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Abstract

In this paper, a new method is developed to obtain explicit and integral expressions for the
kernel of the (k,a)-generalized Fourier transform for k = 0. In the case of dihedral groups, this
method is also applied to the Dunkl kernel as well as the Dunkl Bessel function. The method uses
the introduction of an auxiliary variable in the series expansion of the kernel, which is subsequently
Laplace transformed. The kernel in the Laplace domain takes on a much simpler form, by making
use of the Poisson kernel. The inverse Laplace transform can then be computed using the generalized
Mittag-Leffler function to obtain integral expressions. In case the parameters involved are integers,
explicit formulas are obtained using partial fraction decomposition.

New bounds for the kernel of the (x, a)-generalized Fourier transform are obtained as well.
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1 Introduction

Recently, a lot of attention has been given to various generalizations of the Fourier transform. This paper
focusses on two in particular, namely the Dunkl transform [14, 7] and the (k,a)-generalized Fourier
transform [4]. Both transforms depend on a number of parameters, and as such it is an open problem,
except for certain special cases, to find concrete formulas for their integral kernels.

Our aim in this paper is to develop a new method for finding explicit expressions as well as integral
expressions for these kernels. Explicit expressions can be obtained when some of the arising parameters
take on rational or integer values. The integral expressions we will obtain are valid in full generality and
are expressed in terms of the generalized Mittag-Leffler function (see [22] or the subsequent Definition 1).

Essentially our method works as follows. Consider the following series expansion, for z,y € R™

>\+J LA

K™(z,y) =2 TA+ 1)) (—i Tix(2)C7(€)
7=0
with X = (m —2)/2, z = |z|ly|, £ = (z,y)/z, Jj1A(2) the Bessel function and C}(¢) the Gegenbauer

polynomial. It is not so easy to recognize that this is the classical Fourier kernel e~ #(#:¥),
However, when we introduce an auxiliary variable ¢ in the kernel as follows

)\Jr] LA
A

K™(z,y,t) = 2’ T(A + 1) Z
j=

Jia(tz)C(E)

we can take the Laplace transform in ¢ of K™ (z,y,t). Simplifying the result by making use of the Poisson
kernel (see subsequent Theorem 2) then yields
1

LK™ (2,5,0) = T+ 1) sy

of which we immediately compute the inverse Laplace transform as

m—2

K™(a,y,t) =t"7 e o)

and the classical Fourier kernel is recovered by putting ¢ = 1.

We develop this method in full generality for the Dunkl kernel related to dihedral groups, as well as
for the (k,a)- generalized Fourier transform when x = 0. The restriction to dihedral groups is necessary,
because only then the Poisson kernel for the Dunkl Laplace operator is known, see [15] or subsequent
Theorem 11.

Let us describe our main results. The Laplace transform of the (0, a)-generalized Fourier transform
is obtained in Theorem 4. When a = 2/n and m is even, the result is a rational function and we can
apply partial fraction decomposition to obtain an explicit expression, see Theorem 6. We prove that the
kernel for @ = 2/n is bounded by 1 in Theorem 9, for both even and odd dimensions. For arbitrary a,
the integral expression in terms of the generalized Mittag-Leffler function is given in Theorem 10.

The Laplace transform of the Dunkl kernel for dihedral groups is obtained in Theorem 12. Two
alternative integral expressions for the Dunkl kernel, again in terms of the generalized Mittag-LefHler
function, are given in Theorem 13 and 14.

The paper is organized as follows. After the necessary preliminaries in section 2, we first study the
(k, a)-generalized Fourier transform for x = 0 in section 3. In section 4 we then study the Dunkl kernel
for dihedral groups. We also show how our methods can be applied to the Dunkl Bessel function.

2 Preliminaries

In this section, we give a brief overview of the theory of Dunkl operators, the (k, a)-generalized Fourier
transform and the Laplace transform. Most of these results are taken from [15], [26] and [4]. We use



the notation (-, -) for the standard inner product on R™ and | -| for the associated norm. For a non-zero
vector o« € R™, the reflection r,, with respect to the hyperplane orthogonal to « is defined by

A reduced root system R is a finite set of non-zero vectors in R such that r,R = R and RaNR = {£a}
for all @« € R. The finite reflection group generated by {r, : @ € R} is a subgroup of the orthogonal
group O(m) which is called a Coxeter group. Three infinite families of root systems are A,,_1, B, and
the root system associated to the dihedral groups. We give the latter as an example which will be used
later.

Example 1. In the Euclidean space R?, let d € O(2,R) be the rotation over 2w /k and e the reflection at
the y-axis. The group I generated by d and e consists of all orthogonal transformations which preserve
a reqular k-sided polygon centered at the origin. The group Ii is a finite reflection group which is usually
called dihedral group.

We define the action of G on functions by

(g-)@):=flg7'-2), zeR™gedq.

A multiplicity function k : R — C is a function invariant under the action of G. Furthermore, set
Ry :={a€R:{a,p) > 0} for some g € R™ such that («,3) # 0 for all & € R. From now on, fix the
positive subsystem R, and the multiplicity function x. The Dunkl operator T; associated to R4 and &
is then defined by

+ Z — f(’f‘a(l‘))’ f c Cl(Rm)

T f(x
a€ER 4 <OZ7 ./L'>

3;162

where «; is the i-th coordinate of a. All the T; commute with each other. They reduce to the corre-
sponding partial derivatives when x = 0. The Dunkl Laplacian A, is then defined as A, = > /", T2,
The weight function associated with the root system R and the multiplicity function « is given by

vale) = T I, @)

aER

It is G-invariant and homogeneous of degree 2(x) where the index (k) of the multiplicity function x is

defined as 1
=Y ha= i Yk

aER 4 aER

We also denote by #H;(v.) the space of Dunkl harmonics of degree j, i.e. H;(vi) = P; NkerA, with
P; the space of homogeneous polynomials of degree j. There exists a unique linear and homogeneous
isomorphism on polynomials which intertwines the algebra of Dunkl operators and the algebra of usual
partial differential operators, i.e. Vi (P;) = P;, Vilp, = id and TV, = V,.0¢ for all £ € R™. In the
following, we denote by P;(G;x,y) the reproducing kernel of #;(v,) and P(G;z,y) the Poisson kernel.
For j € N and |y| < |z| = 1, we have [15]

Pi(Giw,y) =

VA[CM (¢ %»m)\yv, (1)

and

00 foe) 1_ 9
P(Gir ) =3 PG = 3 iGirs o = V(s s )@ @)



where \, = (k) + Z52. Résler [27] proved there exists a unique positive probability-measure 4, (£) on
R™ such that

Vif(@) = [ f(&)dp=(8)

Rm
for the positive multiplicity function. In [4], Dunkl’s interwining operator V,, was extended to C'(B) with
B the closed unit ball in R™ for the regular values of k. Denoting

(Vi) = (Vehy)(@) = | h({E 5D dns €),

this operator satisfies
||Vnh”L°°(B><B) < |[h]lpoe ((=1,17)- (3)
It is known that the operators T have a joint eigenfunction E,(x,y) satisfying
T;E.(x,y) = —iy; Eu(z,y), j=1,....,m.

The function E(z,y) is called the Dunkl kernel, which is the exponential function e~ "®¥) when x = 0.
This kernel together with the weight function is used to define the so-called Dunkl transform

Fr: LY(R™,v,) = C(R™)
by

Fef ) =cx | f(@)E(r,y)vs(z)de (y € R™)
RmM
with ¢! = me e l21?/2y,, (z)dx the Mehta constant associated to G. Again, when k = 0, we recover the
classical Fourier transform. The Dunkl transform shares many properties with the Fourier transform.
In [17], using the harmonic oscillator —(A — |z|?)/2, Howe found the spectral description of the Fourier
transform and its eigenfunctions forming the basis of L?(R™):

F— eilme%(A_W‘z)

with A the Laplace operator. Similarly, the Dunkl transform also has the exponential notation

F. = e T Bemlal)
where = m+2(k), see [3]. In [4], the authors defined a radially deformed Dunkl-type harmonic oscillator
Apo = |z 70A, — |2]%, a > 0.
Then the (k, a)-generalized Fourier transform is defined by
]_-K,a _ eé—’;(m—2+2(n)+a)e;—’;Ama

in L2(R™, |2 2v,(x)). We write the (k, a)-generalized Fourier transform as an integral transform

Freafy) = cra / B o, 9) f())er|* 20 ()

m

where ¢}, = [pm e~ l#1"/a|z|a=2y, (z)dz. The series expression of B, ,(z,y) is given in [4] as follows,

Theorem 1. For x,y € R™ and a > 0, we have

IS CERTES

a
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where = |alw, y = [yln. 2 = [2lly], Anay = ZEEEZ2,

. e 2
BY)(z) = emiFh ooy, (/>

and

Py(Grn) = (W)vmfﬂ«-,m)](w),

is the reproducing kernel of the space of spherical k-harmonic polynomials of degree j.

This transform recovers the Dunkl transform when a = 2, the Fourier transform when a = 2 and
k = 0. The operator Fy; is the unitary inversion operator of the Schrodinger model of the minimal
representation of the group O(m + 1,2) [21]. The explicit expression of the Dunkl kernel is only known
for the groups Z3', the root systems As, By and some dihedral groups with integer muliplicity function
K, see[1], [2], [14], [15] and [9]. For the integral kernel By, ,(z,y), except the already known Dunkl kernel,
closed expressions have been found when r = 0 and a = 2 with n € N in dimension 2, see [6]. For higher
even dimension, an iterative procedure using derivatives is given there as well. Pitt’s inequalities and
uncertainty principles for the (k, a)-generalized Fourier transform have been established in [19, 18] .

The Laplace transform is an integral transform which takes a function of a positive real variable ¢ to a
function of a complex variable s. For a function f(¢) which has an exponential growth |f(t)| < Ce“ t > to,
the Laplace transform is defined as

o0
F(s) = £(O)s) = [ e e
0
The inverse Laplace transform is given by the Bromwich integral or the Post’s inversion formula. In
practice, it is typically more convenient to decompose a Laplace transform into known transforms of
functions obtained from a table, for example [16]. For more details on the Laplace transform, we refer to
[12].

3 The kernel of the (k,a)-generalized Fourier transform

3.1 Explicit expression of the kernel when a = % and m even

In this section, we first establish the connection between the kernel of the (0, a)-generalized Fourier kernel
and the Poisson kernel for the unit ball by introducing an auxiliary variable in the kernel and using the
Laplace transform. Then we give the explicit formula for the kernel when a = % and m even.

The kernel K(x,y) = By,q(x,y) for a > 0 is given in Theorem 1 (see also [6], [4])

220+ a _WJ A"’j _ 2
m 20\ /a a/2 A
K™(z,y) = a®/ F() E e J2(J+>\) (az / )Cj &)

a , A
j=0

with A = (m —2)/2, z = |z||y|, £ = (z,y)/z and C}(€) the Gegenbauer polynomial. We introduce an
auxiliary variable ¢ in the kernel as follows

K" (v,y,t) = 2A/aF<2/\_|_a> Ze Aty 7)\]2(;“) (Z /275)0)\(5) (4)

a ‘ A
j=0

Before we take the Laplace transform, we give the expansion of the Poisson kernel in terms of Gegenbauer
polynomials.

Theorem 2. [15] For z,y € R™ and |y| < |x| = 1, the Poisson kernel for the unit ball is

1—Jy? 1—yf? j+ m/2 omi21 - y
P ) = = ]a = s/
) = Ty = T s+ ) Z mia—1 @bl e=tapp)



This result can be extended for A > 0, we have

1— |y J+)\ j
5
(= 2ely] + [y Z 2 (5)

It is still valid for z € C, |z| < 1 and |¢| < 1, (see [23])

1—22 ]+)\
(1— 26z + 2221 Z (6)

To establish the validity of the analytic continuation of (5) to (6), note that the left-hand side of (6) is
analytic in z in any disk centered at the origin of the complex plane that does not contain any zero of
the denominator, hence analytic in 0 < |z| < 1. By the estimate
(2X);
4!

CHEI <G (1) = ,
the right-hand side of (6) will certainly converge to an analytic continuation of that of (5) for all z
satisfying |z| < |y| < 1, hence for the whole unit disk.

By Theorem 2 and the formula from [16]

1 b Y
L(J,(bt)) = \/m<8+\/m> , Rev > —1,Res > |Imb], (7)

we take the Laplace transform with respect to ¢ in (4). With up = e a" (%)2/“

, T =14/82+ (%za/Q)Q,
R=s+r, A=(m—2)/2, z = |z||ly| and £ = (x,y)/z, for Re s big enough, we obtain

LK (x,y,t))

govjap (2ATa\1(1 22/a 1—u
a r\ R (1 —28up + up) M1

872“(/(1(2/(1)4/”22

22)\/ar(2)\ + a) 1 R2/a _ e
a T (R2/a — 2¢e~in/a(2/q)2/az + %#)AH
g2i/ap (22t a) ] (s + 1)/ — e=2im/a(r — 5)2/ (8)
@ ) (ot r)P7e = oI (3 a)Elus + e BTl — syEap

The validity of transforming term by term in (4) is guaranteed by the following theorem.

Theorem 3. [12] Let the function F(s) be represented by a series of L-transforms

F(s) = Fu(s), Fu(s) = L(fu(1)),

where all integrals
L(f,) = / e—stfv(t)dt =F,(s), (v=0,1,---)
0

converge in a common half-plane Re s > xg. Moreover, we require that the integrals

L(»fu]) = /OOO et fo()|dt = Gy, (v=0,1,--)

and the series

Z GU (130)
v=0



converge which implies that >, Fy,(s) converges absolutely and uniformly inRes > xo. Then 'y oo fu(t)
converges, absolutely, towards a function f(t) for almost all t > 0; this f(t) is the original function of

F(s); _ _
c(E_jo fv(t)> = ;F”(s)'

Hence we can summarize our results as follows,
Theorem 4. The kernel of the deformed Fourier transform in the Laplace domain is
LK (z,y,1))

o2)/ar 2 +a\1 (s +7)2/e — e2in/a(y _ 5)2/a ()
a r (s + )2/ — 2e—im/a(2]q)2/ay + e—2im/a(y — g)2/a)r+1

where r = /s + (229/2)2.
By direct computation, we have the following simpler expression when m > 2.
Corollary 1. When A > 0, the kernel of the deformed Fourier transform in the Laplace domain is

LK (x,y,1))

_92\/ap 22\ d 1
a ) ds\ ((s+r)2/* — 2ein/a(2/a)2/az + e~2in/a(y — 5)2/a)x
where r = /8% + (%za/2)2.

Let us now look at a few special cases. When a = 1, (9) reduces to

s
(s2 4 22 + 2£2)AM LT

LK (w,9,8) = T@A+1)
Using the formula in [16]

—2v—-3
L7220 (v + 3/2)a” /52 + a2 s) =t"t1J,(at), Rev > —1,Res > |Ima] (10)
and then setting ¢t = 1 in K{"*(z,y,t), we reobtain the kernel
P (,y) = IO+ 1/2) s (V2(all] + (@, 5))

with J,(2) = J,(2)(2/2)7", see [20].
When a = 2, (9) reduces to

1
LK ) =TA\+1)——————-
( 2 (xvy7 )) ( + )(S+'sz))\+1
By the inverse transform formula in [16]
tk—le—at 1
= k
() = wrar +20

and then putting t = 1 in K3*(z,y,t), we get the classical Fourier kernel
K'Yz, y) = e~ Hzy)

We are interested in the case when a = %, because it has a close relationship with the Dunkl kernel

and Dunkl Bessel function associated with dihedral groups which we will discuss in Section 4. When
2

a = =, the Fourier kernel in the Laplace domain is

LUK (o t) =+ 1) 2 5



with

(5 + r)n _ efinw(,r _ S)n

Qn-1(s) = o ;
n —inm/2 () \n —inm n
Pos) = (s +7)" — 2e /2(:) Z4 eI (r — 5) '
By direct computation, we have
d
T Pa(s) = 1Qu 1 (5 (12)
and
LK (2,9.) = T(nA+ 1) (iﬁ)() N pn(ls)w (13)
when A > 0.

We can investigate both functions @Q,—1(s) and P,(s) in more detail. This is done in the following
lemma.

Lemma 1. The function P,(s) is a polynomial of degree n in s with the factorization

n—1

2rl
P,(s) = H <S+inzl/"cos(q+n T >>7

=0

where ¢ = arccos(§), £ = ‘1|7|1Z/l| The function Qn—1(s) is a polynomial of degree n — 1 in s. When n is

odd, Qn—1(s) has the factorization

Q9= T (s neos(17)).

When n is even, Qn—1(s) has the factorization

o= T1 <s—inz1/ 5111(15)).

1=0,l#2

Proof. 1. We show that P,(s) is a polynomial of degree n in s,

2"P,(s) S+ 1) — 26”2 () s 4+ eV (1 — 5)"

+r)"+ (=) (r—s)" — 2§e_i””/2(n)”z

_ (Z) n—k k | 1)n§: <Z> (_l)nfksnfkrk _ 2567“”/2(11)”2

k=0

- (Z( )t (1) - 26 s

k=0
[

/2]
(277}{) Sn—Qk(SQ + (nzl/n)Q)k _ 266_“”{/2(77,)”,2.
k=0

(
(

|
o

Hence 2" P,(s) is a polynomial of degree n in s. The coefficient of s™ is 2 Zm/ﬂ (o) =2



2. We verify 2"P,(s;) = 0 with 5, = —inz"/"cos(L2™) | = 0,---,n — 1. Denote £ = cos(q) =
ete " When sin(“2™) > 0, we have

2 2 "
2"P,(s1) = (—inzl/”)”[(cos<q+ ﬂl) +isin(q+ 7Tl>> —2¢
n n
+| cos —18In
n n
, 44 g ,
= (—inzt/m)" (e“’ - 2(6 —;e ) + e‘“’)

= 0.

Similarly, we have 2" P,(s;) = 0 when s1n(q+27rl) < 0. Hence, s;,0l = 0,---,n — 1 are all roots of
2" P,, and we get the factorization

n—1
P(s) = H (s +inzt/m cos(q +n27rl>).

=0

3. For 2"Q,,—1(s), we have
(S + T)n _ e—in‘n'(r _ S)n

2"Qn-1(s) = :
- %((8 +7)" = (=1)"(r—9)")
= j«i( ) n—k k 1_ (_l)n(_l)n—k)
Ln/2J
S Z (2k+1)sn A2
Ln/2J
- I;O (2143 + 1> 5"—2k—1(82 + (nzl/n)2)k.

So 2"Q,,—1(s) is a polynomial of degree n — 1 in s.

4. Whennisodd, s; = inz'/" cos(Z) = inz?/"sin(Z+%),1 =0, -+ ,n—1 are nroots of (2"1Q;,—1)(s) =
0. Indeed, we have r; = {/s? + (nz!/m)2 = —nz'/" cos(Z + l”) and
21 Qn-1(s)) = (si+7m)" —e " (r —s)"

(si+r)" 4 (r; —s)"
( 1/n)n( —i%—ilﬂ'_i_ei%-&-il-rr)

because n is odd. Note that r; = 0 if and only if when [ =0. So s;, I =1,--- ,n— 1 are the n — 1
roots of the polynomial Q,,—1(s). Hence, we have

n—1
. no. (T m
Qn-1(s) = 11:[1 (s —inz" ’sm(2 + n))
Ungin(im), 1=0,---,n—1. For I
2" Qu-1(s1) = (si+r)" —e " (rp—s)"
= (sg+r)" = (ri—s)"
nzl/n)n(ezlﬂ' _ e—ler)

When n is even, we verify 2"r;Q,—1(s;) = 0 with s; = inz

IN
w3

(
= 0.



Similarly, for [ > %, we have 2"rQ,_1(s;) = 0. Moreover, we have r; = 0 if and only if Il = %. So
sy, | # % are the n — 1 roots of the polynomial @, _1(s). Hence we have

Qn1(s) = lzl[<sznz Sln<l:;>>.

3

O

We now have all the tools necessary to compute the inverse Laplace transform. First we treat the
case of dimension 2.

Theorem 5. Fora= %, n € N and m = 2, we have

l § —inz! cos(‘”hl)
n
=0

Proof. We have, using (11) and (12)

[

n—

Qu-1(s) 1 f£Pa(s) _ 1
L(K3 t)) = = s -y _
(K (z,9,1)) = P, (s) n Pn(s) n s—i—mzl/”cos(‘”jﬂ)
Taking the inverse Laplace transform and putting ¢ = 1 yields the result. O

Remark 1. This result was previously obtained in [6] in a different way, using series multisection.

When the dimension m > 2, we first use (13) to obtain
KD (1) = —Tn e (L1 (14)
2= ds P,(s)* )
The inverse Laplace transform can be computed using the property of the Laplace transform
e (e = 1w
ds

and the partial fraction decomposition

3 1 n oA Bi(a et
L 1<Pn(3))\) = Z(A—;)l!((lkzl)!t)\ le (15)

k=11=1

with ap = —inzl/" COS(#), q = arccos(§) and

o= ] () |

Putting t = 1 in (14) and (15), then yields

Theorem 6. Whena = %, n € N, the kernel of the (0, a)-generalized Fourier transform in even dimension
m > 2 s given by

1/n COS(q+27rkr))

n
Pri(—inz ) n o qt2mk
K2 (x y ZZ kl l_ 1) eflnzl/ COS(Q‘F: A).
k=11=1

As we have given the factored form of P,(s) in Lemma 1, it is possible to give an explicit formula of
®i(s) by the following result from [5].

10



Theorem 7. Suppose ¢(s) is a proper rational function having m zeros —oy, of multiplicity My, and n
poles —si of multiplicity Ny,
_ H?:l(s + Uh)Mh’

B HZ:I(S + sp) Nk

(s)
Define the functions

_ Hzl=1(5 + Uh)Mh'

= HZ/:L(S + Sk’)N’“' ;
K £k

fk(s):(b(s)(s—i_sk)]vk k:1a27 ) 1,

obtained from ¢(s) by removing the factor (s + si)N*. The first derivative of fi(s) is given by

W (s) = fu(s)gr(s)
with

( ) i Mh o Nk'
grk(s) = - .
Pt S+ op oy S+ Sk

k' #k

The r-th derivative of gy is given by

(r) - e M, - Ny
g () = (=1)"r! [Z =D M}
= (s+op)" e (s + sp/)
K #k
The i-th deriwative of fi(s) can be expressed by
i i— 0
10 =t
-1 0 0 0 0o g
gl -1 0 0 0o g
1 0 2
2, 9" -1 0 0 g”
. i—2)  fim1y (i-3)  [im1y (i—4 . 1 0 i-1
(i-Dg™? (e (e - -1g g g

3.2 Generating function when a = % and m even
For fixed a = % and n € N, we define the formal generating function of the (0, a)-generalized Fourier
kernel of even dimension by

o0

1 .
_ _9,—inm/2 n A gom

G% (.’E, Y, 5) - ;:0: 2nAF(n)\ ¥ 1)( 2e (n) ZE) K% (:E, y)
We introduce an auxiliary variable ¢ in the generating function as

o0

1 —inm n m
Gz(z,y,6,t) =Y m(*% /2(n) 2) K (2, y,1).
A=0

Then we compute the Laplace transform of Gz (z,y,¢,t), and get

> 1 no_ ,—INT (0 _ o\ -9 —inm/2 n A
" 27 (st r)" = 22 (n)rz + e (r — s
1 (S + T)n _ efinﬂ'(r _ s)n
r(s+71)" —2(£+e)e~inT/2(n)ny 4 e~inT(r — 5)n
Comparing with Theorem 5, we find the only difference is that £ in the latter becomes £ 4+ . Now we
can give the generating function by taking the inverse Laplace transform and setting t = 1.

11



Theorem 8. Let a = 2/n, with n € N. Then the formal generating function of the (0,a)-generalized
Fourier kernel of even dimension is

oo

1 .
§ _9einm n )\Km

1 n—1 ~
- Z e—inzl/" cos(i‘ﬁf"l)
b
=0

G2 (r,y,¢)

n

with ¢ = arccos(§ + ¢€).

Remark 2. By taking consecutive derivatives with respect to €, we can get an alternative expression for
the even dimensional kernel K'J'(x,y). This coincides with Proposition 2 in [6] and Theorem 1 in [11].

3.3 The bounds of the kernel when a = % and m > 2

In this section, we prove the boundedness of the kernel K%'(z,y), m > 2. This is not obvious from the

explicit expansion in Theorem 6 as we don’t know the bounds of ®pi(ar) in (15). We first establish a
technical lemma. Let us recall the convolution formula of the Laplace transform. Denoting £(g(t)) = G(s)
and L(f(t)) = F(s), we have

LYGE)F(s) = / gt — ) f(r)dr. (16)

Lemma 2. Fora; €cR,j=1,--- ,n, and k > 0, put

1

F’r = (YA
L,k(S) Hj:l(s ¥ zaj)k

with inverse Laplace transform

Fan(t) = L7 (Fu(s)).

Then
tnk—l v 0
e < , t €]0, ool.
Furl®) € foy 0.l
Proof. We prove it by induction. By the Laplace transform formula
tkflefat 1
L = , k>0,
( L'(k) ) (s + a)*
we have
tk‘fl ot
t — —1a1
f17k( ) F(k)e ?
SO
tk—l
t) <
|f1,k( )| = P(k)

When n = 2, by the convolution formula (16), we have

t —r kflefial(tf'r)
fon(t)] = ' / t=7) fun(r)dr
1 t

t—7)k-t

< /0 (F(k)|f1,k(7')|d7
t2k71

W/o (t— 7)1k =1lar = NOE /0 (1 —z) ek e

t2k71
T'(2k)

(k)

IA

12



where we have substituted 7 = tx in the third integral. We assume

(n 1)k—1
e _ 1
Then by the convolution formula (16) and (17), we have
t _ \k—1_—ia,(t—7)
(t—1)"'e
<
frl < [ el
tp_ Yk=1 _(n—1)k—1

< / (t—r7) T ir

0 I(k)  T((n—1)k)
- k=1 /1 2 DR (] )kl gy
— TET((n = 1k) Jo
< tnkfl B((n_ l)kak)
B L(k)E((n — 1)k)

t’nkfl
T T(nk)

where we used the same substitution as before, and with B(u,v) the beta function. O
By (13), when A > 0,
d 1 d 1
K7 =-T — -I — 1

o n—1 2wl Y
o | 8+ inzt/n cos| 21

K (2,9) = T(02) fu (1)

Setting t = 1, we get

with a; = nz!/" cos<q+j”l> in f, A(t). The problem of finding an integral expression of K%' (z,y) thus

reduces to finding an integral expression of the function f, x ().
From the Laplace transform table [16], we have

d 1 \/7‘ J (bt)
1 v+l 1 I .
L < 8(((5 zb)(s ib))” 1/2>) 2”1"(1/ 1/2)t w0 Rev > ,Res>\mb\

Compared with (18), the Fourier kernel K'7'(x,y) and f, () could be thought of as a generalization of

the Bessel function. We will see similar behavior in the Dunkl case, see Section 4.
By the inverse Laplace formula from [16],

- ['(v) t O\ o a—>b
! — = R 2 I .
£ ((S+a)l’(s+b)"> ﬁ(ab) € v—1/2( 5t ), Rev >0

we can express fi, x(t) as the convolution of Bessel functions and exponential functions, using (16).
In particular, when n = 3, and Res > 0, we have

M)

Jj=1
t3k—1

= F(:’)]{;) eialtCI)Q(k, k; 3k, i(al — ag)t, i(al - ag)t) (19)

Fan(t) = L7H(F3n(5))

where @ (c1, 535w, 2) = 300 (C(lcfiicfl)l “]’C,lz, , see [25]. Another derivation of the expression obtained
here without using Laplace transform is given in [10].

Now we can give the main result of this subsection,

13



Theorem 9. Forn € N and m > 2, the kernel of the (0,2/n)-generalized Fourier transform satisfies

KT (x.y)| < 1.

Proof. When a = %, the Laplace transform of the (0, a)-generalized Fourier kernel is

E(K%”(x,y,t)) =T(nA+1)G1(s)Ga(s)

with
Gi(s) = == ot 27y
[T (s + inzt/m cos(£2L))
Ga(s) = :

([T} (s +inzt/m cos(LE2T))A

Denote g;(t) = L7Y(G,),j = 1,2. By Lemma 2, we know that the inverse Laplace transform gs(t) of
tn)xfl

G4(s) is bounded by IXOVE By Theorem 5, we know that g;(t) = K% (z,y,t) is bounded by 1 for any

t € R. Using the convolution formula (16) again, then setting ¢ = 1, we have

/ 11— aa(r)dr

|K% (z,y)] = D(nA+1)
E 0

niA—1

L(nA+ 1)/0 lT"(n)\) dr

I'(nA+1)
T(n\)nXx
= 1

IN

O

Remark 3. With this result, valid for both even and odd dimension, we could get the bound of the (k,a)-
generalized Fourier kernel for any reduced root system with positive multiplicity function k and some
a.Theorem 9 greatly extends the applicability of the uncertainty principle and generalized translation

operator in [19] and [18].

3.4 Integral expression of the kernel for arbitrary a > 0

In Theorem 9, we have shown that the Fourier kernel K7'(z,y) when m > 2 is the Laplace convolution

n

of the Fourier kernel when m = 2 and the function f, ;(¢) in Lemma 2. In this subsection we give the
integral expression of the Fourier kernel of K (x,y) for m > 2 and a > 0.
For general a > 0 and m > 2, the Fourier kernel in the Laplace domain can be written as

LK (2, y,1))

grap (At a) LN 1—uf
a r\ R (1 —2up + uj) M
92\ fap 2\+a\1( r—s 23/a 1—u?
a Jr\(2z9/2)2 ((ur — eie)(ur — e~ie))A 1’

where up = 67(%)2#17 r=4/s2+(224/2)2, R=s+7 and { = %
It is possible to give an integral expression of this kernel in terms of the generalized Mittag-Leffler
function. We give the definition and its Laplace transform here, see also Chapter 2 in [22].

14



Definition 1. The generalized Mittag-Leffler function is defined by

7'LZ
Zfen+’y n!’

where €,v,6 € C with Ree > 0. For 6 = 1, it reduces to the Mittag-Leffler function.
The Laplace transform of the generalized Mittag-Leffler function is

1

YRS (b)) = — ———
LB () = gy

where Ree > 0, Rey > 0, Res > 0 and s > [b|'/(Be9) | see [22].
Now, we give the integral expression of the (0, a)-generalized Fourier kernel as follows.

Theorem 10. Let by = ei“’e”’/“( )2/%% and

2
a

t
_ 2 _ 2
h(t) = 2720+ / S O TN (e [ Ly 27 A NN ()
Then for a > 0 and m > 2, the kernel of the (0, a)-generalized Fourier transform is
m m ! -2 2 a/2
K (z,y) = ¢ (I14+27) adaa | —2¥=V1+27
0 *\a
Com 2
—67127(14—27') Ai& J2A+4 (aza/2\/1+27>)h(7)d7'.

with czn — 2—(2,\+4)/ar(2>\;-a>e—i2ﬂ<2+1)a4(>\+1)/a_

Proof. Denote L(K]*(x,y,t)) = H1(s)Hz(s) where

1 1
(up — ei0) 1 ' (up — e—i@) 1"

an(2X+a\ 1 [ 1\
e = w22 (1 gy

a

Hl(S) =

By direct computation, we have

I e fa 2/a 1 200+1) 1 1
1(s) =e 9 z (w2/a — by )1 ' (w?/@ — p_) +1

with w =1 —s.
Using the generalized Mittag-Leffler function, we have

1 2
-1 2(A+1)—1 pA+1 2
L ((52/ab)/\+1>_t EY ) (08).

Now by the inverse Laplace transform formula from [25]

-1 (—”SQHLLS)D 21 a2 —3) ) = (a2H)¥/? ' V2T (an/t2 T dr
£ < Tt LWt )>—( t) /O(t+2) Ju(a/1? +27t) f(7)d

)dc.

(20)

(21)

where L(f(t)) = F(s), Rev > —1 and Res > |Ima| and the Laplace convolution formula (16), we get

the result.
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4 Dunkl kernel associated to the dihedral group

4.1 Integral expression of the kernel

The dihedral group Iy is the group of symmetries of the regular k-gon. We use complex coordinates
29 = x + iy and identify R? with C. For a fixed k and j € {0,1,--- ,k — 1}, the rotations in I consist
of zg = 20e2¥™/k and the reflections in Ij, consist of zg — Zpe2¥™/k. In particular, we have Iy = Zy and
I, = Z3. The weight function associated with I and k = (a, 8) is given by

—k |2c 2
Z(])C*Zok A

2

& +7z"

vk (20) = 5

The weight function v, (zg) associated with the group Iy, when k is an odd integer, is the same as the
weight function v, g)(20) associated with the group Iy, with 3 =0, i.e.
Zg — Zok

vk(z0) = 57

We also put P;(G;x,y) the reproducing kernel of H;(v,) and by P(G;xz,y) the Poisson kernel, see (1)
and (2). We denote by
dity (w) = ¢y (1 +w)(1 — w?)’ dw

with ¢, = [B(%,7)] 7. It was proved that finding a closed formula of the Poisson kernel which reproduces
any h-harmonic in the disk reduces to the cases k = 1 and k = 2, see [13, 15].

Theorem 11. [15] For each weight function v.(z) associated with the group Iok, the Poisson kernel is
given by

1— |21z |1 - 2fz"

P(Ik; 21, 22) = P(Iy; 27, 25),

1— |42 1 -z
where the Poisson kernel P(Iy; 21, 23) associated with v, (z + iy) = |y|>**|z|?® is given by

1-— |2122|2
P(Is; .
( 2521, 2’2 / / 1 — 2 Ile)(Im ZQ)’LL — 2(Re Zl)(Re 22)1) + |2122|2}0‘+5+1 dﬂa(u)dUB(U)

For each weight function v.(z) associated with odd-k dihedral group Iy, the Poisson kernel is given by
1— |21z |1 - 2f2"
T PR - amp

P(Iy; 21, 22) = P(I; 28, 25)

where the Poisson kernel P(Iy; 21, 22) associated with v, (z + iy) = |y|>* is given by

1 1 2
)= / — a1zl du
1 (1—2(Im z1)(Im 29)u — 2(Re 21 ) (Re z2) + |21 29[2)a L

P(I1; 21, 22 (u).

In the following, we write 21 = |z1|w, 22 = |22|n € C and b = |z1]|22|. Based on the sl relation of
A, |z|? and the Euler operator, an orthonormal basis of L?(R™,v,(x)dx) for the general Dunkl case
and a series expansion of the Dunkl kernel was constructed in [3, 4]. In particular, the Dunkl kernel
E.(z1,22) = By 2(z, y) associated with the dihedral group Ij has the following series expansion (see also
Theorem 1)

(oo}

Bu(z1,2) = 2% + 1) (=) T ) (0) Py (T w,m) (22)
7=0

with

(k) = (a+ B)k/2, when k is even;
ko, when £ is odd.
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We introduce an auxiliary variable ¢ in (22) as follows

EK(Zlsza ) - 2 Z ]+ n)(bt)Pj(Ik;w777)~
7=0

Then fixing 21, 22 € C, we take the Laplace transform with respect to t. Using (7), r = (s> + b%)'/2 and
R = s+ r, for Res big enough, we have

BT () 4 1) S (i)
L(Ba(erzant) = w;(;) Py (Iiso.n)

29T ((k) + 1) —ib
7«R<R>P<Wv R”>

where P(Ij;w, zon), |20| < 1 is the analytic continuation of the Poisson kernel P(Iy;w,bn) obtained by
acting with the intertwining operator V,; on x on both sides of (6).
In order to get the integral expression of the Dunkl kernel, we first denote and simplify

21— (52 1 2(F)*Re (i) + ()%

[ (s) = rRMO4) 1 (Sih)2k ] 9Re (wip) (S )+(7b)
- ()™

0 2( ) (Tmw®) (T )+ (Rewk) (Renf)o) + (20)2)at o1

b2 k Nk k =k (_Zb>2k
2k(a+ﬁ) R+ E R" — 2(_Zb) Re (w n ) + R*

" R — 2(—ib)Re (wij) + (_g))
1
x (—ib)zk a+pB+1
(Rk — 2(—ib)* (Im w®) (Im 7" )u + (Rew®)(Ren®)v) + Tk )
and
( ) Qka 1— (—T}b)Q 1 2( Zb)kRe(wkﬁk)—l—(_be)%
ST rRRT (S22 T 2Re (wi) (F8) + ()2
1 ()
(1= 2(5)F((Imw*) (ImnF)u + (Rewk) (Ren*)) + (F2)2)o+1

2
" R — 2(—ib)Re (wi) + . ;b)
1
g k k k k k k (—ib)\
(R —2(=b)*(Imw®)(Im7n")u + (Rew”)(Ren")) + T )
1 1 Vs24+b2—s
By R=s+r=s+vs2+ 02 and — = = ¢
yvR=s4+1r=s4++vs°+b* an R siveiip 72 , we ge
2 _
R—&—%:s—&—r—l—bQT S
(—ib)? r—s

= 2s

_ 2
R+T—S+T—b b2

17



and

g, (=ib)?* k k k NG k43N o k—7
R* + R =(s+r)"+(-1) (r—s)’zz ; (14 (=) )7y

j=0
which means that RF + (_;271),3% is always a polynomial in s as k is a positive integer. We can apply Lemma
1 because |(Imw*)(Imn*)u + (Rew”®)(Ren¥)v| < 1, for u,v € [~1,1]. Hence fr,,(s) and gy, (s) have the
following factorization,

Lemma 3. Let

k—1
A(s, q) = H (s + ibcos(q —|—k27rl>)7
1=0

B(s) = (s + ibRe (w7))).
Then fr1,,(s) has the following factorization

A(s,q(1,1)) 1 (—ib)* cos(q(u — 1,v — 1))

T ) = B alw, )~ BEAG alu )P T B TBGIACs, gl v

and gr, (s) has the following factorization

g1.(s) = A(s,q(1,1)) _ 1 n (—ib)* cos(q(u — 1,0))
’ B(s)[A(s, q(u, D)]*H B(s)[A(s, q(u, 1))]* ~ 2" 1B(s)[A(s, q(u, 1))]* T

where q(u,v) = arccos((Imw®)(Im n*)u + (Rew®)(Ren®)v).

Proof. For the first equality, we only need to show that ¢(1,1) = arccos(Re (w*7"*)), i.e.
Re (w*77") = (Imw")(Im ") + (Rew")(Re ")

which follows by expanding the left-hand side. For the second equality, we have used

(—ib)?*

28 A(s, q(u,v)) = R¥ — 2(—ib)*(Im w"®)(Imn*)u 4+ (Rew®)(Ren*)) + Tk

Now, we have our first main result in this section

Theorem 12. For the even dihedral group Ioy, the radial Laplace transform of the Dunkl kernel is

L(En(e1,20,8) = T(k(a+B)+1) / 1 / Fra(5)da (w0 (0).

For odd-k dihedral group Iy, the radial Laplace transform of the Dunkl kernel Ey(z1, z2,1) is

1

L(Ei(z1,22,t)) = F(ka+1)/1g1k(s)dua(u).

For any dihedral group, when the multiplicity function x takes integer values, we know from Lemma
3 that fr,,(s) and gy, (s) are rational functions. So then the Dunkl kernel can be obtained by the inverse
Laplace transform through partial fraction decomposition using Theorem 12 and 7.

Remark 4. It is known that the Dunkl kernel for positive integer k can in principle be expressed as
elementary functions, see [24] and [8]. However, this is not made concrete there. In [9], the authors use
the shift principle of [24] and act with multiple combinations of the Dunkl operators on the Dunkl Bessel
function to derive the Dunkl kernel in the dihedral setting. However, there the Dunkl Bessel function was
only known in a few cases. In subsection 4.2, we will give the integral expression of the generalized Bessel
function using the Laplace transform. Also, acting multiple combinations of the Dunkl operators turns
out not to be feasible in practice.
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When the multiplicity function x is not integer valued, we can still derive integral formulas for the
kernel using Theorem 12. First denote

=0 (s + ibcos

o )
k _ 9(—ib)k k k k k (zib)2h
(R 2(—ib)* (Im wk)(Im n*)u + (Rew*)(Renk)v) + ¢ )

. 2ka—1eikaﬂw6€a b2 1
S (e iy A [P — - — -
r w0 (wO _ ezq(u,v)(ez 5 b)k)a(wo _ e—zq(u,v) (ez 3 b)k)a

where wy = r — s. Using the same method as in Theorem 10, by formula (20) and (21), we have

t
ga(t’ q(u’ 1})) — 2ka—1€ikombka+1/ |:Jka—1(b1 /2 — 27’t>
+t(t + 27‘ Jka+1 by 12 + 27’ :| t + 27—) Tli"a(T)dTv

where ho(t) is the convolution of two generalized Mittag-Leffler functions,

t
= [ B (T TN - OB (e (- )
0

Now, by the convolution formula (16), we have

U,v

27l
Theorem 13. Let al,, be the k + 1 roots of B(s)A(s,q(u,v)), i.e al,, = ibcos<q+k T >, l =

0,---,k—1 and aﬁ’v = —ibRe (w7}). Then for each dihedral group Isp, and positive multiplicity function
K, the Dunkl kernel is given by

A(s

st = oo [, ] (S

=0
Yo+ (T’ q(uv 'U))deMa (U)duﬁ( )

e T)}

—al
S=0y o

For each odd-k dihedral group I and positive multiplicity function k, the Dunkl kernel is

Ey(z1,22) = ka+1/ /[k A(s )(5_“,1))

)A(s, q(u, 1))

eah’l(l_‘r):| Ga (Ta q(uv ].))deﬂa (u)7

—,l
s=a,

where q(u,v) = arccos((Im w®)(Im n*)u + (Re w”*)(Ren®)v).
Proof. We only prove the odd dihedral group Ij cases. We write g;, as

o (s) = Ao 1) 1
A BE)AG, ol D] TG, glw D)

(23)

The inverse Laplace transform of the second factor on the right-hand side of (23) is g (¢, ¢(u,1)). The
first factor on the right-hand side of (23) is inversed by partial fraction decomposition. Then by the
Laplace convolution formula (16), we get the result.

O
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Using the second equality in Lemma 3, the integral expression of the Dunkl kernel also reduces to the
integral expression of f, 1(¢) in Lemma 2. Indeed, put

ha(t7 Q(uv U)) =L

1<B<s>A<s,1q<u7v>>a>:£1< 1. <<11+)>>

(s + ibRe (w7)) k ! <s + ibcos

which is the convolution of g (¢, q(u,v)) and e~?*Re (@) Then we have

Theorem 14. For each dihedral group Isx and positive multiplicity function k, the Dunkl kernel is given
by

E.(z1,22) = TD(k(a+58)+ / / [ha+s(L, q(u,v))

21K (i) cos(g(u — 1,0 — D)hasas1 (L, 4, v))ldpta(w)dus (v).
For each odd-k dihedral group I, and positive multiplicity function k, the Dunkl kernel is

1
Ey(z1,22) = T'(ka +1) / [ha (1, q(u, 1)) + 27 (=ib)" cos(q(u — 1,0))has1(1, g(u, 1))]dpa (w),
-1
where q(u,v) = arccos((Imw®)(Im n*)u + (Rew®)(Re n*)v).
Let us now look at a few special cases. When k = 1 and any positive a, gr, (s) becomes

1
(s + ib((Imw)(Imn)u + (Rew)(Ren)))ott”

91, (s) (24)

We take the inverse Laplace transform of (24) and set ¢ = 1, then we reobtain the Dunkl kernel for I,
which is )
En(21,22) = / efi(uIm z1Im z5 + Re z1Re Z2)d#a(u)-
—1

It coincides with the known result of the integral representation of the intertwining operator of the rank
1 case, for Rea > 0,

Vop(z) = / p(u)dpa(u),

-1
which can be found in [15]. Similarly, we reobtain the Dunkl kernel for I5, which is

(21, 22) / / t(ulm z1Im 29 +UReZlRez2)dpa(u)d,ug(v)

which coincides with the result obtained using the intertwining operator for Z3.

For the dihedral group Is and I, we can get the integral expression of the Dunkl kernels by (19) as
both of them are related to the function fs 5 (¢).

For the dihedral group Iy, we have

32 + b2 <1+Rew2n2>
2
fr(s) = atBIL”
. — 1+ (Im w?)(Im n?)u+(Re w?)(Re n?)v
(s + ibRe w) <82 + b2 ( T 4 ))

We take the inverse Laplace transform and set ¢ = 1. We get the Dunkl kernel for I, using Theorem 13,

7 1 i03
Er(z,2) = \2/;5( 172;5 * / / / i eg(lwsf(of—og)ﬂw 92)(92bln(bHQT)—COb(begT)))

o Ja _1/2(b02(1 — 7))
(1-7) +B-1/2 +ib912/)2a+/3—1/2 drdpe (u)dpg(v),
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or using Theorem 14,

_ V/T(2(a+B) +1) —ibOsT a+pB— 1/2Ja+3 1/2(062(1 — 7))
Em(21a22) - 2a+,8 1/2F O[—f—/B CaC B/ / / s - ) (bQQ)a+5 1/2

V0= 03) | yarsrrjeJarsria(b02(l — 7))
+2(037+ﬁ§(1 e Hleelz)Qowrﬁil/z )deMa(“)dMB(U%

where 6 = 1 /1+(R+U2’7'2)’ 0, = \/1+(Imw2)(1m 7]2)12/,+(Rew2)(Ren2)v and 65 — Rewi).

Remark 5. The kernel of the (k, a)-generalized Fourier transform with dihedral symmetry can be obtained
similarly.

4.2 Dunkl Bessel function
Following [15], we define the Dunkl Bessel function by
Dy(z1,22) = 1A ZE 21,9 22).
g€k

Let 21 = |21]€!®, 2y = |22]€?®2, ¢1,¢2 € [1,7/2k] and b = |z1]|22|. Then the Dunkl Bessel function
associated to Iog, k > 2 is given by (see [11])

(®)
2 a- a-—
D5<|zl|,¢1,|227¢2>:cm<b) Z PRI oy (O)p5 2T (cos (2R ) T (cos(2h2))

a—1/2,8—1/2

where p; is the j-th orthonormal Jacobi polynomial of parameters (o — 1/2, 8 — 1/2) and

_ e D) + DT (0 + 1/2T(5 + 1/2)
" Ma+p6+1) '

With the Dijksma-Koornwinder product formula for the Jacobi polynomial, the Dunkl Bessel function
becomes

2j+a+p e
D, (|z1], ¢1, |22],02) = T'((k)+1) / / ( > Tﬂ) 2RI+ >J2kj+(m)(b)
o7 (k1 g (s 0) 1t (du)u (dv) (25)
where ©® is the symmetric beta probability measure
Ila+1/2)

u(du) = (1—u®)*tdu, a> -1,

Val(a)
and
21,02 (u,v) = ucos ¢y cos o + v sin ¢ sin ¢a,

and Cg;(x) the Gegenbauer polynomial. Now the integrand of (25) equals fzk fzk with
k(a+B) oo /.
2 (J+a+8) i iZk(j+a o
700 =T+ 6)+1)(3 ) UL D (1) e -0 sy (DO )

Jj=0

As before, we introduce an auxiliary variable ¢ in the series

k(a+pB) oo /.
B (J+a+p)
e =Tha+p+n(3) Ut

j=0

(il)jei%k(j+a+6)Jk(j+a+5)(bt)cf+ﬂ(2k¢l’k¢2).
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and take the Laplace transform term by term. This yields

iZ\k(a+B) Rk _ (DM
LR = Tt p)+1E) . e
(RF = 2(£(i0)%) 2k ko + ) TAH1
(2¢'% )kath) (r+s)" = (=1)F(r—s)*

Ik(a+B)+1) (26)

((r + 8)% = 2(F(i0)%) 2kgy kg + (=1)F(r — s)F)otFH!

where r = vr2 + 02, R = s+ r. Comparing (26) with (11), and using the same method as in Theorem
9, we get |f3.| < 1. Then we have

1 1 e+ —
| Dy (21, 22)| = '/_1/_1 M/ﬁ(du)uﬁ(dv) <1

because fil fil p®(du)p”(dv) = 1, giving an alternative and direct proof of the boundedness of the Dunkl
Bessel function. Also, using (26) and (11), it is now in principle possible to find an integral expression
for the Dunkl Bessel function. We illustate this for the dihedral group I;. In that case, we have

(265 20+%) (r +5)° = (=1)(r =5
(57 = 22201 205 + (-1 = 5)) 7701

- ) a+B+1°
<52 + B2 ( 22¢1,2¢2 ))

Using the inverse Laplace transform formula (10), we have, after evaluating at ¢t = 1,

girars) VILQ2Ma+ ) +1) (Jars-1/2(0) | Jass-1/2(b2)
[(a+ B+ 1)20t6+1/2 b?+6—1/2 bg+6—1/2

L(f)

L(2(a+B)+1)

= T(2(a+p)+1)em@+h)

T+

: Jagp—1/2(b1)  Jagp-1/2(b2)
_ it(a+B)ga+p—-1/2 at+p—1/2\V1 atB—1/2
— ¢imlatB)g / r(a+ﬁ+1/2)< A1/ + YV >
1 2

where b; = (b\/ W), by = (b\/ W). In the second equality, we have used the Gauss

duplication formula
Val(2v) = 22710 (0)T (v 4 1/2).

Hence for 14, the Dunkl Bessel function is given by

_in(a+B)oa+B—3/2 Yot Cdagso12(b)  Jagso12(02) 8
Dy(z1,22) =e 2 T(a+5+1/2) 1 pat A1z + PYERSYE u(du)p” (dv).
—1J-1 1 2

Remark 6. When a+ 3 is integer, the integral expression of the Dunkl Bessel function associated to I,
was obtained in [11]. Our result hence extends this result to arbitrary o, > 0.

Remark 7. For odd dihedral groups, the integral expression of the Dunkl Bessel function is computed in
a similar way.
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