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ON ROMANOVSKI’'S LEMMA
RICARDO ESTRADA AND JASSON VINDAS

ABSTRACT. Romanovski introduced a procedure, the Romanovski’s
lemma, to construct the Denjoy integral without the use of trans-
finite induction. Here we give two versions of the Romanovski’s
lemma which hold in general topological spaces. We provide sev-
eral applications in various areas of mathematics.

1. INTRODUCTION

In an article published in 1932 [20], Romanovski introduced a pro-
cedure to construct the Denjoy integral without the use of transfinite
induction. The basic tool used in such a procedure is the following
result, known as Romanovski’s lemma.

Theorem 1.1. (Romanovski’s lemma) Let § be a family of open in-
tervals in (a,b) with the following four properties:

L If (o, B) € § and (B,7) € T, then (a,7) € §.

II. If (a, B) € § and (v,0) C (o, B) then (v,6) € §.

I If (a, B) € § for all [, 5] C (¢,d) then (c,d) € §.

IV. If all the intervals contiguous to a perfect closed set E C [a, ]
belong to § then there exists an interval I € § with I N E # .

Then (a,b) € §.

The proof is very simple, but most importantly, the use of this lemma
in several problems is also very simple, and many times provides rather
short and direct proofs of hard results. The book of Gordon [11] gives
several applications, such as the construction of the Denjoy integral we
mentioned before or the study of the functions of the Baire classes.

It should be mentioned that the construction of the Denjoy integral
by transfinite induction is also a very nice piece of mathematics. A
detailed presentation can be found in the book by Hobson [13]. It is
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a matter of taste, of course, whether one prefers one approach or the
other.

The aim of this article is to give versions of the Romanovski’s lemma
that are useful in problems involving several variables. These versions
are actually valid in general topological spaces. We present several ap-
plications to highlight the use of this rather powerful tool. The plan
of the article is as follows. We start by giving two versions of the
lemma that are valid in general spaces in Section 2. Our first appli-
cation is a proof of the well known Cantor-Baire stationary principle
by using the new versions of the lemma; this we present in Section 3.
In Section 4 we prove a rather interesting characterization of positive
measures in several variables in terms of the almost everywhere angular
boundary behavior of the distributional ¢—transform, generalizing the
corresponding results for everywhere behavior [22]. We then employ
these ideas to prove that a function with a derivative that exists al-
most everywhere in a region {2 C C will in some cases be analytic in €.
In Section 5 we apply the Romanovski’s lemma in the study of analytic
functions with known radial behavior at the boundary of the unit disc,
a subject where many unexpected counterexamples exist.

Naturally, there are many other areas where the Romanovski’s lemma
would prove to be very helpful, and our purpose in writing this article
is to invite the reader to try it in such domains.

2. VERSIONS OF ROMANOVSKI’S LEMMA

Our first version applies to any topological space.

Theorem 2.1. Let X be a topological space. Let L be a non empty
family of open sets of X that satisfies the following four properties:

L. U #{a}.

IL,. IfU e,V CU, and V is open, then V & Al

HIL,. If Uy, € YV € A, then |J,cy Ua € U

IV, . Whenever U € U, U # X, then there exists V € U such that
VN(X\U) #@.

Then L must be the class of all open subsets of X.

Proof. Let W = [Jy ey U. Using L, it follows that W # &, employing
III,, we obtain that W € 4, while from IV, it follows that W = X. If
we now use II,, we obtain that all open subsets of X belong to 4. [

The next version deals with local basis of neighborhoods.
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Theorem 2.2. Let X be a topological space. For each x € X let €, be a
local basis of non-empty open neighborhoods at x, and let € =, .y €;.
Let B C € be a family that satisfies the following properties:

L,. B # 2.

II,. IfU €B,VCU, and V € €, then V € *B.

IIL,,. If U € € and if for each x € U there exists V, € B with
reV,CU, thenU € ‘B.

IV,,. If F is closed, F # &, and for each x € X \ F there exists
Ve € B withx € V, C X \ F, then 3Uy € B with Uy N F # 2.

Then B = €.

Proof. Let W = |Jyeq U. Then W = X, since if not F' = X \ W would
satisfy the conditions of IV,, but this is not possible.

Let now V' € €. Since X = (J, .U, for each € V there exists
B, € 8B with x € B,, and thus there is C, € € with x € C, C V N B,.
Using I1,, we obtain that C, € B, and thus we can use III,, to conclude
that V € B. O

This version, Theorem 2.2, applies to balls in a metric space. Indeed,
one can take € to be the family all of non-empty balls, or a suitable
subfamily, say €, equal to the set of balls centered at x and radius
smaller than some given number 7, > 0.

Observe that, as it is easy to see, the usual Romanovski’s lemma,
Theorem 1.1, follows from Theorem 2.2.

3. THE CANTOR-BAIRE STATIONARY PRINCIPLE

In this section we shall show how the Romanovski’s lemma can be
used to give a proof of the well known and useful Cantor-Baire station-
ary principle [18]. The symbol Q refers to the first uncountable ordinal
number.

Theorem 3.1. (Cantor-Baire Stationary Principle) Let {F.},_q be a
family of closed subsets of R™, indexed by the countable ordinal numbers.
Suppose {Fu},q is decreasing, i.e., F,, C Fp if a > (3. Then there
erists o < Q such that F, = F,« for a > o*.

Proof. Let X = R"\ (. Fao- Let B be the family of non-empty balls
B C X that satisfy that there exists a < 2 with BN F, = &. We shall
show that B = €, the family of all non-empty balls of R" contained in
X, using Theorem 2.2. Observe that I,, and I, are clear. In order to
prove IIl,,, let B = |J .. B, be an element of ¢ that is an arbitrary
union of elements B, of *B; since B is a ball in R", there exists a

sequence {0y}, .y such that B = {J, .y Bo,- If a;, < € is such that
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B,, NF,, =@, and @ = sup,,cy &y, then BN F3 = &, so that B € B.
Condition IV, is easy because if € X then there exists a < 2 such
that x ¢ F,, and thus there exists a ball B with € B and BNF,, = &,
which yields that B € B. Finally, since we obtain that X = |Jz.q B,
then X = J,,cyy Bn, where {B,}, .y is an enumeration of the elements
of B with rational centers and rational radii; choosing «,, < 2 with
B, N F,, = @, and putting o = sup,,cy @, We obtain o < Q with
X NF, =@. It follows that F,, = F,« for a > a*. L]

4. MEASURES AND THE ¢—TRANSFORM

In this section we shall deal with real valued distributions and func-
tions. We shall use the standard spaces of test functions D (R") and
D' (R™) [10]. The ¢—transform [6, 21, 22] is defined as follows. Let
¢ € D (R") be a fixed normalized test function, that is, one that satis-
fies

(4.1) Rngb(x) dx =1.

If f € D' (R") we introduce the function of n + 1 variables F' = Fj {f}
by the formula

(4.2) Fxt) = (f(x+1ty),o(y))

where (x,t) € H, the half space R™ x (0, 00) . Naturally the evaluation
in (4.2) is with respect to the variable y. We call F' the ¢—transform
of f. Whenever we consider ¢p—transforms we assume that ¢ satisfies
(4.1).

The definition of the ¢p—transform tell us that if the distributional
point value [14, 15] f(x¢) exists and equals v then F (xq,f) — 7 as
t — 07, but actually F (x,t) — « as (x,t) — (x0,0) in an angular or
non-tangential fashion, that is if |x — xo| < Mt for some M > 0 (just
replace ¢ (y) by ¢ (y — Mw) where |w| = 1).

The ¢—transform converges to the distribution as ¢ — 0% : If ¢ €
D (R") and f € D' (R"), then
(4.3) lim F(x,t) = f(x),

t—0t

distributionally in the space D' (R™), that is, if p € D (R") then
(4.4) lim (" (x,1), p(x)) = (f (x), p (%)) .

t—0

We shall use the following nomenclature. A (Radon) measure would
mean a positive functional in the space of continuous functions, which
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would be denoted by integral notation such as du, or by distributional
notation, f = f,, so that

(1.5 (r.0)= [ 600 an.

and (f,¢) > 0 if ¢ > 0. A signed measure is a real bounded functional
in the space of continuous functions, denoted as, say dv, or as g = g,.
Observe that any signed measure can be written as v = v, —v_, where
v, are measures concentrated on disjoint sets. We shall also use the
Lebesgue decomposition, according to which any signed measure v can
be written as v = Vubs + Vsig, Where 1,14 is absolutely continuous with
respect to the Lebesgue measure, so that it corresponds to a regular
distribution, while 14, is a signed measure concentrated on a set of
Lebesgue measure zero. We shall also need to consider the measures
(Vsig)+ = (V+)sig, the positive and negative singular parts of v.

If xo € R™ we shall denote by Cx, ¢ the cone in H starting at xq of
angle 6,

(4.6) Cxoo = {(x,t) € H: |x — x¢| < (tan )t} .

If f € D(R") and xy € R" then we consider the upper and lower
angular values of its ¢—transform,

(4.7) fop (x0) = limsup F(x,1),

(X,t)—>(x0,0)
(x,t) ECXO 0

(4.8) fso(x0) = liminf F(x,t).
(x,t)—(x0,0)
(X,t)ECxO’g
The quantities fq:st,e (xg) are well defined at all points x;, but, of course,
they could be infinite.
The following result was proved in [22].

Theorem 4.1. Let f € D' (R"). Let U be an open set. Then f is a
measure in U if and only if its p—transform F = Fy{f} with respect
to a given normalized, positive test function ¢ € D (R™) satisfies

(4.9) fio(x)>0  VxeU,

for all angles 6. Moreover, if the support of ¢ is contained in a ball of
radius R and center at the origin and if (4.9) holds for a single value
of 0 > arctan R, then f is a measure in U.

It is easy to see that the result is not true if we use radial limits
instead of angular ones. An example is provided by taking f (z) =
—0'(z) and ¢ € D(R) with ¢’ (0) > 0. Actually this example shows



6 RICARDO ESTRADA AND JASSON VINDAS

that if (4.9) holds for a value of # < arctan R, then f might not be a
measure. Furthermore, one needs the inequality (4.9) to be true at all
points of U, as the example f (x) = —d (x — a), for any a € U, shows.

We should also point out that if there exists a constant M > 0 such
that f;,(x) > —M, Vx € U, where § > arctan R, then f is a signed
measure in U, whose singular part is positive [22].

Using the Romanovski’s lemma we can prove the ensuing stronger
result.

Theorem 4.2. Let f € D' (R™). Let U be an open set. If the p—transform
F = Fy{f} with respect to a given normalized, positive test function
¢ € D(R") with supp ¢ C {x € R": |x| < R} salisfies

(4.10) f(;'fﬁ (x) >0 almost everywhere in U ,
for some ¥, while for each x € U there is a constant My > 0 such that
(4.11) fop () = =My,

where @ > arctan R, then [ is a measure in U.

Proof. Let U be the family of open subsets V' of U such that the re-
striction f|,, is a measure. Let us first show that 4 # (). Indeed, let
to > 1 be fixed and let

(412) g, (x) =min {F (y,t): [y —x| < (tanf)t, n=' <t < to} .

The functions g, are continuous and because of (4.11), for each x € U
there exists a constant M, > 0 such that g, (x) > —M,. If we now
employ the Baire theorem we obtain the existence of a non-empty open
set V' C U and a constant M > 0 such that F'(x,t) > —M for all
(y,t) € Cxp with x € V and 0 < t <, and hence f;, (x) > —M for
x € V. It follows that f|,, is a signed measure v = Vaps + Vg, Whose
singular part vge is a measure; it thus follows using (4.10) that the
regular distribution f,p,s corresponding to v, satisfies faps (x) > 0 a.e.
in V| and consequently the signed measure v, is actually a measure.
Therefore v > 0.

It is clear that II,, and III,, are satisfied.

In order to prove IV,,, let V' € 4l and suppose that U\ V # (). Then
using the Baire theorem again, there exists a set Y open in U\ V and a
constant M > 0 such that f, (x) > —M for allx € Y. But if Y is open
in U\V, then we can find W open in U such that WNU\V =Y. Observe
now that f[ is a measure, and thus f;, (x) > 0if x € V; in particular,
if x € WNV. Therefore, f;,(x) > —M forx e W =Y Uu(WnV).
The argument used above shows that f|,, is a measure, that is, W € 4
and this proves IV, . O
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The following useful result on the existence of almost everywhere
limits follows from the Theorem 4.2.

Corollary 4.3. Let f € D' (R"). Let U be an open set. If the p—transform
F = Fy{f} with respect to a given normalized, positive test function

¢ € D(R") with supp¢ C {x € R": |x| < R} satisfies that for each

x € U there is a constant My > 0 such that

(4.13) My = fig (%) = fop(x) 2 —Mx,
where § > arctan R, while for some v
(4.14) fan (x) 202> fo,(x),

almost everywhere in U, then f =0 in U.

4.1. Analytic functions and existence of derivatives a.e. One
can use these ideas, for example, to study the several equivalent def-
initions of holomorphy of a function f defined in a region Q C C. If
we say that f is holomorphic or analytic if it is equal to the sum of a
convergent power series in the neighborhood of each point of 2, then
we easily obtain that f is analytic if and only if faR f(z)dz = 0 for
each rectangle R with R C €; this is Morera’s theorem. On the other
hand, if f is analytic then it is complex differentiable, that is,

: - fz+8) - f(2)

(4.15) (2) =l LS,

exists at each z € (). Conversely, if f is complex differentiable then it
is analytic, and this follows by proving that faR f(2) dz = 0 for each
rectangle R with R C §; earlier proofs of this fact used the continuity
of f’, but Goursat [12] gave a nice proof, now standard in the textbooks
in complex variables [17, Sect. 1.2], that shows that the mere existence
of f'(z) implies that f is analytic. Actually Looman [16] proved that it
is enough to assume that f’(z) exists almost everywhere if we suppose
that

(4.16) [+ =1 +0(8), as&—0,

everywhere in (). This follows from the Corollary 4.3. Indeed, if R is
a fixed rectangle with R C €2, we can find f; continuous in all C with
fi=fin R. Let zg = 2o + iyo € R and define

(4.17) gu (2) = 7g RO

where 17, . is the rectangle with vertices zyp = zo+iyo, T+iyo, 2 = T+1Y,
and xg + 1y.
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The identity

(4.18) gz (z + 1Y) = Gsy (T + 1Y)+ Guyigo (T + 1Y1) + Gugriy (T1 + 1Y)

implies that h = 9?¢,,/0xdy does not depend on z. The hypotheses of
the Corollary 4.3 are satisfied in R for h for any test function ¢, since
(4.16) yields

(4.19) 9 (20 + &) =0(&)
for any zg € R, while the existence of f’(z) yields
(420) 9z (ZO + 5) =0 (52) >

and this holds almost everywhere. It follows that ~ = 0 in R and,
consequently, g,, = 0 in R for any zy; this implies that f is analytic in
R and thus, since R is arbitrary, in €.

It is also well known [5, Chapter 6] that if f is continuous in £2,
analytic in Q0 \ Z, where Z is a closed set with finite linear Haussdorf
measure H; (Z) < oo, then f is actually analytic in . We can use
the Romanovski’s lemma, in the version given in the Theorem 2.1, to
prove the following result of Besicovitch [2]: If f is continuous in €,
the derivative f'(z) exists almost everywhere, and f satisfies (4.16) in
Q\ U2, Z,, where the Z, are closed sets of finite linear Haussdorf
measure, then [ is analytic in ). Indeed, one may take 4 to be the
class of open subsets of €2 where f is analytic. Conditions II,, and III,
are easy, while to prove I,, and IV,, one can use Baire’s theorem in
the decomposition of any K closed in €2 into a denumerable union of
closed subsets as

(4.21) K=|JX,uz --UZz,)nK,
n=1

where

(4.22) Xn:{z; ‘f(ZJFf)—f(Z)

§

5. CONTINUOUS EXTENSIONS OF ANALYTIC FUNCTIONS

< n for |£] <1, z—l—fEQ}.

Let F' be analytic in the unit disc D = {z € C: |z| < 1}. Suppose
that F can be extended to an element Fi, € C (]D) , the continuous

functions in D = D U dD. Then it is well known that the Cauchy
integral formula

5.) F)=5n § L2
§1=1
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holds, where f is the restriction of F,, to 0. The set of all such restric-
tions forms a well known and much studied subalgebra A of C' (9D);
one could say that in a sense A is of about “half the dimension” of
C (0D), since the elements of C' (9D) have distributionally convergent
Fourier expansions of the type g (ew) =5 a,e™ for some con-
stants a,, n € Z, while the elements of A are those for which a,, = 0
for n < 0.

The Cauchy representation formula (5.1) holds not only for ana-
lytic functions that have continuous extensions, but also in many other
spaces, such as the Hardy spaces H?, 1 < p < o0, if one takes f as the
radial limit f (£) = lim,_,;- F' (r€), which in such a case exists almost
everywhere in 0D and defines a Lebesgue integrable function there. It
holds, in particular, if F' € H*, that is, if F' is bounded in D [7, 19].

It is interesting that the mere existence of radial limits is usually not
enough for the validity of (5.1). Indeed, the function

(5.2) W (z) = (2 — 1) T/

is analytic in D, the radial limit w (§) = lim,_,;- W () exists for all
elements £ € 0D, and actually the function w is continuous in JD.
However, w € C' (0D) \A and the Cauchy representation formula does
not hold: this is clear because W is not bounded in ID, while all elements
of C (ﬁ) are.

If one considers functions with radial limits almost everywhere the
situation is even more surprising [4, 19], since if ¢ € C' (D) and X
is a given subset of dD of first category (which one can take of full
measure!) then there is a function G, analytic in D, that satisfies
g (&) =lim, ;- G (ré) for all € € X.

We shall now use the Romanovski’s lemma to show that if some extra
conditions are satisfied then if the almost everywhere radial limits of an
analytic function in D, F, are the restriction of a function f € C (9D)
to a set of full measure, then actually F' admits an extension in C' (ﬁ)
and f €A. We shall assume that F' is bounded on radial segments
and we shall also suppose that F' has distributional boundary values in
the circle 0D [1, 3, 9]. Notice that the existence of the distributional
limit f (&) = lim, .- F (r§), f € D' (D) is equivalent to the growth
estimate

M
(T—1]2))"’
for some constants M > 0 and o € R.

We need a couple of preliminary results. First, it is well known
that if F' is analytic in D and if the distributional boundary value

(5:3) [F(2)] <
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f (&) = lim,_ - F (r) exists, f € D' (0D), then f cannot have jump
discontinuities, i.e., if the lateral limits f ({(7) and f(£7) exist at £ €
OD, then they have to coincide f(£7) = f(£7) [8]. This yields the
following result.

Lemma 5.1. Let be F' analytic in D with distributional boundary value

f (&) =lim, - F(r§), f € D' (OD). Suppose that there exists a bounded
function fo in 0D and a finite set E C 0D such that f = fo in 0D\ E.

Then f = fo in all of OD.

Proof. Indeed, f — fo has support contained in F, and it thus equal to
a finite sum of Dirac delta functions and its derivatives at F, f (w) —
fo(w) =D ccu 0 ag ;69 (w — &) . There is a constant a and a dis-
tribution ¢ € D' (dD) such that f — fo = a + ¢V, Since g would
have jumps of magnitude a¢, at each { € E, it follows that ag¢,, = 0
V¢ € E, and, by induction, that a¢; = 0 for 0 < j < nand { € E.
Hence f = fo. O

We emphasize that the previous result does not hold if the analytic
function does not have distributional boundary values: (5.2) is an ex-
ample.

Using a conformal map we also obtain the following result.

Lemma 5.2. Let be F' analytic in D with distributional boundary value
f(&) = lim,_ - F(rf), f € D' (OD). Suppose there is an arc I =
{eie 10 <0< 92} of 0D such that f is a bounded function in I,

(5.4) f () <M,  6,<60<0,,
and suppose that

(5.5) |F(re)| <M, 0<r<1, j=1,2.
Then

(5.6) |[F(re”)| <M, 0<r<1, 6 <0<6,.

We can now give the main result of this section.

Theorem 5.3. Let F' be analytic in D and let f be continuous in OD.
Suppose the following three conditions are satisfied:

1. lim, - F (r&) = f(§), almost everywhere;

2. F has distributional boundary limits in 0D; and

3. there is a countable set E such that for all £ € 0D\ E there is a
constant Mg < oo with |F (r&)| < Mg for all r € [0,1).
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Then f € A and the function Fe, defined in D as F inD and as f
in 0D belongs to C' (]D) .

Proof. Let 28 be the set of open arcs I of JD such that the function
given by F'in D and by f in [ is continuous in D U I. We shall show
that 2B satisfies the hypotheses of the Theorem 2.2.

First we prove I,,, that is, that B # (0. Let r,, € [0, 1) such that r,, /
1, and consider the functions h, (§) = max {|F (r§)| : 0 < r < r,}; the
h,, are continuous functions, and for each £ € 9D \ FE we have h,, (§) <
M. Therefore, using the Baire theorem, we can find a non-empty open
arc I and a constant M > 0 such that h, (§) < M for all n and for
€ € I, and thus |F (r&)| < M for all r € [0,1) and £ € I. Then
lim, ;- F (r§) = g(§) exists in weak* sense in the space of bounded
functions L> (J) for any open arc J with J C I. But 1 implies that
f = g a.e. and therefore lim,_,;- F' (r{) = f (£) uniformly in J. Hence
IeB.

Conditions II,, and III,, are clear. Finally we can establish IV, as
follows. Let K be a non-empty closed proper subset of 0, such that
oD\ K = J 7, I,, where I,, € B are disjoint. If K has an isolated
point &y, then the Lemma 5.1 immediately yields that if J is an open
arc with J N K = {&} then J € B. When K is perfect, we can use
Baire’s theorem again to obtain an open arc J with J N K # ) such
that for some constant M, we have |F (r¢)| < M for r € [0,1) and for
¢ € JN K. We may suppose that M > max,esp |f (w)|, and we may
also suppose that the endpoints of J belong to K and that |F' (r)| < M
for r € [0,1) when £ is one of the endpoints. If I, is one of the open arcs
of 0D\ K with I,, C J, then its endpoints belong to J N K and thus we
can use the Lemma 5.2 to conclude that |F' (r¢§)| < M for r € [0,1) and
¢ € I,. Therefore |F| is bounded by M in the sector z = rw, r € [0,1)
and w € J. It follows that J € 9B. O
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