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1 Introduction

Let S = (P, L,]) be a point-line geometry with nonempty point set P, line set £ and
incidence relation I C P x L. A set H C P is called a hyperplane of § if every line of §
has either one or all of its points in H. A (full) projective embedding of S is an injective
mapping e from P to the point set of a projective space ¥ satisfying (i) (e(P))s = %;
(ii) {e(z)|(z, L) € I} is a line of ¥ for every line L of S. If e : § — ¥ is a projective
embedding of S and I is a hyperplane of ¥, then e~ (e(P) N1I) is a hyperplane of S. We
say that the hyperplane e~!(e(P) NII) arises from the embedding e. A hyperplane of S is
called classical if it arises from some projective embedding of S.

Distances d(-,-) in & will be measured in its collinearity graph. If z is a point of S
and 7 € N, then T';(z) denotes the set of points of S at distance i from z. Similarly, if X
is a nonempty set of points and 7 € N, then I';(X') denotes the set of all points at distance
i from X i.e. the set of all points y for which min{d(y,z) |z € X} = 1.

Consider in the projective space PG(5,K) a symplectic polarity ¢. The subspaces of
PG(5,K) that are totally isotropic with respect to ¢ define a polar space W (5,K). We
denote the dual polar space associated to W (5,K) by DW (5,K). The points and lines
of DW(5,K) are the totally isotropic planes and lines of PG(5,K), with incidence being
reverse containment. The dual polar space DW (5, K) belongs to the class of near polygons
introduced by Shult and Yanushka in [25], implying that for every point x and every line
L, there exists a unique point on L nearest to x. The maximal distance between two
points of DW (5,K) is equal to 3.

If z and y are two points of DW (5, K) at distance 2 from each other, then the smallest
convex subspace (x,y) of DW(5,K) containing = and y is called a quad. A quad @ of
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DW (5,K) consists of all totally isotropic planes of W (5, K) containing a given point z¢
of W(5,K). Any two lines L and M of DW (5, K) meeting in a unique point are contained
in a unique quad which we denote by (L, M). Obviously, we have (L, M) = (x,y) where
x and y are arbitrary points of L \ M and M \ L, respectively. The points and lines of
DW (5, K) contained in a given quad @) define a point-line geometry @ isomorphic to the
generalized quadrangle Q(4,K) of the points and lines of a nonsingular quadric of Witt
index 2 of PG(4,K). If @ is a quad of DW(5,K) and z is a point not contained in @,
then () contains a unique point mg(x) collinear with x and d(x,y) = 1 + d(mg(x),y) for
every point y of Q. If @1 and Qs are two distinct quads of DW (5,K), then Q1 N Q3 is
either empty or a line of DW (5,K). If Q1 N Q2 = 0, then the map Q1 — Qa;x — 7, (2)
is an isomorphism between @vl and Qvg

Since DW (5, K) is a near polygon, the set of points of DW (5, K) at non-maximal dis-
tance from a given point z is a hyperplane of DW (5, K), the so-called singular hyperplane
with deepest point x. If Q) is a quad of DW (5,K) and G is a hyperplane of Q =~ Q4,K),
then QU{z € I'1(Q) | mg(x) € G} is a hyperplane of DW (5, K), the so-called extension of
G. Every hyperplane of Q(4,K) is either the perp a1 := {z} UT;(z) of a point x, a full
subgrid or an ovoid, an ovoid being a set of points meeting each line in a singleton. The
perp of a point x of Q(4,K) is also called the singular hyperplane of Q(4,K) with deepest
point x.

A complete classification of all classical hyperplanes of DW (5, K) is available for all finite
fields and all perfect fields of characteristic 2, see Cooperstein & De Bruyn [10], De
Bruyn [12, 13] and Pralle [23]. For general (possibly infinite) fields K, it seems not
possible to obtain a complete classification of the (not necessarily classical) hyperplanes
of DW (5, K) due to the possibility to construct such hyperplanes via transfinite recursion,
see Beutelspacher & Cameron [3], Cameron [6] or Cardinali & De Bruyn [7, Section 4]. It
might however still be possible to obtain some kind of classification for certain classes of
hyperplanes of DW (5, K). The present paper deals with those hyperplanes of DW (5, K)
that contain a quad. The following is our main result.

Main Theorem. Let H be a hyperplane of DW (5,K), |K| # 2, containing a quad Q.
Then H is one of the following:

(1) a singular hyperplane;

(2) the extension of a full subgrid of a quad;
(3) the extension of an ovoid of Q;
(4)

4) a certain hyperplane containing a unique deep point.

By Pralle [23, Table 1], the dual polar space DW (5,2) = DW (5,F3) has eight isomorphism
classes of hyperplanes containing deep quads. So, the conclusion of the Main Theorem
is false if |[K| = 2. The hyperplanes occurring in (1), (2) and (4) of the Main Theorem
are classical and unique, up to isomorphism. If @ is a quad of DW(5,K) and O; and
O, are two ovoids of @ = Q(4,K), then the extensions of O; and O, are isomorphic
if and only if the ovoids O; and Oy of @ are isomorphic. The hyperplanes occurring



in (3) of the Main Theorem are therefore not necessarily unique (up to isomorphism),
since Q(4,K) can have nonisomorphic ovoids. If |K| is infinite, then Q(4,K) can even
have nonisomorphic classical ovoids, see e.g. Proposition 6.3 of Section 6. For infinite
fields K, it is also possible to construct many non-classical ovoids of Q(4,K) by means
of transfinite recursion, see Cardinali & De Bruyn [7, Section 4]. The situation for finite
fields is completely different. For several prime powers ¢, it is known that all ovoids of

Q4,q) = Q(4,F,) are classical:

Proposition 1.1 e ([2, 20]) Every ovoid of Q(4,4) is classical.
e ([18, 19]) Every ovoid of Q(4,16) is classical.
e ([1]) Every ovoid of Q(4,q), q prime, is classical.

For many values of ¢ however, non-classical ovoids of Q(4,q) do exist: (i) ¢ = p" with p
an odd prime and h > 2 [17]; (ii) ¢ = 22" with h > 1 [27]; (iii) ¢ = 3?"* with h > 1
[17); (iv) ¢ = 3" with h > 3 [26]; (v) ¢ = 3° [22].

The organization of the paper is as follows. The Main Theorem will be proved in Section
4. In Section 2, we define three classes of point-line geometries and provide information
about their generation which will be used in the proof of the Main Theorem. In Section
3, we discuss the notions of a pencil of hyperplanes of Q(4,K) and a hyperbolic set of
quads of DW (5,K). These two concepts will also play a role in the proof of the Main
Theorem. In Section 5, we derive some structural information on those hyperplanes of
DW (5,K), |[K| # 2, that admit deep and ovoidal quads. Finally in Section 6, we discuss
the isomorphism problem for classical hyperplanes of Q(4, K).

2 Three classes of point-line geometries

Consider in PG(3,K) a symplectic polarity ¢. There are two types of lines in PG(3,K),
lines that are totally isotropic (with respect to () and hyperbolic lines. Let L denote a
totally isotropic line of PG(3,K) and let Ly, Ly = L§ denote two orthogonal hyperbolic
lines. We define the following three point-line geometries S;(K), S2(K) and S3(K).

e The points of §;(K) are the points of PG(3,K) and the lines of &;(K) are the
hyperbolic lines of PG(3, K), with incidence being containment.

e The points of Sy(K) are the points of PG(3,K) \ L and the lines of S3(K) are the
hyperbolic lines of PG(3, K) disjoint from L, with incidence being containment.

e The points of S3(K) are the points of PG(3,K) \ (L; U Ly) and the lines of S3(K)
are the hyperbolic lines of PG(3,K) disjoint from L; U Lo, with incidence being
containment.

Observe that Sy(K) and S3(K) are full subgeometries of S;(K). The point-line geometry
S1(K) is called the geometry of the hyperbolic lines of the symplectic polar space W (3, K)
associated with (.



If 21, 29,...,2 are k > 1 points of S;(K), i € {1,2,3}, then [z, 2o, ..., x;]; denotes
the smallest subspace of S;(K) containing {z1,zs,...,2%}. If [21,29,...,2g]; coincides
with the whole point set of S;(K), then we say that S;(K) is generated by the points
T1,T2y...,Tk.

For a proof of the following lemma, see Cooperstein [9, Lemma 2.3] (finite case) and De
Bruyn & Pasini [16, Lemma 2.2] (general case).

Lemma 2.1 ([9, 16]) If |[K| > 3, then S;(K) can be generated by four points.

Lemma 2.2 [f |[K| > 4, then S2(K) can be generated by four points.

Proof. Let p be a point of PG(3, K) not belonging to L and put a := p°. Put {p'} = anL.
Let x1, o and x3 be three noncollinear points of «a such that xixy and zix3 meet the
line pp’ in points distinct from p and p’. Since x1x9 and xix3 are hyperbolic lines, we
have x1x9 U xyx3 C [x1, 29, 23]5. Through every point x of a distinct from z;, p and
P/, there exists a line distinct from zzy, zp and xp’. Since this line is a hyperbolic line
disjoint from L which contains two distinct points of z129 U 123 C [21, X9, T3]0, it is
completely contained in [x7, o, x3]o. In particular, we have x € [z1, 29, z3]2. It follows
that a\ {p,p'} C [x1, 22, x3]2.

Now, let p” be an arbitrary point of pp’ distinct from p and p’. Then o’ := (p”)¢
is a plane through pp’ distinct from «. Let x4 be an arbitrary point of o/ \ pp’. In
the plane o/, there are two distinct hyperbolic lines M; and M, through x4 not meeting
{p, P, p"}. Each of these lines contains two points of [z, x5, 3, 4] and hence is contained
in [xq1, 29, 23, x4]o. Every point x of o distinct from z4, p’ and p” is contained in a
line distinct from zx4, xp’ and xp”. Since this line is a hyperbolic line disjoint from L
containing two distinct points of My U My C [, 29, 3, Z4]2, it is completely contained in
[x1, T2, T3, T4]o. In particular, we have x € [z1, 9, 23, x4]2. It follows that o’ \ {p/,p"} C
(21, T2, T3, T4]o.

Since a \ {p,p'} C [x1,22,23)2 C [21, X2, T3, 24]0 and o \ {p/,p"} C [x1, 22, T3, 24]0,
we have (U o') \ {p'} C [x1, 22, 23, 24]2. Now, let x be an arbitrary point of PG(3, K)
not contained in LU a U a’. If M is a line through z not contained in z¢ U (z, L) U
(x,pp’), then M is a hyperbolic line disjoint from L containing at least two points of
(21, X9, T3, 4]o, namely the points in M Na and M Na'. It follows that © € [z, g, T3, T4)o.
So, [x1, T2, 3, x4)2 coincides with the whole point set of Sy(K). O

Lemma 2.3 If |K| > 5, then S3(K) can be generated by four points.

Proof. Let z; be an arbitrary point of S3(K) and let L,, denote the unique (totally
isotropic) line through z; meeting L; and L. Put {u;} = L,, N Ly and {us} = L., N Lo.
Let a be a plane of PG(3,K) through L,, distinct from u§ = (x1, L), u$ = (x1, Ly) and
x% Then o = ug for some point uz € Ly, \ {u1, u2,z1}. Now, let x5 and 3 be two distinct
points of «\ L,, such that xoxs meets L,, in a point different from 1y, uy, us and us.
Since zox3 is a line of S3(K), every point of zox3 belongs to [z, xa, x3]3. Now, considering
(hyperbolic) lines through x; contained in «, we see that every point of '\ L., is contained



in [21,xs, x3)3. Now, let y denote an arbitrary point of L, \ {u,us, us}. By considering
a (hyperbolic) line of v through y distinct from L,,, we see that y € [z1, x9, x3)3. Hence,
L,, \ {U17U2,U3} - [96’1,952,%3]3-

Now, let o be a plane of PG(3,K) through L,, distinct from u$ = (L., L1), u§ =
(Lg,, Ly) and o = u§. Then o = u for some point uy € Ly, \ {uy,us,us}. Now,
let x4 denote an arbitrary point of o’ \ L,, and let v; and vy be two distinct points of
L., \ {u1,u2,u3,us}. Such points exist since |K| > 5. We will show that [z, zo, 23, 243
coincides with the whole point set of S3(K). Considering the hyperbolic line vz, we see
that vixy C [21, 29, T3, 24]3. By considering hyperbolic lines through v, we now see that
o'\ Ly, C [x1,29,x3,24)3. By considering a hyperbolic line through wug contained in o/,
we see that also uz € [xy, 29, x3,24]3. Hence, a U/ \ {ug,us} C [x1, 29,23, 24]3. Now,
let y be an arbitrary point of S3(K) not contained in o U a/. Let L be a line through
y not contained in (y, L;) U (y, Lo) U (y, Ly, ) Uy*. Then L is a line of S3(K) containing
two distinct points of [z, z2, 3, 243, namely the unique points in LN« and L N«/. This
implies that y € [z1, xe, T3, 4]3. This shows that {z1, e, x3, 24} generates S3(K). a

Lemma 2.4 [If {1, x9, 23,24} is a generating set of size four of S;(K) (i € {2,3}), then
{1, 9,23, 24} is also a generating set of points of S;(K).

Proof. Obviously, the point set [z, x9, 23, 24]; of S;(K) is contained in [z, 29, 3, 24)1.
Let = be an arbitrary point of &;(K) that is not a point of S;(K). Then z € L if i = 2 and
x € L1ULy if 1 = 3. Let M denote an arbitrary hyperbolic line through x distinct from L,
and Lo if ¢ = 3. Since every point of M\ {z} is a point of [z, z9, 3, x4); C |21, 22, 3, T4)1,

we also have = € [z, o, T3, T4)1. O

3 Some basic properties

The lines and quads of the dual polar space DW (5, K) through a given point x define a
linear space Res(z) = PG(2,K). If H is a hyperplane of DW (5,K) and if € H, then
Apg(x) denotes the set of lines through x contained in H. We will regard Ay (x) as a set
of points of Res(z) = PG(2,K). If Ay(x) is the whole set of points of Res(z), then x is
called deep (with respect to H).

If H is a hyperplane of DW(5,K) and @ is a quad, then either Q@ C H or QN H is a
hyperplane of Q< Q(4,K). If Q C H, then Q is called a deep quad. f QN H =2+ NQ
for some point z € @, then @ is called singular (with respect to H) and x is called the
deep point of Q). The quad @ is called ovoidal (respectively, subquadrangular) with respect
to H if Q N H is an ovoid (respectively, a full subgrid) of @

A set G of hyperplanes of Q(4,K) is called a pencil of hyperplanes if every point of
Q(4,K) is contained in either 1 or all elements of G. If G is a pencil of hyperplanes
of Q(4,K), then Jsg G coincides with the whole point set of Q(4,K) and G; N Gy =
G1 N Gy = Gy N Gy for any three distinet hyperplanes G, G and G3 of G.

Lemma 3.1 Let Gy and Gy be two distinct hyperplanes of Q(4,K) containing a line L.
Then through every point x not contained in G1UG>, there exists a unique hyperplane G,
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such that Gy NGy = G NG, = GoNG,. As a consequence, G and G are contained in
a unique pencil G of hyperplanes of Q(4,K). If Gy and Gy are two singular hyperplanes,
then every hyperplane of G is also singular. If at least one of G1, Gy is not singular, then
precisely one hyperplane of G is singular.

Proof. Since G;, i € {1,2}, contains L, it is either a singular hyperplane or a full subgrid.
If G is a hyperplane of Q(4,K) satisfying G; N Gy = G1 NG = Gy NG, then G contains
L and hence G is also a singular hyperplane or a full subgrid. We distinguish two cases.

(1) Suppose G and Gy are singular hyperplanes. Then the deepest points of G; and
G, lie on L and Gy NG5 = L. Any hyperplane G satisfying Gi NGy =G NG =G, NG
necessarily is a singular hyperplane. So, G, must be the singular hyperplane whose
deepest point is the unique point of L collinear with x.

(2) Suppose at least one of G, Gs is a full subgrid. Then Gy N G5 is the union of two
lines L and L'. Put {u} = LN L. If x ~ u, then G, must be the singular hyperplane
of Q(4,K) with deepest point u. If z o u, then G, must be the unique full subgrid of
Q(4,K) containing L U L' U {z}. O

As in Section 1, let W(5,K) be the polar space associated with the dual polar space
DW (5,K). If L is a hyperbolic line of PG(5,K) (i.e. a line of PG(5,K) that is not a line
of W(5,K)), then the set Qy, of the (mutually disjoint) quads of DW (5, K) corresponding
to the points of L satisfy the following property: any line M meeting two distinct quads
of Q meets every quad of Q in a unique point. Moreover, the quads of Q; cover all
the points of M. The set Qy is called a hyperbolic set of quads of DW (5,K). Every two
disjoint quads @1 and @5 of DW (5, K) are contained in a unique hyperbolic set of quads
which we denote by H(Q1, Q2).

Let H be a hyperbolic set of quads of DW (5, K). Let Pz, denote the set of all quads of
DW (5,K) that meet each quad of H (necessarily in a line). If Ry and R, are two disjoint
elements of PH, then H(R17 Rg) - PH. Put LH = {H(Rl, RQ) | Rl, RQ S PH and R1 N
Ry = 0} and let Sy be the point-line geometry with point set Py, line-set L3, and natural
incidence. The following lemma is not so hard to prove, see e.g. Lemmas 3.10, 3.11 and
3.5 of De Bruyn [15] where these claims have been proved in the finite case, but the proofs
naturally extend to the infinite case.

Lemma 3.2 (1) For every hyperbolic set H of quads of DW (5,K), Sy is isomorphic to
S1(K).

(2) If H is a hyperbolic set of quads of DW (5,K), then UerH Q is the whole point set
of DW(5,K). Moreover, every point of DW (5,K) not contained in |,y @ is contained
in a unique element of Py.

(3) Let H be a hyperbolic set of quads of DW (5,K) and let H be a hyperplane of

DW(5,K) such that H N Q1 and mg,(H N Q2) are distinct hyperplanes of Q1. Then
{mo,(HNQ)|Q € H} is a pencil of hyperplanes of Q1.

The dual polar space DW (5, K) admits a nice full projective embedding e in PG(13,K)
which is called the Grassmann embedding of DW (5,K), see e.g. Cooperstein [9, Propo-
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sition 5.1]. It is straightforward to verify (see e.g. Cardinali, De Bruyn and Pasini [8,
Proposition 4.10]) that if @) is a quad of DW (5, K), then the embedding eq of @ >~ Q(4,K)
induced by e is isomorphic to the natural embedding of Q = Q(4,K) in PG(4,K). So,
(e(Q)) is 4-dimensional. Tt is also straightforward to verify (see e.g. the proof of Lemma
4.3 of Blok, Cardinali & De Bruyn [5]) that if @; and @y are two disjoint quads of
DW (5,K), then (e(Q1)) and (e(Q2)) are two disjoint subspaces of PG(13,K).

Lemma 3.3 Suppose |K| > 3. Let Q1 and Q2 be two disjoint quads of DW (5,K), let
x1,Za, ..., x5 be five points of Q1 such that {e(z1),e(xs),...,e(xs5)) = (e(Q1)) and let
Y1, Un- -y be five points of Qs such that (e(yy),(ya), - e(ys)) = (e(Qa)). Put H =
H(Q1,Q2) and let Ry, Ry, R, Ry be four quads of Py forming a generating set of size four
of Su = Si1(K). For every i € {1,2,3,4}, let z; be a point of R; \ Ugey @ Then the 14
points 6(1‘1), 6(33‘2), s ,6(1‘5), e(yl)v €<y2)a s ,6(3/5), 6(21)7 6(22), 6(23), 6(24) form a basis Of
PG(13,K).

Proof. It suffices to prove that the subspace ¥ generated by these fourteen points
coincides with PG(13,K). Put X := e~'(e(P)N3), where P is the point set of DW (5, K).
Then X is a subspace of DW (5, K) containing @1, Qo and {21, 22, 23, 24}. If S; and Sy
are two disjoint quads of DW (5,K) and S € H(S, S2), then the points of S are covered
by the lines meeting S; and S,. This implies the following:

() If S; and Sy are two disjoint quads contained in X, then also every S €
H(S1, S2) is contained in X.

By Property (%), every @ € H = H(Q1,Q2) is contained in X. Now, for every i €
{1,2,3,4}, let G; be the set of points of R; contained in a quad of H. Then G} is a full
subgrid of E which is contained in X. Since also the point z; € R; \ G; belongs to X, we
have R; C X. Since {Ry, Ry, R3, R4} is a generating set of the point-line geometry Sy,
every point of Sy is contained in X by Property (x). Lemma 3.2(2) now implies that X
coincides with the whole point set of DW (5,K). So, ¥ = PG(13,K). O

4 Proof of the Main Theorem

In this section, we prove the Main Theorem. We will achieve this goal in three subsections.
In Section 4.1, we prove that every non-classical hyperplane of DW (5,K) is the extension
of a non-classical ovoid of a quad of DW(5,K). In Section 4.2, we use this result to
prove that every hyperplane of DW (5,K), |[K| # 2, that contains a quad has a deep
point. In Section 4.3, we will employ the existence of a deep point to obtain our desired
classification. The discussion in Section 4.3 is based on Section 6 of the paper [12].

4.1 The non-classical hyperplanes containing a deep quad

We suppose that H is a hyperplane of DW (5, K), |K| # 2, containing a quad Q.



Lemma 4.1 If every quad disjoint from Q) s either deep or ovoidal with respect to H,
then H is the extension of an ovoid of Q).

Proof. (1) We prove that every line L disjoint from ) meets H in precisely one point.
Suppose to the contrary that L C H and let Q)" be an arbitrary quad through L disjoint
from Q. Then ' C H. Let x be an arbitrary point of Q’. We prove that 2+ C H,
or equivalently, that every line M through z is contained in H. If M is the unique line
through  meeting (), then M C H since M contains two points of H, namely the points
in MNQ and M NQ'". If M does not meet ), then M is contained in a quad Q" disjoint
from ). Since Q" N Q" C H is at least a line, we have Q" C H. In particular, M C H.

So, we have that 2+ C H for every z € @'. This would imply that H is the whole
point set of DW (5, K), an obvious contradiction.

(2) By (1), no quad is subquadrangular with respect to H. We prove that if a point
x € @ is contained in a line L C H not contained in @, then z+ C H. Let M denote an
arbitrary line through x distinct from L. Then the quad (L, M) is either deep or singular
with respect to H. Since L and (L, M) N @ are contained in H, every line of (L, M)
through z is contained in H. In particular, M C H. Hence, v+ C H.

(3) Let X denote the set of all points € @Q for which 2t C H. Then H = Q U

<Ux€ X xL> by (2). Since every quad disjoint from @) is ovoidal with respect to H (by
(1)), X must be an ovoid of Q. So, H is the extension of an ovoid of Q. O

Lemma 4.2 [f3 < |K| <7, then H arises from the Grassmann embedding of DW (5, K).

Proof. In De Bruyn [15], it was proved that if H is a hyperplane of DW (5,¢q), q # 2,
such that ) N H is a classical ovoid of ) for every ovoidal quad (), then H arises from the

Grassmann embedding of DW (5,¢). The lemma follows from Proposition 1.1 and this
fact. O

Lemma 4.3 If there exists a quad Q' disjoint from Q such that Q"N H is a classical
hyperplane of Q' = Q(4,K), then H arises from the Grassmann embedding of DW (5,K).

Proof. By Lemma 4.2, we may assume that |K| > 8. Let e : DW(5,K) — PG(13,K)
denote the Grassmann embedding of DW (5,K). Put ‘H := H(Q, Q). Let X denote the
set of all quads R € Py for which RN Q' is a line of Q" not contained in H. Let Y
denote the set of all sets H(R, R') where R and R’ are two disjoint quads of X such that
H(R,R') C X. Let S be the point-line geometry with point set X and line set ), with
incidence being containment. Then & = §;(K) if ' is an ovoidal quad, S = Sy(K) if
@' is a singular quad and S = S3(K) if @ is a subquadrangular quad. By Lemmas 2.1,
2.2 and 2.3, the geometry S has a generating set {R;, Ry, R3, R4} of size 4. For every

i € {1,2,3,4}, let z; be a point of R; N H not contained in the subgrid R; N (UseH S>

of /RVZ In order to establish the lemma, it suffices to prove the following two claims.

(a) There is a hyperplane H* arising from e satisfying the following properties: o () C
H*a hd Q,mH* = leHa ® T1,T2,T3, T4 € H*.



(b) There is at most one hyperplane H' of DW (5, K) satisfying the following properties:
(i) Q C H'; (i) QN H=Q N H (iil) x1, 7, 23,24 € H'.

If (a) and (b) are valid, then we can conclude that H = H* arises from the Grassmann
embedding e.

We first prove (a). By Lemmas 2.4 and 3.3, PG(13,K) = (e(Q), e(Q’), e(z1), e(x2), e(x3),
e(z4)). We also know that (e(Q)) and (e(Q')) are two disjoint four-dimensional sub-
spaces. The subspace (e(Q' N H)) is a hyperplane of (e(Q')) and hence IT := (e(Q), e(Q'N
H),e(x1),e(xs), e(x3), e(z4)) is a hyperplane of PG(13,K). If we put H* := e~!(e(P)NII),
where P is the point set of DW (5, K), then H* satisfies the required properties.

We next prove (b). We will achieve this goal in a number of steps.

STEP 1: If H' is a hyperplane satisfying conditions (i), (ii) and (iii) above, then H' N R;,
i €{1,2,3,4}, is uniquely determined.

PrOOF. Put L' := R;NQ’, L := R;N(Q, let v’ be the unique point in L' N H and let u be
the unique point of L collinear with u’. If z; is collinear with u, then we necessarily have
HNR;, = ut N R;. If ; is not collinear with u, then H' N R; is the unique full subgrid of
R; containing wu' U L and x;. (QED)

STEP 2: Suppose H' is a hyperplane satisfying conditions (i), (ii) and (iii) above. Let
R and R’ be two disjoint quads of X such that H(R,R') C X. Then for every R" €
H(R,R)\{R,R'}, H N R" is uniquely determined by H' "R and H' N R'.

ProoF. Put L .= RNQ', L' == RR'NQ and L” := R"N Q. Put {u} = LN H,
{u'} = L'NH and {u"} := L" N H'. The fact that H(R, R') C X implies that the points
u, v’ and u” are mutually noncollinear. So, mg+(RNH') and 7/ (R N H') are two distinct
hyperplanes of R’ containing the line mo(L") = R" N Q. By Lemma 3.1, there exists a
unique hyperplane G of R" such that v” € G and G N mri(RNH)=GN7mpi(RRNH') =
mrr(RNH"YN7R(R' N H'). By Lemma 3.2(3), we necessarily have H' N R” = G. (QED)

STEP 3: If H' is a hyperplane satisfying conditions (i), (i1) and (iii) above, then H' N R
1s uniquely determined for every R € X.

PRroOF. This follows from Steps 1 and 2 and the fact that { Ry, Ro, R3, R4} is a generating
set of the geometry S. (QED)

STEP 4: Suppose H' is a hyperplane satisfying conditions (i), (ii) and (iii) above. If
R e Py \ X, then RN H' is uniquely determined.

PROOF. Consider an element of H' € L3, containing R such that H'\{R} C X. If Lis a
line meeting each quad of H’, then L N RN H' is uniquely determined by the intersections
LNRNH,R € H'\{R}. Ifallof LN R' N H', R € H'\ {R}, are singletons, then
LNRNH' = LNR. If LNR'NH’is empty for every R' € H'\{R}, then LNRNH' = LNR.
If precisely one of LNR'NH', R € H'\ {R}, is a singleton, then LNR'NH' = (. (QED)

STEP 5. There is at most one hyperplane H' satisfying conditions (i), (ii) and (iii) above.
Proor. This follows from Steps 3 and 4, and the fact that the quads of Py cover all the
points of DWW (5,K). (QED) O



Lemma 4.4 The eztension H of a classical ovoid O of a quad Q of DW (5,K) arises
from the Grassmann embedding of DW (5,K).

Proof. Take a quad @)’ disjoint from . Since the map @) — Q’;z — 7wy (z) defines an
isomorphism between @ and (), the set Q"N H = 7o (O) necessarily is a classical ovoid of

@’. Lemma 4.3 now implies that H arises from the Grassmann embedding of DW (5, K).
O

By Pralle [23] or De Bruyn [12], Lemma 4.4 remains valid if |K| = 2. We proved Lemma
4.4 with the aid of Lemma 4.3. Lemma 4.4 can also be proved with the techniques exposed
in Section 3 of De Bruyn [13]. In fact, Lemma 4.4 is precisely Lemma 3.7 of [13] (where
the field was supposed to be perfect and of characteristic 2). Lemma 4.4 is also a special
case of Theorem 1.2(3) of De Bruyn [14]. However, the machinery necessary to prove
Theorem 1.2(3) of [14] is more advanced than the one used in [13] or the present paper.

Since full subgrids and singular hyperplanes of (4, K) are classical hyperplanes, Lemmas
4.1, 4.3 and 4.4 imply the following.

Corollary 4.5 If H is a non-classical hyperplane of DW (5,K) containing a quad, then
H is the extension of a non-classical ovoid of a quad.

Observe that the extension of a non-classical ovoid of a quad of DW (5, K) cannot arise
from a projective embedding. Since every hyperplane of DW (5,2) is classical, Corollary
4.5 remains valid if |K| = 2.

4.2 The existence of deep points

In this section, we make use of the following lemma, a proof of which can be found in
Pasini [21, Theorem 9.3] and Cardinali & De Bruyn [7, Corollary 1.5].

Lemma 4.6 Let H be a hyperplane of DW (5,K) arising from the Grassmann embedding
and let x € H. Then Ag(x) is a possibly singular quadric of Res(z) = PG(2,K).

Observe that in Lemma 4.6, the whole point set of Res(z) should be regarded as a singular
quadric.

As before, let @@ be a quad of DW (5,K), |K| # 2, contained in H. We prove that
there exists a point z € @ for which #+ C H. Suppose that this is not the case. Then by
Lemmas 4.1, 4.3 and 4.6, for every point x € @), Ay () is either a line of Res(z) or the
union of two distinct lines of Res(x). We distinguish the following two cases and derive
a contradiction in each of them.

e There exists a point z* € @ such that Ay (z*) is a line of Res(z*).

e For every point x € @, Ay(z) is the union of two lines of Res(x).
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Case I: There exists a point z* of () such that Ay (z*) is a line of Res(z*)

Lemma 4.7 (1) If R is a quad that intersects QQ in a line through x*, then R is singular
with deepest point in (RN Q) \ {z*}.

(2) If L is a line of Q through x* and if Ry and Rs are two distinct quads intersecting
Q in L, then the deepest points of Ry N H and Ry N H are distinct.

Proof. (1) This follows from the fact that (z*)* N RN H = RN Q.
(2) Suppose y € L\ {z*} is the deepest point of Ry N H and Re N H. Then Ag(y)
contains three lines of Res(y), which is impossible. O

Lemma 4.8 Every point y € ((z*)t N Q) \ {a*} is the deepest point of a unique singular
quad through x*y. For every point y € ((x*)tNQ)\ {z*}, Au(y) is the union of two lines
of Res(y).

Proof. Let Ry and Ry be two distinct (singular) quads through x*y and let y;, i € {1, 2},
be the deep point of R; N H. Then y; # yo. Let L;, i € {1,2}, be a line of @) through y;
distinct from yx*, and let S; be a quad through L; distinct from (). Since L; = S;NQ C H,
S;NR; C Hand S;NRy_; £ H, the quad S; is subquadrangular with respect to H. Put
H = H(S1,52) and let S* be the unique quad of H containing z*. By Lemma 3.2(3),
G = {ms-(SN H)|S € H} is a pencil of hyperplanes of S* containing the two distinct
subgrids 7g«(S1 N H) and mg«(S2 N H). Since the subgrids 7g«(S1 N H) and mg« (S N H)
contain the line mg«(L1) = mg+(Lg) = S*NQ, the pencil G of hyperplanes of S* consists of
a unique singular hyperplane by Lemma 3.1. By Lemma 4.7, the unique quad S € ‘H for
which 7g«(S N H) is a singular hyperplane of S* is precisely S*. So, the unique quad of
H through y is subquadrangular. So, there exists a line L, € H through y not contained
in Q. This implies that Ay (y) is the union of two lines of Res(y). Moreover, the deep
point of the singular quad (L, z*y) necessarily coincides with y. O

Lemma 4.9 If R is a quad intersecting () in a line L not containing x*, then R is
subquadrangular.

Proof. Let y denote the unique point of L collinear with z*. Then Ag(y) is the union of
two lines of Res(y). Let @ and S denote the quads through y corresponding to these two
lines. Then S contains the line 2*y. There are now two lines of R through y contained in
H, namely the lines L = RN and RN.S. This implies that R is subquadrangular. O

We are now ready to derive a contradiction. Let u be a point of Q\ (z*)*. Then by Lemma
4.9, every quad through u distinct from @) is subquadrangular. This is not compatible
with the fact that Ay (u) is either a line or the union of two distinct lines of Res(u).

Case II: For every point = € @), Ay(z) is the union of two lines of Res(x)

Lemma 4.10 For every point x € Q, there exists a unique line L, C Q through x such
that: (i) if R is a quad intersecting Q) in L,, then R is deep or singular; (ii) if R is a
quad through x intersecting Q in a line L # L., then R is subquadrangular.
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Proof. The set Ay (z) is the union of two distinct lines of Res(x) through a given point
u of Res(x). The line L, is precisely the line through = corresponding to the point u of
Res(x). O

The following is an immediate consequence of Lemma 4.10.

Corollary 4.11 The lines L., v € @, form a spread A of @, i.e. a set of lines of @
partitioning the point set.

Now, let L; and Ly be two distinct lines of A. Then L; and L, are contained in a unique
full subgrid G of Q. Let S;, i € {1,2}, be a quad of DW (5, K) intersecting ) in L;. Then
S; is deep or singular with respect to H. Put H := H (S, S2). If S; and Sy are deep, then
every S € H is also deep. If for a certain i € {1,2}, S; is deep and S5_; is singular, then
every S € H \ {S1, 52} is also singular and 7g, ,(SNH) = S3_; N H. If S} and S are
singular and 7g, (H N Se) = H N S, then there exists a unique S* € ‘H that is deep with
respect to H. Moreover, mg, (SN H) = 51N H for every S € H\ {S*}. Finally, if 5; and
Sy are singular and 7g, (Se N H) # 51 N H, then every quad of H is singular by Lemmas
3.1 and 3.2(3). So, we see that also every line of G disjoint from L; and Ly belongs to .A.
This is however impossible: the spread A has lines not contained in G an each such line
contains a unique point of G.

4.3 The classical hyperplanes of DW (5 ,K) containing a deep
point

In this section, we suppose that H is a classical hyperplane of DW (5,K), |K| # 2,

containing a quad (). By Section 4.2, we know that there exists a point = € () for which

xt C H. Observe that every quad through z is either deep or singular with respect to

H. If D(z) # 0 denotes the set of quads through = contained in H, then by Lemma 6.1
of De Bruyn [12], we know that the following holds.

Lemma 4.12 Suppose y € H NT['3(x), then there exists an isomorphism from Res(y) to
the dual Res”(x) of Res(z) mapping Au(y) to D(z).

In view of Lemmas 4.6 and 4.12, we can then consider the following cases:
(1) Ds(z) N H = 0;

(2) T3(x) N H # 0 and Ag(y) is a point of Res(y) for every y € H NT5(z);
(3) Ts(z) N H # () and Ay (y) is a line of Res(y) for every y € H N T'3(x);
(4) )

4

r
s3(z) N H # 0 and Ay(y) is the union of two distinct lines of Res(y) for every
y € HNT3();

r

()

3(x) N H # () and Ag(y) is a nonsingular nonempty conic of Res(y) for every
Yy < HnN Fg(l’);
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(6) T3(x) N H # () and Ag(y) is the whole point set of Res(y) for every y € H NT'3(x).

If case (1) occurs, then H is the singular hyperplane with deepest point x. This is a
consequence of the fact that every hyperplane of DWW (5,K) is a maximal proper subspace
(see Blok & Brouwer [4, Theorem 7.3] or Shult [24, Lemma 6.1]). Indeed, the fact that
[s(z) N H = () implies that H is contained in the singular hyperplane of DW (5, K) with
deepest point z.

If case (2) occurs, then by Proposition 6.5 of De Bruyn [12], H is the extension of a
(necessarily classical) ovoid of a quad @ of DW (5, K). This quad @ is obtained as follows.
Let y € I's(x) N H, let L, denote the unique line through y contained in H and let z be
the unique point of L, at distance 2 from z. Then Q = (z, 2).

If case (3) occurs, then by Proposition 6.4 of De Bruyn [12], H is a singular hyperplane
whose deepest point is contained in I'y ().

If case (4) occurs, then by Proposition 6.6 of De Bruyn [12], H is the extension of a full
subgrid G of a quad @ of DW(5,K). The quad @ and its subgrid G can be constructed
as follows. Let y € I's(x) N H. By Lemma 4.12, there are two distinct lines L; and Lo
through x such that D(z) consists of the quads through = containing L; or L, or both.
Then Q = (L1, Ly) and G is the unique full subgrid of Q containing L, U Ly U {mo(y)}.

By Lemma 6.8 and Proposition 6.10 of De Bruyn [12] (see also [13, p. 580]), DW (5, K)
has, up to isomorphism, a unique classical hyperplane corresponding to case (5) above.
The proof relies on properties of the Grassmann embedding of DW (5, K).

Observe that there exists no hyperplane as in case (6) above. Indeed, if case (6) occurs,
then by Lemma 4.12, D(z) consists of all quads through x. This would imply that the
singular hyperplane H, with deepest point x is contained in H. Since H, is a maximal
proper subspace, we would have H = H,, in contradiction with I's(x) N H # 0.

We wish to observe that Propositions 6.4, 6.5, 6.6, 6.10 and Lemmas 6.1, 6.8 in [12]
are stated for the finite dual polar space DW (5, ¢), but that their proofs remain valid if
IF, is replaced by any field K.

Suppose now that case (5) occurs. Then Ay (z) is the whole point set of Res(z) and
Ap(y) is a nonsingular nonempty conic of Res(y) for every y € I's(x) N H. Recall that
D(z) is a nonsingular nonempty conic of the dual projective plane Res”(x) of Res(z).

Let y € T'y(x). If the line yx is a line of Res”(x) exterior to D(z), then Ax(y) is a
singleton of Res(y). If the line yx is a line of Res”(x) tangent to D(x), then Ay(y) is a
line of Res(y). If the line yx is a line of Res”(z) that is secant to D(x), then Ag(y) is
the union of two distinct lines of Res(y).

Let y € I'y(x) N H. Then the quad (x,y) belongs to D(z). Let L be a line through
x contained in (x,y) that is a line of Res”(x) secant to D(x). Let z denote the unique
point of L collinear with y. Then Ag(z) is the union of two distinct lines of Res(z)
through the point of Res(z) corresponding to L. This implies that every quad through
yz distinct from @ is subquadrangular. This latter fact implies that Ay (y) is the union
of two distinct lines of Res(y).

The above implies that x is the unique point of H that is deep with respect to H.
In fact, among all the hyperplanes of DW (5,K), |K| # 2, containing a quad, the ones
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with a unique deep point are precisely those hyperplanes isomorphic to the hyperplane H
considered here.

5 On the structure of hyperplanes of DW (5 K) ad-
mitting deep and ovoidal quads

At the end of Section 4, we derived some structural information on the hyperplanes of
DW (5,K), |K| # 2, that contain a quad and a unique deep point. In the present section,
we derive some additional structural information if the hyperplane is also known to admit
ovoidal quads.

The setting is as follows. We suppose that H is a hyperplane of DW (5, K), |K| # 2,
admitting a deep quad (); and an ovoidal quad Q. Then Q; N Qy = (. Put H :=
H(Q1,Q2). Observe that for every @ € H \ {Q1}, the quad @ is ovoidal with respect to
H and mg, (QNH) =7, (Q2N H).

By the Main Theorem, we know that H is either the extension of an ovoid of a quad
or a classical hyperplane containing a unique deep point z*. In the latter case, the set
D(z*) of deep quads through z* defines a nonsingular nonempty conic in the dual plane
ResP(x*) of Res(z*). The existence of ovoidal quads implies that Res”(z*) has lines
which are exterior to D(z*), or equivalently that K has quadratic extensions.

Lemma 5.1 If R € Py, then R is subquadrangular or singular with respect to H.

Proof. Since (RN Q2) N H is a singleton, R cannot be deep and since (RN Q1) N H is
the line R N (), R cannot be ovoidal. |

Lemma 5.2 (1) Let Ry and Ry be two disjoint quads of Py that are singular with respect
to H. Then every quad of H(Ry, Rs) is singular with respect to H with deep point belonging

to Ql-

(2) Let Ry and Ry be two disjoint quads of Py such that at least one of Ry, Ry is
subquadrangular with respect to H. Then there ezists a unique quad in H(Ry, Ry) that is
singular with respect to H (with deep point belonging to Q1 ).

Proof. This is a consequence of Lemmas 3.1 and 3.2(3). O

Let X4 denote the set of quads of Py, that are singular with respect to H. By Lemmas
5.1 and 5.2, we immediately have

Corollary 5.3 The set Xy is either Py or a hyperplane of Sy.

Proposition 5.4 If X3, = Py, then H is the extension of the ovoid mg,(Q2: N H) of@vl.

Proof. Every quad R € Py is singular with respect to H with deep point 7g, (RNQ2NH).
Now, by Lemma 3.2(2), every point of DW (5,K) is contained in an element of Py.
Hence, the points of H \ ); are precisely the points z not contained in )y for which

7, (x) € mo,(Q2 N H). So, H is the extension of the ovoid g, (Q2 N H) of Q. O
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Lemma 5.5 Suppose Xy is a hyperplane of Sy;. Then the following holds:

(1) There ezists a unique line L* of Q1 such that the singular quads of Py are precisely
those quads of Py meeting L*.

(2) If x* is the unique point of L* contained in g, (Q2NH), then x* is deep with respect
to H.

Proof. (1) If |K| > 3, then for every hyperplane G of the point-line geometry S; (K), then
there exists a unique point u of PG(3,K) such that G consists of all points of W (3,K)
collinear with or equal to u, see e.g. Proposition 1.4 of De Bruyn [11]. Since Sy = S;(K)
and Xy is a hyperplane of Sy, this implies that there exists a unique line L* of ¢); such
that the singular quads of Py are precisely those quads of Py meeting L*.

(2) Let L denote the unique line through z* meeting Q2. Then L C H. Let M denote
a line through z* distinct from L. The quad (L, M) of Py is singular with respect to H
and its deep point equals z* (since L C H and (L, M) N @, € H). Hence, M C H. O

By using Lemmas 5.1 and 5.5, it is now not so hard to prove that H satisfies the fol-
lowing properties without relying on Lemma 4.6 or any other property of the Grassmann
embedding of DW (5, K).

(i) If v € Q1 NTo(2*), then Ag(z) is the union of two lines of Res(z).

(17) Every line through z* is contained in at most two deep quads.

(7i1) Every deep quad @) through z* contains a unique line through x* that is contained
in a unique deep quad (namely, @ itself). Every other line of @) through z* is contained
in precisely two deep quads.

We omit the proofs since by Section 4 we already know that these properties are valid.
Observe that (ii) and (iii) imply that D(z*) is a so-called oval of Res?(z*). By Section
4, we know that this oval is in fact a nonsingular conic.

6 The classical ovoids of (4, K)

All hyperplanes mentioned in the statement of the main theorem are unique, up to iso-
morphism, except possibly for the extensions of the ovoids of the quads. If @ is a quad
of DW (5,K) and O; and O, are two ovoids of @), then the extensions of O; and O, are
isomorphic if and only if the ovoids O; and Oy of Q = Q(4,K) are isomorphic. So, it
suffices to discuss the isomorphism problem for ovoids of @ (4, K). In the discussion below,
we restrict ourselves to classical ovoids of Q(4, K).

Suppose @ is the quadric of PG(4,K) defining the generalized quadrangle (4, K).
We choose a reference system in PG(4,K) with respect to which @ has equation X2 +
X1 X5 + X3X, = 0. Let K be a fixed algebraic closure of K. For every subfield F of K
containing K we consider a projective space PG(4,F) having the same reference system
as PG(4,K). So, we regard PG(4,K) as a subgeometry of PG(4,F) which itself will be
regarded as a subgeometry of PG(4,IK). We denote by A the set of all non-squares in K
and by A’ the set of all A\ € K for which the polynomial X?+ X + X € K[X] is irreducible.
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If Gy and G; are two distinct classical hyperplanes of Q(4,K), then there exists a
unique hyperplane 11;, i € {1,2}, of PG(4,K) such that G; = II; N Q, and we denote by V
the set of all hyperplanes of PG(4, K) through II; NTI;. We define [G1, Gs] := {IINQ |1IT €
V} and (Gy, Gs) := [G1,Ga] \ {G1, Ga}.

Lemma 6.1 Let G; and Gy be two singular hyperplanes of Q(4,K) whose deepest points
are noncollinear.

(1) If K is a perfect field of characteristic 2, then every hyperplane of (Gy,G3) is
singular.

(2) If K is a nonperfect field of characteristic 2, then every hyperplane of (G, Gz) is
either singular or ovoidal, with both possibilities occurring.

(3) If K is a field of characteristic distinct from 2 in which each element is a square,
then every hyperplane of (G1,Gs) is subquadrangular.

(4) IfK is a field of characteristic distinct from 2 in which not each element is a square,
then every hyperplane of (Gy,G2) is subquadrangular or ovoidal, with both possibilities
0CCUTTING.

Proof. Since the automorphism group of Q(4,K) acts transitively on the ordered pairs
of noncollinear points, we may assume that the deepest points p; and ps of Gy and G, are
equal to (0,0,0,1,0) and (0,0,0,0,1). It is then easily verified that (G, G2) consists of
the hyperplanes G\, A € K* := K\ {0}, where G is the hyperplane of Q(4,K) described
by the equations X3 — AX3 + X1 X5 = 0, X; = —AX3. If A € A, then G} is an ovoid of
Q(4,K). If A & A, then G, is a singular hyperplane or a full subgrid of (4, K) depending

on whether char(K) is equal to 2 or not. The claims of the lemma now easily follow. O

Lemma 6.2 Let O be a classical ovoid of Q(4,K). Then at least one of the following two
cases 0ccurs:

(I) O € (xz+,G) for some full subgrid G of Q(4,K) and some point x of Q(4,K) not
contained in G;

(IT) K is a nonperfect field of characteristic 2 and O € (zi,xy) for two noncollinear

points x1 and x5 of Q(4,K).

Proof. Let z; be an arbitrary point of Q(4,K) not contained in O, let y € O N zf
and let L be an arbitrary line through y distinct from yx;. Then y is contained in every
hyperplane of (O,z{) and L is contained in a unique hyperplane G’ of (O, x1). The
hyperplane G’ of Q(4,K) is either a singular hyperplane or a full subgrid. Observe that
71 is not contained in any of the hyperplanes of (O, zi). If (O, zi) contains a full subgrid
G, then O € (z1, G) with 2; ¢ G and case (I) of the lemma occurs. Suppose therefore that
no hyperplane of (O, zi) is a full subgrid. Then G’ is a singular hyperplane of Q(4,K).
Since z; ¢ G, the deepest point x5 of G’ is not collinear with z;. Since O € (21, x3) and

none of the elements of (z{,x5) is a full subgrid, K must then be a nonperfect field of
characteristic 2 by Lemma 6.1. O

Let O be a classical ovoid of Q(4,K). There are two possibilities by Lemma 6.2.
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(I) Suppose there exists a full subgrid G' of Q(4,K) and a point z ¢ G such that
O € (G,z1). Since the automorphism group of Q(4,K) acts transitively on the pairs
(G',2") were G’ is a full subgrid of Q(4,K) and 2’ is a point of Q(4,K) not contained
in G’ (see De Bruyn [13, Lemma 2.3]), we may without loss of generality suppose that
x =(1,0,0,1,—1) and that G is described by the equations Xy = 0, X; Xo+ X3X,; = 0. It
is then easy to verify that there exists a A € K such that O is described by the equations
Xy = X3+ X0, X3+ X3+ AXo X5+ X1 X5 =0.

Suppose A # 0 and char(K) # 2. Then the map (Xo, X1, X2, X3, X4) — (Xo +
%Xg, X1, X0, X3, Xy — A X — )‘TQX:),) determines an automorphism of (4, K) mapping O
to the ovoid O, p = )‘72—1, of Q(4,K) with equations X; = —uX3, XZ—puX2+ X, X, = 0.
Since O, is an ovoid, 1 € A. Now, two irreducible polynomials X? — p1 and X? — o
of K[X] determine the same quadratic extension of K in K if and only if there exists an
a € K* such that py = a?uy. If this is the case, then the map (Xo, X1, Xo, X3, X4)
(Xo, X1, X2, aX3,a ' Xy) induces an isomorphism of @ (4, K) mapping O, to O,,,.

Suppose char(K) = 2. Then A # 0. The map (X, X1, Xo, X3, Xy) — (Xo, X1, X2, A X3,
A71X,) defines an automorphism of Q(4,K) mapping O to the ovoid O, 1= A%, of
Q(4,K) with equations X; = uX3 + Xo, X2 + XoX3 + uX2 + X; X, = 0. Since 0, is
an ovoid, p € A'. If py, e € A, then the irreducible polynomials X2 + X + p; and
X2 + X + py of K[X] define the same quadratic extension of K in K if and only if
there exists an a € K such that ps = u; + a® + a. If this is the case, then the map
(X0, X1, Xo, X3, Xy) — (Xo + aX3, X1, Xo, X3, X + @?X3) induces an automorphism of
Q(4,K) mapping O, to O, .

(IT) Suppose K is a nonperfect field of characteristic 2 and there exist two noncollinear
points z; and zy of Q(4,K) such that O € (zi,zy). Since the automorphism group of
Q(4,K) acts transitively on the ordered pairs of noncollinear points of Q(4,K), we may
without loss of generality assume that z; = (0,0,0,1,0) and x5 = (0,0,0,0,1). Then there
exists a A € K* such that O is equal to the ovoid O, of Q(4,K) described by the equations
Xy = AX3, X2+ 2X2 + XX, =0. Since O, is an ovoid, A € A. Now, two irreducible
polynomials X2 + \; and X2 + Ay of K[X] determine the same quadratic extension of K
in K if and only if there exist a,b € K with a # 0 such that Ay = a?\; + b%. If this is
the case, then the map (X, X1, Xy, X3, Xy) — (Xo + 0X3, X1, Xo,aX3,a (X, + 0*X3))
induces an automorphism of (4, K) mapping O,, to O,,.

Suppose m; and my are two hyperplanes of PG(4,K) intersecting @) in classical ovoids
of Q(4,K) and there exists a projectivity p of PG(4,K) stabilizing Q(4,K) mapping
Q1 :=QNm to Qe := QNme. Let F;, i € {1,2}, be the unique quadratic extension
of K contained in K such that the quadratic equation defining Q; defines a nonsingular
hyperbolic quadric or a cone @} of the 3-space 7} of PG(4,F;) determined by ;. Let
w4y denote the 3-space of PG(4,F;) determined by my. The projectivity p’ of PG(3,F;)
that naturally extends p maps @)} to a nonsingular hyperbolic quadric or cone Q4 of 7},
implying that Fy = ;.

Not all collineations of Q(4,K) are necessarily induced by projectivities of the ambient
projective space PG(4,K). Taking also those collineations into account that are related
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to field-automorphisms, the above discussion easily yields the following.

Proposition 6.3 (1) Let K be a field of characteristic distinct from 2. Then every clas-
sical ovoid of Q(4,K) is isomorphic to some ovoid Oy where X € A. If A\;, s € A, then
the classical ovoids Oy, and Oy, of Q(4,K) are isomorphic if and only if there ezists an
a € K* and an automorphism o of K such that Ay = a® - \J.

(2) Let K be a field of characteristic 2. Then every classical ovoid of Q(4,K) is
isomorphic to some ovoid Oy where X € A, or some ovoid Oy where A € A'. If Ay, g € A,
then the classical ovoids Oy, and Oy, of Q(4,K) are isomorphic if and only if there exist
a,b € K with a # 0 and an automorphism o of K such that Ay = a®-X] +b%. If A\j, Ay € N,
then the classical ovoids Oy, and O, of Q(4,K) are isomorphic if and only if there exists
an a € K and an automorphism o of K such that Ay = \{ + a® + a.

Final Remark. We can now see that either case I or case II in Lemma 6.2 occurs. In
case I, the field extension of degree 2 associated with O is separable, while in case II the
field extension is not separable.

References

[1] S. Ball, P. Govaerts and L. Storme. On ovoids of parabolic quadrics. Des. Codes
Cryptogr. 38 (2006), 131-145.

[2] A. Barlotti. Un’estensione del teorema di Segre-Kustaanheimo. Boll. Un. Mat. Ital.
10 (1955), 498-506.

[3] A. Beutelspacher and P. J. Cameron. Transfinite methods in geometry. Bull. Belg.
Math. Soc. Simon Stevin 1 (1994), 337-347.

[4] R. J. Blok and A. E. Brouwer. The geometry far from a residue. Groups and geome-
tries (Siena, 1996), 29-38, Trends Math., Birkhduser, Basel, 1998.

[5] R. J. Blok, I. Cardinali and B. De Bruyn. On the nucleus of the Grassmann em-
bedding of the symplectic dual polar space DSp(2n,TF), char(F) = 2. Furopean J.
Combin. 30 (2009), 468-472.

[6] P.J. Cameron. Ovoids in infinite incidence structures. Arch. Math. (Basel) 62 (1994),
189-192.

[7] 1. Cardinali and B. De Bruyn. The structure of full polarized embeddings of sym-
plectic and Hermitian dual polar spaces. Adv. Geom. 8 (2008), 111-137.

[8] I. Cardinali, B. De Bruyn and A. Pasini. Minimal full polarized embeddings of dual
polar spaces. J. Algebraic Combin. 25 (2007), 7-23.

[9] B. N. Cooperstein. On the generation of dual polar spaces of symplectic type over
finite fields. J. Combin. Theory Ser. A 83 (1998), 221-232.

[10] B. N. Cooperstein and B. De Bruyn. Points and hyperplanes of the universal embed-
ding space of the dual polar space DW (5, q), ¢ odd. Michigan Math. J. 58 (2009),
195-212.

18



[11]

12
13
14
15
16
17
18
19
20
21
22
2

2
2

3]
4]
5]
[26]

[27]

B. De Bruyn. Two new classes of hyperplanes of the dual polar space DH (2n — 1,4)
not arising from the Grassmann embedding. Linear Algebra Appl. 429 (2008), 2030—
2045.

B. De Bruyn. The hyperplanes of DW (5,2") which arise from embedding. Discrete
Math. 309 (2009), 304-321.

B. De Bruyn. Hyperplanes of DW (5, K) with K a perfect field of characteristic 2. J.
Algebraic Combin. 30 (2009), 567-584.

B. De Bruyn. On extensions of hyperplanes of dual polar spaces. J. Combin. Theory
Ser. A 118 (2011), 949-961.

B. De Bruyn. The hyperplanes of finite symplectic dual polar spaces which arise from
projective embeddings. Furopean J. Combin. 32 (2011), 1384-1393.

B. De Bruyn and A. Pasini. Generating symplectic and Hermitian dual polar spaces
over arbitrary fields nonisomorphic to Fa. Electron. J. Combin. 14 (2007), Research
Paper 54, 17 pp.

W. M. Kantor. Ovoids and translation planes. Canad. J. Math. 34 (1982), 1195-1207.

C. M. O’Keefe and T. Penttila. Ovoids of PG(3,16) are elliptic quadrics. J. Geom.
38 (1990), 95-106.

C. M. O’Keefe and T. Penttila. Ovoids of PG(3, 16) are elliptic quadrics, II. J. Geom.
44 (1992), 140-159.

G. Panella. Caratterizzazione delle quadriche di uno spazio (tridimensionale) lineare
sopra un corpo finito. Boll. Un. Mat. Ital. 10 (1955), 507-513.

A. Pasini. Embeddings and expansions. Bull. Belg. Math. Soc. Simon Stevin 10
(2003), 585—626.

T. Penttila and B. Williams. Ovoids of parabolic spaces. Geom. Dedicata 82 (2000),
1-19.

H. Pralle. The hyperplanes of DW (5, 2). Experiment. Math. 14 (2005), 373-384.
E. Shult. On Veldkamp lines. Bull. Belg. Math. Soc. Simon Stevin 4 (1997), 299-316.

E. Shult and A. Yanushka. Near n-gons and line systems. Geom. Dedicata 9 (1980),
1-72.

J. A. Thas and S. E. Payne. Spreads and ovoids in finite generalized quadrangles.
Geom. Dedicata 52 (1994), 227-253.

J. Tits. Ovoides et groupes de Suzuki. Arch. Math. 13 (1962), 187-198.

19



