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Abstract

A demand for more efficient electrical machines with a high power density is
driving the interest for high-speed permanent-magnet synchronous machines
(PMSMs). However, the design of such machines is a challenging task. One of
the problems is that the effect of the shielding cylinder, a conductive sleeve
around the magnets, on the machine’s performance has not been studied
extensively. To cope with that problem the authors of this work introduce an
analytical method to study the torque in high-speed PMSMs. The presented
method implies dividing the torque in two components, depending on how
they are produced. The method is successfully validated and an illustration
of its advantages is provided.

Keywords: High-speed machines, Analytical modeling, Torque production,
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PACS: 84.50.+d Electric motors

1. Introduction

Two trends in modern society have sparked the interest in high-speed elec-
trical machines. At the one hand an increasing ecological awareness has led
to a demand for more efficient machines. At the other hand a trend towards
more flexible applications pushes the demand for smaller machines. Since
high-speed electrical machines, and more specifically high-speed permanent-
magnet synchronous machines (PMSMs), combine a high efficiency with a

Preprint submitted to Mathematics and Computers in Simulation August 31, 2015

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Ghent University Academic Bibliography

https://core.ac.uk/display/55800116?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


great power density, the interest in such machines is on the rise. This is
reflected in a large number of publications on high-speed machines. Some of
these articles discuss specific aspects of the electrical machine, such as the
shielding cylinder (SC) [12], while other articles present a more general view
[1, 2, 10, 15]. A great number of publications presents a specific application
or design [8, 7].
However, designing high-speed PMSMs is a challenging task. One of the
reasons is that only little is known about the effects of the SC, which is com-
monly used in high-speed PMSMs. The SC is a conductive sleeve that is
wrapped around the magnets. The reasons to implement a SC are twofold
[13].
Firstly, the magnets in high-speed machines experience high centrifugal forces.
They are therefore kept in position with a retaining sleeve. Usually this sleeve
has a relative magnetic permeability that is near to one. The electrical con-
ductivity of such a retaining sleeve varies from very high, if for example
inconel is used, to very low, if carbon fiber is used.
Secondly, operating PMSMs at high temperatures implies a risk of perma-
nent demagnetization of the magnets. This is particularly true for high-
speed PMSMs where cooling of the rotor is difficult. Therefore the rotor
losses should be minimized. A commonly proposed technique to do so is
the SC. Asynchronous harmonics in the machine’s magnetic field will in-
duce eddy-currents in the conductive sleeve. According to Lenz’s Law, these
eddy-currents will produce a magnetic field that counteracts their origin. The
asynchronous harmonics in the magnetic field will thus be mitigated by the
SC. This means that, when designed correctly, the SC reduces the overall
rotor losses [6, 13].
To get a better understanding of the effects of the shielding cylinder on the
machine’s performance, this work studies the torque in PMSMs that are
equipped with a SC. The novelty of the work includes the separation of the
torque in two components, as explained in Section 4. There are two major
techniques to study the torque in electrical machines. One possibility is to
build a finite-element model (FEM) of the studied machine. Such models
are very accurate and relatively easy to construct. However, if the goal is
to get a better understanding of the machine’s physics, analytical models
are better suited. Not only because of their low computational times and
great flexibility but also because they intrinsically lend themselves to getting
a better understanding of the impact of the chosen parameters. Therefore in
this work an analytical model is used to study the torque.
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To conclude this introduction an outline of the presented work is given in
the following.
In Section 2 the studied machine topology is presented. Section 3 introduces
the analytical model that was applied in the torque study. It also presents
the assumptions that where adopted to enable the analytical approach. In
Section 4 the torque production in high-speed PMSMs is discussed and the
division of the torque in two components is presented. That section also
discusses the calculation of the torque based on the model presented in Sec-
tion 3. Before concluding the work in Section 6, Section 5 demonstrates the
advantages of the proposed division in torque components.

2. Machine geometry

The machine type regarded in this study is a PMSM that is equipped
with a SC. The cross section of such a machine, with 3 phases (m = 3),
2 pole pairs (p = 2) and 12 slots (Ns = 12), is shown in Figure 1. The
machine’s geometrical parameters are r1 (outer radius of the rotor yoke), r2
(outer radius of the magnets), r3 (outer radius of the SC), r4 (inner radius of
the stator windings), r5 (outer radius of the stator windings) and r6 (outer
radius of the machine). The magnet span is ϕm and the slot opening is δ.
The angular position of the ith slot is:

δi = −
δ

2
+

2π

Ns

i with 1 ≤ i ≤ Ns (1)

where Ns is the number of slots.
The shaded areas in Figure 1 depict the teeth. In a slotted machine these
teeth are made of a highly permeable material such as electrical steel. In a
slotless machine the teeth consist of a material with a relative permeability
that approximates 1. Notice that the modeled machine does not contain any
stator tips. While taking into account the stator tips would increase the
computational time, it would not significantly increase the accuracy since
saturation is neglected in this work. Depending on the goal of the performed
study, the slot opening in the model can be adjusted to match the slot opening
or the stator-tip opening of the studied machine.

3. 2D analytical subdomain model

The literature describes a large number of modeling techniques for various
machine types, extensive reviews of the existing literature can be found in
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Figure 1: Geometry of a 3-phase PMSM with 2 pole pairs and a SC

[14, 3]. The model adopted here is a 2D analytical subdomain model. It
calculates the magnetic vector potential (A), which is defined as:

B = ∇×A (2)

The model accounts for the slots and the eddy-current reaction field. As
shown in Section 4, the torque may then be calculated from the magnetic
vector potential by applying Maxwell’s stress tensor.
The model has been developed by the authors and is extensively discussed
and validated in [5]. It will be introduced in the following. However, first
the adopted assumptions are listed.

3.1. Assumptions

The following assumptions are made to enable an analytical approach:

• infinite permeability of the rotor and stator iron

• relative permeability of the SC and stator slots µr = 1

• zero conductivity of the magnets and the rotor and stator iron

• no induced currents in the slots
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• radial slot boundaries

• no end effects

Neglecting the conductivity in the magnets and the rotor and stator iron
implies applying the resistance-limited approximation [6, 11].

3.2. 2D analytical subdomain model

The subdomain technique divides the studied geometry in a number of
regions, called subdomains. The idea is that the problem is simplified when
regarded separately in each of these regions. The solutions, obtained in the
individual subdomains, are then linked back together by imposing physical
boundary conditions. This approach has the advantage of great accuracy
and a good insight in the machine’s physics. The latter is especially true
because the results are available separately for every combination of the time
and spatial harmonics, as shown in (7) and (8).
In this paper the subdomains are chosen as illustrated in Fig. 2. They are
indicated with an index ν. The magnet subdomain is represented by ν = 1,
2 stands for the SC and 3 for the air gap. In slotless machines the entire
winding region is regarded as one subdomain and is indicated with an index
4. In slotted machines every slot is a separate subdomain, indicated with an
index 4i. Where i is the slot number.

1

2

3

4i

(a) Slotted topology

1

2

3

4

(b) Slotless topology

Figure 2: Subdomains in the studied topologies

3.3. Govering equation

Based on Maxwell’s equations and the constitutive relations a differential
equation for the magnetic vector potential can be proposed [6]. In subdomain
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ν this equation can be written as:

−∆A(ν) + µνσν

∂A(ν)

∂t
= µνJ

(ν)
ext +∇×B(ν)

rem (3)

Where J
(ν)
ext is an externally imposed current density, B(ν)

rem stands for the re-
manent magnetic induction, µν is the permeability and σν the conductivity.
This equation is indeed greatly simplified in the different subdomains, the
source terms B(ν)

rem and J
(ν)
ext only appear in the magnet and winding regions

respectively. The time-derivative term accounts for induced currents, these
currents are only considered in the SC.
The boundary conditions, imposed on every boundary between two sub-
domains, are conservation of the magnetic flux and Ampère’s law. These
conditions can be written in terms of the vector potential as:

A(ν) = A(ν+1) (4)

and
n×

(

H(ν)
−H(ν+1)

)

= K(ν) (5)

Where n is the unit vector along the normal direction and K(ν) the current
density on the boundary.
In the following a cylindrical coordinate system, (r, ϕ, z), fixed to the rotor
and with the z-axis along the machine’s axis, is used. By neglecting the
end effects, the problem can be regarded in a plane perpendicular to the
z-axis. The magnetic vector potential is then independent of z and has no
r- or ϕ-component. Mathematically the magnetic vector potential can now
be written as:

A(ν) = A(ν)(r, ϕ, t) · ez (6)

3.4. Vector potential equation

The above results in equations for the magnetic vector potential in each
of the subdomains. As explained in [5], the equations for the magnetic vector
potential in the slots have a different spatial periodicity than the ones in the
other subdomains. The magnetic vector potential in a slotless machine can
be written as:

A(ν)(r, ϕ, t) =
∞
∑

n=−∞

∞
∑

k=−∞

A
(ν)
n,k(r)e

j(kϕ+(k−n)ωmt+kϕ0) (7)

6



Where ωm is the mechanical pulsation, ϕ0 is the initial angle of the rotor
with respect to the stator, n represents the time harmonic order and k is
the spatial harmonic order. The form of A

(ν)
n,k(r) depends on the differential

equation in the νth subdomain. In slotted machines the magnetic vector
potential is written as:

A(ν)(r, ϕ, t) =






















∞
∑

n=−∞

∞
∑

k=−∞

A
(ν)
n,k(r)e

j(kϕ+(k−n)ωmt+kϕ0) if ν = 1..3

∞
∑

n=−∞

∞
∑

l=−∞

A
(ν)
n,l (r)e

j( lπ

δ
(ϕ−δi)+( lπ

δ
−n)ωmt+ lπ

δ
ϕ0) if ν = 4i

(8)

To avoid confusion the spatial harmonic order in the slots was given a differ-
ent denotation than the spatial harmonic order in the other regions, l instead
of k. Note that the vector potential is available for every time and spatial
harmonic combination, (n, k) or (n, l), separately.

4. Torque calculation

In a machine that is equipped with a shielding cylinder torque is produced
in two ways.
A first component of the torque is produced due to the interaction between
the magnets and the stator currents. It is referred to as the torque produced
in the magnets (TPM). This component of the torque is dominated by the
synchronous harmonic combinations. These are harmonic combinations that
are independent of time when referred to the rotor. From (7) and (8) it can
be seen that this implies an equal time and spatial harmonic order (n = k).
Indeed, the magnets themselves are time-invariant with respect to the rotor
and will thus only introduce synchronous harmonic combinations.
A second torque component is the result of interaction between the stator
currents and the eddy currents in the shielding cylinder, it is referred to
as the torque produced in the SC (TSC). This torque will be dominated
by asynchronous harmonic combinations. Indeed, synchronous combinations
do not induce eddy-currents in the SC. Note that the SC can be regarded
as the squirrel cage of an induction machine. The slip with respect to the
synchronous combinations is then zero, only asynchronous harmonic combi-
nations can produce torque.
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TPM and TSC are fictitious torque components, they do not occur separately.
Nevertheless, regarding these components separately can be very useful to
get a better understanding of the machine’s physics, as shown in Section 5.

4.1. Torque calculation

The torque acting on a certain volume can be computed by integrating
the cross product of the radius and Maxwell’s stress tensor (Γ) over the
surface that volume:

T =

∮

S

r× Γds (9)

where the stress tensor is defined as:

Γ = µ0(n ·H)H−
µ0

2
(H ·H)n (10)

H is the magnetic field strength and n is the outer unit vector normal to
the integration surface S. The radial component of the torque acting on the
entire rotor (T ) can then be calculated by choosing the integration surface
as a cylinder with radius r3 and an axis that is coaxial to the machine’s axis,
see Figure 3a.

T (t) =
lsr

2
3

µ0

∫ 2π

0

B(3)
r (r3, ϕ, t)B

(3)
ϕ (r3, ϕ, t) dϕ

= 2π
lsr

2
3

µ0

∞
∑

n=−∞

∞
∑

s=−∞

Tn,se
−j(n+s)ωmt

(11)

Where n is the time harmonic order related to B
(3)
r , s is the time harmonic

order related to B
(3)
ϕ and Tn,s is calculated as:

Tn,s =
∞
∑

k=−∞

B
(3)
r,n,k(r3)B

(3)
ϕ,s,−k(r3) (12)

The radial and tangential components of the flux density are calculated by
applying (2):

B
(3)
r,n,k =

1

r

∂A
(3)
n,k(r, ϕ, t)

∂ϕ
(13a)

B
(3)
ϕ,s,k = −

∂A
(3)
s,k(r, ϕ, t)

∂r
(13b)
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The torque produced in the magnets can be calculated in a similar way.
However, now a cylinder with radius r2 is chosen as the integration surface.
This is illustrated in Figure 3b. TPM can then be calculated as:

TPM(t) = 2π
lsr

2
2

µ0

∞
∑

n=−∞

∞
∑

s=−∞

TPM,n,se
−j(n+s)ωmt (14)

Where TPM,n,s is calculated as:

TPM,n,s =
∞
∑

k=−∞

B
(1)
r,n,k(r2)B

(1)
ϕ,s,−k(r2) (15)

r3

(a) Integration surface for T

r2

(b) Integration surface for TPM

Figure 3: Integration surface for torque calculation

Since TPM and TSC are the only torque components that make up T , the
torque produced in the shielding cylinder can be calculated as in (16).

TSC = T − TPM (16)

4.2. Validation

In order to validate the equations presented in this section a validation
using a FEM is presented. The test was performed for a slotted machine
similar to the one depicted in Figure 1. The machine’s parameters are listed

9



in Table 1. The highest order of the time and spatial harmonics has been
limited to 80, the radially magnetized and the applied current is a balanced
sinusoidal system with 3 phases.
The resulting torque components, T , TPM and TSC , are shown in Figure

Table 1: Parameters of the studied machine

Symbol Parameter Value

r1 Rotor yoke radius 14.0 mm
r2 Permanent magnet radius 17.5 mm
r3 Shielding cylinder radius 18.5 mm
r4 Air gap outer radius 20.5 mm
r5 Slot outer radius 30.4 mm
r6 Machine outer radius 40.0 mm
ls Stack length 200.0 mm
N Number of slots 12
w Number of windings per slot 5
δ Slot opening angle 0.552π

N
rad

Brem Remanent magnetic induction 1.2 T
p Number of pole pairs 2
ϕm Magnet span 0.8π

p
rad

I Externally imposed current (amplitude) 72,5 A
f Electrical frequency 1000 Hz
σ2 Conductivity of the SC 5.96 · 107 Ωm

4. There is a very good agreement between the results obtained from the
analytical model and the FEM. Note that there is a slight offset between the
TPM obtained from FEM and the TPM obtained from the analytical model.
It is assumed that this is due to the fact that, in contrast to the analytical
model, the FE model accounts for a finite permeability of the iron.

5. Parameter study

To illustrate the benefit of distinguishing two torque components, this
section presents a parameter study of T , TPM and TSC . The machine that is
being studied is the same machine that was used for the validation in Section
4.2. All of the results presented in the following are obtained with the help
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Figure 4: Validation of the calculated torque components

of the analytical model. The parameter that is varied here is the opening
angle of the slot (δ). To do so the slot-opening coefficient (α) is defined as
the ratio between the opening angle of the slots and the tooth pitch:

α =
δ
2π
Ns

(17)

Two aspects of the torque will be regarded, the net torque level and the
torque ripple. The net torque levels are indicated with a subscript net; Tnet,
TPM,net and TSC,net respectively. The torque ripple, indicated with a prefix
∆ and a subscript %, is expressed as a percentage of Tnet:































∆T% =
max(T )−min(T )

Tnet

· 100%

∆TPM,% =
max(TPM)−min(TPM)

Tnet

· 100%

∆TSC,% =
max(TSC)−min(TSC)

Tnet

· 100%

(18)

A similar study has been performed by Güemes et al. in [4]. However, their
study considered a conventional PMSM and was performed using a FEM.
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Since the studied machine did not contain a SC, no division of the torque
was considered. Note that the goal here is to perform a theoretical study,
some of the proposed machines would not be built in practice.

5.1. Net torque

While keeping all the other parameters constant, α is increased from 0.35
to 0.95 in steps of 0.10.
An increasing α results in a higher Carter factor (kc) [9]:

kc =
1

1− σcα
(19)

with:

σc =
2

π



arctan
ds

2la
−

2la
ds

ln

√

1 +

(

ds

2la

)2


 (20)

where la is the length of the air gap (la = r4 − r3) and ds is the width of the
slot at the border with the air gap (ds = δr4).
The expectation is that the torque will decrease in accordance with the in-
creasing Carter factor. The dashed blue line in Figure 5 shows the torque
prediction using Carter’s factor. This prediction was done by regarding the
torque at α = 0.65 as a reference point. It can be seen that, despite the ex-
pectation, the difference between the predicted torque and the actual torque
is unacceptably high. However, if the same technique is used to predict TPM

the accuracy is much higher. It seems that the torque produced in the mag-
nets indeed suffers from a higher carter factor.
In contrast to TPM , the torque produced in the shielding cylinder is mainly
dependent on the asynchronous components of the magnetic field. The am-
plitude of these components depends, amongst others, on the slotting effect,
which in turn depends on α and the depth of the slots. It can thus be con-
cluded that TSC strongly depends on the slotting effect.
Initially, the expected decrease of TPM due to a higher Carter factor is com-
pensated due to a larger slotting effect, and thus a higher TSC . This is
illustrated by the vertical green lines in Figure 5. When α is increased even
further, the slotting effect decreases again while kc keeps increasing. This
results in a steeper decrease of T .
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Figure 5: Evolution of the net torque levels with respect to α

5.2. Torque ripple

The torque ripple is also studied by varying α from 0.35 to 0.95 in steps
of 0.10. The other parameters are kept constant. The expectation is that
the torque ripple will be dominated by the slotting effect. This is indeed
confirmed by Figure 6.
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Figure 6: Evolution of the percentage of the torque ripple with respect to α

An interesting aspect of Figure 6 is that the sum of ∆TPM,% and ∆TSC,%

13



does not equal ∆T%. This indicates that there is a time shift between the
torque ripple produced in the magnets and the torque ripple produced in the
shielding cylinder, as confirmed by Figure 7.
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Figure 7: T , TPM and TSC in function of time

The time shift shown in Figure 7 can be explained by the different nature of
TPM and TSC . While TPM reaches a maximum depending on the alignment
of the PMs with the stator teeth, TSC will reach a maximum depending on
the rate at which the magnetic field changes. These phenomena do not nec-
essarily happen simultaneously.
Note that this parameter study clearly demonstrates the advantages of re-
garding TPM and TSC separately. In Section 5.1 the evolution of the net
torque was easily explained by studying both torque components separately.
In Section 5.2 studying the torque ripples separately resulted in a better
insight in the machine’s physics. It was proven that there is a time shift
between TPM and TSC . This information may, for example, be used in an
optimization study to reduce the torque ripple.

6. Conclusion

In this work an analytical method to study the torque in high-speed
PMSMs has been presented. The torque has been studied using a 2D ana-
lytical subdomain model. The torque production was discussed in Section 4
and a division of the torque in two components, the torque produced in the
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magnets and the torque produced in the SC, has been proposed. A method
to calculate these components was presented and validated. Finally a param-
eter study has been carried out to illustrate the advantages of considering
two torque components.
By introducing an analytical method to study the torque components of
high-speed PMSMs, this work provides a tool to get a better understanding
of such machines. Moreover, because of its analytical character the tool is
very fast and very flexible. It is thus also suited for optimization problems.
Note that the analytical model does not account for 3D effects such as the
end-effects. For that reason, it should not be used for detailed design of
electric machines.
Examples of interesting studies for the future are: the effect of different ma-
terials and dimensions of the SC, optimization of the machine’s geometry to
reduce torque ripple, accounting for the effect of the magnet’s conductivity
and studying the effect of the current waveform on the machine’s perfor-
mance. It would also be very interesting to perform a similar study of the
rotor losses.
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