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1. Introduction

The quadratic Veronesean V;‘ is one of the most important substructures in PG(5, q). It is the
image of the plane PG(2, q) under the mapping

1n:PG(2,q) — PG(5,q) : (0, X1,X2) > (X3, X2, X3, X0X1, XoX2, X1X2).

This quadratic Veronesean V;‘ has been studied in great detail, and characterised in different ways.
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A particular characterisation uses the tangent planes to the Veronesean Vf in PG(5,q), q odd.

Theorem 1. (See Tallini [7].) Let F be a set of > + q + 1 planes in PG(5, q), q odd, satisfying the following
properties:

1. the elements of F generate PG(5, q),
2. two distinct elements of F intersect in a point,
3. three distinct elements of F have an empty intersection.

Then JF consists of the set of > + q + 1 tangent planes to a Veronesean surface V;‘.

We extend this result by proving that a set of g + q planes of PG(5,q), q > 3 odd, spanning
PG(5,q) and satisfying the properties above, is equal to a set of g + g tangent planes of a quadratic
Veronesean V3.

Our motivation for solving this problem is to characterise regular (9, 5, 2, 0)-dimensional dual arcs,
for q odd, q > 3, containing g2 4+q+ 1 5-spaces. This is a set of g* 4+ q+ 1 distinct 5-spaces of PG(9, q),
generating PG(9, q), such that two distinct 5-spaces intersecting in a plane, three distinct 5-spaces
intersecting in a point, and such that every four distinct 5-spaces have an empty intersection.

It follows from the preceding definition that in every 5-space, the intersections with the other
5-spaces form g2 + q planes satisfying the properties above, thus, by the extension result presented
in Theorem 15, they are tangent planes to a Veronesean variety V;‘ in this 5-space.

This information on the planes forming the intersections of a given 5-space with the other g% +q
distinct 5-spaces enables us to characterise the regular (9, 5, 2, 0)-dimensional dual arcs, for q odd,
q > 3, having q? + q + 1 distinct 5-spaces in a unique way.

Our characterisation result also will imply that any regular (9, 5,2, 0)-dimensional dual arc, for
q odd, g > 3, contains at most g% +q + 1 5-spaces.

Our motivation for characterising these (9, 5, 2, 0)-dimensional dual arcs follows from the fact that
they can be used to define message authentication codes (MAC). We present this link in the final
section of the paper.

2. Generalised dual arcs

Definition 2. A generalised dual arc D of order | with dimensions dy > d; > --- > dj11 of PG(n,q) is a
set of subspaces of dimension d; such that:

1. each j of these subspaces intersect in a subspace of dimension dj, 1< j<I+1,
2. each [ 4 2 of these subspaces have no common intersection.

We call (n,d1,...,di1) the parameters of the dual arc.

Example 1.

e Take a dual arc in a plane 7. Embed 7 in a 3-dimensional space. Now we have a generalised
dual arc with parameters (3, 1, 0). But the 3-space is not really used.

e Take a dual arc with k elements in a plane sr. Embed 7 in a space of dimension k+2 and choose
planes through the k lines of the dual arc that span PG(2 + k, q). This is a generalised dual arc
with parameters (k + 2,2, 0). Even if the planes span PG(2 + k, q), the interesting part of the
construction is contained only in the plane 7.

e The following planes of PG(4, q) form a generalised dual arc with parameters (4, 2, 0):

m1={la,b,c,0,0]|a,b,ceFy},
7y ={[a,0,b,b,c]|a,b,ceFy},
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m3={[0,a,b,c,b]|a,b,c e Fq},
ns={la,a,0,b,c]|a,b,ceFq}.

The intersection points of 71 with the other planes lie on the line X; = X3 = X4 = 0. So only that
line of 7rq is a real part of the generalised dual arc.

These examples motivate the notion of a regular generalised dual arc.

Definition 3. A generalised dual arc D of order | with parameters (n =dp,...,d;+1) is regular if,
in addition, the di-dimensional spaces span PG(n,q) and it satisfies the property that if 7 is the
intersection of j elements of D, j <|, then 7 is spanned by the subspaces of dimension dj,; which
are the intersections of 7 with the remaining elements of D.

A normal d-dimensional dual arc in PG(n,q) has parameters (n,d,0). A generalised dual arc of
order O is a partial d;-spread.

In particular, a regular generalised dual arc with parameters (9,5,2,0) is a set of 5-spaces
in PG(9, q), generating PG(9, q), such that each two intersect in a plane, each three in a point, and
each four are skew. This is the particular regular generalised dual arc we will characterise later on for
q odd, g > 3.

Construction 1. Let PG(V') be a d-dimensional space and let e; (0 <i < d) be a basis of V.
Let PG(W) be a ((dff{l) — 1)-dimensional space and let e;, _j, (0 <io < iy < --- < i < d) be a basis
of W.
Below, we define a map which is a generalisation of the well-known quadratic Veronesean map (see [4]).
We define ¢ : PG(V) — PG(W) by

c:[éxi&]ﬁ[ T xeeexien. }

0<ip < <ij<d

With b and B, respectively, we denote the standard scalar product of V and W, i.e.,

d d d
b(zxiei, > J/iei> =) xiyi,
i=0 =0 i=0
and

B< 3 XipeeitCigis Y. Yiewnit€ion.. i,): Y XigeitYigirs

0<ip < <ij<d 0<ip < <ij<d 0<ip < <ij<d

For each x € V, we denote by x*- the subspace of V perpendicular to x with respect to b. So

={yeV|bkxy) =0}
For each point P = [x] of PG(V), we define a subspace D(P) of PG(W) by

D(P)={[z]e W | B(z.¢(y)) =0forally e x*}. 1)
Before we prove that this construction indeed gives a generalised dual arc, we show two examples.
Example 2. Starting with PG(2, q), the mapping ¢ : PG(2, q) — PG(5, q) with

¢ ([x0. X1, X21) = [X5. X3 X3, X0X1, X0X2, X1 X2 |

defines the quadratic Veronesean V;‘.
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If P=[a,b,c], the planes D(P) defined above, have the equation

D(P) = {[axo, bx1, cX, ax1 + bxo, axa + cXo, bxa + cx11 | X0, x1, X2 € Fg }.

These planes form a generalised dual arc of g2 +q + 1 planes with parameters (5, 2, 0).
Example 3. The map ¢ : PG(2, q) — PG(9, q) with

3 .3 .3 ,2 2 2 2 2 2
¢([x0. X1, x21) = [X5. X7, X3, XgX1, X§X2, X{X0, X{X2, X5X0, X5X1, X0X1X2 |

defines a configuration of g% + q + 1 5-dimensional spaces in PG(9, q). Each two of these 5-spaces
intersect in a plane. Each three 5-spaces share a common point and each four 5-spaces are skew.
Three of the q> +q + 1 5-spaces are

7o :=D([1,0,0]) = {[e0,0,0,e1,e2,€3,0,e4,0,e5] | e € Fy},
71 :=D([0,1,0]) ={[0,e0,0,e1,0,e2,e3,0,e4, 5] | € € Fy},
72 :=D([0,0,1]) ={[0,0,e0,0,e1,0, 2, €3, e4, €5] | € € Fy}.

In each 5-space, the other g% + q 5-spaces intersect in a configuration of g2 + g planes. These
planes are a part of the Veronesean described in Example 2.
For g, the corresponding Veronesean has the equation

Vo 1= [%3,0,0, x0x1, Xox2, X3, 0, X3, 0, X1 %2 .

This Veronesean Vy has q*> 4+ q + 1 tangent planes; where g> + q of the tangent planes are inter-
sections of mp with the other 5-spaces. The extra plane has the equation

Eo:={[a0,0,0,a1,a2,0,0,0,0,0] | ag, ar, az € Fy}.

Similarly, we see in w1 the Veronesean

. 2 2 2
Vi :=[0,x7,0,x5,0, Xox1, X1X2, 0, X3, X0X2 |

and the extra plane

E1:=1[0,00,0,0,0,a1,a,,0,0,0] | ag, ar,az € Fy},

and in m,, we have the Veronesean

) 2042 0 12
Vy:=10,0,x5,0,x5,0, X7, XoX2, X1 X2, XoX1 |

and the extra plane
E;:={[0,0,a0.0,0,0,0,a1,az,0] | ap, ay, az € Fy}.

Let g be odd. Assume that the generalised dual arc of g2 + g+ 1 5-spaces can be extended to a
generalised dual arc of size q> + q + 2. The additional 5-space must intersect each of the three 5-
spaces 1o, 7T, T2 in the extra planes Eg, E1, E2. But Eg, E1, E; span an 8-space. Thus our example
with g% 4+ q+ 1 5-spaces is a maximal dual arc.

For g even, the situation is a bit more complicated. Now the dual arc of Example 2 can be extended
to a dual arc of size g% +q+2, see [4, Theorem 25.1.17]. Thus g, 1, 77> contain two extra planes. But
we can check that no three extra planes lie in a common 5-space. Thus the example with g% +q+ 1
5-spaces is a maximal generalised dual arc.

Theorem 4. The set D = {D(P) | P € PG(V)} is a regular generalised dual arc with dimensions d; =

(dT_’l_Tli_i)_l'i:O’“"l—i_l'
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Proof. Step 1: The dimension of D(P).

Let P = [x], then x! is a d-dimensional subspace of V. By ¢, this d-dimensional subspace is
mapped to a (fﬂ)—dimensional subspace W’ of W. (Here we need q > [ since otherwise the points of
the generalised Veronesean do not span the whole space.)

Since the bilinear form B is non-degenerate, the space

{zeW |B(z,y)=0for y e W'}

T = () =)

Thus D(P) has projective dimension (dT’) —1.

Step 2: The intersection of two spaces.

We now give an alternative description of D(P).

For each permutation o, let ej, ... ie) be equal to e;,, .. ;.

Let 6 : V*1 — W be the multilinear mapping

d d
. ((OFS 0. (0) (OF
6 : ( E X €. .., E X; e,) — E Xig e X €i,....er- (2)
i=0 i=0 i

A simple check shows us that for b(x, y) =0, we have

has dimension (

B(O(x, v1,..., v, () =0

for all possible vectors v1,...,v; of V.
Thus for P = [x], we have

O vi,...,v) | v1,...,vyeV) S D(P).

Since the vector space (6(x, vq,...,V)) | Vqi,...,v; € V) has dimension (d}H) (choose v1,...,v; as
basis vectors), we find
O vi,...,v) | v1,...,vieV)=D(P). (3)

Since PGL(V) acts doubly transitively on V, it is sufficient to check the dimension of D(P) N D(P’)
for two fixed points. We choose P =[1,0,...,0] and P’ =[0,1,0,0,...,0]. From (3), we see directly
that in this case

D(P)ND(P') = {leo 1,i,,..i)] | 0 <ij <d}.

Thus D(P) N D(P’) has projective dimension (dﬂql) —1.
Step 3: The intersection of more than two spaces.

If P=[x] and P’ =[y], we see from (3) that

0, y,va,...,v) | va,...,v € V) S D(P) N D(P").

Since we now know the dimension of the intersection D(P) N D(P’), we even see that

(0, y,v2,...,v) | v2,...,v € V)=D(P) N D(P).

Thus for a fixed point P, the set D' = {D(P) N D(P’) | P’ # P} is a set of subspaces of dimension
(dﬁ;]) — 1 which is defined by a generalised dual arc of order [ — 1. By induction, we know the
dimension of the intersections.

This proves that the intersection of D(P) with two or more other spaces has the correct dimen-

sion. O

Remark. Even if Eq. (1) is only defined for q > I, a generalised dual arc defined by Eq. (3) works for
any q and [.
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3. An extension result for g2 + q planes satisfying the properties of the tangent planes
of the Veronesean surface V;‘ in PG(5, q), q odd

In Example 3, we have constructed a regular generalised dual arc with parameters (9, 5, 2, 0) con-
sisting of g% + q + 1 distinct 5-spaces of PG(9, q). In each of these 5-spaces, we have a set of g% +q
planes forming a regular generalised dual arc with parameters (5,2, 0). For q odd, q > 3, we will
show that we can always find an extra plane in such a 5-space, in order to obtain a set of g +q + 1
planes forming a regular generalised dual arc with parameters (5, 2, 0). Such a set of g2 +q-+1 planes
in PG(5, q), q odd, is the set of tangent planes to a Veronesean variety V;‘ [4, Theorem 25.2.12].

Therefore, in PG(5, q), consider a set F of g% 4+ q planes generating PG(5, q), such that each two of
them intersect in a point, and each three of them are skew.

Let g be odd.

Each plane v of F contains 2 points that are covered only once. We call these points contact points
of this plane 7 of F. The lemmas below are paraphrases of the lemmas of the characterisation of V2,
q odd, which can be found in [4].

Lemma 5. Every hyperplane IT of PG(5, q) contains at most q + 1 planes of F.

Proof. A plane of F not contained in I7 intersects I7 in a line ¢. Each plane of F contained in IT
must share a point with that line ¢. Furthermore, no two planes of F in IT intersect £ in the same
point, so IT contains at most q + 1 planes of 7. O

Lemma 6. Every hyperplane IT of PG(5, q) contains 0, 1, q — 1, q, or q + 1 planes of F.

Proof. Let [T be a hyperplane that contains k planes of F, where 2 <k <q— 1.

Let 7’ be any plane of F not contained in 7. This plane 7’ intersects I7 in a line I'. At least ¢ — 1
points of I’ must be covered by a second plane of F. Since ¢ +1—k — 2 > 0, there must be a second
plane 7" of F not contained in I7 which intersects I'. Let 7" N IT =1".

The lines I’ and !” span a plane . Since every one of the k planes of F in IT must intersect 7’
and 7", these k planes intersect 77’ and 77" in a point on I, respectively on I”, hence, they intersect 7
in lines.

Assume that 77”7 is another plane of F not contained in /7 that intersects /7 in I"”’. We prove that
if I’ has a point in common with I, then it has also a point in common with I”.

Suppose that I”” intersects I'. If I’ does not intersect I”, then every plane of F contained in I7
must share a line with the plane spanned by I’ and I”, and have a point in common with I’. Thus
these planes lie in the 3-dimensional space spanned by I, I” and I"”’. Especially they must share a line,
a contradiction.

This proves that the planes of F not contained in I7 can be partitioned into groups. The planes
from one group intersect each other in I7 and planes from different groups intersect each other
outside I7. Each group defines a plane inside I7 and the k planes of F contained in /7 must intersect
such a plane in lines.

Let 7r1 and 7, be two planes inside IT defined by such groups.

If 71 and my intersect in a line, then at most one plane of F contained in /T contains the line
71 Ny, So at least k — 1 planes of F contained in /7 must lie in the 3-dimensional space spanned
by m1 and . Thus each two of the planes must share a line, a contradiction for k > 2. We now
eliminate the case k =2, where one of the two planes of F in IT, for instance 7, passes through the
line ¢ = N 1y.

For k =2, all groups have size at least g — 2. For, consider a first plane 7" of F not in I7, then
consider the line ¢’ =7’ N I1. This line has at most two contact points, so it is intersected by at least
q — 3 planes of F, not lying in I7, in a point. This shows that a group of planes of F, not lying in I7,
has at least size q — 2.

But now consider the line £ = 1 Ny, lying in the plane 7 of F, also lying in I7, and in the two
planes 71 and 7, containing at least ¢ — 2 lines lying in planes of J, not contained in /7. Since no

"
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point lies in three planes of F, and every point of ¢ already lies in the plane 7 of F, we must have
q+1>2(q—2)+1, where the +1 arises from the second plane of F in I7. This implies q < 3.

Thus 71 and m, intersect in a point Q. But then the only possibility for a plane of F contained
in I7 to intersect ;r1 and 73 in lines is that Q is a point of that plane. Thus all planes of F contained
in IT contain Q. Since every three planes of F are skew, this means that k = 2. Since there are
q* + q — 2 planes of F not contained in I7, and each group can contain at most g — 1 planes, there
are at least g + 2 different groups.

Each group defines a plane through Q which intersects a plane of F contained in I7 in a line.
Since a plane contains only g + 1 lines through Q, there must exist two groups which define planes
w1 and my intersecting in a line. But this is impossible, as we already proved. O

Lemma 7. Let IT be a hyperplane of PG(5, q) that contains q + 1 planes mo, ..., wq of F. Then q 4 1 of the
2q + 2 contact points in IT form a conic.

Proof. First of all, IT contains exactly 2q + 2 contact points. Namely, every plane 7 of F not in IT
intersects T in a line I. Every plane 7y, ..., 74 contains one point of [, so | has no contact points. So
IT only contains the contact points of 7o, ..., mq. Let Q2 =mo N7y, Q1 =7 N2 and Qo =1 Ny,

The points Qp, Q1, Q2 generate a plane, since otherwise, 7, 71, 712 share a line. Assume that the
line Q1Q; contains no contact point of rp. Then Q1Q contains at least one point Q that lies on a
plane 7 of F\{myo, ..., mq}. More precisely, {Q} =moNmw. Let [=7 NIT.

Suppose that [ is not a line of the plane QoQ1Q>. Each of the planes 7; and m, has one point in
common with [. This point differs from Q, i.e. it does not lie in Q¢ Q1 Q3. This proves that 7r1 and 73
are contained in the solid spanned by QyQ1Q> and L. It follows that 771 and 75 have a common line,
a contradiction. So [ is a line of Q9Q1Q>.

Every plane 71, ..., g which has a point in common with Q{Q> must also share a point with I,
i.e. all these planes intersect QpQ1Q> in a line. Together with the lines in QpQ1Q2 coming from
planes in F\{mo, ..., g}, these lines form a dual (q + 2)-arc. A contradiction to q odd, see [3].

Let Q' be the intersection point 773 N 7g. The argument above proves that Q1Q>, Q1Q’ and Q;Q’
must contain a contact point of 7. Since 7 has only two contact points, this proves that Q' € Q1 Q3.

The same argument proves that 73 N 71 € QpQ3. Thus each of the g + 1 planes mo, ..., g shares
a line with Q¢Q1Q>. These lines form a dual (q + 1)-arc. Each of the lines contains a contact point
and these contact points form a conic, since every dual (q + 1)-arc in PG(2, q), q odd, consists of the
tangent lines to a conic in PG(2, q), q odd, see [3]. O

Lemma 8. Let IT be a hyperplane of PG(5, q) that contains q planes o, ..., 7q—1 of F. Then IT contains a
plane IT which intersects the q planes of F in IT in a line.

The plane IT contains at least q contact points which lie on a conic.

Furthermore, every plane of F not contained in IT intersects IT in a line. This line contains a contact point
and is either skew to IT, or lies completely in I1. The latter case can occur only once.

Proof. The same arguments as in the previous proof show that every plane of F, not contained in I7
but containing a point of Q¢Q1, intersects IT=00Q1Q> in a line; equivalently, such a plane does
not intersect o, ..., Tg—1 in a point of the plane 1, or it intersects all planes 7o, ..., g1 in a point
of 1.

We investigate three planes g, 7r1, and 72 of F contained in 771. Let Qy; =mo N1, Q1 =7 N2
and Qo = 71 N my. As in the previous proof, we find that Q1Q; contains a contact point of mg.
The same arguments as in the previous proof show that every plane of F contained in 7 intersects
IT=0QpQ10> in a line.

The only difference is that this time we cannot exclude the case that a plane 7’ of F, not in I7,
intersects I7 in a line I contained in /7. Thus we see in IT either a dual g-arc or a dual (q + 1)-arc
of lines lying in planes of F. But in any case, there are contact points that lie on a conic. O
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Definition 9. A Q -hyperplane of F is a hyperplane IT of PG(5,q) containing q planes of F, such that
the plane IT of IT intersecting the q planes of F in IT in a line contains exactly q lines lying in a
plane of F.

Equivalently, the line in /7 extending the dual g-arc consisting of the intersection lines of the
planes of F in IT with IT consists of q contact points lying in the planes of F in I7.

Lemma 10. Let IT be a hyperplane of PG(5, q) that contains q — 1 planes of . Then IT contains a plane IT
which intersects the ¢ — 1 planes of F in IT in a line, and which contains a conic of contact points.

Proof. The arguments of the previous lemma are still valid. The only difference is that /7 must con-
tain one line I’ that is induced from a plane of F not in I7. Namely, if no such line exists, then the
intersection lines of the planes of F in /T with /T form a dual (q — 1)-arc. But then every such line
contains three contact points, which is impossible.

Furthermore, I7 may contain at most two such lines. Thus we see in IT either a dual g-arc or a
dual (q + 1)-arc of intersection lines of planes of 7. O

Lemma 11. Every plane of F is contained in exactly one Q -hyperplane of PG(5, q). Hence, there are q + 1 such
Q -hyperplanes.

Proof. Let 7 be any plane of F, then the other elements of F lie in hyperplanes ITy,..., I}
through 7 which contain either ¢ — 1, ¢ or g + 1 planes of F. To each hyperplane I7;, there cor-
responds a plane I7; which contains a conic of contact points and all intersections 7 N 7’, where
7’ is a plane of F contained in IT;.

The planes IT; intersect 7 in lines I;. These lines always go through a contact point and cover 7.
Thus there exists a unique hyperplane I7 through m for which IT contains both contact points. The
hyperplane IT then must contain g — 1 elements of F\{m} which intersect 7 in the g — 1 non-contact
points of /TN 7.

By Lemma 8, since /7 contains q planes of F, and since /T N7 contains two contact points, it is
impossible that some plane of F not contained in /7 intersects I7 in a line, so, again by Lemma 8, ev-
ery plane of F not contained in /7 is skew to /7. The intersections of the planes of F contained in IT
with T form a dual g-arc. We know by a famous theorem of Segre, see [6], that a g-arc in PG(2, q),
q odd, can always be extended to a (q+ 1)-arc. This proves that the 2q contact points contained in I7
lie on a conic and a line.

We have shown that [T is a Q -hyperplane. This Q -hyperplane /T through 77 must be unique since
the corresponding plane /7 must contain the line of 7 through the two contact points in 7. Hence,
by Lemma 8, this Q -hyperplane contains 7w and the q — 1 planes of F intersecting 7 in a point of
the line of 7 through the two contact points of 7.

We have proved that every plane of F is contained in exactly one Q -hyperplane. Thus there are
(@*+9)/q=q+1 Q-hyperplanes. O

From here on, assume q > 3.

Lemma 12. Let IT; and IT, be Q -hyperplanes. Let 114 and I1, be the planes in ITy and IT; intersected by the
planes of F in ITy_and IT, in lines, and containing the “conic” of contact points. Let I; be the line extending
the dual g-arc in ITy consisting of the intersection lines of the planes of F in IT; with ITy. Then I consists of
q tangent points and ly is completely contained in IT5.

Proof. First of all, it is impossible that the plane I7; is contained in IT,. For assume the contrary,
we obtain a contradiction in the following way. Every plane 7 of F in IT; intersects IT, in a line.
If IT; lies completely in IT,, then the intersection line ¢ = IT, N equals the line I7; N . This line
contains at least ¢ — 1 points lying in two planes of F in I7;. But the g planes of F in [T, must
intersect ;v in a point. So at least g points of ¢ lie still in a plane of F in IT,. Then there are points
of ¢ lying in three planes of . This is false.
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So IT; intersects IT, in a line.

Consider again the intersection line ¢ = [1, Nt of a plane 7 of F in I1y with [T,. This line
contains q points lying on a plane of F in IT;. So these points do not lie in another plane of F in IT;.
The remaining point on ¢ is a contact point by Lemma 8.

Now ¢ and 7 N I7; intersect in a point. This point must be a contact point, for else, it lies in a
second plane of F in ITq, but this was excluded in the preceding paragraph.

So 7 shares a contact point with IT,, which also lies on the intersection line of I7, with IT;.

The preceding arguments show that the plane IT; contains a line having at least q contact points.

But then this line is the line [; in /7; extending the dual g-arc consisting of the intersection lines
of the planes of F in I7; with IT;. ;

The preceding arguments already show that this line I lies in IT,. O

Corollary 13. Let Iy, ..., g1 be the Q-hyperplanes and m,..., 1=1q+1 the planes containing the lines
My, ..., Mg41 containing q contact points.
Then the lines M1, ..., Mgy1 CITi N -+ - N Tg41.

Lemma 14. No three Q -hyperplanes I1y, IT,, IT3 intersect in a 3-space.

Proof. Suppose that three Q -hyperplanes intersect in a 3-space A. Let w € F, mw € [T. Let m N A be
a line ¢. Then the q planes of F N IT; intersect 7t in a point; this point lies in A = ITy N ITy, so this
point lies on ¢. Similarly, the q planes of F N IT3 intersect 7 in a point, this point lies again on ¢.
Then there are points on ¢ lying on 3 planes of F, a contradiction. O

Conclusion. The lines My, ..., Mgy lie in the intersection of all g + 1 different Q -hyperplanes, and
by the preceding lemma, they intersect in a plane £2. So My, ..., Mg41 C £2. So there is a plane £2
containing g2 + q contact points. Every plane of F must share at least one point with £2, since every
plane of F has one point of a line M;. No plane of F shares a line with £2, else we obtain points
of £ on 2 planes of F. This contradicts with the fact that they are contact points. This argument
shows that £2 extends F to a set of g>+q+1 planes pairwise intersecting in a point, where still three
planes have an empty intersection, so F U {£2} is the set of tangent planes to a Veronesean surface V;‘
in PG(5,q), q odd [7] and [4, Theorem 25.2.12.]. So we have proven the following extension result.

Theorem 15. A set of g + q planes F in PG(5, q), q odd, q > 3, such that:

(i) the planes generate PG(5, q),
(ii) every two planes intersect in a point,
(iii) every three planes are skew,

can be extended to a set of g% + q + 1 planes in PG(5, q) having the same properties.
Equivalently, such a set of g* + q planes is a set of q> + q tangent planes to a Veronesean variety V;‘
of PG(5,q), q odd, q > 3.

4. An algebraic characterisation of the regular generalised dual arc with parameters (9, 5, 2, 0),
qodd,q >3

We are going to use the extension result of the previous section in order to study the regular
generalised dual arc D with parameters (9, 5,2,0), ¢ odd. So we have a set F of q> +q + 1 distinct
5-spaces in PG(9,q) that generate PG(9,q). Furthermore, the 5-spaces intersect in planes and the
planes coming from the intersections of a given 5-space §2 with the other 5-spaces of D span £2. We
know from Theorem 15 that the g% + q intersection planes in a 5-space §2 are tangent planes to a
Veronesean variety V;‘ in this 5-space £2. This will play a crucial role in the characterisation result.
Also the following observation is of great importance.
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Fig. 1. The 5-spaces £2 and £2" with the extra planes 7o and .

Remark. The Veronesean surface V;‘, q odd, can be determined uniquely in the following way, as
indicated in the proof of Theorem 25.2.12 in [4].

Let Qoo, Q11 and Qy be three distinct points of V;‘ which are not contained in a plane of VE‘.
This means that their corresponding tangent planes g, 7717 and 7y, are not lying in a common
hyperplane with g + 1 tangent planes of V;‘. Let Qjj = Qji =m;i Nmjj, i, j € {0,1,2}. Then the plane
generated by Q;;, Qjj and Q;; contains a conic C;j = Cj; of contact points.

Then for a point U of Vf, U ¢ Co1 U Cpz U (12, select the coordinates such that Qoo =e€g, Q11 =e1,
Q22 =e€2, Qo1 =e3, Qo2 =e4 and Q1 = es5, where e; is the vector having coordinate 1 in position i
and 0 in all other positions, and U = (1,1,...,1). Then the unique Veronesean surface V#, pass-
ing through U, having Qgg, Q11 and Q3 as contact points and mgg, 7711 and 7wy as tangent planes
in Qgo, Q11 and Qyy, is the Veronesean surface V;‘ in standard form

2 2 .2
(Xo, X1, X3, X0X1, X0X2, X1X2)~

Lemma 16. For q odd and q > 3, let 2 and $2’ be two of the 5-dimensional spaces of D. In each of the 5-
dimensional spaces, we see a configuration of g2 + q planes, such that each two intersect in a point, and each
three are skew. By Theorem 15, this configuration can be extended by a plane to a set of q*> + q + 1 tangent
planes to a Veronesean surface. Let o and 7, denote these extension planes in £2 and §2’, respectively, and
let the respective sets of > + q + 1 planes be the tangent planes to the Veronesean surfaces Vg‘ and Vg‘/ in 2
and $2', respectively.

Then 1o and 7t are skew.

Proof. Consider §2 and §2'. (See Fig. 1.) The plane m; = £2 N 2’ has 2 contact points. Assume that the
extension planes in £2 and £2’ use the same contact point Qg in £2 N £2’.

Step 1: The coordinates in 2.

Let Q3 be the other contact point in the plane 7, = £2 N £2’. In the extra plane 7y, we have the
contact point Qoo and Qg2 = 7o N 2. In 73, select a point Q12 not on Qg Q22. This point lies in
a plane m; of £2; this plane m; contains the contact point Qq;, and the point Qo1 = 7o N 1. Take
U e V3 in £, not in the planes Co; = (Qo1. Qoo, Q11), Coz = (Qo2. Qoo. Q22), C12 = (Q12, Q11, Q22).
Then choose the coordinates as indicated in the remark above, so that V;‘ is equal to the Veronesean
surface in standard form, i.e.:

(x3, %%, %3, x0X1, Xox2, X1X2,0,0,0,0).

Step 2: The coordinates in £2’.

Let the plane 7 be the second tangent plane of the Veronesean surface Vf/ in 2’ through Q1.
Then also Qj; and Qg, are uniquely determined as the contact point in 7z and the intersection point
7y N . Then since 7 is fixed, also the contact point Qg is fixed. So the six points Qj,, Qj;.
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Q) = Q22, Qfy» Qfy = Qo2, Qi = Q12 are fixed. It is possible to take in Vf/ in £’ the point U’
corresponding to the same point V in m, as U.

Indeed, if we have chosen U in §2, then we find after projection a point V in ;. Let U vary over
V3\(Co1 UCo2 UCr2), 50 ¢> +q+1—3q=¢q*> —2q+1 choices for U. In 73, V cannot lie on the three
lines defined by the points Qgz, Q12 and Q»;, so we also have g2 —2q+1 choices for V. Furthermore,
a direct calculation shows that the point U = (a2, b%, ¢2,ab, ac, bc, 0, 0, 0, 0), with a, b, ¢ # 0, projects
on V =(0,0,c2,0,ac,bc,0,0,0,0) = (0,0,c,0,a,b,0,0,0,0). So different points U give different pro-
jections V.

We select U’ to be the unit point in £2’; we have the Veronesean variety Vf’ in £’ in standard
form defined by Q(, =e4, Q}, =es, Q}, =e2, Q)y =66, Qj; =e7, Q) =eg. Then V;‘/ can be repre-
sented in coordinates in the following way

(0,0, X52, 0, x5, Xy x5, X%, X2, X%}, 0).

Step 3: Take a line | in g through Qgy, but not through Qgg, and let P1 be a point of [ different
from Qqy. There is a 5-space §27 € D, different from £2, through P since P1 # Qqo. There cannot be
two such 5-spaces since Py lies in the extra plane of £2. Let £2 N £2y = 7p,. Then 7p, N7y is a point
R1 =2 N2’ N$2;. It must lie in a second plane 71;,,1 of £2’. Now the intersection of £2; and £2’ is a

plane of the induced Veronesean V;V in £’ through Ry, so n;,, =0'N§2. Set Py =m)N rr;,,.
1 1
Step 4: The geometrical properties we know are: P; defines a second tangent plane mp, of V;‘
in £2. This second plane which lies in £21, intersects 7, in a point R;. This point Ry lies in a second
tangent plane of V; in £2’, and this second plane is 7, and P} is 7y N7, . This correspondence
1
between the points Py and R; is bijective when P; varies over mp\{Qoo, Qo2}. We have the same
correspondence for the points P} in 7. It is the same function since V;‘ and Vg‘ are both in standard
form. The line Py P; lies in £21. If P has coordinates (a, 0,0, b, c, 0,0, 0, 0, 0), then P; has coordinates
(0,0,0,0,c,0,a,0,b,0). Hence, it is easy to see that all these lines have a point in common if we let
Py vary over a fixed line through Qg in 7. This yields a contradiction since every four 5-dimensional

spaces of D are skew. O

Theorem 17. Every regular generalised dual arc D with parameters (9, 5, 2, 0) in PG(9, q), q odd and q > 3,
is isomorphic to the one given by Construction 1, discussed in detail in Example 3.

Proof. Step 1: Selection of £2¢, £21 and £2,. (See Fig. 2.)

Choose any two 5-spaces §2p and £27 of D. They intersect in a plane mp; which contains two
contact points.

Assume that the g2 other 5-spaces £2 of D that intersect 7o in a point not collinear with the two
contact points of mp; are all contained in the 8-dimensional space spanned by 29 and £2;. Let £2’
be a 5-space of D which generates together with £2¢ and §2; the whole space PG(9, q). The other 5-
spaces intersect £2’ in a plane and at least g2 + 2 of the planes must lie in the 4-space £2’ N (2o, £21).
But this contradicts Lemma 5.

Let 7r; be the extra plane of §2; (i =0, 1,2) which exists by Theorem 15. Then 7; and the g% + g
intersection planes of £2; with the other elements in D are the tangent planes to a Veronesean sur-
face V; in £2;. Denote by P;;; the contact point of ; with respect to the Veronesean surface V; in £2;.
The plane 7; intersects the plane mjj = £2; N £2; in Pj;;. Note that by the proof of Lemma 16, Pj;j is
the contact point of I7;; to V; in £2;; alternatively, it is the intersection of I7; and I7jj; so again by
Lemma 16, 77; and 7 are skew, implying Pj;; # P jji.

Thus there exists a 5-space £2; which intersects mp; in a point not collinear with the contact
points Pgg; and P110, and such that £2q, §21, £22 span PG(9, q).

Let o, be the intersection plane of £2p and £2,, and let w1, be the intersection plane of £2q
and £2;. The intersection point of §2¢, §21, 22 is Po12. We determine the conic plane « in the 4-space
spanned by mp; and 7y in £21. This is the plane that is generated by the two contact points Pgo1,
P31 and the intersection point Pgip = /g1 Nw12. The arguments of Lemma 5 show that every tangent
plane to the Veronesean surface Vq in §21 is either skew to « or intersects « in a line. Since Pyi2,
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Q

Fig. 2. The three 5-spaces 2y, £21, §2; together with the extension planes g, 71 and 5.

Pop1 and Py are chosen to be non-collinear, 771 cannot intersect the conic plane generated by the
points Poi2, Poo1, and Pyyq in a line. Otherwise this line should intersect the line Pggi Po12 in a point.
The only possible intersection point is 771 N g1 = P110, but this is not collinear with Pgg; and Poq3.
Thus Pgi2, P21 and Pq12 are non-collinear. The same argument in £2, shows that Py, Pooz and Payo
are non-collinear.

Step 2: Construction of the coordinates.

Since we have chosen §2¢, 21 and £2; such that Pgq2, Pgo1 and Pqjg are non-collinear, the planes
o1, o2 and mp must span £2p by the structure of the Veronesean surface Vg in £2p. For, the only
candidate for their conic plane when they would define a 4-space is the plane generated by the
points Pgo1, Poi2 and Pggz, which does not contain the contact point P9 of g with respect to
Vo. Furthermore, 7o is spanned by Po12, Poo1, P110, 7oz is spanned by Po12, Poo2, P220, and mp is
spanned by Pgo1, Poo2, Pooo, because the contact point Pggp does not lie in the 4-space defined by
ITo and ITy;.

Thus £2¢ is spanned by Pggo, Poo1, Poo2, P110, P220 and Popq2; the points with at least one index
zero. Similarly, £21 is spanned by P11, P110, P112, Poot1» P221 and Popqz, and §2; is spanned by Pjj),
P220, P221, P112, Poo2 and Pg12, which are the points with at least one index one or two, respectively.
Thus the ten points Pgog, P111, P222, Poo1, Poo2, P110, P112, P220, P221 and Pg12 span PG(9, q). Choose
these points as the vectors eo, ..., eg in this order.

Choose a 5-space §2 of D different from £2p, £21 and £2;. We may choose §2 such that 2N 29N 24
is a point that does not lie on the lines Py Po12, P110Po12 and Pgo1 P110-
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Then £ intersects 29, 21 and $2; in the planes 7y, 71 and 7, respectively. Let Uy =
t1,o0,0,1,1,1,0,1,0,1), Uy =(0,1,0,1,0,1,1,0,1,1), U, =(0,0,1,0,1,0,1,1,1,1) be the contact
points of the Veronesean surfaces Vg, V1, V, in £2q, £21, §22 in the respective planes g, 71, /3. This
indeed is possible since 77; and 77; intersect 77j; in the same point, namely £2; N 2; N £2.

With these choices, the Veronesean surface in §2q is in standard form and has the equation:

2 2 2
Vo = (x5, 0,0, Xox1, XoX2, X7, 0, X3, 0, X1 X2).

Similarly, the Veronesean surfaces in £2; and £2; have the equations

2 2 2
Vi =(0,x7,0,x5,0,x1X0, X1X2, 0, X5, X0X2),
2 2 2
V2 =(0,0,x3,0,x5,0,X], XaX0, X2X1, X0X1).

Step 3: Identification of the 5-spaces.

Now let £2 be a 5-space of D different from £2¢, £21 and £2,. Then 2 intersects g in a point Qo
with coordinates (0,0,0,a,0,b,0,0,0,c).

In £2¢, the point Qg lies in the tangent plane 77y of the Veronesean surface Vo with equation

7o : (axp, 0, 0, ax; + bxg, axy + cxg, bx1, 0, cx2, 0, bxy + cx1).

By the same arguments, we find that the intersection plane 777 of £2 with §2; has the equation

71 : (0, bx1, 0, axg, 0, axy + bxg, cx1 + bxz, 0, cxa, cxg + axz).

Now 77g is the intersection of 2 with £, and £2 intersects gy in the point Qg = 72 N 7o
with coordinates (0,0,0,0,aq,0,0,c,0,b). Consequently, from the description of this point and V5,
the intersection plane 77, of £2 and £2; has the equation

772 : (0,0, cx2, 0,axg, 0, bx1, cXg + axa, cx1 + bxa, bxg + axy).

Then §2 intersects w12 in the point Q1 with coordinates (0,0,0,0,0,0,0,b,0,c,a), and £2 also
contains the points Qg, Q1 and Q2 with coordinates

Qo:(a,0,0,b,c,0,0,0,0,0) € 7o,
Q1:(0,b,0,0,0,a,c,0,0,0) € 7,
Q,:(0,0,¢,0,0,0,0,a,b,0) € 7.

As we can see from the coordinates, the points Qg1, Qo2, Q12, Qo, Q1, Q2 are independent if
at least two of the three values a, b and c are non-zero. But this is the case since §2 intersects 7o
neither in Pgg1, P110 or Poi2. Thus §2 is uniquely defined by the points Qo1, Qo2, Q12, Qo, Q1, Q2.

Now we can check the definition of D(P) in Eq. (1) to see that the 5-space 2 is the space
D((a, b, c)). Alternatively, it is possible to use the trilinear form 6 from Eq. (2) to check that Qgq,
Qo2, Q12, Qo, Q1, Q2 are the points 6((a, b, ), e;, e}), (e;, ej are basis vectors).

This proves that £2 is of the form as defined in Construction 1, and discussed in Example 3. O

We know that in every 5-space IT of the regular generalised dual arc D in PG(9, q), q odd, q > 3,
with parameters (9, 5, 2, 0), there is one plane extending the set of g% + q intersection planes of IT
with the other 5-spaces of the generalised dual arc to a set of tangent planes of a Veronesean vari-
ety Vy in IT.

As indicated in Example 3, it might be possible that these g + q 4+ 1 extension planes in the
q? 4+ q + 1 distinct 5-spaces of the generalised dual arc define a Veronesean variety in a 5-space I7,
extending the generalised dual arc of g% +q+1 distinct 5-spaces to a generalised dual arc of g2 +q+2
distinct 5-spaces.

This however is impossible, as was shown in Example 3. So we have found the maximal size for a
regular generalised dual arc in PG(9, q), q odd, g > 3, with parameters (9, 5, 2, 0).
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Corollary 18. A regular generalised dual arc in PG(9, q), q odd, q > 3, with parameters (9, 5, 2, 0) contains at
most g% + q + 1 elements.

Proof. Assume that the dual arc contains at least g> +q+1 elements. By Theorem 17, these g% +q+ 1
elements form a configuration isomorphic to the configuration of Example 3. But we have seen in
Example 3 that this configuration cannot be extended. O

5. Applications to cryptography

In this section, we describe an application of generalised dual arcs in cryptography.
Let us recall the definition of a message authentication code [5].

Definition 19. A message authentication code (MAC) is a 4-tuple (S, A, K, £) with:

1. S a finite set of source states (messages).

2. A a finite set of authentication tags.

3. K a finite set of keys.

4, For each K € KC, we have an authentication rule ex € £ with egx : S — A.

The security of a MAC is measured by the following probabilities.

Definition 20. Let p; denote the probability of an attacker to construct a pair (s, ex (s)) without knowl-
edge of the key K, if he only knows i different pairs (sj, ex(s;)). The smallest value r for which
pr+1 =1 is called the order of the scheme.

For r = 1, the probability po is also known as the probability of an impersonation attack and the
probability p; is called the probability of a substitution attack.

The next theorem bounds the number of keys by the attack probabilities. For r =1 and pg = p1, it
is stated in [2], and for arbitrary r with pp = py =--- = pr, it was proven in [1].

Theorem 21. If a MAC has attack probabilities p; = 1/n; (0 <i <), then || = ng---n;.

Proof. Suppose that we send the messages (s1,ex(s1)), ..., (5, ex(sr)). Let K; be the set of all keys
which give the same authentication tag for the first i messages, i.e.

Ki={K e K|ey(sj) =ex(s;) for j <i}.

By definition, we have Ky = K. Formally, we define ;1 = {K}. A
An attacker who knows the first i messages can create a false signature by guessing a key K € K;
and computing e (si+1). The attack is successful if K € KCj;1. Therefore

P < IKit1]
X .
ICil

Multiplying these inequalities proves the theorem. O
A MAC that satisfies this theorem with equality is called perfect.
Theorem 22. Let p; = 1/n;, withn; € N. Ifa MAC has |KC| =ng - - - - - ny, then |S| < % +r—1.

Proof. After r — 1 messages, the number of possible keys is reduced to n,_in,. After r — 1 messages,
we call the possible keys points. A set of points that produce the same authentication tag for an rth
message will be called a block.
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Since the MAC is perfect, we know that two blocks have at most one common point, because
otherwise the probability p, > 2/n,. The equation p, = 1/n, says that each block contains at least
n; points, and pr_1 = 1/n,_1 says that each block belongs to a parallel class of at least n,_; blocks.
It follows that every point lies on at most (n,_in, — 1)/(n, — 1) blocks. This bounds the number of
remaining messages, since every message defines a unique block. O

Now we show how to use generalised dual arcs to construct perfect MACs.

Theorem 23. Let IT be a hyperplane of PG(n + 1, q) and let D be a generalised dual arc of order | in IT with
parameters (n,dq, ..., di1)-

The elements of D are the messages and the points of PG(n+ 1, q) notin IT are the keys. The authentication
tag that belongs to a message and a key is the generated (d1 + 1)-dimensional subspace.

This defines a perfect MAC of order r = | + 1 with attack probabilities

pi= qdi+1_di'

Proof. After i message tag pairs (mq,t1),..., (m;, t;) are sent, the attacker knows that the key must
lie in the (d; + 1)-dimensional space = =t N---Nt;. This space contains q%*! different keys. A mes-
sage m;,; intersects m; N---Nm; in a d;,-dimensional space 7’. Two keys K and K generate the
same authentication tag if and only if K and K generate together with 7’ the same (di.; + 1)-
dimensional space. Thus the keys form groups of size g%+ *! and keys from the same group give the
same authentication tag.

The attacker has to guess a group. The probability to guess the correct group is p; = qdi+111/qdi+1,

O
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