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Abstract: In this paper, we discuss several explicit examples of the results obtained in

[1]. We elaborate on the random walk picture in these spacetimes and how it is modified.

Firstly we discuss the linear dilaton background. Then we analyze a previously studied

toroidally compactified background where we determine the Hagedorn temperature and

study the random walk picture. We continue with flat space orbifold models where we

discuss boundary conditions for the thermal scalar. Finally, we study the general link

between the quantum numbers in the fundamental domain and the strip and their role in

thermodynamics.
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1 Introduction

Despite its long history, high-temperature string theory remains a mysterious phase of

nature that is not fully understood. The story in flat space goes roughly as follows. Af-

ter heating a gas of closed strings, the constituents coalesce into (possibly several) long,

highly excited closed string(s) [2][3][4][5][6]. The long string behaves as a random walker

in a fixed spatial background [7][8]. From a Euclidean point of view, this long string is

described by the thermal scalar. This is a complex scalar field that combines the winding

±1 stringy excitations around the Euclidean time circle. To what extent all of this general-

izes to more general spacetimes is a question that was (largely) left unanswered in the past.
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In a previous paper [1], we analyzed the method set forth by the authors of [9] to analyze

the near-Hagedorn thermodynamics of string theory in general curved spacetimes directly

from the string path integral. The method explicitly describes the random walk picture

of high-temperature string thermodynamics. We noted in our previous paper that this

random walk receives several corrections compared to the naive worldsheet dimensional

reduction. In section 2 we recapitulate these results from [1].

In the main part of this paper, we will discuss several specific extensions and examples for

which we will discuss the form of the thermal scalar action and the resulting near-Hagedorn

random walk thermodynamics. These results illustrate the general discussion given in [1]

and demonstrate the resolutions to some issues one might encounter in following the gen-

eral treatment presented in section 2.

Firstly, in section 3 we will discuss the linear dilaton background. This background is

simple enough to be exactly solvable, yet it will teach us some valuable lessons about the

interplay between dilatons in the spacetime action and their role in the string path integral.

In [10][11], the authors determine the Hagedorn temperature for a toroidally compactified

flat spacetime geometry, when including constant metric and Kalb-Ramond background.

This background has applications in non-commutative open string theory [12]. The Hage-

dorn temperature in this background was determined by studying the divergence in the

modular integral using the summation-of-particles strategy to evaluate the partition func-

tion. In section 4 we will apply our previous results to find the same critical temperature

from the winding tachyon perspective. We also generalize this to the most general flat

space toroidal model and determine the critical behavior.

Then, in section 5, we consider orbifolds of flat space, where the orbifolding is done along

one of the Cartesian coordinates. Such orbifolds are stringy models of strings-in-a-box.

This generalization of the unorbifolded case will teach us an interesting fact regarding the

link between string models and the associated thermal scalar particle models, in particular

with respect to possible boundary conditions.

String thermodynamics in general can be rewritten in different ways: on the modular strip

or on the fundamental domain. An interesting question is how the associated quantum

numbers are related to corrections to thermodynamical quantities. For instance, higher

winding modes and discrete momentum modes along the thermal circle on the fundamen-

tal domain do not represent physical (Lorentzian) states. Instead they represent corrections

to thermodynamics. The precise sense in which this happens will be explored in section 6,

both for flat space and for a specific curved space example: the WZW AdS3 model.

Several technical computations on toroidal models are given in the appendices.
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2 Set-up and plan

The authors of [9] have given an explicit path integral picture of the thermal scalar. We have

extended their result in [1]. Let us first briefly review the arguments given there. We are

interested in the torus path integral on the thermal manifold (obtained by Wick-rotating

the time direction and periodically identifying with period β, the inverse temperature).

After performing a modular transformation (as explained in [1]), we find the worldsheet

action to be

S =
1

4πα′

[(
1 +

τ2
1

τ2
2

)∫ 1/τ2

0
dσ

∫ 1

0
dτGµν∂σX

µ∂σX
ν

+2
τ1

τ2

∫ 1/τ2

0
dσ

∫ 1

0
dτGµν∂σX

µ∂τX
ν +

∫ 1/τ2

0
dσ

∫ 1

0
dτGµν∂τX

µ∂τX
ν

]
. (2.1)

To find the critical behavior, we focus on the τ2 →∞ contribution to the path integral and

select the string state that is singly wound around the Euclidean time direction: w = ±1.

We next perform a worldsheet Fourier series expansion:

Xi(σ, τ) =
+∞∑

n=−∞
ei(2πnτ2)σXi

n(τ), i = 1 . . . D − 1, (2.2)

X0(σ, τ) = ±βτ2σ +

+∞∑
n=−∞

ei(2πnτ2)σX0
n(τ). (2.3)

If we drop all higher Fourier modes and hence perform a naive worldsheet dimensional

reduction, we found in [1] that the torus path integral on the thermal manifold reduces to

Zp = 2

∫ ∞
0

dτ2

2τ2

∫
[DX]

√∏
t

detGij exp−Sp(X) (2.4)

where

Sp =
1

4πα′

[
β2

∫ τ2

0
dtG00 +

∫ τ2

0
dtGij∂tX

i∂tX
j

]
. (2.5)

The time parameter t along the worldline is related to the worldsheet coordinate τ in (2.1)

as t = τ2τ .

The full string partition function has been reduced to a partition function for a non-

relativistic particle moving on the purely spatial submanifold. The time evolution of the

particle in its random walk is identified with the spatial form of the long highly excited

string. We view this as a realization of the Wick rotation: the long string in real spacetime

has a form described by the above random walk.

The free energy of a gas of strings can then be identified with the single string partition

function as [13]

F = − 1

β
Zp. (2.6)
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An alternative route we followed was the field theory of the thermal scalar. Using this

theory, we were able to see that correction terms to the above particle action are in order.

The thermal scalar action is given by (to lowest order in α′)

S ∼
∫
dD−1x

√
Gij
√
G00e

−2Φ

(
Gij∂iT∂jT

∗ +
R2G00

α′2
TT ∗ +m2TT ∗

)
, (2.7)

where m2 is the tachyon mass2 in flat space whose precise value will be given below. From

this action, the one-loop free energy is given by

βF = −
∫ +∞

0

dT

T
Tre
−T
(
−∇2+m2

local−G
ij ∂j
√
G00√
G00

∂i

)
(2.8)

= −
∫ +∞

0

dT

T

∫
S1

[Dx]
√
Ge−

1
4πα′

∫ T
0 dt(Gij(x)ẋiẋj+4π2α′2(m2

local+K(x)). (2.9)

We have also collected the ‘local’ mass terms in

m2
local = − 4

α′
+
R2G00

α′2
, for bosonic strings, (2.10)

m2
local = − 2

α′
+
R2G00

α′2
, for type II superstrings, (2.11)

m2
local = − 3

α′
+

1

4R2G00
+
R2G00

α′2
, for heterotic strings. (2.12)

The function K(x) denotes the following metric combination1

K(x) = − 3

16

Gij∂iG00∂jG00

G2
00

+
∇2G00

4G00
(2.13)

and this represents the effect of removing the
√
G00 from the measure in the field theory

action. Going from (2.8) to (2.9) requires some delicate manipulations that we discussed in

[1]. Equation (2.9) can then be identified with (2.5) and hence we can see which correction

terms are needed in the particle action.

The correction terms are of three different types.

• Firstly we have a correction term coming from the mass of the flat space tachyon and

this is of the following form

∆S = −
β2
H,flatτ2

4πα′
. (2.14)

For bosonic strings β2
H,flat = 16π2α′, for type II superstrings β2

H,flat = 8π2α′ and for

heterotic strings β2
H,flat = 12π2α′. For bosonic and type II strings, this is the flat

space Hagedorn temperature but for heterotic strings this is not the case. By abuse

of notation, we will nonetheless denote this term with β2
H,flat.

• Secondly we have a correction coming from the G00 component as explained in [1]:

∆S =
1

4πα′

∫ τ2

0
dt4π2α′2K(x). (2.15)

1∇2 is the Laplacian on the spatial submanifold.
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• Finally we could have order-by-order α′ correction terms of the field theory action

(2.7). These are of course not present in (2.9) and it is difficult to say anything

specific about these for the general case. We have already analyzed their influence

for two specific examples: Rindler space in [14] and AdS3 and BTZ in [15].

We also presented a simple extension to include a background NS-NS field. The string

worldsheet action (2.1) has the following extra contribution

Sextra = −i 1

2πα′

∫ 1/τ2

0
dσ

∫ 1

0
dτBµν(X)∂σX

µ∂τX
ν (2.16)

which results in the following augmentation of the particle action (2.5)

Sextra = ∓i β

2πα′

∫ τ2

0
dtB0i(X)∂tX

i. (2.17)

This action represents a minimal coupling of a point particle to a vector potential Ai = B0i.

This term breaks the symmetry between both windings because the NS-NS field breaks the

orientation reversal symmetry of the string. From a point particle viewpoint, this means

that the particles are oppositely charged under the electromagnetic field.

The generalization to stationary spacetimes was also given, resulting in

Zp = 2

∫ ∞
0

dτ2

2τ2

∫
[DX]

√∏
t

det

(
Gij −

G0iG0j

G00

)
exp−Sp(X) (2.18)

where

Sp =
1

4πα′

[
β2

∫ τ2

0
dtG00 +

∫ τ2

0
dt

(
Gij −

G0iG0j

G00

)
∂tX

i∂tX
j

]
. (2.19)

Like the static case described above, also this formula requires corrections, the simplest of

which again being the correction for the flat space tachyon mass.

In [1], we only analyzed flat Minkowski backgrounds explicitly, and hence we would like to

see whether the above description really gives the correct answers in some explicit back-

grounds. For a general curved background, we have much less control on what precisely

happens. One of the problems we face is the exact description of the α′ corrections to the

thermal scalar action. Without these, we can not obtain a correct random walk description.

To avoid having to deal with this issue in full detail, we will, for the most part, focus on

backgrounds that are geometrically trivial but with non-trivial topology.

In the next few sections, we will provide explicit solvable examples of this random walk

picture. Each of these will highlight a different feature of the random walk (and the thermal

scalar) description.
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3 An exactly solvable model: linear dilaton background

To start with, we will analyze the linear dilaton model. This will teach us some lessons

on how to treat dilaton backgrounds in the thermal scalar formalism and also on the

influence of continuous quantum numbers on the critical temperature. Besides being a

grateful toy model, this background is relevant since (among others) the asymptotic region

of the SL(2,R)/U(1) black hole (and the near-extremal NS5 black hole) is equal to such

a background (see e.g. [16][17] and references therein). We will see several consistency

checks to our general earlier results [1].

3.1 Paradox concerning dilaton backgrounds

There is seemingly a paradox when considering backgrounds with a non-trivial dilaton.

In the gauge-fixed string path integral, the dilaton background is not present (because it

multiplies the world-sheet Ricci-scalar), while in the field theory action it is always present

(at least as a correction to the measure). This puzzle is of course well-known and while the

dilaton does not appear explicitly in the string path integral, it does show up in worldsheet

computations such as OPEs etc. It is interesting to see how this paradox is avoided in

our case. We will restrict ourselves to the bosonic string. Consider flat space in D < 26

dimensions (Gµν = δµν , Bµν = 0). In order to have a consistent string background, we are

required to include a linear dilaton, say in the d-direction:

Φ =

√
26−D

6α′
Xd (3.1)

and this solution is exact in α′. We analyze the near-Hagedorn one-loop thermodynamics

from two points of view.

The dilaton does not appear directly in the particle path integral (2.5). In [1] we computed

explicitly the corrections to the flat space result that one obtains by integrating out (rather

than setting to zero) the higher worldsheet Fourier modes. Since we are now considering

D < 26 dimensions, the exact correction to the particle path integral is given by

e4πτ2e
πτ2

6
(D−26) (3.2)

for the linear dilaton background, the first factor being the (universally present) correc-

tion from the flat space tachyon and the second factor is an additional contribution solely

present when the number of (flat) dimensions is less than 26.

Next we analyze this background from the field theory point of view. The field theory can

be taken off-shell so let us consider all backgrounds turned off except a non-trivial dilaton

(whose form is generic for now). A non-trivial dilaton appears in the measure of the field

theory action and it can be treated in the same way as the G00 metric component discussed

above. Using the substitution G00 → e−4Φ in (2.13), this gives an extra contribution to
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the resulting particle action given by

K(x) = − 3

16

(∇e−4Φ)2

e−8Φ
+
∇2e−4Φ

4e−4Φ
(3.3)

= (∇Φ)2 −∇2Φ. (3.4)

Up to this point, we have not imposed the background to be a consistent string background.

To match this to the string path integral result, we need to go on-shell (the dilaton should

be a linear dilaton). This immediately yields

K(x) = −D − 26

6α′
(3.5)

and the action gets the correction, according to (2.15)

∆S =
1

4πα′

∫ τ2

0
dt4π2α′2K(x) = −πτ2

D − 26

6
. (3.6)

The extra contribution to the associated path integral (2.8) is then finally given by

exp

(
πτ2

D − 26

6

)
(3.7)

and this precisely matches the extra second factor in the path integral result (3.2).

It is curious to realize that in the path integral the number of dimensions gives the cor-

rection, while in the field theory the dilaton itself gives the correction. These are only

linked when going on-shell. As discussed above, this has been known a long time, but it is

reassuring to see it arise in this context as well. We conclude that there is no contradiction

between the string path integral and the field theory when including dilaton backgrounds

as soon as we use the equations of motion of the background fields. This actually provides

an explicit example of our statements in [14]: the field theory point of view allows us to go

off-shell and provides a natural off-shell generalization of the worldsheet results.

3.2 Critical behavior

Despite the fact that the string genus expansion in this background is not a good approxi-

mation, we can still formally determine the Hagedorn temperature both from the partition

function and from the thermal spectrum. We will see that these again match as we expect.

This exercise will learn us something valuable concerning continuous quantum numbers in

conformal weights. The Hagedorn temperature of the linear dilaton background can be

readily computed (both from the string path integral and from the field theory point of

view) and is given by

β2
H = 4π2α′

(
D − 2

6

)
. (3.8)

As usual, this can also be seen in the thermal string spectrum. We define a tachyon as a

state that causes the (one-loop) free energy to diverge. We describe this in a general way.

In a general bosonic string CFT, the one-loop partition function is given by

Z =

∫
F

dτ1dτ2

2τ2
Tr
[
qL0−c/24q̄L̄0−c̄/24

]
=

∫
F

dτ1dτ2

2τ2
|η(τ)|4 (qq̄)−

1
12

∑
Hmatter

qhi−1q̄h̄i−1. (3.9)
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In the second equality, we sum over only the matter contributions (of the full c = 26 (or

c = 10) matter CFT). We have isolated a qq̄ combination, since this precisely compensates

the ghost CFT in its asymptotic behavior, meaning

Z →
∫
F

dτ1dτ2

2τ2

∑
Hmatter

qhi−1q̄h̄i−1 (3.10)

as τ2 →∞. A tachyonic state in bosonic string theory is thus determined if the conformal

dimension h+ h̄ in the matter sector is smaller than 2 (divergence for τ2 →∞ in Z) after

integrating over continuous quantum numbers.2 These continuous quantum numbers can

give a non-vanishing contribution if they integrate into a τ2-dependent exponential. This

indeed happens for the linear dilaton background as we now illustrate.

A general string state in the thermal linear dilaton background has conformal weight

h =
α′

4

(
2πn

β
+

wβ

2πα′

)2

+
α′k2

i

4
+
α′kd

4
(kd − 2iV ) +N, (3.12)

h̄ =
α′

4

(
2πn

β
− wβ

2πα′

)2

+
α′k2

i

4
+
α′kd

4
(kd − 2iV ) + N̄ , (3.13)

where d denotes the linear dilaton direction, i represents all other flat directions and V =√
26−D

6α′ . The thermal scalar (w = ±1, n = 0) then has conformal weight

h = h̄ =
β2

16π2α′
+
α′k2

i

4
+
α′kd

4
(kd − 2iV ) . (3.14)

In the partition function, we integrate over the transverse ki (like in the flat space case).

These do not influence the Hagedorn temperature since these integrate to a square root

prefactor. In the d-direction however, the integration over continuous quantum numbers

is important since the integration over kd effectively gives an extra contribution of 26−D
24

to the conformal weight. Since in this case h = h̄, setting the conformal weight equal to 1

gives
β2
H

16π2α′
+

26−D
24

= 1 (3.15)

which is the same expression as (3.8). Note that the Hagedorn temperature becomes in-

finitely large when D = 2, so no tachyonic instability can set in in this spacetime dimension.

This was known already a long time for the non-thermal tachyon. Note also that we fo-

cused on spacelike linear dilatons (D < 26). Lightlike and timelike linear dilatons would

correspond to mixing between the thermal compactification and the linear dilaton direc-

tion. We do not want to study this since these linear dilaton backgrounds are not static

2By this we mean that when considering the expression∑
Hmatter

qhi−1q̄h̄i−1, (3.11)

there can be continuous states in the matter Hilbert space. The integral over these continuous states

needs to be performed before concluding whether there is really a divergence. For type II superstrings, the

conformal dimension h+ h̄ needs to be less than 1 to have a tachyonic state.
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and thus it is meaningless to study thermodynamics with these.

For completeness, we present the relevant formulae for the type II superstring, which can

be obtained analogously. The linear dilaton is now given by

Φ =

√
10−D

4α′
Xd. (3.16)

The worldsheet correction term obtained in the large τ2 limit equals

e2πτ2e
πτ2

4
(D−10), (3.17)

which leads to the Hagedorn temperature

β2
H = 4π2α′

(
D − 2

4

)
. (3.18)

4 Toroidally compactified background model

In [1] we have discussed the result of the worldsheet dimensional reduction for topologically

trivial spatial dimensions. We did not analyze what happens when spatial coordinates

include topological identifications and it is this feature that we will analyze more explicitly

in this section. To evade the discussions concerning the missed worldsheet contributions

(as we summarized in section 2), we will take the background fields to be (almost) trivial

in the following way. We consider flat Euclidean space where X1 is a compact coordinate

X1 ∼ X1 + 2πR1. (4.1)

Moreover, we will introduce a constant (Euclidean) metric and Kalb-Ramond field of the

following form [10][11]

Gµν =


1−A2 −iA 0 . . .

−iA 1 0 . . .

0 0 1 . . .

. . . . . . . . . . . .

 , Bµν =


0 −iB 0 . . .

iB 0 0 . . .

0 0 0 . . .

. . . . . . . . . . . .

 . (4.2)

where A and B are real constants. Note the factors of i coming from the fact that we

consider an Euclidean target space. Although utilizing the Euclidean metric for such space-

times (with hence parts of the metric being imaginary) looks quite subtle, we will see that

we nonetheless reproduce the correct results. This background will be a check on the Kalb-

Ramond extension to the random walker in section 2. One cannot globally diagonalize the

metric tensor without disrupting the periodicity of the coordinates (there is a topological

obstruction, much like a constant Wilson loop around a compactified dimension). Such

backgrounds can give quite non-trivial consequences for string thermodynamics (see e.g.

[18] for a recent analysis of the situation of heterotic and type I strings in backgrounds with

constant Wilson loops around the thermal circle). As discussed in the introduction, such

backgrounds are used in non-commutative open string theory [12][11]. This background,
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despite being relatively simple to handle analytically, will demonstrate the usefulness of

the path integral worldsheet dimensional reduction approach.

We will study all different types of closed string theories in this background near their

Hagedorn temperature. Extra material on this model is provided in the appendices. In

appendix A.1 we search for a winding tachyon in the exact string spectrum. In A.2 we

check the correspondence between the free energy and the path integral on the thermal

manifold.

Let us now follow the procedure outlined in section 2 to obtain the critical behavior purely

from the string path integral.

4.1 Dominant Hagedorn behavior

We will derive the dominant Hagedorn behavior from the path integral. In section 2 we

did not have a worldsheet instanton contribution for the Xi. Here we must include this for

the i = 1 component. The Fourier expansion we use is

X0(σ, τ) = ±βτ2σ +
∞∑

n=−∞
ei(2πnτ2)σX0

n(τ),

X1(σ, τ) = wβ1τ2σ + nβ1τ +

∞∑
n=−∞

ei(2πnτ2)σX1
n(τ),

Xi(σ, τ) =

∞∑
n=−∞

ei(2πnτ2)σXi
n(τ), i = 2 . . . D − 1. (4.3)

where w and n are new quantum numbers labeling the winding around the X1 direction.

We alert the reader that these quantum numbers have nothing to do with the thermal

winding and momentum quantum numbers. This is a slightly more general setting than

the one studied in section 2. For X0 we again only take the winding ±1 contribution, since

we expect this mode to dominate (and we have explicitly checked that indeed this mode

becomes massless at the Hagedorn temperature in appendix A.1).

We insert this expansion into the action (2.1) supplemented by the Kalb-Ramond extension

(2.16). From the worldsheet instanton contributions, we obtain the following non-oscillator

contributions (coming from the terms in front of the series present in equation (4.3))

Snon-osc =
1

4πα′

[(
1 +

τ2
1

τ2
2

)
τ2β

2(1−A2) +

(
1 +

τ2
1

τ2
2

)(
∓2iAββ1τ2w + w2β2

1τ2

)
+2

τ1

τ2

(
∓iAββ1n+ wβ2

1n
)

+
β2

1n
2

τ2

]
∓ ββ1nB

2πα′
. (4.4)

All that remains is to take the large τ2 limit of the worldsheet instanton sum∑
n,w

exp (−Snon-osc) . (4.5)

Taking τ2 → ∞ gives immediately that the w = 0 contribution dominates. For the sum-

mation over n the opposite happens: all terms contribute equally. We can get a handle on
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this by doing a Poisson resummation in n∑
n

exp

(
− β2

1n
2

4πα′τ2
± 2iτ1Aββ1n

4πα′τ2
± Bββ1n

2πα′

)

=

(
α′τ2

R2
1

)1/2∑
m

exp

(
−4π3α′τ2m

2

β2
1

± 2πAτ1βm

β1
− τ2

1A
2β2

4πα′τ2

∓2πiBτ2m

β1
+
τ2B

2β2

4πα′
+ i

τ1ABβ
2

2πα′

)
. (4.6)

The third, fifth and sixth term in the exponential are independent of m and the fourth

term is an imaginary contribution. The first term dominates when m = 0. When m 6= 0,

the first term pushes the exponential to zero, regardless of what the second term does. So

the sum is dominated by m = 0.3 In all, we get the following particle action

Spart =
1

4πα′

[
τ2

1

τ2
β2 + τ2β

2(1−A2)− τ2B
2β2 − 2iτ1ABβ

2 − β2
H,flatτ2

±2
τ1

τ2
β

∫ 1

0
dτG00∂τX

0 ± 2
τ1

τ2
β

∫ 1

0
dτG0i∂τX

i +
1

τ2

∫ 1

0
dτGµν∂τX

µ∂τX
ν

]
. (4.7)

The first line contains all non-oscillator contributions. The last term in the first line is

the result of the exact integration of the higher oscillator modes. This is the same as

before since after extracting the non-oscillator contributions determined above (encoding

the topological non-trivial aspects of the space), the remainder is the same as flat space.

The last line contains the zero-modes of the coordinate fields.

The metric is constant (and the target fields are periodic), so out of the three terms in the

second line, only the final term contributes. When integrating this term, one is free to do

a coordinate redefinition and change it to globally flat space. This allows one to integrate

out the X0 field, and all that remains is the Xi fields that are non-interacting and living

in flat space.

The X0 integration produces a factor

β√
4π2α′τ2

. (4.8)

Finally we integrate over τ1 using∫ +∞

−∞
dτ1 exp

(
− β2

4πα′τ2
τ2

1 + i
ABβ2

2πα′
τ1

)
=

√
4π2α′τ2

β2
exp

(
−A

2B2β2

4πα′
τ2

)
. (4.9)

Putting everything together, we arrive at

Zp = 2

∫ ∞
0

dτ2

2τ2

(
α′τ2

R2
1

)1/2 ∫
[DX] exp−Sp(X) (4.10)

3These arguments can be made mathematically more precise: one first Poisson resums the series in n

(before setting w = 0). The resulting double series in w and m is readily shown to converge uniformly in

both parameters. This allows the large τ2 limit to be taken in the summand and the conclusion is the same.
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where

Sp =
1

4πα′

[
−16π2α′τ2 + τ2β

2(1−A2 −B2 +A2B2) +

∫ τ2

0
dt∂tX

i∂tX
i

]
. (4.11)

Convergence is achieved if

β2(1−A2)(1−B2) > 16π2α′, (4.12)

so the Hagedorn temperature is given by

TH = TH,flat

√
(1−A2)(1−B2), (4.13)

exactly as predicted by either the string spectrum A.1 or the divergence in the free energy

[10].

We now make a few comments concerning this result.

• We get three correction terms to the Hagedorn behavior: schematically denoted as

A2, B2 and A2B2 terms. It is curious to note that all of these have a different origin.

The A2 is present simply from the G00 component in the string worldsheet action.

The B2 term only appears after a Poisson resummation in the variable n. Finally

the A2B2 term appears in the τ1 integration in the end. This is the second time we

see that the τ1 integration can give us a crucial correction to the critical behavior:

for the heterotic string in flat space, we saw that this was also the case in [1]. Of

course, from the perspective of second quantized thermal scalar field theory, there is

no analog of τ1 and we expect that the thermal scalar action fully reproduces these

results. We will not discuss the results from this point of view in this section.

• Note that in expression (4.10) there is a prefactor
(
α′τ2
R2

1

)1/2
present. What is the

significance of this factor?

One easily sees that it precisely cancels the path integral contribution from the com-

pact direction X1. The interpretation is that given by [8].4 The random walk now

has one compact dimension and this changes the large τ2 form of a random walk pre-

cisely in the manner described by the previous prefactor. Note that this reinforces

the interpretation of the Euclidean path integral as the random walk describing the

long string.

• In [10] the critical behavior was analyzed from a partition function perspective in the

strip. In this modular domain, a saddle point procedure is required to handle the τ1

integration. We have seen that here we reproduce their result in a technically easier

way (i.e. without having to resort to saddle point methods). Also, when using the

methods of [10], it appears a daunting task to extend the result to multiple toroidal

dimensions (including constant backgrounds). We extend our method in appendix

A.3 to the most general flat toroidal model (including arbitrary constant backgrounds

Gmn and Bmn) and we will find agreement with the thermal winding state found in

4Equations (3.6) and (3.7) in their paper.
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the Euclidean spectrum. The Hagedorn temperature we find using the thermal scalar

path integral formalism is:

TH = TH,flat

√
G00 +GlkBl0Bk0. (4.14)

• For type II superstring theories, we expect the only difference to be that the Hage-

dorn correction is replaced by the superstring correction. So our prediction for the

Hagedorn temperature is the same, except we use TH,flat = 1√
8π
√
α′

now. This again

agrees with the result in [10].

• For the heterotic string theories, some aspects change. In [1], we have observed that

the Hagedorn correction for heterotic strings (containing the β2
H,flat contribution to

the particle action) is instead the following

eπiτ1e3πτ2 . (4.15)

This τ1 contribution modifies the τ1 integration (4.9) into∫ +∞

−∞
dτ1 exp

(
− β2

4πα′τ2
τ2

1 + i
ABβ2

2πα′
τ1 + iπτ1

)

=

√
4π2α′τ2

β2
exp

(
−A

2B2β2

4πα′
τ2 −ABπτ2 −

π3α′τ2

β2

)
. (4.16)

Taking all contributions, we see that for convergence we need

β2(1−A2)(1−B2) + 4π2ABα′ +
4π2α′2

β2
≥ 12π2α′. (4.17)

One recognizes this immediately as the same equation we wrote down in A.1 for the

critical radius when a certain string state becomes massless. The solutions to the

preceding equation are hence the same as the Hagedorn temperature we wrote down

in A.1. The Hagedorn temperature is thus equal to

β2
H =

6− 2AB + 2
√

8− 6AB +A2 +B2

(1−A2)(1−B2)
π2α′. (4.18)

4.2 Interpretation of divergences

To finalize this section, let us give an interpretation of the critical values of A and B in

this model. The toroidally compactified model has a peculiarity as 1− A2 = 1. We focus

on only the 0 and 1 dimensions, for which the (Lorentzian signature) metric itself can be

written in the standard stationary form:

ds2 = −α2dt2 + (dx1 −Adt)(dx1 −Adt) (4.19)

with α = 1. In the following we will use black hole terminology for convenience (despite

there not being an actual black hole of course).
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It is clear that there is no event horizon (G00 − G01G01
G11

= −α2 6= 0), but there is indeed

an ergoregion (G00 = −(1 − A2)
?
= 0). This region is present if A2 ≥ 1 and is uniformly

present all over space. One can interpret this as follows: space is a 1d interval with peri-

odic identifications (a circle). With A nonzero, absolute space is moving along this circle.

When A is sufficiently large, no timelike trajectory can remain stationary and the timelike

Killing vector ∂
∂t that is used for quantization becomes spacelike everywhere. The situation

is depicted in figure 1. In principle one can not discuss thermodynamics in terms of this

Figure 1. For small A2, timelike observers can remain stationary. For A2 ≥ 1, all observers must

co-rotate with space (frame dragging effect), causing a breakdown of the field quantization along

the Killing vector ∂
∂t .

observer anymore in this regime. This can also be seen in the results summarized in section

2 (equation (2.18)). For stationary spacetimes with Euclidean metric Gµν , one assumes

both G00 > 0 and Gij − G0iG0j

G00
positive definite in the derivation. These conditions are

related to the presence of ergoregions: G00 vanishes at the stationary limit surface, whereas

det
(
Gij − G0iG0j

G00

)
blows up there.

The B = ±1 divergence on the other hand is related to the presence of a critical back-

ground field. One can relate the closed string gas in this B-field to an open string gas

in a constant electric field around the compact dimension [10][11]. For an electric field of

too high strength, the string’s tension cannot win from the electric field and the system

becomes unstable towards string breaking.

We conclude by making an amusing remark. We have given intuitive explanations for

both divergences. The B-divergence contains information on critical fields (related to the

divergence of an open string gas in a constant electric field). The A-divergence on the

other hand has to do with the spacelike behavior of the Killing vector used for describing

thermodynamics. This divergence contains the information that the observer has to move

faster than light when A2 > 1 to remain stationary. It is interesting to again see that crit-

ical fields are T-dual to faster-than-light problems:5 the DBI-action has a similar feature

where the worldvolume electric fields have a critical value, T-dual to a D-brane moving

faster than the speed of light.

We conclude that also in spaces with compact dimensions, we have a random walk behavior

of the near-Hagedorn thermodynamical regime and we have derived this directly from the

5T-duality in the X1-direction takes A↔ B.
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path integral. We have a prediction of the Hagedorn temperature in this space that agrees

with both the string spectrum and with the divergence in the one-loop free energy.

5 The thermal scalar on flat space orbifolds

A next question we ask is how boundaries affect the thermal scalar. In particular which

boundary conditions should we impose at the boundary? To study this, we go one step fur-

ther than the previous section and consider flat space orbifold compactifications. Because

we are still geometrically in flat space, the string path integral is again exactly solvable.

5.1 The S1/Z2 orbifold

Let us analyze the S1/Z2 orbifold. We start with flat space (and all other background

fields turned off) and make one dimension X1 into a circle of circumference L. Then we

impose the Z2 orbifold condition on this circle. This is a textbook model (see figure 2).

First we will write down the near-Hagedorn limit of the exactly known partition function.

Figure 2. The S1/Z2 orbifold has two fixed points. It is obtained by a Z2 identification of a

circular dimension.

The situation outlined above corresponds to the following one-loop partition function

[19][20]:

Z = Z(++) + Z(+−) + Z(−+) + Z(−−), (5.1)

where

Z(++) = βV

∫
F

dτ1dτ2

2τ2

1

(4π2α′τ2)13
|η(τ)|−48

∑
p,q,n,m

exp

(
−L2 |p− qτ |

2

4πα′τ2
− β2 |m− nτ |

2

4πα′τ2

)
(5.2)

and

Z(+−) + Z(−+) + Z(−−) =

βA

∫
F

dτ1dτ2

2τ2

1

(4π2α′τ2)25/2
|η|−46

(∣∣∣∣ ηϑ2

∣∣∣∣+

∣∣∣∣ ηϑ3

∣∣∣∣+

∣∣∣∣ ηϑ4

∣∣∣∣)∑
n,m

exp

(
−β2 |m− nτ |

2

4πα′τ2

)
. (5.3)

The labels + and − correspond to path integral boundary conditions as we will discuss

further on. In these formulas V = AL
2 where A is the volume of all other (non-circular)

dimensions. The quantum number m and n are the two wrapping numbers for the temporal
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dimension whereas p and q are the wrapping numbers for the spatial X1 dimension.

After using the theorem of [21][22] to trade the fundamental domain for the strip (and

dismissing the n-summation) and using the modular transformation τ → −1/τ , the large

τ2 limit becomes for the (+,+)-sector:∫∫
A

dτ1dτ2

τ2

βV

(4π2α′τ2)13
e4πτ2

√
4π2α′τ2

L2
e
− β2|τ |2

4πα′τ2 =

∫∫
A

dτ1dτ2

2τ2

βA

(4π2α′τ2)25/2
e4πτ2e

− β2|τ |2
4πα′τ2 ,

(5.4)

and for the other sectors:∫∫
A

dτ1dτ2

τ2

βA

(4π2α′τ2)25/2

(
eπτ2/6

2
+ e−πτ2/12 + e−πτ2/12

)
e23πτ2/6e

− β2|τ |2
4πα′τ2

→
∫∫
A

dτ1dτ2

2τ2

βA

(4π2α′τ2)25/2
e4πτ2e

− β2|τ |2
4πα′τ2 , (5.5)

upon dropping the m = 0 temperature-independent contribution. By A we denoted the

image of the modular transform τ → −1/τ on the strip region, which was shown in [9][1].

The important part is that the τ1 integral is effectively from −∞ to +∞ in the large τ2

region, and one can hence readily evaluate it. Note that a factor of 2 appears due to the

sum over both windings.

Let us now analyze this background from the string path integral point of view along the

lines of [1] as summarized in section 2 and see whether we reproduce the above partition

function. After the modular transformation τ → −1/τ , the boundary conditions in the X1

direction are

X1(σ + 1/τ2, τ) = αX1(σ, τ) + pL, (5.6)

X1(σ, τ + 1) = γX1(σ, τ) + qL, (5.7)

where α and γ are ±1 and represent the twisting along both torus cycles. The integers p

and q represent the winding along both cycles. Not all of these sectors are present: in the

twisted sectors with α = −1 we have p = q = 0. In the sector where α = 1 and γ = −1,

the p and q are also seen to vanish in the canonical formulation, although a priori this is

not a requirement. So in all, we consider the following sectors: (+,+, p, q), (+,−, p, q),
(−,+, 0, 0) and (−,−, 0, 0). We will comment on the (+,−) sector further on.

To start, we do the worldsheet Fourier series expansion as in [1]. The α = 1 sectors are the

same as before. For the α = −1 sectors on the other hand, this is the following expansion:

X0(σ, τ) = ±βτ2σ +
+∞∑

n=−∞
ei(2πnτ2)σX0

n(τ), (5.8)

X1(σ, τ) =

+∞+1/2∑
n=−∞+1/2

ei(2πnτ2)σXi
n(τ), (5.9)

Xi(σ, τ) =

+∞∑
n=−∞

ei(2πnτ2)σXi
n(τ), i = 2 . . . D − 1. (5.10)
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In the X1 direction, half-integer modes are used. These do not have a zero-mode and are

subdominant in the τ2 → ∞ limit. These modes are the twisted sector states that are

localized in the X1 dimension. We thus drop the α = −1 sectors.

Next is the sum over toroidal windings p and q. These are dealt with just like in the

toroidal model discussed in section 4: p = 0 from the start.

After this step, we have only a sum over two sectors remaining: γ = ±1 (and the sum over

q). This quantum number sets the boundary conditions on the point particle path integral

in the X1-dimension: X1(τ2) = γX1(0) + qL. Explicitly we have for the γ = 1 sector:

∑
q∈Z

∫
X1(0)=X1(τ2)+qL

[
DX1

]
e−

1
4πα′

∫ τ2
0 dt(∂tX1)

2

=

∫ L/2

0
dx
∑
q∈Z

e
− L2q2

4πα′τ2
1√

4π2α′τ2

→ 1

2
, (5.11)

and for large τ2 this yields simply 1/2. The integration over the zero-mode is only from 0 to

L/2 because the particle lives in a box of length L/2. The γ = −1 sector gives analogously:

∑
q∈Z

∫
X1(0)=−X1(τ2)+qL

[
DX1

]
e−

1
4πα′

∫ τ2
0 dt(∂tX1)

2

=

∫ L/2

0
dx
∑
q∈Z

e
− (x+qL/2)2

πα′τ2
1√

4π2α′τ2

,

(5.12)

which becomes6∫ L/2

0
dx
∑
q

e
− (x+qL/2)2

πα′τ2
1√

4π2α′τ2

=

∫ +∞

−∞
dxe

− x2

πα′τ2
1√

4π2α′τ2

=
1

2
. (5.13)

Finally including also X0 and the other uncompactified dimensions we find agreement with

the previous expressions (5.4) and (5.5). When we take one step back, we have for the path

integral in the X1 direction:

ZX1 =

∫ L/2

0
dx

{∑
q

e
− L2q2

4πα′τ2
1√

4π2α′τ2

+
∑
q

e
− (2x+qL)2

4πα′τ2
1√

4π2α′τ2

}
. (5.14)

This can be interpreted as a point particle in a box corresponding to Neumann boundary

conditions for a scalar field at the boundary X1 = 0 and X1 = L/2 [23].

Alternative view on the boundary conditions

One can also see that Neumann boundary conditions are the only possibility directly from

the point particle perspective. Consider a non-relativistic point particle of mass m in a

box of length L/2. We are interested in the (Euclidean) propagation amplitude for a scalar

spin 0 particle starting at any point in the box and returning at the same point in the limit

6Note that in [19] only the (+,+)-sector has non-zero p or q. The last integral looks like a sector with

only zero q, but where the final zero-mode integral runs over the entire volume. This explicitly shows that

this term is independent of L as in [19].
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of large propagation time τ2. Consider then Dirichlet and Neumann boundary conditions

for this point particle in the box. Dirichlet boundary conditions lead to∫
[DX]e−

m
2

∫ τ2
0 dt(∂tX)2

=

∫ L
2

0
dx

4

L

+∞∑
n=1

sin

(
2πnx

L

)2

e−
4π2n2

2mL2 τ2 → e−
π2

2mL2 τ2 , (5.15)

whereas Neumann boundary conditions give∫
[DX]e−

m
2

∫ τ2
0 dt(∂tX)2

=

∫ L
2

0
dx

+∞∑
n=0

(
4

L
− δn,0

2

L

)
cos
(πnx
L

)2
e−

4π2n2

2mL2 τ2 → 1. (5.16)

We know that changing spacetime solely in the spatial dimensions should not change the

Hagedorn temperature, an example of which we have seen in section 4. We notice that

Dirichlet boundary conditions give a Hagedorn-like correction and hence change the Hage-

dorn temperature. This corresponds in the point particle model to the zero-point energy of

a particle in a box. Neumann boundary conditions do not have this problem and it is clear

from this point of view that indeed Neumann boundary conditions are the right choice.

Obviously, all of the results in this section readily extend to multiple boxed dimensions

when making the required modifications.

5.2 The R/Z2 orbifold

Taking L→∞, we arrive at the R/Z2 orbifold (figure 3). Note that it is important to take

Figure 3. The R/Z2 orbifold obtained by taking L→∞ in the previous model.

L→∞ first and only then consider the large τ2 limit. For the (+,+) sector we find using

(5.11):
L

2

1√
4π2α′τ2

(5.17)

where L is the length before orbifolding (from −∞ to +∞) and the physical length remains

L/2. The twisted sector computation (5.12) was exact in τ2 and remains the same (since it

is independent of L).7 We notice that the (+,+) sector is different than before and this has

now a volume-dependence. This is consistent with the exact results, obtained by taking

the large L limit in (5.2) and (5.3) and then performing the τ2 →∞ limit in the modular

transformed domain:∫∫
A

dτ1dτ2

τ2

βV

(4π2α′τ2)13
e4πτ2e

− β2|τ |2
4πα′τ2 , (+,+) sector, (5.18)∫∫

A

dτ1dτ2

2τ2

βA

(4π2α′τ2)25/2
e4πτ2e

− β2|τ |2
4πα′τ2 , sum of other sectors. (5.19)

7We mention a technicality: taking L→∞ before rewriting the sum over q as an integral, we retain the

sectors q = 0 and q = −1. The second term can be rewritten as an integral from −L/2 up to 0 with the

same integrand as the q = 0 term. Then taking L → ∞ yields the same result as before. One should be

careful not to forget the q = −1 sector.
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5.3 Identification of the resulting particle models

We have seen several different string approaches to making a compact model of strings in

a box: toroidal models in section 4 and orbifold models in this section. We have seen that

the orbifold model actually corresponds to a particle in a box with Neumann boundary

conditions. Let us now make explicit the analogous particle model for the toroidally com-

pactified string models. For the toroidal compactification discussed in the previous section

(but this time without background fields), we have the expansion

X1(σ, τ) ≈ wβ1τ2σ + nβ1τ +X1
0 (τ), (5.20)

where we again only retained the lowest Fourier mode which is periodic (X1
0 (0) = X1

0 (1)).

Taking τ2 →∞ previously gave us that w = 0. Instead of choosing the periodic coordinate

X1
0 , we regroup the field into

X1(σ, τ) ≈ X1(τ), (5.21)

where this last field has the property that X1(1) = nL + X1(0) (with L = β1). Although

a trivial step, this means that there is no modification compared to the uncompactified

case exhibited in section 2, except for this boundary condition. So in the end we get a

particle path integral with these boundary conditions. One recognizes this immediately as

a particle path integral on a circle [23] since the path integral is given by

+∞∑
n=−∞

∫
X1(τ2)=X1(0)+nL

[
DX1

]
e−

1
4πα′

∫ τ2
0 dt(∂tX1)

2

=

∫ L

0
dx

1

L

+∞∑
n=−∞

exp

(
−4π3α′n2

L2
τ2

)
.

(5.22)

It asymptotes to 1 when τ2 → ∞ and this is the value we previously found (the Poisson

dual variable was equal to zero).8 Just like in the orbifold model, we see that as we

take the τ2 → ∞ limit in the worldsheet path integral, we can identify the intermediate

expressions as point particle path integrals. In this point particle path integral, we need to

take the same τ2 →∞ limit again, and this gives us finally the limiting Hagedorn behavior.

Summarizing, we have the following correspondences between string models and particle

models for the near-Hagedorn thermodynamics of the thermal scalar:

Toroidal model ⇔ Point particle on circle,

Strings in a box = S1/Z2 ⇔ Point particle in a box with Neumann BC,

Strings in a halfspace = R/Z2 ⇔ Point particle in a halfspace with Neumann BC.

We conclude that string theory in its critical regime gives a particle theory of the thermal

scalar whose boundary conditions are entirely dictated by the full string theory [20]. One

cannot choose other boundary conditions freely.

6 Higher winding modes and multistring states

In this section we look at an entirely different question concerning string thermodynam-

ics. It is known that the strip and fundamental domain both are viable routes to string

8See the second comment after equation (4.13).
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thermodynamics. The main question we would like to examine here is how precisely the

different modes of the fundamental domain encode thermodynamical properties. Partial

results on this story are known in the literature [9][5][6][24][25], yet the full story and to

what extent it can be generalized to curved space has not been studied before.

First we look at the strip domain and what its single quantum number r (only winding

around one torus cycle) tells us about thermodynamics. This quantum number is the one

exhibited in the worldsheet dimensional reduction approach to critical string thermody-

namics in section 2.

We start with the general expression of the partition function of a multiparticle bosonic

system:

Z =
∏
k

1

1− e−βEk
. (6.1)

The free energy of the gas is hence

− βF =

+∞∑
r′=1

∑
k e
−r′βEk

r′
. (6.2)

If instead one would assume Maxwell-Boltzmann statistics, we would have Z = expZ1,

which would imply

− βF =
∑
k

e−βEk . (6.3)

Comparing the above equations, we see that the r′ = 1 term corresponds to the Maxwell-

Boltzmann classical approximation. All higher terms in the Taylor expansion result in

Bose-Einstein statistics.

6.1 Multistring Instabilities

Let us look more closely into the structure of the (non-interacting) multistring partition

function. For simplicity we only discuss a bosonic system (bosonic string theory) explicitly.

The free energy of the string gas can be written as

F = − 1

β
ln
(

1 + Zβ1 + Zβ2 + . . .
)
, (6.4)

where Zβi denotes the partition function for i strings at temperature β−1. This is also equal

to

F = − 1

β

(
Zβ|r|=1 + Zβ|r|=2 + . . .

)
(6.5)

where we consider the single string partition functions for higher winding numbers (strip

quantum number r). In writing this, we have used the notation Zβ|r|=i = Zβr=i+Zβr=−i. The

idea is then to series-expand the logarithm in (6.4) while using relations between the multi-

boson partition functions. Let us show this in a bit more detail. Assuming Zβ1 = Zβ|r|=1

(this is the single-string equivalent of Polchinski’s result [13]), the authors of [9] prove that
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the next term in the series matches for flat space provided:9

Zβ|r|=2 =
1

2
Z2β

1 , (6.7)

which is indeed satisfied for flat space. As an explicit illustration, we here go one step

further and prove that the third term also matches. The partition function for three

bosonic strings can in general be written as

Zβ3 =
∑

k>l>m

e−β(Ek+El+Em) +
∑
k,l

e−β(2Ek+El) (6.8)

=
1

6

∑
k,l,m

e−β(Ek+El+Em) − 3
∑
k,l

e−β(2Ek+El) + 2
∑
k

e−3βEk

+
∑
k,l

e−β(2Ek+El) (6.9)

= −1

3

(
Zβ1

)3
+ Zβ2Z

β
1 +

1

3
Z3β

1 , (6.10)

where we used Z2β
1 = 2Zβ2 −

(
Zβ1

)2
. We can rewrite this as

1

3
Z3β

1 =
1

3

(
Zβ1

)3
− Zβ2Z

β
1 + Zβ3 . (6.11)

When expanding the logarithm (6.4), the third order terms are given by

Zβ3 − Z
β
2Z

β
1 +

1

3

(
Zβ1

)3
. (6.12)

The result is hence proven if we can prove that

Zβ|r|=3 =
1

3
Z3β

1 . (6.13)

This feature is manifest in the explicit flat space free energy expression [26].10 It also holds

in the string path integral derivation sketched in section 2.11 Thus in this case we have

Zkβr=1 = |k|Zβr=k for k ∈ Z leading to

Zkβ|r|=1 = kZβ|r|=k, k ∈ N (6.14)

and the above relation (6.13) is a special case of this. The derivation holds now also for

curved spaces: the only step that remained to be proven was the above relation and using

9The second order term in the expansion of the logarithm is of the form

Zβ2 −
1

2

(
Zβ1

)2

=
1

2
Z2β

1 , (6.6)

where properties of the two-boson partition function were used.
10It is also present in the WZW AdS3 thermal partition function, see for instance equation (31) in [27].

We will discuss more aspects of this model further on.
11When following the derivation in [1], the following changes are made. Changing the winding number

causes β → kβ in the string action. The result of the τ1-integral hence also has the same substitution.

However, the integration over the quantum fluctuation X̃0 gives the same result as before: the periodicity

β itself is not changed. In all, we get a prefactor 1/ |k| to the single string partition function.
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the string path integral approach of section 2, we see that it should hold also for curved

spaces. As a first conclusion, it seems that the single quantum number r in the strip should

be identified with the r′ quantum number in the expansion of the non-interacting bosonic

string partition function (6.2).12

The benefit of the above discussion is that now we can see explicitly how the multistring

partition functions are determined in terms of those containing fewer strings. Take for

instance the two-string partition function Zβ2 , which satisfies

1

2
Z2β

1 = Zβ2 −
1

2

(
Zβ1

)2
. (6.15)

We can read off where this partition function becomes singular: at T > TH , the single

particle partition function Zβ1 diverges. Since Z2β
1 does not diverge, it is clear that the

two-string partition function Zβ2 also diverges. For T > 2TH , if the expression for the

partition function can be trusted, an extra singularity develops since now also Z2β
1 diverges.

Analogously one can treat the other multiparticle partition sums. What one learns is that at

T = TH , not only single-string partition functions diverge, but also all multiparticle sums.

In [25] it was argued that at T = lTH , the gas becomes unstable for l-string states whereas

(l+1)-string states are still stable. This is interpreted as determining how many long strings

are present in the near-Hagedorn gas. Here however we see that multiparticle partition

functions all diverge simultaneously at T = TH whereas formally additional instabilities

develop at higher temperatures that are only present in the multistring sector.

This discussion shows that the number of long strings is not fixed by the temperature

(opposed to [25]). Thus multi-long-string configurations are also possible and near TH , the

gas reconfigures to a system of (possibly multiple) long strings.

6.2 Interpretation of Hamiltonian quantum numbers in the strip

A question that really interests us here is, given a sector (w, n) in the Hamiltonian (field

theory) approach, what does it correspond to in the free energy? In particular, to what

part of the strip-sum does it contribute? The answer requires a simple (albeit confusing)

number-theoretic reasoning.

The translation of the single strip quantum number r and the discrete momentum and

winding quantum numbers (w, n) proceeds in two steps. We shall illustrate these in flat

space13 where special attention is paid to analyzing what the contribution is of a specific

Hamiltonian sector (w, n) to any r in the strip. For clarity, the different quantum numbers

and their links are shown in figure 4. We will make the link in two steps. In the language

of figure 4, we first make the link between (a) and (b) and then between (b) and (c).

Step 1: Going from (a) to (b)

The starting point is the single quantum number r in the strip domain. We start by

considering the |r| = 1 contribution. A well-known startegy, is to restrict the modular

12Actually it is the contribution of +r and −r that, upon adding, equals the r′ term in the bosonic

partition function expansion.
13We will come back to curved space further on.
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Figure 4. (a) The single quantum number r in the strip. (b) The two quantum numbers w and

m in the fundamental domain. These appear when performing the torus worldsheet path integral.

The link between (a) and (b) is made by utilizing the theorem of [21][22]. (c) The quantum number

m is exchanged for the number n by performing a Poisson resummation. The quantum numbers

(w, n) have meaning in terms of winding and discrete momentum around the compactified time

direction and are hence apparent in a Hamiltonian formulation of the theory.

integral to the fundamental domain while introducing an extra quantum number: we arrive

at the double (w, m) quantum numbers where m and w are coprime [9] to get the strip

|r| = 1 result. These quantum numbers are obtained when one computes the partition

function through path integral methods on the fundamental modular domain. Now we

generalize this: we focus on the strip |r| = q contribution with q an arbitrary positive

integer. The coset expansion results in the set (w, m) with m
q and w

q relatively prime

integers. In particular, m and w are multiples of q. The different classes exhibited above,

can be written as (w, wk +N) for N = 0 . . . w − 1, for fixed w and N , and k runs over Z.

In detail, we have for the lowest lying quantum numbers:

F (w,m) sectors

|r| = 1 (±1, k) (±2, 2k + 1) (±3, 3k + 1) (±3, 3k + 2) (±4, 4k + 1) (±4, 4k + 3) . . .

|r| = 2 (±2, 2k) (±4, 4k + 2) (±6, 6k + 2) (±6, 6k + 4) . . .

|r| = 3 (±3, 3k) (±6, 6k + 3) . . .

|r| = 4 (±4, 4k) . . .

(6.16)

Up to this point, we have merely used the theorem of [21][22], but we have paid extra

attention to which sectors (w, m) correspond to a single r quantum number.

Step 2: Going from (b) to (c)

The second step requires a Poisson resummation on the quantum number m. Setting

R0 = β
2π , we remind the reader of the standard textbook result:

∑
m∈Z

exp

(
−πR

2
0

α′τ2
|m− wτ |2

)
=

√
α′τ2

R2
0

∑
n∈Z

exp

(
−πτ2

(
α′n2

R2
0

+
w2R2

0

α′

)
+ 2πiτ1nw

)
.

(6.17)
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Here we wish to analyze this expression in more detail, tracking the influence of specific

subsectors (like we did in the previous subsection).

We have discussed above that the transition from one quantum number to two quantum

numbers splits these in some classes of the form (w, wk+N) where N = 0 . . . w− 1. Some

of these classes will correspond to the same r, but for the moment we do not care about

this. For one such sector (fix w and N), we have

∑
m=wk+N, k∈Z

exp

(
−πR

2
0

α′τ2
|m− wτ |2

)
=

+∞∑
k=−∞

exp

(
−πR

2
0

α′τ2
|(wk +N)− wτ |2

)
, (6.18)

which can be Poisson resummed into√
α′τ2

R2
0

1

w

+∞∑
ñ=−∞

e2πiN
w
ñ exp

(
−πα

′τ2

R2
0w

2
ñ2 + 2πiτ1ñ−

πR2
0w

2

α′τ2
τ2

2

)
. (6.19)

An at first sight troubling aspect is the appearance of ñ2

w2 in the exponential, suggesting

some sort of fractional discrete momentum. Note though that summing the above expres-

sion over N , restricts ñ = wZ, such that one obtains (with ñ = wn and including the sum

over N) √
α′τ2

R2
0

+∞∑
n=−∞

exp

(
−πα

′τ2

R2
0

n2 + 2πiτ1nw −
πR2

0w
2

α′τ2
τ2

2

)
, (6.20)

which is indeed the full original result (6.17). To conclude, the fractional discrete momenta

disappear when summing the different sectors and in the end we only care about the

non-fractional ones. With this in mind, equation (6.19) can be rewritten as√
α′τ2

R2
0

1

w

+∞∑
n=−∞

e2πiNn︸ ︷︷ ︸
1

exp

(
−πα

′τ2

R2
0

n2 + 2πiτ1nw −
πR2

0w
2

α′τ2
τ2

2

)
. (6.21)

What we have found, is that a single sector (w, wk +N) (for fixed w and N) gets contri-

butions from the Hamitonian sectors (w, n) for all n but with weight 1/w.

Turning this conclusion around, the above shows that a Hamiltonian sector (w, n) con-

tributes equally to the different sectors (w, wk+N), N = 0 . . . w−1. For instance, in each

sector the n = 0 mode dominates and contributes equally ∼ 1/w. Note that all discrete

momentum states and winding states correspond to thermal corrections to the free energy

and these are not the physical particles appearing in the Lorentzian theory.

Final result

Having found how a Hamiltonian sector (w, n) contributes to a class of sectors (w, m =

wk + N), we now ask how many of the latter classes of sectors are included in a single r

sector. We have already written down the tabel including the few lowest quantum numbers
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above. For instance, the w = 4 states are highlighted below:

F (w,m) sectors

|r| = 1 (±1, k) (±2, 2k + 1) (±3, 3k + 1) (±3, 3k + 2) (±4, 4k + 1) (±4, 4k + 3) . . .

|r| = 2 (±2, 2k) (±4, 4k + 2) (±6, 6k + 2) (±6, 6k + 4) . . .

|r| = 3 (±3, 3k) (±6, 6k + 3) . . .

|r| = 4 (±4, 4k) . . .

(6.22)

It is hence clear that a state (4, n) for any n contributes with half weight to the |r| = 1

sector and with quarter weight to both the |r| = 2 and |r| = 4 sectors. This procedure can

be readily generalized into the following algorithm for finding the contribution of a (w, n)

Hamiltonian state to the different r-sectors.

(i) Find all divisors of w.

(ii) For each divisor i, find all multiples of i (smaller or equal to w) that are not multiples

of any other larger divisor of w (except 1).

(iii) The number of such multiples for every i is the relative weight to the |r| = i sector.

Note that the same strategy is used for every n and the sum of the weights is w. A few

examples make this clear.

Let us look at the (w = 11, n) state. The above algorithm has the following outcome:

r-sector multiples relative weight

|r| = 1 (1, 2, 3, 4, 5, 6, 7, 8, 9, 10) 10/11

|r| = 11 (11) 1/11

(6.23)

The reason for this simplicity is obviously that 11 is a prime number. A more involved

example is the case of a (w = 12, n) state. The above algorithm has the following outcome:

r-sector multiples relative weight

|r| = 1 (1, 5, 7, 11) 4/12

|r| = 2 (2, 10) 2/12

|r| = 3 (3, 9) 2/12

|r| = 4 (4, 8) 2/12

|r| = 6 (6) 1/12

|r| = 12 (12) 1/12

(6.24)

Note that in particular, the w = ±1 state only contributes to the |r| = 1 sector with

full weight. Hence for these sectors, roughly speaking, the winding number w in the

fundamental domain coincides with the number r in the strip, explaining the success we

had with equating the strip path integral derivation and the thermal scalar field theory.
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Extension to AdS3

It is interesting to note that the above story applies fully to the AdS3 WZW model as

well.14 Firstly, the mapping from strip r to (w, m) fundamental domain sectors appears

generally true: it is explicitly discussed in [27]. Secondly, we have discussed this model in

detail in [15] and in particular appendix C.2 there allows us to discuss the second step as

well. In the notation given there where l takes the role of our m, an intermediate step in

the computation involves the following Poisson resummation:

1

P

∫
R
dm
∑
l∈Z

exp

(
2πi

(
βl

2π
m

))
=

1

P

2π

β

∫
R
dm
∑
n∈Z

δ

(
m− 2πn

β

)
. (6.25)

Focussing now on sectors with l→ wk +N for fixed N = 0 . . . w− 1 and w, yields instead

for the Poisson resummation step15

1

P

∫
R
dm
∑
k∈Z

exp

(
2πi

βm

2π
N

)
exp

(
2πi

(
βkw

2π
m

))
=

1

P

2π

wβ

∫
R
dm exp

(
2πi

βm

2π
N

)∑
ñ∈Z

δ

(
m− 2πñ

wβ

)
=

1

P

2π

wβ

∫
R
dm
∑
ñ∈Z

exp

(
2πi

ñ

w
N

)
δ

(
m− 2πñ

wβ

)
. (6.26)

As a check, summing over N gives us a global factor of w, and restricts to ñ = wZ, where

we call this new integer n again which will correspond to discrete momentum around the

cylinder.

Again looking at a fixed sector, we see that if ñ 6= wZ, the contribution will disappear upon

summing. When ñ = wZ, the phase factor disappears and all sectors contribute equally.

The situation is hence exactly as in flat space. It is tempting to speculate that this story

actually applies in general to spaces where the thermal circle is topologically stable.

Some concluding remarks

Let us note that the Hamiltonian field theory approach is much better suited to describe

subleading corrections to thermodynamical quantities, since these are identified with the

next-to-lowest mass state. Such corrections are ‘dispersed’ over the different r sectors from

the thermodynamical strip point of view.

The detailed picture exhibited in the two preceding subsections appears more complicated

for black hole spacetimes (where the thermal circle pinches off at some point). In [14] and

[15] we discussed that for such spaces not every w mode is present in the thermal spectrum.

Therefore the above story cannot hold for such spaces and one needs to look more carefully.

Note though that, provided the one-loop thermal path integral corresponds to the free field

14This model consists of the AdS3 background metric and a Kalb-Ramond background field. The model

is an exact string background. An incomplete reference list is the following: [27][28][29][30][31][32]. Ther-

modynamics in these spaces has been discussed in [33][34][15].
15The reader is referred to [15] for details on where this computation comes from.
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state counting,16 the genus one thermal partition function should include all r sectors to

satisfy general Bose-Einstein statistics.

7 Conclusion

In a previous paper [1], we analyzed the path integral derivation of the random walk be-

havior of near-Hagedorn thermodynamics [9]. In this paper, we analyzed several examples

that do not have the complications of possible curvature corrections. Examples that do

include these have been analyzed elsewhere [14][15].

We started by considering the linear dilaton background. This background taught us a

valuable lesson concerning the role of the dilaton field in the string path integral and the

field theory action: despite treating the dilaton in a totally different way, they agree for

on-shell backgrounds as it should be. Also, this background provides an explicit example

where continuous quantum numbers in the thermal spectrum are important to determine

the critical behavior. The toroidally compactified models showed that also in these spaces

(with spatial topological identifications) we reproduce a random walk behavior. The ther-

mal scalar approach also gives us a method to determine the Hagedorn temperature in this

space. After that, we considered flat orbifold CFTs to model strings in a box. We learned

that the thermal scalar path integral realizes several known topologically non-trivial parti-

cle path integrals. String theory provides us with the boundary conditions for the thermal

scalar, unlike in particle theories where we are free to choose the boundary conditions.

Then we studied a problem of a different nature concerning higher winding modes and

their relevance for thermodynamics. We made the link between the Hamiltonian quantum

numbers and the single strip quantum number more precise, both for flat space and for

an AdS3 model. This suggests these results are actually valid for generic spaces with non-

contractible thermal circles. Cigar-shaped thermal manifolds on the other hand do not fall

in this category and the resolution of this picture in that case is not known.

We believe these examples show that the methods developed in [9][1] lead to suggestive

descriptions of the random walk picture directly from the string path integral.
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A Additional computations for the toroidally compactified string

A.1 Winding tachyon in string spectrum

We show the appearance of a state in the spectrum that becomes massless at a certain

temperature in the bosonic string, the superstring and the heterotic string.

16This has been questioned in [35].
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Bosonic string

First we show that there is indeed a state in the string spectrum that becomes massless

at the Hagedorn temperature. The non-linear sigma model in a general background with

constant metric and Kalb-Ramond field has the following mass spectrum [19]

m2 =
1

2α′2
Gmn (vmL v

n
L + vmR v

n
R)− 4

α′
(A.1)

where vmL,R = vm ± wmRm and vm = α′nm
Rm
− BmnwnRn. Indices are raised and lowered

with the Gmn metric. There is also a constraint

nmw
m +N − Ñ = 0. (A.2)

We are interested in the lowest mass state with non-zero winding in the Euclidean time

direction so we set w0 = 1 and n0 = n1 = w1 = 0.17 With the metric and NS-NS field

(4.2), we get the following components for the v’s:

v0
L = iA(−iB)R0 +R0, v0

R = iA(−iB)R0 −R0, (A.3)

v1
L = (1−A2)(−iB)R0, v1

R = (1−A2)(−iB)R0. (A.4)

Inserting this in the mass formula, we get

m2 =
2

2α′2
(1−A2)(1−B2) (R0)2 − 4

α′
. (A.5)

Precisely when

β2(1−A2)(1−B2) = 16π2α′ (A.6)

we obtain a massless state. This gives us the Hagedorn temperature

TH = TH,flat

√
(1−A2)(1−B2) (A.7)

where TH,flat = 1
4π
√
α′

is the flat space bosonic Hagedorn temperature.

Type II Superstring

For type II superstrings exactly the same story holds except for the replacement

4

α′
→ 2

α′
. (A.8)

This only modifies the end result in that TH,flat → 1
2
√

2π
√
α′

, the flat space superstring

Hagedorn temperature.

17Note that this satisfies the constraint with N = Ñ = 0.
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Heterotic string

For heterotic strings, the previous result gets modified in that now the state we are looking

at has n0 = 1/2 to satisfy the constraint. This slightly complicates the derivations:

v0
L =

α′

2R0
+ iA(−iB)R0 +R0, v0

R =
α′

2R0
+ iA(−iB)R0 −R0, (A.9)

v1
L =

iα′A

2R0
+ (1−A2)(−iB)R0, v1

R =
iα′A

2R0
+ (1−A2)(−iB)R0. (A.10)

Inserting this in the mass formula (where we now have 4
α′ →

3
α′ ), we get the following

equation for a massless state

β2(1−A2)(1−B2) + 4π2ABα′ +
4π4α′2

β2
= 12π2α′. (A.11)

This has two solutions given by

β2
H± =

6− 2AB ± 2
√

8− 6AB +A2 +B2

(1−A2)(1−B2)
π2α′. (A.12)

Just like in the uncompactified case, the physical solution is the one with the plus sign.

A.2 Path integral and summation-of-particles are equivalent for the free en-

ergy

We now only consider the bosonic string. Using the summation-of-particles strategy to

calculate the free energy, the authors of [10] found that the free energy is given by

F =−
∑
n,p,l

∫ +∞

0

dτ2

2τ2

∫ 1/2

−1/2

dτ1

(4π2α′τ2)13

(
α′τ2

R2
1

)1/2

|η(τ)|−48

× exp

[
− β2n2

4πα′τ2
− πα′τ2

(
l2

R2
1

+
R2

1p
2

α′2

)
− 2πiτ1pl + nβB

R1p

α′
+ nβA

l

R1

]
. (A.13)

We show that this can also be found as a torus path integral where we choose the strip as

domain and we restrict attention to torus winding for X0 only in the σ2 direction. The X1

target field includes winding in both torus cycles. So this is an explicit check that the free

energy is equal to a path integral on the thermal manifold for this set-up.

We return to the original genus one string action (before any modular transformation)

S =
1

4πα′

∫ 1

0
dσ1

∫ 1

0
dσ2

[
τ2

1 + τ2
2

τ2
∂1X

µ∂1X
νGµν − 2

τ1

τ2
∂1X

µ∂2X
νGµν

+
1

τ2
∂2X

µ∂2X
νGµν + 2i∂1X

µ∂2X
νBµν

]
. (A.14)

with the expansions

X0(σ, τ) = nβσ2 + periodic,

X1(σ, τ) = pβ1σ1 +mβ1σ2 + periodic,

Xi(σ, τ) = periodic. (A.15)
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Inserting this in the torus path integral, we get the non-oscillator contribution

Snon−osc =
1

4πα′

[
τ2

1 + τ2
2

τ2
p2β2

1 − 2
τ1

τ2
pmβ2

1 + 2i
τ1

τ2
ββ1Anp+

1

τ2
m2β2

1

+
1

τ2
(1−A2)n2β2 − 2i

1

τ2
ββ1Anm− 2Bββ1np

]
. (A.16)

Using a Poisson resummation in m, we obtain precisely the previous expression (after some

straightforward arithmetics and including the oscillator path integral).

A.3 Most general flat toroidal model

The results from section 4 can be readily generalized to the most general flat space toroidal

model with an arbitrary constant metric Gmn and arbitrary constant Kalb-Ramond field

Bmn with m,n = 0 . . . D − 1. Firstly, the state in the thermal spectrum is readily found

as we now discuss. The general mass formula is given by [19]:

m2 =
1

2α′2
Gmn (vmL v

n
L + vmR v

n
R)− 4

α′
, (A.17)

where vmL,R = vm±wmRm and vm = α′nm
Rm
−BmnwnRn. For a general toroidal background,

we have

v0 = 0, vi = −Bi0R0, (A.18)

v0 = −G0iBi0R0, vi = −GijBj0R0, (A.19)

v0
L,R = −G0iBi0R0 ±R0, viL,R = −GijBj0R0, (A.20)

and so

m2 =
β2

4π2α′2

[
G00G

0iG0jBi0Bj0 +G00 + 2G0iG
0jGikBj0Bk0 +GijG

ilGjkBl0Bk0

]
− 4

α′
,

(A.21)

which can be simplified into

m2 =
β2

4π2α′2

[
G00 +GlkBl0Bk0

]
− 4

α′
. (A.22)

In the path integral language, the same steps as in section 4 are used. We briefly sketch

the intermediate results.

• In the τ2 →∞ limit, all winding contributions around the σ-direction are dominated

by wi = 0. This generalizes the case in section 4 where w = 0 was shown to dominate.

• The prefactors combine into
∏
i

(
α′τ2
R2
i

)1/2
. After the coordinate redefinition, the flat

space coordinates live in the toroidal region of size
∏
iRi.

• One needs to do D Poisson resummations and then the τ1 integration. This results

in

S =
τ2β

2

4πα′

G00 +
∑
i,j

Bi0Bj0M0iM0j

(detG)M00
+
∑
i,j

Bi0Bj0M0i,j0

M00

 (A.23)
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where Mab denotes the cofactor of the matrix Gµν and Mab,cd denotes the minor

where rows a and c and columns b and d are deleted (with the sign (−1)a+b+c+d). In

general the following identity is valid:18

M0iM0j

(detG)M00
+
M0i,j0

M00
=

Mij

detG
. (A.24)

This results in

S =
τ2β

2

4πα′

G00 +
∑
i,j

MijBi0Bj0
detG

 (A.25)

=
τ2β

2

4πα′

G00 +
∑
i,j

GijBi0Bj0

 . (A.26)

This action leads to the same Hagedorn temperature as the previous calculation

TH = TH,flat

√
G00 +GlkBl0Bk0. (A.27)

We make several remarks concerning this result.

• Note that the mixed components G0i and B0i are both imaginary while G00 is real

and positive. The above Hagedorn temperature makes sense since detG and hence

Glk is real so G00 + GlkBl0Bk0 is indeed a real number. It might become negative,

but this simply indicates the presence of critical backgrounds, as discussed in [10]

and in section 4.2.

• If Bµν = 0, only the metric component G00 contributes. In particular, as long as

the i0 components are zero, the Hagedorn temperature is unaffected (except the G00

component). This result is more general: it holds also for smooth compactifications

(with unitary CFTs) as long as the space factorizes. Note also that the Hagedorn

temperature is independent of Bij .

• For type II superstrings, one again simply substitutes the correct value of TH,flat to

find the Hagedorn temperature.

• For heterotic strings, two extra terms appear in the action

S1 = −πτ2

∑
i

Bi0M0i

detG
= −πτ2

∑
i

Bi0G
0i, (A.28)

S2 =
π3α′τ2

β2

M00

detG
=
π3α′τ2

β2
G00. (A.29)

Explicitly working out the mass2 in the thermal spectrum also gives precisely these

two terms. Finally one readily finds the Hagedorn temperature

β2
H

2π2α′ =
3 +

∑
iBi0G

0i +
√

9 + 6
∑

iBi0G0i +
∑

i,j Bi0Bj0 (Gi0Gj0 −GijG00)−G00G00

G00 +
∑

i,j G
ijBi0Bj0

.

(A.30)

18This formula is slightly more general than the so-called Desnanot-Jacobi identity, but is still a special

case of the Jacobi identity [36].
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These results demonstrate again that a divergence in the partition function (path integral

calculation) matches directly to a marginal state in the Euclidean spectrum.
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