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In this paper a dynamic three layer model for the heat transfer in the human skin is presented.

The model is solved in the Laplace domain using the phasor notation. In order to compare the

theoretical model with experimental results, a transient heating was carried out and the time

dependent skin temperature was recorded with a thermographic camera. The transient tem-

perature could be fitted very well to an analytical function, which could easily be transformed

into the Laplace domain allowing an easy comparison between the model and the experimental

results. The aim of the research is to evaluate the skin thermal parameters for all layers

including the blood perfusion.

Keywords: IR thermography; heat transfer modeling; perfusion, thermal impedance.

1. Introduction

The human skin contains three layers: epidermis, dermis and hypodermis. Epi-

dermis is the thinnest layer and there are no blood vessels in it. Dermis contains

blood and lymphatic vessels, nerves, sweat glands and sebaceous. There are blood

vessels and nerves within hypodermis. The thickness of this layer depends on the

part of the body and the amount of fat. It is the intention of this paper to measure

the thermal properties of these layers in a non-invasive way by using infrared
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thermography after an external skin cooling was applied. It is a kind of functional

imaging based on so-called cold stress method well-known in medicine.1,2

Thermal modeling of a human tissue with the blood perfusion is known in the

literature3–10 and it is still an important research domain. Nowadays, the inverse

thermal modeling can be applied for evaluating the thermal parameters of the skin.

The thermal modeling of the tissue significantly differs from the heat transfer in

solids and fluids. One has to consider the perfusion and the blood flow. The tissue is

a non-homogenous and anisotropic body. It makes the solution of the model pre-

sented by a set of differential equations more complicated. The attempt of including

the perfusion in thermal modeling was presented by Pennes in 1948.3,4,8 Chen and

Holmes (1980) proposed modeling the heat transfer in a tissue as in the porous

material.5 They divided a tissue into two parts: solid-like and fluid-like ones. They

used blood (fluid) velocity (v;m=s) to model the additional heat transfer due to the

blood movement. They proposed a simple way to split the model into the solid and

fluid parts using the partitioning factor.5 In addition, the Chen–Holmes model

assumes the heat transfer between the blood vessels and the solid tissue. The main

problem in this approach is how to define the velocity of blood and the partitioning

factor. Weinbaum, Jiji and Lemons (1984) proposed a model including the heat

transfer between a tissue and arteries and veins.6 They assume that the arteries and

veins are typically parallel to each other, and a significant amount of heat is

transferred between them. The simplified model published by Weinbaum and Jiji7

uses a so-called effective thermal conductivity keff and geometry factor which takes

into account the three-dimensional heat transfer in the tissue. There are numerous

analytical and numerical models for heat transfer in the tissue.8,9,11 Some of them

need to be calibrated with the measuring data, because they use many parameters

with explicitly unknown values.

Infrared thermography has been used to investigate many skin and other

tissue pathologies. For example, thermography was applied for burn injuries,12,13

ocular surface temperature measurement,14 breast tumors,10,15 and skin heating by

radiation.10

In this research, three layers of the skin tissue are considered: dermis, epidermis

and hypodermis and the Pennes model is used for the perfusion.3,8 For all of them

the blood perfusion and thermal conduction in the transient state is taken into

account. At the skin surface, convection cooling to the ambient air is also modeled.

It must be pointed out here that both the model and the experiments are carried out

in a dynamic way. It means that all investigations are either time dependent or

performed in the frequency domain, taking the advantage of using complex thermal

impedance.16–18 This will allow us to put more emphasis on the higher frequencies

which corresponds to short time intervals. The influence due to varying ambient

conditions like room temperature or air velocity will then have a minor influence. In

order to eliminate the influence of body movement during the measurements, a

specially developed software for movement correction was applied to correct the

thermographic images.2
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In other fields, like electrical engineering and electronics, the idea of thermal

impedance gained a lot of interest during the last two decades. Thermal impe-

dances have been measured or calculated in integrated circuits, electronic

packages and high voltage cables.16,17,19 The thermal impedance can be repre-

sented in many ways, just like electric impedances. In this paper the Nyquist plot

representation of the measured date is used.16,19 Other data like the thermal time

constant distribution, the integral and the differential structure function can be

useful as well.19 Their behavior at different frequencies provides us much more

information than a simple thermal resistance or a temperature distribution in

steady state conditions.

2. Three Layer Thermal Model of the Skin

As it has already been mentioned, the skin is composed of three layers called dermis,

epidermis and hypodermis having thicknesses d1, d2 and d3, respectively as shown

schematically in Fig. 1. The heat flow is assumed to be purely one-dimensional, i.e.,

heat only flows in the x-direction perpendicular to the skin’s surface. Each layer has

a thermal conductivity ki, a density %i and a specific heat per unit weight ci
(i ¼ 1; . . . ; 3). The governing equation for the temperature distributions Tiðx; tÞ for
i ¼ 1; . . . ; 3 are then:

ki
@2Ti

@x2
¼ ci%i

@Ti

@t
� wicb%bðTb � TiÞ: ð1Þ

The quantity cb denotes the specific heat per unit weight, %b the density and Tb the

temperature of the blood. The coefficient wi describes the perfusion rate. Physically

the expression wicb%bðTb � TiÞ describes the amount of heat transferred from the

blood to a tissue layer at a temperature Ti. For the first layer the blood perfusion can

usually be neglected. Quantities ki, ci and %i represent the thermal conductivity, the

specific heat per unit weight and the density of the ith layer.

Fig. 1. Three layer model for the skin.
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In order to solve the Eq. (1), suitable boundary conditions are needed. At the two

interfaces one has the continuity of the temperature and the heat flux.

T1ðd1; tÞ ¼ T2ðd1; tÞ; ð2Þ
T2ðd1 þ d2; tÞ ¼ T3ðd1 þ d2; tÞ; ð3Þ

k1
@T1

@x

� �
d1

¼ k2
@T2

@x

� �
d1

; ð4Þ

k2
@T2

@x

� �
d1þd2

¼ k3
@T3

@x

� �
d1þd2

: ð5Þ

At the skin surface x ¼ 0 convection to the ambient air is taken into account.

h½T1ð0; tÞ � Tair� ¼ k1
@T1

@x

� �
x¼0

þ PðtÞ: ð6Þ

The parameter PðtÞ is the power flux (W=m2) applied to the skin in order to induce

a temperature change. As it will be outlined later on in the experimental section, we

did not apply a power flux at the skin surface but a previous cooling. Hence P ðtÞ has
to be interpreted as the equivalent power flux which gives rise to the same transient

phenomenon.

At the rightmost point, for x ¼ d1 þ d2 þ d3 the temperature is assumed to be

constant and equal to the body’s blood temperature Tb:

T3ðd1 þ d2 þ d3; tÞ ¼ Tb: ð7Þ
The boundary conditions (2)–(7) are sufficient to solve Eq. (1).

Equation (1) cannot be solved analytically in the time domain. In the Laplace

domain (s variable) or the frequency domain (s ! j!) the equations are much easier

to deal with. In this paper we will focus only on the frequency domain analysis also

known as the AC analysis in the field of electrical engineering. It is also assumed

that the AC signals (temperatures, fluxes) are all superposed on the DC or the

steady state values. In this paper steady state values are not evaluated, only the

alternating AC components superposed on it. In the frequency domain Eq. (1) is

changed into (@=@t ! j!):

ki
d2�Ti

dx2
¼ j!%ici�Ti þ wicb%b�Ti; ð8Þ

d2�Ti

dx2
¼ �Ti

L2
i

; ð9Þ

where for all the layers, the complex diffusion length is defined by:

Li ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j!%ici
ki

þ wicb%b
ki

q : ð10Þ
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To avoid any confusion, AC components is denoted by�. Remark that the constant

blood temperature Tb seems to be disappeared from (8) and (11). This is due to the

fact that all the AC temperatures to be calculated from (1) have to be superposed on

the steady state temperature distribution, including Tb. The boundary conditions

remain almost unchanged except for the fact that the partial derivative @=@x can be

replaced by d=dx. A minor change has to be made to the boundary condition (6).

Because Tair is a constant temperature, Eq. (6) is replaced by:

h�T1ð0Þ ¼ k1
@�T1

@x

� �
x¼0

þ PAC; ð11Þ

where PAC is the AC component of the power flux applied at the surface.

The general solution of the Eq. (1) can then be written as:

�Ti ¼ Aie
�x=Li þBie

x=Li : ð12Þ
Filling in the six boundary conditions (2)–(5), (7) and (11) gives rise to an algebraic

set of six equations with six unknowns: Ai and Bi (i ¼ 1; . . . ; 3). Using (12) for x ¼ 0

and i ¼ 1 gives us the surface skin temperature which is also measured experi-

mentally using thermography.

With the three layer model it is rather straightforward to solve the system

of equations and boundary conditions in the complex or the Laplace domain.

Meanwhile, the experimental measurements are carried out in the time domain,

i.e., a transient temperature recording using the infrared thermography. Therefore

the procedure applied in this paper is the following.

. First of all the transient skin temperature is measured.

. These experimental data are fitted to an analytic function of time in order to

eliminate the noise of the temperature recording.

. This analytic function of time can be exactly transformed into the Laplace do-

main. This gives rise to a Nyquist plot of the skin temperature.

. The skin temperature obtained by solving the three layer model is fitted with the

Nyquist plot.

. From this fitting, numerical values for all parameters (ki, wi, ci and h) are

obtained.

In the subsequent sections, these points will be outlined in detail.

3. Experimental Measurements

Several types of skin cooling were considered such as cooling gel taken from the

fridge or blowing compressed air from a certain distance. The latter one turned out

to be better, due to a more uniform cooling of the skin area. After this cooling

period, the thermographic measurements were started. A CEDIP Titanium ther-

mographic camera was used. This camera has a matrix of 640 � 512; InSb detectors,
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which are cooled to cryogenic temperatures using a built in Stirling cooler. Micro-

bolometer cameras cannot be used in this case, because from time to time a shutter

blocks the image recording followed by non-uniformity correction which can give

rise to discontinuities in the temperature readout. Because the person (patient)

under investigation is breathing and moving, a movement correction was imple-

mented using a technique based on the cross correlation method.2 It requires that a

few marks have to be put on the skin. These marks were made from thin aluminium

foils which have a very low emissivity so that they were easily visible in the ther-

mographic images.

For the modeling it was found that the AC or phasor notation turned out to be

the most suitable approach because the time dependent analysis did not allow an

analytical solution for more than one layer. For the experimental investigation only

transient measurements are possible because alternating heat sources with variable

frequency are very difficult or even impossible to make. In our experiments, a cold

pack was put on the skin for a sufficiently long time. When the cold pack was

removed, the skin temperature was measured with an infrared thermographic

camera as a function of time till steady state was obtained. A typical example of

such measurements is shown as a thermal image and temperature-versus-time curve

in Figs. 2 and 3. Note that in Fig. 3 we put T ¼ 0 as the initial temperature, just as a

reference. In the beginning the temperature rise is very sharp similar to the
ffiffi
t

p
heating reported in many papers related to surface heating or cooling.20,21 After

some time the curve has more the character of an exponential function. After a

sufficient long time, the steady state value of 1:5�C is obtained which corresponds to

the normal skin temperature.

Fig. 2. Thermographic image of a skin (one of a sequence).
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The experimental curve shown in Fig. 3 could be very well fitted to the following

analytical function:

fðtÞ ¼ A½1� e�t=�0 � þB½1� et=�1erfcð
ffiffiffiffiffiffiffiffiffi
t=�1

p
Þ�; ð13Þ

where erfc denotes the complementary error function.23 If t ! 1 the function (13)

approaches a constant value given by:

fð1Þ ¼ AþB: ð14Þ
For small values of the time t, the function (13) can be approximated by:

fðtÞ ¼ 2B

ffiffiffiffiffiffiffiffi
t

��1

r
: ð15Þ

Using A ¼ 1:0, B ¼ 0:5, �0 ¼ 43:47 s and �1 ¼ 1:666 s, the fitting function (13) has

also been plotted in Fig. 3. As one can observe the agreement with the experimental

recording is quite satisfactory. The function (13) was used because both terms are

well-known solutions for transient thermal problems. The exponential term is a

transient temperature of a good thermal conductor uniformly heated and subjected

to convective cooling. The second term with the erfc function is transient solution

for an half infinite 1D medium with convective cooling at the front surface.22

The comparison between the experimental data and the fitted curve shows a

maximum discrepancy of 0:1�C around t ¼ 180 s. Referring to the maximum tem-

perature of 1:5�C, it corresponds roughly to an uncertainty of 0:1=1:5 ¼ 6:6%.

The analytical function (13) has not only the advantage of a good fit to

the experimental data. The function (13) allows an analytic evaluation of the

Fig. 3. Transient temperature recordings of the skin after removal of the cold pack and its smoothing

approximation.
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corresponding thermal impedance in the frequency domain. From the step re-

sponse (12), the impedance Fðj!Þ can be evaluated by the integral19:

F ðj!Þ ¼ j!

Z 1

0

e�j!tfðtÞdt: ð16Þ

By replacing j! by the Laplace variable s, one can evaluate the integral by

searching in a table of Laplace transforms.23 The final result is then:

F ðj!Þ ¼ A

1þ j!�0
þ B

1þ ffiffiffiffiffiffiffiffiffiffi
j!�1

p : ð17Þ

Figure 4 shows a representation of (17). It is a so called Nyquist plot, repre-

senting the imaginary part ImfF ðj!Þg versus the real part RefFðj!Þg using the

angular frequency ! as a parameter. The same set of values for A, B, �0 and �1 as in

the Eq. (13) was used to make the plot of Fig. 5. This Nyquist plot is used to make

the fitting with the three layer thermal model.

Strictly speaking, the plot in Fig. 5 is the Nyquist plot of the experimentally

measured surface temperature. In order to compare the experimental results

with the three layer model, we should know the value of the power flux PAC.

One should apply then a constant power flux at the surface and record the

transient temperature rise. However, experimentally it is much easier to apply a

previous cooling and to measure the skin temperature rise afterwards. From the

fitting we will obtain a numerical value for PAC which can be interpreted as the

power flux which would give rise to the same skin temperature as the one

observed experimentally.

On the one hand we have developed a three layer model which can easily provide

a thermal response in the frequency domain. On the other hand experimental

Fig. 4. Nyquist plot of the function Fðj!Þ.
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measurements have been carried out giving rise to a step response in the time

domain. The latter one could be fitted very well to an analytical function (13), which

after time derivation could be converted into the frequency domain in a form of

complex thermal impedance. The final question is now: can the thermal impedance

for the three layer model and for the measurements be fitted to each other? The

fitting has been done not only by requiring both Nyquist plots to be coincident

(Fig. 5), but it was also demanded that the three layer model and the function F

should have the same complex values for the same frequency. The results shown in

Fig. 5 and Table 1 were obtained with a heat transfer coefficient h ¼ 27:33W/m2K.

It validates our model because we were able to obtain a theoretical curve using an

acceptable set of parameters which could be very well fitted to a Nyquist plot

obtained with thermographic measurements. Only the heat transfer coefficient

h ¼ 27:33W/m2K turns out to be too high, but it must be remarked here that in the

beginning of the measurement, the compressed air was blown for the skin cooling,

which gives an inevitably rise to an enhanced heat transfer coefficient.

Table 1. Parameters’ values for fitting modeling and measurement results.

Material (!) Layer 1 Layer 2 Layer 3

Parameter (#) epidermis dermis hypodermis Blood

Thermal conductivity k

(W/m �K) k1 ¼ 0:127 k2 ¼ 0:758 k3 ¼ 0:830 ���
Thickness d(mm) d1 ¼ 0:08 d2 ¼ 1 d3 ¼ 3 ���
Density %(kg/m3) %1 ¼ 2000 %2 ¼ 2000 %3 ¼ 1845 %b ¼ 800

Specific heat c(J/kgK) c1 ¼ 4000 c2 ¼ 3657 c3 ¼ 2444 cb ¼ 2000

Perfusion w(1/s) w1 ¼ 1:010�8 w2 ¼ 0:0049 w3 ¼ 0:0005 ���

Fig. 5. Fitting the complex thermal impedance.
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The values shown in Table 1 are all physically acceptable. It validates our model

with the thermographic measurements. The fitting can be implemented automati-

cally using optimization procedures as well.

4. Conclusions

In this contribution a three layer model has been presented for the temperature

distribution in the human skin. It must be emphasized here that the model is a time

dependent one. Using the Laplace domain, the equations could be easily solved. For

the experimental part, a transient heating curve was recorded using infrared ther-

mography. As the theoretical model was solved in the Laplace domain, a direct

comparison was not possible. Therefore a new approach has been presented. First of

all the transient temperature curve was fitted to an analytical function. This

function could be exactly converted into the Laplace domain. It was possible to

obtain a good fitting with acceptable values for all the thermal parameters of the

three skin layers. In the next step of the research we will make the fitting of

modeling and measurement results fully automatic and use the values of the thermal

parameters to differentiate the physiological and pathological states of the skin.
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