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Multidimensional Tauberian theorems for vector-valued
distributions

Stevan Pilipovi¢ and Jasson Vindas

ABSTRACT. We prove several Tauberian theorems for regularizing transforms
of vector-valued distributions. The regularizing transform of f is given by
the integral transform Mé(z,y) = (f * py)(x), (z,y) € R™ x Ry, with ker-
nel ¢y (t) = y~™p(t/y). We apply our results to the analysis of asymptotic
stability for a class of Cauchy problems, Tauberian theorems for the Laplace
transform, the comparison of quasiasymptotics in distribution spaces, and we
give a necessary and sufficient condition for the existence of the trace of a dis-
tribution on {zp} X R™. In addition, we present a new proof of Littlewood’s
Tauberian theorem.

Dedicated to the memory of Prof. V. S. Viadimirov and Prof. B. I. Zav’yalov.

1. Introduction

Tauberian theory is an important subject which has shown striking usefulness
in diverse areas of mathematics such as number theory, harmonic analysis, probabil-
ity theory, differential equations, and mathematical physics. The one dimensional
theory was intensively developed already in the first half of the 20th century and
the main representative results from that period were collected in Wiener’s work
[65] and Hardy’s monograph [15]; a more recent account can be found in Kore-
vaar’s book [20]. In contrast, the multidimensional Tauberian theory remained
dormant until the 1970’s. The breakthrough came with the work of the Russian
mathematicians Vladimirov, Drozhzhinov, and Zav’yalov [3, 48], which led to the
incorporation of generalized functions in the scopes of Tauberian theory. Their
deep and extensive work resulted in a powerful Tauberian machinery for multidi-
mensional Laplace transforms [50] and greatly contributed toward the foundation
of the field of asymptotic analysis of generalized functions.
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41A60, 42C40, 46F10, 46F12.
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2 S. PILIPOVIC AND J. VINDAS

The present article goes in the direction of their influential work. We shall
here significantly improve the Tauberian theorems of Drozhzhinov and Zav’yalov
for quasiasymptotics of tempered distributions from [5, 6]. We point out that our
new Tauberian theorems contain as particular instances Meyer’s results on wavelet
characterizations of weak scaling exponents [24] and the Tauberian theorems from
[47] for wavelet transforms by the authors and Rakié.

We are interested in the following class of integral transforms. Fix ¢ € S(R™)
and set ¢, (-) = y~"¢(-/y). To a tempered distribution f, we associate the regulari-
zing transform, or standard average according to [5, 6], given by the C'*°-function

(1.1) M(z.y) = (fx o)), (x,y) ER" xRy

In their seminal work [5, 6], Drozhzhinov and Zav’yalov showed that if one em-
ploys a suitable kernel ¢, then the scaling asymptotic behavior f(At) ~ ¢(\)g(t),
in the sense introduced by Zav’yalov [57] and explained in Subsection 2.2 below,
with respect to a regularly varying function ¢(\) can be characterized (up to possi-
ble polynomial corrections) in terms of Tauberian theorems involving the angular
asymptotic behavior of (1.1) plus a Tauberian estimate of the form

(1.2) \Mg(Ax,Ay)\ <y *0(c(N), uniformly for |z|* 4+ y% = 1.

We will revisit the problem and obtain optimal results. Our main results are
two Tauberian theorems, stated in Section 4. Our first task is the identification
of the biggest class of kernels ¢ for which these Tauberian type theorems hold.
Drozhzhinov and Zav’yalov proved that the Tauberian theorems are valid if ¢, the
Fourier transform of ¢, satisfies a non-degenerateness requirement; specifically, if
it has a Taylor polynomial at the origin that is non-degenerate, in the sense that
such a Taylor polynomial does not identically vanish on any ray through the origin.
We will identify the biggest class of kernels associated to this Tauberian problem
by finding a more general condition of non-degenerateness. It turns out that the
structure of the Taylor polynomials of ¢ does not play any role in our notion of
non-degenerateness.

In Wiener Tauberian theory [55] and its many extensions [1, 4, 27, 28] the
Tauberian kernels are those whose Fourier transforms do not vanish at any point.
In our theory the Tauberian kernels will be those ¢ such that ¢ does not identi-
cally vanish on any ray through the origin. This is precisely our notion of non-
degenerateness, which fully answers the question we just raised above. We mention
that the same class of test functions shows up in other contexts (e.g., [18]).

The second important achievement of our Tauberian theorems is the complete
analysis of critical degrees, namely, when the regular variation index of ¢(\) is a
non-negative integer. This analysis was not present in [5, 6] nor in Meyer’s work
[24] on pointwise weak scaling exponents. In such a critical case the classes of
associate homogeneous and homogeneously bounded functions [40, 41], defined in
Subsection 4, will appear as natural terms in the polynomial corrections.

In order to increase the range of applicability of our results, we will consider
distributions with values in Banach spaces. Furthermore, as explained in Section
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8, all our results are also valid for distributions with values in more general classes
of locally convex spaces.

The plan of this article is as follows. Section 2 explains the main spaces and
asymptotic notions for distributions to be considered in the paper. We give an
Abelian proposition in Section 3. The main section of this paper is Section 4,
where we state two Tauberian theorems and discuss some important corollaries; the
proofs of the Tauberian theorems are postponed to Section 6. We extend in Section
5 the distribution wavelet analysis from [16] to distribution with values in Banach
spaces; such a wavelet analysis is based on the Lizorkin spaces So(R™) and S)(R™).
Many important arguments used in Section 6 rely on the wavelet desingularization
formula discussed in Section 5. In Section 7 we give several applications of our
Tauberian theorems. We discuss sufficient conditions for stabilization in time for
Cauchy problems related to a class of parabolic equations, we apply our results to
the Laplace transform and give a new proof of Littlewood’s Tauberian theorem, and
we describe the relation between quasiasymptotics in D’ and S’. Section 8 indicates
various useful extensions of our results from previous sections; as an application, we
give a necessary and sufficient condition for a tempered distribution f € S'(R} x
RY*) to have trace at t = to, i.e., for the existence of f(to,{) in S'(R"). Finally,
the Appendix contains a suitable reformulation of the results from [41], which will
play an essential role in the proofs of our Tauberian theorems.

2. Preliminaries

In this section we collect some notions needed in this article. Let us start by
fixing the notation. The space E denotes a fixed, but arbitrary, Banach space with
norm || -||. fa:I —- Eand T : I — Ry, where I = (0,A) (resp. I = (4,))
we write a(A) = o(T(\)) as A — 07 (resp. A — oo0) if |la(N)|| = o(T'(N)). We
shall use a similar convention for the big O Landau symbol. Let v € E, we write
a(A) ~ T(\)v if a(A) = T(A\)v + o(T(N)). We use the notation H**1 = R™ x R
for the upper half-space and S™~! for the unit sphere of R™.

2.1. Spaces. The Schwartz spaces D(R™), S(R™), D'(R"), S'(R™) are well
known [33]. We use constants in the Fourier transform as ¢(u) =[5, @(t)e™ " dt.
We will also work with the space So(R™) of highly time-frequency localized functions
over R™ [16]; it is defined as the closed subspace of S(R™) consisting of those
functions for which all their moments vanish, i.e.,

1 € So(R™) if and only if / t"n(t)dt =0, for all m € N™.
We provide Sp(R"™) with the relative topology inhered from S(R™). This space is
also known as the Lizorkin space of test functions.

Let A(Q) be a topological vector space of test function over an open subset
Q C R". We denote by A'(Q, E) = Ly(A(Q), E), the space of continuous linear
mappings from A(Q2) to E with the topology of uniform convergence over bounded
subsets of A(€2). We are mainly concerned with the spaces D'(R™, E), S'(R™, E),
and S)(R™, E); see [35, 32] for vector-valued distributions. If f is a scalar-valued



4 S. PILIPOVIC AND J. VINDAS

generalized function and v € F, we denote by fv = vf the E-valued generalized
function given by (f(¢t)v,o(t)) = (f, @) v.

2.2. Quasiasymptotics. Recall a positive real-valued function, measurable
on an interval (0, A) (resp. (4, 00)), is called slowly varying at the origin (resp. at
infinity) [2, 20, 36] if

L(\a)
rmor LV

=1 ( resp. )\lim > , for each a > 0.
—00

Throughout the rest of the article, L always stands for a slowly varying function
at the origin (resp. infinity).

In the next definition A(R™) is assumed to be a space of functions on which the
dilations are continuous operators. We are primarily concerned with A =D, S, Sp.

DEFINITION 2.1. Let f € A'(R™, E). We say that:

(i) f is quasiasymptotically bounded of degree o € R at the origin (resp. at
infinity) with respect to L in A'(R", E) if for each test function ¢ € A(R™)

1
lim su
ot ACL(N)

A—00

I ) o) <0 (vesp. tmsup )

We write: £ (Az) = O (A“L(\)) in A/(R", E) as A\ — 0" (resp. A — o).

(ii) f has quasiasymptotic behavior of degree @ € R at the origin (resp. at
infinity) with respect to L in A'(R™, E) if there exists g € A'(R", E)
such that for each test function ¢ € A(R"™) the following limit holds, with
respect to the norm of F,

1

,\13& m (f (\x),o(x)) = (g(x), p(x)) € E (resp. lim ) )

A—00
We write:
(2.1) f (M) ~A*L(\)g(t) in A/(R",E) as A — 07 (resp. A — 00).

We shall also employ the following notation for denoting the quasiasymptotic
behavior (2.1)

£ (M) = A LNg(t) + 0 (A°L(\)  in A(R", E),

as A tends to either 07 or co, which has a certain advantage when considering
quasiasymptotic expansions. It is easy to show [28] that g in (2.1) must be ho-
mogeneous with degree of homogeneity « as a generalized function in A'(R", F),
ie., g(at) = a®g(t), for all a € Ry. We refer to [7] for an excellent presentation
of the theory of multidimensional homogeneous distributions. See the monographs
[10, 28, 50] for extensive studies about asymptotic properties of distributions.
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3. Abelian results

In order to motivate our Tauberian theorems from the next section, we present
here an Abelian result which is essentially due to Drozhzhinov and Zav'yalov [5, 6].
Let f € S'(R™, E). As in the Introduction, we set

ME(z,y) = (fxp,)(x) € E, (z,y) € H"Y,

the regularizing transform of £ with respect to the test function ¢ € S(R™). The
Tauberian counterpart of the following proposition is the main subject of this paper.

PROPOSITION 3.1. Let f € S'(R", E) and ¢ € S(R™).

(i) Assume that £ is quasiasymptotically bounded of degree o at the origin
(resp. at infinity) with respect to L in S'(R™, E). Then, there exist k,l €
N, C > 0 and X\ > 0 such that for all (z,y) € H*!

k
1
(3.1) ||ME(Ax, Ay)|| < CAYL(N) (y +y) (T+zD', A< Ao (resp. o< A).

(ii) If £ € S'(R™, E) has quasiasymptotics £ (At) ~ A*L(N)g(t) in S'(R™, E)
as X — 0T (resp. A\ — 00), then, for each fived (x,y) € H*H1,
: 1 £ . :
(3.2) Ali%l+ me(Aaj,/\y) = M§(z,y) in E (resp. )\lin;o) .

Part (ii) directly follows by definition. The estimate (3.1) from part (i) is
obtained from the following proposition by considering the bounded set

1
= - < . <A).
B {)\QL()\) f(A-):0< A )\0} (resp. Ao < A)

PROPOSITION 3.2. Let B C S'(R™, E) be a bounded set. Then there exist k,l
and C > 0 such that

k
HMi(x,y)H<C<;+y> 1+ [z, for all f € B.

PROOF. The set B is equicontinuous, whence we obtain the existence of k&1 € N
and C7 > 0 such that

IE o <Ci sup  (L+ )™ |p™ ()
tER™ [m|<ky

o (57))]

1 n-‘rk‘l k
< ( +y) sup (14 |a] 4y lu)®
Yy weR™,|m|<k1

, forall pe S(R™) and f € B.

Consequently,

1
ME(z, )| = —
Myl =

o ()

1 n+2kq
éC’(y—l—y) (1+ |z))kr,  for all f € B,
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k
where C = C1 8Up,crn <k, (1+ [u])™ (™) (u)] . O

4. Tauberian theorems for quasiasymptotics — Main results

We now state our main results. Their proofs will be postponed to Section 6. We
are interested in the “converse” to Proposition 3.1. Naturally, not all test functions
will be appropriate for the analysis of this problem. Our Tauberian kernels are
precisely those test functions occurring in the following definition.

DEFINITION 4.1. We say that the test function ¢ € S(R™) is non-degenerate
if for any w € S"7! the function of one variable R, (r) = ¢(rw) € C*[0,00) is not
identically zero, that is, supp R,, # (), for each w € S"~1.

We also need to introduce a class of E-valued functions which is of great im-
portance in the study of asymptotic properties of distributions [28, 41]. They will
appear in our further consideration. The terminology is from [39, 40, 46] (see also
de Haan theory in [2]).

DEFINITION 4.2. Let ¢ : (0,A) — E (resp. (A,00) — E) be a continuous
E-valued function. We say that:

(i) c is associate asymptotically homogeneous of degree 0 with respect to L
if for some v € E, as A — 0T (resp. A — 00),

c(aX) =c(A) + LA\ logav +o(L(A)), foreach a > 0.

(ii) c is asymptotically homogeneously bounded of degree 0 with respect to L
if, as A — 0" (resp. A — o),

c(a)) = c(A\) + O(L()N)), for each a > 0.

If ¢ satisfies either condition (i) or (ii) of Definition 4.2, one can show [39,
Prop. 2.3] that [|[c(N\)]| = o(A77) as A = 07 (resp. o(\7) as A — o0), for any o > 0.
We begin with the Tauberian theorem for quasi-asymptotic boundedness.

THEOREM 4.1. Let f € 8'(R™, E) and let p € S(R™) be non-degenerate. The
estimate
k
. Yy f .
(4.1) limsup sup ——— ||M, (Az,\y)|| < o0 (resp. lim Sup)
A0t [pf24y2=1 AYL(A) H v H A—00
(z,y)€H+1
for some k € N, implies the existence of an E-valued polynomial P of degree less
than o (resp. of the form P(t) =3, | m<at™ Wm) such that:
(i) If a ¢ N, f — P is quasi-asymptotically bounded of degree o at the origin
(resp. at infinity) with respect to L in the space S'(R™, E).
(ii) If a« = p € N, there exist asymptotically homogeneously bounded E-valued
functions ¢, |m| = p, of degree 0 with respect to L such that £ has the
following asymptotic expansion, as A — 0% (resp. A — 00),

F(M) =P(M) + X > t"cm(A) + O (WL(N)  in S'(R",E).

|m|=p
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Moreover, denote by P, the homogeneous terms of the Taylor polynomials of ¢ at
the origin, that is,

5(m) (0)ym
(4.2) Pylu)= 3" %, geN.
Im|=q '

Then, the E-valued polynomial P must satisfy

(4.3) P, (;) P=0, foralqeN,
and, in case (ii), one can find l such that
(4.4) P, (gt) C(t,\) = O((1 + [t)'L(N)), for all g €N,

uniformly int € R™ as A — 0% (resp. X\ — oo™ ), where C(t,\) = D jmj=p £ Cm(A).
Theorem 4.1 yields the ensuing important corollary.

COROLLARY 4.1. Assume additionally that [g,, ©(t)dt # 0. Then, the estimate
(4.1) is necessary and sufficient for £ to be quasiasymptotically bounded at the origin
(resp. at infinity) of degree o with respect to L in S8’ (R™).

PRrROOF. The sufficiency follows at once from (4.3) and (4.4), as Py(t) is a
nonzero constant. That (4.1) is necessary is a consequence of the Abelian result
(Proposition 3.1). O

We now consider the quasiasymptotic behavior of E-valued tempered distribu-
tions.

THEOREM 4.2. Let f € 8'(R™, E) and let ¢ € S(R™) be non-degenerate. Then,
the existence of the limits

. 1 n n .
(4.5) /\lirgh mMi(Ax, Ny) =M., for (z,y) e H"'' NS (resp. /\hﬁr&)
and the estimate (4.1), for some k € N, imply the exzistence of g € S'(R", E),
which satisfies Mg(:c, y) = M, ,, and an E-valued polynomial P of degree less than
a (resp. of the form P(t) =3, 1< t™ Wm) such that:

(i) If o ¢ N, g is homogeneous of degree o and, as A — 0% (resp. X — 00),

f(A\t) — P(M\t) ~ A*L(\)g(t) in S'(R", E).
(ii) If a = p € N, g is associate homogeneous of order 1 and degree p (cf. [10,
p. 74], [37]) satisfying
g(at) = aPg(t) + a loga Z t" vy, for each a >0,
|m|=p

for some vectors v,,, € E, |m| = p, and there are associate asymptotically
homogeneous E-valued functions c,,, |m| = p, of degree 0 with respect to
L such that, as A — 0% (resp. X — o00),

cm(aX) = c(A) + L(A\)loga vy, + o(L(N)), for each a >0,
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and £ has the following asymptotic expansion in S'(R™, E)
£ (M) =P(At) + N LN)g(t) + X D t"em(N) + 0 (W L)),

|m|=p

as A — 07 (resp. X — 00).

Furthermore, P satisfies the equations (4.3) and, in case (ii), we have, for some l,
0
(4.6) P, <(‘3t> C(t,\) = o((1 + [t])'L(N)), forallq €N,

uniformly int € R™ as A — 07 (resp. A = oo™ ), where C(t,\) = 3, =, t"em(N).

COROLLARY 4.2. If ¢ satisfies the additional requirement [, p(t)dt # 0, then
(4.5) and (4.1) are necessary and sufficient for £ to have quasiasymptotic behavior
in §'(R™, E), namely,

f(\) ~A*L(\)gt) inS'(R™,E) as A — 0" (resp. A — o0).
In such a case, g is completely determined by Mg(x, y) =M, ,.
All the above results have a version for distributions f € D'(R™, E).

COROLLARY 4.3. In the case of asymptotic behavior at the origin, Theorem 4.1,
Corollary 4.1, Theorem 4.2, and Corollary 4.2 are valid if one replaces S'(R™, E)
and S(R™) by D'(R™, E) and D(R™) everywhere in the statements.

PrOOF. Find r > 0 such that supp ¢ is contained in B(0,r), the Euclidean
ball of radius r with center at the origin. Write f = f; + f5, where f; has sup-
port in B(0,3r) and £ = f; on B(0,2r). Clearly, f and f; have exactly the same
quasiasymptotic properties at the origin in the space D/(R", E). On the other
hand, since f; = 0 on B(0,2r), we have that Mf,l (z,y) = Mf,(x,y) on the region
|z| < rand 0 <y < 1. The assertions are then obtained by applying the results in
S'(R™, E) to the tempered distribution fj.

O

At this point it is worth pointing out that the use of non-degenerate test
functions in Theorem 4.1 and Theorem 4.2 (and their corresponding versions for
D'(R™, E)) is absolutely imperative. Clearly, if ¢ identically vanishes on a ray
through the origin, then there are distributions f for which M:: is identically zero
and hence for those f the hypotheses (4.5) and (4.1) are satisfied for all . How-
ever, among such distributions f, it is easy to find explicit examples for which the
conclusions of Theorem 4.1 and Theorem 4.2 do not hold for a given a.

We end this section with several remarks.

REMARK 4.1. When a ¢ N in Theorem 4.2, the condition M&(z,y) = M,
uniquely determines g, in view of its homogeneity. On the other hand, if a = p € N,
the prescribed values of M§, in general, can only determine g modulo polynomials
which are homogeneous of degree p and satisfy (4.3).
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REMARK 4.2. Observe that if ¢ € So(R™) in Theorem 4.1 and Theorem 4.2,
then the converse results are also true: If f has the asymptotic property stated in
(i) or (ii) of Theorem 4.1 (resp. Theorem 4.2) for an arbitrary E-valued polynomial
P, then the regularizing transform M; must satisfy (4.1) (resp. (4.1) and (4.5)).
In fact, this follows at once from the moment vanishing properties of ¢. The same
consideration holds for quasiasymptotics at the origin if we employ kernels ¢ that
have all vanishing moments [, t™¢(t) dt = 0 up to order |m| < a. Notice also
that Theorem 4.1 and Theorem 4.2 include as particular instances all Tauberian
results for the wavelet transform from [47] and Meyer’s wavelet characterization
of pointwise weak scaling exponents of distributions from [24]. We also mention
that related results in terms of orthogonal wavelet expansions have been obtained
in [29, 30, 54], such results may be regarded as discretized versions of Theorem
4.1 and Theorem 4.2.

REMARK 4.3. As mentioned at the Introduction, our motivation in this article
comes from the work of Vladimirov, Drozhzhinov and Zav’yalov [5, 6, 50, 51].
In Subsection 7.2 below, we shall deduce their so-called general multidimensional
Tauberian theorem for the Laplace transform from our Tauberian theorems. The-
orem 4.1 and Theorem 4.2 significantly extend the Tauberian theorems for quasi-
asymptotics obtained by Drozhzhinov and Zav’yalov in [5, 6]. Our notion of non-
degenerateness (Definition 4.1) is much less restrictive than the one considered by
them. We say that a polynomial P is non-degenerate (at the origin) if for each
w € S*! one has that

P(rw) #0, reRy.
In their Tauberian theory, Drozhzhinov and Zav’yalov considered the class of test
functions ¢ € S(R™) for which there exists N € N such that

5(m) m
N\ Z ™ (0)u
Im|<N )

the Taylor polynomial of order IV at the origin, is non-degenerate. We call such
test functions here strongly non-degenerate. It should be noticed that this type of
kernels are included in Definition 4.1; naturally, Definition 4.1 gives rise to much
more kernels. For instance, any non-degenerate ¢ € Sp(R™) obviously fails to
be strongly non-degenerate. An explicit example of a non-degenerate function
¥ € So(R™) is given in the Fourier side by ¢(u) = e~1“/=(/lvD  Furthermore, if
p € S(R™) satisfies

@(u) = e 1=/l L2 for |ul < 1,

where u = (uy,uz,...,u,), then ¢ ¢ Sy(R™) is a non-degenerate in the sense
of Definition 4.1, but the Taylor polynomials of ¢ vanish on the axis u; = 0; it
therefore fails to be strongly non-degenerate.

REMARK 4.4. Theorems 4.1 and 4.2 may be restated in terms of an interesting
class of spaces introduced by Drozhzhinov and Zavialov in [6]. Let I be an ideal
of the ring Cl[t1,ta,...,t,], the (scalar-valued) polynomials over C in n variables.
Define the space S;(R™) as the subset of S(R™) consisting of those ¢ such that
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all Taylor polynomials of qg at the origin belong to the ideal I. For example, we
have S;(R™) = S§(R™) if I = {0} or S;(R™) = S(R™) if I = C[t1,ta,...,tn]. Let
Fy,...,P,,... be asystem of homogeneous polynomials where each P, has degree
¢ (some of them may be identically 0). Consider the ideal I = [Py, Py, ..., Py, ...],
namely, the ideal generated by the Pp; then, one can show [6] that S;(R") is a
closed subspace of S(R") and actually ¢ € S;(R") if and only if [, Q(t)¢(t)dt =
0 for all polynomial Q that satisfies the differential equations P,(9/0t)Q = 0,
g = 0,1.... When there is d € N such that P, = 0 for ¢ > d one can relax the
previous requirement [6, Lem. A.5] by just asking it to hold for polynomials Q
with degree at most d. One can rephrase Theorem 4.1 and Theorem 4.2 as follows.
Let f € S'(R", E) and let ¢ € S(R™) be non-degenerate. Take P, as in (4.2).
For quasiasymptiotics at the origin set I = [Py, Ps, ..., Pq)] (I = C[t1,t2,...,1,]
if @ < 0) and for the case at infinity I = [P,, Ppt1,...] where p is the least non-
negative integer > « (thus, I = [Fo, Pi,...] if & < 0). View f as an element of
S}H(R™, E) := L(§;(R™), E) via its restriction to S;(R™). Then,

(a) f is quasiasymptotically bounded of degree « with respect to L in the
space S7(R™, E) if and only if the estimate (4.1) holds.

(b) f has quasiasymptotic behavior of degree o with respect to L in S7(R™, E)
if and only if (4.1) and (4.5) are satisfied.

These assertions follow from (4.3), (4.4), and (4.6). These forms of the Tauberian
theorems are complemented with the following observation. Given any arbitrary
system of homogeneous polynomials Py, P, ..., Py, ..., where P, is homogeneous of
degree ¢, there is always a non-degenerate test function ¢ € S(R™) such that (4.2)
holds. To show this, we first use the fact that every Stieltjes moment problem has
a solution in S(R™) [9]. Find then ¢; € S(R™) such that the homogeneous terms
of the Taylor polynomials at the origin of ¢; coincide with the P,. Of course, ¢
may be degenerate, but there is a constant C' > 0 such ¢1(u) + Ctp(u) > 0 for
1/2 < |u| < 1, where ¢ € Sp(R™) is the test function considered in Remark 4.3.
The function ¢ = ¢1 + 9 clearly satisfies the requirements.

5. Wavelet analysis on S}(R", E)

In this section we extend the scalar distribution wavelet analysis given in [16]
to E-valued generalized functions. Such results will play an important role in our
proofs of Theorem 4.1 and Theorem 4.2.

By a wavelet we simply mean an element 1) € So(R™) (cf. Subsection 2.1), and
the wavelet transform of £ € S{(R™, E) with respect to ¢ is defined as

Wyk(w,y) = (£ +yt), (1) = M{(z.y) € B, (z,y) € H",

where ¢ denotes reflection about the origin, i.e., ¢(t) = ¢(—t). When acting on
So(R™), the wavelet W, has as range a subspace of the space of highly local-
ized function over H"*! denoted [16] as S(H"*!) and consisting of those ® €
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C°° (H™*1) for which
ot om

1\ 5
- 1 e | 22
o (v43) el | o

(z,y) el +1

‘I’(x,y)‘ < o0,

for all k1,k2,l € N and m € N™. The canonical topology of this space is defined
in the standard way [16]. We have that [16, 26] Wy : So(R") — S(H"*!) is a
continuous linear map. We are interested in those wavelets for which W,, admits
a left inverse. For wavelet-based reconstruction, we shall use the wavelet synthesis
operator [16]. Given ® € S(H"*!), we define the wavelet synthesis operator with
respect to the wavelet 1 as

(5.1) My®(t) / / (x y (t;x) d:cydy , teR"™

One can show that M, : S(H") — SO(R") is continuous [16, 26].
We shall say that the wavelet p € Sp(R™) admits a reconstruction wavelet if
there exists 7 € So(R™) such that

(5.2) Cpp(w) = m@(rw)ﬁ(rw)% , wesStl
0

is independent of the direction w; in such a case we set ¢y, 1= ¢y (w). The wavelet
7 is called a reconstruction wavelet for 1.

If v admits the reconstruction wavelet 7, one has the reconstruction formula
[16] for the wavelet transform on Sp(R™)

1
(53) IdSo(R") == 7MUW'¢)
Cop,
We now characterize those wavelets which have a reconstruction wavelet. Ac-
tually, the class of non-degenerate test functions from Sp(R™) (cf. Definition 4.1)
coincides with that of wavelets admitting reconstruction wavelets.

PROPOSITION 5.1. Let ¢ € So(R™). Then, 1 admits a reconstruction wavelet
if and only if it is non-degenerate.

PROOF. The necessity is clear, for if 1/;(7"1110) identically vanishes in the direction
of wy € S"71, then ¢y, (wp) = 0 (cf. (5.2)) for any n E So(R™). Suppose now that
¥ is non-degenerate. As in (5.2), we write ¢y y(w) = [;° [ (rw)[2r—tdr > 0.
Set o(r,w) = z@(rw)/cww(w), (ryw) € [0,00) x S™~ 1, obviously, if we prove that
o(Jul,u/|u]) € S(R™) and all its partial derivatives vanish at the origin, then 7
given by f(u) = o(|u|,u/|u|) will be a reconstruction wavelet for ¢ and actually
cyn = 1. By the characterization theorem of test functions from S(R™) in polar
coordinates [7, Prop. 1.1], the fact 7 € S(R™) is a consequence of the relations

<£) k o(r,w) »

the same relations show that all partial derivatives of 7} vanish at the origin, and
hence n € Sp(R™). O

=0, k=0,1,...;
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In [16], (5.3) was extended to S{(R™) via duality arguments, the main step
being the formula

| [ wesneen®™ = (r0.m50 0).

valid for ® € S(H"*!) and f € S;(R™). It can be easily extended to the E-valued
case, as the next proposition shows.

drdy

PROPOSITION 5.2. Let f € S§(R™, E) and ¢ € So(R™). Then
h dad
(54) [ [ wetaeen =2 = w0, Mp0 (),
0 n

for all ® € S(H™T1).

PrROOF. The same argument used in Proposition 3.2 shows that
Wy : S§(R™, E) — S'(H" E)

is continuous, where we identify the vector-valued function W,f with the vector-
valued distribution given by

Welle). 2z = [ [ Wet@)oiey)

dzdy

The linear map T : S{(R™", E) — S'(H"*1, E) given by ((Tf)(z,y),®(x,y)) =
(£(t), M;® (t)), is continuous as well. Thus, if we show that Wy and T coincide
on a dense subset of S{(R™, E), we would have (5.4). The nuclearity of S{(R")
implies that S§(R") ® E C S{(R™, E) is dense; thus, it is enough to verify (5.4) for
f = fv, where f € S{(R™) and v € E. Now, the scalar-valued case implies

Wy (fv)(@,9), ®(z,y)) = Wy f2,y), ®(z,9)) v = (f(t)v,. Mg® (),
as required. O
We can now extend the wavelet synthesis operator (5.1) to S{(H"*!, E). This
will yield an important “desingularization formula” for E-valued distributions. Let

K € S{(H"!, E). We define My, : S{(H" !, E) — S)(R™, E), a continuous linear
map, as

(MyK(1), p(t)) = (K(z,9), Wgp(z,y)), p € So(R").

PROPOSITION 5.3. Let ¢ € So(R™) be non-degenerate and let n € Sp(R™) be a
reconstruction wavelet for it. Then,

1
(5.5) Ids;rn,m) = JMWWW
Furthermore, we have the desingularization formula,
1 o dady
(56) €0.p) = —— [ [ Wakle sl =
Cpm Jo  JRn Y

valid for all £ € S{(R™, E) and p € So(R™).
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ProoOF. If we apply the definition of M,,, Proposition 5.2, (5.3), and use the
fact that ¢y, = c; 5, we obtain
1 1 e
S MW, p(0) = = [ [ Wty Wiplay)
Cip,m 0o Jre

Cym

dzdy

L Wt y) Waple,y) = <f, 1Mwwnp>

G a4
(£(t),p(t)) -
So both (5.5) and (5.6) have been established. O

6. Proofs of the Tauberian theorems

We now proceed to give proofs of the Tauberian theorems 4.1 and 4.2. We need
a series of lemmas. We start with a technical one.

LEMMA 6.1. Let f € S'(R", E). The estimate (4.1) is equivalent to one of the
form (3.1) (k might be a different exponent). If

(6.1) ME(\z, \y) =M,, inE

I 1
im ————
exists for every (z,y) € H"1 NS™, so does it for every (x,y) € H*HL.

PROOF. We only need to show that (4.1) implies (3.1). Our assumption is that

there are constants C1, A\g > 0 such that
C1A*L(N)

(cosV)k ’
for all [€]° + (cos¥)? = 1 and 0 < A < A (resp. Ao < A). We can assume that
1+ ]al <kand Ay <1 (resp. 1 < Ag). Potter’s estimate [2, p. 25] implies that we
may assurie
L(r)\)
LX)
In addition, since 1/L(A) = o(A71) as A — 0F (resp. 1/L(\) = o()), as A — o0)
[2, 36], we can assume

1 Cs 1
. —— < = A< A S A, for Ag <\ ).
(6.3) L(/\)< 3 or 0 < 0 (resp L(/\)<C3 or Ao >
After this preparation, we are ready to give the proof. For (z,y) € H"*! write
x=rf and y = rcos¥, with r = |(z,y)|. We always keep A < Ag (resp. Ag < A). If
rA < Ao (resp. Ao < ), we have that

| ME (A, Acosd) || <

1 2
< 02( _‘;r) ) for Aa Ar € (07 A0] (reSp. )\7 Ar € [)\07 OO) )

(6.2)

(1 + ,r)oc+k+1

| ME (Arg, Arcos9) || < %AQL(AT)WM < C1CoAYL(N) -
Y y

1 a+2k+1
< CUAYL(N) (y + y) (14 |z
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with Cy = 29t (01 Cy. We now analyze the case A\g < A (resp. Ar < Ag).
Proposition 3.2 implies the existence of k1,l1 € N, ky > k, and C5 such that

1 Fa
| ME Az, My)|| < Cs <Ay - Ay) (1+ M)

1
AFELL ()

. 1 k1 I Nt
resp. < CsA“L()) (y+y> (1+|z]) /\QT()\)

1 k}l r k}1+O¢+1
< 0305)\()(11()\) ( + y> (1 + |$Dll ()
Yy Ao

1 k1 A k141l —a+1
<resp. < C3C5A“L(N) <y+y> (1+ |z (:) )

) a+2k1+1

1 k1
< C5A“L(N\) (y + y) (1+ |x|)“

1 o
< CeA*L(N) (y +y (14 |z|) @itk

1 2k 4+l —a+1
<resp. < CgA*L(N) (y + y) (1+ |x|)l1> )

with Cﬁ = 0305(2/)\0)04+k1+1 (resp. 06 = C3C5)\Igl+llia+1). Therefore, if ¢ =
maX{C4,C'6}, ko > |Oé| +2ki 4+l +1landls >a+ 11 + k1 +1,

k2
HM; (/\x,)\y)H < CX*L(N) (; + y) (1+ \x|)l2 ,

for all (x,y) € H*™! and 0 < A < Mg (resp. A\g < A).

For the second part of the lemma, fix (z,y) € H*™! and write it as (z,y) =
(r&,rcos?), where (£, cosd) € H"™1 N S"™. Then, as A — 0 (resp. A — o0), we
have

1

A L(N)

f(ré, \rcos ZL()\T)TO‘ L £ €, \r cos
Mi Ot rcost) = e (1 skt rcos)

—1- TQM&COSﬂ in .

O

Observe that the restriction of E-valued tempered distributions to Sp(R™)
defines a continuous linear projector from S'(R", E) onto S)(R™,E). For f €
S'(R™, E), we will keep calling by f its projection onto Sj(R™, E). In particular, it
makes sense to talk about quasiasymptotics of f in Sj(R™, E) via this restriction
projection. The results from Section 5 are key for the next lemma.

LEMMA 6.2. Let f € §'(R™, E) and let ¢ € S(R™) be non-degenerate.

(i) If there exists k € N such that the estimate (4.1) holds, then f is quasi-
asymptotically bounded of degree v at the origin (resp. at infinity) with
respect to L in the space SH(R™, E).
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(ii) If the limit (6.1) exists for each (z,y) € H"™' N'S™ and there is a k €
N such that the estimate (4.1) is satisfied, then £ has quasiasymptotic
behavior of degree « at the origin (resp. at infinity) with respect to L in
the space SH(R™, E).

PROOF. Consider the non-degenerate wavelet ¥, € So(R™) given by )y (u) =
e lul=(/1ul) " Set o = G % 1)q; then, ¥ € Sp(R™) is also a non-degenerate wavelet.
First notice that Wy f is given by

Wak(a,y) = (£(z + 1), (3 * 51) (1) = <f<:c o [ et — t)du>

R'Il
= - pr(x + yu, y)i1 (v)du.

Find a reconstruction wavelet n € Sy(R™) for .
Part (i). By Lemma 6.1, (4.1) is equivalent to the estimate (3.1) (k might be
however a different number). Thus,

1 I+k
(6.4) | ME2 + Ayu, Ay) || < CA*L(A) (y + y) (1 + |=)' (1 + Ju))t.

In view of the formula for Wyf in terms of M, and 11, we arrive at the wavelet
estimate

. 1 I+k
(6.5) Wyt (Az, Ay)|| < C1AYL(A) (1 + |z]) (y + y) ;

valid for all (z,y) € H"™ and X < Ao (resp. Ao < A), where Oy = C [, (1 +
|u|)! Wl (u)| du. Let now p € Sy(R™) be arbitrary. Taking into account the desin-
gularization formula (5.6) from Proposition 5.3 and (6.5), we conclude that

e o0l < g [ [ et 3l st ) 5 = 00 L),

which shows the result.

Part (i). By Lemma 6.1, the limit (6.1) exists for each (z,y) € H"*'. The
estimate (6.4) and the dominated convergence theorem for Bochner integrals ensure
that, for each fixed (z,y) € H* 1,

1

_ 1 £ _
mWwf()\x, Ay) = ey ME(\x + Ayu, Ay)ibr (u)du

— G($>y) = /]R Ma:+yu,y "Ll (U‘)dua

as A — 0% (resp. A — o). Observe that the function G : H**! — E is Bochner
measurable and, because of (6.5),

2l+k
|G<x,y>||<cl<1+x|>l<y+y) L (o,y) € HV



16 S. PILIPOVIC AND J. VINDAS

Let finally p € So(R™) be arbitrary. We can use the wavelet desingularization
formula, in combination with the dominated convergence theorem, to deduce

00 p0) = = [ [ WO ) Wil )
0 R™ Yy

AL()N) Cyon AL(N)
1 o dxd
Cym Jo  JRn Y
as A — 07 (resp. A — 00), as required. U

We are now in the position to prove Theorem 4.1 and Theorem 4.2. The
precise relation between quasiasymptotics in Sj(R™, E) and S’(R™, E), studied in
Appendix A, is crucial for our arguments.

PROOF OF THEOREM 4.1. Lemma 6.2 implies that f is quasiasymptotically
bounded in the space S{(R™, E). The existence of the E-valued polynomial P and
the ¢, in case (ii), is then a direct consequence of Proposition A.2. The assertion
about the degree of P follows from the growth properties of L, since slowly varying
functions satisfy L(A) = o(A™%) as A — 0T (resp. o(\7) as A — o00) for any o > 0
[2, 36] (in the case (ii) the terms of order |m| = p can be assumed to be absorbed
by the ¢,,). We show (4.3) only in the case of asymptotic behavior at infinity;
the proof of the case at the origin is completely analogous. Suppose the E-valued
polynomial has the form

d
Pit)= Y  t"wa= Y Q)
a<|m|<d v=[a]+1

where each Q, is homogeneous of degree v. Choose a@ < k < [a] + 1. Then, since
L(A\) = O(N*~*) and ¢, (A) = O(N%), we obtain that

f(\) = P(At) + O(\%) in S'(R", E).
But then, for each fixed (z,y) € H"*!, the assumption on the size of M;(/\x, Ay)
and Lemma 6.1 imply that
m|
MEOwN) = D, (NG (7 R) img Wi = OO
a<|m|<d
Then, we infer that for each a < v < d and each (x,y) € H**!,

[m| v
0= > ng (e”'“@@u>>|u=owm=i”§yq<Pq (—i0/0x) Q,)(@).

|ml=v

Thus,

P, (8) Q, =0, forallqg,veN,
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as required. It only remains to establish (4.4). Assume that « = p € N. We keep
0 <y < 1. By (4.1), (4.3), Lemma 6.1, and Proposition 3.2, applied to

ﬁ(k) £08) = 3 #7e,(0) — POW) |

|m|=p

there are constants Ag,C' > 0 and k,! € N such that

(1 + |])’

[m] )
S 0 G (), p en )] < CL L,

ou™

[m|=p

for all (z,y) € R™ x (0,1) and A < A\g (resp. Ao < A), that is,

P )
3 (i) ety
q=0

If we now select p points 0 < y; < y2--- < ¥yp < 1, we obtain a system of p +
1 inequalities with Vandermonde matrix A = (y7);,. Multiplying by A7 we
convince ourselves of the existence of C, independent of x and ¢, such that

< CL(A)UJ;W .

0
P, <—z8> C(m,A)H < CL(1+|z))'L(N), for A< g (resp. Ao < ).
x
This completes the proof. O
We now aboard the proof of Theorem 4.2.

PROOF OF THEOREM 4.2. Lemma 6.2, under the assumptions (4.1) and (4.5),
implies that f has quasiasymptotic behavior in the space S§(R™, E'). An application
of Proposition A.1 yields now the existence of g, P, and the c,, in case (ii). That P
satisfies the equations (4.3) actually follows from Theorem 4.1. The proof of (4.6)
in case (ii) is similar to that of (4.4) given in the proof of Theorem 4.1, the details
are therefore left to the reader. O

7. Several applications

In this section we illustrate our ideas with several applications and examples.
We study in Subsection 7.1 sufficient conditions for stabilization in time of the so-
lution to a class of Cauchy problems. In Subsection 7.2 we show how Tauberian
theorems for Laplace transforms can be derived from Corollary 4.1. Finally, we
prove in Subsection 7.3 that for F-valued tempered distributions the quasiasymp-
totics in D'(R™, F) and §'(R™, F) are equivalent.

7.1. Asymptotic stabilization in time for Cauchy problems. Let I' C
R™ be a closed convex cone with vertex at the origin. In particular, we may have
I =R"™. Let P be a homogeneous polynomial of degree d such that fe P(iu) < 0 for
all u € T\ {0} . We denote [49, 50] as S} C S’(R™) the subspace of distributions
supported by T'.



18 S. PILIPOVIC AND J. VINDAS

We consider in this subsection the Cauchy problem

(7.1) %U(w,t) =P <6ax> U(x,t), lim U(z,t)= f(z) inS'(RY),

t—0+

suppf C T, (z,t) € H"M,

within the class of functions of slow growth over H"*!, that is, solutions U satisfying

—ky
1 _
sup |U(z,t)] (t + ) (1+ |z[)™™ < oo, for some ki, ks € N.
() €Hn+1 t

One readily verifies that (7.1) has a unique solution. Indeed,
1 A ) : 1 . ) - 1/d
7.9 U ) = < , iTu tP(’LU)> _ < , iTu P(zt u)>
(12) Ut = G (fw).eme @y (fn.ee
is the sought solution. We shall apply Theorem 4.2 to find sufficient geometric
conditions for the stabilization in time of the solution to the Cauchy problem (7.1),
namely, we study conditions which ensure the existence of a function T": (4, c0) —
R, and a constant £ € C such that the following limits exist
U

im (z,8)
t—o00 T(t)
Let L be slowly varying at infinity and o« € R. We shall say that U stabilizes

along d-curves (at infinity), with respect to A*L(\), if the following two conditions
hold:

(1) The following limits exist:

(7.3) =/{, foreach z € R".

. Uz, M) ntl ~ Q.
(74) AIHEOW = Uo(l',t), (x,t) ceH ns N
(2) There are constants C' € Ry and | € N such that
U Az, \t) C
. v v H*' NS
(7.5) ‘ MLV ‘ e (x,t) € NS

We have the following result:

THEOREM 7.1. The solution U to the Cauchy problem (7.1) stabilizes along
d-curves, with respect to A*L(\), if and only if f has quasiasymptotic behavior of
degree o at infinity with respect to L.

PRrROOF. We can find [50] a test function n € S(R™) with the property n(u) =
eP(w) 4 e I. Setting ¢ = 71 and using (7.2), we express U as a regularizing
transform,

(76)  Ulwt) = <f<s>, . (f;/f)> — MY(x,y), withy= /4

Then conditions (7.4) and (7.5) directly translate into conditions (4.5) and (4.1),
with M, , = Uo(z,t*/?) and k = dI. Corollary 4.2 then yields the desired equiva-
lence. g
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COROLLARY 7.1. If U stabilizes along d-curves, with respect to A*L(\), then
U stabilizes in time with respect to T(t) = t*/?L(t*/?). Moreover, the limit (7.3)
holds uniformly for x in compacts of R™.

PROOF. By Theorem 7.1, there exists g € S'(R™) such that
FOE) ~A*L(N\)g(&) as A — oo in S'(R™).
If K ¢ R™ is compact, then,
. Ulz,t) 1 1/d x
L+ T Am to/dL(t1/d) <f(t & (W a £>>
= (9(&), v(=9)),

uniformly for x € K because ¢ (t‘l/dx — &) = ¢(—£) in S(R™), as t — oo. O

ExXAMPLE 7.1 (The heat equation). When I' = R™ and P(9/0z) = A, we
obtain that stabilization along parabolas (i.e., d = 2) is sufficient for stabilization
in time of the solution to the Cauchy problem for the heat equation. This particular
case of Corollary 7.1 was studied in [5, 6, 8].

7.2. Tauberian theorems for Laplace transforms. We now apply our
Tauberian theorems to the Laplace transform. Throughout this subsection we use
the following notation. Let " be a closed convex acute cone [49, 50] with vertex
at the origin. Its conjugate cone is denoted by I'*, i.e.,

I"={eR": {£-u>0,Yuel}.

The definition of an acute cone tells us that I'* has non-empty interior, set Cr =
int ' and 7" = R"+4iCr. We denote by Si.(E) the subspace of E-valued tempered
distributions supported by I'. Given h € S[.(E), its Laplace transform [49] is

L{h;z} = <h(u),eiz'”> , 2eTCr:

it is a holomorphic E-valued function on the tube domain T°r. Fix w € Cr. We
may write £{h;z + iow}, z € R™, ¢ > 0, as a regularizing transform. In fact,
choose 7, € S(R™) such that n,(u) = e ", u € T'. Then,

(7.7) L{h;z + iow} = M;w (z,0), with ¢, =7, and f = (27)"h.

The following Tauberian theorems for the Laplace transform were originally
obtained in [3, 50] under the additional assumption that Cr is a regular cone, i.e.,
its Cauchy-Szego kernel

Kep(2) = / e*tdu, ze€TOr,
r

is a divisor of the unity in the Vladimirov algebra H(T°T) [49, 50]. We will not
make use of such a regularity hypothesis over the cone I'.
Given k > 0, we denote by Q% C H™t! the set

(7.8) Q" = {(z,0) eH"": |2] < 0" and 0 < o < 1}.
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THEOREM 7.2. Let h € S[.(E) and let L be slowly varying at infinity. Then, h
is quasiasymptotically bounded of degree o at infinity with respect to L if and only
if there exist numbers k € N and 0 < k < 1 and a vector w € Cr such that

kyn+a
7.9 limsup sup L\ (2 + iow < 0.
7 Aot (z0)eaan L(L/A) £ {h; A ( I
o#0

PROOF. Set f = (2m)™h. Clearly, h is quasiasymptotically bounded of degree
« at infinity with respect to L if and only if f is quasiasymptotically bounded of
degree —a — n at the origin with respect to L(1/A). The latter holds, by (7.7) and
Corollary 4.1, if and only if there exists k1 € N such that

(cos 9)™* Ante

(7.10) lim sup sup ME (A\z, Acos¥)|| < oo
A—=0F |z|?+(cos ¥)2=1 L(l/)\) H Pw ||
Y€e(0,7/2)

Thus, we shall show the equivalence between (7.9) and (7.10). By Lemma 6.1,
(7.10) implies (7.9). Assume now (7.9), namely, there exist C; and 0 < Ag < 1 such
that

(7.11) | ME (A, Mo < fxa "L(1/A), A< ), (2,0) € Q.

We may assume that £ > o +n + 1 and L satisfies (6.2) and (6.3) (the case at
infinity). We keep arbitrary A < A, ¥ € (0,7/2) and x € R” with |z|* + (cos)? =
1. Set r = |x|ﬁ /(cos®) 7%, 2’ = z/r and o = (cos®?)/r. Observe that (z’,0) €
00, Assume first that A < A, then, in view of (7.11) and (6.2),

Cy

(cosV/r)k
< AC1CA™ "L (1/A) (cos ) ~Fmom (Bmamnth),

| ME (Az, Acosd)]|| < (rA) "L (1/(r\))

on the other hand, if now Ay < r, Proposition 3.2 implies that for some ko € N,
k’g<k&ﬂd04>0,

Cs __ G o (1/A)kemon
(Acos¥)*2 — (cos))k2 A L/A) L(1/X)
kotl—a—n
(CS:QC;)BMA TL(L/A) <)7:0)

CyCs
Ak2+17a7n
0

HMSZw (Az, Acos)|| <

ATOTPL(1/A) (cos ) TR T TR (et D),

where we have used (6.3). Therefore, (7.10) is satisfied with k1 > ko + (ks — a —
n+1)/(1— k). O

We obtain as a corollary the so called general Tauberian theorem for Laplace
transforms [50, p. 84].
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COROLLARY 7.2. Let h € S.(E) and let L be slowly varying at infinity. Then,
the estimate (7.9), for some k € N, 0 < k < 1, and w € Cr, and the existence of a
solid cone C' C Cr (i.e., int C" # () such that

Aa+n
(7.12) AIL%IJr mﬁ{h;i)\g} = G(i), in E, for each &£ € C',
are necessary and sufficient for h to have quasiasymptotic behavior at infinity of
degree «, i.e.,

h(Au) ~A*L(\)g(u) in S (R",E) as X — oo, for some g € SH(F).
In such a case, G(z) = L{g; 2}, 2 € T°r.

PrROOF. Recall [49] that S{-(F) is canonically isomorphic to Ly(S(T"), E). By
the injectivity of the Laplace transform and the uniqueness property of holomor-
phic functions, the linear span of {€***:¢ € C’} is dense in S(T'); observe that
(7.12) gives precisely convergence of (A™%/L(A))h(X -) over such a dense subset.
To conclude the proof, it suffices to apply Theorem 7.2 and the Banach-Steinhaus
theorem. (]

ExaMPLE 7.2 (Littlewood’s Tauberian theorem). The classical Tauberian the-
orem of Littlewood [15, 20, 21] states that if

oo
7.13 li ne ot =
(7.13) Jim, ) cne™" =0
and if the Tauberian hypothesis ¢, = O(1/n) is satisfied, then the numerical series
is convergent, i.e., Y 2 ¢, = f3.
We give a quick proof of this theorem based on Corollary 7.2 and a result from
[43]. We first show that h(u) = > 7 ¢,0(u—n) has the quasiasymptotic behavior

> ]
(7.14) h(Au) = ché(/\u —n)~ 6% as A — oo in §'(Ry,).

n=0
Observe that (7.12) is an immediate consequence of (7.13) (here n = 1, a = —1,
L =1). We verify (7.9) with x = 0, actually, on the rectangle Q° = [-1,1] x

(0,1]. Indeed, (7.13) and the Tauberian hypothesis imply that for suitable constants
C1,Cs,C3,C4 > 0, independent of (z,0) € Q°,

£ {2 Yo +io)}| = | Y cpe Tt Ten
n=0

e efkflon N
< C1+Cy E E— BM In—l‘
n
n=1

e’} B C&
<OL+CAY e lon o 4 0% A>1.
1+’ 3 2:6 < U’ @%0)6 )

n=1
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Consequently, Corollary 7.2 yields (7.14). Finally, it is well known that (7.14) and
¢n, = O(1/n) imply the convergence of the series; in fact, this is true under more
general Tauberian hypotheses (cf. [43, Sec. 3]). We reproduce here a proof of
the convergence conclusion for the sake of completeness. Let o > 1 be arbitrary.
Choose p € D(R) such that 0 < p < 1, p(u) =1 for u € [0,1], and suppp C [-1, 0],
then, evaluation of (7.14) at p gives, for some constant Cj,

1 n
lim sup ¢n — B < limsup Cnp n < Cylimsup —pl=
5 G| R S

A— o0 0<n<A A—00 A—00 1<Z<o

:Cs/ @dx<05(0—1),
1 x

and so, taking o — 17, we conclude > 7 ¢, = 3.

REMARK 7.1. We refer to the monograph [50] (and references therein) for
the numerous applications of Corollary 7.2 in mathematical physics, especially in
quantum field theory (see also [52, 53]). Probabilistic applications can be found in
[66]. Corollary 7.2 can also be used to easily recover Vladimirov multidimensional
generalization [48] of the Hardy-Littlewood-Karamata Tauberian theorem (cf. [3,
50]). In connection with Example 7.2, see [11, 12, 14, 43] for distributional
methods in Tauberian theorems for power and Dirichlet series; see [31, 44] for
applications in prime number theory.

7.3. Relation between quasiasymptotics in the spaces D’'(R", E) and
S'(R™, E). If an E-valued tempered distribution has quasiasymptotic behavior in
the space §'(R™, E) then, clearly, it has the same quasiasymptotic behavior in
D'(R™, E). The converse is also well known in the case of scalar-valued distribu-
tions, but the truth of this result is less obvious. There have been several proofs of
such a converse result and, remarkably, none of them is simple (cf. [24, 25, 45, 46]
and especially [58, Lem. 6] for the general case). We provide a new proof of this
fact, which will actually be derived as an easy consequence of the results from
Section 4. We begin with quasiasymptotic boundedness.

PROPOSITION 7.1. Let £ € S'(R™, E). If f is quasiasymptotically bounded of
degree o at the origin (resp. at infinity) with respect to L in the space D'(R™, E),
so is T in the space f € S'(R", E).

ProoF. We will show both assertions at 0 and co at the same time. The
Banach-Steinhaus theorem implies the existence of v € N, C' > 0, and Ag > 0 such
that

[(E(AL), p(2))] < CA®L(X)  sup
[tI<1, |m|<v
and all 0 < A < Ag (resp. Ag < A), where B(0,3) is the ball of radius 3. Let now
¢ € D(B(0,1)) be such that [, p(t)dt # 0. If we take p(t) =y "o(y~'(z —t)) in
the above estimate, where 0 < y < 1 and |z| < 1, we then obtain at once that (4.1)
is satisfied with £ = v + n, and consequently Corollary 4.1 implies the result. [

p(m)(t)‘ , for all p € D(B(0,3))
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Proposition 7.1, the Banach-Steinhaus theorem, and the density of D(R") in
S(R™) immediately yield what we wanted:

COROLLARY 7.3. If f € §'(R™, E) has quasiasymptotic behavior in the space
D'(R™, E), so does £ have the same quasiasymptotic behavior in the space S'(R™, E).

Corollary 7.3 tells us then that the quasiasymptotics at the origin in S'(R", E)
is a local property. Indeed, if f; = f5 in near 0, then we easily deduce that they
have exactly the same quasiasymptotic properties at the origin in S'(R™, E).

8. Further extensions

We indicate in this section some useful extensions and variants of the Tauberian
results from Section 4.

8.1. Other Tauberian conditions. The Tauberian condition (4.1), occur-
ring in Theorems 4.1 and 4.2, can be replaced by an estimate of the form (7.9),
that is, one may use the boundary of some set 2%, 0 < k < 1 (cf. (7.8)), instead of
the upper half sphere H"*! N'S™. Specifically, the same argument given in proof of
Theorem 7.2 applies to show that (4.1) (and hence (3.1)) is equivalent to

Y
(8.1) lim sup sup

ME Oz, Ay < o0 (resp. 1imsup>
A—=0t (z,y)€0Q", y>0 )\QL()\) H LP( )H

A—00

for some 0 < k < 1 and k € N (the k£ may be different numbers).

8.2. Distributions with values in regular (LB) spaces. We now explain
that all the results from Sections 3 and 4 hold if E' is a more general locally convex
space. We assume below that E is the inductive limit of an increasing sequence
of Banach spaces {E,}, y (an (LB) space), that is, E = ind lim,, o (En, || - ||n) ,
where E; C Es C ... and each injection E,, — FE, 1 is continuous. Particular
examples are E = S’'(R"),S{(R™),D’'(Y), where Y is a compact manifold, among
many other important spaces arising in applications.

We start by assuming that E is regular, namely, for any bounded set B there
exists ng € N such that 9B is bounded in E,,. One can find in [19, p. 33] an
overview of several conditions which ensure regularity of inductive limits. Under
this assumption, our Abelian and Tauberian theorems from Sections 3—4 for FE-
valued distributions are valid if we replace the norm estimates by memberships in
bounded subsets of E. For instance, a condition such as (4.1) should be replaced
by one of the form: There exist k € N, A\g > 0, and a bounded set 8 C F such that
for 0 < A < Ao (resp. A = \g)

y*
ACL(N)
and similarly for (3.1) and (8.1).

As already observed, (8.2) is equivalent to an estimate of the form (4.1) in
some norm | - [[,, , but the determination of ng could be extremely hard to verify
in applications and thus such a Tauberian condition would have no value in some

f 2 2 _ 9.
(8.2) M, Az, \y) € B, |o|"+y"=1;
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concrete situations. It is therefore desirable to have more realistic Tauberian condi-
tions. We can achieve this if we use the Mackey theorem [38, Thm. 36.2], because
the condition (8.2) is then equivalent to the following one: There exists k£ € N such
that for each e* € E’

k

(8.3) limsup sup

A0t [z24y2=1 A L(A) A—ro0

|<e*,M£ ()\:E,)\y)>’ < 00 (resp. limsup) .

Therefore, a version of Theorem 4.1 with the Tauberian condition (8.3) is valid for
distributions with values in regular (LB) spaces. Let us point out that the (DFS*)
spaces are of this kind [19].

If we now suppose that E is Montel, the limit condition (4.5) can be replaced
by the equivalent one: The existence of the limits

1
(8.4) ,\ILI(I)I+ NIy (e*, M;()\:v, My)) € C (resp. AlLH;) ,
for each e* € E’ and (z,y) € H""' NS", and likewise for (3.2). So we obtain a
version of Theorem 4.2 in terms of the conditions (8.3) and (8.4). For example,
this case applies for Silva spaces [34], i.e., when the injections E, — E,;1 are
compact. Silva spaces are of course the (DFS) spaces (strong duals of Fréchet-
Schwartz spaces).

Let us discuss an example in order to illustrate the ideas of this subsection.

ExaMpLE 8.1 (Fixation of variables). Let f € S'(R}f x Rf?) and o € R™.
Following Lojasiewicz [23], we say that the variable t =ty € R™ can be fixed in
f(t,€) if there exists g € S'(RE") such that for each n € S(R} x RY")

i, (f(t0+2.€),(t.€) = [ (9(O)n(t. ).

A—0t n
We write f(to,&) = g(£), distributionally. The nuclearity of the Schwartz spaces
implies that S'(R} x R{") is isomorphic to §'(R}, E), where E = S'(Rf"), a (DFS)
space. Actually, the latter tells us that fixation of variables is nothing but the notion
of Lojasiewicz point values itself for E-valued distributions (cf. [22, 13, 42] for
Lojasiewicz point values). Therefore, the (DSF) space-valued version of Corollary
4.2 implies that if ¢ € S(R}") with [, ¢(t)dt # 0, then the variable t = to can be
fixed in f(¢,€) if and only if there exists & such that for each p € S'(RY")

limsup — sup " [(f (to + Az + Ayt, §) ,(t)p(€))| < o,
A—0t ‘a;|2+y2:1
(az,y)GH"+1
and limy_ g+ (f (to + Az + Ayt, €) , 0(t)p(€)) exists for all (z,y) € H* 1 NS".

REMARK 8.1. It is well known [17] that the projection 7 : R} x R™ — {to} x
R™, w(t,£) = (to, &), defines the pull-back

S'(RY xR") > f(t,€) = f(to, &) =" f(§) € S'(RY)
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if the wave front set of f satisfies WF(f) N {(to,&,1,0) : £ € R™ n e R"} = 0.
Thus the result given in Example 8.1 is interesting because we give a necessary and
sufficient condition for the existence of this pull-back.

A. Appendix
Relation between quasiasymptotics in Sj(R", F) and S'(R", E)

The purpose of this Appendix is to state two propositions which establish the
precise connection between quasiasymptotics in the spaces S§(R™, E') and S’(R™, E).
Such a relation was crucial for the arguments given in Section 6. Propositions A.1
and A.2 below are multidimensional generalizations of the results from [47, Sec.
4] and their proofs are based on recent structural theorems from [41]. We assume
again that F is a Banach space.

PROPOSITION A.1. Let f € 8'(R™, E) have quasiasymptotics behavior of degree
a at the origin (resp. at infinity) with respect to L in S{(R™, E), i.e., for each
p € So(R™) the following limit exists

, 1 : .
(A1) /\lirgh SN (F(\t),p(t)y in E (resp. /\ILH;O) .

Then, there is g € S'(R™, E) such that:
(i) If « ¢ N, g is homogeneous of degree o and there exists an E-valued
polynomial P such that
(A.2) f(At) —P(At) ~X*L(\N)g(t) inS'(R™, E) as A — 0" (resp. A = o0).
(ii) Ifa = p € N, g is associate homogeneous of order 1 and degree p (cf. [10,
p. 74], [37]) satisfying
(A.3) g(at) = aPg(t) + a” loga Z t" vV, for each a >0,
|m|=p
for some vectors v, € E, |m| = p, and there exist an E-valued polyno-
mial P and associate asymptotically homogeneous E-valued functions c,y,,
|m| = p, of degree 0 with respect to L such that for each a >0
(A4)  cpm(a)) =c(\)+ L(\)loga v, +o(L(A) asA— 0" (resp. A — o)
and f has the following quasiasymptotic expansion
(A.5) £f(A\t) =P(A\t)+APL(N)g(t)+ AP Z t"Cm(A)+0o(NPL(N)  in S'(R™, E)
|m|=p
as X\ — 07 (resp. A — 00).
PrOOF. Let S°(R™) be the image under Fourier transform of Sy(R™). Then,
SO(R™) is precisely the closed subspace of S(R™) consisting of test functions which

vanish at the origin together with their partial derivatives of any order. Thus, if
we Fourier transform (A.1) and employ the Banach-Steinhaus theorem, we obtain

the existence of hy € SY(R™, E) such that the restriction of f to S°(R™) satisfies
f(A ') ~ A" L(A\)hg(u) in SY(R™, E)
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as A = 0% (resp. A — o00). The result then follows from [41, Thm. 3.1], after
taking Fourier inverse transform. U

The proof of the following proposition is completely analogous to that of Propo-
sition A.1, but now making use of [41, Thm. 3.2] instead of [41, Thm. 3.1]; we
therefore omit it.

PROPOSITION A.2. Let f € §'(R", E) be quasiasymptotically bounded of degree
« at the origin (resp. at infinity) with respect to L in SH(R™, E). Then:

(i) If o ¢ N, there exists an E-valued polynomial P such that f — P is quasi-
asymptotically bounded of degree v at the origin (resp. at infinity) with
respect to L in the space S'(R™, E).

(ii) If « = p € N, there exist an E-valued polynomial P and asymptotically
homogeneously bounded E-valued functions c,,, |m| = p, of degree 0 with
respect to L such that £ has the following quasiasymptotic expansion

(A7) F(M) =P(A) + X > t"cp(A) + O (WL(N)  in S'(R™, E)
|m|=p

as X\ = 0% (resp. A — 00).
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