ)) = 0,
'���� ��)

�×���q��� B′ = dB(p,s)
ds

�
p = (p1, p2)

¥��:�
p2 = αL

�»¥�¦§���3� �£�����'�Þ���ä¤j�o¶·�:�<¥�� � �����:�o� ��;� �����
∂v(gψ) = 0,

���
Γ1,

'���� � )
∂uψ = 0

�)¥�¦§���3�
Γ2
¥��@�

Γ4
� '���� 8 )

2λAp2∂v(gψ)−gAγψ =
1

π2

∫ π

0

(
2
(
C(u, v, T − τ) − Ĉ(1)(T − τ)

))
du,

';�·�§�w� )
���

Γ3
�h�T�j�<�q�Þ���q� �£����� ���������ã����� ¥o¦×�����@�����;� ���

ψ(u, v, 0) = 0, (u, v) ∈ [u(1), u(2)] × [v(1), v(2)].
';�·�§�l� )

�@���q� �y�o�:�~��¥��
∇pF =

(
−
∫ T

0

∫

Ω

∂tψ∇p1B dV dt−
∫

Ω

∇p1B(0)ψ(0) dV,

∫ T

0

∫

Ω

2λA(∂vC)∂v(g(u, v)ψ) dV dt

)
,

';�·�§�s�
)



	�� � � Ö4Ë·Ê4ÍwÉ3Ì � � 
 Ð /ãÉ3Ì�ßwÉ Ê×Ì�Ñ544Û�É3ÎÏßçÓTÑãÌ¡ÍwÖ4É ��4Ë�Û � � É�Û ÛyÉ�� ÊéÉ3Ì�Ù ÎØÉ�Ð@Í
�×�������

ψ(u, v, t) = ψ(u, v, T − t)
�

�y�j�w�à� � $ ¾ z���gj¾àn ¾Ánjpqá �yp~â�pwâ·Ä�Ãqp~n ¹ p½�zlg�¼´z�nj¼Di<{
δF ioÆ×n ¹ p�Ãqi<¾àn�ÆÞÄ�{�Ã�nj¼Di<{�zoÅ;r

δF = F (p + δp) − F (p)

=

∫ T

0

[
(C

(1)
p+δp(t) − Ĉ(1)(t))2 − (C(1)

p (t) − Ĉ(1)(t))2
]

dt

=

∫ T

0

[
C

(1)
p+δp

2
(t) − C(1)

p

2
(t) − 2Ĉ(1)(t)

(
C

(1)
p+δp − C(1)

p (t)
)]

dt

=

∫ T

0

(
C

(1)
p+δp(t) − C(1)

p (t)
)(

C
(1)
p+δp + C(1)

p (t) − 2Ĉ(1)(t)
)

dt

=

∫ T

0

[
1

π

∫ π

0

δCp(u, v
(1)) du

][
1

π

∫ π

0

(
δCp(u, v

(1))+

2
(
Cp(u, v

(1)) − Ĉ(1)(t)
))

du
]

dt.

�»pqgjp�	L�)p ¹ zª½lpÒilkm¼Dnànjpwâ®n ¹ z�nmzoÅ§ÅéÃ�i<{�Ã�pw{<njgjzon�¼§il{�¾ â·pqá:pq{�âØil{
t
� �«g�i<á�á�¼§{�v ¹ ¼§v ¹ pwgi<gjâ·pwgyn�pqgjkÒ¾+	 �)p ¹ zª½<p

δF =

∫ T

0

∫ π

0

K(t)δCp(u, v
(1), t) dudt,

';�·�§�w� )
Ä�á}nji��ãgj¾àn ilg�â·pqg%	 � ¹ pqgjp

K(t) =
1

π2

∫ π

0

(
2
(
Cp(u, v

(1), t) − Ĉ(1)(t)
))

du.

�¢{ n ¹ p {�pHG�nä¾àn�pqá n ¹ p p��3Ä�zon�¼§il{ ¼D{!½�zogj¼´z�n�¼§il{ã¾m¼§¾ÒÄã¾àpsâØnji pqÅ§¼Dkm¼§{�z�njp
δC
ÆÞgjilk

';�·�§�w�
)��«Â4¼§gj¾àn«{�iln�p n ¹ zon»n ¹ pç¾�ilÅ§Ä·n�¼§il{°Ãqilgjg�ps¾àá:il{ãâ·¼D{�vmn�i¡n ¹ p áãzog�zokmp�njpqg�¾
p + δp

¼§¾
C + δC

zo{�â³¾�zon�¼´¾���ps¾='��·� �
) N5';�·�§�w� )��P1�Ä,��¾àn�g�zlÃ�nyp �<Äãz�n�¼§il{8'��·� �
)hÆÞilg
C + δC

ÆÞgjilk n ¹ pp �<Äãz�n�¼§il{³ÆÞilg
C
�hº«¾à¼§{�v

B(p1 + δp1, C + δC) = B(p1, C) + B′(p1, C)δC + ∇p1B · δp1 + H.O.T,

� ¹ pwg�p B′ = ∂B
∂C

	�zo{�â}{�pwvlÅ§pwÃ�nj¼D{�v ¹ ¼Dv ¹ pqg�i<gjâ·pwgyn�pqgjkÒ¾+	 �ypzogjg�¼§½lp~z�n
∂t {δC + B′(p1, C)δC + ∇p1B · δp1} = g(u, v)∂v (2λA [δp2∂vC + p2∂vδC])

+ g(u, v)Aγ∂vδC,
';�·�§� 9 )
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��¼Dn ¹ �ãi<Ä�{�â�zlg�À³Ã�il{ãâ·¼¿nj¼Di<{�¾

2λA

γ
[p2∂vδC + δp2∂vC] +AδC = 0

i<{
Γ1

	
∂νδC = 0

	·pwÅ§¾�p+� ¹ pwg�p
	 '����D�ª��)

zo{ãâ³¼§{�¼Dn�¼´zoÅ6Ãqil{�â·¼Dn�¼§il{

δC(u, v, 0) = 0.
'����D�s�
)

Ç �:�:';�·�§� 9 ) N '��·�§�w� )éÃqil{�¾àn�¼Dn�Ä�n�pÒ�Þ����±:���<¤�¦D� �����°¨�¥���� ¥o��� �o�����&;©pk Ä�Å¿nj¼Dá�Å§À8';�·�§� 9 )O��À}z¾�k1i�iln ¹ ÆÞÄ�{�Ã�nj¼Di<{
ψ(u, v, t)

	·n�i��:p�¾àá:pwÃq¼J��psâQ�:pqÅ§i�� 	�zo{ãâä¼§{3n�pqv<gjzon�p~i�½lpwg
Ω × (0, T )

�
�¢{3n�pwvlg�z�n�¼§il{���Àäá�zlgàn�¾)v<¼D½<pw¾

∫

Ω

ψ (δC + B′(p1, C)δC + ∇p1B · δp1)

∣∣∣∣
T

0

dV

−
∫ T

0

∫

Ω

(∂tψ) [δC + B′(p1, C)δC + ∇p1B · δp1] dV dt

= −
∫ T

0

∫

Ω

2λA [δp2∂vC + p2∂vδC] ∂v(g(u, v)ψ) dV dt

+

∫ T

0

∫ π

0

g(u, v)2λA [δp2∂vC + p2∂vδC]ψ

∣∣∣∣∣

v(2)

v(1)

dudt

−
∫ T

0

∫

Ω

AγδC∂v(g(u, v)ψ) dV dt+

∫ T

0

∫ π

0

g(u, v)ψAγδC

∣∣∣∣∣

v(2)

v(1)

dudt.

;©p¡áãpwgàÆÞi<g�k ¼D{3n�pwvlg�z�nj¼Di<{���À°á�zlgàn�¾~il{©n ¹ pmn�pqgjk n ¹ z�n Ãqil{3njzl¼D{ã¾
∂vδC

� ;©pÒ¼§{3½<i��<pn ¹ p�K>- zo{�â ��-«�@Â�Ä�gàn ¹ pqgjkmilgjp�	 �yp�gjpw¾àn�gj¼§Ã�n n ¹ pçzoÄ,G�¼§Å§¼§zlg�ÀäÆÞÄ�{�Ã�nj¼Di<{
ψ(u, v, t)

¾�iäzl¾n�iÒi
�ãpwÀÒn ¹ p�Ã�il{ãâ·¼¿nj¼Di<{

ψ(u, v, T ) = 0.
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A ¹ ¼´¾�Å§pwz<â�¾yn�i
∫ T

0

∫

Ω

δC∂tψ (1 + B′(p1, C)) dV dt+

∫ T

0

∫

Ω

∂tψ∇p1B dV dt · δp1

+

∫

Ω

∇p1B(0)ψ(0) dV · δp1 −
∫ T

0

∫

Ω

2λA(∂vC)∂v(g(u, v)ψ) dV dt δp2

+

∫ T

0

∫

Ω

δC [∂v2λAp2∂v(g(u, v)ψ)] dV dt
';�·�§� �")

−
∫ T

0

∫ π

0

δC2λAp2∂v(g(u, v)ψ)

∣∣∣∣∣

v(2)

v(1)

dudt

+

∫ T

0

∫ π

0

g(u, v)γA(−δC)ψ

∣∣∣∣∣
v=v(2)

dudt

−
∫ T

0

∫

Ω

δC∂v(g(u, v)ψ)Aγ dV dt+

∫ T

0

∫ π

0

δCg(u, v)ψAγ

∣∣∣∣∣

v(2)

v(1)

dudt = 0.

KyÀäÃ ¹ i�i3¾à¼§{�vmzoá�á�gjilá�g�¼´z�njp�Ãqil{�¾àn�g�zo¼§{3nj¾yil{³n ¹ p~ÆÞÄ�{�Ã�nj¼Di<{
ψ
n ¹ ¼´¾�Ãqzo{��:p~ÆÞÄ�gàn ¹ pqg«¾à¼§k Ná�Å§¼I��pwâ �P�¢{ãâ·pqpsâ 	�¼DÆ

ψ
¼´¾ynjz��lpq{ ¾�içn ¹ z�n ¼Dn»¾jz�n�¼´¾ ��pw¾

(1 + B′(p1, C)) ∂tψ + ∂v2λAp2∂v(g(u, v)ψ) − ∂v(g(u, v)ψ)Aγ = 0,
'����D� �
)

njilvlpqn ¹ pwgD��¼¿n ¹ n ¹ p �:ilÄ�{ãâ�zogjÀ¡Ã�i<{�â·¼Dn�¼§il{6r
∂v(g(u, v(2))ψ) = 0,

il{
Γ1

'��·�§� 8 )
n ¹ pq{ '����D� �")y¾�¼Dkmá�Å§¼J�ãpw¾yn�i
∫ T

0

∫

Ω

∂tψ∇p1B dV dt · δp1 +

∫

Ω

∇p1B(0)ψ(0) dV · δp1

−
∫ T

0

∫

Ω

2λA(∂vC)∂v(g(u, v)ψ) dV dt δp2
'��·� �o� )

+

∫ T

0

∫ π

0

δC(u, v(1), t)
[
2λAp2∂v(g(u, v(1))ψ) − g(u, v(1))Aγψ

]
dudt = 0.

-)i<k1áãzogj¼D{�v³n ¹ ¼§¾p �3Ä�z�nj¼Di<{8��¼Dn ¹ '����D�s�
)H	 �ypm¾�pqp1n ¹ z�nn ¹ pÒÅ§z<¾Án¼§{3n�pqv<gjzlÅ£¼§¾~p �3Ä�zoÅ£nji
δF 	·¼¿Æ>zçÅ´zl¾ànE�ãi<Ä�{�â�zlg�À¡Ãqil{�â·¼Dn�¼§il{³¼§¾�¼§kmáãi3¾àpsâäi<{

ψ
il{än ¹ p~i<Ä·n ��i�� �ãi<Ä�{�â�zlg�À
	3½�¼ 7l�

[
2λAp2∂v(g(u, v(1))ψ) − g(u, v(1))Aγψ(u, v(1), t)

]
= K(t)

i<{
Γ3

'��·� �·� )



� � ��� � ßwÉ Ñ:Ó�ÍsÖ×É Ë�� �sÑ:Ù Ð@ÍÒÉ � ×Ë·ÍsÙ Ñ:Ð*ÎØÉ3ÍwÖ4Ñ � 	�� 	

� ¹ pwg�p
K(t) =

1

π2

∫ π

0

(
2
(
Cp(u, v

(1), t) − Ĉ(1)(t)
))

du.

-)il{ã¾àp �<Ä�pq{3n�Å§À�	<n ¹ p<�ãi<Ä�{�â�zlg�ÀmÃ�i<{�â·¼Dn�¼§il{¡i<{
Γ3
¼§¾)¼§{�â·pqá:pq{ãâ·pq{3n�il{

u
� �»ionjp n ¹ z�n)Ä�án�i1{�i�� �yp ¹ zª½lp«{�i K>- i<{

Γ2
zl{�â

Γ4
� A ¹ ¼´¾ �yz<¾hnji��:p~pHG·áãpsÃ�njpwâä¾�¼§{�Ã�p~Ã�i<{3½<pwÃ�n�¼§il{zo{ãâ°â·¼I!:Äã¾à¼§il{ ¹ zoá�áãpw{'zoÅ§il{�v¡n ¹ p1Ã ¹ zlgjz<Ã�njpqgj¼§¾àn�¼´Ãq¾�'

v
N;Å§¼D{�pw¾5)«â�Ä�p njiän ¹ pmÄ�¾�pwâ njgjzl{�¾ NÆÞilgjkÒz�nj¼Di<{ zl{�â â·Ä�p~njimn ¹ pÆ z<Ã�n�n ¹ z�n

αT = 0 = D0
�OA×i¡Ã�i<kmá�ÅDpqn�p~n ¹ p ¾�À�¾àn�pwk 	·n ¹ pÆÞilÅ§Å§i���¼D{�v1n��yi�KD- zogjp�z<â�â·psâ r

∂uψ = 0
	�zoÅ§il{�v

Γ2
zo{�â

Γ4
� ';�·� �l�
)

A ¹ p�Ã ¹ i<¼§Ãqp«¼´¾E��z<¾àpsâäi<{än ¹ p¾�zlk1p¾�À�k1kmpqn�gjÀ¡g�pszl¾�il{�¾én ¹ z�n»zogjp�Ä�¾àpsâ¡ÆÞi<g�n ¹ p�K>-*ioÆn ¹ p�â·¼DgjpwÃ�n á�gji���Å§pqk�i<{än ¹ pw¾�ppwâ�vlpw¾w�

, ��� � � � �'( ����� � � & � � � �#"�� � ( � �7� " �
fhgji���Å§pqk '��·� �") N5';�·�§�l� )>¼§¾�zç½�zogj¼§z���Å§p«Ã�i�p��ÒÃq¼Dpw{3n�Ãqil{�½lpsÃ�n�¼§il{,NTâ·¼I!@Ä�¾à¼§il{äá�g�i
��Å§pqk 	 ��¼¿n ¹Ã�i�p��ÒÃq¼Dpw{3nj¾1â·pqá:pq{�â�¼D{�v'il{Ï¾�á�z<Ã�päzl{�â©n�¼§kmpl� $ ¾ ��i��"zo{�âØâ�¼J!@Ä�¾�¼Di<{ÏzogjpäzoÅ§il{�v

v
NÅ§¼D{�ps¾+	@n ¹ pmá�gji���Å§pqk�¼´¾�¾�á�Å§¼¿n¼§{°¼§{�â·pwáãpw{�â·pq{3n

v
NT¾àn�gj¼Dáã¾q�Çéz<Ã ¹ ¾�Ä,��á�gji���ÅDpwk���¼DÅ§Å4n ¹ pw{

�:pä¾ài<ÅD½<pwâ'¼D{ãâ·pqá:pq{�â�pq{3n�Å§À'z<¾z®�HN¢â·¼Dkmpw{�¾à¼§il{ãzoÅhÃ�i<{�½lpwÃ�n�¼§il{ N¢â·¼I!:Äã¾à¼§il{'á�g�i
��Å§pqk ��;'pÃ ¹ i�i<¾�pmn ¹ p¡kmp�n ¹ i�â®ilÆyÅ§¼§{�pw¾�ÆÞilgn ¹ p¡{�Ä�kmpqgj¼§ÃwzoÅézlá�á�gji G·¼DkÒz�nj¼Di<{6��1�pqnànj¼D{�v
u = ui

	Ã�i<{�¾�¼§â·pwg�z}á�zog�n�¼Dn�¼§il{ {vj}
	&'
j = 0, . . . ,M

)H	åilÆ)n ¹ p
v
N¢¾àn�gj¼DáC	:� ¹ pqgjp

v0 = v(1) zl{�â
vM = v(2) �~�«pq{�iln�p ψj(τ) ≈ ψ(ui, vj , τ)

zo{�â Å§p�n
l2(v, j)

¾ànjzo{ãâ ÆÞilg»n ¹ p 
åzlvlg�zo{�v<pá:ilÅ§À3{�ilkm¼§zlÅoioÆ�n ¹ pé¾�pwÃ�i<{�â�ilg�â·pqg ¼§{3n�pwg�á:ilÅ´z�nj¼D{�v�n ¹ phá:il¼§{3nj¾
(vj−1, ψj−1)

	
(vj , ψj)

zl{�â
(vj+1, ψj+1)

� A ¹ pq{C	�zlá�á�gji G·¼DkÒz�njp
∂vψ

��À
dl2(vj , j)/dy = (dl2(v, j)/dy)v=vj

zl{�â
∂2

vψ
�3À
d2l2(vj , j)/dy

2 = (d2l2(v, j)/dy
2)v=vj

�>Â�ilg6n ¹ pyt�i���¼§{BK>-y¾#	qn ¹ pév<i�½lpqgj{�¼§{�v
�����Ò¼´¾hpHG�njpq{�â·psâmn�i n ¹ p<�ãi<Ä�{�â�zlg�À1á:il¼§{<n�¾)zl{�âm¼´¾)zlá�á�gji G�¼§kÒz�njpwâm¾à¼§km¼DÅ´zogjÅ§À1z<¾h¼§{Òn ¹ p¼§{�{�pqg«áãi<¼D{3n�¾q�EAåi¡n ¹ ¼´¾ pw{�â 	�¼§{3n�gji·â·Ä�Ã�p��ãÃ�nj¼D½<páãi<¼D{3nj¾

v−1
zl{�â

vM+1
zl{�â zl¾j¾à¼§vl{}njin ¹ pqk n ¹ p³½�zoÅ§Ä�pw¾�n ¹ zon

ψ
i
�·njzl¼D{�psâ©ÆÞg�i<k n ¹ päâ·¼´¾jÃ�gjp�n�¼ 7wzon�¼§il{ ilÆyn ¹ p³t i���¼§{2K>- ��Àkmpwzl{�¾>ioÆ:n ¹ p ¾�pwÃqil{�âçilg�â·pwg 
×zov<gjzl{�vlp)¼D{3n�pwg�á:ilÅ´zo{3n>¼D{1n ¹ pD�ãi<gjâ�pqg£á:il¼§{<n�¾q�LA ¹ ¼´¾>ÅDpszlâ�¾n�imn ¹ p�¾�À�¾àn�pwk�ioÆ � ���·¾

d

dτ
ψj(τ) −

A

1 + B′
(2p2 (∂v(λg) + λ∂vg) − gγ)

dl2(vj , j)

dy
− 2Ap2λg

1 + B′

d2l2(vj , j)

dy2

=
A

1 + B′
(2p2∂v(λ∂vg) − γ∂vg)ψj(τ),

';�·� �o�
)
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��¼Dn ¹

j = 0, . . . ,M
	
(u, v) = (ui, vj)

	�zlÅDi<{�v ��¼¿n ¹

2λAp2g
dl2(v0, 0)

dy
+ (2λAp2∂vg− gAγ)ψ0(τ) = K(T − τ),

��¼¿n ¹
(u, v) = (ui, v0)

	
'��·� � 9 )zl{�â

g
dl2(vM ,M)

dy
+ (∂vg)ψM (τ) = 0,

��¼Dn ¹
(u, v) = (ui, vM )

	 '��·� �l�
)
A ¹ ¼´¾yvl¼§½lps¾&.���� p��3Ä�zon�¼§il{�¾éÆÞilg)n ¹ p .���� Ä�{,��{�i���{�¾#	 '

j = −1, 0, . . . ,M + 1
)��PA ¹ p¾�À·¾Ánjpqk '���� �l�
) N '���� �<��)�¼´¾�¾ài<ÅD½<pwâ ��À zä¾ànjzo{ãâ�zog�â á�z<Ã5�ªzlvlpÆÞi<g«¾àn�¼I! � ����	 pl� v�� � � �����£�Â�ilg�n ¹ p�{�Ä�kmpqgj¼§ÃwzoÅ6gjpwzlÅD¼ 7wzon�¼§il{}ioÆ>'����D�ª��)H	�ÅDpqn»Ä�¾E�ãgj¾àn»{�iln�p~n ¹ z�n ÆÞi<g»Â�gjpqÄ�{ãâ·ÅD¼´Ã ¹ zlâ N¾�ilgjá·n�¼§il{Ò¼Dn ¹ ilÅ´â�¾£n ¹ z�n ∇p1B = (Cq ,K0C

q ln(C))
�P�¢{Òn ¹ p«Ãwzl¾�p ioÆ6¼§{�¼Dn�¼´zoÅ@Ã�il{ãâ·¼¿nj¼Di<{

';�·� 9 �
) il{�p ¹ z<¾ ∇p1B(0) = 0
	ª¾à¼§kmá�ÅD¼DÆÞÀ�¼D{�v�'����D�ª��)�� A ¹ pq{ 	s{�Ä�kmpwg�¼´ÃqzlÅ<zoá�á�g�i G·¼§kÒz�n�¼§il{ã¾ÆÞi<g

C
	
ψ

	
∂tψ

	
∂vψ
zl{�â

∂vC
ÅDpszlâän�i ∇F �;©p�gjp�ÆÞpqg»n�i $ á�á:pq{�â�¼JG8- ÆÞilg»n ¹ p1Ã�il{ã¾Ánjg�Ä�Ã�n�¼§il{ ilÆ>¼Dn�pwgjzon�¼§il{ ¾jÃ ¹ pqkmps¾>��z<¾àpsâ il{

∇F 	4Å§¼ �lpmn ¹ päÃ�i<{��ÁÄ�v<zon�pÒv<gjz<â·¼Dpw{3n�k1pqn ¹ i·â©n ¹ z�nB�yp ��¼§ÅDÅ)Ä�¾�p¡¼D{®n ¹ p¡p+G�á:pqgj¼§k1pw{3nj¾w��«¼J!@pqgjpq{3nÒkmp�n ¹ i·â�¾çn�i®â·p�njpqgjk1¼§{�p}n ¹ ¼§¾1vlg�zlâ�¼Dpw{<nmÃqzl{ �:p}Äã¾àpsâ ÆÞilg1n ¹ p á�Ä�gjáãi3¾àp³ioÆÃqilkmá�zogj¼´¾ài<{³zo{ãâ¡n ¹ pqÀ}zogjp~zlÅ§¾�imâ·¼§¾jÃ�Äã¾�¾�pwâän ¹ pwg�p<�
����� � �!�������� �� ��� � ���������� "$�

, � � � + � � � � "�� � � 	 )<" � � �#��" �
Â�ilg�n ¹ pw¾�p�Å§¼D{�pszog«¼D{�½lpwgj¾�p~á�gji���Å§pqkÒ¾D�yp�il{�ÅDÀ}zoá�á�Å§À³n ¹ p 
åpq½<pq{ �ãpwg�v�N .°zog �<Äãzog�â�nykmp+Nn ¹ i·â 	6zl¾«n ¹ p1â·¼§gjpwÃ�nÃ�i<kmá�Ä·njzon�¼§il{ ¼´¾�½lpwg�À}Æ zl¾àn#	6zl{�â n ¹ pm{3Ä�kB�:pqg�ioÆéá�zlgjzlkmp�n�pwgj¾«¼´¾Å§i���<;©pm¾ ¹ zlÅDÅ>Ã�i<{�¾�¼§â·pwg«z �à¾ànjzl{�â�zog�â ��pHG�zlk1á�ÅDp���¼¿n ¹ n ¹ p ÆÞi<ÅDÅ§i���¼D{�väâ·pH�ã{�¼D{�v}â�zonjz�rn ¹ pQ�ypqÅ§Å§¾ ¹ zª½lpÒpszlÃ ¹ g�zlâ·¼§Ä�¾

r1 = r2 = 15
Ã�k zo{�â©n ¹ pq¼§gçÃqpq{3n�pwgj¾�zlg�pÒá�Å§z<Ã�pwâ

10
kÆÞgjilk pszlÃ ¹ ion ¹ pqg '

d = 5
k 	

c = 0
)���A ¹ p ¹ pw¼Dv ¹ nilÆén ¹ pmz �3Ä�¼¿ÆÞpwg¼§¾

H = 10
k 	 n ¹ pá:ilgji<¾�¼¿nÁÀçioÆ@n ¹ p«¾�il¼§Å�¼´¾

θ0 = 0.2
zl{�â1n ¹ p ¹ À�â�gjzlÄ�ÅD¼´Ã�Ã�i<{�â·Ä�Ã�n�¼§½�¼¿nÁÀ1¼§¾

k = 10−5 k / ¾ =
0.864

k
/
â�zªÀ:�=A ¹ pçÅ§il{�v<¼¿njÄ�â·¼§{�zoÅ>â·¼´¾àá:pqg�¾�¼D½�¼DnÁÀ

αL
	 ¼Dnj¾«n�g�zo{ã¾à½<pqg�¾�zlÅåÃ�i<Ä�{3n�pqgjá�zlgàn

αT
	z<¾D�)pwÅDÅ×zl¾�n ¹ p�á�gjpw¾jÃ�gj¼I�:pwâ ¹ pszlâ ½�zoÅ§Ä�p�z�n�n ¹ p�p+G3njgjz<Ã�nj¼Di<{��ypqÅ§Å×zl{�â z�n�n ¹ p�¼D{"�ÁpwÃ�nj¼Di<{

�ypqÅ§Å ��¼DÅ§Å n�z"�lp~½�zogj¼§ilÄ�¾y½�zoÅ§Ä�pw¾�¼§{ ¾àpw½lpwgjzlÅ:p+G·áãpwg�¼§kmpq{3nj¾w�
A ¹ p�Ãqilkmá�Ä·n�z�n�¼§il{ãzoÅ�vlgj¼§âC	�ÆÞilg

40×40
p �3Ä�zoÅ§ÅDÀ�¾�á�z<Ã�pwâç{�i·â�zlÅ3á:il¼§{3nj¾£¼§{çn ¹ pyn�g�zo{ã¾�NÆÞi<g�kmpwâ

(u, v)
½ªzlg�¼´z"��ÅDps¾+	�¼´¾«á�ÅDilnànjpwâ '�njgjzl{�¾àÆÞilgjk1psâ ��zlÃ5�än�i�-yzog�n�pw¾�¼´zo{ Ã�i�ilg�â·¼§{�z�njpw¾5)¼§{ Â×¼§v������D�s���Â�ilg«n ¹ p1¼D{�½<pqg�¾àp�á�g�i
��ÅDpwk�pHG·áãpwg�¼§kmpq{3nj¾#	 z¡á�Ä�Å§¾�p�nÁÀ�á:pçilÆé¼D{"�ÁpwÃ�nj¼Di<{°¼´¾»Äã¾àpsâ r�n ¹ pÃqil{�Ãqpq{3n�g�z�nj¼Di<{ ¼´¾hÃ�i<{�¾Án�zo{3n

C(2)(t) = C0
ÆÞilg

1
â�zªÀ zl{�âçn ¹ pw{m¼§¾h¾�p�n£nji

0
�4Â�ilg£pszl¾�pyilÆá�gjpw¾�pq{3n�z�n�¼§il{ 	��)pynjz��lp

C0 = 1
�LA ¹ pyn�g�zlÃqpqg>¼´¾4z<¾�¾�Ä�kmpwâç{�iln4njiâ·pwÃwzªÀ�zo{�âçkmilÅ§pwÃ�Ä�Å§zlg
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k αL αT
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A4z"��Å§pm���D�<rM1�Ä�ÃwÃ�pw¾j¾�¼D½<p pw¾àn�¼§kÒz�njpwâ á�zlgjzlkmp�n�pwg»½�zoÅ§Ä�ps¾»ÆÞi<g»n ¹ p1á�Ä�Å´¾àp1¼D{�á�Ä·n~¼D{��ÁpsÃ�nj¼Di<{Ãqz<¾àp
	·Ä�¾�¼D{�vmi<{�ÅDÀ¡n ¹ pp+G3njgjz<Ã�nj¼Di<{��ypqÅ§Å6zª½lpwgjzlvlpw¾#	3Ä�¾àp~ilÆ4¾ànjzo{ãâ�zog�â³¾jÃ ¹ pwk1p<�
â·¼I!:Äã¾à¼§il{³¼§¾y{�pwvlÅ§pwÃ�njpwâ �£t�ps¾àÄ�Å¿nj¼D{�vçn�g�zlÃqpqg�Ã�i<{�Ã�pw{<njgjzon�¼§il{�¾é¼D{än ¹ p~p+G3njgjz<Ã�nj¼Di<{��)pwÅDÅ:ÆÞilgn ¹ ¼§¾�nÁÀ�á:pioÆ4¼D{��ÁpsÃ�nj¼Di<{ ¹ zª½lp=�ãpwpq{ ¾ ¹ i���{ä¼§{ Â×¼§v��:�·�§�w�1zo{�â}Â4¼Dvã�ã�·�§�s���

A ¹ p 
6pq½<pq{ �:pqgjv"N . zog �3Ä�zog�â�n~k1pqn ¹ i·âÏ¼§¾���zl¾�pwâ®i<{Øgjpqá:p�n�¼Dn�¼§½lp³pHG·pwÃqÄ·n�¼§il{ ilÆ�n ¹ pâ·¼§g�psÃ�ná�gji���Å§pqk ���TÆéÆÞi<g~n ¹ ¼´¾â·¼§g�psÃ�ná�gji���Å§pqk n ¹ p¡¾ànjzl{�â�zog�â°¾jÃ ¹ pwk1pm¼´¾zoá�á�ÅD¼§pwâ 	×¾àpwp
1�psÃ�n�¼§il{ �·� �,	 �yp«Ä�¾�p~zo{

80× 200
vlgj¼§â���¼Dn ¹ ilá:pqg�z�njilg�¾àá�Å§¼Dnàn�¼§{�vçn�¼§kmp~¾àn�pwá

0.05
â�zªÀ·¾ÆÞilg)n ¹ p«p+G�á:pqgj¼§k1pw{3nyzo{ãâmn ¹ p�¼§{3½<pqg�¾àp«zoÅ§vlilgj¼Dn ¹ k �/�TÆ �)p«Ä�¾�p n ¹ p<�:pq{�Ã ¹ kmzlg��m¾jÃ ¹ pqkmp�	¾�pqp�1�pwÃ�n�¼§il{ �·� ��� 9 	3n ¹ pw{

αT
¼§¾�¾�p�n�p��3Ä�zlÅ:n�i�7qpwg�i*	�zl{�âÒn ¹ p~kmp�n ¹ i�â³¼´¾�zoá�á�Å§¼§pwâ¡i<{

80¾àn�gj¼Dá�¾#	 ��¼¿n ¹
ydiv = 200

zl{�âmn�¼§kmp�¾àn�pwá
0.05
â�zªÀ·¾��L;'p~zoÅ ��zªÀ�¾éÄ�¾�p n ¹ p � � �³i�½lpqg

18â�zªÀ·¾�¼§{³n ¹ p¼§{3½<pqg�¾àp�pHG·á:pqgj¼Dkmpw{<n�¾q�
� � ÊéÉ3ÌªÙ�ÎØÉ�Ð@Í 	
;©pçÃ�i<{�¾�¼§â·pwg»z � � �°i
�·njzl¼D{�psâ³ÆÞilg

αL = 0.1
	
αT = 0.01

	
h1 = 4

k�zo{ãâ
h2 = 15

k}�t�psÃqzoÅ§Å�n ¹ z�n
k = 0.864

k
/
â�zªÀ��/�¢{ A4z"��ÅDp �·�§� �)p�â·¼´¾àá�Å´zªÀ~n ¹ p ¾àÄ�ÃwÃ�ps¾�¾�¼D½<pé½�zoÅ§Ä�ps¾×ilÆ�n ¹ ppw¾àn�¼§kÒz�njpwâ1á�zog�zokmpqn�pqg�¾:�3À�n ¹ p 
åpq½lpw{ �ãpwg�v�N . zlg �3Ä�zlgjâ·nåkmp�n ¹ i�âC	�� ¹ pw{m¾ànjzlgànj¼D{�v»ÆÞgjilkn ¹ py¼§{�z<ÃqÃ�Ä�gjzon�py¼D{�¼Dn�¼´zoÅ·½�zlÅDÄ�ps¾

k = 1.728
k
/
â�zªÀ*	

αL = 0.2
k�	

αT = 0.02
k³�/�¢{ A4z"��ÅDp�·� ���yp³â�¼§¾�á�Å´zªÀ'n ¹ p ¾�zlk1p³¼D{�½<pqg�¾àp¡p+G·áãpwg�¼§kmpq{3n#	hp+G�Ã�pqá�nçn ¹ z�n1{�i�� n ¹ p��:pq{�Ã ¹ kÒzlg��kmp�n ¹ i·â³¼´¾�Ä�¾�pwâ³¼§{³n ¹ p�
6pw½lpw{ �:pqgjv"N . zlg �3Ä�zlgjâ�n)k1pqn ¹ i·â �

�<��¾�pqgj½lp n ¹ z�n}¼D{ v<pq{�pwgjzlÅ�n ¹ p°¼§{3½<pqg�¾àp°k1pqn ¹ i·â*v<¼D½<pw¾¡Ãqil{�½lpwg�v<pq{�Ãqp ��g�¾Án¡nji
k

	zo{ãâ®n�i©z ÅDps¾�¾�pqgçpHG�n�pw{�âØzlÅ§¾�i n�i
αL
�8�Tn1¾ànjzog�nj¾�n�i©Ã�il{�½<pqgjvlp1n�i°n ¹ pQ��{�zoÅ

αT
il{�ÅDÀ
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k αL
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A4z"��Å§p1��� ��r<1�Ä�ÃwÃ�ps¾�¾�¼D½<p�pw¾àn�¼§kÒz�njpwâ áãzog�zokmp�njpqg»½�zlÅDÄ�ps¾«ÆÞilg«n ¹ p1á�Ä�Å´¾àp1¼§{�á�Ä·n~¼D{"�ÁpwÃ�nj¼Di<{Ãwzl¾�p�	·Ä�¾�¼D{�v1i<{�Å§ÀÒn ¹ pp+G�n�g�zlÃ�nj¼Di<{��ypqÅ§Å6zª½lpwgjzlvlps¾+	<Ä�¾àpilÆ:�:pq{�Ã ¹ kmzlg��³¾�Ã ¹ pwkmpl�
zoÆ�n�pqgygjpwÃ�i�½<pqgj¼D{�v«n ¹ pw¾�p»½�zlÅDÄ�ps¾q�LA ¹ pwg�pqÆÞilgjp�	 �)p»¾�Ä�v<vlpw¾ànhn ¹ p»ÆÞi<ÅDÅ§i���¼§{�v�¾Ánjgjzon�pwvlÀ@r �ãgj¾ànzlá�á�Å§Àän ¹ pB�:pq{�Ã ¹ kmzlg��}kmp�n ¹ i·â n�iäâ�p�n�pwg�km¼§{�p

k
zl{�â

αL
¼D{°z���gj¾àn«zlá�á�gji G�¼§kÒz�nj¼Di<{6�

A ¹ pw{C	�Ä�¾�p n ¹ p'¾�ÅDi��ypqgÒv<pq{�pwgjzlÅ kmp�n ¹ i�â njiØgjpH��{�p
k
zo{�â

αL
zo{�â*â·pqn�pwg�km¼§{�p

αT¾�¼DkçÄ�ÅDnjzo{�pqilÄã¾àÅ§Àl�
� � ÊéÉ3Ì�Ù ÎØÉ�Ð@Í -
;©pç¼§{�½lps¾Ánj¼Dv3z�n�p�n ¹ pm¾Án�z"��¼§Å§¼¿nÁÀ ilÆ£n ¹ pm¾ài<ÅDÄ�n�¼§il{°ilÆ£n ¹ p1¼§ÅDÅIN;á:i<¾�pwâ ¼D{�½lpwgj¾�p á�g�i
��ÅDpwk �3Àz<â�â·¼§{�v zog�n�¼I�ãÃ�¼´zoÅ�{�i<¼§¾�p}n�i©n ¹ p kmpszl¾�Ä�g�pwkmpq{3nmâ�z�njz�� A ¹ ¼§¾m{�il¼´¾àp}¼§¾¡{�ilgjkÒzoÅ§ÅDÀØâ·¼´¾ Nnjg�¼ ��Ä·njpwâ���¼Dn ¹ z¡¾Án�zo{�â�zog�â â·pq½�¼´z�n�¼§il{

σ
�«Â4¼Dvã�@���D�ç¾ ¹ i�� ¾ n ¹ pçg�ps¾àÄ�Å¿n�ioÆ£n ¹ ¼§¾«áãpwgànjÄ�g�N��zon�¼§il{ i<{ n ¹ p � � �ØÆÞilg

σ = 0.001
zl{�â

σ = 0.01
���¢{ A4z"��ÅDp³��� �?�)päâ�¼§¾�á�Å´zªÀ°n ¹ p¾�Ä�ÃqÃqpw¾j¾à¼§½lpç½�zoÅ§Ä�pw¾�ioÆ)n ¹ pmps¾Ánj¼DkÒz�njpwâ°á�zog�zokmp�njpqg�¾+	�� ¹ pw{'¾ànjzlgànj¼D{�v³ÆÞgjilk�n ¹ p1¼§{�z<ÃqÃ�Ä,Ng�z�njp ¼§{�¼¿nj¼§zlÅ>½ªzlÅDÄ�pw¾

k = 1
k
/
â�zªÀ*	

αL = 0.2
k�	���¼¿n ¹

σ = 0.01
	�ÆÞi<g»n ¹ p �ãpw{�Ã ¹ kÒzog��kmp�n ¹ i·â � ;'p�gjpwÃqi�½lpwg�n ¹ p�p+G�zlÃ�n ½�zlÅDÄ�ps¾D��¼Dn ¹ ¼§{

10%
� A ¹ p ¾jzokmpg�ps¾àÄ�Å¿n ¼´¾ i
�·njzl¼D{�psâ

��¼Dn ¹ n ¹ p�vlpw{�pqg�zoÅãk1pqn ¹ i·â � A ¹ p n�g�zo{ã¾à½<pqg�¾�zlÅ�â·¼´¾àá:pqg�¾à¼§½�¼¿nÁÀÒÃwzo{�{�iln&�:p«gjpwÃqi�½lpwg�psâ 	o{�ilnpw½lpq{�� ¹ pq{
σ = 0.001

�D1�njzog�n�¼§{�väÆÞg�i<k n ¹ p ¼§{�zlÃwÃ�Ä�g�z�njp¼D{�¼¿nj¼§zlÅ×½�zoÅ§Ä�ps¾
k = 1

k
/
â�zªÀ*	

αL = 0.2
k�	

αT = 0.2
k�	>��¼Dn ¹

σ = 0.001
	D�yp°gjpwÃ�i�½<pqgjpwâ

k = 0.8635
k
/
â�zªÀ 	

αL = 0.1006
k zo{�â

αT = 0.004884
kÒ�hº«¾à¼§{�v1il{�Å§ÀÒn ¹ p � � � z�nyn ¹ p�p+G�n�g�zlÃ�nj¼Di<{Q�ypqÅ§Åâ·i�ps¾�{�ion»zlÅDÅ§i�� Ä�¾�njimg�psÃ�i�½lpwgén ¹ p~n�g�zo{ã¾à½<pqg�¾�zlÅ:â·¼´¾�áãpwgj¾�¼D½�¼DnÁÀl�
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$ â·¼I!@pqgjpq{3nhzoá�á�gji<z<Ã ¹�¹ z<¾:�:pqpw{mÄ�¾àpsâ ¼§{�A×z���ÅDp ��� 9*	"� ¹ pqgjp �)p�â·¼´¾àá�Å§zªÀ~n ¹ p ¾àÄãÃqÃ�ps¾�¾�¼§½lp½�zoÅ§Ä�ps¾»ilÆ£n ¹ p1pw¾àn�¼§kÒz�n�psâ á�zlgjzlkmp�n�pwgj¾ Ä�¾à¼§{�v³n ¹ pçáãpwgànjÄ�g��ãpsâ � � � '

σ = 0.001
)yÆÞgjilk
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Â4¼Dv<Ä�gjp1�·�§�lr � � �'ioÆéá�Ä�Å§¾�p ¼§{�á�Ä�n�ÆÞi<g
αL = 0.1

k zo{ãâ n ¹ pçgjpw¾�Ä�ÅDn«ioÆyzog�n�¼I�ãÃ�¼´zoÅ×{�il¼´¾àp
��¼Dn ¹

σ = 0.001
zo{ãâ

σ = 0.01
�

k αL
tM.�1�l� �l�<�l� ��� �o�<�l�<� ��� �<�o�<�l���� � � �;8 ��� �l�l�<� ��� ���l�ª� 9��� �<�l�<� ���D��8<��� ��� ���w�<�l���� � 9<8;8 ���D� � �l� ��� �<�;8�� � ���� �<�l� � ���D�s�l� � ��� �<�;83�o�<���� �l�<�l� ���D�ª� 9 � ��� �<� �<�<�l���� �l�3� 9 ���D�<�w� � ��� �<� �3�o� ���� �l�3� � ���D�s�;8<� ��� �<� �3�o�l�

A4z"��Å§pm��� ��rM1�Ä�ÃwÃ�pw¾j¾�¼D½<p pw¾àn�¼§kÒz�njpwâ á�zlgjzlkmp�n�pwg»½�zoÅ§Ä�ps¾»ÆÞi<g»n ¹ p1á�Ä�Å´¾àp1¼D{�á�Ä·n~¼D{��ÁpsÃ�nj¼Di<{Ãqz<¾àp
	·Ä�¾�¼D{�v1n ¹ páãpwgànjÄ�g��ãpsâ � � � '
σ = 0.01

)H	·Ä�¾àp~ilÆ/�:pq{�Ã ¹ kmzlg��³¾�Ã ¹ pwkmpl�
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k αL αT
t>.�1�l� �l�<�l� ��� �o�<�l� ��� �<�l�l�<� ��� ��� � 9 9��� �l�3�o� ��� �o�<�l� ��� ����8;8 8 ��� �l�<� 9 ���� �<�l�l� ���§� 8<� � ��� ����8;8;9 ��� �l�<�;8<�l���� �<�l�;8 ���§� ���<� ��� ����8 ��� ��� �l�<��� 8<���� �<�;8<� ���§� 9��o� ��� ����8l�;9 ��� �l�l�3�·��8��� �l�3�·� ���§�w�3� 8 ��� ��� �;�l� ��� �l���<�w� 8��� �l�3� 9 ��� �;8 8<� ��� ��� 9�� 9 ��� �<�l� 8l�l�3���� �l�;9 � ��� �;8 8;8 ��� ���s�;8;9 ��� �<�l� 8l� 93���� �l�;9<� ���§�w�<�l� ��� ���s�l�<� ��� �<�l� 8l�l�3���� �l�;9<� ���§�w�<�l� ��� �l� 8;8<� ��� �<�l� 8l�l�;9

A4z"��Å§p1��� 9ãr<1�Ä�ÃwÃ�ps¾�¾�¼D½<p�pw¾àn�¼§kÒz�njpwâ áãzog�zokmp�njpqg»½�zlÅDÄ�ps¾«ÆÞilg«n ¹ p1á�Ä�Å´¾àp1¼§{�á�Ä·n~¼D{"�ÁpwÃ�nj¼Di<{Ãwzl¾�p�	sÄ�¾à¼§{�v�n ¹ phá:pqg�n�Ä�g��:pwâp+G3njgjz<Ã�nj¼Di<{(�ypqÅ§Å<zª½<pqg�zov<pw¾L'
σ = 0.001

)@zl{�â�n ¹ péáãpwgànjÄ�g��:pwâÃqil{�Ãqpq{3n�g�z�nj¼Di<{ä½�zoÅ§Ä�pw¾�zon»zo{}pHG�n�g�z1áãi<¼D{3n�' −5.6
k�	

0
k�)='

σ = 0.0002
)��

n ¹ päp+G3njgjz<Ã�nj¼Di<{ �ypqÅ§Å)zl{�â©n ¹ päá:pqg�n�Ä�g��ãpsâ���gjpwz"�3n ¹ g�i<Ä�v ¹ â�zonjz '
σ = 0.0002

)~zonçzo{p+G3njgjz1á:il¼§{3nw� � iln�p~n ¹ z�n�n ¹ pkÒz�G·¼DkçÄ�k Ãqil{�Ãqpq{3n�g�z�nj¼Di<{³gjpwz<Ã ¹ pwâ³z�n�n ¹ ¼´¾�p+G3njgjz1á:il¼§{3n¼´¾~il{�Å§À
0.0007

� -)i<{�½lpqgjvlpw{�Ã�p ¼§¾~gjpwz<Ã ¹ pwâ ÆÞi<g~n ¹ p1n ¹ g�pwpmá�zog�zokmp�njpqg�¾q��A ¹ pÒÃ�il{�½<pqg�Nv<pq{�Ãqp ¼´¾�zlÅ§¾�iÒÆ z<¾Ánjpqgsr�n ¹ p1á�zlgjzlk1pqn�pwg
αT
¾ànjzlgàn�¾ nji³Ã�i<{�½lpqgjvlpB�ãpqÆÞilgjp�n ¹ pçiln ¹ pwg»n��yiá�zlgjzlkmp�n�pwgj¾ ¹ zª½<pégjpwzlÃ ¹ pwâ�¾ànjz���ÅDpy½�zoÅ§Ä�pw¾w�:A ¹ p�tM.�1pwg�gjilg4¼D{ A×z���Å§p���� 9�¼§¾>ÃwzoÅ´Ã�Ä�Å´z�njpwâzon�n ¹ pmpHG�n�g�zlÃ�n�¼§il{?�ypqÅ§Å£il{�ÅDÀ<�B�TÆ)¼§{'n ¹ ¼´¾~pHG·á:pqgj¼Dkmpq{3n

σ = 0.01
ÆÞi<g«n ¹ p � � �®zon~n ¹ pp+G3njgjz<Ã�nj¼Di<{��ypqÅ§Å 	�¾�¼§k1¼§Å´zog�gjpw¾�Ä�Å¿n�¾�zogjp«i
�·njzl¼D{�pwâ �

A ¹ p��ãpqnànjpqgmáãpwgàÆÞi<g�kÒzl{�Ã�p¡ilÆ�n ¹ p ¾�pwÃ�i<{�â kmp�n ¹ i·âÏÃqÅDpszogjÅDÀ©ÅD¼§pw¾ç¼§{Øn ¹ päá�gjpw¾�pq{�ÃqpilÆ>½�zlÅDÄ�ps¾ ¼§{ z¡¾�áãpsÃ�¼´zoÅ 	ãzlâ�â·¼¿nj¼Di<{�zoÅ×áãi<¼D{3ns��Â�g�i<k n ¹ p��ãvlÄ�gjpw¾�¼§Å§ÅDÄ�¾àn�g�z�nj¼D{�vmn ¹ p1â·¼DgjpwÃ�ná�gji���ÅDpwk�¾�ilÅ§Ä·n�¼§il{�¾#	l¼Dné¼´¾hÃ�Å§pwzlg£n ¹ z�nhn ¹ p ¼§{<njpq{�¾�¼DnÁÀB��¼Dn ¹ � ¹ ¼´Ã ¹ n ¹ p n�g�zlÃ�pwghÃqzl{mâ�¼J!@Ä�¾�p
�:pqÀ<il{�â}n ¹ pçp+G�n�g�zlÃ�nj¼Di<{ �)pwÅDÅ4¼§¾ ¹ ¼§v ¹ Å§À â·pqá:pq{�â�pq{3n«i<{ n ¹ p1½�zoÅ§Ä�p�ioÆ

αT
�(A ¹ pqgjp�ÆÞi<g�p
	n�z"��¼D{�v�¼D{3nji zlÃwÃ�ilÄ�{<nj{Òzlâ�â·¼Dn�¼§il{ãzoÅ�kmpszl¾�Ä�g�pwkmpq{3nj¾hzonhn ¹ p»pHG�njgjz~á:il¼§{3n(' −5.6
k�	

0
k ) 	¾�¼¿njÄ�z�njpwâE�ÁÄã¾Án/�ãpwÀlil{ãâ~n ¹ p)pHG�n�g�zlÃ�n�¼§il{=�ypqÅ§Å 	�Ã�i<{3n�gj¼I��Ä�n�pw¾åpw¾j¾àpw{3n�¼´zoÅ§ÅDÀ«n�i»n ¹ py¾àpw{�¾à¼Dn�¼§½�¼¿nÁÀilÆ×n ¹ p�Ã�i3¾Án�ÆÞÄ�{�Ã�n�¼§il{�zlÅ il{

αT
�

;©p ¹ zª½<p zoÅ´¾àiá:pqg�ÆÞilgjkmpwâ¡¾�¼§k1¼§Å´zoghp+G�á:pqgj¼§k1pw{3nj¾)¼D{mn ¹ p«¾�p�n�n�¼§{�v ilÆåÃ�il{ã¾Án�zo{3nh¼D{"�ÁpwÃ Nnj¼Di<{ Ã�il{ãÃ�pq{3njgjzon�¼§il{C	 ��Ä�n n ¹ pç¾àpw{�¾à¼Dn�¼§½�¼¿nÁÀ³il{ n ¹ pá�zog�zokmpqn�pqg
αT
â�¼§â {�iln {�ionj¼§Ãqpwz���ÅDÀ¼§{�Ã�gjpwz<¾àp<�×Ç G�á:pqgj¼§k1pw{3nj¾�¼§{�� ¹ ¼§Ã ¹ â·¼J!@pqgjpq{3nD�ypq¼§v ¹ nj¾�zogjp�vl¼§½lpq{än�iÒâ·¼I!:pwg�pw{3n�á:ilg�n�¼§il{ã¾ilÆ n ¹ p � � �¡¼D{Òn ¹ p«Ãqi<¾ànhÆÞÄ�{�Ã�n�¼§il{�zlÅ 	·â·i {�iony¼Dkmá�gji�½lp�n ¹ p«Ãqil{�½lpwg�v<pq{�Ãqpl���»ion�p»ÆÞÄ�g�n ¹ pwgn ¹ z�nhn ¹ p>��¼§vlv<pqg>n ¹ p

αT
½�zoÅ§Ä�p�	ln ¹ p�Æ z<¾Ánjpqg£n ¹ ¼´¾£½�zoÅ§Ä�p>��¼§ÅDÅ�Ãqil{�½lpwg�v<p)¼DÆ6zo{Òp+G3njgjz�á:il¼§{3n¼´¾�njz��lpw{ä¼§{<nji¡Ã�i<{�¾à¼´â·pwgjzon�¼§il{6�
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p ��� � � ������	� � � �
� � � ���
� ��� � � �	� ���� � ���
� �� �� � � �
� ��������� � ���
� � �� � ��� �	� ��� �� ����	� ����� � �
� ��� � � ���	� �� � � � ��� �
� ����� � � ���
� ���� � � ��� �
� ������ � � ���
� ���� ��� � ��� �
� ����� � � ����
� � � � � � �
� � � � � � � � � � ��� 	 ��� �
� ������� �
���	� � � �
� � � ���	� �� � � ��� �
� ��� ��� � ���
� � �� � ��� �
� ���� � � � ���
� � � ��� ��� �	� �� � �� ����
� � � ��� � �
� � ��� � ���
� � � � � ��� �
� ���� � � ���	� �� � � � ��� �
� ����� � � � � � �
� ��� � � � ��� �
� ����� � � ����
� � � � � � �
� � � � � � � �	� � � � � ��� �
� ����� � � � � �	� � � � ��� �	� ���� � � � � � �	� � � � ��� �	� ������� ����
� �� � � � �
� � � � � ���
� � � � � ��� �
� �� � ��� � ���
� �� � � ��� �
� �� � � � � ���
� ��� � � ��� �	� �� � � � ����
� � � � � � �
� � �� � � � � � � ��� 	 ��� �
� ����� ���

A4z"��ÅDp��·� �·r ¸ g�zlâ·¼§pq{3nD��Àä�mâ·¼I!:pwg�pw{<n�njpwÃ ¹ {�¼ �3Ä�ps¾

, � � � � � � � � � 	 )<" � � �#� " �
�¢{ n ¹ ¼´¾�¾�pwÃ�n�¼§il{8�)pçÄ�¾àpmzo{'pHG·á:pqgj¼Dkmpq{3n(� ¹ pqgjp n ¹ p � � �'¼´¾»n ¹ p1g�ps¾àÄ�ÅDn~ioÆhn ¹ p1â�¼DgjpwÃ�nkmi·â·pqÅ ��¼Dn ¹ n ¹ pmÆÞilÅ§ÅDi���¼§{�v á�zlgjzlk1pqn�pwgj¾wr

d = 10
k 	

r1 = r2 = 0.15
k�	

H = h1 =
10
k�	

h2 = 15
k 	

θ0 = 0.2
	
k = 0.864

	
αL = 0.02

� . ilgjpqi�½<pqg%	&�yp'Ãqil{�¾�¼´â·pqgÂ�gjpqÄ�{�â·Å§¼§Ã ¹ z<â�¾ài<g�á�n�¼§il{���¼¿n ¹
Ψ(s) = K0s

q = 0.1s0.8 �PA ¹ pwg�p«zogjp
100
kmpwz<¾àÄ�g�pwk1pw{3ná:il¼§{<n�¾�z�n�n ¹ p�p+G�n�g�z�n�¼§il{Q�)pwÅDÅ6â·Ä�g�¼§{�vçn ¹ p�n�¼§kmp¼D{3njpqgj½ªzlÅ

[0, T ] = 18
â�zªÀ·¾w� �«á:pqg�z�njilg¾�á�ÅD¼Dnànj¼D{�v ¼´¾ â·il{�p'pq½<pqgjÀ

0.1
â�zªÀ�¾w� $ n³n ¹ p'¼§{���i�� �ãi<Ä�{�â�zlg�À n ¹ pwg�p©¼´¾³zlv<zo¼§{�zl{¼§{��ÁpwÃ�n�¼§il{ ��¼¿n ¹

C0(t) = 1
ÆÞilg

t ∈ (0, 1)
zl{�â

C0(t) = 0
z�Æ�njpqg��yzlgjâ�¾w� A ¹ pyá�zlgjzlk1pqn�pwgj¾n ¹ z�n>�yp(��¼§Å§Å n�gjÀÒn�iÒgjpwÃqi�½lpwg)¼§{�½lpqg�¾�pqÅ§À¡zogjp

αL
	
K0
zo{ãâ

q
�

Ü.� �sÑ:Ù Ð@Í¡ÎØÉ3ÍsÖ×Ñ �
A×i ¼DÅ§Å§Ä�¾Ánjgjzon�p£n ¹ p)z<â �Áil¼§{3nåp��3Ä�zon�¼§il{kmp�n ¹ i·â ' $ .�)@ÆÞi<g×â·pqn�pwg�km¼§{�¼D{�v ∇F ÆÞgjilk '����D�ª��) 	
�yp Ãqilkmá�zlg�p³n ¹ ¼´¾Òv<gjz<â·¼Dpw{3n ��¼Dn ¹ vlg�zlâ�¼Dpw{<n�¾çn ¹ zonÒzlg�p ÃwzoÅ´Ã�Ä�ÅDn�psâÏ{�Ä�kmpqgj¼´ÃqzoÅ§Å§À ��¼¿n ¹n ¹ päÆÞi<g���zog�â ' Â>�()H	 ∇pi = F(pi+δpi)−F(pi)

δpi

	hzl{�âØÃ�pw{3n�pqgmâ·¼I!:pwg�pw{�Ã�p ' -y�=) 	 ∇pi =
F(pi+δpi)−F(pi−δpi)

2δpi

��A×z��lp
δp = 0.01

	å¾�i n ¹ z�nn ¹ p¡Â4� ¼§¾�ioÆ�ilg�â·pqg
0.01

zo{ãâ -y�ioÆ i<gjâ�pqg
0.0001

� Â>��zo{�â -y� gjp��3Ä�¼§g�päg�pwáãpsÃ�n�¼§½lpwÅDÀ©il{�päzo{�â n��)i p+G�n�g�z ¾ài<ÅDÄ·nj¼Di<{�¾ioÆén ¹ pmâ·¼§g�psÃ�n~á�g�i
��Å§pqk�áãpwg«áãzog�zokmp�njpqg�¼D{'ilg�â·pqg»n�i}i��·n�zo¼§{ n ¹ p1vlg�zlâ�¼Dpw{<ns�<�¢{ A×z���Å§p�·� ���)pÒá�g�ps¾àpw{<n ∇F ÆÞi<g�â·¼I!:pwg�pw{<n z<â�¾�ilgjá·n�¼§il{©á�zog�zokmpqn�pqg�¾ p = (K0, q)
��A ¹ p���g�¾Ánzo{ãâ ÆÞi<Ä�gàn ¹ Å§¼§{�pÒzogjpç¼§{�¼Dn�¼´zoÅ£½�zoÅ§Ä�pw¾#	@n ¹ p1iln ¹ pwgÅD¼§{�ps¾~vl¼§½lp�n ¹ pÒkm¼D{�¼DkÒz zl¾«ÆÞilÄ�{�â���ÀÅ§¼D{�p¾�pwzlgjÃ ¹ �ãzl¾�pwâ¡i<{än ¹ pÃ�i<{��ÁÄ�v<zon�p�vlg�zlâ·¼§pq{3nyk1pqn ¹ i·â³Ä�¾�¼D{�vmzl¾yv<gjz<â·¼Dpw{3n)n ¹ p~½ªzlÅDÄ�pi���njzo¼§{�psâ���À $ . �ãn ¹ p1½�zoÅ§Ä�pw¾«¼D{ n ¹ p njz"��ÅDp1zogjpn ¹ p1vlg�zlâ�¼Dpw{<n�¾�ÆÞi<g n ¹ pw¾�p á�zlgjzlk1pqn�pwgi���njzo¼§{�psâ���¼¿n ¹ n ¹ p»�â�¼J!@pqgjpq{3nékmp�n ¹ i·â�¾w�/;©p»¾àn�i<á�áãpsâ1n ¹ p»¼¿njpqg�z�n�¼§il{ã¾P� ¹ pq{mn ¹ p»Ãqi<¾àn

F < 0.0001
�

A ¹ p�Â>� â�i3ps¾à{ F n>á�gji�½3¼´â·p)vli�i·âg�ps¾àÄ�Å¿n�¾×z<¾åi<{�péá�zlgjzlkmp�n�pwg×¼´¾×g�pqn�gj¼Dpw½lpwâ���¼¿n ¹ ¼D{ n ¹ pvl¼§½lpw{çz<ÃqÃ�Ä�gjz<Ã�À�	�zoÆ�n�pqgP� ¹ ¼§Ã ¹ n ¹ p�pwg�gjilg×il{çn ¹ p�vlg�zlâ�¼Dpw{<n4¼§¾£¾�Ä�Ã ¹ n ¹ zon4n ¹ p ¾�p��3Ä�pq{ãÃ�pyioÆ½�zoÅ§Ä�pw¾£ÆÞilghn ¹ p»¾�pwÃqil{�â1á�zlgjzlk1pqn�pwghÃqzo{m{�iÅ§il{�vlpqghÃqil{�½lpwg�v<pl�P-y� ¼´¾hÃ�i<k1áãzog�z"��Å§pE��¼¿n ¹$ . ' ¾�ÅD¼§v ¹ n�Å§ÀäÅ§pw¾j¾�v<i3i·â )��DA ¹ p $ . gjp��3Ä�¼§gjpw¾�¾�ilÅ§½3¼§{�v¡zÒÅ§¼§{�pwzlg fé�«Ç �ã¼Dn»¼´¾ i
�·njzl¼D{�psâ
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� � � � � 	 �� ���
� � � �
� � � �	� � � �
� ���	� � � � �
� � � � � �
� ��� � �
� ���	� � �� �
� ��� � � �
� ��� � �� ���	� ����� �
� � � � � �	� ����� � �

� � � � � 	 �� ���	� � � �	� � � �	� ������� �
� ���	� ��� � � �
� � �� � �
� ��� � �
� ���	� ����� � �
� ��� � � �
� ��� � �� ���	� ����� � �
� ��� � � �
� ������
� ���	� ����� � �
� ��� � � �
� ���� � �

A×z���Å§p��� ��r 
6pq½<pq{ �:pqgjv"N . zog �3Ä�zog�â�né¼Dn�pwgjzon�¼§il{�¾�¾ànjzlgànj¼D{�vçÆÞgjilk��çá�zlgjzlkmp�n�pwg�¾àpqnj¾

¼§{ z ÆÞg�zlÃ�n�¼§il{}ioÆ×n ¹ p~nj¼Dkmp{�pwpwâ·psâänji¡¾ài<ÅD½<p«i<{�p¾à¼§{�v<ÅDpâ·¼§g�psÃ�n á�gji���ÅDpwk}�
�)É /:É�Ð 4éÉ3Ì � �jÔ Ë·Ì � ×Ë·Ì �×ÍäÎØÉ3ÍwÖ4Ñ �
�¢{ zÒ¾�pwÃ�i<{�â³pHG·áãpwg�¼§kmpq{3n>�yp~Ãqilkmá�zlg�psâ¡n ¹ p�Ã�i<{��ÁÄ�v<zon�p~vlg�zlâ�¼Dpw{<n�kmp�n ¹ i·â 	,��z<¾àpsâ}il{n ¹ p�zlâ �Ái<¼D{3n�vlg�zlâ�¼Dpw{<n�kmp�n ¹ i·â 	,��¼Dn ¹ n ¹ p�
6pq½<pq{ �:pqgjv"N . zog �3Ä�zog�â�nékmp�n ¹ i·â 	

A ¹ pkÒzl¼D{ z<â·½�zo{3njzlvlp~ioÆ>n ¹ p 
6pw½lpq{ �:pqgjv"N . zog �3Ä�zog�â�nyk1pqn ¹ i·â ¼´¾ ¼Dnj¾»g�i
��Ä�¾àn�{�ps¾�¾w�
�»i��)pw½lpqg%	�n ¹ p�{�Ä�kmpqgj¼§ÃwzoÅåâ·pqn�pwg�km¼§{�z�nj¼Di<{}ilÆ>n ¹ pB63zlÃqi���¼´zo{ Ãqzl{ �ãp Ãqilkmá�Ä·n�z�nj¼Di<{�zoÅ§ÅDÀÃqi<¾àn�Å§À�	�ps¾àá:pwÃq¼§zlÅDÅ§À � ¹ pw{³n ¹ p�¾�ilÅ§Ä·n�¼§il{ ioÆ4n ¹ p�â·¼DgjpwÃ�n á�gji���Å§pqk�¼´¾�pwÅ§z��ãi<gjzon�p�	 � ¹ ¼§Ã ¹ ¼´¾n ¹ päÃqz<¾àpm¼§{©n ¹ p¡á�g�ps¾àpw{<np+G·zlkmá�ÅDp<�äÂ�i<gpq½<pqgjÀ á�zog�zokmpqn�pqg

pi
	>zo{©pHG�n�g�z â·¼§g�psÃ�n�gjÄ�{

��¼Dn ¹ áãzog�zokmp�njpqgh½�zoÅ§Ä�p
pi +∆pi

¼§¾){�pwpwâ·psâ �PA ¹ pqgjp�ÆÞi<g�p
	<z�â·¼§gjpwÃ�n)g�Ä�{¡zl{�â¡zl{Ò¼D{�½lpwgj¾�pgjÄ�{ ��¼§ÅDÅ){�pqpsâ
(n + 1)

n�¼§k1ps¾n ¹ p¡nj¼Dkmp¡{�pwpwâ·psâ©ÆÞilg1¾ài<ÅD½�¼D{�v2'��·� �
)H	:� ¹ pqgjp
n
¼§¾�n ¹ p{�Ä�k��ãpwg�ioÆ>á�zog�zokmp�njpqg�¾q�$ v<zo¼§{C	 �)p i<{�ÅDÀ zoÅ§ÅDi�� n ¹ p z<â�¾ài<g�á�n�¼§il{ á�zog�zokmp�njpqg�¾çn�i Ã ¹ zo{�vlpl� 1�njzog�n�¼§{�v©n ¹ p


åpq½lpw{ �ãpwg�v�N . zlg �3Ä�zlgjâ·n�kmpqn ¹ i·â ' 
 .�) ÆÞgjilk
p = (0.2, 0.6)

zo{�â
p = (0.1, 0.3)

	ãn ¹ p¼§{�¼Dn�¼´zoÅ ½�zoÅ§Ä�pw¾)ioÆLA×z���Å§p~��� �,	ln ¹ p~¼¿njpqg�z�n�¼§il{ã¾év<¼D½<pq{ä¼§{�A4z"��ÅDp�·� �çzlg�p«i��·n�zo¼§{�pwâ6�/�Tn Ãwzo{
�:pä¾�pqpq{©n ¹ z�n 
:.#¼§¾�z Å§¼Dnàn�Å§p¡Å§pw¾j¾p��¡Ãq¼Dpw{<n�¼§{®n ¹ p¡{�Ä�kB�:pqg�ilÆyv<gjz<â·¼§pq{3nj¾�n ¹ z�n ¹ zª½lpnji �ãp1â·p�njpqgjkm¼D{�psâ Ã�i<kmá�zogjpwâ³n�iän ¹ p $ . ��A ¹ pqgjp�ÆÞi<g�p
	 
:. ¼§¾«zo{ z<â·p��3Ä�zon�p�kmp�n ¹ i·â¼DÆézä¾�kÒzoÅ§Åå{�Ä�kB�:pqg�ioÆ£á�zlgjzlkmp�n�pwgj¾ ¼§¾�Ã�i<{�¾à¼´â·pwg�psâ �>�¢{ ¼§{3½<pqg�¾àp á�g�i
��Å§pqkÒ¾>��¼Dn ¹ kÒzl{3Àá�zlgjzlkmp�n�pwgj¾£n ¹ p $ . ¼´¾)á�g�pqÆÞpqg�z"��Å§pB' ¼D{�½lpwgj¾�p zoÅ§vli<g�¼Dn ¹ km¾O��zl¾�pwâmi<{Òn ¹ p»vlg�zlâ�¼Dpw{<nén ¹ zonzlg�p��:p�nànjpqgn ¹ zo{ - ¸ Ãqzl{8�:pÒÄ�¾�pwâ )�� � pw½lpqg�n ¹ pqÅ§pw¾j¾+	 ¼Dn kÒzªÀ {�iln=�:pmÆÞilgjvlilnànjpq{'n ¹ zonn ¹ p Å§¼D{�p ¾�pwzlgjÃ ¹ {�pqpsâ·pwâ1nji~g�pqn�gj¼Dpw½lpyn ¹ p»k1¼§{�¼§k Ä�k 	<¼Dkmá�Å§¼Dps¾é¾�pq½<pqg�zoÅ�pHG�n�g�z�pHG·pwÃqÄ·n�¼§il{ã¾ilÆ×n ¹ p�â·¼§g�psÃ�n�á�gji���Å§pqk � ¹ pq{ z1k1pqn ¹ i·â³n ¹ z�n Ä�¾�pw¾�Å§¼D{�p�¾àpszog�Ã ¹ 	�ÅD¼ �lpB- ¸ 	�¼´¾�Ä�¾�pwâ �
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-)ilkmá�Å§pHG}g�pszoÅC�yilgjÅ´âäv<g�i<Ä�{�â ��z�njpqg ��i�� á�g�i
��Å§pqkÒ¾ zogjp~ioÆ�njpq{ ¼´â·pwzlÅD¼ 7qpsâ}¾�imn�i¡z<â·km¼¿nzo{ãzoÅ§À<nj¼§ÃwzoÅ»¾�ilÅ§Ä·nj¼Di<{�¾+	D� ¹ ¼§Ã ¹ n ¹ ilÄ�v ¹ �ÁpwÅDpwk1pw{3njzogjÀ � v<¼D½<p z vli�i·â ¼D{ã¾à¼§v ¹ nä¼§{ ��zl¾�¼´ÃvlgjilÄ�{�â ��z�n�pwg ¹ À·â·g�zoÄ�Å§¼§Ãw¾q�2A��ln ¹ F ¾1g�pwvl¼§il{�zlÅ ��i�� á�g�i
��Å§pqk ¼§¾mzl{ÏpHG�zlk1á�ÅDp}ioÆ n ¹ ¼´¾+	zo{ãâ!¼§¾³g�pqÆÞpqgjpq{�Ãqpwâ ¼§{ kÒzo{�ÀØnjpHG�n��:i�i��·¾+	�p<� vã� � 8 
 	 zl{�â � � 9 
T� �«Ä�gäv<i<zlÅ ¼§¾¡n�iØgjpHNzoá�á�g�i3zlÃ ¹ n ¹ ¼§¾)á�gji���Å§pqk"¾�i zl¾én�içvlpqnyz ¾�pqkm¼INTzl{�zoÅ§À3n�¼´ÃqzlÅ�¾ài<ÅDÄ�n�¼§il{¡¼§{äz�kmi<g�p«g�pszoÅ§¼§¾àn�¼´Ãâ·i<kmzl¼D{ 	�Â×¼§v��ã��� �·�
;©p°Ã�i<{�¾à¼´â·pwgÒn ¹ p°á�g�i
��Å§pqk�ioÆvlgjilÄ�{ãâ �yzon�pwg��ãi���¼§{�z ¾�kmzlÅDÅ�â·g�zo¼§{�zov<p��ãzl¾�¼D{C	zl¾D��gj¾àn»á�gjpw¾�pq{3njpwâ���À�A��ln ¹ ¼D{ � �o��
4zo{ãâ}n ¹ pwilgjp�n�¼´ÃqzlÅDÅ§À³zl{�zoÅ§À·¾àpsâä¼§{ � ����
T�DA ¹ p���z<¾à¼§{¹ z<¾6½lpwgànj¼§ÃwzoÅ�¼§kmáãpw{�p�njgjz���ÅDpO�ãi<Ä�{�â�zlg�¼§pw¾6Ãqilgjg�ps¾àá:il{ãâ·¼D{�v)nji ¾àÀ�kmkmp�njg�À�Ã�il{ã¾à¼´â·pqg�z�nj¼Di<{�¾w�

A ¹ p Å§il{�vl¼Dn�Ä�â·¼§{�zlÅ�Ã�i<k1á:il{�pq{3néÃqzl{ �:p {�pwvlÅ§pwÃ�n�pwâmz<¾£¼D{Òkmi3¾Áné¾�kÒzoÅ§Å,��zl¾�¼§{�¾>n ¹ p»¾àÅ§ilá:pw¾ioÆ�n ¹ pÒ½�zoÅ§ÅDpwÀ �ãzl{,�·¾vlgjpwzon�Å§À pHG�Ã�pwpwâ'n ¹ p¡ÅDi<{�vl¼Dn�Äãâ·¼D{ãzoÅé¾�ÅDi<áãps¾ioÆyn ¹ p¡½�zoÅ§ÅDpwÀ ��i�ilg�¾w�
A ¹ pwg�pqÆÞilgjp�	�z1n��yi"N¢â·¼§k1pw{�¾�¼Di<{�zoÅ kmi·â·pqÅ4Ãqzl{��:p z<â·ilá·njpwâ}¼§{

(x, z)
Ãqi�ilg�â·¼D{ãz�n�ps¾+	 ��¼Dn ¹

x
n ¹ p ¹ ilgj¼I7wil{3njzlÅyÃqi�ilg�â·¼D{ãz�n�p zo{ãâ

z
n ¹ p pqÅ§pq½�z�nj¼Di<{6� A ¹ p ��zl¾�¼D{ ÆÞÄ�g�n ¹ pwg�kmi<g�p ¹ zl¾n ¹ p¡¾àá:pwÃq¼§zlÅ£á�g�i<áãpwgànÁÀ n ¹ z�nn ¹ p���z�n�pwg�njz"��ÅDpmÆÞi<ÅDÅ§i�� ¾«n ¹ p¡¾�Ä�g�Æ zlÃ�p<� A ¹ ¼§¾¼´¾~á:i<¾j¾à¼ ��Å§p

� ¹ pw{ n ¹ p1z �<Ä�¼¿ÆÞpwg ¹ z<¾«zäÅDi��ÕÃqil{�â�Ä�Ã�nj¼D½�¼DnÁÀ zl{�â n ¹ pqgjp ¼´¾~z"��Ä�{ãâ�zo{3n«g�zo¼§{·Æ zlÅDÅ;��Â4¼§gj¾àn#	n ¹ p â·ilkÒzo¼§{Ï¼´¾Òzl¾j¾�Ä�kmpwâ nji��ãp Å§¼Dkm¼Dn�pwâ ��ÀØz ¹ ilgj¼ 7qil{3n�zoÅy¼Dkmá:pqgjk1psz"��Å§p��ãi<Ä�{�â�zlg�Àz�nÒn ¹ p?��z<¾àp<� � p+G�n#	E�)p���¼§Å§Å»Ã�i<{�¾à¼´â·pwg¡z ¾àpwk1¼INT¼D{ �ã{�¼¿njp â·ilkÒzl¼D{C	 ¹ zª½�¼§{�v®{�i ��zl¾�pl�
�o���
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A ¹ ¼´¾yÅ§z<¾Án�zl¾j¾àÄ�k1á�n�¼§il{Q��¼§Å§Å@zlá�á�gji G·¼DkÒz�njp�n ¹ p�¾�¼¿njÄ�z�nj¼Di<{äilÆå½lpwg�Àmâ·pqpwáQ��z<¾à¼§{�¾w�L�¢{¡n ¹ pz���¾àpw{�Ã�pmilÆ�¾�ilÄ�g�Ã�ps¾+	6n ¹ pä¾ànjzon�¼§il{�zlg�À ¹ À·â·g�zoÄ�Å§¼´Ã ¹ pwzlâC	

h(x, z)
	×¾jz�nj¼§¾ ��pw¾n ¹ p¡¾àn�pszlâ·À¾ànjzon�p~p��3Ä�zon�¼§il{

∇ · (K(z)∇h(x, z)) = 0
	·¼§{

Ω

� ¹ pwg�p
K(z)

¼´¾yn ¹ p ¹ À·â·g�zoÄ�Å§¼´Ã�Ãqil{�â�Ä�Ã�nj¼D½�¼DnÁÀ�	�¾�pqp ' K�� ��)��
A ¹ pwg�pÒp+G·¼§¾àn1¾�pq½<pqg�zoÅh¾�¼Dkmá�Å§¼J�ãpwâØzlá�á�gji<zlÃ ¹ pw¾�ÆÞilg n ¹ päá�g�i
��Å§pqk �?A��on ¹ 	 � �l� 
�zl{�â

� ����
 	 ¹ zl¾)¾ÁnjÄ�â·¼§pwâmn ¹ pM�:ilÄ�{�â�zogjÀ1½ªzlÅDÄ�p á�gji���Å§pqk�ÆÞilg 
åzoá�Å§z<Ã�p�F ¾hp �3Ä�z�nj¼Di<{?'
K(z)

Ãqil{ N¾ànjzl{<n )�¼D{ z���{�¼¿njp¡½lpwgànj¼§ÃwzoÅ 	 n��)i â·¼§kmpq{�¾�¼§il{�zlÅ 	4¾�zon�Ä�g�z�njpwâ 	 ¹ ilkmilv<pq{�pwilÄ�¾#	6¼´¾àiln�gjilá�¼´Ãgjpqv<¼Di<{��:ilÄ�{�â·pwâ il{ n�i<á���À zä¾àÅ§ilá�¼§{�v¡¾�¼D{�Ä�¾�il¼´â�zlÅåÃ�Ä�gj½lp
	 � ¹ ¼´Ã ¹ gjpqá�gjpw¾�pq{3n�¾�n ¹ pB�yz"Nnjpqg�njz"��ÅDp<� � i��ypq½<pqg%	 ¹ p zoá�á�g�i G·¼§kmzon�ps¾n ¹ p á�g�i
��Å§pqk ��À g�psâ·Ä�Ãq¼D{�v'n ¹ p â�ilkÒzo¼§{Ïnjiz³g�psÃ�n�zo{�v<ÅDp���¼¿n ¹ n ¹ pmvl¼§½lpq{ n�ilá �:ilÄ�{�â�zogjÀ}½�zlÅDÄ�ps¾�á�g�i��ÁpwÃ�n�pwâ°il{3n�i³n ¹ p njilá©ioÆhn ¹ ¼§¾gjpwÃ�njzo{�vlÅ§pl�PA ¹ ¼´¾ zl¾j¾àÄ�k1ps¾)n ¹ zon�n ¹ p�¾�ilÅ§Ä·n�¼§il{ ¹ z<¾�n ¹ p�¾jzokmp~½�zoÅ§Ä�p~il{}n ¹ p~n�ilá}ioÆ4n ¹ pgjpwÃ�njzo{�vlÅ§p zl¾«¼¿nâ·¼´â i<{ n ¹ pçv<¼D½<pq{��:ilÄ�{�â�zogjÀl�=�¢{ � � � 
4n ¹ p njilá��:ilÄ�{�â�zogjÀ Ã�i<{�â·¼Dn�¼§il{¼´¾ n�z"�<pq{ ¼§{3n�i³z<ÃqÃqilÄ�{3n«p+G�zlÃ�njÅDÀ
	*��Ä·n~zä½lpwgànj¼§ÃwzoÅ§ÅDÀ}¼D{,��{�¼Dn�pmg�pwvl¼§il{ ¼´¾«Ãqil{�¾�¼´â·pqgjpwâ 	ãn ¹ p
z
NTÃqi�ilg�â·¼D{ãz�n�p³½�zogjÀ3¼§{�v'ÆÞg�i<k

0
nji −∞ � A ¹ p ¹ À�â�gjzlÄ�ÅD¼´Ã}Ã�il{ãâ·Ä�Ã�nj¼D½�¼DnÁÀØ¼´¾Òzl¾j¾àÄ�kmpsânjiäâ·pwÃqg�pszl¾�p�pHG·á:il{�pw{3n�¼´zoÅ§ÅDÀ���¼¿n ¹ â·pqá�n ¹ 	@¼;� p<�I	

K(z) = cedz 	 � ¹ ¼´Ã ¹ ¼´¾»¾�Ä�á�á:ilg�n�pwâ?�3À¾�ilkmp~pHG·á:pqgj¼Dkmpq{3n�zoÅåâ�zonjz�� A ¹ p�zl¾j¾àÄ�k1á�n�¼§il{ ioÆ×n ¹ p ¾�pqkm¼IN;¼§{ ��{�¼¿njpg�pwvl¼§il{C	·ilÆ>ÃqilÄ�g�¾àp
	i<{�ÅDÀmzoÅ§Å§i�� ¾hgjpqÅ§¼§z���ÅDp»g�ps¾àÄ�ÅDnj¾hÆÞilgyâ·pqpwáäâ·g�zo¼§{�zov<pD��zl¾�¼D{ã¾ ��Ä·n�{�ilnhÆÞilg)n ¹ p«Ä�¾�Ä�zoÅ*��zl¾�¼D{ã¾ilÆ>â·pwá·n ¹ ÆÞgjilk
600
Ä�á}n�i

1000
ÆÞpwp�n%	�zl¾�¾àn�Ä�â�¼Dpsâ���ÀQA��ln ¹ � . ilgjp�v<pq{�pwgjzlÅDÅ§À�	�{�Ä�kmpqg�N¼´ÃqzlÅåkmp�n ¹ i·â�¾»¾�Ä�Ã ¹ zl¾>��{�¼Dn�p â�¼J!@pqgjpq{�Ãqp�ilgM��{�¼Dn�p�pwÅDpwkmpq{3n«kmp�n ¹ i·â�¾»Ãwzo{��:p�Ä�¾�pwâ nji¾�ilÅ§½lp ¾�Ä�Ã ¹ á�gji���Å§pqkÒ¾#	���Ä·nén ¹ ps¾àp kmpqn ¹ i·â�¾ég�p �<Ä�¼Dgjp�kmilgjp<-)féºDN;n�¼§kmpM��¼Dn ¹ ¼§{�Ã�gjpwz<¾à¼§{�vâ·pwá·n ¹ ilÆ»n ¹ p��ãzl¾�¼D{�¾#	)zl{�â â·il{CF nÒá�gji�½3¼´â·p zl¾1k ÄãÃ ¹ �3Ä�zlÅD¼Dnjzon�¼§½lp}¼D{·ÆÞi<g�kÒzon�¼§il{ z<¾ÒzÆÞi<g�kÒzoÅ6¾�ilÅ§Ä·nj¼Di<{6�

�¢{ n ¹ ¼§¾«Ã ¹ zoá�n�pqg%	 �yp ��g�¾àn«¾àpszog�Ã ¹ n ¹ p ¹ À·â·g�zoÄ�Å§¼´Ã ¹ pwz<â
h
¼§{ zÒ{�il{,N ¹ i<kmilvlpw{�pqi<Ä�¾á:ilgjilÄ�¾ékmpwâ·¼§Ä�k 	·¼D{³z�gjpqvl¼§il{��:ilÄ�{�â·pwâQ�ãpqn��)pwpq{Òn��yi ½<pqg�n�¼´ÃqzlÅ�¼§k1á:pqgjkmpwz���ÅDp<�ãi<Ä�{�â Nzlg�¼§pw¾#	 �:ilÄ�{�â�pwâ il{Ønjilá ��ÀØz'¾�ÅDi<á�¼§{�v©¾�¼§{3Äã¾ài<¼§â�zlÅ�Ã�Ä�gj½lp}zo{�â ��ÀØz ¹ i<g�¼ 7qi<{3njzoÅy¼§k�Ná:pqgjkmpwz"��ÅDp �:ilÄ�{ãâ�zogjÀ}zon�n ¹ p���zl¾�pl� ;©p�pHG�n�pw{�â}n ¹ p�g�ps¾àÄ�Å¿nM��À}zoÅ§ÅDi���¼§{�v¡zÒ�«¼Dgj¼§Ã ¹ ÅDpqn

�:ilÄ�{ãâ�zogjÀ*Ã�il{ãâ·¼¿nj¼Di<{
zon³n ¹ p8�ãzl¾�pl� A ¹ p©Å§zonàn�pwg ¼§¾ Ã�i<{·ÆÞilgjk ��¼¿n ¹ zl{�Ä�{�â�pqgjÅDÀ�¼§{�vÃqil{ ��{�pwâ z �<Ä�¼¿ÆÞpwgäioÆ ¹ ¼Dv ¹ Ã�i<{�â·Ä�Ã�n�¼§½3¼DnÁÀ n ¹ zon}¼§{3n�pqg�zlÃ�nj¾Q��¼¿n ¹ n ¹ p©Ã�i<{�¾à¼´â·pwg�psâ!ÅDi��Ãqil{�â·ÄãÃ�n�¼§½lp~gjpqv<¼Di<{6�
A×i«â·pszoÅ ��¼¿n ¹ n ¹ p)á�g�ps¾àpw{<n4á�gji���Å§pqk 	��yp ��g�¾Án4pHG�n�pw{�ân ¹ p�¾àpwk1¼IN¢zo{�zlÅDÀ3n�¼´ÃqzlÅlkmp�n ¹ i·âilÆ � � ��
6zo{�âäg�psâ·Ä�Ãqp n ¹ p«á�gji���ÅDpwk�nji1¾�ilÅ§½�¼D{�vçzo{ä¼D{ �ã{�¼¿njp¾àÀ·¾àn�pqk ilÆåÅD¼§{�pszogyp��3Ä�z�nj¼Di<{�¾w�

�¢{äÃwzl¾�p ioÆ6z��«¼§g�¼´Ã ¹ Å§p�n&�:ilÄ�{�â�zogjÀmÃ�il{ãâ·¼¿nj¼Di<{¡z�n)n ¹ p<��zl¾�p>�yp Ä�¾�p»z Â�ilÄ�gj¼Dpwgé¾�pqgj¼Dps¾éâ·p+NÃqilkmáãi3¾à¼Dn�¼§il{1ioÆ@n ¹ pD�ãi<Ä�{�â�zlg�ÀçÃ�il{ãâ·¼¿nj¼Di<{6�LA ¹ ¼§¾h¼D{�½li<ÅD½<pw¾£z ¸ g�zokmk kÒz�njg�¼IG�� ¹ ¼§Ã ¹ ¼´¾á:i<¾�¼¿nj¼D½<p)â·p+��{�¼Dn�p<�/A ¹ ¼´¾4¾àÀ·¾àn�pqk ¼´¾6njg�Ä�{�Ãqzon�pwâ ¾ài»z<¾6nji»À�¼§pqÅ´â�zo{ zlá�á�gji G·¼DkÒz�njph¾ài<ÅDÄ�n�¼§il{n ¹ z�n á�gji�½�¼§â�pw¾yn ¹ p �ãps¾Án»kÒzonjÃ ¹ ��¼¿n ¹ n ¹ pv<¼D½<pq{��ãi<Ä�{�â�zlg�À}â�z�n�z1zon�n ¹ p~njilá ¾�Ä�gàÆ z<Ã�p<�
A×in�ps¾Ánén ¹ p«½ªzlÅD¼´â·¼DnÁÀçilÆ@n ¹ p«k1pqn ¹ i·â 	�z�¾�¼Dkmá�Å§p ¸ zlÅDpwg���¼§{���{�¼Dn�p pwÅDpwk1pw{3n)kmp�n ¹ i·â��yz<¾¼§kmá�ÅDpwkmpq{3n�psâ �P. ilgjpqi�½<pqg%	ªzl{ ��� �h�ã���T���q¦D� �Ò�q��� �m�q�����w� ��zl¾>¼§kmá�Å§pqkmpq{3n�psâçn�igjpwâ·Ä�Ãqp
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0                  10                20                30

Â4¼Dv<Ä�gjp~���D�<r $ gjpwz1¼D{�-)pw{<njgjzlÅ $ Å �ãpwgàn�z���¼¿n ¹ áãzog�zoÅ§ÅDpwÅD¼´¾àk"ilÆ>Ãqg�pwp+�·¾w�

n ¹ p�Ã�ilkmá�Ä�njz�nj¼Di<{³¼§{ Ãqz<¾àp~ioÆ>â·pqpwá â·gjzl¼D{ãzovlp(��z<¾à¼§{�¾w�
$ {1ilÄ�n�Å§¼D{�p�ilÆ�n ¹ ¼§¾£Ã ¹ zoá·njpqg£¼´¾£zl¾×ÆÞilÅ§ÅDi�� ¾w� �¢{ 1�psÃ�nj¼Di<{1��� �M�)p�á�gjpw¾�pq{3n>n ¹ pyi<g�¼§vl¼§{�zlÅzo{ãzoÅ§À<nj¼§ÃwzoÅh¾�ilÅ§Ä·n�¼§il{®ilÆEA��ln ¹ ���¢{ 1�pwÃ�n�¼§il{ ��� �,	:�)p¡¾ànjzon�pmn ¹ p¡kÒz�n ¹ pqkÒz�nj¼§ÃwzoÅhkmi·â·pqÅÆÞilg~n ¹ p ¹ À�â�gjzlÄ�ÅD¼´Ãçáãiln�pq{3nj¼§zlÅ�� �¢{21�pwÃ�n�¼§il{®��� 9 	 �ypmâ�pqgj¼D½<p1z³ÆÞilgjkÒzoÅ£¾�ilÅ§Ä·n�¼§il{°n�i}n ¹ p

�:ilÄ�{�â�zogjÀ'½�zoÅ§Ä�p¡á�g�i
��ÅDpwk ��À®z ¾�Ä�¼¿n�z"��Å§p³Â�ilÄ�gj¼§pqg�p+G�áãzo{�¾�¼Di<{ kmp�n ¹ i�âÏzo{�â®¼§{ ��{�¼Dn�pÅ§¼D{�pszog4¾àÀ·¾àn�pqk
n�psÃ ¹ {�¼ �3Ä�pw¾w� �¢{B1�psÃ�nj¼Di<{ ��� � 	%�)p)â·¼§¾jÃ�Äã¾�¾6n ¹ py¾àpwk1¼IN¢zo{�zlÅDÀ3n�¼´ÃqzlÅlzoá�á�g�i3zlÃ ¹zo{ãâ*i��·n�zo¼§{ ¾ài<kmp {�Ä�kmpqgj¼§ÃwzoÅ gjpw¾�Ä�ÅDnj¾Òn ¹ z�n zogjp Ã�i<k1áãzogjpwâ ��¼¿n ¹ gjpw¾�Ä�Å¿n�¾ÒÆÞgjilk-n ¹ pÅ§¼¿njpqg�z�n�Ä�g�p<���¢{ 1·pwÃ�nj¼Di<{Ï��� ���ypQ��gj¼§p ��À ¾��lp�n�Ã ¹ z ��{�¼¿njp³pwÅDpwk1pw{3nmzlá�á�gji<zlÃ ¹ zl{�â �ypzoÅ´¾�imâ�pwzoÅ ��¼Dn ¹ zl{³¼§{ ��{�¼Dn�p pqÅ§pqkmpq{3n�kmp�n ¹ i�â6�
Â�i<ghÃ�i<{<nj¼D{�Ä�¼DnÁÀ���¼Dn ¹ n ¹ p ¾ài<Ä�gjÃqpw¾>zo{ãâçÃq¼¿n�z�n�¼§il{ã¾+	 $ kmpqgj¼§Ãwzo{1Ä�{�¼Dnj¾#	l¼;� p<�I	<k1¼§Å§pw¾hzl{�âÆÞpqpqn#	 ��¼§ÅDÅ �:p«Ä�¾�pwâäzoÅ§k1i3¾Ánypq½<pqgjÀ � ¹ pqgjp ¼D{¡n ¹ ¼´¾�Ã ¹ zoá·njpqgs�/A ¹ p«gjpw¾�Ä�ÅDnj¾há�g�ps¾àpw{<njpwâ ¹ pqgjpzoá�áãpszogjpwâ©¼D{ � � � 	×�l� 
 �hzo{®i<Ä·n�Å§¼D{�p¡ioÆyn ¹ pä{3Ä�k1pwg�¼´ÃqzlÅézoÅ§vli<g�¼Dn ¹ km¾=��zl¾�á�g�ps¾àpw{3n�pwâ'¼§{

� � 9 
T�



-�� � �çÖ×Ë�Ê×ÍsÉ<Ì � � Ü Ê×Ì�Ë�ÚlÍwÙ Ú<Ë�Û �ãÌªÑ�4Ð���� Ë·ÍsÉ<Ì �4Ñ�� Ê4Ì�Ñ�4>Û É�Î
� ��� ��� " 
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�¢{ � �o� 
 	DA��on ¹ ¾ànjzlgànjpwâÏn ¹ p ¾àn�Ä�â�ÀÏioÆ¾�kmzlÅDÅ«â·gjzl¼D{ãzovlp���z<¾à¼§{�¾m¼§{ -)pw{3n�g�zoÅ $ Å �:pqg�njz,	-yzl{�zlâ�z 	éÂ4¼Dvã�£���§�l�2A ¹ p ¾�Ä�gàÆ z<Ã�p³ioÆ»n ¹ p zogjpwz°vlpq{�pqg�zoÅ§ÅDÀ®¾àÅ§ilá:pw¾mâ·i���{ ��zog�â®n�i'n ¹ ppszl¾ànw�OA ¹ pç¾àÄ�g�Æ zlÃqp~¼§¾�½<pqgjÀ¡vlpw{3n�Å§ÀägjilÅ§ÅD¼§{�vÒzo{�â}¼´¾ ¾�Ä,�:â�¼D½�¼´â·pwâ ��À³z1ÆÞp#�
kÒzl¼D{ Ãqg�pwp+�·¾¼§{3n�i {�pszogjÅDÀ á�zlgjzlÅDÅ§pqÅD��z�njpqg�¾ ¹ pwâ�¾mzo{ãâ ½�zlÅDÅ§pqÀ·¾w� A ¹ p â·¼´¾Án�zo{�Ãqpw¾��:p�n��ypqpq{*z<â �àzlÃqpq{3n
��z�njpqg«â�¼D½�¼´â·pw¾�zogjp��Ònji°�w�¡k1¼§Å§pw¾w�MA ¹ pçÃqg�pwp+�·¾»zlÅDÅ ¹ zª½lp�n�gj¼I��Ä�njzogjÀ Ã�ilÄ�ÅDpwpw¾�n ¹ z�n~zogjpâ·gjÀ¡p+G·Ãqpqá·n»â�Ä�g�¼§{�vmá:pqgj¼Di·â�¾�ilÆ4¾�Ä�gàÆ z<Ã�p~gjÄ�{�i"!>�

�»p1i
��¾�pqgj½lpwâ°�äÆÞpsz�njÄ�g�ps¾qr~z}Ã�Å§i<¾�p1Ãqilgjg�pwÅ§zon�¼§il{ ilÆén ¹ pÒá�¼Dp#7qi<k1pqn�gj¼§Ã1¾�Ä�gàÆ z<Ã�p ��¼¿n ¹n ¹ pn�i<áãi<vlg�zoá ¹ À¡¼§{ vlpw{�pqg�zoÅ ��gjpqÅ´z�nj¼D½<pqÅ§À ¹ ¼§v ¹ i<g ÅDi�� {�zon�Ä�g�zoÅ6Å§pq½<pqÅ´¾�¼§{°Ã�pwgàn�zo¼§{��ypqÅ§Å´¾z<¾éÃ�i<kmá�zogjpwâ���¼Dn ¹ n ¹ p»v<pq{�pwgjzlÅ�á�¼§p+7wilkmp�njg�¼´Ã»¾�Ä�g�Æ zlÃ�ps¾hz�n �)pwÅDÅ´¾hilÆå¾à¼§km¼DÅ´zogyâ·pqá�n ¹ �3n ¹ pâ·¼I!@pqgjpq{3n«Ã ¹ zlgjz<Ã�n�pwg�ioÆ4n ¹ p Ã ¹ zo{�v<p�¼§{ ¹ pszlâ���¼¿n ¹ Ã ¹ zo{�vl¼§{�v��)pwÅDÅåâ�pqá·n ¹ 	�¼DÆ>n ¹ p��ypqÅ§Å´¾zlg�pçvlgjilÄ�á:pwâ'zlÃqÃqilg�â·¼§{�vÒn�i}gjpwÃ ¹ zlg�v<p zo{�â©â·¼´¾�Ã ¹ zogjvlp zlg�pszl¾w��Ç G·zlkm¼D{�¼§{�v}n ¹ pçp+!:psÃ�nj¾ilÆ×n ¹ p~n�i<áãi<vlg�zoá ¹ ÀÒzo{�â}v<pqilÅ§ilv<À�	 ¹ p�¾�Ä�vlv<pw¾àn�pwâ¡n ¹ p~ÆÞi<ÅDÅ§i���¼§{�vÒÃ�il{ãâ·¼¿nj¼Di<{�¾wr
�l� � iÃ�i<{ ��{�psâ�i<g£Ä�{�Ã�i<{ ��{�psâ��ãi��Ï¾àÀ·¾àn�pwkÕioÆ:Å§zlg�v<pyzlg�pszoÅ3pHG�n�pw{<néÃwzo{��ãp�ÆÞi<g�kmpwâ6�

�Tn>Ãwzo{��:p�¾Án�z�n�psâ~n ¹ z�n£zo{�À¾à¼§{�vlÅ§pO��z�njpqg�¾ ¹ pwâ¾�pqpqkÒ¾ån�i~Ã�i<{�¾Ánj¼¿njÄ�p)z»Ä�{�¼Dnh¾àÀ·¾àn�pqk¼D{¡n ¹ p�vlgjilÄ�{ãâ �yzon�pwg ��i�� 	�zoÅ§ÅDi���¼§{�vnjiç¾�áãpsz"�mioÆå¾�¼D{�vlÅ§p»Å§i�ÃwzoÅ:g�pwvl¼§il{�¾£n ¹ zon�Ãwzo{
�ãp�¾àn�Äãâ·¼Dpsâ}¼D{�â�pqá:pq{�â�zl{3n�Å§Àl�

�·��x£pqg�n�¼´ÃqzlÅã¼§kmáãpwg�kmpwz���Å§pM�:ilÄ�{�â�zogj¼Dps¾)Ãwzo{ �:pzl¾j¾àÄ�kmpsâmn�içpHG·¼§¾ànyÆÞilg�zoÅ§Å:á�gjz<Ã�n�¼´ÃqzlÅá�Ä�gjáãi3¾àps¾z�n���z�njpqg�â·¼§½�¼§â·ps¾�zo{ãâ©¾àn�gjpwzlkÒ¾q�QA ¹ ¼§¾¼´¾ �:pwÃwzoÄ�¾�pmn ¹ pmnjilá:ilv<gjzlá ¹ À¼§¾�zlá�á�gji G·¼DkÒz�njpqÅ§À¡¾àÀ�kmkmp�njg�¼´ÃqzlÅ g�pwÅ§zon�¼§½lp�n�iÒpw¼¿n ¹ pqg z���z�njpqg�â·¼§½3¼´â·pi<g zm½ªzlÅDÅ§pqÀ�ãilnànjilk �£Â�Ä�g�n ¹ pwg#	�gjpwÃ ¹ zlg�v<p ¼´¾yâ�Ä�p»nji ¼§{ ��ÅDn�g�z�nj¼D{�v1g�zo¼§{äzo{�âäkmpqÅDn ��z�njpqg%	 ��¼´Ã ¹¼§¾�p �3Ä�zoÅ§ÅDÀ³â·¼§¾àn�gj¼ ��Ä·n�psâ}il{��ãiln ¹ ¾à¼´â·ps¾�ioÆ£z1â�¼D½�¼´â·pilg�¾àn�gjpwzok �
��� $ {}z"��gjÄ�á·n�â·pwÃqg�pszl¾�p ¼D{³áãpwg�kmpsz"��¼§ÅD¼DnÁÀ¡Ãqzl{ �:p�Ãqil{�¾�¼§â�pqgjpwâmnji pHG·¼´¾Án�z�n)n ¹ p(�:ion Nn�i<k ioÆyn ¹ pmn�ilá®Å´zªÀlpwgw� A ¹ ¼´¾~njilá®Å§zªÀ<pqg¼´¾~n ¹ pÒf>z<¾ ��zláãi�i}ÆÞilgjkÒz�n�¼§il{ 'Þkmi3¾ÁnjÅDÀ¾àilÆ�n vlg�zªÀ�	�ÃqÅ§zªÀ<pqÀä¾jzo{�â�¾Ánjil{�p )yioÆ>n ¹ ¼´Ã5��{�pw¾j¾�ÆÞgjilk��1n�iä�<�l�1ilg��s�l�<� ÆÞpwp�n»v<il¼§{�vÆÞg�i<k pwz<¾Án1n�i �)ps¾ÁnÒzlÃqg�i3¾�¾�n ¹ p zlg�psz��2KypqÅ§i�� n ¹ ¼´¾m¼´¾ n ¹ p Çéâ·kmil{3njil{ ÆÞilgjkmz"Nn�¼§il{ ' ¾jzo{�â�¾Ánjil{�ps¾zo{�â®¾�¼DÅDnj¾àn�i<{�pw¾Ãqpqkmpq{3n�psâ ��¼¿n ¹ �:pq{3njil{�¼Dn�¼´ÃÒÃ�Å´zªÀ,) 	 � ¹ ¼§Ã ¹ ¼´¾kÒzog��lpwâ ��À z â·gjilá!¼§{*áãpwg�kmpsz"��¼§ÅD¼DnÁÀl� Â�Ä�g�n ¹ pqg¡pw½3¼´â·pw{�Ã�p ÆÞi<gÒn ¹ ¼´¾äz<¾àá:pwÃ�nä¼´¾Ã�i<{<n�zlÃ�n�¾�á�gj¼D{�v3¾)n ¹ zon pHG·¼§¾ànD� ¹ pqgjpÃ�i<{<n�zlÃ�n 7wil{�ps¾�ilÄ·n�Ã�gjilá6�L;©p~Ãwzo{³n ¹ pwg�pqÆÞilgjpn�gjpwzonyn ¹ ¼´¾D�ãi<Ä�{�â�zlg�À¡z<¾�z ¹ ilgj¼I7wil{3njzlÅ@¼Dkmá:pqgjk1psz"��Å§p �:ilÄ�{�â�zogjÀl�
�¢{³n ¹ p�n ¹ pqi<g�pqn�¼´ÃqzoÅ@zoá�á�g�i3zlÃ ¹ � ��� 
åzo{ zo{�zlÅDÀ3n�¼´Ã�¾ài<ÅDÄ·nj¼Di<{Q��zl¾yvl¼§½lpw{6�LA ¹ p¾àÄ�g�Æ zlÃqpilÆhn ¹ p���z�njpqg«njz"��ÅDp �yz<¾ n�z"�<pq{ nji ¹ zª½<pçzQ�,G·pwâ'¾àÅ§ilá:p�	6¾�Ä�á:pqgj¼Dkmá:i<¾�pwâ?��¼Dn ¹ z³¾�¼§{3Äã¾ÆÞÄ�{ãÃ�n�¼§il{å� A ¹ p}gjpqvl¼§il{ ioÆ n ¹ p vlgjilÄ�{ãâ �yzon�pwg ��i�� �yz<¾çgjpqá�g�ps¾àpw{<njpwâ ¹ i��)pw½lpqg���ÀÏzgjpwÃ�njzo{�vlÄ�Å´zog4zogjpwz,	ªÂ4¼Dvã�4��� ��� A ¹ ¼´¾4g�psÃ�njzl{�vlÅ§pO��zl¾åkÒzlâ·pyioÆ�z ¹ ilgj¼ 7qil{3n�zoÅl¼§kmáãpwg�kmpsz"��Å§p

�:ilÄ�{ãâ�zogjÀz�n>¼¿n�¾:�ãzl¾�p�	���À~n��)i«¼Dkmá:pqgjkmpwz"��ÅDp �ãi<Ä�{�â�zlg�¼§pw¾×pHG�njpq{�â·¼§{�v~â·i���{ �yzlgjâ�ÆÞgjilk
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0

z

x

Â×¼§vlÄ�g�p��� �·rPA ¹ pâ·i<kÒzo¼§{6�

n ¹ p³¾àn�gjpwzok zo{�â©n ¹ pQ��z�njpqg â�¼D½�¼´â·p�	£zo{ãâ��3À®z ¹ i<g�¼ 7qi<{<n�zoÅhÅ§¼§{�päz�n n ¹ p³pqÅ§pq½�z�nj¼Di<{ ioÆn ¹ p«¾àn�gjpwzok zoÅ§il{�v�� ¹ ¼´Ã ¹ n ¹ p ¹ pwz<âm¼§¾y¾�Ä�á�á:i<¾�pwâmnji��ãp«n ¹ p«¾jzokmp»zl¾hn ¹ zonéÆÞi<ghn ¹ p«gjpwzlÅ
��z�n�pwg�njz���ÅDp<�

A ¹ p1kÒz�n ¹ pqkÒz�nj¼§ÃwzoÅ>kmi�â�pqÅ4ÆÞilg�n ¹ p1¾àn�pszlâ·À ¾ànjzon�pmÃqzl¾�p ilÆhn ¹ p ¹ À·â·g�zoÄ�Å§¼´Ã ¹ pszlâ
h¼´¾�n ¹ p�ÆÞilÅ§Å§i���¼D{�vã�DA ¹ p â·i<kmzl¼D{

Ω
¼´¾

0 < x < L
	 −T < z < 0

�DA ¹ p���z�n�pwg n�z"��Å§p�¼´¾vl¼§½lpw{���À
g(x) =

ax

L
+ V sin

(
2πnx

L

)
,

� ¹ pwg�p
L > 0

	
T > 0

	
a ≥ 0

	lzl{�â
V
zlg�p�Ã�i<{�¾Án�zo{3nj¾4zo{ãâ

n
¼§¾£zM�,G·pwâçáãi3¾à¼Dn�¼§½lp�¼§{3n�pqv<pqgs�Â�gjilk ' K�� �
)&��¼¿n ¹ Ã�il{ã¾Án�zo{3n ¹ À·â·g�zoÄ�Å§¼´Ã�Ãqil{�â�Ä�Ã�nj¼D½�¼DnÁÀ�	 �yp�i
�·njzl¼D{

∆h(x, z) = 0,
'����§�%)

� ¹ pwg�p
∆
¼´¾�n ¹ p�
åzlá�Å§z<Ã�¼´zo{6�LA ¹ p~ÆÞi<Ä�gD�ãi<Ä�{�â�zlg�À³Ã�il{ãâ·¼¿nj¼Di<{�¾�zogjp

∂h

∂x
|x=0 =

∂h

∂x
|x=L = 0,

∂h

∂z
|z=−T = 0,

h(x, z = 0) = T + g(x),
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� ¹ pwg�p�n ¹ p�¼§kmáãpwg�kmpsz"��Å§p���z<¾àp¼´¾�n ¹ pç¾àn�g�z�njÄ�k�ÆÞi<g n ¹ p ¹ pwz<â �DA ¹ p�v<pq{�pwgjzlÅå¾ài<ÅDÄ�n�¼§il{ilÆ×n ¹ p�
åzlá�Å§z<Ã�p�p��3Ä�zon�¼§il{ Ãqzo{��:p ��g�¼Dnànjpq{ zl¾

h(x, z) = e−kz(A cos kx+B sin kx) + ekz(M cos kx+N sin kx),

� ¹ pwg�p³n ¹ p}zlg���¼Dn�g�zogjÀ®Ã�il{ã¾Án�zo{3nj¾
A

	
B

	
M

	
N
zogjp}â·pqn�pwg�km¼§{�pwâ �3À®n ¹ p��ãi<Ä�{�â�zlg�ÀÃqil{�â·¼Dn�¼§il{ã¾q�PA ¹ p=��{ãzoÅ pHG·á�gjpw¾j¾�¼Di<{ägjpwzlâ�¾+	 � ����
 	

h(x, z) = T +
a

2
+

V

2πn
(1 − cos 2πn) +

'���� ��)

+2

∞∑

m=1

[
2πnV L (1 − cos 2πn cosmπ)

(2πn)2 − (mπ)2
+

aL

m2π2
(cosmπ − 1)

]
·

cos(mπx/L) cosh(mπz/L)

L cosh(mπT/L)
,

zl{�â ¾jz�nj¼§¾ ��ps¾1n ¹ p��:ilÄ�{ãâ�zogjÀÏÃ�i<{�â·¼Dn�¼§il{�¾Òzl{�âÏn ¹ p 
×zoá�Å´zlÃqp³p �<Äãz�n�¼§il{å� A��ln ¹ vl¼§½lps¾¾�pq½<pqg�zoÅ pHG�zlk1á�ÅDps¾�ÆÞilg»â�¼J!@pqgjpq{3n»½�zoÅ§Ä�ps¾�ioÆ>n ¹ p�á�zog�zokmpqn�pqg�¾ ��n ¹ ps¾àp Ãwzo{��:p Ã�i<kmá�zogjpwâ
��¼Dn ¹ n ¹ p 'Þvlpw{�pqg�zoÅ ))pHG�zokmá�Å§pw¾�Å´z�njpqg�¼§{³n ¹ ¼´¾ Ã ¹ zoá�n�pqgs�

$ �)pwÅDÅ ��{�i���{Øgjpw¾�Ä�Å¿n �yz<¾�i
�·njzl¼D{�psâ®ÆÞilgmâ·pwpqá �ãzl¾�¼D{�¾#	£¾àpwp¡n ¹ pQ�ãvlÄ�gjpw¾ç¼D{ � �o��
;�
A ¹ gjpqpÒâ·¼´¾àn�¼§{�Ã�njÅDÀ®â·¼I!:pwg�pw{<n~nÁÀ�á:pw¾ilÆ���i�� ¾àÀ·¾àn�pwkm¾Ãwzo{®i·ÃqÃqÄ�á�À°z���zl¾�¼D{årÅDi·ÃqzlÅ 	å¼D{ Nnjpqgjk1psâ·¼´z�n�p}zo{�â®gjpqv<¼Di<{�zoÅy¾àÀ·¾àn�pwkm¾w� $ ¦D�w��¥o¦)� �ª���¢� � ioÆ v<g�i<Ä�{�â ��z�njpqg �ãi�� ¹ zl¾�¼Dnj¾gjpwÃ ¹ zlg�v<p»zogjpwz z�n�z�njilá:ilvlg�zoá ¹ ¼§Ã ¹ ¼Dv ¹ zl{�â¡¼Dnj¾�â·¼´¾�Ã ¹ zogjvlp»zlg�psz z�n�zo{³zlâ �àz<Ã�pq{3nyn�i<áãi�Nv<gjzlá ¹ ¼´Ã«Å§i�� zogjpwz�� $ { �����¢�q� �m����� ¥o�T� � �ª���T� � ¹ zl¾�¼Dnj¾ g�psÃ ¹ zogjvlp~zo{�â â�¼§¾jÃ ¹ zogjvlp~zogjpwz<¾z~ÆÞp#�!n�i<áãi<vlg�zoá ¹ ¼´Ã ¹ ¼§v ¹ ¾)zo{�âÒÅ§i�� ¾>ÆÞÄ�g�n ¹ pqg)z ��zªÀl�4Â4¼D{�zlÅDÅ§À�	<n ¹ p ���T�l� ���:¥o¦�� �ª���¢� � ¹ z<¾¼Dnj¾)g�psÃ ¹ zogjvlp�zlg�psz�zonén ¹ p>��z�n�pwg)â·¼§½�¼§â�p»zo{�âm¼Dnj¾yâ·¼´¾�Ã ¹ zogjvlp�zogjpwzzonhn ¹ p<�ãilnànjilk ioÆ@n ¹ p½�zoÅ§Å§pqÀl� A ¹ ¼§¾�¾�À·¾Ánjpqk�¼´¾�á�gjpw¾�pq{3n�¼D{ zlÅDÅ6â·pwpqá ��z<¾à¼§{�¾w�

�¢{}n ¹ p{�pHG�n«¾�pwÃ�n�¼§il{C	 �ypá�gjpw¾�pq{3n ilÄ�g�kmi<g�p~vlpw{�pqg�zoÅ kÒzon ¹ pwkmzon�¼´ÃqzlÅ k1i·â·pwÅ��&�Tn»¼´¾zl{ pHG�n�pw{�¾à¼§il{ ilÆ � � � 
;� ;'p���¼DÅ§Å ¹ ¼Dv ¹ ÅD¼§v ¹ n�n ¹ p â·¼I!:pwg�pw{�Ã�ps¾�ioÆ£i<Ä�g gjpw¾�Ä�Å¿n�¾D��¼Dn ¹ n ¹ i<¾�pilÆ � � ��
 n ¹ gjilÄ�v ¹ ilÄ·ns�

� ��� � ��������� ��� "�
�� ��� "���� �  � � ���� 

$ ¾»¼§{ � ����
P�ypçÃqil{�¾�¼§â�pqg n ¹ pçÆÞilÅ§ÅDi���¼§{�v¡v<i�½lpqgj{�¼§{�v¡â·¼I!:pwg�pw{3n�¼´zoÅ4p��3Ä�z�nj¼Di<{ ÆÞilg«n ¹ p ¹ À Nâ·g�zoÄ�ÅD¼´Ã ¹ pwz<â
h(x, z)

¼§{}n ¹ p�¾ànjzon�¼§il{�zlg�ÀÒgjpqv<¼Dkmp�¼D{ z���¾àpw{�Ã�p~ilÆ4¾�ilÄ�g�Ã�ps¾
∇ · (edz∇h(x, z)) = 0,

¼§{
Ω.

'���� �
)
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0
x 0y

0

z

0

z

x

Â4¼Dv<Ä�g�p��� ��rLA ¹ p�â·ilkÒzo¼§{

A ¹ p ¹ À�â�gjzlÄ�ÅD¼´Ã¡Ãqil{�â·ÄãÃ�n�¼§½�¼¿nÁÀ®¼´¾
K = cedz '

c
z°áãi3¾à¼Dn�¼§½lp}Ã�il{ã¾Án�zo{3n#	

d ≥ 0
)���A ¹ pâ·i<kmzl¼D{

Ω
Ä�{�â·pwg Ã�il{ã¾à¼´â·pqg�z�nj¼Di<{ä¼´¾�vl¼§½lpw{���À�'�¾àpwpÂ×¼§v��h��� � )

0 < x < L
zo{�â −T < z < g(x) ≡ −

[
ax

L
+ V sin

(
2πnx

L

)]
,

' ��� 9 )
� ¹ pwg�p

L > 0
	
T > 0

	
a ≥ 0

	lzl{�â
V
zlg�p�Ã�i<{�¾Án�zo{3nj¾4zo{ãâ

n
¼§¾£zM�,G·pwâçáãi3¾à¼Dn�¼§½lp�¼§{3n�pqv<pqgs�

A ¹ p=�:ilÄ�{�â�zogjÀäÃ�i<{�â·¼Dn�¼§il{�¾�zlg�p~vl¼§½lpw{Q��À
∂h

∂x
|x=0 =

∂h

∂x
|x=L = 0,

' ��� ��)

h(x, z) = z on z = g(x),
' ��� � )

zo{ãâ
∂h

∂z
|z=−T = 0,

' ��� �")
ilg

h(x, z)|z=−T = f(x).
' ��� �
)

� pwg�p
	ozl¾4¼§{ � � ��
 	
g
¼§¾>â·p+��{�psâB��À ' ��� 9 )��/. ilgjpqi�½<pqg%	

f
¼´¾>z á�¼§pwÃqp+��¼´¾àp�¾àkmi�ion ¹ ÆÞÄ�{ãÃ�n�¼§il{il{

[0, L]
�?;'p}gjpwÃqzlÅDÅhn ¹ zonç¼§{ � � ��
 	>n ¹ p}â·pqá·n ¹

T
ilÆyn ¹ p ¾ài<¼DÅ)Å§zªÀ<pqg�¼´¾n�z"�lpw{ n�i��ãp¼§{ ��{�¼DnÁÀ�	·n ¹ p=�ãi<Ä�{�â�zlg�ÀÒÃqil{�â·¼Dn�¼§il{ã¾('���� �%N¢��� �
) �ãpw¼D{�vmgjpqá�Å´zlÃqpwâQ�3Àmn ¹ pÃ�i<{�â·¼Dn�¼§il{¡n ¹ z�n

h
¼´¾E�ãi<Ä�{�â·psâ³ÆÞilg

z → −∞ �
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� ��� � �!�� � "$��� �� � �  �� "$� � �

KyÀ°¾�pqá�zlgjzon�¼§il{ ilÆ)½�zogj¼´z"��Å§pw¾~z³ÆÞilgjkÒzoÅ£zo{�zlÅDÀ3nj¼§Ãm¾�ilÅ§Ä·n�¼§il{'ioÆén ¹ p¡â·¼I!:Äã¾à¼§il{©p��3Ä�zon�¼§il{
'���� �
) 	·¼;� pl�

∂2h

∂x2
+
∂2h

∂z2
+ d

∂h

∂z
= 0

¼D{
Ω

	 ' ��� 8 )
Ä�{ãâ·pqg£n ¹ p�kmpq{3n�¼§il{�pwâ �ãi<Ä�{�â�zlg�ÀçÃ�il{ãâ·¼¿nj¼Di<{�¾>¼´¾>ÆÞilÄ�{ãâ �L;'p ¾�p�n

h(x, z) = X(x)Z(z)
�

;©p«i
�·njzl¼D{
2
¾�pqáãzog�z�n�p«¾àpsÃ�il{ãâÒilg�â·pqg ��� ��� ¹ ¼§Ã ¹ Ãqzo{äg�pszlâ·¼§ÅDÀ��:p¾ài<ÅD½<pwâ1njz���¼D{�v1¼§{<njiz<ÃqÃ�i<Ä�{3n�n ¹ p�K>-y¾w�/;*¼Dn ¹ K>-(' ��� �
) �)pâ·pwg�¼§½lp

h(x, z) =

{
η1,0 + η2,0z
η1,0 + η2,0e

−dz

}
+

∞∑

m=1

cos(
mπx

L
)
(
η1,me

λ+
mz + η2,me

λ−
mz
)
.
' ���§�w� )

�»pqgjp�	
λ±m
¼§¾ vl¼§½lpq{���À

λ±m =
1

2

[
−d±

√
d2 + 4

m2π2

L2

]
, m ∈ N

� '����§�l� )
. i<g�pwi�½lpwg#	

ηi,m
'
i = 1

zl{�â
2
�
m = 0, 1, . . .

)£zogjp�zog���¼Dn�g�zogjÀ�Ã�il{ã¾Án�zo{3nj¾w�:�¢{�'����§�w�
)×n ¹ pnjilá Å§¼D{�p1Ã�i<g�gjpw¾�áãi<{�â�¾E��¼Dn ¹ n ¹ pçÃwzl¾�p
d = 0

	�n ¹ p��:ionànjilk�Å§¼D{�pB��¼¿n ¹ n ¹ pçÃqzl¾�p
d 6= 0

�
;©p�F ÅDÅ �lpqpwáän ¹ ¼´¾�{�ion�z�nj¼Di<{än ¹ g�i<Ä�v ¹ ilÄ·ns�

A ¹ p�Ã�i�p��¡Ãq¼Dpw{<n�¾
ηi,m

	 '
i = 1, 2;m = 0, 1, 2 . . .

) 	·zlg�p�â·p�njpqgjk1¼§{�psâÒ¼D{}¾àÄãÃ ¹ z���zªÀn ¹ z�n
h(x, z)

¾jz�nj¼§¾ ��ps¾én ¹ pgjpqkÒzo¼§{�¼§{�v�KD-y¾ '���� �
)yzo{ãâ '���� �"))ilg�'���� �
)��
�h¥ª�q�m�Á� èç��¶��Ò¥��ã����� 	 � ��� 
A ¹ p~ÆÞÄ�{�Ã�nj¼Di<{

h(x, z)
	·vl¼§½lpw{���À�'����§�w� ) 	�Ã�i<á�¼§{�v���¼¿n ¹ '���� �")H	 ¹ zl¾yn ¹ p~ÆÞilgjk

h(x, z) = η1,0 +
∞∑

m=1

η1,m cos(
mπx

L
)

[
eλ+

mz − λ+
m

λ−m
e(λ

−
m−λ+

m)T eλ−
mz

]
.

' ���§�s�
)

�h¥ª�q�m�Á� ¬ ����� ����¦D�q� ��� 	 � ����
�¢kmá:i<¾�¼D{�v�'���� �
))il{}n ¹ p~ÆÞÄ�{�Ã�nj¼Di<{ ' ���§�w� ))g�p �<Ä�¼Dgjpw¾)n ¹ z�n

f(x) =

{
η1,0 − η2,0T
η1,0 + η2,0e

dT

}
+

∞∑

m=1

cos(
mπx

L
)
(
η1,me

−λ+
mT + η2,me

−λ−
mT
)
,
' ���§�w� )
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0 < x < L
�%�«{³z<ÃqÃqilÄ�{3n)ilÆ6n ¹ ¼§¾�Ãqi<¾�¼D{�p�Â�i<Ä�g�¼§pqg�¾�pqgj¼Dps¾ép+G�áãzo{�¾�¼Di<{äilÆ

f
	 �)p�kÒzªÀ1i
� Nnjzl¼D{¡n ¹ p~Ã�i�p��¡Ãq¼Dpw{<n�¾

η2,m
¼D{¡n�pqgjkÒ¾éilÆ

η1,m
	
m ∈ N

� -)i<{�¾�p��3Ä�pq{3njÅDÀ
	ln ¹ p»p+G�á�g�ps¾�¾�¼Di<{
' ���D�s�
))gjpwâ·Ä�Ãqpw¾ynji

h(x, z) =
D0

2
+

∞∑

m=1

Dm cos(
mπx

L
)eλ−

m(z+T ) +

{
η2,0T (1 + z

T )
−η2,0e

dT (1 − e−d(z+T ))

}

+

∞∑

m=1

η1,m cos(
mπx

L
)
[
eλ+

mz − e(λ
−
m−λ+

m)T eλ−
mz
] '����§� 9 )

� ¹ pwg�p

Dm =
2

L

∫ L

0

f(t) cos
mπt

L
dt

	
m ∈ N

� '����§�s��)

A ¹ p~pHG·á�gjpw¾j¾�¼Di<{�¾=' ���§�s�
)yzo{�â ' ���D� 9 )yÃqzl{��:p�Ã�i<kB��¼§{�pwâ³¼§{<nji¡zm¾à¼§{�vlÅ§p~il{�p
	·½�¼I7

h(x, z) =
D0

2
+

∞∑

m=1

Dm cos(
mπx

L
)eλ−

m(z+T ) +

{
β0(1 + a0

z
T )

β0(1 − a0e
−d(z+T ))

}

+

∞∑

m=1

βm cos(
mπx

L
)
[
eλ+

mz − ame
(λ−

m−λ+
m)T eλ−

mz
]
.

'����§�w� )

� pwg�p
	
βm

	 '
m ∈ N

)H	3zlg�p«zog���¼¿njgjzlg�À1Ã�i<{�¾Án�zo{3nj¾w�/�¢{Òn ¹ p�Ãqz<¾àp ilÆ n ¹ p(K>- ' ��� �")hil{�p ¹ zl¾

a0 = 0, am =
λ+

m

λ−m
,

'
m ∈ N0

)H	
Dm = 0,

'
m ∈ N

)
.

�¢{}n ¹ p�Ãwzl¾�p~ioÆån ¹ p�K>- '���� �
))il{�p«n�z"�<pw¾
am = 1,

'
m ∈ N

)H	�zo{ãâ
Dm
vl¼§½lpq{���À�' ���D�ª��)��

A ¹ pmÃ�i�p��¡Ãq¼Dpw{<n�¾
βm

	P'
m ∈ N

)H	 k Ä�¾àn<�:p1â�p�n�pwg�km¼§{�pwâ���À}¼§kmáãi3¾à¼§{�vän ¹ p1g�pwkÒzo¼§{�¼D{�v



- 	 � �çÖ×Ë�Ê×ÍsÉ<Ì � � Ü Ê×Ì�Ë�ÚlÍwÙ Ú<Ë�Û �ãÌªÑ�4Ð���� Ë·ÍsÉ<Ì �4Ñ�� Ê4Ì�Ñ�4>Û É�Î
K>-@'���� �
)H	�¼�� pl�

−
[
ax

L
+ V sin(

2πnx

L
)

]
− D0

2
−

∞∑

m=1

Dm cos(
mπx

L
)eλ−

m(T−[ ax
L +V sin( 2πnx

L )])

=

{
β0(1 + a0

−[ ax
L +V sin( 2πnx

L )]
T )

β0(1 − a0e
−d(T−[ax

L +V sin( 2πnx
L )]))

}

+
∞∑

m=1

βm cos(
mπx

L
)

{
exp

[
−λ+

m

{
ax

L
+ V sin(

2πnx

L
)

}] ' ���§� ��)

−ame
(λ−

m−λ+
m)T exp

[
−λ−m

{
ax

L
+ V sin(

2πnx

L
)

}]} 	
0 < x < L

�
A ¹ ¼´¾ Ãqil{�â·¼Dn�¼§il{}¼´¾�kmz<â·p{�i<{ NTâ�¼Dkmpq{ã¾à¼§il{�zlÅ��3À³¾àpqnàn�¼§{�v

y = x/L, αm = βm/L, σ
±
m = λ±mL, D̃m = Dm/L,

'
m ∈ N

)
zl{�â

ã = a/L, Ṽ = V/L, T̃ = T/L.�¢{3n�gji·â·Ä�Ãq¼D{�v
K(y) = ãy + Ṽ sin(2πny)

ÆÞilg
0 < y < 1

	 �ypvlpqn�ÆÞg�i<k ' ���D� �")én ¹ zon

−K(y) − D̃0

2
−

∞∑

m=1

D̃m cos(mπy)eσ−
mT̃ e−σ−

mK(y)

=

{
α0(1 + a0

−K(y)

T̃
)

α0(1 − a0e
−dT̃LedLK(y))

} ' ���§��� )

+

∞∑

m=1

αm cos(mπy)
[
e−σ+

mK(y) − ame
(σ−

m−σ+
m)T̃ e−σ−

mK(y)
]

�«pH��{�p

uk(y) =

{
1 + a0

−K(y)

T̃
, d = 0

	
k = 0

cos(kπy)
[
e−σ+

k K(y) − ake
(σ−

k −σ+
k )T̃ e−σ−

k K(y)
]
,
iln ¹ pwg���¼´¾�p

.

A ¹ pw{C	�Ãqil{�â·¼Dn�¼§il{�' ���D� �
)yÃqzl{��:pgjp+��gj¼¿n�n�pq{}¼§{³n ¹ p~ÆÞilgjk

−K(y)− D̃0

2
−

∞∑

m=1

D̃m cos(mπy)eσ−
mT̃ e−σ−

mK(y) =
∞∑

m=0

αmum(y),
'����§� 8 )
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� ¹ pwg�p
0 < y < 1

	4ÆÞg�i<k � ¹ ¼§Ã ¹ n ¹ pägjpqkÒzl¼D{�¼§{�v°Ãqi�p��¡Ã�¼§pq{3nj¾
αm

	>'
m ∈ N

) 	hkçÄ�¾Án
�:pçâ·pqn�pqgjkm¼D{�pwâ �D. Ä�ÅDn�¼§á�Å§À�¼D{�v��ãiln ¹ ¾�¼§â�pw¾ ilÆ>' ���§� 8 ) ��À

uk(y)
zl{�â}¼D{3n�pwvlg�z�nj¼D{�v���¼Dn ¹gjpw¾�áãpsÃ�n�n�i

y
i�½<pqg

(0, 1)
	 �)p�zlg�gj¼D½<p«zon�n ¹ p~ÆÞi<g�kÒzoÅ@¼§{ ��{�¼Dn�pç¾àÀ·¾àn�pqk ioÆ×p �3Ä�z�nj¼Di<{�¾

∞∑

m=0

bkmαm = ck, k ∈ N,
'���� �o�
)

��¼Dn ¹

bkm =

∫ 1

0

uk(y)um(y) dy.
' ��� ���%)

ck = −
∫ 1

0

uk(y)K(y) dy − D̃0

2

∫ 1

0

uk(y) dy
' ��� �<��)

−D̃m

∞∑

m=1

∫ 1

0

uk(y) cos(mπy)eσ−
mT̃ e−σ−

mK(y) dy

A ¹ p1¼D{,��{�¼Dn�p1kmzon�gj¼JG �
= [bkm]k,m=0,1,2,...

¼§¾»n ¹ p ¸ g�zokmk kÒz�n�gj¼IG ilÆ£n ¹ pÒ¾�p�n {uk :
k ∈ N} �A ¹ pÒ¼§{3n�pqv<gjzlÅ§¾�'���� �·� )«zl{�â ' ��� �<��)~Ãqzl{��ãp¡pw½�zoÅ§Ä�z�njpwâ!¥��:¥o¦����;� �j¥o¦�¦����?A×i n ¹ ¼´¾pq{ãâ
�yp�gjpwÃwzoÅ§Å@n ¹ p�â�pH��{�¼Dn�¼§il{ ilÆån ¹ pk1i·â·¼I��psâ�Kyps¾�¾�pqÅ@ÆÞÄ�{ãÃ�n�¼§il{ã¾�ioÆ×n ¹ pÒ�s¾Án>��¼§{�â

Im(x) = (x
2 )2
∑∞

k=0(
x
2 )2k 1

(k!(k+m)!) ,

zo{ãâ��yp~¼D{�½<i��lp«n ¹ p¼§â·pw{3n�¼DnÁÀ�' ¾�pqp � �l� 
 )

e−p sin θ = I0(p) + 2

∞∑

q−1

I2q(p) cos(2qθ) + 2

∞∑

q=1

I2q−1(p) sin((2q − 1)θ),
' ��� �o� )

∀θ 	�¼D{ ilg�â·pwg)nji¡â·pwzlÅ ��¼¿n ¹
e−σ±

k K(y) �;©pP��g�¾Án6pw½ªzlÅDÄãz�n�pé��zlÄ G·¼DÅ§¼´zogjÀ ¼D{3njpqvlg�zoÅ´¾#	+� ¹ ¼´Ã ¹ zogjp4n ¹ pw{Ä�¾àpsâ�n�i�p+G�á�g�ps¾�¾
bkm
zl{�â

ck
�:;'p)kÒz"�lp)¾ài<k1pé{�ion�z�n�¼§il{ãzoÅ<z<¾�¾�Ä�kmá·nj¼Di<{�¾ ÆÞi<g ��gjpq½�¼DnÁÀl�C�¢{��:ion ¹ pHG·á�gjpw¾j¾�¼Di<{�¾@n ¹ p ±¾�À3k��ãi<Å·â·pq{�iln�ps¾ån ¹ p�¾àÄ�kÕioÆ�n��yi«n�pqgjkÒ¾+	�i<{�p)ÆÞilg>pwz<Ã ¹ ¾à¼§vl{ 	oilg×n ¹ p�¾�Ä�kÕilÆ�ÆÞilÄ�g4njpqgjkm¾¼DÆhn ¹ pwg�p1zogjp zÒá�zl¼Dg�ioÆhá�ÅDÄ�¾�zo{ãâ km¼D{�Ä�¾�¾à¼§vl{ã¾B' ¾�pqp � � ��
 )��~Â�ilg�pHG�zlk1á�ÅDp
	 a±b

(a±b)2+c =
a+b

(a+b)2+c+ a−b
(a−b)2+c

	�zo{�â ±a±b
(±a±b+c)2 = a+b

(a+b+c)2 + a−b
(a−b+c)2 + −a+b

(−a+b+c)2 + −a−b
(−a−b+c)2

�
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�«{ zlÃwÃ�ilÄ�{<n�ilÆE'���� �o�
)O�ypi��·n�zo¼§{

T (m, k,A,B) ≡
∫ 1

0

cos(mπy) cos(kπy)e−(A+B)K(y) dy

=
1

2
I0(Ṽ (A+B))

ã(A+B)(1 − e−ã(A+B)(−1)k+m)

(m± k)2π2 + ã2(A+B)2
' ��� � 9 )

+
1

2

∞∑

q=1

(−1)qI2q(Ṽ (A+B))
ã(A+B)(1 − e−ã(A+B)(−1)k+m)

[(m± k)π ± 4qnπ]
2

+ ã2(A+B)2

+
1

2

∞∑

q=1

(−1)qI2q−1(Ṽ (A+B)) ×

[(2q − 1)2nπ ± (m± k)π] (1 − e−ã(A+B)(−1)k+m)

[(2q − 1)2nπ ± (m± k)π]2 + ã2(A+B)2
, A+B 6= 0.

1�¼§km¼DÅ´zogjÅ§À�	C' ��� �l�
))Å§pwzlâ�¾yn�i

S(k,A) ≡ −
∫ 1

0

K(y)cos(kπy)e−AK(y) dy
'���� �l�
)

= −ãI0(Ṽ A)

{
−Aã e

−ãA(−1)k

(ãA)2 + (kπ)2
+

[
(ãA)2 − (kπ)2

] (
1 − (−1)ke−ãA

)

[(ãA)2 + (kπ)2]
2

}

− Ṽ
2
I0(Ṽ A)

(2nπ ± kπ)
(
1 − (−1)ke−ãA

)

(2nπ ± kπ)2 + (ãA)2

−ã
∞∑

q=1

(−1)qI2q(Ṽ A)

{
− Aã e−ãA(−1)k

(ãA)2 + (kπ ± 4qnπ)2

+

[
(ãA)2 − (kπ ± 4qnπ)2

] (
1 − (−1)ke−ãA

)

[(ãA)2 + (kπ ± 4qnπ)2]
2

}

− Ṽ
2

∞∑

q=1

(−1)qI2q(Ṽ A)
[±kπ ± 4qnπ + 2nπ]

(
1 − (−1)ke−ãA

)

[±kπ ± 4qnπ + 2nπ]2 + (ãA)2

−ã
∞∑

q=1

(−1)qI2q−1(Ṽ A)

{
− [(2q − 1)2nπ ± kπ] e−ãA(−1)k

(ãA)2 + [(2q − 1)2nπ ± kπ]
2

+
2ãA [(2q − 1)2nπ ± kπ]

(
1 − (−1)ke−ãA

)

[(ãA)2 + ((2q − 1)2nπ ± kπ)2]
2

}
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− Ṽ
2

∞∑

q=1

(−1)qI2q−1(Ṽ A)

{
ãA
(
1 − (−1)ke−ãA

)

[(2q − 2)2nπ ± kπ]
2

+ (ãA)2

− ãA
(
1 − (−1)ke−ãA

)

[4qnπ ± kπ]
2

+ (ãA)2

} 	
A 6= 0

�

� i�� 	<n ¹ p»pq{3njg�¼§pw¾éioÆ n ¹ p ¸ g�zokmk kmzon�gj¼JGmpq{3njpqgj¼D{�v�n ¹ p«¼D{ �ã{�¼¿njp«Å§¼§{�pwzlg)¾�À�¾àn�pwk '���� �o� )Ãqzl{��:p ��gj¼¿n�n�pq{ z<¾qr

b00 = 1 − 2a0e
σ−

0 T̃T (0, 0, 0, σ−
0 ) + a0e

2σ−

0 T̃T (0, 0, 0, 2σ−
0 ),

� ¹ pq{
d 6= 0

	
b00 = 1 − a0

(
ã
T̃

+ ã2

3T̃ 2
+ Ṽ 2

2T̃ 2
− Ṽ ã

πT̃ 2n

)
,

� ¹ pw{
d = 0

	
b0k = T (0, k, 0, σ+

k ) − ake
(σ−

k −σ+
k )T̃T (0, k, 0, σ−

k ) + a0

T̃
S(k, σ+

k )

−a0

T̃
e(σ

−

k −σ+
k )T̃S(k, σ−

k ),
� ¹ pw{

d = 0
	
k 6= 0

	
bkk = −ake

(σ−

k −σ+
k )T̃ + T (k, k, σ+

k , σ
+
k ) + e−4σ+

k T̃T (k, k, σ−
k , σ

−
k ),� ¹ pw{

d = 0
	
k 6= 0

	
bkm = T (k,m, σ+

m, σ
+
k ) − ame

(σ−
m−σ+

m)T̃T (k,m, σ−
m, σ

+
k )

−ake
(σ−

k −σ+
k )T̃T (k,m, σ+

m, σ
−
k )

+akame
(σ−

k +σ−
m−σ+

k −σ+
m)T̃T (k,m, σ−

m, σ
−
k ),� ¹ pw{

d = 0
	
(k −m)k 6= 0

	�zo{�â�� ¹ pw{
d 6= 0

	
k +m 6= 0

�
1�¼§km¼DÅ´zogjÅDÀ
	�n ¹ pgj¼§v ¹ n ¹ zo{�â ¾�¼§â�p�ilÆE'���� �o� )hgjpwz<â�¾

c0 = −1

2
ã− 2a0e

σ−

0 T̃S(0, σ−
0 ) − D̃0

(
1 − eσ−

0 T̃T (0, 0, 0, σ−
0 )
)

−
∞∑

m=0

D̃me
σ−

mT̃
(
T (m, 0, σ−

m, 0) − eσ−

0 T̃T (m, 0, σ−
m, σ

−
0 )
)
, d 6= 0,

c0 = − 1
2 ã+ a0

T̃

(
ã2

3 + Ṽ 2

2 − Ṽ ã
πn

)
− D̃0

(
1 − ã

2T̃

)

−
∞∑

m=0

D̃me
σ−

mT̃

(
T (0,m, σ−

m, 0) +
1

T̃
S(m,σ−

m)

)
,

� ¹ pw{
d = 0
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ck = S(k, σ+
k ) − ake

(σ−

k −σ+
k )T̃S(k, σ−

k )

−D̃0

(
T (0, k, 0, σ+

k ) − e(σ
−

k −σ+
k )T̃T (0, k, 0, σ−

k )
)

−
∞∑

m=0

D̃me
σ−

mT̃
(
T (m, k, σ−

m, σ
+
k ) − e(σ

−

k −σ+
k )T̃T (m, k, σ−

m, σ
−
k )
)
,

��¼Dn ¹
k = 1, 2, . . .

�Â�g�i<k ' ��� �l�
) 	�n ¹ p~Ä�{,��{�i���{�¾
αm

	
m ∈ N

zogjp~i��·n�zo¼§{�pwâ6�
� ��� � � ��� � � ����� "�� � � ��� " 
!� � � � ���� �� �  �� "$� � � � ��� ����

�������� �� ��� � ���������� "$�

A ¹ p ¾�ilÅ§Ä·nj¼Di<{
h(x, z)

n�i~n ¹ p ��i�� á�g�i
��Å§pqk ¼´¾£v<¼D½<pq{���À�' ���D�s�
)�� �¢{Òá�g�zlÃ�n�¼´Ã�p�	��)p�kçÄ�¾Ánzlá�á�gji G�¼§kÒz�njp
h

��À³zçnjg�Ä�{ãÃqz�njpwâ³pHG·á�gjpw¾j¾à¼§il{³ioÆ4n ¹ p~ÆÞi<g�k

hN,l(x, z) =
D0

2
+

l∑

m=1

Dm cos(
mπx

L
)eλ−

m(z+T )

{
β0(1 + a0

z
T )

β0(1 − a0e
−d(z+T ))

}

+

N∑

m=1

βm cos(
mπx

L
)
[
eλ+

mz − ame
(λ−

m−λ+
m)T eλ−

mz
]
,

' ��� �o� )
� ¹ pwg�pmn ¹ p¡¼§{3n�pqv<pqg�¾

N
zo{�â

l
zlg�pÒá�zlgjzlkmp�n�pwgj¾zl{�â −T < z < g(x)

	
0 < x < L

�t�psÃqzlÅDÅ�n ¹ z�nÒ¼§{ Ãwzl¾�p³ilÆ»n ¹ p ¹ ilkmilv<pq{�pwilÄ�¾ � pwÄ�kÒzo{�{ K>-�'���� �") 	
Dm = 0

ÆÞilg¡zlÅDÅ
m ∈ N

� A ¹ pÒpHG·á�gjpw¾j¾à¼§il{ ' ��� �o� )<��¼¿n ¹
Dm 6= 0

Ãqilgjg�ps¾àá:il{ãâ�¾«n�i n ¹ p¡�»¼§g�¼´Ã ¹ Å§p�nBK>-
'���� �
)yzoá�á�g�i G·¼§kmzon�psâ ��À

h(x, z)
∣∣
z=−T

= f̃l(x) ≡
D0

2
+

l∑

m=1

Dm cos(
mπx

L
).

' ��� � ��)

�»ion�¼´Ã�p n ¹ zonh{�ionéi<{�Å§À�n ¹ p»Â�i<Ä�g�¼§pqghÃqi�p��¡Ã�¼§pq{3nj¾
Dm
ioÆ
f
zlg�p â�pwÃ�gjpwz<¾à¼§{�v�ÆÞÄ�{�Ã�n�¼§il{�¾hioÆ

m
	 ��Ä·n»zlÅ§¾�i

λ−m
	C'
λ−m < 0

) 	�zl{�â¡kmilgjpqi�½<pqg
z + T ≥ 0

¼§{�' ��� �o� )��PA ¹ Ä�¾#	3¼§{ ' ��� �l�
) 	
lkÒzªÀ �ãp�n�z"�<pq{ÒgjpqÅ´z�n�¼§½lpwÅDÀ1¾àkÒzlÅDÅ;�/A ¹ p ÆÞÄ�{�Ã�n�¼§il{

hN,l
z"�:i�½lp ¾jz�nj¼§¾ ��pw¾£n ¹ p(KD- '���� �")>i<g

'���� � �")H	ozl¾:�)pwÅDÅ·z<¾6n ¹ pDKD- '���� ��)��/A ¹ pypqgjgjilg×zon×n ¹ p)n�ilá1¾àÄ�gàÆ z<Ã�p
z = g(x)

	
0 ≤ x ≤ L

	ilÆ×n ¹ p�â·ilkÒzl¼D{
Ω

	�Ã�i<k1km¼Dnànjpwâ�� ¹ pq{ Ä�¾�¼§{�v
hN,l(x, z)

¼D{ã¾Ánjpwzlâ}ilÆ
h(x, z)

gjpwz<â�¾
eN,l(x) = hN,l(x, g(x)) − g(x)

	
0 ≤ x ≤ L

� ' ��� � �
)
A ¹ p¼§{�â·p+G

l
¹ zl¾ynji��ãp�¾�Ä�á�á�g�ps¾�¾�pwâä¼D{ Ãqz<¾àp~ilÆ/K>- '���� �")��
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Â4¼Dv<Ä�gjp)��� 9�r:A ¹ pépwg�gjilg×il{n ¹ pénjilá��:ilÄ�{�â�zogjÀ~¼D{çÃqzl¾�péilÆãz �»pqÄ�kÒzl{�{BK>-'ÆÞilg>â·¼I!:pwg�pw{3n
N

NT½�zoÅ§Ä�pw¾#	 ��¼¿n ¹ â�z�n�z
a/L = 0.05

	
V = 50

	
d = 0

	
L = 20000

	
T = 2000

�

. ¼§{�¼§k1¼ 7q¼§{�vn ¹ p pwg�gjilg
eN,l(x)

¼§{mn ¹ p
L2

N;{�i<g�k�ÅDpszlâ�¾hn�in ¹ pD��{�¼¿njp»Å§¼D{�pszogé¾�À·¾ÁnjpqkÆÞilg
αm = βm

L

	:'
m = 0, . . . , N

)�r
N∑

m=0

bkmαm = ck, k = 0, 1, . . . , N,
' ��� �;8
)

� ¹ pwg�p
bkm
zl{�â

ck
	E'
k
zo{ãâ

m = 0, . . . , N
)H	4zlg�pÒv<¼D½<pq{���À '���� �·�%)~zl{�â ' ��� �<��)H	ågjpHN¾�áãpsÃ�n�¼§½lpwÅDÀ<�DA ¹ ¼§¾»¾àÀ·¾àn�pqk�¼´¾ {�iln ¹ ¼§{�vÒpqÅ´¾�pn ¹ zl{ n ¹ p�n�gjÄ�{�Ãqzon�psâ³½<pqg�¾à¼§il{ ilÆE'���� �o�
)��&�Tn¼´¾�g�pwvlÄ�Å´zogs�:�¢{ãâ·pqpsâ 	·n ¹ p=��{�¼Dn�p ¸ gjzlkmk�kÒz�n�gj¼IGä¼§¾�¾�À�kmk1pqn�gj¼§Ã~zl{�â 	�zl¾yn ¹ p�ÆÞÄ�{�Ã�n�¼§il{�¾

uk(y)
	D'
k = 1, ..., N

)H	4zlg�p¡Å§¼§{�pwzlg�Å§À°¼§{�â·pwáãpw{�â·pq{3n%	>zlÅ§¾�i á:i<¾�¼¿nj¼D½<p¡â·pH�ã{�¼¿njpl�81·À�¾àn�pwk
' ��� �;8
)¡á�g�i�½�¼´â·pw¾än ¹ p8�:pw¾àn kmzonjÃ ¹ ¼§{�v ¾ài<ÅDÄ·nj¼Di<{�¼§{ n ¹ p

L2(0, L)
N¢¾àpw{�¾àp'il{*n ¹ p©n�i<á

�:ilÄ�{�â�zogjÀmÆÞilg�z v<¼D½<pq{
N
�PA ¹ p~pqgjg�i<g

eN,l(x)
Ãqzo{³pwzl¾�¼§ÅDÀ��:p«pw½�zoÅ§Ä�z�njpwâ³{3Ä�k1pwg�¼´ÃqzlÅDÅ§Àl�A ¹ p áãzog�zokmp�njpqg

N
¼´¾éÃ ¹ i3¾àpw{1¾�in ¹ z�n ‖eN,l(x)‖

¼§¾P��¼Dn ¹ ¼D{äz~gjp��3Ä�¼§gjpwâmzlÃwÃ�Ä�g�zlÃqÀl�×Â4¼§v����� 9â·pqá�¼§Ã�nj¾
eN,l(x)

ÆÞilghz~¾�áãpsÃ�¼I�ãÃ�Ã ¹ i<¼§Ãqp�ioÆ:â�z�njz=��¼Dn ¹ K>- ' ��� �")H	*'
Dm = 0

	
m ∈ N

)H	ÆÞilg â�¼J!@pqgjpq{3n ½�zoÅ§Ä�pw¾�ilÆ
N
�

1�i<k1p {�Ä�kmpwg�¼´ÃqzlÅ g�ps¾àÄ�Å¿n�¾¡ioÆ~n ¹ p á�gji·Ã�pwâ�Ä�g�p zlg�p {�i�� â·ps¾�Ãqg�¼ �:pwâ ��A ¹ pw¾�p?�ypqgjp
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a/L = 0.05

	
V = 50

	
d = 0

	
n = 4

	
L = 20000

	
T = 2000

���«zonjz³¼D{'g�¼§v ¹ n�á�zog�nwr
a/L = 0.02

	
V = 50

	
d = 0

	
n = 4

	
L = 20000

	
T = 1400

�

i
�·njzl¼D{�psâ���¼Dn ¹ z}¾ànjzo{ãâ�zog�â kÒz�n ¹ pqkÒz�nj¼§ÃwzoÅ4á�zlÃ5��zov<p�	:½�¼I7�. zoá�ÅDp<� �»i³á�gjilv<gjzlkmk1¼§{�v
��zl¾~{�psÃ�ps¾�¾jzogjÀl� �¢{©Â4¼§v��¡��� ���yp1á�g�ps¾àpw{<n �³gjpw¾�Ä�Å¿n�¾=��¼¿n ¹ n ¹ p¡¾jzokmpmâ�z�n�z zl¾�¼D{ � ����

' � pqÄ�kmzl{�{ KD-�z�n1n ¹ p��ãzl¾�p%)�� Â�ilg

N = 60
	hn ¹ p p��3Ä�¼§á:ion�pw{3n�¼´zoÅ�ÅD¼§{�ps¾Òzogjp³¼§{ÏÆÞÄ�ÅDÅzlvlgjpqpqkmpw{<n(��¼¿n ¹ n ¹ i<¾�pçilÆ�� ��� 
T��. i<g�pwi�½lpqg%	ãn ¹ pwÀ zogjp i���njzo¼§{�psâ i�½lpwg»n ¹ p1pq{3n�¼§g�pmâ·i�NkÒzo¼§{C	h¼§{ÏÃqil{3n�g�zl¾àn���¼Dn ¹ � �o��
;� �»ion�p³n ¹ z�n n ¹ p���i���ÅD¼§{�ps¾ ilÆ n ¹ p}vlgjilÄ�{�â ��z�n�pwg ��i��zlg�pmá:pqgjáãpw{�â·¼´Ã�Ä�Å´zog~nji n ¹ ps¾àpÒp �<Ä�¼Dá:ionjpq{3n�¼´zoÅhÅ§¼§{�pw¾w���¢{©n ¹ pÒÅ§p�Æ�n áãzog�n~ilÆ�Â4¼§v��ä��� ���yp¹ zª½<p�g�pwvl¼§il{�zlÅ���i�� 	3¼�� pl� ��i�� ÆÞgjilk�n ¹ p ¹ ¼Dv ¹ pw¾ànéá�zlgànén�i���zog�â�¾>n ¹ p»Å§i��)ps¾Ánhá�zlgàn)ioÆ n ¹ pgjpqv<¼Di<{C	�� ¹ ¼§Å§p»¼§{Òn ¹ p«g�¼§v ¹ néáãzog�nhn ¹ pwg�p«¼§¾éil{�Å§ÀmÅDi·ÃwzoÅ �ãi�� 	<¼;� p<����i��!ÆÞgjilk z ¹ ¼§Å§Å�nji�n ¹ p{�pszogjpw¾àn�½ªzlÅDÅ§pqÀ<�

�¢{³n ¹ p�Ãwzl¾�p«ilÆ4zm¾ ¹ zoÅ§ÅDi�� ��zl¾�¼D{���¼Dn ¹ â·pwÃqg�pszl¾�¼D{�vçÃ�i<{�â·Ä�Ã�n�¼§½�¼¿nÁÀäzl{�â}z �»pqÄ�kÒzl{�{
K>-<	�Â×¼§v��y��� �Ø¾ ¹ i�� ¾Òn ¹ p°p �<Ä�¼Dá:ionjpq{3n�¼´zoÅ«ÅD¼§{�pw¾äÆÞilg

d = 0.00235
'
N = 100

)Òzl{�â
d = 0.0235

'
N = 120

)1ÆÞilgän ¹ p©¾�zlkmp°gjpqvl¼§il{ z<¾äÃqil{�¾�¼§â�pqgjpwâ!¼§{*n ¹ p©gj¼Dv ¹ n³á�zog�nilÆ«Â4¼Dvã�Ï��� �·� �»ion�p³n ¹ z�n1ÆÞilg1n ¹ p ¾�pwÃqil{�â ½�zlÅDÄ�p}ioÆ
d
n ¹ p gjpqÅ´z�n�¼§½lp}Ã�i<{�â·Ä�Ã�nj¼D½�¼DnÁÀ ¼§¾gjpwâ·ÄãÃ�pwâ ÆÞg�i<k

1
n�i

0.1
il{Ïz'â·pqá�n ¹ ilÆ

100
ÆÞpwp�ns� $ â·¼§g�psÃ�nmÃ�il{ã¾àp �<Ä�pq{�ÃqpäioÆ�n ¹ pÃqil{�â·ÄãÃ�n�¼§½�¼¿nÁÀ¡â�pwÃ�gjpwz<¾à¼§{�v���¼¿n ¹ â·pwá·n ¹ 	�¼§¾)n ¹ pâ·pwÃqg�pszl¾�p»ioÆ×n ¹ p~gjpqv<¼Di<{ � ¹ pqgjp«n ¹ pwg�p~¼´¾½<pqg�n�¼´ÃqzoÅ ��i�� 	�¼�� pl�4n ¹ p«p �3Ä�¼Dá:ionjpq{3n�¼´zoÅ@Å§¼D{�pw¾yzogjp»kmilgjp»½<pqg�n�¼´ÃqzoÅ 	3¼D{�â�¼§Ãwz�n�¼§{�v ¹ ilgj¼I7wil{3njzlÅ

��i��� �»ion�p
	 ¹ i��ypq½<pqg%	�n ¹ zon n ¹ pçâ·psÃ�gjpwzl¾�¼§{�vÒÃ�il{ãâ·Ä�Ã�nj¼D½�¼DnÁÀ}â�i3ps¾à{ F n«Ã ¹ zo{�v<p~n ¹ p�Å§i·ÃqzlÅ
��i��"Ã ¹ zlgjz<Ã�njpqg�Ã�i<kmá�zogjpwâ°n�i n ¹ p³Ãwzl¾�p

d = 0
� ; ¹ pw{

T >> a/2
	×n ¹ pä{3Ä�k1pwg�¼´ÃqzlÅgjpw¾�Ä�ÅDnj¾éÆÞilgyn ¹ p�p��3Ä�¼§á:ion�pw{3n�¼´zoÅ:ÅD¼§{�pw¾�zlg�p»ÆÞilÄ�{�â¡n�i �ãp�¼§{ävli�i·â¡zlvlgjpqpqkmpw{<n&��¼¿n ¹ n ¹ i<¾�pÆÞgjilk � � ��
 	ozl¾×¼Dn>¾ ¹ ilÄ�Å§â il{çz<ÃqÃqilÄ�{3n×ilÆ ' ���D� �
) 	�� ¹ pq{çÃqilkmá�zlg�psâ�n�i«n ¹ p�Ã�i<g�gjpw¾�áãi<{�â·¼§{�vgjpqÅ´z�nj¼Di<{³¼§{ � � � 
;�

$ ¾ z Å´zl¾àn�pHG�zokmá�Å§p�	L�ypäÃ�i<{�¾�¼§â·pwg z gjpqvl¼§il{���¼Dn ¹ z �«¼§g�¼´Ã ¹ Å§p�n��:ilÄ�{�â�zogjÀ'zon�n ¹ p
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��z<¾àp<�L;'p~n�z"�lp�n ¹ p~ÆÞÄ�{�Ã�n�¼§il{

f
zlá�áãpszogj¼D{�v1¼§{�' ��� �
))nji��ãpÅ§¼D{�pwzog�¼§{

x
r

f(x) = ux+ v
	
u
zl{�â

v
Ãqil{�¾ànjzl{3nw� ' ��� �<�
)

A ¹ ¼´¾MK>-
Ãqzl{ �ãpç¼D{3n�pwg�á�g�pqn�pwâ z<¾ Ã�i<g�gjpw¾�áãi<{�â·¼§{�v1n�iäzl{ Ä�{�â·pwg�Å§À�¼D{�v 	 ¹ ¼§v ¹ ÅDÀ Ã�i<{�â·Ä�ÃHNnj¼D½<p�	åz �<Ä�¼¿ÆÞpwgw�BA ¹ pçÆÞÄ�{�Ã�nj¼Di<{
f
n ¹ pq{©gjpqá�gjpw¾�pq{3nj¾»n ¹ p¡�»Ä�á�Ä�¼¿n�NTÂ�ilg�Ã ¹ pq¼§kmpqg ��i�� '�¾àpwp

� � 9 
 )»¼D{'n ¹ ¼´¾~z �3Ä�¼DÆÞpqgs� A ¹ pçgjpw¾�Ä�ÅDn�¼§{�väp �3Ä�¼Dá:ionjpq{3n�¼´zoÅ>Å§¼D{�pw¾�zogjpçâ·pwá�¼§Ã�n�psâ°¼§{'Â4¼§v����� �ÆÞi<g»�ç¾�á:pwÃ�¼I�ãÃ~Ã ¹ i<¼§Ãqpw¾yioÆ4n ¹ pâ�zonjz��hÂ�ilgyn ¹ p~n�gjÄ�{�Ãwz�n�psâ³¾�pqgj¼§pw¾=' ��� �l�
)&�)p ¹ zª½<p»n�z"�<pq{
l = 21

zl{�â
N
¾�Ä'�¡Ã�¼§pq{3n�Å§À ¹ ¼§v ¹ nji g�psâ·Ä�Ã�p1n ¹ pÒpqgjg�i<g�n�i � ��i<gÅDps¾�¾ilÆén ¹ pÒkÒzo¼§{njilá:ilvlg�zoá ¹ ¼§ÃwzoÅ:ÆÞpwzon�Ä�gjpw¾w�
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��� ��� + � � � ���7� ��& ��(*� � � � & � " ����� � (

åp�n

∂Ω = Γ1 ∪ Γ2
	 ��¼Dn ¹

Γ1 ∩Γ2 = ∅ 	 �:p«n ¹ p(�ãi<Ä�{�â�zlg�ÀmilÆ
Ω
�P� pqgjp�	

Γ2
gjpqá�g�ps¾àpw{<n�¾n ¹ pÒÄ�á�á:pqg ¾�Ä�g�Æ zlÃqpçilÆ)n ¹ pÒá ¹ À·¾à¼´ÃqzlÅ>â�ilkÒzo¼§{6��;©p¡Ã�il{ã¾à¼´â·pqg�n ¹ p¡â·¼I!:Ä�¾�¼§il{®p��3Ä�zon�¼§il{

'���� �
))Ä�{�â·pwg�n ¹ p�KD-y¾
∂h

∂n
= 0

i<{
Γ1,

h = g
i<{

Γ2,

� ¹ pwg�p
g
¼´¾~z¡v<¼D½<pq{°¾�Ä'�¡Ã�¼§pq{3n�Å§À ¾àkmi�ion ¹ ÆÞÄ�{�Ã�n�¼§il{©â·pH��{�pwâ i<{

Γ2
�Â�i<g�zQ�)psz"�³ÆÞilg�NkçÄ�Å§zon�¼§il{}ioÆ×n ¹ ¼´¾ � � ��	

∂Ω
¼§¾�i<{�Å§Àäzl¾j¾àÄ�k1psâÒnji �:p 
6¼§á�¾jÃ ¹ ¼¿n�7Ã�il{3nj¼D{�Ä�i<Ä�¾q� -)il{ã¾à¼´â·pqgn ¹ p~ÆÞÄ�{�Ã�n�¼§il{ ¾àáãzlÃ�p

V = {v ∈ H1(Ω) | v = 0
i<{

Γ2}.
' ��� ��� )

t�psÃqzlÅDÅ@n ¹ p �)psz"�ÒÆÞi<g�kçÄ�Å´z�n�¼§il{³ioÆ4n ¹ pá�g�i
��ÅDpwk r:�ã{�â
h ∈ H1(Ω)

¾�Ä�Ã ¹ n ¹ zon
a(h, v) ≡

∫

Ω

edz

[
dh

dx

dv

dx
+
dh

dz

dv

dz

]
dσ = 0, ∀v ∈ V .

'���� �<��)
zl{�â

h = g
	·i<{

Γ2
� ' ��� �l� )


åp�n
τm

�:p³z gjpqv<Ä�Å§zlg~n�gj¼§zl{�vlÄ�Å§zon�¼§il{®ioÆ
Ωm

	
Ωm

�:pq¼§{�v'z á:ilÅ§À�vlil{ãzoÅéâ·i<kÒzo¼§{®n ¹ zonzlá�á�gji G�¼§kÒz�njpw¾
Ω
�L1·p�n

∂Ωm = Γ1m∪Γ2m
	
� ¹ pqgjp

Γ1m
zo{�â

Γ2m
zlg�pyá:ilÅ§À3v<il{�zlÅ�ÅD¼§{�pw¾
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� ¹ ¼´Ã ¹ á�¼DpsÃ�p+��¼´¾�pqÅ§ÀÒÅD¼§{�pwzlg�Å§ÀÒ¼§{<njpqgjáãi<Å§zon�p
Γ1
zl{�â

Γ2
	·gjpw¾�áãpsÃ�nj¼D½<pqÅ§Àl�L� pqgjp�	

m
â�pq{�iln�pw¾n ¹ pk1ps¾ ¹ á�zlgjzlkmp�n�pwgw�LA ¹ p�¾ànjzl{�â�zog�â��ã{�¼¿njppqÅ§pqkmpq{3n»¾�á�zlÃqp~il{

Ωm
¼§¾

Xm ≡
{
v ∈ C0(Ω) | v|K

¼´¾�z1áãi<ÅDÀ�{�i<km¼§zlÅ ioÆ£â·pqv<g�pwp
1 ∀K ∈ τm

}
.

A ¹ p»zlá�á�gji G·¼DkÒz�njp 'Þ{�i<{�Ã�i<{·ÆÞilgjkm¼D{�v ) � � �mÃ�ilgjgjpw¾�áãi<{�â·¼§{�v»njiQ' ��� �3��) N5'���� �l�
)ån�z"�lps¾4n ¹ pÆÞilgjk rL��{�â
hm ∈ Xm

¾�Ä�Ã ¹ n ¹ zon
a(hm, v) = 0, ∀v ∈ Vm ≡ {v ∈ Xm | v = 0

i<{
Γ2m

}
.

hm = gm
il{

Γ2m.� pwg�p
	
gm
¼´¾yn ¹ pá�¼§pwÃqp+��¼´¾àp~Å§¼D{�pwzog 
×zov<gjzl{�vlp+N;¼§{3n�pqgjá:ilÅ´zo{3néioÆ

g
il{

Γ2m
�

A ¹ pyg�ps¾àÄ�Å¿n�¾×ilÆ�n ¹ pyÂ4ÇO.�zlg�péÆÞilÄ�{�â n�i(�:py¼§{çÆÞÄ�ÅDÅ�zlvlgjpqpwk1pw{3n:��¼Dn ¹ n ¹ i3¾àp)ÆÞg�i<k n ¹ pá�gjpq½�¼§ilÄ�¾�¾�pwÃ�n�¼§il{6� $ Ã�n�ÄãzoÅ§ÅDÀ
	·n ¹ p p��3Ä�¼§áãiln�pq{3nj¼§zlÅ6ÅD¼§{�ps¾�i��·n�zo¼§{�pwâ���¼Dn ¹ �:ion ¹ kmpqn ¹ i·â�¾zogjpä{�pwzogjÅ§À©¼´â·pw{<nj¼§ÃwzoÅ;� $ {Ïp+G�zokmá�Å§päioÆ�n ¹ p i��·n�zo¼§{�pwâØp��3Ä�¼§áãiln�pq{3nj¼§zlÅ)Å§¼D{�pw¾1¼§¾çvl¼§½lpw{¼§{Øn ¹ p³Å§p�Æ�nÒá�zlgàn1ioÆ«Â4¼§v�� ���§�l�ÒÆÞi<gÒz!� pwÄ�kÒzo{�{ K>- z�nçn ¹ p���zl¾�p�	>ÆÞi<gÒz gjpqÅ´z�n�¼§½lpwÅDÀâ·pwpqá°gjpqv<¼Di<{ '
L = 8000

	
T = 3000

) 	�� ¹ ¼´Ã ¹°¹ z<¾M�:pqpw{©â·¼§½�¼§â�pwâ ¼§{'�<�<�<�1n�gj¼§zl{�vlÄ�Å§zlgpqÅ§pqkmpw{<n�¾q�
� i��ypq½<pqg%	qn ¹ p�Â4ÇO.�â�i3ps¾4g�p �<Ä�¼Dgjp)kmi<g�pD-)féºDN;n�¼§kmp ��¼Dn ¹ ¼§{�Ã�gjpwz<¾à¼§{�v«â�pqá·n ¹ ilÆ�n ¹ p

��z<¾à¼§{6�L. ilgjpqi�½<pqg%	w¼DnhÃqzo{�{�ionL�ãp�zlá�á�Å§¼Dpsân�i«n ¹ p � ��� ¼D{ � � ��
�i<{çz�¾àpwk1¼INT¼D{ �ã{�¼¿njp�g�pwvl¼§il{
'Þ¼;� pl�

T = −∞ )��:�¢{�1�pwÃ�n�¼§il{1��� ��� �D�yp�F ÅDÅ�¾ ¹ i�� ¹ i�� njiÃ�ilá:p ��¼¿n ¹ n ¹ ¼§¾£â�¼&�¡Ã�Ä�Å¿nÁÀ���À�zl{¼§{ ��{�¼Dn�p«pqÅ§pqkmpq{3nhkmp�n ¹ i·â �PA ¹ p ¹ À·â·gjzlÄ�Å§¼§Ã ¹ pszlâ ��¼DÅ§Å �:p i
�·njzl¼D{�psâçÆÞilgéz¾�pqkm¼IN;¼§{ ��{�¼Dn�pgjpqvl¼§il{ ��À®Ä�¾�¼D{�v'z°¾�kÒzoÅ§Å){�Ä�k��ãpwgçilÆ pqÅ§pqkmpq{3n�¾ ¼§{Øn ¹ päkmpw¾ ¹ 	hÅ§pwz<â·¼§{�v n�i'km¼D{�¼§kÒzoÅ
-)féº>N�nj¼Dkmpl�Ü¡Ê4Ê>Û Ù Ú<Ë·ÍwÙ�ÑãÐ�Ñ:Ó ÍwÖ4É 	 ��Ô � A ¹ p©Â4ÇO. ¼§¾}kmilgjp°½<pqg�¾�zon�¼§ÅDp n ¹ zo{�n ¹ p®¾�pqkm¼JNzo{ãzoÅ§À<nj¼§Ã1¾�ilÅ§Ä·n�¼§il{C	 ¼§{'n ¹ zon�'���� �
)�Ãqzl{��:p1¾�ilÅ§½lpsâ ¼§{'kmilgjp v<pq{�pwgjzlÅ4¾�p�n�n�¼§{�v<¾�Å§¼I�<p1â�¼¿Æ NÆÞpqgjpq{3nmâ·ilkÒzo¼§{�¾w� $ ¾çzl{ØpHG�zokmá�Å§p�	P�yp³Ãqil{�¾�¼´â·pqg1zogjpwzoÅég�psÃ ¹ zogjvlpÒ¼§{Ïz°¾�kÒzoÅ§Å&�ãzl¾�¼D{6�
;©p¡¾àpqn~Ä�á'n ¹ pmÆÞilÅ§Å§i���¼D{�v}pHG·á:pqgj¼Dkmpw{<ns�Q-)il{�¾�¼§â�pqg��³á�zog�zoÅ§ÅDpwÅ>g�¼§½lpwgj¾�' zon

x = 0
zo{ãâ

x = L
	
x
n ¹ p~n�g�zo{�¾�½lpwgj¾jzoÅ â·¼§gjpwÃ�nj¼Di<{*) 	 ��¼Dn ¹ zl{³pwÅDpw½�z�n�¼§il{ ¼§{ �ãpqn��)pwpq{6� A ¹ pÅ§il{�vl¼Dn�Ä Nâ·¼§{�zoÅãÃ�ilkmá:il{�pw{3nj¾>ioÆ:n ¹ p ��i�� Ãwzo{ �ãp»{�pqv<ÅDpsÃ�n�psâ ¼DÆ@n ¹ p ¾�Å§ilá:p�ioÆ�n ¹ p pwÅDpw½ªzon�¼§il{��ãzo{ ��¾vlgjpwzon�Å§À pHG�Ã�pwpwâ�¾«n ¹ pmÅDi<{�vl¼Dn�Ä�â�¼D{�zlÅ£¾àÅ§ilá:pw¾~ilÆhn ¹ pmgj¼D½<pqg ��i�ilg�¾�zo{�â°n ¹ pmÅ§il{�v<¼¿njÄ�â·¼§{�zoÅ¾�ÅDi<áãpçioÆ£n ¹ pçpwÅDpw½ªzon�¼§il{ njilá6�=A ¹ pqgjp�ÆÞi<g�p
	:zlÅ§¾�i¡¼§{ n ¹ ¼§¾�Ãqz<¾àp1zä� N¢â·¼§k1pw{�¾�¼Di<{�zoÅ4¾�Ã ¹ pwkmpÃqzl{ �:p«zlâ�ilá·njpwâ 	 ��¼¿n ¹

x
n ¹ p ¹ ilgj¼I7wil{3njzlÅ�Ã�i�i<gjâ·¼§{�zon�p»zlÅDi<{�vn ¹ p»pqÅ§pq½�zon�¼§il{
�ãzl{,�·¾ézl{�â

z
n ¹ pçâ�pqá·n ¹ �M;©p kÒzªÀ Ã�il{ã¾à¼´â·pqg n ¹ pçg�¼§½lpwgj¾�nji³z<Ã�n«z<¾ {�i�N ��i�� �:ilÄ�{�â�zogj¼Dps¾+	@¾à¼§k Ä�Å§z"NgjÅDÀ z<¾»¼§{ � �o� 	 �o��
T� $ ¾(�:p�ÆÞilgjp�	@n ¹ p1vlgjilÄ�{�â,�yzon�pqg«ÅDpw½lpwÅ×ÆÞi<ÅDÅ§i�� ¾»n ¹ pm¾àÄ�gàÆ z<Ã�pl��KypwÅDi��n ¹ pçÃ�i<{�¾�¼§â·pwg�psâ â·ilkÒzo¼§{C	 �)p ¹ zª½lp�zl{ z �3Ä�¼DÆÞpqgs�>A ¹ ¼§¾«z �3Ä�¼DÆÞpqg<��¼DÅ§Å×Ä�{�â·pqgjvli¡zl{ zogjpwzlÅgjpwÃ ¹ zlg�v<p1â·Ä�pÒn�i n ¹ p¡i�½lpwg�Å§À�¼D{�v��ãzl¾�¼D{6��K�zl¾�pwâ©il{©n ¹ pä�»Ä�á�Ä�¼Dn N¢Â�ilg�Ã ¹ pw¼Dkmpqgkmi·â·pwÅ 	

�yp«n�z"�<p«n ¹ p �:ionànjilk�ãi<Ä�{�â�zlg�ÀäÃqil{�â�¼¿nj¼Di<{ '���� �
)én�i��:p
f(x) = −N

2
x(x − L) +

hx=L − hx=0

L
x+ hx=0

'���� � 9 )
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Â4¼§vlÄ�gjp«��� ��r/A×ilá:ilÅ§ilv<À pqÅ§pq½�zon�¼§il{ �:p�n��ypqpw{¡n��yi�g�¼§½lpwgj¾w�LAåi<á¡ioÆ6pwÅDpw½ªzon�¼§il{¡¼´¾�z�n
z = 0

	
L = 5500m

	�Ä�{ãâ·pqgjÅDÀ�¼§{�väz �<Ä�¼¿ÆÞpwg«z�n
z = −400m

��Ç��<Ä�¼Dá:ionjpq{3n�¼´zoÅ4ÅD¼§{�ps¾ ÆÞi<g
hx=0 =

−290m
	
hx=L = −300m

	
N = 0.05/L

zo{�â
d = 0.008

�

��¼Dn ¹
hx=0

zl{�â
hx=L

n ¹ p ¹ À·â·g�zoÄ�ÅD¼´Ã ¹ pwz<â ilÆ�n ¹ p z �3Ä�¼DÆÞpqg>Ä�{�â·pwg>n ¹ p�gj¼§½lpqg�¾#	ozo{�â���¼¿n ¹
N

�ãpw¼D{�vmn ¹ p�zlg�pszoÅ@g�psÃ ¹ zogjvlp ' â·¼§kmpq{�¾�¼§il{
L/T

) 	·¾àpwp � � 9 
;�Â�ilg�n ¹ ppHG·áãpwg�¼§kmpq{3n#	 �)p�Ãqil{�¾�¼§â�pqg�n ¹ p�pqÅ§pq½�z�nj¼Di<{}z<¾�¼§{ Â4¼§v��é��� �mzl{�â��)p~n�z"�lpz<¾â�zonjz¡ÆÞilg«n ¹ ¼´¾»á�g�i
��ÅDpwk
hx=0 = −290m

	
hx=L = −300m

	
L = 5500m

	
d = 0.008zl{�â

N = 0.05/L
� A ¹ ¼´¾£kmpwzl{�¾>n ¹ z�nhn ¹ p zogjpwzlÅ·g�psÃ ¹ zogjvlpyi�½lpwg>n ¹ p»ÅDpw{�von ¹

L
njion�zoÅ§¼I7wpw¾

0.05 m/s
� A ¹ p~g�ps¾àÄ�ÅDn�¼§{�vmp��3Ä�¼§á:ion�pw{3n�¼´zoÅ Å§¼D{�ps¾ zogjp~vl¼§½lpw{ä¼§{³n ¹ p�¾jzokmp(��vlÄ�gjpl�

��� ��� � � � � � ����� ��& ��(*� � � � & � " ����� � (
-)i<k1áãzogj¼§¾�il{ ioÆ>n ¹ p gjpw¾�Ä�ÅDnj¾ ilÆO1�pwÃ�n�¼§il{ ��� �1ÆÞi<g<K>- ' ��� �")H	*��¼Dn ¹ n ¹ i3¾àpÆÞgjilk�z¡¾�pqkm¼IN¼§{ ��{�¼Dn�pgjpqv<¼Di<{C	 � � ��
 	�¾ ¹ i�� ¾)n ¹ z�nD�ãiln ¹ g�ps¾àÄ�Å¿n�¾yzlg�p�¼§{}ÃqÅDi3¾àp~zov<g�pwpqkmpq{3n&� ¹ pq{

T >>
a/2
��A ¹ pqgjp�ÆÞi<g�p
	�nji³gjpwâ·ÄãÃ�pmÃ�ilkmá�Ä�njz�nj¼Di<{�zoÅ4pH!@ilg�nj¾#	 ¼Dn�¼´¾�¼D{3n�pwg�ps¾Ánj¼D{�vänji}Ãqil{�¾�¼§â�pqg~z¾�pqkm¼IN;¼§{ ��{�¼Dn�p�zlá�á�gji<z<Ã ¹ ¼D{}n ¹ i<¾�pÃqzl¾�pw¾w�$ {Ò¼D{ �ã{�¼¿njp»pwÅDpwk1pw{3nhk1pqn ¹ i·â 	 �§�w��
:ilg � � � 
 	3kÒzªÀB�:p»â·pq½<pqÅ§ilá:pwâ 	<Ä�¾�¼D{�vçzÃ�il{ã¾Án�zo{3n

��Ä�n»Ä�{,��{�i���{}Æ zog>��pqÅ´â ½�zoÅ§Ä�pioÆ>n ¹ p ¹ À�â�gjzlÄ�ÅD¼´Ã ¹ pwz<â³ÆÞilg
z → −∞ 	 � ¹ ¼§Ã ¹ gjpqá�Å§z<Ã�pw¾n ¹ p �ãi<Ä�{�â·psâ·{�ps¾�¾�z<¾�¾�Ä�kmá·n�¼§il{}¼§{ � � � 
;�


åp�n
Ω

�ãp)n ¹ p�¾�pqkm¼IN;¼§{ ��{�¼Dn�pygjpqvl¼§il{�¾ ¹ i���{�¼§{çÂ4¼§v��4��� 8��:A ¹ p&�:ilÄ�{ãâ�zogjÀ~¼§¾4â·pq{�ion�psâ
��À

Γ1 ∪ Γ2
	���¼Dn ¹

Γ1 ∩ Γ2 = ∅ �M;©p ¹ zª½lpn ¹ z�n
Γ1
zogjp�½lpwgànj¼§ÃwzoÅåÅ§¼§{�pw¾«pHG�n�pw{�â·¼§{�v¡nji

−∞ �&-)il{�¾�¼§â�pqgyn ¹ p~ÆÞi<ÅDÅ§i���¼§{�v�KD-y¾
∂h

∂n
= 0

i<{
Γ1,

h = g
il{

Γ2,

h→ cff
zl¾

z → −∞ 	
cff
Ã�i<{�¾Án�zo{3n#	

� ¹ pwg�p�zov3zo¼§{
g
¼´¾�z v<¼D½<pq{¡¾�Ä'�¡Ã�¼§pq{3n�Å§À¡¾�k1i�iln ¹ ÆÞÄ�{�Ã�nj¼Di<{³â·p+��{�pwâäil{

Γ2
	 � ¹ pwg�p

Γ2
¼´¾
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Â4¼§vlÄ�gjp��� 8�rPA ¹ pkÒzoá�á�¼D{�vmilÆ×n ¹ p¼D{,��{�¼Dn�pgjpwÃ�n�zo{�v<Ä�Å´zog�pqÅ§pqkmpq{3n�¾q�

zl¾j¾�Ä�kmpwâ}n�iQ�ãp 
6¼§á�¾�Ã ¹ ¼¿n�7 Ã�i<{<nj¼D{�Ä�i<Ä�¾w�D;'pç¼D{3n�gji·â·Ä�Ãqp zo{ zl{�zoÅ§ilv<Ä�p�ÆÞÄ�{�Ã�nj¼Di<{°¾�á�zlÃqp
V
zl¾4¼D{�' ��� ���%)��/A ¹ p �)psz"��ÆÞilgjk Ä�Å´z�nj¼Di<{ioÆ�n ¹ p�á�gji���Å§pqk ¼´¾×¼´â·pw{<nj¼§ÃwzoÅ3n�i�' ��� �3��) N5'���� �l�
)��
;©p�Ã�il{ã¾Ánjg�Ä�Ã�n zçkmps¾ ¹ ÆÞilg

Ωm
� � pwg�p
	

Ωm
¼´¾ zm¾àpwk1¼INT¼D{ �ã{�¼¿njpáãi<ÅDÀ�v<il{�zlÅ@â�ilkÒzo¼§{n ¹ z�n zoá�á�g�i G·¼§kÒz�n�ps¾

Ω
	 ��¼¿n ¹ �:ilÄ�{ãâ�zogjÀ

Γ1 ∪ Γ2m
	C� ¹ pwg�pçn ¹ pÒáãi<ÅDÀ�vli<{�zoÅ4Å§¼D{�p

Γ2má�¼§pwÃqp+��¼´¾àpwÅDÀÒÅ§¼D{�pwzogjÅ§À1¼§{3n�pwg�á:ilÅ´z�njpw¾£n ¹ pÃ�Ä�gj½lpsâ��:ilÄ�{�â�zogjÀ
Γ2
ilÆ

Ω
�PA ¹ p~â·ilkÒzo¼§{

Ωm¼´¾¾àá�Å§¼Dnàn�psâ©¼D{3n�i z��:ilÄ�{�â�pwâ'á�zog�n
Ωfin
zo{�â©zo{©Ä�{ �ãi<Ä�{�â·psâ©á�zog�n

Ωinf
��À kmpwzo{ã¾~ioÆn ¹ p ¹ i<g�¼ 7qi<{<n�zoÅhÅ§¼§{�p

Γ3
	
z = −T � Â�i<g Ωfin

�ypäÃ�i<{�¾à¼´â·pwg z gjpqvlÄ�Å§zlgn�gj¼§zl{�vlÄ�Å§zon�¼§il{
τm

	 � ¹ ¼DÅ§pmil{
Ωinf

�ypÒÃ�il{ã¾à¼´â·pqg�z}kmpw¾ ¹
ρm
ilÆy¾�pqkm¼IN;¼§{ ��{�¼Dn�pÒgjpwÃ�njzl{�vlÅ§pw¾�kÒz�n�Ã ¹ ¼D{�vá:pqg�ÆÞpwÃ�njÅDÀ ��¼Dn ¹ n ¹ päpqÅ§pqkmpq{3nj¾�ioÆ

τm
	>¾�pqpÒÂ4¼Dv ��� 8��äÂ�i<gn ¹ p��¢Ç&. �)pmn�z"�lpmv<ÅDi
��zoÅ§ÅDÀÃ�i<{3n�¼§{3Ä�ilÄ�¾#	wpwÅDpwkmpq{3n���¼§¾�phá:ilÅ§À�{�ilkm¼´zoÅ´¾6ioÆ�â�pqvlgjpqp

1
il{

Ωfin
� �«{

Ωinf
�yphÄ�¾�pév<ÅDi
��zoÅ§ÅDÀÃ�i<{3n�¼§{3Ä�ilÄ�¾#	·pqÅ§pqkmpq{3n���¼´¾àp~kÒzoá�áãpsâ���¼DÅ§¼D{�pwzog�á:ilÅ§À�{�ilkm¼´zoÅ´¾�zl¾�¾�áãpsÃ�¼I��pwâ��:pqÅ§i���


6pqn
K

�:p³z vlpw{�pqgj¼´ÃÒ¾àpwk1¼INT¼D{ �ã{�¼¿njp¡gjpwÃ�n�zo{�v<Ä�Å´zogpqÅ§pqkmpw{<n%	ån ¹ p³Ãqilgj{�pqgá:il¼§{3nj¾ ioÆ
� ¹ ¼´Ã ¹ zlg�py{�Ä�kB�:pqgjpwâ�z<¾4¼D{1Â×¼§v��>��� 8��/A ¹ p�z"��¾jÃ�¼´¾�¾jz ilÆ�{�i·â·ps¾

1
zo{ãâ

4
zlg�pyâ·pq{�ion�psâ���À

xK
1

zo{�â
xK

4

	·gjpw¾�áãpsÃ�n�¼§½lpwÅDÀ<�:;©pÃ�i<{�¾à¼´â·pwgyz �m¥����T�q��¾ �3Ä�zlg�p«pqÅ§pqkmpq{3n
K̂

��¼¿n ¹ Ã�i<g�{�pqg�¾
(±1,±1)

¼§{än ¹ p
ξη

NTá�Å´zo{�p
	�zl¾�¼§{�â·¼´Ãqzon�psâ � A ¹ p~kÒzoá�á�¼§{�v
(ξ, η) → (x, z)

v<¼D½<pq{���À
{

x =
xK
4 −xK

1

2 ξ +
xK
4 +xK

1

2
z = 2(−T − α) η

1+η + α
⇔
{

ξ = 2
xK
4 −xK

1
x− xK

4 +xK
1

xK
4 −xK

1

η = α−(−2T−α)
z−(−2T−α) − 1
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Â4¼§vlÄ�gjp���§�w��rLA ¹ p{�i·â·ps¾�il{
Γ3

	�zo{�â³n ¹ p�Ã�i<{�{�pwÃ�n�psâ³¾�pqkm¼IN;¼§{ ��{�¼Dn�pgjpwÃ�njzl{�vlÅ§pw¾w�

njgjzl{�¾ÁÆÞi<g�kÒ¾
K̂
¼D{3n�i

K
	L��¼¿n ¹ Ã�i<g�gjpw¾�áãi<{�â·pw{�Ã�pmioÆ�n ¹ pä{�i·â·ps¾q���»pqgjp�	

α < −T ¼§¾çzá�zlgjzlkmp�n�pwg#	én ¹ p ¹ ilgj¼I7wil{3njzlÅ)Å§¼D{�p
z = α

¼D{ã¾à¼´â·p
K
Ã�i<g�gjpw¾�áãi<{�â·¼§{�v'n�i©n ¹ p km¼´â·Å§¼D{�p

η = 0
ioÆ
K̂
��;'p â·pq{�ion�p³n ¹ ¼§¾çkÒzoá�á�¼§{�v ��À FK

� �«{
K̂

�)p Ã�i<{�¾à¼´â·pwg�n ¹ p}¾�á�zlÃqp
Q1(K̂)

ioÆ:��¼DÅ§¼D{�pwzog�á:ilÅ§À�{�ilkm¼´zoÅ´¾q�£Â�ilg�pwz<Ã ¹
v̂ ∈ Q1(K̂)

â·pH��{�p
v(x, z) = v̂(ξ, η)

	,� ¹ pw{
(x, z) = FK(ξ, η)

	
(ξ, η) ∈ K̂

' ��� �<�
)
A ¹ päÆÞÄ�{�Ã�n�¼§il{

v
¼´¾ ÃqzlÅDÅ§pwâÏz �m¥�±l±���� ¤���¦W���@��¥��~��¶·�:�q��� �o� i<{

K
�°�«pH��{�p

2
ÆÞÄ�{�Ã�nj¼Di<{¾�á�zlÃqpw¾�i<{

Ω

Xm ≡
{
v ∈ C0(Ω) | v|K

¼´¾�z1áãi<ÅDÀ�{�i<km¼§zlÅ ioÆ£â·pqv<g�pwp
1 ∀K ∈ τm

zl{�â
v |K

¼§¾�zmkÒzlá�áãpsâQ��¼DÅ§¼D{�pwzog�ÆÞÄ�{�Ã�nj¼Di<{���¼¿n ¹ ' ��� �l� )
v|z→−∞ → c ∀K ∈ ρm

	
c
Ãqil{�¾ànjzl{3n }

,

Vm ≡ {v ∈ Xm | v = 0
il{

Γ2m

}
.

' ��� �<��)
-)i<{�¾à¼´â·pwg�n ¹ p~ÆÞi<ÅDÅ§i���¼D{�v1â·¼´¾jÃ�gjp�n�p~½�zogj¼´z�n�¼§il{ãzoÅ@á�gji���Å§pqk r/��{�â

hm ∈ Xm
¾�Ä�Ã ¹ n ¹ zon

a(hm, v) = 0, ∀v ∈ Vm

hm = gm
il{

Γ2m.

�»pqgjp�	
gm
¼´¾yn ¹ pá�¼DpsÃ�p+��¼´¾�p�Å§¼§{�pwzlg 
åzov<gjzl{�vlp+N;¼§{3n�pwg�á:ilÅ´zo{3néilÆ

g
i<{

Γ2m
�Â�ilg£Ã�i<k1á�Ä·njzon�¼§il{�zlÅ3á�Ä�g�á:i<¾�pw¾/�yp�k Ä�¾àn£¼§â·pw{3n�¼DÆÞÀ z~¾àÄ�¼Dnjz���Å§p&��z<¾à¼´¾4ÆÞilg4n ¹ p�zoá�á�gji G N¼§kÒz�n�¼§il{ ¾�á�z<Ã�p

Xm
�DA×iÒn ¹ ¼§¾»pq{�â}n ¹ g�pwpnÁÀ�áãps¾ ilÆ>{�i�â�pw¾ zlg�p�â·¼´¾àn�¼§{�vlÄ�¼´¾ ¹ pwâ r=' z )yn ¹ p{�i·â·ps¾�¼D{

Ωfin\Γ3
	×Ã�ilgjgjpw¾�áãi<{�â·¼§{�vÒn�i³n ¹ p njg�¼´zo{�v<Ä�Å´z�n�¼§il{

τm
�O' �*)»n ¹ pç{�i�â�pw¾�il{

Γ3
�

'�Ã#) n ¹ pÒ¾�¼D{�v<ÅDpç{�i·â·p ¥������ �é����� ��	6Ã�i<g�gjpw¾�áãi<{�â·¼§{�v ��¼Dn ¹
z → −∞ �Â�i<g�¾�¼§k1á�ÅD¼´Ã�¼DnÁÀ ¼D{{�ilnjzon�¼§il{C	<ÅDpqn£n ¹ p {�i�â�pw¾£i<{

Γ3
�:p {�Ä�kB�:pqgjpwâçÆÞgjilk

1
nji
N

	<¾�pqp Â4¼§v����§�w���:. i<g�pwi�½lpqg%	Å§p�n�n ¹ p
M
{�i·â·ps¾�¼D{

Ωfin\Γ3
�ãp{�Ä�k��ãpwg�psâ¡ÆÞgjilk

N + 1
n�i
N +M

�
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A×i�n ¹ p
M
{�i·â·ps¾ ¼§{

Ωfin\Γ3
�ypézl¾j¾�i�Ãq¼§zon�psâ n ¹ p£ÆÞÄ�{�Ã�n�¼§il{�¾

hi
	 '
i = N+1, . . . , N+

M
)yil{

Ω
v<¼D½<pq{��3À

hi|Ωfin
=

¾ànjzl{�â�zlgjâ}Ãqzlgjâ·¼§{�zlÅ �ãzl¾�¼§¾yÆÞÄ�{ãÃ�n�¼§il{ i<{
Ωfin
Ãqilgjg�ps¾àá:il{ãâ·¼D{�v nji

n ¹ p{�i·â·p
(xi, zi)

¼§{
τh

hi|Ωinf
= 0

A ¹ p�ÆÞÄ�{�Ã�nj¼Di<{�¾
hi

	�'
i = 1, . . . , N

)£zl¾j¾ài·Ãq¼§zon�pwâçnjin ¹ p
N
{�i·â·pw¾éil{

Γ3
zogjp â·pH�ã{�pwâ���À

hi|Ωfin
=

¾Án�zo{�â�zog�â³Ãwzog�â·¼D{ãzoÅ���zl¾�¼´¾yÆÞÄ�{�Ã�nj¼Di<{ il{
Ωfin
Ã�i<g�gjpw¾�áãi<{�â·¼§{�vçn�i

n ¹ p{�i·â·p
(xi, zi)

¼§{
τh

hi|Ki
= ψKi

1

Ã�i<g�gjpw¾�á:il{�â·¼§{�vçn�i
ψ̂1
il{

K̂
n ¹ gjilÄ�v ¹ FKi

hi|Ki−1
= ψ

Ki−1

4

Ã�ilgjgjpw¾�áãi<{�â·¼§{�v nji
ψ̂4
i<{

K̂
n ¹ gjilÄ�v ¹ FKi−1

hi = 0
pqÅ´¾�p+� ¹ pwg�p�¼D{

Ωinf

� pwg�p
ψ̂1
zo{�â

ψ̂4
zogjp}¾ànjzl{�â�zog�â2��¼DÅ§¼D{�pwzog���z<¾à¼´¾àÆÞÄ�{�Ã�nj¼Di<{�¾1¼D{

K̂
	yzl¾j¾ài·Ãq¼§zon�pwâØn�i'n ¹ p{�i·â·ps¾ �1zo{�â 9*	:gjpw¾�á:pwÃ�nj¼D½<pqÅ§Àl�»t pwÃqzlÅDÅ×n ¹ z�n

ψ̂1(ξ, η) = 1
4 (1 − ξ)(1 + η)

	
ψ̂4(ξ, η) =

1
4 (1 + ξ)(1 + η)

�Â4¼D{ãzoÅ§ÅDÀ
	<n ¹ p«ÆÞÄ�{�Ã�nj¼Di<{
hinf

â�pH��{�psâ¡i<{
Ωh
z<¾�¾�i·Ã�¼´z�njpwâmnji�n ¹ pç�@�w�<��¥��h��� �h�ã��� �1¼§¾

hinf |Ωfin
= 0

hinf |Ωinf
= 1 − T+α

2T+α+z .

�Tn¼§¾Ãqil{3n�¼§{�Ä�ilÄã¾«i<{
Γ3
zl{�â ¹ zl¾«n ¹ p1á�g�i<áãpwgànÁÀ@r

hinf → 1
ÆÞi<g

z → −∞ �.�<��¾�pqgj½lpn ¹ z�n�n ¹ p~ÆÞÄ�{�Ã�nj¼Di<{
hinf

¹ z<¾E�ãpwpq{ Ã�i<{�¾àn�gjÄ�Ã�njpwâ}zl¾yn ¹ p¼DkÒzov<p~ioÆån ¹ p~ÆÞÄ�{�Ã�n�¼§il{
ψ̂2 + ψ̂3 = 1−η

2

il{
K̂

'���� � � )
Ä�{�â�pqg�n ¹ p~n�g�zo{�¾àÆÞilgjkÒz�nj¼Di<{ FKi

	 'ÞÆÞilg zoÅ§Å
i = 1, . . . , N

)��
�«{�p~pwz<¾à¼§Å§Àä¾àpwpw¾yn ¹ z�n

Xh =
¾àáãzo{ {h1, . . . , hN , hN+1, . . . , hN+M , hinf}.

. i<g�pwi�½lpqg%	on ¹ pw¾�p
N +M + 1

ÆÞÄ�{�Ã�n�¼§il{�¾�zlg�p«ÅD¼§{�pwzlg�Å§ÀÒ¼§{�â·pqá:pq{ãâ·pq{3n zo{�â¡n ¹ Ä�¾yÆÞi<g�k�z��z<¾à¼´¾hÆÞi<g
Xh
� �»ÆåÃ�i<Ä�gj¾�p�	�â·pwÅDpqn�¼§{�v n ¹ p(��zl¾�¼§¾àÆÞÄ�{�Ã�n�¼§il{�¾yzl¾j¾�i�Ãq¼§zon�psâmn�iç{�i·â·pw¾yil{

Γ2h
	

�yp~zlg�p~Å§p�Æ�n>��¼Dn ¹ z���z<¾à¼´¾)ÆÞilg�n ¹ p�¾àá�z<Ã�p
Vh
�P�¢{³n ¹ p�â·pwÃqilkmáãi3¾à¼Dn�¼§il{

uh =

N+M∑

i=1

cihi + cffhinf ,
'���� �;8 )
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Â4¼§vlÄ�gjp³���D�<�lrmÇ �3Ä�¼§áãiln�pq{3nj¼§zlÅyÅ§¼§{�pw¾w� 
åp�Æ�nsr³Â4ÇO.�¼§{ Ãwzl¾�p¡ioÆ � pqÄ�kmzl{�{ K>- zon n ¹ p
��z<¾àp
	*��¼Dn ¹ â�z�n�z

L = 8000
	
a/L = 0.1

	
V = 80

	
d = 0.00235

	
T = 3000

��t�¼§v ¹ nwr
�¢ÇO. ��¼Dn ¹ n ¹ p�¾�zlk1pâ�zonjzmzo{ãâ

α = −12000
�

¼Dn ¹ ilÅ´â�¾�n ¹ z�n
ci = uh(xi, zi)

	
i = 1, . . . , N + M

� . i<g�pwi�½lpwg#	
cff = limz→−∞ uh

	
' ¼D{�â�pqá:pq{�â·pw{3n»il{

x
)H	�¼�� pl�

cff
g�pwá�gjpw¾�pq{3nj¾)n ¹ p�Ã�il{ã¾Án�zo{3n�Æ zogE��pwÅ§â}½�zoÅ§Ä�pl�$ v<zo¼§{C	)n ¹ p°g�ps¾àÄ�ÅDnj¾¡ioÆ�n ¹ p?�¢Ç&.&zogjp}¼§{ ÆÞÄ�Å§Å«zov<g�pwpqkmpq{3n���¼Dn ¹ n ¹ i<¾�p ÆÞg�i<k n ¹ pÅ§¼¿njpqg�z�njÄ�g�p<� �¢{!Â4¼§v��h���D�<�³p �<Ä�¼Dá:ionjpq{3n�¼´zoÅ Å§¼§{�pw¾Òzlg�p â·pwá�¼§Ã�n�psâ 	énji®n ¹ p Å§p�Æ�n¡i
�·njzl¼D{�pwâ

��¼Dn ¹ Â4ÇO.2	:zl{�â}n�iÒn ¹ p gj¼§v ¹ n»i���njzo¼§{�psâ ��¼¿n ¹ �¢ÇO. ��K)iln ¹ zlg�¼´¾�p~ÆÞilg�n ¹ pç¾jzokmp â�zonjz 	
L = 8000

	
T = 3000

� A ¹ p ¹ ilgj¼I7wil{3njzlÅ×Å§¼D{�pÒ¼D{©n ¹ ¼§¾=�ãvlÄ�gjpÒÃ�ilgjgjpw¾�áãi<{�â�¾<��¼¿n ¹
z =

−T � A ¹ p°á�zlgjzlk1pqn�pwg
α
¹ zl¾��ãpwpq{�¾�p�n z�n −12000

� A ¹ p©â·ilkÒzl¼D{ ¼´¾}â·¼D½�¼´â·pwâ ¼D{
3025

njg�¼´zo{�vlÅ§pw¾mzo{�â
40
¾àpwkm¼JNT¼D{,��{�¼Dn�p g�psÃ�n�zo{�v<ÅDps¾q� ;'p i���njzo¼§{�psâ z'Æ zog ��pwÅ§â ½�zoÅ§Ä�p

cff = −411.971
	�� ¹ ¼§Ã ¹ Ãqilgjg�ps¾àá:il{ãâ�¾L��¼¿n ¹ n ¹ p Æ zlg ��pwÅ§âÒ½�zlÅDÄ�p»n ¹ zon)¼´¾hi
�·njzl¼D{�psâ���¼Dn ¹n ¹ p�¾àpwkm¼JN¢zo{�zlÅDÀ3nj¼§ÃwzoÅ@kmp�n ¹ i�â}ilÆ � � ��
 	�ÆÞilg

N = 100
	3{ãzokmpqÅ§À

cff = −411.868
�

� ��� � � ���  ����$� � �

;©p ¹ zª½lp°â·pw½lpwÅDi<áãpsâ zÏ¾�pqkm¼INTzl{�zoÅ§À3n�¼´ÃqzoÅ«kmp�n ¹ i�â n�i ¾ài<ÅD½<p n ¹ p©vlgjilÄ�{�â ��z�n�pwg
��i��á�gji���ÅDpwk '���� �
) 	@Ä�{ãâ·pqg�â·¼J!@pqgjpq{3n(�ãi<Ä�{�â�zlg�À Ã�i<{�â·¼Dn�¼§il{�¾#	ã¼§{'z���{�¼Dn�p gjpqv<¼Di<{��ãi<Ä�{�â·psâi<{ n�ilá���À z¡¾�ÅDi<á�¼D{�vä¾à¼§{�Ä�¾�il¼´â�zoÅC�:ilÄ�{�â�zogjÀl�DA ¹ p k1pqn ¹ i·â ¼´¾»¾�¼§k1á�ÅDp zl{�â Ãqzl{ pwz<¾à¼§ÅDÀ
�:pç¼§kmá�Å§pqkmpq{3n�psâ ¼§{'zÒkÒz�n ¹ pqkÒzon�¼´ÃqzoÅ4á�z<Ã5�ªzlvlp<�>�¢{ á�zlgànj¼§ÃqÄ�Å§zlg#	�ÆÞilg«n ¹ pm¾�áãpsÃ�¼´zoÅ×Ãwzl¾�pilÆ£n ¹ p 
×zoá�Å´zlÃqp�p��3Ä�zon�¼§il{2'

d = 0
) 	ãn ¹ pçg�ps¾àÄ�Å¿n ¹ zl¾�n ¹ pç¾jzokmp �3Ä�zlÅD¼Dnjzon�¼§½lp��:p ¹ zª½3¼§ilÄ�gz<¾�n ¹ p³i<{�pä¼§{ � ��� 
;� � i��ypq½<pqg%	×i<Ä�gm¾ài<ÅDÄ·nj¼Di<{Ø¼´¾ç½�zlÅD¼´â il{Øn ¹ p}pq{3n�¼§gjpägjpqvl¼§il{ÏÄ�{�â·pwgÃqil{�¾�¼§â�pqg�z�n�¼§il{ 	 � ¹ ¼§Ã ¹ ¼´¾~{�ion~n ¹ p¡Ãqzl¾�p1¼D{ � ����
T�ÒÂ�Ä�g�n ¹ pwg�kmi<g�p
	@ÆÞilg~n ¹ pm¾�á:pwÃ�¼´zoÅhÃwzl¾�p
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ioÆ>zm¾àpwk1¼INT¼D{ �ã{�¼¿njp~g�pwvl¼§il{�'
T = ∞ )H	·n ¹ p~gjpw¾�Ä�ÅDn�¼´¾y¼D{³ÆÞÄ�Å§Ååzov<g�pwpqkmpq{3n ��¼¿n ¹ � � � 
;� A ¹ pgjpw¾�Ä�Å¿n�¾ i�½<pqg ¾�pqkm¼IN;¼§{ ��{�¼¿njp³â·i<kmzl¼D{ã¾çÃqil¼§{�Ã�¼´â·pQ��¼Dn ¹ n ¹ p}g�ps¾àÄ�Å¿n�¾�i���njzo¼§{�psâ®ÆÞilgmâ·pqpwágjpqvl¼§il{ã¾&��¼Dn ¹ zl{}¼§kmáãpw{�p�njgjz���Å§p�Å§i��ypqgE�ãi<Ä�{�â�zlg�À<�Â�Ä�gàn ¹ pqgjkmilgjp�	 �yp�â·pq½<pqÅ§ilá:pwâ �mâ·¼I!:pwg�pw{<n«{3Ä�k1pwg�¼´ÃqzlÅ kmp�n ¹ i�â�¾�n ¹ z�n«Ãwzo{ �ãp Ä�¾àpsân�i gjpwz<â·¼§ÅDÀ°¾�ilÅ§½lp1á�gji���Å§pqk ' ��� � )�� Kyion ¹ kmp�n ¹ i·â�¾�zlg�p1ÆÞilÄ�{�â'n�i vl¼§½lpmgjpw¾�Ä�ÅDnj¾=� ¹ ¼´Ã ¹zogjp ¼§{ÒÆÞÄ�Å§Å:zlvlgjpqpwk1pw{3n ��¼¿n ¹ n ¹ i3¾àp ÆÞg�i<k n ¹ p«¾�pqkm¼INTzl{�zoÅ§À3n�¼´ÃqzoÅ�k1pqn ¹ i·â �PA ¹ pwÀm¼Dkmá:i<¾�p{�iÒÅ§¼Dkm¼Dnjzon�¼§il{ il{}n ¹ pÆÞilgjk ilÆ>n ¹ p~njilá��:ilÄ�{�â�zogjÀ¡ÆÞÄ�{�Ã�n�¼§il{

g
�&A ¹ p�¾�pqkm¼INTzl{�zoÅ§À3n�¼´ÃqzlÅkmp�n ¹ i·â©ÃqilÄ�Å´â©zoÅ´¾ài��ãp¡z<â�zoá�n�pwâ°n�i ¹ zl{�â·Å§p1n ¹ ¼´¾~ÆÞpwzon�Ä�gjp���À Ä�¾�¼D{�v}{�Ä�kmpqgj¼§ÃwzoÅ£¼§{3n�pHNvlg�z�nj¼Di<{ä¼§{�¾àn�pwz<â}ioÆån ¹ p�â·psÃ�ilkmá:i<¾�¼¿nj¼Di<{³¼§{�Kypw¾j¾àpwÅ6¾àpwg�¼§pw¾w�

A ¹ p¡¾�pwÃqil{�â'{�Ä�kmpqgj¼§ÃwzoÅ£kmp�n ¹ i·â��yz<¾zo{®¼D{,��{�¼Dn�pÒpqÅ§pqkmpw{<nçk1pqn ¹ i·â �Q�Tn#F ¾ �)i<gàn ¹kmpq{3n�¼§il{�¼D{�v©n ¹ z�nmn ¹ ¼§¾mkmp�n ¹ i·âÏá�g�i�½�¼´â·pw¾mzo{ zoÅDn�pwg�{�zon�¼§½lp³ÆÞilg1n ¹ p ¾à¼Dn�Ä�zon�¼§il{ ioÆ»nji�ikÒzo{�ÀmpqÅ§pqkmpq{3n�¾hn ¹ z�n�zogj¼§¾�pw¾é¼D{äâ�pqpqáäg�pwvl¼§il{�¾O��¼¿n ¹ n ¹ p«¾ànjzo{ãâ�zog�âÒÂ4ÇO. � KyÀ1Äã¾à¼§{�vçzl{
�¢ÇO. n ¹ p�{�Ä�k��ãpwg�ioÆåpwÅDpwkmpq{3nj¾�ÃqilÄ�Å´âQ�:p=�lpwá·n�n�iÒz km¼§{�¼§k Ä�k 	,� ¹ ¼§Å§p~¾àn�¼§Å§Å á�g�i�½�¼´â·¼§{�vpHG�ÃqpqÅ§ÅDpw{<n�g�ps¾àÄ�Å¿n�¾q� �»ionjp�n ¹ z�n»n ¹ p Äã¾àpsâ ¾Án�zo{�â�zog�â Â×Ç&. ��gji��lp Ä�á ÆÞilg�â·pqpwá gjpqvl¼§il{ã¾� ¹ pw{

d 6= 0
	/�:pwÃqzlÄ�¾�pÒioÆyn�i�i ¾àkÒzlÅDÅhpw{3n�gj¼Dps¾¼D{®n ¹ pä¾àn�¼I!:{�pw¾j¾kÒz�n�gj¼IG@�}º»¾�¼D{�v ¾ài<k1pÆÞilgjk ioÆ zlâ�zoá·nj¼D½�¼DnÁÀ'km¼§v ¹ nçgjpw¾�ilÅ§½lpmn ¹ ¼§¾çâ·¼ �ÒÃqÄ�ÅDnÁÀl�8�»i��)pw½lpwg#	:�3À®Ä�¾�¼§{�v?�¢ÇO. 	×n ¹ ¼§¾â·¼ �¡Ã�Ä�ÅDnÁÀ³Ãwzo{}g�pszlâ·¼§ÅDÀQ�ãp�zª½<il¼´â·pwâ �
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�

� ��� � ���$��� ��� � ��� "$� � �!�
�

������� "$�#"������ � �������������!�� ��#"$�����


6pqn
Ω ⊂ R

n 	>'
n = 1, 2

i<g
3
)H	P�ãp zo{Øi<áãpw{2�:ilÄ�{�â�pwâÏâ�ilkÒzo¼§{2��¼Dn ¹ z 
6¼§á�¾�Ã ¹ ¼¿n�7HNÃ�i<{3n�¼§{3Ä�ilÄ�¾E�:ilÄ�{ãâ�zogjÀ¡zo{�â}Å§p�n
I = (0, T )

	 ��¼Dn ¹
T > 0

��{�¼Dn�p<�

�yÑ�ÍsË�Û /�Ë·Ì�Ù Ë·ÍsÙ Ñ:Ð
A ¹ pwg�p�zogjp«¾�pq½lpwgjzlÅãâ·p+��{�¼Dn�¼§il{�¾yá:i<¾j¾à¼ ��Å§p ÆÞi<gén ¹ p»njion�zoÅ@½�zogj¼§zon�¼§il{ÒioÆ4zÆÞÄ�{�Ã�n�¼§il{6� . i<¾ànÃ�i<kmk1i<{³¼´¾�n ¹ p~ÆÞilÅ§ÅDi���¼§{�vmâ·pH�ã{�¼¿nj¼Di<{6r
È}É��>Ð4ÙÞÍwÙ�ÑãÐ Ü �3	 �3	 �  ��¶·�@���;� ���

g ∈ L∞(I×Ω)
��¥���¥m¤���¶·�:�<��� �¢���¢¥�¦ã¨ª¥o��� ¥��;� ��� 	T���

τ
¥o�:�

x
Ò� �

TV (g) := lim
ε→0

sup
1

ε

∫ T

0

∫

Ω

|g(x+ ε, τ) − g(x, τ)| dxdτ

+ lim
ε→0

sup
1

ε

∫ T

0

∫

Ω

|g(x, τ + ε) − g(x, τ)| dxdτ <∞.
' $ �§�%)

�l�<�
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Ü 4éÉ�Û �Dß1ß�×ÎØÎÏË·ÍwÙ�ÑãÐ
$ �ãpwÅ F ¾�¾�Ä�kmkmzon�¼§il{©¼§¾ z}â�¼§¾jÃ�gjp�njp1½<pqg�¾à¼§il{'ioÆ)n ¹ pmÆÞi<g�kçÄ�Å§z³ioÆ�¼§{<njpqv<gjzon�¼§il{���À áãzog�nj¾w�
;©p ¹ zª½lp«n ¹ z�n

m∑

i=1

bi(ai − ai−1) = bmam − b0a0 −
m∑

i=1

(bi − bi−1)ai−1,
' $ � �
)

�çË#4ÚªÖ@Ý	� �åÚsÖ �çË·ÌªÍ��

åp�n

H
�ãpzo{}¼§{�{�pqgjá�gji·â·Ä�Ã�n ¾�á�zlÃqp=��¼¿n ¹ z<¾�¾�i·Ã�¼´z�n�psâ¡¼§{�{�pwg�á�gji·â·Ä�Ã�n

(., .)H
zo{ãâä{�i<g�k

‖.‖H
� A ¹ pw{}i<{�p ¹ zl¾

(x, y)H ≤ ‖x‖H‖y‖H , ∀x zo{�â y ∈ H.

�Ñ�×Ð�� � �çË#4ÚsÖ@Ý
A ¹ p��hi<Ä�{�vm¼§{�p��3Ä�zlÅD¼DnÁÀ¡¼´¾

ab ≤ 1

p
ap +

1

q
bq ,

��¼Dn ¹ 1

p
+

1

q
= 1,

'
p
zl{�â

q ∈ R
+
0

)
, ∀a, b ∈ R

+.

A ¹ p�-yzlÄ�Ã ¹ À N;¼§{�p��3Ä�zlÅD¼DnÁÀm¼§¾�n ¹ p�¾�áãpsÃ�¼´zoÅ6Ãwzl¾�p

ab ≤ a2

2
+
b2

2
, ∀a, b ∈ R

+,

ÆÞgjilk � ¹ ¼§Ã ¹ ¼Dn�ÆÞilÅ§ÅDi�� ¾)n ¹ z�n
ab ≤ α

2
a2 +

1

2α
b2, ∀α > 0, ∀a, b ∈ R

+.

���:Û3�4É3Ì
A ¹ p�� � Å´â·pqg�¼§{�p �<ÄãzoÅ§¼¿nÁÀ¡¼´¾
∫

Ω

|fg| ≤ ‖f‖Lp‖g‖Lq ,
1

p
+

1

q
= 1,

'
p
zl{�â

q ∈ R
+
0

)
, ∀f ∈ Lp(Ω), ∀g ∈ Lq(Ω).
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%»Ñ:Ù Ð4ÚlË�Ì��
A ¹ pwg�p�zlg�p�¾�pq½<pqg�zoÅ ½lpwgj¾�¼§il{}ioÆ>n ¹ ¼´¾ ¼§{�p �<ÄãzoÅ§¼¿nÁÀ
	�g�pwÅ§zon�¼§{�v¡z1ÆÞÄ�{�Ã�n�¼§il{ nji¡¼¿n%F ¾»vlg�zlâ·¼§pq{3ns�
-)ilkmkmil{�ÅDÀ¡Äã¾àpsâ³¼´¾wr
∃C ≡ C(Ω) > 0

' � G�psâ )�r ‖u‖Lp ≤ C‖∇u‖Lp, ∀u ∈W 1,p
0 (Ω), 1 ≤ p <∞.�¢{ il{�pâ·¼§kmpq{�¾�¼§il{ �)p ¹ zª½<p

∃C ≡ C(Ω) > 0
' �,G·pwâ )�r ‖u‖W 1,p ≤ C‖u′‖Lp , ∀u ∈ W 1,p

0 (Ω), 1 ≤ p <∞.

� � � � 
�� � ��� ���

;©p �ãpwvl¼§{���¼Dn ¹ n ¹ p $ ¾jÃ�i<ÅD¼IN $ g�7wpqÅ ��A ¹ pqilgjpqk 	 � �;� 
T�
��Ö4É�Ñ�Ì�É�Î Ü � - �3	 	 Ü³ßwÚ<ÑãÛ�Ù��Ü¡Ì �lÉ�Û���� � � ���

X
¤�� ¥*�j� � ±�¥l�q� �Ò���;��� �'�;±�¥<��� � ¥��:�

C(X)
�Þ��� �»¥o�:¥l��� �;±�¥<�j�Ò�à�����¥�¦ �¢¨ª¥o¦W¶����³�����ã�����ã¶���¶��h��¶·�:�q�;� �����

f
�o�

X
�@��� �Ò�j�}¤ �

‖f‖ = supx∈X |f(x)| � �@�����°¥ �q����¶��q�:��� {fn(x)} ⊆ C(X)
�´�«����¦§¥��;��¨ª�q¦��Ò�j� � ±�¥l�q�£���

C(X)
� ��Þ���)����¦�¦D� �£���3�}� �é�ä�����@�����;� ����� ¥o����q¥o���´� �)���<²

fn(x)
�´�ç����¶·� �à¤���¶·�@�l���
	T���

n
 �£� ��� � �

sup
n≥1

sup
x∈X

|fn(x)| <∞,

fn(x)
�´�ç���q¶·� �à�����ã�����ã¶���¶���	;���

n
 �h� ��� � �

lim
δ→0

sup
n≥1,dist(x,x′)≤δ

|fn(x) − fn(x′)| = 0

� i�� �yp vl¼§½lp n ¹ p°gjp��3Ä�¼§g�pwkmpq{3nj¾1ÆÞi<g³|«ilÅ§k1i<vli<g�i�½ Ã�i<kmá�zlÃ�n�{�ps¾�¾#	E� ¹ ¼§Ã ¹ ¼´¾äzl{pHG�njpq{�¾�¼Di<{mioÆ@n ¹ p $ ¾jÃ�ilÅ§¼IN $ g�7wpqÅ �»n ¹ pqi<g�pwk 	l½�zoÅ§¼§â1¼§{
C

	lnji
Lp

' ¾�pqp � �;� 
 	láå� �<�o��ilg �§�l� 
 	á6� �o�
)��
��Ö4É�Ñ�Ì�É�Î Ü � - � - 	 �³Ù É�ß � � 	åÌ��3ÚªÖ4É3Í � � ÑãÛ�ÎØÑ��ãÑãÌ�Ñ�/ � � � �q�

Ω ⊂ R
n ¤���j±���� ¥��@�ç¦D���

ω
¤��»�����j���3�l¦��ç���:�q¦W¶��l��� �ç���

Ω
�  ����¶��m�«�Þ��¥�� F �´��¥m¤���¶·�@�l��� ��¶�¤��q���h�à� Lp(Ω)

� �£�����
1 ≤ p <∞ � �ã¶s±<±����q���Þ��¥o�

∀ε > 0 ∃δ > 0, δ < dist (ω,CΩ),��¶��j� ����¥��
||f(x+ h) − f ||Lp(ω) < ε, ∀h ∈ R

n �£���Þ� |h| < δ
¥o�:� ∀f ∈ F (

�
).

' $ � �
)
�@���q� F �´�����¦§¥��;��¨ª�q¦��}��� � ±�¥l�q�)��� Lp(ω)

�
�
ω

�
	�	������"�$�� 
 �
"���� ��(���( �
"
Ω

� �3��������%� ���
��	#�%��� �#�
ω

�
"
R

n
-5����� ����"

ω̄
-!�7�'�!�)8,� �����

ω̄ ⊂ Ω�#"�(
ω̄

�
	��)�������#������7� (%�)"%�#�� ����
	 	�
 ω ⊂⊂ Ω
0

� ���#��6��!��'� �
x ∈ ω

�#"�(
|h| < δ < dist (ω,CΩ)

-.��!�� ��%�)"
x + h ∈ Ω

�#"�( � ���	 � �*����
��)	
	���"�	���0 �����
	 �)�#" 	 ��	����)"��#	 �#" �
" ���$����#�5������
����" ��
" �%�  
 ����"�(�� ��
��" 	��
� �
� �#� �� �������"����
" �������	������
�
������������ 0
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Â�ilg>ÆÞÄ�{�Ã�n�¼§il{�¾ � ¹ ¼§Ã ¹ zlg�p�zlÅ§¾�i�n�¼§k1p â�pqá:pq{�â·pw{3nO�)p Ãwzo{1Ä�¾�p�n ¹ p�njg�¼´zo{�vlÅ§py¼§{�p �<ÄãzoÅIN¼DnÁÀ

||f(x+p, t+q)−f(x, t)|| ≤ ||f(x+p, t+q)−f(x, t+q)||+ ||f(x, t+q)−f(x, t)||,
nji©v<p�nÒ|»i<ÅDkmi<vlilgji�½'Ãqilkmá�z<Ã�n�{�pw¾j¾ç¼DÆ�Ãqil{�â�¼¿nj¼Di<{ ' $ � �
)ç¼§¾m¾jz�nj¼§¾ ��pwâÏÆÞilgmpw½lpqgjÀ©n�pwg�k¾�pqá�zlgjzon�pwÅDÀ<���»ion�p~ÆÞÄ�gàn ¹ pqg�n ¹ z�n gjp��3Ä�¼§g�pwkmpq{3n�' $ � �
)y¼´¾E�ypwz"�<pqgyn ¹ zo{ zl¾���¼D{�vçn ¹ z�n�n ¹ pá�zlgànj¼§zlÅ6â·pqgj¼§½ªzon�¼§½lp�¼§¾>�ãi<Ä�{�â·psâ �Â�g�i<k �D�<� 
 	�á6��� 9
��Ö4É�Ñ�Ì�É�Î Ü � - � � 	 �)É<4éÉ�ß ��×É �4Ñ:ÎØÙ Ð4Ë�Ð@Í ÚlÑ:Ð /ãÉ3Ì �ãÉ�Ð4ÚlÉØÍsÖ×É�ÑãÌ�É3Î � � � �q� {fn}¤��1¥m�q����¶��q�:��� �à�

L1(Ω)
��¶·�@���;� ����� � �:¶s±l±��ª�q���Þ��¥o�¥ 

fn(x) → f(x)
¥ ��� �£���

Ω
�¤ ç�Þ���q��� ���<�´��� �¥���¶·�:�q��� �o�
g ∈ L1(Ω)

��¶��j�³�Þ��¥o������� ��¥l���
n
� |fn(x)| ≤ g(x)

¥���� �4���
Ω
�
�@���q� �

f ∈ L1(Ω)
¥o�:� ||fn − f ||L1 → 0

�

åp�n

h ∈ L∞(Ω)
�)º {�â·pwg�â·pÃ�il{ãâ·¼¿nj¼Di<{�¾yioÆ6n ¹ p�n ¹ pwilgjpqk"i<{�p ¹ zl¾)n ¹ zon

(fn, h) →
(f, h)

� � �»ionjp~n ¹ zon
(fn, h) = (fn − f, h) + (f, h) ≤ ||fn − f ||L1 ||h||L∞

+ (f, h)
� 


;©pÒpq{�â���¼Dn ¹ z gjpw¾�Ä�ÅDn�il{©n ¹ p¡pHG�n�g�zlÃ�n�¼§il{©ioÆ z �ypwz"�'Ã�il{�½<pqgjvlpq{3n¾àÄ ��¾àp �3Ä�pq{�ÃqpÆÞgjilk z �:ilÄ�{ãâ·pwâ ¾�p��3Ä�pq{ãÃ�p�	 �§� � 

��Ö4É�Ñ�Ì�É�Î�Ü � - � �
	 � 4)É<Ì�Û�É3Ù�Ð � �6Ö4Î ×Û ÝãË�ÐÏÍwÖ4É3ÑãÌ�É�Î
� �  �»¥o�:¥l��� ��±�¥l���

X
�´�~�j� �

�����l��¨��~� �~¥��@�Ò����¦ �ç� �~��¨��q� �Ò¤��o¶·�:�l���ç�q����¶��q�:����à�
X
�������¢¥�������¥ç��¶�¤��q���q¶����@�j� �×�·� �j������ã¨ª�q���3��� �é��¥wµo¦��¡�¢�ä¥o�©�q¦D� �m�q�����Á�

X
�



� � � ��������� �

� -�*	�� �"�#���"��+u�
� 	��
�����#����� �  ����� � ��� � �&������	����

� ��� ��
�� �$� � ����� � � � �

��1�Ä,��¾�Ä�g�Æ zlÃ�p � ¼§¾¡n ¹ p©vlpw{�pqg�zoÅ�njpqgjk�n�iØ¼§{�â·¼´Ãqzon�p n ¹ p°kmpsâ·¼DÄ�k#n ¹ zon}Ãqzl{ �ãp°ÆÞilÄ�{ãâÄ�{�â�pqg«n ¹ p1¾àÄ�g�Æ zlÃqpl�>A ¹ ¼´¾«¼D{�ÃqÅDÄãâ·pw¾»n ¹ pB�,G·pwâ áãzog�n»ioÆ>n ¹ pçpszog�n ¹ 	�n�ilv<p�n ¹ pqg<��¼¿n ¹ n ¹ pvlgjilÄ�{�â ��z�n�pwgézo{ãâmn ¹ p�ion ¹ pqgy¾àÄ ��¾Án�zo{�Ãqpw¾yzo{�â¡ilgjv<zo{�¼§¾�kÒ¾P��¼¿n ¹ ¼§{ä¼Dnw�PA ¹ p~¾àÄ,�ã¾àÄ�g�Æ zlÃqpvl¼§½lps¾¡z®kÒzl¾j¾à¼§½lp ¼§kmá�g�ps¾�¾�¼§il{C	 ��Ä·nä¼§{*gjpwzoÅ§¼DnÁÀØ¼¿n³¼§¾¡z®km¼IG�n�Ä�gjp ioÆ~á�zlgànj¼§ÃqÅDps¾ÒioÆ¾ài<¼DÅ
��¼Dn ¹ ¹ i<ÅDps¾�¼§{?�ãpqn��)pwpq{ ��Å§Å§pwâ ��¼Dn ¹ ��Ä�¼§â2' �yzon�pwg#	�i<¼DÅ ) zl{�â ��ilg zo¼§g»zl{�â v<z<¾àps¾q�E. zo{�Àá�gji·Ã�pw¾j¾�pw¾>n�z"�lp�á�Å§z<Ã�plr:�yzon�pwg ��i�� ¾>n ¹ g�i<Ä�v ¹ n ¹ p pqkmá·nÁÀm¾�á�zlÃqpw¾#	���z<Ã�n�pwg�¼´z�ÅD¼§½lp»il{1n ¹ p¾�Ä�gàÆ z<Ã�p ilÆ@n ¹ p»¾�il¼§Å�áãzog�n�¼´Ã�Å§pw¾#	on ¹ p«¾�il¼§Å�zlâ�¾�ilg���¾hÃqil{3njzlkm¼D{�zl{3nj¾>n ¹ z�n)zlg�p»¼D{mn ¹ pM��z�njpqg%	ÆÞg�zlÃ�njÄ�gjpw¾yÆÞilgjk � ¹ pw{}n ¹ p ��z�njpqg�pq½�zoá:ilg�z�njpw¾w�

;©p³ÆÞi·ÃqÄ�¾1il{ vlgjilÄ�{�â,�yzon�pqg ��i�� zl{�âÏi<{Ønjgjzl{�¾àá:ilg�nmioÆ«z©¾à¼§{�v<ÅDp Ã�i<{3njzokm¼§{�zo{3ns�¸ gjilÄ�{�â,�yzon�pqg«¼§¾�á�gjpw¾�pq{3n�¼D{©zoÅ§k1i3¾Án~zoÅ§Å×v<pqi<ÅDi<vl¼´ÃqzoÅåÆÞilgjkÒz�n�¼§il{ã¾q�(�¢{'¾�ilkmp kÒzon�pqgj¼´zoÅ´¾¼Dn �ãi�� ¾»½<pqgjÀ ¾àÅ§i���ÅDÀ
	@pl� v��@¼D{©Ã�Å´zªÀ ilg~¾Ánjil{�p
	 ¼D{©ion ¹ pqg�¾«g�pwÅ§zon�¼§½lpqÅ§À}Æ zl¾àn#	6p<� vã�ã¼§{®¾�zl{�âilgçvlg�zª½lpwÅ�� Â�i<g kmi<¾àn á�g�zlÃ�n�¼´ÃqzoÅyzoá�á�ÅD¼´Ãqzon�¼§il{�¾#	ån ¹ p³¾�Å§i���v<g�i<Ä�{�â ��z�njpqg ��i��"Ãqzl{ �ãp{�pwvlÅ§pwÃ�njpwâ �®Â�Ä�gàn ¹ pqgjkmilgjp�	>¼¿n1¼§¾çvlpw{�pqg�zoÅ§Å§À'{�ilnç{�psÃ�ps¾�¾jzogjÀ°nji'¾àn�Ä�â�À'n ¹ p}¼D{�â�¼D½�¼´â·Ä�zoÅpqgjg�z�n�¼´Ã ��i�� ilÆ�z���z�n�pwg~k1i<ÅDpsÃ�Ä�Å§p1n ¹ gjilÄ�v ¹ n ¹ pÒá:ilgjpw¾~ilÆén ¹ p¡¾àÄ,�ã¾àÄ�g�Æ zlÃqpl� $ kmilgjpvlÅ§i��ãzoÅ�½�¼Dp#���¼§Å§Å>�ãp'¾àÄ'�¡Ãq¼Dpw{<nÒÆÞi<g¡kmi<¾ànäzoá�á�ÅD¼´Ãqzon�¼§il{�¾w� A ¹ pq{ 	)n ¹ p kmi�½lpwkmpq{3nÒioÆvlgjilÄ�{�â ��z�n�pwg«Ãwzo{?�:p1â�pw¾jÃ�gj¼I�:pwâ°kmzon ¹ pwkÒz�n�¼´ÃqzlÅDÅ§À ¼D{©z¡gjpqÅ´z�nj¼D½<pqÅ§À ¾�¼§k1á�ÅDp��yzªÀ<�=A ¹ pkÒzo¼§{Øp��3Ä�zon�¼§il{�¾ ioÆ>��z�njpqg kmi�½<pqkmpq{3nçzlg�p �ãzl¾�pwâ i<{ n��)i ÆÞÄ�{�â�zlk1pw{3njzoÅyá�gj¼D{ãÃ�¼§á�ÅDps¾qr��zog�Ã�À�F ¾�Å´z �
zl{�âän ¹ p�Ãqil{�¾�pqgj½�z�n�¼§il{³ioÆ>kÒzl¾j¾q�
�o���
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. zon�pqgj¼´zoÅ

θ0
'
%

)¸ g�zª½lpqÅ 	�kmpwâ·¼§Ä�k �3�
1·zl{�â 	·kmpwâ·¼§Ä�k � 8
1·zl{�â 	 ��{�p 93�
-)Å´zªÀ 9��

6¼§kmpw¾àn�i<{�p �<��«ilÅ§ilkm¼¿njp �l��«Ä�{�p�¾jzo{�â 9��

6i�ps¾�¾ 9<81 ¹ zlÅDp �
A×Ä ! 9ã�
K�zl¾jzoÅDn � �

A4z"��ÅDp K��D�<r£t�pqá�gjpw¾�pq{3n�z�n�¼§½lp�½�zoÅ§Ä�pw¾ ioÆ×á:ilgji<¾�¼DnÁÀ
θ0
�

� � � � � �������  �� "$�����

A ¹ p�¾�Ä,��¾�Ä�g�Æ zlÃqp�Ãqil{�¾�¼§¾ànj¾�ilÆ>¾�ilÅ§¼´âäá�zlgànj¼§ÃqÅDps¾�zo{�â}pqkmá·nÁÀ³¾àá�z<Ã�ps¾+	�ÃwzoÅ§ÅDpsâäÊéÑãÌ�É�ßl�
%«Ñ�Ì�Ñ:ßwÙ ÍjÝ ¼´¾4n ¹ p�zlk1i<Ä�{3n£ioÆãá:ilgjpw¾>Ãqilkmá�zogjpwâ�n�i�n ¹ p�n ¹ pyn�ilnjzlÅ·½lilÅ§Ä�kmpyioÆ�n ¹ p�Ä�{�â�pqg�Nv<g�i<Ä�{�â �/;'pâ·pw{�ionjp«¼DnE�3À

θ0
�L�¢{�A4z"��Å§p(K��§��¾�ilkmp«g�pwá�g�ps¾àpw{3njz�nj¼D½<p ½�zoÅ§Ä�pw¾�zlg�p«vl¼§½lpq{å�
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� � � � � ��� � � ���$��$	 � "$� � �������!� "$� � �

;©p njz��lp z®gjpqá�gjpw¾�pq{3n�z�n�¼§½lp pwÅDpwk1pw{3njzogjÀÏ½<ilÅ§Ä�kmpl��. ilgjp á�gjpwÃq¼§¾�pqÅ§À�	E�yp Ã�il{ã¾à¼´â·pqg³zgjpwÃ�n�zo{�v<Ä�Å´zogM�:i G���¼¿n ¹ kmpszl¾�Ä�g�ps¾
∆x

	
∆y
zl{�â

∆z
	 Ãqpq{3n�gjpwâ'z�n»n ¹ pmáãi<¼D{3n

(x, y, z)
	zo{ãâ ¹ zª½3¼§{�v ¼Dnj¾ �:ilÄ�{ãâ�zogjÀ á�Å´zo{�ps¾�n��)i ��À n��yi ilg�n ¹ i<vli<{�zoÅ4n�i n ¹ p

X
N5	
Y

N�zo{�â
Z

Nz�G·¼´¾+	�gjpw¾�áãpsÃ�nj¼D½<pqÅ§Àl�PA ¹ p~Å§z ��ioÆ×Ãqil{�¾�pqgj½�z�n�¼§il{äioÆ×kÒz<¾�¾y¼§{}z n�¼§kmp�¼§{3n�pwg�½�zoÅ
(t, t+ ∆t)gjp��3Ä�¼§g�ps¾én ¹ z�n

. z<¾�¾y¼§{ − . z<¾�¾�i<Ä·n � Ã ¹ zl{�vlp�¼§{ ¾àn�i<gjzlvlp
.

�¢{}n ¹ pÅ§¼§k1¼Dn
∆x → 0

	
∆y → 0

	
∆z → 0

zo{�â
∆t→ 0

	�n ¹ ¼´¾�gjpwz<â·¼DÅ§À¡Å§pwz<â�¾yn�i
[−∂x(ρwqx) − ∂y(ρwqy) − ∂z(ρwqz)] = ∂t(ρwθ0),

' K�� 9 )
¼§{8� ¹ ¼´Ã ¹

ρw
¼´¾«n ¹ p¡â�pq{�¾�¼¿nÁÀ ilÆ&��z�njpqg~¼D{'n ¹ p1á:il¼§{3n

(x, y, z)
zon�nj¼Dkmp

t
	
qx

	
qy
zl{�â

qz
zogjp«n ¹ p�Ã�i<kmáãi<{�pq{3nj¾ ioÆån ¹ p ��zog�Ã�À
�ãÄ G}zl{�â

θ0
¼´¾�n ¹ páãi<g�i3¾à¼DnÁÀl�L�TÆP�)pz<¾�¾�Ä�kmpzÃ�i<{�¾ànjzo{3n

ρw
	�¾�Ä,��¾àn�¼Dn�Ä�n�pQ' K«� �
)yzl{�â³njz"�<p¾Ánjpwzlâ�Àä¾Án�z�njp~Ãqil{�â�¼¿nj¼Di<{�¾+	 �yp~i��·n�zo¼§{

∇ · ( � ∇h) = 0.
' K�� ��)

� ���%����� 
 "����
(%	 " �%� 	 ���*�
	*(%� ��"���( 	�
 ρqd/µ
-5��� ��

d
��%� �5����� 	#���#�)��-

µ
���� 8%�
	�����	��  
 �#� ��%�

�5������� �%�
(.-
ρ

���� (���"�	��  
 0
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�¢{'kmzl{�À}v<g�i<Ä�{�â ��z�njpqg kmi·â·pwÅ§¾#	@n ¹ pm�«Ä�á�Ä�¼Dn N¢Â�i<gjÃ ¹�¹ pq¼§k1pwg�zlá�á�gji G·¼DkÒz�nj¼Di<{ ¼§¾«Ä�¾�pwâ ��«Ä�á�Ä�¼´¾�'à���l�<�
)yzo{ãâ³Â�ilg�Ã ¹�¹ pq¼§kmpqg 'Á� � �<�
))¼D{ãâ·pqá:pq{�â�pq{3n�Å§À³¾�Ä�vlv<pw¾àn�psâ¡n ¹ z�n ��i��
ÅD¼§{�pw¾zlg�p�á�gjpwâ�ilkm¼D{ãzo{3n�Å§À ¹ ilgj¼I7wil{3njzlÅ 	lzl{�âm½lpwÅDi·Ãq¼¿nj¼Dps¾hâ·i�{�iln)½�zogjÀ i�½<pqg£n ¹ p»z �<Ä�¼¿ÆÞpwg)â·pwá·n ¹ �
1�pwp � � 9 
 	:- ¹ zoá·njpqg��,	@ÆÞi<gâ·p�n�zo¼§Å§¾#	 ilg � 8�
 	/1�pwÃ�n�¼§il{ �·� �·��;©p���g�¼§p �ãÀ g�psÃqzoÅ§Å4n ¹ p1kÒzo¼§{gjpw¾�Ä�ÅDnj¾ ¹ pwg�p<�LA ¹ p��»Ä�á�Ä�¼¿n�NTÂ�ilg�Ã ¹�¹ pw¼Dkmpqg zlá�á�gji G·¼DkÒz�nj¼Di<{³z<¾�¾�Ä�kmpw¾)n ¹ z�n

∂h

∂z
= 0.

A ¹ ¼´¾«ÅDpszlâ�¾»n�i}il{�pçioÆ£n ¹ pçkmi3¾Án�pw¾j¾àpw{<nj¼§zlÅ×¾�¼Dkmá�Å§¼I�ãÃqzon�¼§il{�¾«ioÆégjpwzlÅJN �yilgjÅ§â}vlgjilÄ�{�â ��z�Nnjpqg���i�� á�gji���Å§pqkÒ¾wr�n ¹ gjpqp+NTâ·¼§kmpq{�¾�¼§il{�zlÅ ��i�� á�gji���Å§pqkÒ¾«g�psâ·Ä�Ãqp�n�iän��)i�NTâ�¼Dkmpq{ã¾à¼§il{�zlÅi<{�pw¾w� A ¹ ¼§¾«zl¾j¾àÄ�kmá·nj¼Di<{ ¼§¾»{�ilgjkÒzoÅ§ÅDÀ³½ªzlÅD¼´â�� ¹ pq{ n ¹ p Å§pq{�von ¹ ilÆ>z
��i��
Å§¼§{�p�¼´¾ Å´zogjvlpÃqilkmá�zogjpwâ¡n�imn ¹ p�z �3Ä�¼DÆÞpqg�n ¹ ¼§Ã5��{�ps¾�¾�i<gE� ¹ pq{}n ¹ p ¹ pwz<âäv<gjz<â·¼Dpw{3n�¼´¾�{�iln Å§zlg�v<pl�
$ Ä�¾�p�ÆÞÄ�ÅDÅ4Ã�il{ãÃ�pqá�n ¼§¾�n ¹ p ��Ä�¼§â á:ionjpq{3n�¼´zoÅ;�O;©p ��g�¾Án»â�pH��{�p�n ¹ p �4Ù ßsÚªÖ×Ë·Ì �:É

Q
¼§{n ¹ p

x
zo{�â

y
â�¼DgjpwÃ�n�¼§il{ zl¾

Qx =

∫ h ���
0

qxdz, Qy =

∫ h ���
0

qydz,
' K«� �
)

� ¹ pwg�p
h ��� ¼´¾mn ¹ p p+!:psÃ�nj¼D½<p ¹ pq¼§v ¹ n¡ioÆ�n ¹ p��yzon�pqg¡ÃqilÅ§Ä�km{C	y¼�� pl�

h ��� = min(H,h)
	��¼Dn ¹

H
�ãpw¼D{�v n ¹ p ¹ pq¼§v ¹ néilÆ n ¹ p�z �3Ä�¼DÆÞpqgyzo{�â1n ¹ p ¹ pszlâ

h
�ãpw¼D{�v kmpwz<¾àÄ�gjpwâ1ÆÞgjilk�n ¹ p

��z<¾àp1ioÆyn ¹ pmz �3Ä�¼¿ÆÞpwg~il{6���¢{'n ¹ pÒ�«Ä�á�Ä�¼Dn N¢Â�i<gjÃ ¹�¹ pq¼§k1pwg�zoá�á�g�i G·¼§kmzon�¼§il{ n ¹ pÒ¾àá:pwÃq¼J�:Ãâ·¼´¾jÃ ¹ zogjvlp �'â�i3ps¾�{�ion ½�zlg�ÀÒi�½<pqgyn ¹ p�z �3Ä�¼¿ÆÞpwg ¹ pq¼§v ¹ n%	�zo{�â ¹ pw{�Ã�p
Qx = h ��� qx, Qy = h ��� qy.

A ¹ p �>Ñ�� Ê)Ñ�ÍsÉ3Ð@ÍsÙ Ë�Û>i<g �×Ù�ßwÚªÖ4Ë·Ì �ãÉ°ÊéÑãÍwÉ�Ð@ÍwÙ�Ë�Û
Φ(x, y)

¼§¾�n ¹ pÆÞÄ�{ãÃ�n�¼§il{ ÆÞi<gD� ¹ ¼´Ã ¹¹ i<Å§â�¾
Qx = −∂Φ

∂x
, Qy = −∂Φ

∂y
.

' K�� ��)
º»{�â·pqg n ¹ p�¾àn�pszlâ·Àä¾ànjzon�pÃ�i<{�â·¼Dn�¼§il{�¾ ' K�� �
)éi<{�p ¹ z<¾

∆Φ = 0.

-)i<kB��¼§{�¼§{�v�' K�� ��)yzo{�â ' K�� ��) 	 �)p~i���njzo¼§{}n ¹ p¾�pqpwá�zov<p�½<pqÅ§i·Ã�¼DnÁÀ¡zl¾
vs = − 1

h ��� θ0
∇Φ.

' K�� � )
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A ¹ p ��i�� á:ion�pw{3n�¼´zoÅ6¼´¾>��{�i���{³ÆÞilg kÒzl{3À³pqÅ§pqkmpq{3n�zogjÀä¾à¼Dn�Äãz�n�¼§il{ã¾+	�¾�pqp � � 9 
;��t�pqÅ§pHN½�zo{3n�n�imilÄ�g �yilg��m¼§¾yn ¹ p~g�pwÅ§zon�¼§il{��ãpqn��)pwpq{¡n ¹ p ��i�� á:ionjpq{3n�¼´zoÅ zl{�â ¹ À·â·g�zoÄ�Å§¼´Ã ¹ pszlâ �Â�i<g Ã�i<{ ��{�psâ}zl{�â³Ä�{�Ã�i<{ ��{�psâ���i�� �yp~g�ps¾àá:pwÃ�n�¼§½lpqÅ§À ¹ zª½<p«n ¹ z�n
Φ(x, y) = kHh(x, y) − 1

2
kH2, (h ≥ H),

' K«� 8
)
Φ(x, y) = 1

2
kh2(x, y), (h ≤ H).

' K��D�s�
)
�¢{çn ¹ p�Ãqz<¾àpyioÆãÄ�{�¼DÆÞilgjk ��i�� ��pwÅ§âç¼§{ n ¹ p

x
N¢â·¼DgjpwÃ�n�¼§il{ ��¼¿n ¹ â�¼§¾jÃ ¹ zogjvlp

Q0
	l¼¿n ¹ i<Å§â�¾

Φ = −Q0x+ C.

�¢{ n ¹ p Ãqz<¾àp~ioÆ£z��ypqÅ§Å 	�n ¹ pÊ ×ÎØÊ4Ù�Ð��©Ì�Ë·ÍwÉ
Qw

' ��â·¼´¾�Ã ¹ zogjvlp�gjzon�p%)ykçÄ�¾ànM�ãpv<¼D½<pq{6�
�¢{ áãi<Å§zlg Ã�i�ilg�â·¼§{�z�njpw¾

(r, θ)
	�z<¾�¾�Ä�km¼§{�vÒÃ�¼§gjÃqÄ�Å§zlg�¾àÀ�kmkmp�n�gjÀ¡ilÆ×n ¹ p �)pwÅDÅ 	C' K�� �")yv<¼D½<pw¾

dΦ

dr
=
Qw

2πr
,

� ¹ pwg�p«n ¹ pgj¼§v ¹ n ¹ zo{�â³¾à¼´â·p�ÆÞilÅ§ÅDi�� ¾)ÆÞgjilk n ¹ pÃ�il{3nj¼D{�Ä�¼DnÁÀÒioÆ×n ¹ p ��i���z<Ã�gji<¾j¾)z1Ã�¼§g�Ã�Å§pioÆ>g�zlâ·¼§Ä�¾
r
zlg�i<Ä�{�â¡n ¹ p �ypqÅ§Å��P�¢{3njpqvlg�z�nj¼Di<{äv<¼D½<pw¾

Φ(r) =
Qw

2π
ln r + C,

' K��§�l�%)
� ¹ pwg�p>n ¹ ph¼§{<njpqv<gjzon�¼§il{~Ã�il{ã¾Án�zo{3n

C
k Ä�¾àn �:péÃ ¹ i<¾�pq{~¾�i�n ¹ zon

Φ
¾jz�nj¼§¾ ��ps¾@n ¹ pP�:ilÄ�{�â�zogjÀÃ�i<{�â·¼Dn�¼§il{6�³º»¾�¼D{�v ' K«� 8
) N5' K��D�s�
)»n�i i
�·njzl¼D{'n ¹ pÒá�g�ps¾�Ãqg�¼ �ãpsâ �ãi���á:ionjpq{3n�¼´zoÅ

Φ0
zon zâ·¼´¾Án�zo{�Ãqp

R
	 �)pÃqzl{���gj¼Dn�p

Φ(r) =
Qw

2π
ln
r

R
+ Φ0.

$ {}¼§k1á:ilg�njzl{3n�á�g�¼§{�Ã�¼§á�Å§p»ÆÞi<g ��i�� á:ionjpq{3n�¼´zoÅ´¾+	·¼´¾)n ¹ pá�g�¼§{�Ã�¼§á�Å§p«ilÆ4¾�Ä�á:pqgjáãi3¾à¼Dn�¼§il{6�$ ¾ézo{1pHG�zokmá�Å§p�	�n ¹ p ��i�� áãiln�pq{3nj¼§zlÅ�ioÆ@z<�ypqÅ§Å
Qw
z�n>n ¹ p�i<g�¼§vl¼§{C	oá�Å§z<Ã�pwâç¼§{mz�Ä�{�¼¿ÆÞi<g�k

��i�� ��pqÅ´â
Q0
¼D{³n ¹ p

x
N¢â·¼DgjpwÃ�n�¼§il{C	�¼§¾�v<¼D½<pq{��3À

Φ = −Q0x+
Qw

2π
ln r + C.

� � � � � � "�� �����!��� " "�������� � � �$"

-)il{3n�zokm¼D{ãzo{3nj¾y¼§{³n ¹ p~vlgjilÄ�{ãâ �yzon�pwg&��¼§ÅDÅ kmi�½<p�zlg�i<Ä�{�â���¼¿n ¹ n ¹ p �yzon�pwgw�LA ¹ ¼´¾�kmz<¾�¾n�g�zo{ã¾àá:ilg�nD��¼DÅ§ÅåÃqzlÄ�¾�p�Ã ¹ zl{�vlps¾y¼D{ ¾�ilÅ§Ä·n�p�Ãqil{�Ãqpq{3n�g�z�nj¼Di<{6�/A ¹ p�á�g�¼§kÒzogjÀäÃqzlÄ�¾àps¾�zogjplr
�<��Ü ��/ãÉ�ÚlÍwÙ Ñ:Ð)�OA ¹ p¾ài<ÅDÄ�n�p ��i�� ¾E��¼Dn ¹ ¼¿n�¾ Ãqzlg�gj¼§pqg%	<n ¹ p¾ài<ÅD½<pq{3nw�
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�·� � Ý �åÌ�Ñ �×Ý6Ð4Ë�ÎØÙ Ú È}Ù ßwÊéÉ3Ì�ßwÙ�ÑãÐ)� A ¹ päÃ�i<kB��¼§{�psâ®pH!@pwÃ�n�¾�ilÆ k1psÃ ¹ zo{�¼§ÃwzoÅéâ·¼´¾ Náãpwgj¾�¼§il{äzl{�â¡kmilÅ§pwÃqÄ�Å´zog�â·¼J!@Ä�¾�¼Di<{³¾�á�gjpwzlâ�¾hn ¹ p�Ãqil{3njzlkm¼D{�zl{3n)ilÄ�nw� . psÃ ¹ zo{�¼´ÃqzlÅâ·¼´¾àá:pqg�¾à¼§il{ ¼§¾Òz©kmpwÃ ¹ zo{�¼´ÃqzlÅyá�g�i·Ã�ps¾�¾wr �ãpsÃqzlÄ�¾àp}ioÆ�n ¹ p ¾àn�i·Ã ¹ z<¾Ánj¼§Ã}{�zon�Ä�gjp}ioÆn ¹ pÒá:ilgjpÒ¾àáãzlÃ�pÒâ·¼´¾àn�gj¼I��Ä�n�¼§il{®¼D{®á:ilgjilÄ�¾�kmpwâ�¼§z zl{�â n ¹ pÒ{�i<{ ¹ ilkmi<vlpq{�pq¼DnÁÀ ioÆn ¹ p~km¼´Ã�gji<¾jÃ�ilá�¼§Ã«½lpwÅDi·Ã�¼DnÁÀ¡â·¼´¾Ánjg�¼ ��Ä·nj¼Di<{C	·n ¹ p�n�g�zlÃ�pwg�á�zog�n�¼´Ã�Å§p~vlgjilÄ�á�¾�zlg�p(�ãpw¼D{�v¾àpwá�zog�z�njpwâ Ãqil{3n�¼§{�ilÄã¾àÅ§À â·Ä�gj¼D{�v³n ¹ p ��i�� á�g�i·Ãqpw¾j¾q� A ¹ ¼´¾~ÃqzoÄã¾àps¾ n ¹ p1n�g�zlÃ�pwg»nji¾àá�g�pszlâ³ilÄ·n»kmi<g�p~n ¹ zo{�� ¹ zon»¼´¾�pHG·á:pwÃ�njpwâ}ÆÞgjilk �ÁÄ�¾àn n ¹ p k1pszo{ ��i�� ½lpwÅDi·Ãq¼¿nÁÀ<�

. ilÅ§pwÃqÄ�Å´zog»â·¼I!@Ä�¾à¼§il{'¼§¾�ÃqzlÄ�¾�pwâ ��À}n ¹ p1{�il{ ¹ ilkmilv<pq{�pwilÄ�¾»â·¼§¾àn�gj¼ ��Ä·n�¼§il{°ioÆ£n ¹ pn�g�zlÃqpqgéáãzog�n�¼´Ã�Å§pw¾)¼D{}z���Ä�¼§â �PA ¹ p«n�g�zlÃqpqgykmilÅ§pwÃ�Ä�ÅDps¾é¼§{ ¹ ¼§v ¹ Ã�i<{�Ã�pw{<njgjzon�¼§il{���¼§ÅDÅkmi�½lp~n�i���zog�â�¾�n ¹ p Å§i�� Ã�i<{�Ã�pw{<njgjzon�¼§il{ zogjpwz<¾q� �»ilgjkmzlÅDÅ§À�	ãkmpwÃ ¹ zl{�¼§ÃwzoÅ4â·¼§¾�á:pqg�N¾à¼§il{Ïá�Å§zªÀ·¾ n ¹ p}kÒz��Ái<g gjilÅ§p�	P��Ä·n�� ¹ pw{Øn ¹ p ��i��"½<pqÅ§i·Ã�¼DnÁÀ©¼´¾1pHG�n�gjpqkmpwÅDÀ®Å§i�� 	kmilÅ§pwÃ�Ä�Å§zlgçâ·¼I!:Äã¾à¼§il{ kmzªÀ��:pwÃqilkmp³kmi<g�p³á�g�i<km¼D{�pw{3nw� �»¼´¾�áãpwgj¾�¼Di<{ÏzoÅ§il{�v n ¹ pkmpwzo{ ��i��"â·¼§gjpwÃ�nj¼Di<{®¼§¾çÃqzoÅ§Å§pwâ®Å§il{�v<¼¿njÄ�â·¼§{�zoÅyâ·¼§¾�á:pqg�¾à¼§il{ �£â·¼´¾�áãpwgj¾�¼Di<{®áãpwg�á:pq{ Nâ·¼´Ã�Ä�Å´zog�nji1¼Dn ¼´¾�ÃqzoÅ§Å§pwâ³n�g�zo{�¾�½lpwgj¾jzoÅ@â·¼´¾àá:pqg�¾�¼Di<{6�
��� �6Ñ�×ÌªÚ<É�ß}Ë�Ð��ÕßsÙ Ð��6ß<� $ �ypqÅ§Å>Ãwzo{©á�Ä�kmá®Ã�il{3n�zokm¼D{ãzo{3n�¼§{®ilg~ilÄ�n#	åz���Ä�gj¼§pwânjzl{,�äÃqzl{³Å§pwz��äÃ�i<{3njzokm¼§{�zo{3n%	·p�njÃl�
9���Ü.�×ßsÑ�ÌªÊ4ÍwÙ�ÑãÐ!Ë�Ð��*Ù Ñ:Ð É��6ÚªÖ4Ë�Ð��:É:� $ â�¾�ilgjá·n�¼§il{}zo{�â³¼§il{}pHG�Ã ¹ zo{�vlp�i�ÃwÃ�Ä�g zonn ¹ p«¼D{3njpqg�Æ zlÃ�p<�ãpqn��)pwpq{Òn ¹ p«¾�ilÅ§¼´â¡zo{�â¡ÅD¼ �3Ä�¼§âäá ¹ z<¾àps¾q�LA ¹ p«¾�ilÅ§Ä·njp»¼§{¡n ¹ p»Å§¼ �3Ä�¼´âkÒzªÀB�:p»zlâ�¾�ilg��:pwâ ��À n ¹ p»¾�ilÅ§¼§â �PA ¹ p»kmz<¾�¾h¼D{mn ¹ p«¾�ilÅ§¼§â1kÒzªÀmzoÅ´¾ài~vlpqné¼§{<njin ¹ pÅD¼ �3Ä�¼´âQ��À³â�¼§¾j¾ài<ÅDÄ�n�¼§il{}ilgE��Àä¼§il{}pHG�Ã ¹ zo{�vlpl�
�·� �çÖ×É�ÎØÙ�ÚlË�Û×Ì�É3Ë�ÚoÍwÙ�ÑãÐÏË�Ð�� 44Ù�ÑãÛ�Ñ5�:Ù Ú<Ë�Û4Ê×Ì�Ñ6Ú<É3ßsßsÉ3ß<�L- ¹ pqkm¼§ÃwzoÅãg�pszlÃ�nj¼Di<{�¾hÃwzo{Ã ¹ zo{�vlp4n ¹ p)¾ài<ÅDÄ·njpl�/K)¼§ilÅ§ilv<¼§ÃwzoÅ�á�gji·Ã�ps¾�¾�pw¾ ¾�Ä�Ã ¹ zl¾@n ¹ phgjpqá�gji·â·Ä�Ã�n�¼§il{~ioÆ ��z<Ã�n�pwg�¼´z

��¼DÅ§Å6zoÅ´¾�imÃ ¹ zo{�v<p»n ¹ p�Ã�i<{�Ã�pw{<njgjzon�¼§il{³ioÆ£Ã�pqg�njzl¼D{ ¾�ilÅ§Ä·n�ps¾q�
�����äË#�4Ù Ñ:Ë�ÚlÍwÙ /:É �×É�ÚlË<Ý£�®t zlâ·¼§i<z<Ã�nj¼D½<päÃ�i<k1á:il{�pq{3nj¾B��¼¿n ¹ ¼D{Ïn ¹ p ��Ä�¼´â ��¼§ÅDÅ�â·p+NÃ�gjpwz<¾àp�¼D{ Ãqil{�Ãqpq{3n�g�z�nj¼Di<{³zl¾�zmgjpw¾�Ä�ÅDn�ilÆ4â·psÃqzªÀ<�
$ ÅDÅ£n ¹ pw¾�pmÆ zlÃ�n�i<gj¾¾ ¹ ilÄ�Å§â �:pmnjz"�<pq{®¼§{<nji Ã�il{ã¾à¼´â·pqg�z�nj¼Di<{6� � i��ypq½<pqg%	 n ¹ pÒ¼Dkmá:ilg�Nn�zo{�Ãqp ioÆ~pwzlÃ ¹ Æ zlÃ�n�i<g¡kÒzªÀÏâ·¼I!:pwgä¾Ánjg�i<{�vlÅ§À ÆÞgjilk�Ãqzl¾�p}n�iØÃwzl¾�pl� A ¹ p Ãqil{�½lpsÃ�nj¼Di<{ Nâ·¼I!@Ä�¾à¼§il{ p �<Äãz�n�¼§il{³ÆÞilg zmÃqil{3njzlk1¼§{�zl{<n�¼§{}zl{ ¼§¾�ionjg�i<á�¼§Ã«kmpwâ·¼§Ä�k ' ¾�pqp � � 	��;8 
 )ygjpwz<â�¾

∂t(θ0C) = ∇ · (θ0D∇C) −∇ · (θ0vsC) + I.
' K��§�s�
)

�»pqgjp�	
C
¼§¾�n ¹ p�Ã�i<{�Ã�pw{3n�g�z�n�¼§il{³ioÆ4n ¹ p�Ãqil{3njzlkm¼D{�zl{3n�¼§{³n ¹ pv<g�i<Ä�{�â ��z�njpqg%	

I
â�pq{�iln�pw¾n ¹ p¡¾ài<Ä�g�Ã�pw¾�i<g�¾à¼§{,�·¾+	ån ¹ pÒ½<pqÅ§i·Ã�¼DnÁÀ

vs = (v1, v2, v3)
¼´¾vl¼§½lpw{���À ' K�� � ) 	×zl{�â

D
¼´¾n ¹ p�â·¼´¾àá:pqg�¾à¼§½�¼¿nÁÀ¡n�pq{ã¾ài<g#	·v<¼D½<pq{Q��À

Dij = {(D0 + αT |vs|)δij +
vivj

|vs|
(αL − αT )}, i, j = 1, 2, 3,

' K��D�s�
)
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� ¹ pwg�p
D0
¼§¾ n ¹ päkmilÅ§pwÃqÄ�Å§zlgçâ·¼I!@Ä�¾à¼§il{ 	

αL
n ¹ päÅ§il{�v<¼¿njÄ�â·¼§{�zoÅ�â·¼´¾àá:pqg�¾�¼D½�¼DnÁÀ�	

αT
n ¹ pn�g�zo{ã¾à½<pqg�¾�zlÅ6â·¼§¾�á:pqg�¾à¼§½�¼¿nÁÀ
	ãzo{ãâ

δij
n ¹ p |~gjil{�pwÃ5�lpwg ¾àÀ�k��ãi<Å��E�TÆP�)p ¼D{��ÁpsÃ�n(�yzon�pqgM��¼¿n ¹n�g�zlÃqpqg�Ãqil{�Ãqpq{3n�g�z�nj¼Di<{

C0
¼§{3n�i zo{ z �<Ä�¼¿ÆÞpwg#	>zo{�â'n ¹ p��yzon�pwg�¼D{"�ÁpwÃ�njpwâ®á:pqg�Ä�{�¼¿n n�¼§k1pá:pqghÄ�{�¼¿néá:ilgjilÄã¾>k1psâ·¼´z~¼§¾
WI

	��yp ¹ zª½lp
I = WIC0

�/�¢{mn ¹ p Ãqzl¾�p�ioÆ@pHG�n�g�zlÃ�n�¼§il{C	���¼¿n ¹
WE
n ¹ p���z�njpqgçpHG�n�g�zlÃ�n�pwâØáãpwg1Ä�{�¼¿n1n�¼§kmp áãpwgçÄ�{�¼¿nÒá:ilgjilÄ�¾ k1psâ·¼´z,	£n ¹ p}¾�¼§{,�®n�pwg�k

�:pwÃ�i<kmpw¾
I = −WEC

�
�äÉ�ÎØË�Ì�� � � ���3	 � �@���1����±@�����j��� �o� 	 � ��� � »����¦�¦§���>�é����� ��¥1�;±������ �y� �Ò�w�<��¦��£����� � � � � �¬ � �»���j���ã� �Ò�s�l�q¦ �m¥o���»±�������� ¤q¦D� � �@���q����������� �«��¥����ç�����o¶·¦D� ¤��ç�T¥sµl�q�®�T�³¨������ � �}�����1¨ª¥ �¦W� �o��� �°�à�ç�Þ���ä¥j±l±@���s¥l���®�¢� ¥}�;±����q� �)�m�q�q� �¢¶s± � �h�q���T¥o���}±:����±��q���;� ��� �1¶����»¤��¡��������µl��� �� � ��� �é�Þ���ç¥��q¶·� ����� �ç¶����)¤���´�q�o������±:� � ��è �o�T�ç¥�¦ �q�Ò�Þ��¥o� �Ò���j��¥���� ��¥o¦×���´�;±�������� ��� ��¥��ã�:�����¥�¶��q�Ò¥ �����ã�T¥ �ç���@¥������¢� �m�o¨ª�¡¥w�<¥o���������Þ���¡�o���������;� ���Ø�Á� ����� �»���ã¦�� �m�o¦D����¶·¦D¥o�m�o� � ���¶���� ���Ø��¥�� ��¥�¨��1�Þ���´�1���»����� � � � �£��� �é��¨��q� �y��� 	 � ��� � ³�Þ���ç¨���¦§�w�q��� �³�´��¨ª�q� �1�·�¿�s���y�Þ������ � ¶���� �o� �´�é�·�¿�s�ä�¢�w�1¥��@�ç¥ �:�q� ��� � �Á�«�j�o���¢¥ �1���:¥o���£¥q�3¥��������£�Þ���y�o�j��¶·�:� �é¥��¢��� ��� �����¶·¦D�°¤j�ä�l¤����q��¨��j� �«¤��j�j¥sµ������ �Þ���m¨�¥�¦¿� ����� �°�Á�ç���·�´�ç�;±��j�q� �)�ä���´�;±��q������¨w��� � �Ò�w�<��¦ � � �:�����¶·¦D�1�Þ���q� �h¥ª�¥ �h����� �m�s��� �y��¥��;� ���°�Á� 	 � ��� �  � �Ò¥wµ<�

αL
¥��@�

αT
�l�¢±����@�l¥��ã�)��� �Þ���

�Ò�j¥o�°¨���¦§�w�q��� �
vs
�é������¶��q���3�¡����������¨�¥�¦¿¶�� �×�����'����� �Ò��¥��°¨��q¦D�w�q��� �³¤��j��� �m����¦§¥����3� �

;©pç{�i�� gjp+��gj¼Dn�p�' K��D�ª��)�ÆÞi<g�n ¹ pmÃqz<¾àpçioÆhn ¹ p1�«Ä�á�Ä�¼¿n�NTÂ�ilg�Ã ¹�¹ pq¼§kmpqg~zoá�á�g�i G·¼§kmz"Nn�¼§il{å�>�¢{°z¡�«Ä�á�Ä�¼Dn N¢Â�i<gjÃ ¹�¹ pq¼§kmpqg«zlá�á�gji G·¼DkÒz�nj¼Di<{C	,�yp�gjpwâ·Ä�Ãqpn ¹ p á�gji���Å§pqk�n�i³z³�o�¾�p�nànj¼D{�v ��ÀÒkÒz"��¼§{�vçn ¹ p~kÒzl¾j¾O�ãzoÅ´zo{�Ãqp«¼§{än ¹ p
xy

N;á�Å§zl{�pl�P� pwg�p
	·â·¼J!@Ä�¾�¼D½<pzo{�â³zlâ·½<pwÃ Nn�¼§½lp ��Ä G·pw¾)zogjp k Ä�Å¿nj¼Dá�Å§¼§pwâ���À1n ¹ p«pH!@pwÃ�n�¼§½lp ¹ pq¼§v ¹ néioÆ n ¹ pM��z�njpqg�Ã�i<ÅDÄ�km{C	
h ��� �PA ¹ Ä�¾+	n ¹ p z<â·½lpsÃ�nj¼D½<p���Ä GÏn ¹ gjilÄ�v ¹ z©áãi<¼D{3n

(x, y)
¼´¾mvl¼§½lpw{2��À

h ��� θ0vsC(x, y)
� �»pq{�Ãqp�	

' K��§�s�
)égjpwâ�Ä�Ã�ps¾yn�i
∂t(θ0h ��� C) = ∇ · (θ0h ��� D∇C) −∇ · (θ0h ��� vsC) + h ��� I, ' K��§� 9 )

� ¹ pwg�p
vs
zo{�â

D
zlg�p�{�i���v<¼D½<pq{���ÀÒn ¹ pw¼Dg n��)i�NTâ·¼§kmpq{�¾�¼§il{�zlÅ@zl{�zoÅ§ilv<il{6�

� � � �
�!� � � ��"$� � �

A ¹ p³pH!@pwÃ�nmioÆ z<â�¾ài<g�á�n�¼§il{ØÃqzl{ �ãp zl¾j¾�¼Dv<{�pwâ'n�i©z°¾�ilÄ�g�Ã�p ��¾�¼D{ � n�pwg�k ��-)i<{�¾�¼§â·pwgç¾�¼JNk Ä�Å¿n�zo{�pwilÄ�¾�ÅDÀ1n ¹ p~kmz<¾�¾&��zlÅ§zl{�Ã�p<��¼¿n ¹ ¼D{³n ¹ p�¾�ilÅ§¼§âäá ¹ z<¾àp�'�n ¹ p�¾�il¼§Å@kÒz�n�gj¼IG,)ézo{�â¡n ¹ p
��Ä�¼´â}á ¹ z<¾àp<�/�¢{³n ¹ pp��3Ä�¼§ÅD¼ ��gj¼DÄ�k�zl¾j¾àÄ�kmá·nj¼Di<{C	�n ¹ p �3Ä�zl{3n�¼Dn�¼§pw¾�ioÆ×n ¹ p~njgjz<Ã�pwgy¼§{ ¾ài<ÅD¼´âzo{ãâ³v<g�i<Ä�{�â ��z�njpqg�zogjpÃ�il{3nj¼D{�Ä�i<Ä�¾àÅ§ÀÒ¼§{}p �3Ä�¼DÅ§¼ ��g�¼§Ä�k � A ¹ Ä�¾#	�zÒÃ ¹ zo{�v<p«¼§{ il{�p~á ¹ zl¾�p¼§k1kmpsâ·¼§zon�pwÅDÀ ÃqzlÄ�¾àps¾ z¡Ã ¹ zl{�vlp~¼§{ n ¹ pçion ¹ pqgs�y�«pq{�ion�¼§{�v ��À

S
n ¹ p Ãqil{�Ãqpq{3n�g�z�nj¼Di<{ ioÆn ¹ p~n�g�zlÃ�pwg�¼D{³n ¹ p�¾�ilÅ§¼´âäá ¹ zl¾�p�	·¼;� p<�I	�n ¹ p~n�g�zlÃqpqg�kÒzl¾j¾)¼§{ z1Ä�{�¼Dn ½lilÅ§Ä�kmp�ioÆån ¹ p�¾�ilÅ§¼§â 	n ¹ p~n�g�zlÃ�pwg�kmz<¾�¾�Ãqil{�¾�pqgj½�z�nj¼Di<{ävl¼§½lps¾

∂t(%S) = f.
' K��D�ª��)
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�»pqgjp�	 �yp ¹ zª½lp�¼D{3n�gji·â·Ä�ÃqpwâÒn ¹ pÄ�{,��{�i���{³ÆÞÄ�{�Ã�n�¼§il{

f
ÆÞi<g�n ¹ p~kÒzl¾j¾�ioÆ×n�g�zlÃ�pwgénjgjzl{�¾ NÆÞpwg�gjpwâ³ÆÞgjilk�ÅD¼ �3Ä�¼§â}njiä¾�ilÅ§¼§â}á:pqg»Ä�{�¼¿n«n�¼§kmp zo{�â á:pqg«Ä�{�¼Dn«½<ilÅ§Ä�kmpioÆ£áãi<g�i<Ä�¾�kmpwâ�¼§z��

%
¼´¾�n ¹ p¡â�pq{�¾�¼¿nÁÀ ilÆén ¹ pÒáãi<g�i<Ä�¾�kmpwâ·¼´z�� ¹ pqgjp1z<â�¾�ilgjá·n�¼§il{°njz"�<pw¾�á�Å´zlÃqpl���¢{®Ã�pwgàn�zo¼§{zlá�á�Å§¼§Ãwz�n�¼§il{ã¾ ¼Dn�¼´¾»½�zlÅD¼´â n�i³á�Ä·n

% = 1 − θ0
	 ¼�� pl�ãn ¹ p�ÆÞg�zlÃ�nj¼Di<{ ioÆ£n ¹ pm¾ài<¼DÅ×kmzon�gj¼JG ¼§{n ¹ p~n�ilnjzoÅ ½<ilÅ§Ä�kmpl�L�¢{}n ¹ pÅ§¼ �<Ä�¼§â}á ¹ z<¾àp=�yp ¹ zª½lp

∂t(θ0C) = ∇ · (θ0D∇C) −∇ · (θ0vsC) − f.
' K��§�w� )

ÇhÅ§¼§k1¼§{�zon�¼§{�vmn ¹ pÄ�{,��{�i���{äÆÞÄ�{�Ã�nj¼Di<{
f
ÆÞg�i<k ' K«�§�s�
) N ' K��§�w�
)éÀ�¼DpwÅ§â�¾

∂t(θ0C) = ∇ · (θ0D∇C) −∇ · (θ0vsC) − ∂t(%S).
' K��§� ��)

�»pqgjp�	
S

��¼DÅ§ÅM�:p°¾�ilkmp ÆÞÄ�{�Ã�n�¼§il{*ioÆ
C

	
S = Ψ(C)

	D� ¹ ¼´Ã ¹ �yp°ÃwzoÅ§Å�n ¹ p ¾�ilgjá·nj¼Di<{¼´¾àiln ¹ pwg�k � �
. zl{�À ¼´¾àiln ¹ pwg�kÒ¾ézlg�p Ãqil{�¾�¼´â·pqgjpwâ1¼§{Òn ¹ p«vlpwi"N ¹ À·â·gjilÅ§ilv<¼§ÃwzoÅ3ÅD¼Dn�pwgjzon�Ä�gjp�	3â·pqá:pq{ãâ·¼D{�vi<{ n ¹ p�á�zog�n�¼´Ã�Ä�Å§zlg£á�g�i
��Å§pqk Ãqil{�¾�¼§â�pqgjpwâ �/A ¹ p ¾àpwÅDpsÃ�nj¼Di<{çilÆ�n ¹ p zoá�á�gjilá�g�¼´z�njp)¼´¾àiln ¹ pwg�k¼´¾M�ãzl¾�pwâ i<{ n ¹ pm¾ÁnjÄ�â·À ioÆ£n ¹ p ¼§{3n�pwgjz<Ã�n�¼§{�väÃqilkmá:il{�pw{<n�¾«zl{�â i<{ pHG·áãpwg�¼§kmpq{3nj¾w�<A ¹ pÆÞi<ÅDÅ§i���¼D{�v1¾�ilgjá·n�¼§il{}¼´¾àiln ¹ pwg�k zlg�p�kmi<¾àn»Ã�i<k1kmi<{C	 � � 

�l�DA ¹ p~ÅD¼§{�pszog�¼´¾àiln ¹ pwg�k

Ψ(C) = aC + b.
' K��D� �
)

�·� 
åzl{�vlkçÄ�¼Dg�¼´¾àiln ¹ pwg�k
Ψ(C) =

aC

1 + bC
.

' K«�§� 8 )
����Â�gjpqÄ�{ãâ·ÅD¼´Ã ¹ ¼§¾�ion ¹ pqgjk

Ψ(C) = aCp.
' K«� �o� )

9�� 
6¼§{�â�¾àn�gjilk NTxhzo{ ¸ pw{�Ä�Ã ¹ n�pq{ ¼´¾àiln ¹ pwg�k
Ψ(C) = aCe−2bΨ(C).

' K«� �·� )
�TÆ n ¹ p»á:ilgji<¾�¼¿nÁÀ

θ0
zo{ãâ1n ¹ p�â·pq{�¾�¼DnÁÀ

%
zogjp»Ã�i<{�¾ànjzo{3n�¾+	
�)p»Ãwzo{���gj¼¿njpB' K��§� ��)£Ã�i<{�Ã�¼´¾àpwÅDÀz<¾

∂t(C) = ∇ · (D∇C) −∇ · (vsC) − ∂t(Ψ(C)),
' K�� �l��)

� ¹ pwg�p»n ¹ p�ÆÞg�zlÃ�n�¼§il{ %
θ0

¼´¾y¼D{�ÃqÅDÄãâ·pwâä¼D{3n�içn ¹ p�Ãqil{�¾ànjzl{<n�¾hn ¹ z�n�zoá�áãpszogy¼D{än ¹ p~¾ài<g�á�n�¼§il{¼´¾àiln ¹ pwg�k
Ψ(C)

�
� � "&	���� ���� �  	 � � 
 S

�
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�
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" ����*������� ��� �#	�-
Sρs���
�
� 	 � ���� ����#���)�����#	�	��5��� �%"�� 78,��� ��� � �#�3���� 	����
�
(.- ���������

ρs

�
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�
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�¢{ {�il{,N;p �<Ä�¼DÅ§¼I��g�¼§Ä�k 	·n ¹ p zokmilÄ�{<n�ilÆ>z<â�¾ài<g�á�n�¼§il{���¼DÅ§Å×â·pw½�¼§zon�p�ÆÞg�i<k�n ¹ p�p��3Ä�¼§Å§¼I� Ngj¼DÄ�k z<â�¾�ilgjá·n�¼§il{6� A ¹ pwg�pqÆÞilgjp�	:n ¹ p1Ãqil{�Ãqpq{3n�g�z�nj¼Di<{ ioÆhn ¹ pçn�g�zlÃ�pwg«¼§{ n ¹ pÒ¾ài<ÅD¼´â á ¹ zl¾�pi��:pqÀ·¾
∂tS = κ(Ψ(C) − S),

' K�� �l�
)
� ¹ pwg�p

κ
¼´¾�n ¹ pg�z�n�p�Ãqil{�¾ànjzl{3n ioÆ£zlâ�¾�ilgjá·n�¼§il{å�OA ¹ ¼´¾�p��3Ä�zon�¼§il{ ¼§¾�n ¹ pw{ Ã�ilÄ�á�ÅDpsâ���¼¿n ¹

' K��§� ��)��£Ç �3Ä�¼§ÅD¼ ��gj¼DÄ�k ¼´¾�g�pszlÃ ¹ psâ¡ÆÞi<g
κ→ ∞ �

� ��� � ���!� � ��� "$� 	�� �!��� � �

Â�i<g�gjz<â·¼§i<zlÃ�n�¼§½lp~â·pwÃwzªÀ�	3n ¹ p~n�pqgjk
I
¼D{�' K��§�s��))¼´¾�gjpqá�Å´zlÃqpwâ��3À
I = −λθ0C,

� ¹ pwg�p
λ
¼§¾«n ¹ pÒâ·pwÃwzªÀ Ãqil{�¾ànjzl{3nw���TÆ �)pmÃ�i<{�¾à¼´â·pwg<�:ion ¹ â·psÃqzªÀ zo{ãâ°zlâ�¾ài<g�á·nj¼Di<{C	:n ¹ pn�g�zlÃqpqg�kÒzl¾j¾�Ã�i<{�¾àpwg�½�zon�¼§il{ä¼§{}n ¹ p�¾�ilÅ§¼´âäá ¹ zl¾�p�Å§pwz<â�¾yn�i

∂t((1 − θ0)S) = f − λ(1 − θ0)S,
' K�� � 9 )

� ¹ pwg�p zlv<zo¼§{
f
¼´¾>n ¹ p�kÒz<¾�¾>ilÆãnjgjz<Ã�pqg>njgjzl{�¾àÆÞpqgjg�psâÆÞgjilk Å§¼ �<Ä�¼§âçn�i�¾�ilÅ§¼´âçá:pqgéÄ�{�¼Dn£n�¼§k1pzo{ãâ³á:pqg�Ä�{�¼¿n ½<ilÅ§Ä�kmp~ioÆ>áãi<g�i<Ä�¾yk1psâ·¼´z��P�¢{}n ¹ pÅ§¼ �<Ä�¼§â³á ¹ z<¾àp �yp ¹ zª½lp
∂t(θ0C) = ∇ · (θ0D∇C) −∇ · (θ0vsC) − f − λθ0C.

' K�� �l�
)
ÇhÅ§¼Dkm¼§{�z�nj¼D{�vmn ¹ pÄ�{ �3{�i���{äÆÞÄ�{ãÃ�n�¼§il{

f
ÆÞg�i<k ' K�� � 9 ) N ' K�� �<��)H	 �yp~i��·n�zo¼§{

∂t(θ0C) = ∇·(θ0D∇C)−∇·(θ0vsC)−∂t((1−θ0)S)−λ(1−θ0)S−θ0λC,
' K�� �o� )

� ¹ ¼´Ã ¹ 	�Ä�{ãâ·pqg Ãqil{�¾ànjzl{<n�á:ilgji<¾�¼¿nÁÀ
θ0

	�Ãqzl{��:p ��g�¼Dnànjpq{ zl¾
∂t(C) = ∇ · (D∇C) −∇ · (vsC) − ∂t(Ψ1(C)) − λΨ1(C) − λC,

' K�� �<�")
� ¹ pwg�p 1−θ0

θ0

¼´¾�¼§{�Ã�Å§Ä�â·psâ³¼§{
Ψ1
��¢{}n ¹ p{�il{ NTp��3Ä�¼§ÅD¼ ��gj¼DÄ�k Ãqz<¾àp
	�' K�� �l�
)){�pqpsâ�¾�nji �:p�Ã�i<Ä�á�Å§pwâ���¼¿n ¹

∂tS = κ(Ψ2(C) − S) − λS.
' K�� � �
)
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$ { ¼§{�½lpqg�¾�p»á�gji���Å§pqk�zo¼§km¾�zon�â�p�n�pwg�km¼§{�¼§{�v1n ¹ pá�zlgjzlkmp�n�pwgj¾)ioÆ>z kmi·â·pwÅå¾àiçn ¹ z�n�n ¹ p¾�ilÅ§Ä·n�¼§il{Ø¼Dnj¾�pqÅDÆ«¾jz�nj¼§¾ ��pw¾çÃ�pwgàn�zo¼§{Øvl¼§½lpw{ØÃ�il{ãâ·¼¿nj¼Di<{�¾w� A)À�á�¼§ÃwzoÅ§ÅDÀ
	4n ¹ p Ã�i<{�â·¼Dn�¼§il{�¾1zogjppHG·á:pqgj¼Dkmpw{<n�zoÅ3½�zoÅ§Ä�pw¾4z�n>z»Ã�pwgàn�zo¼§{n�¼§kmp)á:il¼§{3n
t
�L� i��ypq½<pqg%	wiln ¹ pwgånÁÀ�á:pw¾×ioÆ�Ã�i<{�â·¼Dn�¼§il{�¾Ãqzl{��:pgjp��3Ä�¼§g�psâ 	�¾àÄãÃ ¹ z<¾yÆÞilg�pHG�zlk1á�ÅDp¾�k1i�iln ¹ {�ps¾�¾�ilÆ>z1á�gjpw¾jÃ�gj¼ �ãpsâ¡ÆÞÄ�{ãÃ�n�¼§il{å�

�¢{�½lpwgj¾�p á�gji���Å§pqkÒ¾yÃqzl{ �ãp~Ã�i<{�¾�¼§â·pwg�psâmn�i �:p�zon)Å§pwzl¾àn�zl¾)¼Dkmá:ilg�njzo{3n%	<¼DÆ×{�iln)kmilgjp�	n ¹ zo{ â·¼§g�psÃ�n á�gji���ÅDpwkm¾w� -)i<{�¾à¼´â·pwg�ÆÞilg p+G�zokmá�Å§p ��� �£r ¹ Ä�vlpp+!:i<gàn ¹ z<¾D�:pqpq{ â�il{�p~njip��¡Ãq¼Dpw{<njÅDÀ¡ÃwzoÅ´Ã�Ä�Å´z�njp»n ¹ p�á�g�ps¾�¾�Ä�gjp«zl{�âÒnjÄ�g���Ä�ÅDpw{3n �ãi�� zogjilÄ�{�âäzo¼§g�á�Å´zo{�p<��¼§{�v<¾#	�vl¼§½ N¼§{�v�n ¹ p�¼§k1á�g�ps¾�¾�¼Di<{�n ¹ z�n£Å§¼¿n�n�Å§pD��¼DÅ§Å �ãp�v3zo¼§{�pwâ�ÆÞg�i<k ÆÞÄ·n�Ä�gjp â·pw½lpqÅ§ilá�k1pw{3nj¾w�:� i��ypq½<pqg%	n ¹ p1¼§{�â·Äã¾Ánjg�À zl¼DkÒ¾~z�nÃ�gjpwzon�¼§{�v³zl¼Dgjá�Å´zo{�ps¾M��¼Dn ¹ ilá·nj¼DkÒzlÅ>â�gjzlv³zo{ãâ Å§¼¿Æ�n%	6{�ionz�nÃqzlÅJNÃ�Ä�Å§zon�¼§{�vçá�g�ps¾�¾�Ä�gjp»Ã�Ä�gj½lps¾ézlg�i<Ä�{�âmn ¹ p<��¼§{�v3¾+	�zoÅDn ¹ i<Ä�v ¹ n ¹ zony¼§{·ÆÞilgjkÒz�nj¼Di<{¡¼§¾y{�pwpwâ·psân�i z<Ã ¹ ¼Dpw½lpçn ¹ pÒv<i<zlÅ�� A ¹ pmg�pszoÅ �3Ä�pw¾àn#	:� ¹ ¼§Ã ¹ ��¼§ÅDÅ£gjp��3Ä�¼§g�p ¹ Ä�vlpmgjpw¾�pwzlgjÃ ¹ p+!:i<gàn~¼§{n ¹ p�Ãqilkm¼D{�v�Àlpszog�¾+	<¼§¾én ¹ zon)ÆÞi<g)kmi·â·pwÅ§¾én ¹ zon){�iln)i<{�ÅDÀÒ¾�ilÅ§½lp�n ¹ p~â·¼DgjpwÃ�n)á�gji���ÅDpwk�	 ��Ä·nzoÅ´¾�imâ�p�n�pwg�km¼§{�p�n ¹ pi<á·n�¼§kÒzoÅC��¼§{�v���¼Dn ¹ ¼§{ Ã�pqg�njzl¼D{ â·ps¾à¼§vl{��ãi<Ä�{�â�¾w�
�¢{�½lpwgj¾�p¡á�gji���Å§pqkÒ¾mzogjpQ��{�i���{Øn�i �ãp}ioÆ�njpq{ ��¦�¦��§±����q�j�o� A ¹ ¼´¾1kmpwzo{ã¾ n ¹ z�nÒ¾�kmzlÅDÅÃ ¹ zl{�vlps¾«¼§{'n ¹ pÒÃ�i<{�â·¼Dn�¼§il{�¾(� ¹ ¼´Ã ¹ n ¹ pÒ¾�ilÅ§Ä·n�¼§il{'ioÆén ¹ pm¼D{�½<pqg�¾àpçá�g�i
��Å§pqk k Äã¾Án�¾jz�n N¼´¾ÁÆÞÀ
	�Ãqzl{äÅ§pwzlâän�imÅ´zogjvlp~Ã ¹ zo{�vlpw¾)¼§{³n ¹ p~á�zog�zokmpqn�pqg�¾y¾àpszog�Ã ¹ pwâ �PA ¹ ¼´¾�¼´¾yn ¹ p¾�i"N¢ÃqzoÅ§Å§pwâ¼§{�¾Án�z"��¼§Å§¼¿nÁÀmioÆ n ¹ p�¼D{�½lpwgj¾�p kmp�n ¹ i·â �£Â�i<gànjÄ�{�z�njpqÅ§À�	3¼¿n�¼´¾éilÆ�n�pq{äáãi3¾�¾�¼I��ÅDp»n�i ¼§kmáãi3¾àp�zlâ Nâ·¼Dn�¼§il{�zlÅ<Ãqil{�¾àn�g�zo¼§{3nj¾@n ¹ z�n/��¼§z<¾@n ¹ p)¾�ilÅ§Ä·n�¼§il{6�/A ¹ ¼´¾6¼´¾åÃqzlÅDÅ§pwâm�j�;�l¶·¦D¥o��� �w¥o��� �o���>t�pqv<Ä�Å´zog�N¼ 7wz�nj¼Di<{�¼´¾×ilÆ�n�pw{�pw¾j¾àpw{3n�¼´zoÅ<n�i»i
�·njzl¼D{ g�pwÅD¼´z"��Å§p)¾�ilÅ§Ä·nj¼Di<{�¾ nji«¼§ÅDÅINTáãi3¾àpsâilg×¼DÅ§ÅJN¢Ã�i<{�â·¼Dn�¼§il{�psâ

� 93�
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¼§{�½lpqg�¾�p«á�gji���ÅDpwkm¾w�

�¢{ n ¹ p'Ãqz<¾àp ilÆâ�¼J!@Ä�¾�¼Di<{*á�g�i
��Å§pqkÒ¾ÒÅ§¼I�<p n ¹ p i<{�pw¾ä¾ÁnjÄ�â·¼§pwâ!¼§{*f>zlgàn�� 	£n ¹ p°¼DÅ§ÅJNá:i<¾�pwâ·{�pw¾j¾«Ãqilkmpw¾»ÆÞg�i<k�n ¹ p1á ¹ À·¾à¼´ÃqzlÅ:�ãzlÃ5��vlgjilÄ�{ãâ �'�»i³kÒz�n�n�pwg<� ¹ zon«n ¹ pmâ·¼J!@Ä�¾�¼Di<{Ãqi3p��¡Ã�¼§pq{3ny¼´¾#	3¼DÆån ¹ p=�ãi<Ä�{�â�zlg�ÀÒÃqil{�â·¼Dn�¼§il{ã¾)Ãqil{�¾�¼§â�pqgjpwâäzlg�p«{�i"N ��i�� �:ilÄ�{�â�zogj¼Dps¾+	3n ¹ pgjpw¾�Ä�ÅDn4z�n×Å§zlg�v<p£n�¼§kmpO��¼§ÅDÅ �ãp)n ¹ p)¾jzokmpéÃ�i<{�¾ànjzo{3nå½�zlÅDÄ�p)i�½lpwg n ¹ pypq{3nj¼Dgjpéâ·i<kmzl¼D{å�×Â�gjilkn ¹ ¼§¾»Ã�il{ã¾Án�zo{3n�½ªzlÅDÄ�p�	�{�im¼§{�½lpqg�¾�p«kmp�n ¹ i·â ¼§¾�Ãwzoá�z���Å§p�ilÆ>â�p�n�pwg�km¼§{�¼§{�vmá�zog�zokmp�njpqg�¾yioÆn ¹ p�kmi·â·pqÅ;�DA ¹ ¼§¾»pqkmá ¹ z<¾à¼ 7qps¾�n ¹ p�¼Dkmá:ilg�njzl{�Ã�pilÆ4n ¹ p Ãqil{�¾àn�gjÄ�Ã�nj¼Di<{ ioÆ>k1pszo{�¼§{�vlÆÞÄ�ÅDÅp+G�á:pqgj¼§k1pw{3nj¾#	·ÅD¼ �lp~pl� v���n ¹ p�â·ÄãzoÅIN �ypqÅ§Å��
A:�)i�z<â�â·¼Dn�¼§il{�zlÅ�gjpwz<¾ài<{�¾+	<zoá�zlgàn£ÆÞgjilk�n ¹ p»¼DÅ§ÅJNTá:i<¾�pwâ·{�ps¾�¾#	lkÒz��lp ¼§{�½lpqg�¾�pyá�g�i
��ÅDpwkÒ¾��¥����o� A ¹ p��ãgj¾ànÒ¼§¾1n ¹ p á�g�i
��Å§pqk ilÆm���l�´���¢���@��� �Á� ¥©�q��¦¿¶·��� �o�×r}n ¹ p}p+G·¼§¾àn�pw{�Ã�p ioÆ~zkmi·â·pqÅ���nàn�¼§{�v1n ¹ p�v<¼D½<pq{³g�p �<Ä�¼Dgjpwâ³Ã�il{ãâ·¼¿nj¼Di<{�¾y¼§¾�Ä�{�Ã�pwgàn�zo¼§{6�PA ¹ p~g�pszl¾�il{äÃwzo{��ãp�n ¹ pzlá�á�gji G�¼§kÒz�nj¼Di<{Ø¼D{ n ¹ p á ¹ À�¾�¼´ÃqzoÅ�kmi·â·pqÅ�i<gm{�il¼´¾àp ¼§{Ïn ¹ p â�zonjz�� 
6¼§{,�lpsâØnji©n ¹ ¼´¾Ò¼´¾n ¹ päpwg�gjilg�kÒzlg�v<¼D{ ilÆ�n ¹ p}kmpwzl¾�Ä�gjpqkmpq{3n�¾�� ¹ ¼´Ã ¹ ��¼DÅ§Å�g�ps¾àÄ�Å¿n ¼§{Ïg�zo{�vlpw¾�ioÆ á�zlgjzlk1p+Nnjpqg½�zoÅ§Ä�pw¾�¼§{�¾àn�pwz<â°ilÆ)z��)pwÅDÅ£â·p+��{�psâ'½�zlÅDÄ�p<� 1�psÃ�i<{�â·Å§À�	h¶·�ã� ��¶��q�:�����ç¼´¾�zl{'¼´¾j¾àÄ�p<r«¼DÆp+G·z<Ã�n¾ài<ÅDÄ�n�¼§il{�¾�pHG·¼´¾Án%	 n ¹ pqÀ kÒzªÀ {�iln=�:pmÄ�{�¼ �3Ä�pl��A ¹ pÒÃ�Å´zl¾j¾à¼´ÃçpHG�zokmá�Å§pç¼´¾�n ¹ p1p+G Nnjpqgj{�zoÅ:vlg�zª½�¼¿n�z�n�¼§il{ãzoÅ ��pwÅ§â¡ÆÞg�i<k"zç¾�á ¹ pwg�¼´ÃqzlÅDÅ§À1¾�À�kmk1pqn�gj¼§Ã»kÒzl¾j¾)â·¼´¾àn�gj¼I��Ä�n�¼§il{C	 � ¹ ¼´Ã ¹â·pwáãpw{�â�¾�i<{�Å§À¡il{³n ¹ pkÒz<¾�¾#	·{�ion i<{än ¹ pg�zlâ·¼´zoÅ â·pw{�¾à¼DnÁÀ³â�¼§¾àn�gj¼I��Ä·n�¼§il{6�
�¢{çn ¹ ¼´¾hÃ ¹ zlá·n�pwgL�)pyÆÞi·Ã�Ä�¾>i<{ n ¹ p�kÒz�n ¹ pqkÒz�nj¼§ÃwzoÅ�nji3i<Å§¾E' ¼D{�½lpwgj¾�pyá�g�i
��Å§pqk ÆÞi<g ��� ��	zl{�â n ¹ pmn ¹ pqilgjÀ ilÆ�z<â �Áil¼§{3n~kmpqn ¹ i·â�¾5)�{�pqpsâ·pwâ©¼§{°n ¹ pÒÅ´z�n�pwg�Ã ¹ zoá�n�pqg�¾w� ;©pÒgjp�ÆÞpqg~nji

�§� 
×ÆÞilg«z¡vlpq{�pqg�zoÅ6¼§{3n�gji�â�Ä�Ã�nj¼Di<{ n�iä¼§{�½lpwgj¾�pá�gji���Å§pqkÒ¾#	ãzl¾M�)pwÅDÅ4zl¾ n�i � � 9 
 	 � ¹ pqgjpn ¹ ppwk1á ¹ zl¾�¼§¾�¼§¾ il{ Ã�i<k1á�Ä·njzon�¼§il{�zlÅhkmp�n ¹ i�â�¾q� Â�i<g�ilá�n�¼§k1¼ 7wzon�¼§il{©n�psÃ ¹ {�¼ �3Ä�pw¾B�)pÒgjp�ÆÞpwgn ¹ pg�pszlâ·pwgyn�i � � 9 
T�
� ��� � 
!� � ���!�� #" � � �!� � "$� � �

�TÆ£zo{ zo{�zlÅDÀ3nj¼§ÃwzoÅ ¾ài<ÅDÄ�n�¼§il{}¼§¾�{�ilnD�3{�i���{C	�z á�g�psÃ�¼´¾àp~{�Ä�kmpqgj¼§ÃwzoÅ@kmp�n ¹ i·â³¼´¾�{�pwpwâ·psâänji¾�ilÅ§½lp n ¹ pÒâ·¼§g�psÃ�ná�gji���Å§pqk �BA ¹ pç¼§{�½lpqg�¾�p á�gji���Å§pqk ¼´¾�n ¹ pq{®¾ài<ÅD½<pwâ���À km¼D{�¼Dkm¼´¾à¼§{�v z±����@¥�¦W� �«��¶·�@���;� ��� F 	@zoÅ´¾�i¡ÃqzoÅ§Å§pwâØ���ª��� ��¶·�:�q��� �o�:¥o¦W�>A ¹ p�á:pq{�zlÅ¿nÁÀ³ÆÞÄ�{�Ã�n�¼§il{ kmpszl¾�Ä�g�ps¾n ¹ p1â�pq½�¼§zon�¼§il{'ioÆ£n ¹ p1p+G·áãpwg�¼§kmpq{3n»ÆÞgjilk�n ¹ pç{�Ä�kmpwg�¼´ÃqzlÅ4¾�ilÅ§Ä·n�¼§il{å�B1�Ä�á�á:i<¾�p�n ¹ z�n
Np+G�á:pqgj¼§k1pw{3njzoÅ·½�zlÅDÄ�ps¾+	

φi
	�n�z"�<pq{mz�n£n�¼§kmp

ti
zo{ãâ �ªi<g>zon£áãi3¾à¼Dn�¼§il{

xi
	
i = 1, . . . , N

	<zogjpv<¼D½<pq{6� 
6pqn
σi

�ãp»n ¹ pw¼Dg�â·pw½3¼´z�nj¼Di<{6�LA ¹ pq{C	·z~nÁÀ�á�¼´ÃqzlÅãÃ ¹ i<¼§Ãqp�ÆÞilg)n ¹ p»áãpw{�zoÅDnÁÀ1ÆÞÄ�{�Ã�nj¼Di<{¼´¾�n ¹ p�Å§pwz<¾Án»¾ �3Ä�zogjpw¾&��n ilÆån ¹ p�â�z�n�z�r
F(p) =

1

2

N∑

i=1

(
φp(ti, xi) − φi

σi

)2

,
' -«�D� )

� ¹ pwg�p
φp

¼´¾�n ¹ p{�Ä�kmpqgj¼§ÃwzoÅ ¾ài<ÅDÄ�n�¼§il{}i��·n�zo¼§{�pwâ���¼Dn ¹ n ¹ páãzog�zokmp�njpqg�¾àpqn
p
�

A ¹ p³áãpw{�zoÅDnÁÀ©ÆÞÄ�{�Ã�n�¼§il{Ï¼´¾çioÆ�n�pw{ØgjpqvlÄ�Å§zlg�¼ 7qpsâ©n�i°i�½<pqg�Ã�i<k1pmn ¹ pä¼§Å§ÅJNTáãi3¾àpsâ·{�ps¾�¾ ioÆn ¹ p�¼D{�½<pqg�¾àpyá�gji���Å§pqk �:A ¹ p�k1i3¾ÁnhÃqilkmkmil{1g�pwvlÄ�Å´zogj¼I7sz�nj¼Di<{�¼§¾4n ¹ p ¾�i"N¢ÃqzoÅ§Å§pwâBA�¼ � ¹ il{�i�½
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��ÅDn�pwg#	@¾àpwp	�§��	 � 9 
T�>;©pB��¼§ÅDÅ×{�ion�{�pqpsâ zo{�Àägjpqv<Ä�Å´zogj¼I7sz�n�¼§il{³ÆÞilg»n ¹ pç¼D{�½<pqg�¾àpá�gji���ÅDpwkm¾Ã�i<{�¾�¼§â·pwg�psâ ¹ pqgjp�	 �:pwÃqzlÄ�¾�p
• n ¹ p�gjpw¾�Ä�ÅDnj¾�i
�·njzl¼D{�pwâ ��¼Dn ¹ i<Ä·n»gjpqvlÄ�Å§zlg�¼ 7wzon�¼§il{³zlg�pá ¹ À·¾�¼§ÃwzoÅ§ÅDÀ}zlÃwÃ�pqá�njz"��ÅDp�zl{�âg�pszl¾�il{�z���ÅDp �
• g�pwvlÄ�Å´zogj¼I7sz�nj¼Di<{ Ã�gjpwzon�pw¾£z(��¼´zl¾h¼D{1n ¹ p ¾ài<ÅDÄ·nj¼Di<{çilÆãn ¹ p�¼§{3½<pqg�¾àpyá�gji���Å§pqk �LA ¹ ¼´¾£¼§¾zlÃqÃqpqá·n�z"��Å§p ¼DÆ6¼¿n ¹ zl¾)zá ¹ À·¾à¼´ÃqzlÅ ��z<¾à¼´¾#	�� ¹ ¼´Ã ¹ ¼´¾h{�iln)i���½�¼§ilÄ�¾>ÆÞi<ghn ¹ p»á�gji���ÅDpwkm¾

�)p=��¼§ÅDÅ4Ã�il{ã¾à¼´â·pqgs�P�¢{�â·pwpwâ 	�n ¹ pá�zlgjzlkmp�n�pwgj¾�zlg�p~{�iln g�pwÅ§zon�pwâ���¼Dn ¹ pwz<Ã ¹ iln ¹ pwg#	
� ¹ ¼§Ã ¹ kÒz"�<pw¾DA�¼ � ¹ il{�i�½mnÁÀ�á:pioÆ×gjpqv<Ä�Å´zogj¼I7sz�n�¼§il{äÄ�{�¾�Ä�¼¿n�z"��Å§pl�

�Tn)kçÄ�¾àn&�:p kmpq{3n�¼§il{�psâmn ¹ z�né{�ilnyzlá�á�Å§À3¼§{�v ¾�ilkmp�nÁÀ�á:p»ioÆ gjpqv<Ä�Å§zlg�¼ 7wzon�¼§il{1¼§¾){�iln)¾Án�zo{ Nâ�zlgjâ � � i��ypq½<pqg%	·¼¿Æ£vli�i·â}g�ps¾àÄ�Å¿n�¾ zogjpi��·n�zo¼§{�pwâC	�¼¿n«¼§¾«zlÃqÃqpqá·n�z"��Å§pl� $ á�á�ÅDÀ�¼§{�väzmgjpqvlÄ,NÅ´zogj¼I7sz�n�¼§il{'zlâ�â�¾«pHG�njgjz¡n�pqgjkÒ¾«n�i³n ¹ p1áãpw{�zoÅDnÁÀ ÆÞÄ�{�Ã�n�¼§il{ ' -«�§�%) 	6¾�pqpmzov3zo¼§{ �D�
	�� 9 
>ÆÞilgâ·pqnjzo¼§Å´¾q� $ Å§Å£¼§{3½<pqg�¾àp1kmp�n ¹ i·â�¾~vl¼§½lpw{'¼§{°n ¹ pÒ{�p+G3n�¾�pwÃ�n�¼§il{�¾Ãwzo{��:p¡zlâ�zoá·njpwâ©Ã�il{ã¾àp+N
�3Ä�pq{3njÅDÀ<�
� � � � �!� "���� � " � ��� ���� � � �

;©p�á�g�ps¾àpw{3n4n ¹ p â·¼I!:pwg�pw{3nhk1pqn ¹ i·â�¾h¼D{Òzo{mz"�ã¾Ánjgjz<Ã�n>ÆÞgjzlkmp+�yilg��:�L-)il{�¾�¼§â�pqg4n ¹ p�¼§{�¼Dn�¼´zoÅ½�zoÅ§Ä�pá�gji���Å§pqkÒ¾yioÆ4n ¹ p~ÆÞilgjk
u̇(t) = A(q)u(t) + f(t), 0 < t < tF ,

' -«� ��)
u(0) = 0.

' -«� �
)
� pwg�p

A(q)
¼§¾1z?�:ilÄ�{�â·pwâÏÅD¼§{�pszog i<áãpwgjzon�i<g il{ z�� ¼§Å �ãpwgànÒ¾àáãzlÃ�p

H
	hâ·pqá:pq{ãâ·¼D{�v'i<{á�zlgjzlk1pqn�pwgj¾

q
�6n ¹ pm¼§{�{�pqg~á�gji·â·Ä�Ã�n�i<{

H
¼´¾~â·pq{�ion�psâ?��À 〈·, ·〉H zl{�â u̇(t) ¼§{�â·¼´Ãqz�njpw¾â·¼I!:pwg�pw{3n�¼´z�n�¼§il{ ilÆ

u(t)
��¼¿n ¹ g�ps¾àá:pwÃ�n�n�i

t
�P;©p�zl¾j¾àÄ�kmp�n ¹ z�n

q
Å§¼Dps¾�¼§{ zm¾�p�n QAD

ioÆzlâ�k1¼´¾j¾à¼ ��Å§pÒá�zog�zokmp�njpqg�¾Ã�i<{<n�zo¼§{�pwâ©¼§{ z {�ilgjkmpwâ©ÅD¼§{�pszog�á�zlgjzlkmp�n�pwg�¾àáãzlÃ�p Q ��A ¹ pkÒzoá
q 7−→ A(q)

¼§¾y¾àÄ�á�áãi3¾àpsâmn�i��ãp ¸ z�njpwzlÄ Gmâ�¼J!@pqgjpq{3n�¼´z"��ÅDp«¼D{Òn ¹ p�ilá:pqg�z�n�i<gh{�i<g�k 	zo{ãâän ¹ p�â·pwg�¼§½�z�n�¼§½lp�¼´¾ â·pq{�ion�psâQ��À dA
dq

�
�¢{ vlpw{�pqg�zoÅ@¼Dn ¼§¾�z<¾�¾�Ä�kmpwâän ¹ zon�n ¹ p�¾�ilÅ§Ä·nj¼Di<{

u
�:pqÅ§il{�v3¾yn�i1n ¹ p�¾Án�z�n�p�¾�á�z<Ã�p

H = L2(0, tF ;H),

� ¹ ¼´Ã ¹ ¼§¾�z�� ¼§Å �ãpwgàn«¾�á�z<Ã�p(��¼¿n ¹ ¼§{�{�pwg á�gji·â·Ä�Ã�n

〈f, g〉H =

∫ tF

0

〈f, g〉H dt.
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. i<g�pwi�½lpwg#	 �ypyz<¾�¾�Ä�kmpyn ¹ p�pHG·¼´¾Ánjpq{�Ãqp�ioÆ zo{ i
��¾�pqgj½ªzon�¼§il{1¾àá�z<Ã�p Z 	�� ¹ ¼§Ã ¹ ¼´¾£z(�»¼DÅ �:pqg�n¾�á�zlÃqp=��¼¿n ¹ ¼§{�{�pwg�á�gji�â�Ä�Ã�n 〈·, ·〉Z 	�zl{�â³zl{®�<¤��q�q��¨ª¥o��� �o�Ø�j±�����¥o�T�o�

C : H → Z .
¸ ¼§½lpw{Ïzo{Øi
��¾�pqgj½ªzon�¼§il{

z
ioÆ
u

	>n ¹ p³vli<zlÅé¼´¾�nji'â·pqn�pwg�km¼§{�p¡n ¹ p³áãzog�zokmp�njpqg
q
�8A ¹ pz���¾Ánjgjz<Ã�n«n�g�zo{�¾�Å§zon�¼§il{ ilÆ<' -«�§�%)H	 {�pqv<ÅDpsÃ�nj¼D{�v³n ¹ pmâ�pq½�¼§zon�¼§il{C	@¼´¾«n ¹ pw{6r�â�p�n�pwg�km¼§{�p

q ∈
QAD

n ¹ z�n km¼§{�¼§k1¼ 7qps¾yn ¹ p~ÆÞÄ�{�Ã�nj¼Di<{�zoÅ
J (q) := 1

2
‖Cu(q) − z‖2

Z ,
' -«� 9 )

� ¹ pwg�p
u(q)

¼§¾yn ¹ p�¾ài<ÅDÄ�n�¼§il{}ioÆD' -«� ��)��
A ¹ p~v<gjz<â·¼Dpw{3n�ilÆ J â·p+��{�pwâ���À

[gradJ (q)]i :=
d

dh
J (q + hei)

∣∣∣
h=0

=
∂J (q)

∂qi
,

' -«� �
)
¼´¾éilÆ�n�pw{¡Ä�¾�pwâ1n�içi��·n�zo¼§{

minq∈QAD J (q)
�P� pwg�p
	

ei
¼´¾hn ¹ p«¾ànjzl{�â�zog�â

i
n ¹ Ä�{�¼¿n�½lpsÃ�n�i<gilÆ Q �£Â�ilg�ÆÞÄ�gàn ¹ pqg Äã¾àp=�yp~zlÅ§¾�iÒâ·pH�ã{�p~n ¹ p��»pw¾j¾à¼´zo{

[HessJ (q)]ij :=
∂2J (q)

∂qi∂qj
.

' -«� � )
� ��� � � "�������� � "$� � � � � ��� ������� " � ���$��� ��� " 
 � ���

A ¹ p»vli<zlÅ·ioÆ@n ¹ ¼§¾)¾àpsÃ�n�¼§il{m¼´¾£njiá�g�i�½�¼´â·p�n ¹ p�n�i�ilÅ´¾>nji�zo{�zlÅDÀ 7qp zl{�âmÃ�i<k1á�Ä·n�p km¼§{�¼§k1¼ 7HNpwgj¾)ÆÞilgyn ¹ pÃ�i<¾ànyÆÞÄ�{�Ã�nj¼Di<{�zoÅ;�L;'p�ÆÞi·Ã�Äã¾�il{äv<gjz<â·¼§pq{3n&��z<¾àpsâ¡kmp�n ¹ i·â�¾#	�zoÅ´¾àiç¼D{�ÃqÅDÄãâ·¼D{�vn ¹ i<¾�p ��zl¾�pwâ i<{ ¹ ¼Dv ¹ pqg»ilg�â·pqg â·pwg�¼§½�z�nj¼D½<pw¾�Å§¼I�<p~n ¹ p�� pw¾j¾�¼§zl{³n ¹ z�n�Ãqzo{ p+!:psÃ�nj¼D½<pqÅ§ÀQ�:pps¾Ánj¼DkÒz�njpwâB�3À~n ¹ p�vlg�zlâ·¼§pq{3ns� A ¹ pw¾�pyk1pqn ¹ i·â�¾>zlg�pén ¹ p�kmi<¾àn>Ãqilkmkmil{�i<{�pw¾#	���Ä·n£iln ¹ pwgkmp�n ¹ i·â�¾#	�ÅD¼ �lp~v<pq{�pqn�¼´Ã�zlÅDv<ilgj¼¿n ¹ kÒ¾+	�p+G�¼´¾ànw�
-)i<{�¾à¼´â·pwg~zäÆÞÄ�{�Ã�n�¼§il{�zlÅ J : R

n → R
� $ ¾�¾�Ä�kmp1n ¹ gjilÄ�v ¹ i<Ä·n«n ¹ z�n J ¼§¾~¾�Ä'�¡Ã�¼§pq{3n�Å§À¾�kmi3iln ¹ 	·¼;� pl��¼Dn ¹ zl¾�â·pwg�¼§½�z�nj¼D½<pw¾�ioÆ>¾àÄ �ÒÃq¼Dpw{3n�Å§À ¹ ¼§v ¹ ilg�â·pqgyn�iÒ¼§kmá�Å§pqkmpq{3n�n ¹ p�pw{�½3¼´¾ Nzlvlpwâ³kmp�n ¹ i·â�¾q�

� � � � + � �7� � � ��) � 	 ��)�� � � �1(*� � � " 	
;©p�Ã�i<{�¾à¼´â·pwg)n ¹ p~ÆÞilÅ§Å§i���¼D{�vÒzlÅDv<ilgj¼¿n ¹ k �
�6ÍwÉ�É3ÊéÉ�ßqÍmÈ}É3ßsÚlÉ�Ð@ÍÒÔÕÉ3ÍwÖ4Ñ �

n := 1
�

p0 :=
¼§{�¼¿nj¼§zlÅ vlÄ�ps¾�¾ �
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�ãpwvl¼§{ ¾àn�pwpqá:pw¾àn»â·pw¾jÃ�pw{3n�¼Dn�pwgjzon�¼§il{�¾
gn := −gradJ (p0)

� � {�pqv3z�n�¼§½lp�vlg�zlâ�¼Dpw{<n
zn := arg minz>0 J (p0 + zgn)

� � Å§¼D{�p�¾�pwzlgjÃ ¹
pn+1 := pn + zngn

�

n := n+ 1
�pq{�â ¾àn�pqpwáãps¾Án»â�pw¾jÃ�pq{3n�¼Dn�pqg�z�nj¼Di<{�¾

�«{�p«ioÆ6n ¹ p=�lpqÀÒÃqilkmáãi<{�pq{3n�¾é¼´¾)n ¹ p~Å§¼D{�p~¾�pwzog�Ã ¹ � $ Ãqilkmkmil{��yzªÀçn�i1¼Dkmá�Å§pqkmpw{<n¼Dnh¼§¾>nji¾àÄ�á�áãi3¾àpyn ¹ z�n£n ¹ p�ÆÞÄ�{�Ã�nj¼Di<{�zoÅ J ¼´¾ �3Ä�z<â·gjzon�¼´Ã"	ozl{�â1pw¾àn�¼§kmzon�pyn ¹ p�¼D{�¼Dn�¼´zoÅ�½ªzlÅDÄ�pioÆ
z
¼§{ n ¹ p ÅD¼§{�p ¾�pwzlgjÃ ¹ � �«á·n�¼§km¼I7w¼D{�vmn ¹ ¼´¾»¾�pwzog�Ã ¹ ¼´¾ gjpqÅ§pq½�zl{<n ¾�¼D{ãÃ�p�pszlÃ ¹ pq½�zoÅ§Ä�z�nj¼Di<{ioÆ J ¼§{�½lilÅ§½lps¾1n ¹ p'Ã�ilkmá�Ä�njz�nj¼Di<{�zoÅ§Å§ÀÏâ·¼ �ÒÃqÄ�ÅDnänjz<¾ � ioÆ¾ài<ÅD½�¼§{�vØz â·¼§g�psÃ�n¡á�gji���ÅDpwk}�

�¢{�p+G·z<Ã�n�Å§¼D{�p�¾�pwzlgjÃ ¹ zoÅ§vli<g�¼Dn ¹ kÒ¾ ¹ zª½<p(�:pqpw{ â·pq½<pqÅ§ilá:pwâ � 1�pwp�� � 9 
;�
A ¹ p¡¾àn�pwpqá:pw¾àn vlg�zlâ·¼§pq{3nkmp�n ¹ i·â®pHG ¹ ¼ ��¼¿n�¾ ¾�ÅDi�� Ã�i<{3½<pqgjvlpw{�Ã�p1¼D{®n ¹ päÃwzl¾�p1ilÆ�¼DÅ§ÅJNÃ�i<{�â·¼Dn�¼§il{�psâ�¾�À�¾àn�pwkÒ¾+	�¼;� p<� J ¹ zl¾×zo{ç¼DÅ§ÅJN¢Ã�i<{�â·¼Dn�¼§il{�psâ�� ps¾�¾�¼´zo{6� $ g�zoá�¼´â·Å§À~Ãqil{�½lpwg�v<pq{3nzoÅDn�pwg�{ãz�n�¼§½lp~¼´¾yn ¹ pw{}n ¹ p�Ãqil{��ÁÄ�v3z�njp�v<gjz<â·¼§pq{3nykmpqn ¹ i·â �

� � � � � � " � � �
� � ��� � � � 	 ��� � � (*� � � " 	
A ¹ péÃqil{��ÁÄ�v<z�njp>vlg�zlâ·¼§pq{3n kmp�n ¹ i�âÃqil{�½lpwg�v<pw¾ãÆ zl¾àn�pwg n ¹ zo{�n ¹ p)¾Ánjpqpqá:pw¾ànåâ·ps¾�Ãqpq{3n6kmp�n ¹ i�â6�
�¢{�â·pwpwâ 	4¼Dn�á�g�i�½�¼´â·pw¾«n ¹ pÒkmpwzo{ã¾�n�i v<zl¼D{®zo{©ilá�n�¼§kmzlÅé¾�pwzog�Ã ¹ â�¼DgjpwÃ�n�¼§il{©áãi<¼D{3n�¼§{�v njin ¹ p km¼D{�¼§k Ä�k ioÆ:n ¹ p�ÆÞÄ�{�Ã�nj¼Di<{�zoÅ�¼D{�¾àn�pszlâ1ioÆ:n�i~n ¹ p ¾àn�pqpwáãps¾Ánéâ�pw¾jÃ�pq{3néâ·¼§gjpwÃ�nj¼Di<{6�LA ¹ ¼§¾kmp�n ¹ i·â ¼§¾»kÒz�n ¹ pqkÒz�nj¼§ÃwzoÅ§ÅDÀ���zl¾�pwâ i<{ n ¹ p i���¾�pqgj½�z�n�¼§il{}n ¹ z�n<��{�â·¼§{�vÒn ¹ p km¼§{�¼DkçÄ�kioÆ ‖Gh − f‖ Ã�i<g�gjpw¾�á:il{�â�¾ n�i ¾ài<ÅD½�¼§{�v¡n ¹ p1p��3Ä�z�nj¼Di<{ Gh = f

	 � ¹ pwg�p
G
¼´¾�z

n × n{�i<{�¾à¼§{�v<Ä�Å§zlg kÒz�njg�¼IG �MA ¹ ¼´¾ p��3Ä�zon�¼§il{ ¼´¾»gjpwz<â·¼§ÅDÀ}¾ài<ÅD½<pwâ ��À³p+G·á�g�ps¾�¾�¼§{�vmn ¹ pçá�gji���Å§pqk¼§{³njpqgjkÒ¾�ioÆ£z
GTG

N¢Ã�il{"�ÁÄ�v<zon�p(��zl¾�¼§¾w�
;©p�{�i�� â·pw¾jÃ�gj¼ �ãpn ¹ p ½<pqg�¾à¼§il{}ioÆ£n ¹ p����Øk1pqn ¹ i·â ÆÞi<g á:i<¾�¼¿nj¼D½<p �3Ä�zlâ·g�z�nj¼§Ã�ÆÞÄ�{�Ã Nn�¼§il{ãzoÅ´¾q�

� � ÎØÉ3ÍsÖ×Ñ � ÓTÑ�Ì � ×Ë#�×Ì�Ë·ÍwÙ�Ú ÎØÙ Ð4Ù ÎÏÙ �lË�ÍwÙ Ñ:Ð
;©p}km¼§{�¼§k1¼ 7qp J (p) = c + 〈b,p〉 + 1

2
〈Hp,p〉 	&� ¹ pwg�p

H
¼§¾m¾�À3kmkmp�njg�¼´Ã"	)áãi3¾à¼Dn�¼§½lpâ·p+��{�¼Dn�pl�

n := 1
�

p0 :=
¼D{�¼¿nj¼§zlÅ6vlÄ�ps¾�¾ �

g0 := Hp0 + b
� � ¼D{�¼¿nj¼§zlÅ6vlg�zlâ·¼§pq{3n

h0 := −g0

� � ¼§{�¼¿nj¼§zlÅå¾�pwzog�Ã ¹ â�¼DgjpwÃ�n�¼§il{
�ãpwvl¼§{ ���©¼Dn�pwgjzon�¼§il{�¾

zn := arg minz>0 J (pn + zhn)
� � Å§¼D{�p�¾�pwzlgjÃ ¹

pn+1 := pn + znhn
�

gn+1 := Hpn+1 + b
�
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γn :=
〈Hhn,gn+1〉

〈hn,Hhn〉

�

hn+1 := −gn+1 + γnhn
� ��¾ài1n ¹ z�n 〈hn+1, Hhn〉 = 0

n := n+ 1
�pq{�â ���©¼Dn�pwgjzon�¼§il{�¾

�¢{©n ¹ päz"�:i�½lpmzoÅ§vli<g�¼Dn ¹ k ¼¿n ¼´¾á:i<¾j¾à¼ ��Å§pmn�i gjpqá�Å´zlÃqp1n ¹ p¡Å§¼§{�p¡¾àpszog�Ã ¹ ��¼Dn ¹ z ÃwzoÅINÃqÄ�Å§zon�psâ*¾Ánjpqá ��z<¾àpsâ i<{ n ¹ p �3Ä�z<â·g�z�n�¼´Ã}ÆÞilgjk � �»i��)pw½lpwg#	)n ¹ ¼´¾¡¼´¾Ò{�iln¡n ¹ p°Ãqz<¾àp ¼§{v<pq{�pwgjzlÅåá�gji���Å§pqkÒ¾w�=�¢{ Æ zlÃ�n#	@ÆÞi<g»n ¹ i<¾�pçi<{�p {�pqpwâ�¾�zä{�il{�ÅD¼§{�pwzlg ���Ïkmp�n ¹ i·â'¾�Ä�Ã ¹ z<¾n ¹ p�Â4ÅDpqnjÃ ¹ pwg N¢t�pqpw½lps¾yÃqil{��ÁÄ�v<z�njp~vlg�zlâ·¼§pq{3n�k1pqn ¹ i·â 	 � �;9,	�� 9 
;�
� � � ��� � � � ��" � (*� � � " 	 ) � � 	 � � � � � � ���#� � � & � � � )�) � � � � �7" �

( � � � " 	
�»p+��n�i<{CF ¾×zlÅDv<ilgj¼¿n ¹ k
¼´¾×il{�p)ioÆ·n ¹ péilÅ´â·ps¾Án>zo{�â �:pw¾àn×kmpqn ¹ i·â�¾×ÆÞilg4¾ài<ÅD½�¼§{�v gji�ionC��{ãâ·¼D{�vá�gji���ÅDpwkm¾w�/�¢{Ò¼¿n�¾h¾à¼§kmá�Å§pw¾ànhÆÞilgjk�¼Dn)Ãqil{�½lpwg�v<pw¾4il{�Å§À ¼DÆ@n ¹ p»¼D{�¼Dn�¼´zoÅãvlÄ�ps¾�¾h¼§¾)¾àÄ'�¡Ãq¼Dpw{<njÅDÀÃqÅDi3¾àp�n�iÒzm¾�ilÅ§Ä·n�¼§il{6�

�¢{ n ¹ p � p#��n�i<{çkmp�n ¹ i·âB�yp�Ã�il{ã¾à¼´â·pqg4n ¹ p �<Äãzlâ·g�z�nj¼§Ã)zoá�á�gji G·¼DkÒzon�¼§il{nji J (q+s)
	

Qn(s) = J (q) + 〈gradJ (q), s〉 + 1
2
〈HessJ (q)s, s〉. ' -«� �")

�TÆ«n ¹ p � ps¾�¾�¼§zl{Ï¼´¾1áãi3¾à¼Dn�¼§½lp â·pH�ã{�¼¿njp�	én ¹ pw{
Qn(s)

¹ z<¾1z'Ä�{�¼ �3Ä�p}k1¼§{�¼§km¼I7wpqg�� ¹ ¼´Ã ¹¾jz�nj¼§¾ ��pw¾
gradJ (q) + HessJ (q)s = 0.

' -«� �
)
A4z"��¼§{�v

q + s
zl¾mz©{�p+��ps¾Ánj¼DkÒzon�p}ÆÞilg1n ¹ p}km¼§{�¼§k1¼ 7qpwgÒioÆ J ¾ànjzlgànj¼D{�v°ÆÞg�i<k q

	O�ypi
�·njzl¼D{³n ¹ p �»p+��njil{ ¼¿njpqg�z�nj¼Di<{
qn+1 = qn − [HessJ (q)]−1gradJ (q), n = 1, 2, . . . .

A ¹ p®zlâ�½ªzl{3njzov<p ¼´¾än ¹ z�n}n ¹ p'kmp�n ¹ i·â ¼´¾³¾àn�g�zo¼§v ¹ n�ÆÞilg��yzlgjâ 	�zl{�â {�i ÅD¼§{�p®¾àpszog�Ã ¹ ¼´¾{�pwpwâ·psâ �
�»i��)pw½lpqg%	on ¹ p~â·¼§¾jzlâ�½ªzl{3njzov<p»¼´¾hn��yioÆÞi<Å§â6�>Â4¼§gj¾àn#	·Ãqil{�½lpwg�v<pq{�Ãqp ¼§¾yv<Ä�zog�zo{3n�pwpwâmi<{�ÅDÀ

� ¹ pw{n ¹ pé¼§{�¼¿nj¼§zlÅ<ps¾Ánj¼DkÒzon�ph¼´¾×¾�Ä'�¡Ã�¼§pq{3njÅDÀÃ�Å§i<¾�p£nji»z�Å§i�ÃwzoÅ3km¼D{�¼§km¼I7wpqg%	 ��¼¿n ¹ gjzlá�¼´âÃ�il{,N½<pqgjvlpq{ãÃ�p�il{�Å§À i
�·njzl¼D{�pwâm{�pszog>n ¹ p km¼D{�¼§km¼I7wpqgs� 1�pwÃqil{�â·Å§À�	<¼¿n)kmzªÀ��ãp��<Ä�¼¿njp pHG·á:pq{�¾�¼D½<pnjimÃqilkmá�Ä·njp~n ¹ p��»pw¾j¾à¼´zo{ zo{ãâ³¾�ilÅ§½lp�n ¹ pÅD¼§{�pwzlg�¾àÀ·¾àn�pqk ' -«� �
)��
A ¹ p �ãgj¾ànäâ·¼´¾�z<â·½�zo{3njzlvlp Ãqzl{ �:p i�½<pqg�Ã�ilkmp���À zlá�á�Å§À3¼§{�vØz©njg�Ä�¾àn¡gjpqvl¼§il{ vlÅ§i��,NzlÅD¼ 7wzon�¼§il{C	éz<¾mpHG·á�Å´zo¼§{�pwâÏ¼D{ n ¹ p}{�pHG�n¡¾àÄ,�ã¾àpsÃ�n�¼§il{å� A ¹ p ¾�pwÃ�i<{�â â·¼§¾jzlâ�½ªzl{3njzov<p³Ãwzo{

�:pÒi�½lpwgjÃqilkmpB��À gjpqá�Å´zlÃq¼D{�vän ¹ pmn�gjÄ�p � ps¾�¾�¼´zo{���À©zo{®zoá�á�gji G·¼DkÒzon�¼§il{°â·pwg�¼§½lpsâ ÆÞgjilkÃqÄ�g�gjpq{3n~zo{�â á�g�pw½3¼§ilÄã¾»v<gjz<â·¼Dpw{3nj¾ ilÆ J ��A ¹ p1kmi<¾àn«á:ilá�Ä�Å§zlg�¾jÃ ¹ pqkmp ÆÞilg«n ¹ ¼´¾�¼§¾«n ¹ p
�������mkmpqn ¹ i·â 	�¾àpwp�� �;9,	�� 9 
T�LA ¹ ¼§¾£kmpqn ¹ i·â 	 ¹ i��ypq½lpwg#	oâ�i3ps¾h{�ilnhvlÄ�zlgjzl{3n�pqp�á:i<¾�¼¿nj¼D½<p
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â·p+��{�¼Dn�pq{�pw¾j¾»ilÆ4n ¹ p zlá�á�gji G�¼§kÒz�njpwâ � ps¾�¾�¼§zl{ ¼D{°zlÅDÅ4Ãqz<¾àps¾q�E�¢{ n ¹ ¼§¾ n ¹ ps¾à¼´¾+	 �yp Ã ¹ i�i<¾�pn ¹ p ¸ zoÄ�¾j¾�N � p#��n�i<{³kmp�n ¹ i·â 	 �§� 
T�
� Ë#4ßwß � � É<�mÍwÑ:Ð!ÎØÉ3ÍwÖ4Ñ � A ¹ p � ps¾�¾�¼§zl{³ilÆ J ¼´¾ zoá�á�g�i G·¼§kÒz�n�psâ ��À

HessJ (q) ≈ gradJ (q)[gradJ (q)]T

2J (q)
.

' -«� 8
)
A ¹ ¼´¾>zoá�á�gji<z<Ã ¹ ¼§¾4½�zoÅ§¼§â�z�n�psâ ��À�' -«� 9 )��>Â�gjilk n ¹ z�n>p��3Ä�zon�¼§il{��yp ¹ zª½<p

[gradJ (q)]k =
‖Cu(q) − z‖Z ∂

∂pk
‖Cu(q) − z‖Z

	�zo{ãâ¡n ¹ p
(j, k)

pwÅDpwkmpq{3n ioÆ4n ¹ p��»pw¾j¾à¼´zo{}gjpwzlâ�¾
[HessJ (q)]jk =

∂

∂qj

(
‖Cu(q) − z‖Z

∂

∂qk
‖Cu(q) − z‖Z

)

=
∂

∂qj
‖Cu(q) − z‖Z

∂

∂qk
‖Cu(q) − z‖Z

+‖Cu(q) − z‖Z
∂2

∂qj∂qk
‖Cu(q) − z‖Z .

Â�gjilk n ¹ p�z��ãi�½<p~¼¿n�ÆÞi<ÅDÅ§i�� ¾yn ¹ zon ¼D{}n ¹ p ¸ zoÄã¾�¾ N �»p+��njil{ zoá�á�gji<z<Ã ¹ 	3n ¹ pÅ´zl¾àn�n�pwg�k�¼§¾{�pwvlÅ§pwÃ�njpwâ 	 � ¹ ¼§Ã ¹ ¼´¾�½�zoÅ§¼§â³¼¿Æ ‖Cu(q) − z‖Z
¼´¾ ¾àkÒzlÅDÅ;��¢{äá�gjz<Ã�n�¼´Ã�p
	ln ¹ ¼´¾)kmpqn ¹ i·â¡¼´¾yzoá�á�Å§¼§pwâÒnji�' -«�D� )éz<¾hÆÞi<ÅDÅ§i�� ¾M'�¾àpwp�zlÅ§¾�i	� � 
 )�� $ ¾j¾�Ä�kmp

pn

n�i��ãpÒn ¹ päáãzog�zokmp�njpqg�½<pwÃ�njilg zon�n ¹ p
n

N�n ¹ ¼Dn�pqg�z�nj¼Di<{®ioÆ�n ¹ p³¼D{�½<pqg�¾àp¡zlÅDv<ilgj¼¿n ¹ k 	¹ zª½�¼§{�vÒâ·¼Dkmpw{�¾à¼§il{
M
� A ¹ p~{�p#�
á�zlgjzlkmp�n�pwg�½lpwÃ�n�i<g

pn+1

Ãqzl{��:p~ÆÞilÄ�{ãâäÆÞgjilk
JT

n Jn

(
pn+1 − pn

)
+ JT

n Fn = 0,
' -«�§�w�
)

� ¹ pwg�p
JT

n

¼§¾�n ¹ p~njgjzl{�¾àá:i<¾�pwâäioÆ4n ¹ p�63zlÃqi���¼´zo{³kÒz�n�gj¼IG
Jn

	�â·p+��{�psâQ��À
(Jn)i,j = ∂pj

φp(ti, xi)

σi
, i = 1, . . . , N, j = 1, . . . ,M,

' -«�D�<�%)
zo{ãâ

Fn
¼§¾yn ¹ p�Ã�i<ÅDÄ�km{ kÒz�njg�¼IG³â·p+��{�pwâ���À

(Fn)i =
φp(ti, xi) − φi

σi
, i = 1, . . . , N.

' -«�§�s��)
Â�gjilk ' -«�§�w�
)y¼Dn�ÆÞilÅ§Å§i�� ¾én ¹ z�n

pn+1 = pn − (JT
n Jn)−1JT

n Fn.
' -«�§�w� )

A ¹ p}á�g�zlÃ�nj¼§ÃwzoÅ ¸ zoÄ�¾j¾ N �»p+��n�i<{Ïkmp�n ¹ i·âØv<¼D½<pq{ ¹ pqgjpä¼´¾Ò¾ài<k1p#� ¹ z�n1kmilgjp³pwÅ§z��ãi�Ng�z�n�psâçn ¹ zl{çn ¹ p ¾ànjzo{ãâ�zog�âç¾jÃ ¹ pwk1p<�:�¢{ãâ·pqpsâ 	l¼DnhÄ�¾�pw¾hz=63zlÃ�i
��¼´zo{1kmzon�gj¼JG1ÃqzoÅ´Ã�Ä�Å§zon�pwâç¼§{
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zlÅDÅ·p+G�á:pqgj¼§k1pw{3n>á:il¼§{3nj¾

(xi, ti)
	l¼§{�¾àn�pszlâçioÆ:n ¹ p�vlg�zlâ�¼Dpw{<n>ioÆ:n ¹ p�Ãqi<¾àn>ÆÞÄ�{�Ã�nj¼Di<{�zoÅ;�LA ¹ ¼§¾¾�Ä�á�á:ilg�nj¾ n ¹ p�á�gjz<Ã�n�¼´ÃqzlÅ6¼§k1á�ÅDpwkmzl{3njz�nj¼Di<{ ioÆhz ��{�¼Dn�p1â·¼I!:pwg�pw{�Ã�p��ãzl¾�pwâ â·pwâ�Ä�Ã�nj¼Di<{ ioÆn ¹ p vlg�zlâ·¼§pq{3n�� ¹ ¼§Ã ¹ g�pwÅD¼§pw¾1il{ ¾Ánjilgj¼D{�v°n ¹ p}Ã ¹ zo{�v<p³¼§{Øn ¹ p k1pszl¾�Ä�gjpqkmpq{3nm½ªzlÅDÄ�p³¼§{pw½lpqgjÀÒpHG·á:pqgj¼Dkmpw{<n�zoÅ á:il¼§{3n#	�¾�pqp�1�psÃ�n�¼§il{�-«� �·�

$ Å¿n ¹ ilÄ�v ¹ n ¹ p �»p+��n�i<{ N ¸ zoÄ�¾j¾£kmp�n ¹ i·âçi<{�Å§À Ä�¾�pw¾L�ãgj¾ànhilg�â·pqghâ�pqgj¼D½�z�nj¼D½<pw¾#	�¼¿nyÃ�il{,N½<pqgjvlpw¾ �3Ä�zlâ�gjzon�¼´ÃqzoÅ§Å§ÀÒ¼¿Æ
pn

¼´¾�Ã�Å§i<¾�p�n�i1n ¹ p~i<á·n�¼§k Ä�k�½�zoÅ§Ä�p
p∗ � ¹ ¼§Ã ¹ ¼§{³njÄ�gj{ ¹ z<¾�zgjpw¾�¼§â�Ä�zoÅãn�pw{�â·¼§{�v nji�7wpqgji 	3¼�� pl� ‖Cu(p∗)− z‖Z → 0

�L�TÆ×n ¹ p�g�ps¾à¼´â·Ä�zlÅã¼´¾y{�il{,N 7wpqgjin ¹ pg�z�njp�kÒzªÀQ�:pwÃ�i<kmp Å§¼D{�pszog%	ãzl{�â ¼¿Æh¼Dn«¼´¾�nji�iäÅ´zogjvlp�	�ilg»¼DÆ£n ¹ p ¼§{�¼¿nj¼§zlÅå½�zoÅ§Ä�p�¼´¾»Æ zog ÆÞgjilkn ¹ pilá·nj¼DkçÄ�k 	·n ¹ pk1pqn ¹ i·â���¼§ÅDÅåâ�¼D½<pqgjvlpl�
� � � � � � ��� ) � �#� �%� " � �%& " $ � & ��� � �7� " ��� �
	 � � � � � � ���#� � � & � � � � � $ � � � �

� � ����� � � 	 �0(*� � � " 	
�¢{*n ¹ ¼´¾äzoá�á�g�i3zlÃ ¹ 	yn ¹ p°¼§kmá�ÅDpwkmpq{3njzon�¼§il{*gjp��3Ä�¼§g�ps¾mn ¹ p©¾ài<ÅDÄ�n�¼§il{

s
ioÆ�z �3Ä�z<â·gjzon�¼´ÃÃqil{�¾àn�g�zo¼§{�pwâäkm¼D{�¼§km¼I7sz�nj¼Di<{}á�g�i
��ÅDpwk 	

min
s

Qn(s)
¾�Ä,� �ÁpwÃ�n�n�i ‖s‖ ≤ ∆n.

' -«�§� 9 )
�»pqgjp Qn

¼´¾Òn ¹ p �3Ä�zlâ�gjzon�¼´Ã zoá�á�gji G·¼DkÒzon�¼§il{�' -«� �")milÆ J 	D� ¹ ¼§ÅDp
∆n
¼´¾äz á:i<¾�¼¿nj¼D½<p¾jÃqzlÅ§zlg#	�ÃwzoÅ§ÅDpsâ³n ¹ p n�gjÄ�¾Án gjpqv<¼Di<{ gjz<â·¼DÄã¾+	*� ¹ ¼§Ã ¹ ¼´¾ ½�zogj¼§pwâ zl¾ n ¹ p�¼Dn�pwgjzon�¼§il{ á�gji·Ã�pqpsâ�¾w�

;©pi��·n�zo¼§{³¼Dn�pwgjzon�¼§il{�¾�ilÆån ¹ p~ÆÞilgjk
qn+1 = qn − [HessJ (q) + λnI ]

−1gradJ (q), n = 1, 2, . . . ,

� ¹ pwg�p
λn
¼§¾&7qpwg�iç¼¿Æån ¹ p~Ã�i<{�¾Ánjgjzl¼D{3ny¼§¾)¼D{ãzlÃ�nj¼D½<p«zony¼Dn�pwgjzon�¼§il{

n
' � p+��njil{CF ¾ykmp�n ¹ i�â³¼´¾i
�·njzl¼D{�psâ ) 	ãzo{�â zmá:i<¾�¼¿nj¼D½<p 
×zov<gjzl{�vlp�k Ä�ÅDn�¼§á�Å§¼Dpwg ion ¹ pqg���¼´¾àp<�OAågjÄ�¾àn�g�pwvl¼§il{}k1pqn ¹ i·â�¾njpq{�âmnji��:p kmilgjp g�i
��Ä�¾àn£ÆÞilg)¼DÅ§ÅJN¢Ã�i<{�â·¼Dn�¼§il{�psâmá�gji���Å§pqkÒ¾>n ¹ zo{¡Å§¼§{�p»¾�pwzog�Ã ¹ n�psÃ ¹ {�¼ �<Ä�pw¾w�

�»i��)pw½lpqg%	yn ¹ pw¼Dg³¼Dkmá�Å§pqkmpw{<n�z�nj¼Di<{�Ãqzl{ �ãp'á�g�i
��Å§pqkÒz�nj¼§Ã�	 zl¾mn ¹ p°p+G·z<Ã�n³¾�ilÅ§Ä·nj¼Di<{*ioÆ
' -«�D� 9 )�Ãqzl{��ãpçÃ�ilkmá�Ä�njz�nj¼Di<{�zoÅ§Å§Àä½lpwg�ÀäpHG·áãpw{�¾�¼D½<pl�EA ¹ pqgjp�ÆÞi<g�p
	�¾àpw½lpwgjzlÅ6zoá�á�gji G·¼DkÒzon�p¾�ilÅ§Ä·n�¼§il{ ¾�Ã ¹ pwkmpw¾ ¹ zª½lpQ�ãpwpq{!â·pq½<pqÅ§ilá:pwâ 	h¾�pqp � �;9 
 ¾àpsÃ�nj¼Di<{ �l� �·� 9�� �«{�p}ioÆ pszogjÅD¼§pw¾ànzlá�á�Å§¼§Ãwz�n�¼§il{ã¾�¼§¾yn ¹ p�
6pw½lpq{ �:pqgjv"N . zog �3Ä�zog�â�nékmpqn ¹ i·â �
�)É /:É�Ð 4éÉ3Ì � �jÔ Ë·Ì � ×Ë·Ì �×Í'ÎØÉ3ÍsÖ×Ñ � A ¹ p 
åpq½lpw{ �ãpwg�v�N . zlg �3Ä�zlgjâ·n»kmp�n ¹ i�â©¼´¾~n ¹ p¾�¼Dkmá�Å§pw¾àn pHG�njpq{�¾�¼Di<{³ilÆ×n ¹ p ¸ zlÄ�¾�¾ N � p+��njil{}kmp�n ¹ i�â6� �Tn km¼D{�¼§km¼I7wpw¾�' -«�D� )yÄ�{�â·pwg�n ¹ pÃqil{�¾àn�g�zo¼§{3n�n ¹ z�nn ¹ p¡¾àn�pqá©n�z"�lpw{°ÆÞgjilk

pn

nji
pn+1

¼´¾il{®z ¹ À3á:pqg�¾�á ¹ pqgjp1ioÆ�gjz<â·¼DÄã¾
∆n
�?;*¼Dn ¹ n ¹ p 
×zov<gjzl{�vlpmk Ä�Å¿nj¼Dá�Å§¼´Ãqz�njilgçk1pqn ¹ i·â 	>n ¹ ¼´¾ v<¼D½<pw¾#	4¾�pqp � � 
 	4n ¹ p³Ä�á@â�z�njpÆÞi<g�kçÄ�Å§z

pn+1 = pn − (JT
n Jn + λnI)

−1JT
n Fn,

' -«�§�s�
)



� � � � � Ì�Ë#�4Ù É�Ð@Í �4É<ÍsÉ3ÌªÎÏÙ Ð4Ë·ÍwÙ�ÑãÐ ÎØÉ3ÍwÖ4Ñ �4ß - � 	

� ¹ pwg�p
λ
¼´¾>n ¹ p 
åzov<gjzl{�vlp)k Ä�ÅDn�¼§á�Å§¼§Ãwz�njilg%	

I
n ¹ p�Ä�{�¼¿nÁÀçkÒz�n�gj¼IG ioÆ:ilg�â·pqg

n
	<zl{�â

Jn
	
Fnzogjpév<¼D½<pq{���À ' -«�D�<�%) 	,' -«�D�ª��)�� $ ¾Án�zog�n�¼§{�v»½�zlÅDÄ�p)ÆÞilg×n ¹ pyp+G�n�g�z á�zlgjzlk1pqn�pwg

λn
k Äã¾ÁnL�ãpÃ ¹ i3¾àpw{6� $ vli�i·â ¼§{�¼Dn�¼´zoÅ�½�zlÅDÄ�p�¼´¾

λ1 =
Aåg

(JT
1 J1)/

Aåg
(I)

	 � �o��
T�/�TÆ F(pn+1) < F(pn)
	¼Dn�¼´¾�g�pqnjzo¼§{�psâ zo{�â��)p njz��lpçz}¾�kmzlÅDÅ§pqg�k Ä�Å¿nj¼Dá�Å§¼´Ãqz�njilg

λn+1 < λn
¼§{ n ¹ pm{�pHG�n~¾Ánjpqá6�

�»n ¹ pqg���¼§¾�p�	3n ¹ p�áãzog�zokmp�njpqg�¾àpqn
pn+1

¼§¾�â·¼´¾jÃqzog�â·psâäzo{ãâ³zl{�ion ¹ pqgyil{�p~¼´¾�¾ài<Ä�v ¹ nE��¼¿n ¹z Å´zogjvlpqg
λn
½�zlÅDÄ�p
	×p<� vã�

λn = 2λn
	4g�pwá�Å´zlÃ�¼§{�v

λ
��À n���¼´Ã�pÒ¼Dnj¾½�zlÅDÄ�p<� � iln�pmn ¹ z�n�¼DÆ

λn = 0
	6n ¹ p ¸ zlÄ�¾�¾ N � p+��njil{©kmp�n ¹ i�â®¼´¾i
�·njzl¼D{�psâ 	/� ¹ pqgjpwz<¾~¼¿Æ

λn
¼§¾Å´zogjvlp��yp¡zogjpÃ�Å§i<¾�p�n�iÒzÒ¾àn�pqpwáãps¾Án â·ps¾�Ãqpq{3n kmp�n ¹ i·â �

A ¹ p�zlâ�½ªzl{3njzov<péilÆ�n ¹ p 
åpq½<pq{ �ãpwg�v�N .°zog �<Äãzog�â�nåkmp�n ¹ i·â ¼´¾4n ¹ zon#	"��À�gjpwâ�Ä�Ã�¼§{�v
λ

	3z
�3Ä�zlâ�gjzon�¼´ÃD�ãp ¹ zª½�¼Di<Ä�ghilÆ n ¹ p«k1pqn ¹ i·âÒ{�pwzogén ¹ p«ilá·nj¼DkçÄ�k ¼§¾)zlÃ ¹ ¼§pq½<pwâ � �«{mn ¹ p»ion ¹ pqg¹ zl{�â 	 ��À®¼D{ãÃ�gjpwzl¾�¼§{�v

λ
ÆÞÄ�g�n ¹ pwgmz ��zªÀ ÆÞgjilk n ¹ p}ilá·nj¼DkçÄ�k 	>n ¹ p}kmp�n ¹ i�â â·i�pw¾1{�ilnâ·¼§½lpwg�v<p�z<¾�pwzl¾�¼§ÅDÀ
	�zo{�â}km¼Dv ¹ n�ps¾�Ãwzoá:p�ÆÞg�i<k�ÅDi·ÃwzoÅ km¼D{�¼DkÒzmioÆ×n ¹ pá:pq{ãzoÅDnÁÀ¡ÆÞÄ�{�Ã�n�¼§il{6�

�TÆhn ¹ p á�zlgjzlkmp�n�pwgj¾«zogjp zoÅ§Å4áãi3¾à¼Dn�¼§½lp
	@zl{�â ¹ zª½<p�½�zoÅ§Ä�pw¾�¾�pq½lpwgjzlÅåi<gjâ·pwgj¾ ioÆékÒzov<{�¼INn�Äãâ·p³zlá�zog�n#	4¼¿n1¼§¾B�)i<gàn ¹ ��¼DÅ§pmn�i©zoá�á�Å§À'n ¹ p 
åpq½<pq{ �ãpwg�v�N .°zog �<Äãzog�â�n�kmpqn ¹ i·â®nji n ¹ pÅ§ilv<zlg�¼Dn ¹ k ilÆ n ¹ p³á�zlgjzlkmp�n�pwgj¾w��A ¹ p³gjpwz<¾ài<{ ¼§¾çn ¹ z�n1n ¹ p kmp�n ¹ i·âØá�gji·â·Ä�Ãqpw¾çp��3Ä�zoÅ¾àn�pqá ¾à¼ 7qps¾çÆÞilgmzoÅ§Åyáãzog�zokmp�njpqg�¾+	L� ¹ ¼´Ã ¹ ¼´¾1ioÆ»{�i'Ä�¾�p³¼DÆ n ¹ p}áãzog�zokmp�njpqg�¾ zogjpä{�ionmioÆn ¹ p�¾�zlk1p~i<gjâ·pwgw�L. ¼§{�¼§k1¼ 7q¼§{�vmn ¹ p~ÅDi<v<zogj¼Dn ¹ k"i�½<pqg�Ã�ilkmps¾hn ¹ ¼§¾»â·gjz �D�ãzlÃ5�@�:A ¹ Ä�¾#	�n ¹ pá�zlgjzlk1pqn�pwg«½<pwÃ�njilg«¼D{ ' -«�§�s�
)�¼´¾
p̃n = [ln p

(n)
1 , . . . , ln p

(n)
M ]T

	 � ¹ pwg�p
p
(n)
j

¼§¾«n ¹ p
j
n ¹Ã�i<kmáãi<{�pq{3n�ioÆåá�zlgjzlkmp�n�pwg

p
¼§{¡n ¹ p

n
n ¹ ¼¿njpqg�z�n�¼§il{å�/�»pq{�Ãqp�	�n ¹ p

j
n ¹ Ã�ilkmá:il{�pw{3nyilÆ

p̃¼´¾�ÆÞilÄ�{ãâäÆÞgjilk
ln p

(n+1)
j =

[
−(J̃T

n J̃n + λnI)
−1J̃T

n Fn

]
j
+ ln p

(n)
j ,

' -«�§�w� )
� ¹ pwg�p

Fn
¼´¾�¾�¼Dkm¼§Å§zlg zl¾�¼§{ ' -«�D�ª��) 	ãzo{�â

J̃n
¼§¾�v<¼D½<pq{��3À

[J̃n]i,j = ∂ln(pj)φpn
(ti, xi) = pj∂pjφpn

(ti, xi) = pj [Jn]i,j ,

'
i = 1, . . . , N

	
j = 1, . . . ,M

)�� � pwg�p
	
Jn
¼´¾�zl¾�¼§{�' -«�D�<�%)��hÂ�gjilk ' -«�D�s�
)&�)p~v<p�n

p
(n+1)
j = p

(n)
j e

[−( eJT
n

eJn+λI)−1 eJT
n Fn]

j ,
' -«�§� ��)

� ¹ ¼´Ã ¹ Ãqzo{��:p�zoá�á�gji G·¼DkÒzon�pwâQ��À
p
(n+1)
j = p

(n)
j +

[
(J̃T

n J̃n + λI)−1J̃T
n Fn

]
j
p
(n)
j .

' -«�§��� )
� � � � �����!����� " �!� "$���������� "�� � ����� "�
 � �!�

�»zª½�¼§{�v i<Ä·n�Å§¼D{�pwâ¾�pq½lpwgjzlÅokmp�n ¹ i·â�¾ n ¹ z�n>zogjpP��zl¾�pwâ~i<{~n ¹ p)vlg�zlâ·¼§pq{3n6ioÆ�z�Å§pwz<¾Án4¾ �3Ä�zlg�ps¾
��nh¼§{ n ¹ p�i���¾�pqgj½�z�nj¼Di<{ ¾àáãzlÃ�p
	��)py{�i��Ïâ�¼§¾jÃ�Ä�¾j¾£â·¼I!:gjpq{3nP��zªÀ�¾ån�i�i���njzo¼§{çn ¹ ¼´¾>vlg�zlâ·¼§pq{3ns�
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� � , � + � � � ���7� 	 � � � �#� � � ��)
A ¹ p»k1i3¾Án�¾Ánjgjzl¼¿n ¹ ÆÞilg���zog�âB��zªÀ ilÆ â�p�n�pwg�km¼§{�¼§{�vn ¹ p»vlg�zlâ�¼Dpw{<nh¼´¾&�3À���{�¼Dn�p�â·¼I!:pwg�pw{�Ã�ps¾
' � �:) 	yzl¾çn ¹ ¼´¾1¼Dkmá�Å§¼§pw¾1n ¹ z�nÒz'¾�ilÅ§Ä·n�¼§il{ kmp�n ¹ i�âÏk Ä�¾àn��ãp â·pw½lpqÅ§ilá:pwâÏil{�Å§À©ÆÞilg1n ¹ pâ·¼§gjpwÃ�n�á�gji���ÅDpwk}�

A ¹ p�ÆÞi<g�kçÄ�Å§z<¾�Ä�¾�pwâäÆÞilg�n ¹ pvlg�zlâ·¼§pq{3n�zogjp
∂J (q)

∂pi
≈ 1

h
[J (q + hei) −J (q)],

� ¹ ¼´Ã ¹ ¼§¾�ilÆ:�ãgj¾àn�ilg�â·pqg�¼§{
h

	�zo{ãâ
∂J (q)

∂pi
≈ 1

2h
[J (q + hei) −J (q − hei)],

� ¹ ¼´Ã ¹ ¼§¾�ilÆ>¾�pwÃqil{�âäilg�â·pqg�¼§{
h
��«p�njpqgjk1¼§{�¼§{�v J (q)

{�pqpsâ�¾>¾ài<ÅD½�¼§{�v«n ¹ p�â·¼§g�psÃ�n£á�gji���Å§pqk ¼§{1ilg�â·pqg×n�i~i���njzo¼§{ Cu(q)
�

A ¹ Ä�¾#	ln ¹ pD��g�¾ànéilg�â·pqg � � {�pqpsâ�¾hi<{�p p+G3njgjz¾�ilÅ§Ä·nj¼Di<{ÒioÆ@n ¹ p«â·¼DgjpwÃ�néá�gji���Å§pqk�ÆÞilg)pq½<pqgjÀá�zlgjzlkmp�n�pwg
pi

'
M
¼D{!njion�zoÅ ) 	 zo{ãâ n ¹ p°¾�pwÃqil{�â!i<gjâ�pqg � � {�pwpwâ�¾¡n��)iØp+G�n�g�z â·¼DgjpwÃ�ná�gji���ÅDpwkm¾)nji��:p¾ài<ÅD½<pwâ?'

2M
¼§{änjionjzlÅ4)��L; ¹ pq{ â·pwzlÅD¼§{�v ��¼¿n ¹ kÒzl{3ÀÒáãzog�zokmp�njpqg�¾£n ¹ ¼§¾¼´¾�{�iln�p��¡Ã�¼§pq{3nw�

�»ion�p«ÆÞÄ�g�n ¹ pwgyn ¹ zon)n ¹ p¾Ánjpqá
h
Ãwzo{�{�iln �:pzog���¼Dn�g�zogj¼DÅ§À1¾�kÒzoÅ§Å��ãpsÃqzoÄã¾àp«ioÆåÅ§¼Dkm¼Dnj¾�¼§{n ¹ p�zlá�á�gji G·¼DkÒz�nj¼Di<{ÒioÆ6n ¹ p~â·¼DgjpwÃ�nyá�g�i
��ÅDpwk �L�»pqgjp�	�gjilÄ�{�â�i"! pqgjg�i<gj¾)zoÅ´¾àiçá�Å§zªÀÒz g�i<ÅDp<�

� � , � � � 	 �<"%� � � " � � "%) � � �7� ( � � � " 	 )
$ â �Ái<¼D{3n kmp�n ¹ i·â�¾ Ãwzo{}vlgjpwz�njÅDÀäg�psâ·Ä�Ã�p�n ¹ p�Ã�i3¾Án ilÆ×vlg�zlâ�¼Dpw{<n�pw½ªzlÅDÄãz�n�¼§il{ã¾q�P� pwg�p
	·n ¹ pv<gjz<â·¼Dpw{3n4¼´¾×ÆÞilÄ�{�â���À ¾�ilÅ§½3¼§{�v�z � � � g�pwÅ§zon�pwâ�n�i�n ¹ p�â�¼DgjpwÃ�n4á�gji���ÅDpwk�	<zo{�â áãpwgàÆÞi<g�km¼§{�v¾�pq½<pqg�zoÅ ¼§{�{�pqg»á�g�i·â·ÄãÃ�nj¾w� $ ¾»zo{ ¼§ÅDÅ§Ä�¾àn�g�z�nj¼Di<{C	,�ypvl¼§½lpz1ÆÞilgjkÒzoÅ6á�gjpw¾�pq{3n�z�n�¼§il{}ioÆ4n ¹ pkmp�n ¹ i·â³ÆÞilg�n ¹ p�¾Ánjpwzlâ�Àä¾Án�z�njp~Ãwzl¾�p~ioÆD' -«� ��)��

�¢{³n ¹ p�¾àn�pszlâ·À³¾Án�z�n�p�Ãwzl¾�p�	 �yp ¹ zª½lp«n ¹ zon
A(q)u = f.

' -«�§� 8
)
Â�ilg»p+G�zokmá�Å§p�	:¼D{©z¡â·¼I!:Ä�¾�¼§il{°¾�p�n�n�¼§{�vQ� ¹ pwg�p n ¹ p1â·¼I!:Ä�¾�¼§il{°Ãqi3p��¡Ã�¼§pq{3n«¼´¾«zäÃ�il{ã¾Án�zo{3ná�zlgjzlkmp�n�pwg#	 �ypÃ�ilÄ�Å§â Ã�i<{�¾�¼§â·pwg

A(D) = −D∆(·) �Â�ilg)¾�¼§k1á�ÅD¼´Ã�¼DnÁÀ¡zl¾j¾àÄ�k1p n ¹ zon
A
¼§¾)Å§¼D{�pszog%	<¼§{�½lpwgànj¼I��Å§p�	�zo{ãâäÂ�g �wÃ ¹ p�nyâ�¼J!@pqgjpq{3n�¼´z"��ÅDp<��«¼J!@pqgjpq{3nj¼§zon�¼§il{}ioÆ4n ¹ p¼´â·pq{3nj¼¿nÁÀ

A(q)A(q)−1 = I,



� � � � � Ì�Ë#�4Ù É�Ð@Í �4É<ÍsÉ3ÌªÎÏÙ Ð4Ë·ÍwÙ�ÑãÐ ÎØÉ3ÍwÖ4Ñ �4ß - � �

À�¼DpwÅ§â�¾
d

dq
A(q)−1 = −A(q)−1 dA

dq
A(q)−1.

$ ¾j¾�Ä�kmp«ÆÞÄ�gàn ¹ pqgyn ¹ z�n�n ¹ p«ÆÞilg���zog�âÒá�gji���Å§pqk"¼´¾ �)pwÅDÅIN;á:i<¾�pwâC	�zl{�âäâ�pq{�iln�p~¼¿n�¾�¾ài<ÅDÄ·nj¼Di<{
��À

u = A(q)−1f.�¢{3n�gji·â·Ä�Ã�p�n ¹ p�±�¥o��¥ �Ò�q�T�q� �¢�T� �à�l¤��q����¨�¥��;� ���©kÒzoá
F : Q → Z 	

F (q) = CA(q)−1f.

1�pqnàn�¼§{�v
r(q) = F (q) − z

	C' -«� ��)yÅ§pwzlâ�¾yn�i
[gradJ (q)]i :=

d

dh
J (q + hei)

∣∣∣
h=0

=

〈
d

dh
F (q + hei)

∣∣∣
h=0

, r(q)

〉

Z

= −
〈
CA(q)−1

(
dA

dq
ei

)
A(q)−1f, r(q)

〉

Z

= −
〈(

dA

dq
ei

)
A(q)−1f,A∗(q)−1C∗r(q)

〉

H

.

A ¹ pÅ´zl¾àn�p��3Ä�zoÅ§¼DnÁÀÒÆÞilÅ§ÅDi�� ¾E��ÀÒn�z"��¼§{�v�� ¼§ÅI�:pqg�n»¾àáãzlÃ�pz<â �Áil¼§{3nj¾w��«pq{�iln�p ��À
v
n ¹ p�¾ài<ÅDÄ�n�¼§il{³n�imn ¹ p�Ã�i<¾ànjzon�p�ilg z<â �Áil¼§{3n�p �3Ä�z�nj¼Di<{

A∗(q)v = −C∗r(q),
' -«� �o�
)

n ¹ pq{
[gradJ (q)]i =

〈(
dA

dq
ei

)
u, v

〉

H

, i = 1, . . . ,M.
' -«� ���%)

A ¹ Ä�¾#	�n ¹ p�vlg�zlâ·¼§pq{3n ¼´¾ i
�·njzl¼D{�psâ��3À}¾ài<ÅD½�¼§{�vmn ¹ p zlâ �Ái<¼D{3n»p �3Ä�z�nj¼Di<{�' -«� �l�
)�zl{�â áãpwg NÆÞilgjkm¼D{�v
M
¼§{�{�pwg»á�gji·â·Ä�Ã�n�¾�' -«� �·� )��yÂ�ilg ÆÞÄ�gàn ¹ pqg«â·p�n�zo¼§Å§¾«zo{�â zo{ p+G·zlkmá�ÅDp �ypgjp�ÆÞpqgn�i � � 9 
;�

A ¹ ¼´¾»â·psâ·Ä�Ã�n�¼§il{ Ãqzl{ zoÅ´¾ài��:pçâ�pq½lpwÅDi<áãpsâ}ÆÞilg�nj¼Dkmp+NTâ·pwáãpw{�â·pw{<n�á�gji���Å§pqkÒ¾ ¾�Ä�Ã ¹ zl¾
' -«� ��)H	ã¾�pqp � �o� 
T�&A ¹ ¼§¾»ÅDpszlâ�¾�nji¡z1ÆÞilgjk Ä�Å´z�nj¼Di<{³ilÆ×n ¹ p z<â �Áil¼§{3n p��3Ä�z�nj¼Di<{ ��¼¿n ¹ z ��{�zoÅÃ�i<{�â·¼Dn�¼§il{1¼D{ã¾ÁnjpwzlâçioÆ:zo{1¼D{�¼Dn�¼´zoÅ�Ãqil{�â�¼¿nj¼Di<{C	lzl¾/�yp�pq{�ÃqilÄ�{3n�pwg£zoÅ´¾ài«¼D{1n ¹ pyf£zlgànL� ����A ¹ pzlâ��Áil¼§{<n�p �<Äãz�n�¼§il{äÆÞilg�n ¹ p~á�g�i
��Å§pqkÒ¾�â·¼§¾jÃ�Äã¾�¾�pwâä¼D{ f£zog�n �yzogjp�â�pwâ·Ä�Ãqpwâ³¼D{}f£zog�nD� �O��Àz kmilgjp1Ãqil{�¾àn�gjÄ�Ã�n�¼§½lpÒzoá�á�g�i3zlÃ ¹ 	 � ¹ ¼´Ã ¹ ¼§¾~kmi<g�pÒ¾�Ä�¼¿n�z"��Å§pmÆÞilg�¾�á:pwÃ�¼I�ãÃÒzlá�á�Å§¼§Ãwz�n�¼§il{ã¾n ¹ zo{}n ¹ p~ÆÞi<g�kÒzlÅ6â·pwâ·ÄãÃ�n�¼§il{}vl¼§½lpw{ ¹ pqgjp�	�¾�pqp�1�pwÃ�n�¼§il{ 9��§�zo{�â 1�psÃ�n�¼§il{ ��� ���



- � � Ü¡Ê4ÊéÉ�Ð��4Ù � � � � 4ÎØÉ3Ì�Ù ÚlË�ÛéÎØÉ3ÍwÖ4Ñ �4ß ÓTÑãÌäÙ Ð /:É<Ì�ßsÉ Ê4ÌªÑ54>Û É�ÎØß
A ¹ p�zoá�á�ÅD¼´Ãqzon�¼§il{¡ilÆ n ¹ p~Ã�i3¾Án�z�n�p»k1pqn ¹ i·â¡n�i�nj¼Dkmp~â·pqá:pq{ãâ·pq{3n�á�g�i
��Å§pqkÒ¾é¼´¾)¼D{äÆÞÄ�ÅDÅâ·pw½lpwÅDi<á�kmpq{3n#	�zo{�âÒ¾�pq½<pqg�zoÅ�zlÄ·n ¹ ilg�¾£i��·n�zo¼§{�pwâäâ·¼§¾jzoá�áãi<¼D{3n�¼§{�v�gjpw¾�Ä�ÅDnj¾w���«Ä�ion�¼§{�vÆÞgjilk

� ��
 ���§�D�4¼Dn&��zl¾£p+G3njg�pwkmpqÅ§À1â·¼ �¡Ã�Ä�ÅDnénji�i���njzo¼§{¡zlÃwÃ�Ä�g�z�njp�¾àpszog�Ã ¹ â�¼DgjpwÃ�n�¼§il{�¾P��¼Dn ¹ vlg�zlâ·¼INpw{<n�¾éÃqilkmá�Ä·njpwâm¼§{Òn ¹ ¼´¾hkÒzl{�{�pqg �����«Ä�ps¾Ánj¼Di<{�¾ ¹ zª½<p�n ¹ Ä�¾&�ãpwpq{Òg�zo¼´¾àpsâmÃ�il{ãÃ�pqgj{�¼§{�v~n ¹ pz<ÃqÃ�Ä�gjz<Ã�Àäzl{�â Ã�i<{3½<pqgjvlpw{�Ã�p�ioÆhÃ�i3¾Án�z�njp�zoá�á�gji G·¼DkÒzon�¼§il{�¾#	·pq½<pq{�� ¹ pw{ n ¹ p�{�Ä�kmpwg�¼´ÃqzlÅkmp�n ¹ i·â�¾=�:pq¼§{�v Ä�¾�pwâ©zogjp���{�i���{'n�i Ã�i<{�½lpqgjvlpçgjzlá�¼´â·ÅDÀ i<{°n ¹ p¡â·¼§g�psÃ�ná�gji���Å§pqk � �¢{
� �o� 
@¼Dné¼§¾)¾ ¹ i���{mn ¹ zon ¹ ¼§v ¹ i<gjâ·pwgézlÃwÃ�Ä�g�zlÃqÀn�¼§kmpHNTkÒzog�Ã ¹ ¼D{�v�¾�Ã ¹ pwkmpw¾hi<{mn ¹ p ÆÞilg��yzlgjâá�gji���ÅDpwk�â·iç{�ion�{�pwÃqpw¾j¾�zlg�¼§Å§À1Å§pwz<âÒnji ¹ ¼Dv ¹ ilg�â·pwg�z<ÃqÃqÄ�gjzon�p�Ã�i<¾ànjzon�p~zoá�á�g�i G·¼§kmzon�¼§il{�¾w�
. i<g�pwi�½lpwg#	�¼§{°¾�ilkmp Ãwzl¾�pw¾�n ¹ pw¾�pçzlá�á�gji G·¼DkÒz�nj¼Di<{�¾ â·i<{CF n�Ã�i<{�½lpqgjvlp�zon�zlÅDÅ;�M� i��ypq½<pqg%	n ¹ pw¾�p�zlÄ·n ¹ ilg�¾y¾ ¹ i��!n ¹ z�n�Ä�{�â�pqg�Ã�pwgàn�zo¼§{³Ã�¼§g�Ã�Ä�kÒ¾ànjzo{ãÃ�pw¾#	�gjzlá�¼´â·ÅDÀÒÃqil{�½lpwg�v<¼D{�v vlg�zlâ·¼INpw{<n�zlá�á�gji G�¼§kÒz�nj¼Di<{�¾«â�iäÆÞi<ÅDÅ§i���B�Tn¼´¾zoÅ´¾ài ¾ ¹ i���{ n ¹ z�n~n ¹ pm{�Ä�kmpqgj¼´ÃqzoÅ �3Ä�z<â·gjzon�Ä�gjp¾jÃ ¹ pqkmp
	sÄã¾àpsâ�ÆÞilg6n ¹ ph¼§{�{�pwgåá�gji·â·Ä�Ã�n�¾+	ªá�Å´zªÀ·¾6zo{¼§kmáãi<gàn�zo{3någjilÅ§ph¼§{~n ¹ pO��{�zoÅ3zlÃwÃ�Ä�g�zlÃqÀilÆån ¹ pvlg�zlâ·¼§pq{3nw�P. zl{�ÀÒioÆ4n ¹ ps¾àp~á�gji���Å§pqkÒ¾�Ãqilkmp�ÆÞg�i<k"n ¹ p~i
��¾àpwg�½�zon�¼§il{äi<áãpwgjzon�i<g C¼§{�½lilÅ§½�¼D{�vçá:il¼§{3n���¼§¾�p~pq½�zoÅ§Ä�z�nj¼Di<{�¾�¼§{³nj¼Dkmp<��¢{�f£zlgàn/� � 	%�)pyâ·pwâ·ÄãÃ�p)n ¹ pyzlâ �Ái<¼D{3n×p �3Ä�z�nj¼Di<{�kmp�n ¹ i�âÆÞilg×n ¹ pyá�gji���Å§pqkÒ¾åâ�¼§¾jÃ�Ä�¾j¾�pwâ¼§{äf£zog�n&�)zo{�â³¾ ¹ i�� n ¹ z�n�¼D{än ¹ ps¾àp~¾�p�nànj¼D{�v<¾én ¹ p�kmp�n ¹ i�â��yilg���¾ �)pwÅDÅ;�L;'pzoÅ´¾�i�á�gji�½lpÃqil{�½lpwg�v<pq{�ÃqpäioÆ�n ¹ p°zoá�á�g�i G·¼§kmzon�¼§il{Ïn�i©n ¹ p'zlâ �Ái<¼D{3nÒp��3Ä�zon�¼§il{!¼D{ n ¹ p Ãqz<¾àp ioÆ�n ¹ pzl{�{�pwzlÅD¼§{�vmá�gji���Å§pqk �
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"$# %&# "('*),+&-/.�%102%�35476�8�%�35%
398$-�:;'<8=- 39><?&8&.�8$"2@$AB-/>CA;%&:;'<%1DE.F8$"(@=AG-5>*A�%

H ���I�J�=K ßmß1L�M �N�!O ß
R

-5P$"2Q1%R+2D�39%�"2'S0I"2'<T$%�-
f, u, V, F -5Q�"('C"(3UDVT�@$QW.5>*+2@$-�:$A;%�@�+(.9%�AX6�><.58B@�+239)Y"('!DV+2@�.
p, q 02%ZQ[.9+23\-1:�A;%�@�+(.9%�AG><@B]!+2'CA
D A;><^!T=-/>*+2@B)Y"�.935><_
v

02%�'<+;Q1>`.a4Yb=%1'CA
T "2@$A D -5+2'*T;.5>*+2@c+2P!%13\"�.9+23\-R+(DU"X.939"2@$-5P=+&3/.d%�e�T$"(.5>*+2@c"(@$Ac"BA;><^!T=-/>*+2@c%�e�T$"(.5>*+2@�:39%�-5P=%ZQ[.5>*02%�'<4
Tη

"(@=A Dη
A;>*-9QW39%W.9%f-/+&'<T�.5>*+2@,+2P!%13\"�.9+23\-1:�6�8�%�35% η 39%1P�39%�-5%1@�.9-�.98�%FA;>C-9QW39%W.5>*g�"(.5>*+2@hP$"�i3\"(),%W.9%13\-

[a, b] QW'*+&-5%�AG><@�.9%1390I"2'j><@
R

(a, b) +2P!%1@B>*@&.9%1390�"('j>*@
R

Ω +2P!%1@X]!+2T�@$A�%�AXA;+2)Y"(>*@�6�><.58Bk�>*P$-58�>`.9gdQW+2@�.9><@7T�+&T$-N]!+2T$@$A�"(394,><@
R

n, n =
1, 2 +&3 3

∂Ω ]=+&T�@$A�"2354l+(DmA;+2)Y"(>*@ Ω n2o&o



����� � � ß �Y���	� L�M �N�=O ß
Γ P$"23/.�+2D�.98�%d]=+&T�@$A�"2354 ∂Ω

Γ Q1'<+�-/T�39% +(D Γ

I .98�% .5>*),%d><@�.5%�350�"2' (0, T ) : T > 0 b�_;%�A
QT 
 Ω × (0, T )

a · b -9Q1"('C"(3 P�39+;A;T$QW.f+(D .98�%d02%ZQ[.9+23\-
a
"2@$A

b

(·, ·) +23 < ·, · > -a.\"(@$A�"239A >*@�@�%13dP$35+;A;T$QW.d><@ .58$%,Q1+2@$-5>CA;%139%�A ><@$@�%139P�39+7A;T=Q[. -/P="2QW%X:%&# ?=# (a, b) =

∫

Ω

a · b ><@ (L2(Ω))n

| · | 
 .58�%d),+;A;T�'*T$-�>*@
R

‖ · ‖X 
 @�+239) >*@G.98�% -5P$"2Q1% X
‖ · ‖p 
 @�+239) >*@G.98�% -5P$"2Q1% Lp(Ω)

‖ · ‖ 
 @$+239) ><@X.98�% -/P="2QW% L2(Ω)

∂tf
A;%�35>*0�"�.9><0&%R+2D DVT�@=Q[.5>*+2@ f 6�>`.98X39%�-5P!%�Q[. .9+ t

∂xf
P$"23/.9>*"2'�A;%139>*0I"(.5>*02% +(D�DVT�@$QW.5>*+2@ f 6�><.58 39%�-5P=%ZQ[. .5+ x

f ′ A;%�35>*0�"�.9><0&% +(D ",DVT�@=Q[.5>*+2@ f +&@ "(@ >*@&.9%1390�"(' 6�><.58 35%Z-/P!%�QW.f.5+�><.9-F><@=A;%1P!%1@;iA;%�@�.f0I"235>C"(]$'<%
ṡ .9><),% A;%�35>*0�"�.5>*02% +2D�"hDVT�@$QW.5>*+2@ s(t)
∆x -5><g�% +(Dm" ?&35>CAXQW%1'*' "2'<+&@�? X i "(_7>C-
ν
+23

n
+&T;.a6U"239AlT�@�><.f@�+239)Y"('j0&%�Q[.9+23

C ?&%1@�%�35>CQRP=+�-/><.5>*02%dQW+&@$-/.9"(@�.
ε "235]�><.53\"(394�-5),"2'<'jP!+&-5><.5>*02%dQW+&@$-a.\"(@�.
δij � 39+2@�%ZQ�2%�3UA;%�'`.\" DVT�@$Q[.9><+&@
→ -/.539+2@�?YQ1+2@702%�35?&%1@$Q1%F>*@X",@�+&35),%ZAG-5P$"2Q1%
⇀ 6U%�"��lQW+&@�0&%139?2%�@$QW% ><@ "h@�+239),%�AX-/P="2QW%



� � ß �Y��� � L�M �N�!O ß ��� �

� K� ��(�Z���! ß �� �� ��� �&���;�Z�$� ß
∇f � 3\"2A�><%�@&.�+2D f :�%2# ?$# (∂x1f, ∂x2f, ∂x3f) >*@
	�i��
∇pf � 3\"2A�><%�@&.�+(D f 6�>`.98 39%�-5P=%ZQ[.�.9+ p = (p1, . . . , pN) :�>J# %2# (∂p1f, . . . , ∂pN f)

∇ · v � >*02%139?2%�@$QW% +2D7" 0&%�Q[.9+23SDVT�@=Q[.5>*+2@ v = (v1, v2, v3)
:Z> # %2# ∇·v(x1, x2, x3) =

∂x1v1 + ∂x2v2 + ∂x3v3

u × v 0&%�Q[.9+23 P�39+;A;T$Q[.
∆f k�"(P�'C"2Q1% +&P=%�39"(.5+&3�: ∇ · (∇f)

π "(@$A π̃ P$35+�a%�Q[.9><+&@l+&P=%�39"(.5+23\-
TV .9+(.\"('j0�"(39>*"(.5>*+2@G+(Dm" DVT$@$Q[.9><+&@

� K� ��2���J�= ß �����&� ß
� - "(]!+�02% Ω ⊂ R

n :�� n = 1, 2 +&3 3 � :$>*- "(@X+2P!%1@�:=]=+&T�@$A;%ZA A;+2)Y"(>*@X6�>`.98 k�>*P$-5Q\8$>`.9gWiQW+&@�.5>*@�T$+2T$- ]!+2T�@=A�"(3942#
C(Ω) -/P="2QW% +2D Q1+2@�.5>*@7T�+2T$- DVT�@=Q[.5>*+2@=-�+2@ Ω

Ck(Ω) -/P="2QW% +2D p .9><),%�-lQW+2@�.9><@7T�+&T$-/'*4�A;><^S%139%1@�.5>C"(]�'*%XDVT�@$QW.5>*+2@$-Y+&@ Ω : k ≥ 0>*@&.9%1?&%13
C∞(Ω) -/P="2QW% +2D!>*@;b$@�><.5%�'<4 )Y"(@74d.5>*),%�- Q1+2@�.5>*@7T�+2T=-/'*4 A;><^!%�35%�@�.5>C"(]�'*%UDVT�@$Q[.9><+&@$-m+&@

Ω #
Lp(Ω) -/P="2QW%B+2D .98�% ),%�"2-5T�3\"(]�'*% p i .58 P=+�6U%13Yk %�-5]=%Z-/?&T�%B><@�.5%�?23\"(]�'*%GDVT�@$Q[.9><+&@$-

� p > 0 b$@�><.5% �
L∞(Ω) -/P="2QW% +(Dm),%�"2-5T�3\"(]�'*%d]!+2T�@$A�%�ABDVT�@=Q[.5>*+2@=-F+&@ Ω ��>J# %2#=.58$%139% %W_;>C-a.\-F"�Q1+2@;i-/.9"(@�. C -/T=Q\8l.98$"�. |f(x)| ≤ C "�# %2#m+�0&%13 Ω # �
Xloc(Ω) � 8�%Y-/T$]$-/P="2QW%h+(DNDVT�@$Q[.9><+&@$-RDV39+2) "lDVT�@$Q[.9><+&@ -5P$"&QW% X(Ω) +(DN6�8�>CQ\8 .98�%-5T�P�P!+235.U>C- QW+2@�.\"(>*@�%�AY>*@ Ω �V> # %&#&DVT$@$Q[.9><+&@$-UDV35+&) X(Ω) 6�8�>*Q\8X"(39%Fg�%139+ ><@",@�%�><?&8�]!+2T$358�+7+;A�+2D ∂Ω # �





� ����� ��� � �����
	���

n
#�� ��> ��� +2@702%1_��$T;_,DVT�@=Q[.5>*+2@ f(u) �V>*> � � 6U+ -58�+;Q�;- 6�><.58lQ1+23935%Z-/P!+2@$A�><@�?-5P=%�%�A�- #d# #d# #d#d# #d# #d#R#d# #d#d# #d# #d# #d#d#R#d# #d# #d#d# #d# #

n&on
#
n

� %W.9%139)h>*@$"(.5>*+2@B+(D�.58�% -5+2'*T;.9><+&@X+2D�.98�%���>*%1)Y"2@�@BP�35+&]�'*%1)B# �V> ��� '*T;_DVT�@=Q[.5>*+2@ f "2@$A ><.�� - '*+�6 %�3RQ1+2@702%1_B%�@702%1'*+2P!% f^
# ��><> � � 8�%YA;%�35>*0�"�i.9><0&%�-�:�6�8$%139%l0

s = f(u1)−f(u2)
u1−u2

# �V>*><> � � 8$%G-5+2'*T;.5>*+2@ (f ′
^)−1(x/t) :Q1+2@$-5>*-/.5>*@�?h+(Dm",-/8�+;Q�l"2@$Al.a6 +,3\"(39%WD�"2QW.5>*+2@G6U"I0&%�-�#!#d# #d# #d#d# #d# #

n��n
# 	 � +&@&.935+&'��m+2'*T�),% DV+23 .58$% b$@�><.5%d02+&'<T$)h% ),%W.98�+;AX><@

n
A;>*)h%�@$-5><+&@$-1#�# # 	��n

# � � e�T�><DV%13�6�><.58 A;T$"2'`i 6U%1'*'J#�� @�% 39%�Q\8$"235?&% 6U%1'*'�"(@$AG+2@$%RP$T�),P�><@$?Y6 %�'<' # 	 	n
#
o
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