The residuation principle for intuitionistic fuzzy t-norms
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Intuitionistic fuzzy sets defined by Atanassov in 1983 [1] form an extension of fuzzy sets. While
fuzzy sets give only a degree of membership, and the degree of non-membership equals one minus
the degree of membership, intuitionistic fuzzy sets give both a degree of membership and a degree
of non-membership that are more or less independent: the only condition is that the sum of the two
degrees is smaller than or equal to 1. Formally, an intuitionistic fuzzg set universeJ is defined

asA = {(u,pa(u),va(u)) |ue U}, wherepa andva areU — [0, 1] mappings giving the membership
degree and non-membership degrea iof A respectively, and whelg (u) +va(u) <1, forallue U.

Deschrijver and Kerre [4] have shown that intuitionistic fuzzy sets can also be sednzs/ sets
in the sense of Goguen [6]. Consider thelseand the operatior, - defined by :

L* = {(X1,%2) | (X1,%2) € [0,1]? andxq +xp < 1},
(X]_,Xz) SL* (y17y2) - Xl S Y1 andxz Z Y2, V(X]_,XZ), (Y1,YZ) e I_*

Then(L*, <.~) is a complete lattice [4]. We denote its units hy & (0,1) and - = (1,0). From now

on, we will assume that ik € L*, thenx; andx, denote respectively the first and second component
of x, i.e. x= (x1,%2). It is easily seen that with every intuitionistic fuzzy getorresponds ah*-
fuzzy set, i.e. a mapping:U — L*: u— (pa(u),va(u)). We will also use in the sequel the set
D = {x|xeL* andx; +x2 = 1}.

Using the latticgL*, <, - ), Deschrijver, Cornelis and Kerre have extended the notion of triangular
norm to the intuitionistic fuzzy case [2, 3]. An intuitionistic fuzzy triangular norm is a commutative,
associative, increasing.*)?> — L* mapping7 satisfying7 (1.-,X) = x, for all x € L*. Intuitionistic
fuzzy t-norms can be constructed using t-norms and t-conorni@, dhin the following way. LetT
be a t-norm an&a t-conorm, then the dual t-nor8i of Sis defined byS'(a,b) =1—-§1—a,1—b),
for all a,b € [0,1]. If for all a,b € [0,1], T (a,b) < S*(a,b), then the mapping defined by7 (x,y) =
(T(X1,¥1), S(X2,Y2)), for all x,y € L*, is an intuitionistic fuzzy t-norm. We call an intuitionistic fuzzy
t-norm ‘7 for which such a t-nornT and t-conornf exist t-representable. Not all intuitionistic fuzzy
t-norms are t-representable, e@y(X,y) = (max(0,x; +y1 — 1), min(1,x2 + 1 —y1,y2+1—x1)) is
not t-representable.

An intuitionistic fuzzy t-normT satisfies the residuation principle if and only if, foraly,z< L*,
T(xy) <p» z&y <_- I7(x,2), whereI; denotes the residual implicator generatedZ/hydefined as,
forx,y e L*, Ir(xy) =sup{y|ye L* andT(x,y) <r- y}.

In the fuzzy case, the residuation principle is equivalent to left-continuity of the t-norm[5]. The
intuitionistic fuzzy counterpart of left-continuity is intuitionistic fuzzy left-continuity, defined as fol-
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lows. LetF be an arbitranL* — L* mapping anda € L*, thenF is called intuitionistic fuzzy left-
continuous ireiff

(Ve > 0)(3d> 0)(Vx € L*)((d(a,x) < dandx <- a) = d(F(x),F(a)) <€),

whered denotes the Euclidean or Hamming distanc®&®festricted td_*.

Let 7 be an intuitionistic fuzzy t-norm. The@ satisfies the residuation principle if and only if
SUp,z 7 (X,2) = 7 (X,Sup,, 2), forallx e L* and allo € Z C L*. Only in the case of t-representable
intuitionistic fuzzy t-norms the last property is equivalent to intuitionistic fuzzy left-continuity. So
we have that a t-representable intuitionistic fuzzy t-nafnsatisfies the residuation principle if and
only if 7 is intuitionistic fuzzy left-continuous, but in general we only have thal iGatisfies the
residuation principle theff is intuitionistic fuzzy left-continuous [2].

In general a characterization of intuitionistic fuzzy t-norms satisfying the residuation principle has
not yet been established. However, we have the following cases.

For the first representation theorem we will use the following possible properties of an intuition-
istic fuzzy t-norm<Z":
(P.1) T(x,x) <p- x, forall x € L*\ {0+, 1.+ };
(P.2) there exisk,y € L* such that; andy; are non-zero and such tha{x,y) = 0-.

Deschrijver, Cornelis and Kerre have proven thaf is an(L*)? — L* mapping, then the following
are equivalent [2]:

(i) 7 is a continuous intuitionistic fuzzynorm satisfying the residuation principle, the properties
(P.1) and (P.2)/,(D,D) C D and 7 ((0,0),(0,0)) = O;

(if) there exists a continuous increasing permutagiatf [0, 1] such that, for alk,y € L*,

T(xy) = (¢ H(max0,¢(xa)+(y1) 1)),
1— ¢~ (max(0,¢(x1) + (1 —y2) = 1,0(y1) +$(1—x2) —1)));

(iii) there exists a continuous increasing permutadiasf L* such thatl = ®~1o Ty o (® x ).

A more general class of intuitionistic fuzzy t-norms that satisfy the residuation principle is the fol-
lowing. Let7" be an intuitionistic fuzzy t-norm such that, for ale D, y, € [0,1], pra7 (x, (0,y2)) =
pr27 (X, (1—Y2,¥2)). ThenT satisfies the residuation principle if and only if there exist two left-
continuous t-norm3; andT, on [0, 1] such that, for alk,y € L*,

{I(va) = (Tl(xlvyl)’min{liTZ(li prZ{I((Ov O)v (07 O))a
To(1—x2,1-Y2)),1—To(x1,1—y2),1— To(y1,1—X2) }),
andTz(X1,y1) = Ta(x1, Y1) as soon a$z(xq,y1) > T2(1— pr27((0,0),(0,0)), Ta(xa,y1)), andTy(Xa,y1) <
To(x1,y1) else, for allxg,y; € [0,1].

In the case thaf (D,D) C D, we have the following. LetZ be an intuitionistic fuzzy t-norm
satisfying the residuation principle such that{D,D) C D, T; be the[0,1]?> — [0,1] mapping de-
fined by T (x1,y1) = pri7 ((x1,1—xa), (y1,1—y1)), for all xs,y1 € [0,1], andNy (x1) = sup{y1 | y1 €
[0,1] andTi(x1,y1) = O}. Assume that rang8l;) = [0, 1], and

pr27((0,0),(y1,1-y1)) =1<y1=0, Vy1€[0,1].
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Then, for allx,y € L*,

T(va) - (Tl(xl7yl)7min{1_Tl(l_prZT((QO)?(070))ﬂT1(1_X271_y2))7
1-Ti(1=y2,%1),1—Ta(1—X2,y1)}).
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