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Abstract—In combination with the Perfectly Matched Layer The determination of many modes, up to very high mode
(PML)-paradigm, eigenmode expansion techniques have becomenumbers, appearing in the modal spectrum of the waveguides
increasingly important in the analysis and design of cylindrical under consideration is indispensable to be able to develop

and planar waveguides for photonics applications. To achieve d tching techni ith hiah = i
high accuracy, these techniques rely on the determination of mode maiching techniques wi Igh accuracy. Formalisms

many modes of the modal spectrum of the waveguide under tO efficiently compute all these modes’ propagation cortstan
consideration. In this paper we focus on the efficient computation have been proposed in the literature for microwave and alptic

of Transverse Magnetic (TM) and Transverse Electric (TE) waveguides [15]-[20]. Often, the focus is on finding the jeak
polarized leaky modes for multilayered cylindrical waveguides. modes. These modes can be used in eigenmode analyses

First, quasi-static estimates are derived for the propagation id Ibeit f limited set of licati
constants of these modes. Second, these estimates are used Q§ open waveguides, albeit Tor a imited set of applicatjons

a starting point in an advanced Newton iteration scheme after Since the leaky modes correspond itoproper solutions of
they have been subjected to an adaptive linear error correction the dispersion relation [14]. The term “improper” is used

To prove the validity of the computation technique itis applied to  to indicate that these modes do not satisfy the radiation
technologically important cases: vertical-cavity surface-emitting 4 dition [21]. In the case of a waveguide that is closed
lasers (VCSELSs) and & monomode fiber. through application of the PML-paradigm, the leaky modes
Index Terms—Multilayered circular waveguides, mode are proper solutions of the dispersion relation and together
matching methods, perfectly maiched layers, leaky modes, it the guided modes and the so-calledr&nger (or PML)
Bérenger modes, vertical-cavity surface-emitting laser (VCSEL),
monomode fiber modes,' they form a complete set [5], [22]. '
In this paper we focus on the computation of the leaky
modes’ propagation constants of both open and closed multi-
. INTRODUCTION layered cylindrical waveguides presented in Fig. 1. We psep
a two-step approach: first, accurate quasi-static estsrete
Perfectly Matched Layers (PMLs) [1], [2] were originallycalculated and second, these estimates are used in a Newton
conceived to serve as absorbing boundary conditions in el@gration scheme after being subjected to an adaptive rlinea
tromagnetic field solvers, such as FDTD [3]. In recent yeargsror correction to rapidly and very precisely determine th
the PML-paradigm [4], [5] has led to new and rather uneXropagation constants. It is important to mention that ifj [1
pected applications concerning full-wave analysis andgdes a computation technique has been presented for singleckhye
of complex electromagnetic structures, in particular tege cylindrical waveguides which is also based on quasi-static
media. This paradigm allows to convert an open waveguiggtimates. However, it is not at all straightforward to extéhe
that consists of an open stack of dielectric layers, into tachnique presented in [17] to general multilayecgtindrical
closed waveguide. The presence of the PML ensures thajveguides. In [16], [23] a rapid technique for the deteamin
the closed waveguide accurately mimics the behavior of then of the leaky modes’ propagation constants in multitage
original open Waveguide. Whereas the modal spectrum of tb@_nar media was proposed, f0||owing a similar two-step
original open waveguide comprises a continuous set of ra@bproach as presented in this paper, but without the lirrear e
ating modes, the closed waveguide only exhibits discret® sgorrection. In comparison to multilayered cylindrical rieed
of modes. This paradigm resulted in fast analysis techsiqu@e quasi-static estimates pertaining to multilayerechaia
for planar microwave structures [6]-[9] as well as in modahedia are easier to derive and more accurate. This is due to th
analysis methods for acoustic waveguides [10]. In the fi€ld particular form of the dispersion relations of planar metiit
photonics, the PML-paradigm has led to vectorial eigenmo@gainly consist of exponential functions. In the cylindticase,
expansion techniques. These techniques have proven taye ¥ |arge-argument expansion of Bessel functions is required
useful in the analysis of optical slab waveguides, suchser lareducing the accuracy. So, in the cylindrical case disalisse
facets [11], [12], modelled as layered planar media. Opticy this paper, extra care needs to be taken to maintain high
cylindrical waveguides have also been studied, e.g. wasleguaccuracy. We focus on the transverse magnetic (TM) and
discontinuities appearing in vertical-cavity surface#éimy the transverse electric (TE) polarized leaky modes of open
lasers (VCSELSs) [13] and bending losses in optical fiber$ [14yaveguides and waveguides closed through applicationeof th
PML-paradigm. Hybrid modes are still more complex. Their
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guides. Therefore, the method has been illustrated by legéicu
ing the leaky modes’ propagation constants for (i) AIAs-&IO
apertures in VCSEL cavities and (i) a typical monomode fiber
These examples have also been considered in [13], [17], [24]
but, due to the limitations of the technique applied in these
papers, a single cylindrical layer consisting of a homogese
dielectric together with amfinite cladding had to be assumed.
The new method presented here alleviates this restriction,
making it better suited to address real-life applicatiassh
as VCSEL cavities and fibers with additional layers and/or a
cladding offinite dimensions.

The outline of this paper is as follows. In Section Il the
formalism to calculate the leaky modes’ propagation corista
is proposed. The cylindrical waveguide configurations unde
consideration are defined in Section 1I-A and the correspond
ing dispersion relations are given in Section II-B. Nextasjtl
static estimates are derived (Sections II-C and 1I-D). Ehes air
estimates are used as starting points of an efficient cortiputa
procedure, as explained in Section II-E. The theory is Allus
trated by a set of examples in Section lIll. Finally, conabasi
are summarized in Section IV.

In the sequel, all sources and fields are assumed to be
time-harmonic with angular frequency and time dependen-
ciese’~t are suppressed.

(a) Case 1: open waveguide

II. FORMALISM TO EFFICIENTLY COMPUTE LEAKY MODES
IN OPEN AND PECBACKED PML-CLOSED MULTILAYERED
CIRCULAR DIELECTRIC WAVEGUIDES

A. Geometry

Consider the multilayered circular waveguides consistifg
L dielectric layers, as shown in Fig. 1. In these configuration
each dielectric layet, I = 1,...,L, is characterized by its
thicknesst; and a refractive index; = /€, ;, wheree,; is
the relative permittivity of the layer. In general, a magoet
contrast between the layers is possible, hence, each layer
is also characterized by its relative permeabiljty;. In
cylindrical coordinates(p, ¢, z), with p = /22 + 4?2, the
interface between laydrand layer! + 1 is found at a radial

distancep = d; = Z;thq, I =1,...,L. In the case PEC
of an open waveguide (Fig. 1(a)), the outside layer of the _
geometry is an air-filled half-space, indicated by the layer (b) Case 2: waveguide closed by a PEC-backed PML

number! = L + 1, a refractive indexny,; = 1, and a
relative permeabilityy, r+1 = 1. In Fig. 1(b), the PML-
paradigm [4], [5] has been applied. The waveguide is closed
by means of a PML that is backed by a perfect electrically co
ducting (PEC) cylindrical wall. Using the complex coordma
stretching formalism [2], it can be shown that this procedsr  To derive the dispersion relation for the waveguides pre-
mathematically equivalent to enclosing thedielectric layers sented in Fig. 1, the concept of generalized reflection coef-
of the waveguide and a part of tH& + 1)th layer of air ficient is used, as defined in [25]. Of course, for the PEC-
in a PEC cylinder withcomplexradius D. This complex backed PML-closed waveguide presented in Fig. 1(b), the
thicknessD is chosen such that the PML provides dampinmethod of [25] is adapted to take the closed character of
along the direction perpendicular to the layer interfades, the waveguide into account. For both circular geometries of
the radial directiorp. This is achieved by a thickness with aFig. 1, waves can be expanded into cylindrical harmonich wit
real partiR(D) > 0 and an imaginary pars(D) < 0. Due different e=7¥¢ dependencies, where the integer number
to the reflectionless absorption of waves impinging upon tledicates the/th harmonic. In order not to overload this paper,
PML, the structure of Fig. 1(b) closely mimics the behavioonly axially symmetric ¢ = 0) transverse magnetic (TM) and
of the original, open structure of Fig. 1(a). transverse electric (TE) (with respect to theaxis) polarized

Fig. 1. Multilayered circular waveguide geometries

B Generalized reflection coefficient and dispersion refati
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modes are considered, and no hybrid modes. The mo@L-closed waveguide they are located in the proper Riemann
fields have ae~7frx*-dependency wheredrx is the TX- sheet (where3(k,;) < 0). Anyway, under the quasi-static
polarized transverse modal propagation constant. Hetkiran approximation, the numbersrx are exactly the same in both
what follows, TX stands for TM and TE (X=M,E). For bothcases, hence, we only focus on open waveguides here.
waveguides of Fig. 1, the generalized reflection coeffidi2b} An approximate version of the dispersion relation (2) is
for TM- and TE-polarized waves at the interface betwedpund as follows. First, it is safe to assume that the layer
region/ andl +1,1=1,..., L, is given by thicknesses;, [ =1,..., L, form commensurable numbers.
it L Rf&l’l“ T%é(ﬂ This means that for each distanéel = 1, ..., L, there exists

RGEFY = RELT 4 21X X X (1) an integeri; such thatd; = s i;, wheres is a fixed real
I — Rypx™ Rrpx’ number. In all practical applications, such acan be found.
The expressions for the reflection coefficientgl 1 This allows to introduce the following notation:

and R\' and for the transmission coefficien'@“T;l}:+ !

and TX4" result from lengthy calculations, which are sum- .

marized in the appendix for both waveguides. They depe§cond, large-argument expansions for the Bessel func-
of course on the material parameters and p,.; and the tions [26], appearing in ”}E; elxprels?ilon flolr tlhe refle%ti?rlj an
layer thicknesses;, as well as on the modal propagatiorff@nsmission coefficientstry ", Ry, Tpy'', and Tp”
constantsfrx. As can be expected, these latter typicall{S€€ (A-1)—(A-4)) are introduced. Third, we invoke the duas
appear in radial wavenumbers,; = \/k2n?p,.; — G2y for Stalic approximation

each layel = 1,..., L+1, where the free-space wavenumber N "y N N o

is ko = (w/c) andc is the speed of light. Sincg,; is only bo N ko1 & kp2 % o & Kp o1 ~ jPrx. “)
defined up to a sign, we demand thatk,;) < 0. Using This quasi-static approximation is valid for high mode num-
propagation constant§tx located in the fourth quadrant ofbers m, i.e. for large values ofgrx|. The reader notices
the complexs-plane, i.e.R(frx) > 0 and I(frx) < 0, that (4) leads td3(k,) > 0 for propagation constantStx
propagation of the modes in thez-direction with a bounded situated in the fourth quadrant of the complex plane. Here,
mode profile is assured. Expression (1) for the generalizéat an open waveguide, this guarantees the location of the
reflection coefficient should be used recursively startimgnf propagation constants in the correct Riemann sheet, iee. th
the top layerl = L, taking into account thafz%;gl’“r2 =0, Iimproper sheet. These three steps result in the following
working our way down to the generalized reflection coefxpressions for the reflection and transmission coeffisient
ficient Ry5. Denoting the denominator of the generalized

u = e2kes, 3)

T +1 _ 1 —i
reflection coefficientyy as Nrx(Brx), the TX-polarized — REI' ~ —2j— — (?TX .Oé“li)lu z —. (5
dispersion relation of the waveguides under consideraton (apx +apx) +jlapx —apx)u™
given by RIALL o _J (affy — afp) (uit +u™™) ©6)
TX g I+l 1 N R —i’
Nrx(Brx) = 0. ) (apx + opx) + jlarx — apx)u
l
«
The propagatiqn con_stan@xlof the modes are found as the Ty ' ~ 2(0/+1 PR ?;Hl Tk ui 7
zeros of this dispersion relation. TX TX jl 1TX X
Besides leaky modes, alscenger modes exist within a 10 o oiplx ®)
multilayered PEC-backed PML-closed waveguide. As stated ~ ™% (abhl + oy ) + ji(alt) — ol u—it

in [17], most of the field of these @enger modes is concen- . ) . )
trated inside the PML, while strong attenuation is founchie t Wheré amy = nj = ¢ and o = pirp. The approxi-
dielectric layer. Hence, a similar procedure as presemntgti mated dlsperS|on_reIat|on for the [eaky modes is now easily
for a single-layered waveguide can be followed to determiif@nstructed. Starting from the top interface between &yer
the Berenger modes’ propagation constants of multilayerédZ +1 and applying (1) with the above definitions (5)—(8),
waveguides. Therefore, this will not be repeated here. fier ¢the generalized reflection coefficient at the bottom intefa
leaky modes, the situation is more complex when considerif§" Pe written as a rational function in
a multilayered waveguide. Since the field of the leaky modes BL2 Mrx (u)

is concentrated in the dielectric layer(s) of the waveguitle TX ™ Nox (u)

fact that we consider multiple layers in this paper has aelarg’.he denominatoNy (1) = 0 now corresponds to the approx-
influence and the procedure of [17] has to be altered. imated dispersion relation, and it can be easily shown thiat t

o ] is a polynomial of degree;, of the following form:
C. Approximations for the propagation constants of the yeak

1+ab |
modes Nrx(u) = 1+ Lo.t.(u) — 'iu” =0, (10)

The procedure starts by computing quasi-static estimates 1—at
of the propagation constants. These are found as zeros ofifeere the lower order termso.t.(u) are of a degree smaller
properly approximated version of the dispersion relatidph ( thaniy and larger than zero.
For an open waveguide, the zeros are located in the impropeFor general waveguides, the teris.t.(u) cannot be ne-
Riemann sheet (wherg(k,;) > 0) and for a PEC-backed glected and the complete dispersion relation (10) with the

)
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lower order terms has to be used to compute the quasi-st&@iwen this dispersion relation (17), it is clear that theqadure
estimates. Thereto, first, the zeros ®ix(u) = 0 are deter- explained in the previous section, i.e. finding the roots of
mined using fast polynomial root finding techniques [27]isThthe polynomial leading to quasi-static estimates, canreot b

leads toi;, zerosu,, p = 1,...,ir. Second, eacl, yields applied as the coefficients of the polynomialn(17) now
a separate branch of propagation constants corresporalinglso depend ork, ~ jGrg. As an alternative, for high
leaky modes, given by mode numbersn, we propose the following solution for the

m propagation constants of theth TE-polarized leaky mode:

1 1 s
iBrx ~ kp ~ —log ‘up| + 7= arg(up) + —, (11) .
2 2 ’ jﬂTEzkme+A+?1og<W+A). (18)
for a high mode ordern. Assuming that there is always StL StL StL
a dielectric contrast in at least one of the layers of thé is now verified, a posteriori, that (18) is a good choice
waveguide, i.e. there is at least one refractive index% 1, and thatA is a constant independent of the mode number

the above described procedure is always valid for the TNbubstitution of (18) into (3) yields

modes. Similarly, for the TE-modes, the procedure is only _ 2
vaIid_ prqvidedur,l 7é_ 1 for at Ieast_one layer. In many practical w = 62"52” e27As <m + A> : 7 (19)
applications, there is no magnetic contrast between therday SiL

yielding reflection coefficients for the TE-modes that are@q \yhere A yet remains to be determined. Introducing (19) and
to zero at all interfaces (see (5) and (6)). Therefore, thge first two terms of (18) into (17) yields

particular case without magnetic contrast will be investigl i
J

below. 14t O 1
+ terms E +k§(1—n%)

ePASiL 0. (20)
D. Particular case: absence of magnetic contrast For largem, the terms of ordeiO(-1:) can be neglected

. as¢ > 0, yielding the following solution forA:
In the absence of magnetic contrast, all layers have avelati ¢ y g 9

permeability u,; = 1, 1 = 0,...,L, and more accurate _—Llog (km/l—n%> T

approximations of (A-1) and (A-2) for the TE-polarized re- D) Asiy’ (21)
flection coefficients have to be made. Therefore, togethér wi

the definition (3) and the large argument expansions for tiéich is indeed a constant independent of the mode num-
Bessel functions, instead of (4), tsecond-ordeiquasi-static berm, making the proposed solution (18) valid. Inserting (21)

approximation into (18) approximately results in

(dm+ 1) (Adm+ 1)
2sirkoy/1 —n?
is introduced into the expressions of the TE-polarized cefle (22)
tion and transmission coefficients (see (A-1)-(A-4)), i@ which are valid second-order quasi-static approximatitns
the TE-polarized dispersion relation in absence of magneti
32 2 -, (13) contrast.
p2— jﬁ(nfﬂ —nj)u~h Still, more accurate approximations can be obtained. Let us

k2 (n2,. — n2) (ult 4w introduce (18) and (19) into the common denominator of (13)—
RELE & 150 (niy — ) ( ) (14) (16). This yields

SiL

kgni k&n?
26 2k,

k,1~7j —
0l X JPBTE — J . s,

(12) JBTE ~ ky & J log <

2 2 M2 —1
RLHL o kg (niy, —nj)u
e ~Jig

TE ~ L0
kD2 gl — ) 2
2 ,
2 2 - 70 n2 o TL2 u—u
Mpa— 2 gy 2 iggltard
2— Jﬁ(”lﬂ —nj)uh k2, 5 e I g—iu2As
P 2 16 ~ 2 dy e ) o @
TE ~ . kg 2 2\ g ’ ( ) M7 + A '
2= Jarz (N —nf)u™" s

These new expressions (13)—(16) for the reflection and-traf¥/0 cases should now be distinguished. First, con-
mission coefficients in geometries without magnetic catraSider i < ir, viz. 1= 1,..., L — 1. The second term in the
are now used in the construction of the generalized refldé@ht-hand side of (23) decreases quickly for increasing

tion coefficient 2%:2. During this process, terms with factors2nd hence, it can be neglected for large Second, for
ko ) i1, this term becomes independentaf and it should

n o . X .. 1 =
kp> with 1 > 2 are omitted in the spirit of the second—orde[)e retained. So, it can be seen that for L the reflection

approximation. This leads to a new approximated dispersi - Li+1 1411 1
relation N-p(u) = 0 of the following form: BBefficientsR:1™ (13) and R (14) are of order0(;¢)
TE : and tend to zero a$ > 0. In the same way, the transmission
45 “_0, @ coefficients 7™ (15) and T’ (16) for I < L tend
(17712)“ - to one. Hence, the second-order quasi-static estimates of
k L the TE-polarized leaky modes of a multilayered waveguide

1%

>



VANDE GINSTE ET AL.: EFFICIENT COMPUTATION OF TM- AND TE-POLARIZEDLEAKY MODES IN MULTILAYERED CIRCULAR WAVEGUIDES 5

without magnetic contrast only depend on the reflection amdided to the asymptotic estimate for made— 1 to yield a
transmission coefficients at the interface where si;, = d;,. better approximation. As a consequence, a smaller number of
This means that, in contrast to the general case describedhdditional Newton iterations (26) will be needed. It turroed
Section II-C, the lower order ternis.t.(u) in the dispersion to be even more advantageous to apply a so-cétiedr error
relations (17) can be neglected and the waveguide can dwgrection Now, the asymptotic estimate for mode order-2
replaced by a single-layered waveguide of thicknéss= si;, is corrected using the values of both mode orders- 1
with refractive indexny. The dispersion relation of thisandm of the same branch. In this way the number of required
waveguide is given by Newton iterations becomes minimal, leading to a very efficie

. technique.
Y erikesic g, (24)

I1l. NUMERICAL EXAMPLES

The reader notices that this result (24) could also be foundThe technique to compute the propagation constants of
by noting that, given (20), the termis.t.(u) in (17) can be |eaky modes, presented in Section Il, is now validated and
omitted for high mode numbers. Closed-form solutions of illustrated by means of several numerical examples. Wesfocu
the approximate TE-polarized dispersion relation (24)&xion two technologically important cases, i.e. VCSEL casitie
yielding the following accurate second-order quasi-stafiti- on the one hand and a monomode fiber on the other. These
mates are both non-magnetic waveguides, as is most often the
case in practical applications. A comparison with a slow but
) accurate principle of argument method (PAM) [30] is made.
(25) All calculations were carried out in Mathematica 6.0 on a

o _ Pentium T7400 Centrino Duo 2.16 GHz machine with 2 GB
where eachn is integer and corresponds to a different brangha .

of the LambertW functioni(-,-) [28]. Due to the nature
of this approach, the solution (25) is similar to the result
presented in [17] for the TE-polarized estimates for a ﬁngl
layered waveguide.

2

~ J
]ﬂTE%kp,L%*E W( \kaSZL 1—-n7g

VCSEL cavities

VCSEL cavity 1 | VCSEL cavity 2
t1 0.5 um 0.8 um
E. Efficient computation procedure to exactly determine the ?1 Oégm 03-9m
propagation constants of the leaky modes of open and PEC- ,fQ '1.55 '1.55
backed PML-closed waveguides n3 1 1
To now efficiently compute thexactvalues of the leaky fl O'Slum 0'18“m
modes’ propagation constants of open or PEC-backed PML- ig 2 15

closed multilayered circular waveguides, the quasistas- TABLE |: Material parameters (layer thicknessgsand re-
timates frx, described in the previous sections, are usgghctive indicesn;) for two VCSEL cavities consisting of two

reIationsNTx(ﬁTx) =0 (2) for the open or the PEC-backed

PML-closed waveguide, the exact propagation constéants
can be determined by performing some additional Newton Consider two waveguides with material parameters as pro-
iterations [29] vided in Table |. These structures correspond to the AlAs-

AlOx apertures in VCSEL cavities described in [13], [31]rFo
(26) a free-space wavelengthy = ko/2m = 1 um, corresponding

to an angular frequency aof = 27300 THz, the location of the
F=P3K TM-polarized propagation constants of a selected number of
This approach, also used in [16], yields good results fégaky modes are given in Figs. 2(a) and 2(b) for VCSEL cav-
sufficiently high mode numbers. Compared to the quasiestaiy 1 and 2 respectively. The quasi-static solutions wittedr
estimates for the leaky modes of multilayengldnar dielec- error correction are indicated by circles. These are coetput
tric waveguides described in [16], however, the quasiestaby calculating the roots of the polynomi@ry(u) = 0, as
estimates presented here are less accurate. This is due toptiesented in (10), combined with (11) and by applying linear
fact that forcircular waveguides we have to invoke the largerror correction, branch per branch, starting from the éggh
argument expansions of the Bessel functions. Neverthatessmode orders. The exact locations of the propagation cotsstan
is possible to implement a more accurate and robust schefomsses on Fig. 2(a) and 2(b)) are determined by performing
by considering the estimatelsranch per branch starting additional Newton iterations (26), starting from the qustsitic
from the highest mode numbers. The difference between thgtimates after linear error correction. We have also oetexd
asymptotic approximation and the actual propagation emtstthe exact locations using the PAM approach. For the modes
(obtained via (26)) for moden is used as a constant errorshown in Fig. 2, which are all high-order modes, they coiacid
term to correct the value of the asymptotic estimate for mogerfectly with the ones found with our technique (up to the
order m — 1 along the same branch, i.e. this difference isere considered 10 digits of accuracy). As for VCSEL cavity 1

Nrx (B%)

a5 Nrx (ﬁ)‘

new old
TX < PTX —
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the degree of the polynomial (10) i, = 2, in Fig. 2(a) each branch of modes, leads to far more accurate estimates.
two branches of leaky modes can be clearly distinguished. Féence, starting from these accurate estimates, the nunfiber o
VCSEL cavity 2,i;, = 15, and it is rather difficult to identify required additional Newton iterations (26), e.g. to obtain

the corresponding 15 branches visually in Fig. 2(b). Fromeccuracy of 10 digits of precision, is low. For VCSEL cavity 1

Re (Btm/ko) Re (Brm/ko)
0.05 0.1 0.15 0 002 004 006 008 01
-30) ® : 30 < ‘ g
® ® s
® ® ®
-32 ® -32) ® ®
®
® ®®
=34 ® ® -34 ®
® ®
® ® g ®
-36 ® -36f ® &
® ® ®
r‘\? -38 ® 2 —-38F &
300 o 3
® ®
E—Ao ® : £-40 ® ®®
ol ® ® =) ® o
~— ® ~— ® ®
8 —42r ® g —42r -®
® —
= ® @
-44 ® ® -44
® ® ®
® ® ® ®
®
-46 ® -46) ® ®
® ®
® © ®
-48 ® o -48 &
. ® ® ®

-50

for mode numbersn larger than 100, a maximum of only

4 additional Newton iterations is needed to assure 10 digits
precision. For VCSEL cavity 2, for mode numbers larger
than 100, a maximum of 5 additional Newton iterations (26) is
needed to assure 10 digits of precision. On the one hand, this
number of additionally required Newton iterations decesas
for increasing mode numbers. On the other hand, as can be
seen from Fig. 3, the relative error starts increasing quite
drastically for low order mode numbers. This is due to the
fact that the linearly corrected quasi-static approxioratis

no longer good. The location of such low order modes, with
an imaginary part that is larger than, saykg, can be found
easily with a PAM, keeping in mind that, although being
more robust for these low order modes, this method is more
elaborate and time-consuming.

107

: :
o without error correction

+ with linear error correction

(a) VCSEL cavity 1 (b) VCSEL cavity 2

Fig. 2: Propagation constantsry; of a selected number of

TM-polarized leaky modes of the VCSEL cavities 1 and 2

(Table 1). Circles ¢): quasi-static approximations with linear
error correction. Crosses<}: Exact locations.

both branches of leaky modes of VCSEL cavity 1, a selected
number of quasi-static estimates with linear error coioect

and the exact propagation constants (obtained after a mumbe
of Newton iterations), as well as the relative error between
these two, are presented in Table Il. The results obtained

Relative error

10°

10

~10|

10

-8 |

200 300 400
Mode numberm
(a) VCSEL cavity 1

0 100 500

with a PAM are exactly the same as the ones obtained aftel
performing additional Newton iterations, hence, they avé n
shown in the table. Note that in this table — and in the
remainder of this paper — no distinction between the brasiche 3¢
is made to number the modes. They are collectively indexed
such that the imaginary part of the propagation constant of o,
modem is smaller than the imaginary part of the propagation -
constant of moden — 1, for all m. For VCSEL cavity 1, using 5 10
the new technique, it took 30 seconds of CPU time to calculate £
the propagation constants of the first 500 TM-polarizedyeak o _
modes up to 10 digits precision. To do the same with the PAM, -3 1°
10986 seconds of CPU time were needed. Hence, the nevg
technique leads to a speedup factor of ca. 360. For VCSELX10°
cavity 2, similar speedups are obtained. It is clear from the
above that a high accuracy can be rapidly obtained, especial
for the high-order modes. The accuracy of the method is
further illustrated in Figs. 3(a) and 3(b), where the effect g ‘
of the linear error correction for VCSEL cavities 1 and 2 o 100
respectively is demonstrated. This is done by showing the

relative error between the estimates (with and withoutdine

error correction) on the one hand and the exact propagatigig. 3: Relative error on the estimated quasi-static prapag
constants on the other hand. The two bottom curves are ttonstantsgry,; of VCSEL cavities 1 and 2 (Table I). Cir-
curves with the crosses, the two top ones those with theesirclcles ©): analytical estimates. Plus signs) linearly corrected
The reader notices that applying linear error correction fo estimates.

. . . .
o without error correction
+ with linear error correction

10° |

300 400 500 600 700

Mode numbermn
(b) VCSEL cavity 2

200 800
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Brm/ko: quasi-static approximation$s
mode numbein with linear error correction Oram/ko: exact values relative error
10 0.1130153 — 5 7.2951684 0.1119906 — 5 7.3042000 1.2410°3
11 0.0352484 — 5 7.7459141 0.0358785 — 5 7.7485492 3.5010—4
50 0.1082974 — 5 27.4851664 0.1083013 — 5 27.4853739 7.55106
51 0.0334020 — 5 28.0695995 0.0333966 — j 28.0696495 1.7910-6
100 0.1057097 — 5 52.5181019 0.1057113 — 5 52.5181322 5.7810~7
101 0.0355355 — 5 53.1290048 0.0355338 — 5 53.1290130 1.5810~7
250 0.1036129 — j 127.5398356 0.1036131 — 5 127.5398377 1.651078
251 0.0374738 — j 128.1676009 0.0374736 — j 128.1676016 5.68107Y

TABLE II: Quasi-static estimates with linear error coriectand exact values of the normalized propagation corsstant / ko
of a selected number of leaky modes of VCSEL cavity 1 (Tablamgd the relative error between them.

The TE-polarized eigenmodes of VCSEL cavity 1 are also - Monz_rgidrﬁ fiber

presented. Again a free-space wavelength = 1 um is n1 1.5096

used. The locations of a selected number of TE-polarized ta 58.5um

propagation constants in the compléqplane are shown in Zz 11'5

Fig. 4. There are two branches of leaky modes, which was s 45um

also predicted by (25). One branch of propagation constants i1 1

is calculated using the plus sign in the argument of the L2 14

LambertW function, the other branch corresponds to the siinABLE |ll: Material parameters (layer thicknessés and

sign. Comparing the precision of the estimates withoutrerreefractive indicesn;) for a monomode fiber consisting of
correction and with linear error correction for this TE-<eastwo dielectric, non-magnetic layers, and with a numerical

leads to similar conclusions as for the TM-case. Also, a apertureNA = /n? —n3 = 0.17.
significant speedup is obtained. With the new technique, it

took 27 seconds to determine the propagation constantof th
first 500 TE-polarized leaky waves up to 10 digits of pregisio

Re (B1m/ko)
Doing the same with the PAM took 8281 seconds, and hence,

_8 0.001915 0.001925

the speedup factor is ca. 300. For the TE-modes of VCSEL
cavity 2, similar results as for VCSEL cavity 1 are obtained. Al
-8.2r
Re (Btr/ko)
_38.6 5 0.§5 0‘.7 0.75 _83l
®® —~
3L ® 1 S_gak
32| @§®® i 8.4
—34f ®g> 5—8.57
Y
-3 é% \Q/fs 6
— %9 =
O_ |-
= & 87
E—m fg
X & -8.8-
§—42 Q% :
— %9 -8.9F
-44] @%3
® -9
—46) ®®
?
48 & Fig. 5: Propagation constantsry; of a selected number of
®
-50 K

TM-polarized leaky modes of the monomode fiber (Table III).

Circles ©): quasi-static approximations with linear error cor-
Fig. 4: Propagation constantsrg of a selected number of rection. Crossesx): Exact locations.
TE-polarized leaky modes of VCSEL cavity 1 (Table I).

Circles ©): quasi-static approximations with linear error cor-
rection. Crossesx(): Exact locations. are computed. For a free-space wavelenyth= ko/27 =
1.55 pum, or thus an angular frequency of = 27194 THz,
] the location of a selected number of TM-polarized propageti
B. Monomode fiber

constants of the leaky modes are given in Fig. 5. For this
In the final example, the TM-polarized leaky modes’ propfiber, the dispersion relation corresponds to a polynommial i

agation constants of a monomode fiber with characteristios degreei;, = 14, leading to 14 branches of leaky modes.
shown in Table Ill, leading to a numerical apertt¥d = 0.17, Fig. 6 demonstrates the effect of the linear error correctio
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F i i ST ———— as the roqts of a pqunomigl function. In .the particular case
' —with linear error correction of dielectric waveguides without magnetic contrast, spleci

~ closed-form solutions have been derived. Second, the afgtim
are used as the starting point in an iterative Newton scheme t
determine the exact propagation constants. In contrasat@ap
layered media, extra care has to be taken here to achievé a hig
accuracy. This is done by subjecting the quasi-static eséim
to an adaptive linear error correction technique.

The proposed method has been applied to two types of tech-
nologically important multilayered cylindrical wavegeis|
i.e. VCSEL cavities and monomode fibers. In this way, the
method is thoroughly illustrated and validated. It is intpot

Relative error

1572 ‘ ‘ ‘ ‘ ‘ to mention that the proposed formalism is indispensable to
0 1000 2000 3000 4000 5000 6000 conceive accurate mode matching techniques used for @alys
Mode numbermn and design purposes in photonics applications [13], [14].

Fig. 6: Relative error on the estimated quasi-static propa-
gation constantsdry of the monomode fiber (Table I).
Dashed line {—): analytical estimates. Full line (-): linearly
corrected estimates. APPENDIX

In this appendix, the reflection coefficients®’;y "
dRY !, and the transmission coefficierfts, " and Ty,
sed in the expression for the generalized reflection coeffi-
ient RZT’I;{I (1) are presented. To compute these coefficients,
r a PEC-backed PML-closed waveguide, the procedure

by showing the relative error between the estimates (with an
without linear error correction) on the one hand and the tex
propagation constants obtained after a number of Newton itd
ations on the other hand. It is clear that, also in this examp

applying linear error correction for each branch of modes, . :
leads to far more accurate estimates. Hence, starting fr&[ﬁsented in [25] has to be adapted. The results of this

these accurate estimates, the number of required additioﬂ%?c_edure for l_aoth the open z_:md the PEC-ba_\cke_d PML-closed
Newton iterations (26), e.g. to obtain an accuracy of 10tsiigimumlaye_"red circular waveguide presented in Fig. 1 can be
of precision, is again low. E.g., for mode numbenshigher summarized as follows:

than 100, a maximum of only 6 additional Newton iterations

is required to assure 10 digits of precision. This number of RLIAT _ X%’x“ (A-1)
additional Newton iterations decreases for increasing enod = LLEL
numbers. E.g., for mode numbens higher than 4284, the XL
guasi-static estimates with linear error correction areaaly RIT+Xl’l = lTlﬁl, (A-2)
accurate up to 10 digits of precision and no additional Newto Drx
iterations are required. it _ 2 iy (A-3)
The above examples demonstrate that the proposed tech- R Tk di DZTJ;“
nique is very efficient and accurate. Of course, the method 94 ol
is best suited to locate high-order modes, since the acgurac ng’l = 27]%, (A-4)
of the quasi-static approximations is the best for high mode k141 Dy
orders. When used in a PML-based (mode matching) for-
malism the new method is especially advantageous, since @nsl
propagation constants of many modes need to be accurately
determined and also because the method remains stable for ;, ; alTXJ, Eod i d
high mode orders. ™ Tk 0 (Kpadi) frx (kp,p41dr)
altl
V. CONCLUSIONS — Tzi Jo(kpadi)grx (kpis1d1), (A-5)
P

To efficiently and accurately compute the TM- and TE- I+l
polarized leaky modes’ propagation constants of open and xLiH! — mH(()Q)(kp,ldl)gTX(kp,l—'rldl)

PEC-backed PML-closed multilayered cylindrical wavegsid Kpi+1

a two-step approach has been presented in this paper. Assum- B abx ) )
ing that the layer thicknesses form commensurable numbers, Ky Hy™ (kpadp) frx (Kp.i41dr), - (A-6)
which is the case in most practical applications, first, the S s /

pertinent dispersion relation of the cylindrical wavegsidex-  X1x™ = X Jo(kpdi)Jo' (kp g 1dy)

pressed in terms of cylindrical Bessel functions, are caisef Pt .

approximated. For higher-order modes, this leads to quasi- - aﬂJo'(/fp,zdz)Jo(k:p,z+1dz), (A-7)

static estimates of the propagation constants, which anedfo Ko
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where

frm(kpip1dy) = HSQ) (kpi+1dr)
Hé2)(kp,l+lp)

(7]

(8]

T o Jo(kp,i+1D) Jo(kaJrld(l': )
grm(kpi1di) = H(()2>/(kp,l+1dl) )
_ UHlWJO/(kPJHf:’Q) 1101
Fr(kpisady) = Hy? (k1) [11]
/
- glﬂmh(%ﬁillm [12]
gre(kpi+1d) = H(SQ),(kp,l+1dl) [13]
/
- Ul+1WJOI(kp,Z+1dl)7

(A-11) 14

L2 _ 2.2 2
ary = 1p, apg = feg, @nd kp o= /kgni e = Brx-

In (A-5)—(A-11), Jy(-) is the zeroth order Bessel function,15]
H(()2)(-) is the zeroth order Hankel function of the second kind,

and.Jo'(+) andHéQ)/(-) are their first-order derivatives respectis]
tively. The numbersr; allow to write the expressions (A-8)—
(A-11) for both the open and the PEC-backed PML-closed
waveguide compactly. They are given by: [17]

oy=0, fori=1,...,L,
__ | 0, foran open waveguide (Fig 1(a))

9L+1= 1 1, for a closed waveguide (Fig 1(b))
Hence, the numbers; equal zero for all dielectric lay- [19]
ersi=1,...,L. For the layer of air{( = L + 1), op41
equals zero for an open configuration (Fig. 1(a)), and ﬂfzeo]
functionsfrx (k,,1+1d;) andgrx (k, ;+1d;) reduce to outgoing
cylindrical waves. For théinite layer of air,o 1, is equal to
one for the PEC-backed PML-closed configuration (Fig. 1(b)

and then the proper boundary conditionpat D is imposed
via the functionsfrx (k,,i+1d;) and grx (kyi+1d;).

[18]
(A-12)

1

[22]
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