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Abstract

Orthogonal (or standard) Clifford analysis is a higher dimensional function theory offering
a refinement of classical harmonic analysis. More recently, Hermitean Clifford analysis
has emerged as a new and successful branch of Clifford analysis, offering yet a refinement
of the orthogonal case. A new integral transform is introduced in this Hermitean context,
obtained either as the composition of two orthogonal Clifford—Hilbert transforms or as the
commutator of two new Hermitean Clifford—Hilbert transforms. The resulting operator
is shown to possess the typical properties of a classical Hilbert transform as well. Its
connections with standard Clifford—Hilbert transforms are explicitly investigated, and in
particular new Hardy spaces associated to this operator are defined and characterized.
Some results also allow for a nice geometric interpretation.
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1 Introduction

In engineering sciences, and in particular in signal analysis, the one-dimensional Hilbert trans-
form of a real signal u(t) of a one—dimensional time variable ¢ has become a fundamental
tool. For a suitable function or distribution u(t) its Hilbert transform is given by the Cauchy

Principal Value
1 +oo
Hlul(t) = — Pv/ Ur) g4

™ T—1

Though initiated by Hilbert, the concept of a ”conjugated pair” (u, H[u]), nowadays called a
Hilbert pair, was developed mainly by Titchmarch and Hardy.

The multidimensional approach to the Hilbert transform usually is a tensorial one, consid-
ering the so—called Riesz transforms in each of the cartesian variables separately. As opposed
to these tensorial approaches, Clifford analysis (see e.g. [5, 10, 11]) is particularly suited for a
treatment of multidimensional phenomena where all dimensions are encompassed at the same
time as an intrinsic feature. Clifford analysis essentially is a higher dimensional function theory
offering both a generalization of the theory of holomorphic functions in the complex plane and a
refinement of classical harmonic analysis. In the standard, also called orthogonal, case, Clifford
analysis focusses on so—called monogenic functions, i.e. null solutions of the rotation invariant
vector valued Dirac operator
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where (ey,...,e,) forms an orthonormal basis for the quadratic space R%™ underlying the
construction of the real Clifford algebra Ry ,,. The theory of Hardy spaces and the multidi-
mensional Hilbert transform in the orthogonal Clifford analysis framework is nowadays well
established, see [11, 9, 4]. However we want to draw the reader’s attention on the paper [12]
of Horvath who, to our knowledge, was the first to define a Hilbert transform using Clifford
algebra.

Recently another branch of Clifford analysis has emerged, offering yet a refinement of the
orthogonal case; it is called Hermitean Clifford analysis and it focusses on the simultaneous null
solutions of two complex Hermitean Dirac operators. Complex Dirac operators were already
studied in [14, 13, 15]; however, a systematic development of the associated function theory
including the invariance properties with respect to the underlying Lie groups and Lie algebras
is still in full progress, see [8, 2, 3]. While studying Clifford—Hermite wavelets in the context of
Hermitean Clifford analysis, see [6, 7], we came across a new kind of Hilbert operator. The aim
of this paper is to further investigate the properties of this Hilbert—like transform and to show
its similarities and connections with the standard as well as with newly introduced Hermitean
Clifford-Hilbert transforms in Euclidean space. In particular, also new Hardy spaces associated
to this operator are introduced and characterized.

2 Preliminaries

Let R®™ be endowed with a non—degenerate quadratic form of signature (0,m), let (eq,...,en)
be an orthonormal basis for R®™ and let Ry, be the real Clifford algebra constructed over
R%™. The non-commutative multiplication in Ry, is governed by

ejep+epe; = =201 ., Jk=1,....,m (2.1)

A basis for Ry, is obtained by considering for a set A = {ji,...,7n} C {1,...,m} the element
ea = €j...€5,, with 1 < j; < jo < ... < j, < m. For the empty set () one puts ey = 1,
the identity element. Any Clifford number a in Ry ,, may thus be written as a = ) , esau4,
as € R, or still as @ = 37,7 [alk, where [a]x = > 4_; eaaa is the so—called k—vector part of a
(k =0,1,...,m). The Euclidean space R*™ is embedded in Ry, by identifying (z1,...,zm)
with the Clifford vector z given by
X = Z €54
j=1

Note that the square of a vector z is scalar valued and equals the norm squared up to a minus
sign: 2?2 = — < z,z > = —|z|*>. The dual of the vector z is the vector valued first order

differential operator
m
0 =Y €0,
j=1

called Dirac operator. It is precisely this Dirac operator which underlies the notion of mono-
genicity of a function, a notion which is the higher dimensional counterpart of holomorphy in
the complex plane. A function f defined and differentiable in an open region €2 of R™ and
taking values in Ry, is called left-monogenic in Q if 9,[f] = 0. Since the Dirac operator fac-
torizes the Laplacian, A,, = —d2, monogenicity can be regarded as a refinement of harmonicity.



We refer to this setting as the orthogonal case, since the fundamental group leaving the Dirac
operator 0, invariant is the special orthogonal group SO(m), which is doubly covered by the
Spin(m) group of the Clifford algebra Ry,,. For this reason, the Dirac operator is called a
rotation invariant operator.

When allowing for complex constants and moreover taking the dimension to be even, say
m = 2n, the same set of generators as above, (eq, ..., ey,), still satisfying the defining relations
(2.1), may in fact also produce the complex Clifford algebra Cs,. As Cs, is the complexifica-
tion of the real Clifford algebra Rg oy, i.e. Co, = Rp o2y @ iRg 2y, any complex Clifford number
A € Gy, may be written as A = a + b, a,b € Ry 9,, leading to the definition of the Hermitean
conjugation A = (a + 'ib)T = @ — ib, where the bar denotes the usual conjugation in R gy, i.e.
the main anti-involution for which €; = —e;, j = 1,...,2n. This Hermitean conjugation leads
to a Hermitean inner product and its associated norm on Cy, given by (A, 1) = [Afu]o and
A = V[ Ao = (34 [Aal?)Y2. The above framework will be referred to as the Hermitean Clif-
ford setting, as opposed to the traditional orthogonal Clifford one. Hermitean Clifford analysis
then focusses on the null solutions of two Hermitean Dirac operators d; and 8TZ, introduced
below.

We first consider the so—called Witt basis for the complex Clifford algebra C,,, viz

1 . 1 : :
fi = 5(e; —ienty), f}:—g(eﬂrzenﬂ-), Jj=1L..n

These Witt basis elements satisfy the Grassmann identities

Fife + fufy = fifL + il =0, g k=1,...n
and the duality identities
Bk +f =0k, G k=1,..

The Grassmann subalgebras of Cy, generated by (f;)7_, and (f );l , are denoted by CA,, and

CA] respectively. Now take a vector X = (Xi,...,Xo,) = (T1,.. -, T, Y1, .-, Yn) in RO
identified with the Clifford vector X =37 (e;x; + en+jyj), and rewritten in terms of the Witt

basis as
Z R

J=1

where n complex variables z; = x; + iy; have been introduced, with complex conjugates 2§ =

xj —y;, 3 = 1,...,n. In terms of the Hermitean vector variables, defined as

Z=) lz and Z'=(2)' =3 fl.
j=1 j=1

the Clifford vector X eventually takes the form
X-z-2

Similarly the traditional Dirac operator can be rewritten as

n

Ox = Z(eaa’@ + €510 y; Zf] ¢ = Z]daz]') = 2(82 —0z)

Jj=1 j=1



in terms of the Hermitean Dirac operators

07 =Y 110, and 0f = (92)" = f;0u
j=1

j=1

0,. — 10,.) and their complex con-
( J Yj p

involving the classical Cauchy—Riemann operators 0., = %
=1,...,n. In this framework also a

jugates 825_ = %(83;]. +i0,;) in the complex z; planes, j =
second Clifford vector is considered, viz

n

X| = Z(ejy] entiT;) Z]‘JZJ + - Zf Z + Z"

=1
with corresponding Dirac operator

n

8&22(6]0% €ntj0s;) = Zf]a +ZfTaz] = 0T+82)

=1

Note that the vectors X and X| are orthogonal w.r.t. the standard Euclidean scalar product,
which implies that the Clifford vectors X and X| anti-commute.

A continuously differentiable function g on R?" with values in Cs, is called a Hermitean
monogenic (or h-monogenic) function if and only if it satisfies the system

or equivalently, the system
079 =0 = 0kg

The Hermitean Dirac operators dz and 82 are invariant under the action of a realisation,

denoted U(n), of the unitary group in terms of the Clifford algebra, see [8]. This group U(n) C
Spin(2n) is given by

U(n) = {s € Spin(2n) | 30 > 0 : 5] = exp (—if)I}

its definition involving the selfadjoint primitive idempotent I = I;...1,, with [; = fjf;r- =

%(1 - iej€n+j>7 ] = 1, e, .
Finally observe that the Hermitean vector variables and Dirac operators are isotropic, i.e.

(27 = (27 =0 and (9= (9})* =0

whence the Laplacian A,, = —82 = —82& allows for the decomposition
Ny, = 4(020% + 9%,07)
and one also has that

22"+ 2'Z2 =2 = |Z')? = | X|* = | X]|]*.



3 A pair of Hilbert transforms

Identifying R?" with the hyperplane {(¢,21,...,Zn,y1,...,%n) : t =0} in R**! and introdu-
cing the supplementary unit vector eg, squaring up to -1 and orthogonal to all of (eq, . .., e, €11,
two associated Dirac operators in R?"*! may also be defined, viz

0 = Dyeo + Ox

and
J| = Oreq + 8&

In "upper halfspace” RZ"*" = {(t,21,...,Zn,¥1,---,yn) : t > 0} we then consider the Hardy
spaces of O-monogenic, respectively d|-monogenic Clifford algebra valued functions

H* R = {F(t,z1,..., %0, y1,---,yn) : OF =0 and sup/ |F|?dV < 400}
R2n

t>0

HPRZY = {F(t,z1,...,T0,Y1,---,yn) : O|F =0 and stt>1£)/]R2 |[F|?dV < 400}

It is well-known that H?(RY"™") entails the Hardy space H?(R?") as the closure in Lo(R?")
of the space of all non—tangential boundary values for t — 0+ of all functions in H2(R3"*!),
and moreover, both spaces H2(R%"™) and H?(R?") are isomorphic. In this way an orthogonal
decomposition of Ly(R**) w.r.t. the inner product

<fag>L2 = fgdv

R2n
is obtained, viz
Ly(R?™) = H*R*) @ H?*(R*™)*:
foo= P + P

where P and P+ are the so—called Szego projections on H?(R?") and its orthogonal complement
H?(R?*)+ respectively. These projections may be further explicited in terms of the so—called
Hilbert transform, given for a function f € Ly(R*") by its convolution with the so—called Hilbert
kernel, viz

fU)dv(U)

2 X 2 X
Hx[f] = eo p *f:eO—Pv/ L
R

A2n+1 V|X|2nJrl A2n+1 2 [ X — U[*rH!

with as,41 denoting the area of the unit sphere S** in R?"*1. One then obtains that

Plf] = 51+ Hy)lf]
P = (1 Hy)lf

For the Dirac operator d| and its corresponding Hardy space H|*(R¥'™) one arrives at
a similar decomposition of Ly(R?"), with alternative Szegd projections P| and P|*and their
associated Hilbert transform on Lo(R?") given by

2 X]|
H = Pv——=
X‘ [f] 60 a2n+1 V‘K|2n+1 * f
where we have taken into account that |X| = |X||. This pair of Hilbert transforms on Lo (R*"),

already introduced in [7, 1], enjoys the following properties.

5
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Proposition 3.1 One has
(i) Hx and Hx| are bounded linear operators on La(R*™);
(ii) Hy = Hy = 1;

(i1i) Hyx = Hy, Hgl = Hy,;

(iv) (Hx[f], Hx[g])1, = (f, 9)1. = (Hx|[f], Hx|[9]) 1.

It follows that f and Hx|[f] have the same Szego projection on H?(R*"):

P [Hx[f]] = 5 (1 + Hx) [Hxlf]] = (Hx + 1)[f] = Bl/]

which can be rephrased in geometrical terms as: f and Hx[f] lie symmetrically w.r.t. H*(R?").
This implies the following characterization of H?(R?").

Proposition 3.2 A function f € Ly(R?") belongs to the Hardy space H*(R?") (respectively to
its orthogonal complement H*(R?*")L) if and only if Hx[f] = f (respectively Hx[f] = —f).

Similar observations hold for f and Hy,[f] with respect to H|*(R*").

4 Hermitean Hilbert transforms

One of the ways for introducing Hermitean Clifford analysis is by considering the complex
Clifford algebra Cs,, and a so—called complex structure on it, i.e. an SO(2n; R)—element J for
which J? = —1, see [2]. Let us recall that the main objects of the Hermitean setting are then
generated conceptually by considering the projection operators %(1 +4J) and letting them act
on the corresponding protagonists of the orthogonal framework, the obtained definitions being
in agreement with those given in Section 2 when J is chosen to be represented by the matrix

0 E,
-E, O
where E,, denotes the identity matrix of order n, or equivalently, Je;| = —e,+; and Je ;] = e;,

j=1,...,n. Indeed, the Witt basis elements are obtained through the action of %(1 +4J) on
the orthogonal basis elements e;:

1 , 1 , .
f, = E(l—i—zJ)[ej] = §(ej—zen+j), j=1,...,n
T 1o 1 .
f; = —5(1—ZJ)[€j] = —§(€j+26n+j), J=1...,n

while the Hermitean Clifford variables arise through the action on the standard Clifford vector

X:

Z = SO+ = SX+iX)
7' = —a-i) = —5(X-iX)



and the Hermitean Dirac operators through the action on the orthogonal Dirac operator Ox:

1 ‘ 1 _
Oy = JA+iNox] = (0x+idx)

07 = —5(1-iDlox) = ~5(0x - i0y)

In the same order of ideas we now introduce two Hermitean Hilbert transforms on Lo (R?*")
by letting %(1 +4.J) act on the Hilbert transform Hx, resulting into

1 1

H; = 5(1 +iJ)[Hx] = §(HX+iHXI)
1 . 1 :
Hy = —5(1 —iJ)[Hx] = —§(H§_2Hl\)
or more explicitly
2 Z
H = Pv—
zlf] €o P Vit ¥ f
2 A
Hyilf] = e Tzme PVT2n+1 *f

with r = |Z| = |Z'| = |X| = |X]||. We now list a number of properties of these Hermitean
Hilbert transforms, the proofs of which are straightforward.

Proposition 4.1 One has
(i) Hy and Hy are bounded linear operators on Ly(R*");
fii) H =0, H2, = 0;
(i4i) Hy = Hy, H% = Hyi;
(iv) Hy Hyt + Hyt Hy = —1;
(v) Hy Hyt — Hy Hy = s(iHx Hy| —iHx| Hx).
Observe in particular property (ii) expressing the isotropy of the Hermitean Hilbert transforms,

and property (v) which will lead to an new Hilbert type transform in the Hermitean Clifford
analysis setting, as introduced below.

5 A new Hilbert transform

As a first step towards the definition of a new Hilbert transform the following lemma is crucial;
for a proof we refer to [7].

Lemma 5.1 The Hilbert transforms Hy and Hy| anti-commute.



As in [7], we then put

As the operator I results from the composition of two convolution operators, it is itself a
convolution operator, i.e.

Klfl =K« f
A precise calculation reveals that its kernel K (X) is given by

|X|2n+2 |X|2n

We now list a number of properties of this new K transform, which are proven in a rather
straightforward way.

Proposition 5.1 One has
(i) K is a bounded linear operator on Lo(R*™);
(ii) K squares to unity, i.e. K* =1;
(111) K is selfadjoint, i.e. K* = K;
(iv) IC preserves the Ly inner product, i.e. (K[f],Klg])r, = (f, 9)r,;

(v) in frequency space, KC takes the form

where F denotes the standard Fourier transform in R?", given by

FUNY) = e [, o0 (=i < X.U>) () aV(X),

(vi) K anti-commutes with both Hx and Hy|, i.e.
HxK+KHx =0, Hx K+ KHx =0
Corollary 5.1 For the Hardy spaces H*(R®*") and H|*(R®"), defined in terms of the Dirac
operators Ox and Ox| respectively, one has
H*(R™) N H*(R*") = {0}

Proof.
Let g belong to both Hardy spaces. It then should hold simultaneously that Hx[g] = ¢ and
Hy/lg] = g, from which we infer that

Klg] =i Hx Hx/[g] =i Hx[g] = ig

Hence
K?[g] = Klig) = i K[g] = —g

However, as K? = 1, we also have that K?[g] = g, whence g = 0. n
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Corollary 5.2 The operators %(1 + K) are projection operators on Ly(R?™).

Proof.
One can immediately check that

(%(1 iIC))Z - %(1 +K)

and that . ) . .

In this way a new orthogonal decomposition of Ly(R?*") is obtained. Indeed, putting

K2(R™) = %(1+IC)[L2(R2”)]
KARME = 2 (1 K)[La(R™)
we obtain
LE) = K@Y e KRN
= s+ + 51-=K)f]

with (3 (14 K)[f], 3 (1 = K)[f])1, = 0. Moreover the closed subspaces K?(R?") and K?*(R?")*
may be characterized in a similar way as the traditional Hardy spaces.

Proposition 5.2 One has
(i) f € K*R*) if and only if K[f] = f;
(ii) f € K2(R?*)* if and only if K[f] = —f;

(iii) f € H*(R*™) if and only if K[f] = —i Hx|[f];
(w) € H*(R*)* if and only if K[f] =i Hx|[f]
(v) € H*(R*) if and only if K[f] =i Hx|[f];
(vi) f € HX(R*™)L if and only if K[f] = —i Hx[f].

Quite remarkably, although directly following from Proposition 4.1 and the definition (5.1)
of K, the projection operators defining the subspaces K2(R?") and K?(R?")1 may be expressed
in terms of the Hermitean Hilbert transforms introduced in Section 4.

Proposition 5.3 One has
(i) $(1+K)=—Hy Hy;
(i) +(1—K) = —Hz H};

(i) Hy Hys — Hyt Hy = K.



Even more remarkable, however, is the following observation. The Hilbert transforms Hx and
Hyx, as well as the operator K are bijective on Ly(R?™), since they are bounded linear operators
on Ly(R*) with Hy' = Hx, Hy| = Hx| and K~! = K. The Hermitean Hilbert transforms on

X =

the contrary can not be injective since they are isotropic, so their kernels should be nontrivial;
they are determined in the following proposition.

Proposition 5.4 One has
ker H,: = K*(R*"), ker Hy = K?(R*)*

Proof.
If f € ker H i, then it holds that

5 (1= K)[f] = —Hyz Hyilf] =0

or K[f] = f, whence f € K?*(R?*"). Conversely, if f € K?(R?*"), then

f=K[f] =iHx Hx[f]
from which it follows that
Hx|f] =i Hx Hy)[f] = i H[f]
whence Hi[f] = —5(Hx|f] — i Hx)[f]) = 0. A similar argument may be applied to ker H;. m

Summarizing, we obtain the following characterizations of the Hardy-like spaces K?(R*")
and K?(R*)L.
Theorem 5.1

(a) A function f belongs to K*(R*") if and only if one of the following conditions is satisfied:

(i) K[f] = f;
(i) Hy[f] =0;
(i) Hz|f] = Hx[f] =i Hx|[f].

(b) A function f belongs to K*(R*")L if and only if one of the following conditions is satisfied:
(ii) Hg[f] = 0;
(iir) Hyilf] = —Hx[f] = i Hx|[f]

Corollary 5.3 One has
(i) k € K*(R*™) if and only if Hx[k] € K*(R*)*;
(ii) k € K*(R*™) if and only if Hx)[k] € K?*(R*)*;

(iii) ¢ € K2(R*)* if and only if Hx[(] € K*(R*);

(R*")*

(w) £ € K*(R*)* if and only if Hx|[(] € K*(R*™).

10



Proof.
We only prove property (i), the proofs of (ii), (iii) and (iv) proceeding along similar lines. If
k € K?(R*") then i Hx|[k] = Hx[k] and hence

K [Hx[K]] = —i Hx) Hx Hx[k] = —i Hx|[k] = —Hx[K]

from which it follows that Hx[k] € K?(R*")L. Conversely, if Hx[k] € K?(R*") then

i Hy| [Hx[k]| = —Hx [Hx|[K]] = —k

or —K[k] = —k meaning that k € K*(R*"). n

There is a nice geometric interpretation of the above corollary. Indeed, let us recall that a
function f € Ly(R?") and its Hilbert transform Hy|[f] lie symmetrically w.r.t. H?(R**). If in
particular f is chosen to belong to K?(R*") then Hx[f] € K?*(R?")*, i.e. a function f € K?(R*")
and its Hilbert transform Hx|[f] are orthogonal. The spaces K?(R*") and K?(R?")* may thus
be considered as being the bisector spaces of H?*(R?") and H?(R?")L. At the same time,
K?(R?") and K2?(R?")* are also the bisector spaces of the associated Hardy spaces H|?(IR*")
and H|*(R®")*.

Finally, the Ly(R?") decompositions w.r.t. the Hilbert transform Hx and w.r.t. the new
integral transform K can be matched together, resulting into the following schemes. Take
[ € Ly(R*"), then on the one hand

f=h+g, heHR™), ge HR™)"

and on the other
f=k+¢, ke K*R™), { € K*(R*)*

where moreover the components h, g, k£ and ¢ may be decomposed themselves as well, viz

h = h+hy, hi € K*(R*™), hy € K*(R*™)*
9 = gtge, g€ K*R™), g€ KAR™)*

and

= kn+ky, k€ H*(R™), k, € H*(R*™)*
(= b+1l,, {,€HR™), (, € H*(R™)*

where obviously the following relations hold:
k:hk—i-gk, gzhz—i-gz and h:kh+€h, g:]{?g—i-gg

We thus obtain

fo= hx+gx+het g (5.2)
Hx[f] = hx—gx +he—ge
Klf] = he+ge—he— g (5.4)
and
HxK[f] = iHX\[f] = —hp+gr+he—ge (5.5)

11



since
Hx[hi] = he, Hx[ge] = —g¢, Hx[hd = hi, Hx[ge] = —gx
and
Klhi] = bie, Klgr] = gi, Klhe = =he, Klge] = —g0
Furthermore, the above results (5.2)—(5.5) show that

HAf) = (Hx+iHx)lf]=h— g,
Hyilf] = —%(HX—Z'HXO[JC]:%—M

as it should, since
Hyz(f] = Hzlhi + 9] = Hx[hi + 9] = he — g

and
Hyi[f] = Hygilhe + go) = —Hx[he + go] = —hi + g,

on account of Theorem 5.1. Invoking (5.2)—(5.5), we may also express the components (5.2) of
f in terms of the respective projection operators 5 (1 + K) and 3 (1 + Hy), leading to

1 1+K) 1+ H
o= Ok Hx K- He ) = PR L
1 1+K) (1-H
o = +Q-Hy kK] = T A,
1 1-X) (1+H
he = T+ Hs -k = BT EE
1 1-KX)(1—-H
o = 10—y —K-HyR)[) = LA,
which is in accordance with the definitions of these projections. Similarly, we also have
f= kntky+ 0+ 4, (5.6)
Hylf) = hu—ko+ 1, (5.7)
Klf] = kn+ky—10,—1, (5.8)
and
HxK[f] = iHx|[f] = kn—ks—ln+1{, (5.9)
since
Hxl[kn] = kn, Hxlkg] = =k, Hx[ly] = by, Hx[lg] = =L,
and

Klkn] = kg, Klkg] = kn, K[ln] = =Ly Klts] = =0,

This yields, as an alternative decomposition of f by subsequent projections,

b= p+Hx KR [ = S B0,
b =t mr k-] = S0,
o= iy - K- xRl = S B0,
o= a-Hy k) = C BB

12



which also was to be expected. Furthermore we then have

Hg[f] = kh - kg
0 — Ly

S
=
I

again in agreement with Theorem 5.1.

6 Analytic signals

In one-dimensional signal analysis the concept of ”analytic signal” is fundamental. If u(t) is
a real signal of the time variable ¢t € R and H]u] is its one-dimensional Hilbert transform, see
Section 1, then the complex signal

A(t) = u(t) + iH[u)(t)

is called the analytic signal associated to u(t). As H? = —1, this analytic signal satisfies the
condition

iH[A] = A

which means that if the signal u(¢) has ”finite energy”, i.e. u(t) € Ly(R), then its associated an-
alytic signal A(t) belongs to the Hardy space H*(R). At the same time the complex conjugated
signal

A(t) = u(t) — iH[ul(t)

1

will then belong to the orthogonal complement H?(R)* since

iH[A®] = —(u — iH[u]) = —A°
So one could say that in the one-dimensional case complex conjugation maps the Hardy spaces

H?(R) and H?(R)* onto each other.

In the multidimensional case it is directly seen from the definitions of the Hilbert transforms
Hy and Hy| themselves, see Section 3, that for functions f : R?" — Csy,

Hxleo f] = —eo Hx|f]

and
Hx leo f] = —eo Hy, f]

It follows that left multiplication by e, i.e. Tt, : f — e f, will map the Hardy spaces H?(R*")
and H|*(R?") onto their orthogonal complements and vice versa. Indeed, for f : R?™ — Cy, its
associated analytic signal is given by

AX) = f(X) + Hx[fI(X)
which clearly belongs to H?*(R?") since

Hx[Al = Hx[f]+ Hx[f] = f + Hx[f] = A

Note that A takes values in the Clifford algebra C,,, & egCsy,, = Cop,11. The action of the Tt
map then results into

TeolA] = eo f +eo Hx|[f] = —Hxleo f] +eo f

13



where now e f takes values in ey Cs,,, while —Hx|[eo f] = eg Hx|f] takes values in Cy,. Moreover
Hy [Te, [A]] = Hxleo ] — eo f = =T [A]
which means that T,,[A] belongs to H?(R*")*.

However, for the new spaces K?2(R?**) and K?(R?*")+ of Hardy type, it holds that

Kleo f] = iHx Hxjleo f] = iHx [—eo Hx/|[f]]
= eoi Hx Hy|[f] = e K[f]

implying that T, will map both K?(R?**) and K?(R?")* onto themselves.

7 A Cauchy integral

As was already mentioned in Section 3, the Hardy spaces H?(R2"*!) and H?(R?*") are isomor-
phic, the isomorphism being obtained explicitly by means of the Cauchy integral, which, for a
given h € H?*(R?"), reads:

1 t+eo (X —U)
B, T, o Tny Yty Yn) = hU) dV (U
At ar. oot = —— [ LS D ) av)
with C[h] € H?(R%"™") and
lim C[h] = h (7.1)

t—0+

in the Ly sense of non—tangential boundary values, such that C[h] may be seen as a monogenic
extension of h and both functions may be identified with each other.

More generally, for f € Ly(R?"), its Cauchy integral C[f] still exists and belongs to H*(R¥"*")
(and in fact also to H2(R*"™), defined similarly), but one obtains

JmClf) = ') = S+ ) (72)
JmClfl = €)= —5f + 3 Hxl]

for its non—tangential boundary values, also called Hardy projections. Note that these results
are in agreement with Proposition 3.2, since (7.2) indeed reduces to (7.1) when f € H*(R?*").
Quite similarly, using the X| variable, one can define the associated Cauchy integral

1 / t+eo (X[ —UJ)

o |t60 +X . Ql?n-ﬁ-l f(g) dV(Q)

CIlf1t, 1y Ty Y1y e e Yn) =

A2n+1

establishing the isomorphism between the Hardy spaces H|*(RZ**') and H|*(R*"). For f €

Ly(R*™), C|[f] will be d|-monogenic in R?"*! \ R?*" and show the non-tangential boundary
values or associated Hardy projections

1 1
ImCllf) = ¢l = 5f +5Hxl]
1 1
Jm Cllf] = CI[f] = =5 + 5 Hxl]

14



Observe that, in the present case of halfspace, the Hardy projections coincide with the Szego
projections, which is a well-known fact. Explicitly, one has

C[f] = PIf] C7lf] = —Pf]
Cl*ifl = Pl CIT/T = —PI*[f]

This leads to an expression of the newly introduced K—transform as a commutator of the Hardy
projections considered.

Proposition 7.1
1
SK =l icl] = e il ]

Proof.
For a function f € Lo(R?"), the result is directly obtained from the following calculations:

ct(iel) f] = i(zl—i-ZHXﬂLZHX%—ZHXHXO
(iclH)crif] = i(i1+iHX+iHX+z’HX| x)f
—mﬁmzimﬂm—ﬂwmwm
(iclm)ycif] = i(z’l—iHX—z’HX|+iHX| x) [f]

]

Finally it is also possible to make the Hermitean Hilbert transforms Hy and H,: apparent

as part of a boundary value of a suitable combination of a d—monogenic and a d|-monogenic
function in halfspace.

Proposition 7.2 One has

(i) (€ +iCl) [fl = 5'f + Hlf];
(i) (C* —iCI") [fl = Ff = Hulfl;
(iii) (C~ +iC|7) [f] = =5 f + Hglf];
(iv) (C™ —iC|7) [f] = =55 = Hulf].
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