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Vacuum Condensates of Dimension Two in Pure Euclidean Yang-Mills
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Gluon and ghost condensates of dimension two and their relevance for Yang-Mills theories are briefly reviewed.

1. The gauge condensate <A2> in the Lan-
dau gauge

1.1. Motivation
We shall consider pure Euclidean SU(N) Yang-
Mills

1
Sym = —Z/d%FﬁvFﬁy

In the last few years lattice simulations [1] of the
two and three point functions of SU(N) Yang-
Mills in the Landau gauge have reported the ex-
istence of a large discrepancy between the ex-
pected perturbative behavior and the lattice re-
sults. The discrepancy is sizeable up to energies
~ 10GeV, which is a rather big value compared to
Agep ~(200 — 300)MeV. According to [1I2], the
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discrepancy could be explained by adding to the
perturbative result a power correction of the kind
1/k?, by introducing the dimension two gauge

condensate (A?) = (A%A%), namely

A2
16 1) = Gl 1) + )
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and

(4%)

arun (k) = apprr (k) + ¢ 2

where the coefficients ¢, ¢ are obtained through
OPE [3]. The lattice estimate for the gauge con-
densate is (A?) ~ (1.64GeV)? at the energy
scale p = 10GeV [1]. The existence of a nonva-
nishing condensate (A?) could be deeply related
to the dynamical mass generation for the gluons
and to the instability of the causal perturbative
Yang-Mills vacuum []. Lattice results [B] have in-
deed reported something like mgiuon = 600MeV .
It is worth mentioning that theoretical analysis of
the gluon propagator in the Landau gauge have
shown that its behavior is suppressed in the in-

frared region [BZIRIQITOITT], in agreement with
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lattice simulations [BITZM3]. The gauge con-
densate <A2> might also be relevant for confine-
ment [I4], as it could lead to the area law for
the vacuum expectation value of the Wilson loop
W ~ exp (—oArea) with o ~(A?).

In particular, as underlined in [2], (A?) should
receive contributions from both long and short
distances, i.e.

2 2 2
<A >:<A >LD+<A >SD :
For what concerns the long distance part <A2>LD,
Ph. Boucaud et al. [I5] have established that in-
stantons do contribute to <A2>LD. The lattice

estimate of the instanton contribution has been
found (A%) .~ (1.7)GeV?2. For the short dis-
tance contribution <A2>SD, H. Verschelde et al.
[16] have been able to obtain the two-loop effec-
tive potential for (A%) by combining the Local
Composite Operators technique with the Renor-
malization Group Equations. They obtained a
gap equation whose weak coupling solution yields
a nonvanishing condensate, resulting in a gluon

mass Mgluon ~ 500MeV .

1.2. Why A? in the Landau gauge

A simple naive argument shows that [ d*zA?
is invariant under infinitesimal gauge transforma-
tions in the Landau gauge 0A = 0, namely

§A% = — (Dyw)"

5/d4x%A2 = /d4xwa8Aa =0

In the BRST framework we have that, in the Lan-
dau gauge, [ d'zA? is BRST invariant on shell

s/d4:1:A2 =0 + egs. of motion

A more precise meaning for A? is provided by
introducing the nonlocal gauge invariant operator
A2 . obtained by minimizing [ d*zA? along the

gauge orbits, namely

2 _ . 4 U2
Al in = [rglé? /d x (Au) ]
where U denotes a generic gauge transformation.
Of course, A2, is stationary under gauge trans-
formations. Furthermore, the minimum condi-
tion for [d*z A? is given by the Landau gauge

OA = 0. A deep relationship between [ d%z A*
and A%, is thus expected to hold in the Lan-
dau gauge. In fact, as discussed in [I7], it turns
out that in the abelian case [d'zA? = A2, .
Also, from [I7], one learns that the condensate
<A2> can be used as a useful order parameter for
the phase transition of compact QED in 3D. In
the nonabelian case, the situation is more com-
plex. It is true that the Landau gauge condition
0A = 0 is a stationary condition for the func-
tional f d*z A%2. However, in this case, one has
to face the existence of Gribov’s ambiguities for
large values of the gauge field [[]. A recent dis-
cussion about A2 and Gribov’s ambiguities can
be found in [I§].
The operator A? displays also remarkable ultra-
violet properties. It is multiplicatively renormal-
izable, its anomalous dimension 7 42 being avail-
able up to three loops in the MS scheme [T9].
Recently, it has been proven [20] by using BRST
Ward identities that + 42 is not an independent
parameter of the theory,

being expressed as a combination of the gauge
beta function § and of the anomalous dimension
va of the gauge field A, according to the relation-
ship

a 2
e () am

a = 16n2

2. Generalization of <A2> to other gauges

2.1. The Maximal Abelian Gauge

The Maximal Abelian gauge (MAG) plays an
important role for the dual superconductivity pic-
ture for confinement based on the electromagnetic
duality proposed by [2I]. This gauge is exten-
sively used in lattice simulations. It has provided
evidences [22] for the Abelian dominance hypoth-
esis [23] and for monopoles condensation [24]. In
the MAG, the gauge field is decomposed accord-
ing to the generators of the Cartan subgroup of
the gauge group. For SU(2)

AST = A T° + AST® ., a=1,2

For the gauge fixing we have

1
/d4:c {2—£FO‘FO‘ —TMBLP — g% (E‘J‘E‘J‘Bcﬁ)2



where £ denotes the gauge parameter and
F* =D A} = (0,A% + ge*P A, AD)
with

af _ Nno 1¢] 2 _ay_ (o o
M*” =D"D)F + g7e*e”? A} A7

The MAG allows for a residual local U(1) invari-
ance, which has to be fixed later on. It is a non-
linear gauge. As a consequence, a quartic ghost
interaction has to be introduced for consistency
[25]. Lattice simulations have shown that the off-
diagonal components Aﬁ acquire a mass [26/27].
These components should decouple at low ener-
gies, according to the Abelian dominance. There-
fore, the understanding of the mechanism for the
dynamical mass generation for the off-diagonal
components is fundamental for the Abelian dom-
inance. It is remarkable that the operator A2 of
the Landau gauge can be generalized to the MAG
[28129]. The gluon-ghost dimension two operator

1
Owmag = (§Aﬁ‘Afj + §Eo‘co‘>
has indeed the following property
s/d4x Omac =0 + egs. of motion

The condensate (Oyag) should play a very im-
portant role for the Abelian dominance, as it
would provide effective masses for the off-diagonal
components. However, at present, very little is
known about the operator Oyag and the pos-
sible existence of (Opag). Concerning the UV
properties of Opag, it has been proven to be mul-
tiplicatively renormalizable [30)].

2.2. The Curci-Ferrari gauge

The so called Curci-Ferrari gauge resembles
very much the MAG. It can thus provide useful
insights about the gluon-ghost condensate. For
the gauge fixing we have now

/ d*z <% (0A?)? 428, D,c® + %g faredAE e

2
_ %f@bcaaabfmnccmcn)

where a = 1, ...., (N? — 1), for SU(N). Notice the
presence of the quartic ghost term. The operator
Omac generalizes [2829] to the CF gauge as

1
Ocr = (§AZAZ + fE“c“)
and
s/d4x Ocr =0 + egs. of motion

Some properties of the operator Ocp are known.
Ocr is multiplicatively renormalizable [29]. Its
anomalous dimension has been computed till
three loops in the M S scheme [T9]. Recently, the
effective potential for Ocr has been obtained in
[31], yielding a gap equation whose weak coupling
solution gives a nonvanishing condensate (Ocr),
resulting in a dynamical mass generation. This
gives an indication that something similar should
happen in the MAG. It is also worth remarking
that the Landau gauge, the MAG and the CF
gauge have many features in common. All these
gauges possess a larger set of global symmetries,
giving rise to the so called Nakanishi-Ojima (NO)
algebra [32]. The operators A%, Oyag, Ocr are
left invariant!® by the NO algebra.

3. Evidences for ghost condensates

Contrary to the gauge condensate <A2>, the
first proposal for the ghost condensation has been
made in the Maximal Abelian gauge by [B334].
Due to the quartic ghost-antighost self interaction
of the MAG

(Eo‘so‘ﬁcﬁ) 2

ghosts might condense, giving rise to bound
states. To some extent, the mechanism is sim-
ilar to the formation of fermion bound states in
the Nambu Jona-Lasinio model. Several channels
for the ghost condensates are possible [35], corre-
sponding to different values of the Faddeev-Popov
charge, namely

<E°‘5°‘ﬁ & > Faddeev — Popov charge 0

<co‘50‘5 & > Faddeev — Popov charge + 2

0Tnvariant on-shell for what concerns the (anti-)BRST.



<Eaao‘5 &’ > Faddeev — Popov charge — 2

The existence of several channels for the ghost
condensation can be related to the dynami-
cal symmetry breaking of the generators of the
SL(2, R) subalgebra of the NO algebra [32]. It
has an interesting analogy with ordinary super-
conductivity, known as the BCS versus Over-
hauser effect. The BCS channel corresponds to
the charged particle-particle and hole-hole pair-
ing, while the Overhauser to the particle-hole
pairing. In the present case the Faddeev-Popov
charged condensates <c°‘5°‘ﬁ P >, <Ea£a56ﬁ >
would correspond to the BCS channel, while
<E°‘€°‘ﬁ c? > to the Overhauser channel.

Evidences for the existence of the ghost con-
densates have been reported also in the Curci-
Ferrari gauge [BO/37A3Y]. Although the quartic
ghost-antighost interaction is absent in the Lan-
dau gauge, it has been possible by combining the
Local Composite Operators technique with the
Algebraic Renormalization to give evidences for
the ghost condensation in this gauge [39].

Many aspects of the gauge and ghost conden-
sation are under investigation [A0], deserving a
deeper understanding. Some of them are:

e Analysis of the BCS versus Overhauser effect
and its relationship with the breaking of the NO
algebra, present in MAG, CF and Landau gauge.

e The role of the color and BRST symmetry in
the presence of the gauge and ghost condensates.

e Modification of the infrared behavior of the
ghost propagator and possible consequences for
the Schwinger-Dyson equations. The ghost con-
densation modifies indeed the off-diagonal ghost
propagator in the infrared as

RN k2690 4 peh
<c (k) ( k)> = e

while for the diagonal component

where v stands for the value of the condensation.
As underlined in [4T], both gauge and ghost con-
densates <A2>, <Eaao‘ﬁcﬁ>, <caao‘ﬁcﬁ>, <Ea5°‘ﬁéﬁ>
might play an important role for a better under-
standing of the nature of the mass gap in Yang-
Mills theories.
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