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stevige schouderklopjes en antwoorden op alles. In mijn hart blijf je voor altijd de key to happiness.

Dave, thank you for the insightful discussions and (perhaps unknowingly) helping us revamp our
code; your initial wrapper of strangecalc paved the way. I wish to thank Prof. Wally Van Orden
and Prof. Franz Gross for sharing their relativistic deuteron wave functions. I am indebted to Prof.
Johann Haidenbauer who provided the Jülich-model hyperon-nucleon partial-wave amplitudes that
are a crucial input to this work. Sergey, many thanks for the nice collaboration and giving me
the opportunity to explore kaon capture. Model calculations are so much more meaningful when
they can be confronted with experimental data. In this regard, I wish to express my gratitude to
Prof. Hashimoto, Prof. Maeda, Prof. Kanda and Dr. Futatsukawa, who were so kind to share their
preliminary results, and thus effectively quadruple the amount of data in the final chapter of this
work.

Without the financial support of the Research Foundation – Flanders (FWO), this work could not
have been carried out. A substantial portion of the calculations presented in Chapter 6 were carried
out using the Stevin Supercomputer Infrastructure at Ghent University, which is funded by Ghent
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CHAPTER 1

Introduction

Conventional wisdom states that one should use the right tool for the right job. This statement

is extremely relevant in physics. The first and most important step towards understanding any

phenomenon boils down to identifying the relevant degrees of freedom.

The physics of hadrons confronts us with a prodigious diversity of processes and one cannot readily

identify the appropriate ingredients to address them in a single, unified picture. At the low-energy

end of the spectrum resides the deuteron, a proton-neutron pair, bound by only a fraction of its rest

mass. At the other end, one encounters the rich phenomena occurring in the depths of space which

we painstakingly try to reproduce in particle accelerators. Underlying all this is the theory of the

strong force, quantum chromodynamics (QCD), and its elementary fields, quarks and gluons.

The strong interaction challenges our mathematical toolbox and defies our intuition. Contrary to

the other fundamental forces in nature, it is asymptotically weak as interacting particles approach

each other. When they move apart, inter-particle energy grows, thus forcing them to be confined

into colourless objects. The quick variation, or running, of the strong coupling constant with the

length and time scale, calls for ever-changing degrees of freedom.

The nucleon is the prevailing manifestation of quark confinement. Through deep-inelastic scattering,

many details about its intricate structure have been uncovered. Structure functions, parton distribu-

tion functions, and form factors reveal that gluons carry up to half of the nucleon’s momentum and

that strange quarks in the sea make a significant contribution to the total spin. Yet, on average,

this complex system can be interpreted as a bound state of three valence quarks. Constituent-quark

models (CQM) encapsulate this perspective and their success in describing hadron spectra, magnetic

moments and electromagnetic form factors is uncontested. Nevertheless, one needs to ask where the

boundaries of this mean-field description lie and how they emerge from partonic degrees of freedom.

1



2 Chapter 1. Introduction

Nucleon spectroscopy

Mapping out the baryonic spectrum remains a paramount issue in hadron physics. The masses,

widths, and transition form factors of the nucleon’s excited states are invaluable tests of models aimed

at understanding the internal structure of baryons. The experimental knowledge on excited nucleon

states is gathered bi-yearly by the Particle Data Group in the Review of Particle Physics (RPP) [1].

Their major source of information stems from partial-wave analyses (PWA) of πN scattering data. In

particular, the PWA performed by the Karlsruhe – Helsinki [2], Carnegie-Mellon – Berkeley [3] and

George-Washington – Virginia-Polytechnic-Institute (SAID) [4] groups. Resonances are identified by

examining the fitted amplitudes for poles in the complex energy plane. Alternatively, the amplitudes

serve as input to coupled-channels (CC) PWA [5–10]. Besides the fitted elastic πN amplitudes,

these analyses include data on inelastic channels and, in some cases, photon-induced processes to

constrain their results. Despite partial-wave solutions of comparable goodness of fit, one often obtains

conflicting information on the resonant content. Beyond the first few established nucleon excitations,

many states are debated and the overall view on the resonance spectrum remains unclear [11].

A similar observation can be made when the experimental picture is confronted with nucleon spectra

predicted by CQMs. The description of low-lying states is adequate. Yet, beyond the 1800-MeV

mass range, an excessively dense spectrum is predicted. It is said that a number of resonances are

“missing”. This might be an indication of the fact that the effective degrees of freedom should be

re-examined, since alternative nucleon-structure models, such as quark-diquark models [12], envision

far fewer resonant states. On the other hand, the missing-resonance conundrum could be a direct

consequence of the unbalanced contribution of πN data to PWA.

Strangeness production

Electromagnetic (EM) kaon production plays a key role in the ongoing theoretical and experimental

efforts to explore the dynamics of QCD in the confinement regime. Since the production mechanism

inevitably involves quark-antiquark components of the nucleon’s sea, the reaction has the potential

to probe unexplored aspects of the nucleon’s structure. Hence, the presence of open strangeness

in the final state holds out the prospect of finding some elusive resonant states. Several quark-

model results indicate that a number of unobserved resonances couple weakly to the πN final state,

but have considerable branching fractions to alternative reaction channels, including those with

strangeness [13–15].

The earliest work on EM strangeness production can be dated back to the sixties of the previous

century [16–18]. These studies were held back by the limited accuracy of the data available at

that time. It was not until the advent of high-duty-cycle, high-intensity electron accelerators

that the theoretical interest in kaon production was rekindled. Adelseck et al. constructed a kaon-

photoproduction operator using a diagrammatic technique based on purely hadronic degrees of

freedom [19]. This approach is known as the isobar model and has been applied to the analysis

of kaon production in numerous studies [19–30]. In a different approach, quark models have been

used directly to describe the reaction dynamics [31–37]. Focusing on a correct high-energy limit

for the kaon-production operator, a number of studies inspired by Regge phenomenology have

been published [38–42]. In recent years, several groups have undertaken the task of incorporating

strangeness production in CC formalisms [5, 10, 43–48]. Motivated by the prospect of a complete
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Figure 1.1 – Total photo-absorption cross section and exclusive cross sections for single- and multi-meson

production. Figure taken from Ref. [11].

kaon-production experiment, some exploratory multipole analyses have been carried out [49–51]. At

present, however, one is not yet able to extract a unique multipole solution from the data.

Leading experimental facilities1 at ELSA (Bonn University, Germany), ESFR (Grenoble, France),

Jefferson Lab (Newport News, Virginia), MAMI (Mainz, Germany) and SPring-8 (Osaka, Japan)

have bestowed us with a large database of cross sections and polarisation observables, predominantly

for the p(γ,K+)Λ and p(γ,K+)Σ0 reaction channels. The self-analysing weak decay of hyperons

is an enormous asset, since it facilitates the determination of the recoiling particle’s polarisation.

Hence, a wide range of single- and double-polarisation observables can be accessed in combination

with a polarised beam or target. This paves the way for the determination of a “complete” set of

observables. Along with the unpolarised differential cross section, this requires the measurement

of seven carefully chosen single- and double-polarisation observables [51, 53, 54]. Ideally, this leads

to an unambiguous determination of the reaction amplitude and, as such, stringent constraints on

dynamical models.

Building models for kaon production

Consider the total photo-absorption cross section on the proton given in Figure 1.1. At low energies,

where single-pion production dominates, one can clearly discern peaks, which are unambiguous

manifestations of the formation of nucleon resonances. Here, a description in terms of hadronic

degrees of freedom is appropriate. Since mesons, baryons and their excited states cannot be described

within a fundamental theory, one takes recourse to a field-theoretical framework adopting effective

1for a review see Refs. [11, 52].
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Figure 1.2 – Tree-level contributions to the N(γ(∗),K)Y amplitude. The ∆∗-exchange term is forbidden

for Λ production. The diagram in the bottom-left corner is resonant. The others are considered background

contributions.

interaction Lagrangians that reflect essential symmetry properties and conservation laws of the

underlying fundamental interaction. The finite spatial extension of the hadrons is incorporated

using phenomenological form factors. Care has to be taken, because this procedure breaks the vital

property of gauge invariance [55].

In the so-called isobar approach, the reaction dynamics are restricted to tree-level amplitudes,

consisting of two interaction vertices and one propagator. The considered diagrams are presented in

Figure 1.2 and can be classified according to several aspects. Considering the diagrams in Figure 1.2

per column, we distinguish between the exchange of a non-strange baryon (N , N∗, ∆∗), a kaon (K)

or a hyperon (Y , Y ∗), labelled s-, t- and u-channel respectively. The contributions in the top row are

known as Born terms and involve the exchange of a ground-state hadron (p, n, K, Λ, Σ). Finally, a

diagram can be either resonant or non-resonant. In EM kaon production, the kinematical conditions

are such that the intermediary particle in the N∗- and ∆∗-exchange amplitudes can be on mass shell.

Consequently, the propagator goes through a pole and produces resonant structures in the observables.

In the remaining diagrams of Figure 1.2, on the other hand, the exchanged particles cannot reach

their resonant pole. As our interest in strangeness production is generated by the discovery potential

for missing resonances, the contributions of the non-resonant diagrams are considered a background.

Contrary to fundamental field theories, effective Lagrangians represent parametrisations of the meson-

baryon interaction in terms of unknown coupling constants. A phenomenological analysis in the isobar

approach faces the challenge of determining the resonant content of a reaction while simultaneously

fixing the unknown effective coupling strengths. This dual situation of model selection and model

optimisation can be addressed via a Bayesian approach [56] at a substantial computational cost. In

any case, because the parameters of the resonant and background contributions are simultaneously

fitted to the data, they are inevitably strongly correlated.

The isobar framework has met with considerable success and has dominated the analysis of EM



Chapter 1. Introduction 5

meson-production processes in the resonance region. Its application to strangeness-production

reactions should be regarded with caution. As seen in Figure 1.1, the total cross section lacks

clear resonant structures, implying that resonant contributions do not dominate. For this reason,

background diagrams make up a crucial element of the reaction dynamics. In the isobar approach,

these non-resonant terms diverge as energy increases [57]. Over the years, several mechanisms to

remedy this unrealistic behaviour have been proposed. The extracted resonance couplings, however,

heavily depend on the background model [27, 58].

The tree-level diagrams of Figure 1.2, considered in the isobar model, infer a perturbation series

which is truncated at lowest order. In practise, the effective coupling constants at the interaction

vertices are by no means small, implying rescattering effects need to be taken into account. Numerous

analyses of kaon production have been performed in different CC frameworks. Nevertheless, we wish

to stress the continued relevance of single-channel descriptions.

An attractive quality of the CC approach is its natural fulfilment of unitarity. For this to hold true,

however, all possible meson-baryon channels have to be considered. In view of the dominance of two-

pion-production channels in the photo-absorption process as seen in Figure 1.1, troublesome channels

such as ππN , with the inherent three-body cut, cannot be circumvented. Since CC models involve

numerous reaction channels, the number of free parameters that need to be fitted is substantially

larger than in single-channel approaches. Therefore, the task of optimising the model is far from

being trivial. In addition, comparing the different γp→ X reactions in Figure 1.1, one immediately

observes that the kaon-production channel is several orders of magnitude smaller than the dominant

πN , ππN , and ρN final states. Due to the reduced size and quality of the strangeness-production

database in comparison to these channels, constraining the model parameters to the kaon-production

results is complicated.

Because CC models still require tree-level amplitudes as input, many conceptual ambiguities related

to the isobar approach remain relevant. Issues, such as the restoration of gauge invariance [55, 59, 60],

continue to be pertinent [10] and can be more easily addressed at the level of a single-channel reaction

model.

The Regge model and beyond

Despite the publication of a large body of high-quality p(γ(∗),K)Y data in recent years, phenomeno-

logical analyses have not led to an unequivocal outcome. Disentangling the relevant resonant

contributions is challenging, because of the large number of competing resonances above the kaon

production threshold. Moreover, the smooth energy dependence of the measured observables hints

at a dominant role for the background, i.e. non-resonant, processes. Hence, the treatment of the

background is pivotal for any model.

At sufficiently high energies, the isobar description is no longer optimal. Whereas empirical informa-

tion indicates a smooth fall off for the cross section as one moves away from threshold, hadrodynamical

models reveal a pathological rise. It comes as no surprise that the use of hadronic degrees of freedom

cannot be justified above centre-of-mass energies of a few GeV, which corresponds to length scales

below 0.1 fm. In this energy region, the kaon-production amplitude can be elegantly described

within the Regge framework, characterised by the exchange of whole families of particles, instead of

individual hadrons [38]. The Regge formalism boasts a number of attractive properties. Its amplitude
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naturally fulfils analyticity, crossing symmetry and unitarity. In addition, only a limited number of

free parameters are required. The applicability of the Regge formalism is obviously not limited to

kaon production. Successful Regge-based models have been considered for the EM production of

pions [38, 61, 62], η mesons [63, 64], K∗ mesons [65] and Λ(1520) hyperons [66].

Interestingly, the Regge model, a high-energy theory by construction, allows to describe the gross

features of the data in the resonance region [39, 40, 67]. Extrapolating the Regge model to intermediate

energies results in a reliable account of the kaon-production background. Additional support for the

validity of the Regge approach in the resonance region was furnished in a recent study, where scaling

compatible with Regge-trajectory exchange was clearly observed [68]. Near threshold, however, the

energy dependence of the measured observables exhibits structures which hint at the presence of

resonances and cannot be reproduced by a pure background model.

In Refs. [41, 42], a phenomenological mixing of the isobar and Regge descriptions is proposed. In the

resonance region a traditional hadrodynamical model is constructed and as energy rises the isobar

amplitude makes a smooth transition to the Regge model. In a different approach [39, 40, 69], the

Regge amplitude is constrained by the available data at high energies and subsequently enriched

with a carefully chosen selection of resonance-exchange diagrams. This gives way to a hybrid model

that incorporates resonant features akin with the isobar approach and simultaneously maintains the

correct high-energy limit. The resulting formalism was coined Regge-plus-resonance (RPR) and is

schematically illustrated in Figure 1.3.

The major virtue of the RPR formalism lies in the economical parametrisation of the non-resonant

part of the reaction amplitude. The isobar model requires the exchange of vector mesons in the

t-channel, hyperon resonances in the u-channel in addition to the three Born diagrams to deal with

the eminent background of kaon production. The Regge model, by contrast, manages an effective

description using two t-channel exchange diagrams and a mere three coupling constants. Moreover,

these free parameters can be fixed at high energies, thus effectively decoupling the evaluation of the

background and resonant contributions to the reaction dynamics.

The deuteron as effective neutron target

Thus far, the lion’s share of research efforts has been directed towards reactions off proton targets. The

current EM kaon-production database is heavily dominated by the p(γ(∗),K+)Λ and p(γ(∗),K+)Σ0

channels. A comprehensive survey of the four remaining reactions, namely n(γ,K0)Λ, p(γ,K0)Σ+,

n(γ,K0)Σ0 and n(γ,K+)Σ−, would provide useful complementary information to elucidate the

strangeness-production reaction mechanism. In the absence of a free neutron target, a trustworthy

description of kaon production from the deuteron is of chief importance, for the deuteron’s weak

binding energy makes it a prime candidate as effective neutron target.

Our understanding of the nucleon-nucleon interaction is on solid ground [70] and the description of

the EM interaction with deuterons in elastic electron scattering and breakup reactions is reliable [71].

Deuterium is often used as an effective neutron target. Deuteron electrodisintegration with either

polarised targets, beams or ejectiles has allowed for the extraction of the neutron’s electric and

magnetic form factors, while in deep-inelastic scattering the neutron’s structure functions have

been determined. In all these cases, corrections due to the deuteron structure and to the reaction

mechanism were shown to be either negligible, or calculable [72].
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+ +

Figure 1.3 – Illustration of the RPR approach to EM strangeness production from the nucleon. At

high energy, the structureless cross section is described via the exchange of K(494) and K∗(892) Regge-

trajectories in the t-channel. This amplitude serves as an effective parametrisation of the non-resonant

part of the reaction dynamics in the resonance region. An improved description of the data is realised by

adding nucleon-resonance exchange in the s-channel. Figure adapted from Ref. [69].

The dominant contribution to kaon photoproduction off deuterium is expected to come from the quasi-

elastic process. The incident photon interacts with a single nucleon inside the deuteron producing

the strange meson and baryon. All final-state particles subsequently leave the region of interaction

unperturbed as plane waves. As such, the kaon-production operator on a quasi-free neutron can

readily be extracted. The influence of medium effects, however, significantly complicates this picture.

The photoproduced hyperon and the spectator nucleon in the final state can undergo elastic and

inelastic rescatterings before reaching the detector systems. This final-state interaction (FSI) can be

considered a curse in case one wishes to examine elementary strangeness production. Yet, it also

presents unique opportunities.

A wealth of information is available with regard to the interaction between nucleons. Yet, as Adelseck

and Wright [73] elegantly put it, ‘In order to obtain a comprehensive understanding of the strong

interaction, it is essential that any theory reflect the underlying symmetry which is unveiled in the

multiplet structure of the particles. Thus, it is indispensable to go beyond the nucleon-nucleon

sector and incorporate and utilise aspects furnished by other members of the baryon multiplet,

among them the Λ and Σ hyperon.’. The hyperon-nucleon (Y N) interaction is currently only poorly

constrained by experimental data. Direct measurements are held back by the challenges of building

and operating a stable hyperon beam. A different possibility to study the Y N interaction is offered

by simultaneous production and scattering in the same target [74]. Hypernuclear spectroscopy is an

active field and puts stringent constraints on our knowledge of the ΛN and ΣN potentials [74–76].

Exploiting hyperon-nucleon FSI in the kaon-production reaction gives access to an even larger

dynamical range of the Y N interaction. By focusing on kinematic regions where one expects

important contributions from hyperons rescattering off the spectator nucleon, one can gain access to

the elusive hyperon-nucleon interaction.
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Renard and Renard were among the pioneers to study kaon production on the nucleon and also

led the way in strangeness reactions from the deuteron [77, 78]. In their work, they employed

a simple parametrisation of the Y N interaction. Modern hyperon-nucleon potentials based on

one-boson exchange were used in Refs. [73, 79, 80]. Yamamura et al. were the first to revisit the

reaction adopting a modern elementary kaon-production operator optimised against high-quality

data [81]. Including the effect of hyperon-nucleon FSI with the Nijmegen Y N potential, the inclusive

and exclusive charged-kaon-production cross sections were studied. At a later time, polarisation

observables in exclusive kaon photoproduction were investigated [82]. The approach was extended in

Refs. [83, 84] to include two-step production and kaon-nucleon rescattering. Adopting this model,

neutral-kaon photoproduction has been studied. Refs. [85, 86] have focused on the extraction of the

elementary amplitude. A different study on the influence of Y N rescattering using the P -matrix

approach was presented in Ref. [87]. Maxwell considered a host of rescattering diagrams where a π,

η or K meson is exchanged between the active nucleon, which absorbs the incoming photon, and the

spectator nucleon [28, 88]. In Refs. [89, 90], kaon photoproduction from deuteron is investigated using

a variety of isobar models in the non-relativistic plane-wave impulse approximation, demonstrating

the importance of a reliable elementary-production operator. Gasparyan et al. studied the possibility

to extract the low-energy Λn scattering parameters [91]. They investigated specific polarisation

observables and kinematics needed to isolate the singlet and triplet states of Λn scattering. Likewise,

Laget identifies well-defined regions in phase space where KN and Y N rescattering dominate while

the elementary amplitude is on shell and the momentum of the spectator nucleon is low [92, 93]. To

date, very few studies have considered electron-induced strangeness production from the deuteron.

Hsiao and Cotanch [94, 95] used the elementary-production operator of Thom [17]. In Ref. [96] the

Saclay-Lyon model [22] was adopted.

Outline

In this work, we present a covariant formalism for the photo- and electroproduction of kaons and

hyperons from the deuteron, thereby accounting for hyperon-nucleon rescattering.

In Chapter 2, the elementary-production operator is introduced. We begin our discussion with an

overview of the kinematics and observables relevant to EM kaon production from the nucleon. Then,

we turn our attention to the RPR formalism. At high-energies, an adequate description of the data

is realised using the Regge model. The Reggeization procedure is discussed and an elegant recipe

to guarantee a gauge-invariant amplitude is outlined. In a next step, a model including resonance-

exchange diagrams is optimised to the resonance-region data, while the three free parameters of

the Regge model are held fixed. Successful descriptions of the K+Λ- and K+Σ0-production data

obtained before 2007 are realised. We conclude this chapter with a critical discussion of the RPR

model as it was published in Refs. [39, 40, 69, 97]. Recent developments of the RPR formalism are

highlighted and comparisons with the latest photo- and electroproduction results are shown. This

illustrates the descriptive and predictive power of the RPR model in the data-rich reaction channels.

Chapter 3 is devoted to those kaon-production channels where little or no experimental results are

at hand. A formalism is presented in order to transform the RPR transition amplitude that was

fitted to p(γ(∗),K+)Λ and p(γ(∗),K+)Σ0 to the other N(γ(∗),K)Y reaction channels. At the strong-

interaction vertices, one can rely on SU(2) isospin symmetry. The conversion of the EM coupling

constants, on the other hand, requires experimental input. The resulting RPR-model predictions
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are set against the world data for K+Σ− production from the neutron and K0Σ+ production from

the proton. The sensitivity to the errors bars of the applied photocoupling helicity amplitudes is

investigated.

In Chapter 4, we make a small digression. The Regge model is employed in a exploratory study of

new results on radiative kaon capture. This reaction is related to kaon photoproduction through

crossing symmetry and is sensitive to the excited states of Λ and Σ hyperons.

After having established the RPR framework, we turn our attention to strangeness production from

the deuteron in Chapter 5. The kinematics are reviewed and the observables of the reaction are

defined in terms of the transition amplitude. The deuteron wave function is an essential ingredient of

the reaction dynamics and is discussed at length. We examine relativistic and non-relativistic wave

functions and introduce a covariant vertex operator for the deuteron-neutron-proton transition. The

transition amplitude is given in the relativistic impulse approximation. We define the plane-wave

approximation and provide a non-relativistic reduction. In addition, the contribution of hyperon-

nucleon rescattering is derived. We find that it can be decomposed in two parts. The first term has

all rescattering particles on mass shell, while the other involves off-mass-shell particles and allows for

sub-threshold production.

Chapter 6 is dedicated to the numerical results of the calculations. In a first step, the relativistic plane-

wave impulse approximation is thoroughly investigated. We study the sensitivity of the computed

observables to relativistic effects, to the deuteron wave function, and to the off-shell extrapolation of

the elementary-production operator. In addition, the propagation of the uncertainties related to kaon

production from the neutron is investigated. Subsequently, the dynamics of the hyperon-nucleon

rescattering contribution are examined. In the final section, we confront our predictions with the

available experimental results. We state our conclusions in Chapter 7 and indicate directions for

future work.

For reasons of readability, many technical details have been diverted to the appendices. Appendix A

establishes the notations and conventions assumed in this dissertation. In Appendix B, we briefly

introduce the number system of biquaternions and their applicability as representation of the Lorentz

group.

Owing to their elegant transformation properties under Lorentz transformations, helicity spinors play

an important role in our formalism. Appendix C is devoted to the subject. Appendix D summarises

the rules and ingredients needed to compute cross sections. We list the interaction Lagrangians

adopted in this work, as well as the transition amplitudes for the Feynman diagrams considered in

the RPR model.

In Appendix E, the derivation of two Lorentz-invariant forms of the 2H(γ,KY )N cross section is

given. The density-matrix formalism is the topic of Appendix F. Density matrices play an important

role in the construction of polarisation observables.

This work makes use of a number of deuteron wave functions. Their parametrisations are provided in

Appendix G. Subsequently, Appendix H retraces the connection between these wave functions and the

covariant Dnp-vertex. In Appendix I, we tabulate the coupling constants of the adopted RPR model

for all six strangeness-production reaction channels. An overview of the published experimental data

for kaon photoproduction from the nucleon is given in Appendix J. Lastly, Appendix K presents

some details about the hyperon-nucleon interaction and more specifically the Jülich potential.
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CHAPTER 2

The Regge-plus-resonance formalism

It comes as no surprise that a trustworthy model for elementary kaon production is an essential

ingredient in the description of strangeness production from the deuteron. With this in mind, we

provide a detailed discussion of the RPR formalism in this chapter. Section 2.1 gives an overview

of the kinematics of the N(γ(∗),K)Y reaction and defines the relevant observables for photo- and

electroproduction. In the high-energy limit, pseudo-scalar meson production can be elegantly

described via the exchange of Regge trajectories. In Section 2.2, we present a Regge model for both

the p(γ,K+)Λ and p(γ,K+)Σ0 reaction channels. Extrapolating this Regge model into the resonance

region provides an efficient parametrisation of the non-resonant contributions to the transition

amplitude. By enriching the Regge-model amplitude with a number of s-channel nucleon-resonance

exchange diagrams, a satisfactory account of the available kaon-production data in the resonance

region can be achieved. This is the topic of Section 2.3.

The RPR model that we are about to introduce, dubbed RPR-2007, was the subject of T. Corthals’

doctoral thesis [69]. The results for Λ and Σ photoproduction have been presented in Refs. [39, 40].

The formalism was extended to electroproduction reactions in Ref. [97]. Following the publication of

these results, a considerable amount of additional experimental results have been made available

(see Appendix J for an overview). These new data sets have confirmed the predictive power of the

RPR formalism, in spite of its apparent simplicity. Nevertheless, a number of shortcomings exist. In

Section 2.4, the merits and weaknesses of the current RPR model are identified. The reader should

be aware that the RPR model is the subject of continuous efforts and is constantly being improved.

For recent developments, we refer the reader to Refs. [56, 98, 99] for more information.

11
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Figure 2.1 – Schematic representation of an electron scattering from a nucleon at rest, producing a kaon

and hyperon in the final state.

2.1 Kinematics and observables

2.1.1 Reference frames

Electron-induced kaon production from a free nucleon assuming the OPE approximation is illustrated

schematically in Figure 2.1. The incoming and outgoing electrons, with four-momenta k(Ee,~k)

and k′(E′e,~k
′) respectively, radiate a virtual photon with four-momentum pγ(Eγ , ~pγ) = k− k′ and

virtuality Q2 = −pγ ·pγ = |~pγ |2−E2
γ . This photon interacts with a nucleon pN (EN , ~pN ) and produces

two outgoing particles, i.e. the kaon and hyperon, which are labelled pK(EK , ~pK) and pY (EY , ~pY )

respectively. The three-vectors ~k and ~k′ span the lepton plane, whereas the three-momenta of the

photon, nucleon, kaon and hyperon lie in the reaction plane. The relative inclination of both planes

is given by the angle φ. For kaon photoproduction, this angle is arbitrary and the photon’s virtuality

Q2 vanishes.

The N(γ(∗),K)Y reaction can be readily described in the KY-CM frame. Three different reference

frames are commonly adopted in order to express the particles’ four-momenta and polarisations.

They are indicated in Figure 2.2. All three choices have their y axis perpendicular to the reaction

plane. For the unprimed reference frame, we take the z axis along the photon three-momentum. The

other reference frames have the z′ (l) axis parallel to the kaon (hyperon). Explicitly we have,

~z =
~pγ
|~pγ |

, ~y =
~pγ × ~pK
|~pγ × ~pK |

, ~x = ~y × ~z , (2.1)

~z ′ =
~pK
|~pK |

, ~y ′ = ~y , ~x ′ = ~y ′ × ~z ′ , (2.2)

~l =
~pY
|~pY |

, ~n = ~y , ~t = ~n×~l . (2.3)

In addition, a fourth double-primed reference frame is defined in Figure 2.1, which has its y′′ axis

perpendicular to the lepton plane.

~z ′′ =
~pγ
|~pγ |

, ~y ′′ =
~k × ~k′
|~k × ~k′|

, ~x ′′ = ~y ′′ × ~z ′′ . (2.4)

Variables that are expressed in the KY-CM frame are labelled with an asterisk to make the distinction

with those declared in the LAB frame where the target nucleon is at rest.
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Figure 2.2 – Orientation of the different reference frames (x, y, z), (x′, y′, z′) and (t, n, l) for the N(γ,K)Y

reaction in the KY-CM frame.

2.1.2 Independent variables

The CM scattering angle of the kaon θ∗K and the system’s invariant mass

WKY =
√

(pγ + pN )2 = −Q2 +m2
N + 2EγmN , (2.5)

determine the N(γ(∗),K)Y kinematics unambiguously. The photon energy in the CM and LAB

frames are connected through a Lorentz transformation

E∗γ =
W 2
KY −m2

N −Q2

2WKY
. (2.6)

By solving the energy-conservation relation in the KY-CM

E∗γ +
√
Q2 + E∗2γ +m2

N =
√
|~p ∗K |2 +m2

K +
√
|~p ∗K |2 +m2

Y , (2.7)

the kaon momentum |~p ∗K | can be determined.

Three Mandelstam variables are defined

sKY = (pγ + pN )2 ,

t = (pγ − pK)2 ,

u = (pγ − pY )2 .

(2.8)

An elegant relation exists between these Lorentz-invariant variables

sKY + t+ u = −Q2 +m2
N +m2

K +m2
Y . (2.9)

2.1.3 Transition amplitude

The dynamics of the kaon-production reaction are contained in the hadronic transition amplitude

T λγλNλY ≡ 〈pK ;pY , λY | ε
λγ
µ Ĵ

µ |pN , λN 〉 . (2.10)

This is the expectation value of the transition current operator Ĵµ evaluated between the normalised

states of the incoming and outgoing particles with definite polarisation. The polarisation vector ελγ

for a linearly polarised photon along the x or y axis reads

ελγ=x = (0, 1, 0, 0) , or ελγ=y = (0, 0, 1, 0) . (2.11)
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For circularly polarised photons, one has

ελγ=±1 = ∓ 1√
2

(0, 1,±i, 0) , (2.12)

whereas virtual photons can also have a longitudinal polarisation

ελγ=0 = (0, 0, 0, 1) . (2.13)

The transition current operator can be constructed from a set of relevant Feynman diagrams. In

Sections 2.2 and 2.3, the structure of this operator in the RPR formalism will be discussed in depth.

The transition matrix elements fulfil the following useful property [100]

T -λγ
-λN -λY

= (−1)1+λγ−λN−λY T λγλNλY , for λγ = 0,±1 , (2.14)

owing to the reaction’s invariance under space inversions and rotations. This relation reduces the

number of independent amplitudes by a factor of two. In the transversity basis for real photon

reactions, one chooses the following set of independent amplitudes

b1 = T y
+ 1

2
,+ 1

2

,

b2 = T y− 1
2
,− 1

2

,

b3 = T x− 1
2
,+ 1

2

,

b4 = T x
+ 1

2
,− 1

2

,

(2.15)

where photons have a linear polarisation and the baryon polarisations are quantised along the y axis,

i.e. normal to the reaction plane.

2.1.4 Photoproduction observables

The differential cross section for the most general scattering reaction is given in Eq. (D.1). Applying

this to the kaon photoproduction reaction, one finds

dσ =
1

2
√
λ(sKY , 0,m2

N )

∑
|T |2 d3~pK

2EK(2π)3

d3~pY
2EY (2π)3

(2π)4δ(4)(pγ + pN − pK − pY ) . (2.16)

Here, the symbol
∑

implies that one sums (averages) over the polarisations of the outgoing (incoming)

particles. After integrating out the energy-momentum conserving delta function, one commonly

expresses the differential cross section as

d2σ

dΩ∗K
=

1

64π2

|~p ∗K |
E∗γW

2
KY

∑
|T |2 . (2.17)

At higher energies, where the reaction becomes diffractive, the cross section is often reported in the

following Lorentz-invariant form

dσ

dt
=

1

64π

1

E∗2γ W
2
KY

∑
|T |2 . (2.18)
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In experiments where one or more external particles have a definite polarisation, one commonly

presents the results in terms of asymmetries. Owing to the tremendous advances in accelerator

and detector technology, in addition to the self-analysing weak-decay property of hyperons, kaon

production offers a unique opportunity to measure a comprehensive set of polarisation observables.

At leading experimental facilities, such research programs are currently being pursued [101, 102].

Given the differential cross section supplemented with seven well-chosen asymmetries, the transition

amplitude can uniquely be deduced [51, 53, 54]. This is often referred to as a complete measurement.

One should realise, however, that uncertainties inherent to experimental observables set restrictions

on the theoretical completeness of a measurement [103].

The prospect of a complete experiment has fostered a large number of studies that aim at studying the

most general expression for the differential pseudo-scalar meson-production cross section [20, 51, 104–

107]. Among these works, some disagreements exist [51]. These arise from different sign conventions

for the polarisation states. In this work, we adopt the definitions provided by Adelseck and Saghai [20],

who express all observables in terms of the transversity amplitudes (2.15).

Single-polarisation asymmetries are defined as

dσ(+) − dσ(−)

dσ(+) + dσ(−)
. (2.19)

Double-polarisation asymmetries adopt the form

dσ(++) + dσ(−−) − dσ(+−) − dσ(−+)

dσ(++) + dσ(−−) + dσ(+−) + dσ(−+)
. (2.20)

Here, dσ(±) and dσ(±±) denote cross sections where one or two particles have a definite polarisation.

The polarisation state of the incoming photon is determined by the polarisation vectors given in

Eqs. (2.11)–(2.13). For the hadrons involved in the reaction, the polarisations are (anti-)parallel to

their respective quantisation axes. The complete list of quantisation axes per polarisation asymmetry

is given in Table II of Ref.[20]. For experiments that involve one polarised particle, one defines the

photon-beam (Σ), recoil (P ) and target asymmetries (T )

Σ = N−1 ×
(
|b1|2 + |b2|2 − |b3|2 − |b4|2

)
,

P = N−1 ×
(
|b1|2 − |b2|2 + |b3|2 − |b4|2

)
,

T = N−1 ×
(
|b1|2 − |b2|2 − |b3|2 + |b4|2

)
,

(2.21)

with

N = |b1|2 + |b2|2 + |b3|2 + |b4|2 . (2.22)

For double polarisation experiments, a total of twelve asymmetries exist. Here, we restrict ourselves

to providing the definition of those involving beam and recoil polarisations

Cx′ = −2N−1 ×= (b1b
∗
4 − b2b∗3) ,

Cz′ = 2N−1 ×< (b1b
∗
4 + b2b

∗
3) ,

Ox′ = 2N−1 ×< (b1b
∗
4 − b2b∗3) ,

Oz′ = 2N−1 ×= (b1b
∗
4 + b2b

∗
3) .

(2.23)

The notation Cx′,z′ (Ox′,z′) refers to circularly (linearly) polarised photons. The former can also

be expressed with the quantisation axis along the unprimed axes defined in Eq. (2.1). Applying a
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straightforward rotation, they read

Cx = Cx′ cos θ∗K + Cz′ sin θ
∗
K ,

Cz = −Cx′ sin θ∗K + Cz′ cos θ∗K .
(2.24)

2.1.5 Electroproduction observables

Starting from the general expression (D.1), one finds the N(e, e′K)Y differential cross section can be

written in the following factorised form1

d5σ

dE′edΩ′edΩ∗K
= Γ

d2σ∗

dΩ∗K
, (2.25)

where

Γ =
α

2π2

E′e
Ee

KH

Q2

1

1− ε , (2.26)

is the virtual photon flux factor and

KH = Eγ −
Q2

2mN
, (2.27)

the equivalent-real-photon laboratory energy. The most general form for the virtual-photon cross

section reads [105]

d2σ∗

dΩ∗K
= PNα P

Y
β

|~p ∗K |
|~p ∗γ |

[
RβαT + εRβαL + ε

(
cRβαTT cos 2φ+ sRβαTT sin 2φ

)

+
√
ε(1 + ε)

(
cRβαLT cosφ+ sRβαLT sinφ

)

+ h
√

1− ε2RβαT ′ + h
√
ε(1− ε)

(
cRβαLT ′ cosφ+ sRβαLT ′ sinφ

)]
,

(2.28)

with h the electron-beam helicity and

ε =

(
1 +

2|~pγ |2
Q2

tan2 θe
2

)−1

, (2.29)

the transverse linear polarisation of the virtual photon. In the expression for the virtual-photon cross

section, a summation over the Greek indices (α, β = 0, 1, 2, 3) is implied. The operators

P iµ ≡ (1, ~P i) , with i = N,Y , (2.30)

are given in terms of the polarisation vectors ~P N and ~P Y of the nucleon and hyperon respectively.

The polarisations of these baryons can be evaluated in any of the frames presented in Figure 2.2.

The dynamics of the EM kaon-production reaction is contained in the response functions, which are

1A detailed account of the factorisation of the electroproduction cross section for EM kaon production from the

deuteron is given in Section 5.4. The derivation of the results given in Eqs. (2.25)–(2.31) proceeds along similar lines.
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defined by

RβαT = χ
∑̃

α,β

(
|T +|2 + |T −|2

)
, RβαL = 2χ

∑̃
α,β
|T 0|2 ,

cRβαTT = −2χ
∑̃

α,β
<
(
T +T −†

)
, sRβαTT = 2χ

∑̃
α,β
=
(
T +T −†

)
,

cRβαLT = −2χ
∑̃

α,β
<
(
T 0
(
T + − T −

)†)
, sRβαLT = −2χ

∑̃
α,β
=
(
T 0
(
T + + T −

)†)
, (2.31)

cRβαLT ′ = −2χ
∑̃

α,β
<
(
T 0
(
T + + T −

)†)
, sRβαLT ′ = −2χ

∑̃
α,β
=
(
T 0
(
T + − T +

)†)
,

RβαT ′ = χ
∑̃

α,β

(
|T +|2 − |T −|2

)
,

with

χ =
|~p ∗γ |

(16π)2mNWKYKH
. (2.32)

The response functions Rβαi are expressed in terms of the hadronic transition amplitudes (2.10) and

are evaluated in the CM of the kaon-hyperon system at φ = 0. For convenience, we have dropped

the polarisation states λN and λY from our notation for the transition amplitude. The symbol
∑̃

α,β

denotes the bilinear products are summed over the nucleon (hyperon) polarisation when α(β) = 0,

e.g.

R00
L = 2χ

∑

λNλY

|T 0
λNλY

|2 . (2.33)

For α, β 6= 0, the difference between the polarisation states is implied, e.g.

Ry0
L = 2χ

∑

λY

(
|T 0
λN=+y,λY

|2 − |T 0
λN=−y,λY |

2
)
. (2.34)

Owing to parity conservation (2.14), some response functions vanish identically (see Table I of

Ref. [105] for an overview).

The expression (2.28) is of limited use since exclusive measurements with all incoming and outgoing

particles polarised are extremely challenging. For undetermined target and recoil polarisations, the

components of the polarisation vectors ~P N and ~P Y vanish and the cross section reduces to

d2σ∗

dΩ∗K
=
d2σT
dΩ∗K

+ ε
d2σL
dΩ∗K

+ ε
d2σTT
dΩ∗K

cos 2φ+
√
ε(1 + ε)

d2σLT
dΩ∗K

cosφ+ h
√
ε(1− ε)d

2σLT ′

dΩ∗K
sinφ , (2.35)

with

d2σi
dΩ∗K

=
|~p ∗K |
|~p ∗γ |
R00
i , for i = T, L ,

d2σi
dΩ∗K

=
|~p ∗K |
|~p ∗γ |

cR00
i , for i = TT, LT , (2.36)

and

d2σLT ′

dΩ∗K
=
|~p ∗K |
|~p ∗γ |

sR00
LT ′ . (2.37)
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Another expression of practical use involves the combination of a polarised beam impinging on an

unpolarized target and a measurement which determines the polarisation of the outgoing hyperon.

For this situation, the virtual-photon cross section can be parametrised as

d2σ∗

dΩ∗K
= σunpol

(
1 + hALT ′ + Px ~x · ~P Y + Py ~y · ~P Y + Pz ~z · ~P Y

)
, (2.38)

where σunpol is the unpolarized differential cross section. The recoil-polarisation Pi, in turn, can be

expressed as the sum of an induced polarisation P 0
i and a transferred polarisation P ′i

Pi = P 0
i + hP ′i , for i = x, y, z . (2.39)

By equating the Eqs. (2.28) and (2.38), it is possible to express the induced and transferred

polarisations in terms of the response functions. In practise, the statistics of an experiment can be

improved by integrating over the angle φ between the lepton and reaction plane. This implies that

the azimuthal-angle dependence of Eq. (2.28) can be integrated out. As such the number of terms is

greatly reduced. After some easy algebra, one finds for the φ-integrated polarisations2

P 0
x = P 0

z = P ′y = 0 ,

P 0
y =

1

2

√
ε(1 + ε)K−1

0

(
sRx′0LT cos θ∗K + cRy′0LT + sRz′0LT sin θ∗K

)
,

P ′x =
1

2

√
ε(1− ε)K−1

0

(
cRx′0LT ′ cos θ∗K − sRy′0LT ′ + cRz′0LT ′ sin θ∗K

)
,

P ′z =
√

1− ε2K−1
0

(
−Rx′0T ′ sin θ∗K +Rz′0T ′ cos θ∗K

)
,

(2.40)

where K0 = R00
T + εR00

L .

2.2 Kaon production in the Regge limit

The study of kaon production, and by extension all meson-production reactions, is primarily motivated

by the exploration of the nucleon-resonance spectrum. Therefore, analyses of experimental data

focus on the so-called resonance region, which roughly corresponds to WKY . 2.5 GeV. Nevertheless,

one cannot ignore the contribution of non-resonant diagrams that are looked on as a background

with an eye to extracting nucleon-resonance information. The kaon-production cross section lacks

clear indications of dominant resonant states which hints that background contributions are by no

means subordinate to resonance exchange. As such, the description of the background is crucial

in order to extract reliable information on the nucleon-resonance spectrum. The RPR formalism

takes an uncommon approach and first focuses on modelling kaon production at energies beyond the

resonance region where only non-resonant diagrams subsist.

At high energies, hadronic scattering processes can be elegantly described in the framework of Regge

theory. Based on the observation that it is useful to regard angular momentum as a complex variable

when discussing solutions of the Schrödinger equation for non-relativistic potential scattering [108], a

successful theory was developed. It describes a large variety of concepts and results in high-energy

2In literature, one commonly adopts the notation P 0
i and P ′i for the φ-integrated induced and transferred polarisations.

This notation can lead to confusion with the P 0
i /P ′i that feature in the cross-section decomposition of Eq. (2.38). For

the remainder of this work, the symbols P 0
i and P ′i will refer to φ-integrated observables.
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scattering experiments. A comprehensive discussion of Regge phenomenology falls beyond the scope of

this dissertation and we refer the interested reader to the works of Collins [109] and Donnachie [110].

Starting from the general principles of unitarity, analyticity and crossing symmetry, Regge theory

puts forward a link between the existence of bound states in direct scattering reactions and the

exchange of unstable particles in the crossed channels. This link is manifested by the existence of

so-called Regge trajectories, which unify families of particles that share identical internal quantum

numbers. Each trajectory represents an analytic relation J = α(m2) between the mass m and

the spin J of particles with even (odd) spin that belong to the same family. This relation can be

conveniently visualised in a Chew-Frautschi plot (see Figure 3.9 for examples). Experimentally,

the Regge trajectories for baryons and mesons turn out to be linear to a good approximation and

appear to have a universal slope [111]. Conventionally, Regge trajectories are named after their first

materialisation.

Building upon the work of Guidal, Laget and Vanderhaeghen [38, 112], we model the high-energy

p(γ,K+)Y amplitude by means of K+(494) and K∗+(892) Regge-trajectory exchange in the t-

channel. A gauge-invariant amplitude is obtained by adding the Reggeized electric part of the

nucleon s-channel Born diagram [69]. The strong forward-peaked character of the differential cross

section, as shown in Figure 2.3, provides strong support for this approach. The exchange of a linear

kaon Regge-trajectory

αK(∗)+(t) = αK(∗)+,0 + α′
K(∗)+

(
t−m2

K(∗)+

)
, (2.41)

with mK(∗)+ and αK(∗)+,0 the kaon’s mass and spin, is realised through a Reggeized amplitude that

combines elements of the Regge formalism and a tree-level effective-Lagrangian model. Reggeization

amounts to replacing the standard Feynman (t−m2
K(∗)+)−1 propagator by the corresponding Regge

propagator

PK
+(494)

Regge (s, t) =

(
s

s0

)αK+ (t)

{
1

e−iπαK+ (t)

}

sin
(
παK+(t)

) πα′K+

Γ
(
1 + αK+(t)

) ,

PK
∗+(892)

Regge (s, t) =

(
s

s0

)αK∗+ (t)−1

{
1

e−iπαK∗+ (t)

}

sin
(
παK∗+(t)

) πα′K∗+
Γ
(
αK∗+(t)

) ,

(2.42)

with s0 = 1 GeV2 a scale factor. The Regge trajectories are parametrised as

αK+(t) = 0.70 (t−m2
K+) ,

αK∗+(t) = 1 + 0.85 (t−m2
K∗+) ,

(2.43)

when t and m2
K(∗)+ are expressed in units of GeV2. The data [113, 114] indicate that the trajectories

are strongly degenerate. Consequently, the Regge propagators (2.42) have either a constant (1)

or rotating (e−iπα(t)) phase. These phases cannot be deduced from first principles and need to be

determined from data.

In our implementation of the Regge model, the operatorial structure of the transition amplitudes is

dictated by an effective Lagrangian approach3, in which the t-channel propagators are replaced by

the corresponding Regge ones, i.e.

ĴK
(∗)+

Regge = ĴK
(∗)+

Feynman × PK
(∗)+

Regge ×
(
t−m2

K(∗)+

)
. (2.44)

3Our choice of strong and electromagnetic interaction Lagrangians can be found in Section D.3.2.
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Figure 2.3 – Differential cross section as a function of the momentum transfer |t| at four photon LAB

energies Eγ = 5, 8, 11 and 16 GeV. For the p(γ,K+)Λ channel (left panel), the Regge-2 model is shown.

The p(γ,K+)Σ0 results (right panel) are obtained with the Regge-3 (solid line) and Regge-4 (dashed line)

models. Data from Ref. [113].

0.0 0.2 0.4 0.6 0.8 1.0
­1.0

­0.5

0.0

0.5

1.0

1.5

Λ)
+

,Kγp(

0.0 0.2 0.4 0.6 0.8 1.0
­1.0

­0.5

0.0

0.5

1.0

1.5

0Σ)+,Kγp(

)2­t (GeV

Σ
P

h
o

to
n

­b
ea

m
 a

sy
m

m
et

ry
 

Figure 2.4 – Photon-beam asymmetry as a function of the momentum transfer |t| at photon LAB energy

Eγ = 16 GeV. For p(γ,K+)Λ results (left panel) are the Regge-2 model. The p(γ,K+)Σ0 results (right

panel) are obtained with the Regge-3 (solid line) and Regge-4 (dashed line) models. Data from Ref. [114].

As a consequence, the amplitude corresponding to K(∗)+ exchange in the t-channel effectively

incorporates the transfer of an entire trajectory. When considering the exchange of K+(494) and

K∗+(892) trajectories, the Regge model for p(γ,K+)Y has a mere three parameters

gK+Y p , and Gv,t
K∗+ = κK∗+K+ × gv,t

K∗+Y p , (2.45)

with gK+Y p, g
v
K∗+Y p and gtK∗+Y p the coupling constants at the strong-interaction vertex and κK∗+K+

the K∗+(892)’s transition magnetic moment (see Paragraph D.3.3).

A crucial constraint for the kaon-production amplitude is gauge invariance. It is well-known that the

t-channel Born diagram by itself does not conserve electric charge. In Ref. [38], an elegant recipe

to correct for this was outlined. Adding the electric part of a Reggeized s-channel Born diagram

ensures that the amplitude is gauge invariant. Thus, the transition current operator for high-energy

kaon production in the Regge limit reads

Ĵ
K+(494)
Regge + Ĵ

K∗+(892)
Regge + ĴBorn-s,elec

Feynman × PK
+(494)

Regge ×
(
t−m2

K+

)
. (2.46)

At sufficiently high energies (Eγ & 4 GeV), a limited amount of p(γ,K+)Y data points are avail-

able. For the K+Λ channel a total of 72 data points exist, comprising 56 differential-cross-section

data points [113], 9 photon-beam asymmetries [114], and 7 recoil asymmetries [115]. Even fewer

data is available for K+Σ0 production: 48 differential cross sections [113] and 9 photon-beam
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Figure 2.5 – Hyperon-recoil asymmetry for the p(γ,K+)Λ channel as function of the momentum transfer

|t| at photon LAB energy Eγ = 5 GeV. Data from Ref. [115].

asymmetries [114]. In Refs. [39, 40], these data sets have been adopted to constrain the three free

parameters (2.45) of the Regge model, as well as the phases of the exchanged trajectories. Because

of the meagre database, a unique and optimal model could not be established and several model

variants attain a comparable χ2. After carrying through the full RPR strategy (see Section 2.3) and

making use of photo- and electroproduction data in the resonance region, the number of possible

Regge models can be significantly reduced. For the K+Λ amplitude, a single Regge model with two

rotating trajectories, coined Regge-2, emerged. It is encouraging that a later Bayesian analysis of the

Regge model in the high-energy domain was able to single out this particular model using high-energy

data alone [56]. The p(γ,K+)Σ0 data was found to be compatible with a rotating phase for the

K+(494) and a constant phase for the K∗+(892) trajectory. The sign of the tensor coupling constant

remained ambiguous, however. The K+Σ0-production models are labelled Regge-3 and Regge-4.

The coupling constants for the Regge models that are employed in this work are summarised in

Appendix I.

The Regge models are compared to the available high-energy data in Figures 2.3, 2.4 and 2.5. The

differential cross section for both Λ and Σ0 production are nicely reproduced. From Figure 2.3,

one notices that both Regge models for the K+Σ0 channel give comparable results at low |t|. The

photon-beam asymmetries of Figure 2.4 have a striking feature which is perfectly reproduced by the

Regge model. The asymmetry rises quickly to +1 as a function of −t. This behaviour is reminiscent

of the dominant exchange of a natural-parity state [116], which we identify as the K∗+(892) trajectory.

For the p(γ,K+)Λ reaction, a set of recoil-polarisation asymmetries at forward kaon angles are

available. The sign and shape of the angular dependence can be reproduced in the model. The size

of the asymmetry, on the other hand, is considerably underestimated.

2.3 Kaon production in the resonance region

The Regge model’s amplitude can be interpreted as the asymptotic form of the full amplitude for

large s and small |t|. Owing to the t-channel dominance and the absence of a prevailing resonance,

the Reggeized background has been observed to account for the gross features of the kaon production

data in the resonance region [39, 40, 67]. Near threshold, the energy dependence of the measured

differential cross sections exhibits structures which hint at the presence of resonances. These are

incorporated by supplementing the background with a number of resonant s-channel diagrams.

This approach was coined Regge-plus-resonance (RPR) and has also been applied to double-pion
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production [117], as well as the production of η and η′ mesons [63, 64].

We describe the resonant contributions using standard tree-level Feynman diagrams. The exact form

of the transition amplitudes for spin-1/2 and spin-3/2 nucleon-resonance exchange can be found in

Section D.3. By substituting

sKY −m2
R → sKY −m2

R + imRΓR , (2.47)

in the propagator’s denominator, we take into account the finite lifetime of resonances with mass

mR and width ΓR. To limit the number of fit parameters, we keep the resonances’ mass and width

fixed at the values given in the Particle Data Group’s Review of Particle Physics (RPP) [1]. Each

spin-1/2 resonance introduces one free parameter

GN∗ = κN∗p × gK+Y N∗ , (2.48)

the product of the coupling constants at the electromagnetic and the strong-interaction vertex.

Spin-3/2 resonances have an additional degree of freedom at the photon vertex and give rise to two

free parameters

G
(1)
N∗ = κ

(1)
N∗p × gK+Y N∗ ,

G
(2)
N∗ = κ

(2)
N∗p × gK+Y N∗ .

(2.49)

The most general interaction Lagrangian for spin-3/2 fields allows for an additional three degrees-of-

freedom, often called off-shell parameters, in the strong and EM vertices [118]. To ensure that the

effects of the resonant diagrams fade at higher energies, we introduce Gaussian form factors at the

strong interaction vertices [69]

gK+Y N∗ → gK+Y N∗ × exp

[
−
(
sKY −m2

R

)2

Λ4
strong

]
, (2.50)

with Λstrong a cutoff mass. A single cutoff mass is used for all resonance-exchange diagrams and it is

considered a free parameter in the fitting procedure. For both Λ and Σ0 production, the value of

Λstrong is about 1600 MeV.

The dynamics of EM kaon production can be fairly involved, with several contributing nucleon

and delta resonances that interfere with an eminent background. Disentangling these contributions

is challenging. In the RPR approach, we seek to determine the resonant and non-resonant terms

separately. The Regge model that was the subject of the previous section has been fitted against

the available high-energy data. Its parameters are frozen and the Regge amplitude serves as an

effective parametrisation of the background. In the resonance region, a large body of data is

available. Lists of published data sets for p(γ,K+)Λ and p(γ,K+)Σ0 are presented in Tables J.1

and J.2. In Refs. [39, 40], the database [119–122] published at that time was used to constrain

the resonance parameters of the RPR model, while keeping the background unaltered. In the

K+Λ-production channel at forward angles, a substantial discrepancy exists between results from the

CLAS [119, 121, 123] and SAPHIR [124, 125] collaborations [126]. This makes it impossible to find

an optimal model that describes both data sets simultaneously. In the optimisation procedure, only

the CLAS data are retained. Since the Regge model is derived in the limit of asymptotic CM energy

sKY and vanishing momentum transfer t, the RPR model analysis of Refs. [39, 40] was restricted

to forward-kaon production. Only differential cross sections for cos θ∗K ≥ 0.35 and polarisation

asymmetries satisfying cos θ∗K ≥ 0 were considered in the fitting procedure.
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In the K+Λ-production channel, a fair description of the considered data (χ2/Ndof ≈ 2.4) is realised

via the inclusion of the following set of resonances: S11(1650), P11(1710), P13(1720), P13(1900) and

D13(1900). The first three are considered well-established resonances in the RPP [1]. The evidence

for the P11(1710) state, however, has eroded in the past decade. Recent analyses of πN scattering by

the SAID group no longer consider it [127]. Also in models for strangeness production, this resonance

has been called into question [5, 128]. The P13(1900) resonance has a two-star status in the RPP.

It plays an important role in the missing-resonance puzzle, since it is part of a quartet of nucleon

resonances predicted by symmetric quark models but not by quark-diquark models [11]. In our RPR

analysis, the P13(1900) state is cardinal to describe the data. Additionally, the optimal RPR model

includes a missing D13(1900) resonance with a width of 200 MeV. Evidence for this state has also

been obtained in other analyses [45, 49, 128].

In Ref. [40], we established the phases of the leading kaon trajectories for the p(γ,K+)Σ0 channel.

With the available data, it turned out impossible to single out a unique parametrisation of the Regge

model. The two model variants, that yield an equally good description of the high-energy data, were

labelled Regge-3 and Regge-4. Subsequently, we added resonances to the Reggeized background am-

plitude, identifying the S11(1650), D33(1700), P11(1710), P13(1720), P13(1900), S31(1900), P31(1910)

and P33(1920) as essential contributions. These are established resonances with a three- or a four-star

status in the RPP [1], except for the P13(1900) and S31(1900), which are two-star resonances. Both

the RPR-3 and RPR-4 models reach a goodness-of-fit of χ2/Ndof = 2.0. We found no direct need to

include “missing” resonances in the KΣ channel.

In order to assess the predictive power of the RPR model, we extended our formalism to kaon

electroproduction in Ref. [97]. The Q2-dependence of the EM coupling constants was incorporated

using transition form factors as computed in the Bonn CQM [129]. Without refitting any parameters,

we found that the RPR model gives a decent account of the available kaon electroproduction data.

2.4 The RPR model: the good, the bad and the ugly

In the previous sections, the RPR approach to EM strangeness production from the proton was

presented and we introduced models for K+Λ and K+Σ0 production that were optimised against the

pre-2007 world data. These models will be utilised in Chapter 6 for the calculation of kaon-production

observables on the deuteron. Since their publication in Refs. [39, 40, 97], many new data sets have

been published, encompassing high-statistics data at previously measured kinematics as well as

totally new observables. Evidently, these experimental developments have prompted us to put the

RPR model to a stringent test. In this section, we sketch some conceptual imperfections of the RPR

formalism, many of which have been amended in recent years [56, 98, 99]. In addition, a selection of

recently published data will be confronted with the RPR model in order to confirm its reliability and

robustness.

New high-quality data with unprecedented statistics have been published by the CLAS collaboration.

These data comprise differential cross sections and recoil-polarisation asymmetries for both the

p(γ,K+)Λ [123] and p(γ,K+)Σ0 [130] reaction channels. The extended energy range, which reaches

well beyond the resonance region, is of particular interest to the RPR model. The new data sets

allow to cross-check the high-energy data that is used to tune the background parameters of the

Regge model. Dey and Mayer point out in Ref. [131] that considerable discrepancies exist between
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Figure 2.6 – Differential p(γ,K+)Λ cross sections as a function of θ∗K for various photon energies Eγ . The

solid and dashed curves are calculations with the RPR and Regge models respectively. The vertical band

shows the angular range used for fitting. Data from Refs. [119] (•), [125] (�), [132] (N) and [123] (�).

the newest CLAS results and the older data sets. This implies the Regge model can be further

refined. The repercussions for the RPR model are thoroughly addressed in Ref. [98].

In order to keep the model uncertainties to a strict minimum and maintain a low number of fitting

parameters, resonances of spin-5/2 and higher are not considered in Refs. [39, 40]. The RPP lists a

number of well-established higher-spin resonances that are indispensable in the description of (double-

)pion production amongst others. Previous strangeness-production models that have considered

spin-5/2 resonance exchange [5, 22, 24, 29, 128], on the other hand, conclude that these states do not

contribute significantly to the reaction dynamics. Nevertheless, the forthcoming analysis [98, 133] of

the recent kaon-production data in the RPR approach takes spin-5/2 resonances into account.

Implementing resonances with spin J ≥ 3/2 in a hadrodynamical framework is a non-trivial task.

The conventional Rarita-Schwinger description of high-spin fermion fields [136], which is adopted in

this work, involves some unphysical degrees of freedom, associated with their lower-spin content [137].

These degrees of freedom are manifested by the off-shell parameters (X,Y, Z) that feature in the
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Figure 2.7 – Differential p(γ,K+)Σ0 cross sections as a function of θ∗K for various photon energies Eγ .

The solid and dashed curves are calculations with the RPR-3 and Regge-3 models respectively. The vertical

band shows the angular range used for fitting. Data from Refs. [121] (•), [119] (�), [134] (N), [135] (H),

[125] (◦) and [130] (�).

interaction Lagrangians (see Section D.3) and give rise to unphysical structures in the transition

amplitude [138]. Extending the work of Pascalutsa [139], a consistent interaction theory for high-spin

fermions was formulated in Ref. [99]. In the forthcoming RPR model [98, 133], these consistent

interaction Lagrangians will be adopted for spin-3/2 and spin-5/2 resonance exchange.

As mentioned in Section 2.3, the RPR-model analysis of Refs. [39, 40] was restricted to forward kaon-

production angles. Later on in this work, the RPR elementary-production operator will constitute

one of the basic ingredients of the strangeness-production calculations from the deuteron. To this end,

we wish to assess the behaviour of the RPR model over the full angular range. In Figures 2.6 and 2.7,

the p(γ,K+)Λ and p(γ,K+)Σ0 differential cross sections are shown for 1125 ≤ Eγ ≤ 2775 MeV.

Immediately, one notices that the Reggeized background model provides a fair description of the

cross section even though it was optimised against high-energy data. In the threshold region, the

Regge model overpredicts the Λ-production data, whereas it accounts for about half the strength

of the K+Σ0 channel. At higher energies, the Regge model slightly overpredicts the data in both
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Figure 2.9 – The performance of the Regge-3 (left panel) and RPR-3 (right panel) model for the description

of the p(γ,K+)Σ0 data. Every data point represents a (WKY , θ
∗
K) vector. The colour code indicates the

χ2 of the model for a particular data point. Data from Refs.[119–122, 125, 130, 134, 135, 140].

reaction channels. This is an indication of the data inconsistencies alluded to in Ref. [131].

Over the full energy range the RPR model nicely reproduces the data at forward angles. We remind

the reader that only the cos θ∗K ≥ 0.35 data were included in the fits. In Figures 2.6 and 2.7,

this region is indicated with a vertical band. At backward angles, on the other hand, the RPR

predictions feature bumps that are absent in the data. These structures occur near threshold for

K+Σ0 production and are prominent at higher energies in the p(γ,K+)Λ channel. The difficulty of

the RPR model to account for the data in the backward hemisphere is readily visualised in Figures 2.8

and 2.9. They show the χ2 for the Regge and RPR models per data point, that is cross sections as

well as polarisation observables.

The RPR-model analysis of Refs. [39, 40, 97] was limited to forward angles, motivated by the

Regge model’s region of validity. At backward angles, one could expect that meson production can

be parametrised with Reggeized hyperon exchange in the u-channel [112]. Such an approach has

previously been applied in pion photoproduction [38]. For kaon production, however, the cross-section

data shown in Figures 2.6 and 2.7 lack of any form of peaking at backward angles. This rules out

the need for a Regge approach. We judge that the inclusion of nucleon resonances in the s-channel

can account for strangeness production over the full solid angle. Therefore, the restriction on the

angular range of the data used in the fitting database is relieved in the forthcoming RPR-model

analysis [98, 133]. This allows for a successful description of kaon production at all angles.
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Figure 2.10 – Beam-recoil polarisation asymmetries Cx (upper panels) and Cz (lower panels) for the

p(γ,K+)Λ reaction as function of the kaon-hyperon invariant mass WKY at three kaon scattering angles.

The solid and dashed curves are calculations with the RPR and Regge models respectively. Data from

Ref. [140].

Despite its shortcomings, the RPR model provides an efficient description of EM kaon production.

This is exemplified by the excellent predictions for the beam-recoil polarisation asymmetries (2.23).

In Figure 2.10, the observables Cx and Cz are displayed at forward and backward angles. These

asymmetries have the remarkable feature that at nearly all kinematics Cx remains close to zero and

that Cz is near its upper limit +1. The Regge model reproduces these gross features. The addition

of s-channel resonances further improves the model’s correspondence with the data. Given that the

results of Figure 2.10 are predictions, this illustrates the predictive power of the RPR formalism.

Figure 2.11 features the beam-recoil asymmetries obtained with linearly polarised photons. The

RPR models fails to reproduce the data near threshold, where the resonances provide marginal

contributions. Since the lowest-mass resonance considered in the RPR-model analysis is the S11(1650),

this might point at the need to consider sub-threshold resonances. At the higher energy bins, the

predicted role of the resonances grows and their inclusion greatly improves the agreement with the

data.

The extension of the RPR formalism to kaon electroproduction does not require any additional

parameters. The electroproduction results are thus pure predictions. Nevertheless, an adequate

description of the data is achieved [69, 97]. Here, we simply wish to illustrate this using two

recently published data sets. In Ref. [143], new results for the separated longitudinal and transverse

p(e, e′K+)Λ cross sections are presented. They are compared to predictions from the Saclay-Lyon

isobar model [22] and a Regge model [144] that resembles the one presented in Section 2.2. We

show the new data in Figure 2.12. It is clear the Regge model underpredicts σT , but exhibits the

observed flat energy dependence. The longitudinal cross section is well described at Q2 = 1.90 GeV2.

At the highest Q2 bin, however, the predicted cross section lies below the data. The authors of

Ref. [143] mention that the general EM kaon form factor is off shell when used in a t-channel diagram.

Therefore, it becomes function of the momentum transfer t in addition to the photon’s virtuality Q2.

In order to better describe the observed energy dependence with the Regge model, they introduce
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Figure 2.11 – The angular dependence of the beam-recoil polarisation asymmetries Oz′ (upper panels)

and Ox′ (lower panels) for p(γ,K+)Λ at three values of WKY . The solid and dashed curves are calculations

with the RPR and Regge models respectively. Data from Ref. [141].

an off-shell extension to the traditional kaon form factor and fit the parameters corresponding to

the degree of off-shellness to the data of Refs [143, 145]. This procedure significantly improves the

description of the data. Our results indicate that the inclusion of resonance-exchange diagrams in

the s-channel provides an alternative explanation. The coupling constants of these contributions are

fixed in the real-photon point, and their Q2 dependence is dictated by EM form factors computed in

the Bonn CQM. The RPR-model results describe the WKY dependence of the cross section in both

Q2 bins without having to fit additional parameters to the data.

Finally, we compare RPR-model predictions to measurements of the transferred polarisation over a

large range of photon virtuality in Figure 2.13. This observable can be considered the electropro-

duction extension of the beam-recoil polarisation asymmetries Cx and Cz that have been presented

in Figure 2.10. Again, a satisfactory correspondence is attained. The Regge model is able to account

for the data, and the addition of resonances introduces only a slight modulation as function of Q2.

In this chapter, EM strangeness production from the proton has been described within the RPR

framework. The RPR-2007 models published in Refs. [39, 40] have been introduced. The values for

their free parameters can be found in Appendix I. These parameters have been optimised to the

available data in the p(γ,K+)Λ and p(γ,K+)Σ0 reaction channels, where experimental results are

abundant. A successful description of strangeness production from the deuteron, however, requires a

reaction model which accounts for all six kaon-production final states, including those where data is

scarce or lacking. This issue constitutes the topic of the next chapter.
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invariant mass is WKY = 1990 MeV. The solid and dashed curves are calculations with the RPR and Regge

models respectively. Data from Ref. [146].
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CHAPTER 3

Kaon production in data-poor reaction channels

A total of six photon-induced reactions exist on the nucleon with a kaon-hyperon pair in the final

state

γ + p −→ K+ + Λ ,

γ + p −→ K+ + Σ0 ,

γ + p −→ K0 + Σ+ ,

γ + n −→ K0 + Λ ,

γ + n −→ K0 + Σ0 ,

γ + n −→ K+ + Σ− .

(3.1)

High-quality kaon-photoproduction information is only available for p(γ,K+)Λ and p(γ,K+)Σ0. As

discussed in the previous chapter, this has allowed us to construct successful Regge and RPR models

for these reactions. Here, we address the issue whether these models can be transformed in such a

way that trustworthy predictions can be made for the remaining isospin channels.

In the RPR formalism, the reaction dynamics consist of pseudoscalar- and vector-meson exchange in

the t-channel as well as nucleon-resonance exchange in the s-channel. The generic structure of the

transition current operator is given by

Ĵ
K+(494)
Regge + Ĵ

K∗+(892)
Regge + ĴBorn-s,elec

Feynman × PK
+(494)

Regge ×
(
t−m2

K+

)
+
∑

N∗

ĴN
∗

Feynman +
∑

∆∗

Ĵ∆∗
Feynman . (3.2)

In order to relate different reaction channels with each other, it suffices to convert the coupling

constants which feature in the interaction Lagrangians. As such, the two Λ-production channels and

the four Σ-production reactions can both be described by a single set of parameters.

In the strong-interaction vertex, one can fall back on SU(2) isospin symmetry to find the relevant

conversion factors. This concept is reviewed in Section 3.1. The transformation of the coupling

constants in the EM-interaction vertex, on the other hand, cannot proceed without experimental

input. The case of kaon-production from the neutron is considered in Section 3.2. The subsequent

section deals with the production of neutral kaons.

31
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Figure 3.1 – The three tree-level diagrams considered in the RPR framework. Special emphasis is put on

the strong-interaction vertices.

3.1 Symmetry considerations at the strong-interaction vertex

The relations among the coupling constants in the strong-interaction vertices of the various kaon-

production reactions, depicted in Figure 3.1, can be derived effortlessly. This is made possible by

means of the isospin symmetry of the strong force. In the strong-interaction vertex, the hadronic

couplings are proportional to the Clebsch-Gordan coefficients

gKΛN(∗) ∼
〈
IK =

1

2
,M I

K ; IΛ = 0,M I
Λ = 0

∣∣∣∣ IN(∗) =
1

2
,M I

N(∗)

〉
, (3.3)

gKΛ∆∗ ∼
〈
IK =

1

2
,M I

K ; IΛ = 0,M I
Λ = 0

∣∣∣∣ I∆∗ =
3

2
,M I

∆∗

〉
, (3.4)

and

gKΣN(∗) ∼
〈
IK =

1

2
,M I

K ; IΣ = 1,M I
Σ

∣∣∣∣ IN(∗) =
1

2
,M I

N(∗)

〉
, (3.5)

gKΣ∆∗ ∼
〈
IK =

1

2
,M I

K ; IΣ = 1,M I
Σ

∣∣∣∣ I∆∗ =
3

2
,M I

∆∗

〉
. (3.6)

We adopt the following conventions for the isospin states of the N (∗), ∆∗, K(∗) and Σ particles,

p,K(∗)+, N∗+ →
∣∣I = 1

2 , M
I = + 1

2

〉
,

n,K(∗)0, N∗0 →
∣∣I = 1

2 , M
I = − 1

2

〉
,

Λ → |I = 0, M I = 0 〉 ,
Σ+ → −|I = 1, M I = 1〉 ,
Σ0 → |I = 1, M I = 0〉 ,
Σ− → |I = 1, M I = − 1〉 ,

∆∗+ →
∣∣I = 3

2 , M
I = + 1

2

〉
,

∆∗0 →
∣∣I = 3

2 , M
I = − 1

2

〉
.

(3.7)

The phase of the Σ− state is taken to be positive. With this choice, the Condon-Shortley phase

convention dictates a minus sign for the Σ+ state. Using these isospin states to calculate the

Clebsch-Gordan coefficients of Eqs. (3.3)–(3.6), we easily find the conversion factors of interest.
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The strong coupling constants for the Λ-production channels are found to be isospin independent

gK(∗)0Λn = gK(∗)+Λp ,

gK(∗)0ΛN∗0 = gK(∗)+ΛN∗+ .
(3.8a)

Only two coupling-constant conversion factors are given, since the exchange of ∆ isobars is forbidden.

The strong-interaction vertices for p(γ,K0)Σ+ can be related to those for p(γ,K+)Σ0 through the

following relations

gK(∗)0Σ+p =
√

2 gK(∗)+Σ0p ,

gK(∗)0Σ+N∗+ =
√

2 gK(∗)+Σ0N∗+ ,

gK(∗)0Σ+∆∗+ =
−1√

2
gK(∗)+Σ0∆∗+ ,

(3.8b)

and for K+Σ− production from the neutron one has

gK(∗)+Σ−n =
√

2 gK(∗)+Σ0p ,

gK(∗)+Σ−N∗0 =
√

2 gK(∗)+Σ0N∗+ ,

gK(∗)+Σ−∆∗0 =
1√
2
gK(∗)+Σ0∆∗+ .

(3.8c)

Finally, the transformation of the p(γ,K+)Σ0 amplitude to the n(γ,K0)Σ0 one, only requires some

minus signs

gK(∗)0Σ0n = − gK(∗)+Σ0p ,

gK(∗)0Σ0N∗0 = − gK(∗)+Σ0N∗+ ,

gK(∗)0Σ0∆∗0 = gK(∗)+Σ0∆∗+ .

(3.8d)

3.2 The unbound neutron as kaon-production target

In order to assess the predictive power of the RPR formalism, we will first focus our attention on

reactions with a neutron target. Only data for the n(γ,K+)Σ− channel have been published and

we will use this reaction to judge the reliability of our formalism in Paragraph 3.2.3. Besides the

conversion coefficients in the strong interaction vertex, one also needs transformation rules for the

EM coupling constants. This is addressed in Paragraph 3.2.2. First, we touch on the subject of

gauge invariance.

3.2.1 Gauge-invariance restoration

A crucial constraint for the kaon-production amplitude is gauge invariance. It is well-known that the

t-channel Born diagram by itself does not conserve electric charge. In Ref. [38], an elegant recipe

to correct for this was outlined. Adding the electric part of a Reggeized s-channel Born diagram

ensures that the p(γ,K+)Y amplitude is gauge invariant.

For theK0Λ- andK0Σ0-production reactions, this gauge-invariance-restoration procedure is irrelevant,

because the kaon-exchange amplitude vanishes. The n(γ,K+)Σ− reaction is the only channel with a

neutron as target and a charged kaon in the final state. Since the neutron is electrically neutral,

the electric part of the s-channel Born diagram is identically zero. A gauge-invariant amplitude is

obtained by including the electric part of a Reggeized u-channel Born diagram.
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3.2.2 Helicity amplitudes

In contrast to the hadronic parameters, the relations between electromagnetic couplings have to

be distilled from experimental information. The partial decay width for the radiative decay of a

resonance of spin S to the ground-state nucleon is given by [1]

Γ(N∗ → Nγ) =
p∗2γ
π

2mN

(2S + 1)mN∗

(
|AN1/2|2 + |AN3/2|2

)
, (3.9)

in terms of photocoupling helicity amplitudes ANJ . These helicity amplitudes can be directly linked

with current matrix elements. Using the conventions of Ref. [129], we have

AN1/2 =

√
πα

2mN (m2
N∗ −m2

N )

〈
pN∗ , λN∗ =

1

2

∣∣∣∣ jx(0) + i jy(0)

∣∣∣∣pN , λN =
1

2

〉
,

AN3/2 =

√
πα

2mN (m2
N∗ −m2

N )

〈
pN∗ , λN∗ =

3

2

∣∣∣∣ jx(0) + i jy(0)

∣∣∣∣pN , λN =
1

2

〉
.

(3.10)

Here, jµ(x) is the current operator. It speaks for itself that AN3/2 is zero when S = 1/2. The current

matrix elements can be calculated within a quark model (see Ref. [129] for example), or using the

phenomenological interaction Lagrangians defined in Section D.3.2. In this way, the N∗ and ∆∗

transition moments can be related to the photocoupling helicity amplitudes ANJ . One has [147]

AN1/2 = ∓ e

2mN

√
m2
N∗ −m2

N

2mN
κN∗N , (3.11)

for spin-1/2 resonances and

AN1/2 =
e

4mN∗

√
m2
N∗ −m2

N

3mN

(
±κ(1)

N∗N −
mN∗(mN∗ ∓mN )

4m2
N

κ
(2)
N∗N

)
,

AN3/2 =
e

4mN

√
m2
N∗ −m2

N

mN

(
±κ(1)

N∗N ∓
mN∗ ∓mN

4mN
κ

(2)
N∗N

)
,

(3.12)

for spin-3/2 resonances. In Eqs. (3.11) and (3.12), the upper (lower) sign corresponds to positive-

(negative-) parity resonances. Inverting these relations and neglecting the small proton-neutron mass

difference, we find
κN∗n
κN∗p

=
An1/2
Ap1/2

, (3.13)

for spin-1/2 resonances and

κ
(1)
N∗n

κ
(1)
N∗p

=

√
3An1/2 ±An3/2√
3Ap1/2 ±A

p
3/2

,

κ
(2)
N∗n

κ
(2)
N∗p

=

√
3An1/2 −

mp
mN∗
An3/2√

3Ap1/2 −
mp
mN∗
Ap3/2

.

(3.14)

for spin-3/2 resonances. Note that these conversion rules are only meaningful for N∗’s, since the

∆-nucleon magnetic transition moments κ
(1,2)
∆∗N are isospin independent.

Values for the published helicity amplitudes of the S11(1650), P11(1710), P13(1720), P13(1900) and

D13(1900) resonance are presented in Table 3.1. The listed numbers are from the RPP [1] and two
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Table 3.1 – Photocoupling helicity amplitudes of selected nucleon resonances in units 10−3 GeV−1/2 from

the Bonn relativistic constituent-quark model [148], the Review of Particle Physics [1] and two SAID analyses

(SM95 [149] and SP09 [127]). No experimental information exists for the P13(1900) and D13(1900). SP09

provides photo-decay amplitudes to protons and does not find evidence for the P11(1710) resonance [150].

The ratio of EM couplings to proton and neutron (see Eqs. (3.13) and (3.14)) is listed as well. The SP09

ratios are obtained with the AnJ of SM95.

Resonance Bonn RPP SM95 SP09

S11(1650) An1/2 −16.00 −15.00± 21.00 −15.00± 5.00 −
Ap1/2 4.30 53.00± 16.00 69.00± 5.00 9.00± 9.10
κN∗n
κN∗p

−3.72 −0.28± 0.41 −0.22± 0.07 −1.67± 1.77

P11(1710) An1/2 −26.70 −2.00± 14.00 −2.00± 15.00 −
Ap1/2 52.80 9.00± 22.00 7.00± 15.00 −
κN∗n
κN∗p

−0.51 −0.22± 1.65 −0.29± 2.23 −

P13(1720) An1/2 −30.20 1.00± 15.00 7.00± 15.00 −
Ap1/2 75.90 18.00± 30.00 −15.00± 15.00 90.50± 3.30

An3/2 11.40 −29.00± 61.00 −5.00± 25.00 −
Ap3/2 −25.40 −19.00± 20.00 7.00± 10.00 −36.00± 3.90

κ
(1)
N∗n
κ
(1)
N∗p

−0.39 −2.24± 11.60 −0.38± 2.00 0.06± 0.30

κ
(2)
N∗n
κ
(2)
N∗p

−0.40 0.42± 1.15 −0.50± 1.08 0.08± 0.17

P13(1900) An1/2 2.6 − − −
Ap1/2 5.5 − − −
An3/2 16.9 − − −
Ap3/2 2.2 − − −
κ
(1)
N∗n
κ
(1)
N∗p

1.83 − − −
κ
(2)
N∗n
κ
(2)
N∗p

−0.46 − − −

D13(1900) An1/2 −17.7 − − −
Ap1/2 47.9 − − −
An3/2 12.3 − − −
Ap3/2 −18.5 − − −
κ
(1)
N∗n
κ
(1)
N∗p

−0.28 − − −
κ
(2)
N∗n
κ
(2)
N∗p

−0.40 − − −
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Figure 3.2 – Regge-model predictions for the n(γ,K+)Σ− differential cross section as a function of the

kaon-hyperon invariant mass for four different values of the kaon centre-of-mass scattering angle. Data

from Ref. [134]. The error bars represent the statistical uncertainties only. The systematic uncertainty is of

the order of 20%.

SAID analyses [127, 149]. It is clear that the photon couplings of those resonances pertinent to our

calculations are poorly determined. The extracted values are often incompatible, even after taking

into account the considerable error bars. No experimental information is available for the resonances of

mass 1900 MeV, i.e. P13(1900) and D13(1900). Table 3.1 also features photon couplings as calculated

in the Bonn CQM [148]. The theoretical predictions for the transition moments of the S11(1650)

to neutron (proton) agree favourably with the SAID analysis SM95 [149] (SP09 [127]). When

confronting the Bonn model calculations for the P11(1710) and P13(1720) resonances with the SM95

SAID analysis, one notices that the transition moments to proton and neutron are overestimated,

while their ratio matches within the error. The Bonn CQM provides a fair account of all ApJ from

the SP09 analysis. This analysis, however, finds no evidence for the P11(1710) resonance [150].

3.2.3 Results

In Chapter 2, it became clear that the kaon-production reaction mechanism is dominated by the

background contributions, which we parametrise in terms of Regge-trajectory exchange. Therefore,

we will first examine the predictive power of the Reggeized-background model using the limited

number of available experimental results. At a later stage, the predictions of the full RPR model

will be investigated.

To our knowledge, only two data sets for the n(γ,K+)Σ− reaction channel have been published in

the past. The results by the LEPS collaboration [134] comprise differential cross sections and photon-

beam asymmetries at forward angles (cos θ∗K ≥ 0.65) in the energy range 1.5 GeV ≤ Eγ ≤ 2.4 GeV.

This data set has been obtained through quasi-free kaon photoproduction from a deuterium target.

Systematic errors originate from corrections for final-state interactions, the pion-mediated two-step

process, and detector uncertainties. Quadratically summing the estimates given in Ref. [134] yields

uncertainties of the order of 20 % for the differential cross section and |∆Σ| ≈ 0.2 for the photon-beam
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Figure 3.3 – Regge-model predictions for the n(γ,K+)Σ− photon-beam asymmetry as a function of the

kaon-hyperon invariant mass for four different values of the kaon centre-of-mass scattering angle. Data

from Ref. [134]. The error bars represent the statistical uncertainties only. The systematics are estimated

to be |∆Σ| ≈ 0.2.

asymmetry.

Figures 3.2 and 3.3 show our Regge-model predictions for the measured observables. The differential

cross section is fairly energy independent and settles between 0.1 and 0.2µb. The predictions of the

Regge models provide an acceptable description of the data. Overall, the quality of agreement is

better for the Regge-3 variant. The Regge-4 model overpredicts the cross section by a factor of two,

roughly. The LEPS data shows a clear predilection for the Regge-3 model.

As can be appreciated from Figure 3.3, both Regge models provide a satisfactory account of the

photon-beam asymmetry, with a vanishing asymmetry at threshold and a steady rise as the energy

increases. Again, it should be stressed that these results do not involve any free parameters and

are anchored to the fitted p(γ,K+)Σ0 amplitude through SU(2) isospin symmetry at the strong

interaction vertex. Despite its simplicity, our approach can account quantitatively for the LEPS

measurements.

Recently, the CLAS collaboration made available a large set of n(γ,K+)Σ− differential-cross-section

results covering a broad angular range [151]. The data have been obtained using photons, in an

energy range from 0.8 GeV to 3.6 GeV, incident on a liquid-deuterium target. The photoproduced

kaon and the pion and neutron coming from the decaying Σ− hyperon are detected. Subsequently, the

presence of the spectator proton is inferred by putting limits on the missing mass. In addition, a cut

on the missing momentum |~pp| ≤ 250 MeV is applied. The systematic uncertainties are dominated

by the background subtraction and the photon-flux calculations, and are estimated to be about

4.5–13.5%. Owing to the large energy coverage of the CLAS data, the dynamics of the n(γ,K+)Σ−

reaction can be investigated in the resonance region and at higher energies.

In Figure 3.4, Regge-model predictions are set against CLAS results at energies where the contribution

of resonance exchange is judged to have died out. Clear peaks at forward scattering angles are visible.

This indicates the dominance of K(∗) exchange in the t-channel. The exponential decrease of the
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Figure 3.4 – Regge-model predictions for the n(γ,K+)Σ− differential cross section as a function of θK∗

for six different values of the kaon-hyperon invariant mass. Data from Ref. [151]. The error bars represent

the total (statistical plus systematic) uncertainty.
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Figure 3.5 – Regge-model predictions for the n(γ,K+)Σ− differential cross section as a function of θK∗

for six different values of the invariant mass W . Data from Ref. [151]. The error bars represent the total

(statistical plus systematic) uncertainty.
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differential cross section as a function of the scattering angle is characteristic for Regge-trajectory

exchange, and the Regge models naturally describe this trend. The magnitude at forward angles

tends to be overpredicted however. In the backward hemisphere the experimental error bars are

substantial. At these kinematics, the Regge-4 model predicts much larger cross sections compared to

the Regge-3 model. Overall, the calculations with the Regge-3 model agree better with the data.

The angular dependence of the n(γ,K+)Σ− differential cross section obtained by the CLAS collabo-

ration in the resonance region is shown in Figure 3.5. The quality of agreement of the Regge models

is analogous to the situation with the LEPS results of Figure 3.2. The shape of the cross section

is reproduced by the Regge-3 model, yet its strength is overestimated. Again, the data favour the

Regge-3 model.

In previous work [40, 97], we had not been able to discriminate between the two Regge models on

the basis of the p(γ(∗),K+)Σ0 data. In the n(γ,K+)Σ− channel, on the other hand, the Regge-3

model clearly outperforms the Regge-4 variant. Accordingly, we will discard the latter from now

on. This implies that, for the remainder of this dissertation, we have two unique kaon-production

models at our disposal. For the Λ-production channels that is the Regge-2 and RPR-2 model. The

Σ-production reactions will be described using the Regge-3 and RPR-3 models.

Both the differential cross section and the photon-beam asymmetry in Figures 3.2, 3.3 and 3.5 exhibit

a rather smooth energy dependence. The Regge model predictions procure a fair description, yet

discrepancies exist. These can possibly be attributed to nucleon and ∆ resonances. Their role in the

n(γ,K+)Σ− reaction can be evaluated with the RPR amplitude. As was outlined in Paragraph 3.2.2,

the transformation of the p(γ,K+)Σ0 amplitude requires a set of helicity amplitudes. The values

extracted in the latest SAID analysis, SP09 [127], are ill-suited for our purposes, as this analysis

does not provide resonance couplings to neutrons. We performed calculations with the two other sets

(RPP and SM95), and found them to produce qualitatively similar results. In what follows, we will

discuss the representative results obtained with the helicity amplitudes extracted in the SAID SM95

analysis [149]. No experimental information is available for the P13(1900) resonance. Therefore, we

allow the ratios of its magnetic transition moments κ
(1,2)
N∗n/κ

(1,2)
N∗p (see Eqs. (3.13) and (3.14)) to vary

between −2 and +2. This range encompasses the Bonn model predictions. Since the EM transition

strengths for delta resonances to protons and neutrons are identical, we include the D33(1700),

S31(1900), P31(1910), and P33(1920) resonances with the EM coupling constants determined in the

p(γ,K+)Σ0 reaction channel.

The amplitudes of the RPR-3 model are the sum of the Regge-3 background and resonance contribu-

tions. In Figures 3.6 and 3.7, we confront the RPR-3 and Regge-3 predictions for n(γ,K+)Σ− with

the LEPS data. One observes a destructive interference between the Reggeized background and the

resonance diagrams. This reduces the reaction strength and marginally improves the agreement with

the cross section data in all angular bins and for all energies. From Figure 3.7, it is plain that the

Regge-3 and RPR-3 models provide similar predictions for the photon-beam asymmetry Σ. This

observation leads us to conclude that the Σ observable is rather insensitive to resonance-exchange

contributions.

From Table 3.1, we learn that the helicity amplitudes extracted in the SM95 analysis have considerable

error bars. Their impact is assessed in Figures 3.6 and 3.7, and is quite dramatic. Using the error bars

given in table 3.1, we considered 21 equidistant values for every κN∗n
κN∗p

and computed the n(γ,K+)Σ−

observables for each of these 216 combinations. The shaded area of Figures 3.6 and 3.7 indicates the
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Figure 3.6 – The n(γ,K+)Σ− differential cross section as a function of the incoming photon’s LAB

energy for four different values of the kaon centre-of-mass scattering angle. The dashed curve indicates the

Regge-3 model, whereas the full curve corresponds to the RPR-3 amplitude, i.e. Regge-3 supplemented with

S11(1650), D33(1700), P11(1710), P13(1720), P13(1900), S31(1900), P31(1910) and P33(1920) resonances.

The shaded area takes the uncertainties of the adopted helicity amplitudes into account. These uncertainties

are listed in table 3.1 under SM95. The ratios of EM coupling constants for the P13(1900) resonance

are taken in the range [−2, 2] (light band) and [−1, 1] (dark band). The dotted curve represents the

Kaon-MAID [23] predictions. Data from Ref. [134].
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Figure 3.7 – The n(γ,K+)Σ− photon-beam asymmetry as a function of the incoming photon’s LAB

energy for four different values of the kaon centre-of-mass scattering angle. The curves are as indicated in

figure 3.6. Data from Ref. [134].
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range of values for dσ/dΩ and Σ obtained with this procedure. The experimental ambiguities of the

transformed photon couplings result in deviations up to 100 % for the differential cross section. The

reduced sensitivity to resonant contributions leads to predictions for the photon-beam asymmetry

that are affected to a smaller extent. Nevertheless, the uncertainty can be as large as ∆Σ ≈ 0.8.

One notices that the error band in Figure 3.6 is not positioned symmetrically around the RPR

prediction. The addition of resonant diagrams to the Reggeized background amplitude produces

destructive interference. By varying the EM coupling constants of the resonances within their allowed

ranges, this destructive interference is easily destroyed. When one or more of the conversion factors

is large, particular resonances will dominate the reaction dynamics and the cross section will be

enlarged. We illustrate this by imposing a more restrictive range [−1, 1] for the coupling-constant

ratio of the P13(1900) state. The results using these limits are shown in Figures 3.6 and 3.7 with a

darker shaded error band. The lower edge of the dark-coloured band coincides almost perfectly with

that of the light-coloured one. Yet, the width of the dark-coloured area is substantially reduced. For

the photon-beam asymmetry, the reduced error bars do not have a great effect on the size of the

induced uncertainties.

From the previous discussion, it becomes clear that Regge models have considerable predictive power.

As a consequence, one can rely solely on isospin arguments when transforming the K+ production

amplitude from proton to neutron targets. The RPR model, on the other hand, is less resilient. It is

clear that the current errors on the extracted helicity amplitudes impose severe constraints on the

predictive power of the RPR model. This result is not limited to the RPR model, but is inherent to

any model that includes the exchange of nucleon resonances in the s-channel. To illustrate this, we

have included model predictions for n(γ,K+)Σ− from Kaon-MAID [23, 152] in Figures 3.6 and 3.7.

This isobar model treats the background in terms of s-, t- and u-channel Born diagrams as well as

K∗(892) and K1(1270) exchange. In addition, Kaon-MAID considers a “minimal” set of resonances,

consisting of S11(1650), P11(1710), P13(1720), S31(1900) and P31(1910). All of these resonances have

a three- or four-star rating. In order to convert the p(γ,K+)Σ0 to the n(γ,K+)Σ− amplitude, SM95

values for the helicity amplitudes were adopted. As can be appreciated from Figure 3.6, Kaon-MAID

describes the measured differential cross section up to Eγ ≈ 2000 MeV at forward angles. The

predicted rise of the differential cross section with increasing Eγ is absent in the data. Furthermore,

the predicted sign of the photon-beam asymmetry is opposite to the data.

The energy dependence of the n(γ,K+)Σ− differential cross section is depicted in Figure 3.8 for

different angular bins in the forward and backward hemisphere. One observes that the results from

the CLAS and LEPS collaborations agree well with each other. At forward angles, the cross section

becomes constant at high energies. As one moves to backward angles, a fall-off becomes evident.

The Regge model reproduces this observation, but overpredicts the magnitude of the cross section in

the forward hemisphere. The resonant diagrams interfere mostly destructively with the Reggeized

background, thus bringing the model predictions closer to the data. At backward angles, however,

the RPR model produces a clear resonant structure at an energy WKY ≈ 1900 MeV. This bump,

which is most likely a manifestation of either the P13(1900) or the D13(1900) resonance, is also

present in the data for −0.55 ≤ cos θK∗ ≤ 0.35, but is not as outspoken.

Figure 3.8 also illustrates the effect of the errors bars of the adopted helicity amplitudes. The results

confirm that the induced uncertainties are big and the effect on the predicted cross sections can be as

large as a factor five. Towards higher energies, the uncertainties dwindle. This comes as no surprise,

since the highest mass of the resonances considered in the RPR model is 1900 MeV. One notices that
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Figure 3.8 – The n(γ,K+)Σ− differential cross section as a function of the kaon-hyperon invariant mass

for 18 different values of the kaon centre-of-mass scattering angle. The dashed curve indicates the Regge-3

model, whereas the full curve corresponds to the RPR-3 amplitude. The shaded area takes the uncertainties

of the adopted helicity amplitudes into account. Data from Refs. [151] (•) and [134] (�).
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the RPR model that uses the central values for the coupling-constant ratios often corresponds to the

situation of maximised destructive interference between the resonant and background contributions.

This is especially true at backward scattering angles. Therefore, we can conclude that, in spite of the

large theoretical uncertainties, the RPR model provides convincing predictions for the n(γ,K+)Σ−

reaction channel.

3.3 Regge formalism for neutral-kaon photoproduction

Another set of strangeness-production reactions where only limited amounts of data are available

involves the production of neutral kaons. The K0Λ and K0Σ0 final states are produced when the

incoming photon interacts with a neutron target. Recently, polarisation asymmetries for these

channels have been presented in the dissertation of N. Hassall [153]. These data have been obtained

during the g13 experiment using the CLAS spectrometer, and the final analysis is ongoing.

For the p(γ,K0)Σ+ reaction, several published data sets are available [154, 155], in addition to

results presented in the context of dissertations [156, 157]. Therefore, we will focus on this reaction

channel in order to evaluate our formalism for neutral-kaon production, which is the topic of the

following section.

3.3.1 The naive approach

In Section 2.2, the Regge model for strangeness production was introduced. The production

amplitude is modelled by the t-channel exchange of K(494) and K∗(892) Regge trajectories. In

the left panel of Figure 3.9, we show their linear trajectories together with their RPP masses. To

ensure the gauge invariance of the reaction amplitude, a Reggeized version of the electric part of

the s-channel Born diagram was added. Transforming the p(γ,K+)Λ or p(γ,K+)Σ0 amplitudes to

neutral-kaon production reactions requires modifications to the coupling constants of the relevant

Feynman diagrams. The recipe at the strong-interaction vertex has been outlined in Section 3.1.

The n(γ,K+)Σ− results of the previous section have demonstrated this approach is reliable. The

transformation rules for the three K0-production channels are contained in Eq. (3.8).

The transformation of the EM vertex is more troublesome, since it inevitably requires experimental

input from other reactions. When transforming K+(494) and K∗+(892) exchange in the t-channel,

the relevant coupling constants in the EM vertex are the charge of the kaon and the magnetic

transition moment κK∗K respectively.

Neutral kaons have no charge, and therefore the contribution from the kaon-exchange diagram

vanishes in the N(γ,K0)Y channels. For this reason, also the gauge-invariance-restoring s-channel

diagram is no longer needed. This leaves us with the K∗0(892) exchange diagram. The decay width

of vector mesons to the ground-state kaon can be directly linked to the square of the magnetic

transition moment1. Adopting the decay widths listed in the RPP [1]

Γ
(
K∗0(892)→ K0(494)γ

)
/Γtotal

Γ (K∗+(892)→ K+(494)γ) /Γtotal
=

2.31± 0.20 · 10−3

9.9± 0.9 · 10−4
= 2.33± 0.30 , (3.15)

1See the technical notes accompanying the Ph.D. thesis of S. Janssen [158].
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Figure 3.9 – Chew-Frautschi plot for a comprehensive set of strange mesons as listed in the RPP [1].

Unconfirmed states are marked with a hollow circle (◦). All particles are colour-coded according to their

respective trajectories.

we find the following relation

κK∗0(892)K0(494)

κK∗+(892)K+(494)
= −1.53± 0.10 . (3.16)

The relative sign for these coupling constants cannot be deduced from experiment. In Eq. (3.16),

we adopt the sign predicted by the cloudy-bag quark model of Singer and Miller [159]. This sign is

confirmed by the Bonn CQM [160].

At this point, we are ready to make predictions for N(γ,K0)Y observables using the Regge model

which parametrises the background contributions. Adding resonances to these amplitudes does not

introduce additional problems. The strong coupling constants can be transformed with the same

rules as the t-channel coupling constants (see Eq. (3.8)). In case of a neutron target, we also require

helicity amplitudes for the conversion of the EM coupling constants as was outlined in Section 3.2.

From Table J.3, we learn that very little data is available to test our formalism. For the p(γ,K0)Σ+

reaction, we have differential cross sections, total cross sections and recoil-polarisation asymmetries

at our disposal. The SAPHIR collaboration has published differential cross sections in the energy

range 1100 MeV ≤ Eγ ≤ 2525 MeV with full angular coverage, as well as total cross sections in the

same energy range [154]. This data is supplemented with some low-statistics recoil-polarisation data

for two wide Eγ bins. This complicates the comparison with model predictions, since the calculations

need to be averaged. The CB/ELSA-TAPS collaboration [155]2 has published cross-section results

covering angles and energies that almost coincide with those of the SAPHIR collaboration. The

recoil-polarisation results, on the other hand, have a better energy and angular coverage. The CLAS

collaboration has measured differential cross sections over a large energy range. These data have not

yet been published, but are presented in the dissertation of B. Carnahan [157]. Given the scarcity

of data in the p(γ,K0)Σ+ reaction channel, we will make use of them. In what follows, fits will be

performed to p(γ,K0)Σ+ data. All above-mentioned data sets will be part of the fitting database,

2The same data set has been presented in smaller energy bins in R. Castelijn’s dissertation [156]. This is the data

we will use.
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Figure 3.10 – The differential cross section for p(γ,K0)Σ+ as a function of the kaon’s CM scattering

angle. The solid and dashed curves represent the RPR-3 and Regge-3 models respectively. Data from

Refs. [154] (•) and [155] (�).
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Figure 3.11 – The recoil polarisation for p(γ,K0)Σ+ as a function of the kaon’s CM scattering angle.

The solid and dashed curves represent the RPR-3 and Regge-3 models respectively. Data from Ref [154].

except for the recoil-polarisation asymmetries of the SAPHIR collaboration, which are presented in

very wide energy bins.

The predictions using the Regge-3 and RPR-3 models are compared to the SAPHIR data in

Figures 3.10 and 3.11. It is plain that the results are not convincing. For the differential cross

sections, the strength is overpredicted by roughly one order of magnitude, except for the lowest

energy bins where the predicted angular shape does not agree with the data.

As mentioned previously, the large energy bins for the recoil polarisation make it very difficult to

compare the data to model calculations. The data do suggest that the asymmetry is positive and

not small for cos θ∗K 6= ±1. This qualitative behaviour is reproduced by neither the Regge nor RPR

model. The former is zero, because it has a constant phase and is therefore real. This results in a

vanishing asymmetry. Once resonances are added to the Regge amplitude, a non-zero asymmetry is

obtained. The RPR-3 predicts a negative recoil-polarisation asymmetry, however.

Can we understand why the Regge model does a poor job in the p(γ,K0)Σ+ channel? In the left
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Figure 3.12 – The differential cross section for p(γ,K+)Σ0 (left panels) and p(γ,K0)Σ+ (right panels)

as a function of the kaon’s CM scattering angle. The solid and dashed curves are calculations with the

Regge-3 and RPR-3 models respectively. The dotted line shows the contribution of the K∗(892) trajectory.

Data from Refs. [119] (•), [125] (�), [134] (N), [135] (H) and [154] (◦).

panels of Figure 3.12, we compare the Regge-3 and RRP-3 models to a selection of differential-cross-

section data in the p(γ,K+)Σ0 channel. The Reggeized-background parameters are fixed against

high-energy data. The largest deviations between the predictions of the background model and

the data are observed at forward angles and low energies. At these kinematics, one expects sizable

contributions from nucleon-resonance exchange. The dotted curve depicts calculations where the

K(494)-trajectory contribution has been left out. The latter plays an important role near threshold

and at extreme forward angles, where the K∗(892)-exchange diagram vanishes. The full RPR model

gives a nice description of the data in the forward hemisphere, where it has been fitted, but performs

poorly at backward angles. This issue was mentioned in Section 2.4 and is addressed in Refs. [98, 133].

The p(γ,K0)Σ+ differential cross section in the right panels has roughly half the strength of its

isospin partner in the lowest energy bin shown. This effect grows as the photon energy rises. The

differential cross section is one order of magnitude smaller at the highest energy bin in Figure 3.12.

This experimental observation is not at all confirmed by the Regge model. From Eqs. (3.8) and (3.16)

we learn that the EM and strong coupling constants of the K∗(892)-exchange diagram are multiplied

by
√

2 and −1.53 respectively. After squaring the amplitude, this implies the p(γ,K0)Σ+ differential

cross section will be roughly 4.7 times as large as the p(γ,K+)Σ0 one. This is consistent with

the results in Figure 3.12. Clearly, our naive approach to transform the fitted K+Σ0-production

Regge amplitude to the K0Σ+-production channel fails and needs to be revised. In the forthcoming

paragraphs, possible strategies to remedy this are presented.
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3.3.2 A third trajectory

In Regge theory, one should, in principle, add all contributions from all possible trajectories in either

the s-, t-, or u-channel. Fortunately, this is not necessary in practise. Assuming all coupling constants

adopt the same value, those trajectories with the lightest first materialisation will have the largest

contribution. For this reason, it suffices in the p(γ,K+)Σ0 channel to include only K+(494) and

K∗+(892) exchange. In the p(γ,K0)Σ+ reaction, however, we are left with just one diagram. This

raises the question whether another trajectory should be added. A number of possible trajectories

are suggested in the right panel of Figure 3.9.

The K1(1270) trajectory has negative signature and is considered the degenerate partner of the

K(494) trajectory. This degeneracy is easily spotted in Figure 3.9. The spin-parity JP of the first

materialisation is 1+ and the trajectory can be parametrised as

α(t) = 1 + 0.7(t−m2
K1(1270)) . (3.17)

Adopting EM decay widths as calculated with the Bonn CQM [160], one finds

κK0
1 (1270)K0(494)

κK+
1 (1270)K+(494)

= −0.97 . (3.18)

Also the K1(1400) trajectory has negative signature. Its first materialisation has JP = 1+. As

possible other members we consider K2(1820) and K4(2500). Fixing the trajectory’s slope using the

first two materialisations, one obtains

α(t) = 1 + 0.75(t−m2
K1(1400)) . (3.19)

Adopting EM decay widths as calculated with the Bonn CQM [160], the ratio of EM coupling

constants is given by
κK0

1 (1400)K0(494)

κK+
1 (1400)K+(494)

= 2.5277 . (3.20)

Next, we consider the K∗(1410) trajectory. The first materialisation of this positive-signature

trajectory has the same spin-parity as the K∗(892). A possible second member for this trajectory is

K∗2 (1980), which would result in a very small slope parameter. Relying on predictions for the kaon

masses from the Bonn CQM, we parametrise the trajectory as [69]

α(t) = 1 + 0.85(t−m2
K∗(1410)) . (3.21)

The conversion factor for the EM coupling constants

κK∗0(1410)K0(494)

κK∗+(1410)K+(494)
= −1.1592 . (3.22)

is obtained with EM decay widths from the Bonn CQM as input [160].

The RPR strategy, outlined in Chapter 2, fixes the background parameters of the Regge model at

high energies. This background amplitude is subsequently extrapolated into the resonance region

while keeping all parameters fixed. This allows one to optimise the coupling constants of the resonant

diagrams unambiguously. Because of the absence of high-energy data in the K0Σ+ channel, it is

impossible to determine the parameters of a possible additional Regge trajectory at high energies. A

different strategy involves fitting a Regge amplitude consisting of three trajectories to the high-energy
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Figure 3.13 – The differential cross section for p(γ,K+)Σ0 (left panels) and p(γ,K0)Σ+ (right panels) as

a function of the kaon’s CM scattering angle. The calculations use the model labelled RPR-A in Table 3.2,

i.e. the RPR-3 model supplemented with a K∗(1410) trajectory in the p(γ,K0)Σ+ channel. The solid

curves are calculations with the Regge model, whereas the dashed curves represent the full model including

resonances. The dotted line shows the contribution of the K∗(892) trajectory. Data from Refs. [119] (•),
[125] (�), [134] (N), [135] (H) and [154] (◦).

K+Σ0 channel data. This way, two trajectories with known coupling constants remain for the

p(γ,K0)Σ+ reaction. Again, the quality of the data is a limiting factor. The high-energy fits with

two trajectories in the K+Σ0 channel attain a χ2/n.d.f ≈ 1.1. Clearly, the current data set does

not require an extra trajectory. Introducing one nonetheless would not enable us to fix the free

parameters of this third trajectory in a meaningful way. A third option is to use resonance-region

data to determine a Regge amplitude consisting of three trajectories. This approach comes at a

cost, since one of the attractive conceptual advantages of the RPR formalism is lost, namely the

independent determination of resonant and non-resonant parameters.

In a first attempt, a pure Regge model consisting of 3 trajectories is fitted to the p(γ,K+)Σ0 and

p(γ,K0)Σ+ photoproduction data in the resonance region. We take the K(494) and K∗(892) as

core trajectories and add either a pseudovector K1(1400) or a vector K∗(1410) trajectory. The

coupling constants, five in total, are constrained to ±100 and every possible combination of phases is

considered. A number of acceptable models is obtained with different combinations of phases. The

resulting goodness-of-fit is of the order χ2/n.d.f. ≈ 7− 9. None of these model variants, however,

results in acceptable predictions for the K0Σ+ channel. The use of p(γ,K+)Σ0 and p(γ,K0)Σ+ data

sets in a common fit does not lead to acceptable results, because of the disparity in the number of

data points.
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Table 3.2 – Revised RPR-3 models optimised against the available p(γ,K0)Σ+ data. Except for model

RPR-A, the ratio of EM coupling constants for the K∗(892) trajectory was considered a free parameter.

Label Trajectories [Phases]
κK∗0(892)K0(494)

κK∗+(892)K+(494)
χ2/n.d.f.

RPR-A K(494) [rot] + K∗(892) [cst] + K∗(1410) [cst] -1.530± 0.100 5.23

RPR-B K(494) [rot] + K∗(892) [cst] 0.054± 0.010 3.39

RPR-C K(494) [rot] + K∗(892) [cst] + K1(1270) [cst] 0.098± 0.015 2.78

RPR-D K(494) [rot] + K∗(892) [cst] + K1(1270) [rot] 0.117± 0.013 2.47

RPR-E K(494) [rot] + K∗(892) [cst] + K1(1400) [cst] 0.100± 0.015 2.79

RPR-F K(494) [rot] + K∗(892) [cst] + K1(1400) [rot] 0.061± 0.012 3.31

RPR-G K(494) [rot] + K∗(892) [cst] + K∗(1410) [cst] -0.430± 0.052 2.67

RPR-H K(494) [rot] + K∗(892) [cst] + K∗(1410) [rot] 0.070± 0.011 2.77

Next, a third trajectory is added exclusively to the K0Σ+ channel. We fit its coupling constants to

the available data discussed on page 44, while the remaining parameters are kept fixed. Starting from

the RPR-3 amplitude, which has been optimised against K+Σ0 data, either a K1(1270), K1(1400) or

K∗(1410) trajectory is added. Only the fit with an additional K∗(1410) and a constant phase leads

to an acceptable result (χ2/n.d.f. = 5.23). Why this particular trajectory leads to fair results is

illustrated in Figure 3.13 where the RPR prediction is decomposed into its various contributions. In

order to reduce the cross section to the level of the data, the additional trajectory needs to provide

strong enough destructive interference with the problematic K∗(892) trajectory. This can only be

achieved by a trajectory with similar quantum numbers and the same phase, hence the K∗(1410)

trajectory.

3.3.3 Adjusting the strength of the K∗(892) trajectory

In Paragraph 3.3.1, we conclude on the basis of Figure 3.12 that the RPR model overestimates

the p(γ,K0)Σ+ cross section, because the dominant trajectory, the K∗(892), is magnified by its

isospin coefficient (3.8) and the ratio of EM decay widths (3.16). In the previous paragraph, we

have attempted to suppress the K∗(892) trajectory’s contribution by adding an additional trajectory.

Directly readjusting the K∗(892)’s coupling constants presents an alternative to control this taxing

diagram’s strength. The ratio of coupling constants in the strong interaction vertex is given by

SU(2) isospin symmetry and is on solid ground. The ratio of EM coupling constants, on the other

hand, is based on the EM decay widths of the K∗(892) to charged and neutral K(494). Although

this ratio is well-known experimentally, we need to acknowledge that we are, in fact, dealing with

phenomenological parameters. The t-channel diagrams in our Regge formalism correspond to the

exchange of entire trajectories instead of merely their first materialisations. In this light, it is a

viable option to consider the ratio of EM coupling constants as a free parameter left to be fitted.

Fitting the EM coupling constant of the K∗(892) Regge trajectory to the available K0Σ+-production

data, we find
κK∗0(892)K0(494)

κK∗+(892)K+(494)
= 0.0540± 0.0101 . (3.23)

All other parameters of the RPR-3 model have been kept fixed. Despite the fact that only one
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Figure 3.14 – The p(γ,K0)Σ+ differential cross section as a function of the kaon-hyperon invariant mass

for various cos θK∗ . The curves represent different models presented in Table 3.2. Data from Refs. [154] (•)
and [157] (�).

free parameter is introduced, we attain χ2/n.d.f. = 3.39. The fitted ratio of the EM coupling

constants given in Eq. (3.23) is approximately a factor of thirty smaller than the value (3.16) obtained

with decay widths from the RPP. In addition, the sign has changed. With the fitted value for the

EM coupling constant, the contribution of the K∗(892) trajectory is strongly suppressed and the

p(γ,K0)Σ+ reaction dynamics will be dominated by nucleon-resonance-exchange diagrams.

Since we have identified a mechanism to control the strength of the K∗(892) trajectory, the possibility

of a third trajectory in the K0Σ+ channel can be reconsidered. As in Paragraph 3.3.2, we add either
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Figure 3.15 – The p(γ,K0)Σ+ differential cross section as a function of the kaon’s CM scattering angle.

The curves represent different models presented in Table 3.2. Data from Refs. [154] (•) and [155] (�).

a K1(1270), K1(1400) or K∗(1410) trajectory to the RPR-3 model, while simultaneously allowing

the ratio of EM coupling constants of the K∗(892)-exchange diagram to vary. The different model

variants lead to acceptable χ2 values as can be appreciated in Table 3.2. The reduction of the

χ2 in view of the two additional free parameters is small however. The optimal solution includes

a K1(1270) trajectory with a constant phase. All fitted ratios of EM coupling constants are tiny

compared to the experimental value (3.16), with the exception of the model with an additional

K∗(1410) trajectory with constant phase. As discussed in the previous paragraph, this trajectory

manages strong destructive interference with the leading K∗(892) trajectory.

3.3.4 Results

The different model variants introduced in the previous two paragraphs are listed in Table 3.2. In

Figures 3.14 to 3.18, they are confronted with the p(γ,K0)Σ+ data. We do not show results for all

three-trajectory models with a fitted EM coupling-constant ratio, and only retain the model variant
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Figure 3.16 – The total p(γ,K0)Σ+ cross section as a function of the incoming photon’s LAB energy.

The curves represent different models presented in Table 3.2. Data from Refs. [154] (•) and [155] (�).

RPR-D with the lowest χ2.

Figure 3.14 features the differential cross section as a function of the kaon-hyperon invariant mass.

The different RPR models give a fair description of the data and have a similar qualitative behaviour.

At forward angles, however, the RPR-A model exhibits a problematic trend towards higher energies.

This is confirmed in Figure 3.15. All considered RPR models have a peak structure near forward

scattering in the highest energy bins. This peak is most outspoken for the RPR-A model and is not

observed. The angular dependence of the cross section is well accounted for by all model variants.

The RPR-D model tends to predict smaller cross sections than the RPR-B variant. At forward

angles, however, the RPR-D cross section peaks more strongly.

The total cross section is given in Figure 3.16. One immediately spots the troublesome high-energy

behaviour of the RPR-A model. The cross section has a broad maximum about WKY ≈ 1900 MeV.

Apart from the RPR-D model, this feature is accounted for by our calculations.

Finally, we show the comparison of the RPR models with the recoil-polarisation data in Figures 3.17

and 3.18. The error bars on the experimental results are considerable and it is not obvious to

differentiate between the different model variants. In general, the recoil asymmetry is positive and

is matched by the models. Only the RPR-A model produces negative asymmetries towards higher

energies.

The RPR-A, which consists of the RPR-3 model with an additional K∗(1410) trajectory, gives the

least optimal description of the available K0Σ+ data and can be discarded. The remaining model

variants listed in Table 3.2 provide a comparable agreement with experiment. The RPR-B model

takes precedence over the others, because it contains only a single free parameter, compared with

three for models RPR-C to RPR-H. Therefore, we will adopt the fitted ratio in Eq. (3.23) without

adding a third trajectory when transforming the p(γ,K+)Σ0 amplitude to channels with a neutral

kaon in the final state.

In the Λ-production channels, no data is accessible to examine the predictions of the RPR model.

Hence, we will stick with the naive approach and adopt the experimental ratio (3.16) for the EM

coupling constants of the K∗(892) trajectory.
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Figure 3.17 – The recoil-polarisation asymmetry for p(γ,K0)Σ+ as a function of the kaon’s CM scattering

angle. The curves represent different models presented in Table 3.2. Data from Ref [155].
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Figure 3.18 – The recoil-polarisation asymmetry for p(γ,K0)Σ+ as a function of the kaon’s CM scattering

angle. The curves represent different models presented in Table 3.2. The results are averaged over the

range of photon energies. Data from Ref [154].
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CHAPTER 4

Radiative kaon capture

After having introduced the RPR formalism for N(γ(∗),K)Y in Chapters 2 and 3, we are ready to

build a framework in order to study strangeness production from the deuteron. Before proceeding, we

illustrate the strength of the RPR approach by considering the radiative capture of kaons on protons.

In Section 4.1, we establish the link between this reaction and photon-induced kaon production.

Section 4.2 provides cross-section results obtained with the Crystal Barrel at Brookhaven National

Laboratory that have been published recently. An exploratory analysis of these data is presented

adopting the RPR formalism.

The experimental study of the radiative reactions p(K−, γ)Λ and p(K−, γ)Σ0 is of special physical

interest because it is one of few cases in which one can get access to the excitation spectrum of

hyperons. Measuring the masses and decay widths of these resonances constitutes important input to

models that attempt to describe the internal structure of hadrons. The Particle Data Group’s RPP [1]

lists a number of established Λ and Σ resonances (see Table 4.1), albeit with large uncertainties for

the masses, widths and branching ratios.

An abundant amount of data and several models for the radiative capture of kaons at rest exist (see

Refs. [161, 162] and references therein). The reaction is dominated by the Λ(1405)S01 resonance. A

more comprehensive study of the hyperon spectrum is possible through the study of in-flight capture

of kaons on a proton, for which only a meagre set of data is available. To date, no dedicated model

calculations for this reaction channel are available. The radiative capture process can, however, be

described with the help of models for kaon photoproduction, because both reactions are intimately

related through crossing symmetry.

4.1 Formalism

We wish to study the reaction

K− + p→ γ + Y , (4.1)
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Table 4.1 – Selection of established Λ and Σ resonances relevant to the data presented in the present work.

We list the resonances’ mass and total decay width ranges as given in the RPP [1], in addition to their star

status. In the last two columns, we tabulate predictions by the Bonn constituent-quark model [163, 164] for

the partial electromagnetic decay widths to the ground-state Λ(1116) and Σ0(1193).

Resonance LI·2J status Mass (MeV) Width (MeV) ΓΛγ (MeV) ΓΣ0γ (MeV)

Λ(1405) S01 ∗∗∗∗ 1406± 4 50± 2 0.912 0.233

Λ(1520) D03 ∗∗∗∗ 1519.5± 1.0 15.6± 1.0 0.258 0.157

Λ(1600) P01 ∗∗∗ 1560-1700 50-250 0.104 0.0679

Σ(1660) P11 ∗∗∗ 1630-1690 50-70 0.451 0.578

Λ(1670) S01 ∗∗∗∗ 1660-1680 25-50 0.159 · 10−3 3.827

Σ(1670) D13 ∗∗∗∗ 1665-1685 40-80 1.457 0.214

Λ(1690) D03 ∗∗∗∗ 1685-1695 50-70 0.0815 1.049

with Y either a Λ or Σ0 hyperon. The four-momenta of the incoming and outgoing particles are

given by pK , pN , pγand pY . One can define three Mandelstam variables

s′γY =
(
pγ + pY

)2
,

t′ =
(
pK − pγ

)2
,

u′ = (pK − pY )2 .

(4.2)

We have adopted a notation with primes to avoid confusion with the Mandelstam variables for kaon

photoproduction defined in Eq. (2.8). The differential cross section for the radiative-capture reaction

is derived as in Paragraph 2.1.4. It reads

d2σ

dΩ∗γ
=

1

64π2

E∗γ
|~p ∗K |s′γY

∑
|TKp→γY |2 , (4.3)

and is expressed as a function of the transition amplitude.

In order to investigate the dynamics of this amplitude, one can exploit the fact that radiative kaon

capture is linked with photon-induced strangeness production through crossing symmetry [21, 22, 165–

167]. This relation is illustrated in Figure 4.1. The transition amplitude for radiative kaon capture

TKp→γY is the analytic continuation (AC) of the kaon-production amplitude with the signs of the

kaon and photon momenta reversed

TKp→γY (pK ,pN ;pγ ,pY )
AC
= Tγp→KY (−pγ ,pN ;−pK ,pY ) . (4.4)

Since crossing symmetry flips the signs of the kaon and photon momenta, one has

s′γY = u ,

t′ = t ,

u′ = sKY .

(4.5)

Thus, the roles of the Mandelstam-s and -u variables are interchanged. The Mandelstam-t variable,

on the other hand, remains the same. As a consequence, the contributions to the amplitude that

arise from t-channel exchange do not change, but the role of s- and u-channel diagrams is turned
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Figure 4.1 – Schematic representation of the transition amplitude for kaon photoproduction (left) and

radiative kaon capture (right). The latter amplitude is the analytic continuation of the former with the

signs of the kaon and photon momenta reversed.

around. In kaon photoproduction, the resonant contributions to the reaction amplitude are related to

the exchange of nucleon resonances in the s-channel. For radiative kaon capture, this role is reserved

for hyperon-resonance exchange. This explains the potential of the p(K−, γ)Y reaction to probe the

hyperon spectrum.

4.2 Crystal-Ball data: an exploratory analysis

Recently, differential cross sections for K− radiative capture in flight on the proton, leading to the

γΛ and γΣ0 final states, have been measured for the first time [168]. The momenta of the K− meson

ranged between 514 and 750 MeV/c. The data were obtained with the Crystal Ball multiphoton

spectrometer installed at the separated K/π beam line C6 of the Alternating Gradient Synchrotron

at Brookhaven National Laboratory. The results improve substantially the existing experimental

data available for studying radiative decays of excited hyperon states.

In Figures 4.2 and 4.3, the differential cross sections for the p(K−, γ)Λ and p(K−, γ)Σ0 reactions

are shown. Since the radiative-kaon-capture reaction is related to photon-induced kaon production

through crossing symmetry, the t-channel contributions to both reactions are the same. Therefore,

one can apply the Regge model, developed for kaon photoproduction, to the description of radiative

kaon capture, without introducing or adjusting any parameters. As can be appreciated in Figure 4.2,

the Regge-model predictions for p(K−, γ)Λ are of the same order as the measured differential cross

sections and are in reasonable agreement with the data except for the underpredicted strength at

forward angles. The situation for the p(K−, γ)Σ0 channel is entirely different. Figure 4.3 shows

that the Regge model underpredicts the data by almost an order of magnitude. This hints at an

important role for resonance exchange in p(K−, γ)Σ0.

In order to assess the possible resonant contributions to the radiative capture reactions, the Regge-

model amplitudes can be enriched with hyperon-resonance exchange terms, along similar lines as

s-channel resonances have been added for the p(γ,K)Y processes in Section 2.3. Table 4.1 lists six

established hyperon resonances relevant to the energy range of the data presented here. Since there

is no experimental data available on the electromagnetic decay widths of these resonances, we have

included predictions by the Bonn CQM [163, 164]. Note the tiny EM branching fractions. Hyperon

resonances decay almost exclusively to hadronic final states. Fixing the resonances’ mass and width

at the central value given in the RPP, inclusion of a spin-1/2 or spin-3/2 resonance introduces two or
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Figure 4.2 – Differential p(K−, γ)Λ cross section as a function of the photon CM scattering angle. Regge-

model predictions are represented by the solid line. The dashed (dotted) curves show the RPR-model

results including a Λ(1520)D03 (Σ(1670)D13) resonance. Data from Ref. [168].

three free parameters respectively1. The quality and amount of the considered data are not sufficient

to perform fits with multiple resonances. Therefore we carried out fits with a single resonance at a

time. For the p(K−, γ)Λ channel we obtain typically χ2 ≈ 115 for 92 data points. The results for

the p(K−, γ)Σ0 reaction are less satisfactory, since for all but one model χ2 attained ≈ 230 for 96

data points. The fit including a Λ(1670)S01 converged at χ2 = 355 for 96 data points.

In figure 4.2, we show the p(K−, γ)Λ model calculations including a Λ(1520)D03 or a Σ(1670)D13,

since these resonance have the largest branching ratio to the Λγ channel according to the Bonn

model. Both models predict a flat differential cross section with some enhancement at forward angles.

The strength of the Σ(1670)D13 resonance increases as the energy of the incoming kaon rises, whereas

the contribution of the Λ(1520)D03 is more uniformly spread. Figure 4.3 features model calculations

for the p(K−, γ)Σ0 channel including either a Λ(1600)P01 or a Λ(1690)D03 resonance. Both models

1The most general Lagrangian for spin-3/2 resonances has three additional degrees-of-freedom, i.e. the off-shell

parameters. To limit the total number of fitting parameters we discard the latter.
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Figure 4.3 – Differential p(K−, γ)Σ0 cross section as a function of the photon CM scattering angle.

Regge-model predictions are represented by the solid line. The dashed (dotted) curves show the RPR-model

results including a Λ(1600)P01 (Λ(1690)D03) resonance. Data from Ref. [168].

are in good agreement with the data and show a slight enhancement of the differential cross section

at backward angles.

The evaluation of the total cross sections for the radiative reactions p(K−, γ)Λ and p(K−, γ)Σ0 was

based on fits to the differential-cross-section data with Legendre polynomials that were subsequently

integrated. The systematic uncertainties in the total and the differential cross sections are considered

similar. The results for the total cross sections of both the radiative reactions are shown in Figure 4.4

and 4.5, in conjunction with the RPR model calculations. For the p(K−, γ)Σ0 reaction, an analysis

by the Valparaiso-Argonne group (V-A) [169] of the same data set is given as well.

For the p(K−, γ)Λ reaction, the total cross section falls off as the invariant energy WγY rises. This

trend is predicted by the Regge model, which accounts for roughly half of the strength. The addition

of a Λ(1520)D03 resonance allows to largely make up for the missing strength. The Bonn CQM

predicts a large electromagnetic decay width for the Σ(1670)D13 → Λ(1116)γ transition. The RPR

fit including this resonance improves the description of the total cross section at the highest energy
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Figure 4.4 – Total p(K−, γ)Λ cross section. Regge-model predictions are represented by the solid line.

The dashed (dotted) curves show the RPR-model results including a Λ(1520)D03 (Σ(1670)D13) resonance.

Data from Ref. [168].
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Figure 4.5 – Total p(K−, γ)Σ0 cross section. Regge-model predictions are represented by the solid line.

The dashed (dotted) curves show the RPR-model results including a Λ(1600)P01 (Λ(1690)D03) resonance.

Data from Refs. [168] (•) and [169] (◦).

bins, but fails to account for the rise at lower energies.

The p(K−, γ)Σ0 total cross section is shown in Figure 4.5. The two available experimental results are

incompatible, even though the same data set was analysed. The energy dependence of cross section

is similar, but the V-A result is systematically smaller than the data from Ref. [168]. The authors of

Ref. [168] attribute this disparity to an substantial oversubtraction of the background contributions

in the V-A analysis. Since we have fitted our RPR-model amplitudes to the differential cross sections

of Ref. [168], we will discard the V-A data points from now on. The energy dependence of the total

cross section differs notably from the γΛ final state, peaking in the highest measured energy bin.

This behaviour is opposite to the Regge-model result, which underestimates the total cross section

by a factor of four and predicts a fall off as energy increases. A nice correspondence with the data at

lower energies is realised through the inclusion of a Λ(1600)P01 resonance, which has a particularly

large value for the total decay width in the RPP. The Regge-model calculations supplemented with

a Λ(1670)S01 resonance, having a large value for ΓγΣ0 in the Bonn model, allow to reproduce the

apparent peak in the total-cross-section data, but fails at lower energies.

For both reaction channels presented in this work, the data cannot be understood in terms of a

reaction amplitude consisting of non-resonant terms in conjunction with a single resonance. The

energy dependence of the total cross sections, however, clearly suggest a prominent contribution for

a resonance in the ∼ 1550 MeV (∼ 1700 MeV) range for the γΛ (γΣ0) final state.



CHAPTER 5

Formalism for electromagnetic kaon production from the deuteron

Up until now, we have focused on production reactions from unbound nucleons. It pays to consider

the same reaction on more complex targets, such as the deuteron. We see three major reasons to

extend the Regge-plus-resonance formalism to quasi-free production on the deuteron. First, owing

to the deuteron’s weak binding, it is ideally suited as an effective neutron target. Therefore, kaon

production on the deuteron gives access to the elementary n(γ,K)Y reaction process. Second, by

comparing reactions off free and bound protons, our understanding of nuclear-medium effects is put

to the test. An important source of medium effects are the rescatterings between the final-state

hyperon, nucleon and kaon. These could be considered an undesirable background effect when the

deuteron is being exploited as neutron target, since the interesting physics at the photon-neutron-kaon

vertex would be partially obscured. On the other hand, the FSIs provide us with a tool to gain

an improved understanding of the hyperon-nucleon and kaon-nucleon potentials, which cannot be

assessed in a direct scattering experiment. Focusing on kinematic regions where one expects major

contributions from hyperons rescattering off the spectator nucleon, allows one to gain access to the

elusive hyperon-nucleon interaction.

In analogy to the kaon-production reaction on free nucleons, six different reactions with a kaon-

hyperon pair in the final state can be identified

γ(∗) + 2H −→ K+ + Λ + n ,

γ(∗) + 2H −→ K+ + Σ0 + n ,

γ(∗) + 2H −→ K0 + Σ+ + n ,

γ(∗) + 2H −→ K0 + Λ + p ,

γ(∗) + 2H −→ K0 + Σ0 + p ,

γ(∗) + 2H −→ K+ + Σ− + p .

(5.1)

Each reaction can be induced by either a real photon (γ) or a virtual photon (γ∗) that is radiated

by an electron scattering off the deuterium target. In this chapter, we present a formalism for
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Figure 5.1 – Schematic representation of an electron scattering from a deuteron at rest, producing a kaon,

hyperon and nucleon in the final state.

describing both the photoproduction and electroproduction of kaons from the deuteron. We start

our discussions by presenting the kinematics of the reaction process. Next, we introduce the different

photoproduction and electroproduction observables in Sections 5.3 and 5.4 respectively. One of

the main ingredients to the nuclear transition amplitude is obviously the nuclear wave function.

Consequently Section 5.5 elaborates on a covariant description of the deuteron-neutron-proton vertex

and presents a comprehensive set of relativistic and non-relativistic deuteron wave functions. In the

final section, we introduce the transition amplitude in the relativistic impulse approximation.

5.1 Kinematics

5.1.1 Reference frames

Producing a kaon on a deuterium target results in a three-body final state. This makes for a slightly

more complicated situation than the N(γ∗,K)Y kinematics we have described earlier in Section 2.1.

In Figure 5.1 we show a schematic of the 2H(e, e′KY )N reaction in the LAB frame, where the struck

deuterium target is at rest. We have assumed the OPE approximation. The four-vectors of the

incoming and scattered electron, k(Ee,~k) and k′(E′e,~k
′), define the lepton plane. The electron emits

a space-like photon with four-vector pγ = k− k′ and virtuality Q2 = −pγ · pγ = |~pγ |2−E2
γ , with |~pγ |

and Eγ the virtual photons momentum and energy in the LAB frame. In what follows, all variables

will be expressed in the LAB frame unless explicitly stated differently.

The four-vectors of the kaon, hyperon and nucleon in the final state are labelled pK , pY and pN
respectively. The photon and nucleon momenta span the nucleon plane, whereas the kaon and

hyperon momenta lie in the strangeness plane. For kaon photoproduction, the picture simplifies as

there is no electron plane and the virtuality Q2 of the photon vanishes.

Because of the three-body final state, one can define a large number of coordinate systems. To keep

our notation as general as possible, we will label the final state as 1 + (23), where the outgoing kaon,

hyperon and nucleon are tagged 1, 2 and 3 at will. The coordinate system (x, y, z), in which we will

describe the reaction, has its z axis along the photon momentum. The y axis is chosen perpendicular
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to the plane spanned by the photon and particle 1. We define a second reference frame (x′, y′, z′),
whose z′ axis is oriented along ~p2 + ~p3. The y′ axis is taken parallel to the y axis. This reference

frame will be used to describe kinematics in the centre-of-mass (CM) frame of particles 2 and 3,

for which we use the notation (23)-CM. Finally, we introduce a third reference frame (x′′, y′′, z′′) in

which we will define the photon’s polarisation vector. The z′′ axis will be taken along the photon

momentum and the y′′ axis normal to the lepton plane. We define φ as the angle between the electron

plane and the plane spanned by the photon and particle 1. Obviously this angle becomes arbitrary

in case of photoproduction. Explicitly we have,

~z =
~pγ
|~pγ |

, ~y = ~z × ~p1

|~p1|
, ~x = ~y × ~z , (5.2)

~z ′ =
~p2 + ~p3

|~p2 + ~p3|
, ~y ′ = ~y , ~x ′ = ~y ′ × ~z ′ , (5.3)

~z ′′ =
~pγ
|~pγ |

, ~y ′′ =
~k

|~k|
×

~k′

|~k′|
, ~x ′′ = ~y ′′ × ~z ′′ . (5.4)

To illustrate the different coordinate systems, all three of them are shown in Figure 5.1 for the

particular situation the outgoing nucleon is tagged as particle 1.

In the unprimed reference frame, every four-vector can be decomposed as follows

pi = (Ei, ~pi)

= (Ei, |~pi| cosφi sin θi, |~pi| sinφi sin θi, |~pi| cos θi) , i = γ,D,K, Y,N ,
(5.5)

where all variables are evaluated in the LAB frame. Alternatively, the four-vectors can be expressed

in the (23)-CM frame using the primed reference frame,

p∗i = (E∗i , ~p
∗
i )

= (E∗i , |~p ∗i | cosφ∗i sin θ∗i , |~p ∗i | sinφ∗i sin θ∗i , |~p ∗i | cos θ∗i ) , i = γ,D,K, Y,N .
(5.6)

The representations in equations (5.5) and (5.6) are related to each other through a rotation about

the y axis followed by a boost into the centre-of-mass of particles 2 and 3, i.e.

p∗i = `pi , (5.7)

with

Λ(`) =




E23
W23

0 0 − |~p23|W23

0 1 0 0

0 0 1 0

− |~p23|W23
0 0 E23

W23







1 0 0 0

0 cos θ23 0
√

1− cos2 θ23

0 0 1 0

0 −
√

1− cos2 θ23 0 cos θ23


 . (5.8)

Here, we have defined the four-vector

p23 = p2 + p3 = pγ + pD − p1

= (E23,−|~p23|
√

1− cos2 θ23, 0, |~p23| cos θ23) ,
(5.9)

with

E23 = Eγ +mD − E1 ,

|~p23| = |~pγ − ~p1| ,
s23 = E2

23 − |~p23|2 ,

cos θ23 =
|~pγ | − |~p1| cos θ1√

(Eγ − E1 +mD)2 − s23

.

(5.10)
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Figure 5.2 – Schematic representation of the reaction 1 + 2→ 3 + 4 + 5. Every particle has mass mi and

the Lorentz invariants are defined by sij = (pi + pj)
2 and tij = (pi − pj)

2.

Using the four-vectors of the particles participating in the 2H(γ(∗),KY )N reaction, one can define

ten Lorentz-invariant Mandelstam variables

stot = (pγ + pD)2 , (5.11a)

sKY = (pK + pY )2 , (5.11b)

sKN = (pK + pN )2 , (5.11c)

sY N = (pY + pN )2 , (5.11d)

tγi = (pγ − pi)
2 , i = K,Y,N , (5.11e)

tDi = (pD − pi)
2 , i = K,Y,N . (5.11f)

Several relations exist among these variables. They are straightforward to derive starting from the

relation between the Mandelstam variables for 2→ 2 scattering, given by Eq. (2.9), and using the

schematic representation of 2→ 3 scattering in Figure 5.2. Labelling the initial-state particles as 1

and 2, while denoting the outgoing particles as 3, 4 and 5, one has

t24 + t25 + s45 = t13 +m2
2 +m2

4 +m2
5 . (5.12)

Electromagnetic production of kaons from the deuteron can proceed when Wtot ≡
√
stot ≥ (mK +

mY +mN ). This implies that Eγ obeys the inequality

Eγ ≥
(mK +mY +mN )2 −m2

D +Q2

2mD
. (5.13)

The thresholds for the different kaon-production channels are listed in Table 5.1.

5.1.2 Independent variables

Scattering reactions involving n particles are function of (3n− 10) internal independent variables.

This implies five variables for the 2H(γ(∗),KY )N reaction, excluding the virtuality Q2 of the photon.

The general problem of expressing the physical region of reactions involving n particles in terms

of (3n − 10) Lorentz invariants has been addressed in Ref. [170]. The relevant formulae for the

case n = 5 are concisely outlined in appendix E, where we derive expressions for Lorentz-invariant

differential cross sections.

Alternatively, the kinematics are entirely determined when we specify
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Table 5.1 – Threshold values of the invariant masses of the total system Wtot, the kaon-hyperon pair WKY

and the hyperon-nucleon pair WY N , as well as the photon energy Eγ for the different photon-induced kaon

production final states. All quantities are in MeV.

Eγ Wtot WKY WY N

2H(γ,K+ Λ )n 792.12 2548.9 1609.36 2055.25
2H(γ,K+ Σ0 )n 898.20 2625.9 1686.32 2132.21
2H(γ,K0 Σ+)n 899.22 2626.6 1687.04 2128.93
2H(γ,K0 Λ )p 795.79 2551.6 1613.36 2053.95
2H(γ,K0 Σ0 )p 901.99 2628.6 1690.31 2130.91
2H(γ,K+Σ−)p 903.12 2629.4 1691.13 2135.72

� the photon’s virtuality Q2,

� the invariant mass W23 or the photon’s LAB energy Eγ ,

� the LAB energy E1 of particle 1,

� particle 1’s LAB scattering angle θ1,

� the solid angle Ω∗2 of particle 2 in the (23)-CM frame.

Applying the definition of the invariant mass in conjunction with conservation of four-momentum,

one finds

W 2
23 =

(
pγ + pD − p1

)2
= Q2 +m2

D +m2
1 + 2Eγ(mD − E1) + 2|~pγ ||~p1| cos θ1 , (5.14)

which gives W23 in terms of the photon’s energy or vice-versa. The momentum |~p ∗2 | of particle 2 in

the (23)-CM frame can be obtained by solving the energy-conservation relation

W23 =
√
m2

2 + |~p ∗2 |2 +
√
m2

3 + |~p ∗2 |2 . (5.15)

Combining the solid angle Ω∗2 with |~p ∗2 | yields the four-vectors of particles 2 and 3 in their centre-of-

mass. The latter can be boosted back into the LAB frame with Eq. (5.8), thus completely solving

the kinematics.

At times, it is beneficial to express the kinematics solely in terms of LAB variables. With regard to

the above-mentioned list, this implies replacing Ω∗2 by Ω2. From Eq. (5.8), we deduce

E∗2 =
E23

W23
E2 −

|~p23|
W23
|~p2| (cos θ23 cos θ2 − sin θ23 sin θ2 cosφ2) . (5.16)

Rearranging and squaring yields the following quadratic equation

0 = |~p2|2
[
−E2

23 + |~p23|2 (sin θ23 sin θ2 cosφ2 − cos θ23 cos θ2)2
]

− 2|~p2||~p23|E∗2W23 (sin θ23 sin θ2 cosφ2 − cos θ23 cos θ2) + E∗22 W 2
23 − E2

23m
2
2 . (5.17)

Solving for |~p2| fixes the kinematics, albeit not in a unique way. Two physical solutions can correspond

to the same set {Q2, Eγ , E1, θ1,Ω2}, making this group of independent variables less suited when

(semi-)inclusive observables are considered (see page 69).
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5.2 Transition amplitude

The dynamics of EM kaon production are contained in the nuclear transition amplitude for which we

introduce the following notation

T λγλDλY λN (p1, θ
∗
2, φ
∗
2) , (5.18)

where λγ , λD, λY and λN indicate the helicities of the incoming photon and deuteron and outgoing

hyperon and nucleon respectively. Our notation explicitly shows that we take the three-momentum of

the outgoing particle 1 in the LAB and the spherical angles of outgoing particle 2 in the (23)-CM as

independent variables. The transition amplitude is obtained by evaluating the EM current operator

J µ between the initial deuteron and final kaon-hyperon-nucleon states.

In Section 5.6, the explicit form of the transition current in the RIA is covered in detail. Here, we

elaborate on some universal properties of the transition amplitude, which are valid irrespective of

the concrete form of the transition current. First, we express the transition amplitude for kaon

electroproduction in terms of the N(γ(∗),K)Y amplitude. In the subsequent paragraphs, we touch

on the transformation of amplitudes from one frame to the other and parity conservation.

5.2.1 Electroproduction

In the OPE approximation, the transition matrix element for kaon electroproduction on deuterium

is given by

MeD→e′KYN =
〈
k′
∣∣− ieγµ |k〉



−gµν +

pµγp
ν
γ

p2γ

p2
γ


 〈pK ;pY ;pN | Ĵν |pD〉 , (5.19)

where we have omitted the spin quantum numbers for the time being. The nuclear current operator

Ĵ ν acts on the states of the on-mass-shell initial- and final-state particles for whom we will assume a

covariant normalisation

〈pα|p ′α′〉 = 2p0(2π)3δ(3)(~p − ~p ′)δαα′ . (5.20)

The photon propagator can be decomposed as [171]

1

p2
γ

(
gµν −

pµγpνγ
p2
γ

)
=

1

Q2

∑

λγ=0,±1

(−1)λγ (εµλγ )∗ενλγ , (5.21)

where λγ is the photon helicity. After introducing two covariant currents

jss
′

λγ =
〈
k′, s′

∣∣ γµ
∣∣k , s

〉
(εµλγ )∗ (5.22a)

MλDλY λN
λγ

= 〈pK ;pY , λY ;pN , λN | Ĵµ |pD, λD〉 εµλγ , (5.22b)

we eventually rewrite the transition amplitude (5.19) as

MeD→e′KYN =
ie

Q2

∑

λγ

(−1)λγ jλγMλγ . (5.23)



Chapter 5. Formalism for electromagnetic kaon production from the deuteron 67

In the (x′′, y′′, z′′) frame, the photon polarisation vectors are given by

ε′′µ0 =

( |~pγ |
Q
, 0, 0,

Eγ
Q

)
,

ε′′µ±1 = ∓ 1√
2

(0, 1,±i, 0) .

(5.24)

It is however more natural to evaluate the contraction in (5.22b) in the unprimed frame. To this

end, the polarisation vectors of the photon need to be expressed in this frame. Both reference frames

are related to each other by a rotation through the angle φ about the z axis,

ε0 = ε′′0 and ε± = e±iφε′′± . (5.25)

Accordingly, we get

MλDλY λN
0 =

Q

|~pγ |
T 0
λDλY λN

,

MλDλY λN
± = e±iφT ±λDλY λN ,

(5.26)

in terms of the hadronic transition matrix elements

T 0
λDλY λN

= 〈pK ;pY , λY ;pN , λN | Ĵ 0 |pD, λD〉

T ±λDλY λN = ± 1√
2
〈pK ;pY , λY ;pN , λN |

(
Ĵ x ± iĴ y

)
|pD, λD〉 ,

(5.27)

where we have used current conservation

0 = pµγ 〈pK ;pY , λY ;pN , λN | Ĵµ |pD, λD〉 , (5.28)

to express the longitudinal hadronic matrix element in terms of the time-component T 0
λDλY λN

.

5.2.2 Lorentz transformations

For EM kaon production from the deuteron, a total of twenty-four transition matrix elements exist.

Each one corresponds to a set of helicities for the incoming and outgoing particles. In this work, we

will always define these helicities in the LAB frame using the unprimed reference frame (5.2). As we

will see in Section 5.6, it is beneficial to calculate particular contributions to the current operator in

the (23)-CM frame. Therefore a relation is needed to transform the transition matrix elements from

one frame to the other.

Let µi denote helicities in the (23)-CM frame. Using the transformation properties for helicity states

stated in Section C.2, we have

T λγλDλY λN =
∑

µY µN

[
D

1/2
µY ,λY

(r(`,pY ))
]∗ [

D
1/2
µN ,λN

(r(`,pN ))
]∗
T λγλDµY µN , (5.29)

where the transformation ` relates the LAB to the (23)-CM frame and has been defined in Eq. (5.8).
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5.2.3 Parity

In Ref. [172], Arenhövel and Fix show how the general form of the transition amplitude for EM pion

production from the deuteron can be rewritten using a partial-wave decomposition for the final state

and an expansion of the transition current in electric and magnetic multipoles. From their expression

and applying parity selection rules for the multipole transitions to the final-state partial waves, an

expression for the invariance under parity transformations is derived. Their final result reads

T -λγ
-λD,-λY ,-λN

(p1, θ
∗
2, φ
∗
2) = (−1)1+λγ+λD+λY +λNT λγλDλY λN (p1, θ

∗
2,−φ∗2) , (5.30)

and is equally valid for EM kaon production from the deuteron.

The symmetry property is particularly useful when the dependence on the azimuthal angle is

integrated out. The following equality illustrates this principle

∫ 2π

0
dφ∗2

∑

λDλY λN

|T λγ=+1
λD,λY ,λN

(p1, θ
∗
2, φ
∗
2)|2 =

∫ 2π

0
dφ∗2

∑

λDλY λN

|T λγ=+1
λD,λY ,λN

(p1, θ
∗
2,−φ∗2)|2 ,

=

∫ 2π

0
dφ∗2

∑

λDλY λN

|T λγ=−1
λD,λY ,λN

(p1, θ
∗
2, φ
∗
2)|2 .

(5.31)

5.3 Photoproduction observables

The differential cross section for the most general scattering reaction is given in Eq. (D.1). Applying

this to the kaon photoproduction reaction, one finds

dσ =
1

2
√
λ(s, 0,m2

D)

∑
|T |2 d3~pK

2EK(2π)3

d3~pY
2EY (2π)3

d3~pN
2EN (2π)3

(2π)4δ(4)(pγ + pD − pK − pY − pN ) .

(5.32)

The flux-factor λ, the transition matrix element T , the phase space factors d3~pi
2Ei(2π)3

of the outgoing

particles i (= K,Y,N) and the Dirac delta function, which expresses conservation of momentum and

energy, are all Lorentz-invariant quantities. This enables one to evaluate the cross section in different

reference frames. The symbol
∑

denotes summing over the final-state and averaging over initial-state

particle’s polarisations. In Section 5.3.2, we will focus on scenarios where the incoming and/or

outgoing particles have a definite polarisation. Beforehand, we will introduce several expressions for

the differential cross section.

5.3.1 Differential cross section

In analogy to Section 5.1, we will keep our results as general as possible by labelling the three-particle

final state as 1 + (23). After integrating out the delta function in Eq. (5.32), the photoproduction

reaction 2H(γ,KY )N is characterised by a five-fold differential cross section. In the LAB frame, it

reads
d5σ

d|~p1|dΩ1dΩ2
=

1

32(2π)5
f−1
rec

|~p1|2|~p2|
mDEγE1

∑
|T |2 , (5.33)

with the recoil factor

frec =

∣∣∣∣E2 + E3 −
E2

|~p2|2
(~pγ − ~p1) · ~p2

∣∣∣∣ . (5.34)
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Measuring exclusive cross sections with three particles in the final state is very challenging. In

order to improve on the statistics, it is often more convenient to express the experimental results as

semi-inclusive observables. Thereby, one integrates over the phase space of one or two undetected

particles in the final state. As stressed on page 65, the kaon-production kinematics is not uniquely

fixed when only LAB variables are given. Therefore, the exclusive cross section given in Eq. (5.33)

cannot be readily integrated over the solid angle of particle 2. Partially expressing the cross section

in the (23)-CM frame, solves this problem. We find

d3σ

d|~p1|dΩ1
=

1

32(2π)5

|~p1|2|~p ∗2 |
mDEγE1W23

∫
dΩ∗2

∑
|T |2 . (5.35)

Integrating the semi-inclusive differential cross section over the momentum and solid angle of particle

1 finally yields the total cross section

σ = 2π

∫ 1

−1
d cos θ1

∫ |~pmax
1 |

|~pmin
1 |

d|~p1|
d3σ

d|~p1|dΩ1
. (5.36)

The integration limits for the three-momentum of particle 1 follow from the threshold condition

W23 ≥ (m2 +m3)2 . (5.37)

Expanding this condition in the LAB, we find a quadratic equation in particle 1’s momentum that

yields as integration limits

|~pmax
1 | =

|~pγ | cos θ1

(
s+m2

1 −m2
23

)
+ (Eγ +mD)

√
λ(s,m2

1,m
2
23)− 4m2

1|~pγ |2 sin2 θ1

stot + |~pγ |2 sin2 θ1
, (5.38)

and

|~pmin
1 |

= max



0,
|~pγ | cos θ1

(
s+m2

1 −m2
23

)
− (Eγ +mD)

√
λ(s,m2

1,m
2
23)− 4m2

1|~pγ |2 sin2 θ1

stot + |~pγ |2 sin2 θ1



 . (5.39)

In the previous expressions, we made use of the compact notation m23 ≡ m2 +m3.

Finally, we wish to introduce yet another representation of the 2H(γ,KY )N cross section. Upon

expressing the differential cross section in terms of Mandelstam variables, the Lorentz invariance

of the initial Eq. (5.32) can be preserved. The details of the derivation of Lorentz-invariant cross

sections are diverted to Appendix E. Here, we merely report two useful distributions, i.e. the Dalitz

cross section (E.17)

dσ

dWKY dWY N
=

4WKYWY N

(4π)4λ(s, 0,m2
D)

∫ tmax
γK

tmin
γK

dtγK

∫ tmax
DN

tmin
DN

dtDN
1√−∆4

∑
|T |2 , (5.40)

and the Chew-Low cross section (E.18)

dσ

dWY NdtγK
=

2WY N

(4π)4λ(s, 0,m2
D)

∫ smax
KY

smin
KY

dsKY

∫ tmax
DN

tmin
DN

dtDN
1√−∆4

∑
|T |2 . (5.41)

The limits of integration as well as a definition of the Gram determinant ∆4 can be found in

Appendix E.
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5.3.2 Polarisation observables

From our experience in meson production off free nucleons we know that polarisation observables are

of great interest. Often they depend on interferences between different (non-) resonant contributions

to the reaction amplitude. As such, they provide a handle on subtle contributions which cannot

be discerned in the differential cross section. With this in mind, we present in this section a brief

discussion on polarisation observables. To our knowledge, none of these observables will be measured

in the near future, although experimental techniques are sufficient to carry out such a program.

In the expression (5.32) for the differential cross section, the polarisations of the particles involved

in the reaction are omitted. Spin observables can be elegantly defined using the density-matrix

formalism. The most general expression for the differential cross section is proportional to

dσ ∼
∑
|T |2 = Tr

[
T †ρfinalT ρinitial

]
. (5.42)

The transition matrix elements (5.18) are evaluated in the helicity basis and the trace runs over the

helicities of all incoming and outgoing particles. The density matrices of the initial and final systems

are given by

ρinitial = ρ(γ) ⊗ ρ(D) ,

ρfinal = ρ(Y ) ⊗ ρ(N) .
(5.43)

In Appendix F, the most general decomposition of the density matrices of spin-1/2 particles, spin-1

systems and photons is discussed.

The unpolarised cross section is obtained by squaring the transition amplitude, averaging over initial

spin states and summing over the final ones

d5σunpol

d|~p1|dΩ1dΩ∗2
= Φ(Eγ , ~p1)

1

6

∑

λγλDλY λN

|T λγλDλY λN (p1, θ
∗
2, φ
∗
2)|2 , (5.44)

with

Φ(Eγ , ~p1) =
1

32(2π)5

|~p1|2|~p ∗2 |
mDEγE1W23

, (5.45)

the phase-space factor. Owing to the symmetry property of Eq. (5.31), the number of matrix elements

that need to be evaluated can be halved for the semi-inclusive differential cross section

d3σunpol

d|~p1|dΩ1
= Φ(Eγ , ~p1)

∫
dΩ∗2

1

3

∑

λDλY λN

|T λγ=+1
λDλY λN

(p1, θ
∗
2, φ
∗
2)|2 . (5.46)

For kaon production with a polarised photon beam, we use the density-matrix composition given in

Eq. (F.30)

ρ(γ) =
1

2

(
12 + P

(γ)
l σx + P

(γ)
t σy + P (γ)

c σz

)
. (5.47)

It is parametrised using three polarisation coefficients. The helicity states of the incoming photon are

conventionally defined in a reference frame that is tilted over an angle φ with respect to the scattering

plane. The x axis of this frame can be taken in the direction of maximum linear polarisation, such

that P
(γ)
t = 0. Inserting the density matrix into the expression for the differential cross section, one

finds the following decomposition

d5σ

d|~p1|dΩ1dΩ∗2
=

d5σunpol

d|~p1|dΩ1dΩ∗2

(
1 + P

(γ)
l Σl cos 2φ+ P (γ)

c Σc

)
, (5.48)
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with

Σl
d5σunpol

d|~p1|dΩ1dΩ∗2
= Φ(Eγ , ~p1)

1

3

∑

λDλY λN

<
[(
T λγ=+1
λDλY λN

)∗
T λγ=−1
λDλY λN

]
,

= Φ(Eγ , ~p1)
1

6

∑

λDλY λN

(
|T λγ=y
λDλY λN

|2 − |T λγ=x
λDλY λN

|2
)
,

Σc
d5σunpol

d|~p1|dΩ1dΩ∗2
= Φ(Eγ , ~p1)

1

6

∑

λDλY λN

(
|T λγ=+1
λDλY λN

|2 − |T λγ=−1
λDλY λN

|2
)
,

(5.49)

the beam asymmetries for linearly and circularly polarised photons respectively. Using Eq. (5.31),

one notices that Σc vanishes when only one particle is detected in the final state. In case particle 1 is

emitted along the direction of the beam, the azimuthal angle φ becomes arbitrary and the (xy)-plane

is no longer defined. Therefore, Σl vanishes when θ1 = 0.

In case the deuteron target is polarised along a quantisation axis ~d(θd, φd), the density matrix can

be decomposed as (F.29)

ρ
(1)
mm′(~z) =

(−1)1−m
√

3

∑

IM

√
2I + 1

(
1 1 I

m′ −m M

)
e−iMφddIM0(θd)PI , (5.50)

with P1 and P2 the degree of vector and tensor polarisation defined in Eq. (F.28). For a tensor-

polarised target, i.e. P1 = 0, the differential cross section assumes the following form

d5σ

d|~p1|dΩ1dΩ∗2
=

d5σunpol

d|~p1|dΩ1dΩ∗2

(
1 + P2

2∑

M=0

T2M cos(Mφd)d
2
M0(θd)

)
, (5.51)

where we have introduced the tensor-polarisation asymmetries

T2M
d5σunpol

d|~p1|dΩ1dΩ∗2
= (2− δM0)

√
15

6
Φ(Eγ , ~p1)

×
∑

λDλ
′
D

(−1)1−λD
(

1 1 2

λ′D −λD M

) ∑

λγλY λN

<
[(
T λγλDλY λN

)∗
T λγ
λ′DλY λN

]
, (5.52)

for M = 0, 1, 2.

The general case of simultaneous beam and target polarisation is treated thoroughly in Ref. [172].

Formulae are presented for exclusive as well as semi-inclusive differential cross sections.

Finally, we consider the situation where the polarisation of the recoiling hyperon is detected in the

final state. Using the density-matrix decomposition (F.7) for spin-1/2 particles,

ρ(Y ) =
1

2

(
12 + ~P Y · ~σ

)
, (5.53)

the five-fold cross section can be written as a function of four terms

d5σ

d|~p1|dΩ1dΩ∗2
=

d5σunpol

d|~p1|dΩ1dΩ∗2

(
1 + ~P Y · ~Π

)
, (5.54)
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with

Πx
d5σunpol

d|~p1|dΩ1dΩ∗2
= Φ(Eγ , ~p1)

1

3

∑

λγλDλN

<
[(
T λγ
λD,λY =+ 1

2
,λN

)∗
T λγ
λD,λY =− 1

2
,λN

]
,

Πy
d5σunpol

d|~p1|dΩ1dΩ∗2
= Φ(Eγ , ~p1)

1

3

∑

λγλDλN

=
[(
T λγ
λD,λY =+ 1

2
,λN

)∗
T λγ
λD,λY =− 1

2
,λN

]
,

Πzs
d5σunpol

d|~p1|dΩ1dΩ∗2
= Φ(Eγ , ~p1)

1

6

∑

λγλDλN

(
|T λγ
λD,λY =+ 1

2
,λN
|2 − |T λγ

λD,λY =− 1
2
,λN
|2
)
,

(5.55)

When only the outgoing hyperon is detected, one needs to integrate over the solid angle of particle 2.

Owing to parity invariance (5.30), the following identities hold

0 =

∫ 2π

0
dφ∗2

∑

λγλDλN

<
[(
T λγ
λD,λY =+ 1

2
,λN

)∗
T λγ
λD,λY =− 1

2
,λN

]
,

0 =

∫ 2π

0
dφ∗2

∑

λγλDλN

[
|T λγ
λD,λY =+ 1

2
,λN
|2 − |T λγ

λD,λY =− 1
2
,λN
|2
]
.

(5.56)

Consequently, only one recoil-polarisation asymmetry remains. It reads

Πy
d3σunpol

d|~pY |dΩY
= Φ(Eγ , ~pY )

1

3

∫ 2π

0
dφ∗2

∑

λγλDλN

=
[(
T λγ
λD,λY =+ 1

2
,λN

)∗
T λγ
λD,λY =− 1

2
,λN

]
. (5.57)

5.4 Electroproduction observables

In our formalism we will evaluate the electroproduction cross section in the LAB frame. After

neglecting the electron’s mass and integrating over ~p3 and |~p2|, one finds

d8σ

dE′edΩ′ed~p1dΩ2
=

1

64(2π)8
f−1
rec

E′e|~p2|
EemDE1

∑
|MeD→e′KYN |2 , (5.58)

where the recoil factor frec was defined in Eq. (5.34). Inserting (5.23) into this expression, we find

d8σ

dE′edΩ′ed~p1dΩ2
=

1

64(2π)8
f−1
rec

|~p2|
mDE1




√
4πα cos

θe
2

2Ee sin2 θe
2




2

∑

λγλ′γ

(−1)λγ+λ′γLλγλ′γH
fi
λγλ′γ

, (5.59)

where we have introduced a leptonic and a hadronic tensor. The later is defined as

Hfi
λλ′ =

∑

λDλY λN

MλDλY λN
λ

(
MλDλY λN

λ′

)†
. (5.60)

The simple structure of the leptonic vertex allows one to compute the leptonic tensor analytically.
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For an incoming electron with helicity h/2, one finds after summing over the final electron’s spin,s

Lλλ′ =

(
4EeE

′
e cos2 θe

2

)−1∑

s′

jλj
†
λ′

=

(
4EeE

′
e cos2 θe

2

)−1 1

2
Tr
[
/ε∗λ(1 + hγ5/s)(/k +me)/ελ′(/k

′
+me)

]

=

(
4EeE

′
e cos2 θe

2

)−1

2
[
(k · ελ′)(k′ · ε∗λ) + (k · ε∗λ)(k′ · ελ′)− (k · k′)(ε∗λ · ελ′)

+ ihεµναβε
µ∗
λ ε

nu
λ′ k

αk′β
]

= L0
λλ′ + hLhλλ′ .

(5.61)

In the final step, we have decomposed the tensor into a symmetric, helicity-independent and a

asymmetric, helicity-dependent contribution. Those obey the following relations [173]

L0
−λ−λ′ = (−1)λ−λ

′ (
L0
λλ′
)∗

Lh−λ−λ′ = (−1)1+λ−λ′
(
Lhλλ′

)∗
,

(5.62)

reducing the number of independent tensor elements to six. Evaluating them in the LAB frame, we

find

L0
00 =

Q2

|~pγ |2
, (5.63a)

L0
11 = L0

−1−1

=
Q2

2|~pγ |2
+ tan2 θe

2
, (5.63b)

L0
01 = L0

10 = −L0
0−1 = −L0

−10

=
1√
2

Q

|~pγ |

√
Q2

|~pγ |2
+ tan2 θe

2
, (5.63c)

L0
1−1 = L0

−11

= − Q2

2|~pγ |2
, (5.63d)

Lh00 = Lh1−1 = Lh−11 = 0 , (5.63e)

Lh01 = Lh10 = Lh0−1 = Lh−10

=
1√
2

Q

|~pγ |
tan

θe
2
, (5.63f)

Lh11 = −Lh−1−1

= tan
θe
2

√
Q2

|~pγ |2
+ tan2 θe

2
. (5.63g)

The hadronic tensor, which we defined in Eq. (5.60), is a Lorentz-covariant quantity and is hermitian,

i.e.

Hfi
λλ′ =

(
Hfi
λ′λ

)∗
. (5.64)
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We use this property in conjunction with the expressions (5.26) for the transition matrix elements to

expand the contraction of the leptonic and hadronic tensor
∑

λγλ′γ

(−1)λγ+λ′γLλγλ′γH
fi
λγλ′γ

= L0
00H

fi
00 + L0

11

(
Hfi

11 +Hfi
−1−1

)
+ 2L0

1−1<(Hfi
1−1)

+ 2L0
01

(
<(Hfi

01)−<(Hfi
0−1)

)
+ hLh11

(
Hfi

11 −Hfi
−1−1

)

+ 2hLh01

(
<(Hfi

01) + <(Hfi
0−1)

)
,

= L0
00

(
Q

|~pγ |

)2∑
|T 0|2 + L0

11

∑(
|T +|2 + |T −|2

)

+ 2L0
1−1

∑(
cos 2φ<(T +T −†)− sin 2φ=(T +T −†)

)

+ 2L0
01

(
Q

|~pγ |

)∑(
cosφ<(T 0T +†) + sinφ=(T 0T +†)

− cosφ<(T 0T −†) + sinφ=(T 0T −†)
)

+ hLh11

∑(
|T +|2 − |T −|2

)

+ 2hLh01

(
Q

|~pγ |

)∑(
cosφ<(T 0T +†) + sinφ=(T 0T +†)

+ cosφ<(T 0T −†)− sinφ=(T 0T −†)
)
. (5.65)

For the simplicity of the notations, we have omitted the polarisations of the deuteron, hyperon and

nucleon.

With Eq. (5.65), the electroproduction cross section of Eq. (5.59) can be rewritten as a sum of

longitudinal, transverse and interference contributions. This decomposition, however, is not unique.

For the sake of completeness we will present the two most popular forms here. In nuclear physics, it

is customary to express the cross section as [173]

d8σ

dE′edΩ′ed~p1dΩ2
=

α

2π2
KH

(
cos θe2

2Ee sin2 θe
2

)2

×
[
vLRL + vTRT + vTT

(
cRTT cos 2φ+ sRTT sin 2φ

)

+ vLT

(
cRLT cosφ+ sRLT sinφ

)
+ hvT ′RT ′

+ hvLT ′
(
cRLT ′ cosφ+ sRLT ′ sinφ

)]
,

(5.66)

with

KH =
W 2
tot −m2

D

2mD
, (5.67)

the equivalent-real-photon laboratory energy. The expressions for the response functions and their

corresponding prefactors can be found in table 5.2. Alternatively, introducing the transverse linear

polarisation of the virtual photon

ε =

(
1 +

2|~pγ |2
Q2

tan2 θe
2

)−1

, (5.68)
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the cross section is given by
d8σ

dE′edΩ′ed~p1dΩ2
= Γ

dσ∗

d~p1dΩ2
, (5.69)

with

Γ =
α

2π2

E′e
Ee

KH

Q2

1

1− ε , (5.70)

the virtual photon flux factor. The virtual photon cross section can be cast in the following form [174],

dσ∗

d~p1dΩ2
= RT + εRL + ε

(
cRTT cos 2φ+ sRTT sin 2φ

)

+
√
ε(1 + ε)

(
cRLT cosφ+ sRLT sinφ

)

+ h
√

1− ε2RT ′ + h
√
ε(1− ε)

(
cRLT ′ cosφ+ sRLT ′ sinφ

)
.

(5.71)

In table 5.2 we list the different response function definitions.

5.5 Deuteron wave function

Owing to the deuteron’s weak binding energy, it is the ideal laboratory for investigating kaon

production off neutrons. Thereby, the deuteron’s structure constitutes a crucial ingredient of the

reaction dynamics. The deuteron is the sole observed two-nucleon bound state. The nucleon-nucleon

interaction, which binds the deuteron, is composed of scalar, spin-spin, tensor and spin-orbit forces

(see Ref. [175] for a review). It is primarily the tensor force that procures the necessary attraction to

produce the stable isospin-singlet bound deuteron state. High precision experiments have determined

the deuteron’s mass [176]

mD = 1.87614(19) GeV , (5.72)

and

εD ≡ mp +mn −mD = 2.22463(4) MeV , (5.73)

its binding energy to high accuracy.

Experimentally, spin and parity of the deuteron are found to be JP = 1+. The total spin of the

deuteron is the vector sum of the spins of the two nucleons and of their relative orbital angular

momentum
~J = ~SN1 + ~SN2 + ~L . (5.74)

The spin part of the deuteron’s state with total spin projection λD can be decomposed in the basis

of relative orbital momentum and total nuclear spin ~S = ~SN1 + ~SN2 ,

|J = 1, Jz = λD〉 =
∑

S,mS

∑

L,mL

〈L,mL;S,mS | 1, λD〉 χSmS |LmL〉 (5.75)

= χ1λD
|00〉+

∑

mS

〈2, λD-mS ; 1,mS | 1, λD〉χ1mS
|2, λD-mS〉

+ χ00 |1λD〉+
∑

mS

〈1, λD-mS ; 1,mS | 1, λD〉χ1mS
|1, λD-mS〉 , (5.76)

where

χ00 =
1√
2

(
|+〉1 |−〉2 − |−〉1 |+〉2

)
, (5.77a)
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Figure 5.3 – The different contributions to the deuteron’s wave function. Time flows from bottom to top.

Lines moving backward in time are anti-particles.

and

χ1+1 = |+〉1 |+〉2 , (5.77b)

χ10 =
1√
2

(
|+〉1 |−〉2 + |−〉1 |+〉2

)
, (5.77c)

χ1−1 = |−〉1 |−〉2 , (5.77d)

are the spin-singlet and spin-triplet wave functions respectively. Since each term in (5.75) can be

labelled according to its J , L and S quantum number, we introduce the following spectroscopic

notation: 2S+1LJ .

Before we proceed with our discussion of the deuteron’s wave function, let us introduce some useful

four-vectors. The nucleon’s four-vectors in configuration and momentum space are r1,2 and p1,2

respectively. Furthermore, we define

r = r1 − r2 , R = 1
2 (r1 + r2) , r1 = R + 1

2r , r2 = R− 1
2r ,

p = 1
2 (p1 − p2) , pD = p1 + p2 , p1 = 1

2pD + p , p2 = 1
2pD − p ,

(5.78)

as the relative four-vectors.

The polarisation vectors of a deuteron quantised along the z axis in its rest frame are given by

ξ0(~z) = (0, 0, 0, 1) ,

ξ±1(~z) = ∓ 1√
2

(0, 1,±i, 0) .
(5.79)

For different orientations of the spin quantisation axis, the polarisation four-vectors can be rotated

with the help of Wigner rotation matrices (see Section A.2). For a deuteron polarised along an axis

~n(θ, φ), one has

ξ0(~n) = (0,− sin θ, 0, cos θ) ,

ξ±1(~n) = ∓e
∓iφ
√

2
(0, cos θ,±i, sin θ) .

(5.80)

5.5.1 Covariant Dnp-vertex

The wave function of the deuteron describes its break-up in a proton and a neutron. Owing to

the binding energy, both constituents are, in general, off their mass-shell, i.e. p2
1 6= p2

2 6= m2
N . This
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implies that one can break down the wave function in four different contributions as in figure 5.3,

where each nucleon is either a particle moving forward in time or an anti-particle moving backward.

For our purposes, it suffices to consider the Dnp-vertex with one particle put on the mass shell. The

covariant vertex function for a deuteron with momentum pD and polarisation λD going to a state

with nucleon 2 on mass shell (p2
2 = m2

N ) and nucleon 1 propagating off mass shell is given by

〈p2λ2|Ψ(0) |pDλD〉 =
mN + /p1

m2
N − p2

1

ΓµDnp(p2,pD)ξλDµ CuT (~p2;λ2) , (5.81)

where

ΓµDnp(p2,pD) = F (|~p|)γµ − G(|~p|)
mN

pµ −
mN − (/pD − /p2

)

mN

(
H(|~p|)γµ − I(|~p|)

mN
pµ
)
, (5.82)

with p = 1
2pD −p2. This 4x4-matrix in Dirac space was introduced by Blankenbecler and Cook [177]

and features four scalar form factors F , G, H and I that depend only on the relative three-momentum.

We will come back to these form factors and how they can be linked with (non-)relativistic wave

functions in appendix H.

The decomposition of the single-nucleon propagator (A.45)

mN + /p1

m2
N − p2

1

=
1

2Ep

(∑

λ

u(~p1;λ)u(~p1;λ)

Ep − p0
1

−
∑

λ

v(−~p1;−λ)v(−~p1;−λ)

Ep + p0
1

)
, (5.83)

with Ep =
√
|~p1|2 +m2

N , can be inserted into the expression for the Dnp-vertex. In the LAB frame,

where pD = (mD,~0), p2 = (Ep,−~p) and p1 = (mD − Ep, ~p), one gets

〈p2λ2|Ψ(0) |pDλD〉
LAB
=
√

(2π)32mD


∑

λ1

u(~p;λ1)Ψ++
λ1λ2

(~p;λD) +
∑

λ1

v(−~p;−λ1)Ψ−+
λ1λ2

(~p;λD)


 .

(5.84)

In the previous expression, we have introduced

Ψ++
λ1λ2

(~p;λD) =
1√

(2π)32mD

u(~p;λ1)ΓµξλDµ CuT (−~p;λ2)

2Ep (2Ep −mD)
,

Ψ−+
λ1λ2

(~p;λD) =
−1√

(2π)32mD

v(−~p;−λ1)ΓµξλDµ CuT (−~p;λ2)

2EpmD
.

(5.85)

This result brings us back to the components of the deuteron’s wave function depicted in Figure 5.3.

Since we put particle 2 on mass shell, the diagrams with particle 2 moving backward in time do not

arise. The wave function Ψ++ is identified with the diagram of the deuteron going to two nucleons,

whereas Ψ−+ can be interpreted as the wave function of an anti-nucleon and deuteron bound into a

nucleon.

We would like to point out that a one-to-one correspondence can be made between the decomposition

in 2S+1LJ -states in Eq. (5.75) and the wave functions Ψ++ and Ψ−+ we have come to define. The

parity of the deuteron is given by

ηD = ηp ηn (−1)L , (5.86)

and is experimentally found to be +1. Since we have ηp = ηn = +1, the Ψ++ wave function must

be an an admixture of 3S1- and 3D1-components. The L = 1 states in Eq. (5.75), on the other
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Table 5.3 – The contribution of the 3D1-, 3P1- and 1P1-waves to the deuteron’s wave function for a

collection of (non-)relativistic potential models. The D-state admixture is defined in Eq. (5.91). The

definition for the probability of the singlet and triplet P-waves is analogous. All values are expressed as

percentages (%).

Paris [178] CD-Bonn [179] Nijm93 [180] Gross-IIb [181] WJC-1a [182]
3D1 5.77 4.85 5.754 4.538 7.3432
3P1 – – – 0.137 0.1119
1P1 – – – 0.006 0.2118

aAs is explained in Section G.3, Ref. [182] presents two versions for the WJC-1 wave function. In this work, we

always make use of the scaled wave function.

hand, contribute to Ψ−+, because the intrinsic parity of an anti-particle is opposite that of the

corresponding particle. A more detailed account on the connection between states of definite J , L

and S and the wave-function decomposition introduced in (5.85) can be found in appendix H.

Finally, we wish to point out the wave functions in (5.85) can straightforwardly be expressed in

configuration space through the Fourier transform:

Ψ±+(~r;λD) =
1√

(2π)3

∫
d3~p e−i~p·~r Ψ±+(~p;λD) . (5.87)

5.5.2 Non-relativistic wave functions

For numerous reactions involving the deuteron, it is not necessary to make use of the covariant

Dnp-vertex introduced previously. Often, it suffices to apply a non-relativistic reduction. Obviously,

the wave function Ψ−+ has no meaning in a non-relativistic context and can be set equal to zero.

The non-relativistic deuteron wave function is usually defined in terms of the well-known 3S1- and
3D1-wave components. In configuration space, it reads

Ψ++(~r;λD) =
u(|~r|)
|~r| χ1λD

Y00(θ, φ) +
w(|~r|)
|~r|

∑

mS

〈2, λD-mS ; 1,mS | 1, λD〉χ1mS
Y2,λD-mS (θ, φ) , (5.88)

with u(|~r|), w(|~r|) the radial 3S1- and 3D1-wave functions and YLmL(θ, φ) the spherical harmonics.

The normalisation condition
∫
d3~r

[
Ψ++(~r;λ)

]†
Ψ++(~r;λ′) = δλλ′ , (5.89)

implies ∫ ∞

0
d|~r|

(
u2(|~r|) + w2(|~r|)

)
= 1 . (5.90)

Modern non-relativistic wave functions are calculated by solving the Schrödinger equation with

realistic NN potentials. These phenomenological NN potentials are fitted to the world’s NN

scattering data and attain a typical χ2/d.o.f. of ≈ 1. In figure 5.4, we depict the radial wave functions

as calculated with three popular realistic potentials: the Paris potential [178], the charge-dependent

Bonn potential [179] and the Nijmegen potential [180]. The figure also features two relativistic wave
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Figure 5.4 – 3S1- and 3D1-state radial wave functions in configuration (left panels) and momentum (right

panels) space as calculated by various models: Paris [178], CD-Bonn [179], Nijmegen-III [180], Gross-

IIB [181] and WJC-1 [183].

functions, which will be discussed in the forthcoming paragraph. For large spatial separations, or

equivalently small relative momenta, the wave functions more or less coincide. For smaller values of

r, a slight model dependence becomes apparent. We clearly see that the L = 0 wave dominates. The

total probability of the L = 2 state is defined as

PD =

∫ ∞

0
d|~r|w2(|~r|) . (5.91)

All models predict a D-state admixture of approximately 5% (see Table 5.3).

5.5.3 Relativistic wave functions

In a relativistic framework, the concept of a wave function is ill-defined and it is more natural to speak

in terms of amplitudes and vertex functions. In order to make a direct link with the non-relativistic

description, however, it can be instructive to define a relativistic wave function, even though the

number of wave-function components is model dependent. Within the covariant Bethe-Salpeter

approach a total of eight components are defined [184]. Covariant light-front dynamics considers

six contributions [185], whereas in the covariant spectator theory (CST) or Gross formalism this

number is reduced to four [173, 186]. In our formulation of the 2H(γ,KY )N transition amplitude,

which is the subject of Section 5.6, the considered Feynman diagrams are always reduced to a

deuteron-neutron-proton vertex with one nucleon on-mass-shell. For this reason, we will employ the

CST approach and formulate two additional wave-function components of relativistic origin that

supplement the 3S1- and 3D1-waves introduced in Paragraph 5.5.2.

We define

Ψ−+(~r;λD) = −ivt(|~r|)|~r|
∑

mS

〈1, λD-mS ; 1,mS | 1, λD〉χ1mS
Y1,λD-mS (~̂r)− ivs(|~r|)|~r| χ00Y1λD(~̂r) . (5.92)

The two new P -state wave functions vs(|~r|) and vt(|~r|) couple to the singlet and triplet spin-wave

function respectively. Within our relativistic framework, u and w can be thought of as the upper
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Figure 5.5 – 3P1- and 1P1-state radial wave functions in configuration (left panels) and momentum (right

panels) space as calculated by the Gross-IIB model [181] and WJC-1 [183] models.
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Figure 5.6 – Momentum-space wave functions calculated within the WJC-1 model [182] at high relative

momenta.

components of the Dirac wave functions. The P -states act as the lower components and are

comparatively much smaller, especially at small relative momenta. This intuitive picture is confirmed

in figures 5.4 and 5.5. The 3S1- and 3D1-waves resemble their non-relativistic counterparts in size

and shape.

As can be learned from table 5.3, the P -waves are minute. Nevertheless, by means of interference

with the larger components of the wave function, they can produce significant contributions to actual

observables. This is exemplified in the calculation of the deuteron form factors in the framework of

CST [187].

In Figure 5.6, all four contributions to the deuteron wave function calculated within the WJC-1 model

are drawn for high relative momenta (|~p| > 400 MeV). The S-wave has a node and all components

are of comparable sizes. This implies that at high relative momenta all wave-function components

contribute to the transition matrix elements.
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5.6 Relativistic impulse approximation

In Sections 5.3 and 5.4, we have given a comprehensive overview of observables for the EM production

of kaons from deuterium targets. The essential ingredient for these observables is the nuclear transition

amplitude T λγλDλY λN , which contains all the physics of both the production process and the nuclear

medium. In Eq. (5.27), it was defined in terms of the nuclear transition current operator Ĵ µnucl. For

the reaction under study, we have a photon incident on a bound state of two nucleons producing

a three-body final state, and in general Ĵ µnucl represents an intricate many-body operator. In this

work, we stay clear of the complexity of many-body currents and invoke the impulse approximation,

which states the full nuclear many-body current operator can be approximated by a sum of one-body

current operators Ĵ µx . We have

Ĵ µnucl
IA→
∑

i=1,2

∑

x

Ĵ µx (i) . (5.93)

The sum over x represents the different contributions to the relativistic impulse approximation (RIA)

that will be enumerated in Paragraph 5.6.1. Each operator acts on both particles 1 and 2 inside the

deuteron. This is indicated by the sum over i. It is important to note that each contribution Ĵ µx to

the current operator contains an isospin filter and consequently acts either on a proton or a neutron.

To investigate the implications of the RIA, we adopt the occupation-number representation. The

deuteron state is represented by

|pD, λD〉 ≡
∑

p1,p2

∑

λ1,λ2

∑

t1,t2

Ψ++
λ1λ2

(
p1 − p2

2
;pD, λD)〈1

2
, t1;

1

2
, t2|0, 0〉 a†p1,λ1,t1 a

†
p2,λ2,t2

|0〉 , (5.94)

where we have restricted ourselves to the positive-energy states. When the negative-energy com-

ponents of the wave function are taken into account, the discussion presented in this paragraph

proceeds along the same lines. The nucleon creation and annihilation operators, that feature in

Eq. (5.94), obey the usual anticommutation relations [188]

{aα, a†β} = δα,β ,

{aα, aβ} = {a†α, a†β} = 0 ,
(5.95)

and are labelled by the nucleon’s four-momentum pi, polarisation λi and isospin component ti,

with α, β ≡ {pi, λi, ti}. In second quantisation, each one-body current-operator contribution Ĵ µx for

kaon-production from the deuteron can be written as

∑
pλ,p ′λ′ 〈pK ;pY , λY ;pN , λN | Ĵ

λγ
x;p,λ,t;p ′,λ′,−t |pD, λD〉 a

†
KYN ap ′,λ′,−t ap,λ,t . (5.96)

In this notation, we explicitly indicate that the photon interacts with a nucleon with quantum

numbers {p, λ, t}. Like we have mentioned earlier, this nucleon is either a proton (t = 1
2) or a neutron

(t = −1
2). The primed quantum numbers reflect the state of the so-called spectator nucleon and the

operator a†KYN is shorthand notation for the creation of the kaon-hyperon-nucleon final state.

Now, we wish to examine the result of Ĵ µx acting on the deuteron state (5.94). Repeated application

of the anticommutation relations (5.95), leads to the following identity

ap,λ,ta
†
p1,λ1,t1

a†p2,λ2,t2 |0〉 =
(
δp,p1δλ,λ1δt,t1a

†
p2,λ2,t2

− δp,p2δλ,λ2δt,t2a
†
p1,λ1,t1

)
|0〉 . (5.97)
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Taking into account the deuteron wave function Ψ++ is symmetric under the exchange of particle 1

with 2 and the antisymmetric property

〈1
2
, t;

1

2
, t′|0, 0〉 = −〈1

2
, t′;

1

2
, t|0, 0〉 , (5.98)

we find that the action of the production operator (5.96) on the deuteron state (5.94) gives

(−1)
1
2
−t√2

∑

pλ,p ′λ′

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
x;p,λ,t;p ′,λ′,−t |pD, λD〉

×Ψ++
λ1λ2

(
p − p ′

2
;pD, λD)a†KYN |0〉 . (5.99)

This implies the nuclear transition amplitude in the RIA can be written as

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
nucl |pD, λD〉

IA→
∑

x

±
√

2 〈pK ;pY , λY ;pN , λN | Ĵ
λγ
x (1) |pD, λD〉 . (5.100)

Thus, the RIA entails that the full nuclear transition amplitude is approximated by a coherent sum

of current matrix elements, where each current operator acts on particle 1. Every contribution comes

with a plus- (minus-)sign that depends on whether the incoming photon interacts with the proton or

neutron inside the deuteron.

In the remainder of this chapter, the different contributions to the RIA transition amplitude are

considered. In order not to overload the notation, we no longer indicate that the one-body current

operator acts on particle 1 inside the deuteron. In paragraphs 5.6.2 and 5.6.3, expressions for the

different matrix elements

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
x |pD, λD〉 , x = RPWIA, NRPWIA, YN-FSI, etc. , (5.101)

are presented. When observables are calculated in Chapter 6, we sum the relevant contributions

multiplied with the correct RIA-factor ±
√

2 to form the nuclear transition amplitude.

5.6.1 Different contributions to the relativistic impulse approximation

A multitude of reaction mechanisms can contribute to the nuclear transition amplitude. The

contributions which we identified as dominant for the 2H(γ,KY )N reaction are illustrated in

Figure 5.7.

In the lowest-order diagram, the kaon and hyperon are produced on a single nucleon and all three

final-state particles subsequently leave the reaction unperturbed as plane waves. This reaction picture

is known as the relativistic plane-wave impulse approximation (RPWIA) and constitutes the subject

of Paragraph 5.6.2.

A higher-order diagram, a so-called two-step process, is depicted in figure 5.7(b). Here the incident

photon creates a pion-nucleon pair. The former consequently rescatters inelastically off the spectator

nucleon producing the final kaon and hyperon.

After the initial photon-induced production of strangeness, either directly or via an intermediary

pion, the outgoing particles in the three-body final state can interact. These final-state interactions

(FSIs) involve, in principle, a three-body operator, but are typically approximated by a sum of

two-body interactions. Since the elementary strangeness-production vertex is adjusted to data, one
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Figure 5.7 – The relevant contributions to the 2H(γ(∗),KY )N reaction in the RIA: (a) plane-wave impulse

approximation, (b) two-step process with initial photoproduction of a pion π and (c,d) single rescattering

in the final state. The target nucleon inside the deuteron D is labelled T .

assumes it effectively incorporates the kaon-hyperon FSI. The remaining FSI diagrams are shown in

figures 5.7(c) and 5.7(d). Their contribution can naively be expected to be most significant at the

thresholds of the different reaction channels. As the kaon’s scattering length is considerably smaller

than in the case of hyperon-nucleon scattering, we will limit our formalism to the hyperon-nucleon

final-state interaction (YN-FSI). It will be discussed in Paragraph 5.6.3.

5.6.2 Relativistic plane-wave impulse approximation

We will start our discussion of the RIA by writing down the transition matrix element in the

relativistic plane-wave impulse approximation (RPWIA). The corresponding Feynman diagram is

given in figure 5.7(a). Applying the Feynman rules summarised in Appendix D, one has

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
RPWIA |pD, λD〉 =

− u(~pY , λY )ε
λγ
ν Ĵ

ν(WKY , θ
∗
K)

mT + /pD − /pN
m2
T −

(
pD − pN

)2 ξ
λD
µ ΓµDnp(pN ,pD)CuT (~pN , λN ) , (5.102)

with Ĵν the elementary kaon-production operator which we have covered thoroughly in Chapter 2.

For clarity, we have explicitly indicated this operator is to be evaluated at the invariant mass

W 2
KY = (pK + pY )2 and for the scattering angle θ∗K , i.e. the angle ~̂p ∗γ ~p

∗
K in the KY-CM frame.

In order to make the connection with the NRPWIA, we consider the decomposition of the deuteron-

neutron-proton vertex of Eq. (5.84), retaining only the positive-energy contribution. This yields an

expression for the transition amplitude that is no longer covariant and should be evaluated in the

rest frame of the deuteron

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
NRPWIA |pD, λD〉

LAB
=

−
√

(2π)32mD

∑

λT

〈pK ;pY , λY | Ĵλγ |pTλT 〉Ψ++
λTλN

(−~pN , λD) . (5.103)
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The target nucleon absorbs the incoming photon and has four-momentum pT = pD − pN . It is

obviously off its mass shell and has a non-vanishing virtuality

m2
T − p2

T > 0 . (5.104)

Accordingly, the elementary-production vertex in both the RPWIA and NRPWIA are evaluated

with one off-mass-shell leg. Owing to the tiny binding energy of the deuteron, the virtuality is minor

as long as the momentum of the spectator nucleon is small. As |~pN | rises, the effective mass of the

target nucleon tends to zero. The physics of tachyons falls beyond the scope of this dissertation. For

this reason we impose an upper limit on the LAB energy of the spectator,

EN ≤
m2
D +m2

N

2mD
, (5.105)

which ensures that p2
T ≥ 0. This hard cutoff does not pose a serious problem, since we expect an

intrinsic falloff for the elementary kaon-production reaction as the target nucleon’s virtuality mounts.

Moreover, examining figures 5.4 and 5.5, we notice the deuteron’s wave function drops dramatically

at large relative momenta, and hence the transition amplitude will be incredibly small when the

spectator reaches its imposed upper bound.

Nevertheless, we wish to assess the level of uncertainty related to the off-shell extrapolation of the

elementary-production operator. To this end, we introduce the on-shell four-vector of the target

nucleon in the LAB frame as

p̃T
LAB≡

(√
|~pN |2 +m2

T ,−~pN
)
. (5.106)

Accordingly, the propagator of the target nucleon can be divided into an on-shell and off-shell part,

/pT +mN = /̃pT +mN − γ0
(
ET − p̃0

T

)
. (5.107)

For the remainder of this section, we will neglect the proton-neutron mass difference. This implies

p̃0
T = EN . After we insert the propagator’s decomposition in the expression for the transition

amplitude in the RPWIA, the current operator falls apart in two contributions

ĴRPWIA
LAB
= ĴRPWIA,onshell + ĴRPWIA,offshell . (5.108)

We define an on-shell piece

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
RPWIA,onshell |pD, λD〉

LAB
=

− u(~pY , λY )ε
λγ
ν Ĵ

ν
mN + /̃pT
m2
N − p2

T

ξλDµ ΓµDnp(pN ,pD)CuT (~pN , λN ) , (5.109)

and an off-shell component

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
RPWIA,offshell |pD, λD〉

LAB
=

EN − ET
m2
N − p2

T

u(~pY , λY )ε
λγ
ν Ĵ

νγ0ξλDµ ΓµDnp(pN ,pD)CuT (~pN , λN ) . (5.110)

In the LAB frame, the denominator of the target-nucleon’s propagator can be rewritten as

m2
N − p2

T = mD(2EN −mD) . (5.111)
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Applying this in the expression for the on-shell part of the RPWIA transition amplitude (5.109),

and using Eq. (A.42), we obtain

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
RPWIA,onshell |pD, λD〉

LAB
=

−
√

(2π)32mD
2EN
mD

∑

λT

〈pK ;pY , λY | Ĵλγ |p̃T , λT 〉Ψ++
λTλN

(−~pN , λD) , (5.112)

where we have used the definition of the positive-energy deuteron wave function Ψ++ in terms

of the covariant Dnp-vertex (5.85). We remark that the on-shell contribution to the RPWIA

amplitude is equal to the NRPWIA form, except for a kinematical factor that is close to one for

moderate spectator-nucleon momenta. In addition, the transition amplitude on the right-hand side

of Eq. (5.112) is evaluated with all incoming and outgoing particles on their respective mass shells.

Before we conclude our discussion of the RPWIA, we try to estimate the contribution of the off-shell

correction to the transition amplitude in the RPWIA. Starting from Eq. (A.41), we can introduce

the following, alternative completeness relation for spinors,

2ENγ
0 = Λ+(~pT )− Λ−(−~pT ) , (5.113)

in Eq. (5.110) and applying the definition of the positive- and negative-energy deuteron wave

functions (5.85), we find

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
RPWIA,offshell |pD, λD〉

LAB
=

√
(2π)32mD

EN − ET
mD


∑

λT

u(~pY , λY )ε
λγ
ν Ĵ

νu(−~pN , λT )Ψ++
λTλN

(−~pN , λD)

+
mD

2EN −mD

∑

λT

u(~pY , λY )ε
λγ
ν Ĵ

νv(~pN ,−λT )Ψ−+
λTλN

(−~pN , λD)


 . (5.114)

The kinematic factor in front of the off-shell contribution can be approximated by

EN − ET
mD

≈ εD
mD

+
|~pN |2
mNmD

, (5.115)

at lowest-order of the spectator-nucleon’s momentum, with εD the deuteron’s binding energy (5.73).

Obviously, the off-shell part of the RPWIA transition matrix element is modest as long as the

three-momentum of the outgoing nucleon is small compared to its mass. It generates a 5 % correction

at |~pN | ≈ 300 MeV.

5.6.3 Hyperon-nucleon final-state interaction

We wish to evaluate the Feynman diagram for the YN-FSI process that is depicted in Figure 5.7

(c). It involves a loop where we choose to integrate over the four-momentum pN ′ of the spectator

nucleon. The four-vectors of the remaining particles in the loop, i.e. the target nucleon T and the

rescattering hyperon Y ′, are fixed by energy-momentum conservation. We have

pT = pD − pN ′ ,

pY ′ = pY + pN − pN ′ .
(5.116)
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Based on the Feynman rules given in Section D.2, the YN-FSI contribution to the transition amplitude

reads

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
YN-FSI |pD, λD〉 =

i

∫
d4pN ′

(2π)4
ub(~pN , λN )ua(~pY , λY )ΓYN

ab;cdG 1
2
,df (pN ′ ,mN ′)G 1

2
,ce(pY ′ ,mY ′)

×
[
ε
λγ
ν Ĵ

νG 1
2
(pT ,mN )ξλDµ ΓµDnp(pN ,pD)C

]
ef
, (5.117)

where we have written the Dirac indices explicitly for clarity. The vertex operator ΓYN represents

the (in)elastic hyperon-nucleon rescattering process and is covered in appendix K.

The transition amplitude features three fermion propagators G 1
2
. All three exhibit singularities as

they move on mass shell. Clearly, the largest contributions to the amplitude are realised when at

least one pole is reached. Working within the constraints of CST [186, 189], we choose to restrict

one particle on its mass-shell. One can prove that this approach can be used without loosing the

manifest covariance of the transition amplitude. Making use of the residue theorem, forcing the

spectator nucleon on mass shell is equivalent to the following substitution

i

∫
d4pN ′

(2π)4

/pN ′ +mN ′

p2
N ′ −m2

N ′ + iε
→ −

∑

λN′

∫
d3~pN ′

(2π)32EN ′
u(~pN ′ , λN ′)u(~pN ′ , λN ′) . (5.118)

Consequently, the YN-FSI contribution to the transition-current matrix element becomes

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
YN-FSI |pD, λD〉 =

−
∑

λN′

∫
d3~pN ′

(2π)32EN ′
ub(~pN , λN )ua(~pY , λY )ΓYN

ab;cdud(~pN ′ , λN ′)G 1
2
,ce(pY ′ ,mY ′)

×
[
ε
λγ
ν Ĵ

νG 1
2
(pT ,mN )ξλDµ ΓµDnp(pN ,pD)C

]
ef
uf (~pN ′ , λN ′) . (5.119)

With the spectator nucleon on mass shell, the target nucleon absorbs all the binding energy and

therefore never fulfils Einstein’s relation. The propagator of the rescattering hyperon, on the other

hand, passes through its singularity. It can be decomposed as (A.45)

G 1
2
(pY ′ ,mY ′) =

1

2ẼY ′

(
Λ+(~pY ′)

p0
Y ′ − ẼY ′ + iε

− Λ−(−~pY ′)
p0
Y ′ + ẼY ′ − iε

)
, (5.120)

where we have defined an on-shell four-vector for the rescattering hyperon

p̃Y ′ ≡ (ẼY ′ , ~pY ′) , with ẼY ′ =
√
|~pY ′ |2 +mY ′ . (5.121)

The denominator of the second term will be large compared to the one of the positive-energy part.

Its contribution will be neglected in our calculations. Thereby, the covariance of our formalism is

lost. Our approximate expression for the YN-FSI contribution to the transition amplitude then reads

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
YN-FSI |pD, λD〉 ≈

−
∑

λN′

∫
d3~pN ′

(2π)32EN ′2ẼY ′
ub(~pN , λN )ua(~pY , λY )ΓYN

ab;cdud(~pN ′ , λN ′)

[
Λ+(~pY ′)

]
ce

p0
Y ′ − ẼY ′ + iε

×
[
ε
λγ
ν Ĵ

νG 1
2
(pT ,mN )ξλDµ ΓµDnp(pN ,pD)C

]
ef
uf (~pN ′ , λN ′) . (5.122)
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This amplitude will have its largest contribution when the singularity corresponding to an on-mass-

shell rescattering hyperon is reached. With the use of the general relation

1

p0
Y ′ − ẼY ′ + iε

= P
[

1

p0
Y ′ − ẼY ′

]
− iπδ(p0

Y ′ − ẼY ′) , (5.123)

where P [. . .] stands for a Cauchy principal-value integration, the current operator breaks up into an

on-shell and an off-shell part, i.e.

ĴYN-FSI = ĴYN-FSI,onshell + ĴYN-FSI,offshell . (5.124)

The on-shell contribution is defined as

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
YN-FSI,onshell |pD, λD〉 =

− iπ
∑

λN′λY ′

∫
d3~pN ′

(2π)32EN ′2ẼY ′
δ(p0

Y ′ − ẼY ′) 〈pY , λY ;pN , λN | ĴYN |p̃Y ′ , λY ′ ;pN ′ , λN ′〉

× 〈pK ; p̃Y ′ , λY ′ ;pN ′ , λN ′ | Ĵ
λγ
RPWIA |pD, λD〉 . (5.125)

We can dispose of the delta function by integrating over the three-momentum of the spectator nucleon

in the YN-CM frame. The spectator-nucleon three-momentum |~̌p ∗N ′ |, for which the rescattering

hyperon is put on mass shell, fulfils the following constraint

WY N =
√
|~̌p ∗N ′ |2 +m2

Y ′ +
√
|~̌p ∗N ′ |2 +m2

N ′ . (5.126)

After solving this equation, we obtain

Ě∗N ′ =
√
|~̌p ∗N ′ |2 +m2

N ′ =
W 2
Y N +m2

N ′ −m2
Y ′

2WY N
. (5.127)

Carrying out the integration over |~pN ′ | in Eq. (5.125) yields

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
YN-FSI,onshell |pD, λD〉

YN-CM
=

−i
32π2

|~̌p ∗N ′ |
WY N

∑

λN′λY ′

∫
d2Ω∗N ′ 〈pY , λY ;pN , λN | ĴYN |p̃Y ′ , λY ′ ; p̌N ′ , λN ′〉

× 〈pK ; p̃Y ′ , λY ′ ; p̌N ′ , λN ′ | Ĵ
λγ
RPWIA |pD, λD〉 . (5.128)

This amplitude features the transition matrix element for the hyperon-nucleon interaction with all

incoming and outgoing particles on mass-shell. In Appendix K, we elaborate on the properties of the

hyperon-nucleon interaction ĴYN.

In the second contribution to the YN-FSI diagram the hyperon-nucleon interaction vertex has one

off-mass-shell leg. It reads

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
YN-FSI,offshell |pD, λD〉 =

∑

λN′λY ′

∫
d2ΩN ′

4(2π)3
P
∫
d|~pN ′ |

|~pN ′ |2
EN ′ẼY ′

1

p0
Y ′ − ẼY ′

〈pY , λY ;pN , λN | ĴYN |pY ′ , λY ′ ;pN ′ , λN ′〉

× 〈pK ;pY ′ , λY ′ ;pN ′ , λN ′ | Ĵ
λγ
RPWIA |pD, λD〉 . (5.129)
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As is pointed out in Appendix K, the non-vanishing virtuality of the rescattered hyperon allows the

rescattering process to occur below threshold. Similar to the evaluation of the delta function in the

on-shell contribution to the YN-FSI amplitude, we will abandon our covariant notation to further

simplify the principal-value integral in Eq. (5.129). With the help of the following identity

(
p∗0Y ′
)2 −

(
Ẽ∗Y ′

)2
= −2WY N

(
E∗N ′ − Ě∗N ′

)
, (5.130)

we are able to rewrite the off-shell contribution to the YN-FSI diagram in a form suitable for

numerical integration, i.e.

〈pK ;pY , λY ;pN , λN | Ĵ
λγ
YN-FSI,offshell |pD, λD〉

YN-CM
=

−
∑

λN′λY ′

∫
d2Ω∗N ′
64π3

P
∫ E∗,max

N′

mN′

dE∗N ′
|~p ∗N ′ |

WY N Ẽ∗Y ′

WY N − E∗N ′ + Ẽ∗Y ′
E∗N ′ − Ě∗N ′

× 〈pY , λY ;pN , λN | ĴYN |pY ′ , λY ′ ;pN ′ , λN ′〉 〈pK ;pY ′ , λY ′ ;pN ′ , λN ′ | Ĵ
λγ
RPWIA |pD, λD〉 . (5.131)

The integration over the solid angle Ω∗N ′ and CM energy E∗N ′ are performed with the aid of the

quadrature routines from GSL [190]. At threshold, where the singularity is located at the integral’s

lower bound, we adopt the QAWS routine. For all other energies, the QAWC routine is employed.

Finally, we need to specify the upper bound E∗,max
N ′ . In principle, the integral is unbounded. In

practise, however, the effective masses of the target nucleon and the rescattering hyperon depend

on the three-momentum of the spectator nucleon. As was pointed out in Paragraph 5.6.2 in the

context of the RPWIA contribution to the transition amplitude, an effective upper bound for |~p ∗N ′ | is

needed to prevent the target nucleon’s effective mass from becoming negative. A similar constraint

is imposed for the effective mass of the rescattering hyperon. It yields

E∗N ′ ≤
W 2
Y N +m2

N ′

2WY N
. (5.132)

Because of the specific structure of the elementary kaon-production operator in the RPR model a

third restriction is needed. In case the kaon-production vertex has both an incoming and outgoing

particle off mass-shell, the elementary operator can be evaluated below the physical production

threshold. Besides the uncertainties related to this off-shell extrapolation, an artificial singularity can

arise once the invariant mass in the vertex reaches down to the physical nucleon mass. This singularity

is caused by the presence of the s-channel Born diagram needed to guarantee gauge-invariance in the

context of the Regge model. When

(pK + pY ′)
2 = m2

T , (5.133)

the pole of this diagram is reached. We stay clear of this singularity by solving Eq. (5.133) for E∗N ′
and imposing it as an upper bound.
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CHAPTER 6

Results for kaon production from the deuteron

In Chapter 2, we introduced the RPR formalism as a trustworthy and economical description of EM

kaon production from the unbound proton. Chapter 3 dealt with extensions to the RPR model which

aimed at describing reaction channels for which only limited data sets are available. A relativistic

formalism for the EM production of kaons off deuterium targets was the subject of the previous

chapter. We presented the RPWIA and discussed the different contributions to the hyperon-nucleon

FSI. In this chapter, we collect all these different ingredients and present calculations for strangeness

production from the deuteron.

The results are obtained utilising the RPR-2007 elementary-production operator presented in Chap-

ter 2 and Refs. [39, 40, 69]. For the sake of clarity, the coupling constants of the adopted models are

listed in Appendix I. Although a variety of deuteron wave functions have been presented in Section 5.5,

all calculations employ the relativistic wave function obtained with the WJC-1 nucleon-nucleon

potential of Gross and Stadler [183], unless mentioned otherwise. For the investigation of the YN-FSI,

we use helicity amplitudes calculated with the Jülich hyperon-nucleon potential as input. The Jülich

model is briefly reviewed in Section K.4.

We start this chapter with an in-depth discussion of the 2H(γ,KY )N cross sections obtained in the

RPWIA. We investigate which kinematic regions dominate the reaction and explore the sensitivity

of the formalism to its different ingredients. Section 6.2 is devoted to the YN-FSI contribution.

We conclude this chapter by confronting our model calculations with the available photo- and

electroproduction data in Sections 6.3 and 6.4 respectively.
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Figure 6.1 – Deuteron density (6.2) calculated within the WJC-1 model [183] as function of the relative

proton-neutron three-momentum |~p|.

6.1 Relativistic plane-wave impulse approximation

6.1.1 Non-relativistic spectator-nucleon approximation

Starting from the on-shell contribution to the RPWIA transition amplitude (5.112), one can show

that

∑
| 〈pK ;pY , λY ;pN , λN | Ĵ

λγ
RPWIA,onshell |pD, λD〉 |2 ∼ ρD(|~pN |)

∑
| 〈pK ;pY , λY | Ĵλγ |p̃TλT 〉 |2 ,

(6.1)

where we have defined the deuteron density as

ρD(p) = u2(p) + w2(p) + v2
t (p) + v2

s(p) . (6.2)

Inserting this relation in the expression for the exclusive differential cross section (5.35), we find for

small values of the spectator momentum |~pN |

d5σ

d~pNdΩ∗K
≈ 1

2π

(
1 +
|~pN |
EN

cos θN

)
ρD(|~pN |)

d2σKY
dΩ∗K

. (6.3)

This relation is known as the non-relativistic spectator-nucleon approximation to the cross section

and is valid as long as |~pN | � mN . Assuming that FSI effects are negligible, Eq. (6.3) provides

a straightforward recipe to extract information on the elementary kaon-production reaction from

exclusive cross section measurements at small |~pN |s.

Because of the non-trivial phase space of a three-particle final state, the 2H(γ,KY )N results can be

presented in terms of a plethora of combinations of the kinematic variables. Owing to the convenient

factorised form (6.3) of the cross section, we can easily assess which regions in phase space are

to contribute most to the reaction’s strength. The transition amplitude of the elementary kaon-

production process is obviously an essential component, but exhibits only mild variations with energy.

The deuteron density ρD(|~pN |), by contrast, falls off exponentially as the relative three-momentum

of the proton and neutron inside the deuteron increases. This is illustrated in Figure 6.1 with the

WJC-1 deuteron wave function [183]. Assuming that the reaction is dominated by the RPWIA

contribution to the transition amplitude, the cross section will thus exhibit most strength for low

momenta of the outgoing nucleon. Our intuition is confirmed in Figure 6.2, where the semi-inclusive

differential cross section for charged-kaon production is shown as function of |~pN | and cos θN for

three representative values of the kaon-hyperon invariant mass. We notice an exponential falloff
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Figure 6.2 – The semi-inclusive 2H(γ,K+)Y N differential cross section using the full RPR operator in

the RPWIA as a function of the nucleon momentum |~pN | and scattering angle cos θN in the LAB frame at

three different values of the invariant mass of the kaon-hyperon system (from left to right: WKY = 1700,

1900 and 2100 MeV).

as |~pN | increases, reminiscent of the deuteron density ρD. The differential cross section is nearly

isotropic, yet the coloured bands in Figure 6.2 are slightly tilted in the clockwise direction. This

indicates a mild dependence on cos θN that becomes stronger as the spectator momentum rises.

In case the 2H(γ,K)Y N observables are presented as a function of the momentum and scattering

angle of the outgoing kaon, e.g.

d3σ

d|~pK |dΩK
=

∫
dΩ∗Y

d5σ

d|~pK |dΩKdΩ∗Y
, (6.4)

the spectator-nucleon momentum and hence the deuteron density are function of |~pK |, θK , the photon

energy Eγ and the hyperon’s scattering angle θ∗Y in the YN-CM frame. We exemplify this dependence

in Figure 6.3 for three photon energies and at forward scattering angles in the YN-CM frame. It

stands out that the deuteron density is strongly peaked at small values of θ∗Y . At Eγ = 1000 MeV,

that is close to threshold, ρD is concentrated at forward scattering angles for the photoproduced

kaon. As energy rises, this distribution spreads over a larger region of kaon momenta and shifts

towards more backward angles.

Figure 6.4 shows RPWIA results for semi-inclusive charged-kaon photoproduction. This reaction

receives contributions from elementary K+Λ and K+Σ0 production from the proton, in addition to

K+Σ− production off the neutron. The threefold differential cross section is given as a function of

the kaon’s momentum and scattering angle in the LAB frame. These results are obtained with the

full RPR current operator. A comparison with Figure 6.3 reveals that the shape of the semi-inclusive

cross section is mainly determined by the deuteron density distribution. Whereas the available

phase-space volume makes sure the cross section vanishes as the kaon’s momentum approaches zero.

The cross section is largest for kaons created along or near the direction of the incoming photon.

At all but the lowest photon energy, the cross section consists of two modi. The one at the highest

kaon momenta corresponds to quasi-free Λ production, the second to the production of a Σ0 and Σ−

hyperon. As the photon energy increases, the gap between both ridges becomes smaller.
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Figure 6.3 – Deuteron density (6.2) as calculated within the WJC-1 model [183] as a function of cos θK
and |~pK | at various values of Eγ and cos θ∗Y . Each point in the phase space of the 2H(γ,K+Λ)n reaction

determines a single value for |~pN | assuming the RPWIA and the corresponding deuteron density is plotted.
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Figure 6.4 – The semi-inclusive 2H(γ,K+)Y N differential cross section using the full RPR operator in

the RPWIA as a function of the kaon momentum |~pK | and scattering angle cos θK in the LAB frame at

three different photon energies (from left to right Eγ = 1000, 1200 and 1400 MeV).
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Figure 6.5 – Effective mass (6.5) of the target nucleon that absorbs the incoming photon as a function of

the relative proton-neutron three-momentum |~p|.

6.1.2 Off-shell extrapolation

As mentioned in Section 5.6, in our implementation of the RIA we put the spectator nucleon in the

Dnp-vertex on its mass shell. As a consequence, the nucleon that absorbs the photon carries the

complete binding energy of the deuteron. As such, the elementary-production operator needs to be

evaluated with an effective mass

mT,eff. =
√

(pD − pN )2 =

√
m2
D +m2

N − 2mD

√
|~pN |2 +m2

N , (6.5)

for the target nucleon Since the RPR operator is not constrained by data for mT,eff. 6= mN , this

involves an off-shell extrapolation. In Figure 6.5, the effective mass of the target nucleon is shown as

a function of the relative proton-neutron three-momentum |~p|. At low values of |~p|, mT,eff. remains

close to the physical nucleon mass. As the relative momentum approaches 700 MeV, it becomes zero.

For higher values of |~p|, the effective mass is imaginary.

We illustrate the off-shell extrapolation of the elementary production operator in Figure 6.6. The

squared transition amplitude for the p(γ,K+)Λ reaction as calculated within the RPR formalism is

given as function of the kaon’s CM scattering angle at three representative values of the invariant

mass of the kaon-hyperon system. We remind the reader that with our choice of normalisations this

quantity is dimensionless. For mT,eff. ≈ mN , i.e. at the top of the panels, the transition amplitude

is computed with the physical nucleon mass. The matrix element is evaluated at smaller masses

as we go down the ordinate axis. It is clear the elementary-production operator exhibits off-shell

structures and does not disappear as the target-nucleon mass approaches zero. We have carefully

scanned the phase space of the different elementary reaction channels and conclude the transition

amplitude is free of singularities. The off-shell structure of the elementary reaction is likely to play a

role in observables, but we do not expect any dramatic effects.

The effect of the off-shell extrapolation is most readily investigated by comparing the RPWIA

contribution (5.102) to the transition amplitude with its on-shell reduction given in Eq. (5.112). In

Figure 6.7, we compare the one-fold differential 2H(γ,K+Λ)n cross section as calculated with both

forms of the transition amplitude. Clearly, the RPWIA result and the on-shell approximation coincide

for small values of the spectator-nucleon momentum. At the lowest energy, the agreement holds up

to |~pN | . 200 MeVs, and the region of similarity becomes larger for higher values of WKY . At large

missing momenta, the results bifurcate, with the on-shell form of the transition amplitude giving

significantly larger cross-section predictions compared to the RPWIA result. This discrepancy is not
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Figure 6.6 – Squared p(γ,K+)Λ transition amplitude at three values of WKY as a function of cos θ∗K and
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hyperon.
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Figure 6.7 – The 2H(γ,K+Λ)n differential cross section as a function of the nucleon momentum |~pN | at

three different values of WKY . The solid curve is the RPWIA result (5.102). The dashed line is obtained

with the on-shell reduction of Eq. (5.112).

only due to the off-shell extrapolation of the elementary-production operator, but stems in part from

the additional contribution (5.110) to the RPWIA amplitude that is omitted. In Paragraph 5.6.2,

we argued that this contribution is kinematically suppressed for small missing momenta. At higher

values of |~pN |, however, it can no longer be neglected.

6.1.3 Wave-function sensitivity

The deuteron wave function is an essential ingredient in the description of EM kaon production

from the deuteron. This can be most clearly illustrated within the non-relativistic spectator-nucleon

approximation which gives rise to the expression (6.3) for the cross section. Figure 6.8 shows the

missing-momentum dependence of the 2H(γ,K+Λ)n cross section for various choices of the deuteron

wave functions1. For missing momenta up to approximately 250 MeV, the different wave functions

give nearly indistinguishable results. This comes as no surprise, because all NN potentials produce

comparable 3S1 waves which dominate in this kinematic region. As the spectator nucleon’s momentum

rises, the cross-section predictions start to diverge. It is worth noting that the non-relativistic wave

functions of the Paris and Nijmegen potentials and the relativistic Gross-IIB wave function generate

1See Sections 5.5.2 and 5.5.3
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Figure 6.8 – The 2H(γ,K+Λ)n differential cross section as a function of the nucleon momentum |~pN |
at three different values of the invariant mass of the kaon-hyperon system . The results are obtained

within the RPWIA adopting different versions of the deuteron wave function: Paris [178], CD-Bonn [179],

Nijmegen-III [180], Gross-IIB [181] and WJC-1 [183].

very similar predictions. The cross sections based on the CD-Bonn and WJC-1 potentials, on the

other hand, differ up to an order of magnitude for high missing momenta.

6.1.4 Helicity-amplitude dependence

Evidently, the elementary kaon-production vertex is a crucial ingredient of strangeness production

from the deuteron. The RPR model, that was introduced in Chapter 2, is optimised against data in

the p(γ,K+)Λ and p(γ,K+)Σ0 channels. In the description of the N(γ(∗),K)Y process, the four

remaining final states, where little or no data is available, cannot be ignored. In Section 3.2, we

demonstrated that the major source of uncertainties for modelling the n(γ,K)Y reaction channels

stems from the helicity amplitudes of the considered nucleon resonances. Here, we wish to assess to

what extend these uncertainties propagate in (semi-)inclusive reactions on the deuteron.

The semi-inclusive charged-kaon-production cross section is depicted as function of the outgoing

kaon’s LAB momentum in Figure 6.9. The cross section clearly exhibits two maxima where the

quasi-free condition for Λ and Σ production are realised. Below the Σ-production threshold, i.e.

|~pK | & 619 MeV, only the K+Λ channel contributes to the reaction. At lower kaon momenta, both

the p(γ,K+)Σ0 and n(γ,K+)Σ− reactions play a role. The later takes place on the neutron and,

consequently, is prone to the uncertainties related to the unconstrained helicity amplitudes. The

effect is sizable as can be deduced from the magnitude of the shaded area. In the quasi-elastic

peak, variations of the order of two are possible. From the above discussions, we conclude that the

resonance contributions to the elementary-production operator are the major source of uncertainties

for the 2H(γ,KY )N predictions. Those stemming from the off-shell extrapolation (Paragraph 6.1.2)

or the deuteron wave function (Paragraph 6.1.3) are substantially smaller.

6.2 Hyperon-nucleon final-state interactions

In the previous section, we explored kaon photoproduction from the deuteron in the RPWIA

formalism. The momentum distribution of the spectator nucleon emerged as dominant in shaping

the differential cross sections. Besides the RPWIA contribution, Paragraph 5.6.1 introduced a set of

interesting higher-order diagrams. Our motivation to study these additional contributions is two-fold.
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Figure 6.9 – The three-fold differential 2H(γ,K+)Y N cross section in the RPWIA as a function of the

kaon LAB three-momentum |~pK | at θK = 0◦ and Eγ = 1100 MeV. The dashed curve shows the contribution

of the Reggeized background, whereas the solid curve also includes the s-channel resonant contributions of

the full RPR amplitude. The shaded area indicates the effect of the uncertainties in the adopted helicity

amplitudes.

Figure 6.10 – Meson-exchange diagrams considered in the context of non-relativistic potential models for

elastic ΛN and ΣN as well as inelastic ΛN – ΣN scattering. The interpretation and dynamical origin of

the exchange diagrams involving scalar mesons (σ, ρ, a0, κ, ω′) differs greatly among different models [191].

In case the deuteron is exploited as a neutron target, one wishes to identify regions in phase space

where higher-order effects are minimal. Kinematical conditions with significant roles for kaon-nucleon

or hyperon-nucleon final-state interactions, on the other hand, provide access to the elusive KN and

Y N interactions.

In this work, we concentrate on the influence of the hyperon-nucleon final-state interaction. The

expressions for this contribution to the transition amplitude are discussed in Paragraph 5.6.3. When

both the photoproduced hyperon as well as the spectator nucleon are on mass shell, the amplitude is

given by Eq. (5.128). In case the rescattering hyperon is off mass shell, the off-shell dynamics of

the hyperon-nucleon interaction vertex play a role and sub-threshold production is possible. Details

on the off-shell extrapolation of the hyperon-nucleon interaction are diverted to Section K.3. The

off-shell YN-FSI diagram (5.131) involves a principal-value integral. Integrating over the spectator

momentum comes at a significant computational cost. For this reason, we restrict calculations with

the RPWIA plus full YN-FSI amplitude to exclusive conditions. For semi-inclusive results, we adopt

a truncation scheme and retain the on-shell part of the YN-FSI diagram.

Evidently, a trustworthy description of the hyperon-nucleon interaction is an essential component in

order to assess the role of rescattering to kaon production in the nuclear medium. In the low- and

medium-energy domain, hadron-hadron interactions can be adequately described in the context of

a meson-exchange picture. A hallmark result is the success of realistic nucleon-nucleon potential

models that fit the available data with an astonishing χ2/Ndata ≈ 1. The results from NN phase-shift

analyses are considered equivalent representations of the data. For hadronic interactions involving

strangeness, similar descriptions can be adopted. Model builders are hindered, however, by the small



Chapter 6. Results for kaon production from the deuteron 99

amount of experimental data with mediocre statistics over a limited kinematical range, as well as

the lack of information on polarisation observables.

For the purpose of describing the hyperon-nucleon interaction, an effective potential can be constructed

by considering a set of scalar, pseudo-scalar, vector and axial-vector meson-exchange diagrams [192,

193]. Figure 6.10 provides a graphical representation of these contributions. Relying on SU(3)

flavor symmetry or the SU(6) symmetry of the quark model, most coupling constants at the

strange vertices can be related to nucleon-nucleon-meson coupling constants which are constrained

by nucleon-nucleon scattering data. The remaining free parameters are optimised against the

available hyperon-nucleon total cross section data [194–198]. All modern hyperon-nucleon potential

models [199–201] successfully reproduce these data, notwithstanding the substantial differences in

implementation between the different models. Especially the treatment of the (iso)scalar-meson sector,

which effectively incorporates two-meson-exchange diagrams and accounts for the intermediate range

of the interaction, is vastly different. In recent years, an alternative formalism for the description

of the hyperon-nucleon interaction has come forth. Effective-field theory (EFT) is based on chiral-

perturbation theory and provides a powerful diagrammatic expansion. The accuracy of calculations

can be systematically improved by going to higher orders and the theoretical uncertainties can be

evaluated. An EFT model for the hyperon-nucleon potential is available at leading order [202] and is

currently being extended to next-to-leading order [203].

In Figure 6.11, total-cross-section data for elastic and inelastic hyperon-nucleon scattering are

presented. They are compared to two conventional meson-exchange potentials, the Nijmegen97f

potential [205] and the Jülich ’04 model [199], in addition to the leading-order chiral EFT model of

the Jülich group [202]. All models provide a good description of the data, even though the EFT model

shows some minor discrepancies. Our YN-FSI calculations are performed with scattering amplitudes

obtained with the Jülich ’04 model [199]. More details on these amplitudes can be found in Section K.4.

The cross-section data in Figure 6.11 show that the hyperon-nucleon interaction is strongest close to

threshold. Therefore, phase-space regions where WY N is small are expected to exhibit the largest

sensitivity to YN-FSI effects. In addition, one notes that the YN-FSI contributions (5.128) and (5.131)

to the transition amplitude are proportional to the RPWIA amplitude. This implies that rescattering

will be important in phase-space regions close to hyperon-nucleon thresholds where the spectator

momentum is small.

Figure 6.2 demonstrated that the missing-momentum distribution for kaon photoproduction in the

RPWIA has two prominent features: near isotropy and an exponential fall off as the spectator

nucleon’s momentum rises. There is no published data available to verify these characteristics, but

preliminary momentum distributions have been obtained with the CLAS spectrometer in Jefferson

Lab’s Hall-B and are shown in Figure 6.12. This data exhibits the predicted qualitative behaviour for

low missing momenta. The data reveal a peak near |~pN | ≈ 50 MeV and barely any cos θN dependence

in accordance with RPWIA calculations. At high missing momenta and forward angles, an excess of

events is observed.

Figure 6.13 presents exclusive cross section results for 2H(γ,K+Λ)n production at three representative

values for WKY . The kinematics are coplanar and the photoproduced kaon moves forward in the

KY-CM to maximise the cross section. The top panels are calculated at the quasi-elastic peak.

At these kinematics, the YN-FSI have a small impact and do not alter the isotropic aspect of the

cross section. The results in the lower panels, by contrast, are obtained at a moderate value for

the missing momentum and are clearly forward peaked as a result of the YN-FSI. This behaviour
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Figure 6.11 – Total cross section σ = 2
cos θmax−cos θmin

∫ cos θmax

cos θmin

dσ(θ)
d cos θd cos θ as a function of plab. The

integration limits are ±1 except for the Σ+p→ Σ+p and Σ−p→ Σ−p cross sections where cos θmax,min =

±0.5 was taken. The experimental cross sections in (a) are taken from Refs. [194] (�) and [195] (•), in (b)

from Refs. [196] (•) and [204] (�), in (c),(d) from [197] and in (e),(f) from [198]. The shaded band is the

Jülich chiral EFT result [202], the solid curve is the Jülich ’04 model [199], and the dashed curve is the

Nijmegen NSC97f potential [205]. The figure was taken from Ref. [191].

is characteristic for the high-momentum tails of the cross section and provides an opportunity to

extract information on the hyperon-nucleon potential. In an experimental analysis that focuses on

phase-space regions with high missing-momenta, any strong anisotropy will reveal the presence of

hyperon-nucleon rescattering. Note that at these kinematic conditions the cross sections are small

and count rates will be reduced.

The exclusive 2H(γ,K+Λ)n cross section is shown in Figure 6.14 as function of the LAB scattering

angle of the outgoing hyperon for kaons produced along the photon momentum. The calculations are

performed at energies (Eγ = 1100 and 1300 MeV) relevant for contemporary experimental facilities.

The tendency of the hyperon to be produced co-linear with the photon is evident at all values for the

kaon momentum. The panels on the left correspond to kaon momenta slightly above the reaction’s

threshold. Here, the hyperons are restricted to a small solid angle in the forward hemisphere and

both the on-shell and off-shell parts of the YN-FSI diagram contribute constructively to the reaction’s

strength. In the vicinity of the quasi-free Λ-production peak, corresponding to the |~pK | values of the

middle panels, YN-FSI effects are absent in the forward direction, but play an increasingly important
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Figure 6.12 – Exclusive 2H(γ,K0
sΛ)p events from JLab run g10 obtained with the CLAS spectrometer.

The data are shown as function of the LAB momentum (in GeV) and scattering angle of the outgoing

proton. The figure was taken from Ref. [206].
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Figure 6.13 – The exclusive 2H(γ,K+Λ)n differential cross section at three values of WKY as a function

of θN for forward, in plane, kaon scattering, i.e. θ∗K = φ∗K = 0◦. The upper (lower) panels are obtained

for a missing momentum |~pN | = 50 (200) MeV. The solid curve corresponds to RPWIA calculations. The

dashed and dotted results include the on-shell and off-shell YN-FSI contribution.
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Figure 6.14 – The exclusive 2H(γ,K+Λ)n differential cross section as a function of θY for coplanar

kinematics (φY =0) at θK = 0◦. The top (bottom) row corresponds to a photon energy Eγ = 1100 (1300)

MeV. The left panels are close to threshold, the middle panels correspond to quasi-free Λ production and

the right panels are near the Σ-production threshold. The solid curve corresponds to RPWIA calculations.

The dashed and dotted results include the on-shell and off-shell YN-FSI contribution.

role as the hyperon moves away from the z axis. Remarkably, the off-shell contribution to the YN-FSI

amplitude is negligible. Finally, the panels on the right hand side present calculations a little beyond

the Σ-production threshold. Both components of the YN-FSI amplitude contribute equally to the

reaction strength. At extreme forward angles, however, the effects of YN-FSI are negligible.

The role of the YN-FSI contribution appears largest close to the threshold of a reaction channel. This

observation is illustrated in Figure 6.15. It features the exclusive differential cross section at fixed

values of WY N . The cross section is given as a function of the kaon’s LAB momentum. As |~pK | rises,

the energy of the incoming photon grows and the maximum momentum in the figure is equivalent

with a photon energy Eγ ≈ 1500 MeV. The thresholds for the different kaon production channels are

listed in Table 5.1. The results in the panel at the top are obtained at the 2H(γ,K+Λ)n threshold.

This leads to very small cross sections. The effect of the YN-FSI diagram is considerable and stems

predominantly from the off-shell contribution. The calculations in the middle panel are a mere 5 MeV

above threshold, yet the influence of YN-FSI has dwindled. The on-shell rescattering contribution

overpowers the off-shell part. Away from threshold, the reaction’s strength can be entirely attributed

to the RPWIA diagram and the role of the hyperon-nucleon interaction is negligible.

From an experimental point of view, EM kaon production from the deuteron sets a challenge due to

its small cross sections. Exclusive measurements are mandatory in order to extract information on

the elementary kaon-production amplitude. Through (semi-)inclusive measurements, the statistics

of an experiment can be significantly improved. This comes at the cost of losing sensitivity to

higher-order effects, such as the hyperon-nucleon rescattering contribution. Note that our results

including hyperon-nucleon rescattering have made it clear that the regions with the largest sensitivity

to YN-FSI are marked by small cross sections. Therefore, the effects of the rescattering diagrams

risk to be washed out when (partially) integrated observables are considered.
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Figure 6.15 – The exclusive 2H(γ,K+Λ)n differential cross section at θK = 0◦ and θ∗Y = φ∗Y = 0◦ as a

function of |~pK | at three different values of WY N . The solid curve corresponds to RPWIA calculations.

The dashed and dotted results include the on-shell and off-shell YN-FSI contribution.

One expects important contributions from YN-FSI when WY N is close to the reaction threshold. For
2H(γ,K)Y N) observables, the invariant mass is given by

W 2
Y N =

(
pγ + pD − pK

)2
= stot +m2

K + 2mDEK + 2Eγ (EK − |~pK | cos θK) , (6.6)

which implies WY N reaches a minimum when θK ≈ 0◦. Therefore, one anticipates the influence

of YN-FSI to be largest when the kaon is produced along the beam direction. This is exemplified

in Figure 6.16 where charged- and neutral-kaon production are shown at three representative photon-

beam energies. The forward-peaked aspect of the cross section is prominent and for cos θK ≈ 1,

hyperon-nucleon rescattering leads to an enhancement. This effect is more pronounced at somewhat

higher photon energies. For neutral-kaon production the heightening due to the YN-FSI diagram is

less dramatic, because the cross section peaks near cos θK ≈ 0.9.

In Figure 6.17, we zoom in on the charged-kaon production reaction. Kaon-momentum distributions

are given at the same photon energies as in Figure 6.16 for cos θK = 0.9, 0.95 and 1. As discussed

in Section 6.1, the shape of the differential cross section is mainly determined by the momentum

distribution of the spectator nucleon in the RPWIA. At the lowest photon energy, one is close

to the Σ-production threshold and the cross section only peaks when the condition for quasi-free

Λ-production is fulfilled. At both other photon energies, the distribution is bimodal. The height of

each quasi-elastic peak is determined by the strength of the underlying elementary kaon-production

reaction and varies markedly as function of the photon energy and kaon scattering angle. Deviations

from the RPWIA result are only noticeable when the kaon is produced along the photon three-



104 6.3. Photoproduction data

0.5 0.6 0.7 0.8 0.9 1.0

2

4

6

8 )YN
+

,KγH(2

RPWIA
RPWIA + YN­FSI

0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.5

1.0

1.5

2.0
)YN0,KγH(2

900 MeV
1100 MeV
1300 MeV

Kθcos

b
/s

r)
µ

 (
K

Ω
/d

σ
d

Figure 6.16 – The semi-inclusive differential cross section for charged-kaon (upper panel) and neutral-kaon

(lower panel) photoproduction from the deuteron as a function of θK at three different photon energies. The

dashed lines represent the RPWIA result. The solid lines also include the on-shell YN-FSI contribution.

momentum. The YN-FSI strengthen the cross section especially for higher photon-beam energies.

The effect leads to enhancements up to 10 % in the quasi-elastic peaks. The global appearance of the

cross section remains unaffected however.

6.3 Photoproduction data

To date, a limited amount of fully analysed experimental results are available to confront model

calculations with. At Jefferson Lab, the CLAS collaboration has collected data during three run

periods with a photon beam incident on a deuterium target. No data from the g2 experiment [207]

have been made public so far. The g10 run period [206, 208] provided data for the elementary

n(γ,K+)Σ− reaction [151]. The RPR-model calculations are compared to these data in Figure 3.8.

The g13 experiment [209] ran in 2006 – 2007. Preliminary results for the photon-beam asymmetry

off bound protons [210] and polarisation observables in K0Λ and K0Σ0 production [153] have been

presented. These analyses, however, are ongoing and have not been published yet.

To our knowledge, the only published 2H(γ,K)Y N data set has been obtained at the Laboratory for

Nuclear Science (LNS) at Tohoku University using the Neutral-Kaon Spectrometer (NKS) [211, 212].

The semi-inclusive neutral-kaon photoproduction cross section from deuterium was measured in

two photon-energy bins close to threshold. The data are averaged over 100 MeV-wide energy

bins and integrated over 0.9 < cos θK < 1. The NKS spectrometer has since been upgraded to

NKS2. In 2005 – 2006, new data has been collected with significantly higher count rates and an

extended solid-angle coverage [213–215]. The NKS2 data comprises four angular bins in the forward

hemisphere (∆ cos θK = 0.1). In addition, semi-inclusive Λ-production cross sections have been

extracted from the NKS2 data set. These data are presented as hyperon-momentum distributions in

two angular bins in the forward hemisphere (∆ cos θY = 0.05) and a partial total cross section as

function of the photon energy.
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Figure 6.17 – The 2H(γ,K+)Y N differential cross section as function of the three-momentum of the

outgoing kaon in the LAB frame. The results in the upper, middle and lower panels represent photon

energies Eγ = 900, 1100 and 1300 MeV respectively. The results are obtained at three values for the kaon’s

scattering angle in the LAB (from left to right: cos θK = 1, 0.95 and 0.9). The dashed lines represent the

RPWIA result with the shaded region indicating the contribution of the 2H(γ,K+Λ)n channel. The full

result, which includes the on-shell YN-FSI contribution, corresponds to the solid lines.

In Figures 6.18 and 6.19, our RPWIA results for neutral-kaon momentum distributions are compared

to both the NKS and NKS2 data sets. The model calculations are performed at the centre of the

photon-energy bin. As photon energies close to the Σ-production threshold are probed, the cross

sections are predominantly uni-modal except in the highest energy bin at forward angles. The RPWIA

predictions reproduce the shape of the data and the characteristic quasi-elastic peaks of semi-inclusive

kaon production. At the lowest energy bin, the strength of the reaction is underpredicted by roughly

a factor of two-to-three at all angles. Whereas the model calculations suggest the differential cross

sections falls off when the angle between kaon and photon momentum grows, the LNS data in both

angular bins have the same size. One notices that the resonant contributions to the elementary-

production operator play an unsubstantial role. At Eγ = 1050 MeV, the size of the cross sections in

the RPWIA is in line with the measurements and the reaction is still dominated by the Reggeized

background. Yet, one notes that nucleon-resonance contributions are essential to reproduce the

observed shoulder at |~pK | ≈ 200 MeV. These kinematics correspond to quasi-free Σ-production.

In Section 6.1, the error bars on experimental helicity amplitudes emerged as the chief source of

theoretical uncertainties in our formalism. Because both elementary K0Λ and K0Σ0 production

from the neutron contribute to the 2H(γ,K0)Y N cross section, one can expect a considerable impact.

The shaded band in Figures 6.20 and 6.21 represents the range of cross sections obtained with
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Figure 6.18 – The semi-inclusive 2H(γ,K0)Y N differential cross section as a function of the kaon

momentum |~pK | integrated over four cos θK bins. The data are from Refs. [211, 212] (◦) and [215] (•), and

are averaged over 900 MeV < Eγ < 1000 MeV. The model results have been calculated at the bin centre

Eγ = 950 MeV. The solid line shows the RPR model result in the RPWIA, whereas the dashed line singles

out the contribution of the Reggeized background model.
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Figure 6.19 – As in Figure 6.18 for data averaged over 1000 MeV < Eγ < 1100 MeV. The model results

have been calculated at the bin centre Eγ = 1050 MeV.
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Figure 6.20 – The semi-inclusive 2H(γ,K0)Y N differential cross section as a function of the kaon

momentum |~pK | integrated over four cos θK bins. The data are from Refs. [211, 212] (◦) and [215] (•),
and are averaged over 900 MeV < Eγ < 1000 MeV. The RPWIA results have been calculated at the bin

centre Eγ = 950 MeV. The dashed curve indicates the Reggeized background model, whereas the full curve

corresponds to the full RPR amplitude. The shaded area takes the uncertainties of the adopted helicity

amplitudes into account.

the intervals of RPR-model coupling constants listed in Tables I.1 and I.2. The influence of the

uncertainties is considerable. At Eγ = 950 MeV, where the RPR predictions do not agree with the

data, the missing strength can be compensated by including the helicity-amplitude errors. One

notices that the induced errors in the quasi-elastic Λ-production peak are large compared to those in

the region of quasi-free Σ production. This can be understood if one considers the resonant content

of the RPR model for Λ production. Two less-established resonances, i.e. P13(1900) and D13(1900),

play a role and their photon-helicity couplings have not been determined experimentally. This forced

us to introduce sizable estimates for the error bars on the ratios of their coupling constants. As such,

our appraisal of the theoretical uncertainties is conservative and likely an overestimation.

The preliminary hyperon-momentum distributions for semi-inclusive Λ production are shown in Fig-

ure 6.22. These data have been obtained at two photon-energy bins (900 MeV < Eγ < 1000 MeV

and 1000 MeV < Eγ < 1080 MeV) and are integrated over two angular bins in the forward-scattering

hemisphere. The data are confronted with RPR model calculations using the RPWIA obtained for

photon energies at the bin centre. The overall agreement between theory and experiment is good.

The size and shape of the momentum distributions are nicely reproduced in both photon-energy

bins. This is in contrast with the semi-inclusive kaon-production results at Eγ = 950 MeV presented

in Figure 6.18, which underpredicted the data considerably. Charged-kaon production from the

proton inside the deuteron accounts for the bulk of the cross section strength.

In Figure 6.23, a partial total 2H(γ,Λ)KN cross section is depicted over the full energy range of

the LNS experiment. The data have been integrated over hyperon scattering angles in the range

0.9 ≤ cos θY ≤ 1. In the threshold region, where neutral-kaon production plays an insignificant role,

the RPR model provides an excellent description of the NKS2 data. For Eγ & 950 MeV, the relative

contribution of the 2H(γ,K0Λ)p channel builds up and the RPR predictions overshoot the data.
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Figure 6.21 – As in Figure 6.20 for data averaged over 1000 MeV < Eγ < 1100 MeV. The model results

have been calculated at the bin centre Eγ = 1050 MeV.
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Figure 6.22 – The semi-inclusive 2H(γ,Λ)KN differential cross section as a function of the hyperon

momentum |~pY | integrated over two forward scattering-angle bins: 0.95 ≤ cos θY ≤ 1 (upper panels) and

0.9 ≤ cos θY ≤ 0.95 (lower panels). The data are from Ref. [215] and are averaged over 900 < Eγ(MeV) <

1000 (left panels) and 1000 < Eγ(MeV) < 1080 (right panels). The theoretical results are calculated at

the bin centres. The full line gives the RPWIA prediction using the RPR model, whereas the dashed line

singles out the contribution of the 2H(γ,K+Λ)n channel.
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function of the photon energy Eγ . The full line gives the RPWIA prediction using the RPR model, whereas

the dashed line singles out the contribution of the 2H(γ,K+Λ)n channel. Data are from Ref. [215].
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Figure 6.24 – The semi-inclusive 2H(γ,K0)Y N differential cross section as a function of the kaon

momentum |~pK | integrated over forward scattering angles 0.9 < cos θK < 1. The data are from Refs. [211,

212] (◦) and [215] (•), and are averaged over two, 100 MeV-wide, photon-energy bins. The lines correspond

to RPR calculations using the RPWIA performed in 10 MeV steps for 900 MeV < Eγ < 1100 MeV.

So far, we have compared model predictions calculated at the centre of the photon-energy bins to the

experimental results from LNS. These data are averaged over 100 MeV-wide bins. The energy range

900 MeV ≤ Eγ ≤ 1100 MeV is near the kaon-production threshold. This implies that the shape of

the cross section undergoes rapid changes. We illustrate this in Figure 6.24. Model calculations

in the RPWIA are shown at the kinematics of the NKS data. The results are obtained over the

full range of photon-beam energies in 10 MeV intervals. Within each energy bin, both the threshold

value for the kaon momentum as well as the position of the quasi-elastic peak shift appreciably.

Especially the onset of the Σ-production peak results in a non-linear evolution of the cross section.

As a consequence, the effect of averaging substantially alters the aspect of the cross section and the

data will be very sensitive to possible asymmetries in the detector’s acceptance.

Bin-averaged and bin-centred RPWIA results are compared to the data in Figures 6.25 and 6.26. As

anticipated, the averaging procedure smears the characteristic shape of the differential cross sections.
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Figure 6.25 – The |~pK | dependence of the semi-inclusive 2H(γ,K0)Y N differential cross section integrated

over four cos θK bins. The data are from Refs. [211, 212] (◦) and [215] (•), and are averaged over

900 < Eγ(MeV) < 1000. The results are obtained with the RPR model in the RPWIA. The dashed line

shows calculations at the bin centre, whereas the full line and the shaded band indicate bin-averaged results

with the corresponding averaging error.
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Figure 6.26 – As in Figure 6.25 for data averaged over 1000 MeV < Eγ < 1100 MeV. The model results

have been calculated at the bin centre Eγ = 1050 MeV.

Particularly at Eγ = 1050 MeV and 0.9 ≤ cos θK ≤ 1.0, the shoulder attributed to quasi-free Σ

production is far less pronounced. At each value of |~pK |, we have computed the standard deviation

on the cross section. The latter are represented by the shaded area. The uncertainties related to bin

averaging are appreciable and the relative effect can amount to 100%. This is similar in magnitude

to the experimental error bars.

Finally, we consider the role of the YN-FSI diagram at the kinematics of the LNS experiment.
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Figure 6.27 – The 2H(γ,K0)Y N differential cross section as a function of |~pK |. The results in the upper,

middle and lower panels represent photon energies Eγ = 900, 1100 and 1300 MeV respectively. The results

are obtained at three values for cos θK (from left to right: cos θK = 1, 0.95 and 0.9). The dashed lines

represent the RPWIA result with the shaded region indicating the contribution of the 2H(γ,K+Λ)n channel.

The full result, which includes the on-shell YN-FSI contribution, corresponds to the solid lines.

In Figure 6.16, cross sections for neutral-kaon production are shown as a function of the kaon’s

scattering angle. The effect of the YN-FSI contribution is generally small and is most outspoken in a

small angular range at extreme-forward angles. This is evident in Figure 6.27 which features the

semi-inclusive cross section at forward angles. For cos θK = 1, the Σ peak dominates and YN-FSI

effects result in an 25 % increase of the cross section. However, as soon as the kaon is no longer

produced along the photon, Λ production has the upper hand and rescattering effects are minimal.

Since the NKS and NKS2 data are integrated over angular bins that have a width of ∆ cos θK = 0.1,

the overall YN-FSI contribution is unimportant. Our calculations point to an effect of at most 1–2

%.

6.4 Electroproduction data

Also for the 2H(e, e′K)Y N reaction, few data are available. To our knowledge, a total of two data

points have been published. These data have been obtained at Jefferson Lab’s Hall-C [216] in a

double-coincidence experiment. The incident-beam energy was fixed at 3245 MeV and scattered

electrons where measured at an angle of 14.93◦. The virtual photon has virtuality Q2 = 0.35 GeV2

and energy Eγ = 1668 MeV. Even though data was collected at different configurations for the kaon
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Figure 6.28 – Five-fold differential LAB cross sections for 2H(e, e′K+Λ)n (left panel) and
2H(e, e′K+Σ)N (right panel) as a function of θK . The incident-beam energy is fixed at 3245 MeV and the

electron scatters at an angle 14.93◦. The virtual photon has Q2 = 0.35 GeV2 and Eγ = 1668 MeV. The

dashed curve shows the contribution of the Reggeized background, whereas the solid curve also includes

the s-channel resonant contributions of the full RPR amplitude. Data from Ref. [216].

spectrometer, cross sections have only been published for a single value of the kaon scattering angle.

These cross sections have been averaged over the azimuthal angle.

By fitting missing-mass distributions to data, Λ and Σ production have been separated. Owing

to the small mass difference between the Σ0 and Σ− hyperons, only the total Σ strength could be

determined via the missing-mass technique. Ref. [216] disentangles the Σ0 and Σ− contributions

based on a dedicated phenomenological model developed in Ref. [217]. Inevitably, this introduces a

critical model dependence in the published exclusive Σ-production results. Therefore we will only

use the inclusive Σ-production cross sections.

In Figure 6.28, RPWIA predictions are confronted with the Hall-C data. The model calculations

clearly overestimate the data. No experimental angular distributions have been published to verify

the predicted θK-dependence of the cross section.
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Conclusions and outlook

Motivated by the desire to understand the structure of baryons in the confinement regime, the

exploration of the nucleon’s excitation spectrum has been a cornerstone of modern hadronic physics.

Nucleon spectroscopy presents a unique opportunity to judge the validity of the constituent-quark

paradigm. Pion-nucleon scattering is the conventional tool to chart the excited states of the nucleon.

Yet strangeness production is highly complementary, because of its inherent sensitivity to the nucleon

sea.

The Regge-plus-resonance formalism

The traditional approach to EM meson production is based on isobar models. For kaon production,

however, one quickly runs into trouble because of the high threshold and the dominance of background

terms. This calls for a description in terms of alternative degrees of freedom. Regge theory provides

an efficient account of the reaction dynamics in the high-energy region, where partonic degrees of

freedom dominate. We successfully model charged-kaon photoproduction at high energies through

the exchange of K+(494) and K∗+(892) Regge-trajectories. Extrapolating this amplitude into the

resonance region, we find that it accounts for the general trends of the data. Applying the Regge

model as a parametrisation of the troublesome background contributions, the coupling constants of

the resonance-exchange diagrams can be determined independently. In this way, the analysis of the

resonant and non-resonant content of strangeness production is effectively decoupled.

An RPR model including different resonance-exchange diagrams is optimised to the resonance-region

data, while the three free parameters of the Regge model are held fixed. In the K+Λ channel, the

set of established resonances found in the RPP turns out to be insufficient and a missing D13(1900)

resonance is introduced. For K+Σ0 production, both established nucleon and ∆ resonances are

considered and a successful description of the data is achieved. Interestingly, in both K+Λ and

K+Σ0 production, the two-star P13(1900) resonance emerges as a vital model ingredient. Since this

state is not predicted by quark-diquark models, it represents strong evidence in favour of a picture

113
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of the nucleon with three constituent quarks.

Using the most recent photo- and electroproduction data, the reliability of the RPR model can be

evaluated. Some interesting extensions to the current RPR model are formulated. These aim at

improving the description of the differential cross section at backward angles. In addition, it is also

desirable to consider spin-5/2 resonances in the analysis of the resonant content of the reaction.

The RPR framework has recently been updated in this direction and a re-analysis of the complete

database is forthcoming. In spite of its limited number of adjustable parameters, the RPR-2007 model

displays a remarkable ability to describe and predict the available p(γ(∗),K+)Λ and p(γ(∗),K+)Σ0

observables from threshold up to Eγ = 16 GeV.

In order to gauge the predictive power of the RPR model, whose parameters are constrained by data

obtained off proton targets, we extend the formalism to reactions with a neutron target or a neutral

kaon in the final state. The conversion to neutron targets of kaon production models that include

resonant diagrams requires knowledge of helicity amplitudes. Beyond the second resonance region,

the latter are either unknown or poorly constrained by pion-production data. As a consequence, they

put severe limits on the predictive power of both the RPR and isobar approaches. The Regge model,

by contrast, offers an elegant and economical description of EM kaon production. Isospin symmetry

suffices to anchor the neutron to the proton channel.

Applying the RPR formalism to neutral-kaon production fails to account for the available p(γ,K0)Σ+

data. Because the K0(494)-exchange diagram does not contribute, a single trajectory remains in

the Regge amplitude. We consider the option of adding an additional trajectory and identify the

K∗(1410)-trajectory with a constant phase as the best solution. Since there are no data available at

high energies to reliably anchor the parameters of this contribution, we opt for a more pragmatic

approach. In the N(γ,K0)Σ channels, the EM coupling constant of the K∗(892)-exchange diagram

is re-adjusted to the available data, resulting in a good description of the observables.

The usefulness of the RPR formalism is illustrated by considering K− radiative capture in flight on

the proton, which is related to kaon photoproduction through crossing symmetry. This reaction is

ideally suited for studying the spectrum of excited hyperon states. Recently, the first differential-

cross-section results for the γΛ and γΣ0 final states have been published. A theoretical analysis is

performed with the RPR approach. The non-resonant contributions to the reaction amplitude can be

parametrised by the Regge model that has been optimised against kaon-photoproduction data. Using

the cross-section data, we explore the possible contributions of hyperon resonances listed in the RPP.

The γΣ0 final state is dominated by hyperon-resonance exchange and hints at an important role for

a resonance in the 1700 MeV mass region. In the γΛ final state, on the other hand, the non-resonant

contributions account for half of the measured strength, and the data suggest the importance of a

resonance in the mass region around 1550 MeV.

Strangeness production from the deuteron

In the final part of this work, we focus on EM strangeness production from the deuteron. By

studying kaon production from this barely bound state of a proton and a neutron, one hopes to

extract the elementary reaction from the neutron. To date, the strangeness-production database

is heavily dominated by charged-kaon production from the proton. Measuring all six possible final

states would in some sense constitute an isospin-complete experiment and would help constrain the
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reaction dynamics.

We develop a covariant formalism for 2H(γ,KY )N based on the RIA using the RPR model as

elementary-production operator. The leading contribution to the reaction amplitude stems from

the RPWIA. The momentum distribution of the deuteron emerges as the dominant factor that

dictates the angular and momentum dependence of the cross sections. Studied as a function of the

momentum of the outgoing nucleon, one notices that the reaction strength falls off exponentially as

the missing momentum increases and that the distribution is nearly isotropic. The semi-inclusive

kaon-production cross section is dominated by those phase-space regions where the spectator nucleon

is almost at rest.

We investigate the sensitivity of the computed cross sections to the various model ingredients. The

details of the deuteron wave functions do not have a large impact on the final results, except at

large missing momenta. A similar observation is made for the effect of off-shell extrapolations of

the elementary-production operator. The variations induced by the poorly constrained helicity

amplitudes, on the other hand, are large. We judge the extrapolation of the resonance information

from proton to neutron targets to be the most important source of uncertainties.

Model predictions for semi-inclusive K0 and Λ photoproduction are compared to experimental results

obtained in the threshold region with the NKS and NKS2 spectrometers at LNS. Except at the lowest

energy for 2H(γ,K0)Y N , all predictions compare favourably to the data. The agreement of the

RPR-model with the two published charged-kaon electroproduction data points is less satisfactory.

The data is overpredicted by roughly a factor two to three. Additional measurements are clearly

needed to further investigate the 2H(e, e′KY )N reaction.

The effectiveness of the deuteron as a neutron target is threatened by final-state interactions. We

investigate the effect of a photoproduced hyperon which rescatters of the spectator nucleon. This

contribution can be split up in an on-shell part, with all rescattering particles on mass shell, and

an off-shell term. The latter involves a virtual hyperon and requires a computationally expensive

principal-value integration. The effect of YN-FSI is important when the invariant mass of the

hyperon-nucleon system is close to threshold. For semi-inclusive kaon production, rescattering

contributes exclusively when the kaon is emitted along the direction of the incident photon. Since

the YN-FSI-diagram is unimportant at low missing momenta, the quasi-free strangeness-production

cross section can be effectively extracted when judicious cuts are applied on the momentum of the

outgoing nucleon. Thus, the deuteron can be considered as a reliable effective neutron target.

From an alternative point of view, strangeness production from the deuteron can be thought of as a

nuclear laboratory to study the hyperon-nucleon interaction. Such a program requires that one focuses

on phase-space regions where YN-FSI dominate the reaction dynamics. Our model calculations

indicate that this implies exclusive measurements at high missing momenta. The reliable extraction

of information on the hyperon-nucleon force at these kinematics will however be challenging. At

high missing momenta, the cross section is small and count rates will be low. Moreover, this region

in phase space is most prone to theoretical uncertainties originating from the adopted deuteron

wave function and the off-shell extrapolation of the elementary-production operator. Therefore, we

conclude that in order to distill trustworthy information on the hyperon-nucleon interaction from

strangeness-production data, the deuteron structure and the reaction dynamics need be investigated

further.
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Outlook

In this dissertation, we have studied strangeness production from the nucleon and the deuteron using

the RPR formalism. This framework provides a unique approach to kaon production, and makes

it possible to describe data in the resonance region with a small number of free parameters, while

the correct high-energy limit is ensured. We have demonstrated the ability of the RPR formalism

to predict results for strangeness production from the neutron, as well as neutral-kaon production.

In the foreseeable future, new experimental information for the N(γ,K0)Y reaction channels will

become available. These data will constitute an important test for the extensions to the RPR-model

presented in Chapter 3.

For the transformation of the Regge-model amplitudes to neutral-kaon production reactions, we have

made use of the limited database in the resonance region. The planned upgrade of the accelerator

facility at Jefferson Lab offers the opportunity to measure strangeness production at photon energies

well beyond the resonance region. These results would constitute invaluable input for the construction

of more reliable Regge models, making it possible to constrain Regge-model amplitudes for all six

strangeness final states in an energy region where resonant contributions have died out.

Our results for strangeness production from the deuteron rely chiefly on the elementary-production

operator. In Section 2.4, we have anticipated a re-analysis of the current N(γ,K)Y database in an

upgraded RPR framework. This forthcoming model will mainly provide an improved account of the

reaction mechanisms at backward angles. Applying this model in future deuteron calculations will

lead to more reliable results.

Our primary motivation to study the 2H(γ,KY )N reaction stems from the prospect to extract

information on quasi-free kaon-production from the neutron. Our YN-FSI results have provided

evidence that the deuteron indeed constitutes a dependable neutron target. In order to further

substantiate this claim, other possible rescattering contributions need to be considered. Especially

the two-step process, where an intermediary pion is produced by the incoming photon, can play an

important role, since the elementary pion-production cross section is nearly one order of magnitude

larger than the kaon-production one. The two-step process can be calculated in an analogous way to

the YN-FSI contribution, and requires models for the elementary pion-production operator and the

πN → KY rescattering vertex. For the former, many reliable models that are constrained by a large

database are available. Experimental information on the latter, on the other hand, is scant, and a

successful evaluation of the two-step process will hinge on a reliable description of the N(π,K)Y

reaction.



APPENDIX A

Notations and conventions

If you obey all the rules, you miss all the fun.

— Katharine Hepburn

Throughout this document, we adopt the conventions used in the textbook of Gross [218]. Our

conventions with regard to Lorentz transformations and rotations largely follow those of Leader’s

textbook on spin in particle physics [100]. For the benefit of a self-contained manuscript, our

conventions and notations will be summarised in this appendix.

In this work, we assume God-given units [171], where

~ = c = 1 . (A.1)

In order to convert lengths and cross sections to SI units, the following conversion constants are

useful [1]

~c = 197.3 MeV fm ,

(~c)2 = 389.4 GeV2 µbarn .
(A.2)

A.1 Four-vectors and tensors

A contravariant four-vector x is written as

xµ = (x0, ~x) = (x0, xi) = (x0, x1, x2, x3) , (A.3)

where the Greek index µ runs from 0 to 3 and Roman indices run over spatial coordinates 1 to 3.

The covariant four-vector is obtained by lowering the Lorentz index

xµ = gµνx
ν = (x0,−~x) . (A.4)
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In this expression, we tacitly assume summation over the duplicated indices and introduce the metric

tensor

gµν = gµν =




1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


 . (A.5)

The symbol p is used to denote the energy-momentum four-vector. One has the Einstein relation for

free particles

p2 = p · p = pµp
µ = gµνp

µpν = (p0)2 − |~p|2 = m2 ≥ 0 , (A.6)

where m is the rest mass.

The totally antisymmetric tensor is defined according to

εαβγδ =





+1 for even permutations of (0,1,2,3) ,

−1 for odd permutations of (0,1,2,3) ,

0 for repeated indices .

(A.7)

A.2 Rotations and Lorentz transformations

Conventionally, transformations are considered either from the active or passive point of view.

Here, we adopt a different convention. A transformation t denotes the physical operation of the

transformation on the object on which it acts. The notation tp implies that p is physically boosted

and/or rotated. In literature, this action corresponds to the active point of view. The transformation

t of the axes of a reference frame O is referred to as tO.

A rotation is completely specified by three real parameters. In this document we will adopt two

different descriptions:

� in terms of Euler angles α, β and γ the rotation r(α, β, γ) is performed by successive rotations

through angle γ (0 ≤ α < 2π) about the z axis, angle β (0 ≤ β ≤ π) about the y axis and

finally angle α (0 ≤ γ < 2π) about the z axis. Denoting by ri(θ) (i = x, y, z) a rotation through

angle θ about the i axis, we have

r(α, β, γ) = rz(α)ry(β)rz(γ) . (A.8)

� as a single rotation through the angle ω (0 ≤ ω ≤ π) about the unit axis ~̂n defined by the polar

and azimuthal angles θ and φ. We use the notation r(ω; θ, φ) or r(~ω) with ~ω = ω~̂n.

An arbitrary Lorentz boost l(~β) is equivalently fixed by three real parameters: the boost speed |~β|
and the azimuthal and polar angles of the boost direction ~̂β ≡ ~β/|~β|. For a boost with velocity v

along the x, y or z axis, we adopt the notation: li(v) (i = x, y, z).

Any physical Lorentz transformation t can be decomposed as a rotation r(~ω) followed by a pure

Lorentz boost l(~β). For such a Lorentz transformation acting on a four-vector, we adopt the following

standard notation

(tp)µ = [Λ(t)]µν p
ν , (A.9)
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having

Λ(t) ≡ Λ(l(~β))Λ(r(~ω)) =




γ γβx γβy γβz
γβx 1 + αβ2

x αβxβy αβxβz
γβy αβyβx 1 + αβ2

y αβyβz
γβz αβzβx αβzβy 1 + αβ2

z







1 0 0 0

0

0 Rij
0


 , (A.10)

where

γ =
1√

1− |~β|2
,

α =
γ2

γ + 1
,

(A.11)

and

Rij = cosωδij + (1− cosω)~̂ωi~̂ωj − sinωεijk~̂ωk , (A.12)

with i, j = 1, 2, 3.

A Lorentz transformation t acting on the Dirac indices of spinors is denoted by S(t). For a rotation

r(~ω), we have explicitly

S(r(~ω)) = cos
ω

2
− i sin

ω

2
~̂ωiγ

5γ0γi . (A.13)

The representation of a boost l(~β) is given by

S(l(~β)) = cosh
ξ

2
+ sinh

ξ

2
~̂βiγ

0γi , (A.14)

with ξ the rapidity and

cosh ξ =
1√

1− |~β|2
,

cosh
ξ

2
=

√
cosh ξ + 1

2
,

sinh
ξ

2
=

√
cosh ξ − 1

2
.

(A.15)

Finally, we introduce the Wigner rotation matrices DJ(r) as the unitary (2J + 1)-dimensional

representation matrices of the rotation r. They obey the following property

[
DJ
mm′(r)

]∗
= (−1)m−m

′
DJ

-m,-m′(r) . (A.16)

Describing the rotation in terms of Euler angles, the Wigner matrices are given by

DJ
mm′(α, β, γ) = e−imαdJmm′(β)e−im

′γ , (A.17)

where the non-trivial part is contained in the real-valued d-functions. The latter enjoy several

symmetry properties

dJmm′(β) = dJ−m′,−m(β) = (−1)m−m
′
dJm′m(β) = (−1)J+mdJm,−m′(π − β) = dJm′m(−β) . (A.18)
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The d-functions used in this work are

d
1/2
1/2,1/2(β) = cos

β

2
,

d
1/2
1/2,−1/2(β) = − sin

β

2
,

d1
11(β) =

1 + cosβ

2
,

d1
10(β) = −sinβ√

2
,

d1
00(β) = cosβ .

(A.19)

The Wigner rotation matrices for rotations in the representation r(~ω) or r(ω; θ, φ) are defined as

DJ
mm′(~ω) = DJ

mm′(ω; θ, φ) = 〈Jm| e−i~ω· ~̂J
∣∣Jm′

〉
, (A.20)

with ~̂J ≡ (Ĵx, Ĵy, Ĵz) the angular momentum operators, which are the generators of rotations. The

Wigner matrix for J = 1/2 is given by [219]

D1/2(ω; θ, φ) =

(
cos ω2 − i sin ω

2 cos θ − sin ω
2 sin θei(φ+π

2 )

− sin ω
2 sin θe−i(φ+π

2 ) cos ω2 + i sin ω
2 cos θ

)
. (A.21)

A.3 Pauli and Dirac matrices

The Pauli sigma matrices are given by

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
, (A.22)

and obey the relation

σiσj = iεijkσ
k , (A.23)

where we have introduced the antisymmetric tensor

ε123 = ε231 = ε312 = 1 and εjik = −εijk . (A.24)

The Pauli matrices fulfil the following commutation and anticommutation relations

[σi, σj ] = 2iεijkσ
k ,

{σi, σj} = 2δij .
(A.25)

Dirac or gamma matrices are defined as the set of n × n matrices γµ that generate the Clifford

algebra defined by the anticommutation relation

{γµ, γν} ≡ γµγν + γνγµ = 2gµν × 1n , (A.26)

with 1n the n-dimensional unity matrix. In four-dimensional Minkowski space, several representations

of the Dirac matrices exist. We adopt the Dirac representation which, in terms of Pauli matrices,

gives

γ0 =

(
12 0

0 −12

)
and γi =

(
0 σi

−σi 0

)
, (A.27)
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for i = 1, 2, 3. Several interesting matrices can be constructed from these γ matrices. We define the

traceless product

γ5 = iγ0γ1γ2γ3 , (A.28)

the traceless antisymmetric combination

σµν =
i

2
[γµ, γν ] , (A.29)

and the charge conjugation matrix

C = −iγ0γ2 . (A.30)

A.4 Dirac spinors

The positive- and negative-energy four-component spinors u(~p;ms) and v(~p;ms) of an on-mass-shell

particle with four-momentum p = (Ep, ~p) and mass m =
√
pµpµ are solutions to the Dirac equation

0 =
(
/p −m

)
u(~p;ms) =

(
/p +m

)
v(~p;ms) , (A.31)

where we have adopted Feynman’s notation

/A ≡ Aµγµ . (A.32)

Defining the conjugate spinor u(~p;ms) ≡ u†(~p;ms)γ
0, and imposing the normalisations

u(~p;ms)u(~p;m′s) = 2mδmsm′s , v(~p;ms)v(~p;m′s) = −2mδmsm′s , (A.33)

the spinors read

u(~p;ms) =
√
Ep +m

(
12
~σ·~p

Ep+m

)
χms ,

v(~p;ms) =
√
Ep +m

(
~σ·~p

Ep+m

12

)
ηms .

(A.34)

The two-component spinors χms and ηms are orthogonal and normalised so that

χ†msχm′s = η†msηm′s = δmsm′s . (A.35)

Associating ms with the physical spin component of the fermion along the z axis, one can adopt the

following representation

χ+1/2(θ = 0, φ = 0) =

(
1

0

)
, χ−1/2(θ = 0, φ = 0) =

(
0

1

)
. (A.36)

A spinor u(~p;ms, θ, φ) with spin-projection ms along an axis fixed by (θ, φ), can be obtained by

rotating the spinor u(~p;m′s) ≡ u(~p;m′s, 0, 0) with the Wigner matrices defined in (A.17), i.e.

u(~p;ms, θ, φ) = D
1/2
m′sms

(φ, θ,−φ)u(~p;m′s) . (A.37)
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Explicitly, the two-component spinors are given by

χ+1/2(θ, φ) =

(
cos θ2
eiφ sin θ

2

)
, χ−1/2(θ, φ) =

(
−e−iφ sin θ

2

cos θ2

)
. (A.38)

The two-component spinors for particle and antiparticle states are related to each other up to an

arbitrary phase. We define the following phase convention

ηms = χ−ms . (A.39)

The u and v spinors are then related by charge conjugation as follows

CvT (~p;ms) = (2ms)u(~p;ms) , CuT (~p;ms) = (2ms) v(~p;ms) . (A.40)

One can define projection operators for positive- and negative-energy states as

Λ+(~p) = /p +m,

Λ−(~p) = m− /p ,
(A.41)

or in terms of spinor components

[Λ+(~p)]ab =
∑

ms

ua(~p;ms)ub(~p;ms) ,

[Λ−(~p)]ab = −
∑

ms

va(~p;ms)vb(~p;ms) .
(A.42)

This allows one to write the completeness relation

[Λ+(~p) + Λ−(~p)]ab = 2mδab . (A.43)

Finally, the propagator of a Dirac particle of mass m and four-momentum p is given by

G 1
2
(p,m) =

/p +m

p2 −m2 + iε
, (A.44)

and has the following useful decomposition

G 1
2
(p,m) =

1

2Ep

(
Λ+(~p)

p0 − Ep + iε
− Λ−(−~p)

p0 + Ep − iε

)
, (A.45)

with Ep =
√
|~p|2 +m2.



APPENDIX B

Biquaternions

And here there dawned on me the notion that we must admit,in some sense,

a fourth dimension of space for the purpose of calculating with triples. . .

An electric circuit seemed to close, and a spark flashed forth.

— W. R. Hamilton

It is well known that an arbitrary complex number has a unique representation on the two-dimensional

plane. By virtue of Euler’s formula, one has

x+ iy = r cosφ+ ir sinφ = reiφ , (B.1)

where r and φ are the modulus and phase respectively. Since eiφeiφ
′

= ei(φ+φ′), we see intuitively

that complex numbers with unit norm form a representation of the rotation group in two dimensions,

denoted by O(2).

The number system of quaternions H was introduced by W. R. Hamilton in 1843 in an attempt to

extend the concept of complex numbers to three dimensions. A set of three numbers turned out to

be insufficient to form an algebra. The breakthrough occurred when Hamilton decided to abandon

the commutative law of multiplications. He introduced two additional imaginary units j and k,

obeying the rules

i2 = j2 = k2 = ijk = −1 . (B.2)

A quaternion Q is represented by

Q ≡ q0 + iq1 + jq2 + kq3 , (B.3)

with q0, q1, q2 and q3 real numbers. Later, Hamilton extended the notion of quaternions by allowing

the four components to be complex numbers. He dubbed these objects biquaternions.

It is not our intention to give a extensive review on biquaternions and their role in number theory

and physics. We will restrict ourselves to providing their definition and some of their basic properties

in Section B.1. In this thesis, biquaternions will prove to be a useful alternate representation of the

Lorentz group. To this end, the relevant formulae connecting biquaterions to rotations and Lorentz

boosts will be presented in Section B.2
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B.1 Definition

We adopt a number of different notations for a biquaternion Q

Q ≡
3∑

i=0

qiei ≡ (q0, q1, q2, q3) ≡ (q0, ~q) , (B.4)

where qi ∈ C. The imaginary units of the biquaternions are denoted by ei (i = 1, 2, 3) and their

multiplication is defined as

eiej = −δije0 + εijkek , (B.5)

for i, j = 1, 2, 3. Here, we have defined e0 = 1.

Biquaternions are added, subtracted and multiplied with scalars according to the usual laws of

arithmetic. Due to the property (B.5) of the imaginary units, they obey the following non-commutative

multiplication law

QQ′ = (q0q
′
0 − ~q · ~q ′, q0~q

′ + q′0~q + ~q × ~q ′) , (B.6)

with (� ·�) and (�×�) the usual scalar and vector product of three-vectors.

We define biquaternion conjugation

Q = (q0,−~q) , (B.7)

as well as complex conjugation

Q∗ = (q∗0, ~q
∗) . (B.8)

In addition, hermitian conjugation is defined by

Q† = Q∗ . (B.9)

In general, the norm N (Q) of a biquaternion is a complex number

N (Q) = QQ = QQ = q2
0 + q2

1 + q2
2 + q2

3 , (B.10)

and obeys the rule

N (QQ′) = N (Q)N (Q′) . (B.11)

For biquaternions of non-zero norm, one can define an inverse

Q−1 =
1

N (Q)
Q . (B.12)

B.2 Representation of the Lorentz group

In a biquaternion representation, a four-vector p reads

Q(p) = (p0, i~p) , (B.13)

in which case the norm of the biquaternion is equal to the four-vector’s length

N (Q(p)) = p2 . (B.14)
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The biquaternion representation of a general Lorentz transformation t acting on a four-vector is

defined by

Q(tp) = Q(t)Q(p)Q(t)† . (B.15)

It is easily shown that the four-vector’s length is invariant as long asN (Q(t)) = 1. Therefore, biquater-

nions of unit norm form a representation of the Lorentz group. Multiple Lorentz transformations

can be chained by multiplying them from the left.

A boost in the direction ~̂β with rapidity ξ (see Eq. (A.15)) is represented as

Q(l(~β)) = (cosh
ξ

2
, i~̂β sinh

ξ

2
) , (B.16)

whereas a rotation through the angle |~ω| about the unit axis ~̂ω can be accomplished by the following

operator

Q(r(~ω)) = (cos
ω

2
, ~̂ω sin

ω

2
) . (B.17)

Remark that the biquaternion representation of a rotation is expressed in terms of half of the rotation

angle ω. This is an important observation with regard to the rotation of (helicity) spinors, a subject

that we will discuss in Section C.2. Clearly, two distinct quaternions represent the same rotation.

This is reminiscent of the group SU(2) being a surjective homomorphism with regard to the rotation

group SO(3). Indeed, quaternions of unit norm are isomorphic to the group SU(2).

Finally, we wish to point out a useful feature of the biquaternion representation of the Lorentz group.

A Lorentz transformation t can always be decomposed as a rotation r that is followed by a Lorentz

boost l. Given the matrix representation (A.10) of a Lorentz transformation, it is difficult to uniquely

determine r and l. Starting from the biquaternion representation Q(t), however, a straightforward

recipe exists. Defining two quaternions < [Q(t)] and = [Q(t)] as the real and imaginary part of Q(t),

i.e.

< [Q(t)] =

3∑

i=0

<[Q(t)i]ei ,

= [Q(t)] =

3∑

i=0

=[Q(t)i]ei ,

(B.18)

we have

Q(r) =
1

µ
< [Q(t)] ,

Q(l) = (µ,−i 1
µ
< [Q(t)]= [Q(t)]) ,

(B.19)

with

µ =

√
< [Q(t)]< [Q(t)] . (B.20)
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APPENDIX C

Helicity spinors

In Section A.4, we have introduced the four-component Dirac-spinor solutions u(~p;ms, θ, φ) and

v(~p;ms, θ, φ) to the free Dirac equation. In this representation, the spin quantisation axis needs to be

specified in a particular frame, and since this axis is a three-vector, it cannot be readily transformed

to another frame. Suppose the state of a particle with momentum p is given by u(~p;ms) in the

frame O. Say that we wish to express this state in a different frame O′ = l−1O. With the spinor

representation of Section A.4, one finds u(l~p;m′s). However, it remains absolutely unclear what the

corresponding spin projection m′s is in O′. The helicity formalism, which we will introduce hereafter,

provides an elegant solution to this problem.

C.1 Definition

Our discussion of helicity states applies to particles as well as antiparticles. For this reason, we

introduce the notation

|p;ms, θ, φ〉 , (C.1)

to describe the state of a (anti)particle with four-momentum p and spin projection ms along an axis

fixed by the polar angle θ and azimuthal angle φ. For each particle of mass m and three-momentum

~p in some frame O, we can define a so-called helicity transformation,

h(~p) = r(φp, θp, 0)lz(v) , (C.2)

where θp and φp are the polar and azimuthal angle of the three-momentum ~p respectively, and

v =
|~p|√
|~p|2 +m2

. (C.3)

This helicity transformation allows to associate a helicity rest-frame

Op = h(~p)O , (C.4)

127



128 C.2. Lorentz transformations

with each particle. In its helicity rest-frame, a particle is at rest

h−1(~p)p = p̊ ≡ (m,~0) . (C.5)

Using the helicity transformation, we define the helicity state |p, λ〉 for a particle with four-momentum

p in some frame O as

|p, λ〉 = S(h(~p)) |̊p;λ〉 , (C.6)

Thus, λ can be regarded as the z-component of the particle’s spin in its helicity rest-frame Op .

Moreover, the state |p, λ〉 is an eigenstate of the helicity operator, i.e.

~̂J · ~̂p
|~p| |p, λ〉 = λ |p, λ〉 , (C.7)

where ~̂J is the total angular momentum operator.

Before proceeding, a word of caution is in order. Our definition (C.6) for helicity states differs from

those in the seminal paper of Jacob and Wick [220] in two respects. First, they employ a more

complex rotation in their expression for the helicity transformation. In addition, a distinction is

made between the states for different particles based on their role in a reaction, e.g. beam or target.

In accordance with Ref. [100], we have chosen to treat all particles on an equal footing. These

differences in conventions result in different phases for our helicity states.

Adhering to our choices for Dirac matrices and antiparticle two-component spinors described in

Appendix A, the helicity spinors for particles of mass m with three-momentum ~p are given explicitly

by

u(~p, λ = ±1

2
) =

1√
Ep +m

(
Ep +m

2λ|~p|

)
ξλ(θp, φp) ,

v(~p, λ = ±1

2
) =

1√
Ep +m

(
−2λ|~p|
Ep +m

)
ξ−λ(θp, φp) ,

(C.8)

where θp and φp are the polar and azimuthal angle of the three-momentum ~p respectively. The

two-component spinors read

ξ+1/2(θp, φp) =

(
e−iφp/2 cos θp/2

eiφp/2 sin θp/2

)
, ξ−1/2(θp, φp) =

(
−e−iφp/2 sin θp/2

eiφp/2 cos θp/2

)
. (C.9)

C.2 Lorentz transformations

Suppose a particle with momentum p and helicity λ is described in some frame O by the state∣∣p,λ
〉
. Let O′ = t−1O be a second reference frame obtained by carrying out a physical Lorentz

transformation t−1. The momentum for the particle in this new frame is p′ = tp and we can express

the state as

|p, λ〉O′ = S(t) |p, λ〉 . (C.10)

Invoking our definition for helicity states (C.6) and inserting the unit operator 1 = h(~p ′)h−1(~p ′), we

find

|p, λ〉O′ = S(h(~p ′))S(r(t, ~p)) |̊p;λ〉 , (C.11)
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where we have introduced the transformation

r(t, ~p) = h−1(~p ′) t h(~p) , (C.12)

commonly referred to as the Wick helicity rotation. As its name suggests this transformation always

represents a rotation, irrespective of the transformation t. One easily sees that r(t, ~p) is the rotation

that connects the two helicity rest-frames Op and Op′ , i.e.

Op = r(t, ~p)Op′ . (C.13)

Using the Wigner rotation matrices defined in Section A.2, one can directly apply the Wick rotation

in Eq. (C.11). We find

|p, λ〉O′ = S(h(~p ′))D1/2
λ′λ(r(t, ~p)) |̊p;λ〉 . (C.14)

As the D
1/2
λ′λ are scalars, the helicity transformation can act directly on the state on the right-hand

side. Using the definition for helicity states, we obtain our final, elegant result

|p, λ〉O′ = D
1/2
λ′λ(r(t, ~p))

∣∣p′, λ′
〉
. (C.15)

This proves that it is straightforward to express helicity states with a helicity defined in a particular

frame in any other frame. It suffices to work out the Wick rotation (C.12) for the Lorentz transforma-

tion connecting both frames and to compute the appropriate elements of the Wigner rotation matrix.

The biquaternion representation of the Lorentz group, introduced in Appendix B, is particularly well

suited to address this issue. By virtue of Eq. (B.19), one can easily extract the axis of rotation and

rotation angle. In addition, the unit-norm quaternions are isomorphic to the group SU(2). It is well

known that spinors only transform up to a sign under the rotation group SO(3). The isomorphism

to SU(2), in conjunction with the expression (A.21) for the Wigner matrices as a function of ω/2,

allows one to correctly transform the helicity spinors.
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APPENDIXD

Feynman rules

If I could explain it to the average person,

I wouldn’t have been worth the Nobel Prize.

— Richard Feynman

This appendix summarises the rules and other ingredients needed to compute cross sections and

decay rates. First, the formulae for the observables are given in terms of the transition amplitude.

In the next section, we review the rules needed to construct these transition amplitudes from given

Feynman diagrams. For the description of the elementary kaon-production reaction, we adopt an

effective field-theoretical description in this work. Section D.3 lists the relevant Lagrangians and

propagators which are required to calculate N(γ∗,K)Y transition amplitudes.

D.1 Cross sections and decay rates

When the transition amplitude T for the scattering process A + B → 1 + 2 + . . . n is known, the

differential cross section is given by

dσ =
1

|~vA − ~vB|
1

2EA2EB

∑
|T |2

(
n∏

i=1

d3~pi
2Ei(2π)3

)
(2π)4δ(4)(pA + pB −

n∑

i=1

pi) , (D.1)

where ~vi =
~pi
Ei

are the velocities of the incident particles. With
∑

we denote summing (averaging)

over final- (initial-) states.

The differential decay rate for a particle of mass m at rest reads

dΓ =
1

2m

∑
|T |2

(
n∏

i=1

d3~pi
2Ei(2π)3

)
(2π)4δ(4)(p−

n∑

i=1

pi) . (D.2)
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D.2 Transition amplitude

The Lorentz-invariant transition amplitude T is a sum of a comprehensive and adequate set of

Feynman diagrams. Each diagram is translated to a numerical value by following a strict set of rules:

� Each amplitude requires a factor of i.

� At each interaction vertex an appropriate operator is to be inserted. Each vertex implies an

energy-momentum conserving delta function.

� Each internal line is to be substituted by a propagator.

� Incoming and outgoing lines should be replaced by the free fields which they represent.

� Internal four-momenta p that are not fixed by energy-momentum conservation are integrated

over as follows
∫

d4p

(2π)4
.

� Every closed fermion loop results in an additional minus-sign.

The precise form of the propagators and the operators at the interaction vertices is the subject of

the next section.

D.3 Effective fields and interactions

In order to translate the Feynman diagrams to transition amplitudes, expressions for propagators

and interaction vertices are required. The latter are derived from an interaction Lagrangian applying

a set of rules:

� Gradient operators acting on an incoming (outgoing) field Ψ (Ψ†) with four-momentum p are

substituted as follows

∂µΨ→ −ipµΨ ,

∂µΨ† → ipµΨ† .
(D.3)

� The Lagrangian is multiplied with the imaginary unit i.

� All external fields are removed, revealing the bare interaction vertex.
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D.3.1 Propagators

Internal lines representing a spin-0, spin-1/2, spin-1 or spin-3/2 particle with four-momentum p,

mass m and width Γ are replaced with the following propagators,

G0(p) =
1

p2 −m2 + imΓ
,

G 1
2
(p) =

/p +m

p2 −m2 + imΓ
,

Gµν1 (p) =
1

p2 −m2 + imΓ

(
−gµν +

pµpν

m2

)
,

Gµν3
2

(p) =
1

p2 −m2 + imΓ

(
gµν − 1

3
γµγν − 2pµpν

3m2
− γµpν − γνpµ

3m

)
.

(D.4)

D.3.2 Effective Lagrangians

In this paragraph, we list our choices with regard to the interaction Lagrangians relevant to this

work. In case of electroproduction, the photon field is virtual and a form factor should be inserted at

every EM coupling constant.

For the photon field Aµ and vector-meson field V µ, we define an antisymmetric tensor

Fµν = ∂νAµ − ∂µAν ,
V µν = ∂νV µ − ∂µV ν .

(D.5)

For convenience of notation, two functions are introduced that take a different value depending on

the parity of the exchanged particle

Γ =

{
1 (P = −1)

γ5 (P = +1)
,

Γ′ =

{
γ5 (P = −1)

1 (P = +1)
.

(D.6)

Born terms The EM interaction Lagrangian for a photon field Aµ coupling to a ground state

nucleon N , kaon K or hyperon Y is given by

LγNN = −eNγµNAµ +
eκN
4mp

NσµνNF
µν , (D.7)

LγKK = −ie
(
K†∂µK −K∂µK†

)
Aµ , (D.8)

LγY Y = −eY γµY Aµ +
eκY
4mp

Y σµνY F
µν , (D.9)

When the kaon is neutral, the photon doesn’t couple to it. For neutral nucleons and hyperons, the

first term in Eqs. (D.7) and (D.9) vanishes.

For the strong KYN -vertex, a pseudoscalar coupling is adopted

LKYN = −igKYNK†Y γ5N + h.c. . (D.10)
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Vector-meson exchange For the EM interaction Lagrangian of the γKK∗-vertex, we make a

distinction between positive-parity vector mesons

LγKK1 = i
eκK1K

M
(∂µAν∂

µV ν − ∂µAν∂νV µ)K . (D.11)

and negative-parity vector mesons

LγKK∗ =
eκK∗K
4M

εµνλσFµνVλσK + h.c. , (D.12)

Conventionally, the normalisation is fixed at M = 1 GeV.

In the strong-interaction vertex one has

LK∗Y N = −gvK∗Y NY ΓµNV
µ +

gt
K∗Y N

2 (mΛ +mp)
Y σµνV

µνΓN + h.c. . (D.13)

Spin-1/2 resonance exchange The EM interaction Lagrangian for spin-1/2 resonances reads

LγNN∗ =
eκN∗N
4mp

RΓ′σµνNFµν + h.c. . (D.14)

At the strong vertex, the interaction Lagrangian is given by

LKYN∗ = −igKYN∗K†Y ΓR+ h.c. . (D.15)

Spin-3/2 resonance exchange The EM interaction of a spin-3/2 resonance, described by a

Rarita-Schwinger field Rµ, is given by the following effective Lagrangian

LγpN∗ = i
eκ

(1)
N∗N

2mp
R
µ
θµν (Y ) ΓγλNF

λν − eκ
(2)
N∗N

4m2
p

R
µ
θµν (X) Γ (∂λN)F νλ + h.c. . (D.16)

At the strong-interaction we take

LKYN∗ =
gKYN∗

MK+

R
µ
θµν (Z) Γ′Y (∂νK) + h.c. . (D.17)

In both the EM- and strong-interaction vertices, the tensor

θµν(z) = gµν −
(
z +

1

2

)
γµγν , (D.18)

features. The coupling constant z is called an off-shell parameter.

D.3.3 N(γ,K)Y transition amplitudes

After having introduced our choice of effective interaction Lagrangians, we now list the formulae

for the different contributions to the transition amplitude for kaon photoproduction. The relevant

Feynman diagrams are drawn in Figure 1.2. In Chapters 2 and 3, a RPR-model optimised to the

available photoproduction data is presented. The fitted coupling constants of this model are tabulated

in Appendix I.
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Born s-channel

TBorn-s = egKYNuY γ5

/pγ + /pN +mN

sKY −m2
N

(
γµ +

κN
2mN

iσµνkν

)
uNεµ . (D.19)

Born t-channel

TBorn-t = egKYNuY
(
2pµK − pµγ

) 1

t−m2
K

γ5uNεµ . (D.20)

Born u-channel

TBorn-u = egKYNuY

(
γµ +

κY
2mN

iσµνkν

)
/pY − /pγ +mY

u−m2
Y

γ5uNεµ . (D.21)

Positive-parity vector-meson exchange

TK1 =
e

M
uY

[
pλγ
(
pµK − pµγ

)
− gµλpγ ·

(
pK − pγ

)] 1

t−m2
K1

+ imK1
ΓK1

×
[
GvK1

γλ +
GtK1

mΛ +mp
iσλξ

(
pξY − p

ξ
N

)]
γ5uNεµ .

(D.22)

Negative-parity vector-meson exchange

TK∗ =
e

M
uY iεµναβ p

ν
γp
β
K

gαλ

t−m2
K∗ + imK∗ΓK∗

×
[
GvK∗γλ +

Gt
K∗

mΛ +mp
iσλξ

(
pξY − p

ξ
N

)]
uNε

µ .

(D.23)

Spin-1/2 nucleon-resonance exchange

TN∗ = e
GN∗

2mp
uY Γ

/pN + /pγ +mN∗

sKY −m2
N∗ + imN∗ΓN∗

iσµνp
ν
γΓ′uNεµ . (D.24)

Spin-1/2 hyperon-resonance exchange

TY ∗ = e
GY ∗

2mp
uY Γ′iσµνpνγ

/pY − /pγ +mY ∗

u−m2
Y ∗ + iMY ∗ΓY ∗

ΓuNε
µ . (D.25)

Spin-3/2 nucleon-resonance exchange

TN∗ =
e

2mpmK+

uY Γ′pαKθαβ (Z)Gβη3
2

(
pγ + pN

)

×
[
G

(1)
N∗θην (Y ) γµ − G

(2)
N∗θην (X) pN,µ

] (
pνγε

µ − pµγεν
)

ΓuN .
(D.26)

Spin-3/2 hyperon-resonance exchange

TY ∗ =
e

2mpmK+

uY Γ
(
pνγε

µ − pµγεν
) [
G

(1)
Y ∗γµθνη (Y )− G

(2)
Y ∗pY,µθνη (X)

]

×Gηα3
2

(
pY − pγ

)
θαβ (Z) pβKΓ′uN .

(D.27)
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APPENDIX E

Lorentz-invariant cross sections

The differential cross section for the reaction 2H(γ(∗),KY )N is given by

dσ =
1

2
√
λ(s,−Q2,m2

D)
|T |2(2π)4δ(4)(pγ + pD − pK − pY − pN )

d3~pK
2EK(2π)3

d3~pY
2EY (2π)3

d3~pN
2EN (2π)3

,

(E.1)

with s = (pγ + pD)2 and

λ(x, y, z) ≡ x2 + y2 + z2 − 2xy − 2xz − 2yz , (E.2)

the triangle function [221], which is totally symmetric in each of its arguments. Even though the

differential cross section is a Lorentz invariant, cross sections are often presented as a function of

kinematical variables expressed in a particular frame.

In this Appendix, we derive expressions that are frame independent. In order to do so, the three-

body phase space needs to be expressed in terms of independent Lorentz-invariant quantities (see

Eq. (5.11a) for definitions). This is a non-trivial problem and has been dealt with in Ref. [170] for

the general case of n particles. After integrating out the momentum-conserving delta function, one

finds that Eq. (E.1) reduces to

dσ =
1

(4π)4λ(s,−Q2,m2
D)
|T |2 1√−∆4

dsKY dsY NdtγKdtDN . (E.3)

Here we have introduced the symmetric Gram determinant

16∆4 =

∣∣∣∣∣∣∣∣∣

−Q2 pγ · pD pγ · pK pγ · pN
2m2

D pD · pK pD · pN
2m2

K pK · pN
2m2

N

∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣

−Q2 s+Q2 −m2
D −tγK −Q2 +m2

K s− sKY + tDN −m2
D

2m2
D s− sY N + tγK +Q2 −tDN +m2

D +m2
N

2m2
K s− sKY − sY N +m2

Y

2m2
N

∣∣∣∣∣∣∣∣∣
.

(E.4)
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An explicit form for the Gram determinant can be found in Ref. [222]. It is a second-degree polynomial

in any of the invariants s, sKY , sY N , tγK and tDN . Conveniently, the ranges of physical values for

these Lorentz-invariant variables coincide with the region ∆4 ≤ 0.

The four-fold differential cross section defined in (E.3) is of limited use. By integrating over a

selection of invariants, different potentially interesting semi-inclusive observables can be defined. We

will present two famous distributions: the Dalitz [223] and Chew-Low [224] plots.

E.1 Dalitz cross section

The Dalitz plotting technique involves studying the cross section as a function of the invariant mass

of two pairs of final-state particles, e.g. sKY and sY N . This implies that the expression (E.3) needs

to be integrated over tγK and tDN for a fixed s, sKY and sY N . The physical regions for the the

latter variables are given by

(mK +mY )2 ≤sKY ≤ (
√
s−mN )2 ,

(mY +mN )2 ≤sY N ≤ (
√
s−mK)2 .

(E.5)

For a given sKY , the energies of the hyperon and nucleon can be readily determined in the kaon-

hyperon rest frame

E∗Y =
sKY +Q2 −m2

K +m2
Y

2
√
sKY

,

E∗N =
s− sKY −m2

N

2
√
sKY

.

(E.6)

The upper and lower values of sY N are reached when the hyperon’s three-momentum is (anti-)parallel

to the nucleon’s, i.e.

s
min/max
Y N = (E∗Y + E∗N )2 −

(√
E∗2Y −m2

Y ±
√
E∗2N −m2

N

)2

. (E.7)

In order to integrate over the momentum transfers tγK and tDN in (E.3), we require the integration

limits for fixed values of s, sKY and sY N . To integrate over tDN , we determine the roots of

16∆4 = At2DN + 2BtDN + C = 0 , (E.8)

where

A = λ(s, sY N ,m
2
K) ,

B = ssKY tγK + ssY N tγK + ssKY sY N + sKY sY N tγK − s2tγK − sKY s2
Y N

+m2
Dm

2
Km

2
Y − 2m2

Dm
2
Km

2
N −m4

Km
2
N −m4

Km
2
D + sKY sY Nm

2
D − s2m2

Y

− sY Nm2
Dm

2
Y + stγKm

2
N + ssY Nm

2
Y + sm2

Km
2
N −Q2sm2

Y −Q2m2
Km

2
N

−Q2sY Nm
2
Y + 2Q2sKY sY N − 2stγKm

2
Y + sY Nm

2
Km

2
N + tγKm

2
Km

2
N

+ sm2
Dm

2
K + sKYm

2
Dm

2
K + sY Nm

2
Dm

2
KsY N −Q2ssY N +Q2sm2

N

− sY N tγKm2
N − ssKYm2

D + sm2
Dm

2
Y +Q2s2

Y N + sm2
Km

2
Y − 2ssY Nm

2
K

+Q2m2
Km

2
Y −Q2sY Nm

2
K + sKY sY Nm

2
K − sKY tγKm2

K + stγKm
2
K

(E.9)
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and the discriminant is given by

4B2 − 4AC = 16G(sKY , sY N , s,m
2
Y ,m

2
K ,m

2
N )G(s, tγK , sY N ,−Q2,m2

D,m
2
K) . (E.10)

In the previous step, we have defined the useful function

G(x, y, z, u, v, w) ≡ x2y + xy2 + z2u+ zu2 + v2w + vw2 + xzw + xuv + yzv + yuw

− xy(z + u+ v + w)− zu(x+ y + v + w)− vw(x+ y + z + u) .
(E.11)

As it as a second-order polynomial in y, it can be rewritten as

G(x, y, z, u, v, w) = x(y − y−)(y − y+) , (E.12)

with

y± = u+ w +
1

2x
(x− v + u)(z − x− w)± 1

2x

√
λ(x, u, v)λ(x, z, w) . (E.13)

The roots of the constraint ∆4 = 0 determine the integration limits for tDN

t
max/min
DN =

−B± 2
√
G(sKY , sY N , s,m2

Y ,m
2
K ,m

2
N )G(s, tγK , sY N ,−Q2,m2

D,m
2
K)

λ(s, sY N ,m2
K)

, (E.14)

under the condition that the discriminant (E.10) is not negative. Solving the first factor for sY N
with the help of (E.13), it can be easily shown that the roots of

G(sKY , sY N , s,m
2
Y ,m

2
K ,m

2
N ) , (E.15)

correspond to the limits we have defined in Eq. (E.7). Since Eq. (E.15) is positive within these

bounds, this implies that the second G function in the discriminant (E.10) should be negative. This

condition results in integrations limits for tγK , i.e.

t
max/min
γK = −Q2+m2

K+
1

2s
(s−Q2−m2

D)(sY N−s−m2
K)± 1

2s

√
λ(s,−Q2,m2

D)λ(s, sY N ,m2
K) . (E.16)

The product of triangle functions under the square-root sign is always positive given the physical

region for sY N defined in (E.5)

Collecting the above results, we obtain our final result for the Dalitz cross section

dσ

dWKY dWY N
=

4WKYWY N

(4π)4λ(s,−Q2,m2
D)

∫ tmax
γK

tmin
γK

dtγK

∫ tmax
DN

tmin
DN

dtDN
|T |2√−∆4

. (E.17)

E.2 Chew-Low cross section

A Chew-Low plot represents a scatter plot as a function of one invariant mass in conjunction with a

transferred momentum. For the reaction at hand, it is relevant to consider cross sections in terms of

the invariant mass of the hyperon-nucleon system and the momentum transferred from photon to

kaon. This implies that the differential cross section needs to be integrated over sKY and tDN . If one

adopts the exact same approach as in the preceding section, the Chew-Low cross section becomes

dσ

dWY NdtγK
=

2WY N

(4π)4λ(s,−Q2,m2
D)

∫ smax
KY

smin
KY

dsKY

∫ tmax
DN

tmin
DN

dtDN
|T |2√−∆4

. (E.18)
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For fixed values of sY N and tγK within their physical bound given by (E.5) and (E.16) respectively,

the integration limits for tDN are the same as in Eq. (E.14). The limits on sKY are imposed by the

roots of the factor in the discriminant (E.10). Since

G(sKY , sY N , s,m
2
Y ,m

2
K ,m

2
N ) = G(sY N , sKY , s,m

2
Y ,m

2
N ,m

2
K) , (E.19)

we can make use of (E.13) to find

s
max/min
KY = m2

K +m2
Y +

1

2sY N
(sY N +m2

Y −m2
N )(s− sY N −m2

K)

± 1

2sY N

√
λ(sY N ,m2

Y ,m
2
N )λ(s, sY N ,m2

K) .

(E.20)



APPENDIX F

Density matrix

Scattering experiments that make use of polarised beams and/or targets deal with quantum-mechan-

ical particles without a definite polarisation in the classical sense. Indeed, for incoherent mixtures of

particles, only statements about the average properties of the statistical ensemble are meaningful.

The density-matrix formalism is a convenient tool to account for the polarisation properties of the

initial and final particles when addressing cross sections [225]. In this appendix, this formalism is

sketched. After introducing the density matrix and some of its basic properties in Section F.1, we

discuss the most general decomposition of the density matrix for an ensemble of spin-1/2 particles,

spin-1 particles and photons.

F.1 Definition

For a particle of spin s, one defines a complete set of normalised basis states |s;ms〉 with ms =

−s, . . . , s. A pure quantum-mechanical spin state |Ψα〉 can be decomposed as

|Ψα〉 =
s∑

ms=−s
cαms |s;ms〉 . (F.1)

The expectation value of an observable Ω̂ is defined by

〈Ω〉 = 〈Ψα| Ω̂ |Ψα〉
=
∑

ms,m′s

cα∗msΩmsm′sc
α
m′s
, (F.2)

where we have introduced a matrix notation for the operator Ω̂ in the basis {|s;ms〉}, i.e.

Ωmsm′s = 〈s;ms| Ω̂
∣∣s;m′s

〉
. (F.3)

141



142 F.2. Spin-1/2 system

A statistical ensemble of spin-s particles does not need to be in a pure state and is described by an

incoherent sum of pure states ∑

α

pα |Ψα〉 , (F.4)

with pα ∈ R the statistical weight of each state in the ensemble such that
∑

α pα = 1. The mean

value of the observable Ω̂ over the entire ensemble then reads

〈Ω〉 =
∑

α

pα 〈Ψα| Ω̂ |Ψα〉 ,

= Tr (Ωρ) ,

(F.5)

where we have introduced the spin density matrix

ρij =
∑

α

pαc
α
i c
α∗
j . (F.6)

The density matrix obeys a number of properties, which we shall not prove here (see Ref. [100] for

an introduction). We only mention that ρ is a hermitian matrix with unit trace.

In this work we deal with spin-1/2 and spin-1 particles. Therefore we investigate the density matrix

for those systems.

F.2 Spin-1/2 system

After selecting a quantisation axis, a spin-1/2 particle can occupy two basis states (up or down).

This implies the density matrix of a spin-1/2 system will be a 2x2-matrix. A hermitian matrix with

dimension two and unit trace can be decomposed as [225]

ρ(1/2) =
1

2

(
12 + pxσ

1 + pyσ
2 + pzσ

3
)

=
1

2

(
1 + pz px − ipy
px + ipy 1− pz

)
, (F.7)

where σi are the Pauli matrices of Eq. (A.22). The interpretation of the coefficients pi becomes clear

upon considering the expectation value of the spin-1/2 angular-momentum operators Si = 1
2σi

〈Si〉 = Tr
(
Siρ

(1/2)
)

=
pi
2
, (F.8)

where we made use of (σ0 ≡ 12)

Tr(σiσj) = 2δij . (F.9)

The three-vector ~p = (px, py, pz) can be interpreted as the spin-polarisation vector for the ensemble

of spin-1/2 particles.

F.3 Spin-1 system

The spin structure of a spin-1 particle is more involved. The density matrix ρ(1) is a hermitian 3x3-

matrix with unit trace. In literature, they are either expressed in terms of rectangular operators [225]

or spherical tensor operators [226]. For completeness we will present both and show how they are

related to each other.
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The spin-1 angular-momentum operators can be defined as [225]

Sx =
1√
2




0 1 0

1 0 1

0 1 0


 , Sy =

1√
2




0 −i 0

i 0 −i
0 i 0


 , Sz =




1 0 0

0 0 0

0 0 −1


 . (F.10)

With these operators one defines six traceless symmetric rank-two tensors

Pij =
3

2
(SiSj + SjSi)− 2δij13 . (F.11)

This leaves us with an over-complete set of operators which span the space of traceless hermitian

3x3-matrices

Px = 1√
2




0 1 0

1 0 1

0 1 0


 , Py = 1√

2




0 −i 0

i 0 −i
0 i 0


 , Pz =




1 0 0

0 0 0

0 0 −1


 ,

Pxy = 3i
2




0 0 −1

0 0 0

1 0 0


 , Pxz = 3

2
√

2




0 1 0

1 0 −1

0 −1 0


 , Pyz = 3i

2
√

2




0 −1 0

1 0 1

0 −1 0


 ,

Pxx = 1
2



−1 0 3

0 2 0

3 0 −1


 , Pyy = 1

2



−1 0 −3

0 2 0

−3 0 −1


 , Pzz =




1 0 0

0 −2 0

0 0 1


 .

(F.12)

The redundancy can be eliminated using the following relation

Pxx + Pyy + Pzz =




0 0 0

0 0 0

0 0 0


 . (F.13)

Finally, we wish to impose a normalisation condition. Extending the normalisation of the spin-1/2

spin operators (F.9), we take the conventional [225]

Tr(ΩiΩj) = 3δij . (F.14)

This leads to the following set of normalised rectangular operators Ωi
{
13,

√
3

2
Px,

√
3

2
Py,

√
3

2
Pz,
√

2

3
Pxy,

√
2

3
Pxz,

√
2

3
Pyz,

√
1

6
(Pxx − Pyy) ,

√
1

2
Pzz
}
, (F.15)

which allow to decompose the density matrix of a spin-1 system

ρ(1) =
1

3

(
13 +

3

2
(pxPx + pyPy + pzPz) +

2

3
(pxyPxy + pxzPxz + pyzPyz)

+
1

6
(pxx − pyy) (Pxx − Pyy) +

1

2
pzzPzz

)
.

(F.16)

In analogy to the spin-1/2 case, the coefficients can be interpreted as polarisation probabilities for

the ensemble. For a spin-1 system, one has three vector polarisations pi, and five tensor polarisations

pij . These quantities are bounded by [225]

−1 ≤ pi ≤ 1 ,

−3

2
≤ pij ≤

3

2
,

−2 ≤ pii ≤ 1 .

(F.17)
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As mentioned previously, the decomposition (F.16) is not unique. Some authors prefer to expand

the density matrix in terms of spherical tensor operators τ IM of rank I with their corresponding

orientation parameters PIM [226, 227]

ρ(1) =
1

3

∑

IM

(−1)Mτ IMPI−M . (F.18)

The operators τ I are defined through their reduced matrix elements

〈1�τ I�1〉 =
√

3
√

2I + 1 , (F.19)

allowing us to write the density matrix as function of 3j-symbols [226]

ρ
(1)
mm′ =

1

3

∑

IM

(−1)M 〈1m| τ IM
∣∣1m′

〉
PI−M

=
1√
3

∑

IM

(−1)1+m′
√

2I + 1

(
1 1 I

m′ −m −M

)
PIM ,

(F.20)

or explicitly,

ρ(1) =
1

3




1 +
√

3
2P10 + 1√

2
P20

√
3
2P1−1 +

√
3
2P2−1

√
3P2−2

−
√

3
2P11 −

√
3
2P21 1−

√
2P20

√
3
2P1−1 −

√
3
2P2−1

√
3P22 −

√
3
2P11 +

√
3
2P21 1−

√
3
2P10 + 1√

2
P20


 . (F.21)

Equating (F.16) and (F.21), allows to establish a relation between the expectation values of spherical

and rectangular operators

P10 =

√
3

2
Pz , (F.22a)

P1±1 = ∓
√

3

2
(Px ± iPy) , (F.22b)

P20 =
1√
2
Pzz , (F.22c)

P2±1 = ∓ 1√
3

(Pxz ± iPyz) , (F.22d)

P2±2 =
1

2
√

3
(Pxx − Pyy ± 2iPxy) . (F.22e)

Using the following property of the spherical tensor operators and their expectation values,

(
τ IM
)†

= (−1)Mτ I−M and P ∗IM = (−1)MPI−M , (F.23)

we find the inverse relations

Px = − 2√
3
<(P11), Py = − 2√

3
=(P11), Pz =

√
2
3P10,

Pxy =
√

3=(P22), Pxz = −
√

3<(P21), Pyz = −
√

3=(P21),

Pxx =
√

3<(P22)− 1√
2
P20, Pyy = −

√
3<(P22)− 1√

2
P20, Pzz =

√
2P20.

(F.24)
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When polarised spin-1 particles are used as target in an actual experiment, the density matrix will

be diagonal with respect to a quantisation axis ~d defined by the polar and azimuthal angles θd and

φd [227],

ρ
(1)
mm′(

~d) = pmδmm′ . (F.25)

Using the decomposition of the density matrix (F.21) and the orthogonality relation for 3j-symbols

∑

m1m2

(2j3 + 1)

(
j1 j2 j3
m1 m2 m3

)(
j1 j2 j′3
m1 m2 m′3

)
= δj3j′3δm3m′3

, (F.26)

we can relate the orientation parameters to the diagonal elements

PIM (~d) = δM0

√
3
∑

m

(−1)1−m√2I + 1pm

(
1 1 I

m −m 0

)
, (F.27)

which yields PIM (~d) = δM0PI , with

P0 = 1 ,

P1 =

√
3

2
(p1 − p−1) ,

P2 =
1√
2

(1− 3p0) .

(F.28)

Owing to the elegant properties of the spherical tensor operators under rotation, we can easily express

the density matrix of a spin-1 particle oriented along ~d, in a reference frame with the quantisation

axis along the z axis,

ρ
(1)
mm′(~z) =

(−1)1−m
√

3

∑

IM

√
2I + 1

(
1 1 I

m′ −m M

)
e−iMφddIM0(θd)PI , (F.29)

where djmm′(θ) are Wigner’s small rotation matrices.

F.4 Photons

Although the photon is a spin-1 particle, it has only two polarisation states. Therefore, the photon

density matrix has a structure analogous to that of an ensemble of spin-1/2 particles

ρ(γ) =
1

2

(
12 + P

(γ)
l σx + P

(γ)
t σy + P (γ)

c σz

)
, (F.30)

with respect to the circular polarisation basis {|+〉 , |−〉}. We added the superscript γ to the

coefficients P
(γ)
i to emphasise that their physical interpretation is very different from those for the

spin-1/2 case. Using the definition (F.6), we can write down density matrices for some explicit cases,
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where the photon ensemble is in a pure state

|RC〉 = |+〉 ⇒ ρ
(γ)
RC = 1

2 (12 + σz) ,

|LC〉 = |−〉 ⇒ ρ
(γ)
LC = 1

2 (12 − σz) ,

|Lx〉 = 1√
2
(|+〉 − |−〉) ⇒ ρ

(γ)
Lx = 1

2 (12 − σx) ,

|Ly〉 = i√
2
(|+〉+ |−〉) ⇒ ρ

(γ)
Ly = 1

2 (12 + σx) ,

|Tx〉 = 1√
2
(|Lx〉 − |Ly〉) ⇒ ρ

(γ)
Tx = 1

2 (12 − σy) ,

|Ty〉 = 1√
2
(|Lx〉+ |Ly〉) ⇒ ρ

(γ)
Ty = 1

2 (12 + σy) .

(F.31)

From these equations it is clear why the polarisation coefficients are labelled c, l and t. The quantity

P
(γ)
c can be interpreted as the degree of circular polarisation, with P

(γ)
c > 0 (< 0) indicating right-

(left-)handed orientation. The coefficient P
(γ)
l expresses the amount of linear polarisation along the

y (P
(γ)
l > 0) or x (P

(γ)
l < 0) axis, whereas P

(γ)
t > 0 (< 0) quantifies linear polarisation along the y

(x) axis rotated −π
4 about the z axis.



APPENDIX G

Parametrisations of the deuteron wave function

In Section 5.5, we have dealt with the deuteron. After discussing the covariant Dnp-vertex, we

introduced the non-relativistic and relativistic wave functions. In this dissertation, we use the

deuteron wave functions obtained with a number of different NN potentials. For all but one of these

wave functions, convenient parametrisations exist.

In Section G.1 of this appendix, we discuss a parametrisation for the non-relativistic Paris and

CD-Bonn wave functions. Sections G.2 and G.3 are devoted to the parametrisations used in the Gross

formalism. To our knowledge, no parametrisation for the deuteron wave functions obtained with

the Nijmegen potential is available. The latter wave functions can be found on-line in a tabulated

format [228].

G.1 Non-relativistic wave-function parametrisation

Realistic NN potentials, such as the Paris potential [229] and the charge-dependent Bonn potential

[179], are often expressed as a discrete superposition of Yukawa terms. This naturally leads one to

the following algebraic parametrisation of the deuteron wave functions in configuration space

u(r) =

n∑

i=1

Ci e
−mir ,

w(r) =

n∑

i=1

Di e
−mir

(
1 +

3

mir
+

3

m2
i r

2

)
,

(G.1)

with mi = α+(i−1)m0. In the limit r → 0, the radial wave functions satisfy the boundary conditions

u(r)→ r and w(r)→ r3 . (G.2)
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Table G.1 – Expansion coefficients of the parametrised radial deuteron wave functions (G.1) corresponding

with the Paris potential [229] and the CD-Bonn potential [179].

Paris (n = 13) CD-Bonn (n = 11)

i Ci (fm−1/2) Di (fm−1/2) Ci (fm−1/2) Di (fm−1/2)

1 0.88688076 · 10+0 0.23135193 · 10−1 0.88472985 · 10+0 0.22623762 · 10−1

2 −0.34717093 · 10+0 −0.85604572 · 10+0 −0.26408759 · 10+0 −0.50471056 · 10+0

3 −0.30502380 · 10+1 0.56068193 · 10+1 −0.44114404 · 10−1 0.56278897 · 10+0

4 0.56207766 · 10+2 −0.69462922 · 10+2 −0.14397512 · 10+2 −0.16079764 · 10+2

5 −0.74957334 · 10+3 0.41631118 · 10+3 0.85591256 · 10+2 0.11126803 · 10+3

6 0.53365279 · 10+4 −0.12546621 · 10+4 −0.31876761 · 10+3 −0.44667490 · 10+3

7 −0.22706863 · 10+5 0.12387830 · 10+4 0.70336701 · 10+3 0.10985907 · 10+4

8 0.60434469 · 10+5 0.33739172 · 10+4 −0.90049586 · 10+3 −0.16114995 · 10+4

9 −0.10292058 · 10+6 −0.13041151 · 10+5 0.66145441 · 10+3 see (G.3b)

10 0.11223357 · 10+6 0.19512524 · 10+5 −0.25958894 · 10+3 see (G.3b)

11 −0.75925226 · 10+5 see (G.3b) see (G.3a) see (G.3b)

12 0.29059715 · 10+5 see (G.3b)

13 see (G.3a) see (G.3b)

α 0.23162461 fm−1 0.2315380 fm−1

m0 1.0 fm−1 0.9 fm−1

This gives rise to the following constraints for the coefficients of Eq. (G.1)

0 =
n∑

i=1

Ci , (G.3a)

0 =
n∑

i=1

Di =
n∑

i=1

Dim
2
i =

n∑

i=1

Di

m2
i

. (G.3b)

In table G.1, we have listed the coefficients Ci, Di, α and m0 for the Paris and CD-Bonn wave

functions.

Using (H.2), it is straightforward to find the parametrised radial wave functions in momentum space

u(p) =

√
2

π

n∑

i=1

Ci
p2 +m2

i

,

w(p) =

√
2

π

n∑

i=1

−Di

p2 +m2
i

,

(G.4)

where we have made use of the boundary conditions in (G.3b).
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G.2 Relativistic wave-function parametrisation I

Buck and Gross developed an analytical form for their relativistic wave functions [230] which is in

line with the parametrisation of Eq. (G.1)

φi(q) =

N∑

n=1

bi,nG
n
L(q) with i = 3S1,

3D1,
3P1,

1P1 , (G.5)

with L the angular momentum of the state. This parametrisation is valid both in configuration as in

momentum space, visualised by the q dependence. As their non-relativistic counterparts, these wave

functions obey the boundary conditions (G.2). These conditions can be met by the following choice

GnL(q) = fL,n(q)−
N+2∑

i=1

Kn
L,ifL,N+i(q) , (G.6)

with

Kn
L,i =

(
ML,N+i

ML,n

)L L+2∏

j=1
j 6=i

M2
L,N+j −M2

L,n

M2
L,N+j −M2

L,N+i

,

ML,i = αL + (i+ 1)mL,0 .

(G.7)

In analogy with the non-relativistic parametrisation we have

f0,n(r) = e−M0,nr ,

f1,n(r) = e−M1,nr

(
1 +

1

M1,nr

)
,

f2,n(r) = e−M2,nr

(
1 +

3

M2,nr
+

3

M2
2,nr

2

)
,

(G.8)

in configuration space and

f0,n(p) =

√
2

π

1

p2 +M2
0,n

,

f1,n(p) =

√
2

π

(
p

M1,n

)
1

p2 +M2
1,n

,

f2,n(p) =

√
2

π

(
p

M2,n

)2 1

p2 +M2
2,n

,

(G.9)

in momentum space.

In table G.2 we have listed the expansion coefficients [231] for the relativistic wave function labelled

IIb in Ref. [181].

G.3 Relativistic wave-function parametrisation II

In Ref. [182], Gross and Stadler have introduced a parametrisation for the deuteron wave functions

that are obtained from the OBE potential presented in Ref. [183]. The different components are
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Table G.2 – Expansion coefficients of the relativistic deuteron wave function labelled IIb in Ref. [181] to be

used with the wave-function parametrisation of Section G.2. The coefficients αL and bi,n have dimensions

MeV and MeV1/2 respectively. The parameter mL,0 is fixed at 138 MeV for all states.

3S1
3D1

3P1
1P1

αL 0.45702000 · 10+2 0.45702000 · 10+2 0.13800000 · 10+3 0.13800000 · 10+3

bi,1 1.23473909 · 10+1 3.04445499 · 10−1 3.58649195 · 10−2 9.01574296 · 10−3

bi,2 −9.79182548 · 10−1 −2.28389143 · 10+0 −1.11941519 · 10+0 −5.62298514 · 10−1

bi,3 −1.33149654 · 10+1 −1.25535880 · 10+1 1.24100281 · 10+0 5.90732942 · 10+0

bi,4 2.03598985 · 10+1 4.75484843 · 10+0 3.01054706 · 10+1 −1.88499536 · 10+1

bi,5 −5.49883687 · 10+1 3.44785873 · 10+0 −5.39212864 · 10+1 7.36252577 · 10+0

bi,6 −3.35208211 · 10+1 1.06337512 · 10+0 −2.96869223 · 10+1 1.35240434 · 10+1

bi,7 1.42816421 · 10+1 −7.15449045 · 10−3 2.39138486 · 10+1 7.26850340 · 10+0

bi,8 4.58613894 · 10+1 −2.60000217 · 10−1 5.34140258 · 10+1 5.58906563 · 10−1

bi,9 5.36566194 · 10+1 −2.11957448 · 10−1 5.34280647 · 10+1 −2.62991867 · 10+0

bi,10 4.42571196 · 10+1 −1.11702589 · 10−1 3.71934963 · 10+1 −2.81893558 · 10+0

bi,11 2.71001008 · 10+1 −4.10060436 · 10−2 1.84515566 · 10+1 −1.67873493 · 10+0

bi,12 1.03563424 · 10+1 −8.54424870 · 10−3 5.34193503 · 10+0 −5.38676867 · 10−1

expanded like in Eq. (G.5). In momentum space, the expansion functions are given by

GnL(p) =

√
2

π

pLM2
L,n−2M

2nL−L
L,n−1(

M2
L,n−2 + p2

)(
M2
L,n−1 + p2

) , (G.10)

for n = 1, . . . , (N − 1), with ML,i defined in Eq. (G.7). The final expansion function, labelled the

tail wave function, ensures a correct falloff as p→∞ and is defined as

GNL (p) =

√
2

π

pLM2nL+1−L
L,N−1(

M2
L,N−1 + p2

)nL+1/2
. (G.11)

The expansion functions in configuration space are more involved. For the terms n < N , we have

Gn0 (r) =
M2

0,n−2M
4
0,n−1(

M2
0,n−1 −M2

0,n−2

)2

{
e−rM0,n−2 − e−rM0,n−1

[
1 +

r

2
M0,n−1

(
1−

M2
0,n−2

M2
0,n−1

)]}
, (G.12)

Gn1 (r) =
M2

1,n−2M
4
1,n−1(

M2
1,n−1 −M2

1,n−2

)2

{
M1,n−2

M1,n−1
e−rM1,n−2

[
1 +

1

rM1,n−2

]

− e−rM1,n−1

[
1 +

1

rM1,n−1
+
rM1,n−1

2

(
1−

M2
1,n−2

M2
1,n−1

)]}
, (G.13)
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Gi2(r) =
M2

2,n−2M
6
2,n−1(

M2
2,n−1 −M2

2,n−2

)3

{
M2

2,n−2

M2
2,n−1

e−rM2,n−2

[
1 +

3

rM2,n−2
+

3

r2M2
2,n−2

]

− e−rM2,n−1

[
1 +

3

rM2,n−1
+

3

r2M2
2,n−1

+
1 + rM2,n−1

2

(
1−

M2
2,n−2

M2
2,n−1

)

+
r2M2

2,n−1

8

(
1−

M2
2,n−2

M2
2,n−1

)2


}
. (G.14)

Finally, the tail wave functions in configuration space read

GN0 (r) =
2r2

3π
M4

0,N−1K1(rM0,N−1) ,

GN1 (r) =
2r2

3π
M4

1,N−1K0(rM1,N−1) ,

GN2 (r) =
2r3

15π
M5

2,N−1K0(rM2,N−1) ,

(G.15)

where

Kn(z) =
zn

(2n− 1)!!

∫ ∞

1
dte−zt(t2 − 1)n−

1
2 , (G.16)

are the modified Bessel functions of the second kind.

In table G.3, we have listed the expansion coefficients for the wave functions obtained with the

WJC-1 model of Ref. [183]. As was pointed out in Ref. [182], the CST wave functions obey the

following normalisation condition

1 =

∫ ∞

0
dpp2

[
u2(p) + w2(p) + v2

t (p) + v2
s(p) +

〈
dV

dmD

〉]
. (G.17)

The last term, which does not feature in the conventional normalisation of the deuteron wave function,

is of the order of a few percent. Therefore, the authors put forward a scaled wave function that

conforms to the conventional normalisation condition and recommend it for use in EM calculations

based on the RIA. When we refer to the WJC-1 wave function in this work, we will always allude to

this scaled wave function.
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Table G.3 – Expansion coefficients of the relativistic deuteron wave function labelled WJC-1 in Ref. [183]

to be used with the wave-function parametrisation of Section G.3. The parameters αL and mL,0 are given

in MeV. The coefficients bi,n have dimensions GeV−3/2. The tail mass ML,N−1 is not given by Eq. (G.7),

but is fixed at 2 GeV instead.

3S1
3D1

3P1
1P1

N 17 16 12 12

nL 2 3 2 2

αL 45.716 45.716 488.000 633.000

mL,0 75.000 80.000 109.090 109.090

bi,1 134.963 23.813 −27.120 −78.763

bi,2 52.871 32.709 233.155 688.895

bi,3 −217.709 −111.381 −998.893 −2910.298

bi,4 1876.699 844.861 2679.013 7690.084

bi,5 −11369.449 −4376.965 −4894.348 −13861.596

bi,6 49427.176 16489.297 6277.553 17571.825

bi,7 −156695.247 −45122.587 −5674.481 −15720.926

bi,8 369322.468 91061.493 3550.952 9747.293

bi,9 −655367.189 −136672.748 −1467.429 −3994.747

bi,10 879178.453 152411.033 360.796 975.086

bi,11 −887103.150 −124633.670 −40.010 −107.489

bi,12 662786.733 72617.712 −498 · 10−7 −394 · 10−7

bi,13 −355720.583 −28549.974

bi,14 129738.381 6790.953

bi,15 −28805.739 −738.436

bi,16 2939.797 −100 · 10−6

bi,17 −125 · 10−6



APPENDIXH

Connecting (non-)relativistic wave functions with the covariant Dnp-vertex

In Section 5.5, we introduced the covariant Dnp-vertex (5.82). This vertex is the most general

structure that describes the breakup of a deuteron into two nucleons, with the second nucleon on its

mass-shell. It is given in terms of four Lorentz-invariant form factors.

In Eq. (5.85) we defined two energy-projected wave functions in terms of the covariant Dnp-vertex,

and in paragraphs 5.5.2 and 5.5.3 we have argued that these wave functions can be linked to the

well-known (non-)relativistic wave-function decompositions in the 2S+1LJ basis. In this appendix,

we will prove this correspondence explicitly. In addition, we will deduce a connection between the

form factors and the wave functions.

First, we require the deuteron’s wave functions given by Eqs. (5.88) and (5.92) in momentum space.

This is readily achieved by taking the Fourier transform (5.87). We obtain

Ψ++(~p;λD) = u(|~p|)χ1λD
Y00(~̂p)− w(|~p|)

∑

mS

〈2, λD-mS ; 1,mS | 1, λD〉χ1mS
Y2,λD-mS (~̂p) ,

Ψ−+(~p;λD) = −vs(|~p|)χ00Y1λD(~̂p)− vt(|~p|)
∑

mS

〈1, λD-mS ; 1,mS | 1, λD〉χ1mS
Y1,λD-mS (~̂p) .

(H.1)

Herein, we have defined

φi(p) =

√
2

π

∫ ∞

0
drrφi(r)jL(pr) , (H.2)

with φi (i = 1, 2, 3, 4) a shorthand notation for the u, w, vs and vt wave functions in configuration

and momentum space. The functions jL(x) are spherical Bessel functions of the first kind.

The wave functions in (H.1) are expressed in the direct-product representation 1
2 ⊗ 1

2 of the spins

of both nucleons. Introducing the notation ~σiχSmS (i = 1, 2) for the Pauli matrices acting in the

spin-space of particle i, one can easily prove identities such as

~σ1 · ~σ2 χSmS = χSmS . (H.3)

153



154 Chapter H. Connecting (non-)relativistic wave functions with the covariant Dnp-vertex

After some manipulations, one can rewrite the wave functions as

Ψ++(~p;λD) =
1√
4π

[
u(|~p|)~σ1 · ~σ2 −

w(|~p|)√
8

(3~σ1 · ~̂p ~σ2 · ~̂p− ~σ1 · ~σ2)

]
χ1λD

,

Ψ−+(~p;λD) = −
√

3

4π

[
vs(|~p|)

2
(~σ1 − ~σ2) · ~̂p− vt(|~p|)

2
√

2
(~σ1 + ~σ2) · ~̂p

]
χ1λD

.

(H.4)

In order to make a direct connection with the energy-projected wave functions (5.85) defined in

terms of the covariant Dnp-vertex, we will first rewrite (H.4) in matrix representation, where

|+〉1 |+〉2 ≡
(

1 0

0 0

)
, |+〉1 |−〉2 ≡

(
0 1

0 0

)
,

|−〉1 |+〉2 ≡
(

0 0

1 0

)
, |−〉1 |−〉2 ≡

(
0 0

0 1

)
.

(H.5)

In this representation, the coupled-spin wave functions can conveniently be expressed as

χ1m ≡
(
~σ · ~ξm iσy√

2

)∣∣∣∣
λ2λ1

, (H.6)

where we have taken the deuteron’s polarisation vectors as defined in Eq. (5.79). The indices λ1 and

λ2 are the spin-projections of particles 1 and 2 along the z axis. For a general operator A1 (B2)

acting in the spin-space of particle 1 (2), one can prove the following equivalence

A1B2χ1m ≡
(
B ~σ · ~ξm Ã

iσy√
2

)∣∣∣∣
λ2λ1

, (H.7)

with Ã = σ2A
Tσ2. After putting this relation to use, we find an expression for the wave functions in

matrix representation

Ψ++
λ1λ2

(~p;λD) ≡ 1√
4π

[
u(|~p|)~σ · ~ξλD +

w(|~p|)√
2

(3~̂p · ~ξλD~σ · ~̂p− ~σ · ~ξλD)

]
iσy√

2

∣∣∣∣
λ2λ1

,

Ψ−+
λ1λ2

(~p;λD) ≡
√

3

4π

[
vs(|~p|)~̂p · ~ξλD +

vt(|~p|)√
2

(~σ · ~̂p~σ · ~ξλD − ~̂p · ~ξλD)

]
iσy√

2

∣∣∣∣
λ2λ1

.

(H.8)

Note that the vs-term is antisymmetric in the indices, whereas the other terms are symmetric.

In order to link the form factors of the covariant Dnp-vertex with the deuteron wave functions, we

need to rewrite the energy-projected wave functions defined in terms of the Dnp-vertex in matrix

representation. Adopting the conventions for positive- and negative-energy Dirac spinors given in

Section A.4, we are able to work out the deuteron wave functions as given in Eq. (5.85). After a

tedious calculation, one obtains

Ψ++
λ1λ2

(~p;λD) =
(−1)

1
2
−λ2

√
(2π)32mD2Ep(2Ep −mD)

× ξ†λ1

{
~σ · ~ξλD 2

3

[
H(|~p|)(2Ep −mD)(2mN + Ep)

mN
− F (|~p|)(2Ep +mN )−G(|~p|) |~p|

2

mN

]

+ (3~̂p · ~ξλD~σ · ~̂p−~σ · ~ξλD)
2

3

[
F (|~p|)(Ep−mN ) +H(|~p|)(2Ep −mD)(Ep −mN )

mN
−G(|~p|) |~p|

2

mN

]}
ηλ2 ,

(H.9)
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Ψ−+
λ1λ2

(~p;λD) =
−(−1)

1
2
−λ2

√
(2π)32mD2EpmD

× η†−λ1

{
2~p · ~ξλD

(
F (|~p|)−G(|~p|) + I(|~p|)mDEp

m2
N

)
+ 2(~σ · ~p~σ · ~ξλD − ~̂p · ~ξλD)H(|~p|)mD

mN

}
ηλ2 .

(H.10)

Through an explicit computation, it is elementary to prove the following properties for two-component

Pauli spinors

(−1)
1
2
−λ′ ξ†ληλ′ = −i σy|λλ′ ,

(−1)
1
2
−λ′ ξ†λ~σηλ′ = −i ~σσy|λλ′ ,

(H.11)

and since any complex 2x2-matrix A can be decomposed as A = A01+
∑

iAiσi, we have in general

(−1)
1
2
−λ′ ξ†λAηλ′ = −i Aσy|λλ′ . (H.12)

Applying this to our previous expression for the deuteron wave function, a direct comparison can

be made with Eq. (H.8). In this way, we obtain the deuteron wave functions u, w, vs and vt as a

function of the Dnp-vertex form factors. After inverting these relations, we reach our final result

F (|~p|) = π
√

2mD(2Ep −mD)

[
u(|~p|)− 1√

2
w(|~p|) +

√
3

2

mN

|~p| vt(|~p|)
]
,

G(|~p|) = π
√

2mD(2Ep −mD)

[
mNu(|~p|)
Ep +mN

+
mN (2Ep +mN )

|~p|2
w(|~p|)√

2
+

√
3

2

mN

|~p| vt(|~p|)
]
,

H(|~p|) = π
√

2mD

√
3

2

EpmN

|~p| vt(|~p|) ,

I(|~p|) = −π
√

2mD
m2
N

mD

[
(2Ep −mD)

(
u(|~p|)

Ep +mN
− Ep + 2mN

|~p|2
w(|~p|)√

2

)
+

√
3mD

|~p| vs(|~p|)
]
.

(H.13)
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APPENDIX I

Parameters of the Regge-plus-resonance model

Essentially, all models are wrong, but some are useful.

— George E. P. Box

The RPR formalism was introduced in Chapter 2. It consists of non-resonant contributions that

are parametrised as Regge-trajectory exchange in the t-channel and the exchange of a selection

of nucleon and ∆ resonances in the s-channel. Expressions for the different contributions to the

transition amplitude are given in Paragraph D.3.3. In this appendix, we summarise the coupling

constants that feature in these amplitudes.

The parameters for the Λ-production RPR model are given in Table I.1. This model has been published

in Refs. [39, 69]. Table I.2 lists the coupling constants of the RPR model for the Σ-production

channels discussed in Refs. [40, 69].

In Chapter 3, we develop a formalism which permits to derive the coupling constants for the reaction

channels with a neutron target and/or a neutral kaon in the final state from those for p(γ,K+)Λ

and p(γ,K+)Σ0. The EM coupling constants of resonance-exchange diagrams have error bars due to

the experimental uncertainties related to photocoupling helicity amplitudes. We have adopted the

helicity amplitude labelled SM95 in Table 3.1.
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Table I.1 – Coupling constants of the RPR-2007 model optimised for KΛ production. The cutoff mass for

the Gaussian form factor at the strong-interaction vertices of the resonance-exchange diagrams is fixed at

Λ = 1636.53 MeV.

p(γ,K+)Λ n(γ,K0)Λ

Born gKΛN −1.064 · 10+1 —

K∗(892) GvK∗ 1.082 · 10+1 −1.655 · 10+1

GtK∗ −2.906 · 10+1 4.446 · 10+1

S11(1650) GN∗ −2.251 · 10−2 4.951±1.575 · 10−3

P11(1710) GN∗ −2.348 · 10−1 0.681±5.235 · 10−1

P13(1720) G
(1)
N∗ 3.842 · 10−2 −1.460±7.685 · 10−2

G
(2)
N∗ −1.812 · 10−2 0.906±1.957 · 10−2

X 1.437 · 10+2 1.437 · 10+2

Y 5.696 · 10+1 5.696 · 10+1

Z −3.117 · 10−1 −3.117 · 10−1

P13(1900) G
(1)
N∗ −7.499 · 10−1 0.000±1.500 · 10+0

G
(2)
N∗ 3.377 · 10−1 0.000±6.754 · 10−1

X −1.770 · 10+1 −1.770 · 10+1

Y 2.588 · 10+0 2.588 · 10+0

Z −8.878 · 10−1 −8.878 · 10−1

D13(1900) G
(1)
N∗ 1.115 · 10+0 0.000±2.230 · 10+0

G
(2)
N∗ 5.105 · 10−1 0.000±1.021 · 10+0

X 4.031 · 10+1 4.031 · 10+1

Y −1.399 · 10+1 −1.399 · 10+1

Z −3.969 · 10−2 −3.969 · 10−2
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Table I.2 – Coupling constants of the RPR-2007 model optimised for KΣ production. The cutoff mass for

the Gaussian form factor at the strong-interaction vertices of the resonance-exchange diagrams is fixed at

Λ = 1593.37 MeV.

p(γ,K+)Σ0 p(γ,K0)Σ+ n(γ,K0)Σ0 n(γ,K+)Σ−

Born gKΣN 4.606 · 10+0 — — 6.514 · 10+0

K∗(892) GvK∗ 1.454 · 10+1 1.110 · 10+0 −7.852 · 10−1 2.056 · 10+1

GtK∗ −2.725 · 10+1 −2.081 · 10+0 1.472 · 10+0 −3.854 · 10+1

S11(1650) GN∗ −1.391 · 10−1 −1.967 · 10−1 −3.060±0.974 · 10−2 4.328±1.377 · 10−2

D33(1700) G
(1)
N∗ −2.463 · 10+0 1.741 · 10+0 −2.463 · 10+0 −1.741 · 10+0

G
(2)
N∗ −2.057 · 10+0 1.455 · 10+0 −2.057 · 10+0 −1.455 · 10+0

X −4.999 · 10+0 −4.999 · 10+0 −4.999 · 10+0 −4.999 · 10+0

Y −4.521 · 10+0 −4.521 · 10+0 −4.521 · 10+0 −4.521 · 10+0

Z −1.577 · 10−1 −1.577 · 10−1 −1.577 · 10−1 −1.577 · 10−1

P11(1710) GN∗ 1.744 · 10−1 2.466 · 10−1 0.506±3.888 · 10−1 −0.715±5.499 · 10−1

P13(1720) G
(1)
N∗ 1.839 · 10−1 2.600 · 10−1 0.699±3.677 · 10−1 −0.988±5.201 · 10−1

G
(2)
N∗ 5.689 · 10−2 8.045 · 10−2 2.844±6.144 · 10−2 −4.022±8.689 · 10−2

X −6.114 · 10+0 −6.114 · 10+0 −6.114 · 10+0 −6.114 · 10+0

Y −4.490 · 10−1 −4.490 · 10−1 −4.490 · 10−1 −4.490 · 10−1

Z 3.276 · 10+0 3.276 · 10+0 3.276 · 10+0 3.276 · 10+0

P13(1900) G
(1)
N∗ 9.811 · 10−1 1.387 · 10+0 0.000±1.962 · 10+0 0.000±2.775 · 10+0

G
(2)
N∗ 1.890 · 10+0 2.674 · 10+0 0.000±3.781 · 10+0 0.000±5.347 · 10+0

X 4.465 · 10+0 4.465 · 10+0 4.465 · 10+0 4.465 · 10+0

Y −3.495 · 10+0 −3.495 · 10+0 −3.495 · 10+0 −3.495 · 10+0

Z −2.442 · 10−1 −2.442 · 10−1 −2.442 · 10−1 −2.442 · 10−1

S31(1900) GN∗ 3.236 · 10−1 −2.288 · 10−1 3.236 · 10−1 2.288 · 10−1

P31(1910) GN∗ −2.597 · 10−1 1.836 · 10−1 −2.597 · 10−1 −1.836 · 10−1

P33(1920) G
(1)
N∗ 4.709 · 10−1 −3.329 · 10−1 4.709 · 10−1 3.329 · 10−1

G
(2)
N∗ 4.589 · 10−1 −3.245 · 10−1 4.589 · 10−1 3.245 · 10−1

X 8.031 · 10+0 8.031 · 10+0 8.031 · 10+0 8.031 · 10+0

Y 2.416 · 10+0 2.416 · 10+0 2.416 · 10+0 2.416 · 10+0

Z −5.272 · 10−1 −5.272 · 10−1 −5.272 · 10−1 −5.272 · 10−1
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APPENDIX J

Experimental data

Facts are meaningless.

You could use facts to prove anything that’s even remotely true.

— Homer Simpson

In this appendix, an overview is given of the published datasets for kaon photoproduction from the

nucleon.

In Tables J.1 and J.2, the experimental data for the p(γ,K+)Λ and p(γ,K+)Σ0 reactions is given.

The datasets used in Refs. [39, 40] to optimise the RPR-2007 model are marked in the rightmost

column. The fitted coupling constants are listed in Appendix I.

The p(γ,K0)Σ+ reaction data is enumerated in Table J.3. The last column marks the datasets used

in Section 3.3 to optimise the K∗0(892)’s EM coupling constant and explore the possibility of a third

Regge trajectory.

Table J.4 provides an overview of the published experimental data for the n(γ,K+)Σ− reaction. To

date, no results have been published for the n(γ,K0)Λ and n(γ,K0)Σ0 reactions.
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Table J.1 – List of published experimental data for the reaction p(γ,K+)Λ in chronological order per

observable. The datasets used to determine the RPR-2007 model are marked in the last column.

Observable Year Experiment Reference # data points Fitted

σ 1998 SAPHIR Tran et al. [124] 24

2004 SAPHIR Glander et al. [125] 36

2006 CLAS Bradford et al. [119] 78
dσ
dΩ 1969 SLAC Boyarski et al. [113] 56 X

1998 SAPHIR Tran et al. [124] 90

2004 SAPHIR Glander et al. [125] 720

2004 CLAS McNabb et al. [121] 920

2006 CLAS Bradford et al. [119] 1377 X
2006 LEPS Sumihama et al. [135] 54

2007 LEPS Hicks et al. [132] 12

2010 CLAS McCracken et al. [123] 2066

Σ 1979 SLAC Quinn et al. [114] 9 X
2003 LEPS Zegers et al. [122] 45 X
2006 LEPS Sumihama et al. [135] 54

2007 LEPS Hicks et al. [132] 4

2007 GRAAL Lleres et al. [120] 66 X

P 1972 DESY Vogel et al. [115] 7 X
1998 SAPHIR Tran et al. [124] 12

2004 SAPHIR Glander et al. [125] 30

2004 CLAS McNabb et al. [121] 233 X
2007 GRAAL Lleres et al. [120] 66 X
2010 CLAS McCracken et al. [123] 1707

T 1978 BONN Althoff et al. [142] 3 X
2008 GRAAL Lleres et al. [141] 66

Cx, Cz 2007 CLAS Bradford et al. [140] 320

Ox′ , Oz′ 2008 GRAAL Lleres et al. [141] 66



Chapter J. Experimental data 163

Table J.2 – List of published experimental data for the reaction p(γ,K+)Σ0 in chronological order per

observable. The datasets used to determine the RPR-2007 model are marked in the last column.

Observable Year Experiment Reference # data points Fitted

σ 1998 SAPHIR Tran et al. [124] 21

2004 SAPHIR Glander et al. [125] 33

2006 CLAS Bradford et al. [119] 72
dσ
dΩ 1969 SLAC Boyarski et al. [113] 48 X

1998 SAPHIR Tran et al. [124] 70

2004 SAPHIR Glander et al. [125] 660

2004 CLAS McNabb et al. [121] 782

2006 CLAS Bradford et al. [119] 1280 X
2006 LEPS Sumihama et al. [135] 54

2006 LEPS Kohri et al. [134] 73

2010 CLAS Dey et al. [130] 2089

Σ 1979 SLAC Quinn et al. [114] 9 X
2003 LEPS Zegers et al. [122] 45 X
2006 LEPS Sumihama et al. [135] 54

2006 LEPS Kohri et al. [134] 35

2007 GRAAL Lleres et al. [120] 42 X

P 1998 SAPHIR Tran et al. [124] 12

2004 SAPHIR Glander et al. [125] 16

2004 CLAS McNabb et al. [121] 98 X
2007 GRAAL Lleres et al. [120] 8 X
2010 CLAS Dey et al. [130] 455

Cx, Cz 2007 CLAS Bradford et al. [140] 190

Table J.3 – List of published experimental data for the reaction p(γ,K0)Σ+ in chronological order per

observable. The datasets used in Section 3.3 for fitting are marked in the last column.

Observable Year Experiment Reference # data points Fitted

σ 1999 SAPHIR Goers et al. [232] 5

2005 SAPHIR Lawall et al. [154] 12

2008 CB/ELSA-TAPS Castelijns et al. [155] 12
dσ
dΩ 1999 SAPHIR Goers et al. [232] 18

2003 CLAS Carnahan [157] 48 X
2005 SAPHIR Lawall et al. [154] 120 X
2008 CB/ELSA-TAPS Castelijns et al. [155] 72 X

P 1999 SAPHIR Goers et al. [232] 4

2005 SAPHIR Lawall et al. [154] 10

2008 CB/ELSA-TAPS Castelijns et al. [155] 72 X
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Table J.4 – List of published experimental data for the reaction n(γ,K+)Σ− in chronological order per

observable.

Observable Year Experiment Reference # data points

dσ
dΩ 2006 LEPS Kohri et al. [134] 72

2010 CLAS Anefalos Pereira et al. [151] 388

Σ 2006 LEPS Kohri et al. [134] 36



APPENDIXK

Hyperon-nucleon interaction

This appendix deals with the hyperon-nucleon interaction. In the first section, we sketch the

kinematics of the hyperon-nucleon scattering reaction. Section K.2 introduces the transition matrix

elements that are required for the calculation of the YN-FSI contribution to EM kaon production from

the deuteron (see Section 5.6.3). They will be expressed in terms of the helicity amplitudes of the

hyperon-nucleon scattering process. The latter can be obtained within the context of non-relativistic

hyperon-nucleon potential models. The issue of the off-shell extrapolation of the scattering amplitude

is the subject of Section K.3. In the final section, we will briefly present the Jülich model whose

scattering amplitudes will be adopted in this dissertation.

K.1 Kinematics

Throughout this appendix, we will consider the following (in)elastic scattering reaction

Y ′ +N ′ → Y +N , (K.1)

where we label the incoming hyperon and nucleon with primes. This notation is somewhat uncommon,

but simplifies the comparison with Section 5.6, where we present the YN-FSI contribution to kaon

production from the deuteron.

The kinematics of the scattering process are fixed by specifying the invariant mass WY N and the

hyperon’s scattering angle θ∗Y Y ′ in the YN-CM frame. The latter is given by

cos θ∗Y Y ′ =
~p ∗Y · ~p ∗Y ′
|~p ∗Y ||~p ∗Y ′ |

. (K.2)

As was pointed out in Paragraph 5.6.3, the hyperon-nucleon rescattering diagram is most readily

obtained in the YN-CM frame using the primed reference frame that was introduced in Eq. (5.3).

Four-momenta in this frame are denoted with an asterisk, i.e. p∗i . The elementary scattering reaction,
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Figure K.1 – Orientation of the dotted reference frame (ẋ, ẏ, ż) for the Y ′N ′ → Y N reaction in the

YN-CM frame.

on the other hand, is typically described in a reference frame (ẋ, ẏ, ż) that has its ż axis along the

incoming hyperon and the ẏ axis perpendicular to the reaction plane. This dotted frame is illustrated

in figure K.1 and is defined through

~̇z =
~p ∗Y ′
|~p ∗Y ′ |

, ~̇y =
~p ∗Y ′ × ~p ∗Y
|~p ∗Y ′ × ~p ∗Y |

, ~̇x = ~̇y × ~̇z . (K.3)

The four-vectors of the particles participating in reaction (K.1) are represented in the dotted reference

frame as

ṗ∗i = rp ∗i , (K.4)

with r the rotation that connects both frames. It consists of rotations about the z and y axis that

bring the momentum of the incoming hyperon along the z axis and is followed by an additional

rotation about the z axis that moves the outgoing particles in the xz plane. Caution is needed to

ensure that the momentum of the outgoing hyperon lies along the positive x axis. Explicitly, we have

r = rz(θr)ry(−θ∗Y ′)rz(−φ∗Y ′) , (K.5)

with

θr =
π

2
− 2 arctan

( √
1− cos2 θ∗Y Y ′ − sin θ∗Y

(
sinφ∗Y ′ cosφ∗Y − cosφ∗Y ′ sinφ

∗
Y

)

cos θ∗Y ′ sin θ
∗
Y

(
cosφ∗Y ′ cosφ∗Y + sinφ∗Y ′ sinφ

∗
Y

)
− sin θ∗Y ′ cos θ∗Y

)
, (K.6)

for cos θ∗Y Y ′ 6= 1. When cos θ∗Y Y ′ = 1, θr is arbitrary. In case the argument of the arctangent is

singular, θr = ±π/2, where the positive (negative) sign occurs for a positive (negative) nominator.

K.2 Transition amplitudes

In Paragraph 5.6.3, expressions are derived for the YN-FSI contribution to the kaon-production

transition amplitude. There, the hyperon-nucleon rescattering diagram is written in terms of

〈pY , λY ;pN , λN | ĴYN |pY ′ , λY ′ ;pN ′ , λN ′〉
YN-CM

=

ua(~p
∗
Y , λY )ub(~p

∗
N , λN ) ΓYN

ab;cd uc(~p
∗
Y ′ , λY ′)ud(~p

∗
N ′ , λN ′) , (K.7)

where the elementary rescattering vertex ΓYN is sandwiched between spinors for the incoming and

outgoing particles. This transition amplitude is to be evaluated in the YN-CM frame with its helicities
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defined in the primed reference frame. In the previous section, we introduced dotted coordinates as

the most natural reference frame for the description of the elementary hyperon-nucleon scattering

process. In that frame, the hyperon-nucleon vertex operator reads

Γ̇YN
ab;cd = Sae(r)Sbf (r) ΓYN

ef ;gh Sgc(r
−1)Shd(r

−1) , (K.8)

where

S(t−1) = γ0S†(t)γ0 , (K.9)

is the representation of the inverse transformation t−1 in Dirac space [218]. After inserting the unity

operator several times in Eq. (K.7) and applying the transformation rule for helicity spinors provided

in Paragraph C.2, we obtain for the transition amplitude

〈pY , λY ;pN , λN | ĴYN |pY ′ , λY ′ ;pN ′ , λN ′〉 =
∑

µY ′ ,µN′ ,µY ,µN

[
D

1/2
µY ,λY

(r(r, ~p ∗Y ))
]∗

×
[
D

1/2
µN ,λN

(r(r, ~p ∗N ))
]∗

D
1/2
µY ′ ,λY ′

(r(r, ~p ∗Y ′))D
1/2
µN′ ,λN′

(r(r, ~p ∗N ′)) T YN
µY ,µN ;µY ′ ,µN′

, (K.10)

where we have introduced helicity amplitudes

T YN
λY ,λN ;λY ′ ,λN′

= ua(~̇p
∗
Y , λY )ub(~̇p

∗
N , λN ) Γ̇YN

ab;cd uc(~̇p
∗
Y ′ , λY ′)ud(~̇p

∗
N ′ , λN ′) , (K.11)

for the hyperon-nucleon scattering reaction with the helicities defined in the dotted reference frame.

With the help of the explicit form of the rotation r and the definition of the helicity transformation

given in Eq. (C.2), the different Wick rotations can be worked out. One finds

r(r, ~p ∗i ) = rz(Φi) , (K.12)

for i = Y ′, N ′, Y,N . Since the Wigner rotation matrix is diagonal for rotations about the z axis (see

Section A.2), this implies that the rotation r conserves the helicities and merely introduces an

additional phase. We wish to stress the importance of using the quaternion representation of the

rotation group introduced in Appendix B. Since we are rotating spinors, the isomorphism between

this representation and SU(2) is crucial to obtain the correct phases. In the most general case, no

elegant closed form exists for the rotation angles Φi. However, they can easily be found numerically.

The phase for the incoming hyperon is the noted exception. It simply reads

ΦY ′ = θr . (K.13)

Introducing the Wick rotations into the Wigner rotation matrices of Eq. (K.10), we obtain

〈pY , λY ;pN , λN | ĴYN |pY ′ , λY ′ ;pN ′ , λN ′〉 = e−i(λY ′θr+λN′ΦN′−λY ΦY −λNΦN ) T YN
λY ,λN ;λY ′ ,λN′

. (K.14)

K.3 Off-shell scattering

In the previous section, we have focused on the frame-dependence of the helicities that feature in the

transition amplitude for hyperon-nucleon scattering. A second important aspect of the amplitude is

the kinematics at which it is to be evaluated. In Section K.1, we have noted that the elementary

scattering process depends on the variables WY N and θ∗Y Y ′ . However, when the rescattering vertex

is inserted in a loop diagram such as the YN-FSI contribution considered in Paragraph 5.6.3, this no
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longer holds true. Because of the deuteron’s binding energy and the energy-momentum conserving

delta functions at the different interaction vertices, the rescattering hyperon is generally off its mass

shell, i.e.

p2
Y ′ 6= m2

Y ′ . (K.15)

The hyperon-nucleon scattering vertex operator ΓYN has, to our knowledge, not been considered in a

covariant field-theoretical framework. A number of hyperon-nucleon potential models are available on

the other hand [199–201], and the question arises how the scattering amplitude with one off-mass-shell

leg can be obtained within the context of non-relativistic scattering theory.

Potential models construct a phenomenological potential that serves as a kernel to solve a Lippmann-

Schwinger equation. In doing so, one obtains a half-off-energy-shell amplitude

T YN
λY ,λN ;λY ′ ,λN′

(W, θ∗Y Y ′ ;W
′) , (K.16)

with W ′ and W the invariant masses of the initial and final state respectively. As one can have

W ′ 6= W , the ΣN → ΛN transitions can occur below the physical threshold of the initial hyperon-

nucleon state, for example. In the limit of physical scattering, one has W ′ →W and the half-off-shell

amplitude converges to the on-shell amplitude

T YN
λY ,λN ;λY ′ ,λN′

(W, θ∗Y Y ′) ≡ T YN
λY ,λN ;λY ′ ,λN′

(W, θ∗Y Y ′ ;W ) . (K.17)

It can be shown that off-energy-shell amplitudes in non-relativistic scattering theory and amplitudes

with off-mass-shell legs from relativistic quantum field theory have the same on-shell limit [233]. The

off-shell extrapolations, however, are not unique. When the hyperon-nucleon transition amplitude

with one leg off-mass-shell is needed in the off-shell contribution to the YN-FSI diagram (see

Eq. (5.131)), we will consider the following half off-energy-shell amplitude

T YN
λY ,λN ;λY ′ ,λN′

(WY N , θ
∗
Y Y ′ ; W̃Y ′N ′) , (K.18)

with

W̃Y ′N ′ =
√
|~p ∗Y ′ |2 +m2

Y ′ +
√
|~p ∗Y ′ |2 +m2

N ′ . (K.19)

In the limit that the rescattering hyperon Y ′ inside the loop is on its mass shell, one has

W̃Y ′N ′ →WY N , (K.20)

and the half off-energy-shell amplitude converges to the on-shell amplitude.

K.4 Jülich model

In Section 6.2, the effect of the YN-FSI contribution to the dynamics of strangeness production

from the deuteron is investigated. As input, we adopt the hyperon-nucleon transition amplitudes as

calculated within the Jülich model, which is discussed at length in Ref. [199].

The different elastic and inelastic hyperon-nucleon scattering reactions can be grouped in four charge

channels

q = +2 : Σ+p→ Σ+p , (K.21)

q = +1 : Λp,Σ+n,Σ0p→ Λp,Σ+n,Σ0p , (K.22)

q = 0 : Λn,Σ0n,Σ−p→ Λn,Σ0n,Σ−p , (K.23)

q = −1 : Σ−n→ Σ−n . (K.24)
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Table K.1 – Coefficients of the isospin decomposition of the hyperon-nucleon amplitudes in the particle

basis. 〈Y N |T 1/2 |Y N〉 and 〈ΣN |T 3/2 |ΣN〉 are the isospin I = 1/2 and I = 3/2 amplitudes respectively.

〈ΛN |T 1/2 |ΛN〉 〈ΣN |T 1/2 |ΣN〉 〈ΣN |T 3/2 |ΣN〉 〈ΛN |T 1/2 |ΣN〉
〈Λp|T |Λp〉 1 0 0 0

〈Λp|T |Σ+n〉 0 0 0 −
√

2
3

〈Λp|T
∣∣Σ0p

〉
0 0 0 −

√
1
3

〈Λn|T |Λn〉 1 0 0 0

〈Λn|T
∣∣Σ0n

〉
0 0 0

√
1
3

〈Λn|T |Σ−p〉 0 0 0 −
√

2
3

〈Σ+p|T |Σ+p〉 0 0 1 0

〈Σ+n|T |Σ+n〉 0 2
3

1
3 0

〈Σ+n|T
∣∣Σ0p

〉
0 −

√
2

3 −
√

2
3 0〈

Σ0p
∣∣T
∣∣Σ0p

〉
0 1

3
2
3 0〈

Σ0n
∣∣T
∣∣Σ0n

〉
0 1

3
2
3 0〈

Σ0n
∣∣T |Σ−p〉 0 −

√
2

3

√
2

3 0

〈Σ−p|T |Σ−p〉 0 2
3

1
3 0

〈Σ−n|T |Σ−n〉 0 0 1 0

In the Jülich-model, however, the helicity amplitudes are obtained in the isospin basis [234]. For

hyperon-nucleon scattering, there are only two isospin channels

I =
1

2
: ΛN,ΣN → ΛN,ΣN , (K.25)

I =
3

2
: ΣN → ΣN . (K.26)

In order to go from the isospin basis to the particle basis, we calculate the isospin decomposition of

the amplitudes using the states defined in Eq. (3.7). The different coefficients are listed Table K.1.

For every isospin transition and each point in phase space, there are a total of sixteen helicity

amplitudes. Parity invariance of the strong interaction, however, yields [100]

T YN
λY ,λN ;λY ′ ,λN′

= (−1)λY ′−λN′−λY +λNT YN
−λY ,−λN ;−λY ′ ,−λN′ , (K.27)

which allows to reduce the number of independent amplitude by a factor of two. We define

T YN
1 = T YN

++;++ , T YN
2 = T YN

++;−− ,

T YN
3 = T YN

+−;+− , T YN
4 = T YN

+−;−+ ,

T YN
5 = T YN

++;+− , T YN
6 = T YN

+−;++ ,

T YN
7 = T YN

++;−+ , T YN
8 = T YN

−+;++ , (K.28)

where ± is shorthand notation for the helicities λ = ±1
2 . In case of elastic scattering, the amplitudes

also obey time-reversal invariance [100]

T YN
λY ,λN ;λY ′ ,λN′

= (−1)λY ′−λN′−λY +λNT YN
λY ′ ,λN′ ;λY ,λN

, (K.29)



170 K.4. Jülich model

and one has

T YN
5 = −T YN

6 , and T YN
7 = −T YN

8 . (K.30)

The mass differences between the different hyperons is relatively small, i.e. of the order of ≈ 78 MeV.

This implies the ΛN and ΣN channels will be strongly coupled. Therefore, a non-relativistic

CC Lippmann-Schwinger equation is solved in momentum space in order to obtain the scattering

amplitude. This is most readily done with partial-wave decomposed amplitudes in the JLS-basis

T YN,JM
L,S;L′,S′ ≡ 〈JM ;LS| T YN

∣∣JM ;L′S′
〉
. (K.31)

More details can be found in Ref. [193].

Since we require helicity amplitudes as input for our formalism, the amplitudes in the JLS-basis

need to be converted. This can be achieved by inverting Eqs. (B.13) and (B.14) of Ref. [193]. After

some algebra, one obtains relations for the partial-wave helicity amplitudes

T YN,J
1,2 = ±1

2
T YN,JM
J,0;J,0 +

1

2

J + 1

2J + 1
T YN,JM
J+1,1;J+1,1 +

1

2

J

2J + 1
T YN,JM
J−1,1;J−1,1

− 1

2

√
J(J + 1)

2J + 1

(
T YN,JM
J+1,1;J−1,1 + T YN,JM

J−1,1;J+1,1

)
, (K.32)

T YN,J
3,4 = ±1

2
T YN,JM
J,1;J,1 +

1

2

J

2J + 1
T YN,JM
J+1,1;J+1,1 +

1

2

J + 1

2J + 1
T YN,JM
J−1,1;J−1,1

+
1

2

√
J(J + 1)

2J + 1

(
T YN,JM
J+1,1;J−1,1 + T YN,JM

J−1,1;J+1,1

)
, (K.33)

T YN,J
5,7 = ∓1

2
T YN,JM
J,0;J,1 +

1

2

J

2J + 1
T YN,JM
J+1,1;J−1,1 −

1

2

J + 1

2J + 1
T YN,JM
J−1,1;J+1,1

− 1

2

√
J(J + 1)

2J + 1

(
T YN,JM
J+1,1;J+1,1 − T

YN,JM
J−1,1;J−1,1

)
, (K.34)

T YN,J
6,8 = ∓1

2
T YN,JM
J,1;J,0 − 1

2

J + 1

2J + 1
T YN,JM
J+1,1;J−1,1 +

1

2

J

2J + 1
T YN,JM
J−1,1;J+1,1

− 1

2

√
J(J + 1)

2J + 1

(
T YN,JM
J+1,1;J+1,1 − T

YN,JM
J−1,1;J−1,1

)
. (K.35)

Finally, the partial-wave helicity amplitudes need to be recomposed

T YN
1 =

∑

J

(2J + 1)T YN,J
1 dJ0,0(θ∗Y Y ′) , T YN

2 =
∑

J

(2J + 1)T YN,J
2 dJ0,0(θ∗Y Y ′) ,

T YN
3 =

∑

J

(2J + 1)T YN,J
3 dJ1,1(θ∗Y Y ′) , T YN

4 =
∑

J

(2J + 1)T YN,J
4 dJ−1,1(θ∗Y Y ′) ,

T YN
5 =

∑

J

(2J + 1)T YN,J
5 dJ1,0(θ∗Y Y ′) , T YN

6 = −
∑

J

(2J + 1)T YN,J
6 dJ1,0(θ∗Y Y ′) ,

T YN
7 = −

∑

J

(2J + 1)T YN,J
7 dJ1,0(θ∗Y Y ′) , T YN

8 =
∑

J

(2J + 1)T YN,J
8 dJ1,0(θ∗Y Y ′) . (K.36)

In our calculations, we have considered partial waves up to J = 5.
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Nederlands is geen taal,

maar een verkoudheid

— Jacques Brel

Inleiding

Vooraleer een fenomeen doorgerekend kan worden, dient men er allereerst de relevante vrijheidsgraden

van te bepalen. Dit lijkt triviaal, maar het antwoord ligt vaak niet voor de hand en vereist het een

grondige kennis van de materie.

De hadronenfysica confronteert ons met een weelde aan fenomenen. Enerzijds is er het deuteron, een

proton-neutron paar dat slechts met een fractie van zijn restmassa gebonden is. Aan de andere kant

van het spectrum spelen zich overal in de kosmos hoogenergetische reacties af, die men poogt na te

bootsen in deeltjesversnellers. Dit alles kan verklaard worden aan de hand van de theorie van de

sterke wisselwerking, kwantum-chromodynamica, en de bijbehorende elementaire velden, quarks en

gluonen.

De sterke wisselwerking voldoet aan enkele opmerkelijke eigenschappen die ervoor zorgen dat het

zich onderscheidt van de andere fundamentele krachten. De wisselwerking wordt kleiner naarmate

interagerende deeltjes zich naar elkaar toe bewegen. Anderzijds neemt de kracht van de wisselwerking

toe met toenemende afstand tussen de deeltjes. Dit contra-intüıtieve aspect geeft aanleiding tot

confinement. Quarks worden nooit vrij waargenomen maar enkel gebonden in kleurloze objecten. De

koppelingssterkte van de sterke wisselwerking variëert snel als functie van de lengte- en energieschaal,

waardoor de relevante vrijheidsgraden constant wijzigen.

Het nucleon is de alomtegenwoordige manifestatie van de confinement van quarks. Door middel van

diep-inelastische verstrooiingsexperimenten is een vrij compleet beeld opgebouwd van de intrigerende

structuur van het nucleon. Gluonen staan in voor ongeveer de helft van de impuls van het proton en

de vreemde quarks in de zee leveren een niet te verwaarlozen bijdrage tot de spin. Desalniettemin

kan dit complexe systeem gemiddeld gezien beschreven worden als een gebonden toestand van drie

valentie quarks. Dit vormt het uitgangspunt van constituente-quarkmodellen die ontegensprekelijk
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hadronspectra, symmetrie-eigenschappen en elektromagnetische vormfactoren succesvol weten te

beschrijven. Maar waar ligt de limiet van deze gemiddeld-veldbeschrijving? Vanaf welke energieën

treedt de overgang naar partonische vrijheidsgraden op?

Nucleonspectroscopie

Het in kaart brengen van alle baryonen en hun aangeslagen toestanden speelt een cruciale rol binnen

de hadronenfysica. De massa’s, vervalbreedtes en transitie-vormfactoren van nucleonresonanties

vormen namelijk de link met de modellen die trachten de structuur van baryonen te doorgronden.

De stand van zaken op experimenteel gebied wordt tweejaarlijks gebundeld in de Review of Particle

Physics (RPP). Die haalt zijn informatie vooral uit partiële-golfanalyses (partial-wave analysis, PWA)

van pion-nucleon (πN) verstrooiingsdata. Deze experimentele gegevens kunnen echter ook verwerkt

worden samen met data uit inelastische kanalen en fotongëınduceerde reacties. De verschillende

analyses slagen er niet in om een eenduidige interpretatie te geven, terwijl zij toch een vergelijkbare

overeenkomst vinden met het experiment. Over de eerste paar aangeslagen toestanden van het

nucleon is er eensgezindheid, maar reeds heel snel lopen de bevindingen over het aantal resonanties,

hun massa’s en de bijbehorende kwantumgetallen uiteen.

De overeenkomst tussen theoretische voorspellingen en de opgelijste resonanties in de RPP vertoont

een gelijkaardig patroon. Onder de 1800 MeV-grens slagen constituente-quarkmodellen erin om

een adequaat beeld te schetsen. Hogerop in het nucleonspectrum loopt het echter mis. Het aantal

voorspelde toestanden is een veelvoud van hetgeen experimenteel is vastgesteld. In de literatuur

wordt verwezen naar de ontbrekende (missing) resonanties. Dit kan erop wijzen dat constituente-

quarkmodellen gebruik maken van de verkeerde vrijheidsgraden. Alternatieve modellen, die één paar

quarks als gebonden beschouwen, voorspellen namelijk dat het nucleonspectrum veel minder rijk

is. Een andere verklaring bestaat erin dat vele aangeslagen toestanden niet worden waargenomen,

vanwege de dominantie van de πN data bij het opstellen van de RPP.

Vreemdheidsproductie aan het nucleon

Elektromagnetische (EM) vreemdheidsproductie biedt mogelijks een antwoord op deze situatie.

De aanwezigheid van vreemde deeltjes als eindproduct van de reactie duidt erop dat een vreemd

quark-antiquarkpaar in de zee van het nucleon wordt aangeslagen. De productie van kaonen is

bijgevolg gevoelig voor nieuwe vrijheidsgraden in het nucleon. Dit kan ertoe leiden dat bepaalde

(ontbrekende) resonanties niet vervallen naar een pion en een nucleon, maar naar een kaon en

een hyperon. Dit intüıtieve beeld wordt bovendien bevestigd door berekeningen aan de hand van

constituente-quarkmodellen.

De zoektocht naar ontbrekende resonanties heeft ertoe geleid dat EM vreemdheidsproductie een

essentieel deel uitmaakt van de onderzoeksactiviteiten aan toonaangevende experimentele faciliteiten

zoals ELSA en MAMI in Duitsland, ESFR in Frankrijk, Jefferson Lab in de VS en SPring-8 in Japan.

In de afgelopen jaren zijn dan ook veel nieuwe experimentele resultaten verschenen. Aangezien het

verval van het geproduceerde hyperon zelf-analyserend is, bekomt men de polarisatie van het uitgaande

baryon zonder bijkomende apparatuur. Dit biedt de mogelijkheid om een compleet kaonproductie-

experiment uit te voeren. Mits de bepaling van de ongepolariseerde differentiële werkzame doorsnede,

aangevuld met zeven weloverwogen polarisatieobservabelen, kan de onderliggende reactieamplitude
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namelijk ondubbelzinnig bepaald worden. Op deze manier kunnen heel stringente beperkingen

opgelegd worden aan modellen die trachten de dynamica van de vreemdheidsproductiereactie te

doorgronden. Bij dit alles dient echter een kanttekening geplaatst te worden. In de praktijk is ieder

experiment uiteraard onderhevig aan fouten inherent aan het meetproces. Deze meetfouten doen

teniet aan de volledigheid van een compleet experiment en in de praktijk zullen een hele resem

observabelen vereist zijn om een eenduidig beeld te vormen van de reactiedynamica.

Vreemdheidsproductie aan het deuteron

Tot op heden gaat, zowel op experimenteel gebied als vanuit theoretisch standpunt, de meeste

aandacht uit naar kaonproductie-experimenten aan het proton. De beschikbare database wordt

namelijk gedomineerd door de p(γ(∗),K+)Λ- en p(γ(∗),K+)Σ0-reacties. Een grondige studie van

de vier overige kaonproductiekanalen biedt echter de mogelijkheid om vreemdheidsproductie beter

te begrijpen aangezien deze reacties sterk complementair zijn. Een dergelijk initiatief vereist dat

ook experimenten op het neutron uitgevoerd worden. Omdat dit deeltje onstabiel is, neemt men

toevlucht tot deuterium als trefkern. Deze zwakgebonden toestand van een proton en een neutron is

namelijk de ideale bron van neutronen. Vanuit dit oogpunt, wordt in dit doctoraat een model voor

kaonproductie aan het deuteron ontwikkeld.

Het Regge-plus-resonantiemodel

Een betrouwbare beschrijving van kaonproductie aan het proton en neutron is uiteraard van cruciaal

belang om vreemdheidsproductie aan het deuteron te modelleren. In eerste instantie wordt de

productie van geladen kaonen aan het proton onder de loep genomen.

Het isobaar model

De EM productie van de verschillende pseudoscalaire mesonen vertoont vele gelijkenissen. Omdat

het pion het lichtste meson is, werd pionproductie historisch als eerste bestudeerd. Bij lage energieën

vertoont de werkzame doorsnede enkele markante pieken die een duidelijke manifestatie zijn van

de vorming van aangeslagen nucleontoestanden. Een beschrijving aan de hand van hadronische

vrijheidsgraden is dan ook aan de orde. Men spreekt over een hadrodynamisch raamwerk. Aangezien

mesonen, baryonen en hun aangeslagen toestanden geen elementaire deeltjes zijn, beschikt men niet

over een fundamentele theorie om hun interacties te begrijpen. Als alternatief wordt een effectieve-

veldentheoretische formulering op poten gezet die steunt op fenomenologische interactie-Lagrangianen.

Die laatste beschrijven de meest algemene interactie tussen hadronen en worden opgesteld op basis

van symmetrieprincipes zodat aan de eigenschappen van de onderliggende elementaire veldentheorie

voldaan is. De eindige extensie van de hadronen wordt in rekening gebracht met behulp van

vormfactoren. Dit dient echter doordacht gëımplementeerd te worden omdat vormfactoren de

ijkinvariantie van de interactie kunnen opheffen.

Binnen het isobaar model wordt de reactiedynamica beschreven aan de hand van laagste-orde

(tree-level) Feynmandiagrammen die opgesteld worden op basis van effectieve interactie-Lagrangianen.

Deze diagrammen worden op meerdere manieren geclassificeerd. Men maakt het onderscheid tussen
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het s-, t- en u-kanaal al naargelang er een niet-vreemd baryon, een meson of een hyperon uitgewisseld

wordt. Wanneer het deeltje in de intermediaire toestand geen resonantie is, spreekt men over een

Borndiagram. Het laatste en belangrijkste onderscheid heeft te maken met de impulsoverdracht

binnen het diagram. Doorgaans is het uitgewisselde deeltje virtueel. De kinematica van kaonproductie

zijn dusdanig dat bij de uitwisseling van nucleon- en deltaresonanties de intermediaire toestand

zich echter op zijn massaschaal (on-shell) kan bevinden. Hierdoor wordt de propagator singulier en

vertoont de transitieamplitude een pool. Men spreekt over een resonant diagram. De voornaamste

drijfveer voor mesonproductie-experimenten is het potentiëel om nucleonresonanties te ontdekken.

Vanuit dit oogpunt worden alle niet-resonante diagrammen beschouwd als achtergrondprocessen die

de bepaling van het nucleonspectrum in de weg staan.

Het isobaar model steunt op een hadrodynamische beschrijving en niet op een fundamentele theorie.

Hierdoor zijn de sterktes van de verschillende bijdragen tot de wisselwerking niet gekend en dienen zij

bepaald te worden door middel van een fit aan de experimentele gegevens. Omdat de parameters van de

resonante en achtergronddiagrammen gelijktijdig geoptimaliseerd worden, zijn zij sterk gecorreleerd

met elkaar. Een correcte inschatting van de belangrijkste achtergrondcontributies is dan ook

elementair. Wanneer het isobaar model aangewend wordt voor de studie van vreemdheidsproductie

geldt dit gegeven des te meer. De gemeten werkzame doorsnede heeft een egaal energieverloop en

vertoont niet de markante kenmerken die duiden op de aanwezigheid van overheersende resonante

structuren. Dit wijst erop dat de achtergrondprocessen domineren en bijgevolg is het cruciaal dat zij

correct in rekening gebracht worden.

Binnen het isobaar model wordt de achtergrond van de vreemdheidsproductiereactie beschreven door

middel van de uitwisseling van de drie Borndiagrammen. Deze termen divergeren echter waardoor

hun aanwezigheid nefast is bij hogere energieën. Deze situatie kan gecorrigeerd worden door de

uitwisseling van vectormesonen in het t-kanaal en eventueel hyperonresonanties in het u-kanaal

te beschouwen. Op deze manier worden echter een groot aantal extra parameters in het model

gëıntroduceerd. Bovendien blijkt dat de afschatting van de resonantieparameters sterk afhangt van

de techniek waarmee de achtergrond onder controle wordt gehouden. Dit vraagt om een alternatieve

beschrijving van de achtergrondbijdragen.

De Regge-plus-resonantiestrategie

Bij hoge energieën zijn hadronische vrijheidsgraden niet langer aangewezen. De dynamica van het

vreemdheidsproductieproces wordt niet langer bepaald door nucleonresoanties en dit uit zich in

vloeiende, egale werkzame doorsnedes die uitsluitend bepaald worden door achtergrondcontributies. In

principe is dit het domein van de partonische vrijheidsgraden. Door middel van Regge-fenomenologie

hoeven we echter geen afstand te doen van de isobaar beschrijving. Regge theorie laat ons toe om op

een efficiënte manier een ganse familie aan deeltjes, een trajectorie1, uit te wisselen met behulp van

één enkel diagram. De kaonproductiedata in het hoge-energiegebied kan succesvol beschreven worden

met de uitwisseling van een K(494)- en een K∗(892)-trajectorie in het t-kanaal. Deze beschrijving

omvat slechts drie parameters.

Alhoewel Regge theorie afgeleid wordt bij asymptotisch hoge energieën en in de limiet van voorwaartse

verstrooiingshoeken, blijkt het Regge model ook in het resonantiegebied een bevredigende beschrijving

te geven van de beschikbare data. Uiteraard slaagt dit zuivere achtergrondmodel er niet in om

1een Regge-trajectorie wordt aangeduid met de naam van het lichtste hadron dat er deel van uitmaakt.
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de subtiele structuren in de gemeten observabelen die het gevolg zijn van resonante bijdragen te

beschrijven. Dit kan echter opgelost worden door resonante bijdragen toe te voegen.

De Regge-plus-resonantiestrategie (Regge-plus-resonance, RPR) bestaat erin om een hybridisch model

op te stellen dat enerzijds de resonante bijdragen bij lage energieën beschrijft en terzelfertijd over

de correcte hoge-energielimiet beschikt. Dit wordt verwezenlijkt door in eerste instantie het Regge

model te optimaliseren aan de hand van experimentele gegevens bij hoge energieën. Vervolgens

doet dit model dienst als parametrisatie van de achtergrondprocessen in het resonantiegebied.

Zonder de achtergrondparameters aan te passen, worden resonante diagrammen toegevoegd en hun

koppelingssterktes gefit aan de data. Het resulterende model heeft beduidend minder vrije parameters

in vergelijking met isobare modellen. Bovendien slaagt men er op deze manier in om de bepaling van

de sterktes van de resonante en niet-resonante diagrammen te ontkoppelen.

Het model

In het kader van het doctoraat van T. Corthals is een RPR-model ontwikkeld aan de hand van de

destijds gepubliceerde data voor p(γ(∗),K+)Λ- en p(γ(∗),K+)Σ0-productie. Dit model vormt het

onderwerp van hoofdstuk 2. Aan de hand van hoge-energiedata stelt men het Regge model op. Dit

achtergrondmodel wordt vervolgens aangerijkt met resonante contributies.

In het Λ-productiekanaal bekomt men een RPR-amplitude die erin slaagt de beschikbare data correct

te beschrijven. De resonante bijdragen worden geleverd door de S11(1650), P11(1710), P13(1720),

P13(1900) en D13(1900) nucleonresonanties. Over het bestaan van de eerste drie bestaat weinig twijfel

aangezien ze ook een belangrijke rol spelen in andere reacties. De noodzaak om twee resonanties met

een massa van 1900 MeV in te voeren is echter interessant. De P13(1900)-resonantie werd reeds in

enkele eerdere analyses gëıntroduceerd en maakt deel uit van het door constituente-quarkmodellen

voorspelde nucleonsprectrum. Er is echter geen plaats voor binnen het quark-diquark beeld. Het is

dus een kandidaat om de controverse tussen beide op te lossen en de meest aangewezen vrijheidsgraden

voor de beschrijving van nucleonstructuur vast te stellen. De D13(1900)-resonantie tenslotte is in de

RPR-analyse essentieel om de data te beschrijven, maar staat niet in de RPP. We hebben hier dus

te maken met een mogelijke ontbrekende resonantie.

De beschrijving van het Σ-productiekanaal is minder éénduidig. De hoge-energiedata laten niet toe

om een uniek Regge model te bepalen. Het teken van de tensorkoppeling van de K∗(892)-trajectorie

blijft in het ongewisse. De twee bekomen modelvarianten worden Regge-3 en Regge-4 gedoopt. In

het resonantiegebied is dezelfde set resonanties als in het Λ-kanaal van toepassing met uitzondering

van de D13(1900)-resonantie. Bovendien spelen in dit reactiekanaal ook ∆-resonanties een rol. De

D33(1700)-, S31(1900)-, P31(1910)- en P33(1920)-resonanties maken deel uit van het RPR-model. De

beschrijving van Σ-productie wijst dus ook in de richting van de P13(1900)-resonantie. Er zijn echter

geen aanwijzingen voor ontbrekende resonanties.

Sinds de publicatie van het RPR-model werden een groot aantal nieuwe experimentele resultaten

gepubliceerd. Enerzijds werden reeds gekende grootheden met een veel hogere precisie gemeten en

anderzijds kwamen ook enkele voorheen onbepaalde observabelen ter beschikking. De nieuwe data

maken het mogelijk om het RPR-model kritisch tegen het licht te houden. De enkele conceptuele

tekortkomingen van het huidige RPR-model werden weggewerkt in het kader van de doctoraten van

L. De Cruz en T. Vrancx. Op basis van dit verbeterde RPR-model is momenteel een heranalyse van
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de experimentele gegevens aan de gang.

Niettegenstaande de enkele imperfecties, blijkt uit de confrontatie van de RPR-modelberekeningen

met de nieuwe data de sterke voorspellende kracht van het formalisme. Dit is vooral treffend wanneer

vergeleken wordt met dubbele-polarisatieasymmetrieën. Deze worden adequaat beschrijven over

een ruim energiegebied en dit zowel bij voorwaartse als achterwaartse hoeken. Bovendien is ook de

extrapolatie naar reacties met virtuele fotonen uiterst betrouwbaar. De RPR-modelvoorspellingen

voor electrongëınduceerde vreemdheidsproductie zijn zondermeer impressionant te noemen, gegeven

het feit dat geen nieuwe vrije parameters ingevoerd werden.

Uitbreiding van het RPR-formalisme

Het RPR-model werd geoptimaliseerd voor de beschrijving van de K+Λ- en K+Σ0-productiekanalen.

Om betrouwbare berekeningen uit te voeren voor vreemdheidsproductie aan het deuteron is het

echter noodzakelijk om ook de resterende kanalen correct te karakteriseren. Dit wordt bemoeilijkt

door de relatief kleine experimentele database. Om het gefitte RPR-model te kunnen gebruiken,

dienen transformatieregels opgesteld te worden voor de koppelingsconstanten van de relevante

diagrammen. Concreet zijn dit de t-kanaaldiagrammen van het K(494)- en K∗(892)-meson en de

resonante diagrammen waarbij een resonantie uitgewisseld wordt in het s-kanaal. Dit onderwerp

wordt uitvoerig behandeld in hoofdstuk 3.

Vreemdheidsproductie aan het neutron

In eerste instantie wordt de productie van kaonen aan een vrij neutron onderzocht. De conversie

van de koppelingsconstanten in de sterke-interactievertices steunt op SU(2)-isospinsymmetrie. De

transformatie in de EM vertices heeft meer voeten in de aarde. De verhouding van EM koppelings-

sterktes voor de resonante diagrammen kan uitgedrukt worden in termen van heliciteitsamplitudes.

Deze amplitudes dienen experimenteel bepaald te worden in andere productiereacties zoals pho-

tongëınduceerde pionproductie. De heliciteitsamplitudes die opgelijst staan in de RPP, hebben

echter relatief grote foutenvlaggen. Bovendien zijn de heliciteitsamplitudes voor de P13(1900)- en

D13(1900)-resonanties onbepaald.

De kwaliteit van de RPR-modelverspellingen aan het neutron wordt nagegaan aan de hand van

experimentele gegevens voor het n(γ,K+)Σ− kanaal. Deze data laten toe om een onderscheid te

maken tussen de twee evenwaardige RPR-modellen in het Σ-productiekanaal. Vergelijkingen met de

data laten duidelijk zien dat het Regge-4 model de werkzame doorsnede niet correct beschrijft. Het

Regge-3 model daarentegen geeft wel een bevredigend resultaat. Wanneer ook de resonante bijdragen

beschouwd worden, verbetert de overeenkomst met het experiment nog verder. De foutenvlaggen op

de experimenteel bepaalde heliciteitsamplitudes spelen echter een belangrijke rol. De onzekerheden

propageren naar het eindresultaat en geven aanleiding tot grote fluctuaties bij de berekening van

werkzame doorsnedes. Enerzijds zet dit een limiet op de voorspellende kracht van het RPR-formalisme.

Anderzijds zullen bijkomende metingen op het neutron ook toelaten om de heliciteitsamplitudes

nauwkeuriger te bepalen.
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Productie van neutrale kaonen

Ook bij de transformatie van de RPR-amplitudes naar reactiekanalen met een neutraal kaon in de

finale toestand kunnen we steunen op isospinsymmetrie in de sterke-interactievertex. Dit is de enige

vereiste aanpassing voor de resonante diagrammen. Het kaonuitwisselingsdiagram daarentegen is

exact nul en de EM koppelingsconstantes van de K∗(892)-trajectorie moeten getransformeerd worden

op basis van gegevens over het EM verval van dit meson.

Wanneer voorspellingen op basis van deze näıeve aanpak vergeleken worden met de beschikbare

data in het K0Σ−-productiekanaal, blijkt de predictie de meetresultaten ruimschoots te overtreffen.

Meerdere methodes worden onderzocht om dit problematische gedrag te corrigeren. Uiteindelijk

wordt er gekozen voor een pragmatische aanpak waarbij de EM koppelingssterkte artificieel kleiner

gemaakt wordt door hem te fitten aan de beschikbare data. Op deze manier wordt een behoorlijke

beschrijving van de data gerealiseerd.

Radiatieve kaonvangst

Vooraleer het formalisme voor vreemdheidsproductie aan het deuteron gëıntroduceerd wordt, is er een

klein intermezzo in hoofstuk 4. De kruissymmetrische partner van photongëınduceerde kaonproductie

wordt er besproken. De radiatieve kaonvangstreactie geeft complementaire informatie vanwege zijn

gevoeligheid voor hyperonresonanties. Net als het nucleonsprectrum is ook het bepalen van de

aangeslagen toestanden van vreemde baryonen een belangrijk ijkpunt voor baryonstructuurmodellen.

Door de kruissymmetrie wordt de rol van de s- en u-kanaal in de transitieamplitude omgekeerd. Bij

radiatieve kaonvangst zijn het dus de u-kanaaldiagrammen met hyperonresonanties in de intermediaire

toestand die voor de resonante bijdragen zorgen. Aangezien de t-kanaalcontributie dezelfde blijft, kan

het Regge-model uit hoofdstuk 2 opnieuw als parametrisatie van de achtergrond gebruikt worden.

De resultaten van het Regge-model worden vergeleken met de allereerste experimentele gegevens

voor de differentiële werkzame doorsnede. In het p(K−, γ)Λ-kanaal geeft de Regge-voorspelling reeds

een goede beschrijving van de data. Het p(K−, γ)Σ0-resultaat daarentegen wijst op een belangrijke

rol voor resonante bijdragen. Bij wijze van verkende analyse wordt getracht de beschrijving van de

data te optimaliseren door één voor één enkele gekende hyperonresonaties uit de RPP aan de Regge-

amplitude toe te voegen. De data laten niet toe om meerdere resonanties gelijktijdig te overwegen en

er kunnen geen sluitende conclusies getrokken worden. De analyse wijst op een belangrijke rol voor

hyperonresonanties in het 1550 (1700) MeV massagebied in het γΛ (γΣ0)-productiekanaal.

Vreemdheidsproductie aan het deuteron

Nu het RPR-formalisme gëıntroduceerd is en er een efficiënt model voor de beschrijving van EM

vreemdheidsproductie aan het vrije nucleon op punt staat, kan de stap gezet worden naar het

deuteron.
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Theoretisch raamwerk

Behalve de elementaire productieamplitude is ook de beschrijving van de structuur van de trefkern een

essentieel ingrediënt om tot een correcte beschrijving te komen van kaonproductie aan het deuteron.

Binnen een covariant formalisme wordt de transitievertex van een deuteron dat overgaat naar twee

ongebonden nucleonen beschreven aan de hand van vier vormfactoren. Deze vormfactoren zijn op hun

beurt gedefiniëerd in functie van de golffuncties van het deuteron. Op basis van niet-relativistische

realistische nucleon-nucleon potentialen kunnen de deuterongolffuncties berekend worden. Er zijn

ook relativistische resultaten beschikbaar die steunen op een parametrisatie van de nucleon-nucleon

interactie op basis van een één-bosonuitwisselingspotentiaal bekomen in de covariante spectatortheorie

(covariant spectator theory, CST). Alle modelresultaten zijn onderling consistent zolang de relatieve

impuls van de constituenten kleiner is dan 400 MeV. Bij die energieën is de waarschijnlijkheid om

nog een nucleon in het deuteron aan te treffen echter reeds ettelijke grootteordes geslonken.

In hoofdstuk 5 wordt een covariant formalisme gepresenteerd voor de transitieamplitude van de

kaonproductiereactie aan het deuteron op basis van de relativistische impulsbenadering. Deze

benadering houdt in dat het inkomende foton interageert met slechts één enkel nucleon binnen het

deuteron. Op die manier kan de complexe veeldeeltjestransitieoperator herleid worden tot een som

van ééndeeltjestransitieoperatoren.

De belangrijkste bijdrage tot het reactiemechanisme wordt geleverd door de relativistische vlakke-

golfimpulsbenadering (relativistic plane-wave impulse approximation, RPWIA). Dit diagram beschrijft

de situatie waarbij de drie reactieproducten na de wisselwerking met het foton ongestoord de

interactieregio verlaten. Hogere-orde effecten komen voor wanneer het kaon-hyperonpaar of het

hyperon-nucleonpaar herverstrooien. In dit doctoraat wordt enkel de laatste mogelijkheid beschouwd.

De bijdrage van de hyperon-nucleon herverstooiing (hyperon-nucleon final-state interaction, YN-FSI)

wordt berekend in de veronderstelling dat het spectatornucleon altijd on-shell is. Het YN-FSI-diagram

valt uiteen in een on-shell en een off-shell stuk. In het eerste geval zijn de inkomende en uitgaande

deeltjes in de herverstrooiingsvertex op hun massaschaal. Bij de off-shell -contributie daarentegen

is het intermediair hyperon virtueel. Dit maakt het mogelijk dat de ΣN → ΛN transitie reeds

bijdragen levert vooraleer de fysische drempelenergie overschreden wordt.

Resultaten

Hoofdstuk 6 is gewijd aan de resultaten die bekomen werden aan de hand van het formalisme uit

hoofdstuk 5. Het RPR-model uit hoofdstuk 2 wordt hierbij toegepast als elementaire kaonproduc-

tieoperator. Voor de berekening van reacties op het gebonden neutron en processen waarbij een

neutraal kaon gevormd wordt, zijn de transformaties uit hoofdstuk 3 essentieel.

In eerste instantie wordt het belang van de verschillende modelingrediënten in de RPWIA onderzocht.

De momentumdistributie van het deuteron blijkt de bepalende factor die de differentiële werkzame

doorsnede vorm geeft. De momentumdistributie piekt wanneer het spectatornucleon een impuls

van om en bij de 50 MeV heeft. De regio’s in de faseruimte van de vreemdheidsproductiereactie

waar dit geldt, dragen dan ook maximaal bij tot de werkzame doorsnede. De absolute sterkte

van de reactie wordt bepaald door de onderliggende elementaire reactieamplitude. Aangezien het

foton koppelt aan een gebonden deeltje is de elementaire amplitude altijd off-shell. Aan de hand

van een on-shell -reductie van de RPWIA-amplitude wordt het belang en de bijdrage van deze
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off-shell -extrapolatie nagegaan. Er is enkel een belangrijk effect wanneer het spectatornucleon een

hoge impuls wegdraagt en de werkzame doorsnede dus klein is. In diezelfde kinematische situatie is

ook de gevoeligheid aan de gebruikte deuteron golffunctie het grootst. De allergrootste bron van

onzekerheden op de bekomen resultaten zijn echter de heliciteitsamplitudes die aangewend worden

om de elementaire reactie op het neutron uit te rekenen.

Na de studie van de RPWIA wordt de aandacht gevestigd op het effect van het YN-FSI-diagram.

Hierbij wordt gebruik gemaakt van amplitudes die berekend werden met de hyperon-nucleon potentiaal

van het Jülich model. Bij lage impulsen van het uitgaande nucleon is het effect van YN-FSI

verwaarloosbaar. Bij hoge impulsen daarentegen wordt de kenmerkende isotrope productie van

het nucleon verstoord door de herverstrooiing. Zowel het on-shell als het off-shell stuk van het

diagram versterken de emissie van nucleonen in de voortwaartse richting. Voor de semi-inclusive

kaonproductiereactie vinden we een gelijkaardig effect. Het YN-FSI-diagram speelt vooral een rol

wanner de impuls van het foton en het kaon op één lijn liggen. Over het algemeen kan men vaststellen

dat de relatieve bijdrage van het YN-FSI-diagram enkel significant is daar waar het quasi-vrije

reactieproces niet domineert en de werkzame doorsnede bijgevolg klein is. Dit heeft als gevolg dat

het deuteron als een efficiënte bron van neutronen kan beschouwd worden.

De modelberekeningen worden tenslotte vergeleken met de beschikbare data. Aan het LNS werden

werkzame doorsnedes gemeten bij fotonenergieën dicht bij de drempelenergie. Het effect van YN-FSI

is verwaarloosbaar bij deze kinematieken. De RPWIA-voorspellingen voor de semi-inclusive neutrale-

kaonproductiedata zijn bevredigend. De vorm van de werkzame doorsnedes wordt correct beschreven

en op de laagste fotonenergie na wordt ook de sterkte van de reactie goed voorspeld. De resultaten voor

semi-inclusive Λ-productie zijn van dezelfde kwaliteit. Op gebied van electrongëınduceerde processen

is de hoeveelheid beschikbare data eerder beperkt. In totaal zijn er twee gepubliceerde datapunten

voor semi-inclusive geladen-kaonproductie bij voorwaartse hoeken. De RPWIA-voorspelling overschat

de data met ruwweg een factor twee à drie. Metingen over een groter energie- en hoekbereik zouden

het mogelijk maken om de discrepantie tussen model en experiment beter te begrijpen.

Vooruitblik

In dit werk werd vreemdheidsproductie aan het nucleon en het deuteron uitgebreid besproken

in het kader van het RPR-raamwerk. De reactiemechanismen zijn goed begrepen en de overeen-

komst tussen theorie en experiment is bevredigend. Er blijft echter ruimte om de beschrijving van

kaonproductiereacties verder te ontwikkelingen en te verbeteren.

In de nabije toekomst zullen een reeks nieuwe polarisatiemetingen voor de n(γ,K0)Λ en n(γ,K0)Σ0

reacties via de CLAS collaboratie beschikbaar worden. Deze data zullen toelaten om de uitbreidingen

van het RPR-model die in hoofdstuk 3 gepresenteerd werden te evalueren. De geplande uitbreiding van

de infrastructuur aan Jefferson Lab biedt bovendien de mogelijkheid om EM vreemdheidsproductie

te bestuderen bij hoge energieën. De experimentele bepaling van de werkzame doorsnede van

kaonproductiereacties aan het neutron of met een ongeladen kaon in de finale toestand zou waardevolle

informatie bevatten om het Regge formalisme verder te verbeteren. Zoals in hoofdstuk 3 duidelijk

werd, wordt het opstellen van een volledig RPR-model momenteel enigszins beperkt door een gebrek

aan data in het energiegebied waar resonante bijdragen geen rol meer spelen.

Het elementaire kaonproductiemodel speelt uiteraard een essentiële rol bij de beschrijving van
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vreemdheidsproductie aan het deuteron. De resultaten die in dit werk gepresenteerd worden,

maken gebruik van het RPR-2007 model uit hoofdstuk 2. Zoals vermeld, is een heranalyse van de

kaonproductiedatabase op basis van het uitgebreide RPR-formalisme aan de gang. Dit vernieuwde

model zal uiteraard een betere beschrijving geven van het reactiemechanisme en toelaten om meer

betrouwbare berekeningen voor vreemdheidsproductie aan het deuteron te bekomen.

De studie van vreemdheidsproductie aan het deuteron wordt voornamelijk gemotiveerd door de

mogelijkheid om het reactiemechanisme aan het neutron te onderzoeken. De resultaten in hoofd-

stuk 6 hebben aangetoond dat het deuteron inderdaad een goede potentiële neutronenbron is. Om

deze vaststelling verder te bevestigen is het van belang om overige herverstrooiingsdiagrammen te

beschouwen. Met name het tweestapsproces, waarbij in eerste instantie een pion geproduceerd wordt,

kan mogelijk een belangrijke bijdrage leveren. De berekening van dit diagram verloopt analoog aan

die van YN-FSI. In de literatuur zijn meerdere modellen beschikbaar die EM pionproductie adequaat

beschrijven. Om het tweestapsdiagram te evalueren, dient men ook over een correcte beschrijving van

de N(π,K)Y -reactie te beschikken. Voor dit proces zijn weinig experimentele gegevens beschikbaar

en de betrouwbaarheid van de berekening van het tweestapsdiagram zal dan ook verder theoretisch

werk vereisen.
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[199] J. Haidenbauer and U.-G. Meissner, The Jülich hyperon-nucleon model revisited. Phys.Rev.

C72 (2005) 044005, arXiv:nucl-th/0506019. Page 99, 100, 168.

[200] T. A. Rijken and Y. Yamamoto, Extended-soft-core baryon-baryon model. II. Hyperon-nucleon

interaction. Phys.Rev. C73 (2006) 044008. Page 99, 168.

[201] K. Tominaga and T. Ueda, Effective one-boson-exchange potential for ΛN and ΣN systems

and hypertriton. Nucl.Phys. A693 (2001) 731. Page 99, 168.

[202] H. Polinder, J. Haidenbauer, and U.-G. Meissner, Hyperon nucleon interactions: a chiral

effective field theory approach. Nucl.Phys. A779 (2006) 244, arXiv:nucl-th/0605050.

Page 99, 100.

[203] J. Haidenbauer, Baryon-baryon interactions in effective field theory. Nucl.Phys. A835 (2010)

168. Page 99.

[204] J. M. Hauptman, J. A. Kadyk, and G. H. Trilling, Experimental study of Λp and Ξ0p

interactions in the range 1–10 GeV/c. Nucl.Phys. B125 (1977) 29. Page 100.

[205] T. A. Rijken, V. G. J. Stoks, and Y. Yamamoto, Soft-core hyperon nucleon potentials.

Phys.Rev. C59 (1999) 21, arXiv:nucl-th/9807082. Page 99, 100.

http://www.gnu.org/software/gsl
http://dx.doi.org/10.1007/978-3-540-72039-3_4
http://arxiv.org/abs/nucl-th/0702015
http://dx.doi.org/10.1103/PhysRevD.15.2547
http://dx.doi.org/10.1103/PhysRevD.15.2547
http://dx.doi.org/10.1016/0375-9474(89)90223-6
http://dx.doi.org/10.1103/PhysRev.175.1735
http://dx.doi.org/10.1103/PhysRev.173.1452
http://dx.doi.org/10.1103/PhysRev.173.1452
http://dx.doi.org/10.1016/0550-3213(71)90076-9
http://dx.doi.org/10.1016/0370-2693(71)90053-0
http://dx.doi.org/10.1016/0031-9163(66)91310-2
http://dx.doi.org/10.1103/PhysRevC.72.044005
http://dx.doi.org/10.1103/PhysRevC.72.044005
http://arxiv.org/abs/nucl-th/0506019
http://dx.doi.org/10.1103/PhysRevC.73.044008
http://dx.doi.org/DOI: 10.1016/S0375-9474(01)00882-X
http://dx.doi.org/10.1016/j.nuclphysa.2006.09.006
http://arxiv.org/abs/nucl-th/0605050
http://dx.doi.org/10.1016/j.nuclphysa.2010.01.190
http://dx.doi.org/10.1016/j.nuclphysa.2010.01.190
http://dx.doi.org/10.1016/0550-3213(77)90222-X
http://dx.doi.org/10.1103/PhysRevC.59.21
http://arxiv.org/abs/nucl-th/9807082


196 Bibliography

[206] P. Nadel-Turonski, B. Berman, Y. Ilieva, D. Ireland, and A. Tkabladze, Photoproduction and

rescattering of polarized hyperons in deuterium. Few Body Syst. 43 (2008) 227. Page 101, 104.

[207] B. Mecking et al., JLab Hall-B experiment E-89-045. Available from

http://www.jlab.org/exp_prog/proposals/89/PR89-045.pdf. Page 104.

[208] P. Nadel-Turonski and B. Berman, CLAS approved analysis CAA-HS06-01. Page 104.

[209] P. Nadel-Turonski et al., JLab Hall-B experiment E-06-103. Available from

http://www.jlab.org/exp_prog/proposals/06/PR06-103.pdf. Page 104.

[210] J. Johnstone, The photon beam asymmetry for KY production from the bound proton in

deuterium. PhD thesis, University of Glasgow, 2009. Available from

http://nuclear.gla.ac.uk/npe-theses/Johnstone_thesis.pdf. Page 104.

[211] K. Tsukada et al., Photoproduction of neutral kaons on the liquid deuterium target in the

threshold region. Phys.Rev. C78 (2008) 014001, arXiv:0712.0657 [nucl-ex]. Page 104, 106,

107, 109, 110.

[212] K. Tsukada et al., Erratum: Photoproduction of neutral kaons on a liquid deuterium target in

the threshold region. Phys.Rev. C83 (2011) 039904. Page 104, 106, 107, 109, 110.

[213] M. Kaneta et al., Neutral kaon photoproduction at LNS, Tohoku University. Int.J.Mod.Phys.

E19 (2010) 2355. Page 104.

[214] K. Futatsukawa, An investigation of the elementary photoproduction of strangeness in the

threshold region. PhD thesis, Tohoku University, 2011. Available from

http://lambda.phys.tohoku.ac.jp/~kenta-f/Dthesis_futatsukawa.pdf. Page 104.

[215] K. Futatsukawa and H. Kanda, Preliminary data from NKS2 at LNS, Tohoku University.

Private communication. Page 104, 106, 107, 108, 109, 110.

[216] F. Dohrmann et al., Quasifree Λ, Σ0, and Σ− electroproduction from 1,2H, 3,4He, and Carbon.

Phys.Rev. C76 (2007) 054004, arXiv:0707.3059 [nucl-ex]. Page 111, 112.

[217] J. Cha, Measurements of kaon electroproduction on hydrogen and deuterium. PhD thesis,

Hampton University, 2000. Available from

http://www1.jlab.org/Ul/publications/documents/jinseok.pdf. Page 112.

[218] F. Gross, Relativistic quantum mechanics and field theory. New York, USA: Wiley (1993) 629

p. Page 117, 167.

[219] D. A. Varshalovich, A. N. Moskalev, and V. K. Khersonsky, Quantum theory of angular

momentum. World Scientific Publishing Co. Pte. Ltd., Singapore, 1988. Page 120.

[220] M. Jacob and G. C. Wick, On the general theory of collisions for particles with spin.

Ann.Phys. 7 (1959) 404–428. Page 128.

[221] E. W. Weisstein, Triangle Function. Available from

http://mathworld.wolfram.com/TriangleFunction.html. From MathWorld – A Wolfram

Web Resource. Page 137.

[222] P. Nyborg, H. S. Song, W. Kernan, and R. H. Good, Phase-space considerations for

four-particle final states. Phys.Rev. 140 (1965) B914. Page 138.

http://dx.doi.org/10.1007/s00601-008-0220-z
http://www.jlab.org/exp_prog/proposals/89/PR89-045.pdf
http://www.jlab.org/exp_prog/proposals/06/PR06-103.pdf
http://nuclear.gla.ac.uk/npe-theses/Johnstone_thesis.pdf
http://dx.doi.org/10.1103/PhysRevC.78.014001
http://arxiv.org/abs/0712.0657
http://dx.doi.org/10.1103/PhysRevC.83.039904
http://dx.doi.org/10.1142/S0218301310016806
http://dx.doi.org/10.1142/S0218301310016806
http://lambda.phys.tohoku.ac.jp/~kenta-f/Dthesis_futatsukawa.pdf
http://dx.doi.org/10.1103/PhysRevC.76.054004
http://arxiv.org/abs/0707.3059
http://www1.jlab.org/Ul/publications/documents/jinseok.pdf
http://dx.doi.org/10.1016/0003-4916(59)90051-X
http://mathworld.wolfram.com/TriangleFunction.html
http://dx.doi.org/10.1103/PhysRev.140.B914


Bibliography 197

[223] R. H. Dalitz, Decay of τ mesons of known charge. Phys.Rev. 94 (1954) 1046. Page 138.

[224] G. F. Chew and F. E. Low, Unstable particles as targets in scattering experiments. Phys.Rev.

113 (1959) 1640. Page 138.

[225] G. G. Ohlsen, Polarization transfer and spin correlation experiments in nuclear physics.

Rep.Prog.Phys. 35 (1972) 717. Page 141, 142, 143.

[226] B. A. Robson, The theory of polarization phenomena. Oxford, UK: Clarendon Press (1974) 119

p. Page 142, 144.
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List of acronyms

(23)-CM Centre-of-Mass of particles labelled 2 and 3, see page 62.

Dnp Deuteron-neutron-proton, see page 77.

CC Coupled-Channels.

CLAS CEBAF Large Acceptance Spectrometer, see Ref. [239].

CM Centre-of-Mass (frame).

CQM Constituent-Quark Model.

CST Covariant Spectator Theory, see Ref. [240].

EFT Effective-Field Theory.

EM Electromagnetic.

FSI Final-State Interaction, see page 83.

GSL GNU Scientific Library, see Ref. [190].

KY-CM Kaon-Hyperon Centre-of-Mass frame.

LAB Laboratory (frame).

LEPS Laser Electron Photon beamline at SPring-8, see Ref. [241].

NRPWIA Non-Relativistic Plane-Wave Impulse Approximation, see page 84.

OPE One-Photon Exchange.

PWA Partial-Wave Analysis.

QCD Quantum chromodynamics.
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RIA Relativistic Impulse Approximation, see page 82.

RPP Review of Particle Physics, see Ref. [1].

RPR Regge-plus-Resonance, see page 11.

RPWIA Relativistic Plane-Wave Impulse Approximation, see page 84.

SAID Scattering Analysis Interactive Dail-in, see Ref. [4].

SAPHIR Spectrometer Arrangement for PHoton Induced Reactions, see Ref. [242].

YN-CM Hyperon-Nucleon Centre-of-Mass frame.

YN-FSI Hyperon-Nucleon Final-State Interaction, see page 86.

List of symbols

/A Feynman-slash notation, see equation (A.32).

C Charge conjugation matrix, see equation (A.30).

ei Imaginary unit of the quaternion group H, see equation (B.5).

εijk Levi-Civita tensor, see equation (A.24).

εαβγδ Totally antisymmetric tensor, see equation (A.7).

ΓDnp Covariant Dnp-vertex, see equation (5.82).

γµ Dirac gamma matrices, see equation (A.27).

Gi(p) Propagator for particle of spin-i, see equation (D.4).

h(~p) Helicity transformation, see equation (C.2).

Ĵ λγ Transition current for EM kaon-production from the deuteron, see page 83.

Ĵλγ Transition current for EM kaon-production from the nucleon, see page 13.

ξ Rapidity of a Lorentz boost, see equation (A.15).

ξλD Deuteron polarisation vector, see equation (5.79).

λ(x, y, z) Triangle function, see equation (E.2).

pi Four-vector in the LAB frame, see equation (5.5).

p∗i Four-vector in the (23)-CM frame, see equation (5.6).

ṗ∗i Four-vector in the YN-CM frame, see equation (K.4).

Ψ++ Positive-energy projected deuteron wave function, see equation (5.88).

Ψ−+ Negative-energy projected deuteron wave function, see equation (5.92).

r(α, β, γ) Rotation defined by the Euler angles α, β and γ, see page 118.

r(l, ~p) Wick helicity rotation, see equation (C.12).
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r(~ω) Rotation through the angle | ~ω | about the unit axis ~̂ω, see page 118.

σi Pauli matrices, see equation (A.22).

T λγλNλY Hadronic transition matrix elements for N(γ(∗),K)Y , see equation (2.10).

T λγλDλY λN Hadronic transition matrix elements for 2H(γ(∗),KY )N , see equation (5.27).

u(~p, λ) Positive-energy helicity spinor, see equation (C.8).

u(~p;ms) Positive-energy Dirac spinor, see equation (A.34).

v(~p, λ) Negative-energy helicity spinor, see equation (C.8).

v(~p;ms) Negative-energy Dirac spinor, see equation (A.34).
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