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Operator identities in ¢-deformed Clifford
analysis

K. Coulembier and F. Sommen

Abstract. In this paper, we define a g-deformation of the Dirac operator
as a generalization of the one dimensional g-derivative. This is done in
the abstract setting of radial algebra. This leads to a g-Dirac operator
in Clifford analysis. The g-integration on R™, for which the ¢-Dirac
operator satisfies Stokes’ formula, is defined. The orthogonal ¢-Clifford-
Hermite polynomials for this integration are briefly studied.
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1. Introduction

In [13] Jackson originally introduced the g-analogues of differentiation, inte-
gration and special functions in the context of g-hypergeometric series (also
known as basic hypergeometric series). An overview of the theory of g-calculus
can be found in [9, 10]. In this paper we aim to define a g-deformation of the
Dirac operator, which implies a g-deformation of partial derivatives in higher
dimensions. Generalizations of the g-derivative to higher dimensions have also
been developed in the theory of quantum spaces, see e.g. [2].

In [4] another approach to develop a ¢g-Dirac operator was taken. In the
present paper the behavior of the g-Dirac operator with respect to vectors
plays a central role. It is therefore logical to define the g-Dirac operator in
setting of radial algebra, see [15]. The ¢-Dirac operator on radial algebra is
defined by a list of axioms based on g¢-calculus and Clifford analysis. It is
then proven that this list of axioms uniquely defines a ¢-Dirac operator.

The ¢-Dirac operator on radial algebra leads to a g-Dirac operator in
specific realizations of radial algebra, such as Clifford analysis or super Clif-
ford analysis, see e.g. [6]. The expression for the ¢-Dirac operator in Clifford
analysis shows that the deformation is in fact purely radial. An alternative
theory of radial deformations of the Dirac operator is presented in [5]. For
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completeness we also derive the list of axioms that uniquely define the g¢-
Dirac operator in Clifford analysis. Although the resulting g-Dirac operator
differs from the one obtained in [4] the integration as defined in [4] also leads
to Stokes’ formula for the g-Dirac operator in the present paper.

Since the integration corresponds to the one in [4], the theory of orthog-
onal polynomials also coincides. Although the ¢-Dirac operator in the current
paper is introduced more naturally, it seems that the theory of g-orthogonal
polynomials in Clifford analysis is more elegantly described using the g-Dirac
operator developed in [4].

This paper is organized as follows. First we recall the basic notions of
g-calculus, Clifford analysis and radial algebra. The g-Dirac operator on ra-
dial algebra is defined by a list of axioms. Explicit calculations show that
the axioms uniquely define the action of the ¢-Dirac operator on elements
of the radial algebra of low degree. The applied techniques are then used to
prove the unicity of the ¢g-Dirac operator. Then it is proven that the list of
axioms is not inconsistent and therefore uniquely defines a g-Dirac opera-
tor. This implies the definition of the g-Dirac operator in Clifford analysis.
The action on terms of the Fischer decomposition is calculated and the unic-
ity of the g-Dirac operator in Clifford analysis is proven. It turns out that
the notion of g-monogenic polynomials and monogenic polynomials coincide,
which implies that the deformation is purely radial. Then the g-integration
on R™ is defined as g-deformed radial integration combined with undeformed
spherical integration. It is proven that the g-Dirac operator satisfies Stokes’
formula. Then it is argued that the g-Dirac operator as developed in [4] is
better suited to study orthogonal polynomials. Finally in the conclusion the
results are reviewed and a comparison is made between the g-Dirac operator
in the current paper and the one in [4].

2. Preliminaries

First we give a short introduction to g-calculus, see e.g. [9, 10, 13]. We define
for w a number or operator, and the deformation parameter q,

= L=
uly = .
q q-— 1
It’s clear that lim,_.1[u], = u. In this paper we always assume 0 < ¢ < 1.
The g-derivative of a function f(¢) is given by the expression

Di(f) = B
which implies
k
DY) = Lt = ! 1)

and

Dit = qtD} + 1. (2)
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The g-derivative satisfies the Leibniz rule

Di(frt)f2(t)) = Di(fr(t)fa(t) + fr(qt) Df (f2(t)). 3)
The g-integration or Jackson integration on an interval [0, a] with a € R
is given by

/ iyt = (1-aY ) (4)
0 k=0

The infinite g-integration is given by

| twdr = a-aa S fladt) (5)

k=—0o0

for a € R, see [11]. The infinite integration is therefore a function of a.
However it is a g-constant, D foa'oo = 0. More general intervals are defined

by fab = fob — foa, and satisfy the important property

b
[ prswar = 0 - s (6)

There also exists an extensive theory of g-polynomials and -special func-
tions, see e.g. [9, 12]. For a general a@ > —1 we define the g-Laguerre polyno-
mials, see e.g. [12, 14] as

—)t F2(t—|—0¢+1)
£5( (t—i)(t—i+1) (—u) q
(ulg?) Zq t— il il Tpa(i+a+ 1)

with the g-factorial given by [k],! = [k]4[k—1], - - - [1]4 and the ¢-Gamma func-
tion I'y which satisfies I'q(u+1) = ul'q(u). We also introduce a g-exponential
by

> i Dy
e 2(’LL) = a1
! Jz:% [.]]qQ!

Now we briefly recall the basic notions of Clifford analysis. For more
details we refer the reader to [1, 8]. The complex Clifford algebra C,, is
generated by an orthonormal basis (e, - - ,e,,) for R™ with multiplication
rules

ee; +eje; = _261']' for 1<4,5<m. (7)

The algebra generated by these Clifford numbers and the m variables z;,
which commute with the e;, is the algebra of Clifford-valued polynomials
P = Rlz1,- -+ ,&m] ® C,,. The vector variable z on R™ can be identified
with the first order Clifford polynomial of the form z = Z] 1ejx;. The
multiplication rules (7) imply that the square of this vector variable is scalar

valued,
m
2 _ —
ij -
=1
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The corresponding Dirac operator or vector derivative in the vector
variable x is the operator

6£ = — iejafj'
j=1

The square of the Dirac operator is again scalar and is the Laplace operator.
Clifford analysis deals with the function theory of solutions of the equation
0. f(z) = 0, called monogenic functions. In particular we study monogenic
polynomials of degree k. Denote by E = Z;nzl 70, the Euler operator.

Definition 1. An element F' € P is a spherical monogenic of degree k if it
satisfies O, F = 0 and EF = kF, i.e. F' € Py. Moreover the space of all
spherical monogenics of degree k is denoted by M.

The space of Clifford algebra-valued polynomials can be decomposed as
follows.

Lemma 1 (Fischer decomposition). The space Py decomposes as

k
Pr = @&i/\/lk—i-

i=0
This decompositions is unique, so Y ,x'My_; = 0 (with My_; € My_;)
implies My_; = 0 for every 1.

The role of the special orthogonal group SO(m) in harmonic analysis is
taken over by the spin group Spin(m) in Clifford analysis,

Spin(m) ={s € Cp| FkEN,s=w, - -wy, w; €S™ Li=1,---,2k}.
A real vector w in the Clifford algebra belongs to unit sphere S™ 1 if w? = —1.
The spin group is a double cover of the special orthogonal group. The L-
representation of the spin group on Clifford algebra-valued functions is given
by

L(s)[f(x)] = sf(s™'zs).
The Dirac operator is is spin-invariant,
[0s,L(s)] = o. (8)
We will also need the main anti-involution * on the Clifford algebra C,,,
defined by
e - is equal to the complex conjugation on scalars,
L4 5: jeia
e ab =ba for all a,b € C,,.
Using the Clifford algebra multiplication rules (7) yields
{z,0;} = Opz + 20, =2E 4+ m. (9)

In particular the relations 0, (z) = m and

8£g2 = 128£ + 22 (10)
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hold.

The relation {z,e;} = —2z; implies that {z,z} is scalar valued for a
general vector z € R™ identified with z = Z;”:l ejz; € Cpp.

This leads us to radial algebra, see [15]. The starting object in the
definition of radial algebra is a set S of ‘abstract vector variables’. In this
paper we will always assume an infinite set S. The radial algebra R(.S) is the

universal algabra generated by S and subject to the constraints
{z,y},2] = 0 for any z,y,z€ S. (11)

The subset of R(S) which commutes with all the elements of R(S) is
called the set of scalars, and denoted by Ry(S). The formal inner product of
two elements of the radial algebra is given by

we) = 30}

and is an element of Ry(S), by (11). In [15] it was proven that Ry (S) is gen-
erated by the formal inner products. The space R;(S) is defined as the space
of Ry(S)-linear combinations of elements of S. Clifford analysis is obtained
again when we take the set S = {x,e1,--- , e, }, therefore only viewing the
‘prefered vector’ z as a variable. Since this set S is finite, not all results from
radial algebra will be immediately applicable to Clifford analysis.

We can construct a vector derivative (Dirac operator) with respect to
each element of S. Mostly we will choose x. This means that all the other
operators, such as the Euler operator, are defined with respect to z. So we
will always use the notation E in stead of E,. The subspace of the radial
algebra R(S) which is of degree k with respect to x is denoted by [R(S5)]k.

In order to define the vector derivative 9, € End(R(S)) , there has to
be a unique constant scalar m for which

(A0) O0x(x) =m, Yz € S.

On the level of radial algebra this m is a parameter wich can take any value
in R. The Dirac operator is defined uniquely by this axiom and by

(A1) O (fF) = 0u(f)F + fO.(F), [ € Ro(S), FeR(S)
(A2) 0,(FG) = 0,(F)G, F e R(S), GeR(S\{z})
(A3) 0y (2%) = 22

(A4) 0:({x,2)) =2z, z#ux.

An important result of radial algebra is that it allows to develop a
theory of super Clifford analysis, see e.g. [6]. Using p commuting variables
and 2n anti-commuting variables we obtain a model for radial algebra with
(super-)dimension M = p — 2n. So here the dimension of the radial algebra
is an element of Z. In [7] it was proven that there is a Fischer decomposition
(lemma 1) in superspace if M ¢ —2N.
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3. The ¢-Dirac operator on radial algebra
3.1. Definition

Our aim is to define a g-deformed vector derivative on the level of radial
algebra. Property (2) implies that the following relation holds for the one
dimensional g-derivative:

Dit* = ¢*t*DJ + (¢ + 1)t.

Comparing this with property (10) we find that the ¢-Dirac operator
should satisfy 9222 = ¢?229% + (¢ + 1)x. Formula (1) implies D (t) = [1],.
Therefore we also impose 9%(xz) = [m], for some parameter m € R and
01({z,x)) = [Y;Ll] z. We also assume 9% to be vector valued, i.e. 9% acting
on Ry(S) should be inside R;(S) and 9,(v,01) = 02 on R(S\{v}) with
2(v,0%) = {v,02}. In undeformed radial algebra the anticommutator of x
and 9, commute with other vectors, see equation (9). It is logical to extend
this property to the g-anticommutator of z and 04. Thus we are led to the
following axioms for 92 € End(R(S)),

(B0) () = [mlg

(B1) 04(f) € R1(S), f € Ro(S) and 9,(v,0d) =97 on R(S\{v})
(B2) 0UFG)=04F)G  FeR(S), GeR(S\{z})

(B3) 01x? = ¢*2%01 + (¢ + 1)z

(B 0w ) =T v

(B5) [(0x + qzdl),z]| =0 Vz#u

(B6) zlgg 0lF(2) =0IF(u), z#xz#u

(B7)  Ed?=0E—1) and E,0!=0'E,, u#az.

Remark 1. It would seem logical to demand the relation 0%(x, z) = q{x, z)0I+
z as an axiom. However, this leads to a contradiction with axiom (B6) when
we evaluate 0({x, z)(x,v)).

3.2. Unicity

Now we prove some properties of an operator which satisfies axioms (B0) —
(B7). This will lead to a proof of the unicity of the ¢-Dirac operator. The
g-deformation of the Euler operator is given by

E
qg-—1
E = [E]q =
q—1
and satisfies
Ex—qeE =2 and Ez=:zE. (12)

Lemma 2. An operator 01 € End(R(S)) satisfying axioms (B0), (B3) and
(B5) also satisfies the following q-deformed version of formula (9):

0w + qrdl = [m]y + (¢" + @) E = [m + E], + ¢[E],. (13)
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Proof. The combination of axioms (B2) and (B7) imply 9%(1) = 0. We define
the operator A on R(S) as

A = Ofx+qudi—[mly—(¢" +@E.
Axiom (BO0) and the relation 0%(1) = 0 imply A(1) = 0. Using the definition

of A and equation (12) we calculate
012® = (A—qudl+[mlg+(¢" +E)z
= (A+[mlg+(¢" +)E)z — gz (A— qdi + [m]y + (¢" + 9 E)
= Az —qrA+ 2?00 + m],(1 — @)z + (¢™ + q)(Ex — qzE)
= Az —qrA+¢*2%0% + (¢ + 1)
Comparing this with axiom (B3) yields Az = gxA. Using axiom (B5) and

equation (12) we also find Az = 24 Vz # z, so A = 0 as an operator on
R(S). O

We will also need the following calculation.
Lemma 3. An operator 01 € End(R(S)) satisfying axiom (B5) also satisfies
01w, 2) — alw, )0 = (2090 — qalz, %),
Proof. We calculate, using (B5)

208(x, z) + 2qx(z,0%) = Olxz+ qudlz+ O0lzx + quz0l
203z + zqrdl + 0%zx + quz0l
= 2(z,00x + 2¢(x, 2)0d,

which gives the desired result. ([l

Now we calculate some explicit evaluations of the Dirac operator. Be-
cause of lemma 3 and axiom (B4) we find

(.08 = T a2, 00 () = ),

m

Therefore all the first order evaluations are completely determined from ax-
ioms (B0) — (B7). Now we consider second order evaluations. Axiom (B3)
implies

0i(2*) = (¢+1)= (14)

and (z,04)(x?) = (¢ + 1)(x,2). Equation (13) combined with axiom (B4)
yields

M) = ' (ot lyt)es.(15)

In order to find the other second order evaluations, we use a technique that
will be generalized in the proof of theorem 1.
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Lemma 4. Consider z,u € S, different from x. For an operator 04 € End(R(S))
satisfying axioms (B0) — (B7), the following relations hold:

09((w, ) (2, 1)) = %(u(ax 2+ 2w, u)) + 4 ;ff[;”]q/mx(u, 2)
and
(e ) = P ) 4o, 4 THO 2
Proof. We start by using lemma 3 on 99((z, u) (z, 2)),

(w2 ) = a0 2t (2, 08) (el ) — g (). (16)

So it suffices to calculate 9%({x, z){x, u)). Axioms (B7) and (B1) imply that
there must be coefficients o,y and @ such that

Al({x, 2)(x,u)) = az(z,u) +yulz, z) + Ba(z,u)

holds. The symmetry between z and u (axiom (B6)) implies & = «y. Consider
v € S and different from =z, u, z, the calculation above implies

(v,00)((z, 2)(z,w)) = a((v,z){z,u) + (v,u)(z,2)) + B(v,z)(z,u) and
(0, 0D (z(x,u)) = alv{z,u)+ (v,u)z)+ v, x)u.
Axiom (B1) then implies
Oax{z,u)y = Oy(v,0Da(x,u)

= a(m(z,u) +uz) + fxu.

14g—2q[m]y /m

. . . . 1)+
Comparing this with formula (15), yields o = % and 8 = S

This lemma and the calculation before imply that the operator 92 is
uniquely determined by axioms (B0) — (B7) on the space [R(S)]o® [R(S)]1 ®
[R(S)]2- By generalizing the used techniques we can prove the unicity on
R(S). First the symmetry is used in the following lemma to limit the possible
expressions for 9 acting on elements of R(S). We use the convention that
the notation (x,u;){x,u;41) - {x,ug) is considered to be 1 if k¥ < ¢ and
introduce some notations. For u; elements of S and S;_; the permutation
group on {1,2,---,j — 1}, define the element of Ry(S) given by

A(uy, - uj)

= Z <Ua(1)7 Ua(2)> s <uo(2i71)> Ua(2i)><37, ua(2i+1)> o <CE> ua(j71)>

0ES; 1
and the element of R;(S) given by
I (uy, -+ ujo1)

= Z Ug (1) (Uo(2), Yo (3)) * * * (Uer(2i) > Yor (204 1)) (T Ug(2i42)) -+ * (T Ug(j—1))-
O’ESJ‘—I
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The following properties of A and II are straightforward to obtain

e = 20 — 2T (17)
and
Ag(ul, S Ujy) = Z Ug (1) Ug (2) (U (3)5 Uer(4)) * * - (18)
€81
T <%(2¢71), Ug(2i)><$, ua(2i+1)> ez, uo(j71)>'
Lemma 5. With x,v,u1,uq, - ,u; all different from each other and 03 an

operator satisfying axzioms (B0) — (B7), the expression

(v,03) ({z, u1) (@, uz) - - - (2, ;)
has to be of the following form

L5 152
Z o (0, T (uy, -+, uy)) + Z ﬁixm(v,x)AZill(ul, )
i=0 =0

for some constants {a;} and {5;}.

Proof. The fact that every term is accompanied by permutations of the v,
is immediately clear from the fact that wui,---u; all have the same indis-
tinguishable role, as implied by axiom (B6). Axioms (B1) and (B7) imply
that
<Ua 8g> (<x,u1><x,u2> e <x7uj>)

is an element of Ry(S) of degree j — 1 in = and of degree 1 in v and wu; for
1<1<j.

First we consider all the possible terms without an z2, these correspond
to ¢ = 0 in the summation above. So we need to make inner products of x
with 7 — 1 of the v,us, - ,u;. Besides these inner products with x, there
either has to be an inner product (v,uy) or an inner product of the form
(ux,u,). For the first option to be possible, j > 1 has to hold. For the second
option to be possible, j > 2 has to hold. These are the two possibilities that
correspond to ag and SBy. A completely similar reasoning leads to the terms
with ¢ > 1. O

Now lemma 4 can be generalized to arbitrary degrees.

Theorem 1. For an operator 0 € End(R(S)) satisfying axioms (B0) — (B7),
the expression

ag<$7u1><$,u2> T <;C7’LLJ‘>

with all the u; different from each other and from x, is completely determined
for j e N.

Proof. This expression is determined for j = 1, by axiom (B4). Now, define

Fj(U17U2»"'uuj) = 8g<x,u1><x,u2>---<x,uj>.
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Lemma 5 shows which form (v, F;) takes. This implies that

Fj(u17u27"'7uj)
L452] 1552
i i 1
S e ) 3 A

=0

for some coefficients o and 3. Now we will prove that the coefficients {af <
|451]} and (B0 < |252]} are determined in terms of the coefficients
{ad7'i < |452]} and (B~ < |£52]}. This proves by induction that
the coefficients are determined, since they are known for j = 1.

Define G;(u1,uz, - ,uj—1) by (G;,u;) = (v, Fj), which is equivalent
with

Gj = (0,00 (z,u1) - (x,uj_1)x. (19)

From the expression of (v, F;) we can calculate G,

E: J 21 J
Gj(U1,U2,"' ,’U,j 1 Oé ’UA u1,~ . ,Uj_l)

+ Z o 22 2i] Z (0, Ug (1)) o (2) (U (3), Uor(a)) - -
i= oeSj 1

o <uo(2i71)a uo’(2i)><x7 uo(2i+1)> o ua(j71)>]
[41)

+ Z o (f = 20— 1) (0, T (ur, -+ uj1))

[552]
+ Z ﬁngi(Qi+2)(U,x)H£(u1,~-- JUj—1)
i=0
[552]
+ Z Bl (= 20 — 2) (v, @) Al (wr, -+ ugoa).

This allows to calculate 0,G; using equations (17) and (18),

[432)
0uGj(ur,ug, -+ ,uj_1) = Z afac%(m + 20)A] (ug, - uj—1)

L1
+ Z da?(j -2 — 1) [QAg(u1,~~~ g 1) — 2T (ug, -+ ujq)
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1452
+ Y BTN+ 2T (ug, - uy)
=0
1472
+ Z BB t2(j — 2 — 2)A (u, -+ i)

By combining terms and taking into account zero terms we obtain

0yGj(uy,ug, - ,u;-1)

= (m+2j—2)ap(j — DNz, u1) - (2,45-1)
1434 _ _ o

+ > lm+2j = 20— 2)a] + (j — 20)5]_, ]2 A (ur, - uy-1)
i=1
1452]

+ D (@i+2)p = (-2 = D)ad]a® T T (uy, - uyo1).

The expression 9, G; can also be calculated starting from equation (19),
using axiom (B1), the expression of Fj_ in terms of A and II and lemma 2,
0,G;
0dx(z,u1) - (z,uj—1)
= (Im+j—1g+qli = Ug) (w,u1) - (w,u5-1)
= 5]
_ Z qagflm%-‘rll—‘[g (u17 . 7uj71) _ Z qIBJ 1 21+2A1+1(u17 L uujfl)
i=0 i=0

Comparing coefficients yields

o dmai -1l
0 (m+2j—-2)G-1! "’
[(m+2j—2z’—2)a{+(j—2z') g’_l} — —¢B/7} and
(2i+2)8] — (=2 - Dol = —qal™"

Assuming that the coefficients for j — 1 are known, this can clearly be solved
by using the third equation to calculate ﬁo, then the second to calculate o]
and so forth. The solution will always be unique. However it will only exist
if m ¢ —2N. O

Now we can prove the unicity of the g-Dirac operator if the parameter
m is not even and negative. If m € —2N the axioms are not consistent as can
be seen from the proof of theorem 1.

Theorem 2. There can only be one g-Dirac operator 01 € End(R(S)) satis-
fying axioms (B0) — (B7).
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Proof. We need to prove that 92 acting on all elements of R(S) is determined
from axioms (B0) — (B7). The radial algebra R(S) is additively generated by
elements of the form

xk<x7u1><l‘7’U@> e <x7uj>y1 RETR

with & € N, w;,y; € S and different from z. Because of axiom (B6) we
can consider all the u; to be different from each other. Lemma 2 and axiom
(B2) imply that the ¢-Dirac operator acting on such elements of R(S) is
determined if the g-Dirac operator on (z, u1){x,us) - - - (x, u;) is determined.
Theorem 1 therefore proves this theorem. ([

It should still be proven that the axioms (B0) — (B7) are in general not
inconsistent, this will be done in section 3.3 by explicit construcion of 99 if
m ¢ —2N.

Remark 2. The calculations in theorem 1 imply that there cannot be a q-
deformed Dirac operator in models of radial algebra for super Clifford anal-
ysis if the superdimension M = p — 2n (with p bosonic and n fermionic
variables) is even and negative. This corresponds to the case without Fischer
decomposition, see [7].

We call an element P of the radial algebra g-monogenic if it satisfies
0P = 0. Here we will find that a certain type of second degree polyno-
mial is g-monogenic if it is monogenic. In section 3.3 we will find that every
monogenic polynomial is g-monogenic.

Lemma 6. If the element of the radial algebra,
(z,2)? + alz, 2)xz + ba*2?
with a,b € R is monogenic, it is also g-monogenic if m ¢ —2N.

Proof. Using the calculations in equations (14) and (15) and in lemma 4 we
find

01((x, 2)* + alw, 2)xz + ba?2?)

= (7[771 1) + q)2z<a: z) + Ll QQ[W]Q/meQ
m-+2 ’ m+ 2

[mlq

+ a(m+1]+q)(z, 2)z — an:EZZ +b(q+ 1)z2>.

Therefore it is g-monogenic if a = m;—f2 and b = m;-|}2 This is independent

from g and therefore the polynomial is g-monogenic if it is monogenic. ([

In case the parameter m satisfies [m + 1], + ¢ = 0 (which requires m to
be negative) the element of R(S) above is g-monogenic for all (a, b) such that
14+a-+mb = 0 holds. So for specific values of ¢ and m the space of g-monogenic
elements of R(S) can include elements which are not monogenic.
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3.3. Existence

We give an explicit expression for 04 in case m ¢ —2N in terms of the classical
vector derivative 9, defined by axioms (A0) — (A44). In this way we prove that
the set of axioms (B0) — (B7) is consistent, and complete the unicity and
existence of an operator defined by (B0) — (B7). This explicit expression for
0% in terms of 0, also leads to a definition for the g-deformed Dirac operator
in (super) Clifford analysis.

Theorem 3. If m ¢ —2N there is exactly one operator 01 in End(R(S)) which
satisfies axioms (BO) — (BT). The operator is given by

o
08 = Y I fE)0IT
§=0
with, for j € N, the functions f; : N — R defined by fo(u) = % and
1
Jojr1(u) = %512 [f2j(u+1) = qf2;(u)] and

1
C2u+2j+m+2

Proof. The operator f;(E) is defined as the diagonal operator on R(S) which
has the same eigenvectors as E but with eigenvalues k € N replaced by f;(k).
Since each element of R(S) is of finite maximal degree in x, the expression
above for 04 is an element of End(R(S)).

Because of the unicity of an operator which satisfies axioms (B0)— (BT7),
we only have to check that the proposed form of 9% satisfies the axioms.
Axioms (B0) and (B4) hold since f,(0) = [m],/m. Because x and 9, are
vector valued operators axiom (B1) holds. Axioms (B2), (B6) and (B7)
trivially hold. Now we will prove that equation (13) holds, from which (B3)
and (B5) follow. Substituting the proposed expression for 92 and using the
formulas {0271, 2} = 0% (2E + m) and [0¥,x] = 202~ yields

fajt2(u) [foj1(u+1) 4+ qfoj41(u)].

=D @ oy B+ 10T 43 0 £y (B)(2E + m + 2§)02
=0 g=0

Olx + qu0l

+ Y a T (B4 10712+ 2T (25 + 2) foj (B)OFT!

§=0 j=0
+ Z$2j+1(If2j (E)agj-i-l + Z$2j+2qf2j+1(E)8§j+2
§=0 §=0
= fo(E)(2E +m) = [m + Elq + q[E],
which proves the theorem. [l

Remark 3. The explicit expression in theorem 3 implies that lemma 6 can be
generalized immediately. Every monogenic polynomial is q-monogenic. The
other direction is not true, a polynomial can be g-monogenic for specific values
of m and q without being monogenic.



14 K. Coulembier and F. Sommen

Example 1. As an easy example we can calculate the expression for 0L acting
on elements of R(S) of degree 2 in x,

m+1],+¢ 114 q—2q[m]y/m
—L 20,4+ = ;.
m—+2 1+2 m+2 10

O (R($)

From this we immediately re-obtain the expressions in lemma 4.

4. The ¢-Dirac operator in Clifford analysis

The expression for the ¢g-Dirac operator in terms of J, in theorem 3 allows
to construct it for specific models of radial algebra. For Clifford analysis on

R™ the g-Dirac operator on P = R[z1, -+ , 2] ® C,y, is therefore defined as
o = > L@ (20)
3=0

with f; the functions in theorem 3. Although this expression is not very trans-
parent, the action on terms of the Fischer decomposition can be calculated
easily. This operator can also be determined uniquely by a list of axioms,
closely related to the B-axioms. The only essential change is axiom (B6),
which does not have the same implications in Clifford analysis, since the set
S is finite for Clifford analysis. Therefore it is replaced by the condition of
Spin(m)-invariance.

4.1. The ¢-Dirac operator and the Fischer decompostion

It is straightforward to check that the Dirac operator in Clifford analysis (20)
still satisfies the relation

which also implies %22 = ¢?220% + (¢ + 1)z. The g-deformed Euler operator
also satisfies [E], = rDJ. In Clifford analysis (with dimension m > 0) we can
prove that a polynomial is monogenic if and only if it is g-monogenic (with ¢
an arbitrary fixed constant satisfying 0 < ¢ < 1), see the discussion in remark
3.

Theorem 4. Given M}, € My, a spherical monogenic of degree k, then the
following relations holds:

Ax”' My, = [2],z” "My lEN,
Mz Iy, = ([20+k+m]g+ ¢ THE]) 2¥ My, 1eN.

Given P, € Py a polynomial of degree k, 03P, = 0 holds if and only if
P, e M.
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Proof. The expression (20) immediately implies that 9 My = 0 if My € M.
Applying the commutation relation (21) yields

21
-1
Ogglek _ (qzlleag + qilﬁm_l)Mk
ik z g
= [20,2% 7 My
and
21
aggﬂ—i-le — q2lg2lag£ + q _11£21 Mk

= [¢®2®(Im + k] + qlk]q) + [20]4] 2% M,
= ([2L+m+ klg + ¢* T K] )z My,

which completes the proof of the first part of the theorem.

The obtained relations can be summarized as ngle = chgl_le for
[ > 0. The coefficients ¢ ; are strictly positive since m>0,1>0andk > 0.
Consider a fixed polynomial Py € Pj, with Fischer decomposition (lemma 1)

k k
Py :leMk,j = ang :ZCj’k,jgj_le,j.
Jj=0 Jj=1

The unicity of the Fischer decomposition then implies that if Py satisfies
01P, = 0, then M; = 0 must hold for j < k and therefore P, = M), holds.
This completes the proof. Il

The fact that the space of spherical g-monogenics is independent of ¢,
shows that the only real g-deformation is radial. This is closely related to the
fact that the ¢-deformed Dirac operator is invariant under the spin group as
will be proven in the following section, and not under a ¢-deformed version
of the spin group.

The action of the g-Dirac operator can be extended to general radial
functions, not necessarily in P. When f is a scalar function, axiom (B3) can
be extended to

0@ = T (DIf?) + J(’2)OL (22)

The space of all scalar radial functions for which the expression above exists
is denoted by J.

4.2. Unicity of the ¢g-Dirac operator on Clifford analysis

Theorem 5. The Dirac operator 03 on P = Rlzy,--- ,m] ® Cy, in formula
(20) is uniquely determined by the following list of properties:

C0) 93 (z) = [mq

C3 x? = ¢*2%01 + (¢ + Dz

(0dx + qxd}) is a scalar operator
03 is Spin(m)-invariant
Ed] = 0%(E - 1).

AAAAA
Q
ot
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Proof. First, it can be checked that the ¢-Dirac operator in equation (20)
satisfies these properties. Properties (C0) and (C7) are trivial. Properties
(C3) and (C5) follow from equation (21). Property (C6) holds since z, 0,
and E are Spin(m)-invariant.

In the exact same way as in the proof of lemma 2 properties (C0), (C3)
and (C5) imply that equation (21) must hold. The action on a polynomial of
the form z! M} with My € M,, is therefore uniquely determined when 94 M;,
is determined. B

Axiom (C7) implies that the image of 94 acting on the space M;, is
a subspace of Pi_1. As a Spin(m)-representation My, decomposes into irre-
ducible pieces as (for simplicity we consider the case m = 2n + 1)

-
M, = PM;.
1=0

Each M is an irreducible highest weight representation for Spin(m), with
highest weight (k + %, %, cee %), where the term % is repeated n — 1 times.
This essentially follows from the decomposition of C,, into its spinor spaces.
The decomposition of the space Pr_1 in lemma 1,

k—1
Pr-1 = @QJqu—j
j=0
implies that there does not appear a Spin(m)-representation of highest weight
(k—&—%, %, cee %) in Pj_1. Since the ¢-Dirac operator is Spin(m)-invariant and
the image of 9% acting on the space My, is inside Pj_1, we find that 0 must
be zero on My,. The case m = 2n is completely equivalent. B
Summarizing, the axioms imply that 022! Mj, is given by the expressions
in theorem 4 which implies that 99 is uniquely determined and corresponds
to the expression in equation (20). O

5. g-integration

Since the deformation is purely radial, it is logical to define integration as
a combination of g-deformed (Jackson) radial integration with undeformed
spherical integration, [,,_, do, as was also done in [4]. The spherical integra-
tion satisfies [;,,_, doxzM), = 0 for k € Nand [g,,_, doM;, = 0 for k > 0. We
define integration for functions of the form P ® J with J the scalar radial
functions such that the g-Dirac operator is defined on them.

Definition 2. The g-integration on P ® J is defined as

/IBm(A) fl@)d,V(z) = /0A dqrﬂ"*l/SW1 do f(),

with the one dimensional q-integration as defined in equation (4) for A € R
or equation (5) for A =a- oo with a € RT.
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The vector £ will be used for the normalized vector variable, £ = z/r.
The integration over the boundary of B™()), the ball with radius A in R™,
is denoted by [ ) do and satisfies

[ i@ = [ dos0g),
8B™ (X) sm—1 =

Now we prove that Stokes’ theorem holds for this ¢g-integration and the
q-Dirac operator.

Theorem 6. For f € P ® J and the integration in defintion 2, the following
relations hold,

/ (02f)dsV(z) = —/ doéf(z)  if xeR*
mA) oBm(\)
=0 if)\:CL'OO,aER+

and  lim do€&f =0.
oo Jom(g=ra)

Proof. The space P ® J is generated by functions of the form Mjg(z?) and
xMyg(x?) with My € M;, and g(z?) a scalar valued radial function. It is
immediately clear that both the left-hand and right-hand side of the proposed
equations are zero unless k = 0. The first possibility we must check is therefore
f(x) = g(z?). Equation (22) shows that the left-hand side is equal to

/ @)d,V(z) = — / L (Dig(a?)) dV ().
B()) B(A) T

Therefore both left-hand and right-hand side are zero. The only case left is
f(z) = zg(2?). The left-hand side can be calculated using equations (21) and
(22) as

/ (091)d,V (x)
B()\)
= [, / 9V @)+ "+ / DIV @)

.’L'2
+ q/ = Dlg(2*)d,V (z)
B

» T

= [m x2 T m rD%g(z? ).
= [, / 9@V @) g / 7PV @

In case A € R, the following relation can be calculated using equations (3)
and (6)

A
qm/ dr™DIh(r) = /erq (r"™h(r / dgrr™ "t h(r)
0

= A"h(A / dgrr™ th(r).



18 K. Coulembier and F. Sommen

For A\ € RT we therefore obtain

[ pavie = g [ o
B(A) gm—1

= [ dotaget) = - [ dogs@)
OB™ ()

aB™ (\)

The infinite integration can be calculated in the exact same way. It can also
be obtained from the first property by observing the relation foa'oo dyr =

7 *a
limg_ o0 fo dgr. (I

6. Orthogonal polynomials

Now that the integration corresponding to the ¢-Dirac operator is defined,
one can consider orthogonal polynomials. Therefore we consider a fixed basis

{M ,gl)} for the space of spherical monogenics My, which satisfies

[ o), - o
sm—1 0

with [-]o : C,;, — C the projection of the Clifford algebra onto its scalar part.
In theorem 10 in [4] it was proven that for the inner product on P
defined as

(flo) = /m( 1 >[f(x)g(x)}oeq2<x2>dqwx>,

the g-Clifford-Hermite polynomials given by
{E M) it =2

P e M) i =i,

form an orthogonal basis for P. Although these polynomials are orthogonal
for the integration connected to the ¢-Dirac operator, they do not behave
well with respect to the ¢-Dirac operator developed in the present paper. For
instance it can be calculated that the relation

030ikt = Cjkidj—1k,1

will not hold for any constants C} ;. Such an equation does hold for the g-
Dirac operator developed in [4], which therefore is better suited to generalize
the theory of g-orthogonal polynomials (see e.g. [3, 12]) to Clifford analysis.
Such an equation also holds for the ¢-Dirac operator developed in the present
paper and the polynomials v; 3, defined as

" _ £ —z2|?) MY if j = 2i
T 2L (—a2 )M i j =241

with oy, satisfying [20 m]q = [k +m]q + ¢[k];. However, these polynomials
are not orthogonal with respect to the inner product introduced above.
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7. Conclusion

The ¢-Dirac operator defined by the list of axioms (B0) — (B7) is more
naturally defined compared to the Dirac operator in [4]. In the case of Clifford
analysis the ¢g-Dirac operator in the current paper is uniquely defined from
the axioms (C0), (C3), (C5), (C6) and (CT7). The real difference between
this list and the list of axioms (A1) — (A4) on p7 of [4] is that in the present
paper the g-anticommutator of ¢ and z has to be scalar while in [4] the
square of the ¢-Dirac operator has to be scalar. The first condition is logical
in the framework of Clifford analysis, while the second condition is necessary
in order to obtain a ¢-deformed Laplace operator.

Both ¢-Dirac operators satisfy Stokes’ formula for the same type of ¢-
integration on R7". However, as the theory of ¢-Clifford-Hermite polynomials,
which are orthogonal with respect to this integration, is more closely linked
to the ¢-Dirac operator in [4], that operator is better suited to study g¢-
polynomials.

There are still other possible lists of axioms which define ¢-Dirac oper-
ators. Each definition seems to have its own specific advantage with respect
to integration, the Fischer decomposition, axial functions or g-polynomials.
An important direction for further research is a systematic study of the link
between changes in the axioms and properties of the resulting ¢g-Dirac oper-
ator.
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