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1 Introduction

Quantum algebras are g-deformed versions of universal enveloping algebras of Lie algebras, the latter are
recovered as the deformation parameter ¢ goes to unity. The study of quantum algebras leads to the
use of mathematical tools of g-analysis, see [1, 2]. In [3] Jackson originally introduced the g-analogues
of differentiation, integration and special functions in the context of ¢-hypergeometric series (also known
as basic hypergeometric series). In particular, there are connections between representations of quantum
algebras and g¢-special functions ([4]) and g-calculus ([5]). Also in the framework of ¢-harmonic analysis
of this paper, we will obtain an suq(1|1)-representation for which the g-Laguerre polynomials (see [1])
are eigenvectors.

In [6] g-analysis is used to solve the SO, (m)-invariant Schrodinger equation in quantum Euclidean space,
see [7]. The results in [8] about ¢-difference equations can be used to solve more general SO, (m)-invariant
Schrodinger equations in quantum Euclidean space. Also the objects of g-harmonic analysis developed
in this article can be used to study quantum Euclidean space.

The interest for quantum algebras in physics was partly triggered by the introduction of the g-deformed
harmonic oscillator (see [9] for an overview). The first approaches however, lacked any dynamical content
behind the hamiltonian. In [5] an overview is given of different realizations of the ¢-Heisenberg algebra,
using the g-derivative, leading to the g-harmonic oscillator. In [10] a procedure for general g-deformed
quantum mechanics was constructed using the g-derivative. Until now the higher dimensional g-deformed
isotropic oscillator is only defined in quantum Euclidean space or in undeformed space by an unnatural
separation of the radial part.

The ¢g-harmonic oscillators lead to the ¢g-Hermite polynomials see e.g. [11]. In [1, 12] it was shown that the
g-Hermite polynomials are orthogonal with respect to g-integration and have annihilation and creation
operators using the g-derivative. Because all the different types of the g-Hermite polynomials satisfy
many properties that are analogues of properties of the Hermite polynomials, see e.g. [11, 12, 13], they
are interesting objects of study themselves.

In this study we define a theory of ¢g-deformed derivatives in higher dimensions and a ¢-deformed Laplace
operator acting on functions with commuting variables. Since we use Clifford analysis ([14, 15]) for this,
we define a ¢g-deformed Dirac operator with its square a g-Laplace operator. As the undeformed SO(m)-
invariant harmonic operators generate the Lie algebra sly(R) we now find a g-deformation of this algebra.
This leads to a Howe dual pair ([16]) with a quantum algebra, (SO(m), sl2(R),).

Because the g-Laplace operator is scalar, it can be expressed without Clifford algebras. However, the
Clifford-approach to this ¢-Laplace operator is more natural. The resulting g-Laplace operator can be used
to put an existing g-deformation of the isotropic Schrédinger equation in undeformed space ([8, 17, 18])
in a complete setting. This equation has its origin in quantum Euclidean space, see [6, 7, 19]. Using
the ¢g-Laplace operator, the angular and radial part are reunited in a complete Schrodinger equation in
undeformed space. This quantum system has the same energy spectrum as the Schrédinger equation in
quantum Euclidean space.

Using the g-deformed Dirac operator we can define a g-deformation of the Clifford-Hermite polynomials.
These are higher dimensional generalizations of the one dimensional Hermite polynomials, see [20]. Similar
to the undeformed case there is a connection between the ¢-Clifford Hermite polynomials and the one
dimensional ¢g-Laguerre polynomials which were introduced in [21, 22]. Once again, this justifies the choice
of our ¢g-Dirac operator. Using this construction we obtain realizations of su(1|1), acting on R[¢] for which
the g-Laguerre polynomials are the eigenvectors. This is a concrete generalization of the occurrence of
the Laguerre polynomials as formal eigenvectors in the [2(Z, ) representation space for su(1]1), see e.g.
[23].

The paper is organized as follows. First we repeat some facts about quantum numbers and derivatives
and give a short introduction to Clifford analysis. From a list of axioms we derive a unique ¢-Dirac
operator, which leads to a g-Laplace operator. We show an important connection with the SO(m),-
invariant Laplace operator in ¢-Euclidean space. Then we construct an integration which leads to ¢-
Cauchy formulas. Finally we define the ¢-Clifford-Hermite polynomials and prove their most important
properties.



2 Preliminaries

We give a short introduction to quantum numbers (g-numbers), g-derivatives and g-integration, see
[1, 2, 3, 9]. For w a number or operator, and ¢ the deformation parameter, we define (where it exists) the
g-deformation of u by

q“ —1
g—1"

[ulg =

It is clear that lim,,;[u], = u. In this paper we assume ¢ € RT. The g-derivative of a function f(t) is
defined by

sy = L0, W

For this to exist, the function has to be defined in t and ¢t and has to be differentiable in the origin.
From the definition we find

k
-1
() = T th = [kt

and the Leibniz rule
oft = qto} + 1. (2)
This is a special case of the following two Leibniz rules

Of (f1(t) f2(1)) OF (fr(0) f2(t) + fr(qt)OF (f2(1)) (3)
0f (f1(1)) f2(qt) + f1(1)OF (f2(2)). (4)

For ¢ < 1, the g-integration on an interval [0, a] with a € R is given by

lfﬂﬂ%t= (1-gay flag*)d" (5)

k=0

More general intervals are defined by f; = fob - foa and satisfy the important property

b
/(%ﬂ@ﬁm — 1) - fla). (6)

The g-factorial of an integer k is given by [k],! = [k]q[k — 1], - - - [1]4- This leads to the introduction of the
g-exponential

E,t) = 2_%[;];' (7)

In order to find its inverse we define a second g-exponential by

[e.¢] L J
eo(t) = Epa(t) = 3 qh0-0 ®)
=0 [J]q~
Now E,(t)eq,(—t) =1, see [2, 4, 9]. It is easily calculated that
O/ Eq(t) = Eg(t) , 9feq(t) = eq(qt). (9)

The series E4(t) converges absolutely and uniformly everywhere if ¢ > 1 and for |t| < %_q if ¢ <1, see
[1]. The g-binomial coefficients are defined by

(), = i



We can also define the ¢-Gamma function for ¢ < 1

0 1k
iy T

with the property that I'y(t + 1) = [¢],T'4(¢), see [2]. The function I', admits the following integral
representation

1

Ty(2) = / gt ey (—gt), (10)

see [1, 4]. Sometimes we will encounter expressions which we will write as ¢?>-deformations, for example
[2u]y = (g + 1)[u],2, therefore we fix the notation @ = ¢*.
Now we briefly recall the basic notions of Clifford analysis. For more details we refer the reader to
[14, 15]. Denote by Rg,, the Clifford algebra generated by an orthonormal basis (e, - ,ep,) for R™
with multiplication rules

67;6]' + ejei = _26ij (11)

for 1 < 4,7 < m. The algebra generated by these Clifford numbers and the m commuting variables x;,
which commute with e;, 1 < i < m, is the algebra of Clifford valued polynomials P = Rz, - ,z,] ®
R, . The vector variable is identified with the first order Clifford polynomial of the form z = Z;n:l €;x;.

Using (11) we find that the square of this vector variable is scalar valued, 22 = — Z;ﬂ:l x? = —r2 The
corresponding vector derivative in the vector variable x is the Dirac operator,

6£ = — f: ejawj.
j=1

The square of the Dirac operator is again scalar, 8; = —A, with A the Laplace operator. Using the
Clifford multiplication rules (11) we can calculate

with E = 377" | 2;0,; the Euler operator. In particular we find 0, (z) = m and

Oz’ = §28£+2g. (13)

We will use the notation f(x) = f(z1, -+ ,2m). Clifford analysis deals with the function theory of
solutions of 0, f(z) = 0, called monogenic functions, in particular monogenic polynomials of degree k.

Definition 1. An element F € P is a spherical monogenic of degree k if it satisfies
0, F =0 and EF =EkF.
The space of all spherical monogenics of degree k is denoted by M.

In the same way we can define the space of spherical harmonics of degree k, Hy, as the null solutions of
the Laplace operator, clearly My C Hj. We have the following well-known decomposition of the space
of polynomials.

Lemma 1 (Fischer decomposition I). The vector space Pj decomposes as

k2]
Pr = @ ¥ Hy o

1=0

This decomposition is unique, hence >, x> Hy_o; = 0, with (H; € H;) implies H_o; = 0 for every i.



Since A is scalar, we can replace P with R[zy,--- ,z,,] in the previous lemma. The decomposition can
be refined to

Lemma 2 (Fischer decomposition II). The vector space Py decomposes as
k
Py = @&ZMkﬂw
i=0

This decomposition is unique, hence Zj 2" IM; =0 (with M; € M) implies M; =0 for every j.
Commutation rules (12) and (13) yield
Oz My, = 2z 7'M, (14)
Dpz® 1My, = (20 + 2k +m)z M, (15)
These equations together with lemma 2 imply that every (scalar) Hj can be decomposed as
Hy = M+ xMp_;. (16)

The operators 9, and z generate a finite-dimensional Lie super-algebra isomorphic to 0sp(1]2). The even
subalgebra is generated by 92, 2% and E 4 m/2 and is isomorphic to the Lie algebra sly(R), see [16, 24].
The commutation relations of the Lie super-algebra are given by

32/2@2/2} = E+m/2  {z,z} = 22°
2/2,E+m/2| = 202/2 {0p,0.} = 202
22/2,E+m/2] = —222%/2 {0z,2} = 2E+m
and
z, 22 =0 Dy, = 2
z,08 = —20, Oy, 02 =0
z,E+m/2] = -z 0p, E+m/2] = 0,

An important feature in harmonic and Clifford analysis is the occurrence of Howe dual pairs, see [16].
The generators of the Lie algebra sla(R) are SO(m)-invariant. These operators acting on the module
@®,;7%'H), give an infinite-dimensional irreducible representation of sla(R). The blocks r%/H}, with H),
the scalar spherical harmonics, are the irreducible pieces of R[z, -, 2,,] under the action of SO(m).
This can be refined to the Howe dual pair (Spin(m), osp(1]2)) (see [14, 15]), with Spin(m) the universal
cover of SO(m).

These Howe dual pairs return in different generalizations of harmonic and Clifford analysis. In Dunkl
harmonic analysis (see [25]) we have the pair (G,sl2(R)) with G a Coxeter group. In super harmonic
analysis (see [24]) we find the Howe dual pair (SO(m) x Sp(2n),slz(R)). The Howe dual pair for hermitian
Clifford analysis can be found in [26]. By defining g-deformed Clifford analysis we will obtain Howe dual
pairs with the quantum algebras sl(R), and osp(1|2),.

The Euler operator E = 70, represents the radial part in 0., the angular part is given by the Gamma
operator I,

29, = E+T. (17)

By using z = r§ with §2 = —1, this equation can also be written as 9, = —£(0, + %F) While the Euler
operator is scalar, the Gamma operator is a bivectorial operator, I' = — ZKj ei€j(1;0y, — 1;0,,). Using
Exz = 2E 4+ z and (12) we obtain the commutation relations for the Gamma operator,

ez = z(m-1-T) (18)
rz? = 2°I. (19)



We will also need the main anti-involution on the Clifford algebra Ry ,,, defined by

e, = —€

ab = ba, foralla,beRg,,.

For Clifford valued functions on the unit sphere there is an inner product

o) = [ ae [Fal,.

with ~ the main anti-involution and [-]p : Ro» — R, the projection onto the scalar part. For two spherical
harmonics of degree k # [,

/ e HH, = 0 (20)
Sm—l

holds. In particular, we will consider a fixed orthonormal basis of spherical monogenics M, ’gp ),

/ d¢ [M,EP)MZ(T)} = Sy (21)
§m—1 0

3 Definition of the operators

3.1 The ¢g-Dirac operator

Our aim is to obtain a g-deformed version of the vector derivative, or Dirac operator d, which we will
denote by 94. First we derive 4 axioms such an operator should satisfy. Inspired by of(t) = 1 = [1],
and formula (12) we impose 9¢(z) = [m],. We also need a good g-deformed Leibniz rule based on (2).

2

We deform commutation relation (13) in stead of (12) because x* is scalar. Therefore we can elegantly

extend 9ft? = ¢*t20] + (¢ + 1)t to
8‘11: =q a:Zag + (¢+1)z.

To obtain a g-deformation of the Laplace operator, (99)? has to be a scalar operator. For the last axiom
we use the Fischer decomposition in lemma 2 to find that a basis for the polynomials of degree one is
given by
T, Tie2 + Tae1, -, Ti€m + Tmey.

It can be shown that all monogenic functions are Taylor series in the xjeq + 1€, j # 1 (see [14, 15]).
This is a generalization of the fact that holomorphic functions (null solutions of the Cauchy-Riemann
operator 9z) are Taylor series in z and not in Z. Because 92 should be a ¢-deformation of the derivative
with respect to z we do not want it to mix up with the derivation with respect to xies + zoe;. This
means 02 should satisfy

oxf =0

when 9, f = 0. Summarizing, 9§ should satisfy the following 4 axioms,

(A1) O3 (z) = [mlq

(A2) x® = ?2*0L + (¢ + Dz
(A3) (02)%is scalar

(A4) 8eMy, = 0.

We will show that these axioms uniquely define the g-Dirac operator on P.



Lemma 3. A linear operator on P satisfying (A2) and (A3) also satisfies the property that
Oz + q°zdl
is a scalar operator.
Proof. We calculate (82)%2? using (A2),
(09)°2® = 0303 + (¢ +1)0x

q'z*(99)* + ¢*(q + 1)zd% + (¢ + 1) 9%z

Rearranging terms yields
(09)%a® — ¢*2*(9%)° = (q+1)(0z + ¢°xdY). (22)

Because 2® and (84) are scalar we obtain the lemma. O
Lemma 4. For a linear operator on P satisfying (A1) — (A4), the following relation holds,

0fxMy = [m+ 2k] M.

Proof. We know from (A1) that this holds for k = 0. Now we assume that 9z My = [m + 2k|, M} holds
and prove that it also holds for k + 1. Using (A4) yields

MxMypsr = (92 + ¢*20%) M. (23)
We use (A2), (A4) and the induction step to calculate

0%z + *zd)zMy = (q+ 1+ ¢*[m+ 2k]g)z M,
= [m+ 2k + 2],z M.

Let Hj41 be an arbitrary scalar spherical harmonic of degree k + 1, this means 20, Hy41 € M), and we
can substitute £0, H,11 for zM}, in the equation above. Equation (17) implies

gﬁngH = (k’ + I)Hk—i-l + FHk+1,

so the scalar part of 20, Hy41 is proportional to Hjy;. Since (agg + qQQGg) is a scalar operator (lemma
3) the equation above holds separately for both Hyy1 and I'Hy11. So for every scalar Hy 1

(02 + ¢*20)Hyyr = [m+ 2k + 2] Hyy1.

This equation can be multiplied with elements of the Clifford algebra on the right hand side, so it also
holds for M. Combining this with equation (23) yields

a;ng+1 = [m + 2k + 2]qu+1,
so the lemma is proven by induction. O

Theorem 1. There is at most one linear operator on P satisfying (A1) —(A4). The action on the Fischer
decomposition (lemma 2) is given by

aggka = [2,22 M
8;;2”1Mk = [20 + 2k + m],z* M.
Proof. Tterating (A2) yields
agfl = [20), 22! + qzlgzl(')g.
Together with lemma 4, this proves the theorem. O



We introduce a closed expression for the operator which acts on P as in theorem 1. This allows it to be
defined on a function space larger than the polynomials.

Definition 2. The g-deformed Dirac operator is formally given by

9 = Loyl

[E+F]q - ([E]q+qE[F]q)

1
¢ (o7 1™ i)

Remark 1. It is important to note that E and T' commute, so ¢°t1 = ¢®q". This operator is clearly
defined everywhere on functions in the space P ® J with J functions of r on RT. This corresponds to the
spaces mostly used in quantum Fuclidean space (see e.g. [6, 7]).

8| = I8
\Hw‘m

The operator ¢* can always be defined on f(z) if gz is in the domain of f. It is harder to define ¢'. It
can be defined locally on analytic functions. The Cauchy-Kowalewskaya theorem on the system

Oug(z,u) =Tug(z,u)  g(z,0) = f(z),

states that g(x, u) is analytical when f(z) is. Because g is analytical,

¢ flz) = > hlq IJ9(z,0)
§j=0
_ i lnq (x 0)
7=0
- @,M.

Remark 2. We could also consider functions which are only defined on OB(R;) for some R; € RT and
are analytical on these (m — 1)-dimensional manifolds. The operator T'y is elliptic on these manifolds.

All the functions we will encounter in this paper are polynomials times radial functions which pose no
problem. When we take the case m = 1 we find that

o = le1m1(—e10z,)]q

== 761(9(1
so the one dimensional case is a special case of this theory.

Theorem 2. The operator 0% in definition 2 is the unique linear operator on P satisfying azioms (A1) —

(A4).
Proof. Definition 2 and equations (14) and (15) imply that 0 satisfies the properties in theorem 1, so it
is unique. We only need to show that 9% satisfies the axioms (A1) — (A4) to prove the existence. Axiom
(A1) is trivial, axiom (A2) follows from formula (19),
1
0fz® = —[E+T]2’
z z
51
= z°-[E+2+T],
z
21 2
= (g +1+¢[E+T])

= 2?0+ (q+ Dz



To prove axiom (A3) we calculate

(09)22* My = [20 — 2+ 2k + m]4[20] ;2”2 M,
(0922 My = [204[20 + 2k — 2 + m] g2~ My,

Since every scalar spherical harmonic can be decomposed as Hy, = My + zMjy_1, we find that
(09)%2* H), = [2]4[21 — 2 + 2k + m],z® 2 Hj. (24)

Since the set {2% H}} spans all scalar polynomials (lemma 1), (8%)2 acting on every scalar polynomial is
scalar. Axiom (A4) follows immediately from the definition. O

The operator in definition 2 is of the form
i=1

where D; are scalar operators. Because of lemma 1 it suffices to calculate the action on scalar polynomials
22 Hy,, with decomposition Hy, = My + zMj_1,

Mz Hy, = [2),2” " Hy, + ¢*' 2% m + 2k — 2] My,
_ + 2k — 2]

— 9221y 2121 [M 99, H

2l RTE m+ 2k — 2 OcHi

which clearly is a vector. Since, by axiom (A3), the square of 01 is a scalar operator,
m
(09 = Z eie;Di D
ij=1

_ ipf + Z eie;(D;D; — D;D;)

i=1 i<j

is scalar. Since the set {e;e;,7 < j} is linearly independent, the operators D; must all commute. We
will call them the ¢-partial derivatives. The Dirac operator 9, is invariant under the action of Spin(m),
the universal cover of SO(m). How the spin group can be realized in Clifford analysis can be found in
[14] and [15]. Because multiplication with z is also Spin(m)-invariant, we find that 04, as defined by
definition 2 is also Spin(m)-invariant. a

Lemma 5. The q-Dirac operator in definition 2 satisfies
Oiz = [E—-T+m],.
Proof. We use commutation rule (18) to calculate

1
8‘1@:E[E—Ff]qg:[E—&—l—i—m—l—F]q.

Z

Lemma 6. For f a scalar function of v, we have the following Leibniz rule

flgr) — f(r)

OLI(r) = 08T (r) + Flan)of = =0

+ f(qr)oz.



Proof. Because I' commutes with r we find

dlf(r) = i([E}qf(r) +4°f(r)[T,)
= L(ELS0) — S@E) + @) Bl + /@) T,
— ) — )~ Far® + far) + S0
w + f(qr)0g.

3.2 The g-Laplace operator
As in the undeformed case we define the ¢-Laplace operator as minus the square of the ¢-Dirac operator.
Definition 3. The gq-deformed Laplace operator on analytic functions is given by
Ay = —(82)2.
Because 8;83(M k +2My_1) = 0 we find that the spherical harmonics are the polynomial null solutions of

the g-Laplace operator. The undeformed Laplace operator can be decomposed into its radial and angular
part,

A = Em—-2+E)+T(m-2-T).
The angular part is the Laplace-Beltrami operator
App = T'(m-2-T), (26)

which is clearly scalar although it is defined here using the Clifford valued Gamma operator. We will
also derive such a decomposition for the g-Laplace operator. It turns out that the angular part of the
g-Laplace operator will be given by

Definition 4. The g-Laplace-Beltrami operator on analytic functions is defined as
Alp = [[lglm—2-Tl,

This operator is scalar, which is not obvious at first sight. This is a consequence of the decomposition of
the g-Laplace operator in theorem 3. Property (19) of the Gamma operator implies that the g-Laplace
Beltrami operator commutes with radial functions.
Theorem 3. The q-Laplace operator can be decomposed as
1 1
Ay = ¢"HOD? +[m— g=0f + 5

TQAq = [Elglm —2+E], + qE[F]q[m —2-T,.

qEA%Ba

Proof. We calculate using definition 2, lemma 5 and formula (18)

A, = zE+T],E-T+ m],;,l
X

= [E4+m—-2-T][E+T],
= ([E—i—m— 2]q +q]E+m_2[_F]q) ([E]q +qE[F}q)
= [E+m—2]4[E], + q]E ([F]q[]E +m—2-T],+ qmiz[_F]Q[E]q)
-T(1_ T
— B+ m= 2B, + Plrl, (4 m -2 T+ )
= [E+m_2]q[E]q+qE[F]q[m_2_F]q-

10



This leads to the second expression, the first one can be found from

1 1
ﬁ[E]q[m -2+ E]q = ;ag([m - Q}q + qm—27,8g)
R B R R

0

Remark 3. In [27] a theory of Clifford analysis in superspace was developed by constructing a Dirac
operator which satisfies 02 = A with A the well-known orthosymplectic super Laplace operator. Using
definition 2 we can also construct a theory of q-deformed Clifford and harmonic analysis in superspace.

The decomposition of the g-Laplace operator in theorem 3 can be used to calculate the action on the
product of a radial function and a spherical harmonic.

Lemma 7. For f a function of r and Hy a spherical harmonic of degree k, the following holds
1
Aqf(r)Hk = Hk qm—1+2k(8g)2 + [m -1 + 2k]q;6g f(’l")
Proof. Since AyHj, = 0, theorem 3 yields

EALpHy = —[k] [m — 2 + k] Hy,.

We use this to calculate

Agf(r)Hy = Hy %[E+k]q[m—2+]E+k]q—%qE[k]q[m—Z—f—k]q f(r)
= Hkrig[[E]q[m—2+E+k}q+qE[k]q[m—2+E+k}q—qE[k]q[m—Hk]q] f(r)
= Hig [l — 2+ B+ H, + kg™ > [E)] £0)

= Hig[Elym — 2+ E+ 2K,/ (r).

This is the usual action of Ay on f(r), with substitution m — m + 2k. O

It is inelegant that scalar operators like the g-deformation of the Laplace and Laplace-Beltrami operator
are defined only using Clifford algebras. Therefore we derive purely scalar expressions for A? , and A,.

Lemma 8. The q-Laplace-Beltrami on analytic functions is given by

Alp = [%_1_ \/(1721 —1)2—ALB]q[T;—1+\/(n; —1)2 - Arglg.

Proof. Tt is not a priori clear that the right hand side is well defined. In the case ¢ = 1 we find

CRR (RS

so there does not really appear a square root of the Laplace-Beltrami operator, which would be ill-defined.
The same thing happens in the g-deformed case. The right hand side is defined by a series expansion, so
it is equal to the series expansion of

q™ 2 — q%12cosh(ln q\/(% —1)2—-Arp)+1
(q—1) '

11



Using equation (26), we calculate

m > (In —m )20
cosh(lnq\/(2 12— Arg) = Z (1 q\/W)

l

0
(Ing(T — 3 4+ 1))*
(20)!

I
NE

!
= cosh(lng(I" — % +1)).

Il
o

This means the expression on the right hand side is equal to

qm72 o qgfl(ql—‘ngrl + qgflfl“) 41 qm72 _ qF o qm7271—‘ +1
(¢ - 1) a (¢ —1) ’
which is the g-Laplace-Beltrami operator in definition 4. O

Similarly we can prove the following scalar expressions for the g-Laplace operator.

Theorem 4. The q-Laplace operator on analytical functions is given by

1
A, = rQ[IE—l—T;—l—&-\/(E—i—Tg—l)Q—r?A} [E+7;1—1—\/(E+";—1)2—7«2A]
q

_ :2[]EJFZ‘—H\/(”;—1)2—ALBL[IE+?—1—\/(”;—1)2—ALB]

As we will see the ¢g-Laplace operator is related to a fundamental object in quantum Fuclidean space,
without connection to Clifford analysis. It is remarkable that it is defined more elegantly using Clifford

algebras (which disappear in the resulting operator) in theorem 3, than without Clifford algebras, in
theorem 4.

q

q

3.3 A ¢-deformed version of sl;(R) and osp(1]2)

In classical harmonic analysis the SO(m)-invariant operators 72/2, A/2 and E + %' generate the Lie
algebra sl (R), see [16]. These operators also generate as an associative algebra the universal enveloping
algebra of slo(R). By g¢-deforming this to U,(sl2(R)) we take one of the two dually related ways to
g-deform a Lie-algebra. We define
1 1

B=L (otz+ Pa01) = L= (B+m—T], + 2 +T,). (27)
This operator is scalar, see lemma 3. We will use the notations {4, B}, = AB + ¢BA and [4, B]. =
AB — ¢BA. Rewriting equation (22) and a straightforward calculation lead to

[Ag/2,7%/2] . = E
B/, = Haflon
_ 442
[E,r2/2]q2 = Trz/Q.

So 72/2, A;/2 and E form a g-deformed version of sly(R). This corresponds to the su(1/1), quantum
algebra in [28], which is defined by operators L1, L_; and Ly, satisfying

_ 4
¢ *LiL_y —¢°L1—1L; = Q&LO
2]
q 'LiLo—qLoLy = I,
¢ 'LoL_1—qL_1Ly = L_1.

12



This algebra is obtained from the identification L, = %, L= % and Ly = MjﬁE' Now we prove
that these generators of slx(R), are still SO(m)-invariant. Therefore, a deformation of the Howe dual

pair (SO(m),sla(R)) to (SO(m),slz(R),) is obtained.
Lemma 9. The operators r?, A, and E are SO(m)-invariant.

Proof. Since the undeformed operators are SO(m)-invariant, we find that 72 is SO(m)-invariant and
using theorem 4 that A, is SO(m)-invariant. Because E can be written as the g*-commutator of r? and
A, it is also invariant. O

The module @jr2j Hj, forms a lowest weight module for the representation of slo(R) given by the action
of A, r? and E +m/2. The lowest weight vector is Hj with lowest weight m/2 + k. The action of A, r?
and E has the same structure but with g-deformed coefficients, so we also obtain a lowest weight module
for sly(R)g.

We can consider a larger algebra than sly, generated by 0, and z. Then we find the Lie superalgebra
0sp(1]2). Here we give the g-deformed commutation rules of the algebra generated by 92 and z

{wa}=-27  (Ohahe=T0E {100 =24,
and
[z,r?] = 0 [o2,7] L= gt
[Agyzl . = —(¢+1)0 a4, Aq} - 0
[E.z]. = %& —¢*(1—¢*)r?0d dg, E} s %32 ~ (1 - Pz,

As an illustration we calculate [Ag, g]qz, using definition 2, lemma 5, the fact that E and I' commute and
axiom (A2)

(]
&R
R
I8
I

Lo
i
((q+ Dz + ¢*z°0%)0%

+1)0% + ¢*z(99)*.

B8+

|
—
Q

Since 9¢ is Spin(m)-invariant we also obtain the Howe dual pair (Spin(m), 0sp(1]2),).

4 g-analogues of the radial Schrodinger equation

In [6, 7] the Schrodinger equation of the harmonic oscillator in the m-dimensional quantum Euclidean
space was studied. The symmetry group of the construction is SO4(m), see [19]. The Hopf algebra
Fung(SO(m)) of functions on SO, (m) are power series in T;;, with T;;(g) the matrix of the fundamental
representation for g € SO(m). They satisfy TCT?F = (C, for the metric C' and have commutation relations
determined by the braid matrix R, I:l}ngSkT zl) =T T,ﬁé’;}, In the undeformed case R?I = 0;10;1. The braid
matrix can be written using projection operators as

R = ¢Ps—q '"Pa+q "Pr

The braid matrix is connected to the metric by the relation (731)2][ = gp;gzz . The commutation relations

for the variables and the derivatives are given by (Pa)z"z! = 0 and (P)},0%9" = 0. The action of the
derivatives is given by the Leibniz rule

'l = C’ijﬁ—qégajkﬁl.

13



The metric is used to define the generalized norm squared 2? = z -z = 2'C;;27 and the Laplace operator
d-9 = 0'Ci;07, they are clearly SO, (m)-invariant. The function space considered is freely generated by
the ¥ modulo the P 4-commutation relations. The center is generated by 1 and z? (see [6, 7, 19]).

This allows to construct a g-deformed Hamiltonian with the corresponding Schrédinger equation

HU =[-q"0-0+2-2]¥ = EWU, (28)

which has an SOq(m) symmetry. In [6] this equation was first solved by constructing creation and
annihilation operators. Then it was shown that this equation could also be solved using an ansatz of the
form

U= Sig(a?),

where S} is of degree k and satisfies d - S = 0, so it replaces the notion of a spherical harmonic.
The Schrodinger equation (28) then led to the following equation (we use an unimportant different
normalization of the energy)
2

x 9 E
" ez - =
CESIE R
In this equation 22 can be treated as a normal variable, so we take r? = 22 and ¢ has to satisfy a
g-difference equation. By substituting g(2?) = f(r) and calculating

g (O)? — (24 M 20 + (7). (29)

2

2 2£B2 _ 1.2
o9 = g(q(qg)_l)s;(2 )
1 flgr)

qr) — f(r)
(¢+Dr (¢=Dr
we find that equation (29) leads to

q% RO ok 2k - 1), 00+ f) = B, (30)

This equation was studied in [17] and [18]. With the g-deformed Laplace operator in definition 3 it is
possible to put this equation into a Schrodinger equation completely determined by g-analysis, without
quantum variables. By lemma 7, the equation (30) for f(r) is equivalent with
1
g+1 [-Ag+7%] f(r)H, = Ef(r)Hs, (31)

for Hj an arbitrary spherical harmonic. So, the entire quantum system in g-Euclidean space can be
replaced by the ¢g-Schrédinger equation in undeformed space,
1

m[—Aq+r2] U(z) = EV(z).

The dimension of the space of spherical harmonics does not depend on ¢, so dimS,ﬁ = dim Hy, see
[6, 7, 19, 29, 30]. This means the energy eigenvalues and multiplicities of more general Schrodinger
equations q% [—A, + V()] ¥(z) = E¥(z) are equal to those of the corresponding Schréodinger equations
in quantum Euclidean space. This spectrum can be found using separation of variables and the results in
[8]. As an example we consider the free particle Aji(z) = —I?¢(z) as in [29]. The g-difference equation

[qm+2k—1(6g)2 + [m + 2k — 1]&@‘3} fr) = —Pf(r)

with f an even function is solved by

B 00 (_1)n Ir 2n
fr) = ;FQ(nJrl)FQ(L;JrkJrn) <q+1> '

14



This corresponds to the ¢-Bessel functions introduced by Jackson,

w11 ()

The odd case leads to the ¢-Neumann functions, see [29].

5 g¢-integration

5.1 One dimensional case
The following lemma about one dimensional g-integration follows from straightforward calculations.

Lemma 10. For g <1, k € N and a,b,c € R, the following relations holds,

b* b
O [ dptt g0 =, [ dg s

k
cb

(i4) /abdqtf(ct) = %/ dgt f()
—k k

(ii1) /0 dyt f(t) = /O dgt f(t) + (1= q)ay_ flag " )g".

i=1
For the sequel we will need the g-integral of eq(—t*) with @ = ¢*. First we need the following lemma.

Lemma 11. The zeroes of the exponentials defined in (7) and (8) are given by

E(qu) = 0 ifg>1and
qlfq

e(qfk) = 0 ifg<l
qq_l

for k € N.

Proof. We start from the g-difference property (9) of the g-exponential

Ey(qu) = (1+ (¢ = Du) Eq(u).

This implies that E,(qu) = 0 if and only if either E,(u) = 0 or u = 1—;. So we obtain Eq(%) =0
for all £ € N. We still have to prove that these are the only possible zeroes. If we assume E4(t) = 0
with ¢ # % then this would imply, since lim;_,o g7/t = 0, that E,(0) = 0. This is not the case as
formula (7) implies E,(0) = 1. The second claim can be found immediately by making the substitution

qg—q ' ]

Using lemma 10, lemma 11 and integral representation (10) we can calculate the g-analogue of
Jg dtt"~exp(—t?). This result can also be found in [1].

Lemma 12. For ¢ <1 and with \q = ﬁ, the following holds
AQ 2 v v
dgtt" leg(—t?) = ——Q2lq(%).
[ e eal = 2HQiTa()
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5.2 g¢-integration in R™

One dimensional g-integration is defined in equation (5). The aim of this section is to generalize this
concept to higher dimensions, corresponding to the g-deformation of the vector derivative. This means
we want analogues of equation (6). In classical Clifford analysis, these are given by Cauchy-type formulae
in higher dimensions, see [14, 15, 31, 32]. In this section we will always assume ¢ < 1. Before we define
g-integration in R™ we repeat a well-known fact about the I'-operator. For f and g two Clifford valued
differentiable functions

/Smfl s (Tf)g = /Si d¢ F(Tg).

This equation together with the series expansion of ¢! yields

Lemma 13. For f and g two Clifford valued analytic functions,

/ i @ hHy = / de T(dg).

Now we define our g-integration on R™. There have been made other approaches to generalize Jackson’s
g-integration to higher dimensions (see [7, 30, 33, 34]), but those are integrations over quantum variables,
while we use a g-integration over commuting variables. One approach is based on Gaussian integration
and the necessity for a Stokes theorem ([7, 33]). Our approach is more closely related to integration over
the quantum Euclidean sphere ([30]), but as we will see, also satisfies Stokes theorem.

Definition 5. For every function f on the ball with radius R, B™(R), for which the expression is finite,
the m-dimensional g-integral is given by

/ o V@) = /S e /0 Cdgrry,

with dqr the measure in (5).

We could also use the infinite Jackson g-integration (see [1, 2, 3]) to construct g-integration on entire R™
but we will not need it here.

Remark 4. The function f only has to be defined on the spheres OB™(¢*R), k € N for this integral to
be well defined. By considering all integrations on the balls B™(q¢') for | € Z we obtain a mapping of
functions defined on {OB™(¢*)|k € Z} C R™ into functions defined on the set of points {q*|k € Z}.

Applying lemma 10(i%) yields

/ dV(z)f(cz) = im dgV(z)f(z). (32)
m(R) C

B™(cR)
Now we are ready to state and prove the Cauchy formula for the g-Dirac operator.

Theorem 5. (q-Cauchy formula)
For f and g two Clifford valued analytical functions on B™(R), the following relation holds,

[ avw [ -Fow)] = r2 [ i Tazgte)
B™(R) oB™ (R)

Proof. First we use equations (6), (3) and (4) to calculate

R -
[ aror|ite = -G catg
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R _1 R _1 R _ 1

— [Cdrtnl oo+ [ dir g gten) + [ dra™ T )
0 Z 0 qx 0 Zz
R

R
= [ dar T (ol + gL 1o+ [ drrm (81
0 L 0

The above, lemma 5 and lemma 13 lead to

g(qz).

8 |~

— R . 1
— m—1 m _ m~+E -
/B"L(R)dq\/(x)f(ﬁgg) = /SW1 dg/0 dgr ™ VF ([m]y + ¢™[El, + [~Tlyq )gg
—  _pm—1 T DN _om—1 — l
= et [ FRDEIRY a7 [ di Vi) (BT alee)
R —
+ q" /Smildf/o dqrrm—l({—r]qf)qixg(q@

- g / it T@zgle) + g™ / 4oV (@)~ (T ([E+ ) flaz)
8B™ (R)

m(R) T

- Dzl ) (@D ola).
- /aBm<R> & Fzo@+ | V@ @D g(aa)

This concludes the proof. O
As a special case of this theorem we obtain the generalization of formula (6) to the m-dimensional case.

Corollary 1. For g a Clifford valued analytical function on B™(R), the following Cauchy-formula holds,

[ avwew - -r [ i gl
IBTYL(R) - B]BWL(R)

When we take g scalar, the formula in this corollary falls apart into formulas for the g-partial derivatives
D; in formula (25). In particular, for a function which vanishes on OB™(R), corollary 1 implies

[ aviepg = o
Brn(R)

This shows the link with the Gaussian integration method in [7] and [33]. The ¢-partial derivatives D;
take the place of the derivatives with respect to the quantum variables.
The term ¢ which appears in theorem 5 is dropped when we consider the Laplace operator.

Corollary 2. For f and g two Clifford valued analytical functions on B™(R) with g = 0 = 0lg on
OB™(R), -

[ v @ = [ dve @)

B™ (R) B™ (R)

Proof. We start by putting f = h and using theorem 5,
[ aveieeen = - [ v ToE@ o),
B (R) B (R)

where the surface term vanished because (91g) = 0 on the boundary. Using formula (32), lemma 10(77)
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with (91g)(1§) = 0 and theorem 5 then leads to

[ av@i @ = —a [ Ve [T o)
B™ (R) B™ (R)

1 -
= g1 d,V(z) " 9zh(z) (039)
B™(¢R)
1 -
— o [ V@R 0l)
B (R)

. % / dqV (z) ¢"03q" 92h(z) 9(qz)
q B™(R)

1
= T S daV(z) q"qm~1-T9z02h(z) g(qz).

The surface term in the g-Cauchy theorem was again zero because g = 0. The g-Laplace operator is
scalar, so A, = A, and the proposed formula is obtained. O

6 Hermite polynomials

6.1 One dimensional case

A lot of approaches have been used to study g-deformed versions of the Hermite polynomials, see e.g.
[1, 11, 12, 13]. Because of the different definitions and normalizations in the literature we give a short
overview of the g-Hermite polynomials. We choose a normalization such that lim,_,; H}!(t) = Hy(t), with
Hj, the classical Hermite polynomials. The starting point is the ¢g-Hermite’s equation of Exton, see [12].
This leads to a recursion relation, which is mostly used to define ¢g-Hermite polynomials. We will also
calculate the creation and annihilation operators and derive an orthogonality property. Most of these
results can be found in [1].

Definition 6. The g-Hermite polynomial H}! is the polynomial of the form

k2]
Hi(t) = > ajth=,
=0

with a% = (¢ + 1)*, which is an eigenvector of the q-Hermite’s equation
[(0)? = (¢ + DOf1f (1) = —(a+1)Af(qt).
From the definition we immediately find that the eigenvalues are
M = [klga™".
The exact form of H] is
[k/2]

o SNGH
Hi(t) = ;0 ) e o ol 2 + 2 2

tk‘—Qj

(33)

Taking the limit ¢ — 1 we find Hy(t) = Z]Li/oﬂ (—1)72k—2i (k,_’;;)!ﬂtk*%. Now we show the recursion

formula and the annihilation operator. The simplest way to prove these is by considering the coefficients.
Theorem 6. The following recursion formula holds for the polynomials introduced in definition 6,

(i) ng+1 = (q + 1)tng - (q + 1)[k]qqk+1H1371
when k > 0. The annihilation operator for the q-hermite polynomials is O,

(id) O HE(t) = (q+ D[klgHg_, (2).
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In the classical case the creation operator can be obtained from either the combination of the annihilation
operator and the recursion formula or the combination of the annihilation operator and the Hermite’s
equation. In the g-deformed case these two approaches lead to different creation operators.

Theorem 7. For H} as defined in definition 6 the following relations hold for k > 0,
(@) Hi(t) = ((g+ 1)t — ") H] (1)
and
(i) Hi(qt) = ¢"((¢+ 1)t =) H{ ().

For our purpose we use the following g-exponential based on formula (8) with Q = ¢2,
o J
o) = S0 &2
=0 []]qQ'

This exponential satisfies 8] [eq(—t?)] = —(q + 1)teq(—g¢*t?). Together with theorem 7(ii) and Leibniz
rule (3) this yields

Hjl(qt)eq(=¢**) = —q" 0] [H]_,(t) eq(~)]. (35)

Now we have all the necessary tools to prove the orthogonality relation for the ¢g-Hermite polynomials.
The proof can be found in [1] or from the steps in the proof of theorem 10 using theorem 6(i¢) and formula
(35).

Theorem 8. When q < 1, the g-hermite polynomials are orthogonal with respect to the inner product
A _ .
(flg) = f_f@ dyt fgeq(—t?) with \o* = ﬁ,

Ao 1
/ dgt H{ () Hf (Neq(—t%) = du2(q+ 1) gz EDED k)0 ().
7/\Q

Remark 5. The inner product defined above is only positive definite if one considers functions defined
on the set of points {£Aq¢’|j € N}.

6.2 Clifford-Hermite polynomials

Inspired by the g-Hermite’s equation in section 6.1 and the g-Dirac operator we define the g-deformed
Clifford-Hermite polynomials as solutions of a ¢-Clifford-Hermite’s equation. The Clifford-Hermite poly-
nomials were introduced in [20]. We will not repeat their properties here, as they can be found from
taking the limit ¢ — 1.

Definition 7. The q-Clifford-Hermite polynomials are of the form

15/2]
HY (@) M=) al* g I =2 M. (36)
1=0

with My, a spherical monogenic of degree k. They are eigenvectors of the q-Clifford Hermite’s equation
[Ag = (q+D)zdf]f(z) = —(g+DAf(qz).
The normalization is given by ad’k = (q+1)7.

In this section we will use the notation 23 = m + 2k, assuming that we take k fixed, and Q = ¢%. By a
quick calculation and theorem 1 we find that the eigenvalues are given by (j = 2t or j = 2t + 1)

Xotmpr = [2t];¢7 27 F = (g + D[t]oQ /2
)‘2t+1,m,k = [2t +m 4+ 2k]qq_2t_1_k — (q + 1)[t +ﬁ]QQ_t_(k+l)/2.

The explicit form of the ¢-Clifford-Hermite polynomials is given by
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Lemma 14. The coefficients of the Clifford-Hermite polynomials in definition 7 are given by

@ = @+ 0PQEO(T) -1 flolt - 24 flo+ - i+ Alo
Q

and
Li(i t .
a?tﬂ,k — (q+1)2t+1Q2(+1)(i) [t+Blolt—1+Blg - [t—i+1+ Gl
Q

Proof. First we calculate, using equation (24)

(09)2aZtF2® My = [2t — 20+ 2]4[2t — 20+ m + 2k]galt T2 T2 M
and using lemma 1

2tk 24—2i o 2tk 2t—2
z0ja;” 2272, = (2t — 2i]qa;” 2272,

Substituting these results and Aot ;1 = [Qt]qq_Qt_k in the differential equation leads to

[2t — 20 + 2],[2t — 20 +m + 2k] ;a2 = (q+ 1)aZF (2], 2P EHR — (2t — 24],)
g+ 1)a?t’k G2t q;i_l 2%
= Gy Y,
or
g o @it lal g
Tterating this yields a?t’k. The a?tﬂ’k are calculated in the same way. O

Using the @-Gamma function leads to the explicit form of the ¢-Clifford-Hermite functions,

Lo(t+m/2+ k) L2

t
100 t
HY My, = (g +1)* (i)
2t,m,k@) k=(g+1) ZQ iQFQ(t—i—i-m/Q—i—k)*

1=0

and

t
1,00 t Lolt+1+m/2+k) iy
Hq M, = 1 2t+1 § éz(z-‘rl) Q 2t 21+1M )

We only defined the I'g-function for @ < 1, but for ) > 1 the notation above can still be used to denote

%. The ¢-Clifford-Hermite polynomials are connected with a g-deformation of the Laguerre

polynomials in [1]. We define £3(-|Q) by

HY, . n@) = (¢+1[ole ™7 (r?Q) (37)
HYon@ = (q+ D2 Holelf T 02Q). (38)

These Laguerre polynomials are also related to those in [21, 22], as we will show later. In particu-
lar we obtain a g-deformation of the classical relation between one dimensional Hermite and Laguerre
polynomials,

HL(w) = (~1)'q+ 1)Ly (u]g?).
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Lemma 15. The q-Clifford-Hermite polynomials satisfy the following relation

OiH?!

SmpMe = C(j,m,k)H M,

j 1,m,k

with C(2t,m, k) = (¢ + 1)?[tlg and C(2t +1,m, k) = (¢ + 1)*[t + Blg
Proof. For the even case the lemma follows from considering the coefficients,

aga?t,k£2t72iMk _ (q + 1) t .}Qa?t,letflfﬂMk

— (q_|_ 1)2[] 2t— 1’k£2t7172iMk.

The odd case is calculated similarly. O
The ¢-Clifford-Hermite polynomials can also be calculated using a recursion formula.

Lemma 16. The g-Clifford-Hermite polynomials satisfy the recursion formula

H]q—o—lnn,kMk = (q + 1).’L’H

j,m,k

My + D(j,m,k)H?

j—1m.k

M,

with D(2t,m, k) = (¢ + 1)2Q"*P[t]g and D(2t + 1,m, k) = (¢ + 1)2Q* [t + Blo

Proof. We prove this again by looking at the coefficients. They have to satisfy

agﬂ’k = (¢+1)a! * 4+ D(j,m, k)al~ Lk,
For j = 2t we obtain
a2t k 2t—1,k
1 = (q+1)aztﬁ+D(2t m, ’f)aztﬁ
[t —i+Ole [=ilo
= ———= 4+ D(2t,m,k)
[+ Bl (=)(g+ 1)*[telt + Blo
1
= ——(t—i+p6lo—-Q"P[-ilg).
[t+5]Q ([ ]Q [ ]Q)
The odd case is proven similarly. O

Similar to the one dimensional case there are two creation operators.

Theorem 9. The q-Clifford-Hermite polynomials satisfy the following two relations
() H M = 0708+ (g + V2| B, My
with o9y = 2t and 09441 = 2t + 2k +m and

(i0) B (am) My = 7[00+ (q+ D] HY_, . (2) M.

j—1,m,k

Proof. These two equations can be found from combining lemma 16 with lemma 15 and from combining
lemma 15 with definition 7. O

Using the definition of the g-exponential (34) and the Leibniz rule in lemma 6 yields
deq(z®) = eq(d®z?)[0L+ (¢ + )], (39)
so theorem 9(#7) can be written as

HY, w(az) My e(a®e®) = ¢’ OFHY_, , i (2) My eq(z?). (40)

Jym.k
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Theorem 10. For ¢ < 1, with R* = B™(A\q) and A2 = —Q the q-Clifford-Hermite polynomials are
orthogonal with respect to the inner product

o) = [ 4V [Focola®],

q

For the even Clifford-Hermite polynomials this means
/ gV (z) [ g, kM(p)Hgt . le(r)eQ(QQ)] = 851000, (q + 1)4,] IQ(J+1 J+ﬁ)[ 1oTo(i + 3),
for the odd case

Rm dqv@) [ng+1,m,kM( )HgtJrl m kMz(T)eQ@Q)} 0 - jt5kl5pr(q + 1)4j+1Q(j+1)(j+5+2) [j]Q!FQ(j + 8+ 1)
q

and for the mized case

/m dgV (z) [ngﬂ,m kM(p)Hgt m le(T)eQ@z)}O = 0

Proof. Equation (20) implies that k = [ is necessary for the Clifford-Hermite polynomials not to be
orthogonal. Using equation (32) and equation (40) yields

/md V(z)H},, My Hf,, Myeq(z®) = ¢"* /_1Rm d,V(z) Hy,, . (qz) My HY, |\ (qz) My eq(q°z”)

:qmzm/_lR 4V (&) B () My, (02H]. () M eq(a?) )

Now we use theorem 5 with eQ(folﬁ) =0 (lemma 11) and lemma 15,

= g / AV )[ Fa"Hfmk(@)Mk] HY ,, k(qz)d" My eq(d*a?)
R’"L

=G k) [ a V@ [T HL e M B a0 Meeq(es)

:qk+t+10(j,m,k)/ AV (2) [0 HY g M| HE My e (a2).

Substituting equation (18) for the even case yields
(HI

25,m,k

Mk‘ H2t m,kMk> = Qt+%+k(q + 1)2[ ] <Hg] 1,m, kMk| Hgt—l,m,kMk>
and for the odd case

(Hj

q
2j+17m,kMk| H,

t+1,m,k)Mk> = Qt+1(q+ 1)2[j+k+ } <Hg]mkMk|H2tmkMk>

The theorem follows from iterating these results and lemma 12,
/ d,V(z) [M,Ep) M,ET) €Q (QQ)] . = / dgrr™ T2 e (—=1r2) 6,
m 0

= Qo)
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M. Because My € Hy,
Mj, is of the form )~ , HA iaa with aa € Rg,, and H scalar spherical harmonics. From lemma 15 we
find that AgHJ; My = —C(2j,m, k)C (2] — 1,m, k‘) 5 2.m My Because Ay and Hyj ) are scalar
Hj A We define the scalar ¢-Clifford-Hermite

Finally we take a closer look at the even Clifford-Hermite polynomials Hy;

this formula also holds for the each scalar part HY

25,m,k
polynomials as Hy . o Hk for Hy, a scalar spherical harmonic7 the annihilation operator is given by
. . m
AGHY G He = —(g+1)*[jloli + -+ k—1qHS; _y  pH- (41)

In order to obtain the creation operator we apply theorem 9(i7),
HojmipMy = ¢" 5% [324' (g + 1)2} q"Eg? ! {3§+ (¢ + 1)&} Hyj_om M.

Since this operator is again scalar, see lemma 3, this also holds for the scalar ¢-Clifford-Hermite polyno-
mials,

HojmpH, = —Q¥Tk-E-1 [Ag —4E + ¢*(q+ 1)*r?] Haj—o,m ik Hr. (42)

6.3 Generalized Laguerre polynomials

In the previous section we found g-deformed generalized Laguerre polynomials from the relation

myg—1
Hgt,m,k(x) = (q + 1)% [ﬂ@"ct (7’2|Q)
For a general o > —1 we define the ()-Laguerre polynomials as
t

« t—i)(t—1 (_u)i FQ(t+0[+1)
LRIQ) = QN e Tora 1)

=0

These are the second type of Laguerre polynomials considered in [1]. When we make the substitution
Q - q_la USing [k]q*1 = ql_k[l{?]q, we find

t .
Clulg™l) = iyt (W) [t +al,-
£ (ulg™) ;q [t — gt [i)g1! [i + 0y

t .
Lttt iGira)  (Cw)' [t +alg!
- 2 [t — il ilq! [i + ag!

i=0

These are the g-Laguerre polynomials in [22], or with a different normalization in [21]. In [1] both the
g-Laguerre polynomials, which are connected with the substitution (¢ < ¢~!) were studied. We could
also have used a second type of ¢g-Hermite polynomials (see [1]) to generalize to the Clifford setting to
obtain the g-Laguerre polynomials in [22]. The @-Laguerre polynomials can be defined as the solution of
the Q-difference equation (see [1])

QMu(9F)L7 Q) + ([a + g — WP LY (ulQ) = [~t]oL (QulQ). (43)

For o = % + k — 1 this is equivalent to the differential equation in definition 7. Equation (43) can be
written using the g-exponential

02 (eQ(-wpuORLI(uQ)) = [~tlou®eq(—Qu)LF(QulQ). (44)

Using this we can prove the orthogonality of the QQ-Laguerre polynomials, which is another way to prove
the orthogonality of the Clifford-Hermite polynomials.
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Theorem 11. For Q < 1 the Q-Laguerre polynomials for a fixred o > —1 are orthogonal with respect to
the inner product

1

(lgha = / 7 dquu® f(w)g(u)eq(~u).

Proof. Equation (44) leads to the following relation
08 [£3(ulQ)eq (~u)u+10RLE (ulQ) — L3 (ulQ)eq(—wu 0L (u]Q)]
= ([t — [=ile)u” L5 (QulQ)eq(—Qu) Ly (Qu|Q).

The orthogonality then follows from (6). For a = % 4+ k — 1 the result can also be found from theorem
10 and lemma 10(3). O

Finally we construct a family of realizations of U, (su(1]|1)) for which the ¢-Laguerre polynomials will be
the eigenvectors of their representations. We define

BT [N, —4E 4+ ¢*(q + 1)%r? A
AZQ ity —|—2q(q+)r] and B = qz
(¢+1) (¢+1)
and write equations (42) and (41) in terms of the ¢g-Laguerre polynomials,
mog_q . i f—m k1
ALZTT QU = —lleQ TH T E LT (R |Q)Hy
and
m _ i m m _
BLF TN QH = i+ 5+ k- el (071Q) Hi
We define C' = [4, B]g, from its definition we find
2tk—1 _oi_fk_m . m . 17 m . 2tk—1
cLy TReQH, = QU hE ([J o k—=1glile - Q7' + 37t kloli + 1]62) Ly N ?|Q)
e m Q2j+%+k—l +1-— Q2j+%+k _ Q_l mogo1
Q' b= ( Q-12 £j2 (7"2‘Q)Hk
7 Dy M m ot k—1
= —Q k% [23+k+5]Q£j2+ (T2\Q)Hk
These calculations yield
(AC - QCALF T QU = @+ DALETT(02Q)Hy
and
(CB-@BOLE T IQH, = (Q+DBLE T (1?|Q)Hy
Since the scalar Clifford-Hermite polynomials constitute a basis for Rlz1,- - , 2] (lemma 1) this suffices

to prove the following su(1|1),-relations,

[A,B), = C
(C.Bl: = (@+1)B.

Hence we obtain a family of representations of su(1|1),. This fits into the theory of relations between
representations of quantum algebras and g-special functions, see e.g. [4, 35, 36]. For every k,m € N, we
define the operator A}* on the space of polynomials in one variable R[t] by

[ARFO)(t=r*)Hy(z) = Af(r*)Hy(z)

with z € R™ and Hj, an arbitrary spherical harmonic of degree k. The operators B} and C;" are defined
similarly.
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Theorem 12. For every k,m € N, the set of operators {A7*, B;",CJ*} generate the su(1|1),-quantum

algebra. The basis {ﬁj%—%_l(t@)\j € N} of R[t] is the set of eigenvectors for this representation of
su(1]1),.

The su(1|1), algebra appearing here can be linked with the version of Ug (su(1]1)) in [36]. Define Jy by
the relation

C = -Q 24,
this implies J0£;7+k_1(r2|Q)Hk =1(2+2+k) [:j%—~_k_1(7‘2|62)H;€7 S0
[Jo,A]=A and [Jo,B]=—B.
By defining J, = Q7 A and J_ = ¢B we calculate

Ui = qBQUA—qQ AB
= qQ”" (QBA - AB)
—qQ”"C
Q" —
QU2 —Q 1%

This relation together with [Jo, J+| = £J4, shows that Ji and Jy generate the Ug (su(1|1)) algebra in
[36].

7 Conclusion

Our aim was to extend the existing g-calculus with a theory of partial derivatives in higher dimensions
and a g-Laplace operator acting on functions in commuting variables. This was done by imposing four
natural axioms that a ¢-Dirac operator should satisfy and led to a unique g-Dirac operator. Since this is
vector operator, it implies the definition of g-partial derivatives. The g-Laplace operator was defined as
minus the square of the ¢-Dirac operator and is scalar.

The g¢-Dirac operator and the vector variable generate the quantum algebra osp(1]2),, the g-Laplace
operator and the norm squared generate sla(R),, the even subalgebra of osp(1]2),. This sla(R), al-
ready appeared in other g-calculus problems and in quantum Euclidean space. Since the ¢-Dirac and
g-Laplace operator still possess their Spin(m) and SO(m) invariance, we obtained the Howe dual pairs
(Spin(m), osp(1|2),) and (SO(m),sl2(R),). This can be a starting point for the study of general Howe
duality including quantum algebras and quantum groups.

The g-Laplace operator defines a ¢-Schrodinger equation. It is shown that the SO(m)-invariant g-
Schrodinger equation on undeformed Euclidean space is equivalent with the SO, (m)-invariant Schrédinger
equation on quantum Euclidean space. This is an example of the interaction between quantum groups
and g-calculus.

The g-difference equation for g-Hermite polynomials and the g-Dirac operator lead to a g-deformation
of the Clifford-Hermite equation. The corresponding g¢-Clifford-Hermite polynomials have creation and
annihilation operators and satisfy a recursion formula. These properties and a ¢-Cauchy formula lead
to an orthogonality relation for the g-Clifford-Hermite polynomials. The ¢-Clifford-Hermite polynomials
can be expressed in terms of the g-Laguerre polynomials. This identification leads to a realization of the
su,(1]1) algebra action on R[t]. The weight vectors of this representation are ¢-Laguerre polynomials.
This gives a new g-calculus interpretation to the appearance of quantum algebras in the representation
theory of g-special functions.
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