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Abstract—A new boundary integral equation approach is proposed to solve two-dimensional periodic TM-scattering prob-
lems. The scatterers are described by a proper surface admittance operator, relating the equivalent electric surface currents to
the electric fields on the scatterer’s surface. This surface operator is determined analytically for a scatterer with rectangular
cross-section. The new method allows for a considerable gain in CPU-time and memory requirements and remains very accurate
even in the presence of very good conductors and this from DC to the high-frequency skin effect regime. The new approach is
illustrated by studying the scattering of a plane wave by a periodic arrangement of lossy rectangles embedded in a dielectric slab.

1 INTRODUCTION

Boundary integral equation techniques, with suitable Green’s functions [1] as kernel functions, are ideally suited for
modelling piecewise homogeneous scatterers. These structures can be embedded in a layered medium or placed in
a periodic arrangement. Typically, the equivalence principle is used to introduce unknown equivalent electric and
magnetic surface currents on the scatterers’ boundaries. These equivalent currents are then found by solving integral
equations that enforce continuity of the total tangential electric and magnetic field at the scatterer’s surface [2].
In this paper it is shown that it suffices to introduce an equivalent electric surface current Js(r, ω) on the scatterer’s
surface, provided a suitable surface admittance operator is introduced relating this current at each point r of the
scatterer’s surface to the tangential electric fields Etan(r′, ω) at every other point on the surface. This surface admit-
tance operator allows to replace the medium of the scatterer by the medium of the surrounding background medium
the scatterer is embedded in. The remaining field problem is solved by solely considering the interactions between
the equivalent electric surface currents and the incident field in the sole presence of the background medium the
scatterers were originally embedded in. It is shown that the admittance operator yields a highly accurate description
of the behaviour of the scatterer for a wide range of electromagnetic material properties. This is in particular the
case when the scatterer becomes highly conductive and for small skin depths. It is demonstrated that the surface
admittance operator can be easily incorporated into an integral equation method, including the case of a layered
background medium and/or for a periodic arrangement of the scatterers. In Section 2, the theoretical background of
the surface admittance operator is briefly explained, together with the solution of the overall scattering problem. A
general expression in terms of the Dirichlet eigenfunctions of the scatterer’s cross-section is given. For the rectangu-
lar cross-section, application of the method of moments (MoM) leads to a discretised form of the surface admittance
operator: the surface admittance matrix. The reader is referred to [3] for more details. In order to illustrate our new
formalism we consider a periodic configuration consisting of rectangular dielectric scatterers, embedded in a dielec-
tric slab. The incident wave is a plane TM-wave and both reflection and transmission coefficients are calculated, as
well as the total dissipated power for varying losses in the scatterers.

2 INTEGRAL APPROACH AND SURFACE ADMITTANCE OPERATOR

Consider the cross-section S of an arbitrary non-magnetic scatterer embedded in a piecewise homogeneous non-
magnetic background medium, as in Fig. 1. The homogeneous material of the layer the scatterer is embedded in, is
characterised by the constitutive parameters ε, µ0 and σ, whereas the constitutive parameters of the scatterer are given
by εsc, µ0 and σsc. In order to replace, in Fig. 1a, the material of the scatterer by the material of its surrounding layer,
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in this way undoing the discontinuity in permittivity and conductivity due to the scatterer’s presence, we introduce
an equivalent surface current density Jsz (Fig. 1b), related to the value of the electric field on the boundary c, by
means of the differential surface admittance operator Y given by

Jsz = Y Ez = τ

∞∑
m=1

∂nξm

∮
c

Ez ∂nξm dc

(k2

0
− λm)(k2 − λm)

, (1)

with τ = [σ − σsc + jω(ε − εsc)]. The symbol k represents the wavenumber of the material of the scatterer,
i.e. k =

√
−jωµ0(jωεsc + σsc) and k0 =

√
−jωµ0(jωε + σ) is the wavenumber of the material the scatterer

is embedded in. The ξm are the Dirichlet eigenfunctions of the cross-section S, bounded by the curve c, with
corresponding eigenvalues λm. For a rectangular scatterer (0 ≤ x ≤ a and 0 ≤ y ≤ b), the Dirichlet eigenfunctions
are ξmn = 2√

ab
sin

(
mπx

a

)
sin

(
nπy

b

)
, with λmn = ((mπ)/a)2 + ((nπ)/b)2. In [3] it is shown that an analytical

expression for Jsz can be obtained by expanding Ez on each side of the rectangle in an appropriate Fourier sine
series. E.g. for y = 0 and 0 ≤ x ≤ a this series is Ez =

∑P

m=1
Am sin mπx

a
. However, when solving the overall

scattering problem, Ez and Jsz will be used in a Galerkin MoM. When applying pulse functions both as basis and
test functions, we can now collect all the pulse amplitudes Ej , on all of the four sides, into a vector E and similarly
all Jj’s into a vector J, in order to obtain the discretised form of Y as J = Ys · E. Ys is the M × M differential
surface admittance matrix (all entries of Ys have dimension Ω−1). We again refer the reader to [3] for the detailed
analytical expressions of the elements of Ys. The next step consists of coupling the surface admittance operator
descriptions for the different scatterers to the description of the overall scattering problem based on

(Ez)scat(r) =

∮
c

Jsz(r
′)G(r, r′)dc(r′). (2)

An appropriate Green’s function G(r, r′) is to be used as integral kernel. For a periodic configuration of scatterers,
we refer to reader to [1]. If we now consider (2) for r on the boundary c, an appropriate MoM discretisation of
(2), again using pulse functions, leads to Escat = G · J, where we have used the same set of pulse functions
as for constructing the differential surface admittance matrix. The unknown currents J, i.e. the amplitudes of the
pulses representing the originally continuous current Jsz , can now simply be determined by enforcing the boundary
condition J = Ys · E = Ys · (Einc + Escat) = Ys · (Einc + G · J), on c and solving for J. The symbol Einc

stands for the pulse weighted field on c due to the incident field.

3 EXAMPLE

Consider a periodic grid of dielectric bars (Fig. 1(c)), buried in a non-magnetic and lossless dielectric slab with
thickness t = 18 mm and a relative permittivity of εr = 3.0. The dielectric slab is placed in free space. The bars
(also non-magnetic and lossless) of size 6 mm × 3 mm have a complex permittivity εc = ε0εr (1 − j tan δ), with
εr = 3, and are located 5 mm under the top surface of the dielectric slab. The centre-to-centre spacing between
the bars is chosen to be 10 mm. The structure is excited by a TM incident plane wave Ei = Eiuz , at a free-
space wavelength λ = 2cm (i.e. about 15 GHz). In order to calculate the periodic Green’s function [1], we place
Perfectly Matched Layers (PMLs), backed by perfectly conducting (PEC) plates above and below the air-slab-air
configuration and use the propagation characteristics of the resulting parallel-plate waveguide. The PMLs are placed
at a distance dair = 5mm from the slab, with dPML = 3.5mm, κ0 = 15, σ0

ωε0
= 10. In Figs. 2 and 3, the power

reflection coefficient R and the power transmission coefficient T are shown as a function of the angle of incidence θ,
for varying values of the losses in the bars acting as scatterers. tan δ = 0.01 corresponds to a skin-depth of 35mm,
whereas tan δ = 1000 corresponds to a skin-depth of 142µm. For small values of the loss tangent, the reflection
coefficient decreases with increasing losses, because of the increasing power absorption in the bars. However, for
large values of tan δ, the skin-effect comes into play and as fields are forced out of the bars, the reflection coefficient
increases. The power transmission through the grid of lossy bars steadily decreases as losses in the bars increase.

References

[1] H. Rogier and D. De Zutter, “A fast converging series expansion for the 2D periodic Green’s function based on
Perfectly Matched Layers,” IEEE Trans. Microwave Theory Tech., vol. 52, pp. 1199–1206, Apr. 2004.

EMTS 2007 - International URSI Commission B - Electromagnetic Theory Symposium • July 26-28, 2007 • Ottawa, ON, Canada



[2] F. Olyslager, D. De Zutter, and K. Blomme, “Rigorous analysis of the propagation characteristics of general
lossless and lossy multiconductor transmission lines in multilayered media,” IEEE Trans. Microwave Theory
Tech., vol. 41, pp. 79–88, Jan. 1993.

[3] D. De Zutter and L. Knockaert, “Skin effect modeling based on a differential surface admittance operator,” IEEE
Trans. Microwave Theory Tech., vol. 53, pp. 1199–1206, Aug. 2005.

un

S

c

(a)

ε
sc

µ
sc

σ
sc

ε µ σ

θ

10 mm

5 mm

18 mm
cε  = ε  ε  (1 − j tan   )0 r

E

δ

in

6 mm

ε  = 3r

3 mm

un

ε µ σ

ε µ σ

S

c

(b)

J
sz

(c)

uz

Figure 1: Problem geometry: (a) scatterer cross-section S with boundary c, embedded in a piecewise homogeneous
background medium; (b) equivalent problem with surface currents Jsz and with the material of the scatterer replaced
by that of the surrounding layer; (c) Periodic grid of lossy non-magnetic dielectric bars embedded in a non-magnetic
dielectric slab and illuminated by an incident plane TM-wave.
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Figure 2: Power reflection coefficient R as a function of the angle of incidence θ.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  10  20  30  40  50  60  70  80  90

T

θ

tan δ= 0.01
tan δ= 0.1

tan δ= 1
tan δ= 10

tan δ= 100
tan δ= 1000

Figure 3: Power transmission coefficient T as a function of the angle of incidence θ.
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