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Chapter 1

Introduction

1.1 An obstinate misconception

Since its advent in the 1940’s, the programmable digital computer has been
used for mathematical numeric calculations. Somewhat less known it is also
perfectly possible to program such a device to perform symbolic calculations
and even proofs.

For example, if we want to prove that 1+ 2+ 3+ ---4+n = w,
conventional wisdom seems to be that while we can write a computer program
along the lines of

PRINT "Value of n?7 "
READ n
sum = 0
counter = 1
WHILE counter <= n DO
sum = sum + counter
counter = counter + 1
DONE
PRINT "1+42+...+n = " sum
PRINT "n*(n+1)/2 =" n*x(n+1)/2

which yields

Value of n7? 3
1+2+...4n = 6
n*x(n+1)/2

I
(@)}

Value of n? 10
1+2+...4n = 55
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nx(n+1)/2 = 55

Value of n? 100
1+2+...+n 5050
nx(n+1)/2 = 5050

using which we can verify the formula for each individual value of n, it is
impossible to use a computer to check the formula for all values of n. To
be certain that this formula holds for all n, still according to conventional
wisdom, a human needs to supply a proof, an argument, to convince one that
the formula indeed holds for all n. For example, one could observe

1+ 2 + 3 + ... + (n—-1) + =n
L_n (n—1) + (n—2) + ... + 2 + 1
n+1l + n+1 + n+1 4+ ... + n+1 + n+1

and hence, 2- (1+24---4+n) =n-(n+ 1), from which the initial formula
easily follows.

At first sight, this conventional wisdom seems correct: how would we be
able to program a computer to process mathematical proofs, of which the
example above is just a very simple one?

1.2 The QED Dream

However, one of the achievements of mathematics in the late 1800’s is the
realisation that almost all of mathematics can, at least in principle, be derived
from a very small set of axioms using a very small set of so called deduction
rules. In practice, this is rather tedious: Russell later said that his mind never
fully recovered from the strain of writing Principia Mathematica, in which
this is actually done for set theory, cardinal numbers, ordinal numbers, and
real numbers.

With the advent of the computer, the venture of doing mathematics
formally has become a practical possibility. There are currently tens of
systems available to do this. (See for example http://www.cs.ru.nl/
~freek/digimath/index.html, which lists 163 systems in the categories
‘proof checker’ and ‘theorem prover’.) But why would one embark on such
an arcane mission? The reasons can be manifold:

o (Correctness: if we know that the program correctly implements the ax-
ioms and deduction rules, all theorems derived in it are correct. This is


http://www.cs.ru.nl/~freek/digimath/index.html
http://www.cs.ru.nl/~freek/digimath/index.html
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important when one wants to formally verify that a computer program
obeys a certain property (e.g. for use in medical or avionic devices).
It is also pleasant when developing new proofs, since it is hard to be
sure that a proof of a theorem is completely correct. Illustrations of
the difficulty of validating mathematical proofs are for example

— the Fundamental Theorem of Algebra, which purportedly was
proven in 1746 by d’Alembert and later also by Euler, de Foncenex,
Lagrange, Laplace, Gauss, ..., until finally only in 1806 Argand
supplied the first correct proof,

— the Four Color Theorem, of which incorrect proofs were given in
1879 by Kempe and 1880 by Tait, which were both believed to be
correct for 11 years, and it was not until 1976 before a completely
correct proof was found.

e Rigour: for most formal systems, a precise semantics is available, and
hence the meaning of a mathematical statement in the system is un-
ambiguously clear. This is in sharp contrast with computer algebra
systems (CAS), such as Maple, Mathematica, Derive, ... which are no-
toriously sloppy in this regard. An interesting insight in the problems
surrounding the construction of mathematically correct computer alge-
bra systems can be found in [Fateman 1994].

o Assistance: if we use the computer to do mathematics, it could help
us by suggesting existing possibly useful lemmas, doing routine checks
and even automatically filling in some parts of the proof.

e Retrieval: currently, mathematical proofs in journals are increasingly
electronically available, but these are informal proofs, and even for-
mulae are in most of the cases stored in a form which is essentially a
consecution of typographical glyphs from which it is difficult to pro-
grammatically extract the mathematical structure. For example, it is
almost impossible to search for “a formula containing the integral of
a polynomial in sin(z)”. If the theorems would be stored in a formal
system, such queries would be significantly facilitated. In a world in
which yearly 55000 mathematical articles [Impens| containing about
200000 theorems [Hazewinkel 2003] are published, it is increasingly in-
teresting to be able to scan them effectively for theorems which would
be of interest for the problem at hand.

e ... There are many more reasons; see for example the QED Mani-
festo [QED 1994] for a thorough examination of the usefulness of for-
malising mathematics.
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1.3 An informal introduction to formal logic

1.3.1 An example of a formal proof

A small formal proof might look like this:

1 Vy—p(z,y) F Vy-p(z,y) ass
2 Yy—p(z,y) F —p(z,y) V-elim (1)
3 Vap(x,y) b Vap(z,y) ass
4 Vap(x,y) b p(z,y) V-elim (3)
5 Vy—w(z,y),Yap(z,y) b ~Vep(z, y) contra (2,4)
6 =Vap(x,y) - —~Vap(z,y) ass
7 Vy—p(z,y) = ~Vap(z,y) rem (5,6)
8 Vy—p(z,y) = Vy(=Vap(z, y)) V-in (7)
9 —Vy(—Vap(z,y)) b ~Vy(=Vap(z,y)) ass
10.  Vy=p(z,y), ~Vy(=Vap(z,y)) F =Vy(=p(z,y)) contra (8,9)
11 ~Vy(—p(z,y)) - ~Vy(-p(z,y)) ass
12 —Vy(=Vap(z,y)) F ~Vy(—p(z,y)) rem (10,11)
13 —Vy(=Vap(z,y)) F Ve(=Yy(-p(z,y))) V-intro (12)

where p is a unary predicate symbol (for a rigorous description of the syntax,
see §2.1)).

We see that a formal proof is a list containing a number of sequents,
which consist of a list of formulae called the antecedent and a single formula
called the conclusion with a “” symbol in between. Note that the order
of formulae in the antecedent is not significant, so line 5 could just as well
have read

5. Vap(z,y), Vy—p(z,y) b ~Vep(z,y) contra (2,4)

Each sequent is ‘obtained’ by applying a deduction rule. For exam-
ple, in the first line of the proof, we obtained the sequent “Vy—p(x,y)
Vy—p(z,y)” using the deduction rule called ‘ass(umption)’—see for a
list of all available rules. In the second line, we obtained the sequent
“Yy-p(z,y) F —p(x,y)” using the deduction rule ‘V-elim’. This rule needs
as ‘input’ or premise a single sequent obtained earlier in the proof, in this
case the sequent from line 1. In this fashion, we continue to produce sequent
after sequent until the proof ends.

In this way, a formal system could be considered as a kind of game,
where the challenge is to find a way to produce a given sequent (in our case
““Vy(=Vap(z,y)) F Ve (=Yy(—=p(z,y)))”) using the deduction rules.
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1.3.2 Semantics

Of course, the rules of the calculus are not chosen at random: we can attach a
semantics, meaning or interpretation to a formula in a certain domain w.

For example, if we set w to be the natural numbers, we could interpret
p(z,y) as “¢ > y”. Having fixed w and the interpretation of p in this way,
using §2.2 we can interpret the formula —Vy(=Vap(z,y)) as “it is not the case
that for each natural number y, no natural number z is larger than or equal
to 4”7, i.e., “there exists a natural number y such that every natural number
x is larger than or equal to y”. In this interpretation, the formula is true
or valid (the natural number 0 is a suitable candidate for y). Similarly, the
formula Vz(=Vy(—p(x,y))) is to be interpreted as “for each natural number
x there exists a natural number y such that x is larger than or equal to y”,
which too turns out to be a valid formula (again zero is a suitable candidate
for ).

We can choose another interpretation, where for example w is the set of
real numbers and p(x,y) is interpreted as “z is the double of y”. Then it
turns out that the first formula is false (or invalid) since it interprets as
“there exists a real number y such that every real number is equal to the
double of y” and the second formula is valid since it interprets as “for each
real number z there exists a real number y such that x is the double of y”
(5 is a suitable candidate for y).

Hence, we observe that the interpretation of a formula depends on the
interpretation chosen.

However, it turns out that the interpretation of some formulae can be
independent of the interpretation. For example, the formula ‘z = 2’ is always
valid, no matter which interpretation is used. Carrying this idea further, it is
also possible that a formula is always valid, provided some other formula(e)
is (are) valid too in the same interpretation. For instance, it turns out that
Va(=Vy(—p(x,y))) is always valid whenever —=Vy(=Vap(z,y)) is valid, and we
note this as

—Vy(=Vap(z,y)) F Ve (=Vy(-p(z,y)))

and we say that Vo (=Vy(—-p(x,y))) is a consequence of —~Vy(—Vzp(zx,y)).
The corresponding sequent, —Vy(=Vzp(z,y)) F Ya(=Vy(—p(z,y))), is called
a sound sequent.

The connection between the formal calculus and the semantics can now
become apparent: it turns out that using the deduction rules, we only can
produce sound sequents (the calculus is sound); conversely, each sound se-
quent can be derived (the calculus is complete).
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1.3.3 Theories

The ‘plain’ first order logic as described above is able to reason about func-
tions and predicates in general. Often, we have some specific functions and
predicates in mind. For example, when discussing natural numbers, we
will probably want to introduce a one-place function ‘successor(z)’ which
we want to interpret as ‘z + 1’, a constant (which we treat as O-ary func-
tions) ‘0’7, and so on. Of course, interpretations don’t have to choose the
set of natural numbers as their domain, and don’t have to interpret ‘suc-
cessor’ as the successor function. To try and force this, one adds axioms,
e.g., Va(—(successor(z) = 0)). Interpretations which interpret this partic-
ular axiom as valid, only allow interpretations of ‘successor’ for which the
interpretation of ‘0’ is not the successor of any element of the domain. This
single axiom is not sufficient to fix the interpretation; for example, we need
to add the axiom VaVy((successor(z) = successor(y)) = = = y); intuitively,
this expresses that each number has only a single predecessor.

Hence, in practice, we will add to the calculus extra sequents of the form
F « where « is an axiom; we call the resulting formal system a theory. One
can for example consider the theory of natural numbers, the theory of sets,
and so on.

1.4 Partial functions in mathematical prac-
tice

Earlier, we said there are tens of systems available in which one can do
computerised formal mathematics. Why are these systems not commonplace
among mathematicians if the advantages are so numerous? The reasons seem
to be manifold (see e.g. Jones’ Critique of the QED Manifesto [Jones 1995]).
One of them is that we need the formal logic to reflect the common mathe-
matical practice as close as possible. In systems to do computerised formal
mathematics, there is a tendency not to merely reconstruct existing mathe-
matics in a formal framework, but to try and develop a new (better?) mathe-
matics. [...] If we hope to interest many mathematicians [in actually using
such a system/, we need to accommodate existing mathematics. We are al-
ready trying to wreak one revolution by making the mathematicians formalise
their work. Surely one revolution at a time is enough! [Harrison 1996b)]

An area in which formal logics are notoriously controversial is in their
treatment of partially defined functions (see next section).

In mathematical practice, partially defined functions abound:
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e Division in the real numbers, i.e., the function div(z,y) := § is only

defined when y # 0.

oo
° E a; is only defined when the series converges.
i=1

e lim a, is only defined when the sequence a,, is convergent.

n—oo

[ f is only defined when f is (Riemann, Lebesgue, ...) integrable.
e GF(q) is only defined when ¢ is a prime power.

Note that even in a logic which does not explicitly cater for partially
defined functions, we can express everything using relations instead (this is
approach (b) in [Farmer 1990]). For example, instead of using the partial
function mapping (z,y) to +, we can use the relation Div(z,y,z), which
contains all triples (z,y, z) for which % is defined and 5 = z. Hence, the
formula div(z,y) = z becomes Div(z,y, z). This notation quickly becomes
unwieldy. Hence, our task is not one of making the logic more expressive, but
“to find a notationally efficient way of reasoning about partial functions that
is reasonably faithful to mathematical practice and that upsets the framework
of classical logic as little as possible” [Farmer 1990]. In other words, our aim
is not being able to prove more theorems, but to prove them in a way that
corresponds better to mathematical practice.

How does mathematical practice cope with potentially undefined expres-
sions such as % or \/y? Almost all introductory mathematical textbooks
present elementary mathematical logic as if it were two-valued; potentially
undefined expressions are allowed only when one first proves that they are

always defined. For example, one is allowed to talk about % and VY pro-

vided that one proves first that x # 0 and y > 0. Expresscgons such as %
are meaningless: one can write them down but is not allowed to use them
or prove properties about them. The mathematical expression “%” is akin
to the natural language expression “the brick is happy” in the sense that 0
possesses no inverse just like bricks have no mood; it makes no sense to try

and discuss such nonsense statements.

We conclude that in mathematical practice one performs a balancing act
between using potentially undefined terms (which seems to call for a three-
valued logic in which expressions be true, false or undefined) and maintaining
the illusion that one works in a two-valued setting.
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1.5 Treating partially defined functions in a
formal calculus

It will appear shortly that there are many different ways in which formal
calculi have been adapted to handle partially defined functions. The mul-
titude of different approaches already indicates that there is probably no
“definitive” way in which once and for all partially defined functions can be
handled, but the way in which they are handled depends on the application
at hand. Each approach has its advantages and disadvantages—there ain’t
no such thing as a free lunch with partial functions as [Jones 1996] puts it.

For example, in computer science, it is very common that an operation is
‘undefined’, for example when trying to read a nonexistent file:

try {
f = open_file_for_reading("nonexistent")
do_something with_file(f)

} catch (FileException) {
PRINT "Could not read the file"

}

This differs quite from undefinedness in pure mathematics, where terms as %
are considered with suspicion. Here, the result of open_file_for_reading()
can be ‘undefined’, but this is not a problematical situation since we explicitly
state what has to happen when this occurs.

On the other hand, another kind of undefinedness can creep in computer
programs: in most programming languages, the result of some operations
is not specified. For example, in Java, File.delete() evaluates to true
when the file is successfully deleted and to false otherwise, but if the file
did not exist in the first place, the result depends on the particular Java
implementation (so this corresponds to approach (c¢) in [Farmer 1990]). In
case the specified file did not exist, we could consider this expression as
‘undefined’; since we do not want programs to depend on its exact value. (In
theorem [23| we will prove formally that in our calculus, proofs don’t ‘depend
on undefined values’).

In this work, we extend the classical first order predicate calculus with
identity (as formalised in e.g. [Hermes 1973]) by adding so-called t-terms to
the calculus, in a way which is analogous to [Hilbert & Bernays 196§|: the
term ‘wx(yp)’ is to be interpreted as ‘the (unique) z for which ¢ is true’. Such
(-terms are only allowed to be used if one can show that the uniqueness
condition 3!z(y) holds. For example, in a theory describing real numbers,
we can introduce the operation of subtraction given addition: ‘x — y’ is just
12(z +y = x); we can indeed show - J2(z + y = z).
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However, we extend this “classical” notion of «-term to situations where
there is not always a unique x satisfying ¢ but only when a certain condition v
(the domain formula) holds. For example, if we want to introduce division
in the example given above, we would like to proceed analogously and define
2 as 1z(z -y = x); however we can only show that y # 0 F 3lz(z -y = z); if
y = 0 then either z = 0 and every z satisfies z -y = x, or x # 0 and no z
satisfies z -y = x. We will show that allowing such ¢-terms to be added to the
calculus introduces no contradictions, provided one considers the obtained ¢~
term as undefined when the uniqueness condition is not met (i.e., we consider
1z(z -y = z) as undefined if y = 0). We will denote this partially defined
-term as tzy0(z -y = x): in the subscript, we note when the t-term is
defined (i.e., its domain formula). The interpretation of this t-term is still
‘the unique z for which z -y = 2’ when y # 0, but when y = 0, this (-term
will be interpreted as ‘undefined’.

We will now discuss various ways in which formal calculi have been
adapted to cope with partial functions.

e As already indicated in the previous section, one can avoid the problem
by using a total n + 1-ary relation instead of a partial n-ary function.
(approach (b) in [Farmer 1990], approach 4 in [Jones 1996])

e One can move the problem into the syntax by considering expres-
sions containing applications of functions outside their domain as
not well-formed. This method has drawbacks (see approach (a)
in [Farmer 1990]), one of which is that it is not in line with mathe-
matical practice, in which expressions as % are well-formed. In our
calculus, a partially defined (-term is always syntactically well-formed,
even if we cannot deduce its uniqueness condition, e.g., tz,~5(z < y).
However, we cannot prove anything about it, since otherwise, we would

be able to infer its uniqueness condition (using the UC rule).

e One can model partial functions as total, but keep its value outside
its domain unspecified (approach (c¢) in [Farmer 1990], approach 1
in [Jones 1996]). For example, terms such as 3 are given a value but
one cannot know which one it is, say %, and hence we would get the
pathological theorem % =0- % =0- }—? = 0. The popular HOL sys-
tem (http://www.cl.cam.ac.uk/research/hvg/HOL/) uses this tech-
nique. In our calculus, terms as + are considered as undefined, avoiding

0
the pathological theorems.

e One can make a partial function total by giving it a ‘convenient’ value
on points outside its domain. For example, we could set § := 0. Here
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we get the same risk of introducing pathological theorems as in the
previous approach. ACL2 is a system using this technique.

One can use a many-sorted logic, where a sort is introduced for each
domain ((d) in [Farmer 1990]). This can lead to a proliferation of sorts
; however, given a sufficiently rich type theory, this approach seems
manageable, as witnessed by the well known PVS, Coq and NuPRL
systems. Our calculus is one-sorted, keeping the calculus simple. This
has the advantage that we can use standard ZFC set theory instead of
type theory. The use of standard set theory makes a system possible
which adheres more to common mathematical practice than type theo-
ries. Interestingly, PVS (http://pvs.csl.sri.com/) has also a notion
of ‘definedness in context” and hence a notion of evaluation order, which
in fact inspired the handling of undefinedness in our system. PVS has
a separate mechanism of Type Correctness Conditions (TCC’s) to en-
sure that undefinedness does not occur when evaluating. For example,
when one sets out to derive -z # 0 = x - £ =y, the PVS system gen-
erates the TCC F x # 0 = = # 0, which we have to derive first. This
parallels the requirement of the premise ¥; -, A(«) for the assumption
rule in our calculus; note that A(x #0=1z2-%= y) is precisely the
formula in the TCC. In contrast to PVS, which is a higher order logic,
our calculus shows that we can apply similar ideas to a first order logic
(this is also done in [Wiedijk & Zwanenburg 2003]—see below).

One can extend the range of each partial function with a special ‘error’
value ((e) in [Farmer 1990]). For example, the division function would
be modeled as a function from R x R to R U {error}. This approach
seems more suitable to reason about computer programs than abstract
mathematics. For example, + is problematical because (1, error) is not

in the domain of our division function as sketched earlier; we would have
to modify it into a function from RU{error} x RU{error} to RU{error}
and it is easy to see that other functions such as addition, ... would
be ‘infected’ rapidly too.

Use ‘error’ values, but do not quantify over them ((f) in [Farmer 1990]).
The ‘error’ value is given an inferior status: free variables range over
the whole domain including error values, but quantified variables do
not range over error values. This alleviates some of the problems with
the previous approach, but the different treatment of free and bound
variables is contrary to mathematical practice. In our calculus, free
and bound variables are treated equally and never are undefined.
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e Use a three-valued logic in which terms and formulae are allowed to
have the value ‘undefined’; if a formula or term contains an undefined
term, it is itself undefined ((g) in [Farmer 1990]). This is akin to our ap-
proach, but in our calculus, undefinedness does not have to ‘propagate
upwards’. For example, in our calculus, the formula z # 0 = % #0
is true, even when x is interpreted as 0, which causes the formula to

1

contain the undefined subterm 3

e Use a three-valued logic in which terms are undefined when they
contain an undefined subterm but formulae are always defined. An
atomic formula containing an undefined subterm is considered false
((h) in [Farmer 1990]). The IMPS system uses this approach. This
approach has a number of interesting features. For example, over the
reals, /r = 2 < x = 4 is a theorem, even if x < 0, since for example
vV/—2 = 2 is considered false because it contains the undefined term
V=2, and —2 = 4 is of course false too. Another example is the the-
orem xr = § = x -y = z, which holds even when y = 0, since then we

have that z = z is false because z is undefined and hence the whole

implication is true. However, we also get pathological theorems such

as —(3 = §). In our calculus, formulae can be undefined, avoiding the

—(§ = §) pathological theorem.

e Use a three-valued logic in which terms can be undefined but formu-
lae are always defined, introducing two forms of equality: existential
equality (for which undefined =3 undefined) and strong equality (for
which undefined # undefined) (approach 2 in [Jones 1996]). Not only
is having two different notions of equality confusing, other relational
operators get infected too and also need two variants in the logic.

e Use a three-valued logic in which terms and formulae can be undefined.
The propositional operators are the McCarthy conditional operators.
These operators have slightly different properties compared to their
two-valued counterparts; for example, conjunction is no longer com-
mutative. Hence, both a commutative and a conditional variant of the
propositional operators is used (approach 3 in [Jones 1996]).

Our calculus uses the McCarthy operators, but we do not see the need
to introduce extra commutative variants: the conjunction does not
commute only when undefined terms are involved (see property SO
we do not see this as a major problem.

e Use a three-valued logic in which terms and formulae can be unde-
fined. The propositional operators can be thought of as evaluating
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their operands in parallel and delivering a result as soon as enough
information is available (this is the LPF approach [Jones 1996]).

The drawback of this approach is that for example 1+% = 1+(—1) =1=1
is a theorem, which is contrary to the idea that undefined terms are
nonsensical; we don’t like to have theorems depend on properties of
undefined terms.

Use a three-valued logic with an extra ‘is defined’ operator (as in
PPC [Hoogewijs 1977]), on equal footing with the other logical symbols
such as V, &, —, ... This complicates the logic by introducing an extra
operator. Undefined values are treated more on an equal footing with
true and false values and there is no notion of evaluation order (the
conjunction of PPC is symmetric in both arguments). For example,
with the usual definitions, y = % Fy = % is a valid sequent in PPC,
whereas it is invalid in our calculus (when Z(x) = 0, we encounter an

undefined value).

In our calculus, the operator ‘is defined’ (A) is a metalogical opera-
tor (so it is not present in proofs or formulae), which makes the logic
simpler for the user; undefined values are not allowed to occur when
evaluating a valid sequent and there is a notion of evaluation order.

Interestingly, in our calculus, both the Herbrand deduction rule
(DdRul and DdRu2) and the Modus Ponens rule hold, which is not
possible in PPC.

Add PVS-like domain conditions to standard first order
logic [Wiedijk & Zwanenburg 2003].  This approach is similar to
our calculus. However, our calculus is an extension of the standard
first order calculus (as given in [Hermes 1973]); domain conditions are
part of the formal proof itself ([Wiedijk & Zwanenburg 2003] requires
one to prove those separately) and functions and predicates do not
have to be strict with respect to undefinedness: we can define a
function or predicate that is defined when some of its arguments are
undefined.

See also [Harrison 1996b] §2.5 where some of these approaches are discussed.

1.6 Introduction to our calculus

The logic which we will develop, which we will call the PITFOL calculus (for
Partial lota Terms in First Order Logic), is a superset of the well-known
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classical first order predicate calculus with identity (see §2[ for a short de-
scription). We then add, as already announced, terms of the form vz, (¢) to
the calculus, adapt the deduction rules as necessary and add new rules. The
resulting system has 17 deduction rules: 6 are transferred unmodified from
the classical calculus, 5 are slightly extended and 6 are new. The extension
is done in such a way that the rules do not change when applied to formulae
of the classical calculus; only when (-terms are used, the rules deviate from
the classical rules. Moreover, the extension is conservative: if we obtain
a theorem using the new rules and terms which is also expressible in the
classical calculus, this theorem must already have been provable in the clas-
sical calculus. In this way, we have a calculus that “upsets the framework
of classical logic as little as possible”. This illustrates that our aim is not to
be able to prove more theorems; the introduction of (-terms however helps
in finding proofs that follow mathematical practice better.

To illustrate how our PITFOL calculus handles partially defined terms,
let us reconsider the term t¢z,.0(z - y = x), which as we showed above can
be interpreted as g If we were to use the classical equality rule, we would
obtain the sequent

Fozygeo(z-y=12) = tzyzo(2-y =x)
which seems harmless enough: it expresses that § = g is a theorem. If
we now interpret this sequent in a model where y is interpreted as 0, the
term tz,40(2 - y = x) is interpreted as “undefined”, and so is the formula
tzyz0(2 -y = ) = tzyzo(z -y = x). This is a situation which of course
does not occur in the classical first order predicate calculus, which is two-
valued (formulae are either true or false, never undefined). However, in our
PITFOL calculus, sequents can only be sound when one never has to consider
undefined terms or formulae when interpreting it, so the given sequent is not
sound.
The modified equality rule yields

y# 0k, tzy0(z-y=2) = zyz(z-y =1)

provided we are able to produce the uniqueness condition y # 0 F, Iz(z-y =
x), which in a reasonable theory about real numbers should pose no problems.
The meaning of the semicolon will become apparent later; for the time being,
we just note that in this particular case we are allowed to drop the semicolon
(the impatient reader may consult the fromCtxt and toCtxt rules in §3.4]),
yielding

y#O0F, wzyz0(z-y=12) = tzyz0(z-y=2x)
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Is the latter sequent sound? Let us again evaluate it in a model where y
is interpreted as 0. Crucial for our PITFOL calculus is the notion of a left-
to-right short circuit evaluation, which we will now see in action: we
first interpret all formulae on the left hand side of the sequent. When we
find that at least one of them interprets as ‘undefined’, the whole sequent is
considered unsound, since we agreed that in sound sequents, we never have to
consider undefined formulae. When we find that no left hand side formulae
interpret as ‘undefined’” and at least one of them interprets as ‘false’, the whole
sequent is interpreted as ‘true’ (i.e., sound), without considering the formula
on the right hand side of the sequent (its consequent)—hence the name
‘short circuit’ evaluation. We are in this situation here: the interpretation
of y # 0 is clearly ‘false’; so the sequent is ‘true’ for this interpretation. For
all other interpretations, where y is interpreted as a real number different
from 0, the formula y # 0 is interpreted as ‘true’ and we have to consider the
consequent, which clearly interprets as ‘true’, so in this case too, the whole
sequent remains ‘true’.

We believe this approach is “faithful to mathematical practice”: one is
allowed to prove theorems about potentially undefined terms such as g, but
only in contexts where one has already shown that they cannot be undefined
(here, that y must necessarily be nonzero).

To continue our illustration, let us consider the term

twyso(w > 0& w-w =1y),

which can be interpreted as ,/y. Another application of the substitution rule
to the sequent we obtained thus far, yields the difficult to decipher sequent

y > 0yl > 0& w-w —y) £0
1 L2y 0800, 50 (w208ww=y)£0(Z - tWyzo(w 2 0 & w - w = y) = x)
= LzyZO&LwyZO(wZO&w-w:yﬁéO(Z : LwaO(w >0 Lw-w= y) = $)

If we consider ,/y for a moment as a shorthand for tw,>o(w > 0& w-w = y),
the sequent becomes somewhat more readable:

y = 0vy 7 0 tzyzoe m20(2 - VY = T) = Lzyzoe g20(2 - VY = 1)

and if we consider in turn \/iy as a shorthand for tz,>0g \/@7&0(2 VY= x), we

finally get
x x

If nothing else, from this example we learn that a facility for introducing
shorthands (defined symbols) is a necessity; we will illustrate it shortly
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Y )
for the rather lengthy terms given above.
Moreover, this example also illustrates why we needed to extend the notion

of sequent to the form

but for now consider notations like %, |/, \/ig, ... to be just abbreviations

1,09, oo s Oy V1 V25 e ooy Ym0
where 71,7, ...,%, is still called the antecedent and we will call
01,09, ...,0, the context of the sequent. (If the context is empty, we drop
the semicolon and just write v1,y2, ..., vm b, a.)
Indeed, the sequent
y>0,j£0k — ="

NN

is not a sound sequent. Consider an interpretation where y is interpreted as
—1. Interpreting the sequents of the antecedent yields “false” resp. “unde-
fined”. If we interpret y > 0 first, we would be tempted to conclude that the
interpretation of the whole sequent would be ‘true’, but in the antecedent,
the order of the formulae is unimportant and we could just as well have
started with the interpretation of \/y # 0. Since it is possible to encounter
an undefined formula when interpreting the sequent, it cannot be sound.

Hence, it is necessary to consider the version of the sequent with the
semicolon. In contrast to the antecedent, the order of formulae in the context
15 significant; we are required to first interpret oy; if it is false then the whole
sequent is automatically true (without considering the rest of the sequent,
hence again short circuit evaluation). If it is undefined, the sequent is invalid.
If it is true, then we have to consider o5 in a similar fashion. Only when all
o, interpret as true, we have to consider the interpretation of the formulae
in the antecedent.

Let us now illustrate the introduction of defined symbols, the need for
which has been amply demonstrated. It turns out (see chapter [5)) that we
can indeed add the following sequents to the calculus:

y#0F, div(z,y) = tzyz0(z -y = )
y 2 0k, sqrt(y) = twyso(w 2 0 & w - w =y)

Note that there are no domain formulae present in the defined symbols (i.e.,
we do not have to write something like “div,.o(z,y)” or “sqrt,-o(y)”); we
will establish in chapter [5| that from the sequents above, one can extract all
that is needed to keep the calculus consistent.

Finally, we remark that pathological theorems we found in other systems
such as - ¢ # & simply are not sound (and hence not deducible) in our

0
calculus.
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The price we have to pay for the simple semantics (“evaluate from left
to right and you will never encounter an undefined term”) and the absence
of pathological theorems is a certain amount of verbosity in the logic. For
example, suppose we are working in a suitable developed theory of real num-
bers in which the function lim,,_,, x,, is only defined for convergent sequences
Z,. Then the sequent

lim z, =a, limy, =0+ lim x, +y, =a+b

n—oo

is not a valid sequent in our calculus, but
convergent(z, ), convergent(y,); lim z, = a, lim y, = bF lim x,+y, = a+b
n—oo n—oo n—oo

is. It remains to be seen whether this “considerable clutter with definabal-
ity assumptions” [Harrison 1996] can be controlled enough to outweigh the
advantages.

In practice, it seems this clutter is bearable enough; for example the
corresponding theorem in the Mizar library reads

theorem :: SEQ_2:20
seq is convergent & seq’ is convergent implies
lim (seq + seq’)=(lim seq)+(lim seq’);

Even more ‘clutter’ is to be seen in the corresponding theorem for real
functions:

theorem :: LIMFUNC3:37
f1 is_convergent_in x0 & f2 is_convergent_in x0 &
(for r1,r2 st ri<x0 & x0<r2 ex gl,g2 st
ri<gl & gi<x0 & gl in dom(f1+f2) & g2<r2 & x0<g2 & g2 in dom(f1+£2))
implies
f1+f2 is_convergent_in x0 & 1lim(£f1+£f2,x0)=1im(f1,x0)+1im(£f2,x0);

So probably in practice, one can live with the extra clutter in theorems—
the Mizar library is one of the largest library of formally proven mathematics
in the world.



Chapter 2

First order predicate calculus
with identity

As a starting point for our logic, we use the well known first order predicate
calculus with identity, as formalised in [Hermes 1973]. We will refer to this
formalisation as the Hermes calculus.

2.1

Syntax

The Hermes calculus uses a first order language consisting of

variable symbols, consisting of a number of letters: x,vy, z, zyzzy, . ..
We suppose that we have countably many variable symbols to our dis-
posal.

function symbols, consisting of a number of letters. We suppose that
we have countably many function symbols and that we can distinguish
them somehow from the variable symbols. Each function symbol has
an arity which is a natural number. Function symbols with arity zero
are also called constant symbols.

predicate symbols, with analogous conditions. Each predicate sym-
bol has an arity which is a natural number.

the connectives ‘=’ and ‘&’
the quantifier V’

the equality symbol ‘=

21
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punctuation symbols: the brackets ‘(* and ‘)’ and the comma symbol
‘. For clarity, we will sometimes omit some brackets.

From these symbols, terms are constructed as follows:

A variable symbol is a term.

If f is a n-ary function symbol and ¢, t5, ..., t, are terms, then
ft1,ta, ..., t,) is a term.

Next, formulae are built up following these rules:

If t; and 5 are two terms, then t; = t5 is a formula. We call this kind
of formula atomic.

p is a m-ary predicate symbol and ty, t5, ..., t, are terms, then
p(t1,ta, ..., t,) is a formula. We call this kind of formula atomic too.
For syntactical purposes, we will often treat = as if it were a 2-ary
predicate symbol. Whenever we proceed as such, we will mention that
‘the case t; = t, is treated analogously’.

If a is a formula, then —« is a formula too.

If w and 3 are formulae, then so is (a&3). We will not always explicitly
write down the enclosing brackets around this kind of formula.

If v is a formula and z a variable symbol, then Vx(a) is a formula.

We will use the metalogical symbols = and # to express that two se-
quences of symbols are equal or not equal. We will often use variable names
as  where we actually mean names for a variable name (just like we did
when we said ‘Vz(«) is a formula’, where x can be any variable symbol).
With each formula and term, we associate a finite set of variable symbols,
called the free variables of that formula or term, as follows:

A term z has x as its only free variable.
A term f(tq,...,t,) has as free variables the union of the free variables
of t1, ..., t,—1 and t,.

An atomic formula ¢t; = ¢, has as free variables the union of the free
variables of ¢; and the free variables of t,.

An atomic formula p(tq,...,t,) has as free variables the union of the
free variables of t1, ..., t,_1 and t,,.
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e A formula of the form —« has exactly the same free variables as «.

e A formula of the form (a & () has as free variables the union of the
free variables of o and the free variables of (3.

e The free variables of a formula of the form Vx(«) are the same as those
of a, except . We say that z is a bound variable of Vz(«).

Note that a variable can occur both free and bound in an expression: in
Ve(r=y)&z=x

the z in x = y is bound but the x in z = z is free.
Note also that nothing forbids a variable to be ‘bound twice’:

Va(r =y & Va(z = x))

is a legitimate formula.

Given a term 7, a variable z and a term ¢, we call [t/;;] T the substitution
of t for x in 7, which is the term obtained by replacing in 7 all occurrences
of z by t. More explicitly, we can define [t/;] 7 like this:

e If 7 is a variable symbol and 7 = z, then [t/;]7 = t.
e If 7 is a variable symbol and 7 # x, then [t/;]7 = 7.

o If 7= f(ry,...,7), then [t/]7 = f([t/x]71,. .., [V/z] ™). If ¢ is a con-
stant symbol, then [{/;]c = ¢, in line with our definition of constant
symbols as O-ary function symbols.

Given a formula «, a variable x and a term ¢, we call [t/;]a the substi-
tution of ¢ for x in «, which is a formula obtained as follows by induction
on the structure of a.

e If o is atomic and of the form o = ¢, = to, then [t/;]a = [Uz]t1 = [Vt

o If a is atomic and of the form a = p(ty,...,t,) then [t]a =
()t Y] tn).

o [Ux]-a=~[lx]a.

o [t/x] (& B) = [lr]lak [t/a:]ﬁ-
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e If z is not a free variable of Vy(a), then [t/;]Vy(a) = Vy(a); in partic-
ular, [t/]Vz(a) = Va(a).
If z is a free variable of Vy(a) and y is not a free variable of ¢, then
[l Vy(e) = Vy([Va] ).
If z is a free variable of Vy(«) and y is a free variable of ¢, then the
substitution [t/;]Vy(a) is undefined (in the sense that there is no such
formula as [t/;] Vy(a)); we say that the substitution would capture the
free variable y of ¢.

As we can see, substitution is not defined when the substitution would cause
a free variable of ¢ to become bound (‘captured’).

We remark that if y does not occur in «, the substitution [Y/]« is always
defined.

A sequent is an expression of the form ~q,72,...,7 F a. The list
Y1, ...,7, is called the antecedent of the sequent; « is its consequent
(in the literature also called succedent). We suppose that the antecedent
does not contain the same formula more than once; if that would be the
case, we silently delete its other instances. The order and multiplicity of the
formulae in the antecedent is not important, i.e., we consider two sequents
whose antecedents contain the same formulae identical even when they are
in a different order or are repeated. For example, we consider

r=yy=zFxr==z
and
y=zy=zr=yy=zktr=z

as two different notations for the same sequent.
In the sequel, we will use a few abbreviations:

e oV f3is an abbreviation for (-« & =)
e o = (3 is an abbreviation for =(a & =)
e a < [ is an abbreviation for (a = ) & (8 = «)

e Jdz(a) is an abbreviation for =V (—a«)

2.2 Semantics

We start from a domain w, which must be a non-empty set. An interpreta-
tion is a function Z defined on the variable, function and predicate symbols,
such that
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e for each variable symbol = we have Z(z) € w,
e for each n-ary function symbol f, Z(f) is an n-place function over w,
e for each n-ary predicate symbol p, Z(p) is an n-place predicate over w.

Intuitively, an interpretation fixes a ‘meaning’ for each symbol of the formal
language.

Remark that all functions and predicates above are total, i.e., defined for
all n-tuples of elements of w where n is the arity of the function or predicate.

An interpretation depends on the domain chosen, so actually we should
write Z,, but in the sequel we suppose the domain to be a fixed set and just
write Z to ease the notation.

Given an interpretation Z, a variable symbol  and an element a € w, we
define a new interpretation Z¢ as follows:

o 70(z) :=a

e I3(y) =I(y) if z £ y.

We write Z3! as an abbreviation of (Z%)?.

Starting from Z, we can associate an element of w to each term t. As not
to burden the notation, we will note this element too as Z(¢). It is defined
inductively by setting

Z(f(trs o stn)) = Z(f)(Z(t), - -, Z(tn))

We say that a formula « is valid in an interpretation Z, or synonymously
that 7 is a model of «, if

o If o is atomic, then we say that t; = t is valid in Z if and only
if Z(t;) = Z(t2), and that p(ty,...,t,) is valid in Z if and only if
Z(p)(Z(t1),...,Z(t,)) holds.

e —« is valid in Z if « is not valid in Z.
e o & (is valid in Z if both « and [ are valid in Z.
e Vz(«) is valid in 7 if for each a € w, « is valid in Z¢.

We say that a list of formulae I' is valid in an interpretation Z, or syn-
onymously that Z is a model of ', when all formulae of " are valid in Z (i.e.,
7 is a model of all formulae of I).

We say that a formula « is a consequence of a list of formulae I' when
for any Z we have that 7 is a model of o whenever it is a model of I'. We note
this as I' = « and call the corresponding sequent I' - o a sound sequent.
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2.3 Deduction rules

The Hermes calculus is a sequent calculus which uses the following deduction
rules. The Greek letters o and (3 stand for formulae; I' and A stand for lists
of formulae; = stands for a variable and ¢ for a term. Premises are above
the horizontal line and the conclusion below. As indicated above, double
formulae are to be removed from the antecedent of the conclusion and the
order of the formulae in the antecedent is not important.

We present abbreviated names of the rules in a box at the top of the rule,
to be able to concisely refer to them in the sequel.

at «

Assumption introduction:

'k«

AFpJ
DAFa& S

&-elimination: '} o & 'ca&p
'« I'Ep

Makp
A —~abf
ARFS

'k«

AF -«

T.AF 3

&-introduction:

Removal:

Contradiction:

. . I'Fa . . .
V-introduction: m provided z is not free in I’

V-elimination: T | V()
TFa

Substitution: T'Fa where [l/;]T" means substituting ¢ for x in
)T F (Y]
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all formulae of I'. This rule can only be applied if all the substitutions are

defined.
Equality rules: T'Ea
Lo =tk [f]a

The latter rule can only be applied if the substitution [t/;]« is defined.

We call a sequent derivable if it can be obtained by applying a deduction
rule with derivable sequents as premises. From now on, we will use the symbol
F only for derivable sequents; with the phrase “we have I' - o” we mean that
this sequent is a derivable one.

A proof is a finite list of sequents s1, s, ..., s, where each s; is obtained
by applying one of the deduction rules with as antecedents sequents obtained
earlier in the proof; i.e., if s; is used as an antecedent, then j < i.

We call two formulae o and ( equivalent when o - § and § F «a are
derivable. We note this as a - 3. We call two formulae o and 3 equivalent
under the condition v when o,y F 3 and 3,7 F «.

We call a formula o a validity if - « is derivable.

One proves that the predicate calculus is sound: when I' + «, then
I' E a. In other words, each derivable sequent is a sound sequent: we cannot
derive unsound sequents using the deduction rules.

One proves also that the predicate calculus is complete: when T' = «,
then I' F a. In other words, all sound sequents are derivable.
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Chapter 3

Partially defined iota terms

3.1 Introduction

Whenever we prove that only one object x satisfying a certain property given
by a formula ¢ exists, we want to be able to give it a name so we can reason
about it. Hence we want to introduce a new kind of term in our logic of the
form

v (p)

meaning ‘the (unique) x for which ¢ holds’.
For example, in a theory about real numbers (i.e., w is the set of reals),
one can prove that there exists only one = such that

rz-z=5&x >0

(where we suppose that ‘5’ and ‘0" are constants). This is of course the real
number more customarily denoted with ‘v/5'.
In that case, we want to introduce a new term

w(z-x=5&x>0)

read as ‘the x such that x -z =5 & x > 0, the interpretation of which will
correspond to V/5. This kind of terms has been introduced in the literature
as (-terms ([Hilbert & Bernays 1968]).

To deal with such terms, we will introduce a mnew calculus
[Vernaeve & Hoogewijs 2007a] [Vernaeve & Hoogewijs 2007a]which we will
coin the PITFOL calculus (for Partial lota Terms in First Order Logic). It will
be a superset of the first order predicate calculus with identity as presented
carlier (which we will also call the ‘Hermes calculus’) in the sense that each
term, formula, proof, ... of the Hermes calculus is a term, formula, proof, . ..
of the PITFOL calculus.

29
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We will only allow terms of the form tz(p) to appear in a proof when we
have a proof of

= 3a(p) & Vavy((p & Yalp) = = =y)

where y is a variable not occurring in . We will call this the uniqueness
condition for vz(y) and use the shorthand notation

F 3lx(e)
These terms can also contain free variables:
w(rz-v=z&x>0)

is a term whose interpretation will correspond to y/Z(z). However, this is a
bad example because we cannot prove the uniqueness condition (there is no
such = when z < 0).

We see from the last example that not everything we would like is a valid
i-term. To fix the definition of ‘y/2’, we could write

w(z>0=(r-2=2&2>0)&(2<0=2=0))

which interprets as /Z(z) whenever the square root is defined (i.e., when
Z(z) > 0—we suppose for the sake of the example that Z(>) is the predicate
> on the real numbers) and as 0 in the other cases.

However, such definitions are rather clumsy and give rise to strange side
effects; for example, from y/z = 0 we cannot conclude any more that z = 0
since z could have been any negative number too.

Another classic example is ‘%’, defined as

(y#0=zx=2-y) & (y=0=2=0))

where we again encounter a side effect: + 8 = 0 would be provable. This of
course causes no inconsistencies, but it does not mirror the common mathe-
matical practice, which forbids one from considering square roots of negative
numbers or divisions by zero.

To meet this need, we introduce partially defined iota terms. These
terms have the form

Ly ()

and are to be interpreted in the same way as tx(yp), but are only defined
whenever ¢ holds: if ¢ is not valid then the interpretation of txy(p) is
undefined; otherwise it is the unique z for which ¢ holds. We see that
interpretations become three-valued: the interpretation of a term or formula
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can be ‘undefined’. If a term or formula is not undefined in an interpretation
(i.e. it denotes an element of the domain resp. is valid or invalid) we call it
defined in that interpretation.

A partially defined iota term tzy(p) is only allowed to be used inside a
proof whenever its uniqueness condition has been proved first:

Y = Fz(p) &VaVy((p & Yzl p) = 2 =y))

where y is a variable not occurring in ¢, or in shorthand:

W E 3z (p)

How will we handle undefined terms? Our solution is to make sure that
when we are to interpret a term and find that it is undefined, the sequent in
which it appears is automatically unsound. For example,

1
I'Foso(z-y=1)#0  (meaning ‘T — #0")
x
is only sound when I' - x # 0. More specifically,

1
Fezo(x-y=1)#0 (meaning “F — #07)
x

is unsound since ty,4o(z -y = 1) is undefined when we interpret = as 0.
However, we want

1 1 1
r#0F—-#0 , z>0F—->0 and Faz>1=-<1
x x x

(where 1 is a fancy notation for the iota term ¢y, 4o(2-y = 1)—we will handle
defined function symbols later) to be sound sequents. We see that in order
to determine whether a term is defined or not, we need to take the ‘context’
into account. In the three last examples, from each of the ‘contexts’ ‘xz # 0’,
‘z > 0" and ‘¢ > 1’, we can deduce that ‘z # 0’, which is the condition for
the definedness of % The notion of ‘context’ entails that when interpreting
a sequent, we first interpret the left hand sides of - and & (and hence, of
= t00) and can make use of this information to deduce that terms in their
right hand sides are defined.

It will become clear that the condition ¢ itself must be defined in any
interpretation, i.e., in a valid sequent, the term

inzg)(. )
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cannot occur because % = 5 is undefined in any interpretation that interprets
y as 0; however,

Lmy#o&%:k’)(' .-

will turn out to be a usable t-term, because y # 0 & i = 5 will turn out to
be always defined (see below).
Note that even pathological terms like ‘cx1_(...)" are syntactically well-
Y

formed; we just cannot prove anything about them, because we cannot derive
the uniqueness condition

1:5|—E|!31:'(...)

Y
Indeed, this sequent has to be unsound because in an interpretation where y
is interpreted as 0, the interpretation of i = 5 is undefined.

Another consequence of the ‘first interpret the left hand side of &’ rule is
that the conjunction is no longer commutative when one of its arguments is
undefined.

To illustrate this, we look again at the formula y # 0 & i = 5. In an in-

terpretation where y is interpreted as 0, the left hand side of the conjunction
is invalid and hence we conclude that the whole formula is invalid, without
considering the interpretation of the right hand side.
If we consider another interpretation where y is not interpreted as 0, the left
hand side of the conjunction is valid and we have to determine the interpre-
tation of £ = 5, which may be valid or invalid, but never undefined since %
is defined when y is not interpreted as 0.

On the other hand, the formula 1_1/ = 5& y # 0 is undefined whenever the
interpretation of y is 0. Indeed, we first have to determine the interpretation

of % = 5 which is undefined since we have to interpret the term %

3.2 Syntax

The syntax of the calculus with partially defined iota terms (the PITFOL
calculus) is an extension of the syntax of the calculus without iota terms
(the Hermes calculus).

The terms and formulae of the PITFOL calculus are constructed using the
same rules as those of the Hermes calculus with the addition of

e If ¢ and 7 are formulae of the PITFOL calculus and x is a variable
symbol then tzy(p) is a term. This kind of terms will be called ¢~
terms. We call ¢ the domain formula and ¢ the definiens of the
t-term.
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Note that the terms of our new calculus can be divided into three cate-
gories:

e (less terms, not containing any ¢ symbol. These terms correspond to
the terms of the Hermes calculus.

e Terms of the form tzy(p), which we call t-terms.

e Other terms of the PITFOL calculus, which are not (-terms themselves
but contain one or more ¢-terms inside them, for example f(txy(p)).

Remark that -terms are allowed to contain free variables (in the litera-
ture, sometimes such terms are called ‘t-expressions’ and only get the name ‘¢~
term’ when they do not contain free variables, e.g. [Hilbert & Bernays 1968]).

The uniqueness condition corresponding to a t-term tzy(¢) is the se-
quent

Y E, Az(p).

Note that even if the uniqueness condition ¢ F, J'z(p) has not been
derived, we still consider tzy(p) to be a syntactically well-formed ¢-term,
although in the sequel it will turn out that they cannot appear in proofs.

The formulae of the PITFOL calculus are built up in the same way as those
of the Hermes calculus, but of course their terms are terms of the PITFOL
calculus. From now on, a ‘formula’ will stand for a formula of the PITFOL
calculus unless we explicitly note otherwise.

Remark that in the PITFOL calculus, not only do formulae contain terms,
but terms also can contain formulae (domain formula and definiens of (-
terms).

Given a formula « or term ¢, we denote the list containing all occurrences
of its top-level (-terms (i.e., those (-terms that are themselves not contained
into another «-term) as T'LI(«) resp. TLI(t). Formally,

e TLI(xz) = (), the empty list

o TLI(xy(p)) = (1wy(p))

o TLI(f(ti,ta,... tn) = TLI(t,) : TLI(ts) : ... : TLI(t,)

o TLI(p(ty,to, ..., tn)) =TLI(ty): TLI(ty):...: TLI(t,)
o TLI(-a) = TLI(a)

(
(
(
o TLI(t, =ty) = TLI(t,) : TLI(L,)
(
(
o TLI(a &k

8) = TLI(a) : TLI(B)
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o TLI(Vx(a)) = TLI(cx)

where " denotes the list concatenation operator and (e) the list with the
single element e.

Given a formula « or term ¢, we denote the list containing the uniqueness
conditions corresponding to all its top-level (-terms as UC(«) resp. UC(t).
In the sequel, we will also refer to this list as “the uniqueness conditions for
a term or formula”. Formally,

C

-

x) = (), the empty list

vy (@) = (¢ A (p))
f(tl,tg, c. ,tn)) = UC(tl) . UC(tQ) e UC(tn)

o UC

p(ti,ta, ... t,)) =UC(t) : UC(t2) : ... : UC(ty)

(
(
(
o UC(t =t,) = UC(t) : UC(t)
(
(
o UC(

a& B)=UC(a): UC(P)
o UC(Vx(a)) =UC()

We will denote tz(¢) as an abbreviation for t@y,,—q)(¢), i.e., a t-term for
which the definedness condition is always satisfied.
The notion of free variable of a term is extended with

e A term wzy(p) has as free variables the union of the free variables of
¢ except x (which we call a bound variable of the term) and the free
variables of ). Symbolically, if we denote the set of free variables of a
term t as F'V (t), then

FV(ury(p)) = (FV(p) \ {z}) U FV ().

Note that any free occurrences of x in 1 are not bound by the ¢.

A pitfol sequent is an expression of the form

01,09, .5V, Y2, -+, @

where the ¢’s, 7’s and « are formulae of the PITFOL calculus. If there are
no o’s, then the leading semicolon is to be dropped. Note that we add a
¢ subscript to the - symbol to indicate the difference with sequents of the
Hermes calculus.
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The finite and possibly empty list oy, 09,... is called the context of the
sequent; the finite and possibly empty list 71,72, . . . is called the antecedent
and the mandatory formula « is the consequent.

As before, the order and multiplicity of the formulae of the antecedent is not
important. However, the order of the formulae in the context is significant.
When the context contains double formulae, we consider the sequent identical
to the same sequent in which we only keep the first copy of the double formula
in the context. Note that a formula is allowed to occur both in the antecedent
and the context of the conclusion; we are not allowed to remove those double
formulae.

For example, we consider the sequent

C(7a7/87a{777ﬁ;7777a|_l/5

identical to the sequent «, 3,v; v, a -, § and, since we noted that the order of
the formulae in the antecedent is not important, the sequent «, 3,v; a, v I, 9.
However, it is different from the sequent «, 3, ;v F, 9.

If o is a formula, then informally, A(«) is defined as the formula that
states when « is defined. However, A(«) may also be the symbol T in case «
is always defined. The logic will be constructed in such a way that the symbol
T will never occur inside sequents; it is just a syntactical device to aid in
the construction of A(a). Semantically, T will behave as if its interpretation
were ‘true’.

For example, A(txyz(z-y=1)>0) will be y # 0. Note that the
symbol A is not part of our formal language; A(«) is a metalogical operator
that maps the formula o to another formula or the symbol T. We will again
use the notation o = 3 to express that two formulae are identical (where =
is also a metalogical operator).

Likewise, if ¢ is a term, A(¢) will be the formula (or the symbol T) that
states when ¢ is defined, so A(tzyzo(x-y=1)) =y # 0.

Formally, A(?) is defined as follows:
e If ¢ is a variable symbol, then A(¢) is T.

o A(f(t,ta,...,tn)) = A1) & (A(t2) & (... & (A(th-1) & A(ty)))) and
for 1-ary function symbols A(f(t1)) = A(t;). If ¢ is a constant symbol,
we define A(c) also as T, in line with our definition of constant symbols
as 0-ary function symbols.

o A(Lzy(p)) =1
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One could also express these rules less formally as A(t) = 1 &yr&. . &b, up
to associativity, where 11,1, ..., 1, are the domain formulae of the top-level
t-terms of ¢ in left-to-right order.

Note that the associativity of A(t) depends on the structure of ¢. For

example, A(f(g(ey, (91), 1y, (92)); 12y (03))) = (1 & ) & .

Note that from the sequel, it will appear that the conjunction is as-
sociative (property , and moreover, in this case also commutative
(since from the uniqueness conditions v; -, 3lx(p;) we can conclude
F, A(1);); see property . So there’s no real reason to insist on this
specific form of A(t).

As indicated above, we don’t want the symbol T to occur in sequents. To
achieve this, we will assume that formulae containing T are automatically
simplified with the rules

a&kT — «

T&a — «

Ve(T) — T
We see that, using these rules, either the symbol T does not occur in A()
or A(t) =

For formulae, the formal definition of A(«) is

o At = 1) = A(t) & Aty)

o A(p(ty,ta,...)) = A(ty) & (A(te) & (A(t3) & ...)); for O-ary predicate
symbols we have again A(p(t1,t2,...)) =T

o A(—a) = Ala).

o If A(B) # T, then we define A(a & () = A(a) & (o = A(f)), which
is an abbreviation for A(«a) & —(a & =(A(F))). Note that we have
given no simplification rule for =T, so we have to define explicitly
A(a& ) = A(a) in case A(B) = T.

o A(Vz(a)) =Vz(A(a)).

For atomic formulae a, we see again that up to associativity, A(a) = 1 &
o & ... & 1, where 11,19, ..., 1, are the domain formulae of the top-level
-terms of a.

Finally, we define A(T) =T.
As an example, let us reconsider the term

t = 1250800, 5 0 (w>08ww=y)£0(2 - Wyso(w > 0 & w-w = y) = 7).
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We already met this term in the introduction and noticed that one could
interpret it as \/ig
Then we have A(t) =y > 0 & twy>o(w > 0 & w-w =y) # 0, and

AAM) =AYy >0 &y > 0= Altwyso(w > 0& w-w=1y) #0)
=T&y>0=y>0
=y>0=y>0.

For another example, reconsider the formula =(y = 0) & tx(y=0)(y - = =
1) = 5, which we abbreviated as y # 0 & i = 5. We then have

(=&t =5)=acu=m&(-u=0=a(:-s5))
=T&((-(y=0)) = ~(y=0)
=(-(y=0)=~(y=0).

Substitution is defined as in the Hermes calculus, extended with the case
[t/) ey (0) as follows:

e If z = y or if z is not a free variable of ¢, then [t/;]wyy(¢) = tyy(p)
when z is not a free variable of 1, or [{]uyy(¢) = tawet, v (p) when
x is a free variable of 1.

o If x # y and z is a free variable of ¢ and y is not a free variable of ¢,
then [/z]eyy () = wamett,w (Ve 9).

e If x # y and z is a free variable of ¢ and y is a free variable of ¢, then
[t/x] Ly, (@) is undefined; we say that the substitution would capture
the free variable y of t.

We see that for the definiens, the substitution behaves similarly to the case
[t/2)Vy (). Note that the ‘naive’ definition [t/z]tyy (@) = wypt e ([Ye] ) in the
cases where we defined it as tyag)gt, () would get us into trouble later on
(in particular, lemma |19 would not hold).

Remark that the substitution [t/;]ty,(¢) in some cases uses [t/;:] ¢ and/or
[t/]4; if in those cases one or both substitutions would be undefined, the
substitution [//z] () is also undefined.

The complexity of a formula « or term ¢, abbreviated cpl(a) or cpl(t),
is defined as the number of &, =, V, 1, =, predicate and function symbols in
a or t. Note that we define complexity also for terms since they can contain
formulae too; for example, cpl(txy(¢)) =1+ cpl(y)) + cpl(yp).
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Terms of complexity 0 are variable symbols; there are no formulae of
complexity 0.
Terms of complexity 1 are of the form f(z1,zs,...,x,); formulae of com-
plexity 1 are of the form p(xy, s, ..., x,) or 1 = zs.
Terms of complexity 2 are of the form
filxy, oo xmea, fo(Y1s - o Uk, Ty Tins1y - - -, ,);  formulae  of  complex-
ity 2 are of the form p(xy,..., Tm—2, f(Y1, -+, Yk), Tmy - - -, Tn), p(x1,...) OF
Va(p(zy,...,x,)) where p(xq,...,x,) may be replaced with z; = xs.
We remark that (-terms only start occurring in terms from complexity 3
onwards (these are of the form txp (. . . (P2(¥1,---,Ym)) Where one or
both of the p;(...) may be replaced by x; = x5 or y; = y»); and in formulae
starting at complexity 4.

3.2.1 Properties of substitution

We extended the notion of substitution to the case [t/y] iy, (¢); we will now
investigate how this affects the properties of substitution.

In this section, a will stand for a formula of the PITFOL calculus, t, u,
ty, to and 7 for terms of the PITFOL calculus and w, z, y and z for variable
symbols.

Property 1 If x is not a free variable of o or T then x is also not a free
variable of A(«a) resp. A(T).

This is easy to prove using structural induction on « and 7.
Another way of stating this property is FV(A(«a)) C FV(«) and likewise
for 7.

Property 2 The substitutions [T/y] o and [X/y| T are always defined; [T/p] a0 =
a and [Tl =T,

Property 3 If the substitution [Tjy]a is defined and A(a) # T then
A([yla) = [Ty Ala). If the substitution [Tfy|T is defined and A(a) # T
then A([Tfy]T) = [Ty A(T).

For convenience, we define [t/;] T = T, so the previous property can
be stated more succinctly as “If the substitution [Z/y]a is defined then

A([Tfyla) = [Hyl Ala)”.

Property 4 If the substitution [t/;|a is defined and x is a free variable of
a, then FV ([t/y]a) = FV(t) U (FV () \ {x}).

If the substitution [Uy]7 is defined and x is a free variable of T, then
FV([l/g)m) = FV () U (FV (1) \ {z}).



3.2. SYNTAX 39

From this property, we also get

e If x is not a free variable of ¢, then x is also not a free variable of [t/;]a
resp. [t/;] 7 if the substitution is defined.

e If y is not a free variable of ¢ and « resp. 7, then y is also not a free
variable of [t/;]a resp. [t/y] T if the substitution is defined.

Property 5 If x is not a free variable of a or T, then [t/z]a = a resp.
[t/x] T = 7 and this substitution is always defined.

One proves properties [4] and [f] simultaneously by structural induction on «
and 7.

Corollary 6 If x # y, then [t/ ][Vl = [Vl and Y] (Y] T = [Vl T; all
these substitutions are always defined.

Proof.

First consider the case that x is not a free variable of a. Using the
previous lemma, what we have to show simplifies to a = «.

If 2 is free in «, then we apply property [} yielding FV ([¥/z]a) = {y} U
(FV () \ {z}). Hence z ¢ FV([¥/z]c). Applying property |5| concludes the
proof. The case for [{/;][¥/x]T is analogous. O

Property 7 If y is not a free variable of t, x # y and x # =z, then
(Ul [yl = [By] [tx] v if at least one of these substitutions is defined. Like-
wise for T instead of a.

Proof.

The proof is by structural induction on o and 7; the only interesting case
is 7 = 1wy ().

e y = w and y is not a free variable of ¢). Then we have to prove that
[U/x)T = [#ly] [t/z]7. Remark that in this case, y is not a free variable
of 7; by property [4} y is also not a free variable of [/;]7. Applying
property [5| concludes this case.

e y = w and y is a free variable of ). Then we have to prove that
[l ez () = Byl Yl vwy ().

— x is not a free variable of ¢ and 1. Hence x is not a free variable
of [#y]1) and what remains to prove is iz ju(¢) = [Fyltyy(9),
which is trivial.
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— x is not a free variable of ¢ and z is a free variable of ¥. We
have to prove that wameriz,(0) = [Fylyamerw(e). The
right hand side is identical to LyA(t)&[Z/y][t/Iw(go). Induction on
concludes this case.

— x is a free variable of . This case is the same as the previous one,
except that the definiens is [{/;]¢ instead of (.

e y # w and y is not a free variable of .

— If y is not a free variable of 1, then we have to prove that
[ rwy (@) = [Fy][Ua]vwy(p). Note that y is not a free variable
of twy(p) and hence also not a free variable of [t/;]uwy (), from
which we this case easily follows.

— If y is a free variable of v, then we have to prove that
Yl vwpg (@) = [Fyl [Ha] vwy ().
x r = w, or * Z# w and x is not a free variable of ¢. Then
we again have to show that L@U[Z/y]w((p) = [#yluwy(p) when
x if not a free variable of v, or that LwA(t)&[t/x][Z/y]w(gp) =
[yl vy ayett,p (p) when x is a free variable of 1.
x v Z w and x is a free variable of ¢. For this case, we have

to prove that wwawef,lz,w ([Y2]) = Fhylwamstyw (Yl );
the proof is analogous.

ey # w and y is a free variable of ¢. We have to prove that
o] iz () = 12y [Hal twa([Zy)0). The proof is analogous to
the preceding cases.

O

Note that in general, [t/z][Wy]T # [Wy][Yz] T, when o # y, z is not a free
variable of u and y is not a free variable of ¢, as was the case in the Hermes
calculus. Indeed, a counterexample is given by

[P (T = )] [T (¥ = D)y L1, (2 = w)
e = )y [Fom(® = )] 120y (2 = w)

LZpmpge.. (2 = W)
Vst (2 = W)

where w, x, y and z are mutually different variable symbols.

3.3 Semantics

In this section, we adapt the semantics from to the PITFOL calculus.
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Given an interpretation Z, we can associate to each term ¢ of the PITFOL
calculus an element of the domain w or the status ‘undefined’ (in the latter
case, we write Z(t) = L), as follows:

e If ¢ is valid in 7 and there is a unique a € w such that ¢ is valid in Z¢,
then Z(txy(p)) is the a € w such that ¢ is valid in 72,

Else, Z(txy(p)) is undefined.
o Z(f(ty,... ty)) := I(f)(I(tl),...,I(tn)), provided all Z(¢;) are
defined; else Z(f(t1,...,t,)) is undefined.

Note that again, for function symbols f and predicate symbols p, Z(f)
and Z(p) are supposed to be total functions resp. predicates. Also, the in-
terpretation of a variable symbol is always an element of w; it can never
be undefined. Support for partially defined functions and predicates will
be given in §5| Hence, for now, the only “source of undefinedness” are the
t-terms.

We attach to a formula o and an interpretation Z the status valid, invalid
or undefined as follows:

e If o is atomic, then we say that t; = 5 is valid in Z if both Z(¢;) are
defined and Z(t,) = Z(ty). We say that p(t1,...,t,) is valid in Z if all
Z(t;) are defined and Z(p)(Z(t1),...,Z(t,)) holds. However, if not all
Z(t;) are defined, we say that « is undefined. In all other cases, « is
invalid.

e —« is valid in 7 if « is invalid in 7; =« is invalid in 7 if « is valid in Z;
-« is undefined if « is undefined.

e o & (Fis valid in Z if both oo and ( are valid in Z; a & 3 is invalid when
« is invalid, or when « is valid and [ is invalid; else o & (3 is undefined.
(This is the McCarthy conjunction [McCarthy 1967].)

e Vz(a) is valid in Z if for each a € w, « is valid in Z¢. If there exist one
or more a € w such that a is undefined in Z¢, then we say that Va(«)
is undefined. In all other cases, « is invalid.

When a formula is valid or invalid, we will call it defined.

Note that we use the term ‘undefined’ in two contexts: a substitution
can be undefined in the sense that the substitution [t/;]a cannot take place,
hence this is a syntactical notion; on the other hand, a term or a formula
of the PITFOL calculus can be undefined in an wnterpretation Z, so this is a
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semantical notion. It will be clear from the context which kind of ‘undefined’
we mean in the sequel.
This yields the following truth tables for —« and a & :

a | —o o\G|T F U
T| F T |T F U
F| T F |\F F F
Uuuv v |uv U vU

where T', F' and U stand for valid (true), invalid (false) and undefined re-
spectively.

We can see that a & [ is defined if and only if « is defined and when «
is true, [ is defined. In other words, to prove that a & (3 is defined, we have
to prove that both

e « is defined

e (3 is defined, where we may assume that « is true (“f is defined in the
context of o).

Yet another way to express this is that semantically, the & connective is
evaluated from left to right with “short circuit evaluation”: to evaluate
a & (B, we first check whether « is false. If this is the case, then we “short
circuit” the evaluation here and declare a & 3 to be false. If « is undefined,
then we can short circuit again and declare a& 3 to be undefined. Otherwise,
we continue our left-to-right evaluation and consider (3, knowing « to be true
at this stage; the truth value of a & 3 is then the truth value of 3.

Using the definitions of V, = and < yields their truth tables:

a\G|T F U a\G|T F U o\G|T F U
T |T T T T |T FU T |T FU
F |T FU F|T T T F |F T U
U \UuUvu Uu\UuUvu U |\UUvU

Examining these tables, we conclude again that semantically, the evaluation
is done left to right with short circuit. More specifically, we note that to
prove that a V 3 is defined, we have to prove that « is defined, and that
is defined provided —a holds (“g is defined in the context of —a”). Also,
a = [ is defined if and only if a & 3 is defined, and a < [ is defined when
«a and [ are both defined.

We say that the uniqueness condition of a (-term tzy(p) holds when
for any interpretation Z, we have:
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e ¢ is defined in 7.

o If 4 isvalid in Z, then ¢ is valid in Z2 for exactly one a € w and invalid
in Z¢ for all other a € w.

This will of course correspond to ¢ = 3lz(yp) once we have defined |= in the
PITFOL calculus.

We say that a formula « is a consequence of a list of formulae I' if for
any interpretation Z, all of the following conditions hold:

e the uniqueness conditions of all (-terms in I and « hold.
e whenever all formulae of I' are valid in Z, then also « is valid in Z.
e all formulae of I' are defined in Z (i.e., valid in Z or invalid in 7).

We note this as I' =, a and call the sequent I' -, & a sound sequent.

The last condition ‘forbids’ us from considering undefined statements, just
like in common mathematical practice, where one is not allowed to speak of
e.g. (1). For example, without the last condition, we would have that

1
Wezo(x - y=1)#0E=,2#0 (intuitively “; A0, #07)

but because of the second condition, we are not allowed to talk about ‘%’ if
we cannot prove that it is always defined. On the other hand, we do have

r# 0, Wepo(r-y=1)#0 (“907&0):0;7&0”)

because we do not require the consequent to be defined for all interpretations.

To simplify the treatment of contexts, a PITFOL sequent may also contain
a context Y. This makes the calculus easier to use; it is possible to develop
a calculus for the PITFOL calculus that does not use contexts in its sequents,
but that calculus turns out to be more cumbersome to use in practice (see
B39

Let ¥ = 01,09,.... We say that « is a consequence of X; ' if for any
interpretation Z, the following holds:

e the uniqueness conditions of all ~terms in ¥, I" and « hold.

e whenever all formulae of I' and X are valid in Z, then also « is valid in

7.

e whenever all formulae of ¥ are valid in Z, then all formulae of I' are
defined in Z.
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e 0 is defined in Z; when oy is valid in Z, o9 is defined in Z; when oy
and oy are valid in Z, o3 is defined in Z, and so on. This is equivalent
to requiring that the formula o, & 05 & ... be defined in 7.

We note this as X;T' |5, a.

3.3.1 Examples

The term wxz(z = y) has the same interpretation as the term y; indeed, the
only z fulfilling the condition x = y is y.

The interpretation of the term (v (p=s)(® = y) is always ‘undefined’.
Likewise, § = t&-vy(e=e) (¢ = y) is a formula whose interpretation is always
‘undefined’. Actually, any term of the form 1z yy—2)(yp) is always inter-
preted as ‘undefined’.

One could wonder what a term of the form vz, (¢) means when z is a
free variable of ¢, as in the term tx,»,(z = y). Following the definition of
interpretation given above, the interpretation of this term is again y whenever
the interpretation of x differs from that of z; else, it is undefined. In other
words, this term has the same interpretation as tw,..(w = y); we see that we
can perform a change of variable name, and this change leaves the domain
formula unchanged. We will formally derive this in corollary

From this example, we observe that in a «-term of the form wx,(p), =
binds in ¢ but not in ¢, which is reflected in the definition of F'V (txy(¢)).

Note that in contrast to the short circuit evaluation of the conjunction,
V() is undefined as soon as Z%(«) is undefined for one a € w, even though
there might be b € w for which Z¢(«) is invalid, which seems to run counter to
the idea of universal quantification as a ‘generalised conjunction’. However,
in general, there is no natural order in which we can enumerate the elements
of w; if we were to start with a, the generalised conjunction would evaluate
as undefined, whereas if we started with b, it would yield invalidity. Since as
indicated, we wish to avoid to reason about potentially undefined terms, the
only safe choice is to consider Va(a)) as undefined.

3.4 Deduction rules
Now we present the rules that are analogue of the rules of the Hermes cal-

culus. We present abbreviated names of the rules in a box at the top of the
rule, to be able to concisely refer to them in the sequel.
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Note that the order of the premises is significant; e.g., when we inter-
change both premises of the &-introduction rule, we get a different sequent,
Yo, X1 A T'F, & « as a result:

ZQ;Al_Lﬁ
YuuI'k, «
ZQ,ZI;A,F I_Lﬁ&(){

Concerning the T symbol, we introduce the following conventions which
will ascertain that the T symbol never will occur inside sequents, as we
already announced:

e If T would occur inside the context or antecedent of a sequent, it is
removed from the context or antecedent. For example, the sequent
T,a; 8, Tk, vis to be rewritten as a; 5 F, 7.

e If T would occur as consequent, the whole sequent is simply dropped.
For example, if a proof rule would require ;1" -, T as premise, that
premise doesn’t need to be supplied.

We are now in a position to introduce the rules themselves.

ass
UC(«)
Yk Aa)
Yoal, a
When A(a) is T, the context ¥ must be empty.

Yi;I'H
Yo, Ak, B
Y1, AR a& B

&-clim

Assumption introduction:

&-introduction:

&-elimination: ¥©:T' b, o & 3 Yk a&p
S TF a SiTH, 3
rem
Removal: Zilak 0
22; Aa @ '_L 6

N, Yy AR B
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ue(p)

Contradiction: YT H «
Yoy A, na

YL, AR B

V-introduction: ¥:T'F, o provided z is not free in I' and ¥
T, Va(a)

V-elimination: ;T |-, Va(a)

DOFS N e
Substitution: ue()
XoI'H «
A(t), [Y) X5 Y] T 1, [Hr]a
where I' = 91,7%,..., 7. Further, [t/z]T' is shorthand for

t/el v, [l vas - - 5 [Ha]yn.  This rule can only be applied if all the sub-
stitutions are defined.

Equality rules: 7 C(t) uao()

ADF, t=t il a
S,A); T x =tk [fla

The latter rule can only be applied if the substitution [t/;]a is defined.

We need some extra deduction rules:

t-rule: 4 |-, Alz(p)
F [T
where ¢ is obtained from ¢ by changing the names of all bound variables,
such that they are different from the free variables of . This ensures that
the substitution [(Zy(¥)/;] @ is always defined. Formally, ¥ = a; f(ty,...) =

f(tr,. ) wwe(®) = wi (Y] ®) where y is not a free variable of ¢ and ®:

plt,...) = plty,...); a& f = a& f; ma = -a and V(o) = Vy([Y/z]a)
where y is not a free variable of ¢ and a.

Note that to keep the notation simple, we do not indicate explicitly which
variables are to be avoided in renaming—in this case, the free variables of .
We call a and a alphabetic variants of each other.
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UC-rule: ¥:T+, o

¥k 3z(p)
where 1z () is a t-term occurring in ¥, I' or a.

A-rules; only applicable when the consequent of the conclusion is not T:

»Ilalk, 8 .I'F «
S EA(e) T H A(a)

Finally, we add these rules for manipulating contexts:

Yok AR « Yo, «
Yoo T AR, « Yoo &kl H «

The notation o & I' stands for o & 71,0 & ¥s, ..., 0 & v,; when I is empty it
is shorthand for o.

Note that in rules where the conclusion has X1, s as context, we could
just as well have chosen X5, Y1; we just had to fix an order to create our new
deduction rules. Indeed: in the sequel (see the discussion of the WeakCtxtL
rule), we will show that using the deduction rules, we are able do derive from
Y1;T'F, aand Xo; A F, B the sequent Y9, X1; ', A F, a& 3, and the situation
for the rem and contra rules is similar.

We call a sequent pitfol derivable if it can be obtained by applying
a deduction rule of the PITFOL calculus with PITFOL derivable sequents as
premises.

A pitfol proof is a finite list of PITFOL sequents si, Ss,...,S, where
each s; is obtained by applying one of the deduction rules with as premises
sequents obtained earlier in the proof; i.e., if s; is used as a premise, then
g <.

Note that, as we remarked before, the order in which the premises are
supplied to a deduction rule is significant, but we will not record the specific
order in the proof, just like we do not record the exact deduction rule used
in the proof.

Note that a proof of the Hermes calculus is automatically a PITFOL proof;
in this view, our PITFOL calculus is an extension of the Hermes calculus
(which will turn out to be a conservative extension; see . Indeed,
for formulae of the Hermes calculus, A(«) is T, and it is easy to see that the
proof rules of the Hermes calculus coincide under those circumstances with
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the proof rules of the PITFOL calculus. We believe that this property yields a
logic close to common mathematical practice, where one reasons (or at least
often claims to do so) in a two-valued setting, with the addition that one has
to make sure that the ‘definedness conditions’ are fulfilled (e.g., that z # 0
when reasoning about %)

In the sequel, we will again define the symbols V, =, < and d in the
same way as in the Hermes calculus.

3.5 Discussion of the rules

Before we will show that the calculus introduced above is consistent (§3.6)),
sound (§3.7) and complete (§3.9), we will discuss some peculiarities of the
calculus.

3.5.1 Commutativity of the conjunction

We remarked that the conjunction is not commutative in the PITFOL calculus;
however, examining deduction rules, this may not be readily apparent. The
only rules concerning conjunction seem to be the &-introduction and &-
elimination rules, which are unchanged from the original calculus. Indeed,
using these rules, from ;' -, a & 3, we can easily obtain X;T" F, 5 & a.

However, if we consider the assumption introduction rule, we observe that
it may be the case that we can derive ¥;a & 6 F, a & F, but not X; & a -,
B & «, because we can derive ¥; -, A(a & () but not 3+, A(B & «).

For example, consider the example at the end of where we set a =
y#0and g = i = 5; we can derive -, A(a & ), which is

F Ay #0) &yyé0:>A<§:5>,
— ————

=T
=y#0

ie, b, y# 0=y #0, but we clearly cannot derive -, A(f & «), which is
-, A(i — 5), e by #0.

Hence, we conclude that the non-commutativity of the conjunction man-
ifests itself in the calculus because of the definition of A.

3.5.2 Definedness of generalisations

We defined A(Vz(a)) as Vx(A(w)). If one considers a generalisation as a
‘generalised conjunction’, this might seem surprising since one might expect
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the noncummutativity of the definedness of a conjunction to surface here too.
For example, suppose we have a finite domain w = {ay, as, . .., a,} which can
be described by terms of the logic, i.e., there exist terms ty,...,t, such that
It; = a; for © = 1...n. Then the generalised conjunction of a with respect
to x is defined as

[tz & [tofp]a & - - & [tnfy] o

In the classical two-valued setting, one expects this formula to be equivalent
with Vz(«a); hence we call the V quantifier a generalised conjunction.
In our three-valued setting, in general, the interpretation of

fyzla e - & [tn/y]a

depends on the order in which the ¢; are chosen. Indeed, if for example [t1/;] o
is invalid and [t2/;]« is undefined, then

[t/ & [t2/p]a & - - & [tn/y] o is invalid
[tofy] o & [t/p]a & -+ - & [tn/y] o is undefined

It seems natural to require that Va(«) to be considered valid only when
all possible generalised conjunctions of « are valid. In particular, for each
1t =1...n, we require that

[tifp]a & [tfp]a & - - & [ti-1/p] o & [tiri/p]a & - - - & [tn/y]

should be valid, from which it easily follows that each [ti/;]a should be valid.
Hence we have no other choice than to define A(Vz(«)) = Vo (A(w)).

3.5.3 Aand T

One could wonder why we did not define A to always yield a formula. In
the cases where we used T, at first sight we could just as well have used a
validity 7, such as Vz(z = x) or p V —p where p is a predicate constant.

The first drawback of avoiding the T symbol is that A would yield very
large and unwieldy formulae; for example, we would get

Alz=zx&y=y)=Ax=0)&(z=2= Ay =v))
=(r&n&(z=2= (1&T))

This complicates formal proofs considerably; for example, to apply the
assumption rule on the formula z = x & y = y, we need to derive first

F(r&n)&(r=o= (1&T))
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which is not straightforward. To illustrate how much even simple proofs are
affected, just deriving -, = x is not trivial, since the equality rule now
yields the more complicated

T&TH, (v =1)

In general, it seems necessary to add -, 7 as an axiom to the calculus; for
some specific forms of 7 such as Vz(x = ) we can derive -, 7 however:

Ve(z =x)&Ve(r =2) F, (v = 2) eq
b, Ve(Ve(z = x) & Vo (x = z))

& (Ve(z =1x) = Vo(r =2) &Ve(x = x)) defAnt

F, Ve(Ve(z = x) & Va(x = z)) &-elim

b, Vao(r = z) & Va(x = x) V-elim

F, Vao(xr = z) &-elim

Frx==x V-elim

Moreover, if we drop the use of T, a proof of the Hermes calculus using
the assumption introduction rule, the substitution rule or the equality rules
is not any more a proof of the PITFOL calculus and hence the PITFOL calculus
would not be an extension of the original calculus.

Note that for theoretical purposes, it can be interesting to define a variant
of A along the lines sketched above, which is what we will do in with
the definition of D. Indeed, for theoretical investigations where it is not
important that the resulting formulae are small, the definition of D has as
advantage that it has less different cases and we do not need to resort to the
introduction of the symbol T and its simplification rules.

3.5.4 A note about contexts

It seems that we don’t have to extend the notion of sequent with a context.
In this variant of the calculus, some deduction rules look different:

UC(t) UC(t)
'k« 'k, «
A) &[T [Halo T,AW) &z =tF, [[]a

and instead of toCtxt and fromCtxt, we would have

F.A(Y) Lv&al, g
v, Ala) Avy&—-alk, g
y&ab, a LA ~F, B
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The advantage of this approach is that the notion of sequent (and hence
of proof) is simpler, but it turns out to be much more cumbersome to actually
prove things in this variant of the calculus. Most derived rules have a variant
with and without ‘context’; e.g.

I'—-alk, a Iv&-abk, a
'k, o | O e

The clumsiness of the contextless calculus is illustrated further by the
derivation of the Cut2 rule, where we are (at least not in an obvious way)
unable to reuse the Cut rule, but have to invent a completely new proof:

', « prem
vy&at, prem

Fo Ay & a) defAnt

v& —ak, v & —a ass
v & —a k-, —a &-elim
Ly&—-at, B contra
| R G remCtxt

In contrast, compare the forthcoming proof of the Cut2 rule in the calculus
with contexts, where we are indeed able to reuse the Cut rule.
One could also go to the other extreme and define sequents of the form

11 L2 2 R
01,05,...501,05,...5...;01,09,...' Fa

where the order of the formulae in o}, 03,... is not important and double

formulae are to be removed; likewise in 0%, 0%, ..., and so on. The idea here

is that semantically, one evaluates first the sequents of the first list o{, 01, . ..

in any random order, then those of the second list 02,03, ..., ...One would
then need some rules specifying when a formula is allowed to move to the

left or right of a semicolon:

o0& 30,5 o« c 12,0580 ..
Ce 321,059,235, L Yo &Yy H

It seems that all this extra complication in syntax would yield little gain in
usability, so we opted not to pursue this option.
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3.6 Equiconsistency proof

3.6.1 Translation of sequents

In this section, we will give a process to transform a sequent in the PITFOL
calculus to one or more sequents in the Hermes calculus.

We define two metalogical operations on formulae « of the PITFOL calcu-
lus: the reduction R(«) and the definedness D(«). Both produce a formula
of the Hermes calculus. Semantically, R («) will express that if « is defined,
it is true (or equivalently, that « is undefined or true), and D(«) will express
that a is defined (we will actually prove this in lemma [20]).

We define R by structural induction on the formula a:

e « is an atomic formula, i.e., a = t; = ty or a = p(ty,ta,...,1t,). We
will only cover the latter case; the former is analogous.

If there are no «-term arguments of p, then we define R(«) = a.

Else, we enumerate all occurrences of top-level (-terms of « (i.e., those
i-terms that are themselves not contained into another (-term) as
TLI(a) = 1214, (1), L2y, (P2)s -+ - LTy, (Pm). We define R(a) as

FuyFug - o Fug, (R([U1/3,]01) & R([U2/iy] 2) & . . & R([Um/r, | om) & q)

where ¢ is the formula obtained from « by replacing all top-level ¢-
terms (x;y, (¢;) by their corresponding variable symbol u;. We choose
the u;’s such that they are all different from each other and such that
u; does not occur in o.

Formally, we can construct ¢ as follows. Choose the m different variable

symbols uq, ..., u, not occurring in a. We then define a metalogical
operator () which maps a term ¢ to another term Q(t), as follows:
- Q) =2

- Q(f(r,...,m) = [f(Q(r1),...,Q(1)) with special cases
Q(f(7)) = f(Q(7)) and Q(c) = ¢ where c is a constant (which

we identified with nullary function symbols)

— Q(t@iy, (¢:)) = u; where 7 is the index of this ¢-term in the list op
top-level (-terms of the original formula a.

Then we have ¢ = p(Q(t1), Q(t2),...,Q(t,)) if n > 1; ¢ = p(Q(t1)) if
n=1land ¢g=aifn=0.

e R(—a)=-R(«a)
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e Ra& B) =R(a) & R(P)
o R(Vx(a)) =Vr(R(a))

Note that this is the same definition as in [Hilbert & Bernays 1968], except
that there, u; = x; is chosen (which is incorrect when two or more z;’s are
the same variable symbol) and we don’t identify multiple occurrences of the
same (-term (each occurrence gets its own ;).

One sees that the set of free variables of « is the same as that of R(«).

We illustrate the definition of R on atomic formulae with the following

example. Consider the formulaa =1 = i, Le., tzyzo(r2 =1) = t2y20(y-2 =

1). Then we have

R(tzgzo(x -2 =1) = 1zy20(y - 2 = 1))
= JuFua(R(z-uy = 1) &Ry -us = 1) & ug = uy)
= JuFus(z-uy =1&y-us =1 & uy = uo)
Semantically, if a is defined (i.e., if = and y are both nonzero), this expresses
that u; is an inverse of x (and since we have the uniqueness condition, u; is
the inverse of x), that uy is the inverse of y and that they are equal, i.e.,

is valid.
If «v is undefined, for example when x = 0, then R(«) is equivalent with

E|U13UQ<0:1&y'U2:1&U1:UQ)

which is of course invalid.
Note that if we have the uniqueness conditions, R(«) is equivalent with

VurVus((x - up = 1& y-ug = 1) = ug = uy)
so we could have defined the reduction of an atomic formula as

VurVug - Vg (R[] 1) & R([U2/z,]02) & - & R([Un/,, 1 om)) = q)

See also lemma [12] where we show that given one form of the definition, we
can derive the other.

Another example with nested iota terms is given by the formula \/ig =1

R(Lzyzg&twyzo(wzo&w.w:y)?ﬁo(Z Swyso(w > 0& w-w=y)=1x) = 1)
= Ju (R(ug - twyso(w > 0 & w-w=y) =) &u; =1)
= Juy (Jua(R(ue > 0& ug - us = y) &ug - ug =) &uy = 1)
= Juy(Fug(ug > 0& ug - ug =y & ug - ug =) &ug = 1)
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Semantically, this expresses that uy = /Y, u1 = +oand up = 1.

We will prove shortly that the exact choice of the u’s is not relevant:
different choices yield equivalent reductions. Sometimes, we wish to avoid
a certain choice of variable symbol for the u’s, e.g., when the substitution
[t/z] o is defined, the substitution [t/;] R («) is not necessarily defined because
one or more of the u;’s might accidentally be a free variable of £. Hence given
a set of variable symbols V| we define Ry (a) in the same way as R(«), but
with the extra demand that all u’s be different from all variables in V. Just
like R, Ry is defined inductively so we define Ry (—«a) = =Ry (a) and so
on. We call V' the exclusion set of the reduction. If x is a variable symbol,
then we will with a slight abuse of notation write R, instead of Ry, and
Ry, instead of Ryyay.

Next, we define D:

o Dy(p(ti,ta, ..., ty) = Ry (1) &Ry (1) & ... &Ry (¢,) with the same
notations as in the definition of R. If there are no (-terms as argument
of p, then Dy (p(...)) = Vz(x = x). We treat Dy (t; = t2) analogously.
Note that it would be natural to define Dy (p(t1, ta, ..., 1)) = Ry (¢1)&
Dy (Y1) & ... & Ry (¢,) & Dy (1) but in the sequel (see page [61]) it will
appear that we get Dy (v;) from the uniqueness condition for ¢z, (¢;).

e Dy(—a) =Dy(a)
e Dy(a& ) =Dy(a) & (Ry(a) = Dy ()
e Dy(Vz(a)) = Vz(Dy(a))

If V' is the empty set, we write D instead of Dygy; if V' is a singleton {x}, we
write D, instead of Dy,;.

When ¢ is a term, we define Dy (t) = Dy (t = x).

Note that in contrast to A, the result of D can never be T and hence
the resulting formulae will be longer. As we already indicated in §3.5.3], for
theoretical purposes it is more interesting that there are less cases in the
definition of D.

Lemma 8 For each formula o of the PITFOL calculus,

1. if the substitution [Y/y] v is defined, then

Ry (Y] a) = Yz Rvy (@)

where V' is a set of variable symbols.
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2. choosing different u’s in the reduction of a yields equivalent reductions
(and hence, Ry (a) 4 Ry («) for any two sets of variable symbols V'
and W)

Note that it is necessary to use Ry, to ensure that the substitution
[Y/x] Ry, () is defined. As a counterexample, we take a = p(tz(z = z2)).
Then, the substitution

Y/l R(a) = [Ya| Bui(z = w1 & p(uy))

is not defined when we would choose u; = y.
Proof.

We prove this by induction the complexity of «; we will at the same time
prove that the exact choice of the u’s in the reduction does not matter.

e If o has complexity zero, i.e., « is atomic and does not contain any
t-terms, then

Ry ([Yzla) = [Yzla = Yz Rvy(a)

because the reduction of a formula without ¢-terms is that formula
itself.

e /. If a is atomic and contains -terms, i.e., « = p(ty,...,t,), where
we treat the case a = t; = t, analogously, then we have to prove that
the formula Ry ([¥/z]a), or more explicitly,

ForFv .. Fvn (Ry (W] 01) & Ry ([Vafayl93) & - & Ry ([Vfa, ] l,) & ¢))

is equivalent to the formula [¥/;] Ry, (), i.e., equivalent to

(Y] BurFug . . Fup (Ryy ([Wifz, 1) & - & Ry ([Umfy, ] om) & q))

with the usual notations: the v; are all different from each other and
do not occur in [Y/y] o or V; the u; are all different from each other, do
not occur in « or V' and are different from y; ¢’ is the formula obtained
from [Y/;] by replacing its top-level -terms by v’s and ¢ is obtained
likewise from « by replacing its top-level (-terms by u’s; the top-level
t-terms of o are T'LI(a) = 121, (¢1), - - - 1Ty, (Pm) and the top-level
-terms of [Yg]a are TLI([Y/z]a) = tx1y (91)s - -5 tTmys (©1,)-

It is easy to see that [Y/z] 1z, (i) = txiy (#}). Hence, ¢ is the definiens
of [ i, (1), i
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— If + = x; or z is not a free variable of ¢;, then [Y/y]izy, (pi) =
vy, (i) or [Yx]ury, (i) = wamew,w(pi) = oy (i), hence
©; = i

— If © # x; and 2 is a free variable of ;, then [Y/z]izy, (pi) =

LT; A(y)&[%]wi([y/ﬂ i) = in[%]wi([y/x] ©i). (We take the substitu-
tion to be defined, hence z; #Z y.) So in this case, ¢} = [Y/z] ;.

We first establish that

Ry ([Wfa,J0i) = [Ya] Rvy (/] 1)

or, using induction on ¢,

Ry ([Yify,;]07) A Ry ([Ya] [Uifz;] 4)

— If x = x;, then we have to prove that

Ry ([Wifx] i) A R ([Ya] [Wifz] 03)

Since w; # x, this reduces using corollary [6] to
Ry ([Wifx]pi) "= Ry ([Uifz] i)
— If z is not a free variable of ¢;, then we have to prove that

Ry ([Wifg,]0:) A= Ry (Y] [Wilx;) i) -

Noting that u; is different from z, we can apply property [4] yield-
ing that x is not a free variable of [Ui/y ]|¢;, so using property Bl

[Y/x] [ul/xz] pi = [ul/xz] Pi-
— If z is a free variable of ¢; and = # x;, then we are left to show
that
RV([“’/@] Yz} i) A Ry ([Y/2] [ul/xz] ©;)
Since we supposed the substitution to be defined, x; # y; we
also have that u; does not occur in « and hence u; # z. Hence

property [7] is applicable, which shows that we may change the
order of the substitutions without affecting the result.

Having established this, what remains to prove is

FurFvy - Fom (R ([V/ay] 1) & R ([Va,)05) & - & Ry ([V,, | 1) & )
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is equivalent to

JurFu . Fug (Ry ([Wfey] 1) & . & Ry ([Umfz, Jor,) & [Y/a]q)

which follows from the next part, since this are just two reductions that
only differ in the choice of the u;.

2. We have to show that reductions with different choices of u are
equivalent, i.e.,

3. B (R0 R o) Rl ) )

is equivalent with

Fuy Ity ... Fuly, (R([UWfy] 1) & R([Uafy]02) & ... & R([Ufie,, ) om) & ¢)

with the usual notations (this time, ¢ and ¢’ are both obtained from
a by replacing its top-level «-terms by u’s, respectively by u’’s). We
may suppose that the u’s and u’s are all different: if there would be
common variables, then we can choose a set of u”’s which are different
from the u’s and the u”’s; the reduction with the u’s then is equivalent
with the reduction with the «”’s which is in turn equivalent to the one
with the u’’s.

Using the induction hypothesis, we have that R([Ui/y]¢;) -+
[Wify,] Ru,; (i) Hence (3.1 is equivalent with

JuyJuy ... Juy, ([ul/xl]Rm (901> &... & [“m/:cm] Rum(@m) & Q)
We can now perform a change of variables, giving
a3y, (W, | Rus (1) & - & [/, | R (0m) & (W) - - [, ) 0)
and it is easy to see that [Uﬁ/ul] [U/Q/U2] ce [Ulm/um]q = ¢’. Now we only

have to establish that [u;/xz] R, (¢i) 7+ R([u;/xz] ©i). Since by induc-
tion Ry, (i) "+ Ru (i), we have that

(43, R (ps) - (Wi, R (1) A R([Uif ] 02)

e The cases where « is not atomic are straightforward.
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We define the translation of a PITFOL sequent ;' -, o as the three
sequents

FD(or&or & ... & ay)
R(o1),R(02),...,R(on) FD(n) &D(y2) & ... & D(vm)
R(o1),...,R(0n),R(M) -, R(vm) F R(a) & D(«)

where X = 01,09, ...,0, and I' = 71,72, ..., Y

We will often write with a slight abuse of notation R(X) instead of
R(o1),R(02),...,R(0,) and likewise R(T") instead of R(y1),R(V2), .- -

In case ¥ is empty, we define the translation as

FD(v) & D(72) & ... & D(vm)
R(D) - R(a) & D()

If T is empty, we define the translation as

FDoy&or & ... &a,)
R(E)FR(a) & D(«a)
When both ¥ and I' are empty, the translation of -, « is defined as the
single sequent

FR(a) & D(a).

3.6.2 Translation of proofs

We define the translation of a PITFOL proof sy, sg, ..., s, as a list of sequents
of the Hermes calculus which we obtain by replacing all the sequents of the
given PITFOL proof by their translations.

We will show in the following sections that the translation of a PITFOL
proof can be expanded to a proof (in the Hermes calculus). To do this, it is
sufficient to prove for each deduction rule of the PITFOL calculus that when
we replace the premises by their translations, we can derive in the Hermes
calculus the sequent(s) of the translation of the conclusion.

Note that the translation of a PITFOL proof need not be a correct proof:
often we need to add some ‘glue sequents’ in between. For example, consider
the PITFOL proof

Foor=x eq
Fy=y eq
Fr=x&y=y &-intro
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Its translation is

Fao=x&Ve(r =x)
Fy=y&Vr(r=u2x)
Fe=ac&y=y&Ve(rv=12)&r=2= Vr(r =2)

which is not a valid proof but can be easily expanded into one (note that
—(x =z & —Vz(x = x)) is an abbreviation for x = x = Va(z = 2)):

Fr=ux eq

FVr(z = x) V-intro

Fae=x&Ve(r= 1) &-intro

Fy=y eq

Fy=y&Vr(r=1) &-intro

Fr=x&ky=y &-intro

Fr=x&y=y&Vr(x=2x) &intro

r=x&Vr(r=x)Fz=1x&Ve(r =21 ass

r=x& Vr(r=1z)F Vr(r =1x) &-elim

FVr(r =) V-intro

r=x& Vr(r=12)F ~(r =2 & Vr(r =1x)) contra

“(z =& Ve(xr=2))F -(xr =2 & Va(z =x)) ass

Fao=x=Ve(r =21 rem
Fr=x&y=y&Vr(zx==1x)

&xr = x = Ve(xr = x) &-intro

Once we have shown that the translation of a PITFOL proof can be ex-
panded to a proof, we can establish equiconsistency of the PITFOL calculus
with the Hermes calculus as follows. Suppose that the PITFOL calculus would
be inconsistent, i.e., every PITFOL sequent is derivable in the PITFOL calculus.
In particular, the sequent

F=(z =x)
would then be derivable in the PITFOL calculus. Translating the PITFOL
proof of this sequent, we get a proof whose last sequent is

FR(—(z=2x))&D(—~(x =x))

ie.,

Fo(r =2) &Ve(x = x)

But then we would have a proof (in the Hermes calculus) of - —(z = z), and
it is easy to see that this would imply that the Hermes calculus would be
inconsistent.

Another corollary is that the PITFOL calculus is a conservative exten-
sion of the Hermes calculus. By this, we mean that when we have a PITFOL
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proof of I' -, o, and I and « do not contain iota-terms, then there must exist
a proof of I' F «; in other words, in the PITFOL calculus, we cannot derive
any ‘new” truths that were expressible in the original Hermes calculus. The
proof is easy: the translations of I' -, a are derivable, i.e.,

FD(m) &D(y2) & ... & D(ym)
R(T) F R(a) & D(a)

But since I' and « do not contain iota-terms, R(I') = I' and R(a) = a.
Hence, we have I' - a & D(«), from which we easily obtain the desired
sequent.

3.6.3 Lemmata

Remark that R(a) and D(«) never contain t-terms. Further, it is easy to
see that the reduction of a formula without (-terms is the formula itself, and
the definedness of a formula without -terms is a validity.

From these observations, we see that

R(R(a)) = R(a)

D(R(«)) is a validity

R(D(a)) = D(a)

D(D(«v)) is a validity

Next, we establish that in D(a; & (a2 & (... & (an-1 & a,)))), the order

of association is not important, i.e., changing the association yields an equiv-
alent formula:

D(o & (g & a3)) = D(ay) & (R(a1) = D(ag & ag))
=D() & (R(on) = (D(a2) & (R(az) = D(a3)))
A D(an) & (R(aw) = D(az)) & (R(on & az) = D(as)))
= D(a1 & az) & (R & az) = D(as))))
=D((o1 & ag) & ag)

In general, one can prove that D(a; & as & ... & «,) is equivalent with

D() & (R(ay) = D(aw))
& (R(ar & an) = D(as))
&
& (R &as& ... & ay1) = D(w,))
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Using this result, we find that the translation of a sequent ¥;T' I, « is
equivalent with

¢

\

R(o1),R(02),...,R(0n_1)F D(oy)

R(E) D) &D(ye) & ... & D(vm)
R(E),R() F R(a) & D()

Finally, we investigate the definedness of oV 3, o« =  and Jz(«).

S
2
<

=

(
(0= 03) & (R(a=p)) = D(B = a))
(cx

)& (R(a) = D(B)) & (R(a = 3) = (D(B) & (R(B) = D())))
a) & (R(a) = D(B)) & (R(a = §) = D(B))
a) & D(f)

D(3z(a)) = D(—Vz(—a)) = D(Ve(—a)) = Va(D(—a)) = VaD(«a)

Note that D(a = () = D(a & () and D(3z(a)) = D(Vz(w)).
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3.6.4 Translation of the proposition rules

The following lemma shows a connection between A and D.
Lemma 9 If A(«a) is not T, then R(A(«)) is equivalent to D(«). If A(«)
is T, then D(«) is a validity.

Proof.
We prove this by structural induction on «.

o If v is atomic, it is of the form a = p(ty,ts, ..., t,), where we treat the
case a = t; = t5 analogously.
First suppose « contains some t-terms. Then A(a) = 1 & &. . . &y,
with the usual notations, i.e., ¥y, s, ..., 1, are the domain formulae
of the top-level iota terms of or. Hence R(A(«)) is

R & & . &thy) =RW1) ER(W2) & ... & R (V) = D(a)

If there are no t-terms present, then A(a) = T and we have to show
that D(«) is a validity, which is the case since D(a) = Va(z = z).

e Suppose a = . If A(f) is not T, then by induction, we know that
R(A(S)) is equivalent to D(3). Hence

R(A(a)) =R(A(B)) 4= D(3) = D(a)

If A(B)is T, then D(f) is a validity. Then D(«) is a validity too, since
D(a) = D(P).

e For formulae of the form « & 3, we have four cases.

— If both A(a) and A(S) are not T, then R(A(«)) is equivalent to
D(«) and likewise for (3. Then

R(A(a & B)) =R(A(a) & (a = A()))
= R(A(x)) & (R(a) = R(A(H)))
4 D(a) & (R(a) = D(B))
=D(a& p)

— If A(a) isnot T but A(f) is, then R(A(«)) is equivalent to D(«)
and D(() is a validity. Then

R(A(a& B)) = R(A(a)) 4+ D(a) 4+ D(ar) & (R(a) = D(P))
which is D(a & 3).
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— If A(a)is T and A(/3) is not, then D(«) is a validity and R(A(3))
is equivalent to D(3). Hence

R(A(a & B)) = R(a= A(B))
4+ R(a) = D(B)
4 D(a) & (R(a) = D(B))

— If both A(a) and A() are T, then we have to show that D(a & )
is a validity. By induction, D(«) and D(() are validities, from
which we get the desired result.

e Finally, we consider formulae of the form V(). If A(«) is not T, then
by induction we know that R(A(«)) is equivalent to D(«). Now

R(A(Va(a))) = Va(R(A(a)))

Using the induction hypothesis, we know that this is equivalent to
Vz(D(a)), which is D(Vz(«)).

If A(a) is T, we have to show that D(Vz(«)) is a validity. By induction,
D(«) is a validity, from which we easily get the desired result.

Lemma 10 If A(«) is not T, and the translations of the uniqueness condi-
tions of a are derived, then D(A(«)) is a validity. If A(a) is T, then D(«)
15 a validity.

Proof.
We prove this by structural induction on .

e If a is atomic, then either a does not contain ¢-terms, and then A(a) =
T, and D(a) = Va(x = z), a validity, or else

D(A(a)) =D & & - & thy)

where as usual, we enumerated the top-level (-terms of o as TLI(a) =
11, (1) - - - LTy, (Pm).  From the translation of the uniqueness
condition for @y, (¢;), we get = D(v;); hence we easily conclude

FDW &P &)

e The other cases are straightforward; only for formulae of the form a& 3,
the proof is somewhat more convoluted:
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— If both A(a) and A(B) are not T, then both D(A(«)) and
D(A(S)) are validities and we have

D(A(a & B)) = D(Aa) & (a = A(B)))
=D(A(a)) & (R(A(a)) = D(a = A(S)))
=D(A(a)) & (R(A(a)) = (D(a) & (R(a) = D(A(S)))))
4F D(a) = D(«)

using lemma [9) which clearly yields a validity.

— If A(a) is not T but A(f) is, then D(A(a & 3)) = D(«), which
is a validity using the induction hypothesis.

— If A(a) is T and A(f) is not, then

D(A(a & p)) = D(a = A(S)) = D(a) & (R(a) = D(A(S)))

is a validity, since by induction, both D(«) and D(A(fF)) are va-
lidities.

— If A(a) and A(f) are both T, then A(a & 3) is also T and we

have to show that D(« & ) is a validity. Since by induction, both
D(«) and D(B) are validities,

D(a & f) = D(a) & (R(a) = D(B))

is also a validity.

Structural rules

In the definition of PITFOL sequent, we indicated that one is free to add or
remove duplicates of formulae in antecedent and context. This amounts to
silently applying the following structural rules:

Tyl 80 YT, 6 X008,y
Iy, a0y, 3 Iy, a, g, 80 BT, 8,a,T9 F,
¥,0,%0,0,%3: ', « Y,0,29, 23 ', «

Y1,0,50,8: ', a0 Xq,0,%0,0,23, T F, «

where Y, ¥y, X9, Y3, I, I'y and 'y are possibly empty lists of formulae and
«, B, v and o are formulae. For all these rules, it is easy to see that one can
derive the translations of the conclusion from the translation of the premise.
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Assumption introduction

If A(a) is not T, then the translation of the premise is

{ . D(o1 & o & ... & 0y,)
R(Z) k. R(A(a)) & D(A(w))

From the lemmata above, we can conclude that the last sequent is equiva-
lent to R(X)  D(«). From this, we have to deduce the translation of the
conclusion:

F, D(or & o & ... & ay,)
R(X) F, D(«a)
R(X),R(a) F, R(a) & D(«)

The first sequent we already have; the second we already have obtained,
and the third can be easily deduced from it.

If A(or) =T, then D(«) is a validity and we have to derive

{ F, D(a
R(a) b, R(a) & D(«)

which is easy.

Note that we could have used

¥k, D(a)
Yoalk, a

as assumption introduction rule—in that case, the last sequent of the trans-
lation of the premise would have been

R(%) F R(D(@)) & D(D(a))

and using §3.6.3] we can deduce R(X) F D(«), which is the same sequent we
got using the variant of the rule with ¥;F, A(«) as premise.

The only reason we introduced A is that A(«) is usually a shorter formula
than D(«), since in the former we are still allowed to use -terms, while in
the latter we must reduce them fully.
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&-introduction

The translation of the premises gives us the sequents

( l_ D(Ul’l)
R(Ul,l) F D(O'LQ)

and

R(zg)k D) & D) & ... & D(5)
( R(22),R(A) = R(B) & D(B)

where we denote

Y1 =011,012,--,01m, L'=9v,%, -, "m

2250'271,0'2’2,...70'27,12 AE(Sl,(SQ,...,(Sl.

First, we have to derive the sequents

R(o11),R(012),..., R(01n-1) F D(01,n,) (2)
R(El) + D(Uz@) (3)
R(21> ,R(O’Q 1) l_ D(O'ZQ)
R(X1),R(021),R(021) F D(023)
R(21> ,R(O’g’l) g oo ,R(UQ,TLQ_l) H D(O'27n2) (4)

We already have the first group of sequents (1)—(2) from the translation
of the first premise. For the second group (3)—(4), we easily obtain the
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required sequent from the corresponding sequent of the translation of the
second premise.

Next, we handle the one but last sequent of the translation of the con-
clusion:

R(E1), R(S:) F D) & D(3) & ... D) & D(61) & D(82) & ... D)

This sequent is easy to derive by applying the &-introduction rule to the one
but last sequents of the translation of both premises.
Finally, we have to deduce

R(E1), R(%2), R(D), R(A) = R(a & ) & D(a & 9)
R(%1), R(32), R(I), R(A) F R(a) & R(B) & D(a) & (R(a) = D(p))

which is easily obtained from the last sequents of the translation of both
premises.

For the other rules of this section, we will do the proofs for the case
that the context ¥ is empty. Expanding the proof to non-empty contexts is
analogous to the proofs already given.

&-elimination

We will handle both &-elimination rules at once. Translating the premise,
we have

FD(m) &D(72) & ... & D(ym)
R(T) F R(a & B) & D(a & B)

This gives us immediately the first sequent of the translation of the conclu-
sion. The second sequent is

R(I) FR(e) &R(B) & D(a) & (R(e) = D(5))

from which it is easy to deduce the second sequents of the translations we
need:

R(D) F R(a) & D(a)
R(I) = R(B) &D(B)
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Removal

Translation of the premises yields
FD(n)&D(yr) & ... & D(v) & D(a)
R(),R(a) = R(3) &D(F)
R([),R(—a) =R(B) & D(B)

We only have three sequents, since the first sequents of the translations are
identical (using the fact that D(«) = D(—«)).

Using the property R(—«a) = =R («), we see that we can apply the re-
moval rule to the remaining two sequents, yielding the required

R(I) FR(B) &D(B)

Contradiction

The premises are in translation:

FD(y) &D(72) & ... & D(Ym)
R(D) - R(a) & D(«)

R(A) F -R(a) & D(«a)
Using &-elimination twice, we get
R FR(«x)
R(A) F -R(«)
Applying the contradiction rule yields
R(I),R(A) FR(B) & D(p)

which is the second sequent of the translation of the conclusion; obtaining
the first sequent is trivial.

{ FD(8,) & D(6s) & ... & D(6,,)

3.6.5 Translation of the predicate rules
V-introduction

The translation of the premise is
FD(11) &D(72) & ... & D(Vm)
R FR(a) & D(a)

If we keep the first sequent and apply the V-introduction rule of the Hermes
calculus, we get the translation of the conclusion.
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V-elimination

The proof is analogous to the V-introduction rule.

3.6.6 Translation of the other rules

Before we can handle these rules, we have to build up some the-
oretical machinery first. Basically, our approach is an adaptation
of [Hilbert & Bernays 1968].

We start by proving a more general version of lemma [8]

Lemma 11 [ft is a term of the PITFOL calculus, V' is the set of free variables
of t and the substitution [t/y]a is defined, then

R([tfz]er) A= R([fz] Ry (a))

Proof.

We prove this by induction on the complexity of a.

We first note that if = is not a free variable of o, the lemma is trivial.
Hence we will suppose that x is a free variable of a.

e If o has complexity zero, i.e., o is atomic and does not contain any
t-terms, then, as we showed in §3.6.3] Ry (o) = « and the lemma is
trivially proved.

e When « is atomic and contains t-terms, i.e., « = p(71, 7o, ..., T,), We
proceed as follows (we treat the case a = 1, = 75 analogously).
Enumerate the top-level (-terms of « as

TLI(0) = 114, (01), 1024, (P2), - - s Ly, (Pm)-

Enumerate the top-level (-terms of ¢ as

TLI(t) = wie, (X1), e, (X2)s - - e, (X))

Call k£ the number of top-level free occurrences in « of the variable
symbol z (i.e., those occurrences not inside a Vz or inside a definiens or

domain formula of a t-term). Construct the terms ¢, to, ..., t; by re-
placing the top-level i-terms of ¢ with the variable symbols v}, v}, ... v},
that is,

e {; is obtained from ¢ by replacing its top-level (-terms with
R
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e t;, is obtained from t by replacing its top-level (-terms with

kook k
Y, Vg, . )

Finally, note the definiens of [t/;]cx;y, (¢:) as .
The top-level «-terms of [t/;] a originate from two sources:

— A top-level «-term 1x;,,(p;) of a gives rise to a single -term
[Y/z] LT, ()

— A top-level variable symbol = gives rise to [ top-level (-terms,
namely T LI(t).

Then, R([t/;] ) can be written as

JwFw; . .. Fwy,TviFod o T FeiFed TP FoFTeh Elvlk(
R(W/z,]¢4) & R([W3/,) 05) & .. & R([Wfiz, )
ER([Vfy,]x1) & R([Vy,)x2) & . & R([Uify) xa)

& R[] na) & R([Bh]xe) & & R([1hy] ) & )

(3.2)
where ¢’ is obtained from « by replacing its top-level (-terms with wy,
Wy, ..., Wy, and its top-level occurrences of the variable symbol x with

t to, oot
As usual, the w’s and v’s are all different and do not occur in [t/;]«,
i.e., they do not occur in o and t.

Next, we investigate Ry («), which can be written as

FuyFug - F (R (Y12 ] 01) &Ry ([W2f,] 02) & &Ry ([Um/z:, | om) & q)

where ¢ is obtained from « by replacing its top-level (-terms with wuq,
U, ..., Uy and the u’s are all different, do not occur in a and are not
free variables of t.

Hence, R([t/x] Ry (a)) is

FuyFug . . S (R([Ya] Ry ([Ui/e, ] 1)) & - ..
& R([t/zz] Rv([um/xm] om)) & R([t/x] q))

Using induction on the formulae [U1/y @1, [Y2/p,]pa, ..., [Um/y om,
this is equivalent with

FurFu - T (R[] [z 01) & - - - & R[] [Umfz,, | o) & R[] 0))
We will now establish that

R([Ha] i) i) A R[] )
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—If @ = z;, then [Yp]wwy,(0;)) = wxy, (i) or [Yelizy (pi) =
LT A&l s (Pi); hence ©f = @; and we have to prove that

R([Fa] [Wifz]pi) A= R([Uifa] 1)

which is easy, since [V/y][%i/y] ;i = [Wi/z] ©; because u; # .

— If = is not a free variable of ;, then analogously, ¢, = ;. We
must again prove that

Rl [ifae,Jopi) A R([Waf ) 01)

But since u; Z x and z is not a free variable of ¢;, we also have that
x is not a free variable of [Ui/y |¢;. Hence [V Wil ] = [Uilg,] ;.

— If z is a free variable of ¢; and = # w;, then [Up|wxy (p;) =
v A&t (Y] i) (We take the substitution to be defined, hence
7; is not free in ¢.) So in this case, ) = [t/y]p; and we have to
prove that

R[] [Wifar,) 1) A= Rt ] () pi)

Since we supposed the substitution to be defined, x; is not a free
variable of t; we also have that u; does not occur in o and hence
u; Z x. It is now easy to show that in that case, we may change
the order of the substitutions without affecting the result.

Using this result, we conclude that R([t/;] Ry («)) is equivalent with

JuiJuy ... Juy, (R([ul/xl]gpll) & R([u2/$2]90/2)
& .. & R([Wnfy, 1)) & R[] q))

We now investigate the structure of R([t/]q). By construction, ¢ does
not contain any «-terms; the only possible t-terms in [t/;]q are in copies
of t (one for each free occurrence of x in ¢)—that is, if ¢ contains any
-terms at all. Hence, if we construct the terms #; by replacing the

top-level i-terms of ¢ with the variable symbols v'%, 0%, ..., v/}, we can

write R([{/z]q) as

e e [P 1311 = (SO [P = A= [P
CR ([, | 1) & R([Voly] xe) & oo & R([Vify] )
& &R ( [v”f/yl] Xl) &R ( [v”é/w] X2> &.. &R ( [v’f/yl} m) & q")
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where we obtain ¢” by replacing all free occurrences of x with
1,1, ..t

Combining this and moving the existential quantifiers Elv’g to the front,
we notice that R([t/x]R(«)) is equivalent to a formula which has the
same structure as except that all u’s and v"’s are replaced with
w’s and v’s.

But lemma [§] yields that reductions of the same formula ([t/;] in this
case) with different variables are equivalent.

e The cases where « is not atomic are straightforward.

If ¢ does not contain any ¢-terms, then this lemma simplifies to
R([t/x] ) A= [Hz] Ry ()
For the sequel, we will need the following property of the Hermes calculus:

Lemma 12 For each formula o and (3,

Az(a),Ve(a = §) F Jx(a & B)

Proof.
Ve-(a & §) F Ve (a & 5) ass
Ve-(a & §) F —(a & [5) V-elim
aka ass
GFp ass
a,fFa& &-intro
Ve-(a & §),a, B F —« contra
Ve(a = ) F Ve(a = f) ass
Ve(a = §) F —(a& —0) V-elim
-6 = ass
o, 0Fa& - &-intro
Ve(a = 0),a, -6 F -« contra
Ve—(a & ), Ve(a = §),a F —«a rem
o F -« ass
Ve-(a & B),Ve(a = §) F —«a rem
Ve—(a & B),Ve(a = §) F Ve (-a) V-intro

Alz(a) F Fz(a) ass
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Az(a) F Vr(—a) &-elim

z(a), Ve (a & B),Ve(a = [) F =Ve=(a & B) contra
Ve (a & f) F —Ve-(a & B) ass

Nz(a),Ve(a = B) F —Ve-(a & f) rem

Note that one can also prove 3lz(«a), Jz(a & ) F Va(a = ).

Lemma 13 From the translation of 1 -, 3\x(p) we can deduce

R(W) E (R([W/z]e) & R([U2/z] ) < (R([W/z] ) & ur = uz)
if up and ug do not occur free in .

Proof.
e First, we will prove the = direction.
The translation of the uniqueness condition is

{ = D(¢)
R(y) F R(3(p)) &DE(p))

from which we can deduce

R(¥) FVavVy(R(p) & R([Yzl»)) = v =y)

with y not occurring in ¢. If x is not a free variable of ¢, then the proof is
trivial; hence suppose z is a free variable of ¢.

Using R(p) " Ry, (¢) and R([Y/z]p) A Ru, ([Yz]#), we get

R(¥) FVaVy((Ru, (¢) & Ru, ([Yal @) = . =y)

Suppose first that u; and us differ from y. Then we have that u; and us
are not free variables of (R, (¢) & Ru,([Y/z]¢)) = = = y and hence we can
perform a rename of variables, yielding

R () F VurVus (/2] [U2/y) Rus () & [91/2] [U2/y) Ry (Y] ) = 1ur = u2)

Since y does not occur in ¢, it does not occur free in R, (), so
[“2fy) Ry (9) = Ry (). By lemma [T} [t1/2] Ro, () = R([W/z]p). Analo-
gously, we have [U1/x] [U2)y| R, ([Y/z]¢) - R([¥2/z]¢), yielding

R(¥) E VurVus (R([W/z] ) & R([U/r] @) = ur = ua)
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from which we easily get the desired sequent.
The cases where u; = y or us = y are similar.

e Next, we handle the <= direction. Using the assumption rule, we get
R®), R[] @) & ur = ug b R([“/x] ) & ur = ug
which is equivalent with
R(¥), R([Wi/z] ) & ur = us = R, ([Wi/z] ) & ur = us
Using the equality rule, we can deduce
R(W), R([W/x] @) & uy = ug b= [U2fy, | Rus ([U1/2] )

Lemmal[11]yields that the consequent is equivalent to R ([42/y,][41/3] ) which
is in turn equivalent to R([¥2/;]p), since u; is not a free variable of p. Now
it is easy to get the desired sequent. a

Lemma 14 If the translation of ¥ &, 3x(yp) is derivable, then

R(¥) F (Rp) &a) & (Rlp) & Fz(R(p) & a))

Proof.
Choose a variable symbol y not occurring free in ¢ and «. Because y is
not a free variable of R(y), we have

R() B (R(e) & Iy([YalR(p) & [Yfz] ) < Fy(R(p) & [Y/z] R(p) & [Y/z] )
Using the previous lemma, we get
R(¥) F (R(p) & Iy([Yal R() & [Yfz]a)) & Fy(R(p) &z =y & [Yfz]a)
from which
R() E (R(e) & Iy([Yz]R(p) & [Yfz] @) < (R(p) & )
and finally by a change of variable name,
R() E (R(p) & F2(R(p) & a)) & (R(p) & a).
O

The next lemma enables us to eliminate a iota-term tx,(¢) from a for-
mula a. It is a key step in the equiconsistency proof. This is analogous to
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[Hilbert & Bernays 1968|, pp. 441-448: there, the theorem reads, translated
to our notations,

- (V2(R(p) = R(a))) & R([= ()] )

from which we clearly can observe that our lemma is a generalisation of
Hilbert and Bernays’s. Moreover, we can prove the lemma in a way that is
very close to the proof of Hilbert and Bernays:

Lemma 15 If the translation of 1 &, 3x(yp) is derivable, and the substitu-
tion [t (P)/y] v is defined, then

R() F (V(R(p) = R())) & R([12e ()] )

Proof.
We prove this by structural induction on «a.
If = is not a free variable of «, then we have to prove that

R() F (Vz(R(p) = R(a))) < R(a)
which is equivalent with
R() F (32(R(p)) = R(a)) & R(a)

This easy to show, using the uniqueness condition.

For the case where x is a free variable of a, we first treat the case where «
is atomic, which we handle by induction on the nesting depth of the ¢-terms
of a.

e First, let us suppose that a does not contain any :-terms. Hence,
R(a) = a. We have to prove that

R() b (Va(R(p) = a)) & R([12u(9)f]a)
Using lemma [I2] this is equivalent to
R() F Gz(R(p) & a)) & R([(@e(P)/]a)
Expanding the last reduction, we get
R() F Fz(R(p) &) & FuiFus ... Jup(R([Wi/z] ) &. .. &R([U/z] p) & q)

where ¢ is the formula obtained by replacing all £ top-level occurrences of x
in a by uy, ug, ... We now use lemma [13| to transform this into

R()F (Bx(R(p) & a)) < Fuy ... Jur(R([UW/g]p) &up =uz & -+ & uyp = uy & q)
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from which we can get

R(@) F (Fz(R(p) & @) & Fur(R([U/z] @) & [Ufup] Uy - - - [W4/, ) @)

and finally, using R ([U1/;]¢) 4 Ry, ([41/2] ) and lemma [11]

R(¥) F Br(R(p) & a)) & 3u(R(¢) & [Py [Fu,] - - [Py ) @)

Noticing that [y, ][T/y,]- - - [P/u,]q = o concludes the proof of this case.
e If o contains -terms, i.e., « = p(1y,...,7,), where we treat the case
a = 11 = 79 analogously, then we proceed as follows. We have

R(a) =
R([42e (@) )

W3a . (R, 1) & . .. & R([mfy, o) & 0)
wyIws . .. Jw,,Jv vy . .. Elvk(

R([Vi/z]e) & ... & R([Vk/z] )

&R([WYr,]¢)) & . & R([Winfy, | ¢),) & )

=
=

where TLI(o) = 114, (1), - - - 5 LTy, (Pm), We obtain ¢ by replacing all top-
level «-terms of « by wuy, ug, ..., uy, and ¢’ by replacing all top-level free
x (i.e., not inside a Vz quantifier or inside the domain formula of a ¢-term)
symbols in « by vy, vg, ..., vx and all top-level -terms by wy, ws, ..., w,
and ¢/ is defined as the definiens of [LZ4(9)/;] LTy, (pi). More explicitly, we
have

o If x = x; or = is not a free variable of ¢;, then ¢; = ¢;

o If # # x; and z is a free variable of ;, then ¢, = [tZs(©)/;] ;. Note
that we supposed the substitution [W%(@) z] & to be defined, hence the
substitution [12y(9)/y]ixy, (i) is defined (and hence x; is not a free
variable of vz (¢)).

By proceeding similarly to the previous case, we find that under the condition
R(¥),
R([12s(9)/p] @) 4F FwnJws . .. ElmeI:B<
R(p) & R([Wi/z,]#)) & - - & R([Wnfy, ) 07,)
& [, o)+ (¥, ) )

We have to prove that this is equivalent under the condition R(¢)) to
Vz(R(p) = R(a)), or, using lemma [12] to Jz(R(p) & R(a)). We have
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that

Fx(R(p) & R(a))
A= 32(R(p) & Jur - Bum (R[] 1) & - - & R([Ymfz, ] om) & q))
A Fe3uy - Fun (R(e) & R([W/a ] 1) & - & R([Umf:,, | om) & q)

We supposed here that the u’s are not free variables of R(y); if this would
be the case, we would have to perform an extra change of variable names
here.

Define

C = [Yir/y, Ji, & [Visf, i, & -+ - & [UYic/y; |¢pi
D= [ujl/iﬁjl]gpjl & [ujg/ij] Pia & & [ujd/.%jd](pjd

where in C, all p; occur for which ¢} = [wa(@/xi]@i and in D, all ¢; for
which ¢} = ¢; occur. Then

Jz(R(p) & R(a)) 4F FzFuyFus . . . FJu, (R(p) & R(C) & R(D) & q)
Using the previous lemma, this is equivalent under R (¢) to
BTy Fus . . . un (R () & F2(R(p) & R(C)) & R(D) & q)
We now apply induction on C, yielding
R(¥) F Gz(R(p) & R(C)) & R([12u(9)f] O)
so we have that 3z(R(p) & R(a)) is equivalent to
323y us . . . u (R(p) & R([126(9)/y]C) & R(D) & q)
ie.,
3r3urJus . . Jum (R(go)

& R([Lx¢<90)/x] [uil/a:il]%l & & [wa(‘p)/x] [uzc/xl]%)
& R([tify o5 & -+ & il ) 03,) & )
Now u;, does not occur in o and hence differs from z, and as we remarked

before, z;, is not a free variable of 1z (). Further, x;, differs from . Hence
the conditions for property [7] are fulfilled and we have [ty (©)/,] [Wir/; 1 iy =
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[Uil/xil] [Ucw(@) )i, and likewise for ¢;, and so on. Hence we can transform
our expression into

Juy3ug . . . Juy, 3z (R(w) &R ([, |9 & - & [Uicfy, |41.)
&R ([, )l & - & [, 1 4,) & )

But this is R([tZ4(¥)/y]a) up to a choice of the u’s, and we know that such
reductions are equivalent.
If o is not atomic, then we can apply induction on the structure of o. O

Note that we need the antecedent R (). Indeed, otherwise setting o =
r =z and wry(p) = txyz0(z -y = 1), we would obtain

F(Ve(z-y=1=z=2))< u(u-y=1&v-y=1&u="1)

Since x = x is a validity, so is -y = 1 = = = z, so the sequent obtained is
equivalent with

FIuFv(u-y=1&v-y=1&u =)
from which we easily could derive the unsound sequent

FJudv(u-0=1&v-0=1&u="v).

Lemma 16 Let t be a term of the PITFOL calculus and o a formula of the
PITFOL calculus. If the translations of the uniqueness conditions for t hold
and the substitution [t/y]a is defined, then

D(t),Va(R () = R([t/x] )
Proof.

e If ¢t does not contain any :-terms, then D(t) is a validity and we have
to prove
Va(R(e)) - R([Ya] )

We have V(R (a)) F R(a) and because of lemma (8] this is equivalent
with Vz(R(a)) F Ry(a) where V is the set of free variables of «.
Applying the substitution rule yields Vz(R(a)) F [t/]Rv(a) Using
lemma [11] we can transform this into Va (R (a)) = R([{/z] ).
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o If t = 1xy(p), then we use lemma [15]to get
D(t) F (Va(R(p) = R(a))) < R([ffa] )

and hence
D(t),Vz(R(p) = R(a)) = R([t/x]a)

One easily shows that Vz(R(«)) F V(R (¢) = R(a)) and using this
result, this case is easily proved.

e The case t = wyy(p) with y # 2 is handled as follows. Choose a
variable symbol z different from x and which does not occur in o and ¢.
Applying the previous case to the formula [Y/x][?/y]a, we get

D(t), Vy(R (W] [yl ) = Ryl W] [Fy) )

which is equivalent to

D(t) Va(R([#yle)) b Ry (U] [Pyl ev)

from which we can derive

YD), YLV (R([Fyl ) b W Ry (Yl [Flyl )

Since z does not occur in ¢, it is not a free variable of D(t) and
[¥:1D(t) = D).

Next, [Y]Va(R([#yla)) = Va([¥]R([#yla)) and the latter formula
is, using lemma [11] equivalent with Vz([%/;][#/,] R.(a)) which is identi-
cal to Vz(R.(«)). From lemma (8| we learn that this is equivalent with
Vr(R(«)).

Finally, [4/2] Ry (Y] (%] @) is equivalent with R([Y][12] (%] a). Be-
cause z is not a free variable of ¢, we can swap the order of the sub-
stitutions; the last formula is identical to R([t/z][¥/2][#/y] ) which in
turn is identical to R([t/z] ).

Combining these three observations yields the desired sequent.

o Ift = f(ty,ta,...,t,) then we enumerate the top-level (-terms of ¢ as

TLI(t) = @14, (01), T2y, (92), - - s T, (Pm)

and define g as the term obtained by replacing all top-level (-terms in ¢
with the variable symbols uy, uo, ..., u,,, which we choose all different
and not occurring in ¢ or a. Applying the first case of our proof yields

Vr(R(e)) F R([9x] @)
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from which we casily get
Vr(R(a)) F Vui (R([9z] @)
Applying the previous case, we get
R(1), Vur(R([9f] @) F R[4 (P1)fy, ] [9)] )
Combining these sequents yiclds
R(¢n), V(R (@) b R([@1e: (P1)y, ][9] @)

Continuing in this way, we get

R(t1), - R¢m) , Ve (R(a))
FR([tCmpn (Em)fy, ] .. [10: (1), ][9] @)

ie.,

D(t),Vz(R(e)) F R([t/z] )

O

Note that we need D(t) to be present in the antecedent. As a counterex-

ample, consider « = v = z and t = wryzo(x -y = 1). Then we would get

Ve(z =2)F Judv(u-y=1&v-y =1&u = v) from which we easily could

derive the unsound sequent - Juv(u-0=1&v-0=1& u =v).

Lemma 17 Let t be a term of the PITFOL calculus and o a formula of the
PITFOL calculus. If the substitution [t/y]« is defined, then

D(t), R([//2)Dv(a)) F D([t/z] @)

where V' is the set of free variables of «.

Proof.

If z is not a free variable of «, then the proof is trivial, so we will suppose

that z is a free variable of «a.

o If o is atomic, then call TLI(a) = t@1y, (01), tT2y, (92), - - - s 1T, (Om)

its top-level (-terms. Then,

Dy(a) = Ry () &Ry (¢2) & -+ & Ry (¢m)
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If we denote the top-level t-terms of [t/p]a as TLI([t/z]a) =
wc’lw,l(@’l), Lx’wé(gog), e L:L‘/M%W(QO/M) then analogously, we have

D([tfala) = R()) & R(W) & -+ & R(¥hy)

Denoting the domain formula of [t/y]iz;y,. (p;) as ¥}, we see that the
1"’s contain all the ¢"’s and the rest of them originate from the top-
level (-terms of .

Summarizing, we have that

R() &R(WH) &+ &R(Wy) 4 R &R(Yy) & ... &R(Y),) &D(t)
We will now establish that either ¢/ = [t/;]v; or ¥ = A(t) & [t ;.

— Ifx = z; or x is not a free variable of ¢;, then ¢/ = 1); when x is not
a free variable of ¥; and hence ¥ = [t/]1;, or ¥ = A(t) & V]
when z is a free variable of ;.

~ Else, o/ = A(t) & [t v

Hence, R(¢!) is equivalent to R([t/z]1:) or D(t) & R([Yx] ).
So what we have to prove amounts to

D), R([t/x) (Rv (¥1) & - - & Ry (¥n)))
ER([x]) & -+ & R([Ya] ¥m) & D(2)

for which it will be sufficient to derive

R([Ya] (Rv () = R([Ya]:)
which we immediately obtain from lemma (11|

e If & = =/ then we must prove

D(t), R([l/x) Dy (=8)) = D([/z] =)

Because of the definition of D, this is identical to the induction hypoth-
esis

D(t), R([Y2]Dv(8)) F D([t/z] 5)

o If o = (& 7, then we have to show that

D(t), R([%/z]Dv (B) & [a] (Ry(8) = Dv(7)))
= D([2]8) & (R([Ya] 8) = D([H]7))
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Induction on 3 yields D(t) , R([t/z] Dv(B3)) = D([t/z] 3), so we still have
to derive

D(t), R([t/e] Rv(3)) = R([Hz)Dv(7))) F R([Hz]3) = D([Yz]).
Invoking lemma [11}, this becomes
D(t), R([Uz]3) = R([Ux] Dv (7)) = R([t/z] B) = D([Yz]v)

which is easy to prove using induction on 7.

If o = Vy(p3), then, using the induction hypothesis, we can derive
Vy(D (1)), Yy(R([t/x] Dv(B))) = Yy(D([t/] 3))

Since the substitution [t/;]a is derived, either x is not a free variable
of a, and then the lemma is trivial, or y is not a free variable of t. In
the latter case, we have D(t) F Vy(D(t)), and we can derive

D(t) . Yy(R([t/x]Dv(8))) b Yy(D([/] 8))

Noticing that Vy(R([#4]Dv(3) = R(]Dy(vy(a) and
Vy(D([t/x] 8)) = D([1/s]¥y(3)) proves this case.

O

Corollary 18 Lett be a term of the PITFOL calculus and o a formula of the
PITFOL calculus. If the translations of the uniqueness conditions for t hold
and the substitution [Y/y]a is defined, then

D(t),Va(D(a)) - D([/z] )

Proof.

Applying lemma (16| on the formula Dy («) gives

D(t),V2(R(Dyv(a))) - R([Yz] Dy (a))

In combination with

Vi(R(D(a))) - Ve (R (Dy ()

this yields

D(t),Vz(R(D(a))) = R([Yfa] Dv ()

Applying the previous lemma yields

D(t),Va(R(D(a))) = D([Ya] )

which is the desired sequent, using the observations in §3.6.3| O
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Lemma 19 If the translation of v &, 3y(p) is derivable and the translations
of the uniqueness conditions of t are given, then so is the translation of the
uniqueness condition of [t/y] 1y, (), if the substitution is defined.

Proof.
The translation of the uniqueness condition we have at our disposal is

=D(¢)
R(¥) FREy(p)) &DEly(p))

Denote the result of the substitution, [t/;]wy(v), as wyw(@'). We have to

derive
D)
R FREY(¢)) &D(3y(¥'))

e First, we show how F D(¢’) can be derived from F D(v). If ¢ = ¢/
then we have nothing to do; otherwise we have to derive - D(A(t) & [t/] ),
ie.,

= D(A(1) & (R(A(1) = D([2] )
Using lemmas [I0] and [9] this simplifies to

=D(t) = D([tz]¥))

which we get easily from - D(v)) using corollary .

e Next, we prove that from R(¥) - R(3y(y)), we can obtain R(¢’)

R(3ly(¥")).
If x # y and z is a free variable of ¢, then we have to obtain

DO&R([Yz]) b Iy(R([Yal ) &5y Vo ((R([Y] o) &R ([ Y] 0)) = y = v)

where v does not occur in [t/;]¢, and we already have

R(¥) F Iy(R(p)) &Vyvz((R(p) & R([Fyle) =y = 2)

where z does not occur in ¢.

We can assume that v # x; if v = = then one can prove easily that re-
placing v by another variable also not occurring in [t/;;] ¢ yields an equivalent
sequent.

Using the property that R(«) is equivalent with R,(«), we get after
renaming z to v:

R() F Iy(R(p)) & VyVu(([VRu(p) & [V Ru([Flylw)) = v = v)
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Since z does not occur in ¢, it is not a free variable of R(¢) and hence

Y21 Ru(p) = R(p).

Using lemma [11] we also get that [V/]R,([Vyle) 4 R([V:][%hyle); since =
does not occur in ¢, the latter sequent can be written as R([V/y]¢).

These two observations yield

R(¥) FIy(R(p) &Vyvo((R(p) & R([Uylw)) =y =v)

from which we easily derive

FVz(Ry () = Fy(Ry(p)) & VyVu((Ryv(v) & Ry ([Yylw)) = vy =v))

where V' is the set of free variables of ¢. Using lemma we easily obtain

D(t) b R[] Ry (1)) = (R[] 3y(Ry(¢))) &
R[] ¥yvu(Ry () & Ry ([Ul¢)) = y = v) )

Applying lemma [11] yields

D) R(]¥) = (3y(R (Yl 9)&
Vyu((R([H] ) & R(Yal [Uy)9)) =y = v)
Since y is not a free variable of ¢ (because the substitution is defined) and

x # v, we have that [Y][Vyle = [Vy][l/x]¢. Now we can easily derive the
desired sequent.

If x = y or x is not a free variable of ¢, then ¢’ = ¢. If also x is not
a free variable of 1, then ¢ = 1 and we have nothing to do; so suppose
P = A(t) & [t/x]h. We rewrite the sequent at our disposal as

R = 3y(p))

Using lemma |16, we easily get

D(t) F R([Halv = [Yal Ay ()

If x =y, then [V/;]3y(v) = Ily(p); the same holds if x is not a free variable
of ©:

] 3y () U] Fy(R () & [U]Vyv2((R(p) & R([Zyl¥)) = y = 2)

Fy(R(p)) & VyVz((R(e) & R([#ylp)) =y = 2)

at least if z is not a free variable of y; in that case, we would have to perform
a variable renaming as the first step (before applying lemma .
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Hence we easily can transform our sequent into

D(t), R([tz]¥) F R(ly(p))

which is by lemma [J] equivalent with
R(A(t) & [tz]v) F R(3ly())

e Finally, we prove that from R () F R(Iy(¢)) & D(Ty(¢)), we can
obtain R (") = D(3ly(¢)).

If x # y and x is a free variable of ¢, then we have to get
R(A(t) & [Y]v) F DEBy([Y] @), i.e., we have to obtain

D(t), R([%z]¥) - DEy([Yalp)) &
Fy(R([Uz])) = (oD ([Yal o & [Vyl [tz =y = v))))

where v does not occur in [t/;]p. From the previous part of the proof, we
have D(t) , R([t/z]¥) F Iy(R([t/z]¢)), so it is sufficient to derive

D(t), R([t/z]v) F DBy([t/z] ) & Yyvo(D([Uz] ¢ & W) [t o = y = v)))
From the given sequent, R(v) F R(Iy(v)) & D(Fy(p)), we get
R(¥) F Iy(R(#)&D(Fy(¢))&(EFy(R(p)) = (Vyvz(D(e & [Fyle = y = 2))))
where z does not occur in ¢. From which in turn,
R(¥) FDFy(p)) & VyVz(D(p & [#yle) & (R(p & [#yl¢) = D(y = 2))))
Using the fact that D(y = z) is a validity, we get
R() EDEy(p)) & Vyvz(D(p & [y ¢)))
which is equivalent with
R (1) EVy(D(p)) & Vyvz(D(p) & (R(p) = Du([#yl#))))
We rename z to v:
R () EVy(D(p)) & Vyvo([V/:]D(p) & ([V:IR () = [V Du([#yl#))))

Since z does not occur in ¢, we can conclude that [V]R(¢) = R(¢) and

21D () = D(p).
Lemma [17] yields [V/]D,([?/y]) = D([V:][#/ylp) and the last sequent is
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D([U/ylp) since z does not occur in .
So we can transform our sequent into

R(W) EVy(D(p)) & Vyvu(D(p) & (R(p) = D([Yyl¢))))

which we can simplify to

R (@) = Vyvu(D(p) & (R(p) = D([Yy]¥))))

Finally, we transform the sequent into

=R = Yyvo(Dy(p) & (¢ = Dy ([Uyl#)))))

Combining this with an application of lemma [16] yields

D(t) b R([Hx]v = Vyvu([t/x] Dy () & ([Hz] o = [l Dy ([Ulyl)))))

Using lemma [I7], we obtain

D(t) F R([Yal¥) = Yydu(D([t/z]) & (R([Ux] ) = D([a] [Yy)#)))

For the same reasons of the previous part of the proof, we can change the
order of the substitutions. We then easily obtain the sequent we had to
derive.

If x = y or x is not a free variable of ¢, then again ¢’ = ¢. If also x is
not a free variable of 1, then ¢/ = 1) and we have nothing to do; so suppose

U= A) & [Ya .
Reasoning analogously as in the previous case, we find that we have to
obtain

D(t), R([I/x]¥) F D3y(p)) & VyVu(D(e & [Vyle = y = v)))

and that we can derive from the sequent we have at our disposal the sequent

D(t) - R([Yx]v = [Yaul Yy¥o(Dv(¢) & (0 = Dy ([Yyle)))))

If x = y, then we see immediately that this is equal to

D(t) = R([t/x] v = Yy¥o(Dy () & (¢ = Dv([Uyl¢)))))

and if = is not a free variable of ¢, the same holds (provided we chose v
such that it is not a free variable of ¢, which always is possible using a
variable renaming). From this sequent, it is not difficult to derive the required
sequent. O
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Substitution rule

The translation of the premise is

FD(oy&oy &+ &ay,)
R(E) D) &D(r2) & -+ - & D(ym)
R(E),R(I') FR(a) & D(«a)

and from these sequents, we have to prove that

= D(A(t) & [Yg] oy & [Hr]on & - - - & [tz] o)
R(A(®)), R([Uz]2) F D([Y] 1) & D([t/r]72) & - - - & D([H/r] ym)
R(A®)), R([Yz] %), R([t/z]T) F R([t/x] o) & D([Yf] @)

e We start with deriving the first sequent of the translation of the con-
clusion, which is equivalent to the two sequents

= D(A(?))
R(A®) FD([Yr)or & [Yaloo & - - & [ty] o)

Remembering that A(t) = A(t = x), lemma [10] yields the first sequent and
we can apply lemma [9] to simplify the second sequent to

D(t) = D([Yxlor & [Yloo & - - & [ty] o)
From corollary [18| we learn that
D(t),Ve(D(oy & oo & -+ & 0,)) F D([tp] (01 & 02 & -+ - & 7))

From the first sequent of the translation of the premise, we can derive
Va(D(oy & o9 & -+ & 0,)), which we can use to simplify the former sequent
to

D) FD([Ug] (o1 & 02 & -+ & 7,,))

which is the desired sequent.
e To derive the second sequent of the translation of the conclusion, we
modify the second sequent of the translation of the premise into

F R((O’l & 02 & & Un) = (DV(’YI) & Dv<"}/2) & & Dv(")/m)))
where V' is the set of free variables of ¢. From this sequent, we can deduce

FV2(R((o1 & 02 & - - & 0,) = (Dy(11) & Dy (72) & -+ - & Dy (ym))))
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Combining this result with an application of lemma we get

D(t) F R(([t/x] o & & [t/x] on) = ([t/x]Dv(”Yl) & & [t/:c]pv(%)))

which is equivalent with

D(t) aR([t/:v] o1& & [t/:v] on) R([t/:v] Dy(m)) &--- & R(Wx] Dy (Ym))

Using lemma [I7, we can deduce

D(t), R([tfaor & -+ & [Yfz]on) = D([Ux] 1) & D[] 72) & - - & D([Yfa] ym)

Applying lemma [J] we get the desired sequent.

e Finally, we derive the last sequent of the translation of the conclu-
sion. From the last sequent of the translation of the premise, using similar
manipulations as above, we can obtain

D(t), R([l/z]Z) , R([Y2]T) F R([Yz]a) & R([Yz] Dy ()
Lemma [1'] transforms this into
D(t), R([12]2) , R([Uz]T) = R([Yz] ) & D([Yz] )

from which the desired sequent easily follows.

First equality rule

We have to prove that

{R(A(t)) - R(t =

If t does not contain any ¢-terms, then this reduces to the single sequent
FR(t=1t) & D(t =t) which is equal to -t =t & Vz(x = x). This is trivial
to deduce.

If ¢ does contain t-terms, call its top-level «-terms T'LI(t) = tx14, (¢1),

LTy, (P2);s - - -, LTy, (¢m). We then have to prove that
FDW &P & &)
R & & &tp) FR(E=1) &R (Y1) & R(h2) & -+ &R ()

The first sequent is easy to deduce, since we have - D(1);) from the uniqueness
conditions.
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To deduce the second sequent, it 1is sufficient to deduce
R &g & -+ - & y) F R(t = t), which is

R &ip & &iy)
F Suy .. ugFor . o (R 01) & - - & R([Umfy] )
E&R([V/z]er) & - & R([Vmfz]pm) & q)

where ¢ is obtained from ¢ = ¢ by replacing the top-level (-terms in the left
hand side of the equals sign by uy, us, ..., u,, and in the right hand side by
U1, U2y -« .y Up.

Applying lemma [13] this simplifies to

R &apr & - & )
= Jus - BupFor - Fon (R[] 1) & - - - & R([Umfe] o)
&ulzvl&---&um:vm&q)

from which we can deduce
R & & -+ & Yyy)
F JuiFus . Fug, (R[] 1) & .. & [Uify,] [Ufy,] - - - [Umfy 1)

Now we notice that [Uify, | [U2fy,]- - - [Umf, ]q is of the form ' = ¢’ for some t';
hence the last sequent is equivalent with

R &pa & - &) - FugJusy . .. Hum(R([ul/x]%) & & R([Umfy]om) )

which we can deduce easily from the uniqueness conditions.

Second equality rule

e First, we prove the rule for terms of the form ¢ = y. The rule then reduces
to
T H «
Y0 e=yb, [Yela

The first sequents of the translation of the premise and the conclusion are
the same:

}_D(Ul&dg&"'&dn)

For the second sequent, the premise yields

R(E)FD(n) &D(y2) & -+ & D(vm)
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and we have to deduce
R(E)FD() &D(y) & - &D(ym) & D(z =y)

Since D(z = y) = Vz(x = z), a validity, this is trivial.
The translation of the last sequent of the premise is equivalent with

R(E),R() F Ry(a) & Dy()
Applying the equality rule of the Hermes calculus yields
R(E),R(T),z =yt [Yz]Ry(e) & [Y/z]Dy(a)

Using lemmata [§ and [17] yields the translation of the last sequent of the
conclusion.

e We already derived the translation of 3; ', 2 = y F, [Y/z] . If we choose
y such that y does not occur in I' and a;, we can now apply the substitution
rule of the PITFOL calculus to get the sequent

At), 5T x =tk [ty [Yz]a

and because y does not occur in a, we have that [Uy] [Y/x]a = [t/z] o
This is the desired sequent up to the order of the context, which needs to be
¥, A(t). To make this change of order, we only need to deduce

FD(oy &oy &+ & o, & A(t))

ie, F D1 &or & &o,) & (R(o1 & o2& --- & 0,) = D(A(t))) But we
already have - D(0y & 09 & - -+ & 0,,): it is the first sequent of the translation
of the premise. Moreover, D(A(t)) is a validity according to lemma [10]

t-rule

First, we note that the substitution [wa(go) 2] @ is always defined.

Next, we remark that one easily proves that R(«) -+ R(a) and D(«) -
D(«) using induction on the complexity of a.

We have to prove that

- D(v)
R(¥) = R([126(#)/] ) & D([140 (9] 7)

We get the first sequent from the translation of the uniqueness condition for
LTy ().
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Using lemma [I5] the second sequent can be rewritten as
R() FVa(R(p) = R(2)) & D([@u(9))z] )

Since from our remark above, - R(¢) = R(p), this sequent is equivalent
with
R(v) - D([(2))] )

From the translation of the uniqueness condition for txy(p), we easily
get R(¢) F D(Fz(p)), ie., R(Y) F Ya(D(p)). Using our remark, this is
equivalent with R (¢) - Vz(D(@)). Combining this with corollary [L8] we get
R(¢) F D([0(2)2] ).

Note that it is necessary to rename the bound variables in case ¢ contains
a variable symbol both bound and free. For example, the substitution

[UU(Q? =y & Iy(r = y))/x] (x =y & y(x =1y))
is not defined, but
[W(x =y& y(r = y))/m] (r=y &I (r=1"))

poses no problems. In case ¢ does not contain a variable symbol both bound
and free, it is not strictly necessary to rename the bound variables, but we
chose to do so to keep the formulation of the rule more uniform.

UC rule

For all the other rules, it was sufficient to only consider the premises of the
rule. The UC rule is an exception: here, we have to look at the whole proof
leading to the premise ;I I, a.

We will prove that we can derive the translation of ¢ F, Jlz(¢) by in-
duction on the length of the proof of ¥;T" F, «, where tzy(p) is a t-term
occurring in X, I' or a.

If the proof has length 1, it must consist of a single application of ass, eq
without premises.

For the ass rule, UC(«) has to be empty (i.e., @ must not contain any
t-terms), and X has to be empty. The conclusion is thus « I, @ and there
are no (-terms present.

For the eq rule we can use a similar argument.

For the induction step, suppose we have a proof of length n > 1 of
3; T, a. By induction, we can assume that we can derive the translation of
the uniqueness condition of any ¢-term in the first n — 1 sequents of the proof,
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and more in particular, of the premises of the rule used to obtain the last
formula of the proof. We will show that using these uniqueness conditions,
we can derive the translation of ¢ -, Jlz(p). We consider the rule used to
obtain the last sequent of the proof.

For the ass rule, the only new formula in the last sequent of the proof
is v, and this rule requires UC(«) as a premise. Analogous for contra
and eq.

The &-elim, rem, contra, V-intro, V-elim, defAnt, defCons, toCtxt and
fromCtxt rules do not introduce any new ¢-terms in the last sequent of
the proof.

For the subst and eqSubst rule, we have to show that given the trans-
lation of the uniqueness condition of a t-term tyy(®P) occurring in the
last premise of the rule, and the translation of UC(t), we can derive the
translation of the uniqueness condition of [t/;]tyy (®), which is precisely
what we proved in lemma [19|

For the iota rule, we have to show that we can derive the translations
of UC() and UC([t4(#)/;] @). By induction, we can derive the trans-
lations of UC(¢) and UC(yp). It is not difficult to show that from the
latter, we can derive the translations of UC(¢). Lemma |19|then yields
the translations of UC/([424(9)/z] 7).

For the UC rule itself, by induction, we can derive the translations of
UC(1zy(p))-

3.6.7 A-rules
defAnt

We have to show that

{ FD(oy & oy & ...0p)
R(E)FR(A(a)) & D(A())

The first sequent is identical to the first sequent of the translation of the
premise.
The second sequent of the translation of the premise is

R(X)F D) &D(ya) & -+ & D(vm) & D(a)

Using again lemmas [9] and we quickly get the second sequent of the
translation of the conclusion.
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defCons

The first and second sequents of the translation of the conclusion are identical
to those of the premise, so we only have to handle the third sequent of the
translations.

The premise gives us

R(E),R(I') FR(a) & D(«v)
and we have to prove
R(X),R(I)FR(A(a)) & D(A(w))

which is not difficult, again using lemmas [9] and [10]

3.6.8 Contextual rules

These rules are proved similarly.

3.7 Soundness

We first prove a connection between the semantics and the operations R and
D.

Lemma 20 Given a formula o of the PITFOL calculus and an interpretation
T. Suppose that the uniqueness conditions of o are valid in . Then

a isvalid in T < D(a) & R(a) is valid in I (in the Hermes calculus)
a is invalid in T < D(a) & “R(«) is valid in T (in the Hermes calculus)
(

« is undefined in T < —D(«) is valid in T (in the Hermes calculus)

Proof.
We prove this by induction on the complexity of a.

o If o is atomic and does not contain any ¢-terms, then R(«a) = a and
D(«) is a validity. Also note that in this case, the interpretation of «
as a formula of the PITFOL calculus is the same as its interpretation as
a formula of the Hermes calculus. Finally, it is clear from the definition
of an interpretation of a formula that o can never be undefined. From
these observations, this case is easily proved.

e Suppose « is atomic and contains t-terms. Hence oo = p(tq,...,t,),
where we treat the case a = t; = t5 analogously.
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Suppose « is valid in Z. Call its top-level (-terms TLI(a) =
L1, (P1)5 L2y, (02)s -+, LTy, (Pm) We then have to prove, with
the usual notation for ¢, that

R(v1) & ... & R(Y)
& Juy .. Fuy, (R([ul/xl] pr1) & & R([u’”/xm] om) & q)

is valid in 7.

It is easy to see that all vx;y, (¢;) must be defined in Z, so ¢; must
be valid in Z and by induction, D(1;) & R(1;) must be valid too.
Since the uniqueness conditions are valid in Z, for each top-level
t-term 1y, (¢;), there exists only one a; such that ¢; is valid in
T¢i, from which it easily follows that [ti/y, ] @; is valid in Z7¢2-0m

UL U...Um "

Hence, by induction, Zj192 % [Ui/y. ] R (¢;) is valid too.

UL U2 ... Um
It is easy to see that Z(a) = Imullwl(m)ﬁﬁﬁzmqﬁffm(wm)q. Be-
cause of the definition of interpretation of (-terms, we see that
T(1xiy, (¢i)) = ai, so I31e27%m (q) also holds, hence

o Fum (R[] o1) & R([U2,] 2) & - - - & R([Umfy,, ] om) & q)

is valid too in Z.

If v is invalid in Z, then we have to prove that

R(v1) & ... & R(Y)
& =Fuy .. T (R([Wz,]01) & - - & R([Umfy. Tiom) & q)

is valid in Z. Analogously as above, the R(1);) are all valid in Z.
Since the uniqueness conditions hold, we have that the interpre-
tation of —Juy ... Juy, (R([Wi/y,]1) & - - & R([Um/y, Jom) & q) is

the same as that of

Fuy . Fum (R[] 1) & -+ & R([Umfy, | om) & —q) |

which we can show to be valid analogously as above.

If v is undefined in Z, then at least one Z(t;) is undefined, hence
at least one Z(tx4,,(p;)) is undefined, which means that either 1;
is invalid in Z (and hence, by induction, D(«) & =R (1) is valid
in Z) or there are no or multiple a such that ¢; is valid in Z2. The
latter case is impossible since we supposed that the uniqueness
condition for Z(vx;,,(¢;)) is valid.
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We also have to prove the converse: if D(a) & R(«) is valid in Z, then
« must be valid in Z. This follows easily from the fact that exactly one
of D(a) & R(«), D(a) & “R () and =D(«r) must be valid. Indeed, if
D(a) & R(«) is valid, then D(a) & =R («) cannot be valid and hence
a cannot be invalid; also, =D(«) cannot be valid and hence « cannot
be undefined. The only remaining possibility is that « is valid.

The other two cases follow analogously.

e The cases where « is not atomic are proved easily.

O

Theorem 21 (Soundness of the pitfol calculus) If T' F, «, then also
I'E a.

Proof.
We know that if we have a PITFOL proof of I' I, a; we can translate this
into a proof in the Hermes calculus, i.e., we obtain a proof of the sequents

FD(m) &D(y) & ... & D(ym)
R(m),R(72) -, R(ym) F D(e) & R(a)

We have to prove I' =, «, which means that

e For any interpretation Z, if vq, ¥o, ..., Y are valid in Z, then « is valid
too in Z. Using the previous lemma, this is equivalent with proving in
the Hermes calculus that if D(v1) & R(y) & -+ & D(ym) & R(Vm) is
valid, then D(«a) & R(«) is valid, i.e.,

D(m),R(m) -, D(ym) , R(ym) | R(@) & D(w)

Because of the soundness of the Hermes calculus, this amounts to
D(m),R(n)-- -, D(Wm) s R(ym) - R(a) & D(a)

which follows easily from the second sequent of the translation given.

e There exist no interpretations in which a ~; is undefined. Hence, in
each interpretation, +; must be valid or invalid, which we can express
using the previous lemma as = (D(v:) & R(v:)) V (D(v:) & =R (%))
which is equivalent with = D(v;). Again, because of the completeness
of the Hermes calculus, we have to prove that - D(~;), which follows
easily from the first sequent of the translation.

O
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3.8 Derived rules

In this section, we will develop some derived rules. Most of them are adap-
tations of the derived rules in [Hermes 1973].
We start with the self-assertion rule:

X na bk, « prem
Yk, Aa) defAnt
Yial, a ass
¥.I'H « rem

We note the name of the rule, SeAs, in a box at the top. For each sequent,
we supply a justification in the rightmost column. The first line(s) are the
premise(s) of the rule, if any (hence the justification ‘prem’ in the first line)
and the last line is its conclusion.

Note that, strictly speaking, the assumption introduction rule needs
UC(«) as premise(s), which we have not explicitly derived. However, the
formula « occurs in the premise and the UC rule immediately yields all
uniqueness conditions required. Hence, we will silently ignore such UC(...)
premises in the future.

Finally, note that strictly speaking, we need to supply another proof
when A(a) = T, since in that case we cannot apply defAnt. In most cases,
it is easy to supply an alternative derivation for these cases, so we will not
explicitly derive them. In the SeAs rule, it suffices to drop the defAnt line
from the proof:

oI mak, a prem
alb, « ass
Y I'F « rem

As stated before, by convention, if a premise of a rule would have T as
consequent, that premise may be dropped. For example, the NN1 rule (which
will follow shortly) has 3;F, A(«) as its single premise; if we want to apply
this rule to a formula « for which A(«) is T, we can immediately apply the
rule without any premises.

From now on, we are allowed to use a new rule

I -atb, «
. I'F, «
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in our proofs. It is easy to see that this does not change the power of the
logic, since one can simply replace each use of this new rule with its derivation
given above.

A similar rule is the self-denial rule:

¥.I'alk, ~a prem
Yk Aa) defAnt
¥i-a bk, a ass
X:I'F, —a rem

A variant of the assumption rule when A(a) = T, where we set I' =

Y1725 - -5 Int
Ass2
. I'+, 3 prem
Fox=x eq
Wik b&or=x &-intro
Y. ' x=x &-elim
When A(vy) # T When A(y) =T
Yk, A(m) defAnt -, ass
i Fom ass -y, v =x& -y &-intro
i b x=2& -y &-intro Yk r=x &-elim
Yok x=x &-elim
2;727'--7771'_Lx:x rem
Yivwmbr=2 rem
When A(y,) Z T When A(y,) =T
¥k, Ayn) defAnt Yo Fo Y ass
XY e ass Yz =2 & vy, &-intro

i b x =2 & -y, &-intro Y, o x=x &-elim
I N &-elim
Yok x=x rem
ab,a ass
Ssabk,r=2& a &-intro
Yoak, a &-elim

When T is empty, we can use
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Xk, 0 prem
ab,a ass
Siak, a& g &-intro
Yoalk, a &-elim

We see that in case A(a) is T, we can add a context ¥ to the resulting
sequent using the Ass2 rule, just as in the assumption rule when A(«) is not
T. However, one is not entirely free in the choice of the context X: it has
to have been already used before as a context. Indeed, if we were allowed
to choose ¥ at will, we would be able to obtain unsound sequents such as
Lyz;éﬂ(x Y= 1) 7é 0; |_L Q.

Next, we prove two weakening rules for contexts:

Y I'kH « prem Yy 'k« prem

Yo A, B prem Yo AF, B prem
Ypr=rzk,x==x Ass2 Yur=xk,r==x Ass?2
Foe=x eq Fre==x eq
—(r=2a)F, 2(x =2) ass —(z=x)F, o(x =2) ass
(r=z)Fx=z contra “(r=z)F =2 contra
Yk rz=x rem Yk r=x rem
Y1, AR, x=2& [ &-intro Yo, X1;AF, & x=1x &-intro
21, 22, A l_L ﬁ &-elim 22, 21, A l_L ﬁ &-elim

If there is a v € T' for which A(y) # T it is possible to use a shorter
derivation:

Yuu 'k, « prem Y I'F, « prem

Yo A, B prem Yo A, prem
Yk A(Y) defAnt Yk A(Y) defAnt

Y1, %A, A(y) &5 &-intro Yo,Y1; AR, f& A(y) &-intro
21, 22, A l_L ﬂ &-elim 22, 21, A }_L 6 &-elim

We already indicated that the choice of 31,3, as context of a conclusion
of a rule was arbitrary in the sense that we could just as well have built
a corresponding rule with Y5, Y, as context instead. For example, with the
&-intro rule, we can transform X, Xo; ', A b, a& finto Yo, X1; T, A, a &S
using the WeakCtxtL rule together with the sequent ;' -, a. (Note that
in the resulting sequent, we would have s, 331,25 as context, but since we
agreed that we are allowed to only keep the first occurrence of formulae that
occur more than once in contexts, this reduces to 3o, 3;.)
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Double negation rules:

¥, A(a) prem
Yrabk,a ass

Y —a bk, na ass
Y, a,~at, m—a contra
Yiabk, v« SeDe
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Yk, A(a)  prem

Y na b, o ass
Yook, ass
Yo, a bk, o contra
¥ia bk, « SeAs

If A(a) =T and X is not empty, we need 3;F, 5 as a premise instead:

ok, 3 prem
ab, o ass

-« b, ~« ass
a, o, o contra
ab, "« SeDe

Yoak, —a & f &-intro
Yiak, 0« &-elim

Yo' F, «
Yookl «
Yk, Ao &)
¥ F, Alo)

ok, B prem

- b, o ass

——a b, o ass
o, ok, contra
—-—a b, o SeAs

Yo—-—oak, a& B &-intro
Yia bk, « &-elim

prem
fromCtxt
fromCtxt (*)
&-elim

(*) If I is empty, then we immediately get the next line of the proof.

If A(«) is not T

Y I'F « prem

Yo Aa b, 0 prem
Yo, Aa) defAnt

Yo b, o ass
1,20 a3 contra
Yo, X VAR, B rem
Y, % AR, B WeakCtxtL

Variant of fromCtxt:

If Ala)=T:
YiuI'F « prem
Yo A,a bk, B prem
—a b, o ass
Y., -a bk, B contra
Yo, VAR, B rem

21, ZQ; F, A l_L B WeakCtxtL

T =7v,7,...,7 is not empty:
SuIVA R « prem
Yo, F, B prem
o0& ', fromCtxt
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When A(c) # T When A(o) =T
Yo;F, A(oc & 7y) defAnt Yojo b, 0 Ass2
Yok, A(o) &-elim
Yook, 0 ass
When A(yy) £ T When A(y) =T
Y1, A(y1) defAnt Yy by Ass2
Yumbem ass
Yo, X1y, 0 o0&y &-intro
22721;0—77170&7270&737"'I_Lﬁ CU-t
When A(yy) T When A(yp) =T
Y1 b, A(ye) defAnt Y1y b,y Ass2
Y12 Feye ass
Yo, X172, 0 0 &y &-intro
22721;0)71a7270-&/y37""_Lﬁ CU_t
Yo, Y50, I, B Cut
X1, 80, WeakCtxtL

If I' is empty then we have to use this variant:

YA a prem
Yo,07 . B prem
Yoo, B fromCtxt
Y1, Y50, 8 WeakCtxtL

Semantically, we can interpret this rule as follows. Without the first premise,
we can only derive

Yo,0& ', 3

If we want to get rid of 0 &I" and have o, I" instead, we need the first premise,
which asserts that I' is defined in the context of ;. We already have that
o is defined in the context of ¥g; the FromCtxt2 rule allows us to derive the

expected
21, Yg30, T, B

Repeated application of FromCtxt2 allows us to retrieve a list of formulae
Y. from the context:
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FromCtxt2*

Y0, T AR « prem

Yo, 2T, 3 prem
¥1,%0,01,09,...,0,_1;0,, ', FromCtxt2
31,%9,01,09,...,0,_9,0,_1,0,,1'F, FromCtxt2
Y, 20, T, 3 FromCtxt2

We illustrate a contextual version of a derived rule. In contrast with the
approach with contextless sequents, we can actually reuse the proof of the cut
rule. Other rules can be given contextual versions in an analogous manner.

Y Ik, «
Yo Av&alk,
EZaV;Aaal_Lﬁ

2172277; FaA l_Lﬁ
21722;F7A77&a|_La&/6
21722;77 F7A l_Lﬁ

Another variant:

YuuI'k, «
Yo,Aa);ak, B
Y0 F Aa)
Y0 F Ala) & a
22; A(O{) & « l_L ﬁ
Y, 8T F, B

Contraposition rules:

Yulak, B prem
Yo; b, A(B)  prem
Y1k, A(a) defAnt

Yo; Bk, B ass

prem

prem
toCtxt

Cut
&-intro
FromCtxt2

prem
prem
defCons
&-intro
fromCtxt
Cut

Yulak, =0 prem
Yo;F, A(B)  prem
Y1k, A(a) defAnt

Yo; BF, 06 ass

Y, 20 a, =0 F, contra 1,2 a, B F, ma contra
21, 22, F, ﬁﬁ '_L e’ SeDe 21, 22, F, ﬁ |_L e’ SeDe
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YuuI',ma bk, B prem

Yo;F, A(B)  prem

Yi;F, A(a) defAnt

Yo; B, 0f3 ass

Y1, 50, —a, 20+, « contra
Zl,EQ;F,_'/B |_L (0% SGAS

Ex contradictione quodlibet:

Yk Aa)
Yialk, a
Y —a bk, na

Yoa,~al, B

Weakening rules:

Y, I'F, « prem
Yo A, B prem
1,255 AR, a&k f &-intro
1,255 AR, « &-elim

Yu;I'ma bk, —f3 prem
Yo; F, A(B)  prem
Y1k, A(a) defAnt
Yo Bk, B ass
1,590, -, b F, contra
Zl,EQ;F,ﬁl_L (0% SeAs
prem
ass
ass
contra
Y I'F, « prem
Sh b A(G)  prem
Yo; Bk, 0 ass
21, 22, F, ﬁ l_b « Weak™*

An example of a contextual version of derived rules with one premise:

Uy & —ab, a prem
X7, na k-, a toCtxt
oy Tk« SeAs

v, ', a FromCtxt2

Deduction rules:

Ik a=p
Y| a=p0

U0 H Ala & B)

JTia& -0 ak =0
JTia&k—=pE, 3
Y.Ialk, B

“Ihy&alb, ~a prem
Yoy ak, n« toCtxt
Xy H, —a SeDe

v, I'F, ma FromCtxt2

prem
toCtxt(*)
defCons
ass
contra

SeAsCtxt
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where ‘toCtxt(*)” indicates a repeated application of the toCtxt rule.

prem
toCtxt(*)
toCtxt
defCons

ass

contra
fromCtxt
SeDe
FromCtxt2*
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Note that in DdRul, T' is pushed into the context. Semantically, this
is necessary because from the premise, we can’t conclude that « is defined
when all 3 are valid, but we only know «a to be defined when both > and I’

are defined.

If we have also Xo;F, A(a), we can get I' out of the context again:

Wik a=p
Lok p
EQ;Oél_LOé
Y)Y Nak a= & a
¥, ak, 8

Definedness of definedness:

prem
DdRul

ass

&-intro
FromCtxt2*

Theorem 22 (Ddef rule) For each term t of the PITFOL calculus, given
UC(t), if A(A(t)) is not T, then we can derive =, A(A(t)).

For each formula o of the PITFOL calculus, the analogous theorem holds.

Proof.

We prove this by induction on the complexity of o and ¢.

e If ¢ is a variable symbol, then A(f) = T and hence A(A(t)) = T, so

we have nothing to prove.

o Ift = f(ty,ta,...,t,) Or t =t; = ty, then we derive

= A(A() & (At) & (- & (A(tn) & A(tn))))

ie.,

FAA)) & (Alt) = (A(A(L)) & Atz) = (

= (A(A(tr1)) & (Altna) = A(A(E)))))));
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as follows:

F A(A(t,)) induction

F A(A(t-1)) induction

Atp_1) F A(A(t)) Weak
F, Atho1) = A(A(t,)) DdRu2
FoA(A(t,-1)) & (A(th-1) = A(A(t,))) &-intro
FoA(A(t)) & (A(t) = (A(A(t3)) & A(ts) = (...))  &-intro

F A(A(t)) induction

A(t) Fo A(A(L)) & (A(ly) = (A(A(l)) & Afts) = (-..)) Weak
FoA(L) = (A(A(t)) & (A(ty) = (...)) DdRu2
FoA(G) & (A(t) = (A(A(f)) & (At) = (...))) &-intro

Y, Az(p) prem
F, A(Y) defAnt
o If « = p(t1,ta,...,t,) then we proceed as in the case t =
fltr,te, ... tn).

e If « = —f, then by induction, we have -, A(A(S)), which is the
required sequent.

o If a = &, then we have to derive -, A(A(S) & (6 = A(y))), ie.
= A(A(D)) & (A(B) = A(B = A»))):

= A(A(B)) induction

A(B) -, A(B) ass
A(B); . A(B) toCtxt
F, A(A(Y)) induction
AB);BF, A(A(7Y)) Weak
A(B); B = A(A(y)) DdRu2
AB): - A(B) & (8= AA(M)) &-intro
AB)F AB = A(7)) fromCtxt
o AB) = A= A(Y)) DdRu2

- A(A(B) & (A(B) = A8 = A1) &-intro

e If o = Vx(f), then induction yields -, A(A(f)); applying the V-intro
rule yields the desired sequent.
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Decomposition and unification of antecedent:

YT a& Bl y prem
Yo; b A(B) prem
Yk Ala & f) defAnt
Yk Aa) &-elim
Ypab,a ass
Yo; B, B ass
LYo a&k p &-intro
ElaZQ;F7a>ﬁl_L’7 Cut
AnU
Uil a, Bk, y prem
X Aa) defAnt
X A(B) defAnt
Yiak, A(B) Weak
Yk a= A(P) DdRu2
Yk A(a & () &-intro
Yia&kfh ak S ass
2; « & ﬁ l_L « &—elim
YT a& B8,y Cut
Yiak i, B &-elim
STk Bl y Cut
Modus Ponens:
Yk« prem
Yo, A, a= (0 prem
Yo, Ajar k-, 8 DdRul
Y, 50, AT, 6 Cut
Y, YT, A R, B FromCtxt2*
Contextual version of assumption rule:
AssCtxt
UC(a)
= A(A(a)) Ddef
Aa) F, Aa) ass
A(a); -, Aa) toCtxt
Ala);at, a ass
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Introduction of the implication:

UC(a),UC(B)
AB&a);f&at, & a
AB&a);f&at, B

A& a),Bak, B
AB&a),pit a=0
Af&a);fFa=p

Antecedent as consequent:

Ylak, 8
Yk, Aa)
Yialk, o

“WIhab a&p

olalk, a

Context as consequent:

217067 22; F '_L B
Yi,0,01,09,...,00_1;0,& T, 3

El;a&al&ag&---&an&r'hﬁ

AssCtxt
&-elim
toCtxt
DdRu2

fromCtxt

prem
defAnt
ass
&-intro
&-elim

YSpakor ko k- &o, &TH a&kor &oy k- &o, &

Yuna&ko ko &k &o, &T H, a
Yi,a010& 00 & - &0, &T H, «

El,OZ, 22; T l_L v

prem
fromCtxt

fromCtxt
Cons
&-elim
toCtxt

toCtxt

with Yy = 0y,09,...,0, and I' =y & & - & 4y, (If T' is empty, then

setting 1 = T yields a proof for this case.)

Cut rule where the formula to be cut appears inside a context:

CutCtx

X:I'H «

Elvaa EZ;A l_L B

T F, o
Y1,0,01,00,...,0n_1;0n & AF, 3

a& (o1& (o2& (- & (0 & 01)))),

prem
prem
toCtxt*
fromCtxt
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cea& (o1& (& (o &dm))) F B fromCtxt

Sk Ala& (01 & (- & (0 & 61)))) defAnt

Yika= Ao & (- & (0, & 01))) &-elim

E,F,El; I—L A(Ul&(&(gn&51))) MP
Y, 0,01 & (02 & (- & (0, & 61))),
ale (o1& (o9 & (- & (04 & b2)))),

"'70[&(0-1&(”'&(0-”&57”)))l_L/B AnDc

S b A& (01 & (- & (04, & 62)))) defAnt

Sukhia= Ao & (- & (0, & 02))) &-elim

1,505 Al & (- & (00 & 82))) MP

Y, Ta,01 & (o2& (- & (00, & 01))),

01&(02&("‘&(0'71&52)))7

Ck&(Ul&(02&(---&(0n&(53)))),
cna&k(or& (& (op & om))) B

Y, Ta,01 & (o2 & (- & (00 & 01))),
701&(&(0n&5m)) F. B
E,El,F;P,Ul&Ug&-"&AkLﬂ
Y., o &or & - &AF B
2721aF722;A|_Lﬁ

with 22 = 01,02,...,0p and A = 51,(52,...

application of the toCtxt rule as toCtxt*.

Variant of the previous rule:

| CutCtxtCtxt |
Y.I'H «
El,Oé,ZQ;A }_L ﬁ
E,El,F,ZQ;A }_L ﬁ
Y1, a, N9 A(dy)
Yi,0,00, . 00150, F, A7)

21;61/&01&"'&0'” l_L A(51)
21727Fa22;Al_Lﬁ

with again Yy = 0y1,09,...,0,.

Associativity of the conjunction.

AnDc

AnDc
Cut
toCtxt*
toCtxt*

,0m; we denote a repeated

prem
prem
CutCtxt
defAnt
fromCtxt

fromCtxt
WeakCtxtR
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AssocConjl AssocConj2

5T F a& (&) prem 51Tk (& p)&y  prem
DR B oY &-elim Ik akp &-elim
5iTH, B&y &-elim 27 'k, v &-elim
Ik 0 &-elim Ik« &-elim
DI N Y &-elim . I'H, B &-elim
Ik a&kp &-intro Uk &y &-intro
Y0 F, (& B) &y &-intro 5k a& (6 &) &-intro
’ DefAssocConjl ‘
5T F A& (& 7)) prem
5T F Aa) &-elim
5T a= AB&Yy) &-elim
S0 abk A(B&Y) DdRul
0 ak, AS) &-elim
0ok, 8= Ay) &-elim
Y00 a= A(B) DdRu2
50 a= A fromCtxt(*)
5T F A(a & §) &-intro
006, A7) DdRul
Y a& B, Aly) fromCtxt
2,0, (& B) = A(y) DdRu2
L E (a&p)= A®y) fromCtxt(*)
5T A((a& B) &) &-intro
DefAssocConj2 ‘
5T FH A((a& ) &7y) prem
5T F A(a & ) &-elim
ST F (& p) = A7) &-elim
Z; ' Aa) &-elim
5T F a= A(B) &-elim
Y a& b, Aly) DdRul
0060, A7) toCtxt
5,0 a5k §= AY) DdRu?2
Yok, 8= Ay) fromCtxt
S0 ak, AS) DdRul
S abk, A(B &) &-intro
Y0 R a= A(B&Y) DdRu2
5T a= AP &) fromCtxt(*)
50 Ala& (B&7)) &-intro
where fromCtxt(*) indicates a repeated use of the fromCtxt rule. Note that

these rules not yet show that everywhere in a formula, we can apply associa-
tivity of the conjunction; that will have to wait until property [34]
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Decomposition and unification of context:

2170‘&5322;FFL7

217a&ﬁ701702u~”70—n71§0—n&Fl_b’7
21,05&6,0'1,0'2,...,0'71_2;

On1 & (o &), o yon—1 & (on & vm) By

1 (- & (on &m)))),
(@& B) & (o1& (02 & (- & (00 & )

) oy
21; "L A((Oé
El; F, A(a (ﬂ&
Y& (B& (& (o &m))) F o ak
Y0& (B& (& (o &) b

(& B) & (01 & (02 & (
(&P & (o1& (o2& (- & (00 &) Fo Y

217017570'170'2,...;O'n&F|7L’Y
217a7ﬁ3 EQ;Fl_L Y

with X9 =01,09,...,0, and I' = 71,7, .. ., Y-

Zlaaaﬁaz2;rl_b ’Y

217057ﬂ70_1 &02&"’&0—n—1;0—n&FFL7
2170‘75’0’17027"'707172;

On_1& (o &), o yon_1 & (on & vm) b v

N))) .
Y
Yk A(a & B)
Y (a& )& (& (o &em)) b (a k&
Y& B) & (- &(on&m))
El,(a&ﬂ)&( & (oo & (- & (0, & 1)),
(&(01&(02&( & (0n &2))))),
& (B& (o1& (o2& (- '&(Un&%n)))))'—w
E1,(01&5)&3(01&5(02&( & (0 & M),

& (o0 &m)))

& (on &m))))
(an & v1))) DefAssocConjl
& (on &m))
: & (Un & '71)))
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prem
fromCtxt

fromCtxt

fromCtxt
defAnt

ass

AssocConjl

Cut

Cut

Cut

toCtxt

toCtxt
toCtxt

prem
fromCtxt

fromCtxt

fromCtxt
defAnt

ass

AssocConj2

Cut
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al&B) & (o1& (o2& (- & (o, & 12)))),
ak (B& (o1& (o2& (- & (00 &73)))))s
ya& (B& (o1& (o2& (- & (op & vm))))) oy

Si(a&B) & (o1& (o2& (- & (0n & 71)))
(&) & (o1& (o2& (- & (o
217a&ﬁ;01&(02&("'&(0n

oy o1& (02& (- & (00 &m))) oy

Y1, 0& 5,5y

Two variants of V-introduction:

UC(a), UC(B)
Ala);at, a
AlaV p);ma& -+, ~a& -0
AlaV f);ma & -+, ~«a
A(aV P);F, Ala)
A(aVpP);alk, a
AlaVp);a,~a& -0+ aV
AlaVvp);abk, aVvp

UC(a), UC(B)
Ala& —f);a& -0+, a& -4
Ala& —f),a;-0F, a& —p
Ala& —0),a,-0;F, a& -4
Ala& —0),a,-0;F, «
Ala& —0),a,-0; F, Aa)
Ala& —f),a,~0;~aF, -«
Ala& —0),a;-0& —at, ~«a
A(a& —f);F, Ala)
Ala& -0);abk, a
Ala & —f0),a; F, «

A(a& f0),a; & ~at, =(=F & —a)

Ala & —f0),a;F, BV«
A& —f);ak, fVa

Zl;Fl }_La\//B

Cut

Cut

toCtxt

toCtxt

AssCtxt
AssCtxt
&-elim
defCons
CutCtxt
contra

SeDe

AssCtxt
toCtxt
toCtxt
&-elim

defCons

ass
fromCtxt

DefCtxt

ass
toCtxt
contra
SeDe
fromCtxt

prem
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Yo lg,a b,y prem
Y33, B,y prem
Yo; Ty a by A(y) defCons
¥3; T3, B, A(y) defCons
F A(A(Y)) Ddef
Yo; Iy, mA(y) F, na CoPol
Y3; 3, 7 A(y) -, = CoPol
Yo, Y3, 9, '3, mA(y) b, ma & =8 &-intro
Yo, M3, 013 1M, g, I, _'A(”V) . (’Y) contra
39,303,513 11,19, T3 =, A() SeAs
39,23, 51,1, 9, g =, A(y) toCtxt*
29, 23,21, 11,9, '35 Ty, =y =, —a CoPol
Y3y 20, 21,11, 9, I's; 'y, =y b=, =8 CoPol
Y9, 23, 51,11, 9, I'3; 19, '3, =y =, mar & =3 &-intro
29,23, 11,9, '3, 245 ', '3, =y =, y contra
Y9, 23, ', 9, '3, 315 g, T's b, oy SeAs
21,290,283, 11,19, '5; 5, '3 =, y WeakCtxtL
X1, 29,23, 1, T9; 5, '3 =, y FromCtxt2*
Y1, 29,23, 1T, s =, FromCtxt2*
Y1, 29,25, 1,9, s =, FromCtxt2*

where toCtxt* indicates a repeated application of the toCtxt rule.

Simultaneous generalisation. For this rule,  must not be a free variable

of YorTl.

. I'at, B prem
Yk Aw) defAnt
¥ B, Ve(A(a)) V-intro

¥ Vr(a) b, Ve (a) ass
V(o) b, V-elim
S0 V(o) B, 0 Cut
50 Va(a) B, Va(5) V-intro

Substitution and generalisation; y must not be a free variable of ¥ or I
and = must not be a free variable of a.

First we suppose that x # y; choose z such that z does not occur in X, I'

or Vz([Tfy] ).



112 CHAPTER 3. PARTIALLY DEFINED IOTA TERMS

D) e’ prem
1] 25 [#] T by o subst
(%] 25 (%] T o [Tyl subst
%)) 25 (3] T, Ve ([Ty] o) V-intro
ST F, Va7 ) subst

If x = y, then we get the conclusion using a single application of the V-intro
rule.

Renaming of bound variables in generalisations. For this rule, y must not
be a free variable of a.

RenG

UC(a)
Ve(A(w));Ve(a) F, Vo (a) AssCtxt
Ve(A(w));Ve(a) b, « V-elim
Vae(A(w));Ve(a) B, Vy([Y/e] o) SG

Renaming of bound variables in particularisations. For this rule, y must
not be a free variable of a.

RenP
UC(«)
Vy(A(Yfal@)); Vy(= Yzl a) b Vy(e) RenG
F, Ve (A(A(w))) Ddef
Ve(A(a)) F, Ve (A(a)) ass
Vr(A(a)) F, Aa) V-elim
Va(A(a)) 1 Vy([9a] Ale) SG
Ve(A(a)); Vy(= Y] a) B, Vy(a) CutCtxt
Vo(A(a)); Jy(a) b, Jy([Y/z] @) CoPol

Particularisation in antecedent when x is not a free variable of X, I" or 3:
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“habk, B
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Particularisation in consequent:

[ PartCons
Y.I'kH, «
>:I'H,

™
!

~

>
S
bbb bbb

<< <

<C
=
ER
b
£
Aaka
LLe
ER
b
£
7o

rrorrrrarTT T T

1
)1
L]

=
P

£
&
L

]
<C
&
J
b
)
&
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prem
Ddef
ass
toCtxt
CoPol
V-intro
defAnt
V-intro
CoPo3
Weak
FromCtxt2
defCons
CoPol
V-intro
CoPo3
Cut

prem
defCons
&-intro
DefCons
ass
DdRu2
&-intro
V-intro
ass
V-elim
contra
SeDe
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Note that we need A(«) in the conclusion. Consider our running example of

a theory describing real numbers, where from

1
r=02F —=5
x

.7:—0.2|—LE|95(1—5>
x

we cannot conclude
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since this would entail (via the defCons rule)
x=02F,Vz(-(x =0))

which is clearly an unsound sequent.
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We can simplify the conclusion if we provide an extra premise:

Yuu 'k «
Yoy b, Va(A(a))
Yo;Vr(-a) F, Vo (-a)
Yo;Va(-a) b, -
X1, 30 I Va(—a) B, =V (-a)
¥, Y0k, Jz(a)

In the example above, the extra premise would be
1
-, Va (A(— - 5))
x

F, Va(—(z =0))

0, 3x(a) b, 6
Yk, A(Ve(a))
¥k Aa)
Yoalk, a
Ya b, 3z(a)
X abk, B

ie.,

For this rule, x must not be a free variable of t:

Existence

b
N
J
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8
I
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T
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8
I
N

<
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~ — T
S s N s e e e e
8

A~~~
8 8 8 ~+ ~+

I

~

prem
prem
ass
V-elim
contra
SeDe

prem
defAnt
V-elim

ass
PartCons2
Cut

AssCtxt
SimGen
V-elim
subst
subst

eq
toCtxt
contra
SeDe
fromCtxt
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The following rule functions as “inverse” of eqSubst:

5T, [Ur]a prem

Aa);~a b, AssCtxt
Ala),Alt);z=t,~at, ~[t]a eqSubst

S, A(e),Alt);Te=t,-abk, a contra
Y A(a),Alt); Tz =tk « SeAs

Symmetry rule for equality, where ¢t; and 5 are arbitrary terms and z, y
and z are three different variable symbols not occurring in t; or t,:

UC(H), UC(t,)

r=zFH, =2 ass
r=z,x=yb,y==z eqSubst
r=rr=yb y=x subst
Foox==x eq

r=yky=u Cut
Afty);x=tob ty =2 subst
Aty) , A(ty) sty =ty -ty =1 subst

X E, =19 prem

A(t), Aty);tr =ta bty =1 ESy
A(t) & Aty) i =t bty =1 CtxtU
Ykt =1 Cut3

Transitivity rule for equality, where ¢, t5 and t3 are arbitrary terms and
x, y and z are three different variable symbols not occurring in t;, t, or ts:

[ET]
UC(t), UC(E), UC(ts)

r=yk,r=y ass

x:yuy:ZFa«r:Z eqSubst
A(tg),l’:y,y:t3 l_ax:t?, subst

A(tZ) ) A<t3) ;X = to,to = 13 F,x=ts subst

Aty), A(ty) , Ats) ;t1 = to, to =ts b, t1 =13 subst
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21; r |—L t1 = to prem
So; A b, ty =13 prem
YT F, A(t) & A(ta) defCons
21, T |—L A(tl) &—elim
El; r I—L A(tg) &-elim
Yo; A, A(te) & A(ts) defCons
22; A |—L A(tg) &-elim
Y1, 0, A Rty =t &t = t3 &-intro

Y1, 5 T AR, A(ts) & (81 =t & tg = t3) &-intro
1,5 T, AR, At &

(A(tg) & (tl = tQ & tg = tg)) &—intro
Y1, 0 AR, A(t) & (A(t2) &

(A(t3) & (t1 = ta & tg = t3))) &-intro

Am%A@)A%)hzmwzmhm:@ ET

A(t1),A(t2) , A(ts);t1 =ta &ty =tz b, t1 =t3 AnU

A(t1), Ate); A(tz) & (t1 =te &ta=1t3) F, t1 =13 fromCtxt
A(tl)a

Ats) & (A(t3) & (t1 =ta & tg =1t3)) b, 11 =t3 fromCtxt
Alt) &

(A(t2) & (A(tz) & (t1 =ta & ta =13))) b, t1 =13 fromCtxt

Y, 850, At =13 Cut

Replacement rule for equality with predicate symbols, where
x1,%9,...,T, are different variable symbols not occurring in the terms
1y tay ottty

UC(t),UC(t),..., UC(t,), UC(t))
p(1, T, ..., xn) b, p(21, 20, ..., Ty) ass
At sp(xr, 29, .. xy), 2y =t Fop(t), 22, ..., x,)  eqSubst
A, ALY ;plxy, Ty ..y 2n), w1 = ), 10 = th =, p(t), 15, 3, . .., 2,) eqSubst

A A, ... A p(xy, 29, ... 1),
Ty =t my =1ty ...z, =1t b, p(t],ty,...,t,)  eqSubst

Aty), A, AW ;p(x1, ..o T, tn),
Ty =t =1ty .. Ty =1 1t —tkﬂm@wwm subst
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Aty), Alts), ..., At,), At]), ...
p(ﬂ?l,tg,. .. ,tn),l’l = tll,tg = tlz, Ce
Aty), Ats), ..., At,) , A(t)), ..., At,);
p(tl,tg,...),tl = tll,tg = tlg,

S A(t,) 5

n

Variant of ERp:

Yt = til
Yoo b, ty =1,

. P($1,$27~
A(t1) §p($1,$2,-~

21; Fl '_L A(tll)
Y1, Ty p(ae, 2, -
Zlarlu A(té) ;p(xl,l’g, ..

22; FQ }_L A(té)

7tn :t/n l_L p(t/bt,%

vt =ty Pt 1,

) Fop(ag, 2o, . .
),z =t b, p(t, o, .

IHS R o A(tl) & A(tll)

X)),y =t p(t], xe, .
X)),y =t e =t =, p(t, th, X3, ...

Yoy b, A(tQ) & A(té)
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) subst
) subst
prem
prem
prem
, Tp) ass
S Tp) eqSubst
defCons
&-elim
 y Tn) CutCtxt
,Ty) eqSubst
defCons
&-elim

Yo, Y1, T, Doy p(ay, T, . ..y @), my = t, w9 =t b=, p(t],th, x3,...,2,) CutCtxt

Zn,...,Zl,Fl,...,Fn;p(xl,xQ,..
/ !
$1:t1,l’2:t2,...

A(tn)72n,...721,F1,...,Fn;

‘ 7xn)7

p(x, .. T, ty),
Ty =1, T =1, b, =1, p(t], 15,
Yo, oy 21,0, 200,
Pl,...7Fn_1;p<$1,...7l‘n_1,tn)7
Ty =1, Ty =1ty =1, p(t], 15, ...
Zny Fna l_L tn = t;l
Yo, Uy 21,0, 200,
Fn,rl,...7Fn_1;p($1,...7$n_1,tn)7
xy =1,.. p(ty,ts, . ..

/
3 Lp—1 = tn_l l_L

Y, 0, X, Tty - ) B p(t], 8,

where z1, 29, . .
ti,toy .oyt thyth, ot 3, B, Ty, Dy
peated application of the toCtxt rule.

y Ip = t;z l_L p(t/1>t,27

) CutCtxt
) subst
&-elim

) CutCtxt
toCtxt*

) Cut
) Cut

., x, are different variable symbols not occurring in the terms
., T, and toCtxt* denotes a re-
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Replacement rule for equality with function symbols, where
X1, T2,y Tny Y1, Y2, ---,Yn are different variable symbols not occurring
in the terms ¢, g, t,,. .., 8,5, ..., T,

UC(t),UC(ty),...,UC(ty), UC(t))
flzr, o, yzn) = fy,y2, - yn) b f(z1, ooy 2n) = (Y1, -, Un) ass
A(t'l) sf(zr,za,. 0 x,) =
Fyt,y2, - yn)yyr =ty b f(zr, .. ) = f(t], 92, ..., yn)eqSubst

Ath),...,A(t);
f('rla"')xn):f(/ylw"ayn)a/ , ,
y1 =1t ...,y =1t b, f(z1,...,20) = f(t1,...,1,)  eqSubst
!
A(ty), ..., A(t);
f(xlw"a‘rn),:f(xh,wa"ayn)?
ry =ty =th .. yp =t F, flxr,...,xn) = f(t), ..., L) subst
/ .
A(ty), ..., A(t);
f(xlvlamn) :.]l/.(xlax2uly37"'7yn)7 , , ,
ry=t,x2 =1y, y3 =15,...,yn =t, b, flz1,...,2n) = f(t],..., 1) subst

Ty =t),..,xn =t flx1,...,xn) = fF(t), ... 1)) subst

Foflzr, .. zn) = f(z1, ... 20) eq

AL, ..., AL sz =t .., an =ty b flzr,.. . an) = f(t],. .., 1) Cut
Altn), A(t1) ... A(th) ;

T =1, 1 =t tn =t fx1, . T, te) = f(#], ... 1)) subst

Alta),o Alt) A) . A8
1= by = by =t by f(1 oy t) = f(E, 1) subst

Atr),...,Altn), A(t)) ..., A(t);

n

ty=1t),...,th =t flti,te,...,tn) = f(t},...,t,)  subst

Variant of ERf:

Ik t1 = t/l prem
Yo; g, to = tlg prem
Yo Tp F b = t;L prem

A(tl),...,A(tn),/A(t’l),./..,A(t;); / / /
ty =t to=1th, ... .ty =t b, flt1, .., tn) = f(t, ..., 1)) ERf
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S1,A(t), . A(ty),
Ath),...,A(t);

Tyt =ty ..ty =1t b, flt1, .. tn) = f(th, ... 1)) Cut

Sty S A At) )

A, . A) T, Doty =t b ftr, ) = F(E .0 8) Cut
Yoy ooy D1, A1) .o, A(tn)

A(t), .., A{) Ty, T by f(t, o t) = f(E .. 1) Cut

21; Fl '—L A(tl) & A(tll) defCons

El;Fl |_L A(tl) &-elim

;101 A(t’l) &-elim

Sn; Do b0 A(t) &-elim

S S, A AL,
A(t), o A y)  Tos Ty, T by ftr, o t0) = F(E 0 8) CutCtxt
Sy ee s D1, A(t) ., A(t)
A(t), .., A1) T, T by f(tr, .. tn) = f(21, ..., t,) FromCtxt2
Y1, %0, Sna, ..., 21,
A(t1),...,Aty),
A(t), o A, g) Tne1; Ty Do by fbr, oo tn) = f(E], . t) CutCtxt
En—172n72n—27---;217
Atr),.... Alty),
A(th), .., A, o) Ty, ..., T by f(tr, .. tn) = f(th, ..., t,) FromCtxt2

n—2

S S, At Al
L0y, Dby fltr, - tn) = F(E, 0 t) CutCtxt

Shhe S At Al
Ci,., Dby fltr, . tn) = f(H, ..., t,)  FromCtxt2

Yy Xy 21, A1)y A(tp—1)
LoDy T by ftr, o tn) = f(E, - 10) CutCtxt

En,Zl,...,Zn_l,A(tl),...,A(tn_l);
Ci,.o, Dby ftr, . tn) = f(H, ..., t,) FromCtxt2

Y1, 20 Ty T by f(t, o tn) = f(H), ..., t,)  FromCtxt2

3.8.1 Equivalent and interchangeable formulae

In this section, we will investigate some equivalences.
Recall that already in the Hermes calculus, we called two formulae o and
(8 equivalent when o 4 ( and equivalent under the condition v when
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a,7F B and B, F a.
It will appear that in the PITFOL calculus, these notions will be replaced
by the following definitions: we call & and 3 interchangeable when

Ala);ak,

A(B);pF, a
A(a) F, A(B)
A(B) b Aw)

We will call these four sequents the interchangeability conditions; when
these are derivable, we will write a = .
Given a list of formulae ¥, we call @ and [ interchangeable under the

context X when
N, A(q);ak, B

27 A(ﬁ) aﬁ l_L «
25 Afar) B A(B)
N A(B) o Aw)
which we will denote as « i s.

Furthermore, we extend these notions to terms: we call ¢; and ¢y inter-
changeable when

A(ty) b, ty =ty
Alty) b, t1 =to

(which we will also call the interchangeability conditions and also denote
as t; = ty) and interchangeable under the context > when

E; A(tl) "L tl - tz
E, A(tg) I—L tl = tg

b
which we denote as t; = ts.

We call a replaceable by § when

Ala);at, 8
Ala);fF, «

and t; replaceable by t5 when
A(t1> }_L tl - tz

We denote this as a — 3 and t; — t».
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Semantically, this expresses that o and 3 (resp. t; and t3) have the same
interpretation, except that @ may be undefined when 3 is defined (we could
say that 3 is “defined in more cases than a”). In other words, when « is
defined, it has the same interpretation as 3; when « is undefined, 8 may have
another interpretation.

For example, @« = 2 = 12,20(2* = y) and 3 = = = y express both that
x and y are equal, but ( is always defined whereas « is only defined when
w # 0; and indeed, it is easy to derive

T =1Zyz0(z =Yy) =T =1y.
We call a replaceable by 3 under the context > when

Y A(a);ak, g
Y, A(a); Bk, «

and t; replaceable by t5 when
E, A(tl) l_L tl = t2
We denote this as o = £ and t; X ts.

Theorem 23 (replacement theorem) 1. Given o — (3, then A(a) —
A(B), ie.,
A(A(a)); Aler) = A(B)
A(A(a)); A(B) Fo Ale)
where A(a) is a formula possibly containing o and A(f) is the same
formula where a number of instances of a are replaced by 3, and t(a)) —

t(7), i.e.,
A(t(a)) b, t(a) = ()

where t(a) is a term possibly containing o and t(3) is the same term
where a number of instances of o are replaced by (3.

These results only hold if the uniqueness conditions for A(a), resp. t(a)
can be derived.
2. Given t; — ty, then analogously, A(t1) — A(t2) and t(ty) — t(ta), i.e.,
A(A(t1)); Altr) B Alt2)
A(A(t1)); Altz) B A(ty)
A(t(tr)) B t(tr) = t(t2)

These results only hold if the uniqueness conditions for A(ty), resp.
t(t1) can be derived.
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3. Given a formula o and the formula o obtained from « by renaming all
its bound variables (as in the statement of the t-rule). Then a — a.

Given a termt and the term t obtained from t by renaming all its bound
variables. Then t — t.

These results only hold if the uniqueness conditions for «, resp. t can
be derived.

Informally, the theorem then expresses that under the context A(A(«)), one
may always replace a formula a by a formula § that is “more defined” than
a. In other words, this expresses that when « is undefined (when w = 0 in
the example above), we could interpret it in any way we like. To clarify this,
consider

a— (A(e) = ) & (-A(a) = )

where 3 is an arbitrary formula. One checks easily that this choice of (8
fulfills the requirements of the lemma; semantically, this means that under
the context A(A(«)), we can interpret a as (A(a) = a) & (-A(a) = f),
where the interpretation of (A(«a) = a) & (mA(a) = () coincides with «
when « is defined and with our arbitrary formula v when « is undefined.

In the first example above, this expresses that when « is undefined (when
w = 0), we could interpret it in any way we like (for example as x = y).

In this theorem, we see the formal counterpart of the semantic require-
ment that when evaluating a valid sequent, we never should encounter an
invalid term or formula. Indeed, using this theorem, we can derive another
sequent in which the invalid term or formula is replaced by a term or for-
mula that interprets in any way we like (see also the following corollary), so
it would indeed be impossible for our interpretation to depend on it.
Proof.

We prove this by induction on the nesting depth of the ¢-terms in A(«),
t(«) for the first part, in A(t1), t(t1) for the second part, o and ¢ for the third
part.

In the base case, there are no (-terms present in the formulae and terms
under consideration. We handle this case by induction on cpl A(«), cplt(a),
cpl A(ty), eplt(ty), cpl(a) + 1 and cpl(t) + 1.

For we have the following cases:

o l(a) ==x Since there are no subformulae to replace, t(a) = ¢(53)
and we have to derive -, x = x, which is trivial.

o t(a) = f(ti(a),ta(a), ... th(c)) Induction on ¢; yields A(t;(«)) F,
ti(a) = t1(B) and we get similar sequents for t5,...,%,. We can use
these in the following derivations:
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&-intro
Ddef
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~B(a)

o Alw)

ass

toCtxt

Ddef
induction

CoPol

LLLLL

induction
induction
defAnt
CoPol

v (B(a))

o Alx)

V-elim

AssCtxt
induction
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Cut3
V-intro
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The cases for ([2) are similar, essentially by replacing A(«) by A(t1), A(5)

we only explicitly mention
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o (1) =x

which is given.
For (3)), we have:

e a=0&7y

Either no replacements occur and ¢(t;) = t(t2), in which
case we have to derive -, x = x, which is trivial. Else, the whole term
t(t1) is replaced by t5 (i.e., t(t3) = t2) and we have to derive b, t; = i,

Because we performed induction on cpl(a) + 1, and not

on cpl(ar), we can apply induction on (1)), yielding

{A(ﬁ&v);ﬁ&vhﬁ&v (1)

and also

and

using which we can derive A(S& ) ;6& v+, 5& ~ by applying Cut3

on (1) and (3), and

A(B&r)sBEqr Bl
AB&); A(F&)
AB&Y):F&TH B&y

o a=Vz(F)
A(a) ;o b, V()
A(a);ab, g
A(B); BB
Ala);at,
Ala);at, Vx(B)
A(a);a b, Vy([Ya] 3)

Cut3 on (4) and (5)

DefAnt on (2)
CutCtxt

AssCtxt
V-elim
induction
Cut3
V-intro

SG
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A (Yy (U] B) s Yy (U] B 1= Yy (Y] B) AssCtxt
A V?/([y/x]g §Vy([y/x]§|_b [y/x]g V-elim
A(Vy([Yel B) syl B+, B subst
A(ﬁ) ;B -, 3 induction

A (VYY) 8) vyl B+, B Cut3
A (Yy([¥l B) ¥y (Y] B . Y (B) V-intro
F A(A(Vz(5))) Ddef

A(Vz(B)) F, A(Vz()) ass

A(Vz(B)) . A(B) V-elim

A(ﬁ) ;BB induction

A(B);F A(B defAnt

A(ﬁ) FA(B 3 fromCtxt

A(Vz(3)) - A(B Cut

A(¥a(8) F, V(A () V-intro

A(a(3) F, Yyl A(5)) SG
A(Vm(ﬁ)),‘v’y([?//x] B, Vx(5) CutCtxt

The other cases are analogous.
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This concludes the base case of the induction on the nesting depths of
t-terms; we handle the induction step again by structural induction. The
cases are identical to the cases above, except for the extra case

o L) = 1wy (p(a)) We have to our disposal the sequent

P(a) F, 3u(p(a) & Vavy((p(a) & [Vl e(a)) = = = y)

where y does not occur in ¢(«).

First, we will derive

$(B) b Fz(p(B)) &VaVw((p(B) & [Wale(B) = v = w)

where w does not occur in p(«).

Choose z different from = and not occurring in ¢(«) and () in the
following derivation:
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AW () ;¥ () o v (B) induction

F, A(Y(a)) defAnt

() bk, (0) CutCtxt

P () b Fz(p(a)) & Vavy((p(e) & [Yz]p(a) =z = y) Cut

AY( ) 9y(-..) () & [l o(a) = 2 = y) AssCxt
Aly( )9y ) F () & [Fr o)) = 2 = 2) RenG
ANVz(...));Vz(..0) B Ve((pa) & [Flr]e(a) = x = 2) AssCtxt
AVz(-..));Vz( ) Fovy((e(e) & [z p(a) = 2 = y) RenG
AVy(...)) Fe ATy ((p(a) & Yz p(a)) = 2 = y)) Ddef
Aly(- ) 2 AF((o(0) & Y] o)) = = = y)

A(y(. .. ) F AV2((p(@) & [Falp(a)) = = = 2)) RenG
AVy(--)) V() B Yy ((p(e) & ] e(e) = 2 = y) RenG
A(); e B Fe(e(a) & Vavz((e(a) & [#/e] e(a)) = = z) induction

B(B) Fy Fr(p(a)) & Va¥a((pla) & [Fhlpla) = x=2)  Cut3

A(p(a));pla) = o(B) induction
A a) induction
(¢(B)) &VzVz(((B) & [#z]¢(a)) = x = 2) induction

Y(B) b Fz(p(B)) & VaVz(((B) & [Fzlp(a)) = = = 2) Cut3

o [o(8) subst

([#zl (@) 5 [Z)p(B) Fu [Zz)p(a) subst
(B)) & VaVz((¢(B) & [#/z]w(B)) = x = z) induction

) o 3z(p(B)) & Vavz((¢(B) & [z p(8)) = x = 2) Cut3
(8))

&Vevw((9(8) & [ 9(B) = v =w)  analogous

We see here why we needed to perform induction on the nesting
depths of the «-terms first: the formula 3!z (p(«)) can have a complex-
ity much larger than cpl(«), so we cannot apply structural induction on
lz(ep()). But the nesting depth of the (-terms of Iz (p(a)) is always
1 less than that of vz (¢(@)), so the induction on the nesting depths
helps us out here.

Choose z different from = and not occurring in ¢(a), ¥(a), ¢(5) and
¥ (0). Using both uniqueness conditions, we can derive

Al ) FoVaYy((ela) & Yl p(a) = =y) AssCtxt

A ) FVYy((ela) & [Ygle(a) = 2 =1y) V-elim

A(...);...I—L(gﬁ(\a/)&[y/x]ﬁ(\a/))ix:y V-elim

Al )5 Fo(ola) & [Z/x]CP(ﬁ)be =z analogous
V(@) Al )5 b (@ (P))] pla) & [ 0(5))

= 1y (p(a)) = 2 subst

V(B),6(a), AC..) ;.. k([ (@) p(a) & [em(©(8))] o(8))



3.8. DERIVED RULES 129

= sz(a)<¢(a))fjxw(g)<g&(ﬁ)) subst
P(a) b, [y (@(a))/;] p(@) iota
Y(B) k. [0 (P8))f] o(B) iota
v(a) F, [ee (08)] o(8) _ Cut
(@) F, L) ((@)))] pla) & (123 ((5))y] () &-intro
()i b, [u) (0(a)] o(a) & [Leu@) ((B8))f] p(B) toCtxt
@), Al )5 iy (@) = ey (9(5)) MP
(o) b, g (pla)) = twpe (e Cut3
and an analogous case for ([2)).
For , the extra case is
o t=1xy(p)
A(Y) ;{/i F 1; induction
A) ;b9 induction
Y,y () = m@;(gp) induction
Alp)spk @ induction
Alp);o k.o induction
A([Yxle) ; (Y] ® F [Vl e subst
A([Yxle) ; [Y/a] © = Yo subst
Vb wg(e) = wi([Yel @) induction
Fo A1) Ddef
Yk CutCtxt
b by i) = g ()9) Cut
Uy () = {9 7) ET?
O

As indicated earlier, some of the proofs need to be slightly modified

when the definedness of some subformulae is T.

In the case A(a) =

B(a) & C(a) there are a lot of possible variants in the derivation of
A(B(a) & C(a)); B(B) & C(B) F, B(a) & C(a); hence we will elaborate

this case.

The proof already given handles the case A(B(«)) # T # A(C(«)). If
A(B(f)) and/or A(C(3)) would be T, the convention we adopted earlier
holds: the proof stays valid by removing the lines from the proof in which

the consequent is T.
If A(B(«)) = T, then the proof simplifies to
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t27

51 Aa) By
5 TAB) Ry
A(ty) b, ty
27 F? A<t1) |_L Y
27 F) A<t2) }_L v

ST F, A()
5T, A(B)

Corollary 24 (Replacement in sequents) Given o — (3, then

Analogously, given

then
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Proof.
We only present the proof for replacement of subformulae; the proofs for
replacement of subterms are analogous.

Z; r I_L A(Oé) prem
A(A(a)); Ala) =, A(B) Theorem 23]
%0, A(B) Cut3
2L, A(a) Fy prem
A(A(a)); A(B) . A(a) Theorem 23]
5 H A(A(a) defAnt
¥ AB) F Ala) CutCtxt
ST AB) By Cut

For the last rule, we have
Y1, Ala), 01,09, .. .,00; T, v
where ¥y = 01, ...,0,. Repeatedly applying fromCtxt, we get
YA oy & o & - &o, &T F,
Using the previous case, we can transform this into
YA ko &k o & &o, & T,y

and repeatedly applying toCtxt yields the desired sequent. O

Theorem 25 (interchange theorem) 1. If a and 3 are two inter-
changeable formulae, then so are A(a) and A(B), where A(a) is a
formula possibly containing o and A(() is the same formula where a
number of occurrences of o are replaced by (3, and analogously, t(a)
and t(3) are two interchangeable terms, where t(«) is a term possibly
containing o and t(3) is the same term where a number of instances of
a are replaced by 3.

These results only hold if the uniqueness conditions for A(a) or A(f),
resp. t(a) or t(f) can be derived.

If the uniqueness conditions for A(a) or t(a) hold, then the uniqueness
conditions for A((), resp. t(3) hold too and vice versa.

2. Ifty and ty are two interchangeable terms, then so are A(ty) and A(ts),
resp. t(t1) and t(ty), with a similar remark about the uniqueness con-
ditions as in the first case.
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3. Given a formula v and the formula v obtained from ~ by renaming all
its bound variables. Then v and v are interchangeable. Analogously, a
term t is interchangeable with t.

Proof.
1. Suppose for example that we are given the uniqueness conditions for
Aa).

Aa);at, p given
A(B); Bk a given
A(a) =, A(B) given
Afa); B, CutCtxt
A(A(a)); A(a) B, A(B) Th.
A(A(a)); AB) B A() Th. 23
A(A(a)) s F A(A(B)) defAnt
A(A(a)) F, A(A(B)) fromCtxt
A(B) F, A(a) given
AB);atk, B CutCtxt
A(A(B)); A(B) F. Ala) Th. 23
A(A(B)); Ala) =, A(B) Th. 23
A(A(B)) ;. A(A(e)) defAnt
A(A(B)) . A(A(«)) fromCtxt

A(a);atk, B given

A(B); B given

A(a) F, A(B) given

Aa); S, CutCtxt

A(t(a)) F, t(a) = t(3) Th. 23]

A(B) F, A(a) given

AB);at, B CutCtxt

A(t(B)) F. t(B) = t(a) Th. 23

A(t(B)) o t(a) = () ESy?2

2. Analogously.
3. Analogously, using theorem
(I

Note that if we are given an equivalence o 4, 3, then we can apply the
previous theorem, since using the defAnt rule on a -, 8 yields -, A(«) and
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we can obtain F, A(f) analogously. From this observation, it is not difficult
to derive the two equivalences required for the application of the previous
theorem.

Finally, we remark that that given two out of three of

Ala) & a1, AB) &
Aa) & —~a -+, A(B) & -6
Aa) =, A(B)

one can derive the remaining sequent and hence apply the previous theorem.
This is similar to the two-valued setting, where given one out of two of

a3
e _“— —|ﬁ

is sufficient to derive the other sequent, and this is sufficient to apply a similar
substitution theorem in the two-valued calculus.

Looking at the semantics, this analogy becomes even stronger: for each
truth-value v, we have to deduce

a has truth-value v if and only if ( has truth-value v

and if the interpretation has n truth values, then it is sufficient to derive only
n — 1 of these equivalences.

We will only give the derivations of the F, direction; the derivations for
-1, are analogous.

AB)&BF Ala) & a prem
A(B) - Ala) prem
AB) &G, a &-elim
A(B); Bk, « toCtxt
AB);F, Aa) toCtxt
AfB);—~at, =4 CoPol
Afa) ) AD) prem

a);-atk, =f CutCtxt
Aa) & —at, =4 fromCtxt
Aa) & —~at, A(B) defCons
Ala) & —at, AB) & -0 &-intro
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AP) & —pF, Ala) &« prem
A(9) Fr Aa) prem
A(B) & B F, ~a &-elim
AB); -0 F, ~a toCtxt
AB); F, Aa) toCtxt
AB);atk, g CoPo4
Aa) - A(B) prem
Ala);at, B CutCtxt
Ala)&at, B fromCtxt
Ala) & at, A(S) defCons
Ala)&at, A(B) & &-intro
Ala) & —at, A(B) & - prem
Alo)&al, AB) & prem
Ala) & —~a k-, A(P) &-elim
Aa);—at, A(B) toCtxt
Ala) & al, A(P) &-elim
Ala);at, A(B) toCtxt
Aa); F A(P) rem
Aa) F, A(B) fromCtxt

Corollary 26 (Interchange of equivalent subformulae in sequents)
Given two interchangeable formulae o and 3. Then

5T F, Ala) 5T A(a) B,y Y, A(a), Xy Tk, y
5T F, A(B) S TLAL) F oy Y1, AB), Yo T, v

The analogous theorem for two interchangeable terms also holds.

Proof.
As in the previous theorem, we quickly obtain that the required sequents
for corollary [24] are derivable. O

Theorem 27 (replacement under context) 1. Given « 23, then
Ala) 2 A(B), e,

X, A(A(e)) ; Ale) B A(B)
X, A(A(e)); A(B) ko Ala)



3.8. DERIVED RULES 135

where A(a) is a formula possibly containing o and A(f3) is the same

formula where a number of instances of a are replaced by 3, and t(«) RN

t(0), i.e.,
XAt (a)) b t(a) = 1(B)

where t(a) is a term possibly containing o and t(3) is the same term
where a number of instances of o are replaced by (3.

These results only hold if all of the following restrictions are met:

o [f « is replaced by [ inside a Vx quantifier, then x must not be a
free variable of 3.

o The uniqueness conditions for A(a), resp. t(«) must be derivable.

o When « is replaced by B inside a t-term 1Ty (p(@)), then the
uniqueness conditions for both 1xy ) (¢()) and txys) (p(B)) must
be derivable and x must not be a free variable of 3.

2. Given t; = t, then analogously A(ty) 2\ A(ts) and t(ty) 2\ t(ta), i.e.,

Y A(A(t)) ; A(t) B, A(ts)
Y A(A(t)); A(t) F, A(ty)
S A(H(E) B t(t) = t(ta)

with analogous restrictions as in the first case.

Proof.

Analogous to theorem [23] essentially by adding ¥ in front of the context
of all sequents involved.

For the case A(a) = Vx(B(«)), the restriction is necessary to be able to
apply the V-intro rule in the proof of theorem [23]

For the case t(a) = 1wy (p(a)), the problem is that in general, given
Y(a) F, z(p(a)) we only can derive o;¢(5) F, Jz(p(H)). Given both
uniqueness conditions, we can proceed to derive the required sequent in an
analogous manner as in theorem where moreover we choose z such that
it is not a free variable of . There, we also need the condition that z must
not be free in o. O

Note that all restrictions above are necessary:

The restriction on replacements inside V quantifiers is motivated by the
following counterexample: under the context x = y, the terms x and y are
interchangeable (the necessary sequents are easily derived). If the theorem
would hold in this case, we would obtain = = y;Vz(f(z) = z) F, Va(f(x) =
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y); that this sequent is unsound can be easily appreciated by noting that
the antecedent expresses that the interpretation of f is the identity function,
whereas the consequent expresses that f is to be interpreted as a constant
function.

If the replacement occurs inside a (-term, it is indeed possible that the
uniqueness conditions of #(¢;) are derivable but not those of ¢(t3). Indeed,
under the context x = y, the terms x and y are interchangeable, but the
uniqueness condition of vx(z = y) is easily derivable, whereas the uniqueness
condition of tx(z = x) is not.

Finally, it is necessary to require that z must not be a free variable of X
in the last restriction. Consider for example in the theory of real numbers
the two terms (x,>o(x -y = 1 & = > 0) and wx,>o(x -z = 1 & 2 > 0). The
interpretation of the former is “1 when y > 0 and undefined otherwise”; the
interpretation of the latter is “1 when x > 0 and undefined otherwise”, so
we clearly do not expect

r=yk, oz y=1&x>0) =1w,>0(z-z=1&x > 0)

to be derivable. However, the uniqueness conditions of both :-terms are
derivable, and under x = y, the definiens and domain formulae of both ¢-
terms are interchangeable.

When the replacement occurs inside a (-term 12 (q)@(@), we have to sup-
ply both the uniqueness condition ¥ (a) F, Jzxp(a) and ¥(F) F, Fzp(H).
If we only have the first one, then a sufficient condition for being able to
derive the other one is that x be not a free variable of ¥ = 01,09, ..., 0, and
that ¢ (5) F, 01 & 09 & - - - & 0,,. Indeed, we then can perform the following
derivation, choosing z different from x and not occurring free in ¢(3) and
Y. Note that we can easily obtain that [?/;]¢(a) is interchangeable with
[%/3] () under the context 33, which we will use in the following derivation:

Y(a) F, Jz(p(a)) &-elim

2, AQFz(p(a))) ; Fz(p(a)) F, Jz(p(B)) Th.29

£ (a) F Ja(o(5) Cut3

d(a) k. Va¥y(((0) & [l 9(0)) = 2 = y) &-elim

AVaVy(...)) VaVy(...) B, VaVy((e(a) & [Yr]p(a)) = = = y) AssCtxt

AVavy(...)) Vavy(...) b Vy((e(e) & [Yulp(a)) =z =y)  V-elim

A2y () V() F (pla) & [ @()) = = = -clim

AVavy(...)),VaVy(...) F, (p(a) & [#r]e(a)) =z =2 subst
AL

(0(0) & [l o(0) = & = = . (0(6) & [F)ol@) = & = 2 Th. B9

LAV )) Ve ) (o(8) & [F]pla)) = 7 = = Cut3
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((B) & [Fr]p(a)) = v =2k, (p(B) &[] (B) = v = 2 Th. 29
N ANV2Yy(. .. ) Vavy(... ) (e(B) & [Fz]p(B) = = 2 Cut3
S ANVaVy(.. ) Vavy(.. ) B V2((e(8) & [#a]e(B) = = 2z)  V-intro
X ANV2y(. .. )), Vavy(... ) B Vw((e(B) & [Wirle(B) = x=w)  RenG
Y, AVavy(...))  Vavy(...) b, VaVw((e(B) & [We]e(6)) = = = w) V-intro
() F, Ax(e(6)) &-elim

X, A(B));9(6) o v(a) Th. 9
E,A(B) ;9 (B) k., 3z(p(3)) Cut

F, A(Y(0)) defAnt

Y(B) . Y(B) ass

V(B) F AW(B)) & () &-intro

Y(B) oo & AY(B)) & () &-intro

S AW(B) &y(B8) B, Fa(p(B)) fromCtxt

& AW(B) &y(B) F, Fa(p(B)) fromCtxt

Y(B) k. 3z(p(8)) Cut

Corollary 28 (Replacement under context in sequents) Given « L
G where 11 is a list of formulae, then

I Alw) 50 A(e) F oy Y1, Ala), g T F, y
S LT A(B) SILTAB) Foy o B ILA(S), Eas D Ey

provided that the following restrictions are obeyed:

o If v is replaced by (B inside a Yx quantifier, then x must not be a free
variable of 1.

o When « is replaced by 3 inside a t-term 1xya)(p()), then the unique-
ness conditions for 1xy ) (p(3)) must be derivable and x must not be a
free variable of 11.

Analogously, given
IL A(ty) bt = to,

then

E,F l_L A(tl) E7F,A(t1) "L’}/ El,A(tl),EQ;F "L’}/
E,H,F I_L A(tg) Z,I_LF,A(tQ) l_ Y El,H,A(tg),EQ;F I_L Y

L

with similar restrictions as above.

Proof.
Analogous to corollary 24} we show the first two cases explicitly:
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Z; r "L A(Q{) prem
II, A(A()) ; A(r) F, A(B) Theorem 27
LT F,A(B) Cut3
51 Ala) by prem
II, A(A(a)) ; A(B) F. Aa) Theorem R7[
Yk, A(A(a)) defAnt
XL A(B) B, Ala) CutCtxt
27H7F7A(6) l_L Y Cut

Remark that using the WeakCtxtL rule, we can also derive

5T F, Ala) 5 A(a) B,y Y, Ala), X9 Tk, y
H727F}_L A(ﬁ) H,Z,F,A(ﬂ) }_L’y H,ZluA(B);E%F'_LV

Theorem 29 (interchange under context) 1. If a and B are inter-
changeable formulae under the context o, then A(a) and A(B) are in-
terchangeable formulae under the context o and t(a)) and t(3) are in-
terchangeable terms under the context o.

These results are subject to the following restrictions:

o [f v is replaced by ( inside a Vx quantifier, then x must not be a
free variable of o.

e The uniqueness conditions for A(a) or A((), resp. t(a) or t(B)
must be derivable.
We also prove that, except when the replacement occurs inside a
t-term, if the uniqueness conditions for A(a) or t(a) hold, then
the uniqueness conditions for A((), resp. t(f3) hold too and wvice
versa.

o When « is replaced by B inside a t-term 1xy)(¢(@)), then the
uniqueness conditions for both 1z ) (¢(a)) and 1z ((3)) must
be derivable and x must not be a free variable of o.

2. If t1 and ty are interchangeable terms under the context o, then A(ty)
and A(ty) are interchangeable formulae under the context o and t(ty)
and t(ty) are interchangeable terms under the context o, with similar
restrictions as in the first case.
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Proof.
Analogous to theorem O

Corollary 30 Given two formulae o and 3 which are interchangeable under
the context I1. Then
5T H Al(a) T A(a) B,y Y1, Ala), 29T H,
Z,H,Fl_L A(ﬂ) 27H7F7A<ﬁ) l_L7 EbH;A(ﬂ)az%FHV

subject to the same restrictions as corollary [28
The analogous theorem for two interchangeable terms also holds.

Proof.
Analogous to corollary . O

Corollary 31 (Cut rule for interchangeability) If a and 3 are inter-
changeable under the context o and we have Y &, o, then o and 3 are inter-
changeable under the context 1. (The analogous property for t, and ty holds
too.)

Proof.

From the interchangeability conditions for the interchangeability of o and
(£ under o, we get the required interchangeability conditions for interchange-
ability under ¢ using the CutCtxt rule. For example,

o, Ala);ak, B interchangeability
Yoo prem
Vv, Aa);a b, 8 CutCtxt

Theorem 32 If a and (3, resp. t1 and ty, are interchangeable under the
contezt o, then so are A(a) and A(f), resp. A(ty) and A(ts).

Proof.
We have to derive
,A(A()); Aa) B, A(B)
o, A(A(B)); A(B) . A(a)
o; A(A()) F A(A(F))
o A(A(B)) o A(A(a))
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o, A(A(t1)); A(t) B A(te)
o, A(A(t2)); A(t2) b, A(ty)
o; A(A(t)) F A(A(t2))
o; A(A(f)) B A(A())
which is easy. a

Theorem 33 For each formula o and term t of the PITFOL calculus, if the
substitution [t/y] v is defined, then also the substitution [t/y] A(«) is defined.
If the uniqueness conditions for o and t are derivable, then A([t/y]a) F,

(Y] Alar).

The analogous theorem for terms T of the PITFOL calculus also holds.

Proof.
By induction on the complexity of 7 and «a.

e T =1 The consequent of the sequent to derive is T; hence, by
convention, we have nothing to derive.

e T=ywithyZuz We have nothing to derive.
o 7= f(ty,ta, ... ty) We have to derive
A([fft) & A([U]t2) & - - & A([Yz]tn)
o [l At) & [Va] Altz) & - - &[] A(tn)
which is easy by applying induction on ty,ts,...,%,.
o 7= uyy(p)

— x =y or x is not a free variable of ¢ If z is not a free variable
of ¢, then we have to derive v -, ¥, which is easy.
Else, we have to derive A(t) & [t/p]v =, [t/y] v

l_L A(Q/J) defAnt
Y Y ass
A(t); [t b, [Yr]d subst
A(t) & [l o [l fromCtxt
— z # y and x is a free variable of ¢ We again have to derive

A(t) & [t =, [te], cfr. supra.

o a=p(ty,ta, ... t) Analogous to the case 7 = f(t1,ta,..., 1)



141

3.8. DERIVED RULES
e a=03&y
= AA([fz] (8 &7))) defAnt
A([t/) (B & 7)) = A([Y] (B & 7)) ass
A([) (B & 7)) B A([H2] B) &-elim
A(]3) b, 2] A(9) induction
A([2) (B &) b [Uz] A(B) &-elim
A([H] (B &) Fo (U] B = A([Yz]7) &c-elim
A (B& ) )3 0 Allth]) * DdRul
A([t]y) o [t Ay) induction
A (B & 7)) s (Y] B Fu [Ha] Aly) Cut
A (B &) 5 [Ha] B = [Ya] A7) DdRu2
A([t] (B &) Fo (U] B = [Ua] A7) fromCtxt
A([tfx) (B &) Fo (Y] AB & ) &-intro
e 0 =—[3 Induction on # immediately yields the required sequent.

. a=vy(p)

If y = x then we have to derive A(Vz(3)) F, A(Vz(3)),

which is easy; else, induction on 3 yields A([t/;]3) F. [t/z] A(3) and

using the SimGen rule, we obtain the required sequent.

Using this theorem, we can derive the following rule.

YTk, Y

prem

defCons

Th. B3]
Cut
&-intro
Ddef
ass
DdRu2
&-intro
V-intro
ass
V-elim
subst
contra
SeDe

O

Note that just as in the PartCons rule, A(«) is needed in the conclusion. For
a counterexample, consider the valid sequent x # 0 &, + # 0, from which we
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cannot deduce x # 0+, Elx(% # 0)—otherwise the defCons rule would yield
x# 0k, Va(z #0).

Property 34 Associativity of the conjunction

Proof.

We will prove that the & operator is associative, i.e., we may substitute
a& (B &) for (a & ) & v and vice versa. We will derive the four sequents
comprising the interchangeability conditions.

A& (B&Y);a& (&) F a& (B&7y) AssCtxt

A& (B&y);a& (&) F (a&B) &y AssocConjl

FAA(a& (B&7))) Ddef

Ala& (B&y)) F Ala& (& 7)) ass

Ala& (&) F A((a& B) &) DefAssocConjl
The derivation of the other two sequents is similar. a

Property 35 Commutativity of the conjunction o & 3 when A(a & 3) F,
A(B) and A(B & a) F, A(a) are given

Proof.
Ala& f);a& fl a&p AssCtxt
A& f);a& -, a &-elim
A& f);a& B &-elim
Ala& f);a& k& a &-intro
H A(Aa & B)) Ddef
Ala& pB)F Ala& p) ass
Ala& pB) F, Aa) &-elim
Ala& B);F, A(B) toCtxt
Ala& fB);6F, Ala) Weak
Ala& p);F, = Aa) DdRu2
Ala& pB)F, = Aa) fromCtxt
Ala& pB)FH A& a) &-intro
Analogously, we derive A(B&a);0& a b, a& f and A(B&a) F,

A(a & f). O
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Note that the conditions given are equivalent with A(a& 3) -+,

A& a):
Ala& p)F, A(f & a)
A(a& B) F A(B)
A(a& B) F A(B)
A(a& B); F A(B)
F A(A(a & B))
Ala& p)F, Ala & )
Ala& f)F, Aa)
Ala& f);F, Aa)
Ala& fB);6F, Ala)
Ala& p);F, = Ala)
A& f)F, 6= Aa)
Ala& f)F AL & a)

prem
&-elim

prem

toCtxt

Ddef
ass

&-elim
toCtxt

Weak

DdRu2
fromCtxt
&-intro

The sequent A(S & o) F, A(a & ) is derived analogously.

Note that instead of requiring A(a & () F, A(8), we can equivalently

require A(a);—at, A(B). Indeed, we have

Ala);ab, o
F A(A(a))
Aa) F, Aa)
A(a); F Ala)
F A(A(B))
Aa);ak, A(A(B))
Aa);t, a= A(A(P))
Aa); b Ala = A(B))
Ala);a= AB) F a= AS)
Aa);a,a = A(B) F, A(B)
Aa);—ak, A(B)
Aa);a= A(B) =, A(B)
A(a & p) F, A(B)

and

AssCtxt
Ddef

ass
toCtxt
Ddef
Weak*
DdRu2
&-intro
ass

MP
given
rem
fromCtxt

given
toCtxt
AssCtxt
ass
toCtxt
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. A(A(B)) Ddef

Ala);at, a AssCtxt

Aa);abk, A(A(B)) Weak*

Ala);F, a = A(A() DdRu2

Aa); F, Ala & -A(S)) &-intro

Ala);a& ~AfB) F, a& ~A(pP) ass
Ala);a& -AL) F, « &-elim
Aa);—~a,a & ~AB) F, a= A(S) contra
Ala);~at, a= A(S) SeAs
Aa);—at, A(P) Cut

Finally, we remark that it is not necessary that a or [ is always defined
to apply the commutative property. For example,

1
=y=—-&Ve(r =1

T

1
=y=—-&zr=0

T

Ve(r=x)&y =

r=0&y=

SIS N

where 2+ is as usual shorthand for 1z, 9(z - z = 1).

Property 36 Commutativity of the disjunction oV § when A(aV 3) F,
A(B) and APV a) b, A(a) are given

Proof.
- A(A(a V) Ddef
A(aVp)F, AlaVp) ass
A(aV p)F, Aa) &-elim
A(aV () A() toCtxt
A(aV (), -6F, Ala) Weak
AlaV )k, =3 = Ala) DdRu2
AlaVp)F, A(BVa) &-intro
We use this result to derive
A(aVvp);aV Bk, aVp AssCtxt
A& —a); & -at, &« AssCtxt
A(-& —a); & —at, -0 &-elim
A(-B & —a); & —at, ~« &-elim
A(-& —a); & -at, ~a& 4 &-intro
AlaV [); =& -atk, ~a& - CutCtxt
AlaVp);aVp, & -at, BV a contra

A(aVvp);aV Bk, Va SeDe
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Analogously, we derive A(GV «a) F, A(aV () and A(fVa);8Va b,
aV . O

Analogously to the commutativity of the conjunction, one shows that the
conditions given are equivalent with A(aV ) 4+, A(SV «) and that in-
stead of requiring A(a V 3) F, A((), we can equivalently require A(«) ;o b,

A(B).

Property 37 Interchangeability of o and ——«

Proof.
F A(A(w)) Ddef
Aa) F, Aa) ass
Aa); F, Aa) toCtxt
A(Ck) e’ |—L e’ NN1
F A(A()) Ddef
Aa) F, Aa) ass
Aa); F, Aa) toCtxt
(a);—a bk, a NN2
Finally, we have to derive A(a) -, A(«), which is trivial. O

Property 38 Interchangeability of Va(a & 3) and Vx(a) & Vz(5)
These can be only interchanged if we first also derive
AVz(a) & Ve (B) Foa= AB) (%)

Proof.
Again, we prove the four sequents necessary for an application of corol-

lary [26]

ANVz(a& B));Ve(a & §) F, Ve(a & () AssCtxt
ANVz(a & B));Ve(a& ) F a& B V-elim
ANVz(a& p));Ve(a & [) F, o &-elim
ANVz(a& B));Ve(a & ), 6 &-elim
ANVz(a& B));Ve(a & §) F, Vo (a) V-intro
ANVz(a& B));Ve(a & B) F, Va(5) V-intro
ANVz(a & B));Ve(a & B) F, Va(a) & YV (0) &-intro
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AVz(a) &Vz(0)) ; Va(a) & Ve (6) F, Ve(a) & V(6) AssCtxt
AVz(a) &Vx(6)); Va(a) & Ve () F, Vo () &-elim
AVz(a) &Vx(5)); Va(a) & V() F, Vz(B) &-elim
AVz(a) &Vz(5));Va(a) & Ve (8) F, a V-elim
AVz(a) &Vx(5));Va(a) &V (8) F, B V-elim
AVz(a) &Vx(6)); V(o) &V (6) F, a & B &-intro
AVz(a) &Vx(6)); V(o) & Ve (6) F, Ve(a & ) V-intro

F AAVz(a & 5))) Ddef

AMVz(a & f)) F, AVz(a & 5)) ass

ANVz(a & §)) F, Ala & B) V-elim

AVz(a & f)) F, Aa) &-elim

AVz(a& B)) F, a= A(f) &-elim

ANVz(a & §)) F, Ve(A(a)) V-intro

AVz(a & f));at, A(B) DdRul

AVz(a & f));Ve(a) F, Ve (A(B)) SimGen

ANVz(a & f)); F, Ve(a) = Ve(A(B)) DdRu2

AVz(a & §)) F, Ve(a) = Ve(A(S)) fromCtxt

AMVz(a & f)) F, A(Ve(a) & Vz(5)) fromCtxt

F AAVz (o) & Ve (5))) Ddef

A(Vz(a) &Vz(P)) F, A(Ve(a) & Vz(5)) ass

AVz(a) &Vz(6)) F, A(Vz(a)) &-elim

AVz(a) &Vz(6)) F, Aa) V-elim

AVz(a) &Vz(B)) F, a = A(P) . (%)

AVz(a) &Vz(6)) F, Ala & () &-intro

AVz(a) &Vz(6)) F, Ve(A(a & 5)) V-intro

For the last proof, we need the extra sequent (x): we can derive ... F,
Vr(a) = A(Vz(8)) but we need ... F, Va(a = A(B)). O

Note that we cannot dispense of the sequent (x). Consider the case a =
x=0and g = % = 5 with the usual notations. In this case, Vz(a & f3)
is defined when Vx(z = 0 = x # 0), which is an invalid formula in any
interpretation, but Vz(«) & V() is defined when Vz(z = 0) = Vz(x # 0),
which is a validity in the theory of real numbers. In this case, (*) is the

sequent
Ve(z =0)=Ve(x #0)F, e =0=2#0

which is clearly underivable.
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In the sequel, we will apply this property in situations where [ is of the
form A(7). We will show that in this case, the extra sequent (x) can always
be deduced:

F AAVz(a) & Vz(5))) Ddef

A(Vz(a) &Vz(B)) F, A(Ve(a) & Vz(8)) ass
A(Vz(a) &Vx(B)) F, A(Vz(a)) &-elim
A(Vz(a) &Vz(0)) F, A(a) V-elim

= A(A(0)) Ddef

A(Vz(a) &Vz(B)); F, Aa) toCtxt
A(Vz(a) &Vz(B));a k-, A(A(y)) Weak
A(Vz(a) &Vz(B)); F, a= A(A(7)) DdRu2
AVz(a) &Vz(B)); F, a = A(A(7)) fromCtxt

When « is of the form A(vy) and § of the form v = A(d), the extra
sequent (x) can always be deduced, too:

F A(A())) Ddef

F A(A(7)) Ddef

A7) B A7) ass

A7) F, Ay) toCtxt

A(7);7 FA(A(©0)) Weak

A(y); k. v = A(A(0)) DdRu2

A(Y)F, v = A(A())) fromCtxt

A(Y)F, A(y = A(0) &-intro

FoA(Y) = A(y = A(0)) DdRu2

F A(AVz (o) & Vz(5))) Ddef

A(Vz(a) &Vz(P)) F, A(y) = A(y = A())) Weak
Property 39 Interchangeability of o and Vx(«)

Proof.

This requires that z is not a free variable of a. The four required sequents
can be deduced easily. O
Property 40 Interchangeability of VaVy(«) and YyVz(«)

Proof.
A(VaVy(a)) ; VaVy(a) F, VaVy(a) AssCtxt
A(VaVy(a));VaVy(a) F, Vy(a) V-elim
A(VxVy(a)) ; VaVy(a) F, a V-elim
A(VxVy(a)) ; VaVy(a) b, Vo (a) V-intro
A(VaVy(a)) ; VaVy(a) F, Vy(Vz(a)) V-intro

The deductions of the other three required sequents are similar. O
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Property 41 Interchangeability of Vr(a = () and x(a) =

Proof.
This requires that x is not a free variable of 3.

AVz(a = 0));Ve(a = 6) F, Ve(a = )
AVz(a= 0));Ve(a= [)FH a= 0

AVz(a = B)),Ve(a = 6);at, B
AVz(a = 0)),Ve(a = 6);Iz(a) F, B
AVz(a = B)),Vz(a = 6); F, Jx(a) = 0
AVz(a = 0));Ve(a = 6) F, Jz(a) = 5
A(Fz(a) = f);3x(a) = fF, Jz(a) = 0
A(Jz(a) = B),3z(a) = G;Fx(a) F, B
A(Fz(a) = (), Jz(a) = Babk, [
A(Qz(a) = 0),Jz(a) = B F,a=F
A(Tz(a) = 0);Jz(a) = F a=F
A(Fz(a) = f);3x(a) = fF, Va(a = )

F, A(A(Vz(a = ()))
ANVz(a= 0B)) F, AVz(a = 3))
ANVz(a= 0))F Ala=3)
ANVz(a= 0)) F, Ax)
ANVz(a= 0))F a= AB)
ANVz(a= 0)) F, A(Vz(a))
ANVz(a=0));ak, A(P)
ANVz(a = 0));3z(a) -, A(P)

ANVz(a = 0));F, Jz(a) = A(P)
AVz(a = 0)) F, Jz(a) = A(B)
ANVz(a= 0)) F, A(Fz(a) = B)

= A(A(Fz(a) = )

A(Jz(a) = B) b, A(Fz(a) = )
A(Fz(a) = B) F, A(Vz(a))
A(Jz(a) = ) F, Jxz(a) = A(P)

A(Jz(a) = () ;Jz(a) F, A(B)
AGr(0) = §):a k. A5)

A(Fz(a) = 0);F, a= A(P)
A(Fz(a) = B) F, Aa)

A(Fz(a) = B) F, A(a = 5)
A(Fz(a) = B) F Ve (A(a = 3))

AssCtxt
V-elim
DdRul
PartAnt
DdRu2
fromCtxt

AssCtxt
DdRul
J-ElimAnt
DdRu2
fromCtxt
V-intro

Ddef

ass
V-elim
&-elim
&-elim
V-intro
DdRul
PartAnt
DdRu2
fromCtxt
fromCtxt

Ddef
ass
&-elim
&-elim
DdRul

J-ElimAnt

DdRu2

V-elim
&-intro
V-intro
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Property 42 A(3lz(«a)) -, Va(A(w))

Note that Vz(A(a)) = A(Fz(a)).
Proof.
The F, direction is easy:

Ddef
ass

&-elim

F A(A(Vz(a)))

Vre(A(a)) F, Ve (A(a))
Ve(A(a)) F, Aa)
Vr(Aa)) b A([Y/x] )
Vo (A(a)) F, Ala) & A([Y/z]a)
Vo (A(a)) B, Vy(Ae) & A([Y/z]a))
Vo (A(a)) b, VaVy(A(a) & A([Y/z]a))
Vo (A(a)); b, VaVy(A(a) & A([Yz]a))
Ve(A(a)); B, Ve(A(a))

Vo (A()); 3x(a) F, VaVy(A(a) & A([Y/z]a))
Vr(A(a)); F, 3z(a) = Vavy(A(a) & A([Yz]a))
Ve(A(a)); F, A(Tz(a))

149

Ddef
ass
V-elim
subst
&-intro
V-intro
V-intro
toCtxt
toCtxt
Weak
DdRu2
&-intro

O

Next, we prove a derived rule, where ¥ is a possibly empty list of formulae.
In the derivation, z is to be chosen different from x and not free in X, ¢, 1
and 1; w is to be chosen different from z and not free in X, 11,19, 1 and

P2-
For readability, we abbreviate the formula VaVy((p;

—_
—
—

¢1 l_L ElkC(@l)
Yy =, ()
2;?/1 7¢ l_ \V/I((pl <:>Q02)

Xihr b Vavy((er & [Yx]or) =
A(E);EF VxVy((sol Yz er) = @
A(E) ;E ., V?J((@l Y1) =z =
A(E);EF, (o1 & [Yrlpr) = =
AE)ER (w1 &[Flp) = =2

& [Yxler) = x =y) as

prem
prem
prem
y) &-elim
=1y) AssCtxt
) V-elim
V-elim
subst

<
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AE);EFR ([Walor & [Fa]pr) > w=2  subst

A(Z), 5 [Welor & [Fg]pr Fow =2
A<E) , 2, [w/ZL“] P15 [Z/I] o1 w=z
Yz (p1 < p2) B V(o1 < o)
Va(pr & p2) b1 & 0o
V(o1 € @2) Fope = 1
V(o1 & o) b [F] e = [#a]
X1, e By [l = [

AS)
i
AS
S

27 1/}17 w27 [Z/.CE] P2 '_L [Z/.CE] ¥1
2,1, P2, A (E) )y = [w/x] ¥1; [Z/Jﬁ] 2 g)v: z
Y1 = $1
[w/a:] 1= [w/:v]
27¢17¢2, A(/V ) 5
Vavy(...), [Walers [Fa]ee bow =2
P2 = P2
[l o2 = (%] 02
Z wla 1/}27 (E)7 N
=, [Walon; Falpz bow = 2
anlaw% (E)aE'
[ (1)) 015 2] P2 b 1@y, (1) = 2
by ¢17¢27A("')757
201 (2] B 1202 (P2)fa] B o 1, (1) = 1 (02)
b)) 1/J1a ,lvb?? é ) 75
[“71#1(901) a;]gol [( Ty 802 P2 o LTy, LTy, (p2)
1 [P prl)/x]
zpl ., [t (01)/] oy
¢2 |_L [l’xq/’Q (()02)/1*]/35_2/
o; by [ (02)f] 5
P, s by [T (01)/] 1

U, e, 5, A(L L) Vay(. .. ); I—L LT, (
Uy =, VaVy((
1/}1; l_L vxv:U(
whw% )Y A(H) 7: '_ LZqpy (901
wlﬂ/fzy X b vy, (01) =
by ¢1,?/127 Fo 1wy, (01) =
E P13 e by Ll’wl( P1
%5 ¢1 &)y =y bxwl(%
'_L A(w2)

LSL’¢2

S N N e

Y1, b by wal(gol) - LI¢2(<p2)

®1
]901

AS)
—
~—
~
H
<
N
AS)
N

DdRul
toCtxt
AssCtxt
V-elim
&-elim
subst
Cut3
DdRul
Cut

Th. RAG]
subst

Th. 26
Th. RAR
subst

Th. 26
subst
subst

fromCtxt
iota
toCtxt
iota
toCtxt

1)/x o1 & 100 (02)/] 55 &-intro

Cut

o1 & [Yrler) =z =vy) &-elim
o1 & [Y/y

=z =1y) toCtxt
fromCtxt

Cut3
WeakCtxtL
fromCtxt
fromCtxt
defAnt

AnDc

In case ;1 = @9 and X is empty, one can easily derive the third premise
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from the first two, and we get the following rule:

wl l_L E”:L'(QD)
¢2 I_L 3!1‘(90)
V1, a by Lxdn(‘:p) = LTy (90)

To see where this rule might be useful, consider again the theory of real
numbers. One expects to have z > 0+, Jly(y > 0& x = y?), expressing that
VT exists for non-negative z, and likewise x < 0 F, Aly(y > 0 & z = —1?),
expressing that \/—z exists for negative z. Using the rule, we then get
>0,z <0k, teso(y > 0&z =19%) = wuco(y > 0&x = —¢?), ie. if =0
then /z = /—xz. From this example, we can see that in general, both v,
and 1y are required in the antecedent of the conclusion of the rule (for any
x # 0, the consequent becomes undefined).

Note that in general, we cannot simplify the third premise to 1,19 -,
Y1 < 9. A counterexample in the theory of real numbers is given by the
three derivable sequents

y#0F, z(x-y=1)
r=y&zx>0F x(z-z=1&z>0)
y#0r=y&er >0z y=1<(z-2=1&x>0)

Yet we don’t expect
y#0,x=y&r>0F, wwy(r-y=1) =1,—yga>o(z -2 =1&x > 0)

to be derivable, since the interpretation of the first (-term is “X when y # 0
and undefined otherwise” and the interpretation of the second one is “1 when
xr =y & x > 0 and undefined otherwise”.

And indeed, the Eq-¢ rule does not allow this sequent to be derived, since we
cannot derive

y#0r=y&r>0FVe(z-y=1& (z-z=1&z >0)).

The next rule is an analogue of the RenG rule for «-terms. It is applicable
if y is not a free variable of .

In the next derivation, w is to be chosen different from z, y and z and be
not a free variable of .
For readability, we abbreviate the formula YaVy((p & [Y/z] @) = = = y) as E.
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Ren-¢
w |_L El'x(cp) prem
P+, 3z(p) &-elim
Va(A(p)); 3x(p) F Fy([Yxl @) RenP
U = 3y (Yl v) CutCtxt
Y VY (o & Y] o) = v =1y) &-elim
A(Z);EF, VaVy((p & Y] ) = v =1y) AssCtxt
A(Z);ER YyY((p & Yzl p) = 2 =y) V-elim
AE);ER (p& Yalp) = o=y V-elim
AE);ER, (Wl & [Yalp) = w=1y subst
AE)ER, (Wl & [Frle) = w == subst
AE)ER (Yrle& [#rle) =y =2 subst
AE);ZE- V2(([Yale & [Hxle) =y = 2) V—?ntro
AZ);E b, VoV (Yl e & [Fr]0) = y = 2) V-intro
VY VY2 ([l & [#]p) =y = 2) Cut
Y, y([Yx]e) &-intro
o b e (Yl o)) 1Y) e iota
p=9v Th. 253
(Yo = [Y/x] e Th. RG]
AE)ER (0&Yalp) = 1=y Th. 26
[w/y]d’ F, Jz(p) subst
[yl . A (¢ >x} iota
Wy, AE)E F ([0rm ()] 6 & Yle)
= vy (p) =y subst
(Wl = Ay (Y] ) - &-intro
[ b [ (Yl )y Y] ¢ - ‘ota
(Wl F, BICAT (¢ )/x} P & [ty ([y/x]@)/y} [y/x]cp &-intro
[yl s o [0 (O] 3 & [y (Wl o)) Wle toCnxt
(Wi, AE);Z F, ([ ()] & & [ (Ml ©)),)] Wlo)
= 1wy )y (9) = WYzl @) subst
Wyl AE): EF, o) = e (9l ) MP
YV, A(E); 2k, wwy(p) = wy([Yzl @) subst
Vi B VY (9 & [Yrle) =z =y) toCtxt
v, A(E) sty (@) = wy (Yl e) Cut
Y A(E) 5 Fowxg(e) = we([Yale) fromCtxt
Uy AVaVy (@ & Y/l @) = x =y)) defCons
V; By (@) = (Y] ) Cut
Y Foy(e) = wy([Yal @) fromCtxt
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Corollary 43 Interchangeability of vxy(¢) and wyy([Y/x] @) when y is not a
free variable of ¢ and ¢ &, Iz (p) is given.

Proof.

The sequent we have to supply is immediately obtained by the Ren-¢ rule.
O

Theorem 44 Given terms t1,t2 and a formula o or term 1, for which all
the uniqueness conditions can be derived.

If t; and ty are interchangeable, then so are [t1/z]a and [t2/y]a if these
substitutions are defined and analogously, so are [t1/y]T and [t2/y]T.

Proof.

We prove this by structural induction on o and 7.

e T =1z We have to show that ¢; and ¢, are interchangeable, which
is the statement of the lemma.

e 7 = y where y is a variable symbol different from x Both terms are
Y.

o 7= f(m,T0,...) Easy using induction on the 7; and the ERf2 rule.

T = 1yy(p) where x = y or z is not a free variable of ¢ If x is also
not a free variable of ¢, then both terms are simply ty,(¢), so let us
suppose z is free in ¢. Then we have to show

A(tr) & [U/z] Y o wyaw ety (9) = a)tzy, iy ()
Al(ta) & [P2/p] ) By tyagnety,ju(9) = Was)&ltze (@)

which is not difficult:
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¥ E, 3ly(p) UC(r)

A(t); [B1/fg] o, Bly(e) subst
A(ty) & [tfg] =, y(p) fromCtxt
A(ty) & [t2/y]p =, Bly(p) analogous
A(ty) & [t/fp], Alta) & [E2/y] )+, byA(tl)&[tl/x]zb(SO) = [’yA(tQ)&[tQ/;p]'l//(gp) Eq-u
(DR ) ass

A(ty) s [Bfp] b [/ ]y subst
A([B/z]) 5 (B by [b2f] ) induction
A(ty) s [Bfe] b [Eofg]y) Cut3
Aty b, t1 =ty statement

A(t1> l_b A(tl) & A(tg) defCons

A(t) F, A(t) &-elim

A(tr); F, Alty) toCtxt

Alty); B/ B Alte) & [t2/y] o &-intro
A(ty) & [tfz] b=, Alts) & [t2/z] fromCtxt
Alt) & [tl/x]@/) =, LyA(tl)&[tl/x]w(sﬁ) = LyA(tQ)&[tZ/x]w((P) Cut

The other sequent is derived analogously.

o 7 = wy,(p) where x # y and z is a free variable of ¢ For the
substitutions to be defined, ¥y must not be a free variable of ¢; and t,.

We have to show that tyau,)epty, g ([(1/2]©) and wyags)eqtz, e ([12/2] @) are
interchangeable:

P 3y(p) UC(7)

Aty); [B/g]w = Fy(P/e] o) subst

At) & [tl/x}w F, 3!y([t1/x] ©) fromCtxt

Alte) & [tofz) B, Dy([te/e] ) analogous

A([tl/:v] ©); [tl/x] pk, [tQ/:p] @) induction

A(t/zle) s B /e = [Pl DdRu2

A([tl/x]@ F. [tl/:v]@ = [t2/$] %) fromCtxt

A([of]p) b [tofr] o = [Pyz] @ analogous

A([t/x]e), A([fe] @) b [Bifz] o < [Eofale &-intro

A(ty) s [B/e]v B Fy([B/z]e) &-elim

Alty); [/e]v B Vy(A([B] 9) defCons

A(ty) s [#yl [/l B Yy(A([E ] @) subst

At ) - A o) voclim

A(t) & [Z) v+ A7) toCtt

Alt) & (2 [+ A7) analogous

A(ty) & [Fhy] [t1/z] 9, Alts) & [Zﬁ [tz b [t < (o] @ Cut (twice)

A1) & (2] [Ee] o, Alt) & [ ] F Yyl o  [19)@)  Veintro
At) & [Z/yy] [h/x]@/) A(ty) & [Z/yy] [tQ/JJMZ) F, LyA(tl)&[z/y][tl/gc]w([tl/a;] ©)
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= wawerp ity ([2ele)  Ea
A(ty) & [1/z] 0, Alta) & [P2fe] ¥ o wyaertyo (] e)
= Wt (2l ©) subst
where we choose z different from y and not occurring in t;, t, and .
As in the previous case, we can derive A(t;)&[t1/p] v ", A(ty)&[t2/y] 1)
and the required sequents are easily obtained.

e The other cases are straightforward.

3.9 Completeness

In this section we will prove the completeness of the PITFOL calculus, i.e.,
if I' =, a then also I' F, «

Denote I' = ~1,79,...,7m. By definition, I' =, « means that for any
interpretation Z,

e whenever all ; are valid in Z, then so is a. Using lemma [20] this is
equivalent with

D(m1) & R(m),D(12) &R(v2) -, D(Ym) & R(7m) | D(a) & R(e)

e all 7; are defined in Z, which is by the same lemma equivalent with

= D(m)
= D(72)
_

= D(m)

Using the completeness of the Hermes calculus, what we have to prove is
reduced to a syntactical problem:

(D7) &R+, P(m) & R(7m) - D(@) & R()

FD(m)
if F D(7,) then also T' -, «
H.o..

= D(Ym)
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We will first prove some properties we will need later.

Lemma 45 If the uniqueness condition for vz, (p) is derivable, and y is not
a free variable of o, then V;b, [Yile <y = 1xy(p).

Proof.

If y is different from x and z (where z is the variable symbol used in the
uniqueness condition), we can proceed as follows:

Y+, Aa(p) ucC
Y, VaVz((p & [#r] @) = v =2) &-elim
A ) VavVz((p & [#lr]p) = o = 2) B, VaVz((p & [#/x] ) = © = z) AssCtxt
A ) Vavz((p & [Fr]e) = v =2) F V2((e & [Fi]p) = 2 = 2) V-elim
Vz(A( )i Va2((p & [Fa]p) = o = 2) B Vy((0 & [Yalp) = 2 = y) RenG
AL ) Vava(( & [Fa]p) = o = 2) B VY (0 & [Yalp) = 2 = y) Cut3
AL ) Vave((p & [Fa]p) = = 2) B (0 & [Yulp) = 2 =y V-elim
A ) VaVz((e & [#e]e) = 2 =2) B, (¢ &}y/x] o)=>r=y Th. 253
b, A ) VaVa((p & [Fal ) = @ = 2) b ([0 0 & (Y] @)
= wwy(p) =y subst
;b V:(;Vzg(w & [Flxlp) = v =2) toCtxt
;b ([0 ()] 6 & (Y] )
= wa(go) =y Cut3
O3 [ (0) B & (Y] @ F wa y DdRul
W, [ty 9033/ 12; [Y/x] go l— Ly ( toCtxt
L [H 80 iota
[y/m]go l— wa( ?J CutCtxt
s [Vl by = 1wy () ESy?2

If y = z, then we cannot apply RenG in the proof above, but by removing
the RenG and Cut3 line of the proof above, we get a correct proof for this
case.

Finally, if y = =z, first choose a variable symbol ¥’ not occurring in ),
different from x and not a free variable of ¢. Then the above reasoning
yields a proof of

Vi Wale by = ()
Applying the subst rule yields the desired sequent.

For the other direction, we have
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¢ |_L [L'ITP(SO) x] 6 10ta

Vi b, [f2e(P)) @ toCtxt

Y, A(P) ;2 = wwy(p) b @ EqSubst2
A(@):; ok Alp) & ¢ Th. 253
A(@);pk @ &-elim

VY, A(D) ;2 = wxy(p) b Cut3
¥, Ax(p) ucC

Y, Jz(p) &-elim

Y, Ve(A(p)) defCons

P, Ap) V-elim

Ap) F, A(p) Th. 23]

¢ l_L A(&) Cllt

Yy = 1xy(p) b CutCtxt

Uiy = 1wy(@) Fo Yl e subst

O

Property 46 Interchangeability of [Y/x]¢ and y = txy(p) under the context
Y when the uniqueness condition for vxy(p) is derivable, and y = x ory is
not a free variable of ¢. Moreover, y = 1xy(p) — [Y/z] .

Proof.
For the interchangeability, we have to derive these sequents:

U, A([Yale) s Yale boy = tzy(p)
Uiy = wy(e) b [Yale
U A(Yale) FoY
Vi A([Ye] )

We derive these sequents easily using the previous lemma:

Vs [Yrle by = wwy(p) Lemma
F AA([Yxle) Ddef
Vs A([Yxle) Yo by = way(p) Weak
U, A([Yxle); [Wale oy = 1oy (o) toCtxt
iy = wwy(p) b Yy Lemma F5]
Y, x(p) ucC
F, A(Y) defAnt
Ui,y = wwy(p) b Yl Weak
iy = 1wy () B Yl toCtxt
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v, a(p) UC

. A(Y) defAnt

Y=, ass

(R ) toCtxt

= AA([Yzl®) Ddef

Vs A([Yle) B Weak
v, a(p) ucC
F, A(Y) defAnt

Vs [Yxle by = 1y (o) Lemma 5|
v AV ) defAnt
bk Al @) Wealk

We already derived the sequents for y = vz (@) — [Y/z]¢:

Yy = wy(p) b [Yale
U Yl oy = 1y ()

Lemma 47 For any formula o of the PITFOL calculus, given
A(a) & a1+, D(a) & R(a)
A(a) 4+, D(«)
we can derive

R . Ala);at, R(a)
a—R(a), ie., {A(a);R(a) - a

Proof.
Ala)& at, D(a) & R(a) given
Ala) & al, R(a) &-elim
Ala);ak, R(a) toCtxt
D(a) & R(a) F, Ala) & « given
D(a);R(a) F, Ala) & a toCtxt
A(a) F, D(a) given
Aa);R(a) F, Ala) & a CutCtxt
A(a);R(a) b, « &-elim
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Theorem 48 For any formula o of the PITFOL calculus, if the uniqueness
conditions for a are derivable, then

A(a) & a1+, D(a) & R(«)
A(a) 4+, D(«)

Proof.
We prove this by induction on the complexity of a.

If @ has complexity 0, it cannot contain any ¢-terms, hence A(a) must
be T and D(«) is a validity. What we have to prove is reduced to

a -, D(a) & R(«a)
F, D(«a)

The last sequent is derivable since we remarked that D(«) is a validity. We
then easily can derive the remaining two sequents:

-, D(a) " Dla)
N |_L N ass al, a ass
‘ : a,D(a) F, a Weak
at, D(a) & a &-intro D(a) & a b, a AnU

If o has complexity greater than zero, then we have the following cases.

o o= p(ty,ts,...,1t,) where we treat o = t; = t5 analogously
If, as usual, we denote the top-level i-terms of a as TLI(a) =
&1, (P1)5 L2y, (P2)5 - - - 5 LTy, (Pm) and we denote as ¢ the formula

obtained from a by replacing all the top-level t-terms tx;y, (¢;) by the
corresponding variable symbol u;, then we have to derive

D& & & a R & - & R ()
&3ur - Fun (R[] 1) & - &ER([Mmfz, ] om) & q)

& &t A R(1) & R(¢2) & -+ - & R(¢Pm)

where the u; do not occur in .

e We will first handle the second equivalence:
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1 b, e (1) ucC

F, Ayn) defAnt

Uy oy ass

1 b, Ayy) defCons

1 b, A(yr) &y &-intro
A() &Yy B, D(1) & R(¢n) induction
Y1 =, D(r) & R(Yr) Cut

U1 = R(¢r) &-elim

Vo =, R(1s) &-elim

1, e R(1) & R(1o) &-intro
Y1 &y b, R(Y1) & R(32) AnU

and for the other direction

R(¢1) B R(¥1) ass

Yy F, Al (1) ucC

F, A1) defAnt

A1) =, D(¢1) induction

F, D(11) Cut

R (1) B, D(ar) & R(n) &-intro

D(t1) & R(¢1) F A(r) & 9y induction
R(v1) b Ayr) &y Cut

R(wl) |_L ¢1 Cut

R(¢2) |_L % Cut

R(Y1) , R(2) kb1 & o &-intro
R(1) & R(2) B, 1 & ¥y AnU
R(1) & R(he) & - & R(Wm) b1 &pa & -+ & Py AnU

e For the first equivalence, we proceed as follows.
We will abbreviate

Vul . Vum(—'(ul = L1y, (901) & & Um = L.fmwm(@m) & Q))

as =. In the following derivation, we choose z different from uy, ..., u,:
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& & - & Ymia b, AssCtxt
Y1 @y, (1) = @y, (91) eq
Vo by 12y, (P2) = T2, (p2) eq

1,2 by 1y, (1) = o1y, (91)

& L2y (p2) = W?wz((@) &-intro
Y1 & oy Lxhpl((m) = “11#1(901)
& 194, (p2) = 172y, (P2) AnU

V1 & Yo & - & Yy fy 11y, (01) = 1219, (1) & - .

& twmy,, (Om) = tTmp,, (9m) AnU
(1 & () &---& Ym; Fo LT 14py ((Pl) = L1y, (cpl) & ...
& mel%(@m) = mewm(%n) toCtxt
1 &P & &hpmiak, L-lel(ﬂpl) = L1y (901) &...
& Lmap,y, (‘Pm) = Tmyp,, (Som) & «a &-intro
F,.z=2 eq
Y1 ur = 11y, (p1) b2 = 2 eqSubst
@01,7/12;“1 Ll‘hpl( 1)
= 1Ty, (P2) F 2z =2 eqSubst
¢1,¢2,U1 Lﬂcwl( 1)
&ug = 112y, (gog) =z AnU
¢15¢27 s 71/Jm>
ur = 11y, (p1) & ...
&um = 1Zmy,, (Pm) FL 2 =2 AnU
V1,2, s b A(ur = @1y, (1) & -+ & U = LTy, (Pm)) defAnt

V1,02, U by YV (A (uy = w1y, (01) & -+ & W = 1Ty, (m))) V-intro

¢17 wQa ey wma l_L A(E) V-intro

V1, Y2, Y B E ass
¢17¢2’ ey wma = l_L V’LLQ .. 'VUM(ﬁ(ul = T4y (901)
& & um = 1my,, (Pm) & q)) V-elim

V1,02, Pms 2 2 (ur = ey, (1)
& & U = 1y, (Pm) & q) V-elim
wma w17¢27 ) wm—l; = I_L _\(Ul = [/xl'[pl(sol) &...
Um—1 = Ll’mflwmil(@mfl)
& 1y, (Pm) = @y, (Pm) & [wlwl((pl)/ul] Q) subst
Qﬁm—lﬂﬂm,
V1,2, 2 B, 2(un =ty (01) & ..
& U2 = Llm =24, o (@m—Q)
&um-1= me—lwmfl(wm—l)
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& 1Ty, (Om) = 1Tmy,, (Pm) & [Lﬂflwl(@l)/ul] q) subst

V1,02, o E R (@, (01) = @iy, (1) & -

& 1Ty, (Om) = Tmy,, (Pm) & @) subst
wl & ¢27 cee 71/}ma = l_L _‘([‘xlzp1 (801) = Ll‘lwl (@1) & tee
& Ll map,y, (me) = L Tmapyy, (‘Pm) & Oé) CtxtU

V1 & P2 & - & Y E R, (11, (1) = o1y, (01) & ..

& 1Ty, (Om) = myp,, (om) & ) CtxtU
1/’1&7/12&"'&@0%570 F, 2= contra
@bl&d)Z&"'&qu;a'_L_‘E SeDe

7,/}1 & ¢2 & & lﬁm; « |—L —|(VU1—|—\VU2 .. Vum(

—|(U1 = L‘lel (gol) & e

& Um = 1Ty, (Om) & q))) Corr. [26] Prop.
1,/J1 & ¢2 & & Q,Dm; « |_L —|(VU1—|—\VU2—|—|VU3 .. Vum(

—(ur = w1y, (1) & ...

& U, = 1Ty, (Pm) & q))) Corr. [26] Prop.

Y1 &P & Py ok, JuiFug L Fum (U = 121y, (01)
& & um = ey, (Pm) & q) Corr. 26] Prop. [37]
V1 &P & & b Py &-elim
P &Y & &P F i &Y3 & &P, &-elim
V1 & P2 & -+ & Yy by Fug3ug . T (W1 ] 01 & ug = 1y, (02)
& - & um = 1Ty, (pm) & q)  Corr. [24] Prop. [46]

Y1 & o & -+ &y by 1o &-elim
& & &pm b Y3 & & & &-elim

V1 & py & - & P oo by FugBug - T (W15 01 & [U2y,] 02 & ug = 1234, (@3)
& & U = 1y, (Pm) & q) Corr. 24} Prop. [46]

V1 & P2 & - & Yy a by FJug3ug o Fu (Y o1 &
& [Umfy, Tom & q) Corr. 24} Prop. [46]

By induction, we can now use lemma[47 on the formulae [Ui/z;,] p;, which
we can replace with their reductions using corollary [24] to get

D1&ihp&e- - &b o by Fug oo Fug (R([Wg J 1) & - -&R([Umfy, 10m)&q)

We can combine this with the already derived sequent

D1 &ihp & & hp b R(W1) & R(Y2) & - - &R (1)

to easily obtain the required sequent.
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Finally, we have to derive the other direction, i.e.,

R<¢1) & & R<¢m)

& JuyFus ... Fug, (R([Wi/g ] 01) & -+ & R([Umfz: 1om) & q)

163

Fon & & & a

We already obtained R (1) &R (1) & - - &R (V) F, 01 &iha & - - &by,

so it is sufficient to derive

R(¢1) & - &R(¢)

& JuyFuy . . Fug (R([W/g ] 1) & - - & R([Um/z, Jom) & q) F, a

Noting that ¢ does not contain any ¢-terms, we derive

q F, q
Y15, ur = 11y, (01) [‘xlwl(%)/ul] q

1,25
q,u1 = LTy, (P1), Uz = LTy, (p2) [Lxlwl(@ﬂ/ul] [09521/;2(%02)/@] q

¢1a¢27"'a¢m;

ass
eqSubst

eqSubst

G ur = @1y, (P1), - -+ Um = LTy, (Pm) F [Lxlwl (cpl)/ul] T [Lxm?l’m (QDm)/um] q eqSubst

7/11,7/127'~a7/1m3
¢, u1 = 11y, (P1) & Uz = 1224, (P2),
Uz = 1234, (03), -+ U = LTy, (Om) Fo

¢17¢27' a¢m7
g ur = 1214, (1) & - & Uy = 1Ty, (Pm) Fo
¢17¢27- ﬂﬂm’

Uy = 1214, (1) & - & Uy = 1Ty, (0m) & g @

Y1, a, o U

AnU

AnU

AnU

Fim (1 = 121, (01) & -+ - & Upy = 121y, (o) & q) F, @ PartAnt

¢17¢27---7¢m§

Ftgy—1 Tt (U1 = 121, (1) & -+ & Uy = 1Ty, (Pm) & ¢) . @ PartAnt

Y1, o, U

Fuy . T (ur = 121y, (1) & -+ & Uy = 1Ty, (9m) & ¢) .« PartAnt

¢1&¢27¢37---7¢m§

Fuy . T (U = 11y, (1) & -+ & Uy = 1Ty, (0m) & @) F o CtxtU
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Py &Py & - - & P

Fug . Fup (U = w1y, (1) & - & U = 1Ty, () & @) L @

Ju

R(¥1) & R(2) & -+ & R(¢m)
1o Fum(uy = w1y, (1) & - & Uy, = 1Ty, (0m) & @) F, a0 CutCtxt

Using property [A6, we can replace the wzy, (¢;) with [Wi/y]e;. We
can now transform the obtained sequent into the required one using
again lemma [47) on the formulae [Ui/y.]¢;, to replace them with their

reductions using corollary

a = -  From the induction hypothesis

A(B) & 5 - D(3) & R(H)

{ A(8) 4, D(8)

we have to derive

{ A(B) & =3 4, D(B) & R(-P)

A(B) . D(B)

so we already have the last equivalence. The first one is not difficult:

A(B) & B, D(B) &R(B)
A(B) & B R(B)
A(B); B R(B)
A(B);—R(B) k. —p
D(B) -, A(B)
D(ﬁ) ) _‘R(ﬁ) l_L _'ﬁ
D(B);F. A(f)
D(B);~R(B) k. A(B) & —8
D(B) & —R(B) F. A(B) & —p
D(B) & R(B) . A(B) & B
D(B)&R(B) k. B
D(B);R(B) . B
D(3) k. A(B)
D(B); F. A(B)
D(ﬁ) ) _'6 l_L ﬁR(ﬁ)
A(B) F. D(B)
A(ﬁ) ) _'6 l_L _‘R(ﬁ)
A(B); . D(B)
A(B); B, D(B) & —R(p)
A(B) & —p 1+, D(B) & =R(B)

induction
&-elim
toCtxt
CoPol
induction
CutCtxt
toCtxt
&-intro
fromCtxt

induction
&-elim
toCtxt
induction
toCtxt
CoPol
induction
CutCtxt
toCtxt
&-intro
fromCtxt
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[ &~ From the induction hypotheses

we have to derive

o (0 =

A7) &y A D(y) & R(v)

A(B) & 3k, D(B)
A(B) A= D(F)

A(y) #.D()

&R(B) {

AB&y) & B&y - DB &Y) &R(B&Y)
A(f &) - D(B &)

We start with the second equivalence:

Ddef

ass
&-elim
&-elim
Cut
toCtxt
DdRul
induction
&-elim
toCtxt
CutCtxt

induction

LLLLL

NN AN N AN N

4444
tt rrd

R

Cut
induction

N o~~~

N — —

LLLLLLLLLLLLLL

NN AN AN AN TN N

o~ e

RRrexeedqd
LB
\)\)66@
844

f
2
S
4

ass

Cut
DdRu2
fromCtxt
fromCtxt
&-intro
&-elim
&-elim
induction
Cut
toCtxt
DdRul
induction
&-elim
toCtxt

NN TN S~

—_ o — — o — —

B R R R R R

e Y Y T i L T

CE el Sy

RaafaaRoss2
£ N

\l//l\(A

Egq444
=g
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SEBETRES
=

Cu ] Doooww
k= H H

G
4
)

—~~

KORSKShed
444z
ENGASOR W
EQaddaoannd

LLLLLLLL

ass

&-elim
defCons
&-intro
induction
Cut
&-elim
&-elim
defCons
&-intro
Cut
&-elim
&-intro
2nd equiv.
toCtxt
&-intro
fromCtxt
&-elim
&-elim
&-elim
&-elim
&-intro
induction
Cut
&-elim
&-elim
&-elim
MP

AssCtxt
induction

B) = D(v)

NS o~ e~~~

LLLLLLLLLLLL

N o e N o o S —

e N N N N~~~
LLLLLLLLLLLLLLLLLL

S N e e e S N N

I

A(y)

P

NN AN TN TN TN NN NN

— N

— N N N — N N

Using this equivalence, we can also handle the first one:

D
D
D
D
D
D
D
D
D
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DB&7)&R(B&y) D) &R(7) &-intro

D(7) & R(v) A7) &y induction
D(B&Y) &R(B&y)F A(y) &y Cut
D(B&y) &R(B&y) .y &-elim
DB&Y)&R(B&y)F B&y &-intro
DB&y)&R(B&Y)F A(B&Y) defCons
DOB&YERLB&EY)F, AL&y)&B&y &-intro

e a=Vz(f) From the induction hypothesis

{A(ﬁ)&ﬂ 4+, D(B) & R(B)
A(B) -, D(B)

we have to derive

{Va:(A(ﬂ))&Vx(ﬂ) 4+, Vz(D(B)) & Va(R(B))
Va(A(B) k. Ya(D(3))

To obtain the second equivalence, we simply apply the SimGen rule.

For the first equivalence, we also apply SimGen followed by property 38|
To be able to apply this property, we need to derive

A(Vz(A(B)) & Vz(B)) b A(B) = A(B)
which is easy, and
A(Vz(D(B)) &Vx(R(B))) . D(B) = A(R(H))

which is void, since A(R()) is T and hence so is the right hand side
of the sequent, so it is to be dropped.

O

Theorem 49 If the Hermes calculus is complete, then so is the PITFOL cal-
culus.

Proof.
Remember that we have reduced the problem to the following: given

D) &R(n),- - D(ym) &R(ym) F Dla) &R(a)

T T T T
L9
S
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we have to derive I' -, a.
Note that, since each Hermes proof is also a PITFOL proof, we have

D) & R(m),-- -, D(ym) & R(ym) F. D(a) & R(a)

l_L D(71>
l_L ID(72>
F,oo.

Fo D(vm)

We then derive the required sequent as follows:

Av1) &7, D(y) & R(n) Th.l4g
A7) &7, D(1) &R(Y2) 5, D(Vm) & R(vm) F. D(a) & R(«) Cut
( 2) & Y2 |_L D(%) & R(’}Q) Th. @

D(y3) &R(73) ;- -+, D(ym) & R(ym) . D(a) & R(a) Cut

A1) &7 A() & Y . D(@) &R(a)  Cut

D(a) & R(a) F, Aa) & Th. 48

Aln) &y, Alm) & ym B A(a) & a Cut

Av) &y, A(Ym) & b, @ &-elim

F. A1) Cut

A7), 71 A(2) &2, AlYm) & b @ AnDc
M AM2) &2, Al) & Foa Cut

', « Cut



Chapter 4

Refining substitution

The calculus as presented so far has a rather ‘crude’ handling of substitution
[Vernaeve & Hoogewijs 2007D].
For example, consider the term

T=1Z—owyro((t #0=>2=9y-2)& (r=0=2=0))

Under the intended interpretation of our running example, this term denotes
where we define “2” (and in particular “g”) to be 0, i.e., a kind of ‘top
to bottom with short circuit evaluation division’.

Now consider [t/y] 7, which yields

“xr»n

LZA(t)&x:Ovt;éo((SC #0=>zx=t- z) & (x =0=z= 0))

However, this requires ¢ to be defined even when x = 0, which contradicts
the short circuit evaluation idea; we would have liked to get instead the term

LZAGz=0viz0)&(@=oviz0) (T #O0=> 2 =t-2) & (. =0= 2 =0))
ie.,

L2 (o 0= AW &(e=0viz0) (T O => 0 =1 2) & (r =0= 2 =0))
which obeys the short circuit evaluation.

Not only the operation of substitution can be refined, the substitution rule
has a similar defect. For empty contexts and antecedents, the substitution

rule reduces to
UC(t)
L Q

-
A(t) ; I_L [t/l‘]a

169
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whereas for similar reasons, we would prefer

For example, given F, y > 0 = 22 -y > 0, the substitution rule with ¢ =
Lyzo(x -y = 1) yields

y#0F y>0= (wygle-y=1)>-y>0
whereas we would like to get
y>0=y#£0F,y>0= (yzl@-y=1)>-y>0
because here the antecedent is a validity in the theory of real numbers.

Using the deduction rules we have obtained until now, it is possible to
introduce defined symbols g for which A(g(t1,ts,...,t,)) = A(t1) & A(tz) &
& A(t,) &G, where G is a formula that depends on the terms ¢4, . .. , t,, and
the exact definition of g. We will not go into detail about this process; as an
example, we could introduce the defined symbol div as div(z,y) = tzyz0(x -
y = 1) and then it would turn out that A(div(ty,t2)) = A(t1) & Al(ts) &
Lofy] A(zyzo(z -y = 1)) = A(t1) & Alty) &ty # 0. We observe that these
defined symbols are strict with respect to undefined values, i.e., if one of the
arguments ¢; is undefined, then so is the whole expression g(t1, s, ..., t,).

In the sequel, we will develop a refined version of substitution and show
that we can use this to overcome this limitation and introduce non-strict
defined symbols.

The next lemma generalises the method we used in to ‘fix” the defi-
nitions of \/z and o

Lemma 50 Given ¢ F, 3lx(p) and x is not a free variable of v, we can
derive b, Ax((¢Yv = @) & (- = © = y)) where y # x.

Proof.
To simplify the notation, we will set ¢’ = (¢ = ¢) & (- = z = y).
First, we derive b, 3z(¢):
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Y, V(- -
¥, Vo (—¢') b, Va(=p)
P, Va(—¢') F, Jo(p')
b, Fz (o)
”éb & % l_L iﬂ & -
w & % l_L w
_'w l_L _'1/}
1, & —p F, (Y & )
=, (Y & )
=y) b, W& ~(z=1y)

&-elim
defAnt
defCons
V-elim
DdRu2
&-intro
Weak
DdRu2
&-intro
V-intro
ass
V-elim
ass
&-elim
ass
&-elim
contra
SeDe
ass
&-elim
&-elim
contra
SeDe
&-intro
toCtxt
CoPol
fromCtxt
AnDc
Cut
V-intro
contra
SeDe
ass
&-elim
ass
contra
SeDe
ass
&-elim
ass
contra

SeDe
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W =yk, ‘;0/

—1h, ', =z = y)
-, Vr(=¢') F, —(x =y)
), Va(=¢') F, =(z = )

Fre==x

=, Vo (=¢") F, Fz(¢")

=) b, Jx(y)

F, 3x(y)

&-intro
CoPol
Cut
subst
eq
contra
SeDe
rem

Note that this derivation is also correct when z = y; however, to complete

the derivation of F, 1z ('), we next derive -, VaVz((¢' & [#/x] ¢’

Here, we will use the condition that x # y.

=z = 2z).

Note that in the last part of the proof as given below, w is not a free
variable of ¢ and we choose u such that it is not a free variable of ¥ and .

b Vavw((p & [Wa]p) = & = w)
¥ Yw((p & W] p) = 2 = w)

Vi p& [Walo =z =w

A ) VaevVw((e & [Wele) = = w) B, YaVuw(
A(.. ) VaeVw((e & [Wrlp) = 2 = w) F, Vw((p & [Wrle) = 2 = w)
AL ) VaVw((p & [Wele) = 2 =w) F, (so&[w/x] p)=>r=w
A ) VaVw((p & [Wale) =z =w) b (0 & [Fr]p) = v =2
Y (& [Hp) =1 =2
Vi & [Fglp bz =2
V& o&[Fplpbix =2
Vo & ¥plobiz =2
(LR V)
Y=o =0
Y=k, @
Y= [yl b = [Fy]e
Y, = [Fgle o [#xle
V= 0,0 = [Hglo b 0 & [Fx]e
1/1a¢:>%¢:>[’2/x]90h$=2
=,
W= @x=y) kb W= (r=y)
ﬂ1/}7_‘1/]:>(l':y)l_bx—y
W= (z=y)F Y= (2=y)
), = (z=y) k. 2=y
ﬂ/%ﬂ”tbj(z:y)hy—z
—|2/),—|’(/):>($—y),ﬁ1!):>(22y)|_L$—Z
¢ = 907¢ = [z/x]@,
ﬂwj(w—y) W= (z=y)Fr=2
O Y= Bl b= (z=y) b r==2
O gl P =2
O & [Fyle b=z
Fo (@ & [Frle) = x =2

(¢ & [Wglp) = = =w)

&-elim
V-elim
V-elim
AssCtxt
V-elim
V-elim
subst
Cut3
DdRul
fromCtxt
AnDC
ass

ass

MP
subst
MP
&-intro
Cut

ass

ass

MP

ass

MP
ESy2
ET2

rem
AnU
AnU
AnU
DdRu2
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FoV2((0 & (7)) = 2 = 2) V-intro
b, Vavz (@' & (%] @) =z = 2) V-intro
F, Az (o) &-intro

O

Note that in general, the lemma does not hold if z is a free variable of ).
For example, we have —(x = 2) I, 3lz(x = z), whereas

FoAlz(((z=2)=2x=2)& (—(z=2) =2 =y))
is clearly not derivable, for it is equivalent with
FoAlz(z=z&x=vy)

which is in turn equivalent with F, y = z which is not derivable (semanti-
cally,it expresses that all models have only one single element).

Theorem 51 For each formula o« and term t of the PITFOL calculus for
which the uniqueness conditions are derivable,

Vo (A(a)); A([t] ), Va(a) o [Vl
if the substitutions are defined.

Proof.
We first consider the case where ¢ = 1y, () and y is not a free variable
of ¥. Define the term

t'=w(( = ¢) & (- =y=a)

with a a variable symbol different from y. The previous lemma yields the
uniqueness condition of t'.

We will show shortly that A([t/z]a); [(/z] e b, [t/z] @, which we can use in
the following proof

Ve(A(a));Ve(a) b, Vo (a) assCtxt
Va(A(w));Ve(a) - a V-elim

Va(zr = ), Vo (A(a)); Vo(a) F, [t a subst
Fooe=x eq

F, Vo (x = z) V-intro

Va(A()); Va(a) b, [ta CutCtxt

Va(A(a)), A([Yz] o) ;Va(a) b, [fr]a Cut
Vo (A(a)); A([Yr]a) & Va(a) F, [ty]a fromCtxt
Vr(A(a)); B, Ve(A(a)) defAnt

Va(A(a); A([Yz] o), Va(a) b, [fr]a AnDc
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We have yet to show that A([{y]a); [t]a F, [ty a; actually we will prove
that for each formula « of the PITFOL calculus for which the uniqueness
conditions are derivable,

if the substitutions are defined, and for each term 7 of the PITFOL calculus
for which the uniqueness conditions are derivable,

A([t/x]T) = [tl/x]T = [t/x]T

if the substitutions are defined. We will prove this by structural induction
on « and 7.

e T =1 We have to show that ¢ F, ¢ = t. The Eqg-¢ rule yields
Vo(x = x);¢ F, t =t from which the desired sequent is easily obtained.

T=zwith z Zx We have to show that -, z = z, which is trivial.

T = f(ty,ta, ..., ty) We have to show that

/

A(t) )& - &A([Yaltn) b F([Haltrs - [Haltn) = F(Haltrs - [l )

Induction yields A([t/y]t1) b, [t/e]ts = [Yx]t1 etc.; applying the ERf
rule one easily gets the desired sequent.

o 7 = 12¢(P) with © = 2z or x not a free variable of ®.

— x is not a free variable of ¥ We have to prove ¥ +, 7 = T,
which is trivial.

— x is a free variable of ¥ We have to prove

& Y] W b tavomnyefte () = L2yt o(P)
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Uk, 12g(P) = 12y (P) eq

U5 U] W by vzgetty o (P) = tzypeqt, o (P) subst

& U] U+, EI'z((I)) ucC

Vr(z = x); [t//x] U b, taye(o=a)t &[] (®) = LZVm(x:m)&[t’/x}\y(q)) subst

Va(z = z) & [t] U F, 32(D) UC
Ve(r =2) & [t//x] U,

0 & Y] W by vyl (®) = 1z (D) Eq-t

= A(Y) defAnt

V¥ ass

s (U] W, (] W subst

Uy A([]9) defAnt

A([Y] W) 5[] O =, | 73;] N4 induction

s [ O =, | 796] v CutCtxt

V& Y]V, [t,x] v fromCtxt

l_ r=2x eq

F, Va(x = z) V-intro

& [th) W -, Va(x = x) & [{]] 0 &-intro

[t/x] W |— /,va(x )& [t/z]‘l’ ((I)) = qup&[t/x]\p ((I)) Cut

o 7 =12g(P) with z # z and x a free variable of ® We have to derive

V& [tz W, LZVz(x:m)&[t//x]\I’([t//x] D) = vzt o[tz P)

Using induction on @, we easily derive the interchangeability conditions
to show that [[/,]® and [t/;]® are interchangeable under the context

V2(A([Yz] ®)) -

Vz(A([/2] @), A([t2] @) ; [a] @ b, [H] @
Vz(A (2] @), A[Y]®) ; (] @ b, (] ®
V(A (] ®)); A([t2] @) o A([l] @)
Vz(A (] ®)); A([] @) F, A([H] @)
which we can use in the following proof:
Uk, 12g(P) = t2g(P) eq
Va(e = 2); (1] U, Lsz(x: &t x]\p([t/x] )
= L2yg(z =) &t v ([t/z] @) subst
Ve(z =x) & [t/x] U, 3lz( [t/x] UC
U3 [H) W o vzt u (el @) =yt ([Ya] @) subst

W & [V b, 32 ([e] @) ye
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Y & [He] W+, V2(A([H] @) & (32([t/z] @) = A(...))defCons

W & [ty W V%(A([t/ﬂ ?)) &-elim

A([Y/x]®); [Ufz] @ F, [t x] P , induction

A([Yz] @) s b [t = [ty] @ DdRu2

A([Yr]®); [t /a;] O+, [y induction

A(t] @)k, [He] ® = [Ya] @ DdRu?2

A([tfz]®); . [t/x] & [Ur]® &-intro

A([Yg] @) F, [t/x P & [Ur]® fromCtxt

V2(A([Yr] @) F, Vz([He] @ & [] @) SimGen

Y & [ U b, V2 ([t] @ < [t] ®) Cut

Vo(z = ) & [t W, ¢ & [t2] 0 b, Va([2] © < (] @) Weak*
vx('x = ‘T) & t/CE vy & [t/.%’] vk, LZVar(x:J:)&[tl/x}\If( [t a:] q))

= Lzzp&[t/x]\ll([t/.%] ®) Eq-¢

Y& [Yg] U b, Va(z =) & [t//xl/\p see above
V& [t/(L'] vh, LzVac(x:ac)&[tl/w}\I/([ /.’L'] (I)>

= 12yt ([t/z] ®) Cut

o a=p(ty,ta, ... t) We have to derive
{A([t/x]m & & A(ltn) sp((altr, - [l ta) Bop((Faltr, o [F2))
A([Yrltr) & -+ & A([Yeltn) s p([Yalta, - -, [Yaltr) o p([Halt, - [Ea]tn)
Induction yields A([Yy]t1) F, [tx]t, = [t/z]t1 ete. Using ERp2 we get
A([Yzlt) - Al tn) s oty - [l ta) Fop(Halte, o (Yl tn)

from which the first sequent is easily obtained. We get the second
desired sequent by first using the ESy rule before applying ERp2.

e a0 =—[3 Induction yields
A([t]8) s [t B+, [t{av]ﬁ
A([tz]8) s [Tl B [Hal B
and Theorem immediately yields the required sequents.

e a=[&~ We have to derive
A([t) (8 &) s [t (B &) F, [t{x] (B&7)
A([Yx) (B & 7)) [Ha] (8 & ) b [Ua] (8 & )
Using induction on v, Theorem yields

{ A([] 8 & ] ) ; 2] B & [l o (U B & [y (1)

/

A([t/:v]ﬁ & [t/:v] 7)Yl B & [t/:v]’Y F [t/:v]ﬁ & [t/x]’Y (2)
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Using induction on [, the same theorem yields

{ A(Wx]ﬂ & [t/{x] 7); [t//x]ﬁ & [tgxh = [t{x]ﬁ & Wx]’Y (3)
A([Yz] B &[] ) 5 [V B & [Ealy b [H] B & [E

using which we have the following proofs:

A ([t 8 & [t ) A1) 8 & [t 7)

(1) 0 & [%:]’V -, [%:]ﬁ & [%:] Cut(1)(3)
A(Na] 6 & [a]7) s b Al 8 & | t/)7) defAnt(1)
A([tf) 8 & [t 7)) B & [ta] Y F (Y] B & (Y] CutCxt
A ([t 5 & [al) - A([t] B & [ta]7) ,
[ 8 & [%:h F B & [ty Cut(2)(4)
A([t) 3 & [l ) s A(H] 8& [tr]y) defAnt(1)
A([tz] 8 & [Hr]y) : ] B & [%:]’V o ] B & [Efa]y CutCtxt

o a=Vz(f) We only have to derive the single sequent
Ala);at, a
which we immediately get using the AssCtxt rule.

o o =Vy(f) withx £y We have to derive the two sequents

Vy(A (] 3): Yy (] B) . Yy([H] B)
Yy(A([) 8): Vy([U) B) V. Yy([H] B)

which we easily obtain using induction on § and theorem 23|[1]

Next, we consider the case where t = 1y, (¢) and y is a free variable of .
Applying the previous case with ¢ = 12y ([%/y]¢) where 2 not a free variable
of ¥ and ¢, yields

Va(A(a)): A([ze((Fyl o)) o) Va(a) b, [L2e((Fyl )] o

Using corollary [43] and theorem [44], we get the desired sequent.

Now we are left to handle the general case where ¢ is not a «-term. We
can apply the previous case to the t-term tyaw)(y = t) where y is not a free
variable of ¢t. In order to do this, we need to derive its uniqueness condition:
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A(t) =, Jyly =1) Existence
Alty;y=tit=zFy==z ET
At);z=thH, t==z ESy
Alt);y=t,z=tkF y== Cut
Alt);y=t&z=tkF y== AnU
Alt);F (y=t&kz=t)=y=z2 DdRu2

At)F (y=t&z=t)=y== fromCtxt

At V2((y=t&z=1t)=y=2) V-intro

A VYVe((y=t&z=1t) =y = 2) V-intro

At) =, y(y =1) &-intro

This yields
Vo (A(w)); A([Ya (y= t)/x} @) Va(a) b, [Yae) (y = t)/x} a

If we can show that tyau) (y = t) is interchangeable with ¢, an application
of theorem [44] proves this case. The required sequent is derived as follows:

A(t) b wyan(y=1t) =t iota
At ) t=t Th. 33
Alt)F t= ESy2
A(t) Fowap(y=1) =t ET2

O

We are now easily able to present a more refined version of the substitu-
tion rule:

UcC(t) prem

e prem

Va(A(a)); A([Yz] o), Va(a) b, [fr]a Th. Bl
F, Va(a) V-intro

Va(A(a); A([Yz]e) b, [Hr]a Cut

F, A(Vz(a)) defCons

A([th]a) B, [Yr] CutCtxt

However, we can generalise this. With the same definition of ¢’ as in theo-
rem [51] we get
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UC(t) prem

/ / ) 01,09, Oni V1725 - - 5 Tm F, o prem
thelow, [Haloa, - Ul o el s Eal e, - - - [t/ ym . [t/x] a subst

, , , A/([t/x] Vm) ) [t/x] Y o [t/x] TYm Th. 1]

A([t/x] Yem) [t/:c] 0Ly [t/x] On; [t/a:] 7, [t/:c] Y25 [t/a:] Y [t L Cut

, ,A([t/x] 7?) """ A([t/l’] ’ym) ) ,
[t/x] 01y [t/x] On; [t/x] 71, [t/x] Y25 [t/x] Y o [t,/x] a Cut
A(Yelm); Mzl n b Y]y ThBD

, , é([t/x] Vi), A([Yz]vm) ,
[t/:c] o1, [t/:c] 02y, [t/x] On; [t/:c] V15 [t/x] V25 [t/x] Y o [t/w] «Q Cut
A([t/x] On) ; [t/x] on by [t,/.CE] On Th. 51

A([z)op) Al 1) - Azl ) » ,
thelov, Haloa, .. Yl on; Mz, - Y vm B [Fz]a CutCtxt

A([tfx)oz) ... A[Yg)on) , At 1) - A vm) ,
) o, [Haloa, .., el o M), el b [t//.ilﬁ] a  CutCtxt
A([t/x] 01) ) [t/x] oyt [t/x] 01 Th. B
A([tr)or) s AY]on) s A([Yrln) s Al ) ,
) or, (Ul oa, .. (Y] ow; aln, - [%;] Yo b [f]ec CutCxt
A([t]a);[Hala b, [Yx]e Th.BI

A(Wx] o1),. - A(Wx] On), A(Wx]%) aaaaa A([t/th) )

[t/x] 01, [t/x] 02y« [t/x] On, A([t/x] a); [t/x] RATRERE [t/x] Y [t/x] a  CutCtxt

Note that in general, we cannot have a simpler Subst2 rule. For example, in
the case n = 0, m = 1, naively, one could be inclined to expect that

UC(t)
v,
A([Yz]) 5 Yy B [l

be a valid rule. However, this expectation is proven wrong: when v -, «, it is
still possible that A([Y/y]7); [Vz]7 V. A([t/z] ). For example, if v = Va(z =
x) and o = = = z, then the rule breaks down, since in general,

Vo(r =x) i/, A(t =1t)
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Hence, the simplest form of the rule is indeed

UC(t)
Yk,
A((fz]y), Az a) s [Yal v o [Vl

We have gained semantical accuracy but we have to pay with extra syntactical
complexity.

4.1 Refined substitution

We will now define a kind of substitution which is better suited to our pur-
poses, which we will call refined substitution and denote as [t/;]a and
[t/2] T, where as usual, ¢ and 7 are terms of the PITFOL calculus and « is a
formula of the PITFOL calculus.

The only way in which it differs from the ‘crude’ substitution we used up
to now is the case 7 = 1y, (p):

e r =y or x is not a free variable of ¢

— z is not a free variable of v [t] ey (@) = wyy ()

— x is a free variable of 1

hen A(t) # T
1, _ § wagteste(e) W
el (o) = { a0 when ADZT

e r %y and x is a free variable of ¢ and y is not a free variable of ¢

— x is not a free variable of 1)

_ | weyaqtlonen([Yal @) when A(t) # T
Walote) = { (oot llalie) e 02 7

— x is a free variable of 1

¢ hen A(t) # T
t 1, _ § wagtgoewad ot ([l e) w
Vel o) { ity ([l ) when A(t) =T

o If x # y and x is a free variable of ¢ and y is a free variable of ¢, then
[¢/2] eyy (@) is undefined; we say that the substitution would capture
the free variable y of t.

Note that the inclusion of the conjunct Vy(A([t/z]¢)) in the domain
formula of certain cases is necessary to guarantee that when the uniqueness
condition for wy,(¢) is derivable, then so is the uniqueness condition for
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[t/2:] tyy (). For example, consider the term tz,4o(z-y = z) (intuitively, “5”)
and the substitution [t/.].zy.0(x -y = 2) where ¢ is a term of the PITFOL
calculus with A(¢) # T. If this substitution were defined as tzy.o(x -y = t),
then its uniqueness condition, y # 0+, 3lz(x -y = ¢) would not be derivable,
since we then easily could derive y # 0 -, Vz(A(t)), and it is clear that in
general, this is not a derivable sequent.

One easily proves the corresponding versions of properties It is also
easy to see that the substitution [t/;;] o is defined if and only if the substitution
[t/2]  is defined (and analogously for [t/;]7 and [t/;] 7).

Note that there are a lot of different cases in the definition of refined
substitution. The main reason for distinguishing whether A(¢) = T or not
is to make sure that substituting a variable symbol x for another y consists
only in changing all free occurrences of y into z.

The next theorem will reduce the number of cases, which will simplify
proofs later on. Moreover, we show that theorem [p1] also holds for refined
substitution.

Theorem 52 1. For all termst and T of the PITFOL calculus of which the
uniqueness conditions are derivable, if T = 1y, () and the substitution
[t/z] 7 is defined, then [Yy] T is interchangeable with

{ VYA, Jo) &l (©) if v =y or x is not a free variable of
LyA([[t/x]]w)&vy(A([[t/x]](p))&[[t/x]]w([[t/I]] ®) if © Zy and x is a free variable of ¢

(and hence, in particular, the uniqueness condition for [ty] T is deriv-
able).

2. For each term t and formula o of the PITFOL calculus of which the
uniqueness conditions are derivable,

A([Yz]a) Fo A([Yz] @)
A(t), A([Yx] o) Fo A([Ya]a)
A([Yz]a); [Ha] ok, [Hala
A([Yz]a); [Yala b, [Hale

if the substitutions are defined. For all terms t and T of the PITFOL
calculus of which the uniqueness conditions are derivable,

A([t]m) b A([H] )
At), A([Yz] ) b A([H]T)
A([t/x]T) F [[t/xHT = [t/x]T
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3. For each formula o and each term t of the PITFOL calculus for which
the uniqueness conditions are derivable,

Va(A(a); A([Ye] o), Va(e) b, [Fr]a

iof the substitutions are defined.

Proof.

We prove all three parts simultaneously by induction on the nesting
depths of the t-terms of @ and 7. This in turn we prove by induction on
the complexity of o and 7.

First, we handle all possible cases for the first part.

e 1 =y or x is not a free variable of ¢
— x is not a free variable of ¢ We have to show that vy, (¢) and

Waw) ey () are interchangeable. First, we derive the uniqueness
condition for tya(y)&w (@) from the given uniqueness condition v -,

Fy(p):
A) ;¢ AssCtxt
AW) &Y,y fromCtxt
A) &=, y(p) Cut

To establish interchangeability, we derive

AW) &, () = waw)en () Eq-t
F, A(Y) defAnt

() ass

v, A) & &-intro

Y we(9) = Waw)ep () Cut

A() &Y, 0 o wyp(o) = waw)ep(®) Eq-¢
AW);v b, ¢ AssCtxt
A) &b, 9 fromCtxt
A() &Y (o) = Wawes(p) Cut

The remaining two sequents are easy.

— x is a free variable of 1 We first derive
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F, v = 3ly(p) DdRu2
Vr(A(y = y(p)));

A6 = Fy(e)) Vol = () F, 16 = Fy(p) induction
F, V(v = Jly(e)) V-intro

F, AVz(y = ly(p))) defCons

A([taly = y(p)) , Yo (v = Ay(p)) F. [Yalv = Fy(e) CutCtxt
Al = 3y(@) b [l = () Cut

Al w): [0 = AQ() F, 10 = Ty(e) toCxt

v, AQY(p)) defCons

Y = AEly(p)) DdRu2

Vr(A(y = AElY(p))));
A([t]v = AGY()) .
V(v = AWy (p)) b [He]v = AG(e)) induction
F, Ve (v = AEy(v)) V-intro

F AVz(yY = ATy (20)))) defCons

Al = AGY())
V(v = ABy(p)) b, [Ye]v = APy (p)) CutCtxt
A([Fxl = AGY(p))) o [Tal = AEly(p)) Cut
A([Yed¥); W]y = A(AEY(P))) b [Vl v = AQ(9)) toCtxt

Fo AATY(v))) Ddef

= A(A ([[%W)) Ddef

A([Ye] ) Fo A([Y] ) ass
A([Yxlv) s A(H%{:M’) toCtxt
A([Y]) [[t/x]]l/) = A(AEY(p))) Weak
([[t/x]]@/}) F Y] = A(AGBly(v))) DdRu2
A([tz]v); b lYz]y = AGY () Cut
A([Ye] ) s Fo [Vl = 3y(p) Cut
A([Y]4) [[t/x]]@/)F ly(p) DdRul
A([Yz]) & [Ya]b B y(p) fromCtxt

At) £ T Both terms are tyat, )&t (@) and we al-
ready have derived the uniqueness condition.

x A(t) = T We have to show that wypt ju(p) and
VYA, )&, (@) are interchangeable.  First, we derive
the uniqueness conditions. The derivation of A([t/;]v) &
[t/2] 4 =, 3ly(p) is identical to the previous case. From it, we
derive the other uniqueness condition as follows:

A([Yz)v) B A w) induction
|_L A(1/}) defAnt
(R V) ass

[t/x] (Gl [t/a:] (0 subst
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F A([H] ) defAnt

. A([[t/:v]] V) Cut

A([H]v); Wl v . y(e) toCtxt
[l = y(p) CutCtxt

The interchangeability conditions are now easy to derive.

e r # y and x is a free variable of ¢ and y is not a free variable of ¢
We first derive

F, v = ly(e) DdRu2
Vo(A(Y = Fly(p)));
A([Yly = y([Hal @), Ya(v = y(p)) b, [Yal b = y([Yz] ) induction
F, V(v = y(v)) V-intro
Fo AVz(yY = Ay(e))) defCons
A([Yz]v = ANy([Ha]p) Vo = 3y(p)) B [Yx] ¢ = Fy([Ya] ¢)  CutCtxt

A([Yl = Nyl ) Fo [zl v = Fy([Yale) Cut

A([H]v) s [zlv = ACY (Yl @) b [l = 3y ([Yal ) toCtxt
F AA([H]v)) Ddef

F AACY([Y]e)) Ddef

A([[t/xﬂ V) k=, A(Ht/x]] V) ass

A([[t/x]] V) k, A([[t/x]] V) toCtxt

Ay ([Y2]e) Fo ACY([Y2]v)) ass

AUl ) ; ACY([Yalw) , [Y2]9 = ACY([Yz] #) Weak
A([Y]); ACY([Yx] v) o [Yx]Y = AGY([Yz] »)) DARu2
A([Yrl) ; ACY([Yxlw) o [Yxlv = y([Ha] ©) Cut
A([tz]v) s Ayl ) Fo [Ya]v = y([Yz]©)  Prop.

A([Yl ), Ayl @) s [Ha] v B 3y ([Yx] ) DdRul
A([Y]0) s ANVy([Hz] 9)) & [Yal v F 3y (Y] ») fromCtxt
A([Yxl ) & ANVY([Yx] @) & [Yz] ¥ F Byl @) fromCtxt

— x is not a free variable of ¥

«* A(t) # T We have to show that iy aqt,je)es ([He] @)

and 1y aw)evyat,Jonew ([Yz] @) are interchangeable. We al-
ready have obtained A(¢) & A(Vy([t/z]©)) & =, Iy ([Vx] )

Continuing the derivation above, we also obtain the second
uniqueness condition:

A); ANVy([Ualw) &y Fo By([tale) see above
o A®) defAnt

AWVy([tele) &v B By([fele) CutCtxt

Next, we establish interchangeability:
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Vy(A([tz] @) & 2,
A() &Vy(A([Yxl @) & ¥, wwyaqtlenes ([Hal )
= Wamevyaronee([Yele)  Ege

F ANy (A([Ye] @) &) defAnt
Vy(A([Yxl ) & F, Vy(A(ﬂt/x]] ©)) & ass
= AY) defAnt

L A(
Vy(A([Yxl @) & b AW) & Vy(A([Yz] ) & ¥ &-intro
Vy(A([Hz] 0) & ¥ Fu eyt geones (Gl ¢)
= Wam) ey Ao (V2] ¢) Cut

Vy(A([Yx]e)) & 1,

A(V) & Vy(A([Yz] ) & ¥ b ipyaqtgenes (Ml @)

= wawevyalloes ([l e)  Eae
L AAW) &Y (A([Yx] ) &) defAnt
LA(ib) &y (A([Hz] @) & 1 ass
VY (A([Yz] ) & &-elim
o Wyalens ([l ¢)

= wyaw)evy Ao ([l ) Cut

AY) & y(A([Yr]#)) &t
A) &Vy(A([Yz]e)) & v
AW) &Vy(A([Yalp) & v

T T T T

The other two required sequents are easily derived.
x« A(t) = T We have to show that ty,([t/z]e) and

W aw)evy A, Jenes ([Ye] @) are interchangeable. First, we de-
rive the remaining uniqueness condition from the one we al-

ready obtained:

F AY) defAnt

P, E”y([t/x] ©) subst

Y, Ay ([Yrle) defCons
A(H'y([t/x]@) F, ATy ([[t/x]] ®)) induction
CLANEI(L %)) Cut
AXIN(UATS) Prop.

Y ass

O VY (A (Y] ) & ¥ &-intro

b F AW & V(A 9) & v &-intro

Y Ay([Ya] @) Cut

Now, interchangeability is easy to show:

U, A() &VY(A([Yxl ) & b ovyy([Yal @)
= waw)evyatlones([Yale)  Eq

AW) &Vy(A([Yxle)) & ¥ Fowy([Yal @)
= waw)evyallenes([Ya]e)  Cut
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v, AW) &y (A([Hal ) & ¥ b vy ([Yal @)

= wawevyatlones([Yale)  Eaw

F A(A®) & Vy(A([Ux]w) & ¢)  defAnt

A() &Vy(A([Yz]e)) & b AW) & Vy(A([He] @) & ¢ ass

A@W) &Vy(A([Yx]e)) &t 4 &-elim
A(Y) &Vy(A([Yrle)) & v b wu([Yale)

= waw)evyarlones([fale)  Cut

The remaining two sequents are easy to derive.

— x is a free variable of
x« A(t)ZT

Both terms are LyA([[t/x]]tb)&Vy(A([[t/m]]cp))&[[t/r]]tb([[t/l']] QO) and we al-

ready derived the uniqueness condition.

x A(t) T

we derive the remaining uniqueness condition:

([ %))

[l = AGY([Ha] )

[l = Yy (A([Y2] #))

[ R L K

[tz] v o Vy(A([Yalw) & [Ha] v

Ht/x]] (Ul A([[t/x]] V) & V?J(A([[t/x]] p)) & [[t/:c]] (0
Ht/x]] (Ul Hly([[t/:c]] ©)

The four sequents required to show interchangeability are de-

rived analogously to the previous cases.

Next, we give the cases for the second part:

We have to show that wyp, ju([/2]¢) and
LyA([[t/x]]w)&vy(A(ﬂt/x]]so))&[[t/g;ﬂw([[t/ff]] 90) are interchangeable. First,

induction
defAnt
ass

subst
defAnt
Cut

subst
defCons
induction
Cut
induction
CutCtxt
Cut
Prop. [42]
ass
&-intro
&-intro
Cut
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e T=1 We have to derive A(t) -, A(t) and A(¢) -, t = t, which is
easy

e T=ywithy #uz We only have to derive A(t) -, y = y, which is
easy.

o 7= f(ty,ta, ... 1) We have to derive

A([t]t) & - & A([Hz]tn) B A([Yx] ) & - & A([Hx]tn)
At), A([Yz]th) & - & A([Yx]tn) o A([Hz]t) & - - - & A([Hz]tn)
A([t]t) & - & A([Halt,) B f([Walt, - [l tn)
= f([Ualtr, ., [Yaltn)

which is easy by applying induction on the terms ¢y, s, ..., t,.

o 7= uyy(p)

— x =y or x is not a free variable of ¢

x x is not a free variable of v We have to derive
Y

A(t), Y+ 9

¥ E (@) = welp)

which is trivial.

x x is a free variable of ¢ Using the result of the first part,
whether A(t) = T or not, we have to derive

A(t) & [t = A([Y] ) & Y]
(), A([Yalv) & [Ha] v b A(L) & [Yao
A1) & [l b vr aqygoredtle (9) = (@ amdtyy (©)

For the first sequent, we have

A([Y]) ; Yl B [l v induction
= A1) defAnt

Yy ass

A(t), [t/x]w k. [t/x] subst

A(t) -, A([t/x] ¥) defAnt

A(t); [zl b [Ya]w CutCtxt

A(t) & [Ypl Fo [Ya] v fromCtxt
A(t) & [Yp]v o A([Ya] ¥) defCons
A(t) & [H]y -, A([Yz]v) & [Yz] v &-intro
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and for the second sequent,

A([Yr)0); Yl b Y] induction
At), A([Ye]v) b A([Ye] ) induction
At), A([Yz]) s [yl = [Yalv CutCtxt
At); A([Yel¥) & [Yel v b [Ye]v fromCtxt
A(t) & A([Hz]v) & [Ye] v b Yol fromCtxt
Al 0) s W v b [Ya] v AssCtxt
A([Yel ) & [Yel v b [Yal v fromCtxt
F AA([Y]¢) &[] ) defAnt
A(t), Al ¥) & [ Fo (Y] AnDc
F, A(A(t)) Ddef
A(t) F, A(t) ass
At), A([tly) & [ b A() & [ty &-intro
The third sequent is derived as follows:
A([tz]¥) & [Hz] v o 3y (e) part 1
A(t); Wx]@b = 3ly(p) subst
At) & Wx]@b F, Ay () toCtxt
Al ) & [Yal b, AR & [Yal b o v agy, et v (#)
= A&l (P) Eq-t

At) & [l b, A([Yr] ) & [He]w  first sequent
A(t) & [l =y vw gty 1ot ()
=LA@l (#) Cut

— x # y and x is a free variable of ¢ and y is not a free variable of
t Using part 1, whether A(¢) = T or not, whether z is a free
variable of 1 or not, it suffices to derive

A(t) & [Vl o A([Yr]®) & Vy(A([Yz] @) & [Ya] v
A(t), A([tz]v) & Vy(A([Yzl @) & [Yz] v o A(t) & [Ha] v
A(t) & [l Fo vy aqqty e ey atole) &ty (el )
= waw)&w (V] ®)

For the first sequent, we have

Y, Jy(e) &-elim

At); [Yelv B Fy(Hal o) subst
A(t); Yl o ANy (Y] e)) defCons
A([Y]Vy(9) Fo A([Hz] Yy () induction
A(t); [z o ANy ([Ha] v)) defCons
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F A(Y) defAnt

(R PV ass

A(l); [t/x]¢ F [/ J4 subst
([t/x] ) ) [t/x]¢ = [V induction
A(t); [t/x]w ., A([[t/:v]] V) defCons
At); [ty B A([H]Y) & AVy([Yz]¢)) &-intro
A(t); F/x]iﬂ = A([Y]v) & AVy([Ha]v)) &[] &-intro

A®) & Yl b AVl ) & AGY([Fal ) & [W2]¢ fromCixt

and for the second sequent

At), A([Yx] ) Fo A([Hz]9) induction
A([t)) s [Ya] ¥ o [Ya] ¥ induction
A(t), A([Hz]¥); [Yal o Fo (Ve CutCtxt
F AANY([Yxle) Ddef
A(t), A([Yel ) ; AVy([Hal @) s Yl b (Yl Weak
A(t), ([[t/:c]] V) ; A(Y ([[t/x]] ©) & [[t/x]]"i/’ F [t/x] &-intro
A(t);A([[t/:cW) & ANVy([t] ) & [Yzl v b [Yaly fromCtxt
F, A(A()) Ddef
A(t) F, A(t) ass
A(t); H, At) toCtxt
At); A([Yx]v) & AVy([Hz] @) & [[t/:cW FA(L) & [Y] Y &-intro
A(t) & A([Yx] ) & ANVy([Yzlv) & [Vl ¢ o A) & [Hy] fromCtxt
F AA([Yx] ) Ddef
A([Y]0) Fo A([Hz] ) ass
A([Yal) , ANVy([Yz] ) Fo A[Yx] ) Weak
A([Yz] ) F A(Vy([[t/xﬂw)) = A([¢/z]¢) DdRu2
A([Ye] ) Fo A(AGTyY([Yz] ©))) Weak
A([Yx] ) Fo AAGyY([H] @) & [Ha] ) &-intro
FoA([Y]Y) =
A(AVy([Yzlv)) & [t/z] ) DdRu2
- AT &
Ayl 9) & [Yal ) &-intro
At), A([Yx]Y) & AVy([Hal ¢) & [t v b A) & [Ha] b AnDc

For the third one, part 1 gives us the uniqueness condition for

L?JA([[t/x]]zp)&Vy(A([[t/x]]@))&[[t/m]]zﬁ([[t/z]] 90) and the other one is easy to de-
rive. This enables us to derive

A(t) &[], A([Yz] )
&y (A([Yzl ) & [Yal b B yaqt,gvyeevyaqtlen et ([l ¢)
= LyA(t)&w([t/$] ©) Eq-
A(t) & [ty o A([Y2]9) & ATy ([Tl @) & [Hz] 9 first sequent
A(t) & [Hal b b yaty ey At len ety (el )
= waryew (Yl @) Cut
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o o =p(ty,ta, ... t,) We have to derive
( A([Yplt) & - - - & A([Y]tn) Fo A([H]t1) & A([Yz]t2)

A), A([Yalt) & - & A([Yaltn) b0 A([Hz]th) & - - & A([Ha]tn)
A[faltr) & -+ & A([Hal tn) ;

Pty [Waltn) bop(alte, - [l tn)
A([Yz]t1) & - - & A([Haltn) ;
\ p([Ylts, -, [ltn) bop([Ualtas - - [tx]t)
Using induction on ty,%s,...,t,, the first two sequents are easily de-
rived. The last two are not difficult, too, using ERp2 (and ESy for the
last one).
e a=0&~y We have to derive

A([Y] B & ] y) o A2l B & [Hal )
A(t), A([Y2] 8 & W) = A([H] B & [H]v)
A(Wx] B& th) ; [[t/x]]ﬁ & [[t/x]]’)’ = Wx]ﬁ & [t/xh
A([Yz] B & [V]v) 5 (Y] B & (Y] v o [Ha] B & [Haly

A([t/m] B& [t/x]’Y)

A([t/x] & [t/x]’Y)

A([Hz]0)

A ([l 8 & [Ya]7)

A([t]0); [Yx] B = A([Yz]v)
A([t]8); Y] B = A([Yz])
A([Yz) B), Y] B = A([Yalv) ;5 [Ya) B
A([tfy] )

A([Yz)B), [Yx) 8 = A([Yaln) ;5 [Ya) B
A([t/x] 5) ; [[t/x]]ﬂ

A([Y2]B) , [Yal B = A([Yz]7); [Uz] 8
A([YrB) , [Ya] B = A([Yr]7)
A([Yz] B) 5 [t] B = A([Yx]7)
A([Yz]8) 5 [t] B = A([Yx]7)
A([Yz] B & [t/z]7)

] 8= A([Y2]v)
] 8= A([Y2]v)
. A([[t/:z:]]ﬁ & [[t/x]h)
. A([[t/x]]ﬁ & [[t/:c]h)

Ddef

ass
&-elim
induction
Cut
toCtxt
Cons
DdRul
induction
Cut
induction
Cut
DdRu2
fromCtxt
&-intro
fromCtxt
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F AA([Y] 8 & [Hz]y))  Ddef
A([Yx] 8 & Y] v) o A([Y] 8 & [Hx] ) ass
A8 & [0 o A9  Leelim
A(t), A([tz] B) Fo A([Y] ) induction
A(t), A([Yx] B & [Yx]v) Fo A([Y2] B) Cut
A([Yz] 8 & [Y] ) Fo 2] 6 = A([Y] ) &-elim
A([H] 8); T2l B = A([Yal) b [Y2] 8 = A([Y2]y)  toCtxt
A([tz]8), [Ux] B = AUl ) 5 [Ha] 6 F0 AY] ) . DdRM
A([tz] B) s Y] B0 [Ha] induction
AW, A1 8) b Al 8) induction
AW, A1) [ B [l 3 CutCtxt
A([H:18), 1118 = AHly), A®); 1] 8 b A7) Cut
(t) A([]7) Fo A7) induction
A(t) ;s A([Yz]v) Fo Al y) toCtxt
A([Yz]8) , [Y2] B = A([Ha]v), A#); [Ua] 8 F A([Yx] ) Cut
A([Y]8) 2] 8 = A([[t/x]] ), A5 (U] B = A([Yz]7) DdRu2
A([Yz]8), [Y2] 8 = A([H]v); A) b [Ha] 3 = A([Yx]y)  fromCxt
A([Yz]8) ; ([[t/:c]]ﬁ = A([tz]7) & A(t) b, [Yz] B = A([t]y)  fromCxt
A([Yz] B & [Ha] ) & A(t) b, [ta] 3 = A([Yx]y)  fromCxt
F, A(A(L)) Ddef
A([Y] B & [Yalv) , A1) Fo [Y] 6 = A([Hz]7) AnDc
A, AT B & [2l7) Fo A 8 & [t ) &-intro
A([Y] 8 & [Yxl ) ; 1Yl 8 & [Yaly Fo (U2l B & [Ha] AssCtxt
A([Yr] B & V] v) Fo A(Y] 8 & [Ha] ) first sequent
A([Y] 8 & [Y]v) 5 U] B & [Y] v -, [[%:]] B &[]y CutCtxt
A(Wx]ﬁ & [t/x] v); [[t/a:]]ﬁ & [[t/x]]’y E, [[/x]]ﬁ &-elim
A([Yx]8) 5 Y] B o U] B induction
Fo A(A([Y] B & [t ) Ddef
A(Wx]ﬁ & [t/x]’Y) F, A(Wx]ﬁ & [t/x] ) ass
A([Y2] B & [t] ) Fo A([Y] B) &-elim
A([Ye] B & Y] y) 5 [Y] B o Y] B CutCtxt
A([t] B & [Ya]v) 5 [Y2] B & [Ya] v o [Y2) B Cut
A([t] B & (Y] v) 5 [Y2] B & [Ya] v o A([Ha] 6 & [Hz]7) ConsCtxt
A([t] B & [Ya]v) 5 [Y2] B & [Ya] v Fo (Y] B = A([Ya]v) &-elim
A([t/x]ﬁ & [t/x] v); [[t/:c]]ﬁ & [[t/:c]h F, A([t/:c] 20) MP
A(Wx]ﬂ & [t/x] v); [[t/:c]]ﬁ & ﬂt/:c]h F, ﬂt/:c]]V &—.ehm
A([tz] B & [Ya]v) 5 [Y2] B & [Yal v Fo A([Ya] ) & [Ha]y _ &‘111?1”0
A([Yly) 5 [l v o [Ha]y induction
A([Yx]) &[]y b [Vl y fromCtxt
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A([Y] B &[] 7) 5 [Y) B & [Ya] v o (Y] Cut
A([Yx) B & [Yalv) 5 [Ha B & [y B Yl y & [y &-intro
A([U] B & U] v) 5 (Y] B & [Y) v Fu (U] B & [Ha]y AssCtxt
A([t/x} B & [t/x] ’Y) ; [t/:cw & [t/w]’y . [t/av]ﬁ &-elim
A([Y)8) 5 Y] B [Y2] B induction
A([Y] B & [U]v) 5 (Y] B & (Y] v o [Ha] B Cut3
A([Yr) B & Y] v) 5 V) B & (Yl v o [Yae]y &-elim
A([Y]y) s Yzl v Fo Y]y induction
A([Y] B &[] 7) 5 (Y] B & (Y] v o [Ha] Y Cut3
A([tz] 8 & [Yalv) ; (o) 8 & Y]y o [Ya] B & [Yx] vy &-intro
e o =—[3 We immediately obtain the first two sequents by induction
and the last two are not difficult either:
AU 8); Yl B [Y2] B induction
A([Yr] B) Fo A([Y2] 8) induction
A([t/x] B); A([[t/x]] B) toCtxt
A([Yx] 8) ;= Yl B = Y] B CoPol
A([t/x] B); [[t/x]]ﬂ F, [/ 16 induction
= A(A([2]3)) Ddef
A([t/] B) Fo A([2] B) ass
A([Yz]0); FoA([Hz] 8) toCtxt
A([Yz]B) s = [l B F [l 8 CoPol
e o = Yy(B) with x = y or z not a free variable of 3 In this case,

t/] o = Va(8) = [t/z] @ and the required sequents are easy to derive.

e a = Vy(B) with z # y and = a free variable of 3 The first two
required sequents are obtained by applying induction on 4 and invoking
the SimGen rule (remember that for the substitution to be defined, y
must not be a free variable of t).

The third sequent is derived as follows:

A([z)8) s [V B Fo ) B induction
= A(A([t] 8)) Ddef
= Vy(A(A([Yz]8))) V-intro

Vy(A([t]8)) o Yy(A([Yz] 5)) ass
Yy(A([Yz]3)) Fo A([Y] 8) V-elim

Yy (A (Y] 68)); [He] 6 F. [t/x]ﬂ CutCtxt
Vy(A (Y] 8)); Vy([Yel B) o Vy([Hel ) SimCen

and the last one likewise.
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Finally, we prove the third part. We proceed analogously as in theorem [51]
and first consider the case that t = 1yy(P) and y is not a free variable of W.
We again define the term

t'=w(¥= )& (-V=y=na))

with a a variable symbol different from y. Lemma [50] yields its uniqueness
condition.

The proof is analogous to theorem [51] but in this case we will derive for
each formula a of the PITFOL calculus for which the uniqueness conditions

are derivable,
{ A([[t/x]]a)é[t//:x]a =, [[t/x]]a
Al ) ala F [Hale

if the substitutions are defined, and for each term 7 of the PITFOL calculus
for which the uniqueness conditions are derivable,

A([[t/x]] T)F, [t//x]T = [[t/x]]T

if the substitutions are defined.
Most of the cases are identical to theorem [51} we only need to mention

o 7 = 12y(p) with z = z or = not a free variable of ¢ Using part 1,
what we have to derive is

A([Yz]v) & [Yz] v Fovzy (@) = vzaqvert, e (@)

when z is not a free variable of ¢ or

A([Yz]0) & [Hal ¥ o toveemayetie (9) = tzaqt,pert,1s (#)

when z is a free variable of 1.

We will only handle the last case explicitly; the case where z is not free
in 1) is even easier.

We have the uniqueness condition of 7 at our disposal, from which we
get

Ve(z = z); [/l . Fz(p)  subst

Vo(z = x) & [tfp]v . '2(p) fromCtxt

and part 1 yields the uniqueness condition of tzat) )&t v (©)-

Combining these sequents, we finally get
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Va(z = z) & [t] o,

AL %) & Tl ¥ Fr t2vmtemnysitln(#) = aqioeti (@) . Bau
A([Y]0) 5 [l [t/x] induction
A([Y]0) &[] [t/x] fromCtxt
I_ r=2x eq
FoVe(r =) V-intro
A([Y]¥) & Yl b Va(x = ) & [He] &-intro
A([He] ) & [l b tova@mnyeitye(9) = tzayivett, i (#) Cut

o 7 = 1zy(p) with x # z and z a free variable of ¢ Again invoking

part 1, it is sufficient to derive

A(la]9) & V2(A([Yl 9) & [l v

o tova(ema)ete (Hl ©) = zaq s ev=aadenetys ([l ©)

From the uniqueness condition of 7, we derive the first uniqueness

condition:
Vo(w = )i [ty o Ae([ffa]e)  subst
Ve(z = 2) & [ty F Nz([Ty]e) fromChxt

and again, part 1 gives us the second uniqueness condition.

As in the previous case, we finally combine both uniqueness conditions.
To ease the notation, we will abbreviate 1y = Va(x = z) & [¢/3]1) and

= A([12]9) & V2(A([Yal 9)) & [H] v

A([tz]e); [t/x] phk, [[t/m]] @ induction
([[t/:v]] ©); [t/x] o= [zl DdRu2
AUl @) ; [Uxl v -, [t/) 0 induction
A([Uxlp); [[t,:z]] © = [t/$] DdRu2
A([Yx]e) ;s F. [t,/x] v < [Uale &-intro
A([Yz] @) B el < [l fromCtxt

F, Ao defAnt

o o ass

Uy b V2 (A([Ya]v)) &-elim

(Walwy b V(A ([Yr] @) subst

[W]2 = A([Ya] ) V-elim

(W]t o [Vl o & [Hal e Cut

[Wltha b V([ < [Yxlw) V-intro

. A(Yy) defAnt

= (W2 A(y) subst
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(W] 1, (W] 4o F, VZ([%:]SO < [Vl ) Weak
(W], [W]e)aba 1, Lz[w/zwl([t/x] ) =tz ([Yx]¢) Eq-t
U1, 9 k-, L%(Wx] ) = 12y, ([Yz] @) subst

Py =y A([/x] ) &-elim

A([[t/x]] V); [[t/x]]f/f . Wx] induction
Vo by [ Cut3

|—L r=2 eq

F, Va(z = 2) / V-intro

Uy b, Va(r = ) & [Hz] 9 &-intro

o b 1z, ([l ) = vzg, ([l ) Cut

where w is a variable symbol different from z and not occurring in any
of ’l/}la ¢27 2 tand t'.

O

We can now derive a substitution rule analogous to Subst2: With the
same definition of ¢’ as in theorem [51] we get

UC(t) prem
) ) 01,09, ... Un,%,%,...,yml— oz/ prem
[xlo, [Halo, ... [t/m] On; [t/x] T [t/:r;] V25 [t/:r;] Y b | ,/:r;] subst
A([t] %7) [[t/:c]] Yo b Y] Y Th. B2

A(Ht/l’]] er) 7 [t/.l’] 01’ s [t/SC] On; ,
el [ ve, - [l v o [H e Cut

A([ta]a); [alat, [thla  Th. B2
A([t]or), - A([Yx]on),
A([[t/x]]%) R A([[t/x]]%n) )
[zlow, .. [Yalom, AW @) s [l - [Pl m o [Ha] o CutCtxt
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Chapter 5

Defined symbols using
simultaneous substitution

5.1 Simultaneous substitution

Given a formula «, terms tq,...,t, and variable symbols z1,...,x, of the
PITFOL calculus, where all z; are different, we introduce the simultaneous
substitution ;11 e ;"ﬂ a of «, and likewise for a term 7. It is defined as
follows when n > 0:
o ...l x=gxif xis not one of x, 9, ..., Ty.
| T1 Tn |
-tl in ] .= .
° o ...:En_ xl—tl
[+ tn | _ t tn t tn
° xll e f(Tl,TQ’...7Tm):f<|:|:xll Zn]] Tly oo, [[xll wnﬂ Tm)
-t1 tn ] — t t
[ ] e LT (@) =1 t tn t tn t tn ( zl ".zn SO)
Lev ] 200l = 0p( [ oyus a2 o)) [ - oL 2]
if z is not one of x1, x4, ..., x,. However, the substitution is not defined

when there exists a j such that both z; is a free variable of ¢ and x is
a free variable of ¢;; in that case, we say that the substitution would
capture the free variable x of ¢;.

. [Lgl "'i’iﬂ Wiy () =

g ([[tl Lotie1 tign tn]]@)
A( t1 ... tn w)&in(A(Htl otie1 tign .‘.fn]]ﬁp))& Hiﬁ]]w Tl Ti_1 Tyl T

1 n zT1 T;_q CL‘Z'+1 n

However, the substitution is not defined when there exists a j different
from ¢ such that both z; is a free variable of ¢ and x; is a free variable
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of t;; in that case, we say that the substitution would capture the free
variable z; of t;.

Note that if n = 1, this reduces to

t B
|]:;L‘1:|] Ll’lw(go) = LIIA([[;ll]]w>&V$1(A(SD))&[[?1]]1/’(90>
since we will define [[Ja = a.

Y tl...t” _|OCE_||:|:t1"‘tn:|:|Oé

1 Tn xr1 Tn

o e RO [Py P e

B tn | _ t t t t

o |- p(Tl’T2"”’Tm>:p([[:fc1"'x:ﬂﬁ’”"[{m"'z:i]]Tm)

o |[t...0tn Vx(a)z‘v’x([[tl-'-t”ﬂa>ifmisnotoneofxl,xg,...,xn.
1 Tn 1 Tn

However, the substitution is not defined when there exists a j such that
both z; is a free variable of a and x is a free variable of ¢;; in that case,
we say that the substitution would capture the free variable x of ;.

o [[ill ;’;ﬂ Va (o) = Vay ([{ill i:ll fcfl ;’;ﬂ a>. However, the
substitution is not defined when there exists a j different from ¢ such
that both z; is a free variable of o and ; is a free variable of ¢;; in that
case, we say that the substitution would capture the free variable z;

If n = 0 then we define [Ja = a.

For convenience, we will again set [[:?1 e t”ﬂ T=T.

Property 53 For any formula o and termsty, ..., t, of the PITFOL calculus,
[[tl oIl o does not contain t-terms if and only if o does not contain t-

x1 Tn
terms and for each i = 1,... n either x; is not free in o or t; does not
contain t-terms.

The analogous theorem for terms T also holds.

Proof.
Easy by structural induction on o and 7. a
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Property 54 For any formula a and termsty, ..., t, of the PITFOL calculus,
x s free in [{ill ;”ﬂ a if and only if either x is free in o and x is not one
of the x;’s, or for at least one i, x; is free in o and x is free in t;.

The analogous theorem for terms T also holds.

Proof.
Easy by structural induction on o and 7. O

Property 55 If the term ty is interchangeable with the term si, ty is in-

terchangeable with sy, ... and the uniqueness conditions of at least one
of [[;11 i”]] a and [{fci ;”]] a are derivable, then [[ill i”ﬂ « 1s inter-

changeable with [[::11 ;:ﬂ a, if both of these simultaneous substitutions are

defined.
The analogous property for terms T of the PITFOL calculus also holds.

Proof.

We prove this by structural induction.

o T=u We have to show that ¢; and s; are interchangeable, which
we already assumed in the statement of the property.

o 7 =x where v & {x1,29,...,2,} Both terms are z.

o 7= f(11,T0,. ., Tm) Easy using induction on the 7; and the ERf2

rule.
o7 = wxy(p) Suppose = & {x1,29,...,z,}; the other
case is similar. We have to show the interchangeability of

([ oyone(a(ls ]l (Ln o] @) and

LxA([[ax;Z]]d’)&Vw(A(ﬂ;i;Zﬂ@)&[[;i;ﬂ]w ([{2 fc:ﬂ <,0> which s
easy using induction on 1 and ¢ and theorem

e The other cases are straightforward.

O

Lemma 56 For all terms ty, tso,...and for each formula o of the PITFOL
calculus for which the uniqueness conditions are derivable, if the substitution

[{tl i’;ﬂ a is defined, then

Z1

Vxﬁ:cg...V:cn(A(a));A(ﬂtl t”ﬂ a) NV Vg . Vo, (a) B, |[t1 t”ﬂ o

X1 Tn X1 Tn
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tl tn

X1 T,

Proof.
e First, suppose all t; are of the form wy;,, (¢;) and y; is not a free variable
t; = wil(Vi = i) & (i = yi = a))
where a is a variable symbol different from all the y;; lemma [50| yields their
We will shortly prove that
t1 tn / '
o)l s )l ol Ja s |
where the z; are all different, are different from the z; and do not occur in
the ¢; and do not occur in a. It is easy to see that these substitutions are
not depend on the exact choice of the z;; we will denote this formula as
...t

of ¥;. We define the terms t/, t,,...as before:
uniqueness conditions.
A(H . ﬂ“
Iy T
always defined and that the formula [tﬁ/zl] . [t%/zn] [21/p,]. - [#nfy, ] @ does
1 Tn

With this sequent at our disposal, we then can easily handle this case:

V.. Ve, (A(a)); Ve .. Ve, (a) B, Vo .. Ve, («) assCtxt
V.. Ve, (A(a)); Ve .. . Ve, (o) F, o V-elim*
% ]
Vo(r = x), Yoy .. Vo, (A(a)); Vo, .. Vo, () | 1 " | a subst*
L L1 T |
For=x eq
-, Vo(x = x) V-intro
Cy e
Vo, .. Vo, (A(Q)); Vo, .. . Vo,(a)F | 1 " |« CutCtxt
L L1 Tn |
Vg .. Vo, (A(a)), A h b al;
1. VTp ) e, ; _ _
t th
V... Vo, (o) F, Lo o Cut
[T1 Ty
Vg .. Vo, (A(a));
t ot (1t
A(ﬂ ﬂ a) NV Ve (a) B, a  FromCtxt2
T Tn | L1 T |

To derive the missing sequent, we will prove that for each formula « for
which the uniqueness conditions are derivable,

t tn t! t! t tn
([ o [1 ]

T Ty X1 T, T Tn

t tn t tn t! t!
A(Hx“ ﬂa>ﬂ1.“ ﬂ@h{l"ﬂ@

T Ty X1 Tn T Tp
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provided the substitutions are defined and for each term 7 for which the
uniqueness conditions are derivable,

t tn t t t tn
V(R B I I A
1 Tn X1 Tn Ty Tn

provided the substitutions are defined.

We prove this by induction on the number of ¢ symbols in a and 7. This
in turn we prove this by structural induction on « and 7:

o T =1 We have to derive A(t;) b, t; = t;, which we already did in
the proof of theorem |51}

o T=xwherex & {x1,2s,...,7,} We have to derive -, = x, which
is trivial.
o 7= f(m,T,...,Tm) We have to derive

A<|[t1 t”ﬂﬁ)&...&A(ﬂtl t”ﬂTm)
I Tp T Tn
T
:f([[tl ...tnﬂﬁ,m, |[t1 ...’fnﬂTm)
T Tp T Tn

which is not difficult using induction on the 7; and the ERf2 rule.

o 7 = 1yy(p) We will assume that y & {xy,x9,...,2,} (the other
case is analogous).

It is easy to see that

t/ t/ t/ t/
... ( ) =z Lot e T ¥
N Al ) geawe[ A m e \ | g

where some A(t;) may be missing (in case z; is not free in both ¢ and
). All the A(t]) are the validity Vaz(x = x), so it is easily proved that

;'11 . ;’ﬂ txy () is interchangeable with Lx[;lll"'j’]w ([;'11 . ;’ﬂ gp).

Next, we derive the uniqueness conditions for both ¢-terms:
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Y, Az() UC
F,o = 3la(p) DdRu2

Va1 .. Ven (A = FNa(o)));
A(Htl ’fn]] (= 3!$(<p))) ,

I In
Yy ..V, (¢ = Nz(e)) F, b fc"]] (1 = Mz(p))  induction
Z1 n
b, Va, (¢ = Fz(p)) V-intro
.h V.. Vo, (Y = x(v)) V-intro

Y2y .. V(A = 3lz(p)))  defCons
a2 w=3aen),

. .
Vay .. Vo, (v = () b, || - (¥ = 3x(e)) CutCtxt
T ey
1ty ] (t1 tn
A 31 -, =3 Cut
(o] w=suton) 2t = 20 u
A(ﬂtl...tnﬂw>;
1  Tp
Htl t"ﬂ = A(3x it F, h o (¢ = Fz(p)) toCtxt
Z1 n T T x x
FAlA |[t1 t”ﬂw) Ddef
1 Tn
o A(A(T . nﬂcp))) Ddef
X1 T
¢
A Htl ~t”]]w>hA fi ¥ ass
X T T In
A( bt p) e al ™ ]y toCtxt
X1 In Ty  Tp )
A(%( it (,0>}—LA 3!x< i tn @)) ass
X I | T1 T

,l[tl-nt"ﬂwhA(ﬂ!x( it go)) Weak
Z1 Tn | T1 Tn |
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A(\m(ﬂtl t"ﬂw»;ﬂtl t”ﬂwh H!x(ﬂtl tnﬂcp) DdRul
€1 T X1 Ty Z1 LTn

Applying fromCtxt twice yields the first uniqueness condition.

The second one is derived as follows:

v, Ja(p) ucC

[z”/xn]@b . 3!33([2"/90”] 90) subst

21y [ ) b B (2] 2o/ ] ) subst
[t"/zn] [21/351]- . [Z”/xnw . Hlx([tn/zn] [Zl/xl]- . [Z"/xn]SO) subst

o] ol ] P4y oot )0 b B[] Tt ) [0/ - [, ] @) subst

We can use these uniqueness conditions to derive the required sequent.

We will abbreviate A([% -] v) & A(va (|2 2] ¢)) &
[{E---;’;ﬂwas v,

Uk, dx |[t1 tnﬂ gp) V-elim

t t
A<|[ Lo ”ﬂ¢>> defCons
I In
t1 tn
(2] ¥ b, Vo [ A ") subst
1 Tn
t1 tn .
(2] 0+, A © V-elim
T In
¢ ¢ t t t ty |
A<|[1 B nﬂ(p ,[1 "]aph 1 . i © induction
T Ty X1 T | L1 In
(e tn] th ] [ttt
A = L.n = DdRu2
| T1 I | (p> ' L L1 Tn | 7 L1 Tn ’
toot t ot [t ]
A(Hl'” nﬂq));ﬂl... "ﬂ(ph Loy induction
T T X1 Tn I1 Tn |
_tl tn_ _tl tn _tll t/ ]
( xr1 Tn SO) ‘ _35'/1 -Tln 4 L L1 Q?n_ v !
oty t ot t tn .
A F Loon AN &-intro
| T1 T | (’D> ‘ :33/1 x/nz 14 | T1 Ln | 7
" ¢ t t ¢ t
A<|[1'-- ”HQO)FL 1...™m = L. © fromCtxt
T1 Tn | 21 Tn | T1 Ln
vt [t t
¥ | Lo Mee | e e Cut




CHAPTER 5. DEFINED SYMBOLS USING SIMULTANEOUS

204 SUBSTITUTION
¢ ] [t t, ]
[%/x] ¥ b, Vz < a:l m" =S oy cp) V-intro
TR :tll tn]
\III—LVQ:< Loy e <p> subst
L L1 Ty | | L1 T |
t t!
I—LA<[ Lo "]1/;) defAnt
I In
/ / [ 4/ /7 7 I T
[tl---t"]zp,\PI—LVx< bt RS h <p> Weak
X1 Tn L L1 Tn | X1 Tn |
vt

t t
|:[ 1 o . ﬂ w) Eq_[/
I Tn

F, A(D) defAnt
U, U ass
_tl tn_ .
F, P &-elim
| L1 Tn
t t t t t ]
A<|[1--- "ﬂ¢>;|[1--- "H¢h Loy induction
x1 T, T Tn L L1 L |
th
U+, e Cut3
€1 T,
t] t!
U oy Lo
s ([ n])
t t
:quj< Lo "ﬂgp) Cut
| L1 Tn
where we choose z different from = and not occurring in ¢, tq, t, ...,
t, and t).

e The other cases are not difficult.

e If not all ¢; are «-terms, then we can proceed as follows. Choose y such
that it does not occur in any ;. If t; = 1y, (¢i) and y; is a free variable of
i, then ¢; is interchangeable with vy, ([Y/y,] ). If t; is not a «-term, then it is
interchangeable with tya«,)(y = t;). Hence, every t; is interchangeable with
a suitable (-term for the previous case; using property |55 we then obtain the

desired sequent. O

Corollary 57 If the uniqueness conditions of t1, ta,...and « are derivable,
tl .« e tn

and the substitution [[ y o |l v ts defined, then the uniqueness conditions

t t y
of |-+ |l a are also derivable.
1 Tn
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Proof.
We can invoke the previous lemma; applying the UC rule yields the de-
sired uniqueness conditions. O

The following lemma is analogous to theorem [33}

Lemma 58 If the uniqueness conditions of ty, tos,...and « are derivable,

and the substitution [[fcll ;"ﬂ a 15 defined, then so is the substitution

[[;11 Zﬂ A(a) and A<|:|::il1 i:ﬂ a) F, [[;11 ;’;ﬂ A(a). Likewise for

terms T.

Proof.
We prove this by structural induction on o and 7.
e 7 is a variable symbol The consequent of the sequent we have to
derive is T.
o 7= f(1,T2. ., Tim) We have to derive

A<|[t1 t”ﬂﬁ) &...&A(ﬂtl t”ﬂTm)
T Ty T1 Tn

Ty T,
which is easily obtained using induction on 71, 7o, ..., Tp,.
o 7 =1x,(p) where x is not one of z1,zs,...,z, We have to derive

Al m]e)em (o[- n]e)) el 2]

-, Htl ...tnﬂw
T Tn

which is easy.

o T =1Tiy(p) We have to derive
t t t ti1 t; t t t
([ ] en([e - 2]
xy T T Ti—1 Tita Tn T T
-, Htl...t”ﬂ¢
T Ty

which is easy.
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e o = Vz(() where z is not one of x1, s, ...z, We have to derive

YV (A([[ill i’;ﬂ ﬁ)) F, Va ([{:?1 iz]] A(ﬁ)) which is easy using

induction on «.

o a=Vr;(0) We have to derive
Ve, (A<ﬂt1 ot by tnﬂ ﬁ))
x Ti—1 Tit1 T

t ti—1 U ln
FLVCCi(ﬂl"' Lol HA(@)
T Ti—1 Tit1 Tn
which is easy using induction on «.

e The other cases are easy.

Lemma 59 If the uniqueness conditions of t1, ts,... and a are derivable, x;

is not a free variable of o, and one of the substitutions Htl t"]] a and

1 Tn

[[tl ottt t”]] a is defined, then both formulae are identical and

z1 Tj—1 T Ti+1 Tn
interchangeable with [{tl oo bimt Bt
1 Ti—1 Ti41 Tn
The analogous property for terms T of the PITFOL calculus also holds.

Proof.
We prove this by structural induction on 7 and «. The only interesting
case is 7 = 1y ().

o If =2 ¢ {z1,29,...} then we have to show that

o[- pese(a([y el ([ ko) iden

tical to

/
. t tie1 t; tita tn o
e e,
A([ - et - ]v) Tl L1 XXl Xy
t . tio1 b tiy1 ... tn
wva(a([a - e ]e)

/
&HH TR B I tn]]

Tl Ti—1 T4 Ti41 Tn

and interchangeable with

LT tl ...ti_l tl+1 ...tn
la-si-nl) Lo wmna]
wve (Aot i ]e))
&[[tl Ltie1 tipr L tn ]]w

1 Ti—1 Ti41  Tn

which is easy using induction.
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If z = x; then if n > 1 we have to show that

. ti tintipn
A ]o)eva(a([i-timt e Jo) oy 2y 2is1 @) 7

&[[tl ...tn]]w

]  Tnp

is identical to

L , ti ticitin tn
sttt o) \ o ammna]
wva(a([n - o)
&[[tl Lottt tn]]w

T] @1 TG Tyl Tn

and interchangeable with

. ti tiatin e
Al-szim-nl) Lo wmn w]
oAl -t~ e)

&[[;11...%‘—1 titl . tn g

Ti—1 41 Fn
which is easy using induction.

If n = 1 then this reduces to showing that LZUA([[;ll 1) &Vm(A(so))&[[;ll]]w((p)

is identical to (x A([[tll ]] ¢) and interchangeable with
zy

&w(A(eo)m[[;il]]w(@”)
1x4(p), which is not difficult.

If z = z; and j # ¢, where we suppose ¢ < j for the ease of notation,
then if n > 2 we have to show that

Laj tl ...tj—l t]+1 ...tn 90
Al & in ) &va | A || 11 ti-1 T+l Lty 1 Tj—1 Tj+1 In
T Tn T Ti1 Tj41 Ty
t t
el

is identical to
o , to, Lt bt o1 G e

A([[;ll ;zfll ;i' izill ;Z]]w) T Ti—1 Ti Tit1 Tj_1 Tl Tn

11— 1 1

Tl @Gl TG T4l Tjo1 Tl In
/
&[[h ot bt L tnﬂ

1 Ti—1 Tg T4+l Tn

&V$<A<Ht1 Lti1 tg by i1t ,..tn]lgp )

and interchangeable with

L B L R S L 2 2 U 21
Lr t1 . ti1 tir1 .. tn _ . . .
A o ---1271 IZ75+1 A P T1 Ti—1 Tit1 Tj—1 Tj+1 Tn
t1 L1 tigp1 L ti—1 tigl L tn
&va (A<|[11 i1 Ti4l  Ti—-1 Tjpl o ¥

&Htl tic1 tigpr L tn Hw

1 Ti—1 Ti4+1l In

%)

¢)
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If n = 2 then ¢+ = 1 and j = 2 and we have to

show that vz, ([[;11 ;%]] ) (A([[ ]] )) chll o ([{ ﬂ ) is identical to

Jv
/,xA([[irll ;22]]¢)&vz( (H ﬂ )) [[111 ([[ ]] > and interchangeable with
a([]e)erstans] 3]

Both cases are analogous to the previous ones.

O

Note that in general, if x; is not a free variable of «, then [Ltfl e ;”]] Q

. . . t ti1 ts tn .
is not identical to [[ Ll b AL L ﬂ a but only interchangeable. For ex-
1 Ti—1 Ti41 Tn

ample, if x1 is not a free variable of «, then the first formula is | * || 1z, (p) =
o1 ¥

MA([[ill]]@&VI(A(s@))&[[ill]]w(sp) which is in general not identical to tx, ().

Lemma 60 If the uniqueness conditions of t1, ta, ..., tn, S1, S2, .-+, Sm
and a are derivable, {x1, 9, ..., 2, } NV (FV()\{y1,%2, -, Ym}) = 0 and the
substitutions [{;11 e ;z Zi e Z’:L a are defined, then this formula is inter-
changeable with [[[[;11 "?%Z]]Sl e [[;11"?;2]]5”1}] a when the uniqueness conditions

of one of both are derivable.
The analogous property for terms T of the PITFOL calculus also holds.

Proof.
We prove this by structural induction on o and 7.

e If 7 = y; then both terms are [{“ e t"]] S;.

1 Tn

e If 7 = ux; then the statement of the lemma requires that z; €
{y1,%2,---,Ym}, so we already handled that case.

e If 7 is a variable symbol not in {x1, z2, ..., Zn, Y1, Y2, - - -, Y } then both
terms are 7.

o If 7 = f(m,...,7) then induction on the 7; and the ERf2 rule easily
yield the desired result.

o If 7 =wxy(p) and = & {y1,¥2,...,yn} then we have to show the inter-
changeability of

v x| Al ]e)eve(a(om o)) el m e \ T vl ¥
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and LT A@s)&Va(Alps)) & (P2)  Where  we  abbreviate =
[{[[;11;2]]81 chllizﬂsm]] Y and @1 = [Milly%ﬂﬂ Hillyi?ﬂs’"]] ®.

If also x & {21, @2, ..., 2.} then the first term is o A, )gva(a)&w: (91)
where we abbreviate

O ERR N (N PRSP F T (N R ) I PR 1
and @1 1= [[ill i’;ﬂ [{;i :ZZH ®.

By induction, ¢; and @9 are interchangeable. We will now show that
A(r) &Vr(A(pr)) & 1 and A(s) & Vo (A(ps)) & 15 are also inter-
changeable.

It is easy to derive bk, A(A(¢)&Ve(A(pr)) &y) and +,
A(A (1)) &V (A(ps)) & 103), hence we only have to derive A(y);) &
Ve (A(p1)) & 1 A A(s) &V (A(p2)) & o

A1) &V (A(pr)) & vr b Agr) & Va(Apr)) &y ass

A1) &V (Apr)) & ¢ B Va(A(er)) & ¢y &-elim

A(Y) &Vz(Ap1)) &y b &-elim

A1) & Vo (Apr)) &y k-, Htl . tnﬂ IISl S Smﬂ Y &-elim

T Tn n Ym

A(r) &Vr(Apr)) &by b=, 1y induction

A1) &V (Alpr)) & 1 B A(te) defCons

A1) &Vr(A(pr)) & 1 B, Ve (A(er)) &-elim

A1) &Vr(A(pr)) & 1 B, Ve (A(ps)) induction, Th.

A1) &Vr(A(pr)) & 1 B, Ahg) & Va(A(ps)) &-intro

A1) &V (A(pr)) &y F, A(s) & Ve (A(ps)) & 19 &-intro
A(the) &V (A(p2)) & o by A1) &V (A(p2)) & 1o ass
A(h2) & Vr(A(p2)) & P b, Ve (A(p2)) & P2 &-elim
Aln) &Va(Alg)) o b bs -olimm
Alw) &¥a(A ) &y [ 0 induction

| L1 Tnl LYt  Ym }
A(t) &V (A(p2)) & o A < [[ ot ﬂ L ¢) defCons
) 1 Tn L Y1 Ym |
A(Htl...t”ﬂ HSI"'Smﬂlb) -, tr in ST Sm ¢> Lemma B8
I Tn Y1 Ym | L1 I | L Y1 Ym |
Al) &Va(Alp2) &t b, | o Ao w) Cut
| L1 T | L Y1 Ym
A(2) & Vz(A(p2)) & tha b, YV (A(p2)) &-elim
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A1) &V (A(p )) & 1,[)2 F, V:E(A( 1)) induction, Th.
tl . t”ﬂA Hsl...smﬂ @) Lemma B8
Tn 2 Ym
V(A bV ([ Al %] o)) SimGen
T T Y1 Ym
A1) &V (A(p2)) &ngk ve (| a5, Cut
-751 T, Y1 Ym
A(2) & Vr(Alp2)) Kby | ﬂ N
&Vx([[ <[[81 ---Smﬂ (p)) &-intro
Y1 Ym
A(p2) &V (A(p2)) & ha by &-intro
A()2) &V (A(p2)) & o, A1) defCons
A1) & Vr(A(p2)) & 1o I, A(q/)l) &Vr(A(er)) &-intro
A1) & Vr(A(p2)) & 1o b, A1) & Ve (A(pr)) & Yn &-intro
If however =« = x; then the first term again
has the form LT A1) &5z (Algr ) &ern (1) where now
o= aemmmen]fnomle omad v =

L (e e P P P
x1 Tn Y1 Ym Y1 Ym Y1 Ym
This case is analogous to the previous one, except that here we we

cannot apply induction directly to show that ¢; and ¢, are inter-
changeable.

If n =1, then ¢, = [[; f/ZH © = @9 and we are done.

If n > 1, we will show for j = 0,1,...,m
that V2 is interchangeable with D, =
t t t t t t;_1 t; t t; 1 ts t
B R R R R S CAT FEb g i B
Y1 Yj Yj+1 Ym
t1 . tio1 tig1 _ntn]] [[zl 1 tit1 .. tn]]
where @, = [3-52 Maspby NN RS o LU ¢ and
Y1 Ym

®,, = py. We do this by showing that ®; is interchangeable with
®,q for 5 = 0,1,...,m — 1. The construction of these two formulas
only differs in the term which is substituted for y;. Because we

assumed the substitution H; Zmﬂ Ly () to be defined, we have
two possibilities:

— y; is not a free variable of ¢. Hence, by the previous lemma,
q)j = q)j+1.
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— x; is not a free variable of s;. Again invoking the previous

t t t ti—1 t; t .
lemma, we get that [[ Leootnland || oees Bt AL Lt gre In-
1 Tn 1 Ti—1 Ti+1 Tn

terchangeable. Using property [b5], we get the interchangeability
of (I)j and q)j+1.

We have obtained that ¢, is interchangeable with ®g; induction imme-
diately yields that & is interchangeable with ;.

o If 7 = 1xy(p) and x = y;, then we have to show the interchangeability
of

|[t1”'tnﬂw (|[t1.__tk—1 tk+1"'tnﬂ(p>
Ty Ty, A([51-om]v) Ty Tpo1 Tkp1  Tn

&V Al || 1 te—1 eyl tn g
Tl Tp—1 Tkl Tn

efoym]v
and LxA(¢2)&Vx(A(¢2))&¢2 (QOQ) Where

t1 . tn t1 . tn t1 . tn t1 . tn
P2 = [[ﬂzl znﬂsl [[751 In]]sk*l [[11 In]]skH e [[11 Znﬂsmﬂ ¥
Yk—1

Y1 Yk+1 Ym

t tn
and 1, = [[[[ley:n]]a H 1. This case is analogous to the previous
one.

e The other cases are easy.

5.2 Defined symbols

We will extend the PITFOL calculus with a finite number of so called defined
function symbols and defined predicate symbols. We will denote the
resulting extension as the PITFOL calculus. Instead of A (which is only
defined on terms and formulae of the PITFOL calculus), this calculus will use
Al which is defined in the same way as A except on defined symbols.
These defined symbols are supposed to be added to the calculus in a
certain order. Hence we can speak of defined symbols added before a certain
defined symbol, etc. We call the position of a defined symbol in the series of
defined symbols its index; the first defined symbol has index 1 and so on.
For convenience, we define the index of a function or predicate symbol that



CHAPTER 5. DEFINED SYMBOLS USING SIMULTANEOUS
212 SUBSTITUTION

is not a defined symbol as 0, so we always can talk about “the highest index
of defined symbols in a given formula or term”.

We will add a ¢ subscript to the - symbol to indicate sequents of the
PITFOL’ calculus.

For a defined function symbol g, we define

At ta, ... 1)) = A’(Htl tnﬂ éf*)

x T,

where ¢g* is a term of the PITFOL calculus containing only symbols defined
before g. As before, g* is obtained from g* by changing the names of all bound
variables, but here we require that the bound variables all be renamed such
that they are different from the free variables of ¢, to, ..., t,,. This renaming
is necessary to ascertain that the simultaneous substitution is always defined.
For each defined function symbol, we require that UC(g*) be derivable. We
also add a new rule to the calculus:

UC(t1), UC(ty), ..., UC(ty)
A(g(ty,....t) Fo gt ... 1) = “tl th 7

x T,

We will call g* the defining term of g.
For a defined predicate symbol ¢, we define

t1 th || ~
Ag(ty te,... . 1,)) = A *
attnta ) = &( |20 )

where ¢* is a formula of the PITFOL calculus containing only symbols defined
before ¢ and for which UC(q*) is derivable. We again add a new rule to the

calculus:

UC(h),UC(t), ... UC(t)
At 1)) Fo gty 1) “tl t”H P

X T,

We will call ¢* the defining formula of q.

We call zq,...,x, the argument variable symbols of ¢* and ¢* and
require that FV (g*) C {x1,xs,...,z,} and likewise for ¢*.

We will abbreviate “the defined function symbol g with argument sym-

bols z1,x9,...,x, and with defining term ¢* = ¢” as “the definition
g(1,29,...,2,) = ¢”, e.g. “the definition frac(z,y) = t2-(y=0)(2 -y = 2)”.

Note that in contrast to PVS, the addition of a defined symbol does not
cause an extra formula to appear in the context of sequents.
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5.2.1 Well-foundedness of the definition of A

Remark that we define A recursively; it is not immediately clear that this
recursion is well-founded. Contrast this with the definition of A where it is
clear that to calculate A(a) we recursively need to calculate A of formulae
or terms with smaller complexity than «. However, in the calculation Al of a

defined symbol application g(t,...,t,), the complexity of [Ltcll e fv?; ﬂ ¢* can
be much larger than the complexity of g(t1,...,t,): we need to search for an

other measure than complexity to show that the recursion always terminates.

We define the expansion rank p(«) resp. p(7) of a formula « or term 7
of the PITFOL calculus as

e p(z):=0
e p(f(m,72,...,7n)) := max; p(7;); if f has no arguments, then p(f()) :=
0.

o p(ury(p)) == max(p(¥), p(¢))

e o(g(m1,72,...,7n)) := N7 + max; p(r;) where g is the j-th defined func-
tion symbol; if g has no arguments, then p(g()) := N7.

e p(p(m,72...,7n)) = max; p(7;); if p has no arguments, then p(p()) :=
0.

e p(q(11,72,...,Tn)) := N7 + max; p(7;) where ¢ is the j-th defined pred-
icate symbol; if ¢ has no arguments, then p(q()) := N7.

e p(—a) :=p(a)
o p(a& B) :=max(p(a),p(B))

o p(Vz(a)) := p(a)
where we choose N such that for all defined symbols, p(g*) < N’ where g is
the j-th defined function or predicate symbol.

It is indeed possible to find such a N: one sees easily that p(g*) is a
polynomial P;(NN) with non-negative coefficients of degree at most j — 1 in
N where g is the j-th defined symbol. Since there are only a finite number of
defined symbols, by choosing N large enough, we can indeed satisfy P;(N) <
NJ for all j.

For convenience, we set p(T) = 0.

We define a sequence of metalogical operators Aj where k£ > 0 which

transform a formula or term with expansion rank at most k into another
formula or term or the symbol T:
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Ay(a) = A(a) and A(7) := A(T)
For k > 0, A}, is defined analogously to A, for example
Aya & 3) = Aya) & (o = AY(B))

with the extra rule

Ay(q(ti b, ... 1)) = A’k1(|[t1 tnﬂ qN*)

X1 T,

where ¢ is a defined predicate symbol, and likewise for defined function
symbols.

We will show shortly (see corollary that p( [[ill e gt; ﬂ gﬁ) < k so

A}, can indeed be applied to the formula [[;11 e fc" q*.

We now define Al(a) := Al \(a).

Theorem 61 Given a formula o and n terms ti,ts,...,t, of the PITFOLU
calculus. If the operators Ay, ..., Alp(a)+max?11p(ti) are already defined, and

p(A(t;)) < p(t;) for alli=1...n then

tl 2fn Z61 tn n
P( /p(a)-i-max?_lp(ti)( |[£U1 o xnﬂ a)) < p( Hxl e xnﬂ a) < p(a)+r?jf(p(ti)

if the simultaneous substitution is defined. Likewise for terms T.

Forn =0, this collapses to

p(A(a)) < pla) if Ay, ..., A, are already defined.

Proof.

We prove this by induction on the highest index of defined symbols in «

and 7. This we prove by structural induction on o and 7:

o7 = We have to show that /)(A/maxn,lp(t,-)(ti)) < p(t;) <

max; p(t;), which was already assumed in the statement of the theo-
rem.

T = x with « € {z1,29,...,2,} We have to show that 0 <
max; p(t;), which is trivial.

T = f(r, o Tm) We  have to  show  that

maxz-p(A’p(THmaxnﬂp(ti)([{;11 e f;]] Tz)) < maxz-pq[;ll e Zﬂ T,;) <
max; p(7;) + max; p(t;) which immediately follows from structural
induction on the 7;.
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e 7 = g(7m,...,Tm) where g is the j-th defined function symbol We
have to show that

t1 tn t1 tn
o (el [ t] ] -
p( AT)+max}_, p(tl)<|l n U g
4 t ot
§Nj+maxp(|[1--~ HTZ)
7 T e

< N’ + max p(7;) + max p(t;) .

We can apply structural induction on all 7; to obtain that

p<A/p(Ti)+maX?:1p(t¢)<|:{;ll ;Z]] Tl)) < P([{;ll ;Z]] Ti) < plm) +

max; p(t;), from which the second inequality readily follows.

To obtain the first inequality, we apply induction on g¢*, since

it contains only defined symbols with index < j, to obtain

that if Aj,..., A" _ are already defined—which
0 /’(9*)+maxip([[;11"';t;]]7'i)

is the case, because we supposed A'p(T) max™_ ft:) to be defined

and noting that by definition p(¢g*) < NI, we have p(g*) +

maXiP([{tl t"ﬂ Ti> < N’ + max;p(r;) + max;p(t;) = p(7) +

T Tn

max}_; p(t;)—and if p(A’( ;11 . iz]] Tz)) < p( [{ill e ;Z]] Ti>7

which we just proved—then
[ [ 2 tn | t1 tn
celn o]
P A ~ t tn [[;m Tn | R Tn g*
( g )—l—maxi p([[$11 xn]]n) < [_ U1 Um ‘m ) )

" "

~ t tn
Sp(g*)+ma><p(|[ R HT)
2 T Tn
(31 tn t i-1 Liv1 ln
A A
(sl o)) (sl sl #),
.
sl ] Al 1)
T Tn I Ti—1 Tit1 Tn

~+~

max

< max
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< max(p(y) , plep)) + max p(ti)

where k = p(7) + max?_, p(t;), which is easy using the structural in-
duction on 9 and ¢.

o 7= 11y(p) where z & {z1,29,...,2,} Analogous.
e T=p(T1,. ..y Tm) Analogous to the case f(11,...,Tm).

o 7 =q(7,...,Tm) where ¢ is the j-th defined predicate symbol Anal-
ogous to the case g(11,...,Tm).

e o =[3 Replacing a by 3 does not change the desired inequalities,
so we get them by applying structural induction on .

° « & v We have to show that

o[ ] )] ([ 1 3) {5 ] )
mase (p( [ - 2] 8) o[- }]Z)) < max(p(0) . p(B)) +

max; p(t;) where k = p(a) + max}_, p(t;) which we obtain immediately
using structural induction on « and 3.

o« = V() We have to show that
1 ti—1 t; tn t ti—1 t; tn
([t 8] ) < o[t ] 8) <
p(B) + max;p(t;) where k = pla) + maxl, p(t;). By in-

duction on (3, the first two comparands are actually at most
p(ﬁ) + maX(p(tl) ) 7p(ti—1) 7p(ti+1) ) ’p(tn))'

o o = Vz(B) where x & {z1,29,...,2,} Replacing a by 8 does not
change the desired inequalities, so we get them by applying structural
induction on 3.

Now we can show that Dj, is well defined:

Corollary 62 Suppose Ay, ..., A, are defined. If p(q(ti,...,t,)) < k,
then p(ﬂ SRR t”]] qN*> < k where q is a defined predicate or function symbol.

Proof.
The previous theorem yields that p(A(¢;)) < p(t;) when A’ p(t ) is defined,
which is the case since p(t;) < N7 +max?_; p(t;) = p(q(ts,...,tn)) < k where

7 is the index of q.
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Hence we can again apply the previous theorem to obtain that

o]0 #) < 0(@) + nibote

T Tn
provided A’p((;*)mam?:1 ) is defined. This is again the case because p(glj‘ ) +
max}; p(t;) < N7 +max}, p(t;) < k. O
Corollary 63 Given a formula o and n terms ti,ts,...,t, of the PITFOU

calculus. Then

(L)) = ol 2]e) = o earons

if the simultaneous substitution is defined, and likewise for terms T.
Forn =0, this again collapses to

p(A(a)) < p(a).

Corollary 64 Given n terms ty,ts,...,t, of the PITFOL calculus. Then
p( [{ill e ;’;H 5*) < plg(t1,...,t,)) where g is a defined function or predicate
symbol.

5.3 Expansion of proofs

We will prove that adding defined symbols to the logic does not modify its
consistency.

To prove this, we define the expansion £ («) and & (t) of a formula «
or term ¢ of the PITFOL’ calculus. These both yield a formula resp. term of
the PITFOL calculus. We will then show that when we replace in a proof all
formulae by their expansions, we get a correct proof in the PITFOL calculus—
just like we did before with R and D.

The expansion of formulae and terms is defined as follows:

o E(f(tr,tay ... tn) = f(E(t),E(ta),...,E(t,)) if f is not a defined

function symbol
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o E(g(ty,... tn)) = [[S;tll) . gg(f:)ﬂ & (g*) if g is a defined function sym-
bol; z1, ..., x, are the argument variable symbols used in the definition
of g; g* is as before obtained from ¢* by changing the names of all bound
variables, but here we require that the bound variables all be renamed
such that they are different from the free variables of ¢y, to, ..., t,.
This renaming is again necessary to ascertain that the simultaneous

substitution is always defined.

o E(1wy(p)) = ey (€ (p))

o E(p(ty,ta, ... tn)) = p(E(t1),E(ta),. ..

,E (tn)) if p is not a defined
predicate symbol, and likewise & (t; = t3) =

E(t) = E(t2)

o E(q(ty,ta, ... ty)) = Hg(tl) 5;?)]] E ((f‘) if ¢ is a defined predicate

1
symbol; x1, ..., z, are the argument variable symbols used in the defi-
nition of ¢; again, ¢* is obtained from ¢* by renaming all bound variables
to variables different from different from the free variables of ¢, o, .. .,
[

o £(—a)=-€(a)

o E(a&f)=E() &E(P)

o £(Vz(a)) =V (€ (a))

e For definedness properties, it will be handy to define £ (T) = T.

Lemma 65 For any formula o and terms tq,...,t, of the PITFOL calculus,
& (Htl t"]] a) does not contain t-terms if and only if £ () does not con-

x1 Tn
tain t-terms and for each i = 1,...,n either z; is not free in € (a) or & (t;)
does not contain t-terms.

The analogous theorem for terms T also holds.

Proof.
We prove this by structural induction on o and 7. The interesting cases
are

e 7 =g(m,...,T,) where g is a defined function symbol We have to
show that

[[g(ﬂii ;‘J‘}Zﬂ“) ([ ) wn]]””)ﬂ & (g*) does not contain t-terms  (A)

m

if and only if
Hg(ﬁ) e E(Tm)ﬂ & (g?‘) does mnot contain -terms &Vi (:L’Z g

Y1 Ym
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FV( [[5;?) ‘gg;:‘)ﬂ E(g*)) vV E(t;) does mnot contain t-terms).
(B)

By property , (A) is equivalent with: &€ (gN*) does not contain ¢-terms
&Vj(y; € FV(E (gN*)) Vv E (chll e iz]] Tj) does not contain t-terms).

Using induction, this is in turn equivalent with: £ (5*) does not con-
tain -terms &Vj (yj g FV(E (57*)) V (€ (7;) does not contain ¢-terms
&Vi(x; & FV(E (1)) vV E(t;) does not contain L—terms))>. (A7)
Next, consider (B). Using properties 53| and this is equivalent with:
& (g*) does not contain t-terms &V (y; & FV (€ (9*)) V € (1;) does not
contain ¢-terms) &W( (z: ¢ FV(E (5*)) Vi, €{y,....ym}) &Vj(y; &
)
FV (& (5*)) Va; & FV(E(7))) VE (t;) does not contain L—terms>. (B")

V
Note that FV(£(g*) € FV(g) C {y1,.--,Ym}, so (x) is a tautology.
One now easily sees that (A’) and (B’) are equivalent.

o T = 1xy(p) Since both a and & ([{

case is trivial.

t t :
R "]] oz) are (-terms, this
x1 Tn

Property 66 For all formulae o of the PITFOU calculus A(E () = T if
and only if E(AX(«a)) =T and likewise for terms 7.

Proof.
We prove this by induction on p(«) and p(7), which we in turn prove by
structural induction o and 7. The interesting cases are

o7 = g(m,...,7,) where g is a defined function symbol We
have to show that A([[g;?) ---E(T”)ﬂ 5(;7*)) = T if and only if

C(EE ) EE

One shows easily that for any term ¢ of the PITFOL calculus, X(¢) =T
is equivalent with requiring that ¢ does not contain ¢-terms, and

likewise for formulae.
Hence, A([{g(ﬁ) 5(7")]] E (g*)) = T if and only if

1 Tn
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[[8(71) . S(T")ﬂ & (g*) does not contain :-terms.

x1 Tn
By property , this is equivalent with: £ (gN*) does not contain ¢-terms
and for each i = 1,...,n either z; is not free in € (¢*) or £(7;) does
not contain ¢-terms.

Using the previous lemma, this in turn is equivalent with requiring

that &£ ([[;11 e T”ﬂ 5*) does not contain ¢-terms.

Tn

This is again equivalent with A(E (H“ e T"H 5*)) = T. Because of

x1 Tn
corollary we can apply induction on the expansion rank to obtain
the required equivalence.

o 7= 11y(p) Both terms are £ (¢) and hence cannot be T.

Theorem 67 1. For all formulae o of the PITFOL calculus for which the
uniqueness conditions are derivable, A(E («)) and € (AX(«)) are either
interchangeable or both equal to T, and likewise for terms 7.

2. For any formula B of the PITFOL calculus and any terms tq,...,t, of
the PITFOL calculus for which the uniqueness conditions are derivable

and for which the simultaneous substitution [{E i"]] 0B s defined,

[[‘g(tl) ‘e g(t”)ﬂ E () is interchangeable with € <[[t1 e t"ﬂ 5) and like-

1 Tn 1 Tn

wise for terms o.

Proof.

Remark that in the previous property, we showed already that if one of
A(€(a)) and € (A(a)) is T, then so is the other, so we only have to concern
us with establishing their interchangeability when they are not T.

We prove the theorem by simultaneous induction on p(«) and p(8) +
max; p(t;).

For the base case, p(«) is 0, i.e., a does not contain defined symbols.
Hence, € (a) = «, so A(E(a)) = A(a). Further, A(a) = A(«), and this
formula also does not contain defined symbols, so € (AX(«)) = A(a) and we
see that both terms are identical.

For the second part, p(8) = p(t1) = -+ = p(t,) = 0, so no defined

symbols are involved and both simultaneous substitutions are [{ill e i"]] G.

For the induction step, we perform structural induction on a and 3. We
first prove the first part of the theorem. The interesting cases are:
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o7 = f(r,7,...,7m)  We have to show that A(E(m)) & -+ &
A(E (1,,)) is interchangeable with £ (A(m)) & -+ - & £ (A(7,,)), which
is easy by induction on the 7;.

o 7= 12y(p) We have to show that A(E (v))) is interchangeable with
E (A()) which we immediately get using structural induction.

o7 = 9(T1, T2y ooy T We  have to  show  that

A ( [[g;tll) e g;t:) ]] £ (g*)) is interchangeable with

E (A’ (H;ll ;’Z ﬂ g*)) Because of corollary , we can apply

induction on the first part of the theorem on ;11 5:2]] g*. This

gives us the interchangeability of & (A’ ([{;11 i:;]] g*)) with

A(E(|™---™]lg*)). What remains is an application of the
x1 T

second part of the theorem. We can apply it if p(¢*) + max; p(t;) <
p(g(T1, 72, -+, Tm)), 1€, if p(g*) + max; p(t;) < N7 + max; p(t;) where
j is the index of g. The inequality easily follows from the way we
defined N.

We now prove the second part of the theorem. We can use the first part on
formulae « for which p(a) < p(8) + max; p(¢;). The interesting cases are:

e 0 = f(o,00,...,0m) We have to establish the interchange-
ability of f ([ -] (), [T ] £ (o)) and

1 1

f(é'([{;ll ;”]] 01) ,...,5(“;11 ;’T‘LH Jm)>, which is easy by ap-

plying the structural induction on all of the 7;.

o0 = g(o1,09,...,0m) We  have to show  that
[{53(;11) . 5?)}] [[5;011) . 5(;”1)}] E(g*) is interchangeable  with

[{gqiﬁ ';liﬁ]]"l) ...5<[[;11 ';;Z]]”"L)]] & (g;;) On the first term, we
can apply lemma [60, and show that the result is interchangeable
with the second term using property [55 To apply this property

however, we require the interchangeability of [[‘92511) e git:)ﬂ € (0;) and

xr1 Tn

& ([[tl t”ﬂ 0,») for + = 1,2,...,m, which we obtain by applying

structural induction.
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o 0 = 1xy(p) where z & {x1,29,...,2,} We have to show that

£ (tl) & (tn)
L$A<[[g;tll)._,eitrzl>]]g(¢))&vx<A<Hsitll)__,sgl)]]g(@))> <|l 7 T z, ﬂ & (SD))
&[[ﬂh),,,f(tn)]]g(w)

zq Tn

and

He(a[a-n]e))wva(e(a([n - m]e)))we([5 - ]v) (g (ﬂﬂts iﬂ SD))

are interchangeable.

To establish that [{gitll) ---g(t")ﬂ E(Y) is interchangeable with

In

& ([{“ e t”]] @/}) and likewise for ¢ is easy by structural induction.

x1 Tn

The interchangeability of A < [[5(751) e S(tn)]] E (¢)) and

x1 Tn

& (A, (|:|:ill tn]] ¢)> and likewise for ¢ is somewhat more in-

Tn

volved. By structural induction, the first term is interchangeable
with A(S ([[tl e t”]] w>) If we can now apply the first part of the

x1 Tn
theorem, we are done. To be able to apply induction, we need to check

that p([{tl f;]] 1/1) < p(txy(p)) + max; p(t;), which immediately

1

follows from corollary [63]

O

Note that for the second part of the theorem, it is possible that the simul-
taneous substitution [[g(tll) . 5(t”)ﬂ E(p) is defined while the simultaneous

T Tn

substitution Htl e i"]] (3 is not defined.

1

For example, if g is a defined function symbol, defined as g(y, z) = y, then the
simultaneous substitution Hg(y“) 5(;)]] E(x(z =gy, 2))) = [[Z;”]] wr(x =y) is

ux
Yy z

defined, but the simultaneous substitution [{ ﬂ wr(z = g(y,2)) is not de-
fined, because substituting x for z would capture x.
For the following lemmas and theorems, one can construct analogous

examples.

Lemma 68 For any formula « of the PITFOL calculus for which the
uniqueness conditions are derivable, and any terms t,tq,...,t, of the PIT-
FOL calculus for which the uniqueness conditions are derivable, if v &
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FV(a)\ {x1, 2, ..., 2} and E([z]t;) is interchangeable with [€ ()/,]E (t;)
under the condition A(E(t)) for all i € {1,...,n}, and the substitutions

[{S(lem ...Sﬂ%ltn)ﬂ a are defined, then [€(1)/,] [{5(“) ---E;i@]] o is inter-

1 Tn 1

changeable with [[5([2"’1"}“) e 5([%}25”)]] a under the condition A(E (t)), and like-

Tn
wise for terms T of the PITFOL calculus.

Proof.

We prove this by structural induction.

e 7 =ux;  We have to show that [€()/]€ (t;) and & ([t/3]t;) are in-
terchangeable under the condition A(E (t)), which we required in the
statement of the lemma.

e If 7 is a variable symbol different from the z;’s, then it cannot be x.
Hence both terms are just the variable symbol 7.

o7 = flm, T, o T) We  have to show  that
F(E @] [F0 2] E @] [0 2] 5,) s inter-

changeable with f <H5([Z"f}t1) e 5<[th")]] Ti, - ) under the condition

A(E(t)), which is easy using the ERf2 rule and induction on all the 7;.

o 7 = wyu(p) where y & {x1,29,...,2,} We have to show that
(1)) Ham 83:)]] 7, ie.,

z1

E(ty)  E(tn)

et Lpento (-1l (L ] #)

is interchangeable with

€

[’yA([[g([Zzl]il)...ﬂqp)&vy(A([[g([Zzl]il)...ﬂ¢>)&[[5([zﬁltl)...]]q/) (Hg([zmﬂ“) T 5([221“)]] @)
We will abbreviate the latter term as (., (p2).

Using corollary [57] it is not difficult to derive the uniqueness conditions
for both terms.

— x =y or x is not a free variable of HE(“) e g(t”)ﬂ %

1 Tn

We first remark that [[git;) . Sit:)ﬂ 0= HS([Zoi]tl) . 5([%’5”)}] ®.
Indeed, in case z = 1y, remark that for the substitution

Hg(“) e g(t”)ﬂ Ly () to be defined, either z; is not a free variable

1 Tn
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of ¢ (and then Lemma [59] yields that substituting either & ([t/;]¢;)
or & (t;) for z; does not change the resulting formula) or x is not
a free variable of ¢;, and then & ([t/]t;) = € (t;).

In the other case, x is not a free variable of [{gitll) e 5;’5:)]] p; it is

easy to see that both terms are identical.

Next, we investigate the first term to consider,
€ ()] [[5521) ...5;75:)]] 7 . Its form depends on whether z is

a free variable of [{gg(fll) ~--g;t:)ﬂ 1. In case x is not free in

Hf(tl) . 55;:)]] 1, the first term becomes

1

Ya([een - Jo)evy(a([5e o) )& e00 -] (|[59<6t11) girin)ﬂ S0>

and again it is easy to see that [[83(;1) ...fit:)ﬂ 1 is identical to
[[eq%]tl) o Ealtn)

I S ]] 1 and hence both terms to consider are iden-

tical.
If x is a free variable of H€§Ct11) EX g;t”)ﬂ 1, the first term is

E(t)  E(tn)
et Opa([fn - o) ey (a([50 - Je) €O 0 Jo\ | 2, |7

which we will abbreviate as tyy,(p1) with ¥; = A(E(Y)) &
[€ O] A () & Vy(A(e1)) & [€ (B3]

We already established that ¢; and ¢, are identical. Hence, in
order to apply theorem [29) we need the uniqueness conditions of
both ¢-terms (which we already have), that y be not free in ¢ (see
below) and that W, and 5 be interchangeable under A(E (t)):

F, A(U) defAnt
Uy =, Wy ass
Uy, Vy(A(er)) & [€ )] &-elim
Uk, [E O] _ &-elim
AE (1) AE Bfalin) & EOplun b, | € ([Zf“” L8 “Zw] By induction
A1) A D) [E O v, | € ([Zf]“) W], toCtxt
A(g(t));\pl l_L :g([t/x]tl) 5([t/l‘]tn): w Cut3
L T In ]
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A A(Hs [felts) %" )H¢> defCons

Uy, Vy(A(e &-elim
A(E(1); 01 F, Vy(Ap >> & |[5 ([Zf]tl) ﬂ 6 &intro
A(E(t)); V1 b, o &-intro

= A(t) defAnt
¢2 l_L @Dz ass
o, Vy(Alps)) & HE ([Zf]tl) . ~ﬂ¢ &-elim

s ﬂg([t/:c]tl) - E([ta) tn)ﬂ Y &eelim

I Tn

A(E (t));A(HW/-’B]“) ﬂ@

€

& (It T € ([altn) A (t) kg induction
1 . T
A(S(t)),A(ﬂg([ﬁ]tl)...ﬂw ;
IIS([t/x]tl) 5([t/x]tn)ﬂ o Fy € O] in toCltxct
" A(v?(t)) ;o by [5 (t) ) Cut3
Yy b, Vy(A(p2)) &-elim
A(E(t)) b2 Vy(Alype)) & [5 (t) s &-intro
A(E(t)) ;92 by A([g (t) ) defCons
A(E O F, € @)L Ay) Th. 33
A(E(1) ;02 b, [€ W] A) Cut
A(E ()02 b, [€ )] A(r) & Vy(Alp))
& [5 (t)/x] (8 &-intro
F A(A(E (L)) Ddef
A(E(t) o AE(1)) ass
A(E () F A(E()) toCtxt
A(E(t)) ;e Uy &-intro

— If x # y and x is a free variable of [[55511) .. 5(tn)ﬂ o, then the first
term, [€ (t)/m] Hs(m) N E(tn)ﬂ 7 s

X x

E(ty E(t,
Y AEW&EDA([E0) -0 ] y) ([S(t)x]ﬂ i ). & )ﬂ 90>

Tn

&[S(t)/x}Vy<A< [[55511) "'E;t,:)]]@))&[g(t)/m][[g;tll) ...Sii:z)]]w
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For the substitution [€ (t)/,] Hgifll) . 5:?:)]] 7 to be defined, y must
not be free in ¢, and hence the proof is analogous to the first case.

e The other cases are easy.

Theorem 69 1. For any formula o and term t of the PITFOL calculus
for which the uniqueness conditions of the expansion all of its .-terms
are derivable in the PITFOL calculus, if the substitution [€ (£)/,]€ (a) is
defined, then & ([Yy]a) is interchangeable with [€ (1)) € (o) under the
condition A(E (1)), and likewise for terms T of the PITFOL calculus.

2. For any formula [ of the PITFOL calculus for which the unique-

ness conditions are derivable, and any terms t,ti,...,t, of the PIT-
FOL calculus, if x & FV(B) \ {x1,22,...,2,}, and the substitu-

tions [€ (t)/x] [{E(tl) .. w")ﬂ B are defined, then ﬂg([té’f}tl) g([t/’”}t")]] 154

1 Tn Tn

is interchangeable with [€ (t)/y] [[g(tl) E(t”)ﬂ B under the condition

1 In

A(E(t)), and likewise for terms o of the PITFOL calculus.

Proof.
We prove both parts simultaneously by induction on cpl(a) resp. cpl(7)
and ) cpl(t;).

For the base case, we have

e cpl(7) = 0, i.e., 7 is a variable symbol. Then either 7 = z and both
terms are £ (t) or 7 Z x and both terms are 7.

e cpl(t;)) =0 fori=1,2,...,n. We can apply the previous lemma if the
first part of this theorem holds for 7 = ¢;, which is what we just proved.

Next we handle the induction step.
For the first part, the possible shapes o and 7 can take are

o 7= f(m, 7o, ., Tim) Easy using induction on the 7; and the ERf2
rule.

o 7= 1yy(p)
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— If x = y or x is not a free variable of ¢, then we have the following
situation. Either x is not a free variable of 1, and both terms
are are tyg(y) (€ (¢)). Else, we have to show the interchangeability
of eyt (€ (9)) and ey (€ (9)) under the
condition A(£(t)). Using theorem and induction, it is not
difficult to show that the domain formulae of both terms are in-
terchangeable.

—If x # y and x is a free variable of ¢, then we have to
show the interchangeability of wyeaq)ce(t,v) (€ ([t/z]e)) and
LyA(g(t))&[S(t)/z]g(w)qg )/x]€ (p)) under the condition A(E (¢)). It
is again easy to show that the domain formulae of both terms are
interchangeable, but the definiens are only interchangeable under
the condition A(E(t)). Note that for the substitution to be de-
fined, y must not be free in t. We choose the variable symbol z
different from y and not occurring in ¢ or ¢:

EW) F. Ay (E () UC
A(E 1) [€ O () b, Ay([€ ] € () subst
t); x 3y x) ¥ Th.

A(E ()5 E (W) B 3y (E ([Halw)) h. 29

AE 1)) [€ O € () o Fy([€ ] € () &-elim

AE 1) PRIE W) € () . Fy([€ D)) € () subst

AE 1) [Fy) [€ O] € () o Yy(A([E D] € (1)) defCons

AE1)); [ [€ Ol € (1) b A(E D] E () V-elim
AE);E([Halw) o Fy(E ([Hale)) &-elim

A(E ()5 By € ([Ualw) Fo Fy(E (U] 9)) subst

AE ()5 [Fy) € ([Yalw) Fu Yy(A(E ([Hzlw))) defCons

A(E() ;% 35 (Wale) Fo AE ([Hz] @) V-elim

AE®); A(EMLIE (9) & [E ] E () Fu € ([Yal @) induction
AE ), A€ O] E(9): [E W] E () b E (U] ) toCtxt
AE 1)), ) [€ Sl € ()5 [E D] E (9) . € (F/w] ©) CutCtxt
AE®)), FRIE Ol () s 1 [€ O] € (0) = E([U/)¢)  DdRu2
A(E®); [y [€ Of)€ (v) i i ((tA)/:(%E( ()f)) = E([t/z] ) fromggxi

. t e

A1) AE®), [y [€ W)€ () o [E @] € (0) = & ([H] ) Weak
A(E(1); AE (1)) & [yl [ O] € () b [E W)€ (0) = E (] ) AnU
A(E(1); AE (Ul o) & E([Hale) Fo [E O] € () induction

AE 1), AE([Yxl ) s € ([t @) Fu [€ W] E () toCtxt
AE®), B E ([Hal¥) s € ([Hale) Fo [€ O] E (o) CutCtxt

AE M), BRI (Ml ) s b € ([Hxle) = [€Ofr]E () DdRu2

A(E (D) [y € ([l 0) 0 € (o) = (€] € () fromCixt
A(A(E(1)) E igg gﬁgg;; Th. %MI]

L ut

AE1);E(AM), [F)E ([Hal ) Fo € ([Hale) = [€ O] E () Weak

A(E (1) E (A1) & [F)E ([Ya)) Fo € (Ul ) = [€ W] € () AnU
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AE 1) [Fylr, Byl te b € ([Yale) < [E@f]E(p)  &-intro
A(E () ; Byl Byl b Yy(E ([Hal @) & (€ ()3 € (@) V-intro
A

(E@); Byl vr, Byl B vypz o, (€ ([ [Yz]))

= Wiz, (€ Of]E () CtxtEq-
A(E(t) 591,02 o vy, (€ (Wx%‘ﬂ))
= 1y, ([€ D)€ (9)) subst

where we used the abbreviations ¢, = £ (A(t)) & & ([{/z]v) and
Vo = A(E(1) & [EWD]E W)

Using the interchangeability of ¢, and 15, the required sequents easily

follow.
e 7 =g(m,To,...,Tm) Where g is a defined function symbol We have
to show that & (¢([t/z] 1, - - ., [Ve] ™)), i-e., H‘S([Zml]ﬁ) . 5(%}?)}] E(g7),

is interchangeable with [€ ()/;] [{g;?) X 5(7’”)]] € (g*) under the con-

Tm

dition A(E(t)), which we can obtain by induction, since indeed
> i(epl(ry)) < cepl(r) =14 >, cpl(m).

e The other cases are easy.

For the second part, we again apply the previous lemma, for which we
need the first part to hold for all ¢;. We have obviously cpl(t;) < >, cpl(t;).
If the inequality is strict, we can apply induction; if both values are equal,
we can use the first part which we just proved for cpl(7) = >, cpl(t;). O

5.4 Equiconsistency

We define the expansion £ (L) of a list of formulae L := oy, as, ..., a, as the
list of its expansions & (a1), € (a2) , ..., E (ay,) . We also define the expansion
of a PITFOL sequent ;' -, a as the PITFOL sequent £ (X) ;& (I') F, £ (a).

As already announced, we will show that for each proof of ¥;T" -, a;, we
can derive £ (X);E (") F, € (). We prove this by induction on the length of
the proof.

For the base case, a proof of length 1 is either an application of the ass
rule with A'(a) = T, the eq rule with A(¢) = T or a definition. These
cases are handled analogously to the corresponding cases of the induction
step below.

For the induction step, we examine the rule used to obtain the last sequent
of the proof.
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5.4.1 Expansion of a definition

We will only consider definition of function symbols explicitly; definition of
predicate symbols is handled analogously. By induction, we have € (UC(ty)),
E(UC(t2)) and so on, and we required also £ (UC(g*)) to be derivable. It is
easy to see that £ (¢ F, Alx(p)) = £ () F, Fz(E(p)), so we actually have
EUC(a)) = UC(E(a)). From UC(E(g*)) we easily obtain UC(E (g*)).
Hence, by applying corollary [57, we have UC/( [{5;‘511) . Eit:)ﬂ & (g*)) and we

can apply the eq rule, yielding

([0 4] 0)
:L IIE(tl) ___g(tn)ﬂ £ (7) = He(tl) _..S(mﬂ £ (5°)

T Tn T Tn

Using theorem [67]2 and theorem [67][1, we get

(a(lon]o)n [ le@ ([0 7)

which is by definition

E(A(g(ty,ta, ... tn)) Fo E(g(t1, ta,y ... t0))

I
S
VR
=
5 =
Sl
[—
N
*
~_

the required sequent.

5.4.2 Expansion of the proposition rules

Since € (a & B) = £ () &E (B) and € (—a) = =€ (), the proof for these rules
is trivial.

Only the assumption rule is somewhat more complicated and we will
handle it explicitly. By induction, we have £ (UC(a)) and € () ;F, € (A(w)).
Using theorem [67][1} we obtain € (X);F, A(€(«)) and we are able to apply
the assumption rule of the PITFOL calculus, yielding the required sequent.

5.4.3 Expansion of the predicate rules

Since &€ (Vz(a)) = Vz(€ (a)), the proof for the V-intro and V-elim rules is
trivial.

For the equality and substitution rules, we only handle the subst rule ex-
plicitly. By induction, we have £ (UC(t)) and £ (X);E(I') k-, £ (). Applying
the subst rule yields

AE®)), [EDfIE(E);[ED]ET) F [EWL]E ().
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Using theorems [67][1] and [69|[T}, we obtain the required sequent

E(A(),E([Ux]2): € ([Ua]T) Fo € ([Yalev) -

5.4.4 Expansion of the other rules

For the iota rule, we are given &£ (¢ F, Jlz(p)). As noted above, this is
identical to &€ (¢) F, Jlz(€(p)) and the iota rule of the PITFOL calculus

yields £ (¥) F, [€ (Lx¢(90))/x]g(\g;) Using theorem , we easily get the
required sequent & (1) F, € ([426(©)/z] ).

The other rules are analogous.

5.5 Derived rules

Most derived rules of the PITFOL calculus still work unmodified in the PITFOL
calculus; only those rules that depend on the exact form of A(a) or A(t)
need to be reconsidered.

5.5.1 Ddef rule

We prove this by induction on p(«) and p(t). For the base case, « resp. t do
not contain defined symbols and we can use the old Ddef rule unmodified.

We handle the induction step by structural induction. The only new cases
are

ot = g(ty,ty,...,t,) where g is the j-th defined function sym-
bol. We have to derive F, A(A(g(t1,ts,...,t,))), ie, Fu
Al (A’ ( [{;?1 e ;’;ﬂ g*)) From corollary

t1
xr1

| we see that we can ap-

ply induction on x i:ﬂ g* to get the required sequent.

o t =q(ty,ts,...,t,) where ¢ is the j-th defined predicate symbol. This
case is analogous.

All further derived rules up to ERf2 can be copied unmodified from the
PITFOL calculus. For ERp and ERp2, p is allowed to be a defined predicate
symbol; for ERf and ERf2, f is allowed to be a defined function symbol.

Theorem [23] also applies to the PITFOL’ calculus, but since the definition
of Al also uses simultaneous substitution, we have to prove a variant of
property [55 and also lemmas [60], 58] and [59] at the same time, so what we

will prove is
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Theorem 70 1. Given
Aa);ab, B
Aa); By a

—

then
A(A(a)); Ala) = A(B)
A(A(a)); A(B) Fv Ala)

where A(a) is a formula possibly containing o and A(B) is the same
formula where a number of instances of a are replaced by 3, and

A(t(@)) Fo t(a) = t(B)
where t(a) is a term possibly containing o and t(3) is the same term
where a number of instances of o are replaced by (3.

These results only hold if the uniqueness conditions for A(a), resp. t(«)
can be derived.
2. Given
A,<t1) }_L/ tl — t2

then analogously,

These results only hold if the uniqueness conditions for A(ty), resp.
t(t1) can be derived.

3. Given a formula o and the formula a obtained from o by renaming all
its bound variables (as in the statement of the t-rule). Then

Ala);al, a
Aa);ab, a

Given a term t and the term t obtained from t by renaming all its bound
variables. Then
Aty t=t

These results only hold if the uniqueness conditions for «, resp. t can
be derived.
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4. 1f

S1 Sn
o xnﬂ «, resp.

[[tl t"ﬂ T and [[il s"ﬂ 7 are derivable, then for formulae o resp.
1 Tn

and the uniqueness conditions of [{;11 fc"]] a and [[

1 Tn
terms T, we have

A(Ht tﬂQWt fnﬂah/ ﬂ ﬂ“
T Tn T T T L
A o e :

T Tn

t tn t tn n
s([o ] e [ e [ ]
X1 Tn X T A Tn

if the simultaneous substitutions are defined.

resp.

If moreovert; is interchangeable with s; for all i, then it is not necessary

that the uniqueness conditions of [{; ;Z]] a resp. [[2 ;:ﬂ T be

grven.

If the uniqueness conditions of t1, to, ..., tn, S1, S2, --., Sm and «
are derivable, {x1,xa,..., 2} N (FV(a)\ {y1,Y2, -, Ym}) = 0 and the

t1 tn S1 Sm

oy n el o are defined, then this formula is

substitutions

. S P s .
interchangeable with [[ I e ﬂ a when the uniqueness

m

conditions of one of both are derivable.

The analogous property for terms T of the PITFOL calculus also holds.

If the uniqueness conditions of ty, ts, ..., t, and « are derivable,

b, .. i” « 1s defined, then so is the substitution

[[;11 ZZH A(a) and A([{; ;Z]] Oé) k. [[ill i’;ﬂ A(a). Likewise

for terms 1.

and the substitution

If the uniqueness conditions of ty, ta, ..., t, and « are derivable, z; is

not a free variable of a, and one of the substitutions [{;11 t”ﬂ a and

Tn
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. U . . . .
Htl cos Bt b t”ﬂ a is defined, then both formulae are identical
z1 Ti—1 Ti Ti+1 Tn
and interchangeable with Htl R A I t"ﬂ Q.
1 Ti—1 Ti+1 Tn

The analogous property for terms T of the PITFOL calculus also holds.

Proof.

We prove the theorem by induction on p(A(«)) and p(t(«)) for the first
part, on p(A(t1)) and p(t(t1)) for the second part, and on p(«) and p(7) for
the other parts.

For the base case, no defined symbols are present in A(«), t(a), ...and we
can prove the first three parts in the same way as theorem [23] the fifth part
in the same way as lemma [60] the sixth part in the same way as lemma
and the seventh part in the same way as lemma [59] (Note that ( in part 1,
ty in part 2, ty, ..., ty, S1, ..., S, in part 5 and ¢y, ..., t, in part 6 and [7]
still may contain defined symbols but this does not affect the proofs.) The
fourth part is proved by structural induction. Most cases are easy; we only
mention

o T = 1y(p) Suppose that z is not one of z1, xs, ..., z, (the other
case is analogous). Then we have to derive

s([o-a]o) (o] pe [ 2]
oy Cal[t o ]o)ava(a([a -t ]e))a b ] (
~ ([ n ) e ([ ]e)) e - e (HZ fcﬂ w)

which we will abbreviate as

A(Uy) &V (A(D1)) & Uy by 12 aqw, ) gova(a(@, )&, (P1)

= LU A(W2) &V (A(P2))& T ((I)Q) :

The derivation is as follows, where we further abbreviate
A(Vy) & Ve (A(Py)) & ¥, as ¥ and where z is a variable sym-
bol different from x and not occurring free in ®; and W:
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Uk, 3l (dy) given

U b, Jx(Py) &-elim

Uk, A(Vz(Py)) defCons

AW ;0 0, induction

A/(\Ifl), F, U = U, DdRu2

A(WU); Uy By 0y induction

A/(\Ifl), F, Uy, = U,y DdRu2

A/(\Ijl), |_L/ U, < U, &-intro

AVz(0y)); by Ve (¥ & Uy) SimGen

AV (¥y)) By Vo (¥, & Uy) fromCtxt

v "L/ \V/ZE(\Pl ~ \1’2) Cut

A(Vy) & Va(A(Dy)) & Uy -, Fla(Ds) given
\Ij, A/(\Ifg) & \V/l‘(A/(CI)Q)) & Wy I_L/ VI(\Pl ~ \1’2) & El'x(q)g) &-intro
\I/, A/(\Ifg) & \V/l‘(A/(CI)Q)) & Wy "L/ \V/I(\Ifl <~ \Ilg) &-elim
v, A/(\I’Q) & VI'(A/(®2)) & Wy Fyrxy ((1)1) = LfL‘A/(qlg)&vx(A/(q)Q))((I)Q) iota
o A(T) defAnt

Uk, A(Uy) & Vo (A(Dr)) & Wy ass

U, v, &-elim

AW ;U Uy induction

Uk, Uy Cut3

VA RWANQ 2y defCons

Uk, Vo (A(9r)) & Uy &-elim

U b, Vo (A(Py)) &-elim

A(Dy); Py by Dy induction

A(Dy); o A(Dy) defAnt

A(D)) Fy A(Dy) fromCtxt

Vo (A (D)) o Vo (A(D,)) SimGen

U b, Vo (A(P,)) Cut

U b, A(Wy) & Vo (A(Dy)) &-intro

)4 l_L/ A/<\I/2> & VJI(A/((I)Q)) & \112 &-intro

\g |_L/ LTy ((I)l) = LJIA/(q,2)&Vw(A/(q>2))((I)2) Cut

In case the t; are interchangeable with the corresponding s;, we can
apply the eq rule, yielding
Uk, e (Pr1) = 1 aqw ) sova(aqe, )& w, (P1).

By induction, ¥; and W, are interchangeable; one easily derives that
also A(U;) and A(W,) are interchangeable too; the analogous results
for ®; and ®, also hold. By repeatedly applying the first part, one
easily gets the required sequent

Uk, g (P) = LxA/(%)&vm(A/(%))&%(‘1’2)-
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This concludes the base case on the induction on the expansion ranks.
Note that we were able to prove all parts of the theorem separately, which
will not be possible any more in the induction step (for example, to prove
the induction step for the first part, we need the fourth part).

For the induction step, we again perform induction on the nesting depths
of the -terms, which we again prove by induction on cpl A(a) and cplt(«)
for the first part, cpl A(t;) and cplt(t;) for the second part and cpl(a) + 1
and cpl(¢) + 1 for the other parts.

For the first part, the new cases are

o t(a) = g(ti(a),ta(a), ..., t,(a)) where g is a defined function symbol
We can apply induction on g* on the fourth part, since p(g*) < p(t(a)).

A([9- ] #) ke gttt tatan = [ G desnition
I T | | ) Tn .

A/ tl(ﬁ) e ,&1 l_L/ g(tl(ﬁ)a e 7&1(6)) = tl(ﬂ) U tn 6) & deﬁnition
I X1 | | x1 Ty Al

A ti(a) AT |[t1(oz) mtn(a)ﬂ 7= |[751(5) mtn(ﬁ)ﬂ 7 induction
1 1 i I T _ 1 L,

NI g ) Fog(ti(a), ... ta(a)) = t(6) | tlb) g ET2
I T | | i) Tp |

A ti(a) 7)) s A ti(@) ﬂ 7 &A’(l[tl(ﬁ) g~*) defCons
| 71 ] T a1 ]

Al [0 Y e af B0 ...tn(mﬂ g@) &-elim
Ik T i 1 Tn

A tlgio‘) A F) gty = [ ---t"(mﬂ 7 Cut
I 1 | X T,

A [0@ 1) ﬂtl(ﬁ)...tn(ﬁ) F = g(ti(B), ... t.(3)  ESy2
| 21 | T T,

A tl;i?) o ) R gt@), . ta(@) = g8 (B), . ta(B)) ET2

Note that to apply the definition rule, we have to provide UC (¢ («)),
UC(ty()), ..., which are given, and UC(t1(8)), UC(t2()), which are
easy to obtain using induction on the t;(a)) and the UC rule.

In the proof above, we supposed that in both applications of the defi-
nition rule, the result of renaming the bound variables in g* was twice
the same. Since the first application of the definition rule uses a renam-
ing of bound variables of ¢* in which no free variable of t;(«) is bound
and the second application uses a renaming of bound variables of g* in
which no free variable of ¢;((3) is bound, it might well be possible that
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both formulae are different, so we will denote the latter as ¢g*. Finally,
we consider an alphabetic variant of ¢g* in which no free variable of
both t;(a) and ¢;(3) is bound and denote it as g*. It is easy to see that

[[tl(a) t"(o‘)ﬂ g* and Htl(a) e t”(o‘)ﬂ g* are alphabetic variants of each

T T

other, and so are [{tlm(lﬁ) ---t"(mﬂ g* and [{ ---t"(ﬁ)ﬂ g*. Hence we

( : {*> Foog(ti(a),. .. ta(a)) l[ QE
A’( t(8) gN*> - g(tl(@),...,tz(g))zﬂ 1(5)
(

can start our proof as follows:

(@) |

| L1

definition

* definition
X1

R B S G P

and then use induction on the third part to obtain

A’(Iltl(a) ﬂ ;) o g(ta(@)s . ) = Hm(a) "'tn(a)ﬂ -

s
.

g
ﬂ *induction

and
A/(ﬂtlg) ﬂ 9A> o g(ti(B),- - ta(B)) = ﬂti@ t<ﬁ)ﬂ P

We then continue the proof as before to end with

tl (e tn a ~
(MO G b)) = () 1a(5)
which we can easily transform into the required sequent using induction
on the third part.

o Ala) = q(ti(a),ta(), ..., t,(a)) where ¢ is a defined predicate symbol
Analogous.

The new cases for the second part are almost identical.
For the third part, the new cases involving defined symbols are easy:

o t =g(ty,ta,... tn) By structural induction, we have A(t;) b, t; =
t; for all ¢ = 1,...,n. We can apply induction on the second part
repeatedly (here again we need the induction on cpl(t) + 1 and not
cpl(t)), yielding
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Ay(g(tl,tg,tg, .,tn>>}_u g(tl,tz,tg,...,tn>
A(g(ti,ta,ts, .. 1)) b Alg(ti, b2, 83, .. )
A/(g(;tvl:t%t?n "7tn)) |_L’ A/’gg(tlyt%t&"w
A(g(tr,ta,ts, s tn)) For gty tosts, o t)
A!(g(tl,tg,tg, ..,tn>>}_u g(tl,tg,tg,...,tn>
A(g(tr,ta,ta, - 1)) o gt ta, b, i tn)
A(g(ti ta,ts, .. tn)) Fo X(g(ti,ta,ts,...)
A/(g(ihi?at?n '7tn)) |_L’ A/,(/g(tbt%tdv"')
A(g(ty,ta,ts, .. ta)) o gt o, ts, .. L)
A(g(Er, - stista)) Fo glEr, oot 1)
Ay(g(t17t2;t37 ~7tn>> |_L’g(iL 7tn—17tn)
Al(g(tht%t?n 7tn>> |_L/ g(tlyt%t?n 7tn>
o a=q(ty,te,...,t,) Analogous.

For the fourth part, the new cases are

237

= g(t1,ta,t3, ..., 1) induction
)& A/(g(fl, ta,t3,. .. )) defCons
tn)) &-elim
= g(t1,ta,ts, ..., ty) induction
= g(t1,ta, t3, .., 1) Cut
= g(t1 b2 ts, ... 1) ET2
) &A/<g(t~1,t;7t3, )) defCons
) &-elim
= g(t1,ta,t3, ty, ..., t,) induction
= g(t1,t2, ..., tn_1,t,) induction
:9<t~17t;, --751\—/1751) Cut
= g(titas st tn) ET2

e t=g(T1,T2,. .., Tim) We have to derive
M ER A R R
Y1 Ym

t th
l_L/g(ﬂ: ! :|]7'1,.
T Tp
=g
€

Induction on the fourth part on [[

T1
Y1

tl tn
. . Tm
T Tn
Sn S1 Sn
. Tlyenny Tm
T, Ty Tn

;ZH g* yields (the required

uniqueness conditions can be obtained from an application of the defi-

nition rule, as below)

(-2l

tn
Tp

T1

ty
Y1

X

Tm

Ym

BE

tn
T

t
T

|
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Applying induction on the fifth part, we see that this is interchangeable

with
t tn t tn t tn
1 1 m
H:Sl P Sn:|:| 7'1 ~
— X1 Tn P g*

and using induction on the first part, we actually can derive this se-
quent. The definition rule yields

t tTL t tn tl.”tn -
N(Q(Hl'“ ﬂﬁ,..-»hfg(ﬂl--- ﬂn,...>:|l[[m wnﬂﬁ-~-]‘g*
(a1 Tn X1 Ty 1

and an analogous sequent for the simultaneous substitu-
tion with the s;. (Note that the antecedent is actually

A’(Hilly?ﬂ” [[illyiz]]”"ﬂ 5*), given the definition of A.) Using
the ET2 and ERf2 rules, the required sequent is now easily obtained.

o a=q(m, T2, Tim) Analogous.

For the fifth part, the new cases are

ot = 9(T1,Toy ooy Th) We have to show
that [{ill ;:ﬂ [[; ;:]] g(T1, T2y oo, Ti) and
(oo [t ]om .
ﬂ L R ]] g(71, 79, ..., T) are interchangeable.

Induction on each of the 7; yields the interchangeability of
Bt lse sl and [[;11"';2]]81 [[;11--;’;]]% 7;; hence we
ym | I Y1 y J

1 Tn Y1 m

can apply induction on ¢* on the fourth part to obtain the in-
s [[tl ...t”]][[sl...Sm]]n [[tl ...tn]][[sl...sm]]Tk ~
terchangeability of H o1 o | Lo Tum T e Lo T en ] Lvn T um ﬂ g* and

21 2k

t1 . tn t1 ... tn t1 . tn g 1. tn g
@) Ve |51 2 e [P | xy Can [P ey Tan ™y ~
Y1 Ym . e Y1 ym g*

21 2k

Using the definition axiom and the ET2 and ERf2 rules as above,
it is easy to show that the former term is interchangeable with

t]‘---tn Sl---Sm t]‘---tn Sl---Sm 1
g([am0 ol o] ), e the

second term needed, and the latter term is interchangeable with
[[H...tn]]sl [[tl‘..tn]]s [[tl...tn]]sl [[tl,..tn]]s
g<|:|: zq Ty o« zq Ty m:|:| 7—17”'7 |:|: zq Tn PR T Tn m:|:| Tk)7
Y1 Ym Y1 Ym
i.e., the first term needed.
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o a=q(7m, T2y ...,Tk) Analogous.

For the sixth part, the new cases are

o t=g(m,72,...,Tk) Induction on [{; e ;Z]] g* yields

A/(Htl tnﬂ |[Tl ...Tkﬂgx) -, Htl tnﬂ A/(Hﬁ Tkﬂg)
1 Tn Y1 Yk T Tn Y1 Yk
Using the fifth part, we can rewrite the antecedent into the required

N{IEFak = )

Y1
o a=q(m,70, ..., Tp) Analogous.
For the seventh part, the new cases are

o t=g(m,72,...,Tk) Apply induction on the seventh part on each of
the 7;, then apply the second part.

o a=q(m, ..., Tk) Analogous.

O

Corollary 24] theorem [25 and corollary [26] can be transferred unmodified
to the PITFOL’ calculus.

Note that these theorems in combination with the definition rule yield
that we may interchange g(ti,ts,...,t,) and [[ill ;’; g* where g is a de-

fined function symbol, and likewise for defined predicate symbols.
Theorem also holds in the PITFOL calculus; we again have to prove
somewhat more:
Theorem 71 1. Given
Y, A(a);a by 3
Ea A/<Oé) 76 l_L/ «
then
¥, A(A(a)); Ala) s A(B)
¥, A(A(a) ; A(B) Fv Ala)
where A(a) is a formula possibly containing o and A(f) is the same
formula where a number of instances of a are replaced by (3, and

5 A(t(a)) b t(a) = t(B)
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where t(a) is a term possibly containing o and t(3) is the same term
where a number of instances of o are replaced by (3.

These results only hold if all of the following restrictions are met:
o If « is replaced by (B inside a quantifier Vx, then x must not be a
free variable of X.
e The uniqueness conditions for A(a), resp. t(«) must be derivable.

o When « is replaced by B inside a t-term 1xyq)(¢()), then the
uniqueness conditions for both 1xy ) (¢(@)) and txyg) ((3)) must
be derivable and x must not be a free variable of 3.

2. Given
E; A,(tl) l—L/ tl = tQ

then analogously,
5, A(A(t)); At) B Alta)
¥, A(A(t)); Alte) Fo A(ty)
¥ A(t(ty)) Fo t(ty) = t(ta)

with analogous restrictions as in the first case.

E; A/(tl) |_L/ tl = 51

A () byt =
9 If ) (2) 2 59

E; A/(tg) |_L/ tn = Sp

and the uniqueness conditions of Htl . t"]] a and [[51 S"H Q, resp.
1 Tn 1 Tn
Htl t"ﬂ T and HSI S”ﬂ T are derivable, then for formulae o resp.
1 Tn 1 Tn

terms T, we have
t t t t s Sy |
E7A/(|]: 1 o n:|]a);|:|: 1 o n:l]a}_u 1.'. . )
T Ty, X1 T | L1 Ty |
t t s s [t tn |
sa([i ) [ ]
g Tn X1 T | L1 s

t t t t [ s Sy, |
S ) B I s Y A B
X1 T 1 Tn | L1 T, |

These results only hold if all of the following restrictions are met:

resp.
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e For each subformula of « of the form Yx(3), x must not be a free
variable of 3.

o For each subterm of a of the form vxy(p), x must not be a free
variable of 3.

and similar restrictions for terms .

Proof.
Analogous to theorem by adding ¥ in front of the context of all
sequents involved. O

Corollary [28] transfers unmodified to the PITFOL calculus, just as all fol-
lowing theorems and corollaries up to theorem [32

In general, theorem [33| does not hold in the PITFOL calculus. As a coun-
terexample, define g(z,y) as LTy, (, ..o @=y) (T = y) and take a term ¢
for which x is not a free variable of ¢. Then we have

A([Yxlg(z,y) = Alg(t,y))

ty
= A, |]: ﬂ nyztxvz(m:z)\/z:z(ct:y) (.ZU = y))

—~

y:Lsz(z:z)\/z:z(z:y)))(I - y)
y:"IVz(z:z)\/z:z(m:y))

(A(t) & A(t))) & A(t) & (Ve(z =x) Vi =1t)
& Y = 1T (-(Ya (=)= (A1) &A1) & A1) & (Va(z=z)vi=t) (T = V)

= (¥l = ) = (A1) & A1) & A(t) & (Val(z = 2) Vi = 1)

e Qe w
=
—

and

&0t = Vel 8(|22] it ctomnte =)

(y:Lsz(:c:z)\/z:z(z:y)))(x = y)
(y:L'IVw(r:w)Vx:x(x:y))

= I:t/x:l A’ L:L‘(v‘z(x:x)vz:x)&ysz\v/z(z:z)Vz:z ($:y) (I = y))

=[] (Ve(z=2)Ve=2)&y= LTy (rma)vams (T = y))
= (Vo(z =2) Vit =1) &y = 1T A& Va(e=2)vi=) (T = ¥)
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It is not difficult to see that A([t/z]g(x,y)) is a validity, so if theorem
would hold, we could derive

Fo (Vo(z =2) VI =1t) &y = 12 ap) g (va(@=2)vi=t) (T = Y)

Fu Y = 08 A& (Va(e=a)vi=t) (T = V) &-elim
o A(t) & (Ve(z =x)ViE=t) defCons
l_L/ A/(t) &—elim

for any term ¢. Taking t = 1@ yz(z=s)(z = y), this would yield a derivation
of k-, =Vz(x = z), which is impossible by the equiconsistency result.

However, in the sequel we will prove a variant of theorem (theorem .
Since we used theorem [33|in the derivation of the PartCons3 rule, we cannot
use this rule in the PITFOL calculus; in the sequel, we will prove the slightly
modified PartCons4 rule.

For property [34] until corollary the proofs are unmodified in the PIT-
FOL calculus.

For theorem @, extra cases are

o T=g(m,To,. .., Th) We have to derive

([P ] Y b gl ) = ol )

and an analogous sequent where ¢; and t, are interchanged. We will
only derive the first sequent explicitly. Using the interchange theorem,
it suffices to derive
A/<|[[t1/x] o [11/z] Tnﬂ gN*> - H[tl/x] o [11/z] Tnﬂ 7
X Ty T Tn
_ |[[t2/x] 71 [2/z] Tnﬂ 7

T Tp
which is readily obtained by theorem [70]4.

o T=q(m,7T2 .., Tn) Analogous.

Lemma [45] and property [6] can also be transferred unmodified.

Since R and D are not defined for formulae containing defined symbols,
we will skip the next few theorems.

Lemma B0 transfers unmodified to the PITFOL calculus.

Next we consider theorem 51l The new cases are

o T=g(ty,ta, ... tn) We will only derive one of the two required se-
quents; the other is analogous. Induction yields A([/]t:) Fo [ty]t: =
[t/ t; for i = 1,2, ..., n. We can again use theorem [70}4 which yields

A’(ﬂ% b [t/x]tnﬂ g~*> _ ﬂ[t/x]tl [t/xmﬂ 5 [[[t’/x]tl [t tnﬂ =

1 Tn 1 Tn T T
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and again invoke the interchange theorem to obtain the required se-
quent.

o T =q(ty,ta,... 1) Analogous.

Theorem [52] also holds in the PITFOL calculus:
Proof.

The proof of the first part also holds here.

For the second part, new cases arise when « or 7 is a defined symbol.
We will consider the case 7 = g(t1,...,t,); the case o = q(tq,...,t,) is
analogous. Induction and the ESy2 rule yield A([t/z]t:) &, [Yelts = [Vl ts
for all i = 1,...,n; hence we can apply theorem [70l4] to obtain

A/([[[t/ﬂn [t%fn]] §k> - [[[t/u;ﬂtl [t/iff"ﬂ 7= Hut/ﬁ]tl ut@tnﬂ e

where ¢* is an alphabetic variant of ¢* in which the bound variables differ
from the free variables of ¢ and the t;. Using the definition rule and theo-
rem [70]3] we can easily show to be interchangeable with

A(g([Yalte, - . [Yalta)) o g((Halts, - [Yaltn) = g([Ua]ta, - - [Ya tn)

Applying ESy2 then finally yields the third required sequent, from which the
first one readily follows.

To derive the second sequent, note that by induction, we have that [t/;]t;
and [!/;:]¢; are interchangeable under the condition A(t) for all i =1,...,n;
hence we can apply theorem [T1][3] to get the sequent

TP (Rt P T [ P L

T Tn T

from which we easily obtain the required sequent.

For the third part, again new cases arise when « or 7 is a defined symbol,
these are handled easily using theorem . O

Property also holds in the PITFOL calculus; this follows easily from
theorem [7QI4]

Lemma [56] also holds in the PITFOL calculus.
Proof.

We again only explicitly mention the case 7 = g(7, 7o, . .., 7). Induction
yields for all ¢

t tn t t t tn
N N e e ]
€1 Tn T Tn T1 Ty
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hence we can apply theorem to get

t tn t tn t tn
A’(|’[{f’311 ylm]] T1 N g?‘) - I’[[;l y;”ﬂ T [[;1 yz"ﬂ Tmm gA*
[;&...iz]ﬁ[i&...i;]% .
— 1 n 1 n g

n Ym

where ¢* is an alphabetic variant of ¢* whose bound variables do not occur

free in all [[il ool and [tll t%} ;.
1 Tn 1 Tn
Using the machinery developed above, this sequent is easily transformed
into the required sequent. O

Corollary 57| also holds in the PITFOL’ calculus and we already established
the same about lemmas [58 up to [60] in the proof of theorem [70]

As already announced, we will prove a variant of theorem [33} first we
prove the following lemma.

Lemma 72 For each formula o and term t of the PITFOL calculus of which

the uniqueness conditions are derivable, [t/;] o and [[i]] a are interchangeable

if at least one of both substitutions is defined (and then, so is the other one).
Analogously for terms .

Proof.
We prove this by structural induction. The only case where the definition
of both substitutions differs is the case 7 = 1y, (¢); the other cases are easy.
Using theorem [F2|[I] and the definition of simultaneous substitution, we
have the following possibilities:

e r=y We have to show
YY)l (P) = Wa( [ Jo)evwarene] Ju(#)-
e 1 # y and x is not free in ¢ We have to show
N t
Wt (?) = W[ Joyen(a(Je)elile \ 2] )
Since z is not free in ¢, the latter term is L./L'A,([[t]]w)&vy(A/(w))&[[t]]w(gﬁ).

e % y and x is free in ¢ We have to show

y sty (Yl ©) = Waq u)yev(a([ o)< Tv (|[ iﬂ 90) -
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Applying structural induction immediately yields the last case.

For the first two cases, one easily derives A ([[ ]] w) &Vy(A(p)) & [[ ]] P —
A([Ye]v) & [Yr]wb so we only have left to derive Al ([[t/;[]]w) & [[t/x]]w -
A([L] ) &Vy(A ())& [ L] o which is easy except for X ([t/]v) & [t —
vyl &)

Y o Jly(e) uniqueness condition

Yy Jy(e) &-elim
Uy Vy(A(p)) defCons
A([Yaly) , A([Y]Vy(X(9); [Vl v Fo [l Yy(A(p)) RefSubst
=A(Vy(A(»))) =Vy(Aly))
Fo A(A(Vy(9))) Ddef
A/([[t/x]] (OF [[t/x]]w Fo Yy (A(y)) CutCtxt
A/([[t/x]] V) & [[t/x]]w Fo Yy (A () FromCtxt
O

Theorem 73 For each formula o and termt of the PITFOL calculus of which
the uniqueness conditions are derivable, if the substitution [t/;] o is defined,

then also the substitution [t/;] () is defined.
If the uniqueness conditions for o and t are derivable, then N([t/x] ) .

[a] &(e).

The analogous theorem for terms T of the PITFOL calculus also holds.

Proof.
By induction on p(7) and p(«), which we prove in turn by induction on
the complexity of 7 and a. Most cases are analogous to theorem

o 7= 1yy(p)

— x =y or x is not a free variable of ¢ Using theorem [p2lf1] we
have to prove A([t/:]v) & [t/e] v b [Yx] 1, which is easy:

A([Hel ) s [l b [Ya] v AssCtxt
A ([[t/x]] V) & [[t/:v]] Yy [[t/m]W fromCtxt

— x # y and z is a free variable of ¢ Again using theorem [52|[T]
we have to prove X([Y/z]v) & Vy(X([Y]w)) & [Hal v Fo [Hal v

N[zl ) s [l Fo [Ya] v AssCtxt

Fo XA Vy([H] @) Ddef

A ([l ) s Yy(X([Yal ), [l Fo [Ya] ¥ Weak
A([Yz]) s Vy(A([Ya] @) & [l v Fo [Ya] ¥ AnU

A([Ya]v) & Vy(A([Yal @) & W] v o el fromCtxt
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o 7 =g(ty,...,t,) where g is a defined function symbol We have to
derive

u(ﬂ@ﬂ“. Wﬂtﬂ P reraa([2 ) )

Using theorem [55] and lemma [72] we have

A,(ﬂ[[%;ﬂty [[t/x]]tﬂ )F A/(ﬂ[[;ﬂtl‘__[[;]]tnﬂ&)
Using theorem [TOF], we get ”

(e DR H I )

Again using lemma [72] we transform this into

A'(Iﬂ%fﬂtl [[t/ﬂt”ﬂ gf*) - A’([[t/x]] b 5*)

€ | L1 T |

Using induction on the p(7), we obtain the required sequent.

O
Since we used theorem [33] in the derivation of the PartCons3 rule, we

cannot use this rule in the PITFOL calculus. However, we are now able to
derive

ST Fy [U]a prem

3T by X([Ye] o) defCons

X([th]e) o ] o) Theorem [73
Tk, [[%C]]A'( ) Cut

T I—L/ [12:] (A(a) & ) &-intro

A(A(a)) Ddef

A(a) l— A( ) ass

Fo Ala) = Aa) DdRu2

Fr A(A(a) & a) &-intro

Fo Vo (A(A(a) & a)) V-intro

Vo (—(A(a) & a)) By Ve (= (A(a) & a)) ass
Vo (—(A(a) & o)) B/ = (A(a) & a) V-elim

(

(
A (Vz(A(«)

(

(

Va(=(A(a) & a)) Fo [te] ~(A(a) &a)  RefSubst
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A([Yal (Ala) & ) ;Va(~(A(a) & a) b [Hr]~(X(e) &a)  CutCtxt
E, A([Ya] (M) & a));

[ Ve (=(A(a) & a)) By V(= (A(a) & a)) contra

S, A([H] (Ala) & ) ;T Ry Vo (=(Aa) & a)) SeDe
Y A([Ye] (A(a) & ), Tk —Va(=(A(a) & a)) FromCtxt2
YT by A([H] (A(a) & ) defCons

YT Ey =Va(-(A(a) & «)) Cut

5.6 Semantics

We extend the notion of interpretation from the PITFOL calculus to the
PITFOL calculus with

o If g is a defined function symbol, then Z(g(ti,to,...,t,)) =
IItlztg...Itn<g*)'

Tl T2 ...Tp

e If ¢ is a defined predicate symbol, then Z(q(t1,ts,...,t,)) =

Tt1ZIts... It *
Iacl ) xnn<q )

Note that it is possible that one or more of the t; are undefined in Z,
whereas in the definition of interpretation we required that a variable symbol
always be interpreted as an element of the domain w. Hence we define an
extended interpretation which is identical to an “ordinary” interpretation,
with the exception that a variable symbol may be given the status ‘undefined’
in an extended interpretation (in other words, Z(x) = L). We will call an
interpretation in which all variables are interpreted as elements of the domain
w an ordinary interpretation to highlight the difference with extended
interpretations. Given an (extended or ordinary) interpretation Z and a
variable symbol x, the notation Z then indicates the extended interpretation
which is identical to Z except that Z:(x) = L.

Remark that even in an extended interpretation Z, the formula Va(«) is
valid if for each a € w, « is valid in Z2, so even in extended interpretations,
we still do not consider the cases where Z(x) is undefined to determine the
interpretation of Va(a). The same holds for the interpretation of ¢-terms.
Also remark that the definitions of consequence and sound sequent are
unchanged and only consider ordinary interpretations.

Theorem 74 1. Given a formula o and terms ty, to, ..., t, of the PIT-
FOL calculus. If the uniqueness conditions of a, t1, ... andt, hold and
the uniqueness conditions of all defining terms and formulae hold, then

1 Tn In

. . . t tn — JIty..Ity 1
for any ordinary interpretation I, T <[[ R H a) =TT (a) of

the simultaneous substitution is defined, and likewise for terms 7.
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2. Gwen a formula (B of the PITFOL calculus for which the uniqueness
conditions hold. If the uniqueness conditions of all defining terms and
formulae hold, then for any ordinary interpretation I, (3 is defined in
T if and only if either X(B) is T or valid in Z and (3 is undefined in T
if and only if X(B) Z T and A(f) is invalid in T.

The analogous theorem for terms o also holds.

Note that the second part implies that A([3) is either T or defined in Z.
Proof.

We prove this by simultaneous induction on p( [{;11 e ;Z]] a) and p(8),
which we prove in turn by structural induction. The interesting cases are

e If 7 = x; then we for the first part, have to show that Z(t;) =
Iztlmzt" (x;), which is trivial.

e If 0 = x then we note that x is defined in any interpretation, and
Alx))=T.

o If 7 = g(m,m,...,Tm) where g is a defined function symbol, we have
to show that

t t t t
I(Q(H: 1"' n:|]7—17"'7|]: 1'” n:ﬂTm)):I%flgin(g(Tl?7Tm))
T Tn T e

ie.,

T [[;11 ;Z]]Tl _I[[zl ;Z]]Tm (g*) — z—gllflzzzftnITl...ITm (g*)

Y1 Ym Tn Y1 ---Ym

Induction on each of the 7; yields that the left hand side equals
It1 Tt Itl It
St (1) LTy e ()
ZJ yl ym (g )

Since the only free variables of g* are (a subset of) {y1,vs,...,ym}, it

is now easy to see that this is equal to ZZ - ZtnTm T (g*).

o If 0 = g(01,09,...,0,) where g is a defined function symbol, we first
have to show that if ¢ is defined in Z, then A’([{Zi e Z:ﬂ 5*) is either

T or is valid in Z and vice versa.
By definition, o is defined in Z if and only if g* is defined in Iff”:::fi"‘;
one sees easily that this in turn is equivalent with ¢* being defined in

To1...Lom
Iy1 TR
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By corollary , p< [[Zi e Z::]] gN*) < p(g(o1,...,0m)), so we can apply
induction on the first part and get that g* is defined in ZZ7*--Zo» if and
only if HZI e ZZ]] ¢* is defined in Z. Applying induction on the second

part, this finally is equivalent with A([[‘; Zmﬂ gN*> being either T

or valid in 7.

Next, we must prove o is undefined in Z, whenever Al < [[yl e Z;”ﬂ gN*)
is not T and is invalid in Z. This is done analogously to the first
equivalence.
o If 7 =1xy(p) then we must show that
T(wwy(®)) = Iy o (y(9)
when x & {x1,...,x,} (the other case is analogous) where

e FE DR C R D) S B

First, we show that when txy(®) is undefined in Z, so is txy(p) in
Iﬂlmﬂn The possible cases in which tzg(®) is undefined in Z are:

— U is undefined in Z. Since by induction on the second part of

the theorem, A’([[xl ;Zﬂ ¢> and Vz (A’([[;ll ;’;ﬂ go)) are

always defined in Z, we conclude that [[;11 i’;ﬂ 1 is undefined

in Z. Hence, by structural induction, v is undefined in Iﬁl::gi”,
s0 txy(p) is undefined in ZZ--Itn.
— ¥ is invalid in Z. Then at least one of A’(Htl t"]] 1/1>,

1 Tn
Vo (A,<[[:?1 ;’;ﬂ gp)) and [[ill ;’;ﬂ 1 is invalid in Z. Using
structural induction on the first part of the theorem, we easily con-
clude that ¢ is undefined in Z2 It V¢ is undefined in ZZ0 -+ Ztn
or 1 is invalid in Iﬁl:::fin. In the first and the last case, we see
immediately that tzy(¢) is undefined in ZZ"-Zt» In the second
case, there exists an a € w such that ¢ is undefined in ZZ-Zin0,

But since the uniqueness condition of vz, (¢) holds, v cannot be
defined or valid in ZZ!-Ztn.
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— U is valid in 7 and there is no a such that ¢ is valid in Z¢ or
there are multiple such a. Using structural induction, we get that
the same holds about ¢ in ZZ"-Zi» and hence again txy(yp) is
undefined in ZZ"-Ztn,

Next, we show that when txy(®) is defined in Z, so is txy(p) in ZZ1 -+ Zin
and their interpretations are the same.

When tzg(®) is defined in Z, ¥ is valid in Z and there exists an unique
a such that ® is valid in Z. Hence [[tl t"ﬂ ¥ is valid in Z and by

T1 Tn
induction, v is valid in ZZf It Also by induction, the unique a for
Tty

which @ is valid in Z is the same a for which ¢ is valid in ZZ--ZF

We now only have to show the other direction, i.e., when wzy(p) is
undefined in ZZM 2t 50 is w2y (®) in Z, and when txy(p) is defined in
ZIh-Iin 50 is 1y (@) in Z and their interpretations are the same. This
is easy using contraposition.

o If 0 = wry(p) then first we must show that tzy(p) is defined in 7
whenever 9 is valid in Z.
By definition, vz, () is defined in Z whenever ¢ is valid in Z and there
exists a unique a € w such that ¢ is valid in Z¢. Conversely, if 9 is
valid in Z, the unique existence of such an a follows from the uniqueness
condition of o.

Next, we have to prove that tx,(p) is undefined in Z whenever ¢ is
invalid in 7.

By definition, txy(¢) is undefined in Z whenever v is invalid or unde-
fined in Z or there does not exist a unique a € w such that ¢ is valid
in Z¢. Note that because the uniqueness condition of o holds, if there
does not exist a unique a € w such that ¢ is valid in Z¢, 9 cannot be
valid in Z. Moreover, because of the uniqueness condition, 1 cannot
be undefined in Z either.

O

Lemma 75 Given a formula o of the PITFOU calculus and an ordinary in-

terpretation . Suppose that the uniqueness conditions of « are valid in T.

Then
aisvalid inZT < E(a) is valid in T

(@)
a is invalid in T & E(a) is invalid in T
« is undefined in T < & (a) is undefined in T
Given a term t of the PITFOL calculus and an interpretation I for which all
uniqueness conditions are valid in Z. Then Z(t) =Z(E (t)).
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Note that € (a) and £(t) are formulae without defined symbols, and the
definition of interpretation in the PITFOL calculus coincides with that of the
PITFOL calculus. Hence, we have a connection between the interpretation
of a formula or term in the PITFOL calculus and the interpretation of its
expansion in the PITFOL calculus.
Proof.

We prove this by induction on the complexity of o and ¢. The interesting
cases are

e = p(ty,...,tn) If o is wvalid in Z, then all Z(¢;)
are defined and Z(p)(Z(t1),...,Z(t,)) holds. By induction,
Z(p)(Z(E(t1)),...,Z(E(ty))) also holds, i.e., p(E(t1),...,E(t,)) is
valid in Z.

The other two equivalences are proved analogously.

e a = ¢(ty,...,t,) where ¢ is a defined predicate symbol We have
to show that the interpretations of ¢(ti,...,t,) and H;‘ll ;’;ﬂ q* are
identical, which is easy using theorem [74]

Theorem 76 (Soundness of the pitfol calculus) If ' H « then T' !
a.

Proof.

We know that we can translate a PITFOL proof of I' F/ « to a PITFOL proof
of £(I') I, £ («). Because we showed the PITFOL calculus to be complete, we
can conclude that £(I') =, £ (). Since expansions do not contain defined
symbols, we also have £(I') =, £ («). Applying lemma [75| completes the
proof. O

Theorem 77 FEach PITFOL formula « is interchangeable with its expansion
& () and likewise for terms t.

Proof.
We prove this by induction on the expansion rank which we then prove
by structural induction. Interesting cases are
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o a=q(ty,... ty) We have to show that « is interchangeable with
[[S(tl) . S(tn)ﬂ E ((_f‘) Using theorem , the latter term is interchange-

x1 Tn

able with & ([[

-tn

i} ﬂ év*) Using induction on the expansion rank,
1 Tn

x iz]] ¢*. Using the definition
rule, we immediately get the required sequents.

this is in turn interchangeable with [{;

o t=g(ty,...,tn) Analogous.

Theorem 78 If the PITFOL calculus is complete, then so is the PITFOL
calculus.

Proof.

Suppose I' =, «. Using lemma [75] we obtain that £(T) [, & (a).
Because this sequent does not contain defined symbols, this is equivalent with
E(T) =, €(a). Applying the completeness of the PITFOL calculus yields that
E(T) F, £(a). Because each PITFOL proof is also a PITFOL proof, we have
E() Fy &€ (a). Finally, using the previous theorem we get I' -,/ a. O

5.7 Defined symbols with predicate argu-
ments

We still are not able to define symbols such as = or < because they don'’t
have terms but formulae as arguments. For this purpose, we enhance the
definition of simultaneous substitution: as before, we allow a variable symbol
to be substituted by a term, but now we also allow a predicate constant to
be substituted by a formula. For example,

xTr = =X
ﬂ vy ]]wpl&ﬁm)zﬂ(a::y&ﬁy:x).
D1 D2

In general, we allow an arbitrary number of both kinds of substitutions to

happen simultaneously, i.e., the general form of a simultaneous substitution
is now Htl s tnon o amd) g
1 Tn P1 Pm

Formally, we extend the definition of simultaneous substitution with the
cases
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t1 tn o1 a

) ce. m . = .
[{m Tn p1 pm]]pZ Qi

T1 ZTn P1 p

b1,y Pm-

° [[tl coLtmon O‘Z]] q = q when ¢ is a predicate symbol different from

We can use this extended notion of simultaneous substitution to intro-
duce defined symbols in the same way as before. For instance, by defining
implies(aq, as) = —(a & —ay), the definition rule yields, given UC(«) and
UC(), the sequent

Afa) & a = A(fB) b, implies(«, 3) = =(a & =)
for any two formulae o and (.
Note that as before, when renaming the bound variable of ¢* we need
to avoid the free variables of ¢{,...,t, and ay,...,q,,. Also note that a

defined symbol is allowed to have both terms and formulae as arguments.
We illustrate both observations with the example definition

ifthen(f,a,b) = wx((f = x =a) & ((—=f) = = = b))

where f is a function symbol and a and b are variable symbols. Semantically,
ifthen(f, a,b) equals a when f is true and b otherwise. The definition rule
then yields for example

Fyoifthen(z =y, 1,0) = wz((z=y=2=1) & ((-(z=y)) = 2 =0))

w((z=y=z=1&(=(x=y)) =>z=0))
of which we cannot prove the uniqueness condition (to see this, note that

when y = 0, there is no z satisfying the definiens).

5.8 Defined quantifier symbols

The only abbreviations left in our system are the quantifiers 9 and 3!, so we
will extend the definition mechanism to defined quantifier symbols.
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5.8.1 Examples

Some quantifiers we would like to be able to define are

Jz(p(z)) = ~Va(-p(x))

Az (p(r)) = Jz(p(z)) & VaVy((p(x) & p(y)) = = = y)
pE(f(2)) = tWayvair@znev=(ar@s=y2) (téi((zx(zf(y;) > )=y > z))

&Vz(Vr((a<zx&ax<b)= flx)>2)=y>2)

V(). 0.8) = iy (\m((a <zla<b)= fx)>y) )
{$ : p(x)} = LyﬂyVm(xEy@p(z))(vx(x cy<= p(l‘))
{(,y) :p(z,y)} = {2z : y32(z = (z,y) & p(z,9))}

The third example, pz(f(x)), presumes a theory of real numbers and
denotes the minimum value of its argument f; it is undefined if f does not
have a minimum.

Likewise, vz(f(z), a,b) denotes the minimum value of the function on the
closed interval [a,b] if f has a minimum value on that interval. Here we see
that the first argument f(z) is bound by the v quantifier but the other two
arguments are not bound.

The last examples illustrate set builder notation in a theory of sets. The
last one illustrates a quantifier binding two variables x and y.

5.8.2 Extending simultaneous substitution

To be able to define quantifier symbols, we again extend the definition of
simultaneous substitution: we allow a function or predicate symbols applied
to variable symbols to be substituted by a term resp. a formula. So we will
have
HJ;)(;)ZH Jx(p(x)) = 3x(z = 2).
Formally, we define

Tn aq Qm

el )
[{fl(y% ,,,,, y]lvl) fa (YT y}{,n) 1 (z%,z% ..... z}wl) P (2], x;&m)ﬂ pz(yh Yo,y yMl)

_ | Ywm;
f— z PR Z al
Ty Ty,

Note that to uniformise our treatment, we don’t substitute variable symbols
anymore; otherwise, the notation would have become

Tl‘..Tk m e n a1 e Om
21 2k fl(y% 7777 yjl\fl) f?’b(y? 7777 y%n) pl(x%vx% 7777 x}wl) pm(IT 7777 'xﬁm) T
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We can use function constant symbols to fulfill the function variable sym-
bols held before.
Note that the simultaneous substitution

is only defined when all ¢; are variable symbols.

5.8.3 Extending the definition rule

We are now in a position to develop a variant of the def-
inition rule for defined quantifiers. A definition of a defined

quantifier is of the form Qz ...z(fi(yl, - un)s--- fa(Uls - Y% ),
pr(@y, 2y, Ty )y w2l ) = QF. We call Q* the defini-

tion of Q and fi(yt, ..., un,)s - Sa(Uls - Uk, ), pr(al, @y, .o 2y, -
P (2, ..., 2}; ) the argument symbols of Q*. We call the variable sym-
bols z1, ..., 2, the binding variables of the definition.

Note that to uniformise the treatment of argument symbols, the argument
symbols cannot be free variables anymore. Instead, we can use a constant
symbols, that is, function symbols without arguments (so N; = 0). This is
illustrated in the definition of vz (f(x), a,b) where a and b are indeed constant
symbols.

The definition rule for defined quantifiers is

Uo(tl)a UO(tQ)a ct U0<tn)7 UO(OZl), U0<a2)7 c ) UC(Oém)
AQuy...up(...)) Fu Quy .. ug(ty, .. by, a1, Q)

= f &m Q*
(i1t ] nwhewhy) [ [ o )

z1 2 EZ

where Q* is a term containing only symbols defined before () where we define

A(Quy ... up(ty, ... b, ar, .y am))

t1 Qm oy
= A Q*
(11 ] nhewky) T[S o g el )

UC<t1)7 UC(tZ)a ) Uc<tn)7 U0<a1)7 UC(OCQ), ce UC(Oém)
AQuy...up(...)) by Quy . cug(ty, ..ty 0, )

or

t am O
< ﬂ[ul'“zli]fll(y% ----- vh) [ul"'uk]pm(ﬂn """ w%m)ﬂ v

#1
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where @* is a formula containing only symbols defined before ) and
AX(Qy(T1y. ..y oy, ..., ayy)) is defined as above.

We require that Q* does not contain any free variables. We obtain @ by
renaming the bound variables of QQ* as follows:

e A binding variable z; of the definition must be renamed to u;

e The other bound variables have to be renamed such that they are dif-
ferent from wy,...,up and from FV(t) \ {ui,- ., un b FV(t) \

{y}, ... ,y]’(,n},FV(al)\{x%, . ,:E}Vh}, —..and FV (o) \ {27, ... ,x}r}m}.

The effect is that the variables [“1 Z:] v [“1 “’“] yy, of

21 21 2k

7; are bound by the defined quantifier () and likewise the variables
Ul u 7 up u )

[Zl Z:] zh [Zl z::|xN of «;.

For example, in va(ay, 11, 72), the quantifier v binds = in oy but binds no

variables in 7, and 7.
Accordingly, we define substitution of defined binders as

[t Qz1 . 2k (Thy oo Tyt ) = Q2o 271, T, al)
where 7/ := [t/z]7; when x is not free in [Zjll e Z:] filyl, ... yk,) and
7/ = 7; otherwise; likewise, o) := [l/]a; when z is not free in
[:11 . Z:] pi(zl, ..., x%,) and o] := ajotherwise.

If one of the necessary substitutions [t/;]7; or [{/z]c; is not defined, then the
substitution [V Qz1 ... 2x(T1, ..., Tn, a1, - . ., Qi) is also not defined.

5.8.4 Example

We illustrate the working of the definition rule with an example introduced
earlier. We have

Fo Aly(z =y) = pr(:wyﬂ Jy(p(y)) & Vyvz((p(y) & p(2)) =y = 2)

ie.,

b Aly(z =y) = Fyle =y) &VyVa((z =y &a=2) =y =2)



Chapter 6

Conclusions

6.1 Summary

The PITFOL calculus encompasses the following 17 deduction rules:

ass
UC ()
Nk Ala)
Yiak, a
When A(a) is T, the context ¥ must be empty.
-&—' t
_—
Bl o DTH a&f
; e
Yo, Al B STE o
Y, 55T AR ak B
t
21;F7OZ|_L5 ZF’E>
S5 A, —ak, 8 oA
Zl,EQ;F,A l_a ﬁ 2) L
21722;F7A l_L /6
DR R oY provided z is not free in I" and X
;T F, Vo (o)
UC(t)
¥, V(o)
STFa b

A(t), [t/:c]z; [t/x]r F [t/:c]a
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Lt ¥ 3la(y)
L noa Y, [y (@) ]
YA T,z =tk [t]a
S:TH a where (x,() is a t-term occurring in ¥, I' or a.
¥, x(p)
fromCtxt
.. Iatk, 0 Y. I'H « Yook AR, « Yoo, «
Yk Aa) 5T F Aa) Y0 AR Y,0&TF «

The pPITFOL calculus adds rules introducing defined symbols:

UC(),UC(ts), ..., UC(ty), UC(ar), UC(as), . . ., UC(c)

tl tn()él ((m ~
ANg(ty,...,am)) Foglty, ... th,00,. .., _—“ “g*
((1 >) ( ) T Tn P1 Pm

UC(t1>, UC<t2)7 ) Uc(tn>7 UC<051)7 UC(OQ), ) UC(&m>
/ t tn m T
Al am) Fo gt tny s ) u Lot e Hq*

X1 Tn P1 Pm

Uc(tl)a UC(tQ)a ) Uc(tn)a UO(Oél), UC(O(Q), ) UC(Oém)
A'(Quluk()) "L/ Qu1...uk(tl,...,tn,al,...,ozm)

_ o an oL
- ﬂ[ii'"?:]ﬁ(y% ----- AR S LG rmﬂ “
UC(t1>, UC(tQ)a ) Uc(tn>7 UC(Oél), UC(O(Q), ) UC(Oém)
AQuy . cup(c.)) by Quy e cug(ty, oty Qe Qi)

t1 Qm
.« .. *
(RS XA R T P TNY
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6.2 Treatment of partially defined terms

In this section, we will summarise how the calculus handles partially defined
terms. The main idea is that we can only talk about a potentially undefined
term under conditions where one is sure that the undefinedness will not occur.
For example, we can only mention £ under the condition x # 0. This already
implies a semantics where the evaluation order of different parts of a formula
is fixed, since we will want to ascertain that the condition x # 0 is evaluated
before £. We will require that when we would encounter an undefined term
when evaluating a formula following this fixed evaluation order, the whole
formula becomes undefined. A consequence of this requirement is that the
semantics is monotone with respect to undefinedness: when we replace an
undefined subterm or subformula by a defined one, the resulting term or
formula cannot become ‘less defined’: if it was defined, it cannot become
undefined because of the replacement.

The calculus determines these conditions from the uniqueness conditions
of partially defined t-terms. In our example, £ is defined as tz,49(z -y = z).
The uniqueness condition of this «-term is y # 0, 3z(z - y = z), which we
expect to be able to derive in a theory of real numbers.

All rules of the calculus guarantee that the sequents they produce only
contain ¢-terms for which the uniqueness conditions are derivable. Hence,
if we were to consider a (-term whose uniqueness condition is not derivable,
such as tz(z - y = x), we are not able to prove anything about it.

Another property of the calculus is that the only ‘source of undefinedness’
are the (-terms. Since we know explicitly when these are or aren’t defined
(we just have to look at the domain formula of the (-term), we can always
mechanically compute a formula indicating when a given term or formula
is (un)defined. We call this formula the definedness of the given term or
formula and note the operation of calculating it as A.

Being able to mechanically compute the definedness of a formula is one
of the reasons we note the domain formula of a (-term explicitly. Moreover,
(-terms with the same definiens but different domain formulae can occur.
For example, we can also reason about the -term ¢z, 0gy>0(2 -y = ), which
represents division restricted to positive numbers. In general, one can always
restrict the domain of a (-term arbitrarily; the extreme is t2vyz(z-£2) (), Which
is always undefined (and whose uniqueness condition is always derivable for
any formula ¢).

Looking at the substitution rules, we see that they have to guarantee that
the uniqueness conditions of [t/;]a must be derivable when those of o and
t are derivable. This requirement has its implications on the definition of
substitution: in some cases, an extra A(t) appears in the domain formula of
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the newly created ¢-terms.

The substitution rules also must maintain the restriction that the newly
created (-terms only occur in situations where their domain formulae will
be fulfilled; hence, an extra A(t) appears also in the context of the newly
derived sequent.

We also investigate the addition of partial function and predicate sym-
bols to the calculus. We again have to put some restrictions on the partial
functions and predicates we admit: they have to be defined by a formula
or term already present in the calculus. This ensures that we again can
mechanically compute the definedness of a formula and prevents one from
introducing non-monotone functions or predicates.

Adding non-strict functions and predicates requires us to introduce a
more refined variant of the substitution operation and the substitution de-
duction rules. The main reason is that the primitive rules of the system add
A(t) to the resulting term or formula ‘too soon’ in the evaluation order when
substituting a term ¢ for a variable (see the beginning of chapter {4| for an
example).

6.3 Example

In [Suppes 1972], a book about Zermelo-Fraenkel set theory, set abstraction
is defined by

{z:9(x)} =y |[(Ve(r ey & p(z))) &y is a set]
V [y = 0&—-3BVz(x € B & ¢(x))]

In other words, if the set {z : ¢(x)} is a set containing exactly those x
satisfying ¢(x), except when there exists no such set, in which case the
‘convenient value’ () is chosen. This leads to the strange situation that two
theorems are proved in [Suppes 1972]:

0={x:x+#ux} and O ={x:x=ux}

The first one is what one would expect: the empty set contains all objects
satisfying a contradictory condition, in other words, no elements at all. The
second one is a ‘pathological theorem’ as we called it in the introduction: the
universal set is too big to be a Zermelo-Fraenkel set, so the set abstraction
construct evaluates to the ‘convenient value’ ().

Let us investigate how the PITFOL calculus handles this situation. We
define the set abstraction as

{2 :p(2)} = Wayveweyep) (V2(z € y & p(2)))
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The definition rule then yields

ElyVl’($ cyer 7é l‘) l_b’ {l‘ Y 7& ZE} = Lg/ﬂyVm(wa@x#x)(vw(x cyer 7é I’))

One easily shows that © € y & x # = and x ¢ y are interchangeable, so we
can derive

IvVa(r ¢ y) Fo{z 2 # T} = Wayveeey (Vo (z € y))

Since k-, FyVz(z ¢ y) is an axiom of Zermelo-Fraenkel set theory (expressing
the existence of an empty set), we can easily derive

Fo{aw # a) = w(Va(z ¢ y))
and after adding the definition () = ty(Vz(x ¢ y)) we indeed obtain
Fo{r:ix#ar=10
On the other hand, another application of the definition rule yields
IWVr(z ey o r=21a)F/ {r: 2 =12} = Wayweeyor— (V2(r €Yy & v = 1))
which we easily can transform into
V(€ y) Fo {x 1 2 = 2} = Wayvawey) (Vo (z € y))

However, -, =3yVz(x € y) is a theorem of Zermelo-Fraenkel set theory, so
the sequent obtained is ‘vacuously valid’, and the (-term occurring in it is
always undefined.

6.4 Implementing the calculus

As already stated in the introduction, a computerised implementation of the
calculus is highly desirable, since writing and checking proofs by hand gets
tedious quickly.

In this section, we will describe how one could go about implementing
the PITFOL calculus.

6.4.1 LCF-style implementation

The kernel of such an implementation can be rather small: we only need the
1744 primitive deduction rules stated at the beginning of this chapter.
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Next to the classical ingredients such as a representation for terms, for-
mulae, lists of formulae, sequents, ..., this also requires an implementation
of A, substitution, simultaneous substitution, alphabetic variants of a for-
mula, and the generation of the list of uniqueness conditions of the top-level
t-terms of a formula: all of these are not hard to implement (we have done
this in an experimental implementation).

All other rules can then be implemented on top of this kernel: in the
resulting system, sequents are only produced by the routines corresponding
to the primitive deduction rules. In other words, a derived rule can use the
primitive rules or other derived rules (which will in eventually result in a
number of calls to the primitive rules), but not create sequents at random.

This is the so called LCF approach to theorem proving: supposing that
the kernel is implemented correctly (which is doable, since it is as indicated
a very small piece of software), if one would make a programming mistake in
a derived rule, one can never derive invalid sequents. The kind of errors that
can happen in the implementation of derived rules are typically attempts to
apply a primitive rule when it is not applicable, in which case the error is
detected by the kernel of the system.

One could even use the mechanisms of expansion and translation of proofs
to transform all generated proofs back into proofs of the classical calculus and
use a classical theorem checker to check all proofs generated by the system.

6.4.2 Implementation on top of another system

Since the PITFOL calculus is an extension of the classical first order logic, one
can take an existing first order prover and extend its rules.

The advantage of this approach is that one makes use of a (hopefully)
well-tested system with a large library of theorems and derived rules.

The drawback is that the existing theorems and derived rules will not
make use of the facilities for partially defined terms provided by our calculus,
so one will have to adapt these too.

6.5 Future Research

Firstly, the further elaboration of the existing experimental implementation
of the PITFOL system would be desirable: the best way to verify that a
system is “reasonably faithful to mathematical practice” is to see whether
mathematicians want to actually use it!

A computerised implementation calls for a proof procedure that is able
to handle trivial proofs automatically. The adaptation of tableau methods
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to the PITFOL calculus seems a promising area of research.

We expect that we can exploit the tableau method to prove that one
needs the Definition rule for each combination of arguments, i.e., that just
adding

A(g) o gy, ..., 2,) = g*

and then using a substitution rule to try and get

ot
A,(g(tb:t’VL)) kug(tl,-..,tn>:|]‘ 1... :ﬂg*

T Tn

is in general not possible.

It would also be interesting to investigate the use of e-terms in addi-
tion to or in replacement of (-terms, since one can consider the € operator
as a stronger version of the ¢ operator. One would expect that instead of
the uniqueness conditions, an e-term ez, () would only need an existence
condition ¥ F Jz(p), that the rule

Y+, a(p)
Y F, [Ey(0)]

is added, ...but we expect that the general framework of the calculus will
not have to be changed radically to accommodate these changes.
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Summary

In chapter 1, we introduce the concept of formalisation of mathematics, and
indicate the need for a treatment of partially defined functions which is faith-
ful to mathematical practice.

In chapter 2, we describe our starting point: the well known first order
predicate calculus with identity. This calculus has no support for partially
defined functions.

In chapter 3, we add support for partially defined functions.

Section 3.1 introduces the way we will let undefinedness enter the cal-
culus: we extend Hilbert and Bernays’ method of adding iota terms to the
calculus to adding partially defined iota terms.

In section 3.2, syntactical issues are handled: we introduce the metalog-
ical definedness operator A and define the way partially defined iota terms
behave under substitutions.

In section 3.3, we discuss how undefined values are treated semantically in
the calculus: the basic idea is that when one respects a left-to-right evaluation
order, one will never encounter an undefined value when evaluating a valid
sequent.

In sections 3.4, and 3.5, we introduce deduction rules for our calculus.
These are an extension of the rules of the calculus of chapter 2.

In section 3.6, we show that our calculus is consistent, provided the origi-
nal calculus was consistent. This means that we prove that using the deduc-
tion rules, one cannot derive a contradiction (i.e., a proof of a theorem and
its negation). We do this by showing that each proof in our calculus can be
translated into a similar proof in the original calculus; if one would obtain a
proof of contradiction in our calculus, by translating it, one would also have
a proof of a contradiction in the original calculus.

In section 3.7, we show that our calculus is sound with respect to the
semantics given. This means that using the deduction rules, one cannot
derive a false theorem.
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In section 3.8, we introduce a number of derived rules, which make the
calculus easier to use for the sequel. Each application of a derived rule can
be considered as an abbreviation of an application of a number of earlier
defined rules.

In section 3.9, we show that our calculus is complete, provided the original
one was complete: if a theorem is true, one must be able to produce a
derivation of it using the deduction rules. We prove this by transforming the
problem into a problem of the original calculus and exploiting its assumed
completeness.

In chapter 4, we introduce a more sophisticated variant of substitution,
which will be useful in the following section. Our original substitution is
syntactically simpler; the variant is semantically subtler.

Chapter 5 discusses the addition of defined symbols to the calculus, which
makes it possible to add definitions without affecting the consistency, sound-
ness and completeness of the calculus.

In chapter 6, we give a concise overview of the PITFOL calculus and its
treatment of partially defined terms, indicate how one could implement the
calculus and suggest topics for future research.



Samenvatting

Je n’ai fait celle-ci plus longue

que parce que je n’ai pas eu le loisir

de la faire plus courte.

—BLAISE PASCAL, “Lettres provinciales, Lettre xvi1”

In hoofdstuk 1 stellen we het concept formele wiskunde voor, en wijzen
we op de nood aan een ondersteuning voor partieel gedefinieerde functies die
getrouw is aan de gangbare wiskundige praktijk.

In hoofdstuk 2 beschrijven we ons vertrekpunt: de bekende eerste orde
predicaatrekening met gelijkheid. Deze calculus bevat geen ondersteuning
voor partieel gedefinieerde functies.

In hoofdstuk 3 voegen we aan deze calculus ondersteuning toe voor par-
tieel gedefinieerde functies.

Sectie 3.1 brengt de wijze aan waarop we ongedefinieerdheid toevoegen
aan de calculus: we breiden Hilbert en Bernays’ methode voor het toe-
voegen van iota-termen aan de calculus uit tot het toevoegen van partieel
gedefinieerde iota-termen.

In sectie 3.2 behandelen we syntactische onderwerpen: we definiéren
de metalogische gedefineerdheids-operator A en leggen vast hoe partieel
gedefinieerde iota-termen zich gedragen onder substituties.

In sectie 3.3 tonen we hoe ongedefinieerde waarden semantisch verwerkt
worden in de calculus: het basisidee is dat er nooit een ongedefinieerde waarde
zal optreden wanneer een geldige sequent ‘van links naar rechts’ geévalueerd
wordt.

In secties 3.4 en 3.5 stellen we de afleidingsregels van onze calculus voor.
Ze zijn een uitbreiding van de regels van de calculus uit hoofdstuk 2.

In sectie 3.6 tonen we aan dat onze calculus consistent is, vooropgesteld
dat de originele calculus dat ook was. Dit betekent dat we bewijzen dat
door gebruik te maken van de afleidingsregels nooit een contradictie (d.i.
een bewijs van een stelling en haar ontkenning) bekomen kan worden. We

267



268 SAMENVATTING

bewijzen dit door aan te tonen dat elk bewijs in onze calculus vertaald kan
worden naar een gelijkaardig bewijs in de oorspronkelijke calculus; als we dus
een bewijs van een contradictie zouden kunnen bekomen in onze calculus, dan
zouden we door dat bewijs te vertalen ook een bewijs van een contradictie
vinden in de originele calculus.

In sectie 3.7 tonen we aan dat onze calculus betrouwbaar is ten opzichte
van de eerder gegeven semantiek. Dit betekent dat het onmogelijk is een
onware stelling af te leiden met behulp van de afleidingsregels.

In sectie 3.8 voeren we een aantal afgeleide regels in, die het gebruik van
de calculus makkelijker zullen maken in de volgende secties. Elke toepassing
van een afgeleide regel kan opgevat worden als een afkorting van een aantal
eerder gedefinieerde regels.

In sectie 3.9 tonen we aan dat onze calculus volledig is, vooropgesteld
dat de originele calculus dat ook was: als een stelling waar is, moet ze ook
afleidbaar zijn met behulp van de afleidingsregels. We bewijzen dit door
het probleem om te zetten in een probleem van de originele calculus en de
volledigheid van de orignele calculus uit te buiten.

In hoofdstuk 4 ontwikkelen we een meer gesofistikeerde variant van de
substitutie, die van pas zal komen in de volgende sectie. Onze oorspronkelijke
substitutie is syntactisch eenvoudiger; de variant is semantisch subtieler.

Hoofdstuk 5 behandelt het toevoegen van gedefinieerde symbolen aan de
calculus, waardoor definities kunnen toegevoegd worden zonder de consis-
tentie, betrouwbaarheid en volledigheid van de calculus in het gedrang te
brengen.

In hoofdstuk 6 geven we een beknopt overzicht van de PITFOL calculus
en de manier waarop partieel gedefinieerde termen behandeld worden, geven
aan hoe de calculus geimplementeerd kan worden en stellen onderwerpen
voor toekomstig onderzoek voor.
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