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Abstract

In recent work we constructed two new near octagons, one related to the finite
simple group G2(4) and another one as a sub-near-octagon of the former. In the
present paper, we give a direct construction of this sub-near-octagon using a split
extension of the group L3(4). We derive several geometric properties of this L3(4)
near octagon, and determine its full automorphism group. We also prove that the
L3(4) near octagon is closely related to the second subconstituent of the distance-
regular graph on 486 vertices discovered by Soicher in 1993.
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graph, finite simple group
MSC2010: 05E18, 51E12, 51E25

1 Introduction

The main goal of this paper is to give a new construction of the near octagon of order
(2, 4) that was discovered by us in [1], and to derive some geometric and group theoretic
properties of this near octagon that were not explored earlier. In doing so, we introduce a
family of near polygons to which this new near octagon belongs and study some common
properties that the members of this family have. This also gives an alternate treatment
of some of the results in [1, Section 4.1]. We emphasize that we have singled out a few
combinatorial properties of the collinearity graph (properties (P1), (P2), (P3), (P4) in
Section 4) that allows us to derive all the remaining properties.

A connected partial linear space S = (P ,L, I) with nonempty point set P , line set L
and incidence relation I ⊆ P × L is called a near polygon if for every point x and every
line L, there exists a unique point on L nearest to x. Here, distances are measured in the
collinearity graph Γ. If d is the diameter of Γ, then the near polygon is called a near 2d-
gon. A near polygon is said to have order (s, t) if every line is incident with precisely s+1
points and every point is incident with exactly t + 1 lines. For other relevant definitions
see Section 2.

In [1], we constructed a new near octagon related to the simple group G2(4). Among
other things, we proved the following.

1

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Ghent University Academic Bibliography

https://core.ac.uk/display/55768529?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


Proposition 1.1 (a) Let O1 be the point-line geometry whose points are the 4095 cen-
tral involutions of the group G1 = G2(4):2 1 and whose lines are all the three element
subsets {x, y, xy} where x and y are two commuting central involutions that satisfy
[G1 : NG1(〈x, y〉)] ∈ {1365, 13650}, with incidence being containment. Then O1 is a
near octagon of order (2, 10).

(b) Let S1 denote the set of all lines {x, y, xy} where x and y are two commuting central
involutions of G1 that satisfy [G1 : NG1(〈x, y〉)] = 1365. Then S1 is a line spread
of O1. If Q1 denotes the set of all quads of O1, then for every Q ∈ Q1 the lines
of S1 contained in Q define a line spread of Q. Moreover, the point-line geometry
S1 with point set S1, line set Q1 and the natural incidence is a generalized hexagon
isomorphic to the dual split Cayley hexagon H(4)D.

In [1], we also constructed a sub-near-octagon of O1 corresponding to each subhexagon
of order (4, 1) of S1

∼= H(4)D. These (isomorphic) near octagons had order (2, 4) and
they turned out to be new as well. We now give an alternate direct construction of this
near octagon of order (2, 4) using the finite simple group PSL3(4) = L3(4). The group
Aut(L3(4)) ∼= L3(4):D12 has a unique conjugacy class of subgroups of type L3(4):22, and
we denote by L3(4):22 any isomorphic copy of such a subgroup.

Theorem 1.2 (a) Let O2 be the point-line geometry whose points are the 315 central
involutions of the group G2 = L3(4):22 and whose lines are all the three element
subsets {x, y, xy} where x and y are two commuting central involutions that satisfy
[G2 : NG2(〈x, y〉)] ∈ {105, 420}, with incidence being containment. Then O2 is a
near octagon of order (2, 4).

(b) Let S2 denote the set of all lines {x, y, xy} where x and y are two commuting central
involutions of G2 that satisfy [G2 : NG2(〈x, y〉)] = 105. Then S2 is a line spread
of O2. If Q2 denotes the set of all quads of O2, then for every Q ∈ Q2 the lines
of S2 contained in Q define a line spread of Q. Moreover, the point-line geometry
S2 with point set S2, line set Q2 and natural incidence is isomorphic to the unique
generalized hexagon H(4, 1) of order (4, 1).

We will refer to the near octagons O1 and O2 as the G2(4) near octagon and the L3(4)
near octagon, respectively. We note that the central involutions of L3(4):22 are precisely
the central involutions of its derived subgroup L3(4), and these are precisely the nontrivial
elations of the projective plane PG(2, 4) on which the group L3(4) acts naturally.

Part (a) of Theorem 1.2 will be proved in Section 3. The structure of the near octagons
O1 and O2 around a fixed point can be described by a diagram, see [1, Figure 1] for the
G2(4) near octagon and Figure 1 of the present paper for the L3(4) near octagon. These
two diagrams are very similar and Section 4 is devoted to the study of the geometric
properties of a family of near octagons whose local structures can be described by such

1This group is isomorphic to the automorphism group of G2(4).
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diagrams. Part (b) of Theorem 1.2 will follow from that discussion. We also note that
Part (b) of Proposition 1.1 (with the exception of the isomorphism S1

∼= H(4)D) also
follows from the results of Section 4. At this moment, we do not know whether the G2(4)
and L3(4) near octagons are the only nontrivial members of the family of near octagons
under consideration in Section 4. In Section 5, we determine the full automorphism group
of the near octagon O2.

Theorem 1.3 We have Aut(O2) ∼= L3(4) : 22, and the automorphisms of O2 are precisely
the conjugations by elements of L3(4):22.

In [11], Soicher constructed a distance-transitive graph Υ of diameter 4, which is a
distance-regular graph with intersection array {b0, b1, b2, b3; c1, c2, c3, c4} = {56, 45, 16, 1;
1, 8, 45, 56}. Let G be the automorphism group of this graph Υ. By [11], we know that if
x is a vertex of Υ, then the stabilizer Gx of G with respect to x is isomorphic to L3(4):22.
Let O2(x) denote the near octagon defined on the central involutions of Gx

∼= L3(4):22 (in
the sense of Theorem 1.2).

If x is a vertex of Υ, then by [11], we also know that |Υ2(x)| = 315 and that the local
graph Υx is isomorphic to the well-known Gewirtz graph, which is the unique strongly
regular graph with parameters (v, k, λ, µ) = (56, 10, 0, 2) [4]. We show in Section 6 that
the second subconstituent of Υ is closely related to the L3(4) near octagon. Among other
things, we prove the following there.

Theorem 1.4 Let x be a vertex of Υ. Then the following hold:

(1) For every vertex y ∈ Υ2(x), the element-wise stabilizer of Υ1(x) ∩ Υ1(y) inside Gx

has order 2 and is generated by a central involution σy of Gx
∼= L3(4):22. More-

over, the map θ : y 7→ σy defines a bijection between Υ2(x) and the set of central
involutions of Gx.

(2) Let Γ denote the graph defined on the set Υ2(x) of vertices at distance 2 from x in Υ,
by making two vertices y1, y2 adjacent if and only if d(y1, y2) = 4 or (d(y1, y2) = 2
and |Υ1(x) ∩ Υ1(y1) ∩ Υ1(y2)| = 4). Then the map θ is an isomorphism between Γ
and the collinearity graph of O2(x).

(3) The map θ also defines an isomorphism between the subgraph of Υ induced on Υ2(x)
(the second subconstituent) and the graph obtained from the collinearity graph of
O2(x) by making two vertices (points of the near octagon) adjacent when they are
at distance 2 from each other and have a unique common neighbor. 2

It is known that the second subconstituent of the Hall-Janko graph (which is a strongly
regular graph srg(100, 36, 14, 12)) is isomorphic to the distance-2 graph of the dual split

2This graph is also a distance-regular graph, and recently Soicher [12] has proved that it is the unique
distance-regular graph with intersection array {32, 27, 8, 1; 1, 4, 27, 32}.
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Cayley hexagon H(2)D, and that the second subconstituent of the G2(4)-graph (which
is an srg(416, 100, 36, 20)) is isomorphic to the distance-2 graph of the Hall-Janko near
octagon. One of the referees of an earlier paper of ours [2] informed us that there is also a
close connection between the G2(4) near octagon O1 and the second subconstituent of the
distance-regular graph with intersection array {416, 315, 64, 1; 1, 32, 315, 416} discovered
by Soicher [11] (see [2, Remark 1.4]). We elaborate on this in the appendix of the present
paper where we prove a similar result as Theorem 1.4 for the G2(4) near octagon.

2 Preliminaries

We first review some of the basics from the theory of near polygons that will be used in
this paper. For more details see the standard reference [7].

Recall that a point-line geometry S = (P ,L, I) is called a near 2d-gon if it is a partial
linear space with collinearity graph of diameter d and the property that for every x ∈ P
and every L ∈ L there exists a unique point on L that is nearest to x. Let S = (P ,L, I)
be a near 2d-gon. Then by [5, Lemma 1], only one of the following possibilities occur for
two lines L1 and L2 in S:

• there exists a unique point x1 ∈ L1 and a unique point x2 ∈ L2 such that for all
y1 ∈ L1 and y2 ∈ L2, we have d(y1, y2) = d(y1, x1) + d(x1, x2) + d(x2, y2);

• for every point y1 ∈ L1, there exists a unique point y2 ∈ L2 such that d(y1, y2) =
d(L1, L2) and conversely for every z2 ∈ L2 there exists a unique point z1 ∈ L1 such
that d(z1, z2) = d(L1, L2).

If the latter case occurs, then we say that the lines L1 and L2 are parallel. A subset S of
L is called a line spread if for every point x, there exists a unique L ∈ S such that x ∈ L.

A subset X of P is called a subspace if for every two collinear points x, y in X, all
points on the line xy of S are contained in X. For a nonempty subspace X of S, we
will denote by X̃ the point-line geometry formed by taking the points of X and those
lines of S which are completely contained in X. A subspace X is called convex if for
every pair of points x, y in X every point on every shortest path between x and y in
S is also contained in X. A convex subspace Q of P is called a quad of S if Q̃ is a
non-degenerate generalized quadrangle (see [9] for the definition and basic properties of
generalized quadrangles). From [10, Proposition 2.5], it follows that if S has at least three
points on each line (which will be the case for all near polygons considered in this paper),
then for every two points x, y in S at distance 2 from each other which have more than
one common neighbor, there exists a unique quad containing x and y. From this it also
follows that through a pair of intersecting lines in S there can be at most one quad. If
every line of S has s+ 1 ≥ 3 points on it, and a pair of points at distance 2 has α+ 1 ≥ 2
common neighbors, then the generalized quadrangle corresponding to the unique quad
through these points has order (s, α). From [10, Proposition 2.6], one of the following
cases occurs for a point-quad pair (x,Q) in S:
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• there exists a unique point x′ ∈ Q such that for every y ∈ Q we have d(x, y) =
d(x, x′) + d(x′, y);

• the points in Q nearest to x form an ovoid of the corresponding generalized quad-
rangle Q̃, i.e., a set of points of Q̃ meeting every line of Q̃ in a singleton.

In the former case we say that the point x is classical with respect to Q and the point
x′ is denoted by πQ(x). In the latter case, we say that x is ovoidal with respect to Q. If
d(x,Q) ≤ 1, then it is easy to show that x is always classical with respect to Q.

We follow the group theoretical notation of Atlas [6]. An involution σ of a group G is
called central if there exists a Sylow-2 subgroup H of G such that σ lies in the centralizer
CG(H). We describe here a model of the group L3(4):22 which will be useful.

Let V be a 3-dimensional vector space over the field F4 with basis (ē1, ē2, ē3), and
denote by (f̄1, f̄2, f̄3) the dual basis of the dual space V ′. The annihilator of a 1-space of
V ′ is a 2-space of V , implying that we can identify each line of PG(V ) with a point of
PG(V ′).

With each collineation θ ∈ PΓL(V ) of the projective space PG(V ), there is associated
a nonsingular 3 × 3 matrix A over F4 and an automorphism τ of F4 such that the point
〈x1ē1 +x2ē2 +x3ē3〉 of PG(V ) is mapped to the point 〈x′1ē1 +x′2ē2 +x′3ē3〉 of PG(V ), where
[x′1 x

′
2 x
′
3]T = A · [xτ1 xτ2 xτ3]T . While the automorphism τ of F4 is uniquely determined by

θ, the matrix A itself is only determined up to a nonzero factor. However, all matrices
A corresponding to θ have the same determinant as k3 = 1 for every k ∈ F4 \ {0}.
The element θ of PΓL(V ) also permutes the lines of PG(V ). Specifically, if the “line”
〈y1f̄1 + y2f̄2 + y3f̄3〉 is mapped to the “line” 〈y′1f̄1 + y′2f̄2 + y′3f̄3〉, then [y′1 y

′
2 y
′
3]T =

(AT )−1 · [yτ1 yτ2 yτ3 ]T .
With each correlation θ of PG(V ), there is also associated a nonsingular 3× 3 matrix

A over F4 and an automorphism τ of F4 such that the point 〈x1ē1 + x2ē2 + x3ē3〉 is
mapped to the “line” 〈y′1f̄1 + y′2f̄2 + y′3f̄3〉, where [y′1 y

′
2 y
′
3]T = A · [xτ1 xτ2 xτ3]T . Again,

the automorphism τ of F4 is uniquely determined by θ, but A is only determined up to a
nonzero factor. If A and τ are as above, then θ will map the “line” 〈y1f̄1 + y2f̄2 + y3f̄3〉
to the point 〈x′1ē1 + x′2ē2 + x′3ē3〉, where [x′1 x

′
2 x
′
3]T = (AT )−1 · [yτ1 yτ2 yτ3 ]T .

Let G1
∼= PSL3(4) = L3(4) denote the group of all collineations of PG(V ) for which

τ = 1 and for which det(A) = 1,3 let G2 denote the group of all collineations of PG(V )
for which det(A) = 1 and let G denote the group of all collineations and correlations of
PG(V ) for which det(A) = 1. Then G1 has index 2 in G2 which itself has index 2 in G. If
G3 denotes the set of all elements of G for which A = I3, then G3

∼= C2×C2 and G is the
internal semidirect product G1 o G3. So, G is a group of type L3(4):22. Note also that
G1 is the derived subgroup of G, and that the group of all collineations and correlations
of PG(V ) has type L3(4):D12.

The group G has a natural action on the set F of 105 flags of PG(V ), i.e., the edges of
the incidence graph of the projective plane PG(V ). This action is transitive and there are

3This is well defined. There are different choices possible for A, but the determinants are always the
same.
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four orbitals, implying that the group G acts distance-transitively on the point set of the
unique generalized hexagon H(4, 1) of order (4, 1). This is the generalized hexagon whose
points are the elements of F and whose lines are the points and lines of PG(V ), with
incidence being reverse containment. The fact that G acts distance-transitively implies
that G must also act primitively on the set of 105 points of H(4, 1). Consulting GAP’s
library of primitive permutation groups [8], we see that there exists a unique primitive
permutation group on 105 letters that has type L3(4):22. We have used the implementation
of this group in GAP to verify several claims in this paper (see [3]).

3 The L3(4) near octagon

Let G ∼= L3(4):22 be the group of all collineations and correlations of PG(2, 4) whose
corresponding matrix has determinant 1, as described in Section 2. Let P denote the set
of all 315 central involutions of G (Type 2A in Atlas notations [6]). These 315 central
involutions are all contained in G1 = G′ ∼= L3(4) and correspond to the 315 nontrivial
elations of the projective plane PG(2, 4). The group G acts on P by conjugation. Let
ω denote a fixed central involution of G. Then it is easily checked using GAP that the
stabilizer Gω of ω has eight orbits on P , the so-called suborbits of G with respect to ω.
Such a suborbit will be denoted by O0, O1a, O1b, O2a, O2b, O3a, O3b and O4 in accordance
with the information provided by the following table:

Suborbit O0 O1a O1b O2a O2b O3a O3b O4

Size 1 2 8 16 32 64 64 128
〈x, ω〉 C2 C2 × C2 C2 × C2 C2 × C2 D8 D8 S3 D10

In the table, we have mentioned the sizes of the suborbits and descriptions for the groups
〈x, ω〉, where x is an arbitrary element of the considered suborbit. The suborbits with
respect to a fixed central involution y will be denoted by O0(y),O1a(y), . . . ,O4(y).

The central involutions distinct from ω which commute with ω are those of the set
O1a ∪ O1b ∪ O2a. Moreover, if O ∈ {O1a,O1b,O2a} and x ∈ O, then ωx ∈ O. The sets
O1a, O1b and O2a consist of those central involutions x 6= ω for which [G : NG(〈x, ω〉)] has
size 105, 420 and 840, respectively.

Let L denote the set of all triples {x, y, xy}, where x and y are two distinct commuting
central involutions such that [G : NG(〈x, y〉)] has size 105 or 420, and let O2 be the point-
line geometry with point set P and line set L, where incidence is containment. With
GAP ([3], similar code as in [1]), we have computed the suborbit diagram for the central
involutions of L3(4):22. This suborbit diagram can be found in Figure 1. Each of the
eight big nodes of the diagram denotes a suborbit and an edge between two such nodes
denotes that there is a line of O2 that intersects both suborbits. A smaller node on each
edge denotes a line and the two numbers on the node denote the number of points of the
line that lie in each suborbit it intersects. The numbers on each big node are the number
of lines through a representative of the suborbit meeting the adjacent suborbits.
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Figure 1: The suborbit diagram for the central involutions of L3(4):22

Theorem 3.1 O2 is a near octagon of order (2, 4).

Proof. Let x be an arbitrary point of O2. For i ∈ N denote by Γi(x), the set of points
at distance i from x. Considering the suborbit diagram with respect to x, we see that:

• There are five lines through x.

• Γ1(x) = O1a(x) ∪ O1b(x), Γ2(x) = O2a(x) ∪ O2b(x), Γ3(x) = O3a(x) ∪ O3b(x) and
Γ4(x) = O4(x).

• Every line contains a unique point nearest to x.

So, O2 must be a near octagon of order (2, 4). �

For every point x of O2, let Lx denote the unique line through x containing the two points
of O1a(x). Let S2 denote the set of all lines of the form Lx, where x ∈ P , and let Q denote
the set of all quads of O2.

Lemma 3.2 For every point x of O2, there are precisely two quads through x and these
two quads intersect in the line Lx.

Proof. We will rely on the information provided by the suborbit diagram.
If y ∈ O2b(x), then x and y have precisely one neighbor and so they cannot be contained

in a common quad. If y ∈ O2a(x), then x and y have precisely three common neighbors
one of which is contained on the line Lx, implying that x and y are contained in a unique
quad of order (2, 2) (necessarily isomorphic to W (2) [9, 5.2.3]) and this quad contains the
line Lx.

Every point z ∈ O1b(x) is collinear with a point of O2a(x), implying that the line xz is
contained in a quad. This quad must be unique as it also contains the line Lx. As there
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are four lines through x distinct from Lx, there are precisely 4
2

= 2 quads through x, and
these two quads necessarily intersect in the line Lx. �

The following is an immediate consequence of Lemma 3.2.

Corollary 3.3 (1) The lines of S2 are precisely the lines of O2 that are contained in
two quads.

(2) The set S2 is a line spread of O2.

In the following theorem, we show that there exists a full embedding of O2 into O1. In
[1], we constructed near octagons of order (2, 4) as subgeometries of O1. In Section 4,
we explain why all these near octagons of order (2, 4) are isomorphic to the L3(4) near
octagon O2.

Theorem 3.4 There exists a full embedding of O2 into O1 mapping lines of S2 to lines
of S1. Two embedded points are collinear in O1 if and only if they are collinear in O2.

Proof. By the Atlas [6] (also see [13, Section 4.3.6]), the group G := G2(4):2 has a
maximal subgroup H of type SL(3, 4):22. If we regard G as naturally acting on the dual
split Cayley hexagon H(4)D, then H is the stabilizer of a subhexagon of order (4, 1). Let
Z := Z(H ′) be the center of the derived subgroup H ′ ∼= SL(3, 4) of H. Then Z ∼= C3,
J := H/Z ∼= L3(4):22 and J ′ = H ′/Z ∼= L3(4). If x ∈ H ∼= SL(3, 4) : 22, then x denotes
the element xZ of H/Z ∼= L3(4):22.

There exists a bijective correspondence between the involutions of the group H ′ ∼=
SL(3, 4) and the involutions of the group J ′ = H ′/Z ∼= L3(4). If σ is an involution of H ′,
then σ 6∈ Z ∼= C3 and so σ = σZ is an involution of J ′ = H ′/Z ∼= L3(4). Conversely, if τZ
is an involution of J ′ = H ′/Z ∼= L3(4), there exists a unique involution σ of H ′ for which
σ = τZ. Now, denote by Σ the set of all involutions of H ′ for which Σ := {σ |σ ∈ Σ}
is the set of all central involutions of J ′ = H ′/Z ∼= L3(4). Then Σ is a conjugacy class
of involutions of both H ′ and H. If σ ∈ Σ and x ∈ H, then x−1σx = x−1 · σ · x ∈ Σ as
x ∈ H/Z ∼= L3(4):22 and σ ∈ Σ and hence the involution x−1σx belongs to Σ.

As Σ is a conjugacy class of involutions of H ′ and H, it is contained in a conjugacy
class of involutions of G ∼= G2(4):2. We have verified with GAP (see [3]) that all elements
of Σ are central involutions of G ∼= G2(4):2. Since x−1σx = x−1 ·σ ·x for all σ ∈ Σ and all
x ∈ H ∼= SL(3, 4) : 22, the action of H ∼= SL(3, 4) : 22 on the set Σ gives rise to the same
suborbit diagram as the action of H/Z ∼= L3(4):22 on Σ (which was depicted in Figure 1).
We suppose that O2 is the near octagon of order (2, 4) defined on the involutions of the set
Σ, where two distinct involutions σ1 and σ2 of Σ are collinear whenever the suborbit with
respect to σ1 that contains σ2 has size 2 or 8. We suppose that O1 is the near octagon
of order (2, 10) defined on the central involutions of G = G2(4):2. Since all elements of Σ
are central involutions of G2(4):2, we have identified each point of O2 with a point of O1.

Now, fix a certain ω ∈ Σ. We denote by O0, O1a, O1b, O2a, O2b, O3a, O3b, O4 the
suborbits with respect to ω for the action of H on Σ (using the same notational convention
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as before). By [1], we know that the action of G ∼= G2(4):2 on the set of central involutions
gives rise to a similar suborbit diagram as in Figure 1 (but with different numbers). We
denote by O′0, O′1a, O′1b, O′2a, O′2b, O′3a, O′3b, O′4 the suborbits with respect to ω (using
the same notational convention as in [1]). With the aid of GAP (see [3]), we have verified
that every O ∈ {O0,O1a,O1b,O2a,O2b,O3a,O3b,O4} is contained in O′.

We know that the suborbitsO1a andO1b contain those points of O2 that are at distance
1 from ω (in O2). By [1], we know that the suborbits O′1a and O′1b contain those points
of O1 that are at distance 1 from ω (in O1). So, if x and y are two points of O2, then x
and y are collinear in O2 if and only if x and y are collinear in O1. Every line of O2 is
thus a collection of three mutually collinear points of O1, i.e. is a line of O1.

The unique line of S2 through ω is {ω} ∪ O1a, while the unique line of S1 containing
ω is {ω} ∪ O′1a. As O1a = O′1a, every line of S2 is also a line of S1. �

4 A family of near octagons

Suppose S = (P ,L, I) is a finite near octagon of order (s, t), s ≥ 2, and S is a line spread
of S. For every x ∈ P , let Lx denote the unique line of the line spread S containing x.
For every two points x and y of S, d(x, y) denotes the distance between x and y in the
collinearity graph Γ of S and Γi(x) with i ∈ {0, 1, 2, 3, 4} denotes the set of points at
distance i from x. We define a number of additional sets of points of S.

• For every point x of S, we define Γ′1(x) := Lx \ {x} and Γ′′1(x) := Γ1(x) \ Γ′1(x).

• For every point x of S and every i ∈ {2, 3}, Γ′i(x) denotes the set of points of Γi(x)
that are collinear with a point of Γ′i−1(x), and we put Γ′′i (x) := Γi(x) \ Γ′i(x).

Throughout this section, we assume that there exists a positive divisor t′ 6= t of t such
that the following hold for every point x of S:

(P1) Every point of Γ′2(x) is incident with t′ lines meeting Γ′′1(x).

(P2) Every point of Γ′′2(x) is incident with a unique line meeting Γ′′1(x).

(P3) Every point of Γ′3(x) is incident with t′ lines meeting Γ′′2(x).

(P4) Every point of Γ′′3(x) is incident with t
t′

lines meeting Γ′′2(x).

From the suborbit diagram [1, Figure 1], it follows that the G2(4) near octagon O1 is an
example of such a near octagon with s = 2, t = 10 and t′ = 2, and from Figure 1 it
follows that the L3(4) near octagon O2 is another example with s = 2, t = 4 and t′ = 2.
When t′ = 1, we will show at the end of this section that S must be the direct product
of a generalized hexagon of order (s, t− 1) and a line of size s + 1. We call this a trivial
example. We do not know whether the above family of near octagons contains nontrivial
examples besides O1 and O2.
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In the lemmas below, x denotes some fixed point of S. A point y of S is said to be
of type i ∈ {0, 1, 2, 3, 4} if y ∈ Γi(x). A point y of S is said to be of type i′ or i′′, for
i ∈ {1, 2, 3}, if it belongs to Γ′i(x) or Γ′′i (x), respectively. A line L of S is said to have type
(i1, i2) with i1, i2 ∈ {0, 1, 1′, 1′′, 2, 2′, 2′′, 3, 3′, 3′′, 4} if L contains a unique point of type i1
and s points of type i2.

The following lemma follows from easy counting.

Lemma 4.1 We have |Γ0(x)| = 1, |Γ′1(x)| = s and |Γ′′1(x)| = st. There is a unique line of
type (0, 1′), namely Lx, and every line of the line spread S meeting Γ0(x)∪Γ′1(x) coincides
with Lx. The point x is contained in a unique line of type (0, 1′) and t lines of type (0, 1′′).

Lemma 4.2 Every point y ∈ Γ′2(x) is contained in a (necessarily unique) quad together
with x. This quad has order (s, t′).

Proof. By definition of the set Γ′2(x), the line Lx = {x} ∪ Γ′1(x) contains a (necessarily
unique) point collinear with y. By Property (P1), there are exactly t′ points in Γ′′1(x)
collinear with y. As the points x and y have t′ + 1 ≥ 2 common neighbors, they are
contained in a unique quad, necessarily of order (s, t′). �

Lemma 4.3 There does not exist any y ∈ Γ′′2(x) which is contained in a quad together
with x.

Proof. By Property (P2), there is a unique line through y meeting Γ′′1(x), and by
definition of the set Γ′′2(x), there are no lines through y meeting Γ′1(x). Hence, x and y
have a unique common neighbor, implying that they cannot be contained in a quad. �

Lemma 4.4 Every quad through a point y of S contains the line Ly.

Proof. Without loss of generality, we may take y = x. Suppose Q is a quad through
x not containing the line Lx. Then no y ∈ Γ2(x) ∩ Q is collinear with a point of Lx
as otherwise Lx would be contained in Q. This implies that Γ2(x) ∩ Q ⊆ Γ′′2(x), which
contradicts Lemma 4.3. �

Lemma 4.5 For every quad Q of S, the lines of S contained in Q define a line spread
of the corresponding generalized quadrangle Q̃.

Proof. If this were not the case, then there would exist a line of S meeting Q in a single
point, which would contradict Lemma 4.4. �

Lemma 4.6 Through every point y ∈ Γ′1(x), there is a unique line of type (0, 1′) and t
lines of type (1′, 2′).

Proof. By the definition of the set Γ′2(x), every line through y distinct from Lx = xy
must have type (1′, 2′). �

Lemma 4.7 We have |Γ′2(x)| = s2t.
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Proof. By Lemmas 4.1 and 4.6, the number of edges between Γ′1(x) and Γ′2(x) is equal
to |Γ′1(x)| · t · s = s2t. As any point of Γ′2(x) is collinear with a unique point of Lx, we see
that |Γ′2(x)| = s2t. �

Lemma 4.8 There are precisely t
t′

quads through any given point of S.

Proof. Without loss of generality, we prove this for the point x. By Lemmas 4.2 and 4.3,
every quad through x has order (s, t′) and contains s2t′ points at distance 2 from x which
all belong to Γ′2(x). From Lemmas 4.2 and 4.7, it then follows that there are precisely
|Γ′

2(x)|
s2t′

= s2t
s2t′

= t
t′

quads through x. �

Lemma 4.9 Every line M through a point y of S distinct from Ly is contained in a
unique quad. This quad also contains the line Ly.

Proof. Without loss of generality, we may suppose that y = x. As any quad through
x contains the line Lx (Lemma 4.4), there is at most one quad through M . Since every
quad through x has order (s, t′), the t

t′
quads through x cover t′ · t

t′
= t lines through x

distinct from Lx. As these are all lines through x distinct from Lx, M must be contained
in a unique quad. �

Lemma 4.10 For every y ∈ Γ′′1(x), the line Ly has type (1′′, 2′). For every z ∈ Γ′2(x), the
line Lz has type (1′′, 2′).

Proof. By Lemma 4.9, the line xy is contained in a unique quad Q. By Lemma 4.5, Lx
and Ly are two disjoint lines contained in Q, and so every point of Ly \ {y} belongs to
Γ′2(x), as it is collinear with a point of Lx \ {x} = Γ′1(x). Therefore, Ly has type (1′′, 2′).

The st mutually distinct lines Ly with y ∈ Γ′′1(x) cover s2t points of Γ′2(x). By Lemma
4.7, these are all the points of Γ′2(x). So, for every z ∈ Γ′2(x), we also know that the line
Lz has type (1′′, 2′). �

Lemma 4.11 Let y ∈ Γ′′1(x). Then y is contained in a unique line of type (0, 1′′), t′ lines
of type (1′′, 2′) and t− t′ lines of type (1′′, 2′′).

Proof. There is a unique line through y containing x, namely the line xy, and this line
contains precisely s points of Γ′′1(x). Every line through y distinct from xy contains a
unique point collinear with x (namely y) and hence precisely s points of Γ2(x).

By Lemma 4.9, there is a unique quad Q (of order (s, t′)) through the line xy. By
Lemma 4.3, the t′ lines of Q through y distinct from xy all contain precisely s points
of Γ′2(x). Conversely, suppose that L is a line through y containing a point u ∈ Γ′2(x).
The unique quad through x and u is a convex subspace and contains therefore the lines
L = yu and xy, implying that this quad coincides with Q. So, L is one of the t′ lines of Q
through y distinct from xy. The remaining t− t′ lines through y must be of type (1′′, 2′′).
�

Lemma 4.12 We have |Γ′′2(x)| = s2t(t− t′).

11



Proof. By Lemmas 4.1 and 4.11, the number of edges between Γ′′1(x) and Γ′′2(x) is equal
to |Γ′′1(x)| · (t− t′)s = s2t(t− t′). By Property (P2), we know that the number of edges is
also equal to |Γ′′2(x)|. �

Lemma 4.13 Let y ∈ Γ′2(x). Then y is incident with a unique line of type (1′, 2′), t′ lines
of type (1′′, 2′) and t− t′ lines of type (2′, 3′).

Proof. The lines through y meeting Γ1(x) (necessarily in a unique point) are precisely
the t′+1 lines through y that are contained in the unique quad Q (of order (s, t′)) through
x and y. By Lemma 4.3, each of these lines contains precisely s points of Γ′2(x) and hence
they have type (1′′, 2′) or (1′, 2′). Note also that there is a unique line through y meeting
Lx = {x} ∪ Γ′1(x), which is the unique line of type (1′, 2′) through y.

By definition of the set Γ′3(x), the remaining t− t′ lines through y all contain s points
of Γ′3(x) and thus have type (2′, 3′). �

Lemma 4.14 Through every point y ∈ Γ′3(x), there is a unique line meeting Γ′2(x).

Proof. By definition of the set Γ′3(x), we know that there is at least one such a line.
Suppose two lines through y meet Γ′2(x) in the respective points u1 and u2. The point ui
with i ∈ {1, 2} is collinear with a unique point vi ∈ Lx. This point necessarily coincides
with the unique point v of Lx at distance 2 from y, i.e., v = v1 = v2. Since the points
y and v have two distinct neighbors, namely u1 and u2, they are contained in a unique
quad Q. The line Lx meets this quad Q in a unique point (namely v), but this contradicts
Lemma 4.5. �

Lemma 4.15 We have |Γ′3(x)| = s3t(t− t′).

Proof. By Lemmas 4.7 and 4.13, the number of edges between Γ′2(x) and Γ′3(x) is equal
to |Γ′2(x)| · (t− t′)s = s3t(t− t′). By Lemma 4.14, the number of these edges is also equal
to |Γ′3(x)|. �

Lemma 4.16 For every y ∈ Γ′′2(x), the line Ly has type (2′′, 3′). For every z ∈ Γ′3(x), the
line Lz has type (2′′, 3′).

Proof. By Property (P2), there exists a unique point u ∈ Γ′′1(x) collinear with y. By
Lemma 4.10, the line Lu has type (1′′, 2′) and so is distinct from uy. By Lemma 4.9,
there is a unique quad Q through Lu and uy. By Lemma 4.5, this quad also contains
the line Ly. By Lemma 4.3, Q cannot contain x. So, x lies at distance 1 from Q and is
classical with respect to Q, implying that Ly \ {y} ⊆ Γ3(x). The lines Ly and Lu of Q
are parallel and at distance 1. Hence, every point of Ly \ {y} is collinear with a point of
Lu \ {u} ⊆ Γ′2(x), implying that Ly \ {y} ⊆ Γ′3(x). So, Ly has type (2′′, 3′).

The s2t(t− t′) lines Ly with y ∈ Γ′′2(x) all have type (2′′, 3′) and are mutually disjoint,
implying that they cover s3t(t − t′) points of Γ′3(x). By Lemma 4.15, these are all the
points of Γ′3(x), and so the second claim of the lemma should be true as well. �

Lemma 4.17 For any y ∈ Γ′′3(x) ∪ Γ4(x), the line Ly has type (3′′, 4).
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Proof. This follows from Lemmas 4.1, 4.10, 4.16 and the fact that S is a line spread of
S. �

Lemma 4.18 There are no lines meeting Γ′3(x) and Γ′′3(x).

Proof. Suppose L is a line containing points u′ ∈ Γ′3(x) and u′′ ∈ Γ′′3(x), and let y denote
the unique point of Γ2(x) on L. By the definition of Γ′′3(x), we must have y ∈ Γ′′2(x). By
Lemma 4.14, the point u′ is collinear with a unique point v ∈ Γ′2(x). By Lemma 4.10,
the line Lv meets Γ′′1(x) and so is distinct from vu′. By Lemma 4.9, there exists a unique
quad Q through Lv and vu′. This quad contains a point of Γ′′1(x), and so the t′ lines of
Q through u′ ∈ Γ′3(x) distinct from vu′ all meet Γ2(x). By Lemma 4.14, we know that
these t′ lines meet Γ′′2(x). By Property (P3), we know that these are all the lines through
u′ meeting Γ′′2(x). So, the line L is one of these lines and hence contained in Q. But then
every point of L \ {y} is collinear with a point of Lv \ Γ′′1(x) ⊆ Γ′2(x), implying that each
point of L \ {y} belongs to Γ′3(x). This contradicts the fact that u′′ ∈ Γ′′3(x). �

The following is a consequence of Lemmas 4.1, 4.6, 4.10, 4.11, 4.13, 4.16, 4.17 and 4.18.

Corollary 4.19 • Every line of S has type (0, 1′), (0, 1′′), (1′, 2′), (1′′, 2′), (1′′, 2′′),
(2′, 3′), (2′′, 3′), (2′′, 3′′), (3′, 4) or (3′′, 4).

• Every line of the line spread S has type (0, 1′), (1′′, 2′), (2′′, 3′) or (3′′, 4).

We can now draw a diagram for S which looks similar to Figure 1. This is done in Figure
2, though we still need to prove some numerical information that is contained in the
diagram.

Lemma 4.20 Let y ∈ Γ′′2(x), z the unique point of Γ′′1(x) collinear with y and Q the
unique quad through the line yz 6∈ S. Then the t′ lines of Q through y distinct from yz
have type (2′′, 3′).

Proof. Recall that by Property (P2), there is indeed a unique point z ∈ Γ′′1(x) collinear
with y. By Lemma 4.10, the line Lz contains s points of Γ′2(x). By Lemma 4.5, Lz is
contained in Q. If L is one of the t′ lines of Q through y distinct from yz, then every
point of L \ {y} is collinear with a point of Lz \ {z} ⊆ Γ′2(x) and hence is contained in
Γ′3(x) by the definition of Γ′3(x). �

Lemma 4.21 Every point y of Γ′3(x) is incident with a unique line of type (2′, 3′), t′ lines
of type (2′′, 3′) and t− t′ lines of type (3′, 4).

Proof. By Lemma 4.14, there is a unique line of type (2′, 3′) through y and by Property
(P3), there are precisely t′ lines of type (2′′, 3′) through y. The remaining t − t′ lines
through y should all have type (3′, 4). �

Lemma 4.22 Every point y of Γ′′2(x) is incident with a unique line of type (1′′, 2′′), t′

lines of type (2′′, 3′) and t− t′ lines of type (2′′, 3′′).
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Proof. By Lemmas 4.12 and 4.20, the number of edges between Γ′′2(x) and Γ′3(x) is at
least |Γ′′2(x)|·st′ = s3tt′(t−t′), with equality if and only if every point of type 2′′ is incident
with precisely t′ lines of type (2′′, 3′). By Lemma 4.15 and Property (P3), we know that
the number of edges between Γ′′2(x) and Γ′3(x) is precisely |Γ′3(x)| · t′ = s3tt′(t − t′). So,
the point y ∈ Γ′′2(x) is incident with precisely t′ lines of type (2′′, 3′). By Property (P2), y
is incident with a unique line of type (1′′, 2′′). The remaining t− t′ lines through y should
have type (2′′, 3′′). �

Lemma 4.23 Every point of Γ′′3(x) is contained in t
t′

lines of type (2′′, 3′′) and t+ 1− t
t′

lines of type (3′′, 4).

Proof. This follows from Property (P4)4 and the discussion so far regarding the types of
lines in S, where we deduced that the only types of lines through a point of type 3′′ are
(2′′, 3′′) and (3′′, 4). �

Lemma 4.24 We have |Γ′′3(x)| = s3t′(t− t′)2.

Proof. By Lemmas 4.12 and 4.22, the number of edges between Γ′′2(x) and Γ′′3(x) is equal
to |Γ′′2(x)| · (t− t′)s = s3t(t− t′)2. By Lemma 4.23, this number is also equal to |Γ′′3(x)| · t

t′
.

Hence, |Γ′′3(x)| = s3t′(t− t′)2. �

Lemma 4.25 Let L be a line of S meeting Γ′′3(x) and Γ4(x). If Q is a quad through L,
then Q contains at most one point at distance 2 from x.

Proof. Since the quad Q contains a point at distance 4 from x, it contains a point at
distance 2 from x if and only if x is classical with respect to Q. But then d(x,Q) = 2 and
Q contains a unique point at distance 2 from x. �

Lemma 4.26 Let L be a line of S having type (3′′, 4). Then all t
t′

quads through L contain
a unique point of type 2′′ and a unique line of type (2′′, 3′). This point of type 2′′ is the
unique point of the quad at distance 2 from x, and this line of type (2′′, 3′) belongs to S.

Proof. Let y be the unique point of L contained in Γ′′3(x). By Property (P4), there are
t
t′

lines K through y meeting Γ′′2(x) giving rise by Lemma 4.25 to t
t′

distinct quads 〈K,L〉
through L. These are all the quads through L by Lemma 4.8. Let Q be any of these t

t′

quads and let z denote the unique point in Q ∩ Γ2(x). By Lemmas 4.20 and 4.22, the t′

lines of type (2′′, 3′) through z ∈ Γ′′2(x) are all contained in a quad Q′ through z. As Q′

contains a point of Γ′′1(x), we have Q 6= Q′ and so Q∩Q′ is at most a line. As Lz ⊆ Q∩Q′,
we have Lz = Q ∩Q′. Obviously, Lz = Q ∩Q′ is the unique line of type (2′′, 3′) of Q. �

Lemma 4.27 Every point y of Γ4(x) is incident with t
t′

lines of type (3′, 4) and t+ 1− t
t′

lines of type (3′′, 4).

4Note that this is the first time we have used this property.
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Figure 2: The structure of S with respect to a fixed point x

Proof. If L is a line through y meeting Γ′3(x), then Lemmas 4.9 and 4.17 imply that there
is a unique quad through L and this quad contains the line Ly of type (3′′, 4). Conversely,
by Lemma 4.26, any of the t

t′
quads through Ly contains a unique line through y meeting

Γ′3(x). So, there are t
t′

lines through y meeting Γ′3(x) and t+ 1− t
t′

lines meeting Γ′′3(x). �

Lemma 4.28 We have |Γ4(x)| = s4t′(t− t′)2.

Proof. By Lemmas 4.15 and 4.21, the number of edges between Γ′3(x) and Γ4(x) is equal
to |Γ′3(x)| · (t− t′)s = s4t(t− t′)2. By Lemma 4.27, the number of such edges is also equal
to |Γ4(x)| · t

t′
. It follows that |Γ4(x)| = s4t′(t− t′)2. �

Thus we have determined all the numerical information given in Figure 2. We now prove
that the geometry defined on elements of the line spread S and the set of quads of S form
a generalized hexagon.

Lemma 4.29 Every point-quad pair (y,Q) is classical.

Proof. Without loss of generality, we may suppose that y = x. We have already remarked
above that (x,Q) is classical if d(x,Q) ≤ 1. By Lemmas 4.4 and 4.26, (x,Q) is classical if
Q contains points at distance 4 from x. So, suppose Q ⊆ Γ2(x)∪Γ3(x). Let y ∈ Q∩Γ2(x).
Then Ly ⊆ Q implies by Lemma 4.10 that y 6∈ Γ′2(x). So, y ∈ Γ′′2(x). The line Ly meets
Γ′3(x). By (P2), y is collinear with a unique point z of Γ′′1(x). Denote by Q′ the unique
quad through yz and Ly. By Lemmas 4.20 and 4.22, the t′ lines of type (2′′, 3′) through y
are the t′ lines of Q′ through y distinct from yz. Each of the t− t′ lines through y meeting
Γ′′3(x) determines a quad together with Ly and such a quad has t′ lines through y meeting
Γ′′3(x). So, there are t−t′

t′
= t

t′
− 1 quads through Ly meeting Γ′′3(x) and hence also Γ4(x)

as the unique line of S through a point of Γ′′3(x) meets Γ4(x). Taking into account Q′, we
have thus accounted for all t

t′
quads through y, and none of these quads can be contained

in Γ2(x) ∪ Γ3(x). �
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Lemma 4.30 Two distinct lines L1 and L2 of S lie at distance 1 from each other if and
only if they are contained in the same quad. If d(L1, L2) = 1, then L1 and L2 are parallel.

Proof. If L1 and L2 are contained in a quad, then they are parallel and d(L1, L2) = 1.
Conversely, suppose that d(L1, L2) = 1 and let x1 ∈ L1 and x2 ∈ L2 such that d(x1, x2) =
1. The unique quad through the line x1x2 then contains L1 and L2. �

Lemma 4.31 Every two lines K and L of S are parallel.

Proof. Let k ∈ K and l ∈ L such that d(K,L) = d(k, l). We must show that every
point of K has distance at most δ := d(k, l) from L. Let k = y0, y1, . . . , yδ = l be a path
connecting k and l. Put Li := Lyi , i ∈ {0, 1, . . . , δ}. Then for every i ∈ {1, 2, . . . , δ}, the
lines Li−1 and Li are either equal or parallel and at distance 1. So, every point of Li−1

has distance at most 1 from a point of Li. This implies that every point of K = L0 has
distance at most δ from L = Lδ. �

Let Q denote the set of quads of S. For the rest of this section let S ′ be the point-line
geometry with point set S and line set Q, where incidence is containment.

Lemma 4.32 If L1, L2 ∈ S, then the distance d between L1 and L2 in S ′ is equal to
d(L1, L2).

Proof. Put d1 := d and d2 := d(L1, L2). Suppose L1 = K0, K1, . . . , Kd1 = L2 is a
(shortest) path in S ′ connecting L1 and L2. Then the Ki’s are mutually disjoint. Let
x0 be an arbitrary point of K0 and for every i ∈ {1, 2, . . . , d1}, let xi denote the unique
point of Ki collinear with xi−1. Then x0 ∈ L1 lies at distance at most d1 from xd1 ∈ L2,
showing that d2 ≤ d1.

Suppose y0, y1, . . . , yd2 is a (shortest) path of length d2 in S connecting a point y0 ∈ L1

with a point yd2 ∈ L2. In the sequence Ly0 , Ly1 , . . . , Lyd2 , any two consecutive lines are
either equal or at distance 1 from each other (in S ′) by Lemma 4.30. So, we should also
have that d1 ≤ d2.

We conclude that d1 = d2. �

Lemma 4.33 S ′ has order (st′, t
t′
− 1).

Proof. By Lemma 4.5, every line of S ′ contains precisely 1 + st′ points (namely the size
of a line spread of a generalized quadrangle of order (s, t′)). By Lemmas 4.4 and 4.8, every
line of S is contained in precisely t

t′
quads, showing that every point of S ′ is incident with

precisely t
t′

lines of S ′. �

Lemma 4.34 S ′ is a near hexagon.

Proof. Let L ∈ S and Q ∈ Q. Denote by SQ the set of lines of S contained in Q. By

Lemma 4.5, SQ is a line spread of the generalized quadrangle Q̃. Let x be an arbitrary
point of L. As x is classical with respect to the quad Q, there exists a unique point x′ ∈ Q
nearest to x. By Lemma 4.32, Lx′ is the unique line of SQ at distance d(x, x′) from Lx = L
in the geometry S ′. Every other line of SQ has distance d(x, x′) + 1 from Lx = L.
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It remains to show that S ′ has diameter 3. By Lemma 4.32, the diameter of S ′ is at
most 3. If x1 and x2 are two points of S at distance 4 from each other, then the fact that
Lx1 and Lx2 are parallel implies that they lie at distance 3 from each other (both in S as
S ′). So, the diameter of S ′ is indeed 3. �

Lemma 4.35 Every two points of S ′ at distance 2 from each other have a unique common
neighbor.

Proof. Let L1, L2 ∈ S be at distance 2 from each other in the geometry S ′ and suppose
M1,M2 ∈ S are two distinct neighbors of L1, L2. The lines L1, L2,M1,M2 are mutually
parallel. By Lemma 4.32, there exist points x1 ∈ L1 and x2 ∈ L2 at distance 2 from each
other. By Lemmas 4.31 and 4.32, the points x1, x2 have at least two common neighbors,
one on M1 and another one on M2. So, x1 and x2 are contained in a quad Q. This quad
should contain the line Lx1 = L1, but that is impossible since d(x2, L1) = 2. �

The following is an immediate consequence of Lemmas 4.33, 4.34 and 4.35.

Corollary 4.36 S ′ is a generalized hexagon of order (st′, t
t′
− 1).

Theorem 1.2(b) is an immediate consequence of Figure 1 and Corollary 4.36 (with s = 2,
t′ = 2 and t = 4). Similarly, Proposition 1.1(b) (with exception of the isomorphism
S1
∼= H(4)D) is a consequence of Corollary 4.36 and Figure 1 of [1] (with s = 2, t′ = 2

and t = 10).

By Theorem 3.4, there exists a full embedding of O2 to O1 mapping S2 of S1. Via this full
embedding, the geometry S2

∼= H(4, 1) becomes a subgeometry of S1
∼= H(4)D, showing

that the near octagons of order (2, 4) constructed in [1, Theorem 1.2] are isomorphic to
O2.

The finite near octagons S = (P ,L, I) of order (s, t) with s ≥ 2 having a line spread S for
which Properties (P1), (P2), (P3) and (P4) are satisfied with t′ = 1 can be completely
described. Suppose S is the direct or cartesian product H×Ls+1 of a generalized hexagon
H of order (s, t− 1) and a line Ls+1 of size s+ 1 ≥ 3 (as defined in Brouwer and Wilbrink
[5, Section (a)]). Then there exist two partitions S and U of P such that the following
hold:

• S is a line spread.

• Every U ∈ U is a convex subspace and Ũ ∼= H.

• Every line of S intersects every element of U in a singleton.

Then (S, S) satisfies the Properties (P1) – (P4) with t′ = 1. Moreover, if x ∈ P and Ux
denotes the unique element of U containing x, then

• Γ′′i (x) with i ∈ {1, 2, 3} is the set of points of Ux at distance i from x;
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• Γ′i(x) with i ∈ {1, 2, 3} is the set of points of P \ Ux at distance i from x.

We refer to the above example as a trivial member of the family of near octagons. We
can now prove the following.

Proposition 4.37 Suppose (S, S) satisfies the conditions (P1) – (P4) with t′ = 1. Then
S is the cartesian product of a generalized hexagon of order (s, t − 1) and a line of size
s+ 1.

Proof. Fix a line L∗ ∈ S. For every x ∈ L∗, let Hx denote the set of all points y of S for
which x is the unique point on L∗ nearest to y. As lines of S are mutually parallel (see
Lemma 4.31), we know that the following holds.

(a) Every line of S contains a unique point of each Hx, x ∈ L∗.

Now, let Q be a quad of S. As Q has order (s, t′) = (s, 1), Q̃ is an (s+ 1)× (s+ 1)-grid.

The set SQ of lines of S contained in Q is a line spread of Q̃. Let S ′Q denote the set of

all remaining lines of Q̃. Then S ′Q is the second line spread of Q̃. If L is the unique line
of SQ nearest to L∗ in S ′, then every point x ∈ L∗ is classical with respect to Q with
πQ(x) ∈ L, implying the following:

(b) A quad Q of S intersects each Hx, x ∈ L∗, in a line of S ′Q.

We also know that every line of S not belonging to S is contained in a unique quad.
By (a) and (b), we now see that each Hx, x ∈ L∗, is a subspace for which H̃x

∼= S ′ is

a generalized hexagon of order (s, t
t′
− 1) = (s, t− 1) and that S ∼= H̃x × Ls+1. �

5 Determination of Aut(O2)

This section is devoted to the determination of the full automorphism group Aut(O2) of
the near octagon O2. As before, we denote byQ2 the set of all quads (isomorphic to W (2))
of O2. The set of all lines of O2 that are contained in two quads is then a line spread
S2 of O2. Recall that the point-line geometry S2 defined by S2 and Q2 is a generalized
hexagon of order (4, 1). For every point x of O2, we denote by Lx the unique line of S2

containing x.

The following lemma is well known and straightforward to prove.

Lemma 5.1 (1) If σ is a nontrivial elation with center x and axis L and θ is a
collineation of PG(2, 4), then θ−1σθ is a nontrivial elation with center xθ and axis
Lθ.

(2) If σ is a nontrivial elation with center x and axis L and θ is a correlation of PG(2, 4),
then θ−1σθ is a nontrivial elation with center Lθ and axis xθ.

18



Lemma 5.2 Every automorphism θ of O2 permutes the elements of the line spread S2

and hence determines an automorphism of the generalized hexagon S2
∼= H(4, 1) defined

by S2 and Q2.

Proof. The automorphism θ permutes the quads of O2 and hence the lines of O2 that
can be obtained as intersection of two quads (these are the elements of S2). �

Lemma 5.3 Let Q be a quad of O2 and let L1, L2, L3, L4, L5 the five lines of S2 contained
in Q. If θ is an automorphism of O2 fixing each of these lines, then θ fixes each point of
Q.

Proof. Let x be an arbitrary point of Q, L = {x, y, z} a line through x not belonging to

S2 and contained in Q. Since Q̃ is isomorphic to W (2), the line L is the unique line of Q
meeting Lx, Ly and Lz. As Lθx = Lx, L

θ
y = Ly and Lθz = Lz, it follows that Lθ = L and

xθ = x. �

The following is a consequence of Lemma 5.3.

Corollary 5.4 If θ is an automorphism of O2 fixing each line of S2, then θ is trivial.

Lemma 5.5 Let Q be a quad of O2, and L1, L2, L3, L4, L5 the five lines of S2 contained
in Q. If θ is an automorphism of O2 such that Lθ1 = L1, Lθ2 = L2, Lθ3 = L4, Lθ4 = L5 and
Lθ5 = L3, then θ permutes the points of L1 according to a cycle of length 3.

Proof. For every i ∈ {3, 4, 5}, choose the collinear points ai ∈ L1 and bi ∈ L2 such that
aibi is the unique line of Q meeting L1, L2 and Li. As Lθ1 = L1, Lθ2 = L2, Lθ3 = L4,
Lθ4 = L5 and Lθ5 = L3, we have aθ3 = a4, aθ4 = a5 and aθ5 = a3. �

Recall from Lemma 5.2 that every automorphism O2 induces an automorphism of S2
∼=

H(4, 1). By Corollary 5.4, we then know the following.

Corollary 5.6 Every automorphism of S2 is induced by at most one automorphism of
O2.

Now, let G̃ denote the subgroup of Aut(S2) ∼= L3(4):D12 consisting of all automorphisms

θ̃ of S2 that are induced by automorphisms of O2.
Recall that the points of S2

∼= H(4, 1) can be identified with the flags of PG(2, 4)
and the lines of S2 with the points and lines of PG(2, 4). Consider now a subgroup H
of Aut(S2) with order 3 corresponding to a group of homologies of PG(2, 4) with axis M
and center p 6∈M .

Lemma 5.7 We have H ∩ G̃ = {1}.

Proof. Suppose θ̃ ∈ H ∩ G̃ \ {1} is induced by an automorphism θ of O2. Let Q1 be the
quad of O2 corresponding to M , and let Q2 be a quad of O2 corresponding to a point q
of M . Then Q1 ∩Q2 is the line of S2 corresponding to the flag (q,M) of PG(2, 4).
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Now, every homology with center p and axis M fixes each point of M , implying that
all lines of S2 contained in Q1 are fixed by θ. By Lemma 5.3, this implies that θ fixes
each point of Q1 ∩Q2.

Every nontrivial homology with center p and axis M fixes the lines pq, M and permutes
the other three lines through q according to a cycle of length 3. This implies that θ fixes
two lines of S2 contained in Q2 (including Q1∩Q2) and permutes the other three according
to a cycle of length 3. By Lemma 5.5, this implies that θ permutes the points of Q1 ∩Q2

according to a cycle of length 3. This is however impossible as we have already shown
that θ fixes all points of Q1 ∩Q2. �

Proposition 5.8 We have Aut(O2) ∼= L3(4):22. The automorphisms of O2 are given by
conjugations by elements of L3(4):22.

Proof. From Lemma 5.1 it follows that the action of the group L3(4):D12 and hence
of the group L3(4):22 on the elations via conjugation is faithful. Hence, L3(4):22 can be
regarded as a group of automorphisms of O2, where the action is given by conjugation.
To complete the proof of the proposition, it suffices to show that |Aut(O2)| ≤ |L3(4):22|.
But that is not so hard if one invokes Lemma 5.7. As G̃ ∩ H = {1}, we have 3 · |G̃| =

|G̃| · |H| = |G̃H| ≤ |L3(4):D12|, implying that |Aut(O2)| = |G̃| ≤ |L3(4):22|. �

6 Connection with a distance-regular graph discov-

ered by Soicher

Let Γ denote the Gewirtz graph, that is the unique strongly regular graph with parameters
(v, k, λ, µ) = (56, 10, 0, 2). The automorphism group Aut(Γ) of Γ is isomorphic to L3(4):22.
We have computationally verified (see [3]) that if σ is a central involution of Aut(Γ) ∼=
L3(4):22, then the set Xσ of vertices fixed by σ is a set of size 8 and that the subgraph of
Γ induced on Xσ is the union of two cycles of length 4. Moreover, the central involution
σ is uniquely determined by the set Xσ: the element-wise stabilizer of Xσ inside Aut(Γ)
is a group of order 2 generated by σ. Any set of vertices of Γ of the form Xσ for some
central involution σ of Aut(Γ) will be called a special 8-set of Γ.

In [11], L. Soicher constructed a distance-regular graph Υ (which is also distance-
transitive) of diameter 4 with intersection array {b0, b1, b2, b3; c1, c2, c3, c4} = {56, 45, 16, 1;
1, 8, 45, 56} in the following way. Let C be the smallest conjugacy class of elements of
order 3 in the group Suz:2. Let c denote an arbitrary element of C and denote by V the
set of all c′ ∈ C for which cc′ has order 2. Then Υ is the graph with vertex set V , where
two vertices x and y are adjacent whenever xy has order 2.

If x is a vertex of Υ, then by [11] we know that |Υ2(x)| = 315 and that the local
graph Υx is isomorphic to the Gewirtz graph. The stabilizer Gx of x inside G = Aut(Υ)
is isomorphic to L3(4):22 whose natural action on Υ1(x) is equivalent with the natural
action of Aut(Γ) on Γ.

We have computationally verified (see [3]) that if y ∈ Υ2(x), then the set Υ1(x)∩Υ1(y)
is a special 8-set Xy of the Gewirtz graph Υx, i.e. there exists a unique central involution
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σy of Gx
∼= L3(4):22 fixing each element of Xy. The map y 7→ σy defines a bijection

between Υ2(x) and the set of 315 central involutions of Gx
∼= L3(4):22. In view of this

bijection, the natural action of Gx
∼= L3(4):22 on Υ2(x) is equivalent with the action of

L3(4):22 on the set of central involutions of L3(4):22 (given by conjugation). Using the
same notation for the suborbits as given in Section 3, we have computationally verified
the following for two vertices y1, y2 ∈ Υ2(x) and Y = Υ1(y1) ∩Υ1(y2).

d(y1, y2) |Υ1(x) ∩ Y | |Υ2(x) ∩ Y | |Υ3(x) ∩ Y |
y2 ∈ O0(y1) 0 8 32 16
y2 ∈ O1a(y1) 4 0 0 0
y2 ∈ O1b(y1) 2 4 4 0
y2 ∈ O2a(y1) 2 0 4 4
y2 ∈ O2b(y1) 1 2 4 4
y2 ∈ O3a(y1) 3 0 0 0
y2 ∈ O3b(y1) 2 2 4 2
y2 ∈ O4(y1) 2 1 4 3

Theorem 1.4 readily follows from the information mentioned in the table.

A The G2(4) near octagon and a distance-regular graph

of Soicher

In this appendix we establish the connection between the near octagon O1 and the
distance-regular graph Σ discovered by Soicher in [11], which has intersection array
{416, 315, 64, 1; 1, 32, 315, 416}. The graph Σ is a triple cover of the Suzuki graph (in
the sense of [11]) and has Aut(Σ) ∼= 3 · Suz:2. Under the action of the stabilizer (which is
isomorphic to G2(4):2) of its automorphism group with respect to a vertex x, the orbits
are equal to Σ0(x), Σ1(x), Σ2(x), Σ3(x) and Σ4(x), with sizes 1, 416, 4095, 832 and 2,
respectively (so in particular, the graph Σ is distance-transitive).

Let x be a fixed vertex of Σ. The local graph Σx is isomorphic to the well-known G2(4)-
graph, which is a strongly regular graph with parameters (v, k, λ, µ) = (416, 100, 36, 20).
Let G = Aut(Σ). Then the stabilizer Gx is isomorphic to the group G2(4):2, and it is
the full automorphism group of the local graph Σx. Let O1(x) denote the near octagon
defined on the central involutions of Gx

∼= G2(4):2 (in the sense of Proposition 1.1). We
have computationally verified (see [3]) that every such involution σ (which is a point of
O1(x)) fixes 32 points of the G2(4)-graph Σx, which we denote by Xσ. Moreover, the
elements of Xσ determine the involution σ uniquely, as the group generated by σ is the
unique subgroup of G2(4):2 which fixes Xσ pointwise. Therefore, the 4095 points of O1(x)
are in bijective correspondence with 4095 such special 32-sets in the G2(4)-graph Σx.

In Soicher’s graph Σ we can computationally check that for every vertex y ∈ Σ2(x),
the set Σ1(x) ∩Σ1(y) is a special 32-set of the G2(4)-graph Σx, i.e., there exists a unique
central involution σy of G2(4):2 which fixes this set Xy pointwise. In this manner, we get
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a map y 7→ σy between the 4095 elements of Σ2(x) and the 4095 central involutions of
G2(4):2 which is bijective. Moreover, computations in the graph Σ give us the following
information for two points y1, y2 ∈ Σ2(x) with Y = Σ1(y1) ∩ Σ1(y2), recorded in Table 1.

d(y1, y2) |Σ1(x) ∩ Y | |Σ2(x) ∩ Y | |Σ3(x) ∩ Y |
y2 ∈ O0(y1) 0 32 320 64
y2 ∈ O1a(y1) 4 0 0 0
y2 ∈ O1b(y1) 2 16 16 0
y2 ∈ O2a(y1) 2 0 16 16
y2 ∈ O2b(y1) 1 8 76 16
y2 ∈ O3a(y1) 3 0 0 0
y2 ∈ O3b(y1) 2 5 25 2
y2 ∈ O4(y1) 2 1 25 6

Table 1: Intersection patterns in Soicher’s first graph

From Table 1, it follows that for two vertices y1, y2 in Σ2(x), the involutions σy1 and
σy2 are collinear in the near octagon O1(x) (which is equivalent to σ2 ∈ O1a(σ1)∪O1b(σ1))
if and only if d(y1, y2) = 4 or (d(y1, y2) = 2 and |Σ1(x)∩Σ1(y1)∩Σ1(y2)| = 16). Thus we
have the following.

Theorem A.1 Let x be a vertex of Σ. Then the following hold:

(1) For every vertex y ∈ Σ2(x), the element-wise stabilizer of Σ1(x)∩Σ1(y) inside Gx has
order 2 and is generated by a central involution σy of Gx

∼= G2(4):2. Moreover, the
map θ : y 7→ σy defines a bijection between Σ2(x) and the set of central involutions
of Gx.

(2) Let Γ denote the graph defined on the set Σ2(x) of vertices at distance 2 from x in Σ,
by making two vertices y1, y2 adjacent if and only if d(y1, y2) = 4 or (d(y1, y2) = 2
and |Σ1(x) ∩Σ1(y1) ∩Σ1(y2)| = 16). Then the map θ is an isomorphism between Γ
and the collinearity graph of O1(x).

(3) The map θ also defines an isomorphism between the subgraph of Σ induced on Σ2(x)
(the second subconstituent) and the graph obtained from the collinearity graph of
O1(x) by making two vertices (points of the near octagon) adjacent when they are
at distance 2 from each other and have a unique common neighbor.
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