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Chapter 1

| ntroduction

Mathematical morphology (MM) isatheory for the analysis of spatial structures, based
on set-theoretical notions and on the concept of tranglation. In the sixties G. Matheron
and J. Serra [41] introduced the concept of MM, both inspired by the study of the
geometry of porous media. Porous media are binary in the sense that a point of a
porous medium either belongs to a pore or to the matrix surrounding the pores.
Matheron and Serra developed a theory for analysing binary images. The matrix can
be considered as the set of object points and the pores as the complement of thisset. As
a consequence, image objects can be processed with simple operations such as union,
intersection, complement and translation. MM was thus originally devel oped for binary
images only. And so Matheron and Serra gave the basis for MM as a new approach
in image analysis. Nowadays MM has many applications in image analysis such as
edge detection, noise removal, object recognition, pattern recognition, image segmen-
tation and image magnification in a.0. geosciences, materials science, the biological
and medical world [71, 74]. The basic tools of MM are the morphological operators,
which transform an image A we want to analyse, using a structuring element B into
anew image P(A, B) in order to obtain additional information about the objectsin A
like shape, size, orientation, image measurements. Apart from the threshold and umbra
approach, binary morphology can be extended to morphology for greyscale images
using fuzzy set theory, called fuzzy morphology. The application of morphological op-
eratorsto colour imagesis not straightforward. And thisiswhat thiswork is concerned
with.

In chapter 2 we begin with the representation of digital images and some definitions
about fuzzy sets, fuzzy logical operators, £-fuzzy sets, £-fuzzy logical operators, £-
fuzzy relations and L£-fuzzy relational images we will need further in thisthesis. Inthe
third chapter we explain how the human eye is build and how the human eye perceives
light and so colour. We then describe additive and subtractive colour mixing to repro-
duce colour and give the difference between the terms colour model and colour space.



4 Introduction

Lastly, we study the colour models RGB, CMY and CMYK, YUV, YIQ and Y CbCr,
HSV and HSL, CIEXY Z, CIEY Xy, L*a*b* and L*u*v* in chapter 3. The definition of
the fundamental morphological operators dilation and erosion is introduced in chapter
4. We consider the binary morphological operators as well as the greyscale morpho-
logical operators based on the threshold and umbra approach and on fuzzy logic. Next
we give an overview and a short description of the existing extensions of MM to
colour we found in the literature. A first way to apply the morphological operators
for greyscale images to colour images is the component-based approach of processing
the morphological operators on each of the colour components separately. But this ap-
proach often |eads to artefacts because the connection between the colour components
is not taken into account. Therefore we have searched for a vector ordering of colours,
wherewe have considered the RGB, HSV and L*a* b* colour model. Subsequently, we
have defined associated minimum and maximum operators and new operations +, —
and = between colours so that we could extend the greyscale morphological operators
to new vector-based operators acting on colour images. The problem of looking for a
vector ordering for colour or multivariate morphological image processing is not new
and is being developed since the early 90’s. What is new here is the used approach,
namely through the umbra approach and fuzzy set theory. Experimental results show
that we get very good results. At last, in chapter 5 we have applied our new approach
to colour morphology to magnify images. |mage magnification has many applications
such as simple spatial magnification of images (e.g. printing low-resolution documents
on high-resolution printer devices, digital zoom in digital cameras), geometrical trans-
formation (e.g. rotation), etc. Different image magnification methods have aready
been proposed in the literature, ao. [2, 6, 20, 27, 32, 34, 38, 42, 54, 76, 78], but we
have found only one paper [1] about techniques for the enlargement of images making
use of MM. Because the existing methods usually suffer from one or more artefacts
such as staircasing and blurring, we have devel oped a new image i nterpol ation method,
based on MM, to magnify images, binary images as well as colour images, with sharp
edges. Whereas asimple blow up of the image will introduce jagged edges (staircasing
effect), called ‘jaggies’, our method avoids these jaggies by detecting jagged edgesin
the trivial nearest neighbour interpolated image, making use of the hit-or-miss trans-
formation, so that the edges become smoother. Experiments show that our method per-
forms very well for the interpolation of ‘sharp’ images, like logos, cartoons and maps,
for binary images as well as for colour images. Finally we propose an extension of our
morphological interpolation method to magnify colour imageswith ‘vague' edges. We
demonstrated quite good results on this topic and an improvement w.r.t. the state-of-
the-art.

Some parts of thisthesis have already been published in abook [15] and in international
journals[14, 16], and have been presented on (international) conferences[13, 14, 16].
Contributions to other people’s work have been published in book chapters[69], inter-
national journals [30, 46, 48, 49, 60, 61, 62, 64, 65, 66, 68] and proceedings of (inter-
national) conferences[29, 31, 45, 47, 50, 63, 67, 82, 83, 84, 86, 85].



Chapter 2

Basic Notions

In this chapter we start with a brief explanation how digital images can be represented,
and give some basic definitions from fuzzy set theory.

2.1 Representation of Images

A digital image I is represented by a two-dimensional array, where an ordered pair
(i,4) denotes the position of a pixel or picture element (i, ) intheimage I. The
resolution of animageisthe number of pixels per unit area, and is usually measured in
pixels per inch. We distinguish three different kinds of digital images: binary, greyscale
and colour images.

Binary images assume only two possible pixel values, e.g. 0 and 1, respectively cor-
responding to black and white. Usually white represents the foreground or the ob-
jects in an image, whereas black represents the background. Mathematically, a two-
dimensional binary image can be represented as a mapping f from a universe U of
pixels (usually U is afinite subset of R2, in practiceit will even be a subset of Z?2) into
{0,1}, which is completely determined by f ~'({1}), i.e, the set of white pixels, so
that f can be identified with the set f ~1({1}), a subset of U, the so-called domain of
the image. This way a two-dimensional binary image I can be represented as a crisp
subset of U, with

u €l < wisawhitepixel

ué¢l < wisablack pixel,

foral uinU.

Greyscale images are images that contain, except black and white, also pixels with
intermediate values between black and white, called grey values. A two-dimensiona
greyscaleimage I can be represented as a mapping from a universe U of pixelsto the
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universe of grey values [0, 1], where 0 correspondsto black, 1 to white and in between
we have al shades of grey, where for every u € U holds that

I(u)=1 < wuisawhitepixel of I
I(u)=0 < wuisablack pixel of I
I(u) €]0,1] < wisagrey pixel of I.

Colour images are represented as mappings from a universe U of pixelsto a ‘colour
interval’ that can be for example the product interval [0, 1] x [0,1] x [0,1] (for the
RGB colour model). So a digital colour image in RGB is represented as a two-
dimensiona array of (three-dimensional) vectors that defines the red, green and blue
colour component for each pixel. Colour can be modelled in different colour models;
more information about colour and colour models can be found in chapter 3.

2.2 Fuzzy Set Theory

An extensive study of fuzzy set theory can be found in [28]. For more information
about £-fuzzy set theory we also refer to [12].

2.2.1 Fuzzy Sets

Givenauniverse X anda(crisp) set Ain X (A C X).
The set A can then be represented by a characteristic mapping

ka: X — {0,1}
x — 1 if €A
z — 0 if ¢ A

Thisway k4 (z) can be interpreted as the membership degree of = inthe set A in X,
forall z € X. Inthis casethereare only two possible membership degrees: k 4(z) = 0
if the element = does not belongtotheset A and k 4 () = 1 if 2 belongsto A. Instead
of a sharp boundary, L. Zadeh introduced in 1965 [88] a gradual transition from non-
membership to membership, allowing partial degrees of membership. Mathematically
thisideais translated into a fuzzy set. A fuzzy set A in auniverse X is characterised
by a X — [0, 1] mapping, the so-called member ship function,

xXa: X — [Oal]
z = xa(z), VreX,

wherefor al z in X, x 4 («) denotesthe degree in which x belongsto the fuzzy set A.
Xxa(z) = 0 meansthat = does not belong to the fuzzy set A at al, x 4(z) = 1 means
that = belongsto A perfectly and between those two extremesthereis agradual transi-
tion from non-membership to membership. Furthermore we will denote the member-
ship degree x 4 (z) as A(z), where we no longer make a distinction between fuzzy sets
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A(x)

universe X

Figure 2.1: Graphical representation of afuzzy set A inauniverse X.

on the one hand and membership functions on the other hand. An example of afuzzy
set Ainauniverse X isshownin figure2.1. Theclass of all fuzzy setsin X is denoted
asF(X).

Consider A; € F(X) and Ay € F(X). The cartesian product A; x A of A; and
A, is defined as the fuzzy set

A x Ay X xX — [0,1]
(2,y) — min{dy(x), ()}, V(@,y) € X x X.

The notion of cartesian product of two fuzzy sets in the same universe can be extended
to afinite number of fuzzy sets. Let A; € F(X) withi € {1,...,n}, then

Al X X Ay Xn — [0,1]
(T1,...,xn) +— min{A;(z;)]i€{1,...,n}},

foral (z1,...,2,) € X™
When we consider two fuzzy setsin differentuniverses A; € F(X;) and Ay € F(X»),
we define

A1 X A2 : X1 X XQ — [0, 1]
(x1,22) +— min{Ay(z1), A2(z2)}, V(x1,22) € X1 X Xo.

2.2.2 Fuzzy Logical Operators

Now we will extend the logical operations negation (—), conjunction (A), digunction
(V) and implication (=) to fuzzy logic, that is, to operators that apply to elements of
the unit interval [0, 1] and that have aresult in [0, 1]. The restriction of these fuzzy lo-
gical operatorsto {0, 1} have to coincide with the corresponding two-val ued operators.
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In order to give a useful meaning on these operators further conditions concerning the
monotonous character and some boundary conditions are required.

Definition 2.1. A conjunctor C on [0, 1] isanincreasing [0, 1] x [0, 1] — [0, 1] mapping
satisfying C(0,0) = C(0,1) = C(1,0) = 0 and C(1,1) = 1. Atriangular norm (or
t-norm) 7 on [0, 1] is a commutative and associative conjunctor on [0, 1] satisfying
T(1,a) =7 (a,1) =a, Ya €[0,1].

Definition 2.2. Anegator N on [0, 1] isadecreasing [0, 1] — [0, 1] mapping satisfying
N(0) = 1and N(1) = 0. Aninvolutive negator \V on [0, 1] isa negator that satisfies
the extra condition V(N (a)) = a for all a in [0, 1].

Definition 2.3. A disunctor D on [0, 1] is an increasing [0, 1] x [0, 1] — [0, 1] map-
ping satisfying D(1,0) = D(0,1) = D(1,1) = 1 and D(0,0) = 0. A triangular
conorm (or t-conorm) S on [0, 1] is a commutative and associative disjunctor on [0, 1]
satisfying S(0,a) = S(a,0) = a, Va € [0, 1].

Definition 2.4. Animplicator Z on [0, 1] isa[0, 1] x [0, 1] — [0, 1] mapping satisfying
7(0,0) = Z(0,1) =Z(1,1) = 1 and Z(1,0) = 0, and what ismore, Z is decreasing
initsfirst, andincreasing in its second component.

The standard negator Vs on [0, 1], defined as Ns(a) = 1 — a for al a in [0, 1], isan
involutive negator.

The best known conjunctors C on [0, 1] are the triangular norms 7, (minimum), 7p
(algebraic product) and 7y (Lukasiewicz triangular norm) with

Trv(a,b) = min(a,b),
Tp(a,b) = a-b,
Tw(a,b) = max(0,a+b—1), V(a,b)e[0,1]>

A graphical representation of thet-norms 7, 7p and 7y isillustrated in figure 2.2. It
is shown that TW <Tp <Tpyp.

Figure 2.2: Graphical representation of the different t-norms, from left to right, the t-norm 7x,,
the t-norm 7p and the t-norm Zyy.

The best known disjunctors D on [0, 1] are thetriangular conorms S »; (maximum), Sp
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(probabilistic sum) and Sy (Lukasiewicz triangular conorm) with

Swm(a,b) = max(a,b),
Sp(a,b) = a+b—a-b,
Swi(a,b) = min(l,a+0b), V(a,b) € [0,1]*

A graphical representation of the t-conorms S ;, Sp and Sy isgivenin figure 2.3. It
isshownthat S)y < Sp < Sw .

Figure 2.3: Graphical representation of the different t-conorms, from left to right, the t-conorm
S, thet-conorm Sp and the t-conorm Sy

The best known implicators Z on [0, 1] are the Kleene-Dienes implicator Z i p, the
Reichenbach implicator Z i and the Lukasiewicz implicator Zy, with

Ixp(a,b) = max(l—a,b),
Zr(a,b) = l1—a+a-b,
Iw(a,b) = min(1,1—a+b), Y(a,b)e€[0,1]%.

A graphical representation of theimplicatorsZ i p, Zr and Zyy is shown in figure 2.4.
Itholdsthat Zxp < Zp < Zw.

Figure 2.4: Graphical representation of the different implicators, from left to right, the implica-
tor Zx p, theimplicator Zr and the implicator Zyy .

223 L-Fuzzy Sets

Definition 2.5. A binary relation < over a set P is a (partial) order relation if and
only if
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1. (Va e P)(a<a)ie,<isreflexive
2. (V(a,b) € PH(a <bAb<a= a=b),ie,<isantisymmetric
3. (V(a,b,c) e P2)(a<bAb<c=a<c),ie,<istranstive

A set P equipped with an order relation < is called a partially ordered set (or poset),
and noted as (P, <). a > b standsfor b < a.

Definition 2.6. A poset (P, <) satisfying (V(a, b) € P?)(a < bVb < a),i.e, <istotal
or linear, is called a chain or a totally (or linearly) ordered set. In a totally ordered
set every two elements are comparable.

Definition 2.7. Let (P, <) beaposet, A C P and b € P. We then define
b isan upper bound of A if and only if (Va € A)(a < ).
bisalower bound of A if and only if (Va € A)(b < a).

A is bounded above (in (P, <)) iff (3b € P)(b isan upper bound of A).
A isbounded below (in (P, <)) iff (3b € P)(bisalower bound of A).
Aisbounded (in (P, <)) iff A isbounded above and bounded below (in (P, <)).

b isthe greatest element of A iff b € A and b isan upper bound of A.

b isthe smallest element of A iff b € A and b isalower bound of A.

From the antisymmetric property one easily finds that the existence of a greatest elem-
ent implies its uniqueness. If the greatest element exists, it will be denoted 1 and the
smallest element, if it exists, will be denoted 0.

b isthe supremum of A iff b is the smallest upper bound of A; b = sup(A).
bistheinfimum of A iff b isthe greatest lower bound of A; b = inf(A).

Definition 2.8. Aposet (£, <) iscalled alatticeif inf(a, b) and sup(a, b) exist for all
a,b € L. Wewill use the notationsa A b (a meet b) and a V b (a join b) for inf(a,d)
and sup(a, b) respectively.

Definition 2.9. Alattice (£, <) isbounded if there exist a greatest (1) and a smallest
(0) element, i.e.,
MaeL£)(0<a<1)
or
Vae LY(1Na=a and 0V a = a).

Definition 2.10. A lattice (£, <) is complete if every non-empty subset of £ has a
supremum and an infimum.

Consider a bounded lattice (£, <) with smallest element denoted by 0 and greatest
element by 1, join operator V and meet operator A. 1n 1967 Goguen [21] introduced £-
fuzzy sets, where the membership function hasvaluesin alattice (£, < ). An L-fuzzy
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set A inauniverse X is characterised by a X — £ mapping, called the member ship
function of A, and shortly denoted by A,

A: X — L
x — Azr), VeeX.

For dl = in X, A(x) expresses the membership degree of = in the £-fuzzy set A, the
degree in which z belongs to A. The class of al £-fuzzy setsin X is denoted as
Fr(X). Thefuzzy logical operatorson [0, 1] can now be extended to £-fuzzy logical
operators.

224 [-Fuzzy Logical Operators

Definition 2.11. A conjunctor C on L isanincreasing £ x £ — £ mapping satisfying
C(0,0) =C(0,1) =C(1,0) =0andC(1,1) = 1. Asemi-norm C on £ isa conjunctor
on £ satisfying (Va € £)(C(1,a) = C(a,1) = a). Atriangular norm (or t-norm) 7-
on £ is a commutative and associative conjunctor on £ satisfying 7 (1, a) = a for all
a€L.

Definition 2.12. Anegator A/ on £ isadecreasing £L— £ mapping satisfying V' (0) = 1
and N'(1) = 0. N iscalled involutive if N'(N(a)) = a for all ain L.

Definition 2.13. Adigunctor D on Lisanincreasing £ x £ — £ mapping satisfying
D(1,0) = D(0,1) = D(1,1) = 1 and D(0,0) = 0. A semi-conorm D on L isa
disiunctor on £ satisfying (Ya € £)(D(0,a) = D(a,0) = a). Atriangular conorm
(or t-conorm) S on L is a commutative and associative disunctor on £ satisfying
S§(0,a) =aforalace L.

Definition 2.14. Animplicator Z on £ is an £? — £ mapping satisfying Z(0,0) =
7(0,1) = 1and Z(1,a) = a for al a in £. Moreover 7 is decreasing in its first,
and increasing in its second component. Animplicator Z on £ isan edge-implicator if
(Va € £)(Z(1,a) = a).

Property 2.15. Let C bea conjunctor on L. It holds:
(Va € £)(C(0,a) = C(a,0) =0).

Proof
C(0,0) =C(0,1) =C(1,0) = 0 andC isincreasing in itsfirst and second component.

[ |
Property 2.16. Let 7 be an implicator on L. It holds:
(Va € £)(Z(0,a) =Z(a,1) =1).

Proof
7(0,0) =Z(0,1) =1and Z(1,a) = afor al a in £, and 7 is decreasing in its first
and increasing in its second component.
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|
If 7 isat-normon £, the mapping Z+ defined, for all « and b in L, by

Ir(a,b) =sup{\| A€ Land T (a,\) <. b}

isanimplicator, called the R-implicator of 7. If thet-norm 7 is left-continuous, then
we call the R-implicator Z7 of 7 aresidual implicator. If S isat-conormand N a
negator on £, the mapping Z s s defined by

Is n(a,b) = S(N(a),b),

foral e andbin L, isan implicator, called the S-implicator induced by S and N. If
7 isat-normand A an involutive negator on £, the mapping Z 7+ defined by

I7 n(a,b) = N(T (a, N (b)),

foral a and b in L, is an implicator, called the S-implicator induced by 7 and V.
We illustrate this with some examples on the unit interval: the three well-known t-
norms and t-conorms on the lattice ([0, 1], <) are T;, 7p and Ty, and Sy, Sp and
Sw respectively. Theresidual implicatorsof 7, 7p and 7y, are given by

1 ifa<bd
Ir(a,b) = { b otherwise ’
1 ifa<b
Tz (a,0) { b otherwise
Iry(a,b) = min(l—a+b,1), V(a,b) € [0,1]%

and the S-implicators induced by 7, 7p and 7y (and Sy, Sp and Syy) and the
standard negator N5 are

IT]\/I Ns (a7 b) = maX(l - a, b)7
Irpng(a,b) = 1—a+a-b,
Iry ns(a,b) = min(l—a+b,1), ¥(a,b) € [0,1]%

SO (T, Zkp), (Tp,Zr) and (T, Zw ) are induced conjunctors and implicators on
[0, 1].

Definition 2.17 (Complement, inter section, union). Let £ be a bounded lattice, A" a
negator, 7 at-normand S at-conormon L. If A and B are £-fuzzy setsin X, then
conA, ANy B and AUg B are L-fuzzy setsin X, defined for all z in X as

coyA(z) = N(A(z))
Ang B(x) = T(A(z),B(z))
AUs B(z) = S(A(z), B(x)).
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The Zadeh-intersection A N,, B and Zadeh-union A Us,, B arenoted as A N B and
AU B. For conr, A we shortly write coA.

For afamily (4;):er of L-fuzzy setsin X we define
(N Ai(z) = infAi(x)

icl
U A;(x) = supA;(z)
iel iel

for all zin X.

It holds that (F(X),N,U) is a lattice with the ordering defined for al A and B in
fg(X) as
ACB<& (Vze X)(A(z) < B(x)).

2.25 [-Fuzzy Relationsand L£-Fuzzy Relational Images

Definition 2.18 (L-fuzzy relations). Let X and Y betwo universes. An £-fuzzy rela-
tion R from X toY isan L-fuzzy seton X x Y, i.e, a (X x Y) — £ mapping. An
L-fuzzy relation R on X isan £-fuzzy relation from X to X.

Definition 2.19. Let R be an £L-fuzzy relation from X to Y. For = € X we define the
R-afterset of x asthe L-fuzzy set

zR: Y — L
y — Rz,y), YyeY.

For y € Y we definethe R-foreset of y as the £-fuzzy set

Ry: X — L
xz — R(z,y), VoeX.

Definition 2.20 (Relational images). Let R be a relation from a universe X to a
universe Y and A a (crisp) subset of X. Thedirect image of A under R is given by

R1A={y|lyeYAN(FreX)(ze AN (z,y) € R)}.

Thedirectimageof A isasubset of Y that containsall elementsof Y that are connected
with (at least) one element of A. So we can also write (in terms of R-foresets)

RT1A={y|lye Y ANAN Ry #0}.

The superdirect image R | A of A under R is defined as the set of all elements of Y
that are connected with all elements of A, thus

Rl A={ylyeY ARy C A},

or
Rl|A={y|lyeYANVzreX)((z,y) e R=x € A)}.
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The definition of images of crisp sets under crisp relations can be extended to images
of L-fuzzy sets under £-fuzzy relations.

Definition 2.21 (£-fuzzy relational images). Let £ be a complete lattice, and X and
Y two universes. For atriangular norm7 on £ and animplicator Z on £, an L-fuzzy
relation R from X to Y and an £-fuzzy set A in X, thedirect image R 1, A and the
subdirectimage R | A of A under R arethe £L-fuzzy setsinY defined as

R1cA(y) = SlelgT(A(x)7R(x7y))
Rl A(y) = miggf(R(%y),A(m)),

forall yinY.

We will normally make use of the simple notations above for direct and subdirect
image. But when we work with more than one triangular norm or more than one
implicator on £ at the same time, we will make a distinction by adding the symbol of
the triangular norm and implicator respectively in the notations of the direct image and
subdirect image respectively to show which logical operator is used at that moment.

Property 2.22 (Monotonicity). [12] Let £ beacompletelattice, 7, 77 and 75 t-norms
on L andZ, 7, and Z, implicatorson L. If R, R, and R, are L-fuzzy relations from
XtoY and A, A; and A, are L£-fuzzy setsin X, then it holds

1. If Ry C Ry, then

(@ RiTcACRy 1 A
() RiltADRy [ A

2. If Ay C Ay, then
@ RTAL CR1. A
(b) Rl A1 CR g Az
3. If7; C Ty andZ; C 7y, then

@ Rl ACRT.1 A
) Rler, ACR ez, A
Property 2.23 (Interaction with 7j,-intersection of L-fuzzy sets). [12] Consider a

complete lattice £, a t-norm 7 on £ and an implicator Z on £. If R isan L-fuzzy
relationin X and A and B aretwo £-fuzzy setsin X, then it holds

R, (AﬁB)
R, (AQB)

(R1cA) N (R1c B)

-
€ (RlcA) n(RlcB)
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Generalisation to a finite family (A, );er of L-fuzzy setsin X leadsto

Ric((A) < [ (R1cA)

el i€l
Rlc((VA) € () (Rl A).
el i€l

Property 2.24 (Interaction with 7,,-inter section of £-fuzzy relations). [12] Let £
be a complete lattice, 7 at-normon £ and Z an implicator on £. If R, and R, are
L-fuzzy relationsfrom X to Y and A isan £-fuzzy set in X, then it holds

(BiNR2) T A C (RiTcA) N (RalcA)
(leRQ) le A D (R1 e A) U (Rg e A)

For afinite family (R;);c; of L-fuzzy relations from X to Y we get
(R TcA S ()B4
el i€l

(R leA 2 | (Rile A,

el icl

and

1

(R LA () (R Lz A).

el el

Property 2.25 (Interaction with S,;-union of £-fuzzy sets). [12] Consider a com-
plete lattice £, at-norm 7 on £ and animplicator Z on L. If R isan L-fuzzy relation
in X and A and B are £-fuzzy setsin X, then it holds

(RTcA) U (R1zB) C Rl (AUB)
(RlgA) U(R|B) € Rl (AUB).

Generalisation to a finite family (A;);c of £L-fuzzy setsin X leadsto

U@®ic4) ¢ R4

el el
U@®icA) € Ric(JA).
el el

Property 2.26 (Interaction with Sy,-union of £-fuzzy relations). [12] Let £ be a
completelattice, 7 at-normon £ and Z animplicator on £. If R, and R, are L-fuzzy
relationsfrom X to Y and A isan £-fuzzy set in X, thenit holds

(RiUR2) T A 2 (RilcA)U(R2 T A)
(R1 URQ) lcA C (R1 lc A) n (RQ e A)
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For afinite family (R;);c; of £-fuzzy relations from X to Y we get

(URr)1cA 2 | Rite A

el i€l
(UR)leA < () (RilcA),
el el

and

Ur)leAa < |J (Rl A.

el i€l

Property 2.27 (Interaction with complement). [12] Consider a complete lattice L,
atriangular norm 7 on L, an involutive negator A on £ and Z 7 s the induced S-
implicator, then it holds for every £-fuzzy relation R from X to Y and every £-fuzzy
set Ain X that

con(RTcA) = Rz (conA)
R1c (conA) = con(R |z A).

Property 2.28 (Image of universe and empty set). [12] Let £ be a complete lattice,
T atriangular normon £ and Z animplicator on £. For every £-fuzzy relation R from
X toY it holds

R1,0=0 and R|; X =Y.

Property 2.29 (Expansion and restriction). [12] Let £ be a complete lattice, 7 a
t-normon £ and Z an implicator on £. If R is a reflexive £L-fuzzy relationin X, i.e,
(Vo € X)(R(xz,x) = 1),and A an L-fuzzy set in X, then

R|ltACACRILA



Chapter 3

Colour and Colour M odels

In this chapter we first examine the structure of the human eye and study what colour
really is to understand how the human eye perceives colour. We describe two methods
to reproduce colour: additive and subtractive colour mixing. Finally we give a short
summary of different colour models: RGB, CMY and CMYK, YUV, YIQ and Y ChCr,
HSV and HSL, CIEXYZ, CIEY Xy, L*a*b* and L*u*v*.

3.1 Perception and Reproduction of Colour

3.1.1 Perception of Colour

Thehuman eye

Fovea
Blind spot

Optic Nerve

Retina

Figure 3.1: Image of the human eye.
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Infigure 3.1[51] we see asketch of the human eye. The pupil isan opening in the eye.
All light that reaches the light sensitive parts of the eye has to pass through the pupil.
Theirisisacircular muscle that controls the size of the pupil. According to the size of
the pupil, more or less light can enter the eye. By contracting and relaxing the iris, the
eye can adapt to different light conditions like day and night.

The corneais aprotective, transparent layer that covers both the pupil and theiris, and
it isthe first lens of the human vision system. The inner lens, the second lens of the
human eye, is a transparent body that is able to contract and relax. The shape of the
inner lens can change and allows the eye to adapt to a large range of distances. This
inner lens also focusesincoming light radiations, that is, all light coming from the same
physical point of spaceis brought together (focused) in one single point on the retina.
Theretinaconsists of several layerswith each aspecific task, like for examplereceiving
light or convertingincoming light in electrical signals. The foveais called the centre of
theretina. Thistiny areais responsiblefor our central, sharpest vision. Now, the retina
containstwo kinds of light sensitivereceptors, also caled photoreceptors, conesand
rods, which ‘translate’ incoming light in electrical signals. The foveacontainsno rods,
but the compactness of the conesislargest in thefovea. The electrical signals produced
by the cones and rods are then sent along the optic nerve to a part of the brain behind
the head for further processing. The optic nerve fibres exit the eye in a small spot on
thereting, called blind spot. The blind spot has no photoreceptorsat al.

What is colour?

Light consistsof electromagnetic waves. Thereisacomplete spectrum of electromag-
netic radiation, from radio waves to gammarays.

-« Increasing energy
Increasing wavelength =
0.0001 nm 0.01 nm 10nm 1000nm 0.01 cm 1em Im 100 m
1 | I 1 1 1
Gamma rays Xerays Ulira- Infrared Radio waves
violet
Radar TV FM AM
Visible light

Figure 3.2: The electromagnetic spectrum.
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Thedifferent kinds of el ectromagnetic radiation can be characterised by their frequency
or by their wavelength, where both are connected by the equation

c=f.\

with f the frequency expressed in s —!, \ the wavelength expressed in nm (1nm =
10~%m) and c the speed of light (¢ = 3 x 10%ms~!). The human eye observes these
different frequencies/wavelengths as different colours. Only alittle part of the whole
el ectromagnetic spectrum can be perceived by the human eye: visible colours for
humans appear with a wavelength between about 400 nm and 700 nm in the electro-
magnetic spectrum, the so-called visible light. We call this part of the electromagnetic
spectrum the visible spectrum too. In figure 3.2 [79] the electromagnetic spectrum is
shown, going from radio waves with long wavelengths (107 — 10''nm) to the short
gammarays (10 ~*nm).

Aswe have seen, theretina contains two different light receptors, conesand rods. Rods
care for the dark vision, visibility in darkness, and are very sensitive for light. They
only see in grey values, so they cannot distinguish colour, and cannot give us a sharp
vision. Cones on the other hand are less sensitive for light than rods, but detect colour.
They carefor our sharp vision and visibility by daylight. There are three types of cones
that are sensitive, especially for red, green and blue light: each cone type contains a
light sensitive pigment that is sensitive over a range of wavelengths; the a-cones are
sensitive in the blue part of the electromagnetic spectrum, the 5-conesin the green part
and the y-cones in the yellow-green to red part. Note that because the compactness of
the conesislargest in the fovea, this area of the retina has the highest visual sensitivity
for colour perception.

a
relative absorption spectrum (wavelength spectrum)

B(green)

Y (vellow-green
to red)

|
arbitrary units

a(blue)

| | |
400 500 600 700

wavelength A (nm)

Figure 3.3: Absorption spectrum of the a-, 3- and ~y-cones.

Figure 3.3 [53] gives the absorption spectrum of the three types of cones, so we get
an idea of the ‘spectral sensitivity’ of the cones, that is, how many light on a certain
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wavelength is absorbed by the cones. We see that the «-cones are less sensitive than
the other two types of cones and that one single wavel ength can activate more than one
type of cone.

Light that reaches a little environment on the retina that contains three kinds of cones
is converted in three signals (one for each type of cone). The eye is trichromatic,
i.e., an incoming light spectrum is seen as a point in a three-dimensional space. This
trichromatic character of the eye is very important in image processing. It implies that
each visiblelight point for humans (and thus every pixel in colour images) can be com-
pletely described by three numbers. The giant range of colours that can be seen by
humans can be obtained by adding the right amounts of red, green and blue colour to-
gether or by adding two of these three colourstogether and subtracting the other (more
information: see section 3.2.5). These signals coming from the cones are then sent to
our brain where they are translated in a colour. When all wavelengths of the visible
spectrum reach our eye at the same time, we see white. White is not acolour at al, but
the mixture of all visible colours. That is why visible light is aso called white light.
Black is not a colour either, but corresponds with the total absence of wavelengths of
the visible light spectrum.

We may conclude that the question ‘what is colour? is subjective. Colours are created
in our brain as a reaction on light. Colour is how the human eye and brain observe
different wavelengths of light.

Although the eye senses colour according to red, green and blue light (trichromacy),
higher visual processes in the brain code colour according to the opponent process
theory, using the opponent pairs red-green, blue-yellow and black-white. Humans
perceive colour as having four distinct colour hues corresponding to the perceptually
sensation of red, green, yellow and blue. We know that yellow can be produced by the
additive mixing of red and green, but in our brain yellow is perceived as being qualita-
tively different from each of the two componentsred and green. The opponent process
theory saysthat all colours can be described as containing red or containing green, but
never as containing both red and green simultaneously. We can never see a colour that
appears red and green at the same time, the colours red and green can never be per-
ceived together. The same observation has been done for the colours blue and yellow.
The opponent process theory also states that one cannot say this of any other pair of
colours. Thus, classifying a colour as either red or green, and then independently as
blue and yellow, gives a complete description of that colour.

The best way to arrange coloursisin awheel. The opponent process theory says that
our sensation of colour is organised along two axes. The position along the first axis
encodes the redness or greenness of the colour. The second independent axis encodes
the blueness or yellowness of the colour. The complete colour sensation is the red-
green and blue-yellow coordinates of that colour. Sometimes a third axis is added to
the opponent colour wheel that describes the brightness (whiteness to blackness) of the
colour. Opponent process theory also impliesthat there should be ‘ pure’ colours: ared
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and a green that has no blue or yellow in it, and a blue and a yellow that has no red or
greeninit. Only red, green, blue and yellow can be made pure. Thereis for example
no pure orange, because orange always looks like amix of red and yellow. Thistheory
also explains the existence of some intermediate hues (e.g. red-yellow, yellow-green,
green-blue and blue-red) and the absence of other intermediate hues (e.g. red-green
and yellow-blue).

Simultaneous contrast also demonstrates a red-green and blue-yellow association.
Simultaneous contrast is a colour appearance phenomenon that causes the ‘ colour ap-
pearance’ of acolour element to shift when the colour of the background changes. This
changein colour tends to follow the opponent colour theory. For example, athin, grey,
colourless line running over a red background appears slightly green, while running
over ablue background it appears slightly yellow.

Colour blindness

We give a short description of colour blindness.

It is not exactly known how colour blindness arises. It is possible that by colour blind
people one or more types of cones are not or in a smaller amount presented in the
retina. Itisalso possiblethat al conesare presented in the retina, but that they function
less good or totally not, or that the signals coming from the cones are not passed in the
right way to the brain. Anyhow, one particular colour or more than one is perceived
less intense whereby certain colours can no longer be distinguished. Red-green colour
blindness is by far the most common form of colour blindness and causes problems
in distinguishing reds and greens. Colour blindness is generally a hereditary disease.
Colour blind people can see better in the dark.

There are many different types and degrees of colour blindness, called colour defi-
ciences.

Monochromacy Monochromacy occursin two forms: rod monochromacy (also
called achromatopsia) and cone monochromacy.

e Rod monochromacy
Only black, white and shades of grey can be seen. These colour blind people
aretruly colour blind because any colour cannot be perceived (compl ete absence
of any colour sensation), and they even have difficulties with seeing in bright
daylight. There can be three causes:
- there are no cones at al in the retina, only rods
- the cones have no or non-working colour sensitive photo pigments
- the signals coming from the cones are not translated in the brain.

e Cone monochromacy
Only onetype of conesis active. These people see some colour, e.g. peoplewith
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blue cone monochromacy cannot perceive any colour except blue so that they
have a feeling of seeing colour, but cannot distinguish colour hues too.

Dichromacy It isknown that by dichromacy one of the three kinds of conesis miss-
ing and is replaced by one of the other two cone types. These colour blind people are
ableto match all colours using only two primariesrather than the normal three (trichro-
macy). Therefore they are blind to certain colour differences that normal individuals
can see.

e Protanopia: red photo pigment is missing and is replaced by green photo pig-
ment. Thisway it aimost becomes impossible to make distinction between reds,
yellows and greens. Short wavelengths are seen as blue. Red colours seem to
be darker than for a normal viewer, and so that reds may be confused with black
or dark grey. These people learn to distinguish reds from yellows and greens
primarily on the basis of different degrees of brightness (lightness), not on any
perceptible hue difference.

e Deuteranopia: green photo pigment is missing and is replaced by red photo pig-
ment. Like by protanopia this leads to an inability in distinguishing between
reds, yellows and greens. The brightness of red is preserved.

Because distinctions between red and green are based on the activity of the 5- and
~-cones, both protanopia and deuteranopia are termed red-green colour blindness.
Thereisamost no perceptible difference between red, orange, yellow and green: these
colours appear to be the same colour. Both, protanopia and deuteranopia colour blind
people see the world in shades of white, grey, black, blue and yellow.

e Tritanopia: blue photo pigment is missing and is replaced by red and green photo
pigment. These colour blind people are insensitive to yellows and blues, but see
the world in shades of white, grey, black, red and green.

Anomaloustrichromacy All conesare active but there isadisturbed quantity of one
or more of the three cones colour sensitive pigments. Therefore the sensitivity for
light has shifted, and so these people will mix the primaries in different proportions.
For example, for a given spectral yellow light protanomal ous observerswill need more
red light in ared-green mixture while deuteranomal ous observers need more green than
anormal observer.

e Protanomaly or red-weakness: abnormal red sensitivity (disturbed quantity of
red-sensitive cones (y-photo pigment)). Any redness seen in a colour by anormal
observer is seen more weakly, both in terms of its colouring power (saturation)
and brightness. Red, orange, yellow, yellow-green and green appear somewhat
shifted in huetowards green, and all appear paler than for anormal observer. The
redness component that a normal observer seesin a violet or lavender colour is
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so weakened that maybe it would not be detected by a protanomal ous observer,
and so only the blue component will be seen. A colour that one calls ‘violet’
may ook like another shade of blue.

e Deuteranomaly or green-weakness. abnormal green sensitivity (deviation of the
quantity of green-sensitive cones (3-photo pigment)). Small differencesin hues
in the red, orange, yellow and green part of the visible spectrum are difficult to
see: they appear somewhat shifted towards red, but thereis no loss of brightness.
Also violet, lavender, purple and blue appear as similar colours.

e Tritanomaly or blue-weakness. abnormal blue-yellow sensitivity (disturbed
quantity of blue-sensitive cones (a-photo pigment)). For a tritanomalous ob-
server it will be difficult to distinguish between yellow and blue.

3.1.2 Reproduction of Colour
Additive and subtractive colour mixing

Additive colour mixing is the method to create a new colour by adding two or three
colourstogether, the additive primaries or additive primary colours. These primary
colours are usualy red, green and blue. Additive colours are produced by a combin-
ation of spectrum colours that are optical coloured by putting the colours very close to
each other or by showing the colours very fast the one after the other so that the eye
can no longer distinguish these colours at a normal view distance, but will mix or add
them together to get a composed colour effect. This way the human eye observes two
or more colours as one (new) colour.

Additive colour mixing works as follows:
1. Equal amountsof two primary coloursin full intensity create a secondary colour:

1red + 1blue = magenta
1blue 4+ 1lgreen = cyan
lgreen + 1red =

2. Equal amounts of the three primary coloursin full intensity create white:

1red + 1 blue + 1 green = white.

3. Unequal amounts of two or three primary colours (in full intensity or not) create
different colours, for example,

2red + 1green = orange
lred + 2green =

Other colours can be obtained in this way.
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One of the most famous applications of additive colour mixing can be found in the
television screen. The television screen is a mosaic that consists of thousands of tiny
groups of phosphor dots. Each group contains three different kinds of phosphor dots:
one kind of phosphor dots, the red phosphor dots, emits red light, the blue phosphor
dots emit blue light and the green phosphor dots emit green light. The phosphor dots
convert energy of the electrons on the cathode tube inside the television into radiation
so that they can emit light. If there is no energy that the phosphor dots can convert,
they do not radiate and then we observe the tiny group of phosphor dots as black. If the
three kinds of phosphor dots (red, green and blue) in the tiny group radiate clearly all
together at the same time, we observe the group as white. Different colours depend on
how bright the red, green and blue phosphor dots radiate, e.g. we see cyan if both the
blue and green phosphor dots radiate together. In figure 3.4 [70] atiny group phosphor
dotsinthe TV screenisillustrated.

Figure 3.4: A tiny group phosphor dots in the television screen.

Subtractive colour mixing uses paints, pigments, inks or natural dyesto create colour
by absorbing some wavelengths of white light and reflecting or transmitting others.
We see subtractive colours when pigments in an object absorb certain wavel engths of
white light while reflecting or transmitting the rest. This happens al the time around
us: when light reaches an object, the object absorbs some wavel engths of the light and
reflects or transmits others. The wavelengths in the reflected or transmitted light make
up the colour we see. As more ink is added, less and less light is reflected, which
finally would be seen as black. When there is a total absence of ink, the light being
reflected from a white surface is perceived as white. Consider as example ared apple.
If white light reaches the red apple, al colours of the white light are absorbed by the
surface of the apple except the colour red, which is reflected. The red light radiations
reach our eyes and our brain observes the apple as ared apple. Another example: the
leaves of green plants contain the pigment chlorophyll, which absorbs the blue and red
colours of the spectrum and reflects the green colours. If an object absorbs al colours
it receives, our brain will see the colour of that object as black.

This method forms the base for photographic filters, colour print productions like al-
most all films and colour paper, and photomechanical reproduction in colour. The
pigmentsin colour filters and inks used for colour productions or in photomechanical
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reproduction of colour are cyan, magentaand yellow.

Cyan, magenta, yellow arethe complementary coloursof red, green, blueand are called
the subtractive primaries because of the following:

White light is composed of al wavelengths of the visible spectrum, which we can
obtain by mixing equal amounts of the additive primaries red, green and blue in full
intensity. A paint that absorbs one additive primary colour has the combined colour
of the two other primaries. This combined colour is the complement of the absorbed
colour abstracted of white light. We get

ABSORBED UNCHANGED COMBINED
PRIMARY COLOUR PRIMARY COLOUR COLOUR

red blue and green cyan
green blue and red magenta
blue red and green

Now, cyan, magenta and yellow will subtract respectively red, green and blue of sun-
light by absorbing this colour instead of reflecting it. Cyan, magenta and yellow to-
gether subtract al colour of white light, which results in black.

3.2 Colour Modelsand Colour Spaces

A colour model is an abstract mathematical model that describes how colours can be
represented as tuples of numbers, usualy as 3- or 4-tuples. A colour in a colour model
can be specified by using coordinates or attributes. These coordinates do not tell us
what the colour looks like, but represent where the colour is located in the particular
colour model. The coloursthat can be represented using a particular colour model de-
fine then a colour space.

Colour models are used to specify, create and visualize colours so that they can be
reproduced and processed in a clear way. Dependent on the application why colours
are used for, different models have been developed for the characterisation and visu-
alisation of colours. The set of al colours that can be produced on a device is called
the colour gamut. Because of physical difference in how different devices produce
colours, each scanner, display, printer, etc. has a different range of coloursit can repre-
sent. There are coloursthat can be viewed on the screen but that cannot be reproduced
in print, and conversely, some colours can be printed but not be seen on the screen.
Colour output devices can be classified into three types. additive, subtractive and hy-
brid. Additive colour systems produce colour through the combination of differently
coloured light. Colour in subtractive systems is produced through a process of remov-
ing (subtracting) unwanted spectral components from ‘white’ light. Subtractive colour
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systems produce colour on transparent or reflective media, which have to be illumin-
ated by white light for viewing. Hybrid colour systems use a combination of additive
and subtractive processes to produce colour.

3.21 RGB Colour Modd

The three additive primary colours red, green and blue form the base of the additive
colour model RGB: acolour in RGB is obtained by adding the three coloursred, green
and blue in different combinations together. Every colour in the RGB colour model is
totally determined by its three colour components R, G and B. Figure 3.5 shows the
additive mixing of red, green and blue.

(1,0,0) (374,00

Magenta |
Blue v
(0.1,0) (0.03/4) (0.3/4,0)

Figure 3.5: Additive mixing of the three RGB primary colours.

This way a colour can be defined as a vector in a three-dimensional space, which can
be represented as a unit cube using a Cartesian coordinate scheme, see figure 3.6.

Every point in the cube (or vector with as starting point the origin) represents then a
colour. Red, green and blue are the primary colours; cyan, magenta and yellow are the
secondary colours. The greyscale spectrum, which consists of colours with the same
amount of every RGB primary colour, lies on the line between the black and white top.

The colours that can be obtained in the RGB colour model are dependent on the way
the colours ‘red’, ‘green’ and ‘blue’ are defined. So there exist different colour spaces
based on the RGB colour model. Well-used RGB colour spaces are SRGB (stand-
ard RGB) and Adobe RGB. sRGB was developed by Hewlett-Packard and Microsoft
Corporation using a simple and robust device independent colour definition to handle
colour in operating systems, device drivers and the Internet. The Adobe RGB colour
space was designed by Adobe Systems to encompass most of the colours achievable
on CMYK colour printers, but by using RGB primary colours on a device such as the
computer display.
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Figure 3.6: A representation of the RGB colour model expressed in Cartesian coordinates.

The RGB colour model has been devel oped becauseit is very close related to the man-
ner how the human eye, with the a-, 3- and y-conesin the retina, observes colour. But
in thismodel red, green and blue can only be added together and not subtracted, so that
not all coloursvisible by the human eye can be obtained. Thisis a disadvantage.

The RGB colour model is used in television and computer displays, colour camera's
and scanners.

3.22 CMY and CMYK Colour Model

The CMY colour model is a subtractive colour model, where a colour is described as
aresult of light being absorbed (subtracted) by printing inks with cyan, magenta and
yellow as subtractive primary colours. In figure 3.7 we see the subtractive mixing of
cyan, magenta and yellow to form red, green and blue and finally black by abstracting
these three primaries from white.

The subtractive CMY and additive RGB colours are called complementary colours.
Each pair subtractive colours creates an additive colour and conversely. That is why
RGB and CMY are opposite colour models. Notice that the coloursin the RGB colour
model are brighter than those in the CMY colour model. In RGB alarger part of the
visible spectrum can be reached. Thisis because the RGB model uses added light while
the CMY model uses reflected light to create colours.

We have seen that pure cyan, magenta and yellow pigments together absorb all colour
of white light and produce black. But practically it isimpossible to create black with
thesethree colours: because of impuritiesininksnot all coloured light will be absorbed
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Magenta

Figure 3.7: Subtractive mixing of the CMY primary colours.

by pure cyan, magentaand yellow pigments together so that these three colours do not
produce black but a dark brown. That is why in practice black is added as fourth
primary colour. We talk about four-colour process printing and call thisthe CMYK
colour model.

The CMY and CMYK colour model are used in photographic colour filters, colour
printers and photomechanical reproductionin colour.
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Now we give some definitions related to light and colour we will need further on.

Hue is the attribute of a visual sensation according to which an area appears to be
similar to one, or to the proportions of two, of the perceived coloursred, yellow, green
and blue. As a consequence of the opponent process theory we know that the colours
red, yellow, green and blue are ‘ pure’. Black, white and the grey valuesin between are
called ‘neutral colours' because they have no hue.

The saturation of a colour indicates how much white light is presented in the colour.
Red and pink for example are two different saturations of the same colour hue red.
Pure colours are completely saturated, they contain no white light. 1f we add white
to a pure colour, we get a lighter, less intense, desaturated colour. Pastel colours are
less saturated because they are mixed with white. Colours that are not saturated are
grey values. Saturation is sometimes called colour intensity too. In figure 3.8 [87] the
change in saturation for the hue red is shown.

Figure 3.8: Changein saturation for the colour hue red, from 0% (right) to 100% (l€ft).

Brightness is defined as the human visual sensation by which an area exhibits more
or less light/appears to emit more or less light/seems to be more or less clear. The
brightness of an object depends on the way the object (surface) is lighted, that is, how
more light, how intenser/brighter the colour. Only colours perceived to belong to an
areaseen inisolation from other coloursexhibit brightness. When we consider acolour
as a related colour (a colour perceived to belong to an area seen in relation to other
colours), the observed brightness of a point of the coloured object depends then not
only on the light intensity in that point but also on the light intensity in other points of
the area or background. So we define the term lightness as the relative brightness of
an area compared to the brightness of an equally illuminated white surface. Brightness
refersto the absol ute perception of the amount of light of the colour element of interest,
while lightness can be seen as the relative brightness. Only related colours exhibit
lightness.
Brightness
Brightness(white)

The lightness of the used background can cause a difference in the lightness of the
object. Thiswe call the lightness contrast effect, and isillustrated in figure 3.9.

Each small grey sgquare has the same physical brightness (intensity), that is, our eyes
receive exactly the same amount of light from each of them. So we expect that they
all would be the same value of grey, that our eyes observe them all as the same grey

Lightness =
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Figure 3.9: The lightness contrast effect.

value. But the grey square at the dark grey background seems to be much brighter than
the grey square at the light grey background: the darker the background, the lighter the
little grey square appears.
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323 YUV,YIQand YCbCr Colour Model

These colour models are called the television transmission colour models. The YUV
and Y1Q model are used in colour television broadcasting (YUV in Europe and Y1Q
in the USA). These colour models are arecoding of RGB that are used for the coding
of colour imagesin TV and in colour video, and are also very useful for transmitting
television signalsfor black-white TV. The Y CbCr colour model isindependent of cod-
ing systems for TV signals and is used for the representation of TV images in digital
systems.

These colour models are based on the fact that the human eye is more sensitive for
changesin brightness than for changesin hue or saturation. The Y-component is iden-
tical to the Y-component in the CIE XY Z colour model (see section 3.2.5) and contains
information about the brightness of an image, while the other components encode in-
formation about the colour, that is, hue and saturation. Because the eyeismost sensitive
for changes in brightness, these models use a larger range for the Y-component than
for the U- or VV-component (I- or Q-component and Cb- or Cr-component): the data
rate can be shared asfollows: Y:U:V 4:2:2 or Y:U:V 4:1:1. The Y-component contains
al information needed for black-white television, that is, the Y-component gives the
greyscaleimage of acolour image. Figure 3.10 illustrates this.

Figure 3.10: The original colour image (left) and the greyscale image expressed in the Y-
component (right).

3.24 HSV and HSL Colour Model

These two colour models use equivalent axes in their representation of colour. In the
HSV colour model a colour is defined by the three components hue, saturation and
value and in the HSL (also called HSI) colour model the three quantities hue, satur-
ation and luminance (= intensity) are used to characterise a colour.

We have seen (opponent process theory) that all colour hues can be arranged in an
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opponent colour wheel along two axes (red-green and blue-yellow) so that all colours
along the red-green axis contain somered on one side of thewheel, whileal the colours
on the other side contain some green, and so that all colours aong the blue-yellow axis
have some blue on one half of the wheel, while the colours that remain in the opposite
half of the wheel appear yellowish. This way we can range the hue component from
0 to 27, which usually begins and ends by red. Saturation indicates the colour purity
(lack of white in the colour). Values for the saturation component range from 0% if
the colour is not saturated (grey values) to 100% if the colour is completely saturated
(pure colours). The intensity component of a colour inthe HSL colour model givesthe
intensity (brightness/lightness) of that colour and varies from 0 to 1, where the corres-
ponding colours become increasingly brighter. Maximum intensity is sensed as pure
white, minimum intensity as pure black. The other colour model HSV differsin the
formulaefor the values of theintensity. Fully saturated colourswith different hues have
thesamevalue V = 1 in HSV and the same lightness I, = 0.5 in HSL. Nevertheless,
thisis not alwaystruein human perception, e.g., fully saturated yellow is alwayslighter
than fully saturated blue. In the HSL colour model we find the brightest, most intense
colour at alightness value of exactly half of the maximum. Colours with a lightness
percentage smaller than half of the maximum lightness value are darker while colours
with a percentage larger than the maximum are lighter. In figure 3.11 and 3.12[87] we
illustrate a graphical representation of the HSV and HSL colour model respectively.
Both the HSV and HSL colour model are used in computer graphics applications.

Figure 3.11: A graphical representation of the HSV colour model.
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Figure 3.12: A graphical representation of the HSL colour model.

3.25 CIE Colour Models

All colour models we have seen until now express colour in a device dependent way.
The additive colour models we have described, e.g. the RGB, YUV and Y1Q colour
model, are a.0. used for television or computer screens. Additive colours depend on
the kind of screen that is used. Coloursin the subtractive colour model swe mentioned,
e.g. CMYK colours, vary with printer, ink and paper characteristics.

That is why the CIE (Commission Internationale de |’ Eclairage) has created a number
of (both additive and subtractive) colour models that are device independent. Colours
can be specified in the ClIE-based colour models in a way that is independent of the
characteristics of any particular display or reproduction device. The CIE colour speci-
fication system provides a standard method for specifying a colour under controlled
viewing conditions, that is, the CIE system standardises three key elements of colour
perception: light, object and eye. We would not go here into more detail, but the
interested reader can find more information in [58].

CIE XYZ colour model

The CIE XY Z colour model is special becauseit isbased on direct measurements of the
human eye. The CIE has done experiments to determine how primary colours should
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be mixed to reproduce colours. The experiments showed that to produce some colours,
a component of light has to be subtracted. When we add two primaries together, the
saturation decreases. For this reason it can be impossible to produce a maximal sat-
urated colour by adding two colours together. For example, if we use the CIE RGB
primaries at 700, 546.1 and 435.8 nm respectively, and we want to obtain a colour
with a wavelength of about 500 nm, we seein figure 3.13 [87] that blue and green is
needed. But adding blue and green together will produce a desaturated 500 nm colour
so that red has to be added to the colour we want to produce, to saturateit. If .S 500 nm
represents the saturated 500 nm colour we want to obtain, then we get

S500nm+R = G+ B
or
S500nm = G+ B-R.

The negative value means that the spectral colour red has to be subtracted.

It is interesting to note that because TV and computer screens use additive mixtures
of red, green and blue light, they cannot produce colours with wavelengths around
500 nmcrERrRGB-
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Figure 3.13: The colour matching functions for the CIE RGB primaries.

To avoid the problem of having negative components, the CIE has introduced three
supersaturated (not physically reproducible) tristimulus values X, Y and Z, which
quantify a colour by defining the amounts of the CIE R, G and B primaries required to
match the colour by astandard observer under aparticular light source so that additively
mixing of thethree‘imaginary’ colours X, Y and Z can produceall human perceivable
colours. These positive X, Y, Z values form the first CIE colour model, the CIE XY Z
colour model. But this colour model is difficult to use because X, Y and Z separately
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do not correspond to real colours. The X, Y, Z values are called the standard colour
coordinates. All CIE based colour models are deduced of the XYZ model. The Y
tristimulus value is a parameter of the brightness of a colour. Figure 3.14 [87] shows
the colour matching functions for the CIE XY Z tristimulus values.
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Figure 3.14: The colour matching functions for the CIE XY Z tristimulus values.

CIE Yxy colour model

Since the human eye has three types of colour sensors, afull plot of all visible colours
is athree-dimensional figure. However, the concept of colour can be divided into two
parts: intensity and chrominance (= hue and saturation), the part that carries ‘colour’.
Chrominance requires intensity to make it visible. For example, the colour white is
a bright colour, while the colour grey is considered to be a less bright version of that
same white. In other words, the chrominance of white and grey are the same, while
their brightness differs. A colour does not change if the intensity changes. CIE has
defined a colour model for representing colours (into two dimensions) independent of
the ‘intensity’ of the colour. A useful two-dimensional representation of colours is
obtained when the tristimulus values are normalized to lie in the unit plane, the plane
over which the tristimulus values sum up to unity. The coordinates of the normalized
tristimulus vectors are called chromaticity coordinates and a plot of colours on the
unit plane using these coordinatesis called a chromaticity diagram. The most com-
monly used chromaticity diagram is the CIE xy chromaticity diagram. The CIE xyz
chromaticity coordinates can be obtained from the X, Y, Z tristimulus values in the
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CIE XY Z colour mode! asfollows

v = X/(X+Y+2)
Y/(X+Y +2)
: = Z)X+Y +2).

Only two of these three coordinates are independent; one use = and y at most. Thus, a
colour (independent of intensity) can be specified by its coordinates (x, y). A colour,
dependent on intensity, can then be specified by thetriple (x, y, Y"). Colours of objects
(or printing inks) of course depend on the intensity (of the light source) as well.

Figure 3.15 [87] shows the CIE xy chromaticity diagram, where colours are points,
obtained from the CIE XY Z colour model with D65 as used illuminant (see L*a*b*
and L*u*v* colour model). A property of the chromaticity diagram is that a point
that is an additive mixture of two colours aways lies on the connection line of the
chromaticity points of these two colours. This property isimportant for the measure of
colour in colour displays, TV and the lightning industry.
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Figure 3.15: The xy chromaticity diagram.

Now, it is desirable if a distance on a chromaticity diagram corresponds to the de-
gree of difference between two colours. The idea of measuring the difference between
two colours was developed by D.L. MacAdam and summarized in the concept of a
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MacAdam ellipse [40]. A MacAdam ellipse is the region on a chromaticity diagram
that contains all colours that are indistinguishable to the average human eye, from the
colour at the centre of the ellipse. As such it defines the concept of distance. Each
of the ellipses are, by definition, circles of equal radius, and the only reason that they
appear to be ellipses of different sizes in the CIE xy chromaticity diagram (see figure
3.16[87]) isbecause the CIE xy spaceiswarped (with respect to thismetric). Based on
the work of MacAdam, the CIE provided two perceptually uniform colour models for
practical applications: the CIE L*u*v* and CIE L*a*b* colour model, both of which
were designed to have an equal distance in the colour model corresponding to equal
differencesin colour, as measured by MacAdam.
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Figure 3.16: MacAdam ellipses plotted on the xy chromaticity diagram.

L*a*b* (CIELAB) and L*u*v* (CIELUV) colour model

There is one problem with the representation of coloursin the XYZ and Y xy colour
model: the presentation is not linear; coloursthat are close to each other inthe XY Z or
Y xy space can be perceived very differently for the human eye and coloursthat seem to
be the same for the human eye can lie far from each other in these colour models. The
L*a*b* and the L*u*v* colour model are transformations of the XY Z colour model
designed to obtain a linear colour model, that is, to have a uniform correspondence
between geometric distances and perceptual distances between colours that are seen
under the same light source; equa Euclidean distances correspond to roughly equal
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perceived colour differences. We get uniform colour models where small colour dif-
ferences (changes) can be quantified by the Just Noticeable Colour Difference or IND
(the distance between two amost indistinguishable colours). The most important and
common light source is daylight, which is represented as illuminant D65 and D50 for
the surface colour industries (textiles, paint and plastics) and the graphic arts indus-
try respectively. Artificial light sources are al'so widely used such as white fluorescent
light (illuminant F) and incandescent light (illuminant A). Both colour models L* a* b*
and L*u*v* represent colours relative to a reference white point, which is defined as
the whitest light that can be generated by a given device represented in terms of the
XYZ colour model. Because the L*u*v* and L*a*b* colour model represent colours
relative to this definition of white light, they are not completely device independent:
two numerically equal colours are truly identical only if they are measured relative to
the same white point.

Figure 3.17 [75] givesagraphical representation of the L*a*b* colour model.
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Figure 3.17: Graphical representation of the L*a*b* colour model.

Both colour models L*a*b* and L*u*v* use a common lightness scale L*, which de-
pends only on the value Y. The vertical axis L* in the centre of both colour models
represents the lightness where the values for the lightness range from 0 (black) to 100
(white). Both colour models use different uniform colour axes: the colour axes a*
versus b* and u* versus v* (red-green versus yellow-blue) are based on the fact that
a colour cannot be red and green at the same time or both blue and yellow because
these colours are opposite (opposite colour theory). At every colour axis values go
from positive to negative. At the @ and u* axis the positive values give the amount of
red and the negative values the amount of green, while at the b* and v* axisyellow is
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positive and blue negative. For these axes 0 is neutral grey.

L*a*b* is a colour model that is used to represent subtractive colour systems, and is
therefore used in different colour imaging and printing industries like in the textile,
while L* u*v* isa colour model that is used to represent additive colour systemsand is
very useful in applications with additive mixture of light in the display industry likein
videos and PCs.

More information about the reception and reproduction of colour can be foundin [19],
[55], [58], [72] and [73]. For colour blindness we refer to [17] and [87]. An extensive
release about digital colour imaging can be foundin [73].
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Chapter 4

Colour Morphology

In the first and second section of this chapter we repeat the definition of the basic
operators dilation, erosion, closing and opening for binary and greyscale morphology.
For a detailed study of binary and greyscale morphology we refer to [9, 10, 11, 25,
26, 44, 57]. Thereafter, a state-of-the-art literature study of colour morphology shows
that there already exist some nice extensions of MM to colour. To apply morphological
operatorsto colour images we need the concept of a supremum and infimum, and thus,
of an orderingin the used colour model. After having described the ‘trivial” approach of
processing the morphological operators on each of the colour components separately,
we will present in this work a new vector-based approach for the extension of MM
for greyscale images to colour morphology. We will extend the basic morphol ogical
operators dilation and erosion based on the threshold, umbraand fuzzy set approach to
colour images. Colour images can be modelled using different colour models; here our
approach is described in the RGB [15, 16], HSV [15] and L*a*b* [15] colour model.
We look at colours as a whole, namely as vectors, and order these colour vectors in
each of the three colour models, and so colour morphological operators are presented
accordingly. Thecolour modelsRGB, HSV and L* a*b* becomewith thisnew ordering
and associated minimum and maximum operators a compl ete lattice on which we have
defined a negator, some t-norms and implicators. Experimental results show that our
method provides an improvement on the component-based approach of morphological
operators applied to colour images and achieves similar or better results than those
obtained by other methods.

4.1 Binary Morphology

Consider a binary image A and a binary structuring element B, which is aso an
image but very small in comparison with A and has to be chosen by the morphologist.
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Thetranslation T} (B) of B by avector y € R? isdefined as
T,(B) ={z € R* |z -y € B};
thereflection of B isdefinedas —B = {—z € R? | z € B}.

Definition 4.1. Let A be a binary image and B a binary structuring element.
The binary dilation D(A, B) of A by B isthe binary image given by

D(A,B) = {y € R? | T,(B) N A # 0}.
The binary erosion E(A, B) of A by B isdefined as
E(A,B) ={y e R* | T, (B) C A}.

If A is a binary image and B is a binary structuring element, the binary closing
C(A, B) and the binary opening O(A, B) of A by B are the binary images

O(A,B) = D(E(A,B),-B).

Equivalent expressionsfor D(A, B) and E(A, B) are

D(A,B) = {yeR?*|(3beB)(y+bec A}

= Ura,

beB

E(A,B) = {yeR?>|(YbeB)iy+be A}

= [T-(A).

beB
For the closing C'(A, B) and opening O(A, B) we can also write

C(A,B) = {ycR*| (VzeR?)(yeT.(B)=T.(B)NA+#0)}
O(A,B) = {yeR?|(3zeR?)(yeT.(B)AT:(B) C A)}.

The binary dilation and erosion have a beautiful geometrical interpretation, see figure
4.1. Thedilation D(A, B) containsall pointsy in R? for which the translation 7', (B)
of the structuring element B has a non-empty intersection with the image A. A point
y belongs to the dilation D (A, B) if and only if the translation T',(B) and A hit each
other. The binary erosion E(A, B) consists of all pointsy € R? for which the trans-
lation T, (B) of B iscontainedin A. A point y belongsto the erosion E(A, B) if and
only if the translation T, (B) and co(A) do not hit. For an example we refer to figure
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DAB) ah

Figure4.1: Geometrical interpretation of the binary dilation (Ieft) and the binary erosion (right).
The centre of the structuring element B coincides with the origin of the coordinate system.

4.2. Theclosing C(A, B) consists of al pointsy € R? for which any translation of B
that contains y has a non-empty intersection with A. The opening O(A, B) consists of
all pointsy € R? for which any transglation of B that containsy is contained in A.
When we use the following structuring element B given by (the underlined element
correspondsto the origin of coordinates)

we get the following results for the binary dilation and erosion
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Figure4.2: Atthetop: the origina binary image A, at the bottom: the binary dilation D(A, B)
(left) and the binary erosion E(A, B) (right). You see that the dilation enlarges the objects in
the image, while the erosion reduces them.

Property 4.2. [43] Let A beabinaryimageand B a binary structuring element, then
it holds that

E(A,B) C D(A,B)and O(A, B) C C(A, B).
If B containstheorigin (i.e, 0 € B), thenis
E(A,B) CO(A,B) CACC(A,B) C D(A,B).
With this property thebinary image D(A, B) — E(A, B) can serve as an edge-image of
the original image A, which we call the morphological gradient G Z(A) of A. Analo-
gously we have defined the external morphological gradient G Z(A) and the internal

morphological gradient G (A) of A, which will give us the extern and inner edge-
image of A respectively. Figure 4.3 illustrates this.

Application 4.3. Let A be a binary image and B a binary structuring element. The
morphological gradient G? is defined as

GB(A) = D(A, B)\E(A, B).
If B contains the origin, we define the extern morphological gradient G as

G7(A) = D(A, B)\A,
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Figure 4.3: At the top: the morphological gradient G®(A) of A, at the bottom: the extern
morphological gradient GZ (A) (left) and the intern morphological gradient GZ(A) (right) of
A.

and the intern morphological gradient G2 as

GB(A) = A\E(A, B).

4.2 Greyscale Morphology

4.2.1 Greyscale Morphology Based on the Threshold Approach

Consider agreyscaleimage A represented asaR? — [0, 1] mapping and a binary struc-
turing element B modelled as a crisp subset of R2.

Thesupport d4 of Aisdefinedastheset ds = {z € R? | A(z) > 0};

thereflection of AistheR?—[0, 1] mapping — A characterised by (—A)(z) = A(—xz),
foral z inR?.

Definition 4.4. Let A be a greyscale image and B a binary structuring element. The
t-dilation D;(A, B) and thet-erosion E;(A, B) arethe greyscal e images given by

Di(A,B)(y) = sup A(x) forycR?
zeTy,(B)
E(A,B)(y) = inf A(z) forye R

z€Ty(B)
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Thet-closing C; (A4, B) and thet-opening O, (A, B) are then defined as

Ct(A,B) == Et(Dt(A,B),—B),
O1(A,B) = D(E(A,B),—B).

For the t-closing and t-opening we can also write

Ciy(A,B) = inf sup A(z)),
t( ) z€Ty(—B) <m€Tf()B) ( ))
O,(A,B) = su inf  A(x)).

HAB) = swp ( int A@)

Property 4.5. [12] Property 4.2 also applies to greyscale morphology based on the
threshold approach.

Application 4.6. Thet-morphological gradient G' P, extern t-morphological gradient
Gfe and intern t-morphological gradient Gfi can be defined analogously as in the
case of binary morphol ogy.

Figure 4.4 gives an example of the t-morphological operators dilation and erosion, and
the t-morphological gradient.
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Figure 4.4: At the top: the origina greyscale image A (left) and the t-morphological gradient
GP (A) (right), at the bottom: the t-dilation D; (A, B) (left) and the t-erosion E,(A, B) (right).
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4.2.2 Greyscale Morphology Based on the Umbra Approach

Let A be a greyscale image and B a greyscale structuring element, both modelled
as R? — R mappings. In practice we can restrict to R? — [0, 1] mappings because
the interval [0, 1] corresponds to the universe of grey values, but the theory considers
R? — R mappings. The support of Aisdefinedasds = {z € R? | A(x) > —ool.

Definition 4.7. Let A beagreyscaleimage and B a greyscale structuring element. The
u-dilation D, (A, B) and theu-erosion E,, (A, B) are the greyscal e images defined as

D.(A,B)(y) = sup A(z)+ Bz —y) forye R?,
z€Ty(dB)

E.(A,B)(y) = inf A(x) — Bz —y) fory e R%
z€Ty(dp)

Let A be a greyscale image and B a greyscale structuring element, the u-closing
Cy (A, B) and the u-opening O., (A, B) are the greyscale images given by

Cu(A,B) = E.(D.(A, B),—B),
Explicit expressions for the u-closing and u-opening are, for all y € R 2,
CulAB)y) = inf ( swp ((A(x)+Bl@—2)) - Bly—=)
z€Ty(—dp) ze€T.(dp)

Ou(AB)y) = sw ( swp ((A@)=Bla—2))+Bly - 2)).
2€T,(—dg) =€T.(dp)
Property 4.8. [43] Property 4.2 for binary images holds on for greyscale mor phology
based on the umbra approach. The condition 0 € B hasto be replaced by B(0) > 0.

Application 4.9. Again, the definition of the u-morphological gradient G 2, extern u-
morphological gradient Gﬁe and intern u-morphological gradient Gﬁi are similar
to those for greyscal e mor phol ogy based on the threshold approach.

4.2.3 Fuzzy Mathematical M or phology

Since greyscale images can be modelled as R? — [0, 1] mappings, we can identify
greyscale images with fuzzy sets and extend binary morphology to greyscale morph-
ology using fuzzy set theory.

Definition 4.10. Let A be a greyscale image and B a greyscale structuring element
(both seen as fuzzy sets), C a conjunctor on [0, 1] and Z an implicator on [0, 1]. The
fuzzy dilation D¢ (A, B) and thefuzzy erosion E7 (A, B) are the fuzzy sets defined as

De(A, B)(y) = S )C(B(fc—y),A(fv)) for y € R?,
Ez(A,B)(y) = inf  Z(B(x—vy),A(z)) foryec R

z€Ty(dB)
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The fuzzy closing Cc 7(A, B) and the fuzzy opening O¢ (A, B) are the fuzzy sets
given by

CC,I(AvB) = EI(DC(AaB)a_B)v
Ocz(A,B) = De(Ez(A,B),—B).

Property 4.11. [43] Because 7y; > 7p > Tw and Zxp < Zr < Iy, Weobtain
D1, (A, B) 2 D1, (A, B) D D7, (A, B)

and
Ez.,(A,B) C Ez,.(A,B) C Fz,, (A, B),

for every greyscale image A and greyscale structuring element B.

Application 4.12. Edge detection can be done in the same way as before.

Figure 4.5 and figure 4.6 illustrate the fuzzy dilation and fuzzy erosion using the fol-
lowing greyscal e structuring element

200 220 200
B(i,j.1) = B(i,j,2) = B(i,4,;3) = 5= | 220 255 220 |, 1<ij,<3.
200 220 200
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Figure4.5: Atthetop: theorigina greyscale image A (left) and the fuzzy dilation Dr,, (A, B
(right), at the bottom: the fuzzy dilation Dz, (A, B) (left) and the fuzzy dilation D, (A, B)
(right).
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Figure4.6: Atthetop: theoriginal greyscaleimage A (left) and the fuzzy erosion Ez,. , (A, B)
(right), at the bottom: the fuzzy erosion Ez, (A, B) (left) and the fuzzy erosion Ezy, (A, B)

(right).
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4.3 Colour Morphology

So far we have studied greyscale morphology based on the threshold approach, on the
umbra approach and on fuzzy set theory, on the unit interval [0, 1]. Notice that [0, 1]
with the ordinary ordering is a lattice, even more, it is a complete lattice.

Colour images can be represented (possibly after scaling) asR? — [0, 1] x [0, 1] x [0, 1]
mappings. A first way to extend mathematical morphology for greyscale images to
colour images is the component-based approach. Mathematical morphology can be
naturally extended to colour morphology by processing the morphological operators
on each of the colour components separately, where we get again a complete lattice
with the product ordering.

e Giventhecompletelattices (£1,<1), (L2, <32),..., (L4, <q). Define L = £, x
Lo X ... x Ly, that is, £ contains al d-tuples (x1, 22, ...,24) With z;, € Ly
fork = 1,2,...,d. Definetherelation < on L, for dl (z1,x2,...,z4) and

(ylay27 cee ayd) in »Cy by
(1,29, xq) < (Yy1,Y2,. .-, ya) Iff xp <puyr, Vk=1,...,d.
We call this ordering the product ordering. (£, <) isacomplete lattice.

e Consider at-norm 7; on acompletelattice (£, <;) and at-norm 7, on a com-
plete lattice (L2, <3). The direct product 7; x 75 of 7; and 75 defined, for all
(1'1,1'2) and (yl,yg) in [,1 X ,CQ, as

Ty x Ty((w1,22), (Y1, 42)) = (Ta(w1,91), T2(w2, 12))
isat-norm on the product lattice (L', <) = (£1 x L2, <).

e Let7; beanimplicator on acompletelattice (£, <;) and Z» animplicator on a
complete lattice (L2, <2). Thedirect product Z; x Z, of Z; and Z, defined, for
al (:Cl,xg) and (yl,yg) in [,1 X ,CQ, as

Iy x Ia((1, @2), (y1,92)) = (T (@1, 91), T2 (22, y2))
is an implicator on the product lattice (£, <) = (£1 X L2, <).

A major disadvantage of this approach is that the existing correlations between the
different colour componentsare not taken into account and this often |eadsto disturbing
artefacts. Another approach isto treat the colour at each pixel as a vector. Because we
need the concept of a supremum and infimum to define morphological operators, we
first have to define an ordering between these colour vectors. We have considered the
three most common used colour models RGB, HSV and L*a*b*.

A colour in the RGB colour model is obtained by adding the three colours red, green
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and blue in different combinations. Therefore a colour can be defined as a vector in
a three-dimensional space that can be represented as a unit cube using a Cartesian
coordinate scheme. This way every point in the cube represents a vector (colour).
The greyscale spectrum is characterised by the line between the black top Bl with
coordinates (0, 0, 0) and the whitetop Wh(1, 1, 1).

In the HSV colour model a colour is characterised by the three quantities hue, satur-
ation and value. Because of the opposite colour theory all colour hues can be arranged
in an opponent colour wheel along two axes (red-green and blue-yellow) that begins
and ends by the same colour. So we can range the hue component in a circle from
0 to 27, which usually begins and ends by red. Values for the saturation component
range from 0 if the colour is not saturated (grey values) to 1 if the colour is completely
saturated (pure colours). The value component in the HSV colour model varies from
0 (black) to 1 (white), where the colours become increasingly brighter. While adding
black to acertain colour, the value of the colour will decrease. The value axisbegins by
black, ends by white and in between we get all shades of grey. The three-dimensional
colour model HSV is usually represented as a cone.

The colour modelsL *a*b* and L*u*v* use acommon lightnessscale L*. Thevertical
axis L* in the centre of both colour models represents the lightness/brightness of a
colour where the values range from 0 (black) to 1 (white), with in between grey values.
Both colour models use different uniform colour axes: the colour axes a* versus b*
and u* versus v* (red-green versus yellow-blue) are based on the fact that a colour
cannot be red and green at the same time or both blue and yellow because these colours
are opposite (opposite colour theory). At every colour axis values range from positive
to negative. At the @ and u* axis the positive values give the amount of red and the
negative values the amount of green, while at the b* and v* axisyellow is positive and
blue negative. For these axes 0 is neutral grey.

Remark that in practice only a finite number of colours can be obtained in a colour
model. Since each colour component is usualy stored as 8 bits (one byte), i.e., the
values of each colour component range in the interval [0, 28 — 1] , acolour in athree-
dimensional colour model is stored as a 24-bit colour. The values of each colour
component by storage usually range in the interval [0, 255], but we can always scale
them to the interval [0, 1]. So we always work with finite colour models.

4.3.1 State-of-the-Art Overview of Colour M orphology

Because there is no unambiguous way to order two or more colours, there exist differ-
ent techniquesto order colour. The most common used techniques are the component-
wise ordering, also called marginal ordering, reduced ordering, partial ordering
and conditional ordering, also called lexicographical ordering.
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In marginal ordering each colour component is ordered independently and the op-
erations are applied to each colour component of the image. But this approach does
not exploit the correl ation between the different colour components and because of this
new colours can be introduced in an image.

In reduced ordering a single value is given to each multivariate value. So to each
colour (vector) ¢; inthe considered colour model isascaar valued,; = d(c;), normally
d: R?® — R, added. After d; has been obtained for each i, the vectorscy, . . ., ¢, are
orderedbased ondy, . .., d, asfollows:

1) <. < Clny,

where c(,.) isthe vector corresponding with the scalar value d (,.y, the rth smallest elem-
ent of the set {d;,ds,...,d,}. The output vector a each point in the image is, by
definition of this ordering, one of the vectorsin the original image so there is no possi-
bility of introducing new colour vectorsinto the image. Usually some type of distance
metric is used to perform reduced ordering. The output will of course depend on the
used scalar-valued function, where characteristics of the human visual system, such as
luminance, can be used as metric.

In partial ordering the colour vectors are partitioned into groups, which are then
ordered.

In conditional ordering the colours are ordered using one component initially. In case
multiple colours have the same initial component values, a second component is used
to order the colours, and soon. Let ¢ = {cy,ca,...,cptand d’ = {c},c,,...,c,} be
two colour vectors in the considered colour model (n € N). An example of alexico-
graphical order can be

cp <cy or
c<c if cp=cjandcy < or
ca=cdiandcy=ch ... ¢, <c,
This way we get a total ordering. This approach makes sense when a priority can be

placed on the components, but thisis of course not the case when dealing with the RGB
colour model.

In [56] the authors show that the generalisation of morphological operations to com-
plete lattices is necessary for a mathematically coherent application of morphological
operators to greyscale images. A computer implementation of mathematical morph-
ology will work with digital images defined on afinite grid where the set of grey values
is abounded finite set of integers. A computation of grey values can thus give avalue
outside of this bounded set so that one gets an arithmetic overflow. The conclusion of
their analysisisthat the problem of grey value overflow can be dealt with correctly only
by taking the complete lattice structure of the set of greyscale images into account.

In [77] the authors demonstrate that an artificial total ordering on multivariate data is
the only way to use morphological operators on multivariate images while introducing
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no new pixel values.

A number of possible orders for colour vectors in the RGB colour model have been
proposed in [5, 8, 18, 33, 59]. In [5] an a-modulus lexicographical order in the RGB
and HSL colour model is proposed, where the choice of the value for a controls the
degree of influence of the first component with regard to the others, and makes the
lexicographical order thus more flexible:

{ (er/a) < (ci/a) or
c<qc if (c1/a) = (¢} /a)and ey < ¢, or
(c1/a) = (¢} Ja)yand ey = ¢ ... ¢, <,

Because in the RGB colour model no colour R, G or B plays a dominant role, the
maximum and minimum of the three RGB values for every pixel are first calculated.
The authors propose an a-modulus lexicographical order where the first component is
given by, for every colour ¢ in RGB,

I(c) =3-(03-¢, +0.6- ¢4 +0.1- cp)+(1 =) (max(cy, ¢, p) — min(c,, cqg, cp)) -

The function I is a combination of the RGB components and the max — min of the
components, weighted by 5. The other components for ordering are the red, then the
green and finally the blue component. After deep test, the authors have found that
the value 5 = 0.8 gives very good visual effects. This order iscaled I — RGB,.
In [8] a reduced ordering in RGB is proposed. The used measurement functions
are linear combinations of the tristimulus values, e.g. the luminance image d(c) =
0.299- ¢, +0.587- ¢y +0.114 - ¢, and the Euclideannorm d(c) = /(c2 + ¢2 + ¢7). If
two different colour values are ordered equally, the output can be chosen based on the
position in the structuring element window, but no further analysis or example of this
conditionis made. New morphol ogical operations are defined. The dilation selects that
colour with the largest measure d; and the erosion selects that colour with the smallest
d;. In[18] anew approach for the ordering of the RGB model is presented and applied
to mathematical morphology, where the adaptation of alinear growing self-organizing
network to the three-dimensional colour model allows the definition of an order rela-
tionship among colours. In [33] new colour morphological operators are defined after
ordering the RGB colour vectors by using the first principal component analysis. On
the basis of this reduced ordering, new infimum and supremum are determined. Using
the new infimum and supremum, the fundamental erosion and dilation operators are
defined. In[59] anew set of morphol ogical operatorsfor RGB colour images based on
a combination of reduced and conditional ordering is proposed. The RGB colours are
transformed into the C' — Y colour model, a colour television model. The distanceto a
reference colour vector, determined by its hue, providesthe primary ordering criterion.
The defined colour dilation will tend to move towards this reference colour, while the
colour erosion will tend to move away from it. But the reference colour must have



56 Colour Morphology

maximum luminance and maximum saturation to obtain atotal ordering of colour vec-
tors, so we can speak of red dilation and blue erosion for example, but white or black
cannot be used as reference colour vector. Thisis of course a disadvantage.

A number of possible orders [3, 35, 36, 37, 39] for colour vectors in the HSV and
related colour models is proposed. In [3] the extension of morphological operators
by using lexicographical orderings on the HSL system has been explored. A unified
framework to consider different ways of defining morphological colour operatorsin a
luminance, saturation and hue colour representation has been introduced. A new ap-
proach to colour mathematical morphology using a fuzzy model has been reported in
[36]. It is based on a new vector ordering scheme in the HSV colour model that uses
fuzzy if-then rules. The corresponding vector morphological operators of erosion and
dilation are vector-preserving because no vector (colour) that is not present in the input
data is generated and they produce unique results in every case. Moreover, the pro-
posed operators possess the same basic properties like their greyscale counterparts. In
[35] anew design and implementation of afuzzy hardware structure for morphological
colour image processing based on this new method has been proposed. In [37, 39]
new partia colour vector orderings in the HSV colour model are presented. The new
orderingis given, for two colours ¢y (hy, s1,v1) and ¢ (he, s2, v2), by

v <wg Or

cp <c =
! ! {vl—vgandsl>52

c1 <

v <wg Or
V1 = V2 and51 >S9

cl1=C <= { vlzvgand31232
The subtraction of two coloursis defined as
c1 —c2 = c(h1,s1 — 82,01 — v2),

wheres; —s9 =0if 51 —so <0andwvy — vy = 0if v1 —wve < 0.
The addition of two coloursis defined as

c1 4 ca = c(hy, $1 + s2,v1 + v2),

where sy +s9 = 1if s1 —so > 1andv; — vy = 1if v1 — vo > 1. New infimum
and supremum operators are defined, and so corresponding vector morphological u-
operators, which are hue preserving.

Inimage analysis one often hasto treat data distributed on the unit circle. Because hue
is angle-valued and has no order of importance and no dominant position, it cannot be
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ordered trivially. Some methods to apply mathematical morphology to data on the unit
circle have been proposed. In [24] three possible approaches to apply morphological
operators to circular data is presented. In the first approach alocal origin, obviously
variable at each image point, is chosen. The second approach considers grouping of
circular data. A simple criterion to group data is introduced and basic morphological
operators are defined so that they act only if a structuring element contains grouped
data. The third approach defines a labelling on the unit circle to index the angles. If
every pixel in the image is assigned a label, then we have an indexed partition of the
image. If during the analysis of a set of data.or an image, one hasto choose an arbitrary
origin before applying an operator, then one of these approaches can be used. In [22]
morphological operatorsfor the HSL colour model are presented. Some lexicographic-
al vector orders are suggested. Thefirst two orders use the two components luminance
and saturation in thefirst position. The third order is a new saturation-weighted hue
order, which uses the hue component in the first position, where the saturation values
are used to weight the hue values. Paper [52] contains definitions for erosion and dila-
tion for angle-valued images. The fundamental idea is to define a structuring element
with agiven hue or hues. From each image neighbourhood of the structuring element,
the erosion returns the hue value that is closest to the hue of the corresponding struc-
turing element member and the dilation returns the hue value that is farthest to the hue
of the corresponding structuring element member.

In [23] the use of mathematical morphology in the L*a*b* colour model is discussed.
A total lexicographical order on the colour vectorsis imposed using a weighting func-
tion based on an electrostatic potentional. This weighting function assigns a lower
weight to colour vectors near the colours with maximum chroma, and higher weights
to colour vectors near the lightness axis.

In [4] the distance-based and |exicographical-based approaches are generalised, in
order to propose an agorithmic framework allowing the extension of morphological
operators to colour images for different colour representations (e.g. RGB, HSL and
L*a*b*) and metric distances to a reference colour. The proposed approach is a com-
bination of reduced and conditional ordering: the reduced ordering is based on the
distance to areference colour, e.g. in the L*a b* colour model the perceptual differ-
ence between two coloursis given by their Euclidean distance and as reference one can
choose white, followed by a lexicographical ordering used to resolve any ambiguities,
e.g. in L*a*b*: first the L*-component, followed by the a*-component and then the
b*-component. And so standard morphological colour operators are derived.

Having presented these orders, which ordering is best applicable will depend on the
practical image analysis tasks. The choice depends mainly on the properties of the
images to be processed and on the information the user wants to extract from these
images.
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4.3.2 New HSV and L*a*b* Colour Vector Ordering
In the RGB colour model

On the RGB cube in figure 4.7 [ 7] we see that colours lying close to black are ‘dark’
colours while colours lying close to white are ‘light’ colours. We can observe the

Figure 4.7: Representation of the RGB colour model.

colour hue red for example (we can al'so choose green or blue). If we start at the white
top (with coordinates (1,1, 1)) and go along the diagonal to the red top (1,0, 0) and
from there on along the edge to the black top (0, 0, 0), we see that we go from ‘light’

red over the most ‘bright’ colour red to ‘dark’ red. Inspired by this observation we will

sort the coloursin the RGB colour model from ‘dark’ colours (closeto black) to ‘light’

colours (close to white), with respect to their distance to black and white. So we can
define threerelations R, R~ and R— on RGB, given, for all colours ¢(r., g., b.) and
c(rery gery ber) INRGB, by

(¢,d) € Re & d(c¢,Bl) <d(d,Bl)or
(d(c,Bl) = d(¢/,Bl) and d(¢, Wh) > d(c¢’, Wh))
< (cliesstrict closer to black than ¢’) or (c liesas far
from black as ¢’ and ¢ lies strict farther from white than ¢’)
(¢,d) € R~ & d(c, Wh) <d(c, Wh) or
(d(c, Wh) = d(¢/, Wh) and d(c, Bl) > d(c’, Bl))
< (cliesstrict closer to whitethan ¢’) or (c liesasfar
fromwhiteas ¢’ and ¢ lies strict farther from black than ¢”)
(¢,d)e R & (d(¢,Bl) =d(c,Bl)) and (d(c, Wh) = d(¢/, Wh)),

with d the Euclidean distance, i.e., d(c, Bl) = /(r. — 0)2 + (g. — 0)2 + (b. — 0)2.
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1. With the relation R colours are first ordered from vectors with smallest distance
to black to vectors with largest distance to black. The smaller the distance to black,

the lower the colour is ranked. This way the RGB cube is dliced into different parts
of spheres around the black top. Colours that are part of the same sphere (around

the black top) are then ordered according to their distance with respect to white, from

colourswith largest distance to white to colours with smallest distance to white. So we
will ‘cut’ the spheres around the black top with spheres with the white top as centre.

2. With the relation R~ we look at the distance with respect to white to know which
one of two colours is ranked highest in the RGB colour model. The colour with the
smallest distance to white is ordered higher than the other colour. If the distance to

whiteis equal, i.e., if both colourslie on the same sphere centred in the white top, we
select that colour lying farthest from black. Again, the RGB cubeis sliced into parts of

spheres, but now first towards the white top and then towards the black top.

3. Finally intherelation R_ we combineboth relations R and R~ to say that colours
that have the same distance to the black top and the same distance to the white top, and

thuslie on acircle (as profile of two spheres) in the RGB cube, are ranked equally.

Figure 4.8 shows how the RGB cube is sliced into spheres around the black top and
white top.

Inspired by our ideato look at the black top to determine the ‘ darkest’ colour, and thus
the smallest colour, and to look at the white top to determine the ‘lightest’ colour, and
thus the largest colour, we have investigated the cases HSV and L*a*b*.
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Figure 4.8: At the top: the RGB cube is first sliced into different parts of spheres around the
black top for the relation R« or around the white top for the relation R~ and then respectively
cut with spheres with the white top or the black top as centre, at the bottom: for the relation R—
we combine the relations R~ and R~ so that colourslieon acircle.
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In the HSV colour model

We denote a colour ¢ in the HSV colour model as c¢(h., s., v.), with h. € [0, 27] and
Se, Ve € ]0,1]. Remark that when ¢ is a shade of grey, the hue component % .. is not
defined, and we will put 4. = 0.

We want to order the colour vectorsin the HSV colour model with respect to black and
white, so we get:

1.

2.

Because the value component V' of each colour in HSV gives usthe ‘grey level’
of that colour, we can first order colours by looking at their V-value. A large
V-valuefor a colour means that the colour lies closer to white than to black, and
isthusa‘light’ colour, while a colour with a small V-value lies closer to black
than to white, and is thus a ‘dark’ colour. The smaller the value component, the
smaller the colour is seen.

If the value component is equal, we look at the saturation component .S of both
colours. An S-value of 1 indicates that the colour is completely saturated and
contains no white light, i.e., the colour is pure. An S-value of 0 indicates that the
colourisagrey vaue. If V' > 1/2, we sort the colours from colours with largest
S-value to colours with smallest S-value, because the S-value of whiteis equal
to 0 and in this part of the cone the colours are lying close to white and the larger
the S-value, thelesswhitelight is present in the colour, so the ‘ darker’ the colour
will be. If V' < 1/2, we reverse the order of the S-value and sort the colours
from colours with smallest S-value to colours with largest S-value, because the
S-valueof black isalso equal to 0 andin thispart of the conethe coloursarelying
closeto black. If for two colours V' = 1/2, we look at the saturation component
and the hue component H to rank these colours. Because we want our ordering
to be compatible with the complement co, see section 4.3.4, we have considered
the S-value together with the cosinus and sinus of the hue angle.

3. Findly, if two colours have the same V-value, with V' £ 1/2, and the same S-

value, we look at the hue component H to order these colours. All colour hues
are considered to be equally important so that we really have to choose one out
of these two colours to be the smallest (or largest) colour. Therefore we have
introduced an ordering <, to rank the hue angles.

This gives us an ordering < 5 of colour vectorsin the HSV colour model, defined
for two colours ¢(he, s¢, v.) and ¢ (hes, Ser, ver ), 8S.

c<psy ¢ & v.< v Or
(ve =ve > 1/2and s, > s./) OF
Ve =V < 1/2and s, < so) OF
Ve = Ve = 1/2a@nd s. cos(h.) < s cos(he)) Of
Ve = Ve = 1/2and s, cos(h.) = s cos(h. ) and
sesin(he) < sersin(her)) or

—~
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(ve =ve #1/2and s, = s and he <p her)

C>HSV d & <HSV C
& v > vg or

(Ve = v >1/2and s, < s

(Ve = v < 1/2ands. > s.

(Ve = v = 1/2and s, cos(he) > s cos(her)) OF

(ve = v = 1/2and s, cos(h.) = s cos(h.) and

sesin(he) > ser sin(her)) or

(Ve = v #1/2and s, = s and he >p her)
c=psy ¢ & (ve=vsands.=s-andh.=hy)
c<msv ¢ & c<pggyd Orc=pggyc,

/) or
/) or

where <;, = <, U =, with <;, defined as

if: (he€[0,7[ andh € [0,7])or(h.€[0,7[ andh € [7,27[)) and h, < hy
then: h. <jp he

if: he € [m,2r[ andhe € |7, 27 and 2w — h. < 27 — he (Or thushe > h.)

then: h. <p he.

Propertiesof <y,
We know show that
Ve, € HSV)(he <p her and her <p he = he = her)

Proof

Supposethat he # he.

1) From (h. € [0,7[ and h € [0, 7 [) and h. <j, h it followsthat h. < h..
From (h. € [0,7[ and h € [0,7[) and he <j, h. it followsthat b < he,
and hence a contradiction.

2) From (h. € [0,7[ and h € [, 27 [) and h. <, he it followsthat i, < he.
Thecase (h. € [0,7[ and he € [m, 27 [) and b <j h. iSimpossible.

3) From (h. € [m, 27 [ and h € [m,27[) and h. <j, h it followsthat h. > h,.
From (h. € [m, 27 [ and he € [m, 27 [) and he <j, he it followsthat b > he,
and hence a contradiction.

= he=he.
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And what is more
(VC, C,,C” S HSV)(hC <p he and her <p, her = he <p, hcw)
Pr oof

Let h, = ho and he <, her, thenit holdsthat i, <p, her.
Supposethat he # he.

1) (he € 0,7 andhe € [0,7[)and h. < he

1.1) Fromher € [0, [ and he <p, her it followsthat her < her.
= he < her

1.2) From her € [m, 2w [ and he <p, her it followsthat he < her
= he < her

2) (he € [0,n] and he € [m,2m[)and he < he

2.1) her € (0,7 [, impossible
2.2) Fromher € [m, 27| and h, € [0, 7 [ it followsthat h. < her

3) (he € [m,2r[ and he € [m, 2w [)and he > he

3.1) her € 10,7, impossible
3.2) Fromher € [m, 27 [ and her <p her itfollowsthat he > her
= hc > hc//

= hc Sh hc”-

Properti%of <mgsv

We examine some properties of our new ordering < g sy .

1. Reflexive: (Va € HSV)(a <gsv a). OK.

2. Antisymmetric: (Va,b € HSV)(a <gsy bandb <ggsv a La =psv b)
Proof

Supposethat a # sy b.

1) vy <wvpandb <pggsv a
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From the definition of < g g1 would follow:
(a) vy < vg, acontradiction
(b) va = vy, acontradiction

2) va:vb>%andsa>sbandb <Hgsv a

From the definition of < ;v would follow:
(a) sp > sq, acontradiction
(b) sq = sp, acontradiction

3) va:vb<%andsa <spandb <pggy a

From the definition of < 55y would follow:
(a) sp < sq,acontradiction
(b) sq = sp, acontradiction

4) v, =vp = % and s, cos(hg) < spcos(hy) andb <pgsy a

From the definition of < g gy would follow:
(a) spcos(hy) < sqcos(hg), acontradiction
(b) sqcos(hg) = spcos(hy), acontradiction

5) vg =vp = % and s, cos(hg) = sp cos(hy) and s, sin(h,) < spsin(hy) and
b<msv a

From the definition of < ;g would follow: s, sin(hy) < s, sin(h,,), acontra-
diction

6) Vg = Up 75 % andsa = Sp andha <p hp and b <HSV a
From the definition of < g1 would follow: hy <, h,, acontradiction
= v, = vy and s, = s, and h, = hy

= a4 =HSV b.

3. Trangitive: (Va, b,c e HSV)(CL <pgsyv bandb <pggy c ; a <gsy C)
Pr oof

Leta =gsyv b,andb <pgsv c, thenit holdsthat a <gsy c.
So supposethat a # sy b.
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].) Ve < vp and b <ggvy c.

From the definition of < gy would follow: vy, < v,
= Vg < U

= a <gsv C.
2) vy =vp > 2 ands, > s, andb <psy c

From the definition of < 55y would follow:
(a) vp < ve

= vy < Ve
(b) vy =v.and sy > s,

= v, = v, and s, > s,

= a <pgsv C
3) Uazvb<%andsa<sbandb <Hsv ¢

From the definition of < g gy would follow:
(a) vp < ve

= vy < Ve
(b) vy =veand sy < s,

= v, = v, and s, < s.

= a <gsv C.

4) v, =vp = % and s, cos(h,) < spcos(hy) andb <ggy ¢
From the definition of < g gy would follow:
(a) vp < v
= Vg < Ve
(b) vy = ve and sy, cos(hy) < s. cos(he)

= v, = v and s, cos(hg) < sccos(he)

= a <pgsv C

5) vg = vp = %and Sacos(hg) = spcos(hy) and s, sin(h,) < spsin(hy,) and
b<msvc

From the definition of < 55y would follow:
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(a) vp < v
= Uy < Ve
(b) vy = ve and sy cos(hp) < sccos(he)
= v, = v and s, cos(hg) < sccos(he)
(¢) vp = ve and sy, cos(hy) = s cos(h.) and s, sin(hy) < s.sin(h,)
= v, = vc and s, cos(hg) = sc cos(he) and s, sin(h,) < sesin(he)

= a <pgsv C.
6) vo =vp # 2 ands, = s, and hy <, hy adb <ggy ¢

From the definition of < g gy would follow:
(a) vp < Ve
= Vg < Ve
b) vp = v, > %andsb > S
= v, = v, and s, > S,
or
) vp=wv. < % and s, < s,
= v, = v, and s, < s.
(¢) vp =0, # % and s, = s. and hy, <j, he
= va:vc#%andsazscandha <p he

= a <pgsv C

IntheL*a*b* and L*u*v* colour model

Here we will only consider the L*a*b* colour model, but the same reasoning can be
done for the L*u*v* colour model. A colour ¢ in the L*a*b* colour model can be
represented as (L, a}, b)), with LY € [0,1] and a}, b} € [—1,1].

When we order the colours in the L*a*b* colour model by looking at black and white
(just as in the RGB colour model), we can first consider the lightness component of
the colours, in the same way as described for the value component in the HSV colour
model. Secondly, we calculate the hue and chroma of the colours (by converting the
rectangular axes a* and b* into polar coordinates)

=
Q ¥
>

|

arctan(b*/a*)  (hue)

Vva*2 +b*2  (chroma).

X
o
I
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L*
WHITE

b*

YELLOW (+)

GREEN () / T'-hb ® RED ()
- - g > a
:‘/
i

BLUE (-)

BLACK

Figure 4.9: Hue and chromain a graphical representation of the L*a*b* colour model.

In figure 4.9 the hue and chromaare shown in a graphical representation of the L* a* b*
colour model. Chroma is defined as the colourfulness of an area judged as a pro-
portion of the brightness of a similarly illuminated reference white [58]. Hue is not
defined for shades of grey, but we will put the hue of a shade of grey equal to zero.
The scales h* and C* together with the lightness L.* correspond to perceptual colour
appearance. Analogous with the saturation component in the HSV colour model we
can order colours with the same L *-value according to their C*-component and /*-
component. If the colours have the same L*-value, with L* # 1/2, and the same
C*-vaue, then we look at the h*-value to rank these colours. Again, we have defined
anew ordering <~ to order coloursw.r.t. their i *-values.

Summarized, anew colour ordering < r«,+p+ in L*a*b* isdefined as

¢ <prarpe € & LE<LYor
(L;=1L:>1/2andC} > C%) or
(Lf=L; <1/2and C; < C%) or
(LY =L} =1/2and C} cos(h}) < C% cos(h})) or
(LY =L} =1/2and C} cos(h}) = C% cos(h},) and
Crsin(h)) < C% sin(h},)) or
(L =L #1/2and CF = C% and bt <p- h%)
C > [Lxg*b* d & <L*a*b* C
< LiI>L%or
L;=1L>1/2andC} < C}) or
P=L<1/2and C} > C%) or
Y=L =1/2and C} cos(h}) > C% cos(h})) or
Y=L =1/2and C} cos(h}) = C% cos(h},) and
*sin(hk) > C% sin(h%)) or
(Lf=1L#1/2and C} = C} and h} >p- k)

L
L
L

NN S
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¢=pap ¢ & (L= Ly and C} = C} and b} = h})),
¢ <prarpe € & € <prgepr € OFC=Lugep C,

for two coloursc(L%, a, b%) and ¢/ (LY, a’,, b%) or equivalent (L, C, hY) and

cr ey Ve c’r Pelr Vel cr Ve
I(T *
d(L

5, 0% B, where <p« = <p« U =, with <, defined as
if: ((h;e[0,m[ andh} €[0,7[)or(h}c[0,n[ andh} € [m,2n[))and L} < h},
then: hl <p- h

if: hiem2n| andh? € [r,2n[ and 2w — b} < 27 — b, (orthush’ > hY)

then: h} <p- h

cl'

Propertiesof <p«
We now show that

(Ve,d € L*a*b*)(h: <p~ bl and h)y <p- h: = hi = h})
Pr oof

Supposethat b} # hl,.

1) From(h} € [0,n[ and h’ € [0,7[) and b <p- h}, itfollowsthat b’ < hl,.
From (h} € [0,7] and b}, € [0,7[) and b}, <p~ R} it followsthat hf, < R,
and hence a contradiction.

2) From (h} € [0,7[ and b}, € [r, 27 [) and b} <~ kY, itfollowsthat A} < A%, .
Thecase (h) € [0,7[ and h} € [m,2n [)and kY <~ h isimpossible.

3) From (h} € [r,2n [ andh} € [7, 27 ) and b <j- BY itfollowsthat b} > hY,.
From(h} € [r,27 [ andh’, € [r, 27 [)and b}, <p- b} itfollowsthat b > h,
and hence a contradiction.

= h}=h5.

And what is more,

(Ve,d, " € L*a*b*)(he <p~ bl and bl <p« bl = hi <p hi)

!l !l

Proof

Let h; = h’, and b}, <p- h},,thenitholdsthat h} <p- hl..
Supposethat b} # hY,.
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1) (hi€[0,n[ andh} € [0,7[)andh) < R

1.1) Fromh}, € [0, 7 [ and b}, <p~ R}, itfollowsthat b}, < R},

= hli <hl,
1.2) Fromh}, € [r,2n [ and h}, <p- h}, itfollowsthat b}, < h?,
= hl <hl,
2) (R €[0,7m[ andh}, € [r,2r[)and b} < h},

2.1) k%, €0, 7 [, impossible

2.2) Fromh}, € [r,2n [ andh} € [0, n [ itfollowsthat b} < b},

3) (i € [m2n[ andh}, € [, 27 [)and ) > K},

3.1) h%, € [0, 7 [, impossible

3.2) Fromh}, € [m, 2w [ and b}, <p- h}, itfollowsthat b}, > h}

el el

= hy > h}

!t

= hz Sh* hZN.

Propertiesof <p«gxp*

We examine some properties of our new ordering < 7« g« p«.
1. Reflexive: (Va € L*a*b*) (o <pxgxp= o). OK.

2. Antisymmetric: (Va, 8 € L*a*b*) (a0 <psgrpr fand [ <pegepe ; QO =[xg*p=

B)
Pr oof
Supposethat o £« g p= (.
1) Ly < Ljand 3 <p-qp+

From the definition of < 1« .+« would follow:
(a) Lj < Ly, acontradiction
(b) Ly, = Lj, acontradiction

2) Ly =Ly>zandC; > Chand 3 <pegep
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From the definition of < 1« .+« would follow:
(a) Cj > C7, acontradiction
(b) C; = C}, acontradiction

3) Ly =Ly <zandC; < Chand 3 <pegep x

From the definition of < 1«4+« would follow:
(a) Cf < C7, acontradiction
(b) C; = C}, acontradiction

4) Ly, =L;= 2 and C7 cos(h},) < Cjcos(hy) and B <p«q=p-

From the definition of < 1«4+« would follow:
(a) Cjcos(hy) < CF cos(hy,), acontradiction
(b) C3 cos(hy,) = CF cos(hj;), acontradiction

5 L, =Lj;= 2and C} cos(hy) = C} cos(hj) and CF sin(hy,) < Cjsin(hj)
and 8 <psqp-

From the definition of < ;s would follow: C7sin(hj) < Cy sin(hy, ), acon-
tradiction

6) Ly =Ly # 5 and C, = Cjand by, <p- hjyand § <peqep
From the definition of < 1« .+« would follow: h;; <p+ h%,acontradiction
= L, =Lzand C;, = Cjand by, = hj
= a =r-axp- B
|
3. Transitive: (Yo, 8,7 € L*a*b*) (a0 <peawpe S8 <pearps 7 = @ <poavpe )

Proof

Leta =p«qep Sand 5 <ps«qepe v, thenitholdsthat o <p«gp .
Supposethat o 1« g p= (.

1) L < Lj and B <peqepe Y

From the definition of < 1+« would follow: Lg <L}
= L <L
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= 0 <[ra*p V-
2) Ly, =Lj> sand C} > Chand f <p-a-p+
From the definition of < 1« .+« would follow:
(a) Ly <L
= L; <L
(b) Ly =LyandC; > O}
= L, =LjandC} > C}
= 0 <[ra*p V-
3) Ly, =1Lj < sandC} < Chand f <p-a-p+ v
From the definition of < 1« .+« would follow:
(a) Ly <L
= L; <L
(b) Ly =LyandCh < (]
= L, =LjandC} <}
= a <prqepr -

4) L, =Ly = $ and C}; cos(hy,) < Cjcos(hy) and 8 <p«gepe

From the definition of < 1« .+« would follow:
(a) Ly <L}
= L <L}
(b) Lj = L% and Cjcos(hy) < C5 cos(h?)
= L;, < L} and C; cos(hy,) < C7 cos(hy)
= a <pxgrp* V-

5 Ly =1Ls= $and C cos(hy) = C'}; cos(hjy) and C7 sin(hy,) < Cjsin(hj)
and 3 <p-qp+ ¥

From the definition of < 1«4+« would follow:
(a) Ly <L}

= Ly <L}
(b) Lj = L% and Cjcos(hy) < C; cos(h?)

= L; = L3 and C} cos(hy,) < Ccos(h)
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(¢) L= L3 andCjcos(hjy) = C5 cos(hy) and O sin(hj) < CFsin(hl)
= L;, = L} and C; cos(hy,) = C7 cos(hy) and C;; sin(h},) <
C3sin(h)
= 0 <[ra*p V-

6) Ly = Ly # 5 and C, = Cj and by, <p- hyand § <peqep

From the definition of < 1«4+« would follow:
(a) Ly < L
= Ly <L}
(b) Ly =L;>3andCj > Cs
= L, =LyandC; > C}
or
(t') Ly=1L; < 5andCh < C;
= Ly, =LyandC; < C}
() Ly=L% #$andCj = C: and hjy <p- I,
= L, =L #sandC; = C:and h}, <p- h%

= & <peqeps -

4.3.3 Associated Minimum and Maximum Operators

Based on the vector ordering for coloursintroduced in the previous section in the HSV
and L*a*b* colour model, we now define new minimum and maximum operators.
The HSV colour model

Theposet (H SV, <pgv)isatotally ordered set; for every two coloursc and ¢’ in HSV
it holds, by definition of the order relation < ggv, that ¢ <ggv ¢ or ¢ <ggsv ¢, SO
that mingsv (¢, ¢’) € HSV and max g gy (¢, ¢’) € HSV for al ¢, ¢’ € HSV.

The minimum (maximum) of aset S of n colourscy (hy, s1,v1), ..., cn(An, Sn, vp) IN
HSV isthecolour ¢, € S whereforec, <gsv ¢; (ca >msyv ¢), fordli=1...n.
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TheL*a*b* colour model

The poset (L*a*b*, <-4+ ) is atotally ordered set; for every two colours ¢ and ¢’
in L*a*b* it holds, by definition of the order relation < 1« g+p, that ¢ <p«g«p+ ¢ OF
¢ <prarpr ¢, O that ming«q+p (¢, ') € L*a*b* and maxp«q+p= (¢, ') € L*a*b* for
al ¢, € L*a*b*.

The minimum (maximum) of a set S of n colours ¢ (L7, af,b3),...,cn(L),al,bf)

in L*a*b* is the colour ¢, € S wherefore ¢, <p+a+p+ ¢ (Ca >rL+a b+ i), fOr al
1=1...n.

434 New (+), (—) and () Operations between Colours

Apart from a colour ordering, minimum and maximum operators, we also have to de-
fine the operations + and — between two coloursin order to extend the morphological
operators to colour images.

e For the definition of the sum ¢ + ¢’ of two colours ¢ and ¢’ in the RGB, HSV or
L*a*b* colour model, we drew our inspiration from the fact that we want the dilation
to suppress dark colours and intensify light colours, and the erosion to suppress light
coloursand intensify dark colours. In the definition of the u-dilation we see an addition
of colours, and in the definition of the u-erosion we see a subtraction of colours. If we
add white to a colour, we want the colour to become ‘lighter’, e.g. adding white to
red has to give us ‘light’ red, while if we add black to a colour, we want the colour to
become ‘darker’, e.g. adding black to red has to give us ‘dark’ red.

e In the RGB colour model we want the definition of the complement co of a colour
to fulfil the property that the RGB and CMY colours are complementary colours, thus
co(red) = cyan, co(green) = magenta, co(blue) = yellow and vice versa. For both the
HSV and L*&*b* colour model we took into account the fact that (black, white), (red,
green) and (blue, yellow) are opponent colour pairs according to the opponent process
theory. And we have defined our complement so that the complement of a shade of
grey is again ashade of grey.

e At last we define the difference ¢ — ¢’ between the colours ¢ and ¢’ so that the u-
dilation and u-erosion fullfill the duality property (see section 4.3.5).

New (+) and (—) Operations between Colours
In RGB

If e(re, ge, be) and ¢/ (rer, ger, ber) are two coloursin RGB, we define the complement
co(c) of ¢, thesum ¢ + ¢’ of ¢ and ¢/, and the difference ¢ — ¢’ between ¢ and ¢’ as:

o (co(©))(r,g.b) Y 1rar —cwithr D170 g™ 1 g0 1 b,
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i (C+RGBC/)(ra 9, b) withr déf (7’54—7“6/)/2, g déf (gc+gc/)/27 b d;f (b0+bc’)/2;

def
o c—papc = co(co(c) +rap ') = co((lrep — ¢) +reB ¢) = lran —
(lgee —¢)+raB ) =c+re (lras — ) = c+rap co(c).

Noticethat co(co(c)) = 1rep — (lrep — ¢) = c.

In HSV

We define the complement co of a colour ¢(h., s., v.) and the operations + and —
between two colours ¢(h, s¢, v.) and ¢/ (her, Ser, v ) INHSV as:

e (co(c))(h,s,v) = Lusy — c(he, Se,ve) With

b b s s, 0% 1 —u,, if cisashade of grey

h d;f (hc + 71—) mod 27, s d;f Se, U d;f 1 — v, otherwise;
e (c+usv d)(h,s,v) with

1 h % hes ™ (o4 s0)/2,0 Y (ve + ve)/2, if ¢ is ashade of grey
(analogousif c isashade of grey)
2. 0 (he + 1) /2,5 ™ (504 50) /2,0 (v, + ver) /2, otherwise;

o (c—nsv &)(h,5,0) < colco(c) +usv ¢)(h, 5, v) with

1. 1 (((he + 7) mod 27) + ) mod 2 = h,s < et
D R S vc“;”c’ , if ¢’ isashade of grey (analogousif cisa

2
shade of grey)

def ,/(he+m) mod 2m)+h,, def s.+s. def vo+1—v,
2.1 % 0 v % vetlovy

+m) mod 27,5 = =S5,

otherwise.
Notice that co(co(c))(h, s,v) = 1usy — (Lusy — c(he, Se,ve)) With
B ((he + ) mod 27t) + 7) mod 27 = heys < se,0 @ 1 - (1= v.) = ve,

thus co(co(c))(h, s,v) = c(he, Sc, Ve).
We now provethat our new ordering < g v is compatible with the complement co:
fordlc,d INHSV : ¢ <gsy ¢ & co(c) >psy co(d).

Proof
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1
Ve < Ver & 1 —v.>1—10vu.
2
vC:vc/>% N S¢ > Ser & 1—vC:1—vcz<% N S¢ > Ser.
3
vczvcf<% N Sc < 8¢ & 1—UC=1—UC/>% N Sc < S¢r.
4
Ve = Vo = % A 8¢ cos(he) < 8¢ cos(her) &1 Ve =1— 0y = % A
8¢ c08(heo(e)) > Ser co8(heo(ery),
thus
Sccos(he) < S cos(her) & 5¢€08(Neo(cy) > e €08(heo(er))-
It holds that
Sccos(he) < sercos(he) & —sccos(he) > —se cos(her)
& sccos((he + m) mod 27) >
Ser cos((her + ) mod 27r)
& 8:008(heo(e)) > 5er c08(Reo(er))s
where we have used the property that
cos(z + 7) = cos(x — w) = — cos(x)
and
(x4+m)mod2r =z —morx+m

forall z € [0, 27].

5

Ve = Vo = % A Sccos(he) = s cos(he) A Sesin(he) < se sin(he) &
l—ve=1—vs = % A 5¢€08(heo(e)) = Ser €0S(heo(ery) A Sesin(heo(ey) >
ser sin(heo(er))s

thus
R

Scco8(he) = S cos(her) A sesin(he) < sersin(he) <

5¢ €08(Neo(e)) = 8¢ €OS(Neo(ery) A 8esin(heo(e)) > Ser sin(heo(er)-
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It holds that

—8ccos(he) = =8¢ cos(her)
sccos((h. + m) mod 27) =

Ser cos((he + ) mod 27)

& 8:008(heo(e)) = Ser €O8(Reo(er))

Sccos(he) = 8¢ cos(her)

te

and

—8csin(he) > —se sin(her)
Sesin((he 4+ m) mod 27) >

Ser sin((he + ) mod 2)

< Se Sin(hco(c)) > Se Sin(hco(c/))a

sesin(he) < sersin(he) <
=

where we have used the property that

sin(z + 7) = sin(z — 7) = —sin(x)

and
(x4+m)mod2r =z —morax+m

forall z € [0, 27].

6
Ve =V £ 1/2 N $¢ = 8o A he <;,,hcf<;>1—vczl—vcf #1/2 A
Se =S¢t N hco(c) >h hco(c’)v
thus )
he <p he < hco(c) >h hco(c/)~
A. he €[0,7]

i. he € [0,7’([
From h. <j he and h. € [0,7[ and h € [0, 7] it followsthat k. < hr.
By definition of co we get: heoey = (he + ) € [m, 27 and heo(ery =
(he +m) € |7, 2n[ and hencefrom i, < h. weget (he +7) < (he + ),
I8, heo(e)y >h heo(ery- The other direction is completely analogous.

ii. he € [m,27]
Fromh. <p he and b, € [0, 7] and he € [, 27| it followsthat b, < her.
By definition of co we get: heoc)y = (he +m) € [m,27] and heo(ery =
(her +m) mod 27 = (he — ) € [0, 7] and hencefrom A,y € [0, 7[ and
hco(c) € [71', 27‘([ we get hco(c’) < hco(c)l i.e, hco(c’) <n hco(c)- The other
direction is completely anal ogous.

B. h. € [m,27]
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i. he € [0, 7], impossible

ii. he € [, 27]
From h, <p he and he € [m,2n[ and h. € [7, 2] it follows that h. >
h!,. By definition of co we get: h o) = (he — ) € [0, 7 @and heoery =
(her —m) € [0, [ and hencefrom h. > h. weget (h, — ) > (he — ),
I8, heo(e) >h heo(ery- The other direction is completely analogous.

]
In L*a*b*
If c(L:,C¥, hE) and (L, C, b, ) aretwo coloursin the L* a*b* colour model, then

we define the complement co of the colour ¢ and the operations + and — between ¢
and ¢’ as
o (co(@))(L*,C* h*) " 11wy — c(L2,C*, hZ) with
L e o Y o if cisashade of grey
o (1) mod 2m, 0 Y 0, otherwise;
o (cHpqepe ¢)(L*,C*, h*) with

1LY+ nsy2n Y ons or o+ 0))2, i ¢ is ashade of
grey (analogousif ¢ is ashade of grey)
2. I rn) 2, n Y (hrnz) 2,00 (0 0% /2, otherwise;
o (c—peamy )L*C% h*) Y co(co(c) +1eawpe ¢)(L*, C*, h*) with

1 1 ((h2 + 7) mod 2r) + ) mod 2r = hx, O % GOl
L Wy hetby _ Letioho it o isashade of grey (analogousif ¢

isashade of grey)

def ,, (h:+x) Mmod 2r)+h*,
(( 2 )

2. h =
def L*+1—L7,

*x [« o

Lr = =

?

+ 7) mod 27, C* = CL+TC*'
, otherwise.
Noticethat co(co(c))(L*,C*,h*) = Lpsqepr — (Lpsaepe — c(LE,C*, h2)) with

he S ((hr +7) mod 27) + ) mod 27 = b, 0 ox oY1 — L) = L,
thus co(co(c))(L*, C*, h*) = (L%, Ck, hY).

We now provethat our new ordering < - 4+3- iS compatible with the complement co:

. 2
foral e,/ inL*a™b* : ¢ <pegepr ¢ & co(c) >prgep co(c).
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Pr oof
1
Li<Ly & 1-L:>1-1L1%.

2

L:=Ly>3 ANC:>Cl & 1-Li=1-Ly<3 AC:>
3

L:=Li<:ANC:<C & 1-L:=1-L,>3%AC:<Cs.
4

Li =1L =+ AC}cos(hl) < C% cos(hy) S1- Li=1-L;=3A
Cz cos(hl, ) > CF cos(hco(c/)),
thus
CZcos(hl) < C% cos(hl) & Ce cos(hzy(e)) > Cor cos(hgp(ery)-
It holds that

C? cos(hk) < CF cos(h?)) —C cos(hy) > —C% cos(h))
C¥ cos((hf + m) mod 27) >
C% cos((h% + m) mod 27)

C

& Clcos(hl,) > Ccos(hi, ),

=
54

where we have used the property that
cos(x 4+ m) = cos(z — m) = — cos(x)
and
(x4+m)mod2r =z —7morax+m

foral z € [0, 27].

Li=1Ly =

1
2
s1- L;=1-L,=3ANC; cos(hy (o)) = Co cos(hl, . )A
Cxsin(hf ) > C% sm( CO(C,)),

N C* cos(h ) = C% cos(h¥) A Crsin(h}) < C% sin(hl)

C

co(c)

thus
CYcos(hl) = C% cos(hl) N Cksin(hl) < CJsin(hl) N
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C¢ cos(hgy(ey) = Cor cos(hign) A Ccsin(hy, ) > Cf sin(hy,

It holds that

C? cos(hy) = C% cos(hy)

te

and
Crsin(hf) < Chsin(hl) <
=

=

where we have used the property that

sin(z + m) = sin(z — ) =

and

(e)):

—C} cos(h}) = —C% cos(hl)
C¥ cos((h: +m) mod 27) =

C% cos((h% + m) mod 27)

C cos(h, ) = Ca cos(hi, )

—C¥sin(hy) > —C% sin(h}))
C% sin((hY 4+ m) mod 27) >

C% sin((h% + 7) mod 27)

C’* sin(h?, ) > Co sin(hi, ),

— sin(x)

(r+7m)mod2r =z —7morx+m

foral z € [0, 27].

Li=L4#1/2 AN Cr=Ch A RS <pe b5 &1 —Li=1-L%#£1/2A

thus

Cr =

C:/ /\ hzo(c) >h* h*

co(c’)?

h* <h* h <:> hco(c) >h* hzo(cl).

A. i elo,n]

i. hl €0, 7]
From b} <p~ b and h} €
By definition of co we get: h*
(he + ) € [m,
ie., hco(c) >ps h:o(c,).
ii. hY € [, 2n]
Fromh} <;- b andh} € [0,

€ [0,mr[and h}, €

co(c)
2n[ and hencefrom b} < h%, weget (R} + ) <
Theother di rection is completely analogous.

rlandh}, € [r

€ [0, n[ it followsthat ) < h%.
2r[and Al =
(hc’ +7T)

(h +m) € [m

,2n[itfollowsthat b} < h%,.

By definition of co we get: 77, ., = (hi + ) € [r,2x[and A7, =
(h} +m) mod 2w = (h}, —m) € [0,7[ and hencefrom b’ ,, € [0, 7[and
Py € [T, 2m[Weget hl, 1y < hi,y i€, i,y <n- hzo(c). The other

direction is completely anal ogous.
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B. b} € [m, 27|

i. h} € [0,n[, impossible

ii. kY € [m, 2m|
From k) <p- b and hY € [7,2n[ and b}, € [m,2n[ it followsthat ) >
h,. By definition of co we get: h7, . = (hi — ) € [0, m[and h, ) =
(hl, — ) € [0,n[ and hencefrom i} > % weget (bl — ) > (k) — m),
1.8, 77y >ne hiy .- Theother directionis completely analogous.

co(c

New () Operation between Colours

To apply the fuzzy mathematical morphological operatorsto acolour imagein HSV or
L*a*b* we also need to define the product = of two colours.

In RGB

Because we consider all three colour components R, G and B to be equally import-
ant we will usually take a symmetric greyscale structuring element as 3-dimensional
structuring element in RGB, i.e.,

CBy CBy, CBy
B(Z'ajv]-):B(ivjaQ):B(iajvi)’): CBi1 1 CBi1 , 1<4,5,< 3.
CBy CB11 CB

According to the distanceto the centre pixel we giveacertainweight c 5, or cp,, , thusa
certain grade of importance, to each observed colour in thewindow, wherec 5,, > ¢p, .
But we can also choose for example a structuring element of the form

o e o 1 1 1
Bj)=| o 1 e | BG,j2)=BGj3)=|1 11 |,1<ij<3
o e o 1 1 1

to give a weight to the R-component only, so that the G- and B-component remain
unchanged. We then define the product  of acolour ¢(r, g., b.) and acolour
¢B(Teg, gep, bey ) Of the chosen structuring element B componentwisely as

(C* CB)(T7g7b) Wlth r déf TC : 7"0579 déf gC : ch,b déf bc : bCB'

InHSV

To get a3-dimensional structuring element in the HSV colour model we can transform
the structuring element B chosen in RGB into HSV. If we want to define amultiplica-
tion « between a colour ¢ in HSV and a colour ¢ 5, ., Of astructuring element B sy
in HSV, we always have to scale the values of the H-, S- and V'-component of the
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colour cpy 4, totheinterva [0, 1] (notecy,, . ) to give aweight to the colour c. This
way we can also choose immediately a structuring element B}, ¢, for example,

1 1 1 o e
B;ISV(Ljal):B;{SV(LjaZ): I 11 7B;ISV(Z.5.7’73): o 1 ’
1 1 1 o e

1 < i,j,< 3, to attach importance to the value component only. So we define the
product * of a colour c(h., s¢,v.) and acolour c;; . (h ) of
the chosen structuring element B¢y as

ck y Sck s Ucx
Basv Brasv Brasv

. def def def
* I I I
(c*cp, gy ) (hys,v) Withh = h, - hCEHSV )8 = SetSep, U= VetV

Somet-normson thelattice (H SV, <pgsy) are
Tmin(lya 6) - IninHSV (Py’ 5)
T.(v,0) =yx*0, Vvy,6 € HSV.

The S-implicatorsinduced by 7,.,;, (and 7..) and the standard negator N (¢) = 15y —
¢, foral ce HSV,on (HSV, <pgy) arethen given by

I (7,0) = maxpsy (lusy — 7, 9)

Ir.n,(7,0) =1gsv — (v* (Lasv —9)), Vy,0 € HSV.

In L*a*b*

Inthe L*a*b* colour model we proceed analogously asin the HSV colour model.

Two t-norms on the lattice (L*a*b*, <px«g«p=) &€ Tmin(7y,0) = ming«q«p«(y,9) and
T.(v,8) = 7 6 defined for al v and 6 in L*a*b*. The S-implicators induced by
Tmin (@nd 7.,) and the standard negator NVs(c) = 1444+ — ¢, foral ¢ € L*a*b*, on
(L*a*b*, éL*a*b*) are

ITnlirnMe (’7) 6) = MaxXp*gx*p* (1L*a*b* -7, 6)
Ir. N, (7,0) = 1pegeps — (V¥ (Lp=g=pe — 0)), Vy,0 € L*a*b*.

Summarized:

For HSV:

(HSV,<psv) isaposet, and what is more, by definition it holds that

(Ve,d € HSV)(c <msy ¢ or ¢ <msy ¢,
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sothat (HSV, <psy) isatotaly ordered set (max g sy (a,b) and ming sy (a, b) exist
foral a,b € HSV), and thus a lattice. The greatest element in (HSV, <pggsy) is
1 = (0,0,1) and the smallest element is0 = (0,0, 0), so we get a bounded complete
lattice. We will sometimes drop theindex HSV.

Since colour imagesin the HSV colour model can bemodelledasR 2 — (HSV, <gsyv)
mappings and because (H SV, < ysv ) isacomplete lattice, we can identify colour
images in HSV with £-fuzzy sets on R2, with (£, <.) = (HSV, <gsv), and thus
define for afamily (A;)?_, of colour imagesin HSV

=
>
&
I

‘min A;(x), Yz € R?,

1=1...n

-
Il
_

max A;(z), Vo € R?

i=1...n

=
>
S
I

s
I
-

S0 that (stv(X), Ngsv, UHSV) isalattice with the ordering defined for all A, B €
Fusv(X) as
ACyHsy B (V{E € R2)(A({E) <HSV B(l’))

Let \V be anegator on HSV, 7 at-norm and S at-conorm on HSV. Consider a colour
image A in HSV and afamily (A;)"_, of colour imagesin HSV, then we define

conA(z) = N(A(z)), Vo € R?,

ﬂTAi(x) = T(Ay(z), Ay(x),..., An(z)), Yz € R?,

Us Ai(2) = S(A1(@), A2(), .., Au(x)), ¥z € R.

For L*a*b*:
(L*a*b*, <p+q+p-) iS@poset, and what is more, by definition it holds that
(VC, Cl (S L*a*b*)(c SL*a*b* Cl or C/ SL*a*b* C)7

sothat (L*a*b*, <p«q+p+) isatotally ordered set (max o+ (a, b) and
mingqp+ (a, b) existforal a,b € L*a*b*), and thus alattice. The greatest element in
(L*a*b*, <p=q=p) 11 = (1,0,0) and the smallest element is0 = (0, 0, 0), so we get
a bounded complete lattice. We will sometimes drop theindex L *a*b*.

Since colour imagesin the L*a*b* colour model can be modelled as
R? — (L*a*b*, <14+ ) Mappings and because (L*a*b*, <-4y ) iSacomplete lat-
tice, we can identify colour imagesin L*a*b* with £-fuzzy setson R 2, with
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(L£,<rz) = (L*a*b*, <p+q+p+ ), and thus define for afamily (A4;)? , of colour images
in L*a*b*

=
3

=
&
I

min A;(z), Vo € R?,

1=1...n

Q
Il
_

max A;(z), Vo € R?,

i=1...n

s
&
I

Q
Il
-

so that (Freaep+(X), Npsarpr, UL=a=p+) 1S @ lattice with the ordering defined for al
A, B € Frrgp (X) as

A Cregp B (Vo € R?)(A(2) <prarp- B()).

Let A beanegator on L*a*b*, 7 at-norm and S at-conorm on L*a*b*. For a colour
image A in L*a*b* and afamily (A,)_, of colour imagesin L*a*b* we define

conA(r) = N(A(z)), Vo € R?,

OTAq;(x) = T(Ay(z), Ay (x),...,An(z)), Yz € R?,

Usdiz) = S(Ai(z), A2(),. .., An()), Yz € R,

i=1

4.3.5 New Vector-based Approach to Colour M orphology

We extend the basic morphological operators dilation and erosion for greyscaleimages
based on the threshold and fuzzy approach to colour images modelled in HSV and
L*a*b*. And we have even tried to extend the ‘theoretical’ u-operators dilation and
erosion to useful unambiguous operators for colour images.

We have taken into account the important remark we found in paper [56] that states
that a generalisation of morphological operations to complete lattices is necessary for
amathematically coherent application of morphological operatorsto greyscaleimages.
Any computer implementation of mathematical morphology only works with digital
images defined on afinite grid and whose grey valuesrangein afiniteinterval in R, thus
the set of grey valuesis bounded, so that acomputation of grey values can give avalue
outsidethis set, in other words, one can get an arithmetic overflow. A careless approach
to this problem can lead to operators looking at first sight like dilations and erosions,
but which do not have their usual algebraic properties and behave in fact differently.
This problem of greylevel overflow can be solved by using complete lattices. And
because we want to extend the greyscale morphological operators to morphological
operators acting on colour images, so that greyscale morphology becomes arestriction
of colour morphology, we have looked for complete lattices in our extension to colour.
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Extension of greyscale morphology to colour morphology in HSV

e Threshold approach

Let A be a colour image, represented as aR? — (HSV, <pysy) mapping, and B a
binary structuring element (C R?).

Definition 4.13. Let A be a colour inlage in HSV and B a binary structuring elem-
ent. The threshold ‘colour’ dilation D.(A, B) and the threshold ‘colour’ erosion
E.(A, B) arethe colour images given by

def

Di(A,B)(y) “usy max A(x) foryeR?
z€Ty(B)

Ei(A, B)(y) défHSV min A(z) fory e R

z€Ty(B)
Property 4.14.
Dy(0,B) =psy 0 and Ey(1,B) =pgy 1
Dy(A,0) =gsy 0 and Ei(A,0) =psy 1
Proof
N d — =
D0, B)(y) @ sy max 0(x) =sv 0 =psv 0ly), vy € B
- d . _ _
BT B)y) “ysy min 1(z) =msv 1 =msv 1(y), Vy € R
z€Ty(B)

- de ~
Di(A,0)(y) szsv nga)((Q)) A(r) =gsy max) =gsy 0 =gsy 0(y), Yy € R

- d . . -
E (A, 0)(y) e sv xél%u(l@) A(z) =gsy min® =gsy 1 =gsv 1(y), Yy € R

|
Property 4.15 (Duality dilation-erosion).

Di(A,B) =usv
Ei(A,B) =nsv

(
(

(co(A), B))

co Et
co(Dy(co(A), B)).
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Proof

co(Ey(co(A), B))(y) “asv lmsv — Ey(co(A), B)(y)
def _ .
=pgsv lusv erlel?B) co(A)(x)

(;)HSV max lgsy — (1mgsv — A(x))

z€Ty(B)
=gsv  max A(z)
z€Ty(B)
=wsv  Di(A,B)(y), for all y € R2.

— (*) For two coloursc and ¢’ in HSV we get

lysy —minggsv(c,d’) =psv lusy —¢ (supposec’ <ggv c)
=psv maxgsy(lgsy — ¢, lpsy — ).

co(Dy(co(A), B)(y) “usvy 1usv — Di(co(A), B)(y)
def

=pgsv lpsy — max co(A)(x)
z€Ty(B)

(;)HSV min 1gsv — (lgsy — A(z))

€Ty (B)
= 1 A
AV Bl A
=usv  Ei(A, B)(y), for all y € R

— (*) For two coloursc and ¢’ in HSV we get

lgsy —maxgsv(c,c) =psy lusy —c (supposec’ <gsv c)
=psv minggy (lasy — ¢, lgsy — ).

Property 4.16 (Monotonicity). If A and B aretwo colour imagesin HSV, and C' and
C" are two binary structuring elements, then it holds that

ACpsy B = D
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Proof

ACusy B & A(z) <psv B(z), VzeR?

max A(z) <gsy max B(z), VzecR?
z€Ty (C) z€Ty (C)

Di(A,C) Cusy Dy(B,C),
ACusy B & A(z) <psv B(z), VzeR?

in A(z) < in B(z), VzeR?
By A) Snsv B, BB, v

= Ey(A,C) Cusv Ei(B,C).

4

(Ve eR})(z e C =z el
(Vo € R?)(x € T,(C) = 2 € T,(C")), VyeR?
T,(C) C T, (C"), VyeR?

max A(z) <gsy max A(z), VyecR?
2€T, () €T, (C7)

Di(A,C) Cusv Dy(A,C"),
(Ve eR))(z € C =z e
(Vo € R?)(x € T,(C) = 2 € T,(C")), VyeR?
T,(C) C T,(C"), VyeR?

min  A(z) >gsy min  A(z), Vye€ R?
2€T, (0) €T, (C)

Ei(A,C) Dusv Ey(A,C).

R

R

4

Property 4.17 (Inclusion).
Ey(A, B) Cusv Di(A, B).

Proof
By definition of < 5 gv it holds that for all i in R?

min A(z) <gsy max A(x).
z€Ty(B) z€Ty(B)
Property 4.18.

0€B = ACusv Di(A, B)and Ey(A,B) Cusy A
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Proof
0B = yeT,(B), VyecR?
- d
= DA B)(y) Cysy max A(z) >psv Aly), VyeR?
©€T,(B)
= AgHSV ﬁt(A7B)7
0B = yeT,(B), YyecR?
= EJ(A B)y) sy nin Alz) <msv Ay), VyeR2
= E;(A,B) Cpysv A.
]

Property 4.19 (Interaction with inter section and union). Consider afamily (A;)" ,
of colour imagesin HSV and a family (B;)?_, of binary structuring elements.
For the t-*colour’ dilation it holds that

Proof

1. (Vjed{l,...,

4.16

BUYAuB) s rjwum
ﬁt(A,ﬁlBi) Chsv ﬁll(A,B»,
E(L"JlAi,B) _— Q?(Az,m
ﬁf(A,LnJBi) =Sy Oﬁt(A,Bt)

s
Il
-
-
Il
i

n})(Nizy Ai Cusv 4j)

= (V) € {1,...,n))(Dul(iZy Ai, B) Casv Di(4;, B))

= 5t(ﬂ?:1 A;,B) Cusv N, Di(A;, B).

2. (Vj S {1, .. .,n})(ﬂyzl Bi Cysv B])

4.16

= (V) € {1, ,n}) (DA, NiZy Bi) Cusv Di(A, By))

= Dy(A4, Ny Bi) Cusv Nz, 516(147 B;).
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—HSV

li(UAi,B)(y)

—HSV

=HSV

—HSV

=HSV

()
=HSV

=HSV
=HSV
{x e R?|z

For the t-‘colour’ erosion it holds that

n
Et(ﬂ AiaB)
=1

Ui Ty (B

—HSV

max  max A;(z)
2€T,(B) i=1..n

max max A;(z)
i=1..n z€T,(B)

+(Ai, B)(y),

S

Vy € R%

—-

@
I
—

max
2€T, (VI Bi)

A(z)

A(x)

max
zeUi Ty(Bi)

max

ma max A(z)

n xeTy,(B;)

05 A, B)(y), VyeR%

{reR? |z —yeU,B;}
{reR?|z—yeBLV...

Vz—yé€B,}

—y€eBJU...U{zeR?z—y € B,}

)
|

Ey(A;, B)

)=

<.
Il
i

Ey(A,(Bi) 2usv |JE(A, B):
i=1 i1

Et(U Ai,B) Dpusv U 7.(Aq, B)
i=1 i=1

Ey(A, U Bi) =musv ﬂ 7.(A, B;)
i1 i=1

Proof
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1.
B4 B =nsv i, () 40()
=HSV min  min A4,(x)
2€T,(B) i=1..n
=psy min min A;(x)
i=1..n z€T,(B)
=HSV ﬂ Ey(Ai, B)(y), vy € R
i=1
2. (VJ S {1, - ,’I’L})(ﬂ?zl B; Cusv Bj)
Y (vje{1,....n)(E (AN, B:) Dusv Ei(A, By))
= Ey(A, Ni_y Bi) 2usv Uiy Ey(A, By).
3. (V5 € {L,....,n})(4; Cusv Uiz, 4i)
(v € {1,...,n})(Ei(4;, B) Crsv E(Uj, 4i, B))
=", E:(A;, B) Cusv E:(UJ>, A, B).
4.
Et(Aai:leBi)(y) =HsV xeTyI(IlUl;{;Bi)A(x)
=HSV min A(z)
z€U_, Ty (Bs)
=psy min min A(z)
i=1..n z€Ty(B;)
=nsv [ E«(A Bi)(y), VyeR
i=1
|

Property 4.20. Let A be a colour imagein HSV and B and C two binary structuring

elements, then
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Proof
On the one hand we have

Dy(Dy(A,B),C)(y) =pnsv max Dy(A, B)(x)
mETy(C)

=pgsv max max A(z)
2T, (C) =€T,(B)

=psv max{A(z) | 3z € T,(0))(z € Tx(B))},Vy € R%.
And on the other hand we get

Dy(Dy(A,C),B)(y) =nsv max Dy(A,C)()
z€Ty(B)

=psy max max A(z)
z€Ty(B) 2€T%(C)

=psy max{A(z) | 3z € T,(B))(z € T,(C))},Vy € R

(3 € T,(O)(z € To(B)) & (3z € T,(B))(z € T:(C))
(FzeR)N(x -y CAz—z€B) & (FzeR)N(x -y BAz—x€C).

Putp=z+vy—az,thenz —y=z2z—pandz — x = p — y, thus
(HxERQ)(x—yEC/\z—xEB)é(ﬂpeRQ)(z—pEB/\p—yEC).

The other expression can be proven analogously.

e Fuzzy approach

The support d 4 of acolour image A in HSV is defined as the set
da ={z € R? | A(x) >psv 0}.

Definition 4.21. Let A be a colour image and B a colour structuring element (both
seen as (HSV, <pygsv)-fuzzy sets), C a conjunctor and Z an implicator on (HSV,
<wmsv). Thefuzzy ‘colour’ dilation 5C(A, B) and the fuzzy ‘colour’ erosion
Ez(A, B) arethe (HSV, <pgv )-fuzzy sets defined as
= de
De(A,B)y) Fusv  max C(Blz—y),Alw) foryc R,
def

Er(A,B)(y) “E sy I%n(% : I(B(x —y), A(z)) fory e R%
xely(dp
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Notice that we can write

max C(B(zx —y),A(r)) =gsv max C(Rp(z,y), A(z)),

€Ty (dB) zER?
min Z(B(z —y),A(x)) =psy min Z(Rp(x,y), A(x)),
z€Ty(dp) TER2

for al y in R?, whereby

Rp:R*xR?* = (HSV,<psv),

Rp = BoV withV definedas V(z,y) = z —y = (x1,22) — (Y1,y2) = (21 —

Y1, 22 — y2), V(z,y) € (R?)* sothat Rp(x,y) = Bz —y).

With every structuring element B we can associate a (H SV, < ysy )-fuzzy relation
Rp onR2. We will now prove some properties of the new fuzzy colour morphological

operators. Some of them can be deduced from the properties of £-fuzzy relational

images, proved in [12]. The only difference is that here we do not always require that

the conjunctor C is atriangular norm.

Property 4.22. [12] Let 7 be a t-norm and Z be an implicator on (HSV, < gsv),

then it holds:
.57(6, B) =HSV 6 and EI(T, B) =HSV T
If B(0) =psy 1,thenit holds:

ET(T, B) =HSV 1 and EI(B, B) =HSV 0.

Proof
For all y inRR:
— def 2.15 —
T(B(x —1),0 = T(B(x —y),0) =20=0
Jopa (B(z —y),0(x)) o (B(x —y),0) (v),
. - def . 2.16 =
I(B(z —y),1 = T(B(z —).1) =01 =1(1).
L (B(x —y),1(x)) e (B(z —y),1) (y)

If B(0) =gsv 1, thenwe get for all y € R?

I )T(B(fc —y),1) >usv T(B(y —y),1) =T(1,1) = 1 = 1(y),

xer;}i({liB)I(B(x ~9),0) <psv Z(B(y — y),0) =Z(1,0) = 0 = 0(y).
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Property 4.23 (Duality dilation-erosion). [12] Let 7 be a t-norm on HSV, N an
involutive negator on HSV and Z 1 the corresponding S-implicator. For every colour
image A and colour structuring element B we have

coND_OT(A,B) =gsv E_’IT’N(CONA,B)
Dr(conA,B) =nsv con(Ezy (A, B)).

Property 4.24 (Monotonicity). [Generalisation of [12]] If A and B are two colour
images, C and C’ two colour structuring elements, C; and C» two conjunctors and 7
and Z, two implicators on HSV, then it holds that

ACysy B = D¢(A,C) Cusy De(B,C) and
Ez(A,C) Cusy E7(B,0)

C Cusy C' = De(A,C) Cusy De(A,C") and
77(A,C) Dusv Ex(A,C")

Ci Crsv C2 = D¢ (A,C) Crsv De,(A,C)

Ti Cusv I = Ez1,(AC) Cusy E1,(A,C)

Proof

ACysy B & A(J,‘) <gsv B(J?), Ve € R?
= C(C(z —y),A(x)) <msv C(C(x —y),B(x)), Vz,y R’
(C isincreasing)

C(C(x—uy),A <
= ze%%c) (C(r —y), A(x)) <msv

C(C(z —vy),B(x)), Yy € R?
Lo (C(z —y), B(z)), Yy

= De¢(A,C) Cusy De(B,C).
Analogously for A Csv B = Ez(A,C) Cusv Ez(B,O).

CCusv C' & Clz—y) <psv C'(z—y), VryeR?
= C(C(Jﬁ - y)7 A(J?)) SHSV C(Cl(l‘ - y)a A(l‘)), Vﬂ%y € RQ
(C isincreasing)

C(C(z—y),A <
= max (Ol ~y).A) <usv

C(C'(x —1y), A(x)), Yy € R?
xe%?§0,>( (x —y), A(z)), Yy

= 5c(A,C) Cusv 5c(A,C/).
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Analogously for C' C gy C' = E7(A,C) Dusy Er(A,C).

Ci Crsv Co = Ci(B(x—vy),Ax)) <msv Co(B(z —y), A(z)), Vz,y € R?

B(x — A <
= zelﬁﬁgi(B)Cl( (x —y), A(z)) <msv

— 2
Jdnax Ca(Bla =), A(w), ¥y € R

= D¢, (A, B) Cusy De,(A, B).

Ty CusvIe = Ti(Blx—vy),Al)) <psv Z2(B(z —y), A(z)), Vz,y € R?

i 71 (B(x — A <
nin 1(B(x —y), A(z)) <msv

in Ty(B(z—y), A R?
Lo 2(B(z —y), A(x)), Vy €

= FE1,(A,B) Cusv Ez,(A,B).

4

Property 4.25 (Inclusion). [Generalisation of [12]] Let C be a seminorm and Z an
edge-implicator on HSV. Consider a colour image A and a ‘normalized’ colour struc-
turing element B, that is, (Vy € R?)(3z € R?)(B(z — y) =msv 1). It holdsthat

E7(A, B) Cysv De(A, B).

Proof

Br(AB)y) sy min (B -y),A)
<musv Z(B(z—vy),A(z))
=nsv  Z(1,A(2))
=HSV (2)
=psv  C(1,A(z))
=msv C(B(z—y),A2))

< _
SHSV xe%%g) C(B(x —y), A(z))

défHSV [jC(AaB)(y)a \V’y € RQ'

BN

Property 4.26. [Generalisation of [12]] Let C be a seminormand Z an edge- implica-
tor on HSV. For every colour image A and every colour structuring element B, it holds
that

B0)=psv1 = ACgsy [jC(AvB) and EI(AvB) Cusv A
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Proof
De(A.B)(y) “usv  max (B —y), A2))
zusv C(B(y—v),Ay))
=msv  C(1,A(y))
=nsv Aly), VyeR.
Er(A.B)y) Cusy  min I(B(r—y) A))
<usv  I(B(y—v),Aly))
=msv  Z(1,A(y))
=nsv Aly), VyeR.

From property 4.24 it follows that

Property 4.27 (Interaction with intersection and union). [Generalisation of [12]]
Consider afamily (A;)?_, of colour imagesand a family (B;)!_, of colour structuring

elements. For the C-‘colour’ dilation it

De([) A, B)
i=1
De(A, () Bi)
i=1
De(|J Ai, B)
i=1

De(A, | Bi)
i=1

For the Z-‘ colour’ erosion it holds that

E7([) Ai B)
i=1
Er(A, () Bi)
i=1
Ez(|J 4, B)
i=1

Er(A, | B))
i=1

holds that

Cusv () De(A;, B)

s
Il
i

CHsV ﬂ (4, By);
i=1
n

2HSV U c(4;, B)
i=1
n

Susv | JDel4,B))
i=1

Cusv () Fr(Ai,B)
i=1
n

QHSV U I(AaB’L)7
i=1

Susv | J Fr(4i, B)
i=1

Chsv () Fz(A Bi)

@
I
—
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But we can prove more, i.e.,

De(A,|JBi) =nsv | JDe(A Bi)
i=1 i=1
n n

Er(A | JBi) =msv () FEz(A B));
1=1 i=1
n n

De(|JAi,B) =msv | Dec(4i,B)
i=1 i=1

Ez(ﬂ A;,B) =mnsv n Ezr(A;, B).
i=1 i=1

Proof
. n d n
De(A, | Bi)(w) ef oy op x| C(|JBi(z —y). A(x))
i=1 VUL B o
) (z —
SHSV | R (B, Bile ), A@).

And since a conjunctor C isincreasing, we get:

n

—

De(A, | Bi)y) =nsv max max C(Bj(z —y), A(z))

e z€Ui=1..nTy(dp,;) i=1..n

=HsV igllz}zn(xe%?;;l)c(Bﬂx —y), Ax)), ...,

xegja};n) C(Bn(z —y), A(x)))

=HSV U De(A, By)(y), Vy € R

i=1

Ty(dup ;) = {ze€R*|z—yedu p}

{r e R?| UL, Bi(x —y) >0}

= {x € R?| maxj—1. ., Bi(z —y) > 0}

{x eR? | Bi(z —y) >0V...V By(z —y) >0}
{reR*|x—y€dp, V...Vo—yEdg,}
{reR? |z —y e Ul dp}

= Ty(Uzn:IdBa‘,)
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Analogously,
EZ(A, U Bi)ly) “asv o Z(|J Bi(z — y), A(x))
i=1 rehvldu, B
=HSV xeTy(fSilldBi) I(zinlaxn Bi(z —y), A(z)).

And since an implicator Z is decreasing in its first argument, we get:

Er(A,|B)(y) =nsv min min Z(Bi(z —y), A(x))

xEU;Lley(dBi) 1=1...n

=ysv igl..r.ln(xegéggl)z(Bl (x —y), A(x)),...,

in  Z(B,(r —y), A
ze;ryl(lan)( (z —y), A(z)))

=nsv [ Fz(4,B)(y), VyeR”.
i=1
Analogously,
= de
De(J 4 B)y) Fusv max (Bl —y), | Ai)
j vaap i=1

def
= C(B(z —y), Ay(x)).
sy aax  C(Blz—y), max Ai(x))

And since a conjunctor C isincreasing, we get:

D}(U Ai,B)(y) =msy max max C(B(z—vy),Ai(z))

2€T,(dp) i=1..n

=HSV ir:nla.}.(n(xerjl}:%(};B)C(B(x —y), A1(x)), ...,

xef%ing)C(B(x — ), An(x)))

=nsv | JDc(4i, B)(y), VyeR

i=1

Analogously,
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And since an implicator Z isincreasing in its second argument, we get:

n

EI(Q Ai, B)(y) =mnsv ,Jpin | min I(B(z — ), As(x))

_ ' in Z(B(x —y). A
HSV z—ff.r.ln(xe%ﬁm (B(z —y), Ai(2)), ...,

Jepin  T(B(x = y), An(2))

=nsv () Ez(Ai, B)(y), VyeR®

i=1

e Umbra approach

Definition 4.28. Let A be a colour image and B a colour structuring element (both
represented as R? — (H SV, <pysv) mappings). The umbra ‘colour’ dilation
D, (A, B) and theumbra‘colour’ erosion E, (A, B) are the colour images given by

Du(A,B)y) “usy max A@@)@Be—y) foryeR?
z€Ty(dp)

E A B)(y) “psy min A@)oBx-y) foryeR2
z€Ty(dB)

where & and © are colour mix operators.

The question now is how to define the colour mix operators ¢ and &, both acting on
colours in HSV and giving as result a colour in HSV. Because we want to obtain a
complete lattice we require [56] that the dilation preserves the smallest element 0 and
the erosion preservesthe largest element 1 in HSV.

Definition 4.29. Let c and ¢’ betwo coloursin HSV. We define the colour mix operators
@ and © for cand ¢’ as

cad Onsy ifc=psv Omsv
HSV c+usy ¢ otherwise ’
cod lgsv ifc=psv 1asv
HSV c—psy ¢ otherwise
Property 4.30.
[ju(ﬁ, B) =HSV 6 and E}AT, B) =HSV T
Proof

- d — —
Du(0,B)(y) Casv max 0(x) & Bz —y) =nsv 0 =nsv 0(y), vy € B>
x y B
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E.(1,B)(y) = usv El%li(l(ll )T(x) O Bz —y) =nsv 1 =pnsv 1(y), Yy e R%.
T y B

Property 4.31 (Duality dilation-erosion).

Proof B .
Wefirst provethat D, (A, B) =g sv co(E,(co(A), B)).

].) If A 7£HSV ﬁweget:

—

co(E,(co(A), B)(y) = 1lmsv — E.(lusv — A, B)(y)
= 1gxsv — Ij{ll(r}i )(lev—A)(CL')@B({E—y)

relyldp

= max 1lgsv — (lgsyv — (A(x) +asv Bz —v)))
z€Ty(dp)

= A(x) + B(x —
25, A sy B =)

= D,(A,B)(y), Vy € R%
2) IfA=pgsyv 6weget:
co(E,(co(A), B)y) =wnsv 1lusv — Eu(lusy — Omsv, B)(y)
E,

(1msv, B)(y)

=psv lgsy — min 1lggv(z)e Bz —y)
z€Ty(dB)

=gsv lgsv —

=pgsv lysv —1lgsv
=gsv Ogsv
=msv Du(A,B)(y), Vy € R

Combination of the cases above gives us that for every colour image A and every
colour structuring element B in HSV hold that D, (A, B) =psv co(E,(co(A), B)).

We now prove that E,, (A, B) =gy co(Dy(co(A), B)).
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].) If A 7£HSV Tweget:

co(Dy(co(A),B))(y) = 1lmsv — Du(lusv — A, B)(y)
= lgsv — xeljf}%{B)(lev — A)(z) ® B(z —y)

= min lggy — ((]—HSV — A)(J,‘) (&) B(J? — y))
z€Ty(dB)

— in Alz) — Bla —
L (z) —msv Bz —y)

= E.(A, B)(y), ¥y € R%
2)If A=pgsv Tweget:

co(Dy(co(A), B))(y) =nsv lmsv — Du(lusv — lusv, B)(y)
=psv lgsv — Du(0msv, B)(y)

=psv lgsy — max Oggsv(z)® Bz —y)
z€Ty(dB)

=gsv 1lmsv —Ogsv
=psv lusv
=nsv  Eu(A,B)(y), Vy € R%.

Combination of the cases above gives us that for every colour image A and every
colour structuring element B in HSV hold that co( D, (co(A), B)) =usv E.(A, B).

Extension of greyscale morphology to colour morphology in L*a*b*

We extend the basic morphological operators dilation and erosion for greyscale
images based on the threshold, umbra and fuzzy approach to colour images modelled
in L*a*b*. For proofswe refer to the corresponding propertiesin HSV.

e Threshold approach

Let A be acolourimage, represented asalR? — (L*a*b*, <p -4+ ) Mapping, and B a
binary structuring element (C R?2). The support of A is defined as

{iL’ S RQ | A(l’) > L*a*b* 0}.

Definition 4.32. Let A be a colour image and B a binary structuring element. The
threshold ‘colour’ dilation D;(A, B) and the threshold ‘colour’ erosion E;(A, B)
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are the colour images given by

Dy(A, B)(y) Y ewere max A(x)  fory € R
€Ty (B)
Ey(A, B)(y) défL*a*b* min  A(z) fory e R
z€Ty(B)
Property 4.33.

Di(0,B) =p+qe1» 0 and  Ey(T,B) =p-q-p-
Dy(A,0) =p-gp- 0 and  Ey(A,0) =p-qepr
Property 4.34 (Duality dilation-erosion).
Di(A,B) =preap- co(Es(co(A), B))
Ei(A,B) =peawpe  co(Di(co(A), B)).
Property 4.35 (Monotonicity). If A and B are two colour images, and C and C'/ are
two binary structuring elements, then it holds that
ACpreguy B = Dy(A,C) Creaepr Dy(B,C) and
Ey(A,C) Creawp- Ey(B,C)
CCC' = DyAC)Creap- Di(A C')and
Ey(A,C) Dpearp Er(A,C).
Property 4.36 (Inclusion).
Ey(A, B) Cpea-p- Di(A,B).
Property 4.37.
0B = ACr«p ﬁt(AvB) and Et(AvB) Crraspr A
Property 4.38 (Interaction with inter section and union). Consider afamily (A;)7,

of colour images and a family (B;)}-, of binary structuring elements.
For thet-‘colour’ dilation it holds that

Di(()Ai.B) Creave () De(Ai B)
i=1 i=1
n n
Dy(A, () Bi) Creasr H(A, By);
1=1 i=1

=
sl
S
=

Di(|J A B) =reawpr
i=1

<.
Il
i

=
S
S
iy

DA | B) =rawbr
i=1

@
I
—
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For thet-‘colour’ erosion it holds that

E(()AiB) =r-av= [ ) Ei(Ai,B)
i=1 i=1
Ey(A, () B) 2r-av | JEi(A By);
i=1 i=1
n n
Et(U Ai,B) Dreq=p +(A;i, B)
i=1 i=1
E(A|UB) =rav [)Ed(AB)

s
Il
-
-
Il
i

then

—

Dt(ﬁt(A;B)aC) =Lra*b* Dt(ﬁt(A,C),B)
Ey(E,(A,B),C) =peqvr Ey(E(A,C),B).

e Fuzzy approach
The support d 4 of acolour image A in L*a*b* is defined as the set
da = {iL’ S RQ | A(l’) > L*a*b* 0}.

Definition 4.40. Let A be a colour image and B a colour structuring element (both
seenas (L*a*b*, <p-q+p+ )-fuzzy sets), C aconjunctor on (L*a*b*, <p«q+p=) @and Z an
implicator on (L*a*b*, <p+4+p+). Thefuzzy ‘colour’ dilation 5C(A, B) and the fuzzy
‘colour’ erosion E}(A, B) arethe (L*a*b*, <p«qp+ )-fuzzy sets defined as

Be(A.B)y) oo max C(Br—y),Alw)) foryc k2,
= de .
Er(AB)y) i min T(B(z—y) Ax) foryeR’

Notice that we can write

max C(B(x —vy),A(x)) =r+ap max C(Rp(z,y),A(z)),

z€T,(dB) z€R?
xerTrii({llB)I(B(w —y), A(@) =peee min I(Rp(z,y), A@@)),

for al y in R?, whereby

Rp :R% x R? = (L*a*b*, <peqepe),
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Rp = BoV withV definedas V(z,y) = ¢ —y = (x1,22) — (y1,92) = (v1 —
Y1, 22 — y2), V(z,y) € (R?)? sothat Rp(x,y) = B(x — y).

With every structuring element B we can associate a (L *a*b*, <p,«+p+ )-fuzzy relation
Rpon R2.

Property 4.41. [12] Let 7 beat-normand Z bean implicator on (L *a*b*, <p«q=p+),
then it holds:

l_jT(67B) —L*a*b* 6 and EI(T, B) =L*a*b* 1.
If B(0) = 1, thenit holds:
[jT(TvB) =L*a*b* 1 and Ez(ﬁ, B) =[L*ag*b* 0.

Property 4.42 (Duality dilation-erosion). [12] Let 7 beat-normon L *a*b*, N an
involutive negator and Z7 - the corresponding S-implicator on L*a*b*. For every
colour image A and colour structuring element B we have

con DT (A, B)  =peq-pr E_’ITYN(CONA,B)
Dr(conyA,B) =pr-awp  con(Ezy (A, B)).

Property 4.43 (Monotonicity). [Generalisation of [12]] If A and B are two colour
images, C and C’ two colour structuring elements, C; and C» two conjunctors and 7
and Z, two implicatorson L*a*b*, then it holds that

A gL*a*b* B = 5 (A C) CL*a * h* DC(B7C) and

EI(A C) Creap EI(Bvc)
C gL*a*b* C/ = _ac( ) CL* < EC(A, C/) and

—

) CrLrarb DCz (Av C)

(A
Ci Creawp Co = De,(A,C
7. (A, O) Cpegepe B, (A, O).

A,
Ty Creav- Lo = E1,(4A,
Property 4.44 (Inclusion). [Generalisation of [12]] Let C be a seminorm on L*a* b*
and Z an edge-implicator on L*a*b*. Consider a colour image A and a ‘normalized’
colour structuring element B, that is, (Vy € R?)(3z € R?)(B(z — y) =p«a+p 1). It
holds that . .

Ez(A, B) Crqp Dc(A, B).

Property 4.45. [Generalisation of [12]] Let C be a seminorm on L*a*b* and Z an
edge-implicator on L*a*b*. For every colour image A and every colour structuring
element B, it holdsthat

B(0) =p-g-pr 1 = A Cregepr De(A, B) and Ez(A, B) Creqepe A.



4.3 Colour Morphology 103

Property 4.46 (Interaction with intersection and union). [Generalisation of [12]]
Consider afamily (A;)?_, of colour imagesand a family (B;)?_, of colour structuring
elements. For the C-‘ colour’ dilation it holds that

5@(0 Ai,B)  Cregrp ﬂ De(A;, B)
De(A, ﬂ Bi) Creab- (A, By);
=1 L
D”C(Lnj Ai,B) =peqepr De(A;, B)
i=1
De(A, LnJ Bi) =reawp LnJ De(A, B;).
=1 L
For theZ-*colour’ erosion it holds that
Ez(ﬂ Ai,B) =rLwgb ﬂ ’7(Aq, B)
E7(A, ﬁ Bi) Drea*p (A, By);
i=1
EI(CJ Ai,B) Dpregrp Ez(A;, B)
i=1
Ez(A, LnJ Bi) =rLra b ﬁ 77(A, By).
=1 L

e Umbra approach

Definition 4.47. Let A be a colour image and B a colour structuring element (both
represented as R? — (L*a*b*, <p«qp-) mappings). The umbra ‘colour’ dilation
D, (A, B) and theumbra‘colour’ erosion E, (A, B) are the colour images given by

= de
Du(AB)y) “reasr S A(z)® Bz —y) foryeR?
EU(A, B)(y) défL*a*b* zeITI,li(IclzB) A(z)e Bz —y) forye R?,

where & and © are colour mix operators.

Definition 4.48. Let ¢ and ¢’ be two colours in L*a*b*. We define the colour mix



104 Colour Morphology

operators @ and © for c and ¢’ as

OL*a*b* ifc:L*(L*b* OL*a*b*

/
C [ = Sy .
@ Lrarb { ¢+ pearpe ¢ Otherwise ’

cod = Li<asb- ifc=p-qpe Lova=pr
frat ¢ —pq-p ¢ Otherwise

Property 4.49.
Dy(0,B) =1+ 0 and E,(1,B) =g+ 1.
Property 4.50 (Duality dilation-erosion).

ﬁu(A;B) =L*a*b* CO(Eu(CO(A)aB))
Eu(A;B) =L*a*b* Co(ﬁu(co(A)vB))

4.3.6 Experimental Results

Consider now a colour image C', modelled in the HSV or L*a*b* colour model, and
aone- or three-dimensional structuring element B g5y Or Bp«,+p+. FOr the extension
of the greyscale morphological operators to morphological operators acting on colour
images we get

1. Thet-‘colour’ morphological operators (threshold approach):
We calculate the maximum and minimum of the set of colours of the image
C contained in a m x m window (structuring element) around a chosen cen-
tral colour pixel. The t-‘colour’ dilation and t-*colour’ erosion are the original
colours of the pixels where this maximum, respectively minimum, is obtained.

2. The u-‘colour’ morphological operators (umbra approach):

First we mix the colours (addition for the u-dilation, subtraction for the u-
erosion) of the original image C' with the colours of our chosen structuring elem-
ent B in the considered window. Secondly we determine the maximum and
minimum of this new set of colours for the u-‘colour’ dilation and u-‘colour’
erosion. Theu-‘colour’ dilation and u-‘ colour’ erosion are the new colours of the
pixelswhere this maximum, respectively minimum, is obtained. But we can also
look for the positions in C' where this maximum or minimum is reached. And
the u-‘colour’ dilation and u-‘colour’ erosion can then be given by the original
colours (in the original image C) of these pixels.

3. Thefuzzy ‘colour’” morphological operators (fuzzy logic approach):
Again, we have to determine the maximum and minimum of a (new) set of
colours, possibly after adding, subtracting or multiplying original colours of C'
with colours of the structuring element B.
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Finaly in our experimental results (figure 4.11 to 4.24) we have compared our new
approach with the component-based approach. And what is more, we have compared
our u-morphological colour operators in HSV with the u-morphological colour oper-
ators proposed in [39] and our t-morphological colour operators in L*a*b* with the
t-morphological colour operators proposed in [4]. We have used different test images
in our experiments (the well-known Tulips, Trees and Lena images), shown in figure
4.10. Because the dilation is a supremum operator, this operator will suppress dark
colours and intensify light colours: objectdareas in the image that have a dark colour
become smaller while objects/areas that have alight colour becomelarger. The erosion
on the other hand is an infimum operator so that light colours are suppressed and dark
colours intensified. The choice of the structuring element has of course a great influ-
ence on theresult and will obviously depend on the application. As‘binary’ structuring
elements we have used

1 1 1
B'(i,j,1) =B'(i,5,2) = B'(i,,3) = [ 1 1 1 |,1<4d,j,<3,
1 1 1
or
0 0
B'x(i,j,1) =B'*(i,5,2) = B'+(i,5,3)= [ 0 0 0 |, 1<4,j<3,
0 0 O

or

0.55 0.55 0.55
B"x(i,j,1) = B"x(i,5,2) = B"%(i,5,3) = | 055 055 055 |, 1<i,j,<3,
0.55 0.55 0.55

and as greyscal e structuring element

0 255 0
Brep(i:j,1) = Brep(i,j,2) = Brgp(i,j,3) = | 265 2556 255 |,
0 255 0
or

255 255 255
Bpdip(i,j,1) = Bpdip(i,4,2) = BRép(i,j,3) = | 255 255 255 |,
255 255 255

1 <4,7,< 3, where the underlined element corresponds to the origin of coordinates.
Notice that sincein both the HSV and L*a*b* colour model we can separate intensity
from chrominance (= hue and saturation or chroma), we will obtain the best results
for the component-based approach by applying the greyscale morphological operators
on the intensity component only. Then we add the ‘new’ intensity component to the
original chrominance components to get again a colour image in the HSV or L*a*b*
colour model.



106 Colour Morphology

Figure4.10: Atthetop, from left to right: the original Tulipsand Lenaimage, and at the bottom,
the original Treesimage.

Infigures 4.11 and 4.12 the t-colour dilation and t-colour erosion in HSV and L* a* b*
of the component-based approach and the proposed method are shown. Pay attentionto
the edge of the tulips leaves. New colours appear with the component-based approach,
while with our approach the colours are preserved.
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Figure 4.11: T-morphological operatorsin HSV: at the top: the origina image C', left column:
the t-dilation D;(C, B’) and right column: the t-erosion E;(C, B'): from top to bottom: the
component-based approach and our new vector-based approach.
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Figure4.12: T-morphological operatorsin L*a*b*: at thetop: theoriginal image C, left column:
the t-dilation D;(C, B’) and right column: the t-erosion E;(C, B'): from top to bottom: the
component-based approach and our new vector-based approach.
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We have compared the results for the t-morphological colour operatorsin L*a*b* of
our method with these of the state-of-the-art method [4] in figure 4.13. The difference
between the two approachesis noticeabl e at the edge of the tulips|eaves, but the results
are quite similar.

Figure 4.13: T-morphological colour operatorsin L*a*b* by structuring element B’: at the top:
the t-dilation and at the bottom: the t-erosion, using our RGB ordering (left) and the reduced
ordering, based on the distance to white, completed by the conditional ordering L* — a* — b*
(right).
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Figures 4.14 and 4.15 illustrate the fuzzy morphological colour operatorsfor (C,Z) =
(Tmin, 7,8, ) INHSV and L* a*b* obtained by the component-based approach and
the proposed approach. Look at the edge of the hat. With the component-based ap-
proach new colours are introduced, whereas with our method no colours that are not
present in the original colour image appear in the results.

L

Figure 4.14: Fuzzy morphological operators for (C,Z) = (Zwmin, Z7,,,.~,) in HSV: l€ft col-
umn: the dilations D, (C, B""") and right column: the erosions Bz, . (C, B"™"): from

top to bottom: the component-based approach and our new vector-based approach.

-
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Figure 4.15: Fuzzy morphological operators for (C,Z) = (Tmin, Z7,,;,.A, ) in L¥a*b*: left
column: the dilations D7, (C, B"") and right column: the erosions Er, . (C, BYh:

from top to bottom: the component-based approach and our new approach.
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The fuzzy morphological colour dilation and colour erosion for (C,Z) = (7., Z7. v.)
in HSV and L*a*b* for the component-based approach and the proposed approach are
showninfigures4.16 and 4.17. Pay attention to the edge of the trees, where the colours
are not preserved with the component-based approach but no new colours appear with
our method.

-

Figure 4.16: Fuzzy morphological operators for (C,Z) = (Z.,Z7, ) in HSV: at the top:
the original image C, left column: the dilations D, (C, B") and right column: the erosions
Ezy . (C, B"): fromtop to bottom: the component-based approach and our new vector-based
approach.
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-

Figure 4.17: Fuzzy morphological operators for (C,Z) = (7.,Z7.,n.) in L*a*b*: at the top:
the original image C, left column: the dilations Dz, (C, B") and right column: the erosions
Ezy x. (C, B"): fromtop to bottom: the component-based approach and our new vector-based
approach.
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Note that for the fuzzy morphological operators with conjunctor-implicator pair (C,Z)
= (7+,Z7. n,) We have used the structuring element B”. If we choose as structuring
element for example

155 235 155
Biap(i.j.1) = Biap(i.j.2) = Biap(i.j.3) = 50 | 235 235 235 |,
155 235 155

1 < 4,7,< 3, new unwanted colours that are not present in the original image can
appear in the image after applying the morphological operators, as shown aong the
edges of thetulips leavesin figure 4.18.

Figure 4.18: Fuzzy morphological operatorsfor (C,Z) = (7., Zr. ) in HSV: at the top: the
original image C, the fuzzy dilation D, (C, B") (left) and thefuzzy erosion Ez,_ . (C, B"")
obtained by our new approach.
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To solve this problem we better first multiply or subtract colours of the original image
C with colours of the chosen structuring element B””” and then determine the maximum
and minimum of this new set of colours. Next we look at the positionsin C' where this
maximum or minimum is reached. The fuzzy dilation and fuzzy erosion for (C,Z) =
(7., I, n,) arethen given by the original colours (in the original image C') of these
pixels.

-

Figure 4.19: Fuzzy morphological operators for (C,Z) = (Z.,Zz, n.) in HSV: at the top:
the original image C, left column: the dilations D, (C, B”") and right column: the erosions
Ez,, . (C,B"): from top to bottom: the component-based approach and our new vector-
based approach.
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Figure 4.19 and 4.20 show the fuzzy colour dilation and erosion for the conjunctor-
implicator pair (C,Z) = (7., Zr. n,) in HSV and L*a*b* for the component-based
and the proposed approach. Along the edges of the trees new colours appear with the
component-based approach, which is not the case with the new method.

=

Figure 4.20: Fuzzy morphological operators for (C,Z) = (7.,Z7.,n.) in L*a*b*: at the top:
the original image C, left column: the dilations Dz, (C, B”") and right column: the erosions
Ez,, . (C,B"): from top to bottom: the component-based approach and our new vector-
based approach.
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The u-colour dilation and erosion using the new vector-based approach in the HSV
and L*a*b* colour model is given in figure 4.21 and 4.22 respectively. The results of
the proposed approach when replacing the new colours by the original colours of the
corresponding pixels are al so shown.

Ilr_r":mll

=

b 4

Figure 4.21: U-morphological operatorsin HSV: left column: the u-dilation D,,(C, BY") and
right column: the u-erosion E,,(C, B""): from top to bottom: our new vector-based approach
and the result of our approach when replacing the new colours by the original colours of the
corresponding pixel positions.
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Figure 4.22: U-morphological operatorsin L*a*b*: at the top: the original image C, left col-
umn: the u-dilation D,,(C, B"") and right column: the u-erosion E,,(C, B""): from top to
bottom: our new vector-based approach and the result of our approach when replacing the new
colours by the original colours of the corresponding pixel positions.
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In figure 4.23 and 4.24 the results of the u-morphological colour operatorsin HSV by
the proposed method and the state-of-the-art method described in [39] are illustrated.
Figure 4.23 shows that the colours obtained by our approach are natural in comparison
with the original colours of the original image, while artificial colours appear in the
images using the other approach. The results of both approaches when replacing the
new coloursby the original colours of theright pixel positions, as shown in figure 4.24,
arevery similar.

> )

4?*"-
Ny N

Figure 4.23: U-morphological colour operatorsin HSV: at the top: the u-‘ colour’ dilation based
on our approach by structuring element BY" and based on the approach [39] by structuring
element B"x, and at the bottom: the u-‘ colour’ erosion based on our approach by structuring
element B"" and based on the approach [39] by structuring element B .
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Figure 4.24: U-morphological colour operatorsin HSV: at the top: the u-‘ colour’ dilation based
on our approach by structuring element BY" and based on the approach [39] by structuring
element B’x, both results when replacing the new colours by the origina colours of the cor-
responding pixel positions, and at the bottom: the u-‘colour’ erosion based on our approach by
structuring element B"Y" and based on the approach [39] by structuring element B'«, both re-
sultswhen replacing the new colours by the original colours of the corresponding pixel positions.
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4.3.7 New RGB Colour Ordering Compatible with the Comple-
ment co

Now we introduce a new approach for the ordering of coloursin RGB. We first explain
our idea and define a new ordering < rop compatible with the complement co (we
need this property for our morphological interpolation method to magnify images (see
chapter 4)) so that (RGB, < rc ) becomesalattice.

Construction of the new RGB colour vector ordering < ran

Our idea still isto rank coloursin RGB from ‘dark’ colours (close to black) to ‘light’
colours (close to white). When we look at the distance of coloursin RGB to black and
white (see section 4.3.2), we do not get an order relation. So we got the ideato consider
the centre (1/2,1/2,1/2) of the RGB cube (as the middle of the black and white top)
and to determine from this point if colours are lying close to black or close to white.

In the RGB cube we consider aplane V' through the centrem = (1/2,1/2,1/2) per-
pendicular to theline ! determined by the two points B1 (0,0,0) and Wh (1,1,1). The
linel is determined as intersection of the two planesr = g and g = b. In figure 4.25
you see theline ! and the plane V' in the RGB cube. The equation of the plane V' with
non-zero normal vector (1, 1,1) through (1/2,1/2,1/2)is

3
Ve r+g+b—§:O.
For every colour ¢ = (r, ge, be) iIn RGB we now look if ¢ lies ‘below’ or ‘above’
the plane V' with respect to its normal vector (1,1,1). So we have to work out the
“distance” from c to V' asfollows

_ (rc+gc+bc_3/2)
D(c,V) = \/§ .

If D(.,vy > 0, then c is on the same side of the plane as the normal vector (1,1, 1); if
D.,vy < 0, then c is on the opposite side; and if D (. vy = 0, thenc liesin V. This
way we can distinguish between ‘dark’ colours lying close to black (D (., < 0) and
‘light’ colours lying close to white (D (.,yy > 0), where we will rank ‘dark’ colours
lower than ‘light’ colours. Theplane V' ‘divides the RGB cubeinto two similar parts.
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Figure 4.25: The RGB colour cube with the plane V' (in green) and theline ! (in blue).

Let ¢ = (7¢, ge,be) and ¢’ = (rer, ger, ber) be two colours in RGB. We will consider
the following cases for the ranking of ¢ and ¢’:

15t case. Thetwo coloursc and ¢’ are not lying on the same sidew.r.t. V
1.1. cliesunder V and ¢’ liesaboveV,i.e., D, vy < 0 and Dy vy > 0
1.2. cliesinV and ¢’ liesabove V,i.e., D, vy =0and D vy > 0
1.3. cliesunder V and ¢’ liesinV,i.e, D, vy < 0and Do y) = 0.

In these three subcases c is ranked lower than ¢/, i.e., ¢ <rap c.

274 case: Thetwo colours c and ¢’ are lying on the same side w.r.t. V/

2.1. cand ¢ arelyingaboveV,i.e, D (. vy > 0and D ) > 0; cand ¢’ lie both
close to white

All colours above V' are considered to be ‘light’ colourslying close to white. Because
we want to determine which of the two coloursc and ¢’ isthe ‘lightest’ colour, we slice
the cube by looking at the distanceto V':

D(c,V) = |rc + g+ be — 3/2| /V3 = | Dy
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D(d\ V) =|re + go +be —3/2] /V3 = |Die v

where the colours ¢ and ¢’ are then ordered accordingly to their distance with respect
toV.

2.1.1. D(¢,V) < D(¢,V): cisa‘darker colour than ¢’ so that we rank ¢
lower than ¢/, i.e, c <grap .

2.1.2. D(¢,V) > D(c,V): cisa'lighter colour than ¢’ so that we rank ¢
higher thanc’,i.e., ¢ >rap .

2.1.3. D(c,V) = D(c, V) — thedistance to m is taken into account:

If (D(Qv) > 0and D(c’,V) > () and (D(C, V) = D(Cl, V)), thUSD(Qv) = D(c’,V) >
0, that is, if thetwo coloursc and ¢’ lieonthe sameplane W, .- parallel to V' at distance
D(c, V) = D(¢, V), then we determine the distance from ¢ and ¢’ to the centre m of
the cube as

D(e,m) = /(re = 1/2)2 + (ge — 1/2) + (be — 1/2)2,

D(Cla m) = \/(rc’ - 1/2)2 + (gc’ - 1/2)2 + (bc/ - 1/2)2'
We sort the coloursw.r.t. their distance to m, that is,

2.1.3.1. D(¢,m) < D(¢',m): cisranked lower than ¢/, i.e.,, ¢ <rgp ¢
2.1.3.2. D(c¢,m) > D(c¢’,m): cisranked higher than ¢/, i.e,, ¢ >rap ¢
2.1.3.3. D(¢,m) = D(c¢',m), see subcase 2.3.

2.2. cand ¢’ arelying below V,i.e,, D(. vy < 0and D vy < 0; cand ¢’ lie both
close to black

Here we can make an analogous reasoning as in case 2.1. Again we first take the
distanceto V' into account:

2.2.1. D(c,V) > D(c/,V): werank ¢ lower than ¢/, i.e., c <gap ¢
2.2.2. D(e,V) < D(c,V): werank ¢ higher than ¢/, i.e., ¢ >rap .

2.2.3.1. D(e,m (¢',m): cisranked lower than ¢/, i.e., ¢ <gap ¢ .

C
C

(
(
2.2.3. D(c,V) = D(c, V) — thedistance to m is taken into account:
)
) (¢’,m): cisranked higher than ¢/, i.e., ¢ >rep .

>D
2.2.3.2. D(e,m) < D
2.2.3.3. D(c¢,m) = D(c¢’,m), see subcase 2.3.

2.3. Inthis part we can take the two subcases 2.1.3.3. and 2.2.3.3. together.
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If for c and ¢’ hold that D(.yy) < 0 and D vy < 0 and D(c,V) = D(c, V) and
D(c,m) = D(c',m)or Dy > 0and D¢ vy > 0and D(c,V) = D(¢/,V) and
D(e¢,m) = D(c’,m), then both colours ¢ and ¢’ lie not only on the same plane W, ./
parallel to V, but also on the same sphere S at distance D(¢,m) = D(c’,m) from
the centre m. If D(. vy = D(,v) < 0, the sphere S lies below the plane V; if
Dcvy = D, vy > 0, the sphere S lies above the plane V. Consequently, ¢ and ¢’
lieonacircle C; . in W, parallel to V' with centre on the line [. All these colour
hues are considered to be equally important, so that we really have to choose one out
of these two colours to be the smallest (or largest) colour. And therefore we will order
cand ¢’ by defining anangle §’ in C,. ..

If we cut the plane W, .- with theline !, we get the centre of our circle C'. . The plane
W, o isparallel to V, and thus has the same normal vector as V/, so we get

WC’C/ r+g+b—dw =0
with dy = Dy .\/3, where Dyy isthe distance of W from the origin (0,0,0).

Dw = Dv + Dww_, vy,

c,c

c,c

isthe“distance” betweenthetwo planesV and We o', Dw, , .v) = D(c,v) = D(er,v).
Thecentrea = (74, ga, bs), Wherer, = g, = b,, of thecircle C,. .- hasto satisfy

{ r+g+b—dy =

where Dy isthedistance of (0,0, 0) totheplaneV, Dy = \/§ = ‘/75; and D, v)

T =

e O

g fr—
orthusa = (dw /3, dw /3, dw/3). For theradiusr of C. ., we get

r=d(c,a) = d(c,a) = \/(re — dw /3)? + (gc — dw /3)? + (be — dw /3)?.

Now we will define an angle ¢, from the centre a of C.. . for every colour ¢ lying on
Cc,c’:

All lines through « in the plane W, . are perpendicular to [. We want to choose a
fixed ‘direction’ that is the same for every plane W .-, and thus independent of W, .,
through which we define the angle /.. And therefore we cut the plane W, ., with the
upper plane of the cubeb = 1 so that we get aline WW, .

r+g+b—dw = 0
b = 1

or
WWee :r+g+(1—dw)=0.
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Next, we consider theline X . .- through the centre a perpendicular to theline WW . ..
We determine the equation of X . .- asthe intersection of two planes, namely the plane
W, . and the plane through the line [ perpendicular to the line WW . ., which has
equation r = g¢. So that we obtain for X . ./

T = g
r+g9g+b—dw = 0

We know that X, . goes through the point ¢ and when we cut X . .- with the line
WW,. ., weget another point v of X, ./,

r =g
r+g+b—dw = 0 ,
r+g9g+(1—dw) = 0

or thus ~ has coordinates (w1, 9w—1 1) Theline X. . gives us the fixed chosen
direction, which can be determined for every plane W .- in the same way, to define 6...
Accordingly, we first define for a colour ¢ lying on the circle C'. .~ an angle 6. deter-
mined by

. de
0. = arcsmm (e [0,7/2])

with d(a,¢) = \/(rc — w2y (g, — w2y (p, — w2 the distance between a
and ¢, and d.. the perpendicular distance between ¢ and the line X . .~ through the two
pointsa and v. Let ac(rac, Gac, bac) = a(Tay ga, ba) — (e, ge, be) and

Ya(Tyas Gyas byva) = V(7y, g, by) — a(ra, ga, ba). Thedistance d. is then given by

o _ lacl’ hal* = ((a0)- ()
‘ val?

d2 — (7’20 + ggc + b(QLC) ’ (T’Q)’a + g’QYa + b’2ya) - (TGC ) T’Ya + Yac - g’Ya + bac ) bVG)Q
‘ (2 + 93, +02,) '
Now we choose a ‘direction’ for 6. and so define the angle ¢/, as
if b. > b, (cliesabovea)
if ro > ge
0. =0,
eseif g. > r.
0, =27 — 0.
dseif r. = g,
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0. =0,=0
elseif b. < b, (cliesbelow a)
if re > gc
0. =7 —0.
eseif g. > r.
0. =7 +0.
eseif r. = g
0. =m
elseif b. = b,
if re > g
0. =0.=m/2
eseif g. > r.
0. =3m/2
eseif r. = g
impossible.
Inthis last step, where for the two coloursc and ¢’ hold that D vy = D(.,y) # 0 and
D(c,m) = D(c’, m), weorder their corresponding angles ¢/, and 6/, as follows:
if: (0. €[0,7[ andf., € [0,w[)or (0, €[0,7] andf., € [m, 27 [))and b, < 0.,
then: 0, <y 6.,
if: 0, ¢m2r][ and@, € [r,2n [ and 2w — 0., < 27 — 6., (or thus @, > 4.,)
then: 0/, <4 ¢.,.
2.4. cand ' arelyinginV,i.e, D vy = D vy =0
Because we want our ordering to be compatible with the complement co, we order the
colours ¢ and ¢’ here as follows:
2.4.1. D(c,m)cos(0.) < D(c',m)cos(f.,): we rank c lower than ¢/, i.e,
¢ <RGB c.
2.4.2. D(c,m)cos(0.) > D(c',m)cos(8,): we rank c higher than ¢/, i.e,
C >RGB c.
2.4.3. D(c, m)cos(8,) = D(c¢',m) cos(6,) and D(c, m)sin(6,) <
D(c',m)sin(0,): werank ¢ lower than ¢/, i.e., ¢ <rgp ¢

2.4.4. D(c,m)cos(8,) = D(c¢',m) cos(0,) and D(c, m)sin(6,) >
D(c',m)sin(f,): werank ¢ higher than¢’,i.e., ¢ >rap .
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Definition of the new RGB colour vector ordering < ran

Consider two coloursc(r, g,b) and ¢’ (r/, ¢’, b') in RGB, then it holds that
c<pred < (Diyvy <0 and D vy > 0)

D(Qv) =0 and D(c/,V) > O)

V) < 0 and D(CI7V) = 0)

or vy >0 and Dy >0 and D(c,V) < D(¢,V))

(
(

of (Divy<0 and Dy <0 and D(c,V) > D(c,V))
(

or (

Dvy <0 and D yy <0 and D(c,V) = D(c,V)
and D(c,m) > D(c,m))

or (D,v)>0 and Dy >0 and D(c,V)=D(,V)
and D(c,m) < D(c,m))

or (D(Qv) = D(c’,V) #0and D(C, m) = D(C,, m) and 92 <p 6‘/6/)

or (Dvy = D vy =0and D(c,m)cos(d,) < D(c',m)cos(0.,))

or (D(c,vy = D(,vy=0and D(c,m)cos(f.,) = D(c,m) cos(6.,)
and D(c,m)sin(6,) < D(c¢',m)sin(6.,)

c!

)

¢c>papd &  <pepcC
c=reB ¢ & D(av) = D(c’,V) and D(C, m) = D(c’,m) and 92 = 9/61

c<prap ¢ & c<pgpc Orc=gagnc.

Properti%of <RrRGB

We examine some properties of our new ordering < ra .

1. Reflexive: (Va € RGB)(a <grcp a). OK.

2. Antisymmetric: (Va,b € RGB)(a <rgp bandb <gap a a =rcB b)
Pr oof

Supposethat a #rap b.
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1.1 (D,vy <0and D, vy > 0) andb <ges @

From the definition of < rc 5 would follow: D, v > 0, acontradiction.
1.2 (D,vy =0and D, vy > 0) and b <ggs @

From the definition of < zrgp would follow: D, v > 0, acontradiction.
1.3 (D(,v) <0and Dy, vy =0) andb <rgp a

From the definition of < zrg g would follow: D, v > 0, acontradiction.
2.1.1 (D(g,vy>0and D, vy > 0and D(a,V) < D(b,V)) andb <rgp a

From the definition of < g would follow:
Da,vy > 0and D(b, V') < D(a, V), acontradiction.

2.2.1 (D,vy<0and D@, vy <0and D(a,V) > D(b,V))andb <rgp a

From the definition of < r 5 would follow:
(a) D@yvy <0and D, vy > 0, acontradiction.
(b) Dp,vy <0and D, vy <0andD(b,V) > D(a,V), acontradiction.

2.1.3 (D(a,vy >0and D, vy > 0and D(a,V) = D(b,V) and D(a,m) <
l)(b7 m)) and b <RGB @

From the definition of < rp would follow:
D(b,m) < D(a, m), acontradiction.

2.2.3 (D,vy <0and D@, vy <0and D(a,V) = D(b,V) and D(a,m) >
l)(b7 m)) and b <RGB @

From the definition of <z would follow:
(@) Dw,vy <0and D,y > 0, acontradiction.

(b) Dy < 0and D¢, vy < 0and D(a,V) = D(b,V)and D(b,m) >
D(a,m), acontradiction.

2.3 (D(a,V) = D(’LV) 7é 0and D(a,m) = D(b, m) and 9& <g 9;)) andb <pgp a
From the definition of < s would follow: 8, < 6., acontradiction.

2.4.1 (D(4,vy = D@,vy = 0and D(a, m) cos(0;,) < D(b,m)cos(8;))
and b <RGB @
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From the definition of <z would follow:
D(b,m) cos(0;) < D(a,m) cos(,,), acontradiction.

2.4.3 (D(,vy = Dg,vy = 0and D(a, m) cos(0;,) = D(b,m) cos(6;) and
D(a,m)sin(0,,) < D(b,m)sin(d;)) andb <rap a

From the definition of <z would follow:
D(b,m)sin(#;) < D(a, m)sin(¢,,), acontradiction.

= D(a,V) = D(b,V) and D(a, m) = D(b, m) and 0:1 = 9;)

= a =grgB b.

3. Trangtive: (Va,b,c S RGB)(G <gpgp bandb <gagp c =?> a <RGB C)
Pr oof

Leta =g band b <grgp ¢, thenit holdsthat a <grgp c¢. Let a <ggp b and
b =raeB ¢ thenitholdsthat a <rgp c. So supposethat a #rgp band b #rap ¢,
thusa <grgp band b <ragsn c.

1.1 (D(a,vy <0and D, vy > 0) andb <grgp c.

From the definition of < gz would follow: D, vy > 0and D, vy > 0
= D(a,V) < 0and D(av) >0

= a <R@GB C-.
1.2 (D,vy =0and D, vy > 0) and b <grgs c.
From the definition of < rcp would follow: D, -y > 0and D vy > 0
= D,vy=0and D yy >0
= a <ggB C
1.3 (D,vy <0and D, vy =0) and b <grgs c.

From the definition of < rgp would follow: D, vy =0and D, vy > 0
= D(a,V) < 0and D(c,V) >0

= a <R@GB C-.

2.1.1 (D,vy > 0and D, vy > 0and D(a, V) < D(b,V)) and b <rap c.
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From the definition of <z would follow:

D@,y >0and D vy >0and D(b, V) < D(c, V)
= D(qvy>0and D vy >0and D(a,V) < D(c,V)

= a4 <RGB C-

2.2.1 (D,vy <0and D, vy <0and D(a,V) > D(b,V)) and b <rcp c.
From the definition of <z would follow:
(a) D(bJ/) < 0and D(Qv) >0
= D,y <0 and Diyvy =0
(b) D(bJ/) < 0and D(c,V) <0and D(b,V) > D(c, V)
= Dy <0and D vy <0and D(a,V) > D(c,V)
= a <RaGB C.
2.1.3 (D(,vy >0and D, vy > 0and D(a, V') = D(b,V) and D(a, m) <
D(b,m))andb <ggp c.
From the definition of < ro s would follow that:
(@) Dgyy>0and D vy >0and D(b,V) < D(c, V)
= D(qvy>0and D vy >0and D(a,V) < D(c,V)

(b) Dy > 0and D(.yy > 0and D(b,V) = D(c,V)and D(b,m) <
D(c,m)

= Da,vy) > 0and D vy > 0and D(a,V) = D(c,V) and D(a, m) <
D(c,m)

= a4 <RGB C-

2.2.3 (D,vy <0and D@, vy <0and D(a,V) = D(b,V) and D(a,m) >
D(b,m))andb <ggp c.

From the definition of < r g would follow that:
(@) Dp,vy<0and D yy >0
= D,vy<0and D yy >0
(b) Da,vy <0and D, vy <0and D(b,V) > D(c,V)
= Dy <0and D vy <0and D(a,V) > D(c,V)

() Dpyy < 0andD(.yy < 0andD(b,V) = D(c,V)and D(b,m) >
D(c,m)
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= D,vy <0and D vy < 0and D(a,V) = D(c,V) and D(a, m) >
D(c,m)

= a <RaGB C-

2.3 (D(a,V) = D(’LV) 7é 0 and D(a,m) = D(b, m) and 9& <p 9;)) and b <RGB C.

From the definition of < r g would follow that:

(a) De,vy=Dwpyvy) <0
1. D(ey) >0
2. Dieyy <0and D(b,V) > D(c,V)
3. D,vy <0and D(b,V) = D(c,V) and D(b,m) > D(c,m)
4. D,vy = D(c,vyand D(b,m) = D(c,m) and 0} <g 0,

() Dia,vy=Dpyv)>0
1. Dy >0and D(b, V) < D(c,V)
2. Divy>0and D(b,V) = D(c,V) and D(b,m) < D(c,m)
3. D,vy = D(.,vyand D(b,m) = D(c,m) and 6} <g 0.

= a <RGB C
2.4.1 (D(4,vy = D@,vy = 0and D(a, m) cos(0;,) < D(b,m)cos(6;))
and b <RGB C
From the definition of <z would follow:
(a‘) D(C,V) >0
(b) Dw,vy = D(c,vy and D(b,m) cos(;) < D(c,m) cos(;,)

= a <RGB C
2.4.3 (D(,vy = D@,vy = 0and D(a, m) cos(0;,) = D(b,m) cos(#;) and
D(a,m)sin(0),) < D(b,m)sin(d})) andb <rcp ¢
From the definition of <z would follow:
(a) D(Qv) >0
(b) D,vy = D(c,vy and D(b,m) cos(;) < D(c,m) cos(0;,)
(¢) Dwp,vy = D,vyand D(b,m)cos(0;) = D(c, m)cos(f;) and
D(b,m)sin(0}) < D(c, m)sin(6),)

= a <RGB C.
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We now provethat our new ordering < g« p 1S compatiblewith the complement co, i.e.,

for al colourse, ¢’ in RGB : ¢ <pap ¢ & co(c) >rap co(c).
Proof
1.1 (D(Qv) <0 and D(c/,V) > 0)
Divy<0 & re+ge+be<3/2
& 3—(re+9ge+bs) >3—-3/2
& (Q-re)+(1—ge)+(1—bc)>3/2
= D(co(c),V) >0
So we get

(D(QV) <0 and D(c’,V) > 0) = (D(co(c),V) >0 and D(CO(C/)’V) < 0).

1.2

(D(Qv) =0 and D(c/,V) > 0) = (D(co(c),V) =0 and D(co(c’),V) < 0)

1.3

(D(Qv) < 0and D(c/,V) = 0) = (D(co(c),V) > (0 and D(co(c’),V) = 0)

2.1.1 (D(.,yy >0 and D vy >0) and D(c,V) < D(c/, V), where

D(e,V) = |ru+gu‘\;b§u73/2‘
|[=(retgetbe)+3/2|

|3 (retgerbe)—3/2)
|(1—7"c)+2/1§—9c)+(1—bc)—3/2|
D(co(c), V). ’

So we get
(Die,vy >0 and D vy >0) and D(c,V) < D(c',V) &
(Dcoe),vy <0 and Dcoery,vy < 0) and D(co(c),V) < D(co(c’), V).

2.2.1 (D¢,yvy <0 and D¢ yy <0) and D(c,V) > D(c',V) <
(D(coey,vy >0 and Dcoery,vy > 0) and D(co(c),V') > D(co(c’), V).
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2.1.3 (D(,vy > 0and D vy > 0and D(c,V) = D(c',V)) and D(c,m) <
D(c’,m), where

D(c,m) < D(¢;m) & (re—1/2)2+ (9. —1/2)% + (b — 1/2)% <
(ro = 1/2)2 + (g — 1/2) + (bor — 1/2)?

e ri-r.+gi—ge+b2—b. <
rg'_rc"’_gg’_gc""bz'_bc’

& 1—27“C+7“§—1+rc+1—296+gf—1+gc
+1—2b. +b2 —1+b. <
1—27"0/—1—7'2/—1—|—rc/+1—2gd+gf/—1
+gc/+1—2bc/+b3/—1+bc’

S (1-r)?+1/4—1—r)+(1—g)?+1/4
_(1_gc)+(1_bc)2+1/4_(1_bc)<
(1=re)?+1/4— (1 —ru)+ (1 —go)?+1/4
_(1_90’)+(1_bc/)2+1/4_(1_bc/)

& (1-r)=1/2 + (1 —gc) - 1/2)*+
(1 =be) =1/2)*) < ((1 —re) = 1/2)%+
((1 _gc’) - 1/222+,((1 _bc’) _1/2) )

< D(co(c),m) < D(co(c'),m)
Soweget (D.,vy > 0and D vy > 0) and D(c, V) =D(c/,V)and D(c,m)
< D(C m) (D(CO(C) V) < 0and D(CO (¢"),V) 0) ( O(C)7 V) =

D(co(c’), V) and D(co(c),m) < D(co(c’),m).

2.2.3 (D.,vy <0and D vy < 0)and D(c, V) = D(¢/, V) and D(c, m) >
D(CI, m) - (D(co(c),V) > 0and D(CO(C/)’V) > 0) and D(CO( ) V) =
D(co(c"), V) and D(co(c), m) > D(co(c"), m).

2.3 D¢v)y = D(,vy#0 and D(c,m) = D(c',m)

A. 0, €0,n

i. ¢, €0,n[
Fromc <pgp ¢ itfollowsthat 6/ < ¢,. By definition of co we get:
0rp(e) =0 +mandb,, = 0;, + = and hencefrom 6, < 6, we get
0. +m<0,+mie, HCO(C) < 9’60(0,).
ii. 0, € [, 27
From ¢ <pgp ¢ it followsthat 6. < ¢’,. By definition of co we get:
0.p(e) = 0. +mand0,, ., =0, —mandhencefrom ¢ + 7 € [, 27|
and0;, —m € [0, m[wegetb;, .., < b7, -

B. 0. € [m,27]

i. 0., € [0, 7], impossible
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ii. 0!, € [m, 27|
From ¢ <pgp ¢ itfollowsthat 6/ > ¢/,. By definition of co we get:
0rp(e) = 0. —mand 0, =0, — = and hencefrom 6, > 6, weget

! / !
0. —m >0, 7TI€9 (C)_eco(c,)

2.4.1 D(. vy = D(o,vy = 0and D(c,m)cos(d,) < D(c',m) cos(d.,), where

D(c,m)cos(0..) < D(c',m)cos(6.,)

< —D(c,m) cos(0,) > —D(c',m) cos(¢,,)

< D(c,m)cos((6, + m) mod 27) > D(c’, m) cos((6., + m) mod 27)
< D(c,m)cos(8;,,.y) > D(c',m)cos(0,,.)),

where we have used the property that
cos(z + ) = cos(x — w) = — cos(x)

and
(r+7m)mod2r =z —7morx+m

foral z € [0, 27].
Soweget D, vy = D vy = 0and D(c,m)cos(,.) < D(c',m)cos(0,) <
D (co(e),v) = Dco(ery,vy = 0@and D(c, m) cos(@éo(c)) > D(c,m) cos(@éo(c )).

2.4.3 D(.vy = D vy = 0and D(c,m)cos(0,) = D(c’,m) cos(f.,) and

D(c,m)sin(0.) < D(c’,m)sin(6,), where

D(c,m)cos(0,) = D(c, m) cos( ')

& —D(¢,m) cos(0;,) = =D(c',m) cos(6.)

< D(c,m)cos((0, + m) mod 27r) (c m) cos((6, + m) mod 27)
< D(c,m) Cos(ﬂco(c)) D(c',m) COS(@CO(C/))

and

( m)sin(6,,) < D(c',m)sin(6.,)

—D(¢,m)sin(0.) > —D(c',m)sin(6’,)
D(c,m)sin((0,, + m) mod 27) > D(c¢’, m)sin((0., + m) mod 2m)
D(e, )sm(@’ ) > D(c,m) Sm(QCO(C ))

where we have used the property that
sin(z + m) = sin(z — m) = —sin(x)

and
(x4+m)mod2r =z —morax+m
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foral z € [0, 27].

Soweget D, vy = D(,vy = 0and D(c,m) cos(f,) = D(c,m) cos(d,,) and

D(c,m)sin(0;,) < D(c',m)sin(0,,) < Dco(e),v) = D(co(er),v) = 0 and
D(e,m) cos(0,,) = D(c',m)cos(0,,) and D(c,m) sin(0y, ) >

D(c',m)sin(0,,.))-

=c<pap & co(c) >rap co(d).

4.3.8 Associated Minimum and Maximum Operators

The minimum (maximum) of aset S of n colourscq(r1, g1,01), .-, cn(Thn, gn, bn) IN
RGB isthecolour ¢, € S whereforec, <grgp ¢ (ca >rap ), fordli=1...n

(RGB, <prgp) isaposet, and what is more, by definition of the order relation < g,
it holds that

(Ve, cd e RGB)(¢c <reB corcd <gpan c),

sothat (RGB, SRGB) isatotally ordered set (maxra (¢, ¢’) and mingap(c, C/)
exist for al ¢,¢’ € RGB), and thus a lattice. The greatest element in (RGB, <grcp)
is1=(1,1,1)and thesmallest elementis0 = (0, 0, 0), so we get abounded complete
lattice. We will sometimes drop the index RGB.

Since colour imagesin the RGB colour model canbemodelledasR?2 — (RG B, <ras)
mappings and because (RG B, < rc) isacomplete lattice, we can identify colour
images in RGB with £-fuzzy sets on R?, with (£, <) = (RGB,<rgg), and thus
define for afamily (A;)?_, of colour imagesin RGB

ﬂRGBAi(m) = _E(iin RGBAi(m); Vo € RQ,
URGBAi(x)
=1

max raBAi(z), Vo € R?,
1=1...n

S0 that (]:RGB(X), mRGB7URGB) is alattice with an ordering defined for all A, B €
fRGB(X) as

A CreB B& (VJT S X)(A(J,‘) <RGB B(J?))
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Let NV beanegator on RGB, 7 at-norm and S at-conorm on RGB. For a colour image
A in RGB and afamily (A;)*_, of colour imagesin RGB we define

conA(z) = N(A(z)), Vo € R?,

ﬂTAi(x) = T(A(2), As(2),...,14,(z)), Yz € R?,

Usdiz) = S(Ai(), As(x),..., An(x)), Vo € R®.

i=1

Extension of greyscale morphology to colour morphology in RGB

We extend the basic morphol ogical operators dilation and erosion for greyscal e images
based on the threshold, umbra and fuzzy approach to colour images modelled in RGB.
For proofswe refer to the equivalent propertiesin the HSV colour model.

e Threshold approach

Let A be a colour image, represented as aR? — (RGB, <pcp) Mapping, and B a
binary structuring element (C R?2).

Definition 4.51. Let A be a colour image and B a binary structuring element. The
threshold ‘colour’ dilation D;(A, B) and the threshold ‘colour’ erosion E;(A, B)
are the colour images given by

Di(A, B)(y) défRGB max A(z) fory e R?
z€Ty(B)

E(AB)y) “res  min A(z) fory e R2.
z€Ty(B)

Property 4.52.

Dt(ﬁ,B) =rap 0 and E_"t(i, B) =rcB 1
Dy(A,0) =rep 0 and Ei(A,0) =ges 1.
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Property 4.54 (Monotonicity). If A and B are two colour images, and C and C'’ are
two binary structuring elements, then it holds that

ACra B = Dy(A,C) Cres Di(B,C) and

A
CCC = DyAC)Crap Di(A C') and

Property 4.55 (Inclusion).

Property 4.56 (Extensity).
0€B = ACgap Di(A, B)and Ei(A,B) Cras A.

Property 4.57 (Interaction with inter section and union). Consider afamily (A;),
of colour images and a family (B;)?_, of binary structuring elements.
For thet-*colour’ dilation it holds that

5t(ﬂ A;,B) CraB )i(A;, B)
i=1 i=1
DA, (\Bi) Cree [ Di(A By);

s
I
-
-
I
—

=
S
B
=

5t(U A;,B) =gras

-
I
—
-
3 |l
—

n
Dy (A, U B;) =raB Dy(A, B;).
i=1

<.
Il
i

For the t-‘colour’ erosion it holds that

3
s

Ey(() Ai,B) =ras 5 (A, B)
i=1 i=1
Ey(A,(\B:) 2res |JEi(A Bi);
i=1 i=1
E(|JAi.B) 2res |JEi(4i,B)
i=1 i=1
Ey(A,|JBi) =res 5 (A, B).

@
I
—

i=1
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Property 4.58. Let A bea colour imageand B and C' two binary structuring elements,
then

Dy(Dy(A,B),C) =grep  Dy(Dy(A,C), B)

E/(E/(A,B),C) =grep EH(E/(A,C),B).
e Fuzzy approach

The support d 4 of acolour image A in RGB is defined as the set
da = {x € R* | A(z) >rcep 0}.

Definition 4.59. Let A be a colour image and B a colour structuring element (both
seen as (RG B, <rap)-fuzzy sets), C a conjunctor on (RGB, <gap) andZ animpli-
cator on (RGB, <rgp). Thefuzzy ‘colour’ dilation Dg (A, B) andthefuzzy ‘colour’
erosion E7(A, B) arethe (RG B, < rap)-fuzzy sets defined as

De(A,B)w) Frep  max  C(B(r—y),A(x) forye R,
zely(dp

Er(A,B)y) " res min | T(B(r —y), Alz)) for y € R2.
zely(dp

Notice that we can write

def

max C(B(x —vy),A(x)) = prep max C(Rp(x,y), A(x)),
x€Ty,(dB) TER2

min  T(B(z —y), Ax) “pop min I(Rp(z,y), Ax)),
z€Ty(dB) zER?

for al y in R2, whereby
Rp:R? xR? = (RGB, <gpaB),

Rp = BoV withV definedas V(z,y) = 2 —y = (z1,22) — (y1,92) = (21 —
Y1, T2 — y2), V(x,y) € (R?)? sothat Rp(x,y) = B(x — y).

Property 4.60. [12] Let 7 be a t-norm and Z be an implicator on (RGB, < gaB),
then it holds:

D¢(0,B) =rgp 0 and Ez(1,B) =pep 1.
If B(0) =rep 1, thenit holds:

ﬁc(T,B) :RGBT and Ez(ﬁ,B) =RGB 6
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Property 4.61 (Duality dilation-erosion). [12] Let 7 be a t-norm on RGB, A an
involutive negator on RGB and Z - the corresponding S-implicator. For every colour
image A and colour structuring element B we have
conD7(A,B) =prep Ez, (conA, B)
Dr(coyA,B) =rep con(Ezy (A B)).
Property 4.62 (Monotonicity). [Generalisation of [12]] If A and B are two colour
images, C' and C" two colour structuring elements, C; and Cs two conjunctors and Z;
and Z, two implicators on RGB, then it holds that
ACrep B = Dc(A,C) Crap De(B,C) an
Ez(A,C) Crep Er(B,0)
C Crop C' = Dc(A,C) Cras De(A,C') and
- A C) ORGB EI(A C/)
CiCraCr = De¢, (A C) CraB DCQ(A C) and
Ti Crep Io = E1,(A,C) Crep Br,(A,C)

l N

Property 4.63 (Inclusion). [Generalisation of [12]] Let C be a seminorm and Z an
edge-implicator on RGB. Consider a colour image A and a ‘normalized’ colour struc-
turing element B, that is, (Vy € R?)(3z € R?)(B(z — y) = 1). It holds that

E7(A, B) Crap De(A, B).

Property 4.64. [Generalisation of [12]] Let C be a seminormand Z an edge-
implicator on RGB. For every colour image A and every colour structuring element B,
it holds that

B(O) =RGB 1 = A gRGB [jc(A,B) and EI(A,B) gRGB A.

Property 4.65 (Interaction with intersection and union). [Generalisation of [12]]
Consider afamily (A;)?_, of colour imagesand a family (B;)!_, of colour structuring
elements. For the C-‘ colour’ dilation it holds that

De(A;, B)

DL

Dec([)Ai.B) Cres

.
3 |l
—

S
B
>

n
De(A, () Bi) Cres

<.
Il
i

=
S
=
=

c(lJA4i.B) =reB

<.
Il
i

=
S
=
>

De(A,| JBi) =res

.
I
—
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For the Z-‘ colour’ erosion it holds that

EZ(()AiB) =res [ )FEz(AsB)
i=1

E7(A, ﬂ B;) DrcB U Ez(A, By);
i=1

EI(U A;,B) Dras 77(A;, B)
i1 i1
n n

Ez(A, U B;) =rcB (A, By).
i1 i=1

Some examples of conjunctorsC on (RGB, < rap) are
1. Ciin(y,0) = mingap(y,9)
2. Cu(y,0) ==, Vvy,0 € RGB.

One can easily show that the conjunctor C,,;,, as well as the conjunctor C, is at-norm
on (RGB, <grgp); we note 7,,,;,, and 7. The S-implicatorsinduced by 7,,,;, (and 72.)
and the standard negator NV (c) = 1rgp — ¢, foral ¢ € RGB,on (RGB,<ggp) ae
then given by

1 Ir.N. (7, 0) = maxgep(1l — 7, 6)
2. I7. N.(7,0) =1—(y*(1-9)), Vv,6 € RGB.
e Umbra approach

Definition 4.66. Let A be a colour image and B a colour structuring element (both
represented asR? — (RG B, <rgp) mappings). The umbra ‘colour’ dilation
D, (A, B) andtheumbra‘colour’ erosion E, (A, B) are the colour images given by

ﬁu(A, B)(y) défRGB max A(z)® B(x—y) forye R?,
z€Ty(dB)

B (AB)(y) “resp  min A@)©Bx—y) foryeR
z€Ty(dB)

where @ and © are colour mix operators.

Definition 4.67. Let c and ¢’ betwo coloursin RGB. We define the col our mix operators
@ and © for cand ¢’ as

OrcB ifc=raB OrGB

/
C C = .
® RGB { ¢ +rep . otherwise ’

1rcB ifc=raB 1raB

/
C C = .
© RGB { c—rap ', oOtherwise
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Property 4.68.

5u(6,B) :RGBG and E;(T,B) =RGB T

Proof
For all y inIR? it holds that

= 0 Bz —y) = 0P Blx—y)=0=0
D, (0, B)(y) zernT?g(B)O(@ © B(r —y) L © B(r—vy) (),

z€Ty(B) z€Ty(B)

Property 4.69 (Duality dilation-erosion).
(A,

Proof
].) If A 7£RGB Tweget:

—

Du(A,B) =grap co(Ey(co(A), B))

u
B) —=RGB co(ﬁu

co(Dy(co(A), B))(y) = 1res — Du(lres — A, B)(y)
= 1lgrep — mz%x (Lrep — A)(z) ® B(z —y)

z€Ty(dp

= min lgrgp —
z€Ty(dB)

= min lgragp —
z€Ty(dp)

(Lrep — A)(z) ® B(z —y))

<1 —TA@ +TB@—y)
2 b)

1 —9a@) +9B@—y) 1 —ba@ + bB(x—y))
’ 2

2

i (TA(x>+1—7“B(x—y>

z€Ty(dB)

2 )

9a@ +1-9B@—y) ba@ +1- bB(x—y))
’ 2

2

= Fu(A,B)(y), Yy

e R

E,(1,B)(y)= min 1(z) © Bz —y)= min 1 © Bz —y)=1=1(y).
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2) If A 7£RGB ﬁweget:

co(Eu(co(A), B))(y)

—

1res — Eu(lrae — A, B)(y)
lrgp — min (lrgp — A)(z) © B(x —y)

€Ty (dp

1 —((1 — A
ze%a(ﬁs) reB — ((Lren )(x) ®

(Lrgs — B)(x —y))
1=7a@) + 1= 7By

max lrap — (

CEETy(dB) 2
1= 9a@) +1=9B@—y) 1 —ba@) +1 0@y
2 ’ 2

max (rA(m) + rB(ziy) 9
2€T,(dp) 2
9A(z) T 9B(a—y) bA(x) T OB—y)

2 ’ 2
Di(4, B)(y), Vy € R2.
3)If A=rgp 1 weget:
co(Dy(co(1),B))(y) = 1rce — Du(0,B)(y)

4) If A=gran ﬁweget:

= 1greB — OrcB

1rca
= Eu(ivB)(y)v VyGRQ'

co(E4(co(0), B))(y) = 1lres— Eu(1,B)(y)

= 1greB — 1lgrgB
= Ogrgsn
= D.(0,B)(y), Yy € R*.

4.3.9 Experimental Results

In figures 4.26 to 4.43 you see the results of the different kinds of morphological op-
eratorsin RGB. We have used the same structuring elements as before. In figure 4.26,
4.27 and 4.28 the t-morphological colour operators dilation and erosion in RGB are
illustrated for the component-based and the proposed approach. The results ook very
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Figure4.26: T-morphological operatorsin RGB: the component-based t-dilation D; (C, B')and
thet-‘colour’ dilation D, (C, B').



144 Colour Morphology

Figure4.27: T-morphological operatorsin RGB: the component-based t-erosion £ (C, B')and
thet-‘colour’ erosion E,(C, B').
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similar, but pay attention to the hat for example. Figure 4.28 shows that more colours
presented in the origina colour image occur in the results with our approach than in
the results with the other approach. Thisway more details from the original image are
preserved with our method.

Figure 4.28: T-morphological operators in RGB: left column: the component-based t-dilation
Dy(C, B') and the t-*colour’ dilation D¢ (C, B'), right column: the component-based t-erosion
E+(C,B") and t-‘colour’ erosion E¢(C, B').

Figure 4.29, 4.30 and 4.31 show the results for the fuzzy morphological colour opera-
torsin RGB with conjunctor-implicator pair (7 min, Z7,,,,,". ) for the component-based
approach and our method. Again, the obtained results are very similar, but some de-
tails, especially along edges, are better visible with the proposed method.
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Figure 4.29: Fuzzy morphological operators for (Zmin, Z7,,,,.n,) iN RGB: the component-

n

based fuzzy dilation D, (C, B"") and the fuzzy ‘colour’ dilation D~ ,, (C, B"™).

1 1
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Figure 4.30: Fuzzy morphological operators for (Zmin, Z7,,,,.~.) iN RGB: the component-

min»/Vs

based fuzzy erosion Bz, . (C, B"") and the fuzzy ‘colour’ erosion Ez,. . (C,B"™).
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Figure 4.31: Fuzzy morphological operators for (C,Z) = (Zmin, Z7,,;,,N,) IN RGB: at the
top: original image C, left column: the component-based fuzzy dilation D7, . (C, BY") and
the fuzzy ‘colour dilation D, (C, B"™), right column: the component-based fuzzy erosion

m

Bz, . (C,B"") and thefuzzy ‘colour erosion Ez, . (C,B"™").

The fuzzy colour dilation and erosion for (C,Z) = (7., Zr, ) in RGB for the com-
ponent-based approach and the proposed method are shown in figures 4.32, 4.33 and
4.34. Theresults for both approaches are quite similar.
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Figure4.32: Fuzzy morphological operatorsfor (C,Z) = (7, Zz. ) in RGB: the component-
based fuzzy dilation Dz, (C, B") and the fuzzy ‘colour’ dilation D, (C, B").
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Figure4.33: Fuzzy morphological operatorsfor (C,Z) = (7., Zz, . ) in RGB: the component-
based fuzzy erosion Ez,., . (C, B”) and the fuzzy *colour’ erosion £z, (C, B").
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Figure 4.34: Fuzzy morphological operators for (C,Z) = (7+,Zr,,~.) in RGB: at the top: the
component-based fuzzy dilation Dz, (C, B") and the fuzzy “colour dilation D, (C, B"), a
the bottom: the component-based fuzzy erosion Ez,, . (C, B’") and thefuzzy ‘colour’ erosion
Ez,. . (C,B").

The umbra colour operators in RGB for the component-based approach and the pro-
posed method areillustrated in figures 4.35, 4.36 and 4.37. The original results as well
as the results where the new colours have been replaced by the original colours of the
corresponding pixel positions are shown.
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Figure 4.35: U-morphological operators in RGB: the u-‘colour’ dilation 13u(C, B"h) (top)
and the u-*colour’ erosion E,,(C, BY™") (bottom).
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Figure 4.36: U-morphological operators in RGB: the u-‘colour’ dilation ﬁu(C, B"h) (top)
and the u-*colour’ erosion E,,(C, B"™) (bottom) containing no new colours.
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Figure 4.37:  U-morphological operators in RGB: left column: the u-‘colour’ dilation
D, (C, B"™), right column: the u-colour’ erosion E,,(C, BY"), from top to bottom: con-
taining new colours and containing no new colours.
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We have compared our technique in RGB with the following state-of-the-art methods:
we have used the a-modulus lexicographical order I — RG B, presented in [5] to de-
termine the t-morphologica operators dilation and erosion and the proposed vector
dilation and vector erosion of [8] using a reduced ordering with as measurement func-
tions the luminance image and the Euclidean distance.

Figure 4.38: Thet-dilation in RGB by structuring element B’: above: using our RGB ordering

(left) and the I — RG Ba=10 ordering (right), below: using areduced ordering with the luminance
image (left) and the Euclidean distance (right) as measurement functions.
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Figure 4.39: Thet-erosion in RGB by structuring element B’: above: using our RGB ordering
(left) and the I — RG B—10 ordering (right), below: using areduced ordering with theluminance
image (left) and the Euclidean distance (right) as measurement functions.
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Figure 4.40: The t-dilation in RGB by structuring element BY%: above: using our RGB
ordering (left) and the I — RG Ba—10 ordering (right), below: using areduced ordering with the
luminance image (left) and the Euclidean distance (right) as measurement functions.
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Figure 4.41: The t-erosion in RGB by structuring element B : above: using our RGB
ordering (left) and the I — RG Ba—10 ordering (right), below: using areduced ordering with the
luminance image (left) and the Euclidean distance (right) as measurement functions.
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Figure4.42: Thet-dilationin RGB by structuring element B’: above: the original colour image,
in the middle: using our RGB ordering (left) and the I — RG B,—10 ordering (right), below:

using a reduced ordering with the luminance image (left) and the Euclidean distance (right) as
measurement functions.




160 Colour Morphology

v

h E
Figure4.43: Thet-erosionin RGB by structuring element B’: above: the original colour image,
in the middle: using our RGB ordering (left) and the I — RG B,—10 ordering (right), below:

using a reduced ordering with the luminance image (left) and the Euclidean distance (right) as
measurement functions.

All methods give similar results, but look carefully at the hat of the Lenaimage. More
details from the original image are visible because more colours from the original
colour image are presented in the results with our approach than in the results obtained
by the other approaches.
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At last we give an overview of the propertiesthat still hold for the new colour morpho-
logical operatorsin the RGB, HSV and L*a*b* colour model:

Threshold | Fuzzy | Umbra
Duality dilation-erosion X X X
Monotonicity X X
Inclusion X X
Interaction with intersection and union X X

4.3.10 Conclusion

We have presented a new vector ordering procedure for morphological processing of
colour images on fuzzy sets, umbraand threshol ding techniques. The problem of 1ook-
ing for a vector ordering for colour or multivariate morphological image processing
is not new and is being developed since the early 90’s. What is new here is the used
approach, namely through the umbra approach and fuzzy set theory. We may conclude
that our new method provides better results than those obtained by the component-
based approach and similar or better results than those obtained by other state-of-the-
art methods. On the one hand one great advantage is that the existing correlations
between the different colour components are taken into account. Firstly, the colours
are preserved and thus no new colours appear after applying the new vector t- and
fuzzy morphologica operatorsfor (C,Z) = (Tmin, Z7,,.,,,n.) t0 colour images. Sec-
ondly, more details from the original colour image are preserved and thus visible. On
the other hand visual inspection shows that there still may appear some little artefacts.
As future work we can set up an experiment regarding the psycho visual behaviour of
similarity measures, which can be useful for the eval uation of morphological operators.
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Chapter 5

| mage M agnification

We now introduce a new image magnification approach [14]. First we demonstrate the
hit-or-miss transformation and explain the pixel replication or nearest neighbour inter-
polation, used asthefirst ‘trivial’ interpolation step in our method. Next we discuss our
corner detection method, using different kinds of structuring elements, and describe our
corner correction, first for magnification by afactor 2 and then for magnification by an
integer factor n > 2. In the previous chapter we have presented a new vector ordering
<rap for colours modelled in the RGB colour model. We have also defined a com-
plement co for coloursin RGB, with which our new ordering is compatible. Here we
use < g inour morphol ogical magnification method, where we need the compatibil-
ity of <rap With co to detect cornersin an image by the hit-or-miss transformation.
Thereafter we compare our magnification method experimentally to other well-known
approaches. The results show that our method provides a visual improvement in qual-
ity on existing techniques: amost all jagged effects have been removed so that the
edges become smooth. Finaly, in the last section, we present the extension of our new
magnification method towards colour images in RGB with ‘vague' edges.

5.1 TheHit-or-Miss Transfor mation

Consider abinary image X and two binary structuring elements A and B.
The hit-or-missoperator of X by A and B is defined as

X ® (A, B) = E(X, A) N E(co(X), B),

where co(X) is the complement of X w.rt. R2. The result isempty if AN B # 0.
The name hit-or-miss operator can be explained as follows: a pixel 4 belongs to the
hit-or-misstransformation X @ (A, B) if and only if T, (A) doesnot hit (intersect with)
co(X) and T\, (B) does not hit X. The hit-or-miss operator is very useful for the de-
tection of pointsinside animage with certain (local) geometric properties, e.qg. isolated
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points, edge points, corner points.

The basic idea behind the hit-or-misstransformation consistsin extracting image pixels
having a given neighbouring configuration. The neighbouring configuration is there-
fore defined by two digoint sets, the first for the object pixels and the second for the
background pixels. These two sets are two composite structuring elements that have
the same origin. As an examplewe show the detection of the upper-left corner points of
objectsin animagein figure 5.1. The structuring elements A and B have been chosen
in such a way that the hit-or-miss operator detects the lower left corner points of the
original image.

ENEBRDRN
X | M- 0x] [ ]
[l [ ] ]

[x[ix] o

Figure 5.1: From left to right: The structuring elements (A, B), where A contains the white
pixelswith (x)-symbol and B the white pixelswith (-)-symboal, the original binary image X and
the hit-or-miss transformation X ® (A, B) (only the white pixels).

More information about the hit-or-miss transformation can be found in [25].

5.2 New Morphological ImagelInterpolation Method to
Magnify Imageswith Sharp Edges

5.2.1 Pixel Replication or Nearest Neighbour Interpolation

When we magnify an image V' times, the number of pixels will increase (V2 times).
The easiest way to enlarge an image is to copy the existing pixel values to the new
neighbouring pixels. If we magnify animage V' times, one pixel in the original image
will be replaced by a square of V' x V' pixelsin the new image. Thisis caled pixel
replication or nearest neighbour interpolation. The result is quite poor, but we can
useit asafirst ‘trivial’ interpolation step.

5.2.2 Corner Detection

To detect the unwanted jaggies in the nearest neighbour interpolated image, we first
determine the inner edge-image of the blown up image using the structuring element



5.2 New Sharp Morphological Image Interpolation Method 165

BRI and then apply the hit-or-miss operator to obtain the positions of the object
corner edge pixels. The advantage of the internal morphological gradient is that this
gradient gives the correct positions of corner pixelsin an image. Let us cal O the
nearest neighbour interpolated image of an original image X, co(O) the complement
of O, Ocage the inner edge-image of O, and O¢,,. the inner edge-image of co(O). If
the original image X isabinary image, the blown up image O will be abinary image,
and so will the inner edge-image O.q4.. On the other hand, if the original image X is
a colour image, the inner edge-image O .44 Of the blown up image O will aso be a
colour image, but we transform it into a greyscaleimage by giving all non-black pixels
agrey vaue:

Ocage = double(Ocdge);
[moedge; nOedge; 3] = Size(oedge)§
Oedge,ne'w = Zeros(moedge; nOedgea 3);

fori =1:m0cq4c
for j = 1:n0cqge
Oedge,new (L; ja ]-) = InaX(InaX(Oedge (Zv ja 1)7 Oedge (L; jv 2)); Oedge (L; jv 3))’
Oedge,ne'w(i;j7 2) = Oedge,new (i,j, 1);
Oedge,ne'w(i;j7 3) = Oedge,new (i,j, 1);
end;
end;
Oedge =ui ntS(Oedge,new);

Analogously for the inner edge-image O¢,,,. of the complementary image co(0).

With a given pair of structuring elements (A, B) we first determine the hit-or-miss
transformation Ocage ® (A, B) and secondly the hit-or-miss transformation O¢,; . ®
(A, B). Thisway we will not only detect corners of objects in O, but also corners
of objects in co(O). Not al the corner pixels in the image should be changed, be-
cause some corners are ‘real’ corners, which have to be preserved in the magnified
image, whereas others are part of jaggies and have to be removed. Therefore we will
use different kinds of binary structuring elements in our hit-or-miss transformation.
The structuring elements used for magnification by afactor 2 are shown in figure 5.2,
where A, contains the white pixels (x) and B; the white pixels (-), ¢ = 1...9. The
other structuring elements are rotated or reflected versions of these. For example, the
structuring elements (A, By ) will alow usto detect all upper-left corner pixels, while
using structuring elements that are properly rotated versions of (A1, By), we will de-
tect al upper-right, lower-left and lower-right corners. And we not only look for cor-
ners of the ‘foreground’ objects, but also for corners of the ‘background’ objects. In
the example in section 5.1 (figure 5.1), not only the white pixels (X ® (A, B)) will
be detected (foreground object corners), but a so the black pixels with white x-symbol
(co(X)® (A, B)) (background object corners). Consequently we have 8 different kinds
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of corner pixels (4 ‘foreground’ object corner pixels and 4 ‘ background’ object corner
pixels).
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Figure5.2: The used binary structuring elements (1) (A1, B1) ... (9) (Ag, By) (the underlined
element corresponds to the origin of coordinates) for magnification by afactor 2.

5.2.3 Corner Correction

In this section we explain our proposed corner transformation method, whichis atrade-
off between blur and jaggies, for magnification by afactor 2.

Binary images

If the original image X is abinary image, then the nearest neighbour interpolated

image O of X isalso abinary image, and so are the complement co(O) of O, theinner
edge-image O.q4c Of O and the inner edge-image O¢ ;. of co(0O). We can apply the
hit-or-miss operator on the binary images O .q4. and O and get binary images as

edge’
result.

Step 1. We look for corners determined by the structuring elements (A1, B1) and
their rotations. For example, we detect an upper-left foreground corner pixel a or
an upper-left background corner pixel «* at position (7, j) in O (see figure 5.3). An
upper-left foreground corner pixel will be determined by the hit-or-misstransformation
Oecage @ (A1, B1), while an upper-left background corner pixel will be determined by

the hit-or-miss transformation O¢,;,. ® (A1, B1). Then we change the colour of the
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pixel a position (7, j) in the blown up image O by a mixture of the ‘foreground’ and
‘background’ colour of the surrounding pixels. We obtain this by adding a mixture of
the pixel valuesat positions (i — 1, j) and (¢, j — 1) to the pixel value at position (4, 7).
Let [re, gc, be] @nd [rer, ger, ber] bethe RGB colour vectors of the pixelsO(i — 1, j) and
O(i,j —1) respectively, and if we call our new image O ¢4, then Oy,eq (2, 5) (1, g, b) =
(O(Z - ]-a j)(rcv Yes bc) + O(L,j - 1)(7'5/, ey bC’)) + O(La j)(ria 9i, bl)' with the new
colour value of the pixel O,,.., (7, 7) defined as

def TetT.r def c v def be+b,.s
P (e e, g (S5 g g b (b )

FF e

Figure5.3: Step 1 worked out for the structuring elements (A1, B1).

Step 2. In step 2 we detect corners with the pair (A», Bs). If we detect such a fore-
ground corner a or a background corner a * at position (4, ) in O (see figure 5.4), we
changethe corner pixelsat positions (i — 1, j) and (i, — 1) or at positions (i — 1, j — 1)
and (¢, 7) intheblownupimage O,,..,. First we determineif the pixel value O(i —1, j)
isequal to the pixel value O(i, j — 1). Analogously for O(i — 1,5 — 1) and O(i, j). If
O(i—1,7) = O(i,j—1)and O(i—1, j—1) # O(i, 5), thenwefill the pixelsat positions
(i—1,j—1)and (i, ) with thepixel value O(i — 1, §). If O(i—1,7—1) = O(i, j) and
O(i—1,7) # O(i,j—1), thenwefill the pixelsat positions (i — 1, j) and (¢, j — 1) with
thepixel valueO(i—1,j—1). 1f O(i—1,j—1) = O(i,j) and O(i—1,5) = O(i,j—1),
we determine which of the two pixel valuesO(i — 1, j) and O(i — 1,7 — 1) isthe fore-
ground colour. Note that the foreground colour is defined by the minority colour in the
image. So we determine which of the two valuesO(i — 1,j) and O(i — 1,5 — 1) is
less present in theimage. If O(i — 1, j) is the foreground colour, we fill the pixels at
positions (i — 1,7 — 1) and (4, j) withO(i — 1, 4). If O(i — 1, j — 1) isthe foreground
colour, we fill the pixelsat positions (i — 1, ) and (¢,j — 1) withO(i — 1,5 — 1). If
thereis no minority colour O(i — 1,5) or O(i — 1, j — 1) intheimage, that is, if there
are asmany colour pixelsO(i — 1, j) ascolour pixelsO(i — 1,7 — 1) intheimage, we
leave the colour values of the pixels unchanged.
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Figure5.4: Step 2 illustrated for the structuring elements (A2, B2).

Step 3. We have added the structuring elements (As, Bs), (A4, By), (As, Bs) and
rotated or reflected structuring elements because we experienced that they are repre-
sentative for the corner structures that should not be changed in an image. When we
find a corner determined by one of these structuring elements, we |leave the observed
pixels unchanged in O,,,, to avoid that real cornerswill be removed in the magnified
image.

Step 4. Welook at structuring elements of the form (Ag, Bs), (A7, Br) and rotated or
reflected versions, see figure 5.5. In thefirst case (1) when a foreground corner a or a
background corner o * is determined by (Ag, Bg) a position (i, 7) in O, we replace the
pixel value at position (i + 1,5 — 1) or at position (i + 1, j) intheimage O .., by the
colour with RGB components

for Opew(i+ 1,7 — 1)(r, g,b):

r @B/ 147, 0" (34 g+ 1/4-9:), 0 (3/4-bo+1/4-by),

for Opew(i +1,7)(r, g,b):

P e+ 3/4m), g (14 go 43749, b (1400 +3/4-b),
where [r;, g;, b;] and [r., g., b.] are the RGB colour vectors of the pixels O(i, j) and
O(i,j — 1). Inthe second case (2), if acorner a or a* is determined by the structuring
elements (A7, Br) or by the structuring elements (Ag, Bg) in the special composition
asillustrated in figure 5.5(a) for a (for a* we get a similar figure) at position (7, j) in
O, we replace the original colour at position (i + 1, j) or at position (i + 1,5 — 1) in
Onew by the colour with RGB components
for Opew (i + 1,5 — 1)(r, 9,b):

r B+ 1/4m), 9 B/ ge+1/4-9.), b (3/4-be+1/4-by),

for Opew(i +1,7)(r, g,b):

r S (a1 3/4-m), g€ (1490 +3/4-9:), b (1/4- b+ 3/4- b)),

where [r;, g;, b;] and [r., g., b.] are the RGB colour vectors of the pixels O(i, j) and
O(i,j — 1). Thecolour value of O ey (7, J) OF Opew (i, 7 — 1) is changed to the RGB
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colour (', ¢, b’) with
for Opew (i, 5 — 1)(r, g', b'):

v s+ 3)4 ), (14 ge+3/4-g), b (14 b +3/4 - by),
for Opew(i,5)(r", g',0'):

v B e+ 1)4r), g (34 ge+1/4-g0), b (374 b, +1/4-b,).

PLiL
THHrFrr

@

Figure5.5: Step 4, at thetop: case (1) and at the bottom: case (2).

Step 5. At last we consider the pairs of structuring elements (As, Bg), (Ag, By) and
their rotated or reflected structuring elements. If we find such a foreground corner
a (or a background corner a*) at position (¢, j), then we move the colour of pixel
Onew (7/ + Lj - 1) (Onew (7/ + 17,7)) to the plXE‘I Onew (7/ + 27j - 1) (Onew (7/ + 27,7))
and givepixel Oye, (1+1,5—1) (Opew(i+1, 7)) an intermediate col our value between
the colours Oy (7, j — 1) aNd Ohewy (1 + 2,5 — 1) OF Openy (i, 5) aNA O (3 + 2, 5),
that is, Opew (i+1,7—1) = Opnew (i, j — 1)+ Opnew (i +2,5— 1) @d O (i 4+ 1, 5) =
Onew (i, j) + Onew(i + 2, ), @ shown in figure 5.6.
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o

Figure5.6: Step 5, at thetop: case (1) and at the bottom: case (2).

Colour images

When the original image X is a colour image, the blown up image O and the comple-
ment co(O) of O will also be colour images. Theinner edge-image O 4. Of O and the
inner edge-image O, of co(O) are originally both colour images, but we transform
them into greyscaleimages. The definition of the hit-or-miss operator asintersection of
two erosions can be extended to greyscal eimages, using the threshold approach for ex-
ample. The hit-or-miss operator based on the threshold approach of a greyscale image

1 by two binary structuring elements A and B is defined as
I® (A, B)=E/(I,A)N E(co(I),B),

with co(I) the complementary image of . In our method we determine the inner edge-

image (the intern morphological gradient) of a colour image X and the inner edge-

image of the complementary image co(X) of X to detect cornersin the image. It is
important and even necessary that the used colour vector ordering < g iScompatible
with the complement co to get ‘ supplementary’ inner edge-imagesfor X and co(X).
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Figure5.7: Theoriginal image X (left) and the complementary image co(X) of X (right).

In figure 5.7 you see the original image X and its complement co(X). When we
use an ordering that is not compatible with the complement co, we can get results
as in figure 5.8 (upper line) for the inner edge-image of X and co(X), where it is
impossible to detect corners using the hit-or-miss transform. Figure 5.8 (lower line)
shows the t-‘colour’ erosions of X and co(X') and their corresponding induced intern
morphological gradients.

N [ ] [=] [=]
_§-JOjo

Figure 5.8: From left to right: above: possible t-erosions of X and co(X) by Bils and
the corresponding inner edge images, when u§i ng an ordering thal is not compatible with the
complement; below: the t-‘colour’ erosions E; (X, Bils) and E:(co(X), BRdy) and their

- h - h
corresponding intern morphological gradientst;V*VGB (X) and Gf{v%VGB (co(X)),using <rgB.
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For the corner correction we can work herein the sameway as described beforefor bin-
ary images. The hit-or-misstransformations O ¢qqe ®; (A;, B;) and Ofage @t (A;, By),
fori = 1...9, are now greyscale images so that we get for every pixel in O avalue
between 0 and 1 that gives us a degree of being a corner edge pixel for that pixel. The
property ‘being a corner’ can thus be evaluated on a numeric scale, where the fuzzily
known values for this property can be represented as a fuzzy set on R. Therefore we
have constructed an S-membership function, by experiment, as you can see in figure

5.9, with parametersa = 0.15,y = 0.3 and 3 = 212, given by

S(sa,8,v): R — [0,1]
xz — 0, Vo € [—o00, a]
x e 2(3=53)% Vz € [, f]
v - 122(Z2R, Vo€ (6]
x — 1 Vo € [y, +o0].

The fuzzy property ‘being a corner’ is represented by means of the membership func-
tion S(.;0.15,0.225,0.3). Every number below o = 0.15 does not satisfy the property
‘being a corner’ at al and every number beyond the value v(> a) = 0.3 satisfies
the property ‘being a corner’ completely. Our first idea was to work with weightsin

0.5+

0 0.16 0.3 1

Figure5.9: Graphical representation of the S-membership function S(.;0.15,0.225, 0.3).

the corner correction procedure to obtain good results. We look back at step 1 in our
corner correction method, where we determine corners using the structuring elements
(A1, By) and their rotations. Instead of changing the colour at position (i, 5) in O by
(O — 1,4)(rey geybe) + O(iyj — 1)(rery geryber)) + Oy 5) (74, iy bi) We now add
aweight w, determined by Ocage ®: (A1, B1)(i,j) or Ogy,. ®: (A1, B1)(4, ), and
change the pixel values, here explained for foreground corner pixels determined by
Ocage @ (A1, B1)(34, 5), but it is analogous for background corner pixels determined
by O¢y,e @t (A1, B1)(i, ), asfollows
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O = double(0);
[mO,n0, 3] = size(O);
Onew = O;
fors=1:mO
forss=1:n0
w(s, s8) = S(Ocdge @t (A1, B1)(s, ss)(r);0.15,0.225,0.3)
S(Ocage @1 (A1, B1)(s, ss)(g);0.15,0.225,0.3)
= 5(Ocdge ®¢ (A1, B1)(s, s5)(b);0.15,0.225,0.3)
if w(s,ss) >=0.3
forsss=1:3
Onew($,55)(sss) = ((O(s — 1,ss) + O(s,ss — 1)) + O(s, 55))(s85);
end,
eseif w(s,ss) < 0.3 & w(s,ss) >=0.15
forsss=1:3
Onew(8,88)(sss) = (w(s,ss) - (O(s —1,88) + O(s,s8 — 1))
(1= w(s, 55)) - Os, 55)) (355);

SS
SS

end;

else
forsss=1:3

Ohnew(8,88)(sss) = O(s, s8)(s85);
end;
end;
end;
end;

end;
In the other steps of the corner correction we can work in the same way.

However, experiments have shown that this does not necessarily give better results, on
the contrary, as when we do not take the weight w into account. And thisis because of
the following. Consider apixel at position (¢, j) in O. When we add the weight w(z, j)
tothemixture (O(i—1, j)(7¢, ge, be)+O(i, J—1)(rer, gery ber ))+O(i, 5) (74, giy bi), 1.6,
w(i, 7)-(0(i—1,7)+0(, j—1))+(1—w(i, j))-O(i, j), thesmaller thevaluefor w(i, )
(the larger thevaluefor 1 — w(i, j)), theless differencein colour there will be between
the mixturew(i, j) - (O(i — 1,7) + O(i,5 — 1)) + (1 — w(4,5)) - O(i, 7) and O(3, j).
Consequently, this mixture will become less ‘strong’ in the sense that it is possible
that no or almost no differencein colour is visible anymore between this mixture and
O(i, j), and thus changing the pixel value at position (i, j) has had no effect, although
the corner in (7, j) has to be smoothed since it causes a staircasing effect. So we
better do not take the weight w into account in the corner transformation. The smaller
the value in (i, j) for the property ‘being a corner’, the less clear a corner is visible
at position (¢, 7) in O and the less difference in colour is noticeable between O(i, j)
and the surrounding pixel values; thelarger thevaluein (i, j) for the property ‘being a
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corner’, themore clear acorner isvisible at position (2, j) in O and the more difference
in colour is noticeable between O(4, j) and the surrounding pixel values. When we
changethe pixel valuesin (i, j) by (O(i —1,5)(r¢, ge, be) +O(i, 5 — 1) (rery ger s ber)) +
O(i,7)(rs,9i,bi), we will get a gradual corner correction transition from pixels not
being a corner to pixels being a corner.

We have made the choice, by experiments, that if w(i, j) < 0.15, thenthereisno corner
or the corner-property is very weak at position (4, j) in O so that we do not chance the
pixel valuesin (i, j), because otherwisetoo much pixelsin theimage would be changed
creating a blurring effect. If w(i,j) > 0.15, then there is avisible corner at position
(4,4) in O, which has to be smoothed, because otherwise jagged edges would remain
in the image. We get:

O = double(0);
[mO,n0O, 3] = size(O);
Onew = O;
fors=1:m0O

forss=1:n0
w(s, s8) = S(Ocdge @t (A1, B1)(s, ss)(r);0.15,0.225,0.3)
= 5(Ocdge ®¢ (A1, B1)(s,s5)(9);0.15,0.225,0.3)
= 5(Ocdge ®¢ (A1, B1)(s,s5)(b);0.15,0.225,0.3)
if w(s,ss) >=0.15
forsss=1:3
Onew($,55)(sss) = ((O(s — 1,ss) + O(s,ss — 1)) + O(s, 55))(s85);
end,
else

SS
SS

forsss=1:3
Onew(8,88)(sss) = O(s, s8)(s85);
end;
end;
end;
end;
end;

In the other steps of the corner transformation we work in the same way.

5.24 Magnification by an Integer Factor n > 2

Now, for magnification by an integer factor n > 2, we have to extend the structuring
elements to alarger size but a similar shape, and the way of filling up the edge pixels
will change a bit, but is analogous. In figure 5.10 we have illustrated this process for
magnification by a factor 3. In figure 5.11 and 5.12 you see our corner correction for
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magnification by afactor 4 and 5, where we have replaced the colour valuesin asimilar
way. And so you can go on for magnification by alarger integer factor.
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Figure5.10: Corner correction for magnification by afactor 3.
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Figure5.11: Corner correction for magnification by afactor 4.
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Figure5.12: Corner correction for magnification by afactor 5.
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525 Experimental Results

Figures 5.13 to 5.16 show some results of our interpolation method.

Click Art Personal Graphics © 1988 T/Maker Co.

Figure5.13: At the top: the pixel replicated ‘ cartoon’ image for magnification by afactor 2, at
the bottom: the result of our morphological interpolation method.
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Figure 5.14: At the top: the original ‘mailbox’ image (left) and the nearest neighbour interpol-
ated image for magnification by afactor 2 (right), at the bottom: the result of our new morpho-
logical interpolation method (left) and our method, giving as result a colour image with no new
colours (right).



180 Image Magnification

Figure 5.15: At thetop: the original ‘man’ image (left) and the nearest neighbour interpolated
image for magnification by afactor 2 (right), at the bottom: our new morphological interpolation
method (left) and the result of our method introducing no new colours (right).
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(Pixel replication)

(Our method) (Ha)
(Staircasing) (Bicubic)

Figure5.16: Interpolation results for magnification by afactor 3.

Figure 5.16 and 5.17 illustrate the result of several interpolation methods. We have
compared our technique with the following state-of-the-art methods: the high-quality
magnification filter Hq [76], which analyses a3 x 3 area around the source pixel and
makes use of lookup tables to get interpolated pixels of the filtered image, the staircas-
ing filter [54], which detects staircasing and changes only staircased edges and pixels,
and some classical linear interpolation methods [32], in particular, bilinear and bicubic
interpolation, which use the (weighted) mean of respectively 4 and 16 closest neigh-
bours to calculate the new pixel values, and sinc interpolation [32], which makes use
of windowed sinc functions. The main advantages and drawbacks of these linear inter-
polation filters are pointed out in [32].
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(Pixel replication) (Our method)

(Staircasing) | (Bicubic) (Sinc) (Bilinear)

Figure5.17: Result of several interpolation methods for magnification by a factor 2.

We may conclude that our new method provides very good results. |mprovementsin
visual quality can be noticed: unwanted jaggies have been removed so that edges have
become smoother and the edges are very sharp and clear. Good results are also ob-
tained with the Hq interpolation method, but our method outperformsall the others.

Our method was implemented in Matlab, which makesit hard to compare the computa-
tional complexity of this method with the others. As future work we can reimplement
all methods in the same program language, Java or C++, to make them comparable
with each other.

Remark: Sometimes it is desired that binary logos, cartoons and maps remain bin-
ary or that no new colours are introduced in a colour image after magnification. Our
method can also produce such aresult, we only haveto insert athreshold in the corner
correction method. In thefirst step al new coloured pixels with a value greater than or
equal to (O(i —1,5)+O(i,j — 1)) + O(4, j) are assigned to the background colour of
that pixel, while al other pixel values remain unchanged. In the fourth and fifth step all
pixelswith RGB colour values greater than or equal to (1/4-O(i,j—1)4+3/4-0(i, j))
are transformed to O(4, j), the values of the colour pixels greater than or equal to
(3/4-0(i,j — 1)+ 1/4 - 0O(i,j)) are transformed to O(4,j — 1), fori = 6,7,8,9,
and the pixel values greater than or equal to ([r, g, b] of the foreground colour pixel
+ [r, g, b] of the background colour pixel) are assigned to the background colour value
of that pixel. The main visual improvements can be seen in figure 5.14, 5.15 and 5.18:
the contours are smooth and text is also still interpolated very well.
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Click Art Personal Graphics © 1988 T/Maker Co.

Figure 5.18: Our new morphological interpolation method, giving as result a binary image of
the original binary image ‘cartoon’ (magnification by afactor 2).

For a binary image interpol ation method making use of mathematical morphology and
giving a black-and-whiteresult, we also refer to [31]. An extension of this approach to
greyscale images can be found in [30].

5.2.6 Conclusion

We have presented a magnification method that improves the visual quality of mag-
nified binary images with sharp boundaries. The problem of interpolating an image
is the introduction of unwanted jagged edges in the blown up image. We developed
a new approach to avoid these jaggies, making use of mathematical morphology and
our ordering <rap. We have demonstrated that our method gives beautiful results
for the magnification of colour images with sharp edges. Our next step is to extend
our approach towards all colour images with ‘vague' edges, again using mathematical
morphol ogy.
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5.3 New Morphological Imagelnterpolation Method to
Magnify | mageswith Vague Edges

5.3.1 Corner Detection

Again, we use the pixel replicated or nearest neighbour interpolated image O of an
origina image X asfirst ‘trivial’ interpolation step. Next we determine the inner edge-
image of the blown up image O, using structuring element B}/, in order to obtain
the positions of the corner pixels of unwanted jagged edges. Let us cal O .44 the
inner edge-image of O, transformed into a greyscale image, as described in section
5.2.2. Since we work here with ‘vague' edges, it is much more difficult to detect the
unwanted jaggies. In contrast with sharp edges, vague edges are usually less fine, less
clear and less sharp, whereby pixels along vague edges will have a lower degree of
being a corner edge pixel, which makes it more difficult to detect them. First we have
tried to apply the hit-or-miss operator to O and co(O) to detect edge points of jaggies,
but we did not succeed in detecting all unwanted corner pixels. The condition that a
pixel has to belong to the intersection of two erosions is too strict to detect all vague
edges. So let ustake a closer look at the inner edge-image O .44 Of a blown up image
0.

In figure 5.19 you see an example of a nearest neighbour interpolated image O and
the internal morphological gradient O .4, of O by BR/,. When we look at O,qge,
we see a kind of cross structure appearing at the edge where the pixels O cq4.(3,7),
Ocage(5,9) and O.qq¢(7, 11) indicate unwanted jaggies. Accordingly, we got the idea
to work with one type of binary structuring elements, seefigure 5.20, where A contains
the white pixels (x) and B the white pixels (e), to detect these edge pixels.
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Figure5.19: The pixel replicated image O (at the top) and the inner edge-image Ocq4. Of O by
B!, (at the bottom).
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Figure5.20: The used binary structuring elements (A, B) (the underlined element corresponds
to the origin of coordinates) for magnification by a factor 2.

With this given pair of structuring elements (A, B) we determine the erosions
Ei(Ocdge, A) and E¢(Oeqqe, B) and then take in every pixel position (7, j) of O the
maximum of E;(Oedge, A)(4, j) and Ei(Ocage, B)(i,7). The erosion E;(Ocage, A)
alows us to detect jaggies in the \-slanted direction, call this the second diagonal
direction, while the erosion E;(Ocqq4., B) alows us to detect jaggies in the /-dlanted
direction, call this the first diagona direction. The structuring elements we have used
further on are illustrated in figure 5.21. The others are rotated or reflected versions of
these.
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Figure5.21: The used binary structuring elements (1) (A1, B1) ... (8) (As, Bs) (the underlined
element corresponds to the origin of coordinates) for magnification by a factor 2, where A;
contains the white pixels (x) and B; the white pixels (e),7 =1...8.

5.3.2 Corner Correction

In this section we describe our corner correction method, which is again a trade-off
between blur and jaggies, for magnification by a factor 2.

When we detect a corner at position (¢, 7) in O, we look in which direction, along
the first or second diagonal, the edge moves and determine how strong the jaggie is
by calculating the weight w(i, 7). As explained in section 5.2.3 for colour images,
when w(i, j) < 0.15, we will leave the pixel values around O(4, j) unchanged, and
whenw(i, j) > 0.15, wewill changethe pixel valuesaround O(4, j). Dependingonin
which direction the edge moves, we will change the pixel valuesin and around O(%, j)
in a different way. When the edge moves in the second diagonal slanted direction, we
look for that side of the edge of which the colour lies closest for the human eye to
the colour value of the pixel O(4, 7). We do this by transforming the colour image O
modelled in RGB into the L*a*b* colour model, call thisimage O 1«4+, and then
calculating

north = max(norm(Or«g=p= (i, 7) — Op«gp- (i — v, j)),
norm(Op»asp- (i, §) = Or=axp+ (i, + v)));
south = max(norm(Op«g=p=(i,7) — Opxaep= (1 + v, 7)),
norm(Orsa=p- (i, §) = OL=a=p- (i, 5 = v)));

wherewv istheinteger factor by which we have magnified theimage. If north > south,
then we will change pixels at theright side of the pixel O(4, j), and if north < south,
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then we will change pixels at the |eft side of the pixel O(i, j). Analogously, when the
edge moves in the first diagonal slanted direction, we look for the side of the edge of
which the colour lies closest for the human eye to the colour value of the pixel O(i, j)
by calculating

north = max(norm(Op«qp= (i,J) — Opxawp- (i — v, 7)),
norm(Or=a=p+(i,J) — Opap- (1,5 —v)));
south = max(norm(Opsgp+(1,7) — Opa=p- (1 + v, 7)),
norm(Opsqep+ (1, J) — Op=qrp+ (1, j +v))).

If north > south, then we will change pixels at the |eft side of the pixel O(z, 5), and
if north < south, then we will change pixels at theright side of the pixel O(i, j).

If north = south, in the second diagonal slanted direction or in the first diagonal
slanted direction, we calculate

northl = norm(Opxg=p=(i,7) — Opsaep= (1 — v, j)),
south2 = norm(Op«q«p+ (i, ) — Opxarp (i, 5 — v)),
north2 = norm(Opxg=p=(1,§) — Op=a<p= (1,5 +v)),
southl = norm(Opsqep (i, 5) — Opsarp+ (i + v,7)).

SECOND DIAGONAL SLANTED DIRECTION

(north > south) or
((north = south) and ((northl > southl) or (north2 > south?2)))

Step 1. When we detect a corner at position (¢, 7) in O, denoted by X, aong the
second diagonal and where north > south or ((north = south) and ((northl >
southl) or (north2 > south2))), we first look in which direction, to the right or
going down, the difference in colour between O(i, j) and the neighbouring pixels is
largest, by calculating

S1 = norm(Op-a+p+ (i, ) = Or+ap+ (i, j +v))
Sa = norm(Op«g=p= (i, ) — Opxgrp= (i + v, 7)).

Dependent on in which direction we get the largest colour difference, we will change
other pixel values, as shown in figure 5.22.
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Figure5.22: Corner correction to theright if S; > S5 (left) or going down if S7 < S3 (right).

If S1 > Sa, welook at the pixelsO(i — 1,5),0(i — 2,5+ 1)and O(: — 2,5 + 3). If
S1 < So, welook at thepixelsO(i+1,5),0(i, j+1) and O(i—2, j+1). The colour of
the pixelsat position (i—1, j) or (i+1, j) in O isreplaced by amixture of the adjoining
pixels, that is, we add the pixel valuesat positions (¢, j) and (i — 1, j — 1) or at positions
(t4+2,75)and (i+1,5—1). Let[r¢, gc, be] and [rer, ger, ber] bethe RGB colour vectors
of thepixelsO(i, j) and O(i—1,j—1) or O(i+2,7) and O(i + 1, j — 1) respectively.
If we call our new image O,,c., then Oy, (i — 1, 7)(r, 9,0) = (O(4,5)(re, ge, be) +
O(Z -1,7- 1)(7”6/,96/7601)) or Onew(i + 1,j)(’l“,g,b) - (O(Z + 27j)(r0agCabC) +
O(i+1,j—1)(re, ger, ber)), with the new colour values [r, g, b] defined as

def ro4ry def g.+g.s b def b.+b.
- 2 - 2 Y = :

2

)

The colour of the pixelsat positions (i — 2, + 1) and (i — 2,5 + 3) or (i,5 + 1) and
(1—2,741)in Oy isaso replaced by amixture of the adjoining pixels. For example,
for the pixels O(i — 2,5+ 1) and O(i — 2, j + 3) we get Oeu (i — 2,5+ 1) = (O(i —
3,j+1)+0(i—2,+2)) and Opew (i —2,+3) = (0(i—3,7+3)+0(i —2,j+4)).
We have used different notations to denote which pixels should be mixed: when one of
the adjoining pixelsis lying above the considered pixel, and the other adjoining pixel
isin this case then lying at the right side, we denote ¢, and when one of the adjoining
pixelsislying below the considered pixel, and the other adjoining pixel here now at the
left side, we denote . If S; = S5, we change the pixelsasin the cases S, > S» and
S < Ss.

Thereafter we detect corners with the structuring element A if S; > S or with the
structuring element A, if 51 < S,. If S; = S5, we detect corners with the structuring
elements A, and A5 and look for which structuring element we get the largest value.

Step 2. In step 2 we calculate Ey(Ocqge, As) (7, j) and verify if Ey(Ocqge, As)(2,7) >
aand —(E¢(Ocdge, A) (1 + 2, +2) > E¢(Oedge, A) (4, j +2)). When both conditions
arefulfilled, we may assume that thereis astep at position (4, j) in the staircasing edge
that movesfurther to theright, asat position (9, 5) in O ¢qq4. showninfigure5.23. Thus
wewill smooth thejagged edgeat (i, j) further intheright direction, as shownin figure
5.24(a).
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Figure5.23: An example of an inner edge-image O.q4. Where we see an edge point at position
(9, 5) moving to theright.

e [=-[Ne =[N Ne|— [N |— e [--| e
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N NN
X
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Figure5.24: Corner transformation in step 2 for the structuring elements As, Ag and A~.



5.3 New Vague Morphological Image Interpolation Method 191

First we changethe pixel value at position (i — 1, j 4+ 2) in O ., by amixture, denoted
by , of the colour O(i — 1, j + 2) and the two adjoining colours O(i — 1, j + 1) and
O(i,7 4+ 2),i.€, Onew(i — 1,5 + 2)(r,9,0) = (O — 1,5 + 2)(re, ge, be) + O(i —
Lj+ 1)(7“0/, ge s bc’) + O(Z,j + 2)(Tc”agc”7 bc”))v where

def rotr+ron def gotg.r+g.n b def be+bo+bo
r= 3 v 9 = 3 0= 3 :

Thereafter wereplacethe pixel value O .., (i —1, j+1) by anintermediate col our value
between the colours O,eq, (i — 1, 7) @and Oy (i — 1,5 +2), 1.8, Opew (i — 1,5+ 1) =
Onew(i — 1,7) + Opew(i — 1,5 4+ 2), which we indicate by —. Next the pixel value
Onew (i — 2,7+ 5) isreplaced by amixture of the adjoining pixels O(i — 2, j + 6) and
O(i—3,j+5), again denoted by <. And at last the pixel values O 0., (i — 2, j +2) and
Onew (i1—2, j+4) are changed to an intermedi ate col our between the new colour values
Onew(i—2,7+1)and Open (i —2, 5 +3) fOr Opew (i — 2, 5+2) @0 O (i — 2, 5+ 3)
and Oy (i — 2,5+ 5) for Opew (i — 2, j + 4), again denoted by —.

Analogously we calculate E;(Ocage, A6 ) (i, j) and vexify if Ei(Ocage, A6)(4,j) >
and ~ (E¢(Oedge, A) (i + 2, +4) > Ei(Ocdge, A) (i, j +4)). When both conditions
are fulfilled, we know that at position (i, 7) thereis astep in the staircasing effect that
moves still further on to the right so that we have to smooth the jagged edge further to
theright, and so we can go on, for examplefor the structuring element A 7 asillustrated
in figure 5.24(c).

Step 3. For steps moving downstairs in the staircasing edge, determined by the struc-
turing elements A, A, A3 and A4, wework completely analogously asin step 2. The
corner correction hereisillustrated in figure 5.25.

N
\
N XN
\ N
N X[ | |
1 N | N
X | e [ [N [ [N
NN N N
e L[ e e
N N N

Figure5.25: The corner correction in step 3 worked out for the structuring elements A;, A2 and
As.
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Step 4. Finaly inthelast two steps 4 and 5 we check if the jagged cornersfollow each
other. When we detect ajagged edge point at position (7, j), welook if thereis an edge
point present at position (i — 2, j — 2). If so, then the jagged cornersfollow each other.

If not, it is possible that there is ajagged edge point present at position (i — 2,5 — 4)

or (i—4,5 —2)oratposition (: —2,j — 6) or (i — 6,5 — 2). If wefind an edge point
at position (i — 2, j — 4) that does not move to the right and is or is not coming from
an edge moving to the right, or if we find an edge point at position (: — 2, j — 6) that
moves one time to the right and is or is not coming from an edge moving to the right,

then we change the pixels around O .., (7, ) asillustrated in figure 5.26(a). If thereis
no edge point present at position (i — 2, 7 — 4) and we find an edge point at position
(i — 2, j — 6) that does not moveto the right or an edge point at position (i — 2,5 — 8)

that is moving one time to the right, then we change the pixels around O ,,c., (7, j) 8s
illustrated in figure 5.26(b). The symbol -- denotes that we add the colour of that pixel

to the colour of the left pixel, while the symbol -- denotes that we add the colour of

that pixel to the colour of theright pixel. The other symbols have been explained in the
previous steps.

X1

(b)
Figure5.26: Step 4, at the top: case (a) and at the bottom: case (b).

Step 5. In figure 5.27 we illustrate how we replace the pixel values when there is no
edge point present at position (i —2, j —2) and we detect ajagged edge point at position
(i — 4, j — 2) that does not move downstairs or at position (i — 6, j — 2) that movesone
time downstairs (see figure 5.27(a)), or when there is no edge point present at positions
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(i—2,7—2)and (i — 4, j —2) and wefind an edge point at position (i — 6, j — 2) that
does not move downstairs or at position (i — 8, j — 2) that moves one time downstairs
(seefigure 5.27(b)).
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Figure5.27: Step 5, at the left: case (a) and at the right: case (b).

In the other cases, the second diagonal slanted direction with (north < south) or
((north = south) and ((northl < southl) or (north2 < south2))) and the first di-
agonal slanted direction with (north > south) or ((north = south) and ((northl >
southl) or (north2 < south2))) and (north < south) or ((north = south) and
((northl < southl) or (north2 > south2))), we work completely analogously as
explained before so that we will only give the figures that illustrate which pixels are
changed and how they are replaced.

(north < south) or
((north = south) and ((northl < southl) or (north2 < south?2)))

Step 1.
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FIRST DIAGONAL SLANTED DIRECTION

(north > south) or
((north = south) and ((northl > southl) or (north2 < south?2)))

Step 1.
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Step 2.
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(north < south) or
((north = south) and ((northl < southl) or (north2 > south?2)))

Step 1.
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Lastly, when al cases have been considered in our method, we combine our result with
the bilinear interpolation method, as follows. Let us cal Oy;; the bilinear interpolated
image of X for magnification by afactor 2. For every position (i, 7) in O we look if
pixels have been changed in the 5 x 5 neighbourhood of O(4, j) with our method. If
no pixels have been changed in this neighbourhood, then we replace the pixel values of
Onew 1N these surroundings by the corresponding pixel valuesin O ;. We do this be-
cause our interpolation method works very well along edges between areas of objects
in the image with a different colour. But our method will not be able to detect corners
in regions with little detail, because these edges are too weak, although they also have
to be smoothed to avoid jaggies when we magnify the image by alarge factor. Com-
bination of both our morphological interpolation method and the bilinear interpolation
method deals with all edges.
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5.3.3 Magnification by an Integer Factor n > 2

Now, for magnification by an integer factor n > 2, we have to extend the structuring
elements to alarger size but a similar shape, and the way of filling up the edge pixels
will change a bit, but is very similar. In figure 5.28 and 5.29 we have illustrated our
corner correction process for magnification by afactor 3 and 4. And so you can go on
for magnification by alarger integer factor.
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Figure 5.28: Corner correction for magnification by afactor 3.
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5.3.4 Experimental Results

Figures 5.30 and 5.31 show some results for magnification by afactor 2.

B == g ™ Z g e axgr
A PR NI
Al TR N

Figure 5.30: Some results of our new morphological magnification method: the original colour
image (left), the nearest neighbour interpolated image (middle) and our result (right).
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Morein detail:

Figure 5.31: Some of the results of figure 5.30 in more detail: left: the nearest neighbour
interpolated image and right: our morphological magnification result.
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Figures 5.32, 5.33, 5.34 and 5.35 illustrate the result of severa interpolation methods
for magnification by afactor 2, 3 and 4.

(Original image)  (Pixel replication)  (Our method)  (Level curve)

(Bilinear) (Cubic B-spline)  (Edge-directed) (Sinc)

(Original image)  (Pixel replication)  (Our method)

(Bilinear) (B-spline)  (Curve map) (Sinc)

(Original image)  (Pixel replication)  (Our method)  (Level curve)

(Bilinear) (Cubic B-spline) (Edge-directed) (Sinc)

Figure 5.32: From top to bottom: result of several interpolation methods for magnification by a
factor 2, 3 and 4.
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(Pixel replication) (Our method) (Level curve mapping)
(Cubic B-spline) (Edge-directed) (Sinc)

Figure 5.33: Interpolation results for magnification by afactor 2, in detail.
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(Pixel replication) (Our method) (Level curve)

(Bilinear) (Cubic B-spline) (Sinc)

Figure5.34: Interpolation results for magnification by afactor 3, in detail.

(Pixel replication) (Our method) (Level curve)

(Bilinear) (Cubic B-spline)  (Edge-directed)

Figure5.35: Interpolation results for magnification by afactor 4, in detail.
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We have compared our technique with the following state-of-the-art methods. bilin-
ear interpolation, which uses the (weighted) mean of 4 closest neighboursto calculate
the new pixel values, cubic b-spline interpolation [80, 81], which makes use of con-
tinuous B-spline basis functions, level curve mapping [38], which sharpens edges by
mapping the image level curves using adaptive contrast enhancement techniques, sinc
interpolation [32], which makes use of windowed sinc functions and new edge-directed
interpolation[34].

We may conclude that our new method provides very good results. Improvementsin
visual quality can be noticed: unwanted jaggies have been removed so that edges have
become smoother and there are no ringing and blurring artefacts present in the images.
The results clearly show that our technique gives the sharpest edges.

Our method was implemented in Matlab, which makesit hard to compare the computa-
tional complexity of this method with the others. As future work we can reimplement
al methods in the same program language, Java or C++, to make them comparable
with each other.

5.3.5 Conclusion

We have presented a magnification method using mathematical morphology that im-
proves the visual quality of magnified colour imageswith ‘vague' edges. The problem
of interpolating an image is the introduction of unwanted jagged edges in the blown
up image. We have developed a new approach to avoid these jaggies, making use of
mathematical morphology and our ordering < p g, which is a trade-off between blur
and jaggies.
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Conclusion

Mathematical morphology was originaly only developed for binary images. There
exist different approaches for the extension of binary morphology to morphology for
greyscaleimages. These extensionstowards colour images are not straightforward, and
thisis what thiswork is concerned with. The problem of looking for a vector ordering
for colour or multivariate morphological image processing is not new and is being de-
veloped since the early 90's.

First of all we have defined a complement co and addition +, subtraction - and multi-
plication * operations between coloursin the RGB, HSV and L*a*b* colour model. A
new colour ordering in RGB, HSV and L*a*b*, which is compatible with the defined
complement co, is proposed, where we have treated the colours as vectors so that we
get complete lattices for these colour models seen with the new corresponding order-
ing. Definition of associated minimum and maximum operators follows, and so we
can extend the greyscale morphological operators based on the threshold, umbra and
fuzzy approach to operators acting on colour images. At last we have examined which
properties, e.g. dudity principle and monotonicity, still hold for the new colour mor-
phological operators.

We may conclude that our new method provides better results than those obtained
by the component-based approach and similar or better results than those obtained by
other state-of-the-art methods. One great advantageisthat the existing correl ations be-
tween the different colour components are taken into account. And what is more, more
details from the original colour image are preserved and thus visible.

As application we have used our new approach to colour morphology to magnify im-
ages. |mage magnification has many applications such as simple spatial magnification
of images (e.g. printing low-resolution documents on high-resolution printer devices,
digital zoomin digital cameras), geometrical transformation (e.g. rotation), etc. Differ-
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ent image magnification methods have aready been proposed in the literature. Because
the existing methods usually suffer from one or more artefacts such as staircasing and
blurring, we have devel oped a new image interpol ation method, based on mathematical
morphology, to magnify binary as well as colour images with sharp edges. Finally, an
extension of our morphological interpolation method to magnify colour images with
vague edgesis studied.

We may concludethat our new method providesvery good results and an improvement
w.rt. the state-of-the-art. Improvements in visual quality can be noticed: unwanted
jaggies have been removed so that edges have become smoother and there are no ring-
ing and blurring artefacts present in the images. Our approach gives the sharpest and
clearest edges.

As future work we can set up an experiment regarding the psycho visual behaviour
of similarity measures, which can be useful for the evaluation of morphological opera-
tors. Our morphological image magnification method for sharp and vague edges have
been implemented in Matlab, which makesit hard to compare the computational com-
plexity of this method with the others. Asfuture work we can reimplement all methods
in the same program language, Java or C++, to make them comparabl e with each other.
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Samenvatting

Mathematische morfologie is een theorie voor de analyse van ruimtelijke structuren,
gebaseerd op verzamelingenleer en het begrip verschuiving. In de jaren zestig voerden
G. Matheron en J. Serra[41], beiden geinspireerd door de studie naar de geometrische
vorm van poreus medium, het begrip mathematische morfologie in. Poreus medium
is binair in de zin dat een punt van poreus medium ofwel deel uitmaakt van een porie
ofwel behoort tot de grondmassarond de porién. Zo ontwikkelden Matheron en Serra
een theorie voor de analyse van binaire beelden. De grondmassa kan beschouwd wor-
den als de verzameling van objectpuntenin het beeld, terwijl de porién het complement
van deze verzameling vormen. Bijgevolg kunnen objectpunten behandeld worden met
eenvoudige bewerkingen zoals unie, doorsnede, complement en verschuiving. Mathe-
matische morfologie werd oorspronkelijk dus enkel voor binaire beelden ontwikkeld.
Op deze manier legden Matheron en Serra alvast de basis voor mathematische mor-
fologie in de beeldanalyse. Vandaag de dag heeft mathematische morfologie vele
toepassingen in de beeldanalyse zoals randdetectie, ruisverwijdering, objectherken-
ning, patroonherkenning, beeldsegmentatie en beeldvergroting in o.a. de biologische
en medische wereld [71, 74]. De basiswerktuigen van mathematische morfologie zijn
de morfologische operatoren die een gegeven beeld A dat we willen analyseren omzet
naar een nieuw beeld P(A, B) gebruik makend van een structuurelement B, om zo
bijkomende informatie over de vorm, grootte, oriéntatie of beel dafmetingen van voor-
werpen in A te verkrijgen. Behalve de schijfjes- en umbrabenadering kan binaire
morfologie uitgebreid worden naar morfologie voor grijswaardenbeel den door gebruik
te maken van vaagverzamelingenleer, vaagmorfologie genoemd. De toepassing van
morfologische operatoren op kleurenbeelden is zeker niet voor de hand liggend. En
daarover handelt dit proefschrift.

In hoofdstuk 2 beginnen we met de voorstelling van digitale beelden en enkele defini-
ties in verband met vaagverzamelingen, vaagl ogische operatoren, £-vaagverzameling-
en, L-vaaglogische operatoren, L-vaagrelaties en L-vaagrelationele beelden die we
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verder in dit proefschrift nodig hebben. In het derde hoofdstuk leggen we uit hoe het
menselijk oog is opgebouwd en hoe het licht, en zo ook kleur, waarneemt. Daarna
beschrijven we de additieve en subtractieve kleurenmengeling om kleur te reprodu-
ceren en leggen we het verschil uit tussen de termen kleurenmodel en kleurenruimte.
In hoofdstuk 3 bestuderen we ook de kleurenmodellen RGB, CMY en CMYK, YUV,
Y1Q en YCbCr, HSV en HSL, CIEXYZ, CIEYxy, L*a*b* en L*u*v*. De defini-
tie van de fundamentele morfologische operatoren dilatatie en erosie wordt ingevoerd
in hoofdstuk 4. We beschouwen zowel de binaire morfologische operatoren as de
grijswaardenmorfol ogische operatoren gebaseerd op de schijfjes- en umbrabenadering
en de vaagverzamelingenleer. Vervolgens geven we een overzicht en een korte be-
spreking van de bestaande uitbreidingen van mathematische morfologie naar kleur uit
de literatuur. Een eerste manier om de morfologische operatoren voor grijswaarden-
beelden toe te passen op kleurenbeelden is de componentsgewijze aanpak, waarbij
we de morfologische operatoren op elk van de kleurencomponenten afzonderlijk be-
werken. Maar deze aanpak leidt vaak tot artefacten in het beeld omdat geen rekening
gehouden wordt met de samenhang tussen de kleurencomponenten. Daarom hebben
we gezocht naar een vectorordening voor kleuren, waarbij we de RGB, HSV en L* a* b*
kleurenmodellen hebben beschouwd. Nadien hebben we minimum en maximum o-
peratoren gedefinieerd en nieuwe +, — en * bewerkingen tussen kleuren zodat we
de grijswaardenmorfologische operatoren konden uitbreiden naar nieuwe vectorge-
baseerde operatoren voor kleurenbeelden. Het probleem van het zoeken naar een
vectorordening voor kleur is niet nieuw en werd reeds in het begin van de jaren ne-
gentig ontwikkeld. Wat nieuw is hier is de gebruikte aanpak, namelijk door de um-
bramethode en de vaagverzamelingenleer. Experimentel e resultaten tonen aan dat we
zeer goede resultaten bekomen. Tenslotte hebben we in hoofdstuk 5 onze nieuwe
kleurenmorfol ogische aanpak toegepast op het vergroten van beelden. Verschillende
methodes voor het vergroten van beelden werden reeds voorgesteld in de literatuur
[2, 6, 20, 27, 32, 34, 38, 42, 54, 76, 78], maar we hebben echter slechts één artikel
[1] gevonden dat gebruik maakt van mathematische morfologie. Omdat de bestaande
methoden meestal tekortschieten door hoek- en verwazigingsartefacten, hebben we
een nieuwe methode ontwikkeld voor het vergroten van zwart-wit beelden en kleuren-
beelden met scherpe randen, gebaseerd op mathematische morfologie. Daar een een-
voudige vergroting van een beeld kartelingen introduceert, zal onze methode deze
gekartelde randen opsporen en afronden. Experimenten illustreren dat onze methode
zeer goed presteert voor de interpolatie van scherpe beelden zoas logo’s, cartoons en
kaarten, voor zwart-wit beelden en kleurenbeelden. Tot slot hebben we onze mor-
fologische interpol atiemethode uitgebreid voor het vergroten van kleurenbeelden met
onscherpe randen. Hierbij bekomen we mooie resultaten die een verbetering zijn van
de bestaande methoden.

Tenslotte merken we op dat bepaalde onderdelen van dit proefschrift reeds gepubli-
ceerd werden in een boek [15] en in international e tijdschriften [ 14, 16] en een aantal
onderzoeksresultaten gepresenteerd werden op (internationale) conferenties [13, 14,
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16]. Bijdragen tot het werk van anderen werden gepubliceerd in een boek [69], inter-
national e tijdschriften [30, 46, 48, 49, 60, 61, 62, 64, 65, 66, 68] en proceedings van
(internationale) conferenties[29, 31, 45, 47, 50, 63, 67, 82, 83, 84, 86, 85].
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