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Intuitionistic fuzzy sets defined by Atanassov in 1983 [1] form an extension of fuzzy sets. While
fuzzy sets give only a degree of membership, and the degree of non-membership equals one minus
the degree of membership, intuitionistic fuzzy sets give both a degree of membership and a degree
of non-membership that are more or less independent: the only condition is that the sum of the two
degrees is smaller than or equal to 1. Formally, an intuitionistic fuzzy setA in a universeU is defined
asA = {(u,µA(u),νA(u)) | u∈U}, whereµA andνA areU − [0,1] mappings giving the membership
degree and non-membership degree ofu in A respectively, and whereµA(u)+νA(u)≤ 1, for allu∈U .

Deschrijver and Kerre [4] have shown that intuitionistic fuzzy sets can also be seen asL-fuzzy sets
in the sense of Goguen [6]. Consider the setL∗ and the operation≤L∗ defined by :

L∗ = {(x1,x2) | (x1,x2) ∈ [0,1]2 andx1 +x2≤ 1},

(x1,x2)≤L∗ (y1,y2)⇔ x1≤ y1 andx2≥ y2, ∀(x1,x2),(y1,y2) ∈ L∗.

Then(L∗,≤L∗) is a complete lattice [4]. We denote its units by 0L∗ = (0,1) and 1L∗ = (1,0). From now
on, we will assume that ifx∈ L∗, thenx1 andx2 denote respectively the first and second component
of x, i.e. x = (x1,x2). It is easily seen that with every intuitionistic fuzzy setA corresponds anL∗-
fuzzy set, i.e. a mappingA : U → L∗ : u 7→ (µA(u),νA(u)). We will also use in the sequel the set
D = {x | x∈ L∗ andx1 +x2 = 1}.

Using the lattice(L∗,≤L∗), Deschrijver, Cornelis and Kerre have extended the notion of triangular
norm to the intuitionistic fuzzy case [2, 3]. An intuitionistic fuzzy triangular norm is a commutative,
associative, increasing(L∗)2−L∗ mappingT satisfyingT (1L∗ ,x) = x, for all x ∈ L∗. Intuitionistic
fuzzy t-norms can be constructed using t-norms and t-conorms on[0,1] in the following way. LetT
be a t-norm andSa t-conorm, then the dual t-normS∗ of S is defined byS∗(a,b) = 1−S(1−a,1−b),
for all a,b∈ [0,1]. If for all a,b∈ [0,1], T(a,b)≤ S∗(a,b), then the mappingT defined byT (x,y) =
(T(x1,y1),S(x2,y2)), for all x,y∈ L∗, is an intuitionistic fuzzy t-norm. We call an intuitionistic fuzzy
t-normT for which such a t-normT and t-conormSexist t-representable. Not all intuitionistic fuzzy
t-norms are t-representable, e.g.TW(x,y) = (max(0,x1 + y1−1),min(1,x2 + 1− y1,y2 + 1− x1)) is
not t-representable.

An intuitionistic fuzzy t-normT satisfies the residuation principle if and only if, for allx,y,z∈ L∗,
T (x,y)≤L∗ z⇔ y≤L∗ IT (x,z), whereIT denotes the residual implicator generated byT , defined as,
for x,y∈ L∗, IT (x,y) = sup{γ | γ ∈ L∗ andT (x,γ)≤L∗ y}.

In the fuzzy case, the residuation principle is equivalent to left-continuity of the t-norm[5]. The
intuitionistic fuzzy counterpart of left-continuity is intuitionistic fuzzy left-continuity, defined as fol-
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lows. LetF be an arbitraryL∗− L∗ mapping anda ∈ L∗, thenF is called intuitionistic fuzzy left-
continuous ina iff

(∀ε > 0)(∃δ > 0)(∀x∈ L∗)((d(a,x) < δ andx≤L∗ a)⇒ d(F(x),F(a)) < ε),

whered denotes the Euclidean or Hamming distance ofR2 restricted toL∗.

Let T be an intuitionistic fuzzy t-norm. ThenT satisfies the residuation principle if and only if
supz∈Z T (x,z) = T (x,supz∈Z z), for all x∈ L∗ and all∅⊂ Z⊆ L∗. Only in the case of t-representable
intuitionistic fuzzy t-norms the last property is equivalent to intuitionistic fuzzy left-continuity. So
we have that a t-representable intuitionistic fuzzy t-normT satisfies the residuation principle if and
only if T is intuitionistic fuzzy left-continuous, but in general we only have that ifT satisfies the
residuation principle thenT is intuitionistic fuzzy left-continuous [2].

In general a characterization of intuitionistic fuzzy t-norms satisfying the residuation principle has
not yet been established. However, we have the following cases.

For the first representation theorem we will use the following possible properties of an intuition-
istic fuzzy t-normT :

(P.1) T (x,x) <L∗ x, for all x∈ L∗ \{0L∗ ,1L∗};

(P.2) there existx,y∈ L∗ such thatx1 andy1 are non-zero and such thatT (x,y) = 0L∗ .

Deschrijver, Cornelis and Kerre have proven that ifT is an(L∗)2−L∗ mapping, then the following
are equivalent [2]:

(i) T is a continuous intuitionistic fuzzyt-norm satisfying the residuation principle, the properties
(P.1) and (P.2),IT (D,D)⊆ D andT ((0,0),(0,0)) = 0L∗ ;

(ii ) there exists a continuous increasing permutationϕ of [0,1] such that, for allx,y∈ L∗,

T (x,y) = (ϕ−1(max(0,ϕ(x1)+ϕ(y1)−1)),
1−ϕ−1(max(0,ϕ(x1)+ϕ(1−y2)−1,ϕ(y1)+ϕ(1−x2)−1)));

(iii ) there exists a continuous increasing permutationΦ of L∗ such thatT = Φ−1◦TW ◦ (Φ×Φ).

A more general class of intuitionistic fuzzy t-norms that satisfy the residuation principle is the fol-
lowing. LetT be an intuitionistic fuzzy t-norm such that, for allx∈ D, y2 ∈ [0,1], pr2T (x,(0,y2)) =
pr2T (x,(1− y2,y2)). ThenT satisfies the residuation principle if and only if there exist two left-
continuous t-normsT1 andT2 on [0,1] such that, for allx,y∈ L∗,

T (x,y) = (T1(x1,y1),min{1−T2(1− pr2T ((0,0),(0,0)),
T2(1−x2,1−y2)),1−T2(x1,1−y2),1−T2(y1,1−x2)}),

andT2(x1,y1)= T1(x1,y1) as soon asT2(x1,y1)> T2(1−pr2T ((0,0),(0,0)), T2(x1,y1)), andT1(x1,y1)≤
T2(x1,y1) else, for allx1,y1 ∈ [0,1].

In the case thatT (D,D) ⊆ D, we have the following. LetT be an intuitionistic fuzzy t-norm
satisfying the residuation principle such thatT (D,D) ⊆ D, T1 be the[0,1]2− [0,1] mapping de-
fined byT1(x1,y1) = pr1T ((x1,1−x1),(y1,1−y1)), for all x1,y1 ∈ [0,1], andN1(x1) = sup{y1 | y1 ∈
[0,1] andT1(x1,y1) = 0}. Assume that range(N1) = [0,1], and

pr2T ((0,0),(y1,1−y1)) = 1⇔ y1 = 0, ∀y1 ∈ [0,1].
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Then, for allx,y∈ L∗,

T (x,y) = (T1(x1,y1),min{1−T1(1− pr2T ((0,0),(0,0)),T1(1−x2,1−y2)),
1−T1(1−y2,x1),1−T1(1−x2,y1)}).
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