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Abstract—Single wall carbon nanotubes (SWCNTSs) have been intermediate and global interconnects [3], [4], [9], [11], [12].
proposed for VLSI interconnect applications and their modeling Hence, SWCNTs have been modeled as transmission lines
is carried out using the multiconductor transmission line (MTL) (TL) in the pioneering works [13]-[15] and as multiconductor
formulation. Their time-domain analysis has some simulation L - -
issues related to the high number of SWCNTs within each transmission lines _(M_TLS),'n more recent papers [16]-[20],
bundle, which results in a highly complex model and loss of Where the transmission line theory has been extended to
accuracy in the case of long interconnects. In recent years, bundles of SWCNTs in the frequency domain. The crosstalk
several techniques have been proposed to reduce the complexitycoupling in SWCNTs bundles has been investigated in [21],
of the model whose accuracy decreases as the interconnectiortzz]. In [21], the inverse fast Fourier transform (IFFT) is
length increases. This paper presents a rigorous new technique T . N .
to generate accurate reduced order models of large SWCNT used .to _obtaln tl.mejdomaln results, while in [22], equiva-
interconnects. The frequency response of the MTL is computed €Nt distributed circuits are adopted to perform an accurate
by using the spectral form of the dyadic Green’s function of the crosstalk analysis. When the number of SWCNTs in each
1-D propagation problem and the model complexity is reduced pundle increases and the length of the interconnect exceeds
using rational model identification techniques. The proposed some tens of microns, the standard techniques based on the

approach is validated by numerical results involving hundreds of . .
SWCNTSs, which confirm its capability of reducing the complexity MTL theory may not be suitable for several reasons: 1) the

of the model, while preserving accuracy over a wide frequency complexity of the models is extremely high due to the high
range. number of nanotubes in each bundle; 2) the accuracy of the
Index Terms—Single wall carbon nanotubes (SWCNTSs), model two port parameter_s of the mt_erconnectlon may be lost due to
order reduction, nano-interconnects, transient analysis, transmis- the need to solve high-order eigenvalues problems at extremely
sion line modeling. high frequencies [23]; 3) if a distributed equivalent circuit
is used (e.g. [22]) and, thus, no eigenvalue problem has to
be solved, the necessity to discretize each nanotube along its
length, may result in an extremely large number of unknowns.
Carbon nanotubes (CNTs) have been proposed for VLSITo mitigate the problem of the complexity of the overall
interconnect applications [1]-[4] due to their outstandin§ITL model, which increases with the number of nanotubes,
electrical, thermal properties and and large-current carryiapproximate formulations have been proposed based on the
capability [5]-[9]. equivalent single conductor (ESC) distributed circuit in the
This novel interconnect technology has the potentiality foequency-domain [21], [24], [25]. Although effective in guar-
replace copper in the future and, hence, a realistic analysisaoteeing significant speed-up, this approach is affected by
these interconnects is necessary to evaluate their performaaceuncontrolled error which may result in loss of accuracy,
in the domain of on-chip interconnections. especially in the case of long interconnects for frequencies
It is known that isolated SWCNTs are characterized bgxceeding some tens of GHz [25]. Furthermore, its use in
an intrinsic ballistic resistance of approximately &8 [5] conjunction with non-linear terminations is quite difficult, as
that is not dependent on the length of the nanotube [1@f,is a frequency-domain technique.
causing excessive delay for realistic interconnect applications A fluid model description of carbon nanotubes has also been
To alleviate the intrinsic interconnect problem, bundles dfivestigated in [26] leading to an equivalent transmission line
SWCNTs connected in parallel have been proposed ambdel. Such a technique has been extended to incorporate
physically demonstrated as possible interconnect for locdiameter-dependent parameters in [27].

_ _ More recently, in [28], general equations are presented for
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I. INTRODUCTION
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discretization [23] of the interconnect as it adopts continuous [I. SPECTRALMODEL OF THEMTL

basis functions. Furthermore, since the macromodel of therhis section briefly describes the spectral approach which
interconnect is computed by means of orthogonal modes, {8€ysed to compute the frequency response of the SWCNT
poles of the system can be identified independently for €agfierconnect. A more detailed description of the theoretical
mode, thus reducing the computational complexity. Nevefgrivation can be found in [29] and not repeated here. Con-
theless, the analysis of interconnects including bundles Wifyer a nano-interconnect constituted Ny SWCNTSs. At the

hundreds of nanotubes can still be a challenge because, WhgReric abscissa, the Telegrapher's equations, in the Laplace
the number of SWCNTs exceed few hundreds, the expliglbmain read [23], [31]:

computation of poles as described in [29] can be affected

by numerical inaccuracies, leading to a not enough accurate  —V(z,5) = ~Zpu(s)I(z,5), (1a)
macromodel. dfl
Hence, it can be claimed that, although several techniques —I(z,5) = =Y,u(s)V(z,s)+1Is5(zs), (1b)

have already been developed for the analysis of SWCNT z

interconnects, none of them has been found really effectivdrere port currents are regarded as external current sources
L%gﬁgstrsate time-domain macromodels of large SWCNT inter- Is(z,8) = Io(z,)8(2) + Io(2,8)8(z — 0). @)

The aim of this paper is to address a systematic modeling®@#e per-unit-length impedance matrig,,;(s) of the CNTs
large SWCNTSs interconnects leading to compact and accur&é® be written as:
time-domain macromodels, allowing to overcome all the limits o
exhibited by the other techniques. This task is achieved by a Zpu(s) = Rs + s (Lx + Lu), 3)
three-step approach. First, the frequency response is compwtbere Rs and Ly are diagonal matrices containing the
using the spectral approach in [29]. Since the proposed teskattering resistance and kinetic inductance of each CNT,
nigue finally provides a state-space macromodel, the IFFTraspectively, and.y, is a full-rank matrix accounting for the
avoided and the frequency sampling can be relaxed. Secomégnetic field coupling.
the complexity of the interconnect model is reduced by enforthe per-unit-length admittance matf¥,.;(s) is given by
ing Kirchhoff voltage and current laws at the electrical ports. 1
Third, using the frequency samples obtained in the first and Y,u(s) =s (C'Zgl + Cgl) , (4)
second steps, a state-space macromodel is obtained by means . _ . . :
of the standard Vector Fitting (VF) technique [30]. Hence, thahere Cq is a diagonal matrix accounting for the per-unit-

spectral approach is used to overcome the drawbacks reldf'éwth quantum capacitance amidz is a full-rank matrix

to the computation of the eigenvalues of large interconnec'f@?de“ng the electric field coupling. In the following, it is

Finally, the VF technique is applied to the system reduced rf\gsumed that:

the electrical ports. Rs = h 1 (5a)
The paper is organized as follows: Section Il briefly reviews 2Ne2 Npgp’
the Telegrapher’s equations for nano-interconnects constituted Lo — h (5b)
by SWCNTs providing the spectral form of ti#& matrix. Sec- K7 4Nezvp’
tion 11l shows how the overall model is reduced to its electrical h
Rqg = (5¢)

ports and the macromodel is generated. A comparison of the 2Ne2’

proposed method with existing frequency- and time-domajphere N is the number of conducting channels,, s, is the
techniques is presented in Section IV. Nume_rical re_sults Valifectron mean free path anfi, is the intrinsic resistance
dating the proposed approach are reported in Section V. Th&ounting for the ballistic transport phenomena [29]. For
conclusions are drawn in Section VI. low-biases (i.e. for applied axial electric field less than 0.1
V/um) and low temperatures, the main scattering mechanism
is due to acoustic phonons having, s, of the order of a few
micrometers. Temperature dependent models for resistance
of SWCNTs can also be used [32], [33]. At higher biases,
optical phonon and zone boundary phonon scattering become
dominant, thus reducing the effective mean free path to the
range of nanometers [34]. Interconnects are usually long
enough to ignore high-bias resistance [7], [22].
A At both ends, each tube of the bundle, is terminated on a
lumped resistance

_ Rq

Rt 7 + Rmc (6)
Fig. 1. Geometric configuration of two SWCNT bundles above a grountthere R,,. is the imperfect metal-CNT contact resistance
plane. which ranges from few ohms up to hundreds of kilo-ohms,

depending on the fabrication process. Hence, each SWCNT in
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L RN R modes, the additional resistanBg of a metallic SWCNT can
M

AAAANAA ' J\/\Q/\/_,\/\";”\F. be incorporated:
c Z(s) = Z(s) + [diag(Rt)]yn, xon, (10)

¢ I The global impedance matri€,(s) can be converted into the
Ce admittance formY;(s) in the frequency domain as:
Distributed I Yt(jwk) _ Z;l(jwk), Wy = 27Tfk, k= 1’ . ;Nf (11)

Fig. 2. Equivalent circuit model of each SWCNT. whefa,. is th where N; denotes the number of frequency samples. Two
ig. 2. quivalent circuit model of eac , whefg,,. is the s .

imperfect metal-CNT contact resistande, is the quantum resistanc&g anqltlons can be enforced based on the Obseryatlon that,
is the scattering resistancky is the kinetic inductancd, ,; is the magnetic Within each bundle, the nanotubes are connected in parallel:

inductance,Cq is the quantum capacitance, adds is the electrostatic 1) the port voltage is common to all nanotubes within each
capacitance.
bundle

_ . Vo(jwr) = Voi(jws) i=1,---,N; (12a)
itrr:elzit;unzdle can be represented by the equivalent circuit shown Viljor) = Ve(jor) i=1,-- ,Nf (12b)
In the following, metallic nanotubes will be considered result-2) the global current at the input and output port of each
ing in N = 2. bundle is the sum of the currents through each nanotubes

A non-homogeneous second-order differential equation is Wwithin each bundle

obtained from (1) as: N?
d2 9 Io(jwk) = ZIOJ(].W/C) iZl,--~ ,Nf
@V(z,s) — Y (s)V(z,8) = —Zpu(s)Is(z,s), (7) i=1
(13a)
wherey? = Z,u1()Y pui(s). NY
In [31] it has been proven that equations (7), along with I(jwy) = ZIZ’i(jwk) i=1,---,N°
homogeneous boundary conditions of the Neumann type on i—1
the port voltages, represent a Sturm-Liouville problem whose (13b)

formal solution can be obtained through the use of the dyadic
, . . or each frequency sampley, k =1,--- , N¢.
Green’s function [35]. The general solution for the port
7 ._ =~ Hence, thaV, bundles can be represented &\§ port system

voltages of the MTL as a function of the port currents is given X . ;
whose admittance matrix representation, for each frequency

by: sample, reads:
[“io(s)] — |:gll 212] |:§O(S):| , (8) I()(j(.dk) _ Yt,ll(jwk) Yt,lQ(jwk) VU(]wk)
o(s) 21 Z| [Li(s) Io(jwr) Yio1(jwr) Yioe(wr)| [Ve(jwr)]|’
where (14)
where each sub-block’; .., (jwi), m,n = 1,2 is obtained
_ _ = 1 40 summing the entries of a ordéf sub-block of matrix
Zu = Zn= Z%‘I’”(S) +AnZ(s), (92) Y, (jwi) (11). It is to be pointed out that the only approx-

oo imation which is done so far is the truncation of the infinite
Zio = Zo = Z W, (s)"'- A2Z(s) (—1)", (9b) Series of modes (9). The number of modes can be adaptively
oy selected as described in [36].
The time-domain macromodel can easily be obtained by
with ¥, (s) = [72(3) + (%)2U} A, = /1/€ for n = applying the VF technique [30] to the admittance matrix (14):

0, A, = \/2/¢ for n > 0, andU the identity matrix. » R,
It is worth mentioning that each rational function in the Yi(s) = Z PR (15)
series (9) is characterized by different poles and therefore cap- k=1

tures different resonances of the system. This feature is cruciallhe stability of a rational macromodel obtained by means
for interconnects with a large number of nanotubes sinceoit the VF method is ensured by a simple pole-flipping scheme
allows to avoid the cumbersome similarity transformation us¢80], while its passivity [37], [38] is not guaranteed and must
to diagonalize the propagation problem [23]. be checked and enforced by means of standard techniques (see
e.g. [39]-[41)).

Although the frequencies of interest may range from dc
to thousands of GHz, the small length of the bundles limits

Assume that each bundle is constituted¥yy SWCNTs and the number of resonances falling in the spectrum of interest
let N, be the number of bundles so that the global number ahd, thus, a reduced number of poles is sufficient to provide
nanotubes isV. = N, N?. Once the impedance matriX is a very good approximation. Furthermore, it is to be pointed
obtained through the summation (9) truncatedMg,,; + 1 out that the fitting process is extremely fast since it is applied

Ill. PORT REDUCTION OF THE IMPEDANCE MATRIXZ
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to a reduced number of ports. The corresponding state-space

equivalent form can be written as: | | —GF
E(t) = Az(t)+Bo(l), (16a) LT
i(t) = Ca(t)+Du(t), (16b) 10° e

where A € RP*P, B € RPX4, C € RI*P, D € R1X4, pis O e

the number of states angis the number of ports. In the caseS
under analysis, the input and output vectors correspond to p&tt 1o° |
voltagesw (¢t) and currentsg (¢), respectively. N
Each bundle is assumed to be terminated on current sources
and voltage-driven lumped linear and nonlinear elements,

which can be described by the following equation: 10°%}
. . do(t ) )
"'(t) =15 (t) - Gtermv(t) - Cterm% - f(’l)(t)), (17) 109 1010 1011 1012

wherew(t) andi(t) are the port voltages and currents, matrices Frequency [GHz]

Gierm, Cierm model linear resistive and capacitive termina,-:ig. 3
tions, respectively, angf(v(t)) describes lumped nonlinear
components. The global nonlinear system (16)-(17) can be

solved by using standard techniques [42]. _Standard time-domain techniques usually require the lon-
The most time-consuming step in the presented approachyig,dinal space discretization [23], or compute the dominant
the computation of the admittance mathi;, for the entire set qes all at once, resulting in heavy computations. On the other

of nanotubes, for the frequency samples k = 1,--- , Ns.  pand, the use of the Green’s function-based approach presents
It is worth noticing that the proposed procedure totally avoidge following positive aspects:

the inverse fast Fourier transform to recover time-domain . . Lo .
« it does not require any similarity transformation [23];

results. Using the IFFT would require a very fine time-ste . o
9 d y P o the numerical results are well conditioned as a conse-

to preserve accuracy. Since the proposed approach generates ¢ the fact that h de is orth | to th
the macromodel through the use of the VF algorithm, only quence of the Tact that éach mode 1S orthogonal o the
others and captures a different set of poles;

a limited number of samples is required, making the overall he f i be sianifi v relaxed si
procedure well suited for large bundles of nanotubes. ot € Irequency sampiing can be signi Icantly relaxed since
no inverse fast Fourier transform needs to be performed;
« furthermore, the frequency sampling can be non-uniform
and adaptive sampling techniques can be adopted as well
[44], keeping minimal the number of samples;
The use of standard frequency-domain based methods [23} non-linear terminations can be incorporated in a straight-
is prone to several drawbacks: forward way.

o the IFFT is to be adopted to recover time-domain results;
the necessity to properly sample a broadband frequency
range turns into a large number of frequency samples
which can make the frequency-domain analysis extremelylIn the following, two case studies will be considered focus-
time-consuming; ing on both signal integrity and crosstalk analysis. The SWC-

« the presence of non-linear terminations is a probleTs are assumed to be all conductive within each bundle. As
it can be circumvented by using mixed frequency-timeegards the semiconducting SWCNTSs, it is still an issue if their
domain methods which are not commonly efficient, ngsresence affects the electric field distribution. It is reported in
accurate; [45] that for a quasi-1-D structure such as an SWCNT, the

« the evaluation of the impulsive response of electricallselative dielectric constant is always 1. Hence, in the following,
long interconnects is ordinarily an ill conditioned probit is assumed that, according to [45], semiconducting tubes can
lem which is affected by numerical inaccuracies whebe neglected [33].
carried out by standard techniques which compute theThe results of the proposed time-domain macromodel
eigenvalues of the propagation matsixat extremely high (Macromodel) are compared with those obtained by applying
frequencies [43]. Fig. 3 shows the magnitude spectrutihe IFFT transform to the frequency spectra obtained using
of the Z15(1,1) impedance of a 10@m long SWCNT the standard transmission line theory (TLT IFFT) and the
interconnect constituted by two bundles of 416 SWCNTegquivalent single conductor method (ESC IFFT). The time-
Itis clearly seen that the standard transmission line theattpmain integration is carried out by means of the Gear-
(TLT), although rigorous, is inaccurate for frequencies exshichman algorithm [46]. In all the numerical simulations,
ceeding 40 GHz. On the contrary, the proposed technigitehas been assumed that each bundle is terminated on a
based on the orthogonal decomposition of the impedanasistanceR, = 25 2 at the input port and a capacitance
matrix remains accurate even at very high frequenciesC, = 0.1 fF at the output port.

Magnitude spectrum of impedan&Ze2(1,1).

IV. COMPARISON WITH EXISTING FREQUENCY AND
TIME-DOMAIN BASED METHODS

V. NUMERICAL RESULTS
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A. Two-coupled bundles of SWCNTs

Then, a time-domain simulation has been run using the pro-
posed macromodel. Time-domain results have been recovered

In the first example, two parallel bundles, each of 128y the TLT and ESC methods, via IFFT. Fig. 5 shows the
nanotubes are considered. Each nanotube has a radiusrgiisient port voltages as obtained by using the three methods.
r = 0.5 nm, the inter-tube distancé = 0.34 nm, and the As before, while the Green’s function-based results are in
lattice constant i$) = 1.34 nm. The length of the bundles isa good agreement with those of the TLT method, some
¢ =20 pm. The spacing between the bundlesis= 9.54 nm  discrepancies are found with respect to the ESC method.

and the height above the reference plané is- 103.1 nm.
The first bundle is excited by a voltage step with amplitude

100 mV and rise timer, = 2 ps. Its frequency spectrum
extends to 2000 GHz. The macromodel has been built to
be accurate up to this frequency. Hence, the spectral model -0° g
of the interconnect has been generated using 60 modes. A 004l ,/f’
rational model has been computed by means of the VF method ™ ,7' ——TLTIFFT
[30]. Figure 4 shows the magnitude and phase spectra ®f 003k / Macromodel
impedanceZ;5(1,2) obtained by using the proposed methodd, : - - —=ESC IFFT
(GF), the transmission line theory (TLT) and the equivalen% 0.02} 1
single conductor method (ESC). It is clearly seen that thé /
Green’s function-based results are in a good agreement with ¢.01} /
the transmission line theory, while the ESC method remains J
accurate below 500 GHz. Similar results are obtained for all oF-——"
the other impedances.
-0.01 : : : : :
0 5 10 15 20 25 30
Time [ps]
\ —GF 0.02 : :
1 TLT —TLT IFFT
- " M del
[ f i\
—_— ¥ I}
) \ - 0.01} ! W
= "\ PO - = | \
:“ 3 "“ e / \’\ \\ »l\ I\, ;‘ I “\‘\
b \ - 4
= 10 \ 1/ ‘\\\\‘,’,” AN ,f'/ \‘\,\\ y g 0.005¢ I w
N R Ny ' = ~
N N _/ \" ;‘/ \\-/ g /I ‘\.:- o
‘\, O_____—I - e e eTR T I
-0.005¢
0 500 1000 1500 2000 ~0.01 ‘ ‘ ‘ ‘ ‘
Frequency [GHz] 0 5 10 15 20 25 30
Time [ps]
St ] Fig. 5. Output port voltages of two-coupled bundles of SWCNTs (example
GF V-A).
TLT
= N == ESC|
8 ; \\\ ::\\\s’ -
= { \’s‘/:\ AR B. Four-coupled bundles of SWCNTs
- . \,
:é 0 : "‘\/\ :: ) In the second example, four bundles of nanotubes have been
N § ‘?\\\ i considered. Each bundle contains 45 nanotubes. The radius is
o . ! . I r = 0.5 nm, the inter-tube distancé = 0.34 nm, and the
3 R f T lattice constant i) = 1.34 nm. The length of the bundles is
L M = m. The spacing between the bundlesSis= 9.54 nm
a . N ¢ =50 um. The spacing bet the bundlesSis= 9.54
and the height above the reference plané is 103.1 nm.
sl Fig. 6 shows the magnitude and phase spectra of impedance
: : : Z12(1,2). It is seen that, as before, the proposed Green’s
0 500 1000 1500 2000

Frequency [GHZz]

Fig. 4. Magnitude and phase spectra of impedarigg(1, 2) of two-coupled

bundles of SWCNTs (example V-A).

function-based results are in a good agreement with the TLT
method, while the ESC method remains accurate below 250
GHz. Similar results are obtained for all the other impedances.
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0 500 1000 1500 2000 0 50 100 150
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4 Fig. 7. Far-end port voltage of the fourth of four-coupled bundles of SWCNTs
—GF (example V-B).
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Fig. 6. Magnitude and phase spectra of impedafigg(1, 2) of four-coupled 107° s s ‘ ‘
bundles of SWCNTs (example V-B). 100 200 300 400 500

Frequency [GHZz]

. . . Fig. 8. Magnitude spectrum of impedange: (1, 2) of four-coupled bundles
The first bundle is excited by the same voltage source @‘?SWCNTS for a lengtht = 100 um (example V-B).

the previous example. Figure 7 shows the far-end port voltage

of the fourth line in the bundle: the results confirm that a

satisfactory accuracy is achieved by the proposed macromokggnaining physically consistent.
approach when compared to the IFFT recovered results of the

TLT method, while the ESC model is not able to properlg. Eight-coupled bundles of nanotubes

capture the peaks of the induced far-end voltage. In the last example, eight-coupled bundles of nanotubes are
If the length of the bundles is increased #4o= 100 um, considered with the same setting of the previous example. The
the similarity transformation adopted to evaluate the chajgngth of the interconnect is= 100 zm. Each bundle contains
parameters [47] is affected by numerical errors. Figure 8 sho@s nanotubes. One of the bundles is excited by the same
the magnitude spectrum of impedange;(1,2). It is clearly voltage source of the previous examples. Fig. 10 shows the
seen that the GF and ESC approaches are able to captureptitput voltage of the driven bundle and the far-end voltage of
frequency content of the impedance, while the TLT methafle eighth bundle. It is seen that, again, numerical oscillation
suffers from numerical problems above 50 GHz. due to ill conditioning problems in the computation of the
This numerical noise prevents the results obtained via IFFERain parameters appear when using the standard similarity
to be physically meaningful. Fig. 9 shows the transient fatransformation. They are less relevant in the driven bundle,
end voltage on the fourth bundle. As expected, the similaribut unacceptable on the victim lines where the crosstalk is to
transformation-based approach (TLT) is affected by unphysids# modeled. The ESC method is not affected by oscillations,
oscillations; the ESC method is not affected by spurious osdilut it is not able to capture correctly the voltage peaks either
lations, but it is less accurate than the proposed Macromodel the driven bundle or the victim one. It is clearly seen that
approach which is able to capture the voltage peaks, whilee proposed Macromodel approach is accurate over the entire
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Fig. 9. Far-end port voltage on the fourth of four-coupled bundles of 3r—, w
SWCNTs (example V-B). a ——TLT IFFT
ol Macromodel |
1 - - -ESC IFFT
frequency range of interest and, as a consequence, the time- 1} | { 1
domain results are not affected by oscillations. < -
S ON TP~ aAASAAp AP
VI. CONCLUSIONS g
. . . .5 -1t 1
In this paper a systematic data-driven model order reduction>
method for carbon nanotube interconnects is presented. The _,| |
dyadic Green’s function of the 1-D propagation along the
interconnect is used to compute the input/output frequency _3! |
response of the system, thus avoiding any similarity trans-
formation. The global interconnect is reduced by enforcing -4 :

equivalence conditions at the electrical ports of each bundle
and a state-space macromodel is generated by means of the

50 100 150 200 250 300
Time [ps]

VF algorithm applied to the reduced model. The number efg. 10. Output voltages on the driven (top) and the eighth bundle of eight-

frequency samples used in the modeling process is mugship!
smaller than that needed when the IFFT is adopted. Spurious
oscillations appearing in the IFFT-based time-domain results
due to inaccuracies in the similarity transform-based approach
are avoided. The overall macromodel is accurate, stable afid
passive and well suited for time-domain analysis of SWCN

T
: 2]
interconnects.

(3]
(4]
(5]

(6]
(7]

8

—_

ed bundles of SWCNTs (example V-C).
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