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— Theroadgoesever onandon
Down from thedoorwhereit began.
Now faraheadtheroadhasgone,
And I mustfollow, if I can,
Pursuingit with eagerfeet,
Until it joins somelargerway
Wheremany pathsanderrandsmeet.
And whitherthen? I cannotsay.

Bilbo Bagginsin “The Lord of TheRings”
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opportunityto work on muSTORM andparticipatein Belgicacampaigns.At theBrusselsheadquartersthe
almostdaily discussionswith Jean-PierreMalisseandKevin Ruddickbroadenedmy scientificmind. Prof.
N. Balakrishnangave me the opportunityto work andlectureat the SupercomputingEducationResearch
Centre(SERC)of thatwonderfulresearchheaven,theIndianInstituteof Sciencein Bangalore,India.Prof.



R. Govindarajanwasmy ever-helpful coach.HankDorris,who I met in Washingtonin ’97 believed in and
supportedmy GenericModelling andSimulationArchitecture(GMSA) ideaswith vigourandvision.

Themodellingandsimulationcommunitywouldnotbewhatit is todaywithout thebrilliant ideasof Bernie
ZeiglerandFrançois Cellier andthevision of JohnMcLeod,founderof theSocietyfor ComputerSimula-
tion.

HansL.M. Vangheluwe

Gent,December19,2000.



Contents

Intr oduction 1

1 Modelling and Simulation Concepts 5

1.1 Basicconcepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Themodellingandsimulationprocess . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3 Verificationandvalidation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3.1 Modellinga biologicalprocess. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.3.2 Differenttypesof modellingerrorsandtheirunifiedrepresentation. . . . . . . . . . 15

1.4 Abstractionlevelsandformalisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.5 Systemspecification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.5.1 Timebase. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.5.2 Levelsof systemspecification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.5.3 Structuredspecifications. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1.5.4 Multicomponentspecifications. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

1.5.5 Non-causalmodelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

1.6 Classifications. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

1.6.1 Application-basedclassification . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

1.6.2 Ill-definednessclassification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

1.6.3 Systemspecificationclassification. . . . . . . . . . . . . . . . . . . . . . . . . . . 38

1.6.4 I/O Systemclassification. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

1.6.5 Discreteeventworld views . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

1.6.6 Tool-orientedclassification. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

1.7 Multi-formalism modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

1.8 Modelling themodellingandsimulationprocess. . . . . . . . . . . . . . . . . . . . . . . . 52

1.8.1 Modellingandsimulationprocessmodels . . . . . . . . . . . . . . . . . . . . . . . 52

1.8.2 TheVirtual ProductLife-cycle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

2 Formalisms 57

2.1 TheDataformalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

2.2 Discreteeventformalisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

2.2.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.2.2 TheEventSchedulingworld view . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.2.3 TheActivity Scanningworld view . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

2.2.4 TheThreePhaseApproachworld view . . . . . . . . . . . . . . . . . . . . . . . . 65

2.2.5 TheProcessInteractionworld view . . . . . . . . . . . . . . . . . . . . . . . . . . 65

i



2.2.6 Relationshipsbetweendiscreteeventworld views . . . . . . . . . . . . . . . . . . . 68

2.3 TheDEVSformalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

2.3.1 TheatomicDEVSformalism. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

2.3.2 ThecoupledDEVS formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

2.3.3 Closureof DEVSundercoupling . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

2.3.4 Implementationof aDEVSsolver . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

2.3.5 TheparallelDEVSformalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

2.3.6 MappingEventSchedulingmodelsontoatomicDEVS . . . . . . . . . . . . . . . . 79

2.4 TheCellularAutomataformalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

2.4.1 Theformalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

2.4.2 Implementationof aCA solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

2.4.3 Examples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

2.4.4 Formalismextensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

2.4.5 MappingtheCellularAutomataformalismontoDEVS . . . . . . . . . . . . . . . . 87

2.5 TheDifferentialandAlgebraicEquationformalisms. . . . . . . . . . . . . . . . . . . . . . 89

2.5.1 DifferentialAlgebraicEquations:CausalSequence. . . . . . . . . . . . . . . . . . 89

2.5.2 DifferentialAlgebraicEquations:CausalSet . . . . . . . . . . . . . . . . . . . . . 95

2.5.3 DifferentialAlgebraicEquations:Non-causalSet . . . . . . . . . . . . . . . . . . . 99

2.6 TheTransferFunctionformalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

2.6.1 Formalismrepresentationsandtransformations. . . . . . . . . . . . . . . . . . . . 107

2.6.2 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

2.6.3 Flatteningnetworksof TransferFunctionmodels . . . . . . . . . . . . . . . . . . . 109

2.7 TheSystemDynamicsformalism. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

2.7.1 Formalismmappingthroughrepresentationin MSL-USER . . . . . . . . . . . . . . 110

2.8 ThePartialDifferentialEquationsformalism. . . . . . . . . . . . . . . . . . . . . . . . . . 113

2.8.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

2.8.2 TheOrthogonalCollocationmethod . . . . . . . . . . . . . . . . . . . . . . . . . . 114

2.8.3 ThePDEfor continuoussedimentation . . . . . . . . . . . . . . . . . . . . . . . . 118

2.8.4 ThePDEfor batchsedimentation . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

2.8.5 Discretizationof thePDE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

2.8.6 TheDAE for continuoussedimentation . . . . . . . . . . . . . . . . . . . . . . . . 122

2.8.7 TheDAE for batchsedimentation . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

2.8.8 Examples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

2.9 TheModularNetwork formalism. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

2.9.1 Formalismtransformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

2.9.2 Coupledmodeltransformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

2.9.3 MappingtheODEformalismontoDEVS . . . . . . . . . . . . . . . . . . . . . . . 139

3 A Generic Modelling and Simulation Architecture 143

3.1 TheGenericModelling andSimulationArchitecturevision . . . . . . . . . . . . . . . . . . 143

3.2 TheMSL-USERmodellinglanguage. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

3.2.1 ModelSpecificationLanguage(MSL) requirements. . . . . . . . . . . . . . . . . . 146

ii



3.2.2 Formalismversuslanguage. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

3.2.3 MSL-USERsyntaxandsemantics. . . . . . . . . . . . . . . . . . . . . . . . . . . 150

3.2.4 Lexical scoping. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

3.2.5 Genericmodeltransformations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

3.3 Metamodelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

3.3.1 Modellingenvironmentrequirements . . . . . . . . . . . . . . . . . . . . . . . . . 166

3.3.2 Multi-paradigmmodellingwith agenericstandard . . . . . . . . . . . . . . . . . . 166

3.3.3 Metamodelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

3.4 TheWEST++modellingandsimulationenvironment . . . . . . . . . . . . . . . . . . . . . 171

3.4.1 ModellingEnvironmentarchitecture. . . . . . . . . . . . . . . . . . . . . . . . . . 172

3.4.2 ExperimentationEnvironmentarchitecture . . . . . . . . . . . . . . . . . . . . . . 174

4 WWTP Modelling and Simulation 181

4.1 ActivatedsludgeWWTPs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

4.2 Physicalsystemsmodellingmethodology . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

4.2.1 Relevantquantities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

4.2.2 Transferredquantities:terminals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

4.2.3 Inheritancehierarchy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

4.3 TheIAWQ ASM 1 model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

4.3.1 Matrix formatandnotation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

4.3.2 Modellingassumptionsandrestrictions . . . . . . . . . . . . . . . . . . . . . . . . 196

4.4 PDEmodellingof clarification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

4.4.1 Thecontinuouscase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

4.4.2 Discretization. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

4.4.3 Thebatchcase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201

4.5 Modelling andsimulationexperiments. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

Conc lusions 209

Bib liograph y 211

Abbre viations 227

A Lexical Scoping 229

B MSL-USER Libraries 239

B.1 MSL-USERGenericBaseLibrary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

B.2 MSL-USERGenericQuantitiesLibrary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241

B.3 MSL-USERSystemDynamicsLibrary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250

B.4 MSL-USERWWTP QuantitiesLibrary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253

B.5 MSL-USERWWTP BaseLibrary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258

B.6 MSL-USERWWTP ASM ConversionLibrary . . . . . . . . . . . . . . . . . . . . . . . . 269

B.7 MSL-USERWWTP ASM1 Library . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270

B.8 MSL-USERWWTP ClarifierModelsLibrary . . . . . . . . . . . . . . . . . . . . . . . . . 272

iii



B.9 MSL-USERWWTP SplitterandCombinersLibrary . . . . . . . . . . . . . . . . . . . . . 273

C WWTP PDE Simulation 277

C.1 Discretizationresult:continuouscase,effluentoverflow . . . . . . . . . . . . . . . . . . . . 277

C.2 Discretizationresult:continuouscase,effluentpumped . . . . . . . . . . . . . . . . . . . . 282

C.3 Simulationresults:continuouscase. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 288

C.3.1 Effluentoverflow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 288

C.3.2 Effluentpumped . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293

C.4 Simulationresults:batchcase. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293

C.4.1 Group1: Taylorseriesapproximation . . . . . . . . . . . . . . . . . . . . . . . . . 293

C.4.2 Group2: Piecewiselinearapproximation . . . . . . . . . . . . . . . . . . . . . . . 297

C.4.3 Concludingremarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 300

Nederlandstalig e Samenvatting 301

iv



List of Figures

1.1 Modelling andSimulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2 SystemversusExperimentalFrame. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Modelling – SimulationMorphism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 Verificationandvalidationactivities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.5 Model-basedsystemsanalysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.6 Mass-Springexample . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.7 Measurementdata. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.8 Fittedsimulationresults. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.9 ExperimentalFrame– modelrelationship . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.10 Biological DenitrificationProcess . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.11 T � l controlledliquid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.12 Trajectories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.13 FSAformalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.14 Behaviour morphism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.15 Partially orderedtimebase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.16 Timebasefor hybridsystemmodels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.17 Segmenttypes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.18 SYSstatetransitionproperty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.19 Simulationkerneloperation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.20 Non-deterministicmodelwith transitionprobabilities . . . . . . . . . . . . . . . . . . . . . 29

1.21 Simplesinglequeue,singleserver system . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

1.22 Examplenetwork model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

1.23 Compositionof statechartcomponents. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

1.24 A causalblock diagrammodelfor theMass-Springproblem . . . . . . . . . . . . . . . . . 34

1.25 Electricalresistor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

1.26 Karplus’ classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

1.27 Levelsof systemspecification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

1.28 Carsuspension,physicalview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

1.29 Carsuspension,mechanicalview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

1.30 Electricalanalogyof carsuspension. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

1.31 (TransferFunction)block diagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

1.32 Signalflow graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

1.33 Lineargraph. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

1.34 CausalBondGraph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

v



1.35 Descriptionlevel/formalism/application domainclassification. . . . . . . . . . . . . . . . . 49

1.36 Complex systemexample . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

1.37 TheFormalismTransformationGraph(FTG) . . . . . . . . . . . . . . . . . . . . . . . . . 51

1.38 M&S ProcessDetail . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

1.39 VersionsandReleasesof Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

1.40 MoSS-CCdesignprocedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

1.41 VPL for SES-baseddesign . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.1 Queueingsystemstatetrajectory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.2 Event/ObjectActivity/Process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.3 EventSchedulingsimulationkernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

2.4 Eventhandler� �
δt � δS � δη � . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

2.5 Activity Scanningsimulationkernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

2.6 ThreePhaseApproachsimulationkernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

2.7 ProcessInteraction(GPSS)modelof acashier/queuesystem . . . . . . . . . . . . . . . . . 66

2.8 ProcessInteractionsimulationkernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

2.9 A transaction’s life duringaProcessInteractionsimulation . . . . . . . . . . . . . . . . . . 68

2.10 World Viewsclassification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

2.11 Finite StateAutomatonandEventGraphmodels . . . . . . . . . . . . . . . . . . . . . . . 70

2.12 StateTrajectoryof aDEVS-specifiedModel . . . . . . . . . . . . . . . . . . . . . . . . . . 72

2.13 Traffic light example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

2.14 DEVSSimulationProcedure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

2.15 DEVSSimulationProcedureMain Loop . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

2.16 Timeremainingσ until event . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

2.17 BoundaryConditionsfor afinite cell space. . . . . . . . . . . . . . . . . . . . . . . . . . . 83

2.18 2-state,1-D CellularAutomatonof length4 . . . . . . . . . . . . . . . . . . . . . . . . . . 86

2.19 “cellang” specificationof Conway’s gameof Life . . . . . . . . . . . . . . . . . . . . . . . 86

2.20 Hybrid simulationkernelstructure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

2.21 CSSLsimulationstudy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

2.22 CSSLinitial region . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

2.23 CSSLdynamicregion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

2.24 Model-solver architecture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

2.25 Sorting:DepthFirstSearch,post-ordernumbering. . . . . . . . . . . . . . . . . . . . . . . 96

2.26 Algebraicloop (dependency cycle) detection. . . . . . . . . . . . . . . . . . . . . . . . . . 98

2.27 Causalityassignment:network flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

2.28 DirectedgraphG with flow f , sourcesandsink t . . . . . . . . . . . . . . . . . . . . . . . 101

2.29 Residualgraph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

2.30 Augmentingpath . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

2.31 Dinic’s maximumflow algorithmapplied . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

2.32 Predator-prey, SystemDynamicsFormalism . . . . . . . . . . . . . . . . . . . . . . . . . . 109

2.33 Predator-prey systembehaviour . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

2.34 FormalismTransformationGraph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

vi



2.35 Timediscretizationvs.State-discretization. . . . . . . . . . . . . . . . . . . . . . . . . . . 140

3.1 GenericModelling andSimulationArchitecture . . . . . . . . . . . . . . . . . . . . . . . . 144

3.2 Modeluses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

3.3 Relationshipbetweenformalismandrepresentations. . . . . . . . . . . . . . . . . . . . . 149

3.4 InsertingTransducers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

3.5 A statetransitiondiagrammodel.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

3.6 A modelof statetransitiondiagrammodels. . . . . . . . . . . . . . . . . . . . . . . . . . . 168

3.7 A statetransitiondiagrammetametamodel. . . . . . . . . . . . . . . . . . . . . . . . . . . 169

3.8 A Petrinetmodel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

3.9 A modelof Petrinetmodels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

3.10 TheWEST++modellingandsimulationprocess. . . . . . . . . . . . . . . . . . . . . . . . 171

3.11 Modelling Environmentdependencies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

3.12 HierarchicalGraphicalEditor (HGE)Entity-RelationshipDiagram . . . . . . . . . . . . . . 173

3.13 ExperimentationEnvironmentdependencies. . . . . . . . . . . . . . . . . . . . . . . . . . 174

3.14 ExperimentationEnvironmentCalls . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

3.15 Simulationcalls . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

3.16 Optimizationcalls . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

3.17 PlotterEntity-RelationshipDiagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

4.1 WWTPconfiguration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

4.2 Units in theWEST++experimentationenvironment . . . . . . . . . . . . . . . . . . . . . . 185

4.3 Piecewiselinearapproximationof G
�
X ��� v0 . . . . . . . . . . . . . . . . . . . . . . . . . . 203

4.4 SimpleWWTP Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

4.5 WWTPinfluent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205

4.6 WWTPinfluent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205

4.7 WWTPinfluentflowrates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

4.8 WWTPbioreactor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

4.9 WWTPeffluent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

C.1 Effluentoverflow: Full PDE:SetI: uniformconcentration. . . . . . . . . . . . . . . . . . . 289

C.2 Effluentoverflow: Full PDE:SetI: positive concentrationgradientupward . . . . . . . . . . 289

C.3 Effluentoverflow: Full PDE:SetI: positive concentrationgradientdownward . . . . . . . . 289

C.4 Purediffusion:SetII: uniformconcentration . . . . . . . . . . . . . . . . . . . . . . . . . 290

C.5 Purediffusion:SetII: positive concentrationgradientupward . . . . . . . . . . . . . . . . . 290

C.6 Purediffusion:SetII: positive concentrationgradientdownward . . . . . . . . . . . . . . . 290

C.7 Diffusionwith source:SetIII: uniform concentration . . . . . . . . . . . . . . . . . . . . . 291

C.8 Diffusionwith source:SetIII: positive concentrationgradientupward . . . . . . . . . . . . 291

C.9 Diffusionwith source:SetIII: positive concentrationgradientdownward . . . . . . . . . . . 292

C.10 Only settling:SetIV: uniform concentration. . . . . . . . . . . . . . . . . . . . . . . . . . 292

C.11 Only settling:SetIV: positive concentrationgradientupward . . . . . . . . . . . . . . . . . 292

C.12 Only settling:SetIV: positive concentrationgradientdownward . . . . . . . . . . . . . . . 293

C.13 Settlingwith diffusion:SetV: uniformconcentration . . . . . . . . . . . . . . . . . . . . . 293

vii



C.14 Settlingwith diffusion:SetV: positive concentrationgradientupward . . . . . . . . . . . . 294

C.15 Settlingwith diffusion:SetV: positive concentrationgradientdownward . . . . . . . . . . . 294

C.16 Effluentpumped:Full PDE:SetI: uniform concentration. . . . . . . . . . . . . . . . . . . 294

C.17 Effluentpumped:Full PDE:SetI: positive concentrationgradientupward . . . . . . . . . . 295

C.18 Effluentpumped:Full PDE:SetI: positive concentrationgradientdownward . . . . . . . . . 295

C.19 Effluentpumped:Diffusionwith source:SetII: uniform concentrationgradient . . . . . . . 295

C.20 Effluentpumped:Diffusionwith source:SetII: positive concentrationgradientupward . . . 296

C.21 Effluentpumped:Diffusionwith source:SetII: positive concentrationgradientdownward. . 296

C.22 Group1: SetI: uniformconcentration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 297

C.23 Group1: SetI: positive concentrationgradientupward . . . . . . . . . . . . . . . . . . . . 297

C.24 Group1: SetI: positive concentrationgradientdownward . . . . . . . . . . . . . . . . . . . 298

C.25 Group1: SetII: Only settling:uniform concentration . . . . . . . . . . . . . . . . . . . . . 298

C.26 Group1: SetII: Only settling:positive concentrationgradientupward . . . . . . . . . . . . 298

C.27 Group1: SetII: Only settling:positive concentrationgradientdownward . . . . . . . . . . . 299

C.28 Group2: SetI: uniformconcentration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299

C.29 Group2: SetI: positive concentrationgradientupward . . . . . . . . . . . . . . . . . . . . 299

C.30 Group2: SetI: positive concentrationgradientdownward . . . . . . . . . . . . . . . . . . . 300

viii



List of Tables

1.1 I/O systemmodelclassification. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

1.2 Physicalanalogy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

1.3 Comparisonof representationformalisms/languages. . . . . . . . . . . . . . . . . . . . . . 47

1.4 Classificationof representationformalisms/languages. . . . . . . . . . . . . . . . . . . . . 48

2.1 Historyof maximumflow algorithms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

3.1 Four layermetamodellingstructure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

4.1 Processvariables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

4.2 Stoichiometricparameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

4.3 Kinetic parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

4.4 Processstoichiometryandkinetics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

4.5 IAWQ ASM1 matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

ix



x



List of Algorithms

1 EventSchedulingsimulationprocedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

2 CA Simulationprocedure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3 DFSsorting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

xi



xii



Intr oduction

This thesisdevelopsa multi-formalismmodelling and simulationmethodologyfor complex systems.Its
primary contribution is the unificationof differentmodellingandsimulationconcepts,methodsandtech-
niques.To complementthe theoreticalconcerns,computerimplementationissuesaredealtwith, and the
studyof activatedsludgeWasteWaterTreatmentPlants(WWTPs)by meansof modellingandsimulation
is presentedasa concreteapplication.A numberof model(inter-formalism)compilers aswell asthe full-
fledgeddistributed, interactivemodellingand simulationenvironmentWEST++have beendeveloped.In
thisconnection,acrucialpartof WEST++is thedeclarativemodellinglanguage MSL-USER.

In thefollowing section,thesecontributionsareplacedin theappropriatecontext.

The Modelling and Simulation conte xt

It is in humannatureto wantto understanddynamicsystems,controlthem,andaboveall predicttheir future
behaviour.

During the last century, this desirehaslead to inter-disciplinary researchinto modellingandsimulation,
bringingtogetherresultsfrommathematics,computerscience,cognitivesciences,andavarietyof application-
domain-specificresearch.Modelling coverstheunderstandingandrepresentionof structureandbehaviour
atanabstractlevel, whereassimulationproducesbehaviour asafunctionof timebasedonanabstractmodel
andinitial conditions.

From the 1950s,the focus of researchwas on efficient and accurate numericalsimulations(and hardly
on modelling).This originatedfrom resultsin numericalanalysis(for differentialequationmodels),andin
randomnumbergenerationandstatisticalanalysis(for discreteeventmodels).Thisresearchled,attheendof
the1960sto theestablishmentof simulation-orientedstandardssuchastheContinuousSystemSimulation
Language(CSSL) [SAF� 67] and the discreteevent world views, both of which arestill in commonuse
todayandwill bedescribedandelaborateduponin this thesis.

Fromthe1980s,evolutionsin cognitive scienceandArtificial Intelligence(AI) amplifiedtheideaof anab-
stractmodel(describedin somemodellingformalism)asaform of knowledgerepresentation.AI techniques,
mostnotablyexpertsystemsfor choosingoptimalmodelsandsimulatorsfor a givenproblem,wereusedin
modellingandsimulation.Conversely, AI calleduponexplicit numericalsimulationto obtain“deep”knowl-
edgein theform of detailedbehaviour trajectories[VVVW � 91, VKVWV92]. This,asopposedto qualitative
simulationof Kuipers[Kui86, Kui88, Kui94], deKleer [dKB84], andForbus[For84, For90], which tried to
chartclassesof behaviours,andthuspredictmultiplepossiblefutures,by ignoringquantitative details.

With the advent of the object-orientedmethodologyfor softwaredesignat the endof the 1980s,object-
orientedsofwarefound its way into modellingandsimulation.This is not surprising,astheallegedroot of
object-orientedprogramminglanguagesis Simula,a simulationlanguage[Weg90]. As will bediscussedin
this text, object-orientedmodellingandobject-orientedsimulation(implementation)aretwo distinct con-
cepts.

Sincethe1990s,AI researchhasagaincalleduponmodellingand(object-oriented)simulationusingindividual-
basedsimulationsto investigatethe emergent behaviour of communitiesof interacting“agents” [WJ95,
Ode98, Mae94, vdCKV96].

Today, modellingandsimulationareincreasinglyrecognizedasa separateinter-disciplinaryresearcharea
distinctfrom ComputerScience,Mathematics,AI , etc.with a vastrangeof applications.As theconstraints
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onproductproductioncostsaswell asdemandsfor predictable(often,higher)quality increase,theneedfor
“doing it right thefirst time” is felt. If iterative developmentandimprovementis not feasiblein thephysical
world, repeatedvirtual experimentsby meansof simulationis a valid approach.Oneareawheremodelling
andsimulationisgettingastrongfootholdis thedesignof software.In particular, softwareengineeringneeds
modellingandsimulationtechniquesto tacklehardware/softwareco-design,real-time(dueto thepresence
of timeconstraints),andsoftwareprocessproblems.

In this thesis,someof the needscurrentlyfelt in the modellingandsimulationcommunityareaddressed.
Theseneedswereidentifiedby ESPRIT’sSiE-WG,of which theauthorwasa co-founderandco-ordinator.
TheEuropeanStrategic Programmein InformationTechnology(ESPRIT)BasicResearchWorking Group
8467[VKV96, VV96d, KVV G94, KVV G95] on “Simulationfor theFuture:new concepts,toolsandappli-
cations”,with theacronym SiE-WG(Simulationin Europe- WorkingGroup),startedits work onDecember
1, 1993.SiE-WGwasaninitiativeof theSiESpecialInterestGroup(SiE-SIG),currentlyconsistingof some
200 industrialandacademicmembers.The SiE-SIGactsasa platform andvalidatingforum for SiE-WG
results.The –now concluded–SiE-WG activities will be resumedin 2001.Needsof particularrelevance
to Europeanindustryand to the end-userwere identified.“Simulation ResearchPolicy Guidelines”were
formulatedby SiE-WG:

1. Improve themodellingandsimulationprocess:

(a) Modelling:
Redefine“modelling” in a broaderperspective thancurrentlyusedandexploit this asa basis
for new modellingandsimulationmethodologies(i.e., multi-formalismmodelling, namedmulti-
paradigmmodelling,at thetime of thereportwriting).
Focuson generic,object-oriented,componentmodellingandsupportingrepresentationsto en-
hancere-usabilityandportability of existing andnew simulationmodels.

(b) Techniques:
AdaptSoftwareEngineeringandArtificial Intelligencemethodsandtools(e.g., formal verifica-
tion, re-use,versionmanagementanddecisionsupport)to modellingandsimulationproblems.
Mergeresultsin integratedmethodsandtools(e.g.,multi-language software systems).

(c) Life-cycle:
Pay attentionto the full Modelling/SimulationExperimentation/Validation life-cycle. Useex-
plicit descriptionsandprescriptionsfor this (possiblyconcurrent)life-cycle to improve quality
of theend-products(softwareand/orhardware).

2. Opennew applicationareas:

(a) Includenew peripheraldevicesandnovel algorithmsintosimulators.Enternew applicationareas
(for example,themedicalsector).

(b) Exploit highly parallel hardwarearchitecturesto simulatemulti-componentsystemsby directly
mappingmodelstructureontohardwarestructure.

3. Provideuser-simulatorinterfaces:

(a) Provide a commonbasisfor independentdevelopmentof simulatorsand user-interfacesby
meansof OpenSystems.

(b) Intelligentuser-simulatorinterfacesshouldpresentmultiple interactionscenariosfor simulation
information(e.g., educationby simulation,assistedstatisticalinterpretation). “User Centred”
interfacesnecessitateintegrationof bothengineeringandhumansciencemodels.

4. Enhanceawareness(throughknowledgedissemination):

(a) Provide educationin Modelling andSimulationto remedythe skill shortagein this field. The
education(bothin universitiesandon-site)mustbetailoredto theend-userneeds.
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(b) Disseminateinformationaboutsimulationaswell asstandardizedtoolsto currentandpotential
simulationbeneficiaries.

5. Preparestandardsand standardizationprocedures.Supportflexibility in designand re-usabilityof
modelsby developing generalformatsfor the information baseof modelsin different application
areas.

Thegapsin currentmodellingandsimulationpracticearebelievedto bedueto:� theuseof simulationtoolswithout formalunderpinning.As many toolsareapplication-specific,con-
ceptssuchasnon-causalmodellingarere-discoveredindependentlyin differentapplicationdomains
andoftensolvedin a far from optimalfashion;� thelack of a cleardistinctionbetweenmodellingandsimulation.Thereis no commonunderstanding
of theseconcepts;� thelegacy of techniquesandtoolssuchascausalmodellingin Simulink [SIM97] andACSL[ACS95]
dating back to the 1970s.Thoughtheseare excellent simulationtools, the expressivenessof non-
causalmodellingallows for bettermodelre-use.Non-causalmodellingdoesnot precludetheuseof
thesetoolsassymbolicmanipulationcanconvert non-causalmodelsinto causalones;� the lack of integrationof different formalisms.Either a modelleris forcedto casthis model into a
singleformalismfor whicha tool is availableor multi-formalismmodelsaresimulatedby connecting
formalism-specificsimulatorsfor eachof thecomponents.Thelatter is inefficient anda vastamount
of semanticinformationis lost which could be usedfor optimization,insight,validation,automatic
parallellization, etc.

Contrib utions

This thesisaddressesitems1, 3, and5 of theaforementionedneedsof themodellingandsimulationcom-
munity. It unifiesdifferent approachesin a multi-formalismmodelling andsimulationmethodology. The
work generalizesZeigler’s generalTheoryof Modelling andSimulation[Zei84b, ZPK00] by introducing
non-causalmodelling and multi-formalism modelling.The developmentsare madepossiblethroughthe
applicationof state-of-the-artcomputersciencetechniques:� someresultsfrom Artificial Intelligencefor automatingmodelselection;� object-orientedsoftwaredesignfor theconstructionof a genericmodellingandsimulationarchitec-

ture;� graphtheoryto transformcontinuousmodelsbasedon manipulationof a dependency graphof vari-
ablesoccurringin algebraicequations;� computeralgebrato re-writealgebraicexpressions;� numericalanalysisfor theimplementationof efficient solversfor ordinarydifferentialequations;� compilercompilersto generatemodelcompilersfrom high-level specifications.

Wenow presenta brief overview of thethesis,pointingoutoriginal contributions.

In thefirst chapter, generalmodellingandsimulationconceptssuchasverificationandvalidationareintro-
duced.In particular, anew, unifiedrepresentationof modellingerrorsis introduced.Thepresentationbrings
structureto the multitudeof differentexisting views, andintroducesoriginal classificationsof modelling
formalisms.As not only the formalisma modelis representedin is important,but alsotheprocessof ma-
nipulatingthis model,modelsof themodellingandsimulationprocessareproposed.Suchmodelsmaybe
usednotonly to describetheprocess,but alsoto prescribetheprocess,andassuchform thebasisfor auto-
matedmodellingandsimulationenvironments.Themaincontribution hereis theVirtual ProductLife-cycle
(VPL) conceptanda recursive processmodelfor modellingandsimulation,supportingbottom-upaswell
astop-down constructionanduseof models.
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In thesecondchapter, a rigourouspresentationis givenof diverseformalismswith adescriptionof possible
transformationsbetweentheseformalisms.Thesetransformationsareat thebasisof theimplementationof
modelcompilers.Thetransformationsinclude� transformationof eventschedulingdiscreteeventmodelsto DEVS,� transformationof cellularautomatato DEVS,� symbolictransformationof continuousformalismsbasedongraphalgorithms,� transformationbetweendifferentialequationsandtransferfunctions,� transformationof Forrester’s SystemDynamicsmodelsto ordinarydifferentialequations,� transformationof acommonlyusedclassof partialdifferentialequationsto ordinarydifferentialequa-

tionsbasedon orthogonalcollocationover finite elements.

As maybeapparentfrom theabove, thedescribedformalismsare:I/O datatrajectories,discreteevent for-
malismsin theform of four different“world views”, theDEVS formalism,CellularAutomata,differential
andalgebraicequationformalisms.Also introducedarenon-causalmodels,how they enablemodelre-use
andhow to processthemefficiently, thetransferfunctionformalism,Forrester’s SystemDynamicsformal-
ism andaclassof partialdifferentialequations.

Thischapterconcludesby presentinganalgorithmfor “flattening” coupledmulti-formalismmodels(modu-
lar networks).This is achievedby transformingthecomponentsto acommonformalism.Knowledgeabout
which transformationsarefeasibleis retainedin a FormalismTransformationGraph(FTG). Theintroduc-
tion of multi-formalismmodelling,theFTG andtheflatteningalgorithmformsa majorcontribution to the
meaningfulmodellingof complex systems.

Basedonthediscussionin thefirst two chapters,thethird chaptercontainsthedesignof adeclarativeModel
SpecificationLanguage(MSL-USER)aswell asa full, interactive modellingandsimulationenvironment
(WEST++)to create,modify, andsimulateMSL-USERmodels.Thedesignrequirementsfor MSL-USER
weregenericity, supportfor re-useandexchange,aswell asfor the representationof multiple formalisms.
MSL-USERconceptsarenow usedin thestandardizationeffort Modelica[EBB � 99]. MSL-USERis a first
steptowardsmeta-modelling,alsodescribedin thischapter.

In thefourthandfinal chapter, it is shown how themodellingandsimulationconceptsdevelopedin thisthesis
canbeappliedin thedomainof bio-activatedsludgewastewatertreatment.In particular, amethodologyfor
constructingmodelbasesfor physicalsystemsis presentedandillustratedfor WasteWaterTreatmentPlants
(WWTPs).This leadsto a genericmodelbasefor WWTP modelling.Finally, the applicationof WWTP
modelsin theWEST++tool is illustrated.



Modelling and Simulation Concepts

At a first glance,it is not easyto characterizemodellingandsimulation.Certainly, a variety of applica-
tion domainssuchas fluid dynamics,energy systems,and logistics managementmake useof it in one
form or another. Dependingon thecontext, modellingandsimulationis oftenseenasa sub-setof Systems
Theory, ControlTheory, NumericalAnalysis,ComputerScience,Artificial Intelligence,or OperationsRe-
search.Increasingly, modellingandsimulationintegratesall of theabove disciplines.Recently, modelling
andsimulationhasbeenslatedto becomethecomputingparadigmof thefuture.As aparadigm,it is a way
of representingproblemsandthinking aboutthem,asmuchasa solutionmethod.The problemsspanthe
analysisanddesignof complex dynamicalsystems.In analysis,abstractmodelsarebuilt inductively from
observationsof a real system.In design,modelsdeductively derived from a priori knowledgeareusedto
build a system,satisfyingcertaindesigngoals.Often, an iterative combinationof analysisanddesignis
neededto solve realproblems.Thoughthefocusof modellingandsimulationis onthebehaviour of dynam-
ical (i.e., time-varying)systems,staticsystems(suchasentity-relationshipmodels,describedin theUnified
Modelling LanguageUML [RJB99])area limit-case.Both physical(obeying conservation andconstraint
laws)andnon-physical(informational,suchassoftware)systemsandtheir interactionsarestudiedby means
of modellingandsimulation.

1.1 Basic concepts

In thefollowing, anintroductionto thebasicconceptsof modellingandsimulationis given.

Figure1.1presentsmodellingandsimulationconceptsasintroducedby Zeigler[Zei84b, ZPK00].

Object is someentity in theRealWorld. Suchanobjectcanexhibit widely varyingbehaviour depending
on thecontext in which it is studied,aswell astheaspectsof its behaviour whichareunderstudy.

BaseModel is a hypothetical,abstractrepresentationof theobject’s properties,in particular, its behaviour,
which is valid in all possiblecontexts, anddescribesall the object’s facets.A basemodel is hypo-
thetical as we will never —in practice—be able to construct/represent sucha “total” model.The
questionwhetherabasemodelexistsatall is aphilosophicalone(akin to thehiddenvariableproblem
in physics).

System is a well definedobject in the Real World underspecificconditions,only consideringspecific
aspectsof its structureandbehaviour.

Experimental Frame Whenonestudiesasystemin therealworld, theexperimentalframe(EF)describes
experimentalconditions(context), aspects,. . .within which that systemandcorrespondingmodels
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will be used.As such,the ExperimentalFramereflectsthe objectivesof theexperimenterwho per-
forms experimentson a real systemor, throughsimulation,on a model.In its mostbasicform (see
Figure1.2),anExperimentalFrameconsistsof two setsof variables,theFrameInput Variablesand
theFrameOutputVariables,which matchthesystemor modelterminals.On theinput variableside,
a generator describesthe inputsor stimuli appliedto thesystemor modelduring an experiment.A
generatormay for examplespecifya unit stepstimulus.On the outputvariableside,a transducer
describesthetransformationsto beappliedto thesystem(experiment)or model(simulation)outputs
for meaningfulinterpretation.A transducermay for examplespecifythecalculationof theextremal
valuesof someof theoutputvariables.In theabove, outputrefersto physicalsystemoutputaswell
asto the syntheticoutputsin the form of internalmodelstatesmeasuredby an observer. In caseof
a model,outputsmayobserveinternalinformationsuchasstatevariablesor parameters.Apart from
input/outputvariables,a generatoranda transducer, an ExperimentalFramemay alsocomprisean
acceptorwhich comparesfeaturesof thegeneratorinputswith featuresof thetransducedoutput,and
determineswhetherthesystem(realor model)“fits” thisExperimentalFrame,andhence,theexperi-
menter’s objectives.
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(Lumped) Model gives an accuratedescriptionof a systemwithin the context of a given Experimental
Frame.The term “accuratedescription”needsto be definedprecisely. Usually, certainpropertiesof
the system’s structureand/orbehaviour must be reflectedby the model within a certainrangeof
accuracy. Note: a lumpedmodel is not necessarilya lumpedparametermodel [Cel91]. Due to the
diverseapplicationsof modellingandsimulation,terminologyoverlapis very common.

Experimentation is the physicalact of carrying out an experiment.An experimentmay interferewith
systemoperation(influenceits input and parameters)or it may not. As such,the experimentation
environmentmaybeseenasa systemin its own right (which may in turn bemodelledby a lumped
model).Also, experimentationinvolvesobservation.Observationyieldsmeasurements.

Simulation of a lumpedmodeldescribedin a certainformalism(suchasPetriNet, DifferentialAlgebraic
Equations(DAE) or Bond Graph)producessimulationresults: thedynamicinput/outputbehaviour.
Simulationmay usesymbolicaswell asnumericaltechniques.Simulation,which mimics the real-
world experiment,canbe seenasvirtual experimentation, allowing oneto answerquestionsabout
(thebehaviour of) asystem.As such,theparticulartechniqueuseddoesnotmatter. Whereasthegoal
of modelling is to meaningfullydescribea systempresentinginformationin an understandable,re-
usableway, theaim of simulationis to be fastandaccurate. Symbolictechniquesareoftenfavoured
over numericalonesasthey allow thegenerationof classesof solutionsratherthanjust a singleone.
For example,sin

�
x� asa solutionto theharmonicequationis preferredover onesingleapproximate

trajectorysolution.Furthermore,symbolic optimizationshave a much larger impact than numeri-
cal onesthanksto their globalnature.Crucial to theSystem–Experiment/Model–Virtual Experiment
schemeis that thereis a homomorphicrelationbetweenmodelandsystem:building a modelof a
realsystemandsubsequentlysimulatingits behaviour shouldyield thesameresultsasperforminga
real experimentfollowed by observation andcodifying the experimentalresults(seeFigure1.3). A
simulationmodelis a tool for achieving a goal (design,analysis,control,optimisation,. . . ) [BO96].
A fundamentalprerequisiteis thereforesomeassurancethat inferencesdrawn from modellingand
simulation(tools)canbeacceptedwith confidence. Theestablishmentof thisconfidenceis associated
with two distinctactivities; namely, verificationandvalidation.

Verification is theprocessof checkingtheconsistency of a simulationprogramwith respectto thelumped
modelit is derived from. More explicitly, verificationis concernedwith thecorrectnessof the trans-
formationfrom someintermediateabstractrepresentation(theconceptualmodel)to theprogramcode
(thesimulationmodel)ensuringthattheprogramcodefaithfully reflectsthebehaviour thatis implicit
in thespecificationof theconceptualmodel.

Validation is theprocessof comparingexperimentmeasurementswith simulationresultswithin thecon-
text of acertainExperimentalFrame[Bal97a]. Whencomparisonshowsdifferences,theformalmodel
built maynot correspondto therealsystem.A largenumberof matchingmeasurementsandsimula-
tion results, thoughincreasingconfidence,doesnot prove validity of the model however. For this
reason,Popperhasintroducedtheconceptof falsification[Mag85], theenterpriseof trying to falsify
or disprove a model.Variouskindsof validationcanbeidentified;e.g., conceptualmodelvalidation,
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structuralvalidation,andbehavioural validation.Conceptualvalidation is the evaluationof a con-
ceptualmodelwith respectto thesystem,wheretheobjective is primarily to evaluatethe realismof
the conceptualmodelwith respectto the goalsof the study. Structural validation is the evaluation
of thestructureof a simulationmodelwith respectto perceivedstructureof thesystem.Behavioural
validation is theevaluationof thesimulationmodelbehaviour. An overview of verificationandval-
idation activities is shown in Figure1.4. It is notedthat the correspondencein generatedbehaviour
betweena systemanda modelwill only hold within the limited context of theExperimentalFrame.
Consequently, whenusingmodelsto exchangeinformation,amodelmustalwaysbematchedwith an
ExperimentalFramebeforeuse.Conversely, a modelshouldnever bedevelopedwithout simultane-
ously developingits ExperimentalFrame.This requirementhasits repercussionson thedesignof a
modelrepresentationlanguage.

1.2 The modelling and sim ulation process

To understandany enterprise,it is necessaryto analyzethe process: which activities arepreformed,what
entitiesareoperatedon,andwhatthecausalrelationships(determiningactivity orderandconcurrency) are.
A describedprocessgivesinsight,aprescribedprocesscanbethebasisfor automationandimplementation
of asoftwaretool [Hum89, HK89]. Notehow aprescribedprocessis notnecessarilydeterministicasit may
still leave a large numberof decisionsto theuser. The importanceof studyingprocessesis exemplifiedby
the SEI Capability Maturity Model (http://www.sei.cm u. edu /cm m/c mms/c mms.ht ml ) which assesses
thequality of softwarecompaniesby thelevel of knowledge,re-use,andoptimizationof their processes.
Thesimulationactivity is partof thelargermodel-basedsystemsanalysisenterprise.A rudimentaryprocess
modelfor theseactivities is depictedin Figure1.5.By meansof a simplemass-springexperimentexample
(seeFigure 1.6), the processwill be explained.In this example,a masssliding without friction over a
horizontalsurfaceis connectedto awall via aspring.Themassis pulledaway from therestpositionandlet
go.

A numberof InformationSources(eitherexplicit in the form of data/model/knowledgebasesor implicit in
theuser’s mind) areusedduringtheprocess:

1. A Priori Knowledge:in deductivemodelling, onestartsfrom generalprinciples–suchasmass,energy,
momentumconservation laws andconstraints–anddeducesspecificinformation.Deductionis pre-
dominantlyusedduringsystemdesign. In theexample,thea priori knowledgeconsistsof Newton’s
secondlaw of motion,aswell asourknowledgeaboutthebehaviour of anidealspring.

2. GoalsandIntentions:the level of abstraction,formalismsused,methodsemployed, . . . areall deter-
minedby thetypeof questionswe wantto answer. In theexample,possiblequestionsare:“what is a
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Figure1.7:Measurementdata

suitablemodelfor thebehaviour of a springfor which we have positionmeasurements?”, “what is
thespringconstant?”, “givenasuitablemodelandinitial conditions,predictthespring’s behaviour”,
“how to build anoptimalspringgivenperformancecriteria?”, . . .

3. Measurementdata:in inductivemodelling, westartfrom dataandtry to extractstructurefrom it. This
structure/modelcansubsequentlybeusedin adeductive fashion.Suchiterativeprogressionis typical
in systemsanalysis. Figure1.7plotsthenoisymeasuredpositionof theexample’s massasa function
of time.

The processstartsby identifying an ExperimentalFrame.As mentionedabove, the framerepresentsthe
experimentalconditionsunderwhich themodellerwantsto investigatethesystem.As such,it reflectsthe
modeller’s goalsand questions.In its most generalform, it consistsof a generator describingpossible
inputsto thesystem,a transducerdescribingtheoutputprocessing(e.g., calculatingperformancemeasures
integratingover the output),andan acceptordescribingthe conditions(logical expressions)underwhich
the system(be it real or modelled)match.In the example,the experimentalframemight specify that the
positiondeviation of the massfrom the restpositionwill/may never be larger than the rest lengthof the
spring.Environmentfactorssuchas room temperatureandhumidity could alsobe specified,if relevant.
Basedon a frame,aclassof matchingmodelscanbeidentified.

Throughstructurecharacterization,theappropriatemodelstructureis selectedbasedon a priori knowledge
andmeasurementdata.In theexample,a feature of anidealspring(connectedto a frictionlessmass)is that
the positionamplitudestaysconstant.In a non-idealspring,or in the presenceof friction, the amplitude
descreaseswith time.Basedon themeasureddata,weconcludethismustbeanidealspring.
A suitablemodelasshown below canbe built. Note how the model is non-causal(not specifyingwhich
variablesareknown andwhich needto becomputed)andcontainsanassertionencodingtheExperimental
Frameacceptor.

CLASS Spring "Ideal Spring": DAEmodel :=
{

OBJ F_left: ForceTerminal,
OBJ F_right: ForceTerminal,

OBJ RestLength: LengthParameter,
OBJ SpringConstant: SCParameter,

OBJ x: LengthState,
OBJ v: SpeedState,
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F_left - F_right = - SpringConstant *
(x - RestLength),

DERIV([ x, [t,] ]) = v,

EF_assert( x - RestLenght < RestLength/100),
},

Subsequently, during model calibration,parameterestimationyields optimal parametervaluesfor repro-
ducinga setof measurementdata.From the model,a simulatoris built. Due to the contradicting aimsof
modelling–meaningfulmodelrepresentationfor understandingandre-use– andsimulation–accuracyand
speed–, a largenumberof stepsmayhave to betraversedto bridgethegap.Usingtheidentifiedmodeland
parameters,simulationallows oneto mimic thesystembehavior (virtual experimentation)asshown in Fig-
ure1.8.Thesimulatorthusobtainedcanbeembeddedin for example,anoptimizer, a trainer, or a tutoring
tool.

Thequestionremainswhetherthemodelhaspredictive validity: is it capablenot only of reproducingdata
which wasusedto choosethemodelandto identify parametersbut alsoof predictingnew behavior ? With
every useof the simulator, this validity questionmustbe asked. The userdetermineswhethervalidation
is includedin the process.In a flight simulator, oneexpectsthe model to have beenvalidated.In a tutor,
validationby theusermaybepartof theeducationprocess.

In Figure1.5,onenoticeshow eachstepin themodellingprocessmayintroduceerrors.As indicatedby the
feedbackarrows, a modelhasto becorrectedoncefalsified.A desirablefeatureof thevalidationprocessis
theability to providehintsasto thelocationof modellingerrors[YVV98]. Unfortunatelyhowever, very few
methodsaredesignedto systematicallyprovidesuchinformation.In practicaluse,theprocessis refinedand
embeddedin moregeneral(e.g., tutoring,training,optimalexperimentaldesign,control)processes.

1.3 Verification and validation

Thepresentationof anexperimentalframegivenaboveenablesa rigourousdefinitionof modelvalidity. Let
usfirst postulatetheexistenceof a uniqueBaseModel. This modelis assumedto accuratelyrepresentthe
behavior of theRealSystemunderall possibleexperimentalconditions.This modelis universally valid as
thedataDRealSystem obtainablefrom theRealSystemis alwaysequalto thedataDBaseModel obtainablefrom
themodel.

DBaseModel i DRealSystem

A BaseModel is distinguishedfrom aLumpedModelby thelimited experimentalcontext within which the
lastaccuratelyrepresentsRealSystembehavior.

A particularexperimentalframeE maybeapplicableto arealsystemor to amodel.In thefirst case,thedata
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potentiallyobtainablewithin thecontext of E aredenotedby DRealSystem j E. In thesecondcase,obtainable
dataaredenoteby Dmodel j E. With this notation,a model is valid for a real systemwithin Experimental
FrameE if

DLumpedModel j E i DRealSystem j E
Thedataequality i mustbeinterpretedas“equalto acertaindegreeof accuracy”.
Theaboveshowshow theconceptof validity is notabsolute, but is relatedto theexperimentalcontext within
whichModelandRealSystembehaviorarecomparedandto theaccuracymetricused.

Onetypically distinguishesbetweenthefollowing typesof modelvalidity:

Replicative Validity concernstheability of theLumpedModelto replicatetheinput/outputdataof theReal
System.With thedefinitionof a BaseModel,a LumpedModel is replicatively valid in Experimental
FrameE for aRealSystemif

DLumpedModel j E i DBaseModel j E
Predictive Validity concernstheability to identify thestatea modelshouldbesetinto to allow prediction

of theresponseof theRealSystemto any(notonly theonesusedto identify themodel)inputsegment.
A LumpedModel is predictively valid in ExperimentalFrameE for aRealSystemif it is replicatively
valid and

FLumpedModel j E k FBaseModel j E
whereFS is the set of I/O functionsof systemS within ExperimentalFrameE. An I/O function
identifiesa functionalrelationshipbetweenInput andOutput,asopposedto ageneralnon-functional
relation in thecaseof replicative validity.

Structural Validity concernsthestructural relationshipbetweentheRealSystemandtheLumpedModel.
A LumpedModel is structurallyvalid in ExperimentalFrameE for aRealSystemif it is predictively

valid andthereexistsamorphism l� from BaseModel to LumpedModelwithin frameE.

LumpedModel j E l� BaseModel j E
Whentrying to assessmodelvalidity, onemustbearin mindthatoneonly observes,atany timet, Dt

RealSystem,
asubsetof thepotentiallyobservabledataDRealSystem. Thisobviouslydoesnotsimplify themodelvalidation
enterprise.
Whereasassessingmodel validity is intrinsically impossible,the verification of a modelimplementation
canbe donerigorously. A simulator implementsa lumpedmodelandis thusa sourceof obtainabledata
DSimulator . If it is possibleto prove (oftenby design)a structuralrealtionship(morphism)betweenLumped
modelandSimulator, thefollowing will holdunconditionally

DSimulator i DLumpedModel

Beforewe go deeperinto predictive validity, therelationshipbetweendifferentrefinementsof bothExper-
imental Framesand modelsis elaborated.In Figure 1.9, the derivedfrom relationshipfor Experimental
Framesandthehomomorphismrelationshipfor Modelsaredepicted.If we think of anExperimentalFrame
asa formal representationof the “context within which themodelis a valid representationof the dynam-
ics of the system”,a morerestrictedExperimentalFramemeansa morespecificbehaviour. It is obvious
thatsucha restrictedExperimentalFramewill “match” far moremodelsthana moregeneralExperimental
Frame.Few modelsareelaborateenoughto bevalid in a very generalinput/parameter/performance range.
Hence,thelargenumberof “appliesto” (i.e., match)linesemanatingfrom arestrictedExperimentalFrame.
Thehomomorphismbetweenmodelsmeansthat,whenmodifying/transformingamodel(e.g., addingsome
non-lineartermto a model),thesimulationresults(i.e., thebehaviour) within thesameexperimentalframe
mustremainthesame.
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Thoughit is meaningfulto keepthe above in mind during modeldevelopmentanduse,the highly non-
linear natureof many continuousmodels(asusedin WEST++)makesit very difficult to “automate”the
managementof informationdepictedin Figure1.9.Non-linearbehaviour makesit almostimpossible,based
onamodelor experimentalframesymbolicrepresentation,to makeastatementabouttheareain state-space
whichwill becovered(i.e., behaviour). A pragmaticapproachis to

1. let an“expert” indicatewhatthedifferentrelationsare.This is basedon some“insight” into thenon-
lineardynamics.Suchexpertknowledgecanbebuilt from a largenumberof conductedexperiments.

2. constantly–with eachexperiment–validatetheexpertinformation.

A crucial questionis whethera modelhaspredictive validity: is it capablenot only of reproducingdata
which wasusedto choosethe modelandparametersbut alsoof predictingnew behavior? The predictive
validity of a model is usually substantiatedby comparingnew experimentaldatasetsto thoseproduced
by simulation,anactivity known asmodelvalidation.Dueto its specialimportancein thecommunication
betweenmodel builders and users,model validation hasreceived considerableattentionin the past few
decades(for asurvey, seefor example[Bal97a]. Problemsfromgeneralvalidationmethodologiesto concrete
testingtechnologieshavebeenextensively studied.Thecomparisonof theexperimentalandsimulationdata
are accomplishedeither subjectively, suchas throughgraphicalcomparison,Turing test, or statistically,
suchasthroughanalysisof themeanandvarianceof theresidualsignalemploying thestandardF statistics,
Hotelling’s T2 tests,multivariateanalysisof varianceregressionanalysis,spectralanalysis,autoregressive
analysis,autocorrelationfunction testing,error analysis,andsomenon-parametricmethods.An excellent
presentationof thedifferentissuesaswell asaclassificationof verification,validation,andtestingtechniques
is givenby Balci in [Bal97a].

As indicatedby the feedbackarrows in Figure1.5, a modelhasto be correctedonceproven invalid. The
above mentionedmethodsaredesignedto determine,throughcomparisonof measuredandsimulateddata,
thevalidity of amodel.As onemight intuitively expect,differentmodellingerrorsusuallycausethebehavior
of themodelto deviatein differentwaysfrom thatof therealsystem.Or, in otherwords,differentmodelling
errorscorrespondto different“patterns”in the error signal,thedifferencebetweenexperimentaldataand
simulateddata.These“patterns”,if extract-able,canobviously beusedto identify themodellingerrors.In
thesequel,we presentasimplebiologicalprocess,whichwill bestudiedin moredetailin a laterchapter, to
introducedifferentmodellingerrorsandtheirunifiedrepresentation.Thisrepresentationis thestartingpoint
for automatederrordetection[YVV98].
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1.3.1 Modelling a biological process

Figure1.10shows a biologicaldenitrificationplant,which aimsto remove thenitrateaswell asthecarbon
organicscontainedin theinfluentwaterby meansof biologicalreactions.It consistsof two functionalunits,
abio-reactorandasettler. In thereactor, which is oftencompletelymixed,heterotrophicbiomassis present.
It biodegradesthecarbonorganicswith nitrateastheelectronacceptor. Thecarbonorganicsandthenitrate
are thus both removed. The ‘overflow’ of the reactor, containingthe substrateresidualsand the sludge
flocks (wherethebiomassresides),flows into thesettler. There,thesludgesettlesandthusseparatesitself
from the treatedwater, and is subsequentlyrecycled to the reactorthroughthe recycling line. In order to
prevent the sludgeconcentrationin the reactorfrom becomingtoo high due to its continuousgrowth in
the reactor, surplussludgeis removed from thewasteflow (seeFigure1.10).Modelsof thedenitrification
processusuallyaimto predicttheeffluentquality (theamountof carbonorganicsandnitratein theeffluent)
and the sludgeproduction.This implies that the following threevariablesare crucial to the model: the
carbonorganicsconcentration,thenitrateconcentration,andthebiomassconcentration.Themainbiological
reactionoccurringin thereactoris known to be,

S m NOn3 m H � o nrp'q X m N2 m CO2 m H2O

whereS, NOn3 , H � , X, N2, CO2 andH2O denote,respectively, thecarbonorganics,nitrate,proton,biomass,
nitrogengas,carbondioxidegasandwater. r denotesthereactionrate.The“feedback”arrow in thescheme
expressestheauto-catalyticactionof thebiomassX. As clearlyshown in thescheme,thereactionresultsin
theremoval of thenitrateandcarbonorganicsandin thegrowth of thebiomass.Anotherreactorprocessis
thedecayof thebiomasswhichcausesthedecreaseof thebiomasson theonehandandtheconsumptionof
thenitrateon theotherhand.In thecontext of modellingtheeffluentquality, thea priori knowledgeallows
oneto modeltheprocessby makingmassbalancesfor thethreematerials,
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whereX, SS, SNO denotethebiomass,thecarbonorganicsandthenitrateconcentrationsin thebioreactor,
respectively; SSr in andSNO r in denotethe carbonorganicsandthe nitrateconcentrationsin the influent, re-
spectively; Qin is the influentflow rate;Qw is thewasteflow rate;V is thevolumeof thebioreactor;YS is
theyield coefficient; b is thebiomassdecaycoefficient; fP is thefractionof theinert materialsin biomass;
µ
�
t � � r

�
t ��� X � t � is thespecificbiomassgrowth rate,which is still to bemodelled.

Experimentsshow that µ is a nonlinearfunction of SS andSNO. It hasbeenrevealedthat µ increasesal-
most linearly with SS andSNO whenthey arelow, but becomesindependentof themwhenthey arehigh.
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Severalempiricallaws have beenproposedto modelthis relationship.Thefollowing doubleMonodlaw is
commonlyused[HGG� 86],

µ
�
t � � µmax

� SS
�
t �

KS m SS
�
t � � � SNO

�
t �

KNO m SNO
�
t � � (1.2)

whereµmax is themaximumspecificgrowth rate,KS andKNO aretheso-calledhalf saturationcoefficients
for thecarbonorganicsandthenitrate,respectively.

Equation(1.1), togetherwith equation(1.2), gives a parametricmodelof the denitrificationprocess.All
theparametersinvolvedareplantdependentandhencehave to bespecificallyestimatedfor eachindividual
casebasedon the dataobtainedeitherfrom on-sitemeasurementsor from laboratoryanalyses(of on-site
samples).

1.3.2 Diff erent types of modelling errors and their unified representation

Assumethattheparamerizedmodelto bevalidatedtakestheform,

ẋm
�
t � � fm

�
xm
�
t � � θm � u � t � � t � (1.3)

wherexm
�
t �utwv n is thestatevariablevectorof themodel,u

�
t �utxv p is theinputvector, andθm is themodel

parametervector, which is known. On thebasisof thismodel,therealbehavior of thesystemcangenerally
berepresentedas,

ẋr
�
t � � fm

�
xr
�
t � � θm � u � t � � t � m em

�
t � (1.4)

wherexr
�
t �ytzv n is thestatevectorof thesystem,em

�
t �ytzv n is themodellingerrorvector. It is assumedin

equation(1.4) thattherealsystemhasthesamenumberof statevariablesasthemodel.This representation
doesnot limit thegeneralityof therepresentationsincetheerrorsintroducedby erroneousstateaggregations
in deriving model(1.3)canalsoberepresentedby theerrortermem

�
t � .

In orderto make themodellingerror identificationpossible,anappropriaterepresentationof theerrorterm
em
�
t � in equation(1.4) is required.This representationshouldbe obtainedby makinguseof the a priori

knowledgeaboutthepossiblemodellingerrors.Basically, modellingerrorsmaybeintroducedin eachstage
of the modelling processas depictedin Figure 1.5. In this section,it will be shown, taking the biologi-
cal modeldevelopedin the previous sectionas an example,how the a priori knowledgeconcerningthe
modellingerrorscanbe obtainedthroughthe analysisof the modellingprocessandthe modelitself. The
mathematicalrepresentationof the modellingerrorswill alsobe discussed.As will be shown in the next
section,sucha representationallows the identificationof themodellingerrorsbasedon thecomparisonof
theobserveddatawith dataproducedby simulationof theerroneousmodel.

Modelling Errors due to an impr operl y defined Experimental Frame

In definingthe boundariesof the processor systemto be modelled,someimportantcomponentsmay be
missed,somesignificantdisturbancesto the systemmay be improperlyneglectedandso on. All of these
introduceerrorsinto themodel.TheExperimentalFrameis theformalisationof theexperimentalconditions
(inputsappliedto thesystem,outputsobserved,criteriaof acceptance,. . . ) andassuchtheabovementioned
modellingerrorscanbe formally expressedas ExperimentalFrameerrors.For a rigoroustreatment,see
[Tak96].

For instance,an assumptionunderlyingmodel (1.1) is that no otherreactionsoccur in the processwhich
affect themassbalanceof theconcernedmaterials.Oneknows, however, that this assumptionis not valid
whendissolvedoxygenis presentin theinfluent.In fact,whendissolvedoxygenis fedto thebioreactor, the
following reaction,which is calledtheaerobicoxidation,will alsooccur, accompanying thedenitrification
reactiondescribedin theprevioussection,

S m O2

o nrop'q X m CO2 m H2O
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wherero denotestheoxidationreactionrate.Thereactionschemeclearlyshows how theaerobicoxidation
affectsthemassbalanceof thecarbonorganicsandthebiomass.Thiswill inevitably introduceerrorsin the
predictionof thesetwo variables.Since,asshown in model(1.1),bothSS

�
t � andX appearin theequation

concerningthedynamicsof SNO, thepredictionof thenitrateconcentrationwill beaffectedindirectly.

A characteristicof themodellingerrordescribedabove is that it doesnot directly affect the third equation
in model(1.1).Theaboveaerobicoxidationintroducesanro terminto thefirst equationof (1.1)andan 1

YS
ro

terminto thesecondequation.Themodellingerrortermin equation(1.4) takesthefollowing form,

emr o � t � �|{ 1 p 1
YS

0} T ro
�
t � (1.5)

While { 1 p 1
YS

0} T is apparentlyaknown vector, ro
�
t � is anunknown, time-variantscalar.

Modelling Errors due to an impr operl y characteriz ed Model Structure

Dueto for instancelack of knowledgeof themechanismof theprocessto bemodelled,or dueto anover-
simplificationof themodel,onemayassumea wrongmodelstructure.Typical errorsincludechoosingan
incorrectnumberof statevariablesor incorrectlyassumingnon-linearbehavior. Structuralerrorsmayacci-
dentallybeproducedthroughincorrectchoiceof parameters(usually, 0), wherebysomepartof themodel
structurevanishes,therebyalteringthemodelstructure.

For instance,in model (1.1), theredoesnot exist a fundamentallaw that preciselycharacterizesthe de-
pendenceof thedenitrificationreactionrateon theconcentrationsof thematerials.The“laws” which have
hithertobeenproposedareall quite empirical.A problemof this type of laws is that they have a limited
applicability range.An inappropriatechoiceof the “laws” may introduceerrors.For example,when the
modelof thedenitrificationrategiven in equation(1.2) is not a gooddescriptionof the real reactionrate:
µr ~ t ��� µ ~ t ��� δµs ~ t � , whereµr ~ t � is the real specificreactionrate and δµs ~ t � is the modelling error, the
following errortermis foundby substitutionin equation(1.4),

em� µ ~ t ����{ 1 � 1
YS

� 1 � YS

2 � 86YS
} Tδµs ~ t � X ~ t � (1.6)

Modelling Errors due to inaccurate estimates of the Model Parameter s

Eitherby improperor inadequatedatausedfor parameterestimationorby ill designedestimationalgorithms,
onemayuseincorrectparametervalues.Theerror termsin equation(1.4) dueto theestimateerrorsof the
parametersin model(1.1)areasfollows,

modelling error of b
Assumingbr � b � δb, wherebr is therealdecaycoefficientandδb is themodellingerror, oneobtains,

em� b ~ t ����{!� 1 0 � 1 � fP
2 � 86

} TδbX ~ t � (1.7)

modelling error of fP
AssumingfP� r � fP � δ fP, wherefP� r is therealinertfractionin abiomasscell andδ fP is themodelling
error, oneobtains,

em� fP ~ t ���|{ 0 0 1} T δ fP
2 � 86

bX ~ t � (1.8)

modelling error of YS

Assuming 1
YS� r � 1

YS
� δ ~ 1

YS
� , whereYS� r is the real yield coefficient andδ ~ 1

YS
� is the modellingerror,

oneobtains,

em�YS ~ t ���|{ 0 � 1 � 1
2 � 86

} Tδ ~ 1
YS
� µ ~ t � X ~ t � (1.9)
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modelling errors of µmax, KNO and KS

Assumingµr ~ t ��� µ ~ t �6� δµp ~ t � , whereµr ~ t � is the real specificreactionrateandδµp ~ t � is theerror
causedby themodellingerrorof µmax, KNO or KS, oneobtains,

em� µmax� KNO � KS ~ t ���|{ 1 � 1
YS

� 1 � YS

2 � 86YS
} Tδµp ~ t � X ~ t � (1.10)

Onefinds thatevery singlemodellingerrorshown above takesthe form of a productof a known constant
vectorandanunknown time-variantvariable.This is notanartifactof thisparticularexample,but is in facta
generalproperty. Usually, eachmodellingerroraffectsonly asubspaceof then-dimensionalstatespace,and
canhenceberepresentedin equation(1.4)with atermFidi ~ t � , whereFi � Rn � si , di ~ t � � Rsi . Thevectorsof Fi

spanthesubspaceaffectedby theconcernedmodellingerror. Fi is calledthefeaturevectoror featurematrix
of themodellingerror. di ~ t � representsthemagnitudeof themodellingerror, andis generallyunknown and
time-varying.Thus,equation(1.4)canberewrittenas,

ẋr ~ t ��� fm ~ xr ~ t �X� θm � u ~ t �X� t �U� l

∑
i � 0

Fidi ~ t � (1.11)

Sinceit is usuallynot possibleto predictall possiblemodellingerrors,it is necessaryto includea special
featurematrix,sayF0, in equation(1.11)to representmodellingerrorswhich werenot explicitly modelled.
Obviously, then-dimensionalidentity matrix is suitablefor thatpurpose.

To allow for meaningfulerroridentification,someassumptionsaremadewith respectto equation(1.11):� Theindividual errorsarewritten in “additive” form:

vr � v � δv

Sucha “choice” of individual error termsis alwayspossiblewithout lossof generality. Onemaybe
requiredto “lump” non-linearerrorsasin δ ~ YS� or δµp above.� Simultaneouslyoccurringerrorsareassumedto beeitheradditive,or sufficiently smallto allow for an
linearapproximation:

f ~ A � δA � B � δB���� f ~ A � B��� ∂ f
∂A ~ A � B� δA � ∂ f

∂B ~ A � B� δB

Thoughsuchanassumptionis notnecessaryperse, asnon-lineareffectscanalwaysbelumpedinto an
extraerrorterm(usingtheabove mentionedF0), thiswoulddefeatourpurposeof isolatingindividual
errorcontributions.

1.4 Abstraction levels and formalisms

Thereareseveralreasonswhy abstractmodelsof systemsareused.Firstof all, anabstractmodeldescription
of a systemcaptures knowledge about that system.This knowledgecan be stored,shared,and re-used.
Furthermore,if modelsarerepresentedin astandardway, the investmentmadein developingandvalidating
modelsis paidoff asthemodelwill beunderstoodby modellingandsimulationenvironmentsof different
vendorsfor a long time to come.
Secondly, anabstractmodelallowsoneto formulateandanswerquestionsaboutthestructureandbehaviour
of a system.Often, a model is usedto obtainvaluesfor quantitieswhich arenon-observable in the real
system.Also, it might not be financially, ethically or politically feasibleto performa real experiment(as
opposedto asimulationor virtual experiment).Answeringof structure relatedquestionsis usuallydoneby
meansof symbolicanalysisof themodel.Onemight for examplewish to know whetheranelectricalcircuit
containsa loop.Answeringof questionsaboutthedynamicbehaviourof thesystemis done(by definition)
throughsimulation. Simulationmaybesymbolicor numerical.Whereastheaim of modellingis to provide
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Figure1.11:T � l controlledliquid

insightandto allow for re-useof knowledge,theaimsof simulationareaccuracy andexecutionspeed(often
real-time,with hardware-in-the-loop).

Onepossiblewayto constructsystemsmodels(particularlyin systemsdesign)is by copying thestructureof
thesystem.This is not a strict requirement.A neuralnetwork which simulatesthebehaviour of anaeration
tankin anactivatedsludgewastewatertreatmentplantis considereda“model” of thetank.It mayaccurately
replicatethe behaviour of the tank, thoughthe physicalstructureof the tank andits contentsis no longer
apparent.For purposesof control,we areoften satisfiedwith a performant(real-time)modelof a system
which accuratelypredictsits behaviour underspecificcircumstances,but bearsno structuralresemblance
with therealsystem.

Abstractmodelsof systembehaviour canbedescribedatdifferentlevelsof abstractionor detailaswell asby
meansof differentformalisms.Theparticularformalismandlevel of abstractionuseddependon theback-
groundandgoalsof themodellerasmuchasonthesystemmodelled.As anexample,atemperatureandlevel
controlledliquid in a pot is consideredasshown in Figure1.11.This is a simplifiedversionof thesystem
describedin [BZF98], wherestructuralchangeis themainissue.On theonehand,theliquid canbeheated
or cooled.On theotherhand,liquid canbeaddedor removed.In thissimpleexamplephasechangesarenot
considered.Thesystembehaviour is completelydescribedby thefollowing (hybrid) OrdinaryDifferential
Equation(ODE) model:

Inputs(discontinuous� hybridmodel):� Emptying,filling flow rateφ� Rateof adding/removing heatW

Parameters:� Cross-sectionsurfaceof vesselA� Specificheatof liquid c� Densityof liquid ρ

Statevariables:� TemperatureT� Level of liquid l

Outputs(sensors):� is low� is high� is cold � is hot

�������� �������
dT
dt � 1

l { W
cρA � φT }

dl
dt � φ

is low � ~ l � l low �
is high � ~ l � lhigh �
is cold � ~ T � Tcold �
is hot � ~ T � Thot �

The inputsarethe filling (or emptyingif negative) flow rateφ, andthe rateW at which heatis added(or
removedif negative).Thissystemis parametrizedby A, thecross-sectionsurfaceof thevessel,H, its height,
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c, the specificheatof the liquid, andρ, the densityof the liquid. The stateof the systemis characterized
by variablesT, the temperatureand l , the level of the liquid. The systemis observed throughthreshold
outputsensorsis low� is high� is cold � is hot. Given input signals,parameters,and a physicallymeaning-
ful initial condition ~ T0 � l0 � , simulationof thebehaviour yieldsa continuousstatetrajectoryasdepictedin
Figure1.12.By meansof the binary (on/off) level and temperaturesensorsintroducedin the differential
equationmodel, the state-spacemay be discretized.The inputs can be abstractedto heaterheat/cool/off
andpumpfill/empty/closed.At this level of abstraction,a Finite StateAutomaton(with 9 possiblestates)
representationof the dynamicsof the systemasdepictedin Figure1.13 is mostappropriate.Thoughat a
muchhigherlevel of abstraction,thismodelis still ableto capturetheessenceof thesystem’s behaviour. In
particular, thereis a behaviourmorphismbetweenbothmodels:modeldiscretization(from ODE to FSA)
followed by simulationyields the sameresultassimulationof the ODE followed by discretization.This
morphismis shown asacommutingdiagramin Figure1.14.

1.5 System specification

Whenstudyingexisting systems,observations(of structureandbehaviour) are the only tangibleartifacts
we have at our disposal[Kli85]. A modellermay, basedon observationsand/orinsight,build progressively
morecomplex modelsof asystem.In thissection,wepresentahierarchyof abstractmodelstructures.Each
structureelaborateson thepreviousone,introducing(andrepresenting)moredetailedknowledgeaboutthe
system.The reverseoperation,going from a higher-level model to a lessdetailedone,mustbe shown to
be possible.This, assomequestionsaboutthe behaviour andstructureof the systemarebetteranswered
at lower levels in thehierarchy. In particular, explicit behaviour in theform of trajectories,describedat the
lowestlevel, is oftenrequired.

In object-orientedterminology, a simulationmodelconsistsof modelobjects(oftenusedto representreal-
world objects,entities,or concepts)aswell asrelationshipsamongthoseobjects.In general,amodelobject
is anything thatcanbecharacterizedby oneor moreattributesto which valuesareassigned.Attributesare
eithercalledindicativeif they describeanaspectinherentto theobjector relational if they relatetheobject
to oneor moreotherobjects.The valuesassignedto attributeshave a type in the programminglanguage
sense.

Mathematicalsetsandoperationsdefinedon thosesetsarethestartingpoint for abstractsystemrepresenta-
tion or modelling.Simplefinite setsof numbers� 1 � 2 �������X� 9 � , identifiers � a � b ��������� z� , aswell asinfinite sets
suchas ����� �-��¡ , and ¡¢� aretypically used.Often,specificmeaningis givento setsandtheirmembers.The
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setEV for exampleis afinite setdenotingarrival anddepartureeventsin aqueueingsystem

EV �£� ARRIVAL � DEPARTURE�¤�
As in the discrete event abstraction,discussedlater in greaterdetail, only a finite numberof eventsare
assumedto occurin aboundedtime interval, thenon-eventsymbolφ is introducedto denotetheabsenceof
eventschangingthestateof thesystem.Theeventsetis subsequentlyenrichedwith φ

EVφ � EV ¥¦� φ �¤�
Thisdemonstratestheuseof basicsetoperationssuchas ¥ . Todescribeattributesof asystem,thesetproduct§ is used

A § B �¨� ~ a � b��© a � A � b � B �¤�
1.5.1 Time base

Every simulationmodelmust have an indexing attribute which, at somelevel of abstractionwill enable
statetransitions[Nan81]. Time is themostcommonindexing attribute.Time is specialin that it inexorably
progresses:the currentstateand behaviour of a systemcan only modify its future, never its past.This
conceptis oftencalledcausality: a causemustalwaysoccurbeforea consequence.In a simulationcontext,
theindexing attributeis referredto assystemtime. Any setT canserveasaformalisationof time.A nominal
relationship� maybeaddedto T to denoteequality. To obtainausabletimebasehowever, anorder relation
on theelementsof T is needed:

TimeBase�|ª T �«� ¬
This relationhasproperties� transitive: A � B  B � C ® A � C �� irreflexive: A ¯� A �� antisymmetric:A � B ® B ¯� A �
This formalisesthenotionof orderin time.Theorderingrelationshipmaybetotal (linear):eachelementof
T canberelatedto every otherelement.A partial orderingwherenot all elementsof T canbecomparedis
usefulin modellinguncertaintyor concurrency. In Figure1.15for example,thenodesdenotetime instants
and the edgesdenote“precedesin time” ( � ). t2 precedesboth t3 and t4 in time, but no information is
availableaboutthe relative position in time of t3 and t4. In caseof concurrentbehaviour, causalitymust
not be violatedwithin the individual concurrentthreads,but the time-orderingbetweenconcurrentevents
maybe left unspecified[Mil93]. Mathematically, this leadsto a latticestructure.In caseof total ordering,
intervalsmaybedefined.ThepastTt ° andfutureT± t of aninstantt � T maybedefined

Tt ° �£� τ © τ � T � τ � t �¤�
T± t �£� τ © τ � T � t � τ �¤�

Onceintervalshave beendefined,
T² tb � te ³
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denotesa time interval, where ª t means} t or { t. In many cases,~ T �J�´� is anAbeliangroupwith zero0 and
inverse � t.

Commontimebases(with appropriate� and � ) are� T �|� NOW � . Modelssuchasalgebraicmodelsareinstantaneous. Thetime baseis asingleton.� T �µ¡ . Modelswith thistimebasearecalledcontinuous-timemodels.Notehow discreteeventmodels
have ¡ asa time base.However, only at a finite numberof time-instantsin a boundedtime-interval,
aneventdifferentfrom thenon-eventφ occurs.� T �¶� (or isomorphic).Modelswith this timebasearecalleddiscrete-timemodels.Someformalisms
suchasFinite StateAutomata(FSA) do not have an explicit notion of time (unlike their extension,
timedautomata).Thereis however a notionof progression(from onestateto another).Accordingto
ourgeneraldefinition,theindex of progression,anaturalnumber, is time.

In hybrid systemmodelswhich combineaspectsof continuousand discretemodels[MB01], a system
evolvescontinuouslyover time ( ¡ ) until a certainconditionis met.Then,instantaneously(thecontinuous
time doesnotprogress),thesystemmaygo througha numberof discretestates(theindex of progressionis
discrete)beforecontinuingits continuousbehaviour. To uniquelydescribeprogression(of generalizedtime)
in thiscase,a tuple ~ tc � td � depictedin Figure1.16is needed.Evenwhenaseriesof discretetransitionskeep
returningto thesamestate,thediscreteindex tc allowsoneto distinguishbetweenthem.Thetimebaseused
is

T �£� ~ tc � td ��© tc � ¡-� td � � 1 �������X� N ~ tc �����¤�
Here,N ~ tc � ( · 1) describesthenumberof discretetransitionsthesystemgoesthroughat continuoustime
tc. Obviously, only a partialorderingwill bedefinedover T which consistsof first testingthe relationship
betweenthetc components,andsubsequently(if equal),thatbetweenthetd components.

In caseof Partial DifferentialEquations(PDEs),thetime baseremains¡ . Theotherindependentvariables
(often,spacein theform of somecoordinatesystem)shouldbeseenasinfinitely many state-variablelabels
or generalizedcoordinates.

Given a time base,we wish to formalizebehaviourover time. This is doneby meansof a time function,
calledtrajectoryor signal

f : T ¸ A

describing,at eachtime t, thevalueof thesignal.A denotesthesetof valid values f cantake over T. The
time basemayberestrictedto asubsetof T: T ¹6º T. Therestrictionof f to T ¹ is

f ©T ¹ : T ¹ ¸ A �
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t � T ¹ : f ©T ¹ ~ t ��� f ~ t �X�

The pastof f is definedas f ©Tt ³ . The future of f is definedas f ©T² t . The restrictionof f to an interval is
calledasegmentω

ω : ª t1 � t2 ¬�¸ A �
Thesetof all possible(allowed)segmentsis calledΩ. Segmentsarecontiguousif theirdomainsª t1 � t2 ¬ andª t3 � t4 ¬ arecontiguous:t2 � t3.

Contiguoussegmentsmaybeconcatenated– ω1
� ω2:

ω1
� ω2 ~ t ��� ω1 ~ t �X� » t � dom~ ω1 � ;

ω1
� ω2 ~ t ��� ω2 ~ t �X� » t � dom~ ω2 �X�

where ª and ¬ mustdenotematchingopen/closedinterval boundariesto ensuretheconcatenatedsegmentis
still a function(i.e., hasauniquevaluein eachpoint of its domain).

A desirablepropertyof asetof segmentsΩ is thatit is closedunderconcatenation� : concatenatingany left
andright segmentof asegmentyieldsthesamesegment:»

t � dom~ ω � : ωt ³ � ω ² t � ω �
Figure1.17shows somecommonsegmenttypes:continuous,piecewisecontinuous,piecewiseconstantand
discreteevent.Notehow for discreteeventsystems,inputsandoutputsegmentsareeventsegments

ω : ª t1 � t2 ¬¼¸ A ¥¦� φ �¤�
with φ thenon-event.For suchsystems,theinternalstatebehaviour is piecewiseconstant(theinternalstate
only changesat eventtimes).
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1.5.2 Levels of system specification

With a time baseandsegmentsdefined,we canbuild a hierarchyof systemspecificationstructureswhich
incorporateprogressively moreknowledgeaboutthesystem.All thesestructureswill view thesystemasa
boxinteractingwith its environmentthroughawell definedinterface. Thelevelspresentedhereelaborateon
thehierarchyfirst proposedby Klir [Kli85] andlatermodifiedby Zeigler[ZPK00].

Obser vation Frame

At thelowestlevel, theonly knowledgewe have of thebehaviour of asystemis how we wish to observe it:
which timebaseto useandwhichquantitiesto observe at instantsfrom thetimebase.This is representedin
theform of anObservationFrameO:

O ½|ª T � X � Y ¬X�
T with appropriateoperatorsformsatimebase.X is theinputvalueset.It is amodelfor theinput (influenc-
ing thebehaviour of thesystem)variablesweconsider. Y is theoutputvalueset.It is amodelfor thesystem
responsevariables.

I/O Relation Obser vation

Oncethe interfacevariablesto observe as well as their value rangeshave beendetermined,all possible
relationshipsbetweeninput andoutputsegmentscanberecorded

IORO ½¾ª T � X � Ω � Y � R¬X�
Here, ª T � X � Y ¬ is anObservationFrame,andΩ is thesetof all possibleinputsegmentsfor thissystem.Note
how Ω allowsoneto specifyhow thesystem’senvironmentmayinfluencethesystem.As such,Ω formalizes
theExperimentalFrame’sgeneratorpresentedbefore.Ω is asubsetof all mathematicallypossiblesegments
with T asdomainandX asimage.R is the I/O relation

R º Ω § ~ Y � T �X�
where ~ Y � T � standsfor all possiblesegmentswith T asdomainandY asimage.Inputsegmentsω andoutput
segmentsρ aredefinedas

ω : ª ti � t f ¬¼¸ X;

ρ : ª ti � t f ¬¼¸ Y �
Thoughnot necessary, it is commonto observe input andoutputsegmentsover thesametime domain.The
relationR relatesinput andoutputsegments~ ω � ρ � � R ® dom~ ω ��� dom~ ρ �X�
As will bediscussedfurtheron,generalnon-causalrelationshipsbetweeninterfacevariables,notspecifying
a priori whichareinput andwhichareoutputmaybespecifiedby R. Higherlevelsareexplicitly causal.

It is possibleto go from an I/O RelationObservation modelspecificationto an Observation Framelevel
modelby merelydiscardingtheΩ andR informationat theI/O RelationObservationlevel.

I/O Function Obser vation

At theI/O RelationObservationlevel, aninputsegmentω is notnecessarilyassociatedwith auniqueoutput
segmentρ. This is dueto a limited knowledgeof the internalworking of thesystem.At the I/O Function
Observationlevel, wewantto associateauniqueoutputsegmentwith every inputsegment.Therefore,more
informationneedsto bespecifiedaboutthesystem.This is donein the form of a setF of I/O functionsf .
This leadsto theI/O FunctionObservationstructure

IOFO ½|ª T � X � Ω � Y � F ¬X�
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where ª T � X � Y ¬ is I/O RelationObservation,Ω is thesetof all possibleinput segments,F is thesetof I/O
functions:

f � F ¸ f ¿ Ω § ~ Y � T � ;
dom~ f ~ ω ����� dom~ ω �X�

f is conceptuallyequivalentto thesystem’s initial state: For each f , an input segmentwill betransformed
into auniqueoutputsegment.

It is possibleto gofrom anI/O FunctionObservationto anI/O RelationObservationby constructingR from
F:

R �ÁÀ
f Â F

f �
I/O System

In somecases,we have someinsight into the internal working of thesystem.This insightusuallyconsists
of a numberof descriptivevariablesandhow their valuesevolve over time.Undercertainconditions,these
variablesarestatevariables.

In generalsystemstheory[Wym67], a causal(outputis theconsequenceof given inputs),deterministic(a
known input will leadto a uniqueoutput)systemmodelSYS is defined.It is a templatefor a plethoraof
differentformalismsuchasOrdinaryDifferentialEquations,Finite StateAutomata,DifferenceEquations,
PetriNets, etc.Its generalform is

SYS ½|ª T � X � Ω � Q � δ � Y � λ ¬
T timebase
X input set
ω : T ¸ X input segment
Q stateset
δ : Ω § Q ¸ Q transitionfunction
Y outputset
λ : Q ¸ Y (or Q § X ¸ Y) outputfunction»

ω � ω ¹ � Ω � δ ~ ω � ω ¹ � qi ��� δ ~ ω ¹ � δ ~ ω � qi ���X�
ThetimebaseT is theformalisationof theindependentvariabletime.TheinputsetX describesall possible
allowed inputs(possiblya productset).An input segmentω representsinput during a time-interval. The
history of systembehaviour is condensedinto a state(from a statesetQ). The dynamicsis describedin
a transitionfunction δ which takes a currentstate,andappliesan input segmentω � Ω to it to obtaina
new state.Thesystemmaygenerateoutput.This outputis obtainedasa functionλ of thestate(andmore
generally, of thecurrentinput too). Stateandtransitionfunctionmustobey thecompositionor semigroup
propertyasshown in Figure1.18.This property, wherebya transitionover a time interval { ti � t f } canalways
be split into a compositionof transitionsover arbitrarysub-intervals, is the basisof all modelsimulators.
Obviously, thisalsorequiresΩ to beclosedunderconcatenation.

As the output function is describedseparately, efficient simulatorswill only invoke this function (which
maybelargeandcompute-intensive) whentheuserneedsto observe output.Notehow theoutputintervals
(timesbetweenoutputs)arenotpartof themodel,but ratherof thesimulationexperiment.Figure1.19shows
how outputneednot beproducedat eachtransitiontime. Even thougha modelwritten by a usermaynot
distinguishbetweenδ andλ, asimpledependencyanalysiswill identify whichvariablesandexpressionsare
notneededto computeδ. Suchvariablesareoutputvariables� Y andtheexpressionsbelongin λ.

As SYS is a templatefor a hostof causal,deterministicformalisms,it is possibleto describeboth models
of thevesselexample.In theOrdinaryDifferentialEquation(ODE) case,the time baseis continuous( ¡ ).
Thetransitionfunctionis written in integral form. Differentnumericalapproximationsof theintegralcanbe
usedin theimplementationof anabstractsimulator.
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SYSODE
VESSEL �|ª T � X � Ω � Q � δ � Y � λ ¬

T �Ã¡
X �Ã¡ § ¡£�£� ~ W� φ ���
ω : T ¸ X
Q �Ä� ~ T � l ��© T � ¡��-� l � ¡����
δ : Ω § Q ¸ Q
δ ~ ω ° ti � t f

± � ~ T ~ ti �X� l ~ ti �������~ T ~ ti �U�ÆÅ t f

ti

1
l ~ α � { W ~ α �

cρA
� φ ~ α � T ~ α �)} dα � l ~ ti ���ÇÅ t f

ti
φ ~ α � dα �

Y �¶È § È § È § ÈÉ�£� ~ is low� is high� is cold � is hot ���
λ : Q ¸ Y
λ ~ T � l ��� ~�~ l � l low �X� ~ l � lhigh �X� ~ T � Tcold �X� ~ T � Thot ��� .

At ahigherlevel of abstraction,wehaverepresentedtimeasadiscreteintegerindex. Thetransitionfunction
listsall possiblestatetransitions.

SYSFSA
VESSEL �|ª T � X � Ω � Q � δ � Y � λ ¬

T �Ã�
X �£� heat � cool� of f � § � f il l � empty� closed�
ω : T ¸ X
Q �Ä� ~ T � l ��© T � � cold � Tbetween� hot �¤� l � � empty� lbetween� f ull ���
δ : Ω § Q ¸ Q
δ ~�~ of f � f il l �X� ~ cold � empty���¢� ~ cold � lbetween�
δ ~�~ of f � f il l �X� ~ cold � lbetween ����� ~ cold � f ull ���
δ ~�~ of f � f il l �X� ~ cold � f ull �����¢� ~ cold � f ull ���

...
δ ~�~ heat � f il l �X� ~ hot � f ull �����¢� ~ hot � f ull ���
Y �¶È § È § È § È
λ : Q ¸ Y
λ ~ T � l ��� ~�~ l � low�X� ~ l � high�X� ~ T � cold �X� ~ T � hot ���

TheFinite StateAutomatonformalism[CL89]

FSA ½|ª Σ � S� s0 � d � F ¬X�
where� Σ is theinputalphabet(afinite andnonemptysetof symbols),� S is thefinite nonemptysetof states,� s0 is theinitial (or start)state,s0 � S,� d : S § Σ ¸ S is thestatetransitionfunction,� F º S is thesetof final or acceptingstates,

fits thegeneralSYSstructurepresentedabove.



28 Modelling and Simulation Concepts

Theformalismis specifiedby elaborationof theelementsof theSYS7-tuple:

SYS ½|ª T � X � Ω � Q � δ � Y� λ ¬X�
In theSYSspecification,theinitial stateis notexplicitly represented.Also, acceptingstatesarenotdefined.

Thetimebase
T �É� (or isomorphicwith � ) �

Thiscanbeinterpretedas(implicit) discretetime-clicks.It is possibleto extendtheFSAformalismto assign
with eachstateand/orwith eachtransition,aknown duration.

Theinputset
X � Σ �

ThesetΩ of all input segmentsω. An input segmentencodesa sequenceof inputsfrom X.

Thefinite stateset
Q � A

enumeratesall statesin theautomaton.

Thestatetransitionfunctionδ transformsacurrentstate,throughinputandtime-advance,to anew state

δ : Ω § Q ¸ Q �
It is obtainedby iteratively applyingall FSAstatetransitionsf in aninput segmentω.

Theoutputfunctionλ takestheform
λ : Q ¸ Y

in caseof aMooremachine(theinputcanonly influencetheoutputvia thestate,or

λ : Ω § Q ¸ Y

in caseof aMealymachine(theinput candirectly influencetheoutput).

It is possibleto go from an I/O Systemspecificationto an I/O FunctionObservation. For a given initial
conditionq andagiveninput segmentω, we candefineastatetrajectorySTRAJq �ω from SYS

STRAJq � ω : dom~ ω ��¸ Q �
with

STRAJq � ω ~ t ��� δ ~ ωt ³ � » t � dom~ ω �X�
Fromthisstatetrajectory, anoutputtrajectoryOTRAJq �ω maybeconstructed

OTRAJq � ω : dom~ ω �Ê¸ Y �
with

OTRAJq �ω ~ t ��� λ ~ STRAJq� ω ~ t �X� ω ~ t ���X� » t � dom~ ω �X�
Thus,for every q (initial state),it is possibleto constructË

q : Ω ¸ ~ Y � T �X�
where Ë

q ~ ω ��� OTRAJq �ω � » ω � Ω �
TheI/O FunctionObservationassociatedwith SYS is then

IOFO �|ª T � X � Ω � Y�4� Ë q ~ ω ��© q � Q ��¬X�
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Figure1.20:Non-deterministicmodelwith transitionprobabilities

Subsequently, wemayderive theI/O RelationObservationby constructingtherelationRastheunionof all
I/O functions:

R �£� ~ ω � ρ ��©ω � Ω � ρ � OTRAJq � ω � q � Q �¤�
In SYS, δ is deterministic: applyingthesameinput segmentto thesamestatewill alwaysleadto thesame,
uniquenew state(andoutput).Often,deterministicsimulationkernelsareusedto simulatenon-deterministic
models.Two mainapproachesarepossible:

1. A deterministicmodel is decoratedwith transitionprobabilitiesasshown in Figure1.20.The same
modelis thensimulatedanumberof times,with thesameinitial conditionsandparameters.Whenever
anon-deterministictransitionis encounteredhowever, aunique,deterministic,transitionis chosenby
samplingfrom a stochasticdistribution, takinginto accountthetransitionprobabilitiesin themodel.
Thus,from thepoint of view of thesimulationengine,it is simulatinga deterministicmodel.To be
ableto make meaningfulstatementsaboutthebehaviour of thenon-deterministicmodel,a sufficient
numberof samplesmustbesimulatedto obtainstatisticallyrelevantestimatesof performancemetrics
(suchasaveragequeuelengthsin a queueingmodel).In discreteevent simulationin particular, this
approachis commonandits statisticalaspectshave beenstudiedin greatdetail [LK91]. In a slightly
modifiedform, thisapproachis calledMonteCarlosimulation.

2. Onemaywish not to specifyany probabilitydistribution but leave theuncertaintyof makinga tran-
sition to morethanonenew statein thetransitionfunction.In caseof StateAutomata,this turnsthe
transitiongraphinto a transitionhypergraph[Har88]. Suchaspecificationcanalwaysbetransformed
into a deterministiconeby constructinga new statesetQnew � 2Q, thesetof all subsets(powerset)
of Q [Cas93]. A new transitionfunctionis constructeddescribingthe–now deterministic–transition
to a new state,denotingthesetof statesfrom Q to which anon-deterministictransitionexistedin the
old model.It is notedthatin quantumphysics,evolution over time of a wave function(a distribution
interpretedasbeingprobabilistic)is alsodeterministic.

Zeigler[ZPK00] presentsa refinementof SYS in which behaviour is specifiedasan iterativeapplicationof
generator segments. Arbitrary inputsegmentsaregeneratedfrom elementarysegments.

It shouldbenotedthat thoughmodelsmaybe iteratively simulated,this is not necessaryperse.If a sym-
bolic (analytical)solution can be found, this is often preferable.Analytical solutionsusually describea
(parametrised)classof solutionsratherthana singleone.Also, accumulationof numericalerrorsis often
avoided.As anexample,thefollowing modeldescribedin theDifferenceEquationformalisms(T �Ì��� Q �¡ ) Í

x1 � 1
xi � 1 � axi � 1 �
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canbere-writtenas �� � x1 � 1
xn � 1 � a � a2 �Î�����4� an Ï 1

axn � a � a2 �Î������� an Ï 1 � an �
which leadsto theinstantaneous(no iterationrequired)solution

xn � 1 � an

1 � a
�

1.5.3 Structured specifications

Uptonow, nostructure wasexplicitly specifiedfor thesetsX,Y, etc.atany of theabovespecificationlevels.
Orthogonal to thespecificationhierarchy, at eachof the levels, the internalstructureof input, output,and
statesetsaswell asof functionsmaybemadeexplicit. Thisallowsoneto constructsetsfrom moreprimitive
sets.

Oneway of introducingstructureis throughmultivariablesets. A multivariableset(onepossiblerepresen-
tation of a programminglanguageSymbol Table)usesa finite sequenceV of n distinct variablenames,
identifiers,labels,or references

V � ~ v1 � v2 �������X� vn �X�
With eachof thesenameswill beassociatedavaluesetof valuesavariablewith thatnamemaytake

V1 � V2 ������� Vn �
Thefull multivariablesetis then

S � ~ V � V1
§ V2

§ ����� Vn �X�
A projectionoperator� canbedefined� : S § V ¸ nÀ

j � 1

Vj � S� vi � si � » vi � V �
With A andB structuredsets,astructuredfunctionmaybedefined

f : A ¸ B �
wheretheprojectionof f ona namein theimagesetis

f � bi : A ¸ ~�~ bi �X� Bi �X�
f � bi ~ a��� f ~ a�X� bi

In caseof interfacesor ports,thenamesdenoteindividualportnames.For example,in thewaterpotexample

X � ~�~ heatFlow� l iquidFlow�X��¡ § ¡ �X�
With x � X, we mayreferto thex � heatFlow input port valueof themodel.

In caseof statevariables,thenamesdenotevariablenames.Again, in thewaterpotexample

S � ~�~ temperature� level�X�K} 0 � 0 � 100� 0 { § { 0 � H }2�X�
With s � S, we may refer to theS� temperature statevariablevalue.As such,structuredsetsandfunctions
aresimilar to variablesandtheir typesin programminglanguages.

Figure1.21depictsasimplesingleserver, singlequeuesystem.In adiscreteeventmodelof thissystem,the
statesetcould be a structuredsetcontaininga simpleabstractionof the queue(the queuelength)andthe
statusof theserver
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Figure1.21:Simplesinglequeue,singleserver system

SQ � ~�~ qLength � cashStatus�/��� § � Idle� Busy�O�X�
With s � SQ, we mayreferto s� qLength.

Structuredsetsmaybeusedto addstructureto I/O ObservationFrame,I/O RelationObservation,I/O Func-
tion Observation,aswell asto I/O systemformalisms.

A modelling language(suchas MSL-USER,which will be describedin a subsequentchapter)will use
structuredsetsto allow theuserto describeportsandvariablesby name(ratherthanby anindex in aproduct
set).

1.5.4 Multicomponent specifications

A commonmeansto tacklecomplexity is to decomposea problemtop-downinto smallersub-problems.
Conversely, complex solutionsmaybebuilt bottom-upby combiningprimitive sub-problemsolutionbuild-
ing blocks.Both approachesareinstancesof compositionalmodelling: the connection(but moregeneral,
composition)of interacting componentmodelsto build new models.In casethecomponentsonly interact
via their interfaces,anddonot influenceeachother’s internalworking in any otherway (modelinformation
is completelyencapsulatedin object-orientedterminology[Boo98, Zei97, Weg90]),thecompositionalmod-
elling approachis calledmodular. If inter-componentsaccessis not restrictedto take placevia interfacesor
portsonly, theapproachis callednon-modular.

Modular multicomponent specification

A modularmulticomponentspecificationor coupledmodelor networkmodelasdepictedin Figure1.22can
bemathematicallydescribedasastructure

N ��ª T � Xself � Yself � D �4� Md © d � D �¤�4� Id © d � D ¥z� self ���¤�4� Zd © d � D ¥¦� self ����¬X�
In this structure,� Xself andYself areinputsandoutputsof thenetwork N. self (this in C++ terminology)allows us to

treatthenetwork objectitself asany otherobject.In amodularspecification,thenetwork will interact
with its environmentthroughXself andYself only.� D is asetof componentreferencesor names.� TheMd’s arecomponentmodels(

»
d � D).� Id º D ¥Ð� self � is the setof influencers of d. Alternately, the influenceesof a componentcould be

specified.Both allow oneto specifythecouplinggraphtopology.
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Figure1.22:Examplenetwork model� Zd : § i Â IdYXi ¸ XYd is the interfacemapfor d � D ¥¦� self �
YXi � Xi if i � self � YXi � Yi if i ¯� self

XYd � Yd if d � self � XYd � Xd if d ¯� self

The interfacemap allows one to specify mappingsor conversionsrequiredwhen for examplean
outputevent“departure”of onesub-modelis routedto theinputof anothersub-model.Theaccepting
sub-modelmaybeexpecting“arrival” eventsonly. Thus,a“departure”–to–“arrival” mappingmustbe
carriedout to allow truesub-modelre-use.Sub-modelsshouldnot have to bemodifiedwhenre-used
in anetwork ! Together, Id andZd specifythenetwork couplingcompletely.

The above structuredoesnot reveal anything aboutthe overall behaviourof the network. It only speci-
fies structure.As such,only questionsaboutthat structure(numberof components,presenceof feedback,
. . . ) canbeansweredat this level. Thebehavioural semanticsof a coupledmodelis givenby specifyinga
compositionprocedure,alsoknown asflattening. If all thecomponentmodelsarespecifiedusingthesame
formalism,thecompositionproceduremayreplacethenetwork by asinglemodelin thatsameformalism.In
thatcase,theformalismis saidto beclosedundercomposition. This is obviouslyahighly desirableproperty.
It is thebasisfor� implementingasimulationkernelwhich implementsthesimulationof coupledmodelsby orchestrat-

ing simulatorsof thecomponents.� finding themeaningof hierarchiesof modelsby applyingthecompositionprocedurerecursively.

Compositionalmodellingmaybedone(aslongasacompositionprocedureis given)atanyof thespecifica-
tion levels mentionedbefore(I/O observation frame,I/O RelationObservation, I/O FunctionObservation,
I/O System).The semanticsis given by theelaborationof closureundercoupling.Within the I/O System
level, thereareobviously many formalismsfor whichacompositionproceduremaybedefined.

AssumingthecomponentmodelsMd inª T � Xself � Yself � D �4� Md © d � D �¤�4� Id © d � D ¥¦� self ���¤�4� Zd © d � D ¥z� self ����¬
areall specifiedat theI/O Systemlevel, implementingclosurewouldmeanthismodelis replacedbyª T � Xself � Ω � Q � δ � Yself � λ ¬X�
In continuousmodels,compositionis achieved by replacingconnectionsby algebraicequalitiesandcom-
bining thesewith thecomponents’mathematicalequationsinto onelargesetof equations.In discreteevent
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Figure1.23:Compositionof statechartcomponents

models,compositionis achievedby describinghow differentcomponenteventsareglobally scheduledin a
causality-preservingorder. Bothcaseswill bedescribedin moredetailin thenext chapter.

If structuredsetsareusedto describeinputandoutputsetsof thenetwork aswell asof thecomponents,con-
nectionsmaybedescribedbetweenspecific(named)portsmakingthemathematicalstructuremoreintuitive
andcloserto theform commonlyusedin modellinglanguagessuchasMSL-USER.We deferpresentation
of astructuredcoupledspecificationuntil thenext section,whennon-causalmodellingis introduced.

Non-modular multicomponent specification

Often,modelsin someformalismaregraphicallyspecifiedby connectingbuilding blocks.Thoughthisgives
theillusion of beingmodular, oftenthetransitionfunctionsof thebuilding blocksinteractdirectly, without
goingthroughinterfaces.This limits� theinsightinto thesemanticsausergetsdirectly from thegraphicalrepresenation,� thepotentialfor component-basedre-useasa componentdependson its environmentin unexpected

ways,� the potentialfor distributed implementationashiddencomponentinteractionsneedto be passedas
messagesbetweendistributedprocessors.

In programminglanguages,non-modularitycorrespondsto theuseof global variables, andto theensuing
side-effect functionsmayhave.Objectorienteddesigndiscouragesthis in encapsulatinginformationinside
objects(instancesof classes)andonly giving accessthroughwell-definedinterfacemethods.

The processinteractiondiscreteevent languageGPSS[Sch74] is a notable,but popular, exampleof non-
modularmodelspecification.In his 1992thesis,Claeys [Cla92] hasaddedencapsulationandhierarchyto
GPSS,making it more modular. A similar approach,modifying the processinteractionworld view, was
advocatedrecentlyby CotaandSargent[CS92].

Statecharts[Har88, HN96, HG97] aremodularin their treatmentof externalevents,but non-modularin
their treatmentof concurrent(orthogonal)behaviour. In Figure1.23,modularcouplingof themodelto its
environmentis possiblevia theinput-portse1 ande2. Theconcurrentstateautomata(concurrency is denoted
by thedottedverticalline) however interactin anon-modularfashion:atransitionin theleft automatonfrom
s2 to s1 will occurif theautomatonon theright is in statev2.

Themathematicalrepresentationof anonmodularmulticomponentsystemis

MC �|ª T � X � Ω � Y� D �4� Md © d � D ��¬
where

Md �|ª Qd � Ed � Id � δd � λd ¬X� » d � D �
In theabove,� D is asetof componentreferencesor names,
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Figure1.24:A causalblockdiagrammodelfor theMass-Springproblem� Qd is thestatesetof componentd,� Id º D is thesetof influencers of d,� Ed º D is thesetof influenceesof d,� δd is thestatetransitionfunctionof d
δd : § i Â IdQi

§ Ω ¸ §
j Â EdQ j .

Thenew statesin all of theinfluenceesaredeterminedby theold statesin all of theinfluencers.� λd is theoutputfunctionof d
λd : § i Â IdQi

§ Ω ¸ Y
Outputis determinedby thestateof all theinfluencers.

Together, the nonmodularmulticomponentsystemis an I/O Systemlevel specification.Its stateset is the
productsetof all componentstatesetsandits transitionfunctionis givenby combiningall individual com-
ponenttransitionfunction. Note how the componentsare themselves not I/O Systemsand it is thus not
possibleto constructa hierarchyof nonmodularmulticomponentsystems.Also, theparticularstructureof
thesesystemsimpliesthey only make senseat theI/O Systemslevel.

In Figure1.24,we show theMass-Springmodelpresentedwhendiscussingthemodellingandsimulation
process,describedin the causalblock diagram formalism.In the figure, I blocksdenoteIntegrators.The
otherblocksdenotealgebraicoperations.Causalblock diagrammodelsmaybeseenasnonmodularmulti-
componentsystemswith� Ed �£� d �� Y � §

d Â DYd� Q � §
d Â DQd� δ ~ q � ω �X� d � δd ~ § i Â Idqi � ω �� λ ~ q � ω �X� d � λd ~ § i Â Idqi � ω �

1.5.5 Non-causal modelling

Thoughquite generic,the formalismspresentedabove at the I/O systemslevel do only describecausal
models.Whendescribingphysicalsystems,non-causalmodelsexpressconservation laws andconstraints
without imposingacomputationalcausality. Thedynamicsof asimpleresistorfor example(Figure1.25)is
describedby Ohm’s law

V � Ri � 0 �
Dependingonwhetherthecurrenti through(whenconnectedto acurrentsource)or thevoltagedropV over
(whenconnectedto avoltagesource)theresistoris known, thecausalequations

V : � Ri
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Figure1.25:Electricalresistor

or

i : � V
R

would beused.Mathematically, thosetwo expressionsareevidently equivalent,but if we areinterestedin
writing acomputationalblock, with aninputandanoutput,they aredistinct.In thecaseof theresistor, which,
asa physicalobject, is non-causalin nature,a choicecannot be madea priori asit dependson what the
resistorwill beconnectedto. As such,it doesnotmakesenseto definetwo objects(asin Matlab/Simulink),
onefor eachcausalorientation.Thewholeproblemstemsfrom thefactthatwearedealingwith assignment
instructions,which we have stressedby usingtheassignmentoperator:= , andnot mathematicalequalities.
Onesaysthatcomputationalblocksarecausallyoriented. Fromthepointof expressivenessandre-usability
(in different causalcontexts), the non-causal,implicit representationis preferred.From a computational
pointof view however, thecausalrepresentationis preferredassolvingimplicit equations,thoughpossible,
is highly inefficient comparedto solvingtheircausalcounterparts.Inefficiency is mainlydueto theiterative
natureof implicit solvers. As will be demonstratedin the next chapter, it is in many casespossibleto
automaticallytransformanon-causalrepresentationinto acausalone.

Most formalismsandcorrespondingmodelling languagesarecausallyoriented,which strongly limits the
re-usabilityof sub-models,andin general,their fitnessto serve asa basisfor the constructionof general
sub-modellanguages.Causallynon-orientedformalismsandlanguages(non-causal,for short)exist aswell,
andsomeof themwill bepresentedfurtheron.

At the different levels of the above specificationhierarchy, it is meaningfulto distinguishbetweeninput
andoutputports.Leaving computationalcausalityunspecified,turnsthe modelinto a non-causalone.As
mentionedbefore,this increasesre-usability. This doesrequire the relationshipbetweenthe ports to be
specifiedin a non-causalfashion.In continuousmodels,this is achieved by using implicit mathematical
equations.As discreteeventformalismsareinherentlycausal(a causeeventschedulesaneffect event),it is
notmeaningfulto removecausality. Attemptsat generalisationarebasedon logical foundations[RS94].

To allow for bothcausalandnon-causalportspecifications,it is sufficient to includecausalitytypeinforma-
tion in thestructuredsetsdescribingports

Ports �¾ª V � V ¹1 § V ¹2 §ÐÑ�Ñ�Ñ V ¹n ¬X�
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where

V ¹i � Typei
§ Vi � » i � � 1 ��������� n �¤�

and

Typei � � Input � Out put � InOrOut �¤� » i � � 1 ��������� n �¤�
If InOrOut is disallowed, the above can be usedto specify causalinterfaces.If InOrOut is allowed, a
causalityassignmentprocedure cancorrectlyreplaceInOrOut by theappropriatecausality. This procedure
is discussedin thenext chapter.

Wecannow describeastructured,modular, possiblynon-causalnetwork specification:

SMN �|ª Portsself � D �4� Mi © i � D �¤� C ¬X�
wherefor eachi � D, thecomponentmodelshave at leastthefollowing information:

Mi �|ª T � Portsi ¬X�
Dependingon thespecificationlevel, moreinformationcanbeaddedto thesestructures.

To uniquelyidentify aport(of eithertheoverallnetwork or oneof thecomponents),atuple ~ c � nc � is needed.
c identifiesthecomponent(possiblyself ), andnc is thenameor referenceof oneof theportsin c’sstructured
setof ports(asdefinedabove).Thesetof all individual portsis

AllPorts �Ä� ~ c � n��© c � D ¥¦� self �¤� n � proj1 ~ Portsc ���¤�
ThecouplinggraphC in thenetwork specificationabove describescouplingsbetweenindividual ports

C º AllPorts § AllPorts�
As in Statecharts,therelationshipsbetweenportsmayactuallybemany-to-many, in whichcasethegraphC
becomesahypergraph

C º 2AllPorts § 2AllPorts �
As before,we maywish to definea port-to-portmapping.In practice,this is only usedfor causalsystems
with simplegraphconnectionsbetween~ c � n� and ~ c¹ � n¹ � . In thiscase,themappingis describedbyZ Ò c� nÓ<� Ò cÔM� nÔÕÓ� if proj1 ~ Portsself � n��� proj1 ~ PortscÔ � n¹,�¼� Input, c¹Ö¯� self

Z Ò self � nÓ<� Ò cÔ � nÔ Ó : proj2 ~ Portsself � n��¸ proj2 ~ PortscÔ � n¹ �� if proj1 ~ Portsc � n��� proj1 ~ Portsself � n¹ �¼� Out put c ¯� self

Z Ò c� nÓ<� Ò self � nÔ Ó : proj2 ~ Portsc � n��¸ proj2 ~ Portsself � n¹ �� otherwise,if proj1 ~ Portsc � n��� Out put, proj1 ~ PortscÔ � n¹,��� Input

Z Ò self � nÓ�� Ò cÔ � nÔ Ó : proj2 ~ Portsc � n��¸ proj2 ~ PortscÔ � n¹ �
It is notedthatin theimplementationof themodellinglanguageMSL-USER,theabovemathematicalstruc-
turewasusedasthebasisfor thesemanticsof coupledmodels.
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Figure1.26:Karplus’ classification

1.6 Classifications

Previously, the importanceof making the processof modellingandsimulationexplicit wasstressed.By
doingso,differentsub-processescouldbeidentified,thussimplifying thegeneric(application-independent)
studyof modellingandsimulation.Now, a further classificationof different typesof models,their corre-
spondingsimulationkernels,andsupportingmethodsand tools will be presented.The main focus is on
classifyingmodels.All otherissuesarein asensederivedfrom that.Theessenceof classificationis to group
in equivalenceclassesaccordingto a numberof criteria. A classificationmay help in choosingthe most
appropriateformalismwhenmodellinga system.This in turn may help onechoosethe mostappropriate
modellingandsimulationtool.

Onepossibleclassificationmake adestinctionbetweengraphicalandtextual modelrepresentations.This is
reallya tool issue,but theunderlyingformalismmaybemoreor lessamenableto graphicalrepresenation.

A majorclassificationis thedistinctionbetweendeterministicandstochasticmodels.As mentionedbefore,
evenstochasticmodelsmaybesolvedby adeterministicsimulator.

1.6.1 Application-based classification

TheDirectoryof SimulationSoftwarepublishedyearlyby theSocietyfor ComputerSimulationis a list of
companiesandproductdescriptions.Hundredsarelisted,with only a rough,2-level classification:� applicationbased:telecom,robotics,resourcemanagement,training,processcontrol,power applica-

tions,operatingsystems,networks,manufacturing,industrialengineering,finance,education,chemi-
cal,business,biomedical,automotive,batchprocesses,andaerospace.� generic:operationsresearch,programgenerators,graphics,animation,fluid dynamics,discreteevent,
differentialeqationsolvers,continuouslanguages,CAD/CAM, CAE/CASE,andAI/ExpertSystems.

This classificationdoesnot give muchinsight in thegenericnatureof modellingandsimulation.However,
already, needsand trendscanbe identified.Most of the software tools areself-containedandclosed.To
allow exchangeandre-useof modelsaswell asinter-operabilityof simulators,toolsmustbecomeopenand
modelrepresentationlanguagesstandardized.

1.6.2 Ill-definedness classification

At a far moreabstractlevel, Karplus’ Arch shown in Figure1.26 depictsa spectrumof systemsordered
accordingto theamountof a priori informationwe have aboutthem.On thevery right, whiteboxsystems
arecharacterizedby completeinsight in their working. Basedon generalgoverninglaws, a modelcande-
ductivelybederivedfrom a priori knowledge.This usuallymeanswe build modelsat theI/O Systemlevel.
On thevery left, black boxsystemsarecharacterizedby a completelack of knowledgeabouttheir internal
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Figure1.27:Levelsof systemspecification

working. Only input-outputrelationshipscanbe observed. Initially, we canonly build modelsat the I/O
ObservationFramelevel. Using inductivetechniques,it maybepossibleto climb up thespecificationhier-
archy, inferring structurefrom behaviour, to reachhigherlevels.Often,this is aniterative processwhereby
astructureis proposed,andafterparameterestimation,simulationresultsarecomparedto observationdata.
This comparison(in particular, discrepancies)mayyield new insights,which leadto new hypotheses, etc..
In betweenis agrey area,oftencalledill-definedsystems.Thestudyof thesesystemsis mostchallengingas
bothobservationdataandlimited apriori knowledgeareavailable.As canbeseenin thefigure,application
areasrangefrom electricalandmechanicalsystemsfor whiteboxsystems,overbiologicalandphysiological
modelsfor grey systems,to socialandpsychologicalsystemsfor blackboxsystems.

1.6.3 System specification classification

In Figure1.17,we have shown somecommontypesof segments(trajectories).Thesemaybeusedto char-
acterizemodelformalisms.

In Figure1.27,we bring togetherdifferentclassificationspresentedbefore.The specificationlevel is one
dimensionof classification.At eachlevel, structuredsetsmay be introduced,to make the specification
structured.At eachlevel, andboth for structuredandfor non-structuredformalisms,eitheratomicor cou-
pledmodelsmaybeconstructed.Whereasmodularcoupledmodelscanbeconstructedat eachlevel of the
specificationhierarchy, non-modularcoupledmodelsonly makesenseat theI/O Sytemlevel.

1.6.4 I/O System classification

Many formalismsaresituatedat theI/O Systemspecificationlevel. For theseformalisms,thenature(type)
of timebaseT andstatesetQ allow for classification.Table1.1showsafew formalismsclassifiedaccording
to thenatureof their time baseandstateset.

1.6.5 Discrete event world views

Formalismsbelongto thediscreteeventcategoryin casethetimebaseis continuous,but only afinite number
of eventsoccurin aboundedtime-interval, andonly at thoseeventtimesdoesthediscretestateof thesystem
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T: Continuous T: Discrete T: � NOW �
Q: Continuous DAE DifferenceEquations AlgebraicEquations
Q: Discrete Discreteevent Finite StateAutomata IntegerEquations.

NaivePhysics PetriNets

Table1.1: I/O systemmodelclassification

change.Discreteeventmodelsareusedwhen� the behaviour of physical systemsis abstractedby meansof time-scaleor parameterabstraction
[MB01]. In many cases,this leadsto queueingmodels.� non-physicalsystemssuchassoftwarearestudied.

Traditionally, severalworld viewshave beendistinguised:

1. EventScheduling

2. Activity Scanning

3. ThreePhaseApproach

4. ProcessInteraction

Thesewill bestudiedin moredetail in thenext chapter.

1.6.6 Tool-oriented classification

In the following, a classificationis presentedwhich takesinto accountthe relationshipbetweenmodelling
formalismsandrepresentationlanguageson the onehandandtheir applicability on the otherhand.Here,
a modellingandsimulationtool user’s point of view is taken.This is doneby meansof a simpleexample,
demonstratingdifferent model representationsand their respective merits and drawbacks.In its original
form, this is dueto Françis Lorenz,duringSimulationin Europediscussions[VV96c, KVV G94,KVV G95].

The fundamentalprinciple of simulationcodegenerators(simulationCASE tools) is to start from a de-
scriptionof a modelthat is to besimulatedandto producethecorrespondingsimulationprogramin a –to
theuser– automaticway. Thecomparative studyof modellingformalismsandcorrespondingrepresentation
languagesis thereforeof greatimportanceasthelanguageimplementedin aparticularcodegenerator, with
its advantagesandflaws,will determinethefeaturesof thegenerator.

Themodelsconsideredhereassumeahypothesisof parameteraggregation(lumpedparameterassumption).
In mathematicalterms,they arerepresentedby algebraicdifferentialequationswith onesingleindependent
variable,time.

Physical view

Theproblemwe will discussis a carsuspension(Figure1.28),studiedherein onedimension.This implies
a modelof a quarterof thevehicle,becausewe only studyoneof thewheels,supportingonequarterof the
weight.We assumeall elementsarelinear as it is not possibleto representnon-linearitiesin someof the
formalismswe will discuss.Also, we will not representthe lifting of the tire from the roadwhich would
introduceastructuraldiscontinuitywhichcouldonly berepresentedin ahybrid formalism.

Physical domain specific views

This exampleis chosenin thedomainof mechanics.A mechanicalconceptschemacanbedrawn asshown
in Figure1.29.Onecouldalsoconsideranelectricalequivalentof this systemasshown in Figure1.30.
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Figure1.28:Carsuspension,physicalview
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Physicaldomain Effort Flow Momentum Displacement
e f p q

Electrical Voltage Current Flux Charge
u [V] i [A] Φ [V s] q [A s]

Translational Force Velocity Momentum Displacement
F [N] v [m s× 1] Ø [N s] x [m]

Rotational Torque AngularVelocity AngularMomentum Angle
T [N m] ω [rads× 1] L [N m s] φ [rad]

Hydraulic Pressure VolumeFlow PressureMomentum Volume
p [N m× 2] q [m3 s× 1] Γ [N m× 2 s] V [m3]

Thermodynamical Temperature Entropy Flow — Entropy
T [K] dS

dt [W K × 1] S [J K × 1]

Table1.2:Physicalanalogy

The analogychosenis force = current (“through” variables),velocity = voltage (“across” variables).In
this case,massesbecomecapacitorsandsprings,self-inductances.Theanalogyforce= voltage, velocity=
currentcouldalsobeused(asshown in thefollowing table).Massesarethenself-inductancesandsprings,
capacitors;onealsohasto invert serialandparallelconnections.Wewill comebackto this analogyduality.

Theanalogybetweendiffent physicaldomainsis summarizedin Table1.2.

Note that the conceptschemais a languagefor systemdescription.It is not without ambiguities(for ex-
ample,thesamezig-zagsymbolis usedto representa springin thecontext of mechanicsanda resistorin
the context of electricity) but it is by far the mostcomprehensible.Onecanexpressvirtually anything in
this language,althoughsomeuncertaintysometimesremainsin theexact interpretationof thegraph.This
languageis thereforenot totally rigourousandcomplete.In this respect,wheredoestheschemasaythatall
elementsarelinear?Thecomputationalcausalityneednotbespecified,but thereis still muchwork left to do
beforesimulationcodecanbegenerated.In particular, transforminga conceptschemainto a mathematical
formulationis not straightforward.

Equations

Themost“natural” (or at leasttheonethatis designatedassuch,for simulationpurposes)methodto present
oursuspensionsystemis simplyby writing down themathematicalequations.ÙÚÚÚÚÚÚÛ ÚÚÚÚÚÚÜ

F1 Ý k Þ<ß I àµá x1 à x0 â }
F2 Ý K Þ<ß L àµá x2 à x1 â }
F3 Ý à D Þ<á v2 à v1 â
ẍ1 Ý á F1 à F2 à F3 â�ã m
ẍ2 Ý á F2 ä F3 â�ã M

One seesthe systemis of the fourth order (two secondorder equations).Note that the position (x0) is
unknown. Also notethat it hasnot beenexplicitly statedthat v1 andv2 arethe first derivativesof x1 and
x2. Thoughthis relationshipmayseemobvious to a human,a codegeneratorwill only beableto infer this
relationwith difficulty. To the generator, v1 andv2 will be “not computed”(reflectedby issuingan error
message)or will beconsideredasunknowns.

Even an exampleassimpleas this canbe representedin variouswaysdependingon the analystandhis
“style”.

Below, anotherrepresentationof theproblemis presented,which usesothervariables.Note that this time
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the velocity (v0) is unknown. The systemis of coursestill of fourth order, but eachof the four variables
chosenis only integratedonce(theaccelerationsof thetwo massesandthevelocitiesof depressingthetwo
springs),contraryto the integrationof two timestwo variables(theaccelerationsof the two masses).This
formulationis moredirectly usablefor simulation.

It goeswithoutsayingthatthisvarietyin formulationdoesnotfavourthereadability(andhence,re-usability)
of largemodels. ÙÚÚÚÚÚÚÚÚÚÚÚÚÚÚÚÚÚÛ ÚÚÚÚÚÚÚÚÚÚÚÚÚÚÚÚÚÜ

F1 Ý k Þ ∆I
F2 Ý K Þ ∆L
F3 Ý D Þ ∆v12

Fm Ý F1 à F2 à F3

FM Ý F2 ä F3

v̇1 Ý Fmã m
v̇2 Ý FM ã M
∆v01 Ý v0 à v1

∆v12 Ý v1 à v2

∆İ Ý ∆v01

∆L̇ Ý ∆v12

Using equations,one can expressa plethoraof laws of behaviour, but the discontinuitiesare not easily
representablein this “language”.The languageis causallyfree (non-causal),but the re-useof sub-models
requiresanalmostcompletere-examinationof eachnew situation.

At themathematicallevel, it is possibleto write equationswhicharenotphysicallymeaningful(e.g., donot
conserve energy, or leadto negative concentrations).

State equation

The secondsetof equationsleadsus to stateequations(state-spaceform). The four variablesto integrate
arecalledstatevariablesandareorganisedinto a vector(in fact,a columnmatrix). Theequationsarethen
written in matrix form.

Ẋ Ý A Þ X ä B ÞU
A Ýæåççè × D

m
D
m

k
m × K

m
D
M × D

M 0 K
Mà 1 0 0 0

1 à 1 0 0

éëêêì X Ýæåççè v1

v2

∆I
∆L

éëêêì B Ýíåççè 0
0
1
0

éëêêì U Ý ß v0 }
This time, the languageis causallyoriented.We find againthepreviouscharacteristics,however amplified
by a stricterenvironment.However, thestateequationis relatively easyto solve (by matrix multiplication),
exceptin non-linearcases(thematricesdependon thestatevector).Furthermore,it is possibleto analyse
theeigenvaluesof thematrixA, whichyieldsvaluableinformationaboutthesystem’s dynamics.

As at themathematicallevel, it is possibleto write state-spaceequationswhicharenotphysicallymeaning-
ful.

Algorithm

Wecanexpressthemodelin theform of adirectlyusablealgorithm.Thealgorithmbelow is thetranscription
in FORTRAN of theabove equations.

C---+----1----+--- -2- --- +-- --3 --- -+- --- 4-- --+ --- -5 --- -+- --- 6-- --+ --- -7- --- +-- --8
C

SUBROUTINESUSPEN( V0,
+ V1, V2, DL01, DL12,
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+ V1D, V2D, DL01D, DL12D,
+ K01, K12, D12, M1, M2 )

C
C INPUT VARIABLE, STATE VARIABLES

REAL*8 V0,
+ V1, V2, DL01, DL12

C
C OUTPUTVARIABLES

REAL*8 V1D, V2D, DL01D, DL12D
C
C PARAMETERS

REAL*8 K01, K12, D12, M1, M2
C
C INTERNAL VARIABLES

REAL*8 DV01, DV12, F1, F2, F3
C
C-------------------- --- --- --- --- -- --- --- --- --- --- --- --- --- --- --- --- --- --- --- -- -
C

DV01 = V0 - V1
DV12 = V1 - V2

C
C SPRINGS, SHOCKDAMPING

F1 = K01 * DL01
F2 = K12 * DL12
F3 = D12 * DV12

C
C MASSES

V1D = (F1 - F2 - F3) / M1
V2D = (F2 + F3) / M2

C
DL01D = DV01
DL12D = DV12

C
RETURN
END

C
C-------------------- --- --- --- --- -- --- --- --- --- --- --- --- --- --- --- --- --- --- --- -- -

It is clearthatonemay describebehaviour laws in algorithmicform, but, aswith mathematicalandstate-
spacemodels,nofool-proofmechanismis presentto guardonefrom writing physicallymeaninglessmodels.
It is thereforea dangerousexpressionform. Moreover, it is causallyoriented.Thecurrentpracticeof pre-
sentinga library of FORTRAN sub-programsasa library of sub-modelsis thereforeto be avoided.Also,
this representationdoesnotallow for symbolicanalysisof themodel.

Transf er function

Anotherfashionableway of expressionis the transferfunction,obtainedby the Laplacetransformof the
equations.They arewritten herefor an unknown velocity; onecould have written themfor an unknown
positionaswell.

v1

v0
Ý k á Ms2 ä Ds ä K â

mMs4 ä D á M ä mâ s3 ä á mK ä MK ä Mk â s2 ä kDs ä kK

v2

v0
Ý k á Ds ä K â

mMs4 ä D á M ä mâ s3 ä á mK ä MK ä Mk â s2 ä kDs ä kK
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This way of representationis only usablein linearcases,which stronglylimits its applicability. The read-
ability of theformulasis poorandthey arecausallyoriented(thetransferfunctionpushesthe input-output
view of the systemto its extreme).They arere-usablein a certainrange,but mostof the time it is easier
to re-studya deviating systemthan it is to modify precedingwork. Nevertheless,the utilities developed
by control-specialistson thebasisof this formalismarenumerousandextremelyuseful(e.g., thestudyof
dynamicsandstability on Bode,Nyquistor Black graphs,thelocationof Evanspoles, etc.), which largely
justifiesits usein thecontext of processcontrolproblems.

Bloc k diagram

Thecausalblock diagramswereinitially nothingbut thegraphicalrepresentationof thetransferfunctions
(Figure1.31).

As a graphicalrepresentationof the transferfunctions,block diagramsstrongly improve readability, but
leave the othercharacteristicsunchanged.Nevertheless,whenusedin the temporal domain, they become
a graphicalrepresentationof equations,with all advantagesinvolved. Unfortunately, they also imposea
computationalcausality(asin Matlab/Simulink)on theequations,decreasingtheir re-usability.

If block diagramsaregivenanon-causalsemantics,thisdisadvantagevanishes.Non-causalblock diagrams
arecalledgeneralisedblockdiagramsby Cellier [Cel91].

Signal flo w graph

Thesignalflow graphis anothergraphicalrepresentationof thetransferfunctions(Figure1.32).It is there-
fore verysimilar to theblock diagram.

The signal flow graphis only usedin the Laplaceplane,and is thereforelimited to linear systems.Its
characteristicsaremoreor lessthoseof transferfunctions.It however addsto thearsenalof analysistools,
like theMasonformula,basedonastudyof thesystemtopology.
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Linear graph

Thelineargraphis in a way anequivalentelectricalschemaof thesystem,relievedof all electricalconno-
tations.It sufficesto comparethelineargraphmodelof our carsuspensionin Figure1.33to theequivalent
electricalconceptschemashown above. This methodis applicablein linearaswell asin non-linearcases.
Its principaladvantagelies in thefactthatit allows for acausallyfreerepresentationandit alsoproposesan
automaticmethodfor attributing computationalcausalitiescalled“normal treesearch”,basedon the topo-
logicalanalysisof themodelto allow for automaticcodegeneration.In otherwords,it allowsfor thecreation
of reallibrariesof sub-modelsandalsodeliversthenecessarytoolsto usethem.

Notethatthis topologicalanalysisalgorithmdoesnotonly determinecausalities.It alsoallows thedetection
of certainmodellingerrorsandcertainnumericaldifficulties (algebraicloops,dependentstatevariables).
Thesepossibilitiesarepresentbecausethelanguageis basedon physicalconcepts(potentials,fluxes,iner-
tial effects,capacitative, dissipative) insteadof mathematicalconcepts(variables,operators).In themodel
presentedhere,we have retainedtheanalogyforce = flux (current)andvelocity= potential(voltage).We
couldjustaswell have chosenthedualanalogy.

Bond graphs

In the linear graphmethod,the “parallel” and “serial” links (note that thesenotionsarenot as trivial to
apply in the mechanicaldomain)arerepresentedby combiningthe graphelementsserially or in parallel.
The bondgraphformalism[Cel91, Bro90, Bre84, LW95, SB95] is in principle very similar to the linear
graphformalism.In particular, it is basedon thesamephysicalconcepts,but all aspectsof theproblemare
representedhereasgraphnodes,includingits topology:the“0” nodescorrespondto “parallel” connections
andthe“1” nodescorrespondto “serial” connections(Figure1.34).

This methodyieldsa real formalizationof thecircuit topology. Thestructureof thebondgraphrepresents
thephysicalmeta-structure of thesystemunderstudy, differentby naturefrom the technological structure
of theassemblyof systemconstituents.Oncetheprinciplesof thelanguagehave beenassimilated,it allows
one to understandand masterthe most intricate physicsphenomena(albeit underthe lumpedparameter
assumption).

Thistimewehaveabandonedtheanalogyforce= fluxandvelocity= potential, althoughit remainspossible,
in favour of theanalogyforce = potentialandvelocity= flux, morecommonin bondgraphs(dueto their
origin in mechanicalengineering).Massesaretheninertialelementsandspringscapacitative elements.This
duality of analogy, alreadymentioned,shouldnot trouble the analyst.In particular, the dualisationof a
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bondgraphis extremelyeasy:it sufficesto replaceall elementsby their duals(I î C ï O î 1 ï�ð�ð�ð ) but the
meta-structureof themodelstaysunchanged!

Thismethod,like thelinearmethod,is applicablein linearaswell asin non-linearcases.Therepresentation
it allows for is alsocausallyfreeandit proposesanautomaticmethodof attributing computationalcausal-
ities (equivalentto the linearmethod)aswell, which alsodetectsthesamemodellingerrorsandnumerical
difficulties.

Thegraphhasagainbeenconstructedfor anunknown velocityandonecannotconstructonefor anunknown
position.

Comparison

In Table1.3, the formalisms(representationlanguages)presentedarecomparedin a morestructuredway,
on thebasisof thefollowing criteria:ñ Popularity: generalknowledgeof themethodwith engineersandscientificresearchers.ñ Readability: easewith whichsomeonefamiliar with themethodcanunderstandmodelscomposedby

someoneelse.ñ Expressiveness: possibility to describenon-linearsystemsandto usecomplex functions(puredelay,
tabulatedfunctions,. . . ) or otherspecialfunctions(deadzone,hysteresis,. . . ).ñ Discontinuousmodels: possibilityto describefunctionalandstructuraldiscontinuities.ñ Structuredvariables: possibilityto organizemodelvariablesandmatricesin recordcomplexes.ñ Modularity: possibilityto hierarchicallydecomposemodelsinto sub-models.ñ Re-usability: possibilityto re-usepreviously composedmodelsin thecontext of differentproblems.ñ Adaptability: possibility to modify modelspreviously constructedto createa variant of the model
(without drasticallychangingthemodel).ñ Numericalanalysis: existenceof meansof analysislinkedto themethodandyielding informationof
numericalnatureon themodelstudied.
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Conceptschema ò ò + + + ò ò + ó ó
Equations ò - + - + + ô ô ó ó
Stateequations + - ô ó + ô - - ò ó
Algorithms + - ò ô ò ô ô - ó ó
Transferfunctions ò - - ó ó ô ô - ò ó
Block diagrams ò ô + ô + ò ô + + -
Signalflow graphs - ô - ó - + ô ô + +
Lineargraphs + + + - - + + ò ô ò
Bondgraphs - + + - + ò ò ò ô ò
Legend: ó : very bad; à : bad, ô : neutral; ä : good; ò : verygood

Table1.3:Comparisonof representationformalisms/languagesñ Topological analysis: existenceof meansof analysislinkedto themethodandyielding informationof
topologicalnatureon themodelstudied.

Formalism/langua ge levels

Thecomparisonmakesexplicit thatnoneof thelanguagesis universallyideal.Eachlanguagehasits advan-
tagesandits flaws.Moreover, for thoseof thelanguagesfor whichwehavefoundmany flawsandonly afew
advantages,it mayvery well bethatthoseadvantagesareof suchimportance(largeweightfactor)thatthey
justify theuseof thelanguagein theirown right. This is for examplethecasewith transferfunctions,which
have few advantagesaccordingto ourcriteria,but whicharebestsuitedfor thestudyof processcontrol,due
to thepowerful analysismethodsavailable.

It would thusbeuselessto searchfor the“best” language.Thisdoesnotexist, or rathereachlanguagecould
revealitself asthebestin thecontext of a specificproblemfor a specificclassof users.

Insteadof the segregationalview of “better” and“worse” languages,we prefera morequalifiedview in
which onelooks for theoptimal usethat canbemadeof thesewaysof representation.This hasled to the
classificationof thelanguagesusingfive levels,eachlevel built on topof lower levels,but eachlevel having
its usewith respectto theproblemposed(Table1.4).I/O datarefersto trajectorydatageneratedfrom simu-
lations.Thealgorithmiclevelsrefersto causalmodels.Themathematicallevel refersto non-causalmodels.
Thephysicallevel refersto non-causalmodelswith physicalproperties(suchasenergy conservation)built
into theformalism.Thetechnologicallevel refersto representationsincorporatingtechnologicalinformation
whichmaynot revealany informationaboutthephysicsof thesystem.

On thebasisof this reflection,onecanenvision a multi-formalismmodellingandsimulationenvironment,
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Level Formalism

Technological Conceptschemas

Physical Lineargraphs
Bondgraphs

Mathematical Equations
Stateequations
TransferFunctions
Non-causalblock diagrams
Flow graphs

Algorithmic Causalblock diagrams
CSSLs/DSblock
FORTRAN/C

I/O data Trajectorydata

Table1.4:Classificationof representationformalisms/languages

in which theuserhasachoiceof formalisms(andcorrespondinglanguages)dependingonthesub-modelhe
wishesto constructandin whichhecanfreelyassemblesub-models.Thisenvironmentwouldbeableto use
oneof the“solvers” currentlyavailableasanumericalkernel.

Theclassificationof Table1.4is presentedin threedimensionsin Figure1.35.It showsthepositionof differ-
ent languages/formalismswith respectto applicationdomain,formalismclass(paradigm),anddescription
level.

1.7 Multi-f ormalism modelling

Thoughcoupledmodelswereintroducedearlier, we implicitly assumedthat the componentswereall de-
scribedin thesameformalism.Furthermore,to meaningfullyassociatebehavioural semanticsto a coupled
model,closureundercouplingof the components’formalismwasassumed.In complex systems,this as-
sumptionmay no longerbe true.Thesesystemsarecharacterized,not only by a large numberof compo-
nents,but alsoby thediversityof thecomponents.Oneof theobservationsof theEuropeanCommission’s
ESPRITBasicResearchWorking Group8467[VV96c] “Simulation for theFuture:New Concepts,Tools
andApplications”wasthatfor theanalysisanddesignof suchcomplex systems,it is no longersufficient to
studythediversecomponentsseparately, usingthespecificformalismsthesecomponentsweremodelledin.
Rather, it is necessaryto answerquestionsaboutproperties(mostnotablybehaviour) of thewholesystem.

To focustheattention,Figure1.36givesanexampleof a complex system.Thecomplexity lies in thediver-
sity of thedifferentcomponents,bothin abstractionlevel andin formalismused:ñ A paperandpulp mill producespaperfrom treeswith pollutedwaterasa side-effect. This systemis

modelledasaprocessinteractiondiscrete-eventschedulingsystem(in particular, in GPSS[Gor96]).ñ A WasteWaterTreatmentPlant(WWTP)takesthepollutedeffluentfrom themill andpurifiesit. Some
solid wasteis takento a landfill whereasthepartially purifiedwaterflows into a lake. This systemis
modelledusingDifferentialAlgebraicEquations(DAEs) describingthebiochemicalreactionsin the
WWTP.ñ A FishFarmgrows fish in thelake which feedon algaewhich arehighly sensitive to pollutedwater.
The water is alsousedfor a treeplantationwhich suppliesthe papermill. This systemis modelled
usingtheSystemDynamicsformalism.Thedottedfeedbackarrow from thefishfarmto thepapermill
indicatesthepossibledisastrousimpactof poisonedfishon theproductivity of workersin themill.
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It is obviousthatdecision-makingfor this systemwill requireunderstandingof thebehaviour of theoverall
system.Studyingtheindividual componentswill notsuffice.Thecomplexity of thissystemandits modelis
duetoñ the numberof interacting,coupled,concurrentcomponents.Complex behaviour is often a conse-

quenceof a largenumberof feedbackloops.ñ thevarietyof componentssuchassoftware/hardware,continuous/discrete.ñ thevarietyof views,at differentlevelsof abstraction.

A modelof asystemsuchastheonedescribedabovemaybevalid (within aparticularexperimentalcontext)
atacertainlevelof abstraction. This level of abstraction,whichmaybedifferentfor eachof thecomponents,
is determinedby theavailableknowledge,thequestionsto be answeredaboutthesystem’s behaviour, the
requiredaccuracy of answers, etc.Orthogonalto thechoiceof modelabstractionlevel is theselectionof a
suitableformalismin which the model is described.The choiceof formalismis relatedto the abstraction
level, theamountof datathatcanbeobtainedto calibratethemodel,theavailability of solvers/simulatorsfor
that formalismaswell asto thekind of questionswhich needto beanswered.Milner, in his Turing Award
lecture[Mil93] rejectsthe ideathat therecanbe a uniqueconceptualmodel,or onepreferredformalism,
for all aspectsof somethingas large as concurrentsystemsmodelling.Rather, many different levels of
explanation,different theories,languagesare needed.We believe this view is amplified when arbitrarily
complex systemsarestudied.In ourexample,differentformalismsareobviously used.

In thenext chapter, we will elaborateon thesemanticsof multi-formalismmodels.As an introduction,we
presenttheFormalismTransformationGraph(FTG) in Figure1.37.Thenodesin thegraphareformalisms.
Thehorizontalline at thebottomdenotestheI/O ObservationFrameat which trajectoriescanbedescribed.
Theverticaldottedarrows denotetheavailability of a simulatorfor a formalism,producingbehaviour from
amodelin thatformalism.Otherarrows indicatetheexistenceof behaviour-conserving formalismtransfor-
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mations.This will be detailedlater. The vertical dashedline demarcatescontinousmodelformalisms(on
theleft) from discretemodelformalisms(on theright). TheFTGshowsaplethoraof formalisms,indicating
thatin general,many classificationsarepossible.It sufficesto annotatethenodesin theFTGwith attributes
(possiblyderivedfrom theformalismstructure)anddetermineequivalenceclassesbasedonthoseattributes.

1.8 Modelling the modelling and sim ulation process

Models,experiments,input andsimulationdataaredifferentkinds of knowledgemanipulatedduring the
courseof themodellingandsimulationprocess.They aretheentitieswhoselife-cycle we areinterestedin.
The dynamicevolution (over time) of theseentitiesis describedin the form of a processmodel[HK89].
If a processmodel is detailedenough,it may be usedto prescribe the dynamicsof the modelling and
simulationenterpriseandform thebasisfor thedesignandimplementationof ComputerAided Modelling
andSimulationtools.

Therearedifferentlevelsof impactof aprocessdescription:

1. A processis described:this is theWEST++situation;all theactionsa userperformsin settingup an
experimentaresaved in the form of a Tcl [Ous94] script.Thus,we have a descriptionof what the
userdid. Notethatthis scriptcanbeusedto “replay” theexperiment.

2. A processis prescribed:in a processdescriptionor processprogram we canprovide a templatefor
theuserprocess,i.e., thestepstheuserhasto gothrough.Suchaprescriptioncanmoreor lessrestrict
(i.e., protectfrom makingmistakes) the user. It doesallow the userto be creative however. From a
processdescriptionor processprogram, aconcreteprocesscanbeenacted.

3. A processis proscribed:wedescribewhatshouldnotbedone.Thisknowledgeshouldalsobeput into
theprocessdescription(asassertionsor constraints).

A commonmisconceptionaboutprocessdescriptionsis thatthey aresequentialratherthanparallel.This is
in contrastto theparallelnatureof many of theprocesses.A processdescriptionneednot besequentialif
theprocessdescriptionlanguage(suchasPetriNets)is powerful enoughto supportthedescriptionof con-
currentprocessesaswell assynchronisation.Thescripts(in caseof WEST++)generatedfrom theprocess
descriptionmustbesuchthattheirenactmentis parallel,with synchronisations.

1.8.1 Modelling and sim ulation process models

In Figure1.5,asimplemodelof themodellingandsimulationprocesswaspresented.This informalprocess
modelmayberefined,asdepictedin Figure1.38.On theextremeleft, thereal-world processof experimen-
tationis shown. Thisprocessmaymakeuseof abstractmodelknowledgeduringthecourseof experimental
design. On theextremeright, therefinedmodellingandsimulationprocessis shown. Thedoublehorizontal
barsindicatethepossibilityof performingmultiple instancesof the tasksbetweentwo setsof doublebars
in parallel. The (matching)secondset of doublebars,if present,denotessynchronisation. Onemay for
examplewish to implementandtestmultiple modelsmatchinga given ExperimentalFrameconcurrently.
Eventually, thosemodelswhich passthe testsarecollectedandmodelcalibrationcancommence.In the
centre,theblocksdenoteinformationsources/destinations for theprocess.

In analogywith softwareprocesses,themodellingandsimulationprocessneverends.Modelsareconstantly
refined,formulatedproblemschange,differenttypesof simulationexperimentsareneededusingthesame
model, etc.Fromtime to time, this processcommunicatestangibleresultsin theform of model(base)and
simulationoutput (e.g., performancemetrics)“releases”(the deliverables).As requirements(in software
parlance)change,theExperimentalFrameis adjusted.As with software,it is necessaryto managethis form
of evolutionby meansof versionmanagement(seeFigure1.39).As thisproblemis notuniqueto modelling
andsimulation,standardversionmanagementtoolssuchasRCSandCVS[BB95] canbeused.
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1.8.2 The Vir tual Product Lif e-cycle

In Figure1.40,theprocessunderlyingMoSS-CC,a scriptedextensionof WEST++andits softwareimple-
mentationis depicted.Theprocessis calledtheVirtual ProductLife-cycle (VPL) [VVV I 94] asit describes
(andpartially prescribes)theevolution of thesystem-to-be-designed (“virtual” productasall experiments
areconductedthroughsimulation).Theprocessconsistsof two majorphases:

1. Thedesignphaseduringwhichstructuraldecisionsaremade.Mostly, givenanaverageinput andde-
siredoutputfor thesystemto bebuilt, steady-statemodelsareusedto determinestructuralparameters
(suchasdimensions).

2. Thedynamicanalysisphase,duringwhich behavioural choicesaremade(optimalparameterchoice,
controllertuning, etc.) throughforwardsimulation.

The rationalebehindMoSS-CCis that at eachphasein the process,systemandcostmodelsare linked.
Designdecisionsarebasedon “minimal cost” considerations.In the first phase,only investmentcostare
considered.In thesecondphase,exploitation(running)costsareadded.Whenexploitationcosts,obtained
from dynamicanalysis,aresufficiently high comparedto investmentcosts,it may be necessaryto revise
structuraldecisionsmadein thefirst phase.

At thecoreof MoSS-CCis therealisationthatbothsystembehaviour andcostareexplicitly representedin
theform of modelswhicharesubsequentlyusedfor simulation.

The cycle in both processesdenotesan iterative processfor which coresupportis given by the WEST++
interactive modellingandsimulationenvironment[VCV98].

Theprocess(seeFigure1.41)iteratesover

1. (interactively) building a model from basicbuilding blocks (“AND” choiceas multiple blocksare
combined);
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2. throughexperimentation(simulation,modelcalibration,optimisation),answerquestionsaboutthis
model;

3. eithertheprocessstopshereor further refinementis needed.In caseof refinement,themodel,aug-
mentedwith the resultsof the experimentation,allows oneto choosefrom a numberof alternatives
(“OR” choice)for eachof thesub-models.Note thathere,theprocessis recursively instantiatedfor
eachof thesub-models,asdenotedby the(*) referencesin Figure1.41.Sub-modelrefinementmaybe
carriedout in aniterative fashion(oneaftertheother),or concurrently. In thedesignphase,an“OR”
choicecorrespondsto alternative structuralchoices.In thedynamicanalysisphase,this typically cor-
respondsto choosingfrom differentlevelsof biologicaldetail (e.g., IAWQ ASM1 or ASM2, seethe
lastchapter).

A SystemEntity Structure(SES)[Zei84a], a tree-shapedknowledgestructurein whichAND andOR alter-
nativesarelisted,providesthechoicespacefor theuser. In essence,theSESencodesdesignandmodelling
knowledge.

In theVPL treedatastructure,theMoSS-CCenvironmentkeepstrackof all choicesmadeduringtheevolu-
tion of theprocessdescribedabove.This allows theuser(by meansof a VPL browser)to tracebackto any
previouschoiceandto try otheralternatives.Thus,arbitraryfeedbackis addedto theprocessandscenario
analysis,wherebyconsequencesof differentchoicesarecompared.

Summar y

In this chapter, modellingandsimulationconceptswereintroduced.It wasnotedhow it is asimportantto
studythemodellingandsimulationprocessasit is to studytheobjectsthatprocessactsupon:themodels.
The variousstepsin this processwere discussed.In particular, verification and validation were defined.
Different typesof modelling errorsand a unified representationfor thesewere presented.To formalize
thestructureof abstractmodels,levels of systemspecificationwereintroduced.This providesa rigourous
basisfor a classificationof modelling formalisms.A variety of classificationswaspresented,including a
tool-orientedview. Eventually, this leadsto theconceptof multi-formalismmodelling,neededto describe
the structureand behaviour of truly complex systems.Finally, the modelling and simulationprocessis
elaborated.This leadsto the conceptof a Virtual ProductLife-cycle, a genericdescriptionof a classof
modellingandsimulationprocesses.



Formalisms

In this chapter, thestructureof diverseformalismsis presented.Theseformalismsarenodesin theFormal-
ism TransformationGraphintroducedin thepreviouschapter. Whereapplicable,thebehaviour-conserving
transformationbetweendifferentformalismsis described.

2.1 The Data formalism

In the previous chapter, the conceptof segmentswasintroduced.A segmentdescribestheevolution of an
entity over time. As such,it canbe usedto describetrajectoriesof input, output,andstateof a system.In
essence,any simulatormapsanabstractmodelontoa behaviour at thedata(trajectory)level.

2.2 Discrete event formalisms

For aclassof formalismslabelleddiscrete-event, systemmodelsaredescribedat anabstractionlevel where
the time baseis continuous( J ), but during a boundedtime-span,only a finite numberof relevant events
occurs.Theseeventscancausethestateof thesystemto change.In betweenevents,thestateof thesystem
doesnotchange.This is unlikecontinuousmodelsin whichthestateof thesystemmaychangecontinuously
over time.

Discrete-event formalismsareclearlyata high level of abstraction.This abstractionis oftenappropriatefor
realisticrepresentationof a system’s behaviour. Furthermore,asin betweenevents,thestateof thesystem
doesnotchange,adiscrete-eventsimulatorneednotexplicitly representthestateof thesystematnon-event
times.This allows for highly efficientsimulationascomparedto continuoussimulation,wherein principle,
stateinformationmustberepresentedateachpoint in continuoustime.
Thehigh level of abstractionmayhowever introducesimulationartifactswhichdonotpertainto real-world
behaviour. In particular, eventsimultaneitywherebymultiple distincteventsoccurat exactly thesametime
may be due to an insufficiently detaileddiscrete-event model.The DEVS formalism and its derivatives
rigourouslydescribethe semanticsof suchevent collisions. A detailedpresentationof the semanticsof
pinnaclesandmythicalstates, whichoccurwheneventsareusedfor respectively time-scaleabstractionand
parameterabstraction of continuousphenomenain hybrid models,is given by MostermanandBiswasin
[MB01].

Thesimpleexamplesystemdepictedbeforein Figure1.21will be usedto illustraterelevant concepts.At
the physicallevel, the systemconsistsof a cashierservingarriving customers,oneat a time. Customers
queueif thecashieris notavailable(servinganothercustomer).Here,thestateof thesystemconsistsof the
stateof thequeueandthatof thecashier. Thequeueingdisciplineis First In FirstOut (FIFO)andindividual
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customersareassumednot to have any distinguishingfeatures(suchasage,or numberof itemsbought).
Thus,it is meaningfulto modelthestateof thequeueby meansof thequeuelength,a naturalnumber. The
cashiercanbein eithertheIdle or theBusystate.Thedynamicsof thesystemis determinedby:ñ thearrival patternof customerscharacterizedby their Inter Arrival Time (IAT) distribution,ñ thetime requiredby thecashierto serve a customercharacterizedby theServiceTime (ST) distribu-

tion,ñ the logical sequenceof customersprogressingthroughthesystemunderdifferentconditions(queue
empty/notempty, cashierBusy/Idle).

In Figure2.1,anexamplebehaviour of thecashier/queuesystem,its reactionto a particularinput segment
of customerarrivals,startingfrom aninitial state,is depicted.

2.2.1 Definitions

The following (dueto Nance[Nan81]) enablea correctunderstandingof differenttypesof discrete-event
simulationmodels.K An instant is a valueof systemtime at which the valueof at leastoneattribute of an objectcanbe

assigned.K An interval is thedurationbetweentwo successive instants.K A timespanis thecontiguoussuccessionof oneor moreintervals.K Thestateof anobjectat a particularinstantis theenumerationof all attributevaluesof thatobjectat
that instant(mathematicallya tuple,elementof theproductsetof all attribute valuesets).The state
consistsof all theobjectstatesataparticularinstant.

A simulationmodelhasastaticstructure andadynamicstructure. Thestaticstructurespecifiesthepossible
statesof themodel.The dynamicstructurespecifieshow the statechangesover time. The staticstructure
is usuallydescribedasa collectionof objectsandtheir attributes[CS92].Therearedifferentapproaches,
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known asworld views, to representingthedynamicstructureof a model.Thefollowing conceptsareat the
basisof thedifferentworld views:K An activity is thestateof anobjectover aninterval.K An eventis achangeof objectstate,occuringataninstant,thatinitiatesanactivity precludedprior to

thatinstant.An eventis determinedif theconditionfor eventoccurencedependsexclusively onsystem
time. In hybrid simulationmodelling this is calleda time event. Otherwise,the event is contingent
(dependenton systemconditions).In hybridmodelling,this is calleda stateevent.K An objectactivity is thestateof anobjectbetweentwo eventsdescribingsuccessive statechangesfor
thatobject. Othereventsmayoccur, relatedto statechangesof otherobjects.K A processis thesuccessionof statesof anobjectoveratimespan.This is equivalentto thecontiguous
successionof oneor moreobjectactivities.

Events,activities andprocessesfor thecashier/queueexamplearedepictedin Figure2.2.For a givenprob-
lem,thefollowing stepsarefollowedto determinewhattheeventsare:

1. Identify objectsandtheirattributes.

2. Identify attributesof thesystem.

3. Definewhatcauseschangesin attributevalueasanevent.

Oftenextra statevariablesareaddedto allow calculationof performancemetricssuchascounters,minima
andmaxima,averages,andfrequency distributionsof relevant variables.In discreteevent simulation,one
is mostly interestedin the valuesof performancemetricssuchasaveragequeuelengthandutilization of
resources.This is in contrastwith continuoussimulation,whereoneis mostlyinterestedin theexplicit state
trajectory. Theperformancemetricsareoutputat theendof a simulationrun.

In thefollowing sections,thedifferentworld views arepresentedby meansof anoperational definitionof
their simulationkernels.

2.2.2 The Event Scheduling world view

In theEventSchedulingworld view, amodeldescribes,for eachof theevents,theevent’s effectK on thestate,K on thefuturebehaviour of thesystem.This is achievedby schedulingnew eventsinto thefuture.

An eventschedulingmodelfor thesinglequeue,singleserver exampleis givenbelow:
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declare variables:
queue_length in PosInt
cashier_state in {Idle, Busy}

declare events:
start, arrival, departure, end

define events:

start event
/* scheduled first automatically by simulator */

/* initializations */
queue_length = 0
cashier_state = Idle

/* schedule end of simulation */
schedule end absolute end_time

arrival event
schedule arrival relative Random(mean, spread)
if (queue_length == 0)

if (cashier_state == Idle)
cashier_state = Busy
schedule departure relative Random(mean, spread)

else
queue_length++

else /* queue_length != 0 */
queue_length++

departure event
if (queue_length == 0)

cashier_state = Idle
else /* queue_length != 0 */

queue_length--
schedule departure relative Random(mean, spread)

end event
/* dummy, terminates simulation */

As shown in Figure2.3,aneventschedulingsimulationkernelusestwo (global)datastructures.Onecon-
tainsthestatevariablesdeclaredin themodel.Theothercontainsscheduledeventnoticesin anevent list,
orderedby increasingtimeanddecreasingpriority. Whenscheduled,eventsarealwaysaddedfrom therear.
Prioritiesareusedto choosebetweeneventsoccurringat thesametime(collisions).Thestatevariablesmay
beaugmentedby additionalperformancevariablesfor calculationof minima,maxima,mean,standardde-
viation, etc.of statevariablesandcombinationsof them.An eventschedulingkerneloperatesby ordering
(accordingto increasingtime) scheduledeventsin the event list and iteratively removing andprocessing
theheadof that list until the list becomesempty. Theevent time of theeventnoticeis usedto advancethe
simulationtime. Dependingon theevent type of the eventnotice,theappropriateeventnoticeis invoked.
This routinemaymodify thesystem’s stateandschedulenew eventsinto thefutureby placingeventnotices
in theeventlist.

In thespirit of theEventSchedulingformalism,K initializationof thesystemstateaswell aspre-schedulingof eventsmaybeput in a“start” event.This
eventis automaticallyput in theeventlist andsubsequentlyprocessed(first) usingthesameprocedure
asfor any otherevent.K haltingthesimulationatacertainsimulationtimecanbeachievedby schedulingaspecial“end” event
which is recognizedby thesimulationprocedureasthelasteventto beprocessed(evenif moreevent
noticesarepresenton theeventlist). Thiseventmaycontainterminalprocessinginstructions,mainly
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generatingoutputof performancemeasuresandothergatheredstatistics.Caveat:it maybenecessary
to re-schedulethe “end” event or to give it the lowestpriority to avoid missingan event occurring
exactlyat thetimeof the“end” event.

The above informally describesan event schedulingmodel in termsof a systemstate,events,an event
list, andhow an event influencesthesystemstateandevent list (schedulenew eventsin future).An event
schedulingmodelis simulatedbyasimulationprocedurewhichiteratively advancessimulationtime,updates
theeventlist, aswell asthesystemstate.

Themodelrepresentationaswell asthesimulationprocedurearepresentedherein mathematicalform, to
facilitatethedescription(in thenext section)of themappingontotheDEVSformalism.

For thesake of simplicitly, we currentlyignoreK outputof themodel,asthiscaneasilybeaddedanddoesnot changetheessenceof theformalism;K externaleventsinterruptingtheautonomousbehaviour of thesystem,asthis is not normally partof
theeventschedulingformalism.This impliesthathierarchiesof eventschedulingmodelscannot be
described.ExternaleventsandhierarchycanbeaddedeasilyaftermappingontoDEVS.

Thestructureof aneventschedulingmodelES is

ES LNM T O E O SO EL O δt O δη O δSP�Q
In this structure,T is theTimeBase

T LSR Q
Thefinite setE containsuniqueeventtypesη suchas“arrival of customer1” and“departureof customer
5”. Note thatanactualeventoccurrenceis characterizedby a tuple T η O t U including theevent typeandthe
eventinstant.Whenpresenton aneventlist, this tupleis calledaneventnotice. Eventsmaybedividedinto
“classes”(C) suchasarrivalsanddepartures(of differententities):

E L�V
i W CEi Q
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It maybe necessaryto definean orderrelationshipX over E: T E OYXZU to “encode”priorities. For example,
arrivalcustomer [ arrivalmanager [ departurecustomer [ departuremanager meansarrival eventshave lower
priority thandeparture eventsandwithin thesetwo eventclasses,managershave higherpriority thancus-
tomers.This is a commonapproachto encodeeventselectionwhenit is necessaryto choosebetweenmul-
tiple eventsoccurringsimultaneously(a collision) suchas \6T η1 O t U�O�T η2 O t U�O Q]Q]Q_^ on theeventlist. If priorities
do not resolve a collision to onesingle T η O t U , theselectionbecomesimplementationdependent.This is not
portableacrossimplementationsandleadsto differentsimulationresultsondifferentplatforms.Thismeans
simulationexperimentsarenot repeatable. If thissituationoccurs,moredetailwill typically beaddedto the
prioritiesordering T [ U .
Theeventlist EL is apossiblyemptyset(or evenabagif thesameeventis allowedto occurmultiple times
at thesametime) of eventnotices

EL ` 2E a T Q
For example,

EL L \6T η1 O t1 Ub c?d e OfT η2 O t2 Ub c
d e Ohg]g]g]OiT ηn O tn Ub c
d e ^�Q
ev1 ev2 g]g]g evn

Notehow, in animplementation-orienteddescriptionof ES, anevent list would bedescribedasanordered
list. In a moredenotationalfashion,not insistingon a particularimplementationdatastructure,we usea
set,with the order imposedby a select f irst TjU operator. This leavesroom for efficient, possiblyparallel,
implementation.

select f irst : 2E a T k /0 l E m T O
EL l evn&LNT η n"O t nDU Q

where
t n L min o T p q4r \ t stT η O t U ` EL ^ ;

η nuL select \6T η stT η O t n�Uv` EL ^�Q
In theabove,it is assumedEL wL /0. Simulationhaltswhentheeventlist becomesemptyandthusselect f irst
will never beappliedto anemptyeventlist (asspecifiedin thesimulationprocedureAlgorithm 1).

Theselect tie-breakingfunctionis neededto selectbetweensimultaneouslyoccuringevents.As mentioned
before,select is typically implementedbasedonanorderingrelationshipX over E:

select : 2E l E O\ η1 O]g]g]gYO ηn ^ l min o E p q4r \ η1 O]g]g]gYO ηn ^�Q
Applying select shouldyield a uniqueresult.This will only be the caseif thereis a strict ordering(no
equalities)over thesetof eventsE.

ThestatesetS is modifiedateventtimesby eventhandlers. Smayobviously beaproductset:S Lxm iSi .

For eachη ` E, aneventhandleris astructure T δt O δS O δη U Q
This allows oneto specifytheeffectsof handlinganevent:

1. modificationof thesystemstatè S,

2. schedulinganew eventη in thefuture.

In theEventSchedulingformalismasdescribedhere,thereis only asinglemodificationof thesystemstate,
aswell asonly oneeventscheduled.This canbedonewithout lossof generalityasmultiple statechanges
and future eventsscheduledare all doneat the sameinstantof time. Multiple statechangesand events
scheduledcanbeemulated(modelled)by a sequenceof events,eachonly performingonestatechangeand
onescheduling.Notehow this is only trueif no outputis generatedfor intermediatestatechanges.
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Alternately, the formalismcould easilybe adoptedto lump a sequenceof statechangesinto oneresultant
statechange,andto scheduleaseriesof eventsin thefuture.

As shown in Figure2.4,theeventhandlerstructurespecifies:

1. At what time in the future to schedulea new event.The time delayδt betweenthecurrenttime and
thetime thenew eventis scheduledat is basedon thecurrenteventandsystemstate:

δt : E m S lhRzy0 p y ∞ Q
2. How to modify thesystemstatebasedon thecurrenteventandsystemstate:

δS : E m S l SQ
3. Theeventtypeto bescheduled.This is givenby δη basedon thecurrenteventandsystemstate:

δη : E m S l E Q
Theabove concludesthestructure of themodelformalism.Algorithm 1 describesa simulationprocedure
for simulatinganeventschedulingmodelES. To carryout thesimulation,themodel(eventtypes,stateset,
andeventhandlers)is giventogetherwith intial conditions:K theinitial eventlist (pre-scheduledevents),K theinitial states ` S.

Notehow lines4 and5 in Algorithm 1 areageneralizationof whatis commonin list-basedeventscheduling
implementations: T η f ir st O t f ir st U|{ headT EL U�O
where“head” is thestandardorderedlist operatorwhichselectsthefirst elementof thelist.

Similarly, theapproachonline 10is ageneralizationof updatingof theeventlist in list-basedeventschedul-
ing implementations:

EL { inserto}o T p qr}p o E p qr~r T]T η ��O t � ∆t U�O tail T EL U]U�O
with “insert” and“tail”, thestandardorderedlist operators.Thepositionwhereaneventnoticeis “insert”ed
is determinedby theits timestampaswell asits priority. If bothareequal,noticesareaddedfrom therear.
“tail” producestheremainderof EL afterremoving its “head”.
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Algorithm 1 EventSchedulingsimulationprocedure
1: s { initial statè S \ initialize the state ^
2: EL { initial eventlist \ initialize the event list (pre-scheduled events) ^
3: while T EL wL /0 U ) do
4: t f ir st { min o T p qr \ t stT η O t U ` EL ^
5: η f ir st { select T�\ η stT η O t f ir st Uv` EL U
6: t { t f ir st \ advance current time to t f ir st ^
7: η { η f ir st \ event type currently processed ^
8: ∆t { δt T η O sU
9: η nnew { δη T η O sU

10: EL {�T EL k T η O t U]UF��\6T η � O t � ∆t U ^ \ k : remove the current event, � : add a scheduled event ^
11: s { δS T η O sU \ update state ^
12: end while

2.2.3 The Activity Scanning world view

In theActivityScanningworld view, a modeldescribesconditionswhichwill activateactivities. This repre-
sentation(andits semanticsdescribedbelow) resemblesthatusedin declarativeAI languagessuchasProlog
[CM87, Van88].

An activity scanningmodelfor thesinglequeue,singleserver exampleis givenbelow.

declare (and initialize) variables:
queue_length in PosInt = 0
cashier_state in {Idle, Busy} = Idle
t_arrival = 0, t_depart = plusInf

define conditions:

arrival condition: t >= t_arrival
if (queue_length == 0)

if (cashier_state == Idle)
keep queue_length == 0
cashier_state = Busy
t_depart = t + Random(mean, spread) /* service time */

else
queue_length++

else /* queue_length != 0 */
queue_length++, keep cashier_state == Busy

t_arrival = t + Random(mean, spread) /* inter arrival time */

departure condition: t >= t_departure
if (queue_length == 0)

cashier_state = Idle
else /* queue_length != 0 */

queue_length--, keep cashier_state == Busy
t_depart = t + Random(mean, spread) /* service time */

As shown in Figure2.5, an activity scanningsimulationkernelusesa discretetime stepto advancetime.
During the activity scanphase,the solver checksfor an activity whosecondition (a booleanfunction of
the time variableandthe statevariables)is true andprocessesit. This scanis continuedaslong assome
activity conditionevaluatesto true.If noneof theactivities is enabled,thetimeflow phaseis executedagain,
advancingtime.In thespirit of theActivity Scanningformalism,a“start” and“end” activity maybedefined
with semanticssimilar to theirEventSchedulingcounterparts.
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Figure2.5:Activity Scanningsimulationkernel

2.2.4 The Three Phase Appr oach world view

As Activity Scanningusesa fixed time step,it is not efficient. On theonehand,the time stepneedsto be
chosenassmall as the smallesttime interval possiblebetweentwo eventsto correctlymodelbehaviour.
On theotherhand,someeventsmaybeextremelyfar apartin time (many timesthesmallesttime between
events).For suchlong time intervals,anactivity scanningsimulatorwill unnecessarilycheckall conditions
ateachpoint in time despitethefactthattheconditionsdo not change.

In theThreePhaseApproach world view, Activity Scanningis combinedwith EventScheduling.Activities
may be scheduledexplicitly into the future as in the Event Schedulingworld view. In addition,at event
times,all activity conditionsarecheckedasin theActivity Scanningworld view. Two typesof activities are
represented:K “boundto occuractivities” (B): arescheduledin anEventSchedulingfashionanddescribetheeffect

of unconditionalstatechangeson thecurrentstateandon thefuture(by schedulingnew B activities
into thefuture).K “conditional activities” (C): areinvoked at event timesif their conditionevaluatesto true.Describe
theeffect of unconditionalstatechangeson thecurrentstateandon thefuture(by schedulingnew B
activities into thefuture).

As shown in Figure2.6,a threephaseapproachsimulationkernelcombinestheschedulingof B activities
of the Event Schedulingworld view (with its associatedtime flow mechanismof advancingtime to the
time of the first event on the EventList) with the invocationof conditionionalC activities of the Activity
Scanningworld view. Again “start” and“end” activites may be defined.It will be noticedthat theseand
all otheractivities may be describedasB or asC activities. This shows the conceptualflaw in the Three
PhaseApproach:mixing differentworld views in a singlemodelmakesthemodelhardto understandand
maintain.

2.2.5 The Process Interaction world view

At thehighestlevel of abstraction,in theProcessInteractionworld view, a templateis givenfor thelife of
transactionsor processesasthey progressthrougha numberof activitiesor blocks. In Figure2.7,a process
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interactionmodel for the singlequeue,singleserver exampleis given in the GeneralPurposeSimulation
System(GPSS)languageand its correspondinggraphicalnotation[Gor96, Sch74, BCIN98, LK91]. The
arrival of transactions(customers)is modelledin theGENERATEblock.Theinter-arrival timeof customersis
uniformly distributedover the interval 10 +/- 5 time units.TheQUEUE/DEPARTblock combinationcollects
queueingstatisticsof thequeueformedby customerswaitingfor thecapacity1 resource“cashier”modelled
by theSEIZE/RELEASE blockcombination.Oncethecashierfacility is seized,acustomeris servedfor atime
sampledfrom a uniform distribution over the interval 5 +/- 3 time units.This is modelledby an ADVANCE
block.At theTERMINATEblock, thelife of transactionends.

As shown in Figure 2.8, a processinteractionsimulationkernel employs threemain datastructures:the
FutureEventList (FEL) andtheCurrentEventList (CEL) (the“chains”FECandCECin GPSSterminology)
areinternalto thesimulatorwhereasthethird onerepresentstheProcessInteractionmodel.A transactionis

       GENERATE  10, 5
       QUEUE     wait
       SEIZE     cashier
       DEPART    wait
       ADVANCE   5, 3
       RELEASE   cashier
       TERMINATE 1

10,5

5,3

Q

Q

Figure2.7:ProcessInteraction(GPSS)modelof acashier/queuesystem
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Figure2.8:ProcessInteractionsimulationkernel

alwayspresentin exactlyoneof thetwo lists.A transactiondatastructurecontains� auniqueidentifier,� apriority,� amove-time,thetimeatwhich thetransactionis scheduled(by anADVANCEblock for example)to the
next block in themodel.� anumberof transactionattributesdescribedby themodeller(“parameters”in GPSSterminology).

TheFEL is a list of transactionsorderedby increasingmove-time(startingfrom thehead).For equalmove-
times,the orderis not specified.The CEL is a list of transactionsorderedby decreasingpriority (starting
from thehead).After aninitialization phase,thesimulationproceedsiteratively throughtwo phases:

1. During theclock updatephase, thecurrentsimulationtime is advancedto themove time of thefirst
transactionontheFEL. Subsequently, all transactionsontheFEL with move-timeequalto thecurrent
timearemovedto theCEL. On theCEL, transactionsareorderedby priority.

2. During thescanphase, theCEL is searchedfrom beginning(high priority transactions)till end(low
priority transactions)for transactionswhichcanbemovedthroughthemodel.If atransactionis found,
it is movedasfar aspossiblethroughthemodel.A transactionmaybecomeblockedwhenit entersan
ADVANCEfor example.Then,thesimulatorschedulesit to leave theblock at a latertime by putting it
on theFEL. Whena transactionreachesa TERMINATEblock, it is destroyed(removedfrom theCEL).
Thescanphaseis repeatedaslongasit is possibleto move transactionsthroughthemodel.Whenno
moretransactionscanbemoved,andthesimulation’s terminationconditiondoesnot yet evaluateto
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Figure2.9:A transaction’s life duringaProcessInteractionsimulation

true,theclock updatephaseis invokedagain.Theterminationconditionis oftenencodedasa global
TerminationCounterbeingdecrementedto zeroor below. It is obviousthatblockedtransactionsmay
resideon theCEL well beyondtheirmove-time,waiting for somesystemcondition.

Beforecompletelyterminatingasimulation,performancemetricsareoutputanddatastructuresarecleaned
up.

Figure2.9depictsthe life of a singletransactionfrom its creation,over its repeatedmigrationto andfrom
theCurrentEventList andtheFutureEventList, until its final destructionin a TERMINATEblock.

2.2.6 Relationships between discrete event world views

Figure2.10givesanoverview of therelationshipsbetween“dif ferent”discreteformalisms.Ontheleft hand
side,formalismsareshown whosetime flow mechanismis a fixed time advance.On the right handside,
formalismswith a “discreteevent” time flow (clock advancesto event timesonly) areshown. It is noted
that theActivity Scanningworld view really belongsunderDiscreteTime formalismsthoughit is always
erroneouslyincludedwith DiscreteEventformalisms.

All discreteeventformalismspresentedarenon-modular(seeChapter1). Model componentssuchasevent
handlers(EventSchedulingworld view), activities (Activity Scanningworld view) andprocessblocks(Pro-
cessInteractionworld view) arenot encapsulatedentities,only interactingwith their environmentthrough
interfaces.Rather, they directly influenceglobalstatevariablesaswell asothercomponents.

The dashedarrow lines in Figure2.10denotetransformationof a modeldescribedin a sourceformalism
(startof arrow line) into thatsamemodeldescribedin thetarget formalism(endof thearrow line). Original
andtransformedmodelareconsidered“equivalent” whenthey producethesamestatetrajectorywhensim-
ulatedfrom identicalintial conditions.In thefigure,all transformationsaretowardsthe DEVS formalism
which is describedin thenext section.There,it is alsoshown how anEventSchedulingmodelmaybetrans-
formedinto an“equivalent” DEVS model.Noneof theothertransformationsin Figure2.10is described.A
rigouroustreatmentof thesetransformations(includingequivalenceproofs)is futurework. Theessenceof
all thesetransformationsis theconstructionof amodularCoupledDEVSmodelfrom thenon-modularspec-
ifications.This is achievedby explicitly representingdependenciesby meansof couplingsbetweenmodular
components.To automatesuchtransformations,dependency analysisneedsto beautomated.Thisapproach
is deemedfeasiblethanksto theexperiencewith dependency analysisfor continuousmodels(Differential
AlgebraicEquations)asdescribedin a latersection.
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2.3 The DEVS formalism

TheDEVS formalismwasconceivedby Zeigler[Zei84a, Zei84b] to provide a rigourouscommonbasisfor
discrete-eventmodellingandsimulation.For theclassof formalismsdenoteddiscrete-event[Nan81], system
modelsaredescribedat an abstractionlevel wherethe time baseis continuous( R ), but during a bounded
time-span,only a finite numberof relevant eventsoccurs.Theseeventscancausethe stateof the system
to change.In betweenevents,thestateof thesystemdoesnot change.This is unlike continuousmodelsin
which thestateof thesystemmaychangecontinuouslyover time.

As anextensionof FiniteStateAutomata,theDEVS(DiscreteEventSystems)formalismcapturesconcepts
from discreteevent simulation.As suchit is a soundbasisfor meaningfulmodelexchangein thediscrete
event realm.In Figure2.11, the statetrajectoryof a traffic light is shown. Finite StateAutomatacanbe
extendedto includethe time the systemstaysin a particularstatebeforemakinga transitionto the next
state.This is theapproachtakenin DEVS.It is howeveralwayspossibleto constructanEventGraphwhich
hasasnodes,the transitions,andasedges,the time interval afterwhich thenext transitionis scheduledto
occur. This demonstratesthe link with the event schedulingdiscreteevent world view. In a later section,
a moreformal presentationof the relationshipbetweenthe discreteevent world views andDEVS will be
presented.

The DEVS formalismfits the generalI/O Systemsstructureof deterministic,causalsystemsin classical
systemstheorydescribedin thefirst chapter. DEVS allows for thedescriptionof systembehaviour at two
levels.At thelowestlevel, anatomicDEVSdescribestheautonomousbehaviour of a discrete-eventsystem
asasequenceof deterministictransitionsbetweensequentialstatesaswell ashow it reactsto externalinput
(events)andhow it generatesoutput(events).At thehigherlevel, a coupledDEVSdescribesa systemasa
networkof coupledcomponents.ThecomponentscanbeatomicDEVS modelsor coupledDEVS in their
own right. The connectionsdenotehow componentsinfluenceeachother. In particular, outputeventsof
onecomponentcanbecome,via a network connection,input eventsof anothercomponent.It is shown in
[Zei84a] how the DEVS formalismis closedundercoupling: for eachcoupledDEVS, a resultantatomic
DEVScanbeconstructed.As such,any DEVSmodel,beit atomicor coupled,canbereplacedby anatomic
DEVS.Theconstructionprocedureof aresultantatomicDEVSis alsothebasisfor theimplementationof an
abstractsimulatoror solvercapableof simulatingany DEVSmodel.As acoupledDEVSmayhavecoupled
DEVScomponents,hierarchical modellingis supported.
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In thefollowing, thedifferentaspectsof theDEVSformalismareexplainedin moredetail.

2.3.1 The atomic DEVS formalism

TheatomicDEVS formalismis a structuredescribingthedifferentaspectsof thediscrete-event behaviour
of asystem:

atomicDEVS ��M SO ta O δint O X O δext O Y O λ P�Q
The timebaseT is continuousandis notmentionedexplicitly:

T L�R Q
ThestatesetSis thesetof admissiblesequentialstates: theDEVSdynamicsconsistsof anorderedsequence
of statesfrom S. Typically, Swill beastructuredset(aproductset)

S L�m n
i � 1Si Q

This formalizesmultiple (n) concurrent partsof a system.It is notedhow a structuredstateset is often
synthesizedfrom thestatesetsof concurrentcomponentsin acoupledDEVSmodel.

The time thesystemremainsin a sequentialstatebeforemakinga transitionto thenext sequentialstateis
modelledby the timeadvancefunction

ta : S lhR y0 Ot� ∞ Q
As time in therealworld alwaysadvances,theimageof ta mustbenon-negative numbers.ta L 0 allows for
therepresentationof instantaneoustransitions:no time elapsesbeforetransitionto a new state.Obviously,
this is anabstractionof reality which may leadto simulationartifacts suchasinfinite instantaneousloops
which do not correspondto realphysicalbehaviour. If thesystemis to stayin anend-states forever, this is
modelledby meansof ta T sU�L�� ∞.
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Theinternaltransitionfunction
δint : S l S

modelsthetransitionfrom onestateto thenext sequentialstate.δint describesthebehaviour of aFiniteState
Automaton;ta addstheprogressionof time.

It is possibleto observethesystemoutput.TheoutputsetY denotesthesetof admissibleoutputs. Typically,
Y will beastructuredset(a productset)

Y Lxm l
i � 1Yi Q

This formalizesmultiple (l ) outputports.Eachport is identifiedby its uniqueindex i. In a user-oriented
modellinglanguage,theindiceswouldbederivedfrom uniqueportnames.

Theoutputfunction
λ : S l Y ��\ φ ^

mapsthe internalstateonto theoutputset.Outputeventsareonly generatedby a DEVS modelat the time
of an internal transition.At thattime, thestatebefore thetransitionis usedasinput to λ. At all othertimes,
thenon-eventφ is output.

To describethetotal stateof thesystemateachpoint in time, thesequentialstates ` S is notsufficient.The
elapsedtimeesincethesystemmadeatransitionto thecurrentstatesneedsalsoto betakeninto accountto
constructthetotal stateset

Q L�\6T sO eU?s s ` SO 0 X e X ta T sU ^
Theelapsedtime e takeson valuesrangingfrom 0 (transitionjust made)to ta T sU (aboutto make transition
to thenext sequentialstate).Often,the timeleft σ in astateis used:

σ L ta T sU� eQ
Up to now, only anautonomoussystemhasbeendescribed:thesystemreceivesno externalinputs.Hence,
theinputsetX denotingall admissibleinputvaluesis defined.Typically, X will beastructuredset(aproduct
set)

X Lxm m
i � 1Xi

This formalizesmultiple (m) inputports.Eachport is identifiedby its uniqueindex i. As with theoutputset,
port indicesmaydenotenames.

ThesetΩ containsall admissibleinput segmentsω

ω : T l X ��\ φ ^�Q
In discrete-event systemmodels,an input segmentgeneratesan input eventdifferentfrom thenon-eventφ
only at a finite numberof instantsin a boundedtime-interval. Theseexternalevents, inputsx from X cause
the systemto interrupt its autonomousbehaviour andreactin a way prescribedby the external transition
function

δext : Q m X l SQ
Thereactionof thesystemto anexternaleventdependsonthesequentialstatethesystemis in, theparticular
inputandtheelapsedtime.Thus,δext allowsfor thedescriptionof alargeclassof behaviourstypically found
in discrete-eventmodels(includingsynchronization,pre-emption,suspensionandre-activation).

Whenaninput eventx to anatomicmodelis not listedin theδext specification,theeventis ignored.

In Figure2.12,an examplestatetrajectoryis given for an atomicDEVS model.In the figure, the system
madean internaltransitionto states2. In theabsenceof externalinput events,thesystemstaysin states2
for a durationta T s2U . During this period,theelapsedtime e increasesfrom 0 to ta T s2U , with thetotal stateL�T s2 O eU . Whentheelapsedtime reachesta T s2U , first an outputis generated:y2 L λ T s2U , thenthe system
transitsinstantaneouslyto thenew states4 L δint T s2U . In autonomousmode,thesystemwould stayin state
s4 for ta T s4U andthentransit(aftergeneratingoutput)to s1 L δint T s4U . Beforee reachesta T s4U however, an
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external input event x arrives.At that time, the systemforgetsaboutthe scheduledinternal transitionand
transitsto s3 L δext T]T s4 O eU�O xU . Notehow anexternaltransitiondoesnot give riseto anoutput.Oncein state
s3, thesystemcontinuesin autonomousmode.

As anexampleatomicDEVS,considerthemodelof two traffic lightsdepictedin Figure2.13.In autonomous
mode,the light transitsin intuitive fashion.If the“switch to manual”(M) externalevent is received, lights
in bothdirectionsblink yellow. If the“switch to automatic”(A) event is received,thesystemswitchesback
deterministicallyto stateRY to resumeautonomousmode.Colour-blind observationof thesystemis encoded
in λ. TheatomicDEVSrepresentationis givenbelow.

DEVS L�M X O SO Y O δint O δext O λ O taP
T L�R
X L�\ M O A ^
ω : T l X ��\ φ ^
S L�\ RGO RY O GRO YRO BB̂
δint T RGU1L RY; δint T RY U1L GR
δint T GRU1L YR; δint T YRU1L RG
ta T RGU1L 60s; ta T RY U1L 10s
ta T GRU1L 50s; ta T YRU1L 10s
ta T BBU1L�� ∞
δext T]T RGO eU�O M U�L BB
δext T]T RYO eU�O M U&L BB
δext T]T GRO eU�O M U�L BB
δext T]T YRO eU�O M U�L BB
δext T]T BBO eU�O AU|L RY
Y L�\ GREY O YELLOWO BLINK ^ m�\ GREY O YELLOWO BLINK ^
λ T RGU1L λ T GRU=LNT GREY O GREY U
λ T YRU1L λ T YGU1LNT YELLOWO GREY U
λ T GY U�L λ T RY U|LNT GREY O YELLOW U
λ T BBU1LNT BLINK O BLINK U
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2.3.2 The coupled DEVS formalism

ThecoupledDEVS formalismdescribesa discrete-event systemin termsof a network of coupledcompo-
nents.

coupledDEVS �NM Xself O Yself O D Ot\ Mi ^ Ot\ Ii ^ Ot\ Zi p j ^ O select P
Thecomponentself denotesthecoupledmodelitself. Xself is the (possiblystructured)setof allowed ex-
ternalinputsto thecoupledmodel.Yself is the(possiblystructured)setof allowed(external)outputsof the
coupledmodel.D is a setof uniquecomponentreferences(names).Thecoupledmodelitself is referredto
by meansof self , auniquereferencenot in D.

Thesetof componentsis \ Mi s i ` D ^�Q
Eachof thecomponentsmustbeanatomicDEVS

Mi LNM Si O tai O δint p i O Xi O δext p i O Yi O λi P O�� i ` D Q
The setof influenceesof a component,the componentsinfluencedby i ` D ��\ self ^ , is Ii . The setof all
influenceesdescribesthecouplingnetwork structure\ Ii s i ` D ��\ self ^�^�Q
For modularityreasons,a component(includingself ) maynot influencecomponentsoutsideits scope–the
coupledmodel–,ratheronly othercomponentsof thecoupledmodel,or thecoupledmodelself :� i ` D ��\ self ^ : Ii � D ��\ self ^�Q
This is further restrictedby the requirementthat noneof the components(including self ) may influence
itself directlyasthiscouldcauseaninstantaneousdependency cycle(in caseof a0 timeadvanceinsidesuch
a component)akin to analgebraicloop in continuousmodels:� i ` D ��\ self ^ : i �` Ii Q
Notehow onecanalwaysencodeaself-loop(i ` Ii) in theinternaltransitionfunction.

To translatean output event of one component(suchas a departureof a customer)to a corresponding
input event(suchasthearrival of a customer)in influenceesof thatcomponent,output-to-inputtranslation
functionsZi p j aredefined: \ Zi p j s i ` D ��\ self ^ O j ` Ii ^ O

Zself p j : Xself l Xj O�� j ` D O
Zi p self : Yi l Yself O � i ` D O

Zi p j : Yi l Xj O � i O j ` D Q
Together, Ii andZi p j completelyspecifythecoupling(structureandbehaviour).

As aresultof couplingof concurrentcomponents,multiplestatetransitionsmayoccuratthesamesimulation
time. This is anartifact of thediscrete-event abstractionandmay leadto behaviour not relatedto real-life
phenomena.A logic-basedfoundationto studythesemanticsof theseartifactswasintroducedby Radiyaand
Sargent[RS94]. In sequentialsimulationsystems,suchtransitioncollisionsareresolvedby meansof some
form of selectionof which of thecomponents’transitionsshouldbehandledfirst. This correspondsto the
introductionof prioritiesin somesimulationlanguages.ThecoupledDEVSformalismexplicitly represents
a select functionfor tie-breakingbetweensimultaneousevents:

select : 2D l D Q
select choosesauniquecomponentfrom any non-emptysubsetE of D:

select T E U ` E Q
ThesubsetE correspondsto thesetof all componentshaving astatetransitionsimultaneously.
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2.3.3 Closure of DEVS under coupling

As mentionedat the start of this section,it is possibleto constructa resultantatomic DEVS model for
eachcoupledDEVS. This closure undercouplingof atomicDEVS modelsreplacesany coupledDEVS
by an atomicDEVS. The replacementor flatteningprocedureactuallydefinesthe semanticsof a coupled
DEVS.Theprocedureis definedsuchthatit is “natural”: its semanticsis compatiblewith thatof thediscrete
eventworld views presentedbefore.In particular, of all possibleevents,theearliestoneis alwaysprocessed
andcollisionsdueto simultaneousevents(internalandexternaltransitionsin DEVS) areresolvedby some
tie-breakingprocedure.By induction,any hierarchically coupledDEVS canthusbeflattenedto anatomic
DEVS. As a result,the requirementthateachof thecomponentsof a coupledDEVS bean atomicDEVS
canberelaxedto beatomicor coupledasthelattercanalwaysbereplacedby anatomicDEVS.

Thecoreof theclosureprocedureis theselectionof themostimminent(i.e., soonestto occur)event from
all thecomponents’scheduledevents[Zei84a]. In caseof simultaneousevents,theselect function is used.
Theresultantconstructionis describedbelow.

FromthecoupledDEVS M Xself O Yself O D Ot\ Mi ^ Ot\ Ii ^ Ot\ Zi p j ^ O select P O
with all componentsMi atomicDEVSmodels

Mi LNM Si O tai O δint p i O Xi O δext p i O Yi O λi P O�� i ` D

theatomicDEVS M SO ta O δint O X O δext O Y O λ P
is constructed.

Theresultantsetof sequentialstatesis theproductof thetotal statesetsof all thecomponents

S L�m i W DQi O
where

Qi L�\6T si O ei U?s s ` Si O 0 X ei X tai T si U ^ O�� i ` D Q
Thetimeadvancefunctionta

ta : S l�R y0 O�� ∞

is constructedby selectingthe mostimminentevent time, of all the components.This meansfinding the
smallesttime remaininguntil internaltransition,of all thecomponents

ta T sU|L min\ σi L tai T si U4� ei s i ` D ^�Q
A numberof imminentcomponentsmaybescheduledfor a simultaneousinternaltransition.Thesecompo-
nentsarecollectedin aset

IMM T sU=L�\ i ` D sσi L ta T sU ^�Q
FromIMM, asetof elementsof D, onecomponenti n is chosenby meansof theselect tie-breakingfunction
of thecoupledmodel

select : 2D l D
IMM T sU�l i n

Output of the selectedcomponentis generatedbefore it makes its internal transition.Note also how, as
in a Mooremachine,input doesnot directly influenceoutput.In DEVS models,only an internaltransition
producesoutput.An inputcanonly influence/generateoutputviaaninternaltransitionsimilarto thepresence
of memoryin the form of integrating elementsin continuousmodels.Allowing an external transitionto
produceoutputcouldleadto infinite instantaneousloops.This is equivalentto algebraicloopsin continuous
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systems.The outputof the componentis translatedinto coupledmodeloutputby meansof the coupling
information

λ T sU�L Zi �jp self T λi � T si � U]U�O if self ` Ii � O
φ O if self �` Ii �DQ

If the outputof i n is not connectedto the outputof the coupledmodel,the non-event φ canbe generated
asoutputof thecoupledmodel.As φ literally standsfor no event, the outputcanalsobe ignoredwithout
changingthemeaning(but increasingperformanceof simulatorimplementations).

Theinternaltransitionfunctiontransformsthedifferentpartsof thetotal stateasfollows:

δint T sU�LNT Q]Q]Q O�T s� j O e� j U�O Q]Q]Q U�O whereT s� j O e� j U�L T δint p j T sj U�O 0U�O for j L i n OL T δext p j T sj O ej � ta T sU�O Zi � p j T λi � T si � U]U]U�O 0U�O for j ` Ii � andZi � p j T λi � T si � U]U(wL φ OL T sj O ej � ta T sU]U�O otherwiseQ
Theselectedimminentcomponenti n makesan internaltransitionto sequentialstateδint p i � T si � U . Its elapsed
time is resetto 0. All the influenceesof i n changetheir statedueto an externaltransitionpromptedby an
inputwhich is theoutput-to-inputtranslatedoutputof i n , with anelapsedtimeadjustedfor thetimeadvance
ta T sU . The influencees’elapsedtime is resetto 0. Note how i n is not allowed to be an influenceeof i n in
DEVS. Thestateof all othercomponentsis not affectedandtheir elapsedtime is merelyadjustedfor the
time advanceta T sU .
Theexternaltransitionfunctiontransformsthedifferentpartsof thetotal stateasfollows:

δext T]T sO eU�O xU&L�T Q]Q]Q O�T s�i O e�i U�O Q]Q]Q U�O whereT s�i O e�i U�L T δext p i T]T si O ej � eU�O Zself p i T xU]U�O 0U�O for i ` Iself OL T si O ej � eU O otherwiseQ
An incomingexternalevent is routed,with anadjustmentfor elapsedtime, to eachof thecomponentscon-
nectedto thecoupledmodelinput(aftertheappropriateinput-to-inputtranslation).Forall thosecomponents,
theelapsedtime is resetto 0. All othercomponentsarenotaffectedandonly theelapsedtime is adjusted.

Somelimitationsof DEVS arethat� a conflict dueto simultaneousinternalandexternaleventsis resolvedby ignoringtheinternalevent.
It shouldbepossibleto explicitly specifybehaviour in caseof conflicts;� thereis limited potentialfor parallelimplementation;� theselect functionis anartificial legacy of thesemanticsof traditionalsequentialsimulatorsbasedon
aneventlist;� it is notpossibleto describevariablestructure.

Someof thesearecompensatedfor in parallelDEVS(seefurther).

2.3.4 Implementation of a DEVS solver

The algorithm in Figure 2.14 is basedon the closureundercoupling constructionand can be usedas a
specificationof a –possiblyparallel–implementationof a DEVS solver or “abstractsimulator” [Zei84a,
KSKP96]. In an atomic DEVS solver, the last event time tL as well as the local states are represented.
In a coordinator, only the last event time tL is represented.The next-event-time tN is sentas output of
eithersolver. It is possibleto alsokeeptN in the solvers.This requiresconsistent(recursive) initialization
of the tNs. If kept, the tN allows one to checkwhetherthe solvers are appropriatelysynchronized.The
operationof anabstractsimulatorinvolveshandlingfour typesof messages.The T x O f romO t U messagecarries
external input information.The T yO f romO t U messagecarriesexternaloutput information.The T���O f romO t U
and T doneO f romO tN U messagesare usedfor scheduling(synchronizing)the abstractsimulators.In these
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message m sim ulator coor dinatorT���O f romO t U simulator correct only if t L tN

y { λ T sU send T���O self O t U to i n , where
if y wL φ : i n L select T imm childrenU

send T λ T sU�O self O t U to parent imm children L�\ i ` D sMi Q tN L t ^
s { δint T sU active children { active children ��\ i n ^
tL { t
tN { tL � ta T sU
send T doneO self O tN U to parent

T x O f romO t U simulator correct only if tL X t X tN (ignore δint to resolve a t L tN conflict)

e { t � tL � i ` Iself :
s { δext T sO eO xU send T Zself p i T xU�O self � t � to i
tL � t active children � active children  �¡ i ¢
tN � tL £ ta ¤ s�
send ¤ done� self � tN � to parent

¤ y� f rom� t � ¥ i ¦ I f rom § ¡ self ¢ :
send ¤ Zf rom̈ i ¤ y��� f rom� t � to i
active children � active children  �¡ i ¢

if self ¦ I f rom :
send ¤ Zf rom̈self ¤ y��� self � t � to parent

¤ done� f rom� t � active children � active children § ¡ f rom¢
if active children © /0:

tL � t
tN � min¡ Mi ª tN « i ¦ D ¢
send ¤ done� self � tN � to parent

Figure2.14:DEVSSimulationProcedure
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t � tN of topmost coordinator
repeat until t © tend

send ¤�¬�� meta � t � to topmost coupled model top
wait for ¤ done� top � tN �
t � tN

Figure2.15:DEVSSimulationProcedureMain Loop

messages,t is thesimulationtime andtN is thenext-event-time.The ¤�¬�� f rom� t � messageindicatesthatan
internalevent ¬ is due.

Whenacoordinatorreceivesa ¤�¬�� f rom� t � message,it selectsanimminentcomponenti  by meansof thetie-
breakingfunctionselect specifiedfor thecoupledmodelandroutesthemessageto i  . Selectionis necessary
astheremaybemorethanoneimminentcomponent(with minimumnext remainingtime).
Whenanatomicsimulatorreceivesa ¤�¬�� f rom� t � message,it generatesanoutputmessage¤ y� f rom� t � based
on the old states. It thencomputesthe new stateby meansof the internal transitionfunction. Note how
in DEVS, outputmessagesareonly producedwhile executinginternalevents.Whena simulatoroutputsa¤ y� f rom� t � message,it is sentto its parentcoordinator. Thecoordinatorsendstheoutput,afterappropriate
output-to-inputtranslation,toeachof theinfluenceesof i  (if any). If thecoupledmodelitself isaninfluencee
of i  , the output,after appropriateoutput-to-outputtranslation,is sentto the the coupledmodel’s parent
coordinator.

Whenacoordinatorreceivesan ¤ x � f rom� t � messagefrom its parentcoordinator, it routesthemessage,after
appropriateinput-to-inputtranslation,to eachof theaffectedcomponents.
Whenanatomicsimulatorreceivesan ¤ x � f rom� t � message,it executestheexternaltransitionfunctionof its
associatedatomicmodel.
After executingan ¤ x � f rom� t � or ¤ y� f rom� t � message,a simulatorsendsa ¤ done� f rom� tN � messageto its
parentcoordinatorto preparea new schedule.Whena coordinatorhasreceived ¤ done� f rom� tN � messages
from all its components,it setsits next-event-timetN to the minimum tN of all its componentsandsends
a ¤ done� f rom� tN � messageto its parentcoordinator. This processis recursively applieduntil the top-level
coordinatoror root coordinator receivesa ¤ done� f rom� tN � message.

As thesimulationprocedureissynchronous,it doesnotsupporta-synchronouslyarriving (real-time)external
input.Rather, theenvironmentor ExperimentalFrameshouldalsobemodelledasaDEVScomponent.

To run a simulationexperiment,the initial conditionstL and s must first be set in all simulatorsof the
hierarchy. If tN is keptin thesimulators,it mustberecursively settoo.Oncetheinitial conditionsareset,the
mainloopdescribedin Figure2.15is executed.

2.3.5 The parallel DEVS formalism

As DEVS is a formalizationandgeneralizationof sequentialdiscrete-eventsimulatorsemantics,it doesnot
allow for drasticparallelization.In particular, simultaneouslyoccurringinternal transitionsareserialized
by meansof a tie-breakingselect function. Also, in caseof collisionsbetweensimultaneouslyoccurring
internaltransitionsandexternalinput,DEVSignorestheinternaltransitionandappliestheexternaltransition
function. Chow [Cho96] proposedthe parallelDEVS (P-DEVS) formalismwhich alleviatessomeof the
DEVS drawbacks.In anatomicP-DEVS

atomicP ® DEVS ¯±° S� ta � δint � X � δext � δconf � Y � λ ²��
themodelcanexplicitly definecollisionbehaviour by usingaso-calledconfluenttransitionfunctionδconf .

Only δext , δconf , andλ aredifferentfrom DEVS.
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Theexternaltransitionfunction
δext : Q ³ Xb ´ S

now acceptsabag of simultaneousinputs,elementsof theinput setX, ratherthanasingleinput.

Theconfluenttransitionfunction
δconf : S ³ Xb ´ S

describesthe statetransitionwhen a scheduledinternal statetransitionand simultaneousexternal inputs
collide.

An atomicP-DEVSmodelcangeneratemultiple simultaneousoutputs

λ : S ´ Yb

in theform of abagof outputvaluesfrom theoutputsetY.

As conflictsarehandledexplicitly in theconfluenttransitionfunction,theselect tie-breakingfunctioncan
beeliminatedfrom thecoupledDEVS structure:

coupled P ® DEVS ¯N° Xself � Yself � D �t¡ Mi ¢��t¡ Ii ¢��t¡ Zi ¨ j ¢�¢�² ª
In this structure,all componentsMi areatomicP-DEVS

Mi ©N° Si � tai � δint ¨ i � Xi � δext ¨ i � δconf ¨ i � Yi � λi ²���¥ i ¦ D ª
For the proof of closureundercouplingof P-DEVSaswell asfor the descriptionof an efficient parallel
abstractsimulator, see[Cho96].

2.3.6 Mapping Event Scheduling models onto atomic DEVS

The event schedulingformalismES waspresentedbeforewith mappingonto DEVS in mind. Hencethe
general,set-basedrepresentationof the event list in that presentation.The execution(i.e., the trajectories
generatedthroughsimulation)semanticshasremainedthesame,but thereis moreimplementationfreedom.
As mentionedbefore,externaleventsaswell asoutputareignoredin thedescription.An eventscheduling
model

ES ©N° T � E � S� EL � δt � δη � δS²
is mappedontoanatomicDEVSmodel

DEVS ©�° TDEVS� SDEVS � δDEVS
int ²

with a timebase
TDEVS © T ©�µ

andstateset
SDEVS © S ³ 2 ¶ E ·�¸�¹0 º ¹ ∞ » ª

As DEVS doesonly dealwith time-differencesratherthanwith absolutetime, a DEVS event list ELDEVS

containsnotabsolutetimes,but rathertime-till-scheduled-event σ:

ELDEVS ©�¡6¤ η � σ © t ® tcurrent � « ¤ η � t �¼¦ EL ¢ ª
This is depictedin Figure2.16.

Notehow theEL only containseventsin the future,henceall σ ½ 0. This is dueto thecausalityprinciple
which statesthat eventscanonly be scheduledin the future (a causeleadsto an effect at a later time, the
pastcannotbeinfluenced).σ © 0 for thecurrentevent.
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t_current
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Figure2.16:Timeremainingσ until event

TheDEVStimeadvancewill advanceto thenext mostimminenteventtime.

tDEVS
a : SDEVS ´ µ$¾0 ¨ ¾ ∞

sDEVS ´ £ ∞ � if ELDEVS © /0
sDEVS ´ min ¡ σ « ¤ η � σ �¼¦ ELDEVS¢�� if ELDEVS ¿© /0 ª

Here,thesemanticsof anemptyevent list is correctlydescribedasan infinite time advance.In practice,if
no externaleventsaresupported,anemptyeventlist shouldhalt thesimulation.

TheDEVS internaltransitionfunctionδDEVS
int

δDEVS
int : SDEVS ´ SDEVS¤ s� EL � ´ ¤ sÀ�� EL À~�

wheret f ir st , η f ir st have definitionssimilar to thosein theESsimulationprocedure:

σ f ir st © min ¶ T ¨ Á » ¡ σ « ¤ η � σ �¼¦ ELDEVS¢
η f ir st © select Â]¡ η « ¤ η � σ f ir st �¼¦ ELDEVS¢�Ã

sÀ © δS ¤ η f ir st � s�
EL À © ¤ EL § ¤ η f ir st � σ f ir st �]�3 9¤ δη ¤ η f ir st � s��� δt ¤ η f ir st � s�]� ª

Again, theresultof select is assumedto beunique(a singleton).

The above constructiondoesnot include a proof of equivalence.A proof would useinduction. It would
list all possiblestate/inputcombinationsandfor eachof these,show how theresultingstatetrajectoriesfor
EventSchedulingandthederivedDEVSmodelareidentical.

An alternative to theabove EventSchedulingto DEVS transformationis to constructa coupledratherthan
anatomicDEVS.Thecomponents(sub-models)of thecoupledmodelarethenÄ oneatomicDEVSencapsulatingall statevariablesin theEventSchedulingmodel,Ä oneatomicDEVSfor eacheventroutinein theEventSchedulingmodel.

Thecomponentcouplingshouldreflectthedependenciesdueto statemodificationsaswell asschedulingof
new eventsin thefuture.

This constructionand its proof as well assimilar transformationsto DEVS from Activity Scanningand
ProcessInteractionworld views arethesubjectof futurework.
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2.4 The Cellular Automata formalism

Cellular automata(CA) wereoriginally conceived by Ulam andvon Neumannin the 1940sto provide a
formal framework for investigatingthebehaviour of complex, spatiallydistributedsystems[vN66]. Cellular
Automataconstitutea dynamic,discrete space, discrete time formalism. Spacein Cellular Automatais
partitionedinto discretevolumeelementscalledcellsandtimeprogressesin discretesteps.Eachcell canbe
in oneof a finite numberof statesat any giventime. The“physics” of this logical universeis deterministic
and local. Deterministicmeansthat oncea local physicsandan initial stateof a Cellular Automatonhas
beenchosen,its futureevolution is uniquelydetermined.Local meansthatthestateof a cell at time t £ 1 is
determinedonly by its own stateandthestatesof neighbouringcellsat theprevioustime t. Theoperational
semanticsof a CA asprescribedin a simulationprocedure andimplementedin a CA solver dictatesthat
valuesareupdatedsynchronously: all new valuesarecalculatedsimultaneously.

Thelocalphysicsis typically determinedby anexplicit mappingfrom all possiblelocalstatesof apredefined
neighbourhoodtemplate(e.g., thecellsborderingon a cell, includingthecell itself), to thestateof thatcell
after the next time-step.For example,for a 2-state(0 � 1), 1-D Cellular Automaton,with a neighbourhood
templatethat includesa cell and its immediateneighboursto the left andright, therewill be 23 possible
neighbourhoodstates¡ 000� ª]ª]ª � 111¢ . For eachof these,wemustprescribewhetheratransitionof thecenter
cell stateto a 1 or to a 0 will occur. For an8-statenearestneighbour2-D CellularAutomaton,therewill be
85 possibleneighbourhoodstates,anda choiceof 8 statesto mapto for eachof those.

2.4.1 The formalism

TheCellularAutomataformalismCA fits thegeneralstructureof deterministicsystemsin classicalsystems
theory[Wym67, ZPK00]:

CA ¯N° T � X � Ω � S� δ � Y� λ ² ª
Theformalismis specifiedby elaborationof theelementsof theCA 7-tuple.

ThediscretetimebaseT:
T ©ÆÅ (or isomorphicwith Å ) ª

ThesetX:
X ©�¡ TIME TICK ¢ ª

The Cellular Automataformalismcaneasilybe extendedto non-trivial inputs (seefurther commentson
extensions).

Thesetof all input segmentsω:
Ω ª

An input segmentω mayberestrictedto adomain( Ç T) suchas È n � n £ 1É :
ω : T ´ X �

ω Ê n ¨ n¾ 1Ê : É n � n £ 1É ´ X ª
ThestatesetS is theproductof all thefinite statesetsVi (alsocalledcell valuesets) of theindividual cells.
C is thecell index set.

S ©�³ i Ë CVi ª
In theusualcaseof CellularAutomatarealizedon a D-dimensionalgrid, C consistsof D-tuplesof indices
from anindex setI :

C © ID ª
In thestandardCellularAutomataformalism,thecell spaceis assumedhomogeneous: all cell valuesetsare
identical: ¥ i ¦ C � Vi © V ª
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Thecell valuefunctionv mapsacell index i ontoits valuev ¤ i � :
v : C ´ V ª

Thetotal transitionfunctionδ is constructedfrom thetransitionfunctionsδi for eachof thecells.

δ : Ω ³ S ´ S�¤ ω Ê n ¨ n¾ 1Ê �Ì³ i Ë Cv ¤ i �]� ´ ³ i Ë Cδi ¤ i � ª
Theuniformityof CellularAutomatarequirestheδi to bebasedon a singlelocal transitionfunctionδl for
all cells i: ¥ i ¦ C � δi ¤ i ��© δl ¤ v ¤ σNT ¤ i �]�]���
wherethevariousoperatorsandquantitiesareexplainedbelow.

A neigbourhoodtemplateNT, a vector of finite size ξ containingoffsetsfrom an “origin”, encodesthe
relative positionsof neigbouringcells influencingthe futurestateof a cell. Usually, thenearest(adjacent)
neighbours(including thecell itself) areused.For one-dimensionalCellularAutomata,a cell is connected
to r local neighbours(cells)on eitherside,wherer is a parameterreferredto asthe radius(thus,thereare
2r £ 1 cellsin eachneighbourhood).For two-dimensionalCellularAutomata,two typesof neighbourhoods
areusuallyconsidered:Ä ThevonNeumannneighbourhoodof radiusr

NT ©�¡6¤ k Í l Î¼¦ C «F« k « £ « l «�Ï r ¢ ª
For r © 1, this yields 5-cells,consistingof a cell alongwith its four immediatenondiagonalneigh-
bours.Ä TheMoore neighbourhoodof radiusr

NT ©�¡6¤ k Í l Î ¦ C «6« k «ÐÏ r and « l «�Ï r ¢ ª
For r © 1, this yields9-cells,consistingof thecell alongwith its eightsurroundingneighbours.

The local natureof the Cellular Automatamodelslies in the fact that only nearneigboursinfluencethe
behaviour of a state,not all cellsasthegeneralform of δ allows. Froma modellingpoint of view, physical
argumentsin disciplinesrangingfrom physicsto biologyandartificial life supportthisassumption[Wol86].
Froma simulationpoint of view, efficient solversfor theCellularAutomataformalismcanbeconstructed
which takeadvantageof locality (seebelow). Notehow theNT È j É areoffsetsbetweenC elementswhichare
againelementsof C (with anappropriateC suchas Å D ).

NT ¦ Cξ ª
ThefunctionσNT shiftstheneighbourhoodtemplateNT to becenteredover i:

σNT : C ´ Cξ Í
i ´ τ where¥ j ¦Ñ¡ 1 Í ª]ª]ª Í ξ ¢ : τ È j É3© i £ NT È j É ª

For all possiblecombinationsof sizeξ of cell values,thelocal transitionfunctionδl prescribesthetransition
to anew value:

δl : Vξ ´ V ÍÈ v1 Í ª]ª]ª Í vξ É ´ vnew ª
Thanksto theaforementioneduniformity of CellularAutomata,thesameδl is usedfor eachelementof the
cell space.Thenumberof possiblecombinationsof cell valuesis #Vξ andthenumberof distinct resultsof
δl is #V (# is thecardinalityfunction).



2.4 The Cellular Automata formalism 83

cell space boundary

cell

boundary layer

?

neighbourhood

Figure2.17:BoundaryConditionsfor afinite cell space

In theabove, δ wasconstructedfor anelementarytime advancen ´ n £ 1. Thetransitivity requirementfor
deterministicsystemmodels: ¥ tx ¦ÒÈ ti Í t f É ;si ¦ SÍ

δ ¤ ti Í ω Ó ti ¨ t f Ê Í si Î|© δ ¤ ω Ó tx ¨ t f Ê Í δ ¤ ω Ó ti ¨ tx Ê Í si Î]Î
is satisfiedby construction(i.e., thedefinition,combinedwith iterationover n).

It is possibleto “observe” the Cellular Automatonby projectingthe total stateS onto an outputsetY by
meansof anoutputfunctionλ

λ : S ´ Y Í
whereY commonlyhasastructuresimilar to thatof S.

We shall now discussthe structure of the cell space.Usually, a D-dimensionalgrid, centeredaroundthe
origin, is used.Most commonchoicesareD ¦Ñ¡ 1 Í 2 Í 3 ¢ . In onedimension,a lineararrayof cellsis theonly
possiblegeometryfor thegrid. In two dimensions,therearethreechoices:Ä triangular grid : hasa small numberof nearestneigboursbut is hard to visualiseon squaregrid

orientedcomputers.Ä square grid : is easyto visualise,but (computationally)anisotropic (i.e., a wave propagatesfaster
alongtheprimaryaxesthanalongthediagonals).Ä hexagonalgrid : hasthelowestanisotropy of all gridsbut computervisualisationis is hardto imple-
ment.

Arbitrary cell spacestructuresarepossible(andcorrespondingcell shapeswhenvisualising),thoughnot
practical.

Although the above mathematicalformalism is perfectly valid, it can not be simulatedin practice. For
simulationto becomepossible,thecell spaceneedsto be finite. In particular, thecell index setC mustbe
finite. L, thelengthof thegrid becomesfinite, leadingto a cell spaceof LD cells.

Whena finite cell spaceis used,theapplicationof the transitionfunctionat theedgesposesa problemas
valuesareneededoutsidethecell space.As shown in Figure2.17for a2-D cell space,boundaryconditions
needto bespecifiedin theform of cell valuesoutsidethecell space.Two commonapproaches–alsousedin
thespecificationandsolutionof partialdifferentialequations–areÄ explicit boundaryconditions.Extracellsoutsidetheperimeterof thecell spaceholdboundaryvalues

(i.e.,C andv areextended).Theamountof extrabordercellsis determinedby thesizeof (theperime-



84 Formalisms

ter of) the cell spaceaswell asby the size (andshape)of the neighbourhoodtemplate.Boundary
conditionsmaybetimevarying.Ä periodic boundaryconditions.Thecell spaceis assumedto “wrap around”:thecellsatoppositeends
of thegrid actaseachother’sneighbours.In 1-D, thisresultsin a(2-D) circle,in 2-D, in a(3-D) torus.
By construction,theboundaryconditionsaretime-varying.

2.4.2 Implementation of a CA solver

The Solver Structure

Algorithm 2 is thebackboneof any cellularautomatasolver.

Algorithm 2 CA Simulationprocedure¥ i ¦ C: initialise v ¤ i Î ¡ Initialise Cell Space ¢
if explicit boundary conditions then¥ i ¦ boundary(C): initialise v ¤ i Î ¡ Boundary extension of v ¤jÎ�¢
end if
if periodic boundary conditions then¥ i ¦ C   boundary(C): v ¤ i Î&Ô v ¤ i mod L Î ¡ Modulo extension of v ¤jÎ ; assume 0 ª]ª]ª L ® 1 indexing ¢
end if
for n : © ns to nf do¥ i ¦ C: vnew ¤ i ÎvÔ δl ¤ v ¤ σNT ¤ i Î]Î]Î ¡ One-step state transition computation ¢

v Ô vnew ¡ Switch value buffers ¢
n Ô n £ 1 ¡ Time Advancement ¢

end for

As thedefinitionrequiressynchronouscalculation,wherebynew valuesonly dependonold values(andnot
on new values)of neighbouringcells,a secondvaluefunctionvnew is neededto hold copiesof theprevious
value.Notehow avaluefunctionsis usuallyefficiently implementedasa lookupin avaluearray.

Impr oving Solver Performance

Theperformanceof aCellularAutomatonsolver is obviously relatedto anappropriatechoiceof datastruc-
turesandalgorithms.Therearefour maintechniques[ROE99]for improving solver performance:

1. Lookuptable:

generally, a cell takes on a valuevnew which is computedon the basisof information in the cell’s
neighbourhood.Onemayattemptto packtheneighbourhoodvalueinformationbitwiseinto aninteger
neighwhich cansubsequentlybeusedasan index into a lookuptable. The lookuptableencodesthe
local transitionfunctionδl :

vnew ¤ i Î�© lookup È neighÉ ª
Thelookupvaluesarepre-computedfrom aδl specificationbeforesimulatingtheCellularAutomaton.
The lookupvectormayalsoserve asanefficient meansof modelstorage.

2. Neighbourhoodshifting:

in steppingthroughthecells,onerepeatedlycomputesa cell’s neigh, thencomputestheneighof the
next cell, andsoon. Becausetheneighbourhoodsoverlap,a lot of the informationin thenext cell’s
neighis thesameasin theold cell’s.With anappropriaterepresentation,it is possibleto left shift out
theold info andOR in thenew info.

3. Pointerswap:

to runaCA, oneneedstwo buffers,onefor thecurrentcell space(v at t), andonefor theupdatedcell
space(vnew at t £ 1). After theupdate,theupdatedcell spaceshouldnotbecopiedinto thecurrentone
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(thoughanäıve implementationof line 10in Algorithm 2 woulddoso).Assumingthevaluefunctions
v andvnew areencodedasarrays,swappingpointersis ÕÖ¤ LD Î faster.

4. Assemblylanguage“inner loop”:

whenprocessinga 2-D Cellular Automatonof VGA size,thecell spacehasapproximately300Í 000
cells. This implies neighwill be assembledand lookupappliedabout300Í 000 timesper time-step
(onescreen).This meansthe inner loop mustbeasefficient aspossible.In particular, codingthis in
assemblylanguage,reducingthetotalnumberof clockcyclesof theinstructionsin theinnerloop,can
leadto a significantperformancegain.

5. Sparsevs.denseconfigurations:

if therulesetis known to leadto sparseconfigurations,asin thecaseof theGameof Life with asmall
initial pattern,onecanusesparse matrix techniques. That is, onecan just computein the vicinity
of occupiedcells.Generally, thesetechniquesdo not compileasefficiently asa full matrix method,
becausethereis moreindirectaddressingandbranching.However, onecanincludebothasparseand
full matrixmethodin thesameprogram,andswitchwhenthecross-over densityis reached.

6. Periodicboundaryconditions:

therearetwo basicmethodsfor handlingperiodicboundaryconditionsefficiently:

(a) Codingfor fastmoduloarithmetic.

Thebruteforcemethodof doingmoduloarithmeticon index variablei for a rangeof 0 ª]ª]ª R ® 1
in C is

(i + offset) % R

On somearchitectures(e.g., someSunSparcstations)it is actuallyfasterto do

register int tmp = i + offset;
(tmp >= R) ? tmp - R : tmp

if offset is positive andsimilarly if it is negative.
If R is apowerof 2, betterperformancecanbeobtainedby meansof

(i + offset) & R

whenoffset is positive and

(i + offset + R) & R

whenoffset is negative.

(b) Usinga largerarrayandcopying theboundarycellsbetweeniterations

2.4.3 Examples

The[CAw99] at theSantaFe Institutehostsa plethoraof CellularAutomataexamples.Thesite is mainly
devotedto thestudyof Artificial Life, oneof the prominentusesof Cellular Automata.Artificial Life re-
searchtriesto explainandreproduce,ab-initio,all physicalandbiologicalphenomena.

Simple 2-state , 1-D Cellular Automaton of length 4

Figure2.18demonstratesthesimulationprocedurefor asimple2-state( ¡ 0 Í 1 ¢ ), 1-D CellularAutomatonof
length4 with periodicBoundaryConditionsandinitial condition1101.Thelocal transitionfunction(a 1-D
versionof theGameof Life) is
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Figure2.18:2-state,1-D CellularAutomatonof length4

# 2 dimensional game of life

2 dimensions of 0..1

sum := [ 0, 1] + [ 1, 1] + [ 1, 0] +
[-1, 1] + [-1, 0] + [-1, -1] +
[ 0, -1] + [ 1, -1]

cell := 1 when (sum = 2 & cell = 1) | sum = 3
:= 0 otherwise

Figure2.19:“cellang” specificationof Conway’s gameof Life

δl : 000 ´ 0 100 ´ 0
001 ´ 0 101 ´ 1
010 ´ 0 110 ´ 1
011 ´ 1 111 ´ 0

For a 1-D Cellular Automaton,“animation” of the cell spacecanbe visualisedby colour codingthe cell
values(here:0 by white and1 by black) andby mappingt onto the vertical axis which leadsto the 2-D
imagein Figure2.18.

The Game of Lif e

Developedby CambridgemathematicianJohnConway andpopularizedby Martin Gardnerin his Math-
ematicalGamescolumnin ScientificAmericanin 1970[Gar70], the gameof Life is oneof the simplest
examplesof a CellularAutomaton.Eachcell is eitheralive (1) or dead(0). To determineits statusfor the
next time step,eachcell countsthe numberof neighbouringcells which arealive. If the cell is alive and
has2 or 3 alive neighbours,thenthecell is alive duringthenext time step.With fewer alive neighbours,a
living cell diesof loneliness,with more,it diesof overcrowding. Many interestingpatternsandbehaviours
have beeninvestigatedover theyears.An exampleof a high-level cellang[Eck98] specification(i.e., δl is
written implicitly) of theCellularAutomatamodelis given in Figure2.19.In combinationwith boundary
conditionsandaninitial condition,this specificationallows for modelsolving.

2.4.4 Formalism extensions

TheCellularAutomataformalismcaneasilybeextendedin differentways:

1. Addition of inputs. Theformalismaspresentedabove is autonomous: thereareno(non-trivial) inputs
into thesystem.An intuitively appealingway of addinginputsis to associateaninput with eachcell.
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Theinput setX will thushave astructuresimilar to thestatesetS.

2. Therequirementof having thesamecell valuesetfor eachcell canberelaxedto obtainheterogeneous
Cellular Automatawherebynot necessarily¥ i ¦ C : Vi © V. The homogeneouscasecanalwaysbe
emulatedby constructingV astheunionof all individual cell valuesets:

V ©Ø×
i Ë CVi ª

3. The requirementof having the samelocal transition function δl for eachcell can be relaxed to
obtain non-uniformCellular Automata.Obviously, in that case,it is no longer possibleto usethe
performance-enhancing techniquesdescibedabove.

4. As is demonstratedin Figure2.19,a modelling languagemay allow for high-level representations.
Agentsarea typicalexampleof suchahigh-level construct.Here,δl is no longerspecifiedexplicitly.

The “grid of cells” ideacanalsobe usedfor continuousmodels.In particular, the local dynamicsof cells
canbedescribedby SystemDynamicsmodels.Obviously, simulationwill bedoneby first transformingthe
modelto aflat DAE modelandsubsequentlysolvingthatcontinuousmodel.

2.4.5 Mapping the Cellular Automata formalism onto DEVS

CellularAutomataareasimpleform of discrete-eventmodels,of DEVSin particular. DescribingaCellular
Automatonasa simpleatomicDEVS is thusstraightforward. Thanksto the generalnatureof DEVS, all
extensionsof theCellularAutomataformalismmentionedbeforecanalsobemappedontoDEVS.

It is morerewardinghowever to mapa CA onto a coupledmodel,wherebyevery CA cell’s dynamicsis
representedasanatomicmodelandthedependency betweenonecell andits neighbourhoodis represented
by the coupledmodel’s couplinginformation.In what follows, a CA is mappedonto a coupledP-DEVS
asthis mappingis moreelegantthanthatontotheoriginal DEVS. In addition,theresultantparallelDEVS
holdsmorepotentialfor parallelimplementation.ThecoupledparallelDEVSrepresentationpresentedhere,
correspondsto theCellularAutomatonspecificationin section2.4.1:

P ® DEVS ® CA ©N° Xself Í Yself Í D Ít¡ Mi ¢�Ít¡ Ii ¢�Ít¡ Zi ¨ j ¢�² ª
As theCellularAutomatonin section2.4.1did not incorporateexternalinput,

Xself © /0 ª
Typicaloutputof theCellularAutomatonconsistsof all thecell values

Yself ©�³ i Ë DV ª
Componentsin thecoupledparallelDEVSmodelcorrespondto CA cells.Indexing usestheCA index set:

D © C ª
The ¡ Mi ¢ areatomicP-DEVScomponents,describedin moredetail later.

Thesetof influenceesof a component/celli is constructedby meansof theCA’s neighbourhoodtemplate
NT. TheNT containsinfluencerratherthaninfluenceeinformation.Thus,theoffsetinformationneedsto be
mirroredwith respectto theorigin (i.e., its inversewith respectto additionof offsetsneedsto becalculated)
to obtaintheinfluenceesof componenti:

Ii ©�¡ j ¦ C « j © i ® of f set Í of f set ¦Ù¡ NT È kÉ « k © 1 Í ª]ª]ª Í ξ ¢ § ¡ 0 ¢�¢
As DEVSdoesnotallow i ¦ Ii , theoffset0, if presentin NT, is not included.A statetransitionof aCA cell
usuallydoesdependon the old stateof the cell itself. This is encodedin the atomicP-DEVS(confluent)
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transitionfunctionratherthanby meansof anexternalself-coupling.Notehow j © i ® of f set ¦ C mayneed
to berelaxed dependingon theparticularboundaryconditions.CellsoutsideC mayneedto beconsidered
(andinitialized).

As thereis no externalinput, theinput-to-inputtranslationZself ¨ i is notneeded.

The i Í j output-to-inputtranslationconvertstheoutputof a cell (i.e., thecell’s value)into a tuplecontaining
thatvalueandtheoffsetbetweenthetwo cells:

Zi ¨ j : Yi
´ Xj

si
´ ¤ si Í i ® j Î ª

Theoutput-to-outputtranslationtranslatestheoutputof eachcell into a tuplewith theoutputin theposition
correspondingto thecell’s index:

Zi ¨ self : Yi
´ Yself

si
´ ¤ ª]ª]ª Í si Í ª]ª]ª Î ª

Individual cellsaremappedontoatomicP-DEVScomponents:

Mi ©N° Si Í tai Í δint ¨ i Í Xi Í δext ¨ i Í δconf l ¨ i Í Yi Í λi ²�Í�¥ i ¦ D ª
Valuesof thecomponents/cellsarethosefrom thecell valueset

Si © V ª
Thetime advanceis setto thesamearbitrarynon-zerovalue∆ for all cellsto allow for synchronousopera-
tion:

tai ¤ si Î1© ∆ ª
Theinternaltransitionfunctiondoesnotmodify thecomponent’s state:

δint ¤ si Î1© si ª
Theoutputfunctionsendsoutasetcontainingonly thecell value:

λ ¤ si Î�©�¡ si ¢�Í wheresi ¦ Yi © V ª
Theexternaltransitionfunctionis not usedasthereis no globalexternalinput into theCA. Dueto thesyn-
chronousoperation,wherebyinternaltransitionsandexternalinputswill alwayscollide,only theconfluent
transitionfunctionis used.

δconf ¨ i ¤ si Í ei Í xb
i Î1© δl ¤ vi Î�Í

wherevi is avectorwith thesamedimensionsastheneighbourhoodtemplateNT with values

vi È η ÉÚ© si Í for theη for whichNT È η ÉF© 0;
vi È projof f set ¤ xÎÛÉÜ© projvalue ¤ xÎ�Í4¥ x ¦ xb

i ª
Messagescommunicatevaluesof neighbouringcells,aswell asoffsetsfrom thecurrentcell:

Xb
i ©�¡6¤ vÍ of f set Î « v ¦ V Í of f set ¦ C ¢ ª

As in thecaseof themappingfrom EventSchedulingto atomicDEVS,theaboveconstructionis notaproof.
A proofof ageneralizedmappingontovariable-structureP-DEVSto allow for therepresentationof infinite
CAs will beacontinuationof thecurrentwork.

As a demonstrationof theabove approach,MuratocodedtheGameof Life CA in his a-DEVS-0.2 [Nut99]
parallelDEVS implementation.
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2.5 The Diff erential and Alg ebraic Equation formalisms

For many problems,the result of the modellingprocessis a set of ordinarydifferential equations,often
accompaniedby algebraicconstraintequations,thusforming a setof DifferentialandAlgebraicEquations
(DAE) [EBB ¾ 99]. Theinitial valuesof thestatevariablesneedto bespecifiedwith themodel.Initial values
areonly requiredat simulationtime wheneachinitial valuewill lead to a uniquesolutionof the DAEs.
This impliesthattheDAE is mathematicallyformulatedasanInitial ValueProblem. TheInitial ValueDAE
is usedfor simulationor other analysisactivities suchas controller design(possiblyafter linearisation),
parameterestimation,or performancemeasureoptimisation.

Currently, BoundaryValueProblemsareonly supported(within the WEST++ modellingandsimulation
environmentdescribedin thenext chapter)by constructinganappropriateshootingproblem,anInitial Value
Problemwheresomeunknown initial valuesare varied during a seriesof simulationexperimentsin an
attemptto satisfy the boundaryvalues.The reasonfor not supportingBoundaryValueProblemsdirectly
is the inability to guaranteethe existenceof uniquesolutionsaswell as the (resulting)lack of generally
applicablesolvers.

Hybrid DAEsmay have discontinuitiesor the structure of a Hybrid DAE may changeat certainpointsin
time. Eventsare usedto stop continuousintegration at discontinuitiesof a hybrid DAE. After applying
thediscontinuouschange(possiblychangingstatevariablevaluesand/ormodelequations),the integration
is restarted.As describedby Park andBarton [PB96, Bar00], Hybrid DAE problemscanbe treatedasa
sequenceof continuousDAE problemsseparatedby events(time-eventsif pre-scheduledat a known time
or state-eventsif dependenton a conditionover thestatevariables).In the following, we will describethe
symbolic transformationsof (implicit) DAEs to (explicit) forms which canbe solved moreefficiently by
numericalsolvers.Discontinuities(andstructuralmodelchange)areanorthogonalissueandcanbeignored
without lossof generality.

In thefollowing, differentlevelsof DifferentialAlgebraicEquationmodelswill bepresentedin abottom-up
fashion.In this approach,it will be shown how eachhigher level form canbe transformedinto the lower
level one.Chainingthesetransformationswill allow transformationfrom thehighest,mostre-usablelevel to
thelowestlevel. At this lowestlevel, thenumericalsolutionis muchmoreefficient, but re-usabilityis low.
By introducingformalismtransformations,bothgoals(re-useaswell asefficient numericalsimulation)can
besatisfied.

2.5.1 Diff erential Alg ebraic Equations: Causal Sequence

The formalism

At thelowestlevel, we startfrom anOrdinaryDifferentialEquation(ODE) with x ¤ t Î , u ¤ t Î , f andp vectors
(of matchingdimensions)or scalars

dnx
dtn © f ¤ dn Ý 1x

dtn Ý 1 Í ª]ª]ª Í x Í u Í t Í pÎ ª
x arethestatevariables,u theinput functions,t theindependenttime,andp, theparameters.

Theabove is posedasaninitial valueproblemoveraninterval È a Í bÉ with inital conditions

x ¤ t © aÎ © x0
dx
dt ¤ t © aÎ © x ¶ 1»0

...
dn Þ 1x
dtn Þ 1 ¤ t © aÎ�© x ¶ n Ý 1»

0

The above higherorderequationcanalwaysbe transformedinto a setof first orderOrdinaryDifferential
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Equationsby introducingauxiliaryvariablescorrespondingto thederivativesof x.ßààààá ààààâ
x © x0

dx
dt © x1

dx1
dt © x2ª]ª]ª

dxn Þ 1
dt © xn © f ¤ xn Ý 1 Í xn Ý 2 Í ª]ª]ª Í x1 Í x0 Í u Í t Î

This is necessaryto matchthecapabilitiesof mostavailablenumericalsolvers.Fromnow on,we will only
considerfirst orderODEs.

Solving Ordinar y Diff erential Equations

With adiscretisationof theinterval È a Í bÉ in N equidistantintervals∆t

t j © a £ j∆t Í ∆t © b ® a
N

Í
aTaylorseriesexpansioncanbewritten (if thesolutionx ¤ t Î hascontinuousderivativesuptoorderr £ 1 overÈ a Í bÉ , thereexist θ j ).

x ¤ t j £ ∆t Î1© x ¤ t j Î £ ∆t
1! x ¶ 1» ¤ t j Î £ ∆t2

2! x ¶ 2» ¤ t j Î £ ª]ª]ª £ ∆tr

r ! x ¶ r » ¤ t j Î£ ∆tr ¹ 1¶ r ¾ 1» ! x ¶ r ¾ 1» ¤ t j £ θ j∆t Î�Í 0 ã θ j ã 1; j © 0 Í 1 Í ª]ª]ª Í N ® 1

The first orderderivative x ¶ 1» is given by the Right HandSide(RHS) of the differentialequation.In case
thisRHSis ananalyticalfunction,symbolicderivationmayprovideexpressionsfor higherderivative terms.
Differentnumericalintegrationmethodsfor OrdinaryDifferentialEquationscorrespondto differentapprox-
imationsfor thesehigherorderderivatives.

Integrationmethodsareemployedbasedon variousqualitymetricssuchasaccuracy, stability, speed,mem-
ory consumption,andtheability to operatein a real-timeenvironment.ThemethodsarecharacterizedbyÄ theorderof approximationr,Ä single-stepor multi-step(whenmultiple old valuesareneededto computea next value;this requires

aone-stepstart-upmethod),Ä thenumberof intermediateevaluations(betweent j andt j ¾ 1),Ä thesymmetryof themethod(only evaluationin t j or t j ¾ 1 or balanced),Ä fixedvs.adaptive stepsize(thestepsizeis halvedor doubledbasedon anerrorestimate),Ä explicit vs.implicit (usingfuturevalues,for stiff problems).

For moredetailsonnumericalsimulation(withoutdiscontinuities),wereferto [PTVF92] andtheWEST++
experimentationenvironment.

Figure2.20depictsthestructureof a hybrid simulationkernel.On theright handside,theintegrationwith
adaptive stepsizeandstate-event locationis shown. On the left handside,event-schedulingis shown. The
simulatoralternatesbetweencontinuoussimulationanddiscreteeventhandling.For moredetails,we refer
to [Van00, JLZS00,MB01].

Contin uous System Simulation Langua ges (CSSLs)

In 1967,theContinuousSystemSimulationLanguagestandard(CSSL)wasproposed[SAF¾ 67]. It provides
astandardfor therepresentationof ODEsandalgebraicequationsasusedin simulation.Thestandardis still
in useto datein simulationlanguagessuchasCSSL-IV, ACSL [ACS95], andADSIM/RTS[VV99].

CSSLsatisfiesthefollowing requirements:Ä An easymodeldescriptionallowing bothequationsand“function block” forms(by meansof macros).
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Figure2.20:Hybrid simulationkernelstructure
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Initial Region

Dynamic Region

Terminal Region

Study (simulation experiment) Entry Point

Study Termination

Figure2.21:CSSLsimulationstudy

Ä Integratorcontrol:Ä selectinganintegrator,Ä (initial) stepsizeselection,Ä errorcontrol,Ä variableinitialization,Ä parametersetting,Ä Documentationof modelandexperiments.Ä Structured:modelis separatedfrom experiment.

Figure2.21shows thestructureof aCSSLsimulationstudy. Froma modeldescriptionasshown below, the
INITIAL sectionis executedexactlyonce.Then,thedifferentialequationsin theDYNAMICsectionaresolved
usingappropriatenumericalsolvers.This is aniterative process.Finally, theTERMINALsectionis executed
exactlyonce.

INITIAL
X = X0

DX = DX0
DYNAMIC

DERIVATIVE
DX’ = F-B*X-A*DX

X’ = DX
TERMINAL

END_X = X

As shown in Figure 2.22, the INITIAL sectionallows interactive intervention by a user(by meansof a
commandinterpreter).After executinguserspecifiedINITIAL code(suchasconstantandparametercalcu-
lations),theintegratorsareinitialised.

Figure2.23shows thestructureof theDYNAMICregion.Onepart,containingonly algebraicequations,takes
careof input/output.The integrationsubregion calls appropriatesolver(s) (integrators)to solve the ODEs
specifiedin theDERIVATIVE section(s).

SomeCSSLcompilersarecapableof “sorting” algebraicequations.Thisprocedurewill bedescribedin the
next section.
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Figure2.22:CSSLinitial region
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Derivative
Section

Region
Termination

Figure2.23:CSSLdynamicregion

Neutral solver -level model representation

Oneproblemof theCSSLstandardis thatit definesalanguagestructureratherthananApplicationProgram-
mer’s Interface(API). Thismakesinterfacingwith asimulatornon-standard.A moremodularapproachis to
defineaninterface(API) betweenmodelsolversandmodels.Also, aninterface(API) betweena (scripted)
experimentationenvironmentandsolverandmodelmustbedefined.Thestructureof suchanarhcitectureis
depictedin Figure2.24.Thereareseveraladvantagesto suchanapproach:

1. It allows for independentplug-and-playof solversandmodels.

2. The internalsof both solvers and modelsarenot specified.The implementorshave total freedom,
even in the implementationlanguage(Fortran,C, C++). In WEST++,thebinding is C with Fortran
conventions(columnmajororder)for matrixmemorylayout.

3. As theinterfaceis definedatabinary(link) level, reverse-engineeringof modelsis difficult.

In WEST++,the link-level representationusedfor modelsis namedMSL-EXEC (EXECutionlevel rather
thanUSERlevel). MSL-EXEC is definedasC++ classesandcontainsboth symbolicandcomputational
modelinformation.To accessmodelinformation,thesolverneedsaccessto thestandardmethodsCompute-
Output(),ComputeInitial(),ComputeTerminal(),and ComputeState()which correspondto the equivalent
partsof theCSSLmodelspecification.Communicationof databetweena solver anda modelmustbe ef-
ficient. Hencetheuseof #define to alias vectorelementsto symbolicnames.Communicationis doneby
passing(referencesto) vectorsof parameters,input variables,outputvariables,derivedstatevariables,and
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SOLVER(s)
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dynamics

MODEL
symbolic
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input,
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or

Figure2.24:Model-solver architecture

derivativesof those.TheMSL-EXECmodelrepresentationof asimplemodelßààá ààâ dx
dt © y
dy
dt © ® x

x out © x
y out © y

is givenbelow.

#include <math.h>
#include <assert.h>
#include "MSLE.h"
#include "MSLExternal.h"
#include "MSLU.h"
#include "Circle.h"

#define _t_ IndepVarValues[0]
#define _x_out_ OutputVarValues[0]
#define _y_out_ OutputVarValues[1]
#define _x_ DerStateVarValues[0]
#define _y_ DerStateVarValues[1]
#define _D_x_ Derivatives[0]
#define _D_y_ Derivatives[1]

CircleClass :: CircleClass(StringType name_arg)
{

set_name(name_arg);
set_description("Circle test.");
set_class_name("CircleClass");

set_no_indep_vars(1);
set_indep_var(0, new MSLEIndepVarClass("t", "s"));

set_no_output_vars(2);
set_output_var(0, new MSLEOutputVarClass("x_out", "", 0));
set_output_var(1, new MSLEOutputVarClass("y_out", "", 0));

set_no_der_state_vars(2);
set_der_state_var(0, new MSLEDerStateVarClass("x", "", 0.1));
set_der_state_var(1, new MSLEDerStateVarClass("y", "", 0.1));

set_no_indep_var_values(1);
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GetIndepVar(0)->LinkValue(this, MSLE_INDEP_VAR, 0);

set_no_output_var_values(2);
GetOutputVar(0)->LinkValue(this, MSLE_OUTPUT_VAR,0);
GetOutputVar(1)->LinkValue(this, MSLE_OUTPUT_VAR,1);

set_no_der_state_var_values(2);
GetDerStateVar(0)->LinkValue(this, MSLE_DER_STATE_VAR,0);
GetDerStateVar(1)->LinkValue(this, MSLE_DER_STATE_VAR,1);
GetDerStateVar(0)->LinkInitialValue(this, 0);
GetDerStateVar(1)->LinkInitialValue(this, 1);
GetDerStateVar(0)->LinkDerivative(this, 0);
GetDerStateVar(1)->LinkDerivative(this, 1);

Reset();
}

void CircleClass :: ComputeOutput(void)
{

_x_out_ = _x_;
_y_out_ = _y_;

}

void CircleClass :: ComputeInitial(void)
{
}

void CircleClass :: ComputeState(void)
{

_D_x_ = _y_;
_D_y_ = -_x_;

}

void CircleClass :: ComputeTerminal(void)
{
}

#undef _t_
#undef _x_out_
#undef _y_out_
#undef _x_
#undef _y_

It is notedthat in MSL-EXEC specifications,theorder in which algebraicequationsarewritten mattersas
imperative programminglanguagessuchasC++ have sequentialsemantics.Hencethename“Dif ferential
AlgebraicEquations:CausalSequence”:all equationshave a singlevariableon theLeft HandSide(LHS)
(computationallycausal)andtheorderof equationsmatters(sequence).

2.5.2 Diff erential Alg ebraic Equations: Causal Set

The formalism

The needto order equationsmentionedin the previous chapteronly appliesto algebraicequations.As
numericalintegratorscalculatenew valuesbasedon old (previoustime-step)values,theorderof evaluation
of Right HandSidesof derivative equationsdoesnot matter. Thus,from hereon, we will only discussthe
algebraicequationspartof ourDAEs.

To illustrate the problemwhen coding mathematicalsetsof equationsin a languagesuchas C++ with
sequencesemantics,considerthe following set of equations,with u äjÎ a function call (input, considered
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Figure2.25:Sorting:DepthFirstSearch,post-ordernumbering

known): ßààààá ààààâ
a © b2 £ 3
b © sinä c ³ eÎ
c © å d ® 0 ª 5
d © π æ 2
e © u äjÎ

Whencodedasa sequencein MSL-EXEC, uninitializedvariableswill be given a 0-valuewhich leadsto
erroneousresults(andevenanexceptionin thiscase):çèèèèé

a © 3
b © 0
c © å ® 0 ª 5 ä exceptionin µ$Î
d © π æ 2
e © u äjÎ

If equationsarere-arrangedhowever, it is possibleto computethecorrectsolutionof thesetof equationsby
meansof asequence: çèèèèé

d © π æ 2
e © u äjÎ
c © å d ® 0 ª 5
b © sinä c ³ eÎ
a © b2 £ 3

Equationsmust be sorted in the reverseorder of their dependencies.Obviously, traversingthe resulting
sequenceof equationsis muchfasterthanthe numericalsolutionof theoriginal implicit setof equations.
Also, in thelattercase,ameaningfulinitial guessfor theunknownsmustbefound.

Mapping onto DAE Causal Sequence: sor ting

To sort theequationsit sufficesto build a dependency graphandperforma DepthFirst Searchwith post-
ordernumberingon this graphasshown in Figure2.25.Thenumbersindicatetheorderin which equations
needto bewritten.TheDepthFirstSearch(DFS)algorithmis givenin Algorithm 3.
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Algorithm 3 DFSsorting
d f sCounter Ô 1 ê initialize global DFS number ¢
for all v ¦ V do

d f sNr È vÉÔ 0 ê initialize vertex DFS number ¢
end for
for all v ¦ V do

if d f sNr È vÉ3© 0 ê not yet visited ¢ then
DFSä vÎ ê DFS starting from v ¢

end if
end for
DFSä v ¦ V Î�¯ ê DFS definition ¢
if d f sNr È vÉ3© 0 ê not yet visited ¢ then

d f sCounter Ô d f sCounter £ 1
for all w ¦ childrenä vÎ do

DFSä wÎ ê DFS starting from child w ¢
end for
d f sNr È vÉÔ d f sCounter ê post-order numbering ¢

end if

Mapping onto DAE Causal Sequence: cycle detection

In somecases,sortingis not possibledueto a dependencycycle, strongcomponentor algebraic loop. The
examplebelow ßá â x © y £ 16

y © ® x ® z
z © 5

cannever besorteddueto adependency cyclebetweenx andy.

Oncedetected,analgebraicloopmaybesolvedasanimplicit setof algebraicequations.çé z © 5ë
x ® y © ® 6
x £ y © ® z

An implicit setof n equationsin n unknownsmaybeÄ non-linear, solvedusingÄ asymbolicsolutionusingGröbnerbases[DST93],orÄ a numericalsolutionusinga solver suchasBroyden’s method(implementedin WEST++)for
finding rootsof systemsof non-linearequations[PTVF92].Ä linear, solvedusing:Ä ananalyticalsolutionusingCramer’s rule,orÄ anumericalsolutionin casetheanalyticalsolutiongrows too large.

In theexample,this leadsto

x ©hìììì
® 6 ® 1® z 1 ìììììììì
1 ® 1
1 1 ìììì

© ® 6 ® z
2

; y ©�ìììì
1 ® 6
1 ® z ìììììììì
1 ® 1
1 1 ìììì

© 6 ® z
2
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Figure2.26:Algebraicloop (dependency cycle)detection

andfinally çé z © 5
x © Ý 6Ý z

2
y © 6 Ý z

2

Thequestionremainshow to detectandextractalgebraicloops(cyclesin thedependecy graph).A simple
loop detectionalgorithmsuchas:

1. Build dependency matrixD

2. Calculatetransitive closureD 
3. If Trueon diagonalof D  , a loopexists

is not usable.Evenwith Warshall’s algorithm[Sed92, Wir89], thecomplexity of this is still ÕÖä n3 Î andwe
don’t know immediatelywhichnodesareinvolvedin theloop(s).

Tarjan’s Õíä n £ mÎ (n is the numberof graphvertices,m is the numberof graphedges)Loop Detection
algorithm[Baa88] providesanefficient solution:

1. CompleteDepthFirstSearch(DFS)on G
(possiblymultiple DFStrees),postordernumberingasfor sorting.

2. Reverseedgesin theannotatedG yielding GR.

3. DepthFirst Searchon GR startingwith thehighestnumberedv. Thesetof verticesin eachDFStree
is astrongcomponent.Remove thestrongcomponentfrom GR andrepeatuntil GR hasbeenremoved
completely. In caseof absenceof loops,thesetsof verticesfoundwill all besingletons.

beforecontainsanalgebraicloop: ßààààá ààààâ
a © b2 £ 3
b © sinä c ³ eÎ
c © å d ® 0 ª 5
d © π æ 2
e © a2 £ u äjÎ

In Figure2.26,theloop detectionprocedureis shown. GR is denotedby theα edges.
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This resultsin sortedequationswith anisolatedalgebraicloopwhichneedsto besolvedimplicitly:çèèèèé
d © π æ 2
c © å d ® 0 ª 5ßá â b © sinä c ³ eÎ
a © b2 £ 3
e © a2 £ u äjÎ ;

çèèèèé
d © π æ 2
c © å d ® 4 ª 5ßá â b ® sinä c ³ eÎ © 0

a ® b2 ® 3 © 0
a2 ® e £ u äjÎ�© 0

Constants, parameter s and output equations

In simulationmodels,it is oftenmeaningfulto specifythevariability of identifiers.Typically, threelevelsof
variability areidentified:

1. Constant:thevalueneverchanges.Wherevertheidentifieroccurs,it maybereplacedby its value.Any
variablewhich is analgebraicfunctionof only constantscanalsobereducedto aconstant.Thelatter
statementcanbeappliedrecursively. Substitutingall constantvaluesis calledconstantpropagation
in compilertheory.

2. Parameter:the value is set at the beginning of a simulationbut remainsconstantduring a single
simulationrun. Whetherthe literal valueof theparameteris substitutedin equationsdependson the
simulatorimplementation(i.e., its ability for symbolicprocessingat run-time).

3. Variable:thevalueis setto an“initial condition” at thebeginningof asimulationrunandmaysubse-
quentlychangeover thewholeintegrationdomain.Variablesoccurringin dx

dt form arecalledderived
statevariables.Theequationsaresolved(integrated)for thesevariables.All othervariablesarealge-
braic variables.Differenttypesof algebraicvariablescanbeidentified:Ä input variables(u ä t Î ) canbeconsidered“known” from thepoint of view of theequationsolver

asat eachpoint in time, their valueis givenexternally(interpolatedfrom file or from a function
generator–analgebraicmodelin its own right).Ä outputvariables(y ä t Î ) arenot in any way(via intermediateexpressionsandvariables)neededin
theRight-Hand-Side(RHS)of derivedstatevariableequations.Ä algebraicstatevariablesareall otheralgebraicvariables.They areneeded(asintermediatehelp
variables)to computetheRHSsof dx

dt equations.

Usingthedependency graphdescribedbefore,it is possibleto identify constantandparameterequationsand
placethemin thecomputeInitial()sectionof anMSL-EXEC model.Similarly, outputequationscaneasily
be extractedandplacedin the computeOutput()section.computeOutput()is only evaluatedwhenoutput
is requestedby a simulationuser. computeState()on the otherhandis calledas frequentlyasneededfor
numericalstability andaccuracy.

2.5.3 Diff erential Alg ebraic Equations: Non-causal Set

Mapping onto DAE Causal Set: causality assignment

From the point of view of lucidity, andre-usabilityin differentcausalcontexts, a non-causal,implicit set
of equationsis desirablewhenmodellingphysicalsystems.However, to be able to solve for the various
unknowns in thesetof equations,it is far morepreferableto have a causalrepresentation.It is possiblein
many casesto transformanon-casualrepresentationinto acausalone.Considertheimplicit setof equationsîïïð ïïñ x £ y £ z ò 0 Equation1

x £ 3z £ u2 ò 0 Equation2
z ó u ó 16 ò 0 Equation3

u ó 5 ò 0 Equation4 ô
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Equation 1 Equation 2 Equation 3 Equation 4

variable "x" variable "y" variable "z" variable "u"

source

sink

Figure2.27:Causalityassignment:network flow

In orderto solve this setof equationson acomputer, a matchingof variablesandequationsis required,that
is, we must identify which equationcanbe usedto solve for what variable.This canbe accomplishedby
turning equationsinto nodesanddependenciesinto edgesin a bipartitegraph.The problemof matching
equationswith variablesis thusreducedto amaximumcardinality matchingproblemon thebipartitegraph.

The problemcanthenbe solved elegantly by turning it into a network flow problem.This is achieved by
addinga sourceandsink nodeto thebipartitegraphresultingin a directedgraphasshown in Figure2.27.
All flow capacitiesof thenetwork aresetto 1.

By maximizing the flow from a sourceto a sink, the causalityassignmentis carriedout. We obtain the
correspondencebetweenavariableandtheequationusedto solve for it:îïïð ïïñ y ò ó x ó z

x ò ó 3z ó u2

z ò u £ 16
u ò 5

By assigningweightsto theequation-variableedgesit is possibleto take into accountpreferencesfor certain
causalrealisations.In theequation

x £ y2 ó 3 ò 0

for example,thepreferredcausality(a termfrom BondGraphtheory)is to calculatex from y ratherthanthe
opposite.Thelatteris harderto invert thantheformer[SBS94].

Wedescribethenetwork flow problemin thefollowing.

In our discussionof network flows, we follow thetreatmentby Tarjan[Tar83]. Network flow problemsare
aclassof optimizationproblemswith awidevarietyof applications.Here,weareconcernedwith themaxi-
mumflow problemon a network, andin particular, thealgorithmof Dinic [Din70] to find sucha maximum
flow. Wefirst introducesomeimportantconceptsin thetheoryof network flows,andbriefly sketchFordand
Fulkerson’s method[FF62]of findingamaximumflow beforemoving on to Dinic’s algorithm.

Flows, cuts and augmenting paths

Let G òNõV ö E ÷ bea directedgraphmadeup of thesetof verticesV ø�ù v ú andthesetof edgesE ø�ù eú . We
identify two specialvertices,thesources andthesink t. Thenumberof verticesin G is n andthenumber
of edgesis m. With every edgewe associatea positive capacitycap û vö wü , andsetcap û vö wü ò 0 if õ vö w÷ is
not anedge.We thendefinea flow f on G, which is a real-valuedfunctionon vertex pairshaving thethree
properties:
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Figure2.28:DirectedgraphG with flow f , sourcesandsink t

ý Skew symmetry: f û vö wü&ò±ó f û wö vü .
Also, if f û vö wü¼þ 0, thenthereis aflow from v to w.ý Capacityconstraint: f û vö wü¼ÿ cap û vö wü .
A flow is saidto saturate theedge õ vö w÷ if theequality f û vö wü|ò cap û vö wü holds.ý Flow conservation: for every vertex v excludingthesources andsink t, thenet incomingflow must
equalthenetoutgoingflow: ∑w� V f û vö wü�ò 0.

Figure2.28givesan examplegraphwith flow annotations:thefirst numberon anedgeis its capacity, the
secondits flow. Theedgesõ sö a÷ and õ a ö d ÷ aresaturated.Notehow thisexampleis moregeneralthanwhatis
neededfor bipartitegraphmatching.

Thenetflow out of thesource,∑v� V f û sö vü , is calledthevalueof theflow f andis denotedby
�
f
�
. A flow

of maximumvalueis calleda maximumflow, andthusthe maximumflow problemis that of finding such
a maximumflow. Many attemptshave beenmadeto tackle this problemtheoretically, andalgorithmsof
increasingspeedhave beencreatedover theyears.SeeTable2.1 for ahistoricaloverview.

Originally developedby Ford and Fulkerson[FF62], the theory of network flows hasits roots in linear
programming[Law76]. We review somebasicresultsof Ford andFulkerson,followed by a discussionof
thealgorithmof Dinic [Din70].

An importantconceptin thetheoryof network flows is thatof acut. WedefineacutX, X to beapartitionof
thevertex setV into two partsX andX ò V ó X, suchthatX containsthesources andX containsthesink
t. Thecapacityof a cutX, X is

cap û X ö X ü�ò ∑
v � X �w� X

cap û vö wü�ô
A cut of minimumcapacityis known asa minimumcut. If f is a flow andX, X is a cut, theflow acrossthe
cut is

f û X ö X ü�ò ∑
v � X �w� X

f û vö wü�ô
It canbeshown thatfor any flow f , theflow acrossany cut X, X equalstheflow value

�
f
�
. Thatis,

f û X ö X ü1ò ∑
v� X �w � X

f û vö wü|ò �
f
� ô
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date discoverer(s) running time

1956 FordandFulkerson ——

1969 EdmondsandKarp �Öû nm2 ü
1970 Dinic �Öû n2 mü
1974 Karzanov �Öû n3 ü
1978 Malhotra,et.al. �Öû n3 ü
1977 Cherkasky �Öû n2 m1� 2 ü
1978 Galil �Öû n5� 3 m2� 3 ü
1979 Galil andNaamad;Shiloach �Öû nm û lognü 2 ü
1980 SleatorandTarjan �Öû nmlognü

Table2.1:Historyof maximumflow algorithms

By thecapacityconstraint,theflow acrossany cut cannotexceedthecapacityof thecut.Thusthevalueof
a maximumflow cannotbe greaterthanthecapacityof a minimum cut. The “max-flowmin-cuttheorem”
statesthat in fact thesetwo quantitiesareequal.We shall restatethe theorembelow after introducingthe
conceptsof residualcapacityandaugmentingpath.

The residualcapacityfor a flow f in a network is givenby a functionon vertex pairs,andis thedifference
in thecapacityof theedgeconnectingthetwo verticesandtheflow acrosstheedge:

resû vö wü&ò cap û vö wü4ó f û vö wü�ô (2.1)

We canpushup to resû vö wü additionalunitsof flow from v to w by increasingtheflow f û vö wü andcorre-
spondinglydecreasingf û wö vü . We canconstructtheresidualgraphR for a flow f , which is thegraphwith
vertex setV includingthesourcesandsink t, andanedgeõ vö w÷ of capacityresû vö wü , suchthatthiscapacity
is positive: resû vö wüzþ 0. Figure2.29shows theresidualgraphfor theflow of Figure2.28.

An augmentingpathfor f is definedasapathp from s to t in R. Theresidualcapacityof thispath,denoted
by resû pü , is theminimumvalueof resû vö wü for õ vö w÷ anedgeof p. Thevalueof theflow f canbeincreased
by any amount∆ up to resû pü by increasingtheflow on every edgeof p by ∆. We mustkeepin mind that
wheneverwechangef û vö wü wemustchangef û wö vü by acorrespondingamounttomaintainskew symmetry.
An augmentingpath õ sö b ö d ö a ö c ö t ÷ for theresidualgraphin Figure2.29is shown in Figure2.30.If f is any
flow, and f � a maximumflow on a graphG, andif R is the residualgraphfor f , it canbe shown that the
valueof a maximumflow on R is given by thedifference

�
f � � - � f � . We now restatethemax-flow min-cut

theoremasfollows:

THEOREM: Thefollowing conditionsareequivalent:

1. f is amaximumflow;

2. thereis noaugmentingpathfor f ;

3.
�
f
� ò cap û X ö X ü for somecut X, X.

Themax-flow min-cut theoremabove givesa way to constructa maximumflow by iterative improvement.
Thisis theaugmentingpathmethodof FordandFulkerson:begin with aflow of zeroonall edgesin thegraph
(calledthezero flow), andrepeatthefollowing stepuntil aflow withoutanaugmentingpathis obtained:
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AUGMENTING STEP(FordandFulkerson):

1. Findanaugmentingpathp for thecurrentflow.

2. Increasethevalueof theflow by pushingresû pü unitsof flow alongp.

Knowing a maximumflow, we cancomputea minimumcut in �íû mü time. If theedgecapacitieshappento
be integers,theaugmentingpathmethodincreasestheflow valueby at leastonewith eachaugmentation,
andthuscomputesa maximumflow f � in at most

�
f � � augmentingsteps.Also, f ��û vö wü is an integer for

every v, w. A flow with sucha propertyis calledan integral flow. We areled to the “integrality theorem”
thatif all capacitiesareintegers,thereis anintegral maximumflow.

However, if thecapacitiesarelargeintegers,thevalueof amaximumflow maybelarge,andtheaugmenting
pathmethodmayiterateover severalaugmentations.Indeed,if thecapacitiesareirrationalthemethodmay
not halt, andalthoughsuccessive flow valuesconverge they neednot converge to thevalueof a maximum
flow [FF62]. Thus it is obvious that for the methodto be efficient we mustselectthe augmentingpaths
carefully. It canbeprovedthatstartingfrom thezeroflow, thereis away to constructamaximumflow in at
mostm steps,eachof which increasestheflow alonga singlepathin theoriginal graph(by anamountthat
is notnecessarilymaximum).This involvesiteratingovera pathfindingstep, definedbelow.

Considera maximumflow f � on thegraphG, andlet G� bethesubgraphof G inducedby theedgesõ vö w÷
suchthat f �"û vö wü(þ 0. i ò 1 initially, andthe following pathfindingstepis repeateduntil thesink t is not
reachablefrom s in G� :
PATHFINDING STEP:

1. Findapathpi from s to t in G� .
2. Let ∆i betheminimumof f � û vö wü for õ vö w÷ anedgeof pi . For everyedgeõ vö w÷ on pi , decreasef � û vö wü

by ∆i anddelete õ vö w÷ from G� if its flow is now zero.

3. Incrementi by one.

Eachpathfindingstepdeletesat leastoneedgefrom G� ; thus this algorithmhaltsafter at mostm steps,
having reducedf � to a flow of value zero.However theremay still be cycles of flow. Startingwith the
zeroflow andsuccessively pushing∆1 unitsof flow alongp1, ∆2 unitsof flow alongp2, . . . thusproducesa
maximumflow in at mostm steps.

EdmondsandKarp [EK72] proposedthemaximumcapacityaugmentationmethodasthemostnaturalway
to selectaugmentingpaths,whereinaugmentationis alwayscarriedout alonga pathof maximumresid-
ual capacity. It canbe proved that maximumcapacityaugmentationproducessuccessive flow valuesthat
converge to the valueof a maximumflow in �íû mlogcü augmentingsteps,wherec is the maximumedge
capacity.

Finding a maximumcapacityaugmentingpath is a versionof the “bottleneckpathproblem”, if we take
lengthsequalto thenegativeof thecapacities.Suchapathcanbefoundusingasuitablymodifiedversionof
Dijkstra’salgorithm.Thismethodtakes �Öû mlog � 2� m� n� nü timeto find anaugmentingpath,andthetotaltime
to find a maximumflow is �Öû m2 û log � 2� m� n� û logcü]ü if thecapacitiesareintegers.This boundis polynomial
in n, mandthenumberof bitsneededto representthecapacities,but is still not fully satisfactory. Wewould
like aboundwhich is polynomialin justn andm.

We canobtainanalgorithmwith sucha boundby choosingaugmentingpathsby a differentmethod,also
proposedby EdmondsandKarp [EK72]: alwayschoosea shortestaugmentingpath,wherewe measurethe
lengthof apathby thenumberof edgesit contains.Thismethodis mostefficient if weaugmentalongpaths
of thesamelengthsimultaneously, assuggestedby Dinic [Din70], who independentlyarrivedat his result.
WediscussDinic’s methodfurtherbelow.
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Dinic’ s algorithm and augmenting by bloc king flo ws

In orderto understandDinic’salgorithmweneedtwo new concepts.A flow f is ablockingflow if everypath
from thesources to thesink t containsa saturatededge.Thereforeit is not possibleto increasethevalue
of a blockingflow by pushingadditionalflow alongany pathin G. It maybepossible,however, to increase
theflow by rerouting– that is, decreasingtheflow on someedgesandincreasingit on others.Let R bethe
residualgraphfor a flow f . Thelengthof theshortestpathfrom s to any vertex v in R is the level of v. The
level graphL for f is thesubgraphof R containingonly theverticesreachablefrom s, andonly theedgesõ vö w÷ suchthat level û wü�ò level û vü £ 1. L containsevery shortestaugmentingpathandcanbeconstructed
in �Öû mü time by breadth-first search.

Dinic’s algorithmconsistsof beginning with thezeroflow andrepeatingtheblocking stepbelow until the
sink t is not in thelevel graphfor thecurrentflow. In Figure2.31),A: shows theinput graph,B: shows the
first level graphwith blockingflow. Levelsof verticesarein parentheses.C: shows thesecondlevel graph
with blockingflow andD: the third level graphwith blockingflow. E: is thefinal flow. A minimumcut isù s,a,b,dú , ù c,tú .
BLOCKING STEP(Dinic):

1. Findablockingflow f 	 on thelevel graphfor thecurrentflow f .

2. Replacef by theflow f £ f 	 definedby:û f £ f 	 ü
û vö wü&ò f û vö wü £ f 	 û vö wü�ô (2.2)

Theperformanceof Dinic’salgorithmis governedby thetheoremthatthealgorithmhaltsafteratmostn ó 1
blockingsteps.

In thenext sectionwe describeDinic’s methodof findingablockingflow.

Finding bloc king flo ws

Let G beanacyclic network on which it is requiredto find ablockingflow. Therearedifferentwaysto find
suchaflow, eachleadingto amaximumflow algorithm.However thesimplestwayto find ablockingflow is
Dinic’smethod:wefind apathfrom thesources to thesink t, pushenoughflow alongit to saturateanedge,
deleteall newly saturatededges,andrepeatthisprocedureuntil t is not reachablefrom s. Weusedepth-first
searchto find eachpath.The methodis definedmoreformally below. We begin with the zeroflow, go to
Initialize, andproceedasindicated.p is a pathalongwhichflow canbepushedfrom s to thecurrentvertex
v: ý Initialize: Let p òNõ s÷ andv ò s. Go to Advance.ý Advance: If thereis no edgeout of v, go to Retreat. Otherwise,let õ vö w÷ beanedgeout of v. Replace

p by p& õw÷ andv by w. If w 
ò t repeatAdvance; if w ò t go to Augment.ý Augment: Let ∆ betheminimumof û cap û vö wüó f û vö wü]ü for õ vö w÷ anedgeof p. Add ∆ to theflow of
every edgeon p, deletefrom G all newly saturatededges,andgo to Initialize.ý Retreat: If v ò s halt. Otherwise,let õ u ö v÷ be the last edgeon p. Deletev from p and õ u ö v÷ from G,
replacev by u, andgo to Advance.

It canbeprovedthatDinic’salgorithmabovecorrectlyfindsablockingflow in �Öû nmü time,andamaximum
flow in �íû n2 mü time.It canalsobeprovedthatonaunit network, Dinic’salgorithmfindsablockingflow in�íû mü time,anda maximumflow in �Öû n1� 2 mü time. In a unit network, all edgecapacitiesareintegers,and
eachvertex v otherthanthesourceandthesinkhaseitherasingleenteringedgeof capacityone,or asingle
outgoingedgeof capacityone.On a network whoseedgecapacitiesareall one,Dinic’s algorithmfinds a
maximumflow in �Öû min ù n2� 3 mö m3� 2 ú�ü time [ET75]. This is exactly thecasewe areconfrontedwith.

OngeneralnetworksDinic’sblockingflow methodsaturatesonly oneedgeatatimein theworstcase,taking
up �íû nü time for eachedgesaturated.On densegraphstherearefastermethodsthat,in effect, saturateone
vertex ata time andhave an �íû n2 ü runningtime.
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How doesDinic’salgorithmcompareto otherapproaches?Elmquistin hisPhDthesis[Elm78] wasthefirst
to applycausalityassignmentin what is currentlytheDymola tool (www.dynasim.com ). Based(probably,
notexplicitly mentioned)ontheKuhn-Munkresalgorithm.Morerecently, in hisPhDthesis,Sahlin[Sah96]
alsousesthe Kuhn-Munkresalgorithm(alsoknown asthe Hungarianmethod)from operationsresearch.
In his PhD thesis,Broenink[Bro90] usesa causalityassignmentprocedurespecificto Bond Graphs.The
approachwehavepresentedcleanlymapstheproblemontoagraphproblem.Furthermore,weclaimDinic’s
is themostefficient algorithmfor causalityassignmentproblems.For any n (correspondingto thenumber
of variablesandequationsin theoriginal setof equations),its performance( �Öû min ù n2� 3 mö m3� 2 ú�ü ) exceeds
thatof theHungarianalgorithm( �Öû nmlog � 2� m� n� nü ). In Table2.1we find moreefficient algorithms.These
do usemoreelaboratedatastructureshowever which makespracticalimplementationmorecumbersome.
Furthermore,Dinic’s algorithmis mostefficient on sparsenetworks andwhenedgecapacitiesareall one.
For large n the performanceeven exceedsthat of the recentSleatorandTarjanalgorithm( �Öû nmlognü ).
This,as

n2� 3 m � nmlogn

for largen.

Oncethedependency graphhasbeenbuilt, network flow analysis,cycle detection,sorting,aswell asisola-
tion of constant/parameterandoutputexpressionsareelegantlyperformed.In particular, thenetwork flow
graphcanbere-usedfor sortingandcycledetectionof theequationnodesareignored.

2.6 The Transf er Function formalism

TheTransferFunctionformalismis commonlyusedin controlengineering.TransferFunctionmodelrepre-
sentationsarethebasisfor aplethoraof stabilityanalysisandcontrollerdesigntechniques.In thefollowing,
we show how onemaytransformat will betweenstate-spaceandTransferFunctionmodels.This transfor-
mationwasautomatedusingtheMuPAD [F � 96] computeralgebratool.

2.6.1 Formalism representations and transf ormations

Thestate-spacemathematicalrepresentationof a linearsystemis�
dx
dt ò Ax £ Bu
y ò Cx £ Du

Startingfrom thematricesA ö B ö C ö D ö by Laplacerules,we obtainthetransferfunctionrepresentationof the
system(I is theidentitymatrix):

H û sü�ò C û sI ó Aü� 1B £ D ô
Wenoticethatfor aMIMO (Multiple Input,Multiple Output)system,H û sü is arationalmatrixof dimension
p � m. Let us consideran elementh û süzò H õ i ö j ÷ ; h û sü is the transferfunction betweenthe j-th input and
the i-th output.Theexternalstability (i.e., I/O stability) of theopenloop linearizedmodelcanbechecked
by finding the polesof the rational function h û sü throughfactorization.Oncepolesandzerosof h û sü are
available,we canwrite thepole-zero form:

h û sü�ò k
û s ó z1 ü6ô]ô]ô�û s ó zm üû s ó p1 ü6ô]ô]ô�û s ó pn ü ô

H û sü in theabove form implies that,with theLaplacetransformationof the inputU û sü , theLaplacetrans-
formationof theoutputcanbeobtainedby meansof asimplemultiplication:

Y û sü�ò H û sü U û sü�ô
Fromh û sü we canalsoobtainthefrequency responseof thesystem:
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H û ω ü1ò H û s ò jω ü�ô
If a transferfunctionof a linearSISO(SingleInput,SingleOutput)model

h û sü&ò brsr £ br  1sr  1 £������Y£ b1s £ b0

ansn £ an  1sn 1 £������t£ a1s £ a0

(with n � r) is available,it canbeusefulto geta statespacerepresentationof thesystem.This is calleda
“realization”of h(s).Wepointout thatthis transformationis notunique.Wechoosethecanonicalreachable
realization: �

dx
dt ò Ax £ Bu
y ò Cx £ Du

where

A ò
������� 0 1 0 ����� 0

0 0 1 ����� 0
...

...
...

. . .
...

0 0 0 0 1ó ã0 ó ã1 ����������� ó ãn 1

��������
B ò

����� 0
...
0
1

������
C ò � b̂0 b̂1 ����� b̂n  1 �
D ò � b̃n �

with ãi ò ai � an ö b̃i ò bi � an ö b̂i ò b̃i ó b̃nãi ô
Weobserve that õ bn ô]ô]ô br � 1 ÷FòNõ 0 ô]ô]ô 0÷ .
2.6.2 Example

If weconsiderthefollowing transferfunction

h û sü�ò 6 ô 01s £ 1 ô 18
0 ô 64s2 £ 1 ô 8s £ 0 ô 36

ö
thegainh û 0ü is 3.28andwe canrewrite h û sü in thepole-zeroform

h û sü�ò 9 ô 39
s £ 0 ô 2û s £ 0 ô 22ü
û s £ 2 ô 6ü ô

Thecanonicalreachablerealizationof h(s)is�
dx
dt ò Ax £ Bu
y ò Cx £ Du

where

A ò�� 0 1ó 0 ô 5625 ó 2 ô 8125  ö B ò�� 0
1  ö

C ò � 1 ô 84375 9 ô 3906 � ö D ò � 0 � ô
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Figure2.32:Predator-prey, SystemDynamicsFormalism

2.6.3 Flattening netw orks of Transf er Function models

As with state-spacemodels(Linear Ordinary Differential and Algebraic Equationformalism), building
blocksmay be combinedto form a network. Actually, the TransferFunctionbuilding blockscontainal-
gebraicequations(in s). Thus,couplingsemanticsis the sameasfor state-spacemodels:connectionsare
replacedby algebraicequalities.

2.7 The System Dynamics formalism

TheForresterSystemDynamics[For68] formalismis agraphicalformalism,basedonthedifferentialequa-
tion formalism.The formalismis particularlygearedtowardexpressingthedynamicsof populations.It is
usedin diversefield suchaseconomics[For61], biology [Cel91], softwareengineering,andurbanplanning.
The ForresterSystemDynamicsformalismdescribesthe variationof materiallike quantities(MLQs) or
levels.Thevariationis determinedby birth rates(BR) anddeathrates(DR). BRandDR aregraphicallyrep-
resentedasvalvesto theleft andright respectively of boxesdenotingthelevels.Levelsmayinfluenceeach
otherby influencingeachother’s BR andDR. Figure2.32shows a typical interactionbetweena predator
anda prey (modelledusingtheWEST++modellingandsimulationenvironment[VCV98]). The(product)
interactionbetweenpredatorandprey populationsinfluencesthepredator’s birth rateandtheprey’s death
rate.

TheSystemDynamicssemanticsis givenby mappingeachof thelevel/BR/DRcombinationsto anOrdinary
DifferentialEquation

d level
dt

ò BR ó DRô
Theoperationssuchasproductandsumaremappedontotheappropriatealgebraicequationsandcouplings
aremappedonto algebraicequalities.Simulationin WEST++ of the model in Figure 2.32 producesthe
trajectoriesin Figure2.33.Thesystem,describedby Lotke-Volterraequationsexhibitsanoscillating,stable
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Figure2.33:Predator-prey systembehaviour

behaviour.

2.7.1 Formalism mapping thr ough representation in MSL-USER

Transformationbetweenthe SystemDynamicsformalismandthe ODE formalismmay be doneby con-
structingappropriateSystemDynamicsbuilding blocksin theMSL-USERlanguage.For eachSystemDy-
namicsblock, a classis constructedcontainingthe appropriatedifferential andalgebraicequations.The
introductionof interfaces(ports)makescouplingpossible.The couplingsemanticsof SystemDynamics,
substitutingconnectionsby algebraicequalities,is identicalto thecouplingsemanticsof algebraicanddif-
ferentialequationmodelsandis thustakencareof by theMSL-USERcompilerwithin theDAE formalism.
This is shown below for a few relevantbuilding blocks.

// Use generic model base
#include "generic.msl"

// don’t specify quantity, unit, ...
CLASS SDTerminal SPECIALISES PhysicalQuantityType;

CLASS ConstantClass
(* class = "constant"; category = "" *)
"Constant:

Produces at its output ’out’, the value of the parameter ’c’"
SPECIALISES PhysicalDAEModelType :=
{:

interface <-
{

OBJ out (* terminal = "out" *) "out" :
SDTerminal := {: causality <- "COUT" :};

};
parameters <-
{

OBJ c "c" : SDTerminal := {: value <- 0; :};
};
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independent <-
{

OBJ t "t": Time;
};
equations <-
{

interface.out = parameters.c;
};

:};

CLASS PopulationClass
(* class = "levelNrate"; category = "" *)
"System Dynamics Population:

Produces at its output ’level’, the solution
of the differential equation

d level/d t = birth_rate - death_rate"
SPECIALISES PhysicalDAEModelType :=
{:

interface <-
{

OBJ birth_rate (* terminal = "birth_rate" *) "birth_rate" :
SDTerminal := {: causality <- "CIN"; value <- 0 :};

OBJ death_rate (* terminal = "death_rate" *) "death_rate" :
SDTerminal := {: causality <- "CIN"; value <- 0 :};

OBJ level (* terminal = "level" *) "population level" :
SDTerminal := {: causality <- "COUT" :};

};
independent <-
{

OBJ t "t": Time;
};
state <-
{

OBJ population "population level": SDTerminal;
OBJ pop_change_rate "population level change rate": SDTerminal;

};
equations <-
{

DERIV(state.population, [independent.t]) = state.pop_change_rate;
state.pop_change_rate = interface.birth_rate - interface.death_rate;
interface.level = state.population;

};
:};

#endif

To ensurecorrectuseof SystemDynamicsblocksin a graphicalmodellingenvironment,constraints must
beimposed.In WEST++this is donein theform of aTcl scriptof which relevantpartsareshown below. In
thiscase,only constraintson theallowednumberof connectionsat a terminalaregiven.

#*
#* Description: Hierarchical Graph Editor / Library /
#* System Dynamics.
#*
#* In this library the following needs to be defined:
#*
#* Variables:
#*
#* HGE_colors(<type>)
#* Colors for all types used in the node and terminal classes.
#* HGE_bitmap_library_path
#* Path of the library of bitmaps used in the node and terminal classes.
#* HGE_node_classes
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#* List of node classes. Each node is described by a list which consists
#* of a node name, a description, a bitmap name, a type and a list of
#* terminals. Each terminal is again a list which consists of a terminal
#* name, a type, a terminal class, an integer indicating how many edges
#* can be connected to the terminal, the orientation of the bitmap and
#* the coordinates with respect to the node’s hotspot.
#* HGE_terminal_classes(<type>,<orientation>)
#* Bitmap names for all type-orientation pairs used in the node classes.

#* Includes *********************************************************** ***

source "$westpp_data_path/me/HGE/generic/generic.HGE.lib.tcl";

#*** Colors *********************************************************** ***

set HGE_colors(generic) blue;
set HGE_colors(physical) forestgreen;
set HGE_colors(data) red;

#*** Node classes ********************************************************

set HGE_node_classes \
{ \

{ \
constant \
"Constant" \
constant \
data \
{ \

{ out data output 100 right 17 0 } \
} \

} \
{ \

levelNrate \
"Population determined by

BirthRate and DeathRate" \
levelNrate \
physical \
{ \

{ birth_rate data input 1 bottom -34 16 } \
{ death_rate data input 1 bottom 28 16 } \
{ level data output 100 top -1 -18 } \

} \
} \
{ \

product \
"Product of two Inputs

and a Parameter" \
product \
data \
{ \

{ out data output 100 top 0 -17 } \
{ in_1 data input 1 left -17 0 } \
{ in_2 data input 1 right 17 0 } \

} \
} \

};
#*** Terminal classes ****************************************************

set HGE_terminal_classes(generic,left) square;
set HGE_terminal_classes(generic,right) square;
set HGE_terminal_classes(generic,top) square;
set HGE_terminal_classes(generic,bottom) square;
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set HGE_terminal_classes(input,left) right_arrow;
set HGE_terminal_classes(input,right) left_arrow;
set HGE_terminal_classes(input,top) down_arrow;
set HGE_terminal_classes(input,bottom) up_arrow;
set HGE_terminal_classes(output,left) left_arrow;
set HGE_terminal_classes(output,right) right_arrow;
set HGE_terminal_classes(output,top) up_arrow;
set HGE_terminal_classes(output,bottom) down_arrow;
set HGE_terminal_classes(bidirectional,left) circle;
set HGE_terminal_classes(bidirectional,right) circle;
set HGE_terminal_classes(bidirectional,top) circle;
set HGE_terminal_classes(bidirectional,bottom) circle;

#*********************************************************** ********** ****

This completelyspecifiesthe graphicalrepresentationandbehaviour of SystemDynamicsmodelsin the
WEST++HierarchicalGraphicalEditor (seealsonext chapter).

2.8 The Partial Diff erential Equations formalism

PartialDifferentialEquations(PDEs)increasethenumberof independentvariables(one,actually)appearing
in OrdinaryDifferentialEquations.Often,thesevariablesconcernspatialdistribution,hencethename“dis-
tributedparametersystems”asopposedto “lumpedparametersystems”.Numericaltechniquesexist to solve
classesof PDEs(usuallydivided into parabolic,hyperbolicandelliptic [Far93]). Correspondingnumerical
codeshavebeendevelopedandarehighly succesful.Theapproachpresentedhereis to symbolicallydistrec-
tizeaclassof PDEs.Discretizationof aPartialDifferentialEquationresultsin asetof DifferentialAlgebraic
Equationswhich mayin somecasesberepresentedin explicit form asOrdinaryDifferentialEquationsand
AlgebraicEquations.Symbolicdiscretizationwaschosenfor thefollowing reasons:

1. Oncein DAE form, thesymbolictransformationsdescribedbeforemaybeinvoked.Thiscanresultin
adrasticreductionof modelcomplexity (andconsequentlyin simulationtime).

2. Thenumericaltechniquesavailableto solve DAEsandabove all ODEsaremorepowerful thanthose
for solving PDEs.In particular, higherperformance,bettererror control andbetterstability canbe
achieved.

3. Oncetransformedto DAE or ODEform,aPDEmodelcanbeperfectlyintegratedwith DAE andODE
modelsthanksto closureundercouplingof theseformalisms.Globaloptimizationscanbecarriedout
taking into accountthe whole systemof equations.In the caseof the WEST++ tool, PDE to DAE
transformationmakes it possibleto integratePDE modelsseamlesslywithout modifying the basic
simulator. Thisdemonstratesthepower of formalismtransformationfor multi-formalismmodelling.

In WEST++,the symbolicdiscretizationis implementedasa modelcompiler. Its working is describedin
thelastchapter.

2.8.1 Intr oduction

In this sectionwediscusshow to transformthePDEusedto modela1-D clarifier [VVKR97] (which forms
partof a wastewatertreatmentplant) into a differentialalgebraicequation(DAE). We usethePDEto look
at two testcaseconditionsfor theclarifier: continuousandbatchsedimentation[A.V98a].

We usez to representthecoordinatealongthe lengthof the1-D clarifier. The top andbottomendsof the
clarifier arelocatedat z ò 0 andz ò L respectively. As discussedin detail in [A.V98a], thePDEsfor both
testcaseshave thefollowing generalform:

∂X û zö t ü
∂t

ò±ó ∂F û X û zö t ü]ü
∂z £ D0

∂2X û zö t ü
∂z2 ô (2.3)
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Here X û zö t ü is the space-and time- dependentconcentrationof suspendedsolids.F û X û zö t ü]ü is the total
convective flux, which is differentfor thetwo testcases,andwill bediscussedfurtherbelow.

TherequiredDAE for eachtestcaseis obtainedfrom thePDEabove by discretizingall thefunctionsof z,
andthepartialderivativesw.r.t z, but retainingthecontinuousformsof thetime derivative andfunctionsof
time.Thusthespatialderivativesarereplacedby algebraicexpressions,andthePDEthereforebecomesan
ordinarydifferentialequationin time.Weimplementthespatialdiscretizationusingthemethodof orthogo-
nal collocationon finite elements[Oh95, MV72, SJ85].

2.8.2 The Orthogonal Collocation method

In the following we give a brief summaryof the salientfeaturesof the orthogonalcollocationmethod.A
detaileddescriptioncanbefoundin [Oh95, GSMC85].Thismethodis oneof theweightedresidualmethods
usedto solve PDEs.Considera functionφ û zö t ü definedover a certainspatialdomainΩ, which dependson
thetwo independentvariables(zö t). Let thespace-and-time- evolution of φ û zö t ü begovernedby aPDE:"

φ û zö t ü|ò 0 ö (2.4)

where
"

is a differential operator. The PDE is supplementedby boundaryconditionsfor φ û zö t ü on the
boundaryof thedomainΩ, andinitial conditionsgiving thevalueof φ û zö t ü at time t ò 0.

In aweightedresidualmethod,we seekanapproximatesolutionφ̃ û zö t ü of Eq.(2.4),whichcanbeexpressed
asa sumof known polynomialfunctionsdependingonly on z, with unknown coefficientsdependingonly
on t:

φ̃ û zö t ü&ò n

∑
k # 0

ak û t ü θk û zü�ô (2.5)

The functions ù θk û zü�ú areknown, andthe coefficients ù ak û t ü�ú have to be determinedso that the solution
satisfiesthePDEandtheboundaryandinitial conditionsin an‘optimal’ sense[Oh95].

Wefirst form theresidualof
"

, Rn û zö t ü . It is givenby:

Rn û zö t ü|ò "
φ̃ û zö t ü�ô (2.6)

Rn û zö t ü will be a continuousfunction of z and t. The approximatesolution is then found by demanding
that theaverage valueof Rn û zö t ü (over thedomainΩ) shouldbezero.We performthis averageusingsome
weightingfunctionW û zü . Thatis: $

Ω
W û zü Rn û zö t ü dz ò 0 ô (2.7)

Wecanevaluatetheaverageinsteadby usingadiscretesetof m points:

m

∑
i # 1

W û zi ü Rn û zi ö t ü|ò 0 ô (2.8)

Now in the collocationmethod, we simply choosethe weights ù W û zi ü�ú to be Dirac delta functionsat a
particularsetof points ù zj ú�ö j ò 1 ô_ôm, calledcollocationpoints. FromEq.(2.8)above wehave:

∑m
i δ û zi ó zj ü Rn û zi ö t ü�ò 0 ö j ò 1 ö]ô]ô]ô�ö m;% Rn û zj ö t ü�ò 0 ö j ò 1 ö]ô]ô]ô�ö mô (2.9)

In the orthogonal collocationmethod, which is usuallyemployed, the collocationpoints ù zj ú arechosen
as the roots (zeroes)of onememberof a set of orthogonalpolynomials,usually the Jacobi polynomials
[AS65, AW95]. Let thedomainof interestbegivenby theinterval [z0 ö zn� 1]. Usingthen zeroesof a Jacobi
polynomialGn û α £ 1 ö β £ 1 ö zü locatedin õ z0 ö zn� 1 ÷ , togetherwith thetwo end-pointsof thedomain- z0 and
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zn� 1, the approximatesolution is constructedusing Lagrange interpolation [AS65, AW95]. (Seefurther
subsectionsbelow for noteson JacobipolynomialsandLagrangeinterpolation.)Thatis,

φ̃ û zö t ü|ò n

∑
k # 0

φ û zk ö t ü'& k û zü6ô (2.10)

ComparingEqs.(2.5)and(2.10)above,we notethattheunknown coefficients ù ak û t ü�ú arejust thevaluesof
thesolutionφ evaluatedat thecollocationpoints(thezeroesof theJacobipolynomialandtheend-points),
( ù φ û zk ö t ü�ú�ö k ò 0 ö]ô]ô]ôYö n £ 1), andthepolynomialsù θk û zü�ú arejust Lagrange polynomials.

A weightedresidualmethodsuchas the orthogonalcollocationmethoddescribedabove can be applied
over theentirespatialdomainΩ, andincreasedaccuracy canbeobtainedby increasingtheordern of the
polynomialsused.However, abetterstrategy is to useafiniteelementmethod.In suchamethod,thedomain
of interestis first divided into many smallersub-domainsor ‘elements’.Thena weightedresidualmethod
is appliedwithin eachelement.Usuallylow-orderapproximationsof theresidualsaresufficient.Additional
constraintsareimposedby demandingthe continuity of the approximatesolution,andoneor moreof its
derivatives,(or thatof otherquantities),at theboundariesbetweenelements[Oh95].

Lagrang e Interpolation

For simplicity, weshallconsiderLagrangeinterpolationin onedimension[Oh95]. Themethodcanbeeasily
extendedto multiple dimensions.Considerasetof points ù x0 ö x1 ö x2 ö]ô]ô]ôYö xn ú locatedon theX axis.Suppose
datacorrespondingto acertainquantity f areprovidedat thesepoints;thatis,weknow thevaluesù f û xi ü�ú at
thesen £ 1 points.Usingthesevalues,wemustfind anapproximationfor thefunction f û xü over theinterval
[x0 ö xn]. Thesimplestthing to do is to approximatef û xü by a polynomialcurve passingthroughthevaluesù f û xi ü�ú . This canbe doneeasilyusing the Lagrange interpolation formula to constructthe interpolating
polynomialusingthe ù xi ú as‘nodes’.We thushave:

f û xü)( n

∑
i # 0

& i û xü f û xi ü�ô (2.11)

Here ù*& i û xü�ú aretheLagrangepolynomials, of degreen (sinceweknow û n £ 1ü constants,wecandetermine
apolynomialof degreen). Thesepolynomialsareorthonormal.Thatis,& i û x j ü1ò δi j ô (2.12)

As anexample,we shall find the interpolatingpolynomial f û xü , given thetwo nodesù x0 ö x1 ú , andtheval-
uesof f û xü at thesepoints.In this case,f û xü will be a straightline connectingthe two points.Using the
interpolationformula(Eq.(2.11)),we have:

f û xü|ò+& 0 û xü f û x0 ü £ & 1 û xü f û x1 ü�ô (2.13)

For any x locatedbetweenx0 andx1, wecanusethepropertyof astraightline thatit hasconstantslope:

f û x1 ü4ó f û xüû x1 ó xü ò f û x1 ü4ó f û x0 üû x1 ó x0 ü ô (2.14)

RearrangingtermsgivesustheLagrangeinterpolationformula:

f û xü|ò û x ó x1 üû x0 ó x1 ü f û x0 ü £ û x ó x0 üû x1 ó x0 ü f û x1 ü�ô (2.15)

Fromtheabove equation,weseethattheLagrangepolynomialsaregivenby:& 0 û xü�ò û x ó x1 üû x0 ó x1 ü& 1 û xü�ò û x ó x0 üû x1 ó x0 ü (2.16)
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It canbeverifiedthattheseareorthonormal.

Extendingthediscussionabove to û n £ 1ü points,we canwrite a generalexpressionfor theLagrangepoly-
nomialsasfollows: & i û xü�ò n

∏
j , 0
j -# i

û x ó x j üû xi ó x j ü ô (2.17)

Wecanrewrite & i û xü in adifferentform by first definingapolynomialp û xü as:

p û xü ò n

∏
j # 0

û x ó x j ü ;
p
� 1� û x j ü�ò dp

dx .... x# xj

ô (2.18)

Therefore, & i û xü&ò p û xüû x ó xi ü p � 1� û x j ü ô (2.19)

By rearrangingEq.(2.19)andafter somealgebra,we canobtainexplicit expressionsfor the first andsec-

ond derivatives & � 1�i û xü and & � 2�i û xü [MV72], evaluatedat a particularpoint x ò x j , in termsof p û xü andits
derivatives.Therearetwo casesto consider:i ò j, andi 
ò j. We thushave [MV72]:

1. i ò j :

Weobtainageneralexpressionfor them-th derivativeof & i û xü , & � m�i û xü (evaluatedatx j ) only in termsof p û xü
andits derivatives,wheni ò j: & � m�i û xi ü|ò 1

m £ 1
p
� m� 1� û xi ü
p
� 1� û xi ü ô (2.20)

Thefirst andsecondderivativesarethereforegivenby:& � 1�i û xi ü�ò 1
2

p
� 2� û xi ü

p� 1� û xi ü ;& � 2�i û xi ü�ò 1
3

p
� 3� û xi ü

p� 1� û xi ü ô (2.21)

2. i 
ò j :

In this case,it is not possibleto obtainageneralexpressionfor & � m�i û xü in termsof only p û xü andits deriva-
tives.Wearrive at thefollowing expressionsfor thefirst andsecondderivatives:& � 1�i û x j ü�ò 1û x j ó xi ü p

� 1� û x j ü
p � 1� û xi ü ; (2.22)

and & � 2�i û x j ü�ò 1û x j ó xi ü0/ p
� 2� û x j ü

p � 1� û xi ü ó 2 & � 1�i û x j ü21
ò 2 & � 1�i û x j ü435& � 1�j û x j ü4ó 1û x j ó xi ü76 ô (2.23)
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Jacobi Polynomials

Therearetwo kinds of Jacobipolynomials[AS65, AW95], Pn û α ö β ö xü andGn û α £ β £ 1 ö β £ 1 ö xü , where
(α ö β þ�ó 1). ThepolynomialsPn û α ö β ö xü form a completeorthogonalsystemin the interval õ ó 1 ö 1÷ , while
Gn û α £ β £ 1 ö β £ 1 ö xü areorthogonalover õ 0 ö 1÷ . Weshallbeconcernedonly with thelatter. They aredefined
by:

Gn û α £ β £ 1 ö β £ 1 ö xü1ò Γ û β £ 1 £ nü
Γ û α £ β £ 1 £ 2nü n

∑
m# 0

ûtó 1ü m 3 n
m 6 Γ û α £ β £ 1 £ 2n ó mü

Γ û β £ 1 £ n ó mü xn  m ô (2.24)

They areorthogonalw.r.t theweightfunction:

w û xü�òNû 1 ó xü α xβ ô (2.25)

Thatis,
$

1

0
w û xü Gn û α £ β £ 1 ö β £ 1 ö xü Gm û α £ β £ 1 ö β £ 1 ö xü dx ò Cn δnmô (2.26)

ThenormalizationconstantCn is givenby:

Cn ò n! Γ û n £ β £ 1ü Γ û n £ α £ 1ü Γ û n £ α £ β £ 1üû 2n £ α £ β £ 1ü Γ2 û 2n £ α £ β £ 1ü ô (2.27)

For agivenpair û α ö β ü , let uswrite

Gn û α £ β £ 1 ö β £ 1 ö xüHø Gn û xü6ô (2.28)

The ù Gn û xü�ú satisfytherecurrencerelation:

Gn� 1 û xü&ò±û x ó an ü Gn û xü4ó bn Gn  1 û xü6ö (2.29)

for n ò 0 ö 1 ö 2 ô]ô]ô . Thecoefficientsaregivenby:

an ò 2n û n £ α £ β £ 1ü £ û β £ 1ü3û α £ β üû 2n £ α £ β ü3û 2n £ α £ β £ 2ü
bn ò n û n £ α ü3û n £ β ü3û n £ α £ β üû 2n £ α £ β ó 1ü3û 2n £ α £ β ü 2 û 2n £ α £ β £ 1ü ô (2.30)

Also, G0 û xü ò 1, andby definition,G 1 û xüvò 0. We cancomputeotherpolynomialsfor highervaluesof
n by simply usingtherecurrencerelationsuccessively. Thevaluesof α andβ determinethelocationof the
rootsof the Jacobipolynomialwithin the interval õ 0 ö 1÷ [SJ85, Kop97]. Setting û α ò β ò 0ü is the most
commonchoice.

Zeroes of Jacobi Polynomials

In orderto implementthecollocationprocedure,we have to find then zeroesof a JacobipolynomialGn û xü
numerically. Weproceedin thefollowing way. Wefirst write out therecurrencerelationin Eq.(2.29)explic-
itly for thefirst few valuesof n:

G1 û xü ò û x ó a0 ü G0 û xü4ó b0 G 1 û xüò û x ó a0 ü�ô 1 ó 0ò û x ó a0 ü ;
G2 û xü ò û x ó a1 ü G1 û xü4ó b1 G0 û xüò û x ó a1 ü3û x ó a0 ü G0 û xü4ó b1 G0 û xüò û x ó a1 ü3û x ó a0 ü�ô 1 ó b1 ô 1ò û x ó a1 ü3û x ó a0 ü ;
G3 û xü ò û x ó a2 ü G2 û xü4ó b2 G1 û xüò û x ó a2 ü3õ]û x ó a1 ü3û x ó a0 ü G0 û xüó b1G0 û xü"÷�ó b2 û x ó a0 üò û x ó a2 ü3õ]û x ó a1 ü3û x ó a0 üó b1 ÷Ðó b2 û x ó a0 ü6ö

(2.31)
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andsoon for n ò 4 ö 5 ö]ô]ô]ô . Fromtheabove expressions,we noticethatthepolynomialsGn û xü canbewritten
asthedeterminantsof correspondingsquarematricesof ordern whichhave theform:

G1 û xü�ò det õ]û x ó a0 ü"÷ ;
G2 û xü�ò det

�� û x ó a0 ü ó98 b1ó:8 b1 û x ó a1 ü
�� ;

G3 û xü�ò det

������ û x ó a0 ü ó98 b1 0ó 8 b1 û x ó a1 ü ó 8 b2

0 ó 8 b2 û x ó a2 ü
������� ô

(2.32)

Findingthezeroesof ù G1 û xü�ö G2 û xü�ö G3 û xü�ö]ô]ô]ô~ú , is just equivalentto settingthedeterminantsabove to zero.
However, noticethatdoingthisyieldsthecharacteristic(or eigenvalue)equationsfor thesymmetrictridiago-
nalmatriceswhosediagonalshave thecoefficients ù ai ú andthesubdiagonalsaremadeupof thecoefficientsù;8 bi ú . That is, for a given n, thezeroesof Gn û xü aregiven by theeigenvaluesof a symmetrictridiagonal
matrix of dimensionõ n � n ÷ , whosediagonalis then - dimensionalvectorDiag:

Diag ò
������� a0

a1

a2
...
an  1

�������� ö (2.33)

andthesubdiagonalsaregivenby the û n ó 1ü - dimensionalvectorSub:

Sub ò
����� 8 b18 b2

...8 bn 1

������ ô (2.34)

2.8.3 The PDE for contin uous sedimentation

For continuoussedimentation,thePDE,Eq.(2.3),is givenby:

∂X û zö t ü
∂t

ò±ó ∂F û X û zö t ü]ü
∂z £ D0

∂2X û zö t ü
∂z2 ô (2.35)

wheretheconvective flux F is givenby thesumof thegravitationalsettlingflux andthebulk flow. Wealso
considertwo differentcaseswhich determinethe form of thebulk flows: if theeffluent is drawn out from
thetopof theclarifier (usingapump),thentheeffluentflow appearsexplicitly in thebulk flow. If thereis no
pump,thentheeffluentis anoverflow, andis aconsequenceof theotherflows.Weconsiderthesetwo cases
separately.

Effluent pumped out

Wewrite theconvective flux in thiscasein thefollowing form:

F û X û zö t ü�ö zö t ü ò G û X û zö t ü]ü
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£ X û zö t ü<� Qu û t ü
A

θ û z ó zf üó Qe û t ü
A

θ û zf ó zü  ó Xf û t ü Qf û t ü
A

θ û z ó zf ü6ô (2.36)

Here,G û X û zö t ü]ü is thegravitationalsettlingflux, andis givenby

G û X û zö t ü]ü1ò X û zö t ü vs û X û zö t ü]ü�ö (2.37)

wherevs û X û zö t ü]ü is theVesilindsettlingvelocity functionhaving theexponentialform

vs û X û zö t ü]ü&ò voe nX � z� t � ö (2.38)

with vo andn beingconstantparameters[VVKR97]. Also, in (2.36),Qe û t ü � A is theupward bulk velocity
(theeffluent),andQu û t ü � A thedownwardbulk velocity (theunderflow). A is theareaof crosssubsectionof
theclarifier tank.Qf û t ü � A andXf û t ü � A arethesourcevelocity andconcentrationrespectively. Notice that
writing theflux in this form meansthatwe considerthat thereis a netflow of liquid downwardsbelow the
inlet, which is a sumof theunderflow andsourcefluxes,anda netflow upwardabove the inlet, consisting
of theeffluent.Fluxesarepositive or negative, dependingon whetherthey aregoingout of theclarifier or
cominginto it.

TheHeavisidethetafunction, or theunit stepfunction, appearingabove, is definedasfollows:

θ û zü�ò �
0 ö z � 0
1 ö z � 0

ô (2.39)

Its derivative is givenby theDirac deltafunction:

θ 	 û zü�ø dθ û zü
dz

ò δ û zü6ô (2.40)

θ û zü alsohastheproperty:
θ û zü|ò 1 ó θ ûtó zü6ô (2.41)

Weshallusethesepropertieslaterwhenwe transformthePDEto aDAE.

Effluent overflo w

In thecasewheretheeffluentsimplyoverflows, theconvective flux reducesto thesimpleform:

F û X û zö t ü�ö zö t ü ò G û X û zö t ü]ü£ X û zö t ü Qu û t ü
A

ó Xf û t ü Qf û t ü
A

θ û z ó zf ü6ô (2.42)

This just meansthat thebulk flow consistsof a net flow downwardseverywhere(with thevelocity of the
underflow), andasourceflux comingin at thelocationof theinlet, atz ò zf .

Initial and Boundar y conditions

As the initial condition for the concentration,we assumea given concentrationprofile. As a particular
example,wefirst take thesimplestcaseof aconstantconcentrationprofile:

X û zö t ò 0ü�ò X0 û züò X0 ö (2.43)

whereX0 is aconstantfor all z.

Fromthediscussionin [A.V98a], we areled to thefollowing boundaryconditionsfor theclarifier:

∂X û zö t ü
∂z .... z# 0

ò 0

∂X û zö t ü
∂z .... z# L

ò 0 ô (2.44)

Theseboundaryconditionshold for bothcasesof theeffluentflow discussedabove.
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2.8.4 The PDE for batc h sedimentation

For thebatchsedimentationcase,theconvective flux comprisesonly thegravitational settling,sincethere
areno sourceor bulk flowspresent.Thatis, F û X û zö t ü]ü�ø G û X û zö t ü]ü . Therefore,thePDEsimplybecomes:

∂X û zö t ü
∂t

ò±ó ∂G û X û zö t ü]ü
∂z = D0

∂2X û zö t ü
∂z2 ô (2.45)

Initial and Boundar y conditions

Weusethesameinitial conditionasthatfor thecontinuoussedimentationcase.Thatis,

X û zö t ò 0ü�ò X0 û züò X0 ô (2.46)

Wehave derivedthefollowing boundaryconditionsfor thebatchsedimentationcasein [A.V98a]:

G û X û 0 ö t ü]üó D0
∂X û zö t ü

∂z .... z# 0
ò 0

G û X û L ö t ü]ü4ó D0
∂X û zö t ü

∂z .... z# L
ò 0 ô (2.47)

2.8.5 Discretization of the PDE

We will first setup thediscretizationandcollocationpoints[Kop97] for thegeneralform of thePDEgiven
in Eq.(2.3),andthenapplytheprocedurefor thetwo testcaseconditionsseparately.

We first usea normalizeddimensionlessvariableh to replacethe z- coordinatein the PDE of Eq.(2.3),
definedby:

h ò z� L ö (2.48)

sothataszvariesover [0 ö L], h correspondinglyvariesover [0 ö 1].

ThereforeEq.(2.3)becomes:

∂X û Lh ö t ü
∂t

ò±ó 1
L

∂F û X û Lh ö t ü]ü
∂h = D0

L2

∂2X û Lh ö t ü
∂h2 ô (2.49)

Wedivide thedomain[0,1] into NE elementsor intervals,by defining(NE = 1) nodes:ù H1 ø 0 ö H2 ö H3 ö]ô]ô]ô�ö HNE � 1 ø 1 ú . Thewidth of the i-th elementis thusgivenby:

∆i ò Hi � 1 ó Hi ö i ò 1 ö]ô]ô]ôYö NE ô (2.50)

Wenow needto defineafurtherinternal‘reduced’variableoneachelement,suchthateveryelementis again
rescaledto [0 ö 1]. Thusfor the i-th elementû i ò 1 ö]ô_ô_ôNE ü , we definethis reducedvariableξ � i � asfollows:

ξ
� i � ò h ó Hi

∆i
ö (2.51)

sothatξ � i � variesover [0 ö 1] ash variesover [Hi ö Hi � 1].

Weusethevaluesof thequantityX attheend-pointsof everyinterval i, andthoseatN û i ü interior collocation
points, to approximateX over this interval usingtheLagrangeinterpolationformulaasin Eq.(2.11).These
interior collocationpointsarechosenasthezeroesof orthogonalJacobipolynomials,asdiscussedabove.
We thushave a total of (N û i ü = 2) coefficients,obtainedby evaluatingtheconcentrationX at theN û i ü = 2
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points ù ξ � i �0 ø 0 ö ξ � i �1 ö]ô]ô]ôYö ξ � i �N � i � ö ξ � i �N � i �>� 1 ø 1 ú , which candeterminethe polynomialapproximationX
� i � of X

over this interval (of degreeN û i ü = 1). Wefirst write:

X
� i � û Lh ö t ü&ò X

� i � û L û ξ � i � ∆i = Hi ü�ö t ü|ò X
� i � û ξ � i � ö t ü (2.52)

X
� i � û ξ � i � ö t ü is thusgivenby:

X
� i � û ξ � i � ö t ü?( N � i �>� 1

∑
k# 0

& � i �k û ξ � i � ü X
� i � û ξ � i �k ö t ü�ô (2.53)

Herethe ù*& � i �k û ξ � i � ü�ú areLagrangepolynomialsof degree(N û i ü = 1).Thetotalnumberof unknowns, ù X � i � û ξ � i �k ö t ü�ú ,
is thereforeequalto the total numberof collocationpoints,NT , which is thesum(over all intervals) of all
thecollocationpointsin every interval - includingtheinterior onesandtheend-pointsof theinterval. That
is,

NT ò NE

∑
i # 1

û N û i ü = 2 ü6ô (2.54)

Thetotalnumberof interior collocationpoints,NC, is givenby:

NC ò NE

∑
i # 1

N û i ü6ô (2.55)

Thereforewehave:
NT ò NC = 2NE ô (2.56)

In orderto determinetheNT unknowns uniquely, we needat leastNT equationsin theunknowns.We can
accountfor theseasfollows: therewill beNC DAEs resultingfrom thediscretizationof thePDEat theNC

interior collocationpoints.In addition,therearetwo equationsin thetwo collocationpointsat thedomain
boundaries(z ò 0 ö L), givenby theboundaryconditionsin Eq.(2.47).Also, therearetwo equationsarising
from thecontinuityof theconcentrationX û zö t ü andits first derivative ∂X � ∂z, at eachof the û NE ó 1ü nodesù H2 ö]ô]ô]ô�ö HNE ú . Thusthetotal numberof equationswe have at our disposalis NC = 2 = 2 û NE ó 1ü&ø NT . In
addition,thereareNC initial conditionsavailablefor solvingtheDAE at theNC interior collocationpoints.

Usingtheexpansion(2.53),we candefinethederivativesof X aswell. Thus,

∂X
� i � û ξ � i � ö t ü
∂ξ � i � ..... ξ @ i A # ξ @ i Aj ò N � i �>� 1

∑
k# 0

∂ & � i �k û ξ � i � ü
∂ξ � i � ..... ξ @ i A # ξ @ i Aj X

� i � û ξ � i �k ö t ü�ô (2.57)

Similarly,

∂2X
� i � û ξ � i � ö t ü
∂ξ � i � 2 ..... ξ @ i A # ξ @ i Aj ò N � i �>� 1

∑
k# 0

∂2 & � i �k û ξ � i � ü
∂ξ � i � 2 ..... ξ @ i A # ξ @ i Aj X

� i � û ξ � i �k ö t ü�ô (2.58)

Weset

X
� i � û ξ � i �j ö t ü�ò X

� i �
j û t ü ;

∂ & � i �k û ξ � i � ü
∂ξ � i � ..... ξ @ i A # ξ @ i Aj ò A

� i �
j � k ;

∂2 & � i �k û ξ � i � ü
∂ξ � i � 2 ..... ξ @ i A # ξ @ i Aj ò B

� i �
j � k ;

i ò 1 ö]ô]ô]ô�ö NE ö
j ò 0 ö]ô]ô]ô�ö N û i ü = 1 ö
k ò 0 ö]ô]ô]ô�ö N û i ü = 1 ô (2.59)
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Thereforewecanrewrite Eqns.(2.57)and(2.58)as:

∂X
� i � û ξ � i � ö t ü
∂ξ � i � ..... ξ @ i A # ξ @ i Aj ò N � i �>� 1

∑
k# 0

A
� i �
j � k X

� i �
k û t ü

∂2X
� i � û ξ � i � ö t ü
∂ξ � i � 2 ..... ξ @ i A # ξ @ i Aj ò N � i �>� 1

∑
k# 0

B
� i �
j � k X

� i �
k û t ü (2.60)

NotethatthesquarematricesA
� i � andB

� i � bothhave thedimensionsû N û i ü = 2üB�Ñû N û i ü = 2ü .
Usingthediscretizedversionof theconcentrationandits derivativesasindicatedabove,we finally arrive at
therequiredDAEs for theconcentrationX ateachinteriorcollocationpoint.TheseDAEsaresupplemented
by thediscretizedversionsof theinitial conditionat theinterior collocationpoints,theboundaryconditions
at thedomainboundaries,andthecontinuityconditionsfor theconcentrationandits first derivative at the
(interior) elementboundaries.Wenow considerthetwo testcasesseparately.

2.8.6 The DAE for contin uous sedimentation

We usetheexplicit form of thederivative of theflux F in Eq.(2.35).Thederivative of thegravitationalflux
is givenby:

∂G û X û zö t ü]ü
∂z

ò û 1 ó nX û zö t ü�ü v0e nX � z� t � ∂X û zö t ü
∂zò û 1 ó nX û zö t ü�ü G û X û zö t ü]ü

X û zö t ü ∂X û zö t ü
∂z

ô (2.61)

Weagainconsiderthetwo casesfor theeffluentflow:

Effluent pumped out

We usethepropertiesof θ û zü - Eqns.(2.40)and(2.41),to simplify theothertermsappearingin theflux in
Eq.(2.36).Wealsousetherelation [A.V98a]:

Qf û t ü
A

ò Qu û t ü
A = Qe û t ü

A
(2.62)

to eliminateQe û t ü � A, sincetheeffluentflux is anoutputof thecalculation,andis not known beforehand.

After somealgebra,wearrive at thefollowing expressionfor thederivative of theflux :

∂F û X û zö t ü]ü
∂z

ò ��û 1 ó nX û zö t ü�ü v0 e nX � z� t � = Qu û t ü
A

ó Qf û t ü
A

θ û zf ó zü  ∂X û zö t ü
∂z= û X û zö t ü8ó Xf û t ü�ü Qf û t ü

A
δ û z ó zf ü6ô (2.63)

ThereforethePDEfor continuoussedimentationwith theeffluentpumpedoutbecomes:

∂X û zö t ü
∂t

ò ó � û 1 ó nX û zö t ü�ü v0 e nX � z� t � = Qu û t ü
A

ó Qf û t ü
A

θ û zf ó zü  ∂X û zö t ü
∂zó�û X û zö t üzó Xf û t ü�ü Qf û t ü

A
δ û z ó zf ü= D0

∂2X û zö t ü
∂z2 ô (2.64)

For theconvenientnumericalimplementationof theabove PDEasa DAE, we usethedefiningnumerical
valuesof θ û z ó zf ü . WeshallalsorepresenttheDiracdeltafunctionby arectangularpulseof unit heightand
width 2σ, centredat z ò zf . σ is assumedto besmall.
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ThereforethePDEin Eq.(2.64)will consistof threeparts:

1. for ù 0 ÿ z ÿ zf ó σ ú :
∂X û zö t ü

∂t
ò óC��û 1 ó nX û zö t ü�ü v0 e nX � z� t � = Qu û t ü

A
ó Qf û t ü

A  ∂X û zö t ü
∂z= D0

∂2X û zö t ü
∂z2 ; (2.65)

2. for ù zf ó σ � z � zf = σ ú :
∂X û zö t ü

∂t
ò óD�Ðû 1 ó nX û zö t ü�ü v0 e nX � z� t � = Qu û t ü

A  ∂X û zö t ü
∂zó�û X û zö t ü8ó Xf û t ü�ü Qf û t ü

A
1

2σ= D0
∂2X û zö t ü

∂z2 ; (2.66)

3. for ù zf = σ ÿ z ÿ L ú :
∂X û zö t ü

∂t
ò óD�Ðû 1 ó nX û zö t ü�ü v0 e nX � z� t � = Qu û t ü

A  ∂X û zö t ü
∂z= D0

∂2X û zö t ü
∂z2 ô (2.67)

UsingEqns.(2.53)-(2.60),wecannow write theDAE for continuoussedimentation.Let usspecifythefinite
elementssuchthat the unit pulse(representingthe delta function) spanselementND. Therefore,the ND-
th elementis of width 2σ. We setσ ò ηL, whereη hasa small value.The DAE is written for all the NC

interiorcollocationpoints.Again,theDAE will bewrittenin threeparts:1. for ù t ò 0; i ò 1 ö]ô]ô]ô ND ó 1; j ò
1 ö]ô]ô]ô N û i ü�ú

dX
� i �
j û t ü
dt

ò ó 1
L∆i

�FE 1 ó nX
� i �
j û t ü;G v0 e nX @ i Aj

� t � = Qu û t ü
A

ó Qf û t ü
A  N � i �>� 1

∑
k # 0

A
� i �
j � k X

� i �
k û t ü

= D0

L2∆2
i

N � i �H� 1

∑
k # 0

B
� i �
j � k X

� i �
k û t ü ; (2.68)

Wecangroupthesummandson theRHSof theabove equationto obtain:

dX
� i �
j û t ü
dt

ò N � i �>� 1

∑
k# 0

3 ó 1
L∆i

� E 1 ó nX
� i �
j û t ü;G v0 e nX @ i Aj

� t � = Qu û t ü
A

ó Qf û t ü
A  A

� i �
j � k = D0

L2∆2
i

B
� i �
j � k 6 X

� i �
k û t ü6ô

(2.69)

Similarly, wehave:

2. for ù t ò 0; i ò ND ; j ò 1 ö]ô]ô]ô N û ND ü�ú
dX
� i �
j û t ü
dt

ò N � i �H� 1

∑
k # 0

3 ó 1
L∆i

� E 1 ó nX
� i �
j û t ü;G v0 e nX @ i Aj

� t � = Qu û t ü
A  A

� i �
j � k = D0

L2∆2
i

B
� i �
j � k 6 X

� i �
k û t ü

ó E X
� i �
j û t ü8ó Xf û t ü;G Qf û t ü

A
1

2ηL
ô (2.70)

3. for ù t ò 0; i ò ND = 1 ö]ô]ô]ô NE ; j ò 1 ö]ô]ô]ô N û i ü�ú
dX
� i �
j û t ü
dt

ò N � i �>� 1

∑
k # 0

3�ó 1
L∆i

� E 1 ó nX
� i �
j û t ü;G v0 e nX @ i Aj

� t � = Qu û t ü
A  A

� i �
j � k = D0

L2∆2
i

B
� i �
j � k 6 X

� i �
k û t ü6ô (2.71)
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Theinitial condition,Eq.(2.43),is implementedasfollows,againfor theNC interior collocationpoints:

X
� i �
j û t ò 0ü�ò X

� i �
j0 ò X0 ;

i ò 1 ö]ô]ô]ô�ö NE ;

j ò 1 ö]ô]ô]ô�ö N û i ü6ô (2.72)

Thetwo boundaryconditions,Eqns.(2.44),areimplementedat thecollocationpointscorrespondingto z ò 0
andz ò L:

D0

L∆1

N � 1�>� 1

∑
k# 0

A
� 1�
0 � k X

� 1�
k û t ü�ò 0;

D0

L∆NE

N � NE �>� 1

∑
k# 0

A
� NE �
N � NE �H� 1 � k X

� NE �
k û t ü�ò 0 ô (2.73)

We now have to implementthe elementboundaryconditions.As discussedearlier, we assumethat both
the concentrationX and its first derivative ∂X � ∂z are continuousat all the interior nodeswhich are the
boundariesbetweenneighbouringelements.This is implementedasfollows: for (i ò 1 ö]ô]ô]ô�ö NE ó 1),

X
� i � 1�
0 û t ü�ò X

� i �
N � i �>� 1 û t ü ;

1
L∆i � 1

N � i � 1�>� 1

∑
k# 0

A
� i � 1�
0 � k X

� i � 1�
k û t ü�ò 1

L∆i

N � i �>� 1

∑
k# 0

A
� i �
N � i �>� 1 � k X

� i �
k û t ü�ô (2.74)

Effluent overflo w

Thediscussionleadingto thethreeDAEsis similarto thatin theprevioussubsubsection,includingtheinitial
andboundaryconditions.ThePDEin thiscasewill begivenby:

∂X û zö t ü
∂t

ò ó � û 1 ó nX û zö t ü�ü v0 e nX � z� t � = Qu û t ü
A  ∂X û zö t ü

∂z= Xf û t ü Qf û t ü
A

δ û z ó zf ü= D0
∂2X û zö t ü

∂z2 ô (2.75)

Againusingtherepresentationof thedeltafunctionby aunit pulse,we have thethreepartsof thePDE:

1. for ù 0 ÿ z ÿ zf ó σ ú :
∂X û zö t ü

∂t
ò ó � û 1 ó nX û zö t ü�ü v0 e nX � z� t � = Qu û t ü

A  ∂X û zö t ü
∂z= D0

∂2X û zö t ü
∂z2 ; (2.76)

2. for ù zf ó σ � z � zf = σ ú :
∂X û zö t ü

∂t
ò óC��û 1 ó nX û zö t ü�ü v0 e nX � z� t � = Qu û t ü

A  ∂X û zö t ü
∂z= Xf û t ü Qf û t ü

A
1

2σ= D0
∂2X û zö t ü

∂z2 ; (2.77)
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3. for ù zf = σ ÿ z ÿ L ú :
∂X û zö t ü

∂t
ò óD�Ðû 1 ó nX û zö t ü�ü v0 e nX � z� t � = Qu û t ü

A  ∂X û zö t ü
∂z= D0

∂2X û zö t ü
∂z2 ô (2.78)

Notethatthefirst andthethird PDEsareactuallyidentical.ThecorrespondingDAEswill thusbegivenby:

dX
� i �
j û t ü
dt

ò N � i �>� 1

∑
k # 0

3 ó 1
L∆i

� E 1 ó nX
� i �
j û t ü;G v0 e nX @ i Aj

� t � = Qu û t ü
A  A

� i �
j � k = D0

L2∆2
i

B
� i �
j � k 6 X

� i �
k û t ü6ô (2.79)

Similarly, wehave:

2. for ù t ò 0; i ò ND ; j ò 1 ö]ô]ô]ô N û ND ü�ú
dX
� i �
j û t ü
dt

ò N � i �H� 1

∑
k # 0

3 ó 1
L∆i

�IE 1 ó nX
� i �
j û t ü;G v0 e nX @ i Aj

� t � = Qu û t ü
A  A

� i �
j � k = D0

L2∆2
i

B
� i �
j � k 6 X

� i �
k û t ü

ó E X
� i �
j û t ü8ó Xf û t ü;G Qf û t ü

A
1

2ηL
ô (2.80)

3. for ù t ò 0; i ò ND = 1 ö]ô]ô]ô NE ; j ò 1 ö]ô]ô]ô N û i ü�ú
dX
� i �
j û t ü
dt

ò N � i �>� 1

∑
k # 0

3 ó 1
L∆i

�FE 1 ó nX
� i �
j û t ü;G v0 e nX @ i Aj

� t � = Qu û t ü
A  A

� i �
j � k = D0

L2∆2
i

B
� i �
j � k 6 X

� i �
k û t ü6ô (2.81)

Again, notethat thefirst andthird DAEs above arethe same.The initial andboundaryconditionsremain
identicalto thecaseof theeffluentbeingpumpedout.

2.8.7 The DAE for batc h sedimentation

Usingtheexplicit form of (∂G� ∂z) derivedin Eq.(2.61),thePDEfor batchsedimentationhastheform:

∂X û zö t ü
∂t

ò±ó E û 1 ó nX û zö t ü]ü v0 e nX � z� t � G ∂X û zö t ü
∂z = D0

∂2X û zö t ü
∂z2 ô (2.82)

UsingEqns.(2.53)-(2.60),we write theDAE for batchsedimentationjust aswe did for thecontinuouscase
in theprevioussubsection.Again, theDAE is written for all theNC interior collocationpoints.

dX
� i �
j û t ü
dt

ò±ó 1
L∆i

EJE 1 ó nX
� i �
j û t ü;G v0 e nX @ i Aj

� t � G N � i �>� 1

∑
k# 0

A
� i �
j � k X

� i �
k û t ü = D0

L2∆2
i

N � i �H� 1

∑
k # 0

B
� i �
j � k X

� i �
k û t ü�ö (2.83)

for:

t þ 0;

i ò 1 ö]ô]ô]ô�ö NE;

j ò 1 ö]ô]ô]ô�ö N û i ü�ô (2.84)

Wecangroupthesummandson theRHSof Eq.(2.83)asbefore,to obtain,finally:

dX
� i �
j û t ü
dt

ò N � i �>� 1

∑
k # 0

� ó 1
L∆i

EKE 1 ó nX
� i �
j û t ü;G v0 e nX @ i Aj

� t � G A
� i �
j � k = D0

L2∆2
i

B
� i �
j � k  X

� i �
k û t ü�ô (2.85)
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The initial condition for the batchcase,Eq.(2.46),is implementedas follows, againfor the NC interior
collocationpoints:

X
� i �
j û t ò 0ü�ò X

� i �
j0 ò X0 ;

i ò 1 ö]ô]ô]ô�ö NE ;

j ò 1 ö]ô]ô]ô�ö N û i ü6ô (2.86)

The two correspondingboundaryconditionsfor thebatchcase,Eqns.(2.47),areagainimplementedat the
collocationpointscorrespondingto z ò 0 andz ò L:

D0

L∆1

N � 1�>� 1

∑
k # 0

A
� 1�
0 � k X

� 1�
k û t ü�ò G û X � 1�0 û t ü]ü

ò X
� 1�
0 û t ü v0 e nX @ 1 A0

� t � ;
D0

L∆NE

N � NE �>� 1

∑
k # 0

A
� NE �
N � NE �>� 1 � k X

� NE �
k û t ü�ò G û X � NE �

N � NE �>� 1 û t ü]üò X
� NE �
N � NE �>� 1 û t ü v0 e nX @ NE A

N @ NE A L 1
� t � ô (2.87)

The elementboundaryconditionsare implementedas follows, just as for the continuouscase:for (i ò
1 ö]ô]ô]ô�ö NE ó 1),

X
� i � 1�
0 û t ü�ò X

� i �
N � i �>� 1 û t ü ;

1
L∆i � 1

N � i � 1�>� 1

∑
k# 0

A
� i � 1�
0 � k X

� i � 1�
k û t ü�ò 1

L∆i

N � i �>� 1

∑
k# 0

A
� i �
N � i �>� 1 � k X

� i �
k û t ü�ô (2.88)

2.8.8 Examples

We shall first illustratetheconversionof the PDE for batchsedimentation,Eq.(2.45),to a DAE usingthe
orthogonalcollocationmethodonfinite elements.Hereweshalldiscussthemethodin detail.Following this
we presenta brief illustrationof thesamemethodappliedto thecontinuoussedimentationcase.

An example for batch sedimentation

ThePDEto bediscretizedis thefollowing (usingthedimensionlessvariableh):

∂X û Lh ö t ü
∂t

ò±ó 1
L

∂G û X û Lh ö t ü]ü
∂h = D0

L2

∂2X û Lh ö t ü
∂h2 ô (2.89)

Wedivide thedomainof interest õ 0 ö 1÷ into twoelements,by definingthreenodesù H1 ò 0 ö H2 ò 0 ô 4 ö H3 ò 1 ú . On thefirst element,we locateoneinterior collocationpoint, andtwo on the
second.Wesetα ò β ò 0. Thuswehave:

α ò 0;

β ò 0;

NE ò 2;

i ò 1 ö 2
∆1 ò û H2 ó H1 ü1ò 0 ô 4;

∆2 ò û H3 ó H2 ü1ò 0 ô 6;

N û 1ü�ò 1;

N û 2ü�ò 2;

NC ò 3;

NT ò 7; (2.90)
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Now theappropriateJacobipolynomialsare û G1 û 0 ö 0 ö xü�ö G2 û 0 ö 0 ö xü�ü . Thesearegivenby:

G1 û 0 ö 0 ö xü ò x ó 1� 2;

G2 û 0 ö 0 ö xü ò x2 ó x = 1� 6; (2.91)

Their rootsaregivenby: û 0 ô 5ü , and û 0 ô 21132ö 0 ô 78868ü respectively. Thusthecollocationpoints ù ξ � i �j ú are
givenby:

ξ
� 1�
0 ò 0 ô 0;

ξ
� 1�
1 ò 0 ô 5;

ξ
� 1�
2 ò 1 ô 0;

ξ
� 2�
0 ò 0 ô 0;

ξ
� 2�
1 ò 0 ô 21132;

ξ
� 2�
2 ò 0 ô 78868;

ξ
� 2�
3 ò 1 ô 0; (2.92)

Thepolynomialapproximationto theconcentrationX overeachelementwill thenhavetheform in Eq.(2.53):

X
� 1� û ξ � 1� ö t ü�ò 2

∑
k # 0

& � 1�k û ξ � 1� ü X
� 1� û ξ � 1�k ö t ü ;

X
� 2� û ξ � 2� ö t ü�ò 3

∑
k # 0

& � 2�k û ξ � 2� ü X
� 2� û ξ � 2�k ö t ü6ô (2.93)

Thepolynomialsù pi û xü�ú of Eq.(2.18)usedto definetherequiredLagrangepolynomialsandtheirderivatives
overeachinterval aregivenby:

pi û ξ � i � ü�ò n

∏
j # 0
û ξ � i � ó ξ

� i �
j ü�ö (2.94)

wherepi û ξ � i � ü indicatesthepolynomialon the i-th element.Thuswe have:

p1 û ξ � 1� ü�ò û ξ � 1� ó ξ
� 1�
0 ü3û ξ � 1� ó ξ

� 1�
1 ü3û ξ � 1� ó ξ

� 1�
2 üø û ξ � 1� ó 0 ô 0ü3û ξ � 1� ó 0 ô 5ü3û ξ � 1� ó 1 ô 0ü6ô (2.95)

and

p2 û ξ � 2� ü�ò û ξ � 2� ó ξ
� 2�
0 ü3û ξ � 2� ó ξ

� 2�
1 ü3û ξ � 2� ó ξ

� 2�
2 ü3û ξ � 2� ó ξ

� 2�
3 üø û ξ � 2� ó 0 ô 0ü3û ξ � 2� ó 0 ô 21132ü3û ξ � 2� ó 0 ô 78868ü3û ξ � 2� ó 1 ô 0ü6ô (2.96)

Fromtheaboveexpressionsfor û p1 ö p2 ü , theLagrangepolynomials,theirderivatives,andhencethematricesû A � 1� ö B � 1� ü and û A � 2� ö B � 2� ü canbeobtained,usingEqns.(2.19)- (2.21)andthedefinitions(2.59).We thus
have [Oh95, MV72] (notethatthesematricesarethetransposesof theonesin [Oh95]):

A
� 1� ø �� ó 3 ô 0 4 ô 0 ó 1 ô 0ó 1 ô 0 0 ô 0 1 ô 0

1 ô 0 ó 4 ô 0 3 ô 0
�� ; (2.97)

B
� 1� ø ��

4 ô 0 ó 8 ô 0 4 ô 0
4 ô 0 ó 8 ô 0 4 ô 0
4 ô 0 ó 8 ô 0 4 ô 0

�� ; (2.98)
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A
� 2� ø ���� ó 7 ô 00000 8 ô 19615 ó 2 ô 19615 1 ô 00000ó 2 ô 73205 1 ô 73205 1 ô 73205 ó 0 ô 73205

0 ô 73205 ó 1 ô 73205 ó 1 ô 73205 2 ô 73205ó 1 ô 00000 2 ô 19615 ó 8 ô 19615 7 ô 00000

����� ; (2.99)

B
� 2� ø ���� 24ô 00000 ó 37ô 17691 25ô 17691 ó 12ô 00000

16ô 39230 ó 24ô 00000 12ô 00000 ó 4 ô 39230ó 4 ô 39230 12ô 00000 ó 24ô 00000 16ô 39230ó 12ô 00000 25ô 17691 ó 37ô 17691 24ô 00000

����� ô (2.100)

We cannow write down explicitly theDAEs for theconcentrationat theNC ò 3 interior collocationpoints,

Eq.(2.85).For thecollocationpoint ξ
� 1�
1 within thefirst element,we have:

dX
� 1�
1 û t ü
dt

ò 2

∑
k # 0

��ó 1
L∆1

EJE 1 ó nX
� 1�
1 û t ü G v0 e nX @ 1A1

� t � G A
� 1�
1 � k = D0

L2∆2
1

B
� 1�
1� k  X

� 1�
k û t ü�ô (2.101)

Expandingthesumabove,we have:

dX
� 1�
1 û t ü
dt

ò � ó 1
L∆1

EKE 1 ó nX
� 1�
1 û t ü;G v0 e nX @ 1 A1

� t � G A
� 1�
1 � 0 = D0

L2∆2
1

B
� 1�
1 � 0  X

� 1�
0 û t ü= �tó 1

L∆1
EKE 1 ó nX

� 1�
1 û t ü;G v0 e nX @ 1 A1

� t � G A
� 1�
1 � 1 = D0

L2∆2
1

B
� 1�
1 � 1  X

� 1�
1 û t ü= � ó 1

L∆1
EKE 1 ó nX

� 1�
1 û t ü;G v0 e nX @ 1 A1

� t � G A
� 1�
1 � 2 = D0

L2∆2
1

B
� 1�
1 � 2  X

� 1�
2 û t ü6ô (2.102)

Similarly at thetwo interior collocationpoints û ξ � 2�1 ò 0 ô 21132ö ξ � 2�2 ò 0 ô 78868ü , wehave theDAEs:

dX
� 2�
1 û t ü
dt

ò 3

∑
k # 0

��ó 1
L∆2

EJE 1 ó nX
� 2�
1 û t ü;G v0 e nX @ 2A1

� t � G A
� 2�
1 � k = D0

L2∆2
2

B
� 2�
1� k  X

� 2�
k û t ü ;

dX
� 2�
2 û t ü
dt

ò 3

∑
k # 0

��ó 1
L∆2

EJE 1 ó nX
� 2�
2 û t ü;G v0 e nX @ 2A2

� t � G A
� 2�
2 � k = D0

L2∆2
2

B
� 2�
2� k  X

� 2�
k û t ü6ô (2.103)

Expandingthesumsagain,we have:

dX
� 2�
1 û t ü
dt

ò �tó 1
L∆2

EKE 1 ó nX
� 2�
1 û t ü;G v0 e nX @ 2 A1

� t � G A
� 2�
1 � 0 = D0

L2∆2
2

B
� 2�
1� 0  X

� 2�
0 û t ü= �tó 1

L∆2
EKE 1 ó nX

� 2�
1 û t ü G v0 e nX @ 2 A1

� t � G A
� 2�
1 � 1 = D0

L2∆2
2

B
� 2�
1 � 1  X

� 2�
1 û t ü= � ó 1

L∆2
EKE 1 ó nX

� 2�
1 û t ü;G v0 e nX @ 2 A1

� t � G A
� 2�
1 � 2 = D0

L2∆2
2

B
� 2�
1 � 2  X

� 2�
2 û t ü= � ó 1

L∆2
EKE 1 ó nX

� 2�
1 û t ü;G v0 e nX @ 2 A1

� t � G A
� 2�
1 � 3 = D0

L2∆2
2

B
� 2�
1 � 3  X

� 2�
3 û t ü6ô (2.104)

and:
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dX
� 2�
2 û t ü
dt

ò �tó 1
L∆2

EKE 1 ó nX
� 2�
2 û t ü;G v0 e nX @ 2A2

� t � G A
� 2�
2 � 0 = D0

L2∆2
2

B
� 2�
2 � 0  X

� 2�
0 û t ü= � ó 1

L∆2
EKE 1 ó nX

� 2�
2 û t ü;G v0 e nX @ 2A2

� t � G A
� 2�
2 � 1 = D0

L2∆2
2

B
� 2�
2 � 1  X

� 2�
1 û t ü= � ó 1

L∆2
EKE 1 ó nX

� 2�
2 û t ü;G v0 e nX @ 2A2

� t � G A
� 2�
2 � 2 = D0

L2∆2
2

B
� 2�
2 � 2  X

� 2�
2 û t ü= �tó 1

L∆2
EKE 1 ó nX

� 2�
2 û t ü;G v0 e nX @ 2A2

� t � G A
� 2�
2 � 3 = D0

L2∆2
2

B
� 2�
2 � 3  X

� 2�
3 û t ü6ô (2.105)

ThethreeDAEsabove (Eqns.(2.102)-(2.105))mustbesolvedtogetherwith theinitial conditions:

X
� 1�
1 û t ò 0ü�ò X

� 1�
10 ò X0 ;

X
� 2�
1 û t ò 0ü�ò X

� 2�
10 ò X0 ;

X
� 2�
2 û t ò 0ü�ò X

� 2�
20 ò X0 ô (2.106)

Thetwo boundaryconditions(at z ò 0 ö L) arenow givenby theequations:

D0

L∆1

2

∑
k # 0

A
� 1�
0 � k X

� 1�
k û t ü�ò G û X � 1�0 û t ü]ü

ò X
� 1�
0 û t ü v0 e nX @ 1A0

� t � ;
D0

L∆2

3

∑
k # 0

A
� 2�
3 � k X

� 2�
k û t ü�ò G û X � 2�3 û t ü]ü

ò X
� 2�
3 û t ü v0 e nX @ 2A3

� t � ô (2.107)

Expandingthem,we have:

D0

L∆1
E A
� 1�
0 � 0 X

� 1�
0 û t ü = A

� 1�
0 � 1X

� 1�
1 û t ü = A

� 1�
0 � 2X

� 1�
2 û t ü;G ò G û X � 1�0 û t ü]üò X

� 1�
0 û t ü v0 e nX @ 1A0

� t � ;
D0

L∆2
E A
� 2�
3 � 0 X

� 2�
0 û t ü = A

� 2�
3 � 1X

� 2�
1 û t ü = A

� 2�
3 � 2X

� 2�
2 û t ü = A

� 2�
3 � 3X

� 2�
3 û t ü;G ò G û X � 2�3 û t ü]üò X

� 2�
3 û t ü v0 e nX @ 2A3

� t � ô (2.108)

Finally, we write the elementboundaryconditions.We have just onepair, sincethereis only oneinterior
node (H2):

X
� 2�
0 û t ü�ò X

� 1�
2 û t ü ;

1
L∆2

3

∑
k # 0

A
� 2�
0 � k X

� 2�
k û t ü�ò 1

L∆1

2

∑
k# 0

A
� 1�
2 � k X

� 1�
k û t ü6ô (2.109)

Expandingthesecondof thetwo equationsabove,wehave:

1
L∆2

E A
� 2�
0 � 0X

� 2�
0 û t ü = A

� 2�
0 � 1X

� 2�
1 û t ü = A

� 2�
0� 2 X

� 2�
2 û t ü = A

� 2�
0 � 3X

� 2�
3 û t ü2G ò

1
L∆1

E A
� 1�
2� 0X

� 1�
0 û t ü = A

� 1�
2 � 1X

� 1�
1 û t ü = A

� 1�
2 � 2 X

� 1�
2 û t ü2GÑô (2.110)

Thusthesetof NT ò 7equationswehavetosolvefor thesevenunknown concentrationvaluesù X � 1�0 û t ü�ö]ô_ô_ôX � 2�3 û t ü�ú
are:thethreeDAEs- Eqns.(2.102),(2.104),(2.105)with thethreeinitial conditions- Eqns.(2.106); thetwo
boundaryconditionsgivenby Eqns.(2.108)andthetwo elementcontinuityconditions,Eqns.(2.110).
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Matrix form ulation

Onewayto solvetheDAEs- Eqns.(2.102-2.105),is to usematricesto representtheunknown concentrations
at the nodesand interior collocationpointsThe associateddomainboundaryconditionsand the element
boundaryconditionscanalsobecombinedandwritten in matrix form. In addition,therearethecollocation
matricesA andB overeachelement.If wehaveonly lineartermsappearingin theDAEs,wecanfinally even
write theentiresetof DAEsasamatrixequation.In ourcase,though,wedohavenon-lineartermsin all the
DAEs.However, wecanstill employ matricesto eliminatetheunknownsat thenodes,to yield acoupledset
of DAEs involving only theunknownsat theinterior collocationpoints.We illustratethisprocedurebelow.

Let us first definetwo vectorsW andU , which arethe vectorsof unknown concentrationsat the internal
collocationpointsandat thenodesrespectively. Thatis,

W ø ��
w1

w2

w3

�� ø ���
X
� 1�
1 û t ü

X
� 2�
1 û t ü

X
� 2�
2 û t ü

���� (2.111)

and

U ø ��
u1

u2

u3

�� ø ���
X
� 1�
0 û t ü

X
� 1�
2 û t ü�ò X

� 2�
0 û t ü

X
� 2�
3 û t ü

���� ô (2.112)

Wealsodefinethevectorof initial valuesat theinterior collocationpoints:

W0 ø ��
w0

1
w0

2
w0

3

�� ø ���
X
� 1�
1 û t ò 0ü

X
� 2�
1 û t ò 0ü

X
� 2�
2 û t ò 0ü

���� (2.113)

Note that in definingU , we have alreadyusedthefirst of Eqns.(2.110).In general,thevectorsW andW0

have thedimensionõ NC � 1÷ , andU is of dimensionõ]û NE = 1üB� 1 ÷ .
ThustheDAEsarewritten for the ù wi ú , theunknown concentrationsat theinterior collocationpoints:

dw1

dt
ò MÌó a1 g û w1 ü A � 1�1 � 1 = c1B

� 1�
1� 1 N w1= MÌó a1 g û w1 ü A � 1�1 � 0 = c1B
� 1�
1� 0 N u1= MÌó a1 g û w1 ü A � 1�1 � 2 = c1B
� 1�
1� 2 N u2 ; (2.114)

dw2

dt
ò MÌó a2 g û w2 ü A � 2�1 � 1 = c2B

� 2�
1� 1 N w2= MÌó a2 g û w2 ü A � 2�1 � 2 = c2B
� 2�
1� 2 N w3= M ó a2 g û w2 ü A � 2�1 � 0 = c2B
� 2�
1� 0 N u2= MÌó a2 g û w2 ü A � 2�1 � 3 = c2B
� 2�
1� 3 N u3 ; (2.115)

and:

dw3

dt
ò M ó a2 g û w3 ü A � 2�2 � 1 = c2B

� 2�
2� 1 N w2= M ó a2 g û w3 ü A � 2�2 � 2 = c2B
� 2�
2� 2 N w3= MÌó a2 g û w3 ü A � 2�2 � 0 = c2B
� 2�
2� 0 N u2= MÌó a2 g û w3 ü A � 2�2 � 3 = c2B
� 2�
2� 3 N u3 ; (2.116)
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In theequationsabove,we have usedtheconvenientnotation:

1� L∆1 ò a1 ; 1� L∆2 ò a2 ;
D0 � L∆1 ò b1 ; D0 � L∆2 ò b2 ;

D0 � L2 ∆2
1 ò c1 ; D0 � L2 ∆2

2 ò c2 ;
(2.117)

andthefunction:

g û xü�ò û 1 ó nxü
x

G û xü�ò û 1 ó nxü vo e nx ô (2.118)

We seefrom Eqns.(2.114-2.116)above that their right handsidescontaintermsinvolving both the ù wi ú ,
andthe ù ui ú , which aretheunknown concentrationsat theelementboundaries(nodes).Theeasiestway to
solve theDAEs is to eliminatethe ù ui ú , by writing themin termsof the ù wi ú . This canbedoneif we can
explicitly relatethe ù ui ú andthe ù wi ú . We cantry to do this usingthealgebraicrelations,Eqns.(2.108)and
Eqns.(2.110),describingtheboundaryconditionsandcontinuityat theelements.

We canwrite Eqns.(2.108)andthesecondof Eqns.(2.110)in termsof the ù wi ú and ù ui ú . Re-orderingthe
equations,we have :

b1 A
� 1�
0 � 1w1 ò E v0e nu1 ó b1 A

� 1�
0 � 0 G u1 ó b1A

� 1�
0 � 2 u2 ;

ó a1 A
� 1�
2 � 1w1 = a2A

� 2�
0� 1 w2 = a2 A

� 2�
0 � 2w3 ò a1 A

� 1�
2 � 0u1 = û a1A

� 1�
2� 2 ó a2 A

� 2�
0 � 0 ü u2 ó a2A

� 2�
0� 3 u3 ;

b2 A
� 2�
3� 1 w2 = b2 A

� 2�
3 � 2w3 ò ó b2A

� 2�
3 � 0 u2 = E v0e nu3 ó b2A

� 2�
3 � 3 G u3 ô (2.119)

We cansimply write theabove equationstogetherin matrix form, if we linearizetheexponentialtermsin
theboundaryconditions.That is, asa first approximation,we replaceû e nu1 ö e nu3 ü by 1, thefirst term in
theirTaylorexpansion.Wecanthenwrite thematrixequation:

PW ò QU ô (2.120)

ThematricesP andQ aregivenby:

P ø
������� b1 A

� 1�
0� 1 0 0

ó a1 A
� 1�
2 � 1 a2 A

� 2�
0 � 1 a2 A

� 2�
0 � 2

0 b2 A
� 2�
3 � 1 b2 A

� 2�
3 � 2

�������� ô (2.121)

NotethatP hasthedimensionõ]û NE = 1üB� NC ÷ . Now Q hastheform:

Q ø
������� û v0 ó b1A

� 1�
0 � 0 ü ó b1A

� 1�
0 � 2 0

a1 A
� 1�
2 � 0 û a1 A

� 1�
2 � 2 ó a2 A

� 2�
0 � 0 ü ó a2 A

� 2�
0 � 3

0 ó b2A
� 2�
3 � 0 û v0 ó b2A

� 2�
3 � 3 ü

�������� ô (2.122)

NoticethatQ is a squaretridiagonalmatrixof dimensionõ]û NE = 1üB�Ùû NE = 1ü"÷ .
Wecansolve for U from Eq.(2.120):

U ò Q 1PW ; (2.123)

or, definingamatrixR ø Q 1P wehave:
U ò RW ô (2.124)
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This is the requiredequationrelatingU andW. We first obtain R, and can then substitutefor the ù ui ú
appearingin Eqns.(2.114-2.116)in termsof the ù wi ú , thusyielding a coupledsystemof DAEs in the ù wi ú .
Solving these,togetherwith the initial conditionsgiven by Eq.(2.113),we obtainW. We then obtainU
explicitly from Eq.(2.124).ThusW andU togetherconstitutethefull solutionof thePDE.

An example for contin uous sedimentation

To illustratethecontinuoussedimentationcase,we considerthecaseof theeffluentbeingpumpedout.The
othercaseof theeffluentoverflow canbetreatedidentically.

wedivide thedomainof interest õ 0 ö 1÷ into threeelements,by definingfour nodes ù H1 ò 0 ö H2 ò 0 ô 3 ö H3 ò
0 ô 4 ö H4 ò 1 ô 0 ú . We locatethe rectangularunit pulserepresentingthe delta function sourceon the second
element.Welocateoneinteriorcollocationpointeachonthefirst andsecondelements,andtwo onthethird.
Theparametersof theproblemaretherfore:

α ò 0;

β ò 0;

NE ò 3;

i ò 1 ö 2 ö 3
∆1 ò û H2 ó H1 ü1ò 0 ô 3;

∆2 ò û H3 ó H2 ü1ò 0 ô 1 ò 2η ;

∆3 ò û H4 ó H3 ü1ò 0 ô 6;

N û 1ü�ò 1;

N û 2ü�ò 1;

N û 3ü�ò 2;

NC ò 4;

NT ò 10; (2.125)

Now theappropriateJacobipolynomialsare,respectively for thethreeelements,û G1 û 0 ö 0 ö xü�ö G1 û 0 ö 0 ö xü�ö G2 û 0 ö 0 ö xü�ü . We have alreadyevaluatedthesepolynomialsandtheir roots for the
batchcase.

Thecollocationpoints ù ξ � i �j ú aregivenby:

ξ
� 1�
0 ò 0 ô 0;

ξ
� 1�
1 ò 0 ô 5;

ξ
� 1�
2 ò 1 ô 0;

ξ
� 2�
0 ò 0 ô 0;

ξ
� 2�
1 ò 0 ô 5;

ξ
� 2�
2 ò 1 ô 0;

ξ
� 3�
0 ò 0 ô 0;

ξ
� 3�
1 ò 0 ô 21132;

ξ
� 3�
2 ò 0 ô 78868;

ξ
� 3�
3 ò 1 ô 0; (2.126)

ThecorrespondingLagrangepolynomialsfollow:

p1 û ξ � 1� ü1òNû ξ � 1� ó 0 ô 0ü3û ξ � 1� ó 0 ô 5ü3û ξ � 1� ó 1 ô 0ü ; (2.127)
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p2 û ξ � 2� ü�ò±û ξ � 2� ó 0 ô 0ü3û ξ � 2� ó 0 ô 5ü3û ξ � 2� ó 1 ô 0ü ; (2.128)

and

p3 û ξ � 3� ü�ò±û ξ � 3� ó 0 ô 0ü3û ξ � 3� ó 0 ô 21132ü3û ξ � 3� ó 0 ô 78868ü3û ξ � 3� ó 1 ô 0ü6ô (2.129)

Thecollocationmatricesarenow givenby:

A
� 1� ò A

� 2� ø �� ó 3 ô 0 4 ô 0 ó 1 ô 0ó 1 ô 0 0 ô 0 1 ô 0
1 ô 0 ó 4 ô 0 3 ô 0

�� ; (2.130)

B
� 1� ò B

� 2� ø ��
4 ô 0 ó 8 ô 0 4 ô 0
4 ô 0 ó 8 ô 0 4 ô 0
4 ô 0 ó 8 ô 0 4 ô 0

�� ; (2.131)

A
� 3� ø ���� ó 7 ô 00000 8 ô 19615 ó 2 ô 19615 1 ô 00000ó 2 ô 73205 1 ô 73205 1 ô 73205 ó 0 ô 73205

0 ô 73205 ó 1 ô 73205 ó 1 ô 73205 2 ô 73205ó 1 ô 00000 2 ô 19615 ó 8 ô 19615 7 ô 00000

����� ; (2.132)

B
� 3� ø ���� 24ô 00000 ó 37ô 17691 25ô 17691 ó 12ô 00000

16ô 39230 ó 24ô 00000 12ô 00000 ó 4 ô 39230ó 4 ô 39230 12ô 00000 ó 24ô 00000 16ô 39230ó 12ô 00000 25ô 17691 ó 37ô 17691 24ô 00000

����� ô (2.133)

Wecannow write down explicitly theDAEs for theconcentrationat theNC ò 4 interior collocationpoints,
Eqns.(2.69,2.70,2.71).

For thecollocationpointξ
� 1�
1 within thefirst element,we have:

dX
� 1�
1 û t ü
dt

ò 2

∑
k# 0

� ó 1
L∆1

3 E 1 ó nX
� 1�
1 û t ü;G v0 e nX @ 1A1

� t � = Qu û t ü
A

ó Qf û t ü
A 6 A

� 1�
1 � k = D0

L2∆2
1

B
� 1�
1 � k  X

� 1�
k û t ü�ô

(2.134)

For thecollocationpointξ
� 2�
1 within thesecondelement,we have:

dX
� 2�
1 û t ü
dt

ò 2

∑
k # 0

� ó 1
L∆2

3OE 1 ó nX
� 2�
1 û t ü G v0 e nX @ 2A1

� t � = Qu û t ü
A 6 A

� 2�
1 � k = D0

L2∆2
2

B
� 2�
1 � k  X

� 2�
k û t ü

ó E X
� 2�
1 û t ü$ó Xf û t ü;G Qf û t ü

A
1

2ηL
ô (2.135)

At thetwo interior collocationpoints û ξ � 3�1 ö ξ � 3�2 ü , we have theDAEs:

dX
� 3�
1 û t ü
dt

ò 3

∑
k # 0

�tó 1
L∆3

3PE 1 ó nX
� 3�
1 û t ü;G v0 e nX @ 3A1

� t � = Qu û t ü
A 6 A

� 3�
1 � k = D0

L2∆2
3

B
� 3�
1� k  X

� 3�
k û t ü ; (2.136)

dX
� 3�
2 û t ü
dt

ò 3

∑
k # 0

� ó 1
L∆3

3 E 1 ó nX
� 3�
2 û t ü;G v0 e nX @ 3A2

� t � = Qu û t ü
A 6 A

� 3�
2 � k = D0

L2∆2
3

B
� 3�
2� k  X

� 3�
k û t ü6ô (2.137)
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Thefour DAEsabove (Eqns.(2.134)-(2.137))mustbesolvedtogetherwith theinitial conditions:

X
� 1�
1 û t ò 0ü�ò X

� 1�
10 ò X0 ;

X
� 2�
1 û t ò 0ü�ò X

� 2�
10 ò X0 ;

X
� 3�
1 û t ò 0ü�ò X

� 3�
10 ò X0 ;

X
� 3�
2 û t ò 0ü�ò X

� 3�
20 ò X0 ô (2.138)

Thetwo boundaryconditions(at z ò 0 ö L) arenow givenby theequations:

D0

L∆1

2

∑
k# 0

A
� 1�
0 � k X

� 1�
k û t ü�ò 0;

D0

L∆3

3

∑
k# 0

A
� 3�
3 � k X

� 3�
k û t ü�ò 0 ô (2.139)

Expandingthem,we have:

D0

L∆1
E A
� 1�
0 � 0X

� 1�
0 û t ü = A

� 1�
0 � 1 X

� 1�
1 û t ü = A

� 1�
0 � 2X

� 1�
2 û t ü;G ò 0;

D0

L∆3
E A
� 3�
3 � 0X

� 3�
0 û t ü = A

� 3�
3 � 1X

� 3�
1 û t ü = A

� 3�
3 � 2 X

� 3�
2 û t ü = A

� 3�
3 � 3X

� 3�
3 û t ü G ò 0 ô (2.140)

Finally, wewrite theelementboundaryconditions.Wenow havetwo pairs,sincetherearetwo interiornodes
(H2 ö H3):

X
� 2�
0 û t ü�ò X

� 1�
2 û t ü ;

X
� 3�
0 û t ü�ò X

� 2�
2 û t ü ;

1
L∆2

2

∑
k # 0

A
� 2�
0 � k X

� 2�
k û t ü�ò 1

L∆1

2

∑
k # 0

A
� 1�
2 � k X

� 1�
k û t ü

1
L∆3

3

∑
k # 0

A
� 3�
0 � k X

� 3�
k û t ü�ò 1

L∆2

2

∑
k # 0

A
� 2�
2 � k X

� 2�
k û t ü6ô (2.141)

Expandingthelasttwo of theequationsabove,we have:

1
L∆2

E A
� 2�
0� 0 X

� 2�
0 û t ü = A

� 2�
0 � 1X

� 2�
1 û t ü = A

� 2�
0 � 2X

� 2�
2 û t ü2G�ò

1
L∆1

E A
� 1�
2 � 0 X

� 1�
0 û t ü = A

� 1�
2� 1X

� 1�
1 û t ü = A

� 1�
2 � 2X

� 1�
2 û t ü2G ;

and:

1
L∆3

E A
� 3�
0� 0 X

� 3�
0 û t ü = A

� 3�
0 � 1X

� 3�
1 û t ü = A

� 3�
0 � 2X

� 3�
2 û t ü = A

� 3�
0� 3 X

� 3�
3 û t ü2G ò

1
L∆2

E A
� 2�
2 � 0 X

� 2�
0 û t ü = A

� 2�
2� 1X

� 2�
1 û t ü = A

� 2�
2 � 2X

� 2�
2 û t ü2G ô (2.142)

Thusfor thecontinuouscase,thesetof NT ò 10 equationswe have to solve for the tenunknown concen-

trationvaluesù X � 1�0 û t ü�ö]ô_ô_ôX � 3�3 û t ü�ú are:thefour DAEs- Eqns.(2.134)-(2.137)with thefour initial conditions
- Eqns.(2.138); thetwo boundaryconditionsgivenby Eqns.(2.140)andthefour elementcontinuitycondi-
tions,Eqns.(2.141).
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Matrix form ulation

We shall againsolve the DAEs for the continouscase,Eqns.(2.134-2.137)usingmatrices.The vectorsof
unknown concentrationsat theinterior collocationpointsandat thenodes,W andU are:

W ø ���� w1

w2

w3

w4

����� ø ����� X
� 1�
1 û t ü

X
� 2�
1 û t ü

X
� 3�
1 û t ü

X
� 3�
2 û t ü

������ (2.143)

and

U ø ���� u1

u2

u3

u4

����� ø ����� X
� 1�
0 û t ü

X
� 1�
2 û t ü|ò X

� 2�
0 û t ü

X
� 2�
2 û t ü|ò X

� 3�
0 û t ü

X
� 3�
3 û t ü

������ ô (2.144)

Thevectorof initial valuesat theinterior collocationpointsis:

W0 ø ���� w0
1

w0
2

w0
3

w0
4

����� ø ����� X
� 1�
1 û t ò 0ü

X
� 2�
1 û t ò 0ü

X
� 3�
1 û t ò 0ü

X
� 3�
2 û t ò 0ü

������ (2.145)

TheDAEsarewritten for the ù wi ú :
dw1

dt
ò ��ó a1 3 g û w1 ü = Qu û t ü

A
ó Qf û t ü

A 6 A
� 1�
1 � 1 = c1B

� 1�
1 � 1  w1= ��ó a1 3 g û w1 ü = Qu û t ü

A
ó Qf û t ü

A 6 A
� 1�
1 � 0 = c1B

� 1�
1 � 0  u1= � ó a1 3 g û w1 ü = Qu û t ü

A
ó Qf û t ü

A 6 A
� 1�
1 � 2 = c1B

� 1�
1 � 2  u2 ; (2.146)

dw2

dt
ò ��ó a2 3 g û w2 ü = Qu û t ü

A 6 A
� 2�
1 � 1 = c2B

� 2�
1 � 1  w2= ��ó a2 3 g û w2 ü = Qu û t ü

A 6 A
� 2�
1 � 0 = c2B

� 2�
1 � 0  u2= � ó a2 3 g û w2 ü = Qu û t ü

A 6 A
� 2�
1 � 2 = c2B

� 2�
1 � 2  u3óÒû w2 ó Xf û t ü�ü Qf û t ü

2ηLA
; (2.147)

dw3

dt
ò �Ðó a3 3 g û w3 ü = Qu û t ü

A 6 A
� 3�
1 � 1 = c3 B

� 3�
1� 1  w3= � ó a3 3 g û w3 ü = Qu û t ü

A 6 A
� 3�
1 � 2 = c3B

� 3�
1� 2  w4= � ó a3 3 g û w3 ü = Qu û t ü

A 6 A
� 3�
1 � 0 = c3B

� 3�
1� 0  u3= �Ðó a3 3 g û w3 ü = Qu û t ü

A 6 A
� 3�
1 � 3 = c3B

� 3�
1� 3  u4 ; (2.148)
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and:
dw4

dt
ò ��ó a3 3 g û w4 ü = Qu û t ü

A 6 A
� 3�
2 � 1 = c3B

� 3�
2 � 1  w3= ��ó a3 3 g û w4 ü = Qu û t ü

A 6 A
� 2�
2 � 2 = c3B

� 3�
2 � 2  w4= ��ó a3 3 g û w4 ü = Qu û t ü

A 6 A
� 3�
2 � 0 = c3B

� 3�
2 � 0  u3= ��ó a3 3 g û w4 ü = Qu û t ü

A 6 A
� 3�
2 � 3 = c3B

� 3�
2 � 3  u4 ; (2.149)

In theequationsabove,wehave usedtheconvenientnotation:

1� L∆1 ò a1 ; 1� L∆2 ò a2 1� L∆3 ò a3 ;
D0 � L2∆2

1 ò c1 ; D0 � L2∆2
2 ò c2 D0 � L2 ∆2

3 ò c3 ;
(2.150)

andthefunctiong û xü is asdefinedbeforefor thebatchcase:

g û xü�ò û 1 ó nxü vo e nx; (2.151)

Thealgebraicequationsresultingfrom theboundaryconditionsandtheelementcontinuityconditionsareas
follows:

A
� 1�
0 � 1 w1 ò ó A

� 1�
0 � 0u1 ó A

� 1�
0 � 2u2 ;

ó a1 A
� 1�
2 � 1 w1 = a2A

� 2�
0 � 1 w2 ò a1 A

� 1�
2 � 0u1 = û a1A

� 1�
2 � 2 ó a2A

� 2�
0� 0 ü u2 ó a2A

� 2�
0 � 2 u3 ;

ó a2 A
� 2�
2 � 1w2 = a3A

� 3�
0 � 1 w3 = a3A

� 3�
0 � 2 w4 ò a2 A

� 2�
2 � 0u2 = û a2A

� 2�
2 � 2 ó a3A

� 3�
0� 0 ü u3 ó a3A

� 3�
0 � 3u4 ;

A
� 3�
3� 1w3 = A

� 3�
3 � 2w4 ò ó A

� 3�
3 � 0u3 ó A

� 3�
3 � 3u4 ô (2.152)

Theequationsabove areall linear. ThusthematricesP andQ aregivenby:

P ø
������������

A
� 1�
0 � 1 0 0 0

ó a1 A
� 1�
2 � 1 a2 A

� 2�
0 � 1 0 0

0 ó a2 A
� 2�
2� 1 a3 A

� 3�
0 � 1 a3 A

� 3�
0 � 2

0 0 A
� 3�
3 � 1 A

� 3�
3� 2

������������� ô (2.153)

And Q hastheform:

Q ø
������������
ó A

� 1�
0� 0 ó A

� 1�
0 � 2 0 0

a1 A
� 1�
2 � 0 û a1 A

� 1�
2� 2 ó a2A

� 2�
0 � 0 ü ó a2 A

� 2�
0� 2 0

0 a2 A
� 2�
2 � 0 û a2 A

� 2�
2 � 2 ó a3A

� 3�
0 � 0 ü ó a3A

� 3�
0� 3

0 0 ó A
� 3�
3 � 0 ó A

� 3�
3 � 3

������������� ô (2.154)

We canthusfind the matrix R ø Q 1P, andhenceobtain the requiredcoupledsetof DAEs in the ù wi ú .
Solving these,andusingthe relationU ò RW, we finally obtainthe full solutionof the original PDE for
continuoussedimentationwith effluentpumpedout,Eqns.(2.36-2.38).
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2.9 The Modular Network formalism

In this sectionwe show how thesemanticsof multi-formalismnetworksmaybegivenby transformingall
componentsto acommonformalismandthenusingtheclosureundercouplingpropertyof thatformalism.

2.9.1 Formalism transf ormation

BasedonthemathematicalrelationshipbetweentheSystemDynamicsandtheODEformalisms,translation
of any model in the first formalismto a behaviourally equivalentmodeldescribedin the secondformal-
ism is possible.In Figure2.34,a part of “formalism space”is depictedagainin the form of a Formalism
TransformationGraph(FTG) introducedin thefirst chapter. Thedifferentformalismsareshown asnodesin
thegraph.Thenamesof boththePDEandCellularAutomataformalismsareprintedslanted,denotingthe
spatialdistribution they incorporate.Theverticalstripedline in themiddledenotesthedistinctionbetween
continuousmodels(on the left) anddiscretemodels(on the right). The well known DifferenceEquations
formalismis often implicitly usedin numericalsimulators:ODEsarediscretizedby meansof a suitable
numericalschemeandtheresultingdifferenceequationsareiteratively solved.Suitablerefersto thenature
of the equationsaswell asto the accuracy requirements.The arrows denotea homomorphicrelationship
“canbemappedonto”, implementedasasymbolictransformationbetweenformalisms.Thevertical,dotted
linesdenotetheexistenceof asolveror simulationkernelwhich is capableof simulatingamodel,thusgen-
eratinga trajectory. A trajectoryis reallyamodelof thesystemin thedataformalism(time/valuetuples).In
a denotationalsense,traversingthegraphmakessemanticsof modelsin formalismsexplicit: themeaning
of a model/formalismis given by mappingit ontosomeknown formalism.This procedurecanbe applied
iteratively to reachany desired(reachable)level. In anoperationalsense,a mappingdescribeshow model
interpretationcanbe achieved. If the “trajectory” formalismis the target of the mapping,model interpre-
tation is modelsimulation.Thougha multi-stepmappingmay seemcumbersome,it canbe perfectlyand
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correctlyperformedby tools.The advantageof this approachis that the introductionof a new formalism
only requiresthedescriptionof themappingontothenearestformalismaswell astheimplementationof a
translatorto thelatterformalism.It is oftenmeaningfulto introduceanew formalismfor aspecificapplica-
tion, encodingparticularpropertiesandconstraintsof theapplication.Often,translationinvolvessomeloss
of information,thoughbehaviour mustobviously beconserved.This lossmaybea blessingin disguiseas
it entailsa reductionin complexity, leadingto anincreasein (simulation)performance.Usually, theaim of
multi-stepmappingis to eventuallyreachthetrajectorylevel.

Anothermajorusefor formalismtransformationis theansweringof particular questionsaboutthesystem.
Somequestionscanonly beansweredin thecontext of aparticularformalism.In caseof aSystemDynamics
modelfor example,the visual inspectionof the modelcanprovide insight into influences.If themodelis
mappedonto a set of Algebraic andOrdinary DifferentialEquations,a dependency analysismay reveal
algebraicdependency cyclesnot apparentat theSystemDynamicslevel. At this samelevel, onemaycheck
whetherpartsof themodelarelinear. If so,thesepartsmaybesolvedsymbolicallyby meansof computer
algebra.Also, transformationto theLaplacedomain(i.e., to a TransferFunctionform) opensavenuesto a
plethoraof techniquesfor stability analysis.Finally, thetransformationthroughnumericalsimulationto the
datalevel allows for quantitative analysisof problemsposedin initial valueform. Notehow the larger the
numberof intermediateformalisms,thehigherthepossibilityfor optimizationalongtheway.

Above all, the traversaldescribedabove is the basisfor the meaningfulcouplingof modelsdescribedin
differentformalisms.This is discussednext.

2.9.2 Coupled model transf ormation

Whenwe describea structuredmodelin thenetworkor coupledformalism,we canonly make meaningful
assertionsaboutits structure,its outsideconnections(its interface)andits components,notaboutits overall
meaningor behaviour. Formally, a coupledmodelhastheform

CM øRQ id ö inter f aceö Sö C S
Themodelis identifiedby a uniqueidentifier id (a nameor reference).The inter f aceis a setof connectors
or portsto theenvironment.Associatedwith theportsareallowed valuesaswell ascausality. Meaningful
causalitiesare ù in ö out ö inout ú . ThesetS containsthesub-models(or at leasttheir uniqueidentifiers).The
coupling information is containedin a graphstructureC. For non-causal,continuousmodels,the graph
is undirected.For causalmodels,the graphis directed.Obviously, a coupledmodel is only valid if types
andcausalitiesof connectedportsarecompatible.In certaincases,thegraphmaybeannotatedwith extra
information.In caseof traditionaldiscrete-eventmodels,a tie-breakingfunctionis usuallyrequiredto select
betweensimultaneousevents[Zei84a].

If all sub-modelsaredescribedin thesameformalismF, it maybe possibleto replacethecoupledmodel
(at leastconceptually)by oneatomicmodelof typeF. In this case,F is calledclosedundercoupling(or
undercomposition).Thepropertyoftenholdsby construction.In caseof DifferentialAlgebraicEquations
(DAEs), connectionsù connect û porti ö portj ü�ú arereplacedby algebraicporti ò portj couplingequations.
Togetherwith thesub-modelequations,theseform aDAE. In formalismssuchasBondGraphs,information
aboutthe physicalnatureof variablesallows one to generateeither the above type of equationsin case
of couplingof “across”variables(this correspondsto Kirchoff ’s voltagelaw in electricity)or anequation
summingall connectedvaluesto zerofor “through” variables(this correspondsto Kirchoff ’s currentlaw
in electricity).In discrete-eventmodels,implementingclosureinvolvesthecorrecttime-orderedscheduling
of sub-modelevents.Themostimminenteventwill alwaysbeprocessedfirst. Thetie-breakingfunction is
usedto resolve conflictsdueto simultaneousevents(anartifactof thehigh level of abstraction).

If acoupledmodelconsistsof sub-modelsexpressedin differentformalisms, severalapproachesarepossible:ý A meta-formalismcanbeusedwhichsubsumesthedifferentformalismsof thesub-models.Thediffer-
entsub-modelsarethusdescribedin asingleformalism.TheHybridDAE andDEVS&DESS[ZPK00]
formalismsintegratecontinuousanddiscretemodellingconstructs.Meaningfulmeta-formalismswhich
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truly addexpressivenessaswell asreducecomplexity arerare.BondGraphsarea goodexampleof
theintegrationof differentdomains(mechanical,electrical,hydraulic).ý Anotherapproachis to transformthedifferentsub-modelsto onecommonformalism. Which formal-
ism to transformto dependson the questionsasked. The closestcommonformalismfor DAE and
SystemDynamicsformalismsfor exampleis theDAE formalism.By transformingaSystemDynam-
icsmodelto asetof DAEs,andusingtheclosurepropertyof theDAE formalism,it becomespossible
to answerquestionsabouttheoverall model.ý In theco-simulationapproach,eachof thesub-modelsis simulatedwith a formalism-specificsimu-
lator. Interactiondueto couplingis resolved at thetrajectorylevel. Comparedto transformationto a
commonformalismbeforesimulation,this approach,thoughappealingfrom a softwareengineering
point of view (it is object-oriented)discardsa lot of useful information.Questionscanonly be an-
sweredat thetrajectorylevel. Furthermore,thereareobviousspeedandnumericalaccuracy problems
for continuousformalismsin particularif oneattemptsto supportnon-causalmodels.Theapproachis
meaningfulmostlyfor discrete-event formalisms.In this realm,it is thebasisof theDoD High Level
Architecture(HLA) for simulatorinteroperability.

Thetransformationto acommonformalismmentionedabove proceedsasfollows:

1. Startfrom acoupledmulti-formalismmodel.Checkconsistency of thismodel(e.g., whethercausalites
andtypesof connectedportsmatch).

2. Clustertogetherall modelsdescribedin thesameformalism.

3. For eachcluster, implementclosureundercoupling.

4. Look for thebestcommonformalismin theFormalismTransformationGraphall theremainingdif-
ferentformalismscanbe transformedto. In theworstcase,this will be the trajectorylevel in which
casetheapproachfallsbackto co-simulation.Whichcommonformalismis bestdependsonaquality
metricwhichcantake into accounttransformationspeed,potentialfor optimization, etc.

5. Transformall thesub-modelsto thecommonformalism.

6. Implementclosureundercouplingof thecommonformalism.

A side-effect of mappingontoa commonformalismis thegreatpotentialfor optimizationof theflattened
model,aswell asthereducednumberof (optimized)simulationkernelsneeded.

To describewhich formalism transformationsare possible,the FormalismTransformationGraph(FTG)
mentionedabove is used.A plethoraof formalismsis depictedin Figure2.34.Eachof thesehasits own
merits.PetriNetsareparticularlysuitedfor symbolicanalysis(proof of dynamicproperties)of concurrent
systems.StateCharts,anextensionof FiniteStateAutomataareagraphicalformalismwith averyappealing,
intuitive semantics.In theUML, theStateChartformalismis usedto specifytheconcurrentbehaviour of
software.CellularAutomataextendFiniteStateAutomatawith a(discretized)notionof space.As such,they
aresimilar to Partial DifferentialEquationswhich adda spatialdimensionto OrdinaryDifferentialEqua-
tions.Apart from theformalismtransformationsdescribedearlier, thecentralpositionof DEVS is striking.
On theonehand,theexpressivenessof DEVSmakesmany discrete-event formalismsDEVS-representable.
Recently, it hasbeenshown thatcontinuousmodelscanbequantizedanddescribedin theDEVS[ZL98] for-
malism.Thismappingwill bedescribedfurtheron.It allowsoneto meaningfullyhandlediscrete/continuous
multi-formalismmodels.Also, thepotentialfor parallelimplementationincreasesdrastically[KSKP96].

2.9.3 Mapping the ODE formalism onto DEVS

Thoughstill thesubjectof ongoingresearch,we briefly presentthemappingof ODEmodelsontoDEVSas
this is deemedto bea novel wayof bridgingthegapbetweenthe“continuous”andthe“discrete”realm.
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Figure2.35:Timediscretizationvs.State-discretization

In thecontext of hybrid systemsmodels,the formalismtransformationsin Figure2.34converge to a com-
mon denominatorwhich unifiescontinuousanddiscreteconstructs.Typically, this is someform of event-
scheduling/stateevent locating/DAE formalismwith its correspondingsolver. A differentapproach,quan-
tizing spaceratherthandiscretizingtime, is presentedherewhich mapscontinuousmodels,in particular
algebraicanddifferentialequationsof theform�

dq
dt ò f û q ö x ö t ü�ö q T Q;

y û t ü�ò g û q ö t ü�ö y T Y;

with x û t ü?T X a known input function, and initial conditionsgiven by q û 0ü ò q0, onto Zeigler’s DEVS
formalismpresentedabove. If themappingis doneappropriately, a discrete-event simulationof theDEVS
modelwill yield acloseapproximationof thecontinuousmodel’s continuousbehaviour.

Thenormalapproachof numericalmathematicsis to approximateanODEsolutionbasedonaTaylorexpan-
sion.Here,time is discretized,andsubsequentstate-variableapproximationsarecalculated.Zeigler[ZL98]
proposesto discretizethestatevariablesandto calculatethecorrespondingapproximatetime-increases.The
DEVS transitionfunction (constructedfrom theODE) will repeatedlygo from onediscretizedstatevalue
to eithertheonejust above or theonejustbelow. Thetransitionfunctionwill alsocalculatethetime till the
next discretetransition(possibly = ∞ if thederivative is zero).Both approachesareshown sideby sidein
Figure2.35.In mathematicalterms,themodelabove is mappedontoaDEVS

atomicDEVS øUQ Ŝö ta ö δint ö X̂ ö δext ö Ŷ ö λ S�ô
x̂ T X̂, q̂ T Q̂ andŷ T Ŷ arethequantizedvariables.Thesimplequantizationusedhereis basedon a grid of
quanta(∆x, ∆q, ∆y). Notehow eachof thequantaarehypercubes.ThequantizedstatesetŜ ò±ù6û q̂ ö x̂ ö t ü � q̂ T
Q̂ ö x̂ T X̂ ö t T T ú . A memoryof input andabsolutetime is kept in theDEVS model.The internaltransition
functionis

δint û]û q̂ ö x̂ ö t ü]ü�ò�û q̂ = sgnû f û q̂ ö x̂ ö t ü]ü ∆q ö x̂ ö t = ta û q̂ ö x̂ ö t ü]ü�ô
Thetimeadvancefunction

ta û]û q̂ ö x̂ ö t ü]ü�ò .... ∆q

f û q̂ ö x̂ ö t üV....specifiesafter how much time the trajectorywill leave the quantumhypercube.The external transition
function describeshow autonomous(integration)behaviour canbe interruptedby an external input event
(theinput functionexceedingaquantumboundary)

δext û]û q̂ ö x̂ ö t ü�ö eö x̂	 ü|ò±û q̂ ö x̂	 ö t = eü�ô
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Note how ignoring the changein q (not q̂) during e is a roughapproximationanda betterapproachis to
internallykeeptrackof thenon-quantizedvalueq. In casean internalandexternaltransitionoccursimul-
taneously, theconfluenttransitionfunctionof parallelDEVS describeshow internaltransitionandexternal
inputarebothtakeninto account:

δconf l û]û q̂ ö x̂ ö t ü�ö x̂	 ü|òNû q̂ = sgnû f û q̂ ö x̂ ö t ü]ü ∆q ö x̂	 ö t ü�ô
Quantizedoutputis obtainedafterapplicationof theoutputfunction

λ û]û q̂ ö x̂ ö t ü]ü�òXW g û q̂ ö t ü � ∆y Y ô
Couplingof the thusobtainedatomicDEVS modelsinto a coupledDEVS providesa meansfor –possibly
parallel–simulationof hierarchicallycoupledcontinuousmodels.To achievemaximumperformance,equa-
tionsshouldfirst besymbolicallymanipulated,andtightly coupledsetsof equationsmustbeclusteredinside
anatomicDEVS.

Summar y

In this chapter, thestructureof diverseformalismswaspresented.Theseformalismsarenodesin theFor-
malismTransformationGraphintroducedin thepreviouschapter.

Thefirst formalismconsistsof trajectories.Simulatorsfor specifichigherlevel formalismstransformamodel
specificationinto amodelspecificationat thisDatalevel. Theclassof discreteeventformalismsandthedif-
ferentworld viewsin commonusewerepresentedin somedetail.In particular, arigourousdescriptionof the
eventschedulingworld view wasgiven.TheDEVS formalismwasintroducedasa basisfor thedescription
andsimulationof all discreteevent (andevendiscrete)formalisms.Therigourousdescriptionof theevent
schedulingworld view servedasa basisfor mappingthatformalismontotheDEVS formalism.Whenspa-
tial distribution of thestate-spaceis introducedin theform of cellsandthedynamicsof thesystem(in the
form of a transitionfunction) is limited to interactionbetweenneighbouringcells,oneobtainstheCellular
Automataformalism.This formalismwasdescribedandits mappingontotheDEVS formalismexplained.
In thecontinuousrealm,DifferentialandAlgebraicEquation(DAE) formalismswerepresented.In particu-
lar, theuseof andconversionbetweennon-causalset,causalset,andcausalsequencemodelswasdescribed.
Thefirst transformationis achievedby meansof “causalityassignment”basedonDinic’snetwork flow algo-
rithm appliedto anequation-variabledependency graph.Thesecondtransformation,“sorting”, is basedona
depthfirst searchof thedependency graph.TheTransferFunctionformalism,popularin controltheory, and
its transformationontotheDifferentialEquationformalismwaspresentednext. Still in thecontinuousrealm,
Forrester’s SystemDynamicsformalismis definedin termsof the DifferentialEquationformalismandis
mappedonto it. It is shown how judiciousrepresentationin themodellinglanguageMSL-USERalleviates
theneedfor explicit transformation.Introductionof spatialdistribution in continuousmodelsleadsto the
Partial DifferentialEquation(PDE) formalism.For a limited classof onedimensionalPDEs,it wasshown
how discretizationby meansof orthogonalcollocationover finite elementsallows transformationof PDEs
to theDAE formalism(andto OrdinaryDifferentialEquationsin particular)to beperformedautomatically.
Thiswasdemonstratedfor thespecificcaseof sedimentationin wastewatertreatment.To show how models
in differentformalismscanmeaningfullybecombined,thenetwork formalism,couplingmodelcomponents
in a hierarchicalfashion,waspresented.In particular, a flatteningalgorithmfor multi-formalismcoupled
models,was introduced,basedon formalism transformationto a commonformalism. Finally, to bridge
thegapbetweencontinuousanddiscreteeventmodels,a transformationbetweenODE modelsandDEVS
modelswasintroduced.
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A Generic Modelling and Simulation Architecture

In this chapter, we start from the vision of a GenericModelling and SimulationArchitecture (GMSA).
Thoughopensimulationarchitectureshave beenproposedin the literature,themodellingaspecthasbeen
neglected.TheGMSA addressestheneedfor anopenarchitecturefom modellingaswell assimulation.

The entitiescentralto the modelling processareobviously models.To allow for the representation,and
subsequentre-useandexchangeof thesemodels,amodellinglanguage isneeded.Thedesignof thelanguage
MSL-USERis introducedin thischapter. MSL-USERis anongoingeffort whichwill evolve in thedirection
of metamodelling.Theconceptof metamodellingandits advantagesovertheuseof asinglesuper-language
arepresentedhere.

Theideasof this andpreviouschaptershave beenimplementedin theWEST++ interactivemodellingand
simulationenvironment. Thoughthe focus of WEST++ is on continuousformalisms,the designis gen-
eral andallows for the later introductionof otherformalisms.Thehighestlevel of theWEST++designis
presented.

3.1 The Generic Modelling and Simulation Architecture vision

The currentproliferationof network technologyandapplicationsprovidesan ideal startingpoint for dis-
tributed modellingand simulationenvironments.The requiredbasichardware (networking andworksta-
tions)aswell assoftware(distributedobjects)infrastructurehasbecomeavailableto the intendedusersof
a GenericModelling andSimulationArchitecture(GMSA). This is in contrastwith the recent(1993)lim-
ited availability of enablingtechnology, whentheauthorproposeda Framework for ConcurrentSimulation
Engineering(CSE)[VLRV93], whichis theprecursorof thecurrentGMSA.Whereasatthattime,only priv-
ilegedlabshadthenecessaryinfrastructureto implementa CSE,any PCuserconnectedto an IP network
cannow participatein aglobalmodellingandsimulationeffort.

TheHigh Level Architecture(HLA) providesa soundbasicsoftwarearchitectureandmethodologyfor co-
operationbetweensimulators.In accordancewith the DoD Modeling andSimulationMasterPlan (DoD
5000.59-P, datedOctober1995),theDefenseModelingandSimulationOffice (DMSO) is leadinga DoD-
wide effort to establisha CommonTechnicalFramework to facilitate the interoperabilityof all typesof
modelsand simulationsamongthemselves as well as to facilitate the re-useof M&S components.This
CommonTechnicalFramework includestheHigh Level Architecture.

An equivalent,standardizedarchitecturein thedistributedmodellingrealmdoes,to our knowledge,not yet
exist. It thereforeseemsnaturalto designa distributedsoftwarearchitecturebasedon the methodological
issuespresentedbefore.On theonehand,this is a muchharderproblemthanthataddressedby theHLA:
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Figure3.1:GenericModelling andSimulationArchitecture

theproblemof meaningfulmodelre-useandexchange.On theotherhand,thecorrectcouplingof different
simulators,eachwith its own virtual time asin the HLA, doesnot occurso extensively in the context of
distributed modelling: for all practicalpurposes,the modelling-relatedcomponentsof a GMSA have no
“dynamics”.

In Figure3.1, a high-level descriptionis proposedfor a GenericModelling andSimulationArchitecture
(GMSA). The figure presentsan “object” view, in which eachof the componentsrepresentsa software
object[OHE96],with its properdynamicbehaviour. Theinternalbehaviour is quitecomplex, with sporadic
interactionwith otherobjects.Thebackboneof this interactionis theCommunicationManager (CM), which
providesreliable,consistentcommunicationbetweenobjects.The CM takeson the role of the Run Time
Infrastructure(RTI) in theHLA. TheCM consistency requirementis far easierto fulfil thantheequivalent
requirement(correctorderingof timestampedmessages)in the RTI. The coreproblemhereis to ensure
semanticconsistency.

All objectsin theGMSA have a Network Interface(NI), takingcareof network communication,managed
by the CommunicationManager. Eachof the GMSA objectsmay have a User Interface(UI). Thanksto
currentclient/server technology(suchasX11), a usermay simultaneouslyinteractwith multiple GMSA
objects—without evenbeingawareof their actuallocationon thenetwork— throughtheir respective User
Interfaces.

Thefollowing describesthedifferentcomponentsof theGMSA. As Figure3.1givesa high level view, the
possibilityof eachof thecomponentsto have adistributedimplementationin its own right, is notdepicted.

The Model Base is a repositoryfor models.Thesemodelscanbe describedin differentformalisms.The
ModelBaseis capableof holdingall knowledgewehave aboutreality (includingraw data;it suffices
to employ theappropriateformalism).To allow meaningfulre-useof models,ExperimentalFrames
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(andtheir relationshipto models)arealsostoredin theModel Base.Actually, in their mostgeneral
form, ExperimentalFramesare themselvesmodels.Finally, to allow automatedmodelchoosing,dif-
ferentclassificationhierarchies(suchasinheritancetreesor theSystemEntity Structure[Zei84a]) are
keptin theModel Base.

The Formalism Transformer is the core of a Multi-Formalismmodelling and simulationenvironment.
Basedon the informationcontainedin the FormalismTransformationGraph(FTG), it activatesthe
appropriatetransformerto translateamodelfrom oneformalisminto another. For certainformalisms,
it alsoimplementsclosure: given a coupledmodelwith submodelswhich areall of formalismF, it
generatesasingleequivalentflattenedmodelin formalismF .

Modelling Environments implementthemodellingoperationsinherentto a particularformalism.A good
modellingenvironmentis easyto use,intuitive, andoftenapplication/userspecific.Above all, it un-
ambiguouslyimplementsa formalism (the semantics).In practice,this meansthat all meaningful
operationson modelsaresupportedandall meaninglessonesleadto appropriatewarnings.Fromthe
implementationpointof view, somemodellingenvironmentsmaysharesoftwarecomponentssuchas
a hierarchicaleditor. TheModelling Environmentsstore/retrieve modelsin/from theModel Baseand
assuchdonothave local persistentmemory.

The ProcessManager implementsthe Modelling andSimulationProcessasdescribedbefore.It orches-
tratesthe iterative traversalof theExperimentalFramematching,StructureIdentification,Parameter
Identification,Experimentation(in particular, simulation),andValidationphases.As such,it keeps
trackof theglobal stateof theM&S enterprise.This is thetop-level interfacebetweentheusersand
theGMSA.

Experimentation implementsin essencethe simulationkernelscorrespondingto the formalismsusedin
modelling.Thesesimulationkernels“solve” the (executionlevel representationof) modelsbuilt in
themodellingenvironments.Whenmultiplesolversareused,anHLA architectureis employed.

3.2 The MSL-USER modelling langua ge

Modelsareat the coreof any modellingandsimulationsystem.To allow for manipulation,modelsneed
to be appropriatelyrepresented.Dependingon the intendeduseand/oruser, a model representationmay
needto satisfydifferentcriteria.To optimally satisfythesedifferentcriteria,it is oftenusefulto allow mul-
tiple representationsof a singlemodel,aswill bediscussedbelow. Figure3.2 depictsthevarioususesof a
model.Undercertainconditions,a model’s correctnessmaybechecked formally. If sufficient information
is available,properties(suchasthe occurrenceof deadlockin a telecommunicationsystem)pertainingto
thedynamicbehaviour of asystemmaybeproven.In many cases,formalproof is notpossible.Testvectors
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mayhowever begeneratedautomaticallyfrom themodel.To investigatethebehaviour spaceof themodel
understudy, simulationsof themodelcanbeused.After formal checking,automatedtestgeneration,and
dynamicsimulation,theautomatedgenerationof thesystem-to-be-built (oftensoftware)from theverysame
modelspecificationis desirable.Not in the least,a modelis a form of documentation.A modelis truly at
theheartof re-useandexchangeof knowledgeaboutthedynamicbehaviour of systems.Notehow a limit
caseconsistsof non-dynamic,staticmodelsasthey areoftenusedin thedesignof non-real-timesoftware.

3.2.1 Model Specification Langua ge (MSL) requirements

Many issuesare relevant when designinga Model SpecificationLanguage(MSL). The list of usesof a
Model SpecificationLanguagegivenabove leadsto moreconcreterequirements.

Probablythemostbasicquestionto beansweredis what informationneedsto beexplicitly representedin
anMSL.

A low-level exampleof this is r = i ; with r aRealandi anInteger. Weall internallycoercei to aRealand
thusthereis noneedto explicitly write r = (int)i ; In amodellinglanguage,thesamerationaleshouldbe
used:if theusermentallyassignsthe“right” (i.e., asgivenby thecompiler, reallyby thelanguagedesigners)
semanticsto amodel,thereis noneedfor explictly mentioningtypes,and/orintroducekeywords,otherwise
thereis. It is of courselikely thataclean,orthogonaldesignwill automaticallyleadto theuser“intuiti vely”
understandingthemeaningof themodel,andfar less“explicit” languageconstructswill beneeded.

In all aspectsof (modellinglanguage)design,it is meaningfulto traversethefollowing steps:

1. Mathematicallydescribethe problem.This “formal specification”may not be ideal for the average
user(andshouldonly beusedasa reference),but it is unambiguous; it canbeusedasthebasisfor
formal proofsof statementsaboutthespecification,asthebasisfor implementation,andwill usually
enableanorthogonaldesign.

2. Someof themathematicalconstructsmaybegivenexplicit names(a“segment”asdescribedin thefirst
chapter).Theseexplicit namessimplify discussion.As thereis anunderlyingmathematicalcontruct
to thename,thenameis unequivocally defined.

3. While introducinganew conceptintoamodellinglanguage,it shouldfirst of all beconsideredwhether
it is atall necessary. If themeaningis obviousto theuserandthecompilercanautomaticallyinfer the
meaning(i.e., type)in all cases,thereis really no needto representtheconceptexplicitly. If theneed
to introducenew syntaxdoesarise,this shouldbe donein an orthogonalfashion.This implies that
themeaningof thesyntacticconstruct,whenappliedin differentcontexts (outsidetheintendedone),
shouldbeinvestigated.Usually, this leadsto deeperinsightinto thenatureof conceptsandmayeven
leadto amodificationand/orextensionof themathematicalspecification.

As a logical consequenceof the above, it seemsreasonableto expresssemanticsin an MSL throughthe
useof “types”. In programminglanguages,typesarea meansto expresscertain“constraining”information
aboutentitiesin aprogram[AC96]. Thanksto this information,it maybepossibleto guaranteesafe/correct
behaviour of acompiledprogram.Thisinformationis alsousedto generateefficientrun-timecode[ASU86].
Onewayof interpretingatypein aprogramminglanguageis to seeit asa“range”of valuesavariableof that
typecantake.Of course,this typeinformationis a “coarse”boundaryon thebehaviour of thatvariable.For
programmingpurposes(where,for example,time dependencedoesnot play a role),suchanapproximation
is usuallysufficient (to infer safe/correctbehaviour of the compiledprogram).From the point of view of
designinga modelling language,it seemsreasonableto try to encodeas much “modelling knowledge”
into typesaspossible.A (hopedfor) consequenceis that “model checking”reducesto a problemof “type
checking”(andcanbe automated).Thereis oneimportantrealizationwhenusingprogramminglanguage
typesfor a modellinglanguage.In themodellingworld, themeaningof a modelis inevitably relatedto its
behaviour (possibleaftercausalityassignmentandothertransformations).At alow level,weinterpreta type
Realwith a lowerboundandan upperboundasmeaningthat a variablecantake any Realvaluebetween
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lowerboundandupperbound(for the time being,assumingwe’re dealingwith truly mathematical,infinite
precisionreals).Extendingthis intuitive reasoning,the meaningof the equationx + y = 2 with x andy
Realsis thesetof all values(x,y) whichsatisfythisequation.Whetherthissetis eventuallyobtainedpurely
throughsymbolicmanipulation,by meansof oneor othernumericsolver, or by a blendof these,doesnot
matter(we areafterall declaratively/denotationally modellingbehaviour). As we cannot,a priori, infer the
setof all valuesof thevariablesin any model(thatwouldmeanit hasto besolved),wecanonly determinea
roughboundaryonthevalues,andthusof thetypeof awholemodel.Whenwetalk aboutmeaningfulre-use
andexchangeof models,wemeanwewantto useamodelin acertaincontext in suchawaythatits behaviour
is whatwe need/expect.Checking/matchingonly themodelinterfacetype is a very coarseapproximation.
Suchan approximationis usuallysufficient in programminglanguages,but this may not be the casewith
models.Evenin programming,it maynot besufficient andpre/postconditionsareemployedtogetherwith
invariantsin specifyingprogrambehaviour. Thesecorrespondpartly to theExperimentalFramedescribed
in thefirst chapter. Themainreasonis that,thoughwewrite x is aReal,we implicitly meanx is amapping,
from the time set T into the set of Real values.The behaviour of the model is thus time-varying (in a
“discreteevent” or “continuous”way).Thefact thattherearedifferentkindsof suchrelationshipsbetween
timeevolutionand(state)variableevolution(dependingonthenatureof T andof thevalues)andthepossible
behavioursaretrajectoriesin amulti-dimensionalspaceimpliesthatwe should

1. Try to use“model types”to describethedifferenttypesof time-staterelationships.In particular, this
meansnot leaving time moreor lessimplicit, but ratherexplicitly mentionthetypeof time.

2. Use an ExperimentalFrameconceptto encodethe envelopeboundaryof allowed trajectories.An
ExperimentalFrameis the context in which a model, to a certaindegreeof accuracy, accurately
representsthebehaviour of a system.UsingtheExperimentalFrame,thecorrectuseof a modelin a
certaincontext canbe} checkedat compile-timeif theassertionscanbesymbolicallyevaluated;} embeddedin thefinal codeasassertionswhichwill fail in caseof incorrectuseof themodel.

Wenow describetherequirementsfor aModelSpecificationLanguage,in particular, thegoalsof typesin a
MSL:

1. To be capableof modelling(abstractionsof behaviour of) physicalsystems. Systemmodelssuchas
thosedescribedin thefirst chaptermustat leastberepresentablewithin thetypetheory. In particular, it
mustbepossibleto represent“time segments”[Zei84b] or trajectoriesasformalizationsof theconcept
of time-variance(asopposedto variablesasholdersof valuesin programminglanguages,wheretime
dependenceis ignored).

As a consequenceof the “physical systems”requirement,it mustbe possibleto representattributes
suchasphysicalnature,units,andacross/through.In thelimit (by collapsinga continuoustime base
ontoadiscreteprogramcountertimebase)it mustbepossibleto modelnon-physicalsystemssuchas
software.

As a generalizationof traditional,causalphysicalsystemmodels,non-causalDAE (DifferentialAl-
gebraicEquation)models[Cel91] mustberepresentable.

2. To becapableof expressingabstract,structuredconceptssuchasaset,productset,powerset,record,
function, etc.startingfrom basictypes.Thestructuringconstructsshouldallow thecompletespecifi-
cationof abstractmodelconstituentssuchasmodelinterfaceandmodelparameters.Althoughsome
object-orientedsystems(suchasSmalltalk)treattypes(actually, classes)asfirst classentities,i.e., as
objects(types,like objects,maybe representedby finite collectionsof attributes-valuepairs),types
will not beconsideredasobjectsfrom themodeller’s point of view. Obviously, from thetypesystem
implementer’s pointof view, typesmaybeimplementedasobjectsin anobject-orientedenvironment.

3. To have declarativesub-typingconstructslimiting a type(seenasapossiblesetof values).
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4. To formalisetypeequality for thepurposeof typechecking [ASU86]. A type checkingalgorithmis
thebasisof checkingandunifying types.

5. To satisfygeneralrequirements:} Consistency, orthogonality:thesamemechanisms(e.g., sub-typing,typeequality)mustbeused
withoutexceptions,throughouttheformalism.} Correctness:no internalcontradictionsmayexist in thetypesystem.} Exhaustive: cover all possiblemodellingneeds(i.e., it mustbepossibleto describethe “type”
of constructsin any modellingformalism).} Simplicity: elegantandminimal (mayneedsyntacticglue laterto make thetypedefinition lan-
guageuser-friendly).} Extensibility:user-definedtypesmustbeallowed(e.g., units).

3.2.2 Formalism versus langua ge

The following presentsthe relationshipbetweena formalism,its representationwithin a computerandits
externalrepresentation,amodellinglanguage.

In thedesignof any modellinglanguage,it is essentialto startfrom anunderlyingformalism.Thisformalism
is the true essenceof what the languagestandsfor. The languageis just an external representation.The
languageshould:} Reflect/expresstheunderlyingformalismin anatural way. Thus,themeaningor semanticsof amodel

writtenin thatlanguagewill beeasilyunderstood.Formally, thesemanticsof thelanguageisexpressed
throughmappingof thelanguagestructureontotheformalism.} Besimplesoasto notto beaburdenfor themodeller. Thissyntacticissueis notascrucialastheabove
semanticone,but mayneverthelessmake thedifferencebetweenausableandanon-usablelanguage.
Mainly, syntaxshouldhelptheuserto understandsemanticsin a“natural” way. Increasinglygraphical
modellingenvironmentsareusedto hidesyntacticcomplexity. In asense,thegraphicalstructurenow
replacessyntacticstructure.

Figure3.3expressestherelationshipsbetween:} A systemformalism:For example,astate-based,generalsystemsformalism.} An internal representation:A representation(data-structure)asusedin a computerprogramwhich
triesto representascloselyaspossible(oneto one),theabstractmathematicalentitiesfrom a system
formalism.For reasonsof performanceor size,this representationmaynot bea perfectimageof the
formalismstructures.
Semanticrules to check compliancewith the formalism(the formalismis more than just the data-
structure).Also, thedatastructuretogetherwith semanticrulesallows for meaninfulknowledgeex-
changebetweenheterogeneousenvironments.Thereneednot be a shareda priori knowledgeabout
formalisms,if onetransmitsboth datastructureandsemanticrules.In checkingcompliancewith a
formalism,semanticruleswill restrictthenumberof “valid” models.For example:in x:= a + b,
theLeft HandSide(LHS) (x) mustbea variable,notusedon theLHS of anequationbefore.
Note: Onecould “hide” thesesemanticcheckingrulesin the parser. This would reducethe number
of passesthroughthe internal representation(i.e., the AbstractSyntaxTree) thus speedingup the
modelcheckingphase.However, this alsoobfuscatesthedistinctionbetweensyntaxandsemantics.
Furthermore,it wouldbehardto write ameta-descriptionsyntaxaswell assemanticsof theformalism
in theform of anMSL formalismCLASS.
Semanticrulesto mapontootherformalisms(tranformation,seelater).
A simulationkernel for “solving” themodel.If suchakernelexists,themodelis called“concrete”.} Oneor moreexternalrepresentations:Thesearemodellinglanguagesdefinedby their particularsyn-
tax. Their semanticsis definedthroughthe relationshipwith the formalism(albeit representedin a
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computerby meansof the internalrepresentation).This is donein termsof semanticmappingfunc-
tions:which mapan internalrepresentationontoanexternalrepresentation(codegeneration).In the
oppositedirection, for eachlanguage,a lexer, parserand semanticmappingdescriptionallow for
transformationinto the internal representation.In our implementation,the languageMSL-USERis
gearedtowardshumanusers.The languageMSL-EXEC, automaticallygeneratedfrom MSL-USER
is meantto representmodelsata level suitablefor numericalsimulation.It is linkedwith anumerical
solver.

Onecanidentify equivalenceclassesof languagescorrespondingto thesameformalism.All thelanguages
correspondingto one formalismare in a senseequivalent as they areall capableof expressingthe same
meaning(thoughtheir syntaxmaybewidely different).The“languageL canbemappedontoformalismF”
definestherelationshipthroughwhich theequivalenceclass“belongsto thesameformalism” is defined.

For argument’s sakeweassumethereis only oneinternalrepresentation,which is not required.Assumingit
to have aone-to-onecorrespondencewith theformalismstructuremakesthingseasierandis probablygood
design(asoftwareengineeringconsideration).

Obviously, within oneabstraction,it will bepossibleto translatefrom onelanguageinto anotherby subse-
quentlexing/parsingto theinternalrepresentationfollowedby theappropriatecodegeneration.

Oneclear requirementof this processis that therebe no information loss. In particular, going from one
languageto the internalrepresentationandbackto that samelanguageshouldnot be lossy. This doesnot
meanthat input andoutputof thatprocessshouldbesyntacticallyidenticalhowever. As anexample:if the
underlyingformalism is basedon SET semantics,the orderof equationsdoesnot matter. A more trivial
exampleis theexactlexical layoutsuchasthenumberof blanksandtabsof themodeltext.

All operationsperformedin a languageshouldhave their counterpartsin the formalism.Transformations
betweenlanguagescorrespondingto differentformalismsshouldbelinkedto therespective transformations
betweenformalisms.Ratherthanstartingfrom a languagesyntaxanda naturalsemanticsandextendingit,
ourapproachhasbeento startfrom theformalismandconstructthelanguagestartingfrom there.Obviously,
expressingsemanticsof a languagethusconstructedis far easierandcorrect.

It is importantto considernotonly therelationshipof a formalismto differentlanguages,but alsoto simula-
tion kernelsor abstract interpreters which arecapableof executingtheformalism.By executing,we mean
theexplicit traversalof thestate-spaceof themodelexpressedin theformalism.Themechanismfor doing
sowill vary widely with theformalism(e.g., next event list, numericalintegration,constraintpropagation)
For eachformalism,a simulator(which may or may not be practicalto implementin software/hardware)
consistsof a simulationkernelwhich takesa modeldescriptionaswell asinitial valuesandgeneratesfrom
thefull statetrajectory. In certaincontexts,asimulationkernelis calledasolveror aninterpreter. Simulation



150 A Generic Modelling and Simulation Architecture

kernelsmay be numericalor symbolicIn eithercase,a backward link betweenthe generatedinformation
andthemodelshouldbepreserved(to retainsemanticinformation).

A formalismis concreteif a kernelexists.If this is not thecase,theformalismis abstract.

On the Abstract Syntax Tree implementation

Thecoreof anMSL compileris theAbstractSyntaxTree(AST). Themodularityof thecompileris influ-
encedby the implementationstyleused[App97]. In the AbstractSyntaxTree,differentkindsof objects,
alsocallednodes,arerepresentedcorrespondingto thevarioussyntacticstructuresin thelanguagesuchas
compoundstatements,assignmentstatements, etc.Differentinterpretationsof theseobjectsarepossible:for
type-checking,optimization(e.g., constantfolding), generationof MSL-EXEC code,andsoon.Two styles
of programmingcanbeused:

Syntactic structure separatefr om interpretations Thistraditionalstylestartsfrom anAST datastructure
consistingof nodeswhich areinstancesof a union typecapturingall possiblekinds of objects.For
eachinterpretation,a function (with a union-typenodeasargument)describesexhaustively how to
interpreteachtype of object.This interpretationis usuallydonerecursively in termsof the node’s
sub-trees.It is easyandmodularto adda new interpretation: the treatmentof all kindsof objectsis
givenin oneplace:theinterpretationfunction(by meansof anexhaustive switch statement).

Object-oriented In this style,eachinterpretationis just a methodin all theclasses.It is easyandmodular
to adda new kind of interpretation:all the interpretationsof thatkind aregroupedtogetherasmeth-
odsof thenew class.It is however not modularto adda new interpretation:a new methodmustbe
addedto every class.Usually, thedifferentkinds arefixedat the time of thedesignof the language
(thoughin MSL, new kindsmaybeaddedasmoreformalismsaresupported).Over time, new inter-
pretations(semanticactions)will however frequentlybeaddedwhich makesanobject-orientedstyle
quiteunusable.

Theabove rationaleaswell asexperiencewith thepureobject-orientedapproachduringtheconstructionof
theµCSL compiler[VVV90a], leadto theconclusionthatwe mustadoptthe “syntacticstructureseparate
from interpretations”styleof implementationfor theAST. Whenadoptingthisstyleit is meaningfulto sep-
aratetherecursive traversalpartfrom thesemanticactionpartin theinterpretationfunctionimplementation
usingavisitor pattern[GHJV95]. Thismakescodefarmorereadablein caseof all but a few AST nodesare
just traversedwithout any semanticactions.

3.2.3 MSL-USER syntax and semantics

In the following, the syntaxandsemanticsof the modellinglanguageMSL-USER(version3.1) is briefly
given.

An MSL file (typically with extension.msl ) consistsof asequenceof statements.Thestatementsareeither
declarationsor objects.

MSL file

Syntax:

<MSL file> ::=
<statements>

<statements> ::=
<statements> <orientation> <statement>

<statement> ::=
<declaration_stat ement>

| <object>
<declaration_state ment> ::=
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| <type_decl_stmt>
| <class_decl_stmt>
| <obj_decl_stmt>

Semantics:

Syntactically, anMSL file consistsof a sequence(ordermatters)of statements.Statementsare
eitherdeclarationsor objects.Declarationscanbe of threetypes:TYPE, CLASS,or OBJect.
Both at the top level (theMSL file level) andat lower levels, the<orientation> determines
whetherthe sequenceshouldbe interpretedasa row (orientationseparatoris comma“,”) or
asa column(orientationseparatoris semicolon“;”). Dependingon thecontext, theorientation
distinctionhasa particularmeaning.Currently, in a “vector” context, row andcolumnhave the
usualmeaning.In a “set” context, bothareequivalent.
A valid MSL file maybeemptyasdeclarationsmaybeempty.
In MSL, thescopeof a declarationbetween~�� coversthewholesurroundingcontext. Thus,it
is possibleto referto anentity beforeit is declared.At thetop level, thesurroundingcontext is
thewholefile. More detailson scopingaregivenin thenext section.

A TYPEdeclarationonly specifiesanabstractdatatype’s signature,no (default) values.A CLASSattaches
values(objects)to a TYPE. As a resultof this definition,multiple classescancorrespondto thesametype
[AC96]. An OBJectis aninstanceof a classor type.An objectbindsthedifferentpartsof a typestructure
to concretevalues.

type declaration

Syntax:

<type declaration> ::= TYPE <type_name> <description> <type_decl>

Typescanbedeclaredby meansof} a typesignature} sub-typingof anexisting type(subsumption)} typeextension

<type_decl> ::= <type_decl_signatu re>
| <type_decl_subtypi ng>
| <type_decl_extensi on>

Object:

To instantiate(define)anobjectof typeT (or classC) (eithernamedor unnamed).Theobject
canoptionallybegivenavalueof thecorrecttypeT (or TypeOf(C)).

<object instantiation> ::= OBJ <object name> : <type> := <value>

type signature

Syntax:
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<type signature> ::=

empty // only allowed for builtin atomic types
| <typename> // For type aliasing

// Must be declared in scope
// Builtin (both atomic and composite)
// types are declared in the outermost scope

| <enumerated type> // user constructed atomic type
| <product type>
| <record type>
| <vector type>
| <function type>
| <powerset type>
| <union type>

Semantics:

empty � ε. Internallydefinedsemanticsfor builtin types.

enumerated type

Syntax:

<enumerated type> ::= enum { <id_1>, <id_2>, ... , <id_n>}

Semantics:

enum ~ ID1 � ID2 ��������� IDn ��� Swith S ��~ ID1 � ID2 ��������� IDn �
S is a setof uniqueidentifiers(e.g.,Boolean= ~ True,False� ). The uniquenessof the names
usedin an enumeratedtype mustbe checked. Furthermore,identifier namesmay not overlap
with namesusedin anenumeratedtype.It mustbepossible(within a certainscope)to unam-
biguouslydistinguishbetweenkeywords,variablenames,andenumeratednames.

Object:

Objectsof enumeratedtypetake asvalueanidentifierfrom theenumerationset.

OBJ o: TYPE {signature := enum {<id_1>, <id_2>, ... , <id_n>};} := <id_i>;

MSL Builtin Atomic Types

During bootstrapping,thebuiltin typenamesareloadedinto theoutermosttypenamespace.

Generic type

Syntax:

TYPE Generic "builtin: type variable";

Semantics:
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Typevariable,will unify with any othertype;any typeis a sub-typeof Genericwhich implies
any objectmaybeassignedto a variableof typeGeneric.

Object:

OBJ o: Generic := <any object value>;

Integer type

Syntax:

TYPE Integer "builtin: positive and negative Natural Numbers";

Semantics:���
Object:

OBJ o: Integer := <integer value>;

Real type

Syntax:

TYPE Real "builtin: Real numbers";

Semantics:�O�
Object:

OBJ o: Real := <real value>;

Character type

Syntax:

TYPE Char "builtin: ASCII character";

Semantics:� charSet (currentlyASCII, laterUnicode)
Object:

OBJ o: Char := ’c’;

String type

Syntax:
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TYPE String "builtin: Char* (implemented as atomic type
for efficiency reasons)";

Semantics:� charSet �
Object:

OBJ o: String := "string";

Thesemanticchecker acceptstheemptysignatureonly for theabove builtin atomictypes.

Bottom type

Syntax:

TYPE Bottom "builtin: bottom type" = enum {null};
}

Semantics:

Thetypewhich is a sub-typeof any othertype.By virtue of this,only null , theonly objectof
typeBottom , canbeusedto denoteanunassignedvaluefor objectsof anytype.

Object:

OBJ o: Bottom := null;

Boolean type

Syntax:

TYPE Boolean
{

description "builtin: Logic type" = enum {True, False};
}

Semantics:

Predicatelogic Boolean

MSL Composite types

As a typecanbe interpretedasthesetof possiblevaluesa variableof that typecantake, compositetypes
arein essencecompositionsof sets(seereftext on typesthis is onepossibleinterpretationof types).

In thefollowing,

<type_i> ::= <type_name_i> | <unnamed type declaration i>

where<type_name_i> refersto a typesignatureby nameand<unnamed type declaration i> givesa
typedeclarationin place.
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product type

Syntax:

<product type> ::= <type_1> x <type_2> x ... x <type_n>

Semantics: �����
T1

�
T2

� ����� Tn �
Theprojectionoperator” proj” allows accessto thei-th elementof aproducttypevariable:

proj :

�����������
T1

�
T2

� ����� � Tn ���)��� iTi � ~ fail ��
i � � n � � v1 � v2 ��������� vn �����)� if

�
1 � i � n� vi elsefail

Note:therelationtypeRbetweenT1 andT2 is asubtypeof producttypeT1

�
T2

Object:

OBJ o: TYPE {signature := <type_1> x <type_2> x ... x <type_n>} :=
(<obj of type_1>, <obj of type_2>, ..., <obj of type_n>);

to only assign the k-th field:

o := (,, ..., <obj of type_k>, ...,,);

or

proj(o,k) := <obj of type_k>;

record type

Syntax:

<record type> ::= record
{

<id_1> : <T_1>;
<id_2> : <T_2>;
...
<id_n> : <T_n>;

}

Semantics:

Mappingfrom distinctidentifierstrings(labels)to itemsof certaintypes.~ str i � Ti � � IndexSet � 1 ��������� n�
i � IndexSet : str i � String�

i � j � IndexSet : i �� j � str i �� str j

Therecordelementselectionoperator”.” providesaccessto recordelementsbasedon labels:� : String

� ~ str i � Ti � ��� iTi

str � Ti if � str i for which str � str i

str � f ail if !

� � str i for which str � str i �
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Object:

OBJ o: TYPE {signature := record {<id_1>:<T_1>; <id_2>:<T_2>; ... <id_n>:<T_n>;}
:= {<id_1>:=<obj of T_1>; <id_2>:=<obj of T_2>; ... <id_n>:=<obj of T_n>;};

Some fields may be left unassigned.

To only assign specific record field <id_k>:

o := {<id_k>:=<obj of T_k>};

or

o.<id_k> := <obj of T_k>;

vector type

Syntax:

<vector type> ::= <type> [ <dimension> <vector orientation> ]
<vector orientation> ::= ’;’ | ’,’

Semantics:

IndexSet � T � IndexSet � 1 ��������� n � n �¡ 
We actuallydistinguishbetweenrow vectorandcolumnvector. T[n;] meanscolumnvector;
T[n,] meansrow vector. Their semanticsis definedby meansof thetransposeoperator� T with
thefollowing properties: � T : rowVector � columnVector� T ¢ � T £�¤

transpose¢ transpose£�¤
The[] operatorgivesaccessto elementsof a vector:¥ ¦

: IndexSet

���
IndexSet � T �)� T

�
i � vec�B� ¥ ¦ �

i � vec� � vec
¥
i
¦

Object:

OBJ o: TYPE {signature := <T>[n;]} // column vector
:= [<obj of T 1>; <obj of T 2>; ... <obj of T n>];

OBJ o: TYPE {signature := <T>[n,]} // row vector
:= [<obj of T 1>, <obj of T 2>, ... <obj of T n>];

To assign k-th fields of a record object:

o := [,, ..., <obj of T k>, ...,,];
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or

o[k] := <obj of T k>

function type

Syntax:

<function type> ::= <domain type> -> <image type>

Semantics:

Domain � Image

Note: thevariablesof domaintypeT1 andimagetypeT2 mayhave attributes.In caseof “tra-
ditional” functions(asin C), oneof theseattributesmayspecify“by value”, “by reference”,or
“by name”argumentpassingandresultreturning).

Theabove funtion is apuremathematicalfunctionwithout side-effects.

Theeval operatormakestheevaluationof functionsexplicit:

eval :

�
Tdom

���
Tdom � Tim ���)� Tim

�
arguments� f � ���§� f

�
arguments�

Object:

OBJ o : TYPE {signature := <domain type> -> <image type>}
:= (<object of domain type>) -> <object of image type>

{ set of implementation statements };

Example:

OBJ o : TYPE {signature := Integer x Real -> Integer x Integer}
:= (i,r) -> (r_sum, r_product)

{ r_sum := i+r; r_product := i*r};

powerset type

Syntax:

<powerset type> ::= set_of <type T>

Semantics:

Thesetof all subsetsof typeT
2Tor ¨ ow

�
T �
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union type

Syntax:

<union type> ::= union { <type T_1>, <type T_2>, ... , <type T_n> }

Semantics:

T1 � T2 �ª©�©�©�� Tn � IndexSet ��~ 1 ��������� n ��
i � j � IndexSet : i �� j � Ti « Tj � /0

Thedisjointnesspropertywill allow theautomaticdeterminationof typeof objectsin a union
type.

A uniontypeenablestheimplementationof polymorphicoperators.If anoperatoris applicable
to a union type(e.g.,T1 � T2), it will take argumentsof both types.Somemechanismmustbe
providedto automaticallyselecttheappropriateoperatordefinitiondependingontheactualtype
of theargument.

reference type

Syntax:

<reference type> ::= reference <type>

Semantics:

A genericway of describingreferencesto objects.The implementationmay usepointers,or
referenceby name.

ref : T � ref erence

�
T �

deref : ref erence

�
T �)� T

Note:currentlynot implemented.

bracketed type

Syntax:

<bracketed type> ::= ( <type signature> )

Semantics:

A meansof overridingdefault typecompositionprecedence.

In theabsenceof (), thefollowing precedencerelationshold (high to low):

record ¬ set ¬ vector ¬ product ¬ f unction
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MSL subtyping (subsumption)

A sub-typeis obtainedby restrictingthesetof possiblevaluesanobjectof thattypecantake.

<type_decl_subtyp ing > ::= SUBSUMES<type_name> <type_decl_signat ure >

Subsumption(sub-typing)is implicitly usedto describethesemanticsof a seriesof objectdeclarationsin
casetherearemultiple objectswith identicalnames(illegal in programminglanguages).This semanticsis
independentof whethertheduplicatedeclarationsoccurwithin aset ~ . . . � or sequence�����
context. The semanticsis latestoverrides: a later declarationleadsto an error if the declarationtypesare
incompatible.If however, thelatertypeis asub-typeof theformer, theobjecttakeson thesub-type.

MSL type extension

A type extensionis obtainedby extendingthe signatureof the type. The extendedsignaturemustbe an
acceptableextension(supertype)of theoriginalsignature.Currently, theonly usedextensionis theextension
of theRECORDtypewith extrafields.Extensioncanbedonerecursively (e.g., RECORDinsideRECORD,
etc.). Optionally, anextensioncanbeempty(nothinggetsadded).

<type_decl_extens ion > ::= EXTENDS<type_name> <with_signature>
<with_signature> ::=

| ’WITH’ <signature>

Extensioncommonlyleadsto multiple objectdeclarationswith identicalnames.Thepreviously described
“lastestoverrides”subsumptionsemanticsis thenused.Intuitively, thismeanssub-classes(discussedbelow)
mayonly specialize(refine)super-classes.

MSL classes

A classis in essencea type with default values.The classsignatureis its type. An MSL classcan be
constructedin differentways:} by assigninganOBJectvalueto a type} throughspecialisationof anexisting class.Specialisationmaybeempty(see<obj_value_stuff> ).

As a specialisationof a classis a subtypeof the original class,emptyspecialisationcanbe usedto
provide subtypinginformationto thetypechecker.} throughextensionof anexistingclass(or type).As with types,extensionmaybeempty.

<class_decl_stmt> ::= CLASS <class name> <description> <class_decl>
<class_decl> ::= <class_decl_regul ar>

| <class_decl_speci ali ses _cl as s>
| <class_decl_exten ds_ cla ss>

<class_decl_regul ar> ::= ’=’ <signature> <obj_value_stuff>
<class_decl_speci ali ses _cl as s> ::= SPECIALISES <class_name> <obj_value_stuff>
<class_decl_exten ds_ cla ss> ::= EXTENDS<type_or_class_na me> <extend_value_stuf f>
<extend_value_stu ff> ::=

| WITH <object>
<obj_value_stuff> ::=

| ’:=’ <object>
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In AppendixB, theabove definitionsareusedto constructmodellibrariesfor} genericmodels(generic.base.msl);} ForresterSystemDynamicsmodels(sd.msl);} wastewatertreatmentmodels(wwtp.base.msl).

3.2.4 Lexical scoping

As both causaland non-causalformalismsmust be representedin MSL-USER, it is meaningfulto give
syntacticsupportfor this.

The following demonstratesthe use of lexical scopingwith both set and sequentialsemantics.In Ap-
pendix A, a small compiler implementsthe desiredsemantics.The compiler is built using the compiler
compilerGentle(www.first.gmd.de /ge ntl e/ ).

With lexical scoping,anobjectdeclaration hasacertainlexical scopeextent. Within thatextent,any identi-
fier applicationwith thesamenameastheobjectwill beresolved/boundto thatdeclaredobject.

Two typesof scopeextentareof practicaluse:

1. Setsemantics:theorderof declarationandapplicationdonotmatter. Theextentof adeclarationis the
wholeenclosingset.

Below, theextentof thedeclarationof objectx on line (3) is thewholeenclosingsetreachinglines
(1)–(6).Hence,all applicationsof x areboundto thedeclarationon line (3).

{ (1)
x (2)
OBJ x: 20 (3)
x (4)
y (5)

} (6)

Notehow in particular, theapplicationon line (2) is boundto adeclarationwhichcomesafter it. This
is consistentwith setsemanticswhereorderdoesnot matter. In somesequentiallanguagessuchas
PascalandC,aforward declarationisneededto let thecompilerknow thatadeclaration(or moreoften
adefinition)will follow. Thisextraburdento theuseris toleratedasit avoidsoneextracompilerpass.
Oneparticularusefor forward referencesin sequentiallanguagesis to allow cyclic references:one
objectdeclarationrefersto anotherandvice versa,henceno sortingof declarationswill ever resolve
theproblem.Usingsetsemanticsalleviatesthisproblemasshown in theMSL-USERexamplebelow:

{
OBJ a: Ta := {ref(b), ref(a)},
OBJ b: Tb := {ref(a), ref(b)}

}

2. Sequentialsemantics:theorderof declarationandapplicationdoesmatter. Theextentof adeclaration
rangesfrom the point of declarationto the endof the enclosingsequence.Below, the extent of the
declarationof objectx on line (3) rangesover lines (3)–(6).Hence,thoughapplicationof x on line
(4) is boundto the declarationon line (3), the applicationon line (2) is not within the scopeof the
declarationandanerrorwill bereported(unlessx is declaredin anouterscope).

[ (1)
x (2)
OBJ x: 20 (3)



3.2 The MSL-USER modelling langua ge 161

x (4)
y (5)

] (6)

In bothsetandsequentialsemantics,it mayhappenthatanobjectwith thesamename(i.e., usingthesame
identifier) is declaredmore thanoncewithin the samelexical scope.In the caseof sequentialsemantics
below,

[ (1)
OBJ x: 20 (2)
x (3)
OBJ x: 30 (4)

] (5)

the declarationon line (4) is within the scopeof the declarationon line (2). In the caseof setsemantics
below,

{ (1)
OBJ x: 20 (2)
x (3)
OBJ x: 30 (4)

} (5)

both declarationson lines (2) and (4) are in eachother’s scope.In a denotationalterminology, we say
overlappingdeclarationsoccurif theintersectionof therespective scopesis non-empty. Sucha situationis
ambiguousandpossiblyerroneousandthe semanticswe usein this caseis to only retain the first (asap-
pearingin thesourcetext) declarationandto ignoresubsequentdeclarations.Alternately, thelastdeclaration
couldberetained.Also, awarningmessagewill beoutput.
In both set and sequentialsemantics,nestedlexical scopingis supported.Here, if an object application
cannotbefoundin thecurrentscope,theenclosingscopeis searched,andsoon recursively. Thepercieved
total enclosingscope,collectingall enclosingscopesis calledtheenvironment. Innerdeclarationscanhide
outerdeclarationsasshown in theexamplebelow.

{ (1)
{ (2)

x (3)
y (4)
OBJ x: 30 (5)

} (6)
x (7)
OBJ x: 20 (8)
OBJ y: 40 (9)
y (10)

} (11)

The applicationof y on line (4) is boundto the declarationon line (9) in the enclosingscopeasit is not
foundin thelocal scope.Theapplicationof x on line (3) however is boundto thedeclarationon line (5) in
thelocal scope,which hidesthedeclarationof x in theenclosingscopeon line (8). Theapplicationof x on
line (7) however is boundto thedeclarationin its local scope,thaton line (8).

If an applicationis not found in the local scope,nor in the environment (i.e., recursively searchingall
enclosingscopes,all theway to theoutermostlevel), theapplicationcannotbeboundto a declarationand
anerror results.
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Thefollowing demonstratesthecombinationof nestedsetsandsequences.Thevaluesof thedifferentappli-
cationsaregivenon theright handsidewith somecomments.

{
x 6 : set, x is declared below
OBJ x: 6
y 100 : set, y is declared below
[

x 6 : seq, declaration from surrounding scope
OBJ x: 20
x 20 : seq, declaration from this scope
{

x 30 : set, x is declared below
OBJ x: 30
y 100 : declaration from top level scope

the surrounding level has seq
semantics, thus y:200 is not declared yet

}
OBJ y: 200
y 200 : seq, declaration from the line above

]
OBJ y: 100
{

x 20 : set, x is declared below
OBJ x: 20
y 100 : y from the surrounding scope

}
OBJ x: 999
x 6 : declared in this scope

}

Thequestionwhyboth sequentialandsetsemantics(in combinationwith lexical nestedscoping)aresup-
porteddeservessomeattention.

1. Sequentialsemantics:To expressasequenceof operations,actions,. . . amatchingsemanticsmustbe
available.This choicewasmadein mostproceduralprogramminglanguages,asin thoselanguages
onewantsto expressexactlysuchasequence.Supportingsequentialsemanticsin MSL-USERallows
us to transposea pieceof proceduralcodewith thesamesemantics.This transpositionis a valuable
alternative to calling externalsequentialcodeas,suchexternalcodecannotbetype-checked nor can
globaloptimizationsbeperformed.Above all, beingableto representsequentialsemanticsallows us
to explicitly representsortedalgebraicanddifferentialequationsin MSL-USER.In mostmodelling
systemssupportingsetsof equations,thesortedequationscanonly beseenin thegeneratedsimulator
code(MSL-EXEC in our case).Oneof thedesignrulesfor theMSL-USERcompileris that it must
be possibleto write out, in valid MSL-USER(i.e., canbe readin again),every intermediatestepin
thecompilationprocess.

2. Setsemantics:Many formalismsarebasedon set-theory. Often,a corecomponentof the formalism
is a set of states,a set of transitions,a set of equationsin a DAE, etc. To meaningfullydescribe
suchformalismsin MSL-USER,exactly the samesetsemanticsmustbe supported.Note how this
setsemanticsis alsousefulin a modellinglanguagewheretheclassextensionmechanismmay lead
to a concatenationof piecesof classeswheredeclarationanduseareout of order. As an example
(further elaboratedin the next chapter),the terminalsof a biological model are vectorscontain-
ing MassFluxelements.The sizeof the vectorsis determinedby the biochemicalcomponentsthe
userwants to take into account.In our generic(massbalance)models,we want to take into ac-
countany numberof components,which will however only be given by the userat the momentof
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modelinstantiation.This is donethroughthedeclarationof anenumeratedtypeTYPE Components =
ENUMH2O, CO2, S_S, ... END_ENUM. In thegenericmodel,we declareaninterfaceto beof type
MassFlux[NrOfCompon ent s] with NrOfComponents = Cardinality(Compone nt s) . Thereference
to Componentsis a forwardreferencewhich is perfectlyhandledwithin thesetsemantics.

In theGentlecompilerin AppendixA, two passesareused:

1. Thefirst passis usedto:} addauniqueentryfor eachdeclaredobjecttoaglobalobjectsymboltablenamedDeclarations .} build a list of declaredobjectsin eachscope.This list containsreferencesto the declarations
(in the Declarations table)within that scope.In caseof multiply declaredobjects,they are
all enteredin the list. During application-to-declaration binding, this will bechecked for. Note
how, in caseof a multiply declaredobject(e.g.,OBJ a: T_a, OBJ a: T_b), all uniqueentries
will continueto exist (we cannotdeleteentriesfrom a tablein Gentle).This is despitethe fact
that we may chooseto only retain the first declarationwhen resolvingobject “applications”.
Whenimplementingthis in anotherlanguage,wewoulddeletetheadditionaldeclarations.Note
how, when writing out the AbstractSyntaxTree(AST) andSymbolTable (ST), and reading
in again,theerroneousextra declarationswill have disappeared.Thelist of objectsdeclaredin
a block is attachedto the AST nodefor that scope.The list allows us to traverseall declara-
tions.In theAST, everydeclarationnodedeclaration(IDENT, OBJECT) is replacedby anode
decl_ref(Declaratio ns) referencingtheobjectsymboltable.

2. Thesecondpassis usedto resolve applicationsto declarations.In caseof a setscope,thelist of dec-
larationsin thatscopeis usedto Define() thesedeclarationsin a hashtable.In caseof a sequence
scope,theactualdecl_ref() nodesareusedto Define() thedeclarationsasthey areencountered.
SeetheRESOLVE/BIND NESTEDIDENTIFIER APPLICATION TO DECLARATIONScommentsfor ade-
scriptionof theuseof {Def|Has|Undef}Mean ing to keeptrackof thevalid identifiersandtheir ap-
propriatebindingat eachnestinglevel. During this pass,we maywish to remove thenow redundant
declarationnodes.

3.2.5 Generic model transf ormations

As opposedto formalism-specifictransformationsdiscussedin thepreviouschapter, somemodeltransfor-
mationsareformalism-independent.

Variab le probes

Dueto theencapsulationof modelknowledge,only interfaceandparametersareexternallyvisible. If one
wantsto inspectinternalvariables,thesewill have to bebroughtto thesurface.Thiscanbeautomatedin the
following way (for asinglevariable):} atomicmodel:addaterminalto themodelinterface.Produceanequationlinking theinternalvariable

to theinterfaceterminal.AssignOUT causalityto thatterminal.} coupledmodel:theabove proceduremustbeperformedrecursively from theatomicmodelwherea
variableneedsto beinspectedto thetopmostcoupledmodellevel.

Manipulating parameter s

For purposesof control,onewantsto manipulateparametersof amodel.Fromaformalstandpoint,manipu-
latingparametersis impossible(parametersareby definitionconstantduringasimulationrun).Thus,anew
modelhasto beconstructedwherebyparametersaremigratedto theinterface:} atomicmodel:adda terminalto themodelinterfacefor each“manipulated”parameter. AssignOUT

causalityto theseterminals.Remove the manipulatedparametersfrom the parametersection.The
dynamicequationsnow implicitly referto interfaceterminalsratherthanto parameters.
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new CM = < {Model 1, Model 2, Transducer},
               {Model 1.x -> Transducer.in, Transducer.out -> Model 2.y}>

T1 T2T2T1

transducer

x

Model 1

y

Model 2

Figure3.4: InsertingTransducers} coupledmodel:theaboveproceduremustbeperformedrecursively from theatomicmodelwhosepa-
rametersneedto migrateto theinterface,upwards.Therefore,parametercouplingequations(linking
parametersof acoupledmodelandits sub-models)needto beupdated.

This transformationis implementedin theMSL-USERcompiler.

Transducer s

For acoupledmodelto bemeaningful,theTYPEof connectedsub-modelterminalsmustmatch.Onemight
for exampleconnectadiscreteoutputto acontinuousinputor adistanceoutputin metersto adistanceinput
in inches.In bothcases,the introductionof a “transducermodel” (Figure3.4) is meaningful.In theabove
examples,aninterpolatortransducerandaunit convertingtransducercanbeused.Notetheactualchange in
thecoupledmodelCM: anextra transducermodelhasbeenadded,resultingin anew coupledmodel.
A commonuseof transducersin WWTP modelsis in couplingbetweenmodelswhich useequivalent(but
different)setsof interfacevariables(e.g., massandvolumevs.concentration).

Model invariants

Whenexpressinga modelin termsof algebraicanddifferentialequationrelationsbetweenstatevariables,
oneimplicitly assumesthemodelis independentof all possiblephysicalvariablesnot includedin thestate
variablelist. Othermodelscoupledto this modelmay be dependenton suchvariables(say, variableT).
Obviously, couplingof two suchmodelsis notpossible.Thesolutionis to augmenttheinterfaceof themodel
independentof T with a Tinter f ace terminal.Internally, a variableT andthe trivial pass-throughequations
T � Tinter f aceIn andTinter f aceOut � T areadded.This explicitly representsthemodel’s invarianceof T. This
approachis preferredover theuseof “global” variables.

In WWTPs,themostcommonpass-throughvariableis temperature.

Flattening coupled models

Throughmodelflattening,a concretehierarchicalmodelis transformedinto anatomicmodel.This mono-
lithic atomicmodelis fit to be executedusinga simulationkernelappropriatefor thatatomicmodel’s ab-
straction.Model flatteninginvolvesthe recursive replacementof coupledmodelsby a flattenedversionof
their underlyingsub-modelconfigurations.This flatteningis requiredasthesemanticsof a coupledmodel
is merelyrelatedto sub-modelidentity andcouplingandnot to dynamicbehaviour (which is only present
in atomicmodels).Thus,flatteningof a coupledmodelconsistingof only atomicmodelswill resultin one
atomicmodelof thesametypeasall thesub-models.This atomicmodel(a largesetof algebraicandordi-
narydifferentialequationsin our case)will allow for numericalsimulationof thedynamicbehaviour. The
mechanismof closurein caseof DAE modelsconsistsof:} nameunification:makinglocal sub-modelnamesgloballyunique(e.g., by prefixingtheuniquename

of thesub-model).



3.3 Meta modelling 165} concatenationof sub-modelequations.Thissimpleapproachis possiblethanksto theclosureproperty
of theDAE formalism(concatenationof DAE modelsis againaDAE model).

3.3 Meta modelling

In the following, we describethe conceptof metamodelling: modellingat a metalevel the variouscon-
ceptsusedin differentformalisms.It is believedmetamodellingwill allow for theautomatedconstruction
of highly specializedmodellingandsimulationtools.Thegenericityof MSL-USERwasa first stepin this
direction.In whatfollows, theconceptof multi-paradigmmodellingasa generalisationof multi-formalism
modellingis introduced.Focusis oncontrolengineeringapplications,adomainin which theneedfor dedi-
catedmodellingandsimulationtoolsis high.

Theanalysisanddesignof engineeredsystemsinvolvesexpertisefrom many disciplinesandentailsavariety
of implementationtechnologies(e.g., embeddedsoftware,microelectromechanicalsystems,analogcircuits,
anddigital circuits).The heterogeneousnatureof thesesystemsinvariably combineswith an architecture
of different concurrentcomponentsthat interactthroughcontinuoussignalsor discretemessagepassing.
The correspondingcomplexity hasled to the useof moreformal approachesto systemdesign.Dedicated
modellingformalismsareappliedto differentaspectsand/orcomponentsof thesystem.Consequently, the
completesystemspecificationprocesscombinesseveralmodelling,design,implementation,andrealization
formalismssuchasdifferentialequationmodelling,continuoustime signalprocessing,anddiscreteevent
controllers.Decompositionof theentirespecificationtaskallows teamsof expertsto concurrentlywork on
theirdomainof expertise,e.g., controllaw design,simulation,optimization,modelling,andverification.

To comprehensively handlesystemdesignin suchaheterogeneousenvironment,multipleapproachesbased
on differentparadigmshave to becombined.In thefollowing, thedefinitionby Nordstromis used[Nor99]
“A modellingparadigm is a set of requirementsthat governshow any systemin a particulardomainis
to be modelled.Thesemodelling requirementsspecify the typesof entitiesandrelationshipsthat canbe
modelled;how bestto modelthem;entity and/orrelationshipattributes;thenumberandtypesof views or
aspectsnecessaryto logically andefficiently partition thedesignspace;how semanticinformationis to be
capturedby, and later extractedfrom, the models;any analysisrequirements;and, in caseof executable
models,run-timerequirements.”

A tool that “understands”eachof thecorrespondingformalisms(i.e., hasa modelof them)canbeusedto
ensureconsistency betweendifferentformalisms,allow for quick adaptationto changingneeds,exchange
information,andefficiently provide tailoredmodellingenvironmentsthat aremaximally constrainedwith
respectto the domainof operation.For example,a designedcontrol law that is automaticallytranslated
into its implementation,i.e., thehardwarebinding.Herethecontrol languagefocuseson stability andother
controlcharacteristics,whereastheimplementationhasto dealwith issuessuchasschedulability, reliability,
andsecurity, which requiresdifferentanalysisformalisms.If consistency andcrosscouplingacrossthese
languagesis ensured,implementationchoices(e.g., the “time for space”trade-off) can be conveniently
conveyedbackto thecontroldesignengineer.

Multi-paradigmmodelling is alsocritical for reconfigurablesystemsas the supervisingmechanismsthat
combinewith a flexible control architecturearebasedon differentmodelling formalisms(even different
plantmodels),andneedto integratewith thecontrolarchitecture.Onesolutionis modelintegratedcomput-
ing [SKB  95], which allows changesin thesystemmodel/specificationandtranslatestheseautomatically
into software(or evenreconfigureshardware).

Control systemdesignis achieved by using many software tools, sophisticateddevelopmenttechniques
andmethodologiesrelyingon library componentsandautomatic(code)generationapproaches.Specialized
computerautomatedtools for eachof thesedomainsarevery helpful or even indispensableto carry out
the relatedtasks,asthe processof control designrequiresthe integrationof, e.g., modelling,simulation,
control law design,dynamiccontrol law integrationwith safetyandredundancy managementcontrol logic
(e.g., surveillancefunctionality),andcontrol robustnessassessment.Typically, thereis no singletool that
addressesall theseissues,and,therefore,a suiteof tools is usedthroughoutthe designprocess.Because
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thesetools hardly ever arecompatible,the sharingandcoordinatingof informationflow betweenproject
teamsinevitably leadsto a lot of overheadin termsof collaboration,andis veryerrorprone,inefficient,and
expensive.Moreover, similar tasksmaybecarriedoutmultiple timesandevensimultaneously.

All theseissuesareaddressedby adoptinga metamodellingapproachto dataexchange[Com94, Ern96,
EW00, Fis99] andmodellingparadigmandenvironmentspecification[EK00, KNLS00]. Here,anoverview
is provided of theuseof metamodellingconceptsasusedin controlsystemdesign.Section3.3.1reviews
thespecificationrequirementsfor multi-paradigmmodellingenvironments.Section3.3.2discussestheuse
of a genericunifying language.Section3.3.3givesanoverview of analternative approach,theuseof meta
modelling,andshows how this supportsthe requiredflexibility andspecificityneededfor multi-paradigm
modelling.

3.3.1 Modelling envir onment requirements

To facilitatecomputerautomatedcontrolsystemdesign,modelling,andanalysis,computerbasedenviron-
mentsneedto be available that aretailored to the particulartaskat hand.The mostefficient andflexible
approachis to modelthemodellingenvironmentandautomaticallygeneratea completespecificationthat
canbedirectly compiledinto anintegrateddevelopmentenvironment.This requiresthespecificationsto be
well structured,to definetheprecisesyntaxandsemanticsof a language,andto notbemixedwith language
implementationdetails.

A cleanseparationin conceptsleadsto [Gro99b, Nor99]:

1. Syntacticspecificationsthat canbe divided into (i) the concretesyntax,which capturesthe actual
representation,e.g., a textual languagespecifiedby Backus-NaurForm(BNF) constructs,and(ii) the
abstractsyntax,thelanguagesyntaxdevoid of implementationdetails,whichallows for therepresen-
tationof theessentialconstituentsof a formalism.

2. Semanticspecificationsthat may includemodelcompositionconstraintsto capturedomainspecific
conceptsandconstraints.Thesecanbe classifiedas(i) staticsemanticsthat canbe checked during
modelcomposition(e.g., in logic circuits the numberof loadingcomponentsallowed to connectto
oneoutput),and(ii) dynamicsemanticsthat canonly be checked during execution(e.g., whethera
certainstateis reached).More generally, dynamicsemanticsencompassesthe semanticsof model
execution.Thedistinctionbetweenstaticanddynamicsemanticsis not relatedto representation,but
ratherto the availability of sufficient informationto assertthe validity of certainconstraintsbefore
modelexecution.If this is not thecase,theconstraintsneedto bepassedon to a modelexecutionen-
vironment.Suchconstraintscanberepresentedin themetamodelstructureor by aconstraintlanguage
(e.g., first orderpredicatelogic).

3. Presentationspecificationsthat arecritical for specificationof thecompletemodellingenvironment
andthatspecifytheappearanceof entities,relationships,andattributes.

4. Interpreterspecificationswhicharenecessaryto extractinformationfrom eachof themodelsto allow,
e.g., documentationandexecution.As such,it is a concreterealizationof dynamicsemantics.

The first two specifythe modellinglanguageandthe latter two completethe specificationof a modelling
environment.In agraphicallanguage,thesyntaxis acollectionof modellingobjecttypes,possiblerelations
betweenthem,and their allowed attributes.Static semanticspertainto the well-formednessof language
constructs,andthey representan invariantthatmusthold acrossthefamily of modelsthatcanbedesigned
usingthemodellinglanguage.Dynamicsemanticsrelateto the interpretationof the modelconstructsand
cannotbespecifiedby languageconstructs.

3.3.2 Multi-paradigm modelling with a generic standar d

Oneapproachto dealwith the issuesof tool interoperabilityandmulti-formalismapproachesis to develop
aunifying genericstandard,e.g., Modelica[EBB  99] andVHDL-AMS [Gro99a]. If suchastandardallows
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for theuseof multiple formalismsin oneenvironmentit correspondsto aunifying super-formalismthatcan
beusedfor modelexchangeandcanmitigatetheinteroperabilityproblems.

Becauseof thevarietyof formalismsthataddressdifferentaspectsandtypesof specificationthatareused
throughouta systemdesignlifecycle, if at all possible,it is difficult at bestto establishonesuchgeneric
formalism. For example, it would have to include the ratherdifferent syntax,semantics,representation
and interpretationspecificationsof dataflow diagrams,control flow diagrams,formalismssuchas state-
charts,Grafcet,andPetri Nets,physicalmodellingformalismssuchasbondgraphsandobjectdiagrams,
block diagrams,andprocessdiagrams[DA92, Har87, HP88, KMR90, Mur89]. For example,in termsof
their interpretation,computationalmodelssuchas differential equations,state/event, discreteevent, syn-
chronous/reactive, and(a)synchronousmessagepassing[DGG 99] areused.To captureall of thesewould
requireoneunderlyingcomputationalmodelthatsubsumesall others.However, modellingis not justaques-
tion of whetherit is possibleto representsystemknowledgewith a certainformalism,it critically depends
onwhetherit canbedoneelegantlyandintuitively [Lee99, LL00].

A standardunifying formalism works well if the areaof applicationis sufficiently restricted[MML99,
MOE98]. For example,Modelicaconcentrateson physicalsystemmodellingandbuilds on the combined
differentialequationandstate/eventcomputationalmodels.This allows for a comprehensive languagewell
suitedto its purpose.However, becauseit doesnotseparateabstractfrom concretesyntax,it mayresultin an
overly rigid formulation.For example,theabstractsyntaxof an iteratorconstructcontainsan initial value,
final value,andstepsize.A designdecisionis requiredwhetherto usetheconcretesyntaxthatcorresponds
to i=0: 10: 2 or to usei=0: 2: 10. This choicewill be incompatiblewith particulardomainsandcausean
increasedthresholdto acceptanceof thestandard.Notethatit is impossibleto allow bothvariants,acommon
solutionin caseof suchdesigndecisions,which leadsto abloatedlanguagespecification.

The useof standardsrelies heavily on the conceptof libraries, i.e., setsof predefinedcomponentstypi-
cally relatedto aspecificdomain.Eachlibrary embodiesaparticularmodellingparadigm.This impliesthat
any oneparticulardesigntool is requiredto containa compilerfor eachof the includedformalisms,even
thosenot applicableto theparticulartaskat hand.Also, in Modelica,thepresentationsemanticsaredisso-
ciatedfrom the languagesyntaxandsemantics.Therefore,the choicebetweendifferentvisualisationsof,
for exampleanelectricalresistor, is possibleby constructingtwo separatelibraries.Becauseof the inheri-
tanceconstruct,eachof thesecomponentscaninherit thesamefunctionality, only specializingthegraphical
appearance.However, if oneimportsanelectricalcircuit designedwith aparticularlibrary, thegraphicalpre-
sentationis fixed,i.e., noautomatictransformationto thedesiredpresentationoccursbecausenoknowledge
is availableof whata resistoris.

Theuseof astandardworkswell for modellingaffinitivedomains.In caseof Modelica,thisis thestructureof
aphysicalsystem.Behaviouralmodels,suchasblockdiagramsandstatecharts,requireagraphicalnotation
and semanticsthat may differ significantly, and, therefore,may be hard to capturein the standard.For
example,in physicalsystems,modelsbasedonenergy flow havenocomputationalcausality, and,therefore,
therepresentationdoesnotconcerndirectionof connections.In blockdiagrams,ontheotherhand,causality
of inputandoutputsignalsis inherent.Typically, thisis indicatedby adorningtherelationwith anarrowhead.
Thesemanticsof this cannotbeeasilyaddedto a noncausalrelation.For example,in theModelicablock
diagramlibrary, therelationsarestill noncausal,andtheinput-outputbehaviour isspecifiedby theconnected
objects.This specificationis not relatedto thegraphicalrepresentation,though.So, for eachport instance
it is specifiedseparately, whetherit operateson input, output,or both.Thegraphicalrepresentationthenis
drawn asanarrowheadwithout thishaving adirectimplicationon thesemantics.

In conclusion,theflexibility requiredfor a standardcalls for increasinglygenericconstructssuchasundi-
rectedrelations.Furthermore,giventhatthelanguageneedsto besufficiently powerful to specifyamultitude
of formalisms,its genericitymakesit hardto usefor specificanalyses,andit becomeshardto prove certain
characteristicsof a model.Also, suchlanguagestypically lack a constraint language to limit the family of
modelsonehasto dealwith. Rather, constraintsarehardcodedinto themodelcompiler. For example,the
requirementthatanelectricalcircuit includesat leastonegroundnodecannotbespecified.This allows for
anentireclassof electricalcircuits (infinitely many) thatcanbemodelledbut cannotbeexecuted.Finally,
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Figure3.6:A modelof statetransitiondiagrammodels.

therigidity of sucha genericstandardmakesit hardto keepup with thestateof theart anddisallows users
to defineadditionalmodelspecificationsthatthey needin orderto solve their specificproblems.

3.3.3 Meta modelling

A provenmethodto achieve therequiredflexibility for amodellinglanguagethatsupportsmany formalisms
andmodellingparadigmsis to modelthelanguageitself. This is exemplifiedby, amongothers,thedomain
modellingenvironment(DOME) [Hon99, EK00] andthemultigrapharchitecture (MGA) [SKB µ 95]. To il-
lustratethisnotion,considerthestatetransitiondiagramin Figure3.5.Whenin theON state, a transitionto
OFFoccurswhentheconditiont ¶ 2 is trueandthis generatesanalarmaction. Thestate,transition,con-
dition, andactionelementsarepartof any statetransitiondiagramandtheir dependenciescanbemodelled
asshown in Figure3.6.This modelspecifiesa family of statetransitiondiagramswhereeachinstantiation
hasstatesthatareconnectedby transitions.Eachstatecanhave any numberof exit transitions,indicatedby
the1 : 1 and1 : N cardinalityon thedownwardarrow in thefigure, i.e., eachstatecanhave between1 and
N transitionsandeachtransitionhasto exit between1 and1 states(it hasto beconnectedto oneandonly
onestate),whereN representsinfinitely many. Eachtransitioncanenteronly onestateandeachstatemay
have any numberof enteringtransitionsindicatedby the cardinalityon the upward arrow. The transitions
betweenstateshave two attributes,oneconditionthatallows thestatetransitionto betakenandoneoptional
(indicatedby the0 : 1 cardinality)action.

Themodelin Figure3.6canbeusedto specifydifferentstatetransitiondiagramformalisms,e.g., theaction
attribute canbe mademandatoryfor eachtransitionby changingthe cardinality from 0 : 1 to 1 : 1. Fur-
thermore,actionscanbeassociatedwith statesaswell andhierarchicalstatemachinescanbemodelledby
giving eachstateastateattribute(i.e., a relationwith itself).

Sucha modelof the modelling languageis calleda metamodel.It prescribesthe possiblemathematical
structures(formalisms)thatcanbeexpressedin themodellinglanguageandcanbetailoredto specificneeds
of particulardomains.Fromthemetamodelspecification,themodellinglanguagecanthenbeinstantiated
automatically. This requiresthe metamodelmodelling formalism to be sufficiently rich andsupportthe
constructsneededto definea modellinglanguage.To allow for easyextension,themetamodelmodelling
formalismcanbemodelledby a metametamodel.This metametamodelspecificationcapturesthebasic
elementsthatcanbeusedto designametamodelmodellingformalism.In casenew conceptsandstructures
arerequired,thesecanbeconvenientlymodelledatametametalevel.

For example,thestatetransitiondiagrammetamodelin Figure3.6is limited to thefamily of statetransition
diagrams.This restrictioncanberemovedby modellingthemodelof statetransitiondiagramsin Figure3.6
by the metametamodel in Figure3.7. It containsan abstractrepresentationof the mechanismsthat are
part of the statetransitiondiagramsmetamodel, i.e., entities(states,transitions),attributes(actionsand
conditions),andrelationsbetweenthem.This metametamodelgroupsentitiesandrelationsby an object
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Figure3.7:A statetransitiondiagrammetametamodel.
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modelcomponentandeachof themoptionallyhasany numberof attributes.It alsoshows thateachrelation
connectsto oneentityasits source(markedsrc) andoneentityasits destination(markeddst), and,therefore,
directedlinks canbeused.Themetametamodelspecificationlanguagehasto consistof entities,attributes
to specifythecardinalityandrelationsto specifythe threetypes,(i) sourcerelations(src), (ii) destination
relations(dst), and(iii) attributerelations(atr).

Giventhemetametamodelin Figure3.7,abroaderfamily of metamodelscanbedescribed.For example,a
Petrinetasillustratedin Figure3.8consistsof places(shown astransparentcircles)andtransitions(shown
assolidrectangles).Eachplacehasconnectionsto transitionsandeachtransitionto places.A transitionmay
haveaconditionandwhenthisconditionis trueandall its inputplaces,i.e., placesthatarethesourceto the
transition,containa token(shown asablackdot insideaplace),it mayfire (thecorrespondingtransitionmay
beexecuted).ThePetrinetsmetamodelshown in Figure3.9specifiesplacesandtransitionsthatcanconnect
to oneanother. Furthermore,the tokensarespecifiedasoptionalattributesof a placeandconditionsasan
optionalattributeof atransition.Thefamily of Petrinetsthatcanbeinstantiatedfrom thismetamodelallows
placeswith multiple tokens.However, in somemodellingparadigms,only onetoken perplaceis allowed,
which canbe convenientlychangedin the metamodelby specifying0 : 1 cardinality, and,consequently,
constrainingthe family of Petri nets.Note that this representsbotha staticanddynamicconstraint.When
thePetri net is initialized, it canbeensuredby themodeleditor thateachplacehasbeenassignedat most
onetoken.However, adynamiccheckis still requiredwhetherthisconstraintis violatedduringexecution.
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Figure3.9:A modelof Petrinetmodels
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Level Description Example

metametamodel Modelling language Relation hasDestination Entity
for specifyingmetamodels

metamodel Modelling language State connectsTo Transition
for specifyingmodels,
aninstantiationof ametametamodel

model Themodelof anobject when t > 2 transition from ON to OFF
(whichcouldbeamodel),
aninstanceof ametamodel

objectdata An instanceof amodel Ä¡ÅÇÆPÈ+É alarm Ê FÆ ¶ É alarm Ê T

Table3.1:Four layermetamodellingstructure.

In additionto theelementsof the graphicallanguage,often a constraint language is facilitatedby a meta
modellinglanguageto specifydomainspecificconstraintsthatarehardto incorporateotherwisein themeta
model.This languagecanbeusedto rule out semanticallyincorrectmodelsandgreatlyreducethe family
of modelsthatcanbemodelled[Nor99]. For example,a modelof a family of Petri netscould includethe
constraintthat thereshouldnever be more than ten tokensin the net (to modela resourceslimit) by an
additionalspecificationToken.allInstances ->s ize < 10.

The outlinedmetamodellingapproachleadsto the four layer structurein Table3.1 [Gro99b]. The object
datarow representsthe datageneratedfrom a particularmodel,e.g., the simulationresultsof a physical
systemmodelin thetimedomain.Thesedataareoneinstanceof thesetof datathatcanbegeneratedby the
model.Themodelrow representstheparticularmodelsuchasthestatetransitiondiagramin Figure3.5.At a
metalevel, themetamodelrow representsaclassof models,e.g., themodelof thefamily of statetransition
diagramsin Figure3.6.This metamodelis describedby a languagethatis specifiedby ametametamodel,
themetametamodelrow. Thiscouldbethemodelin Figure3.7.

The apparentadvantageof this approachis the tremendousflexibility that canbe achieved. Considerthe
iteratorconstructdiscussedin section3.3.2.At a metalevel it canbespecifiedto consistof aninitial value,
final value,andstepsize,but theconcretesyntaxcanbeinstantiatedasdesired.This doesnot affect theab-
stractsyntaxnor thesemantics,though,andexchangeof modelswith thisconstructis inherentlysupported.
Moreover, the concretesyntaxof the iteratorconstructwill be automaticallyadaptedto the desiredform
whenloadedby adifferenttool.

This flexibility is alsomanifestedin theeasewith which new formalismscanbedesigned.By adaptingthe
modelof a modellingformalism,andautomaticallygeneratinga prototypeof themodellingenvironment,
designchoicescanberapidly evaluated.Furthermore,if thesamelanguagefor metamodelspecificationis
used,consistency betweendifferent formalismscanbe achieved. For example,if a componentin a block
diagramhascertainoutputsignals,thesevalueshave to becomputedinternally. In casetheparticularcom-
ponentis modelledby a statetransitiondiagram,theoutputof this modelhasto correspondwith theblock
diagramoutputat ahigherlevel.

To allow deeperspecificationof the semanticsof a modellingformalism,in particularof the dynamicse-
mantics,it is usefulto expresshow a modelstructure(metamodel)canbemappedontoothermodelstruc-
tures.An invariantof this mappingmustobviously be the modelledsystem’s dynamicbehaviour. Exam-
plesof mappingsarethetransformationbetweena BondGraphanda correspondingsystemof differential
andalgebraicequations(DAE), or betweena Statechartandan equivalentDEVS model.Thesemappings
or model transformationsarethe basisfor symbolicmodelanalysisaswell asfor automatic(simulation)
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Figure3.10:TheWEST++modellingandsimulationprocess

codegeneration.Possibleformalismtransformationscanbechartedin a FormalismTransformationGraph
(FTG) [Van00].

3.4 The WEST++ modelling and sim ulation envir onment

WEST++ [VCV98], originally an acronym for “Wastewater treatmentEnvironmentfor Simulationand
Training”, is a distributed environmentfor modellingandsimulation.Currently, it is mostly usedfor the
study(analysis,optimaldesign,andcontrol)of bio-activatedsludgewastewatertreatmentplants.Theen-
vironmentis generichowever andsupportsmultiple formalisms,mostnotablyForresterSystemDynamics
andDAEs. It is a limited implementationof theGMSA describedin thefirst sectionof this chapter.

WEST++makesastrict distinctionbetweenmodellingandexperimentation.Thereasonfor this is notonly
modularity, but alsoto have theability to substituteeitherthemodellingor experimentationenvironmentby
differenttools.Furthermore,aseparateexperimentationenvironmentmakesit possibleto deploy asimulator
withoutsharingmodelknowledge,which is oftennecessaryin acommercialcontext.

The modelling and simulationprocessas supportedby WEST++ is depictedin detail in Figure 3.10. It
shows theflow of informationthroughthesystem.It alsoshows how theModelling Environmentrelatesto
theExperimentationEnvironment.In WEST++,thefollowing informationis usedin theform of files:� *.msl: MSL-USERmodeldescriptions.� *.C and*.h: MSL-EXECmodeldescriptions.� *.o: CompiledMSL-EXECmodels.� *.a: Archive of compiledMSL-EXECmodels.� *.so: dynamicsharedobjectversionof compiledMSL-EXECmodelsarchive.� *.MSLU.tcl: Informationextractedfrom a*.msl file for usewith theHierarchicalGraphEditor.� *.HGE.tcl: HierarchicalGraphEditor configurationfile.� *.HGE.lib.tcl: HierarchicalGraphEditor library file.� *.exp.tcl: Experimenterconfigurationfile.� *.simul.tcl: Simulatorconfigurationfile.� *.simul.in.txt: Simulationvariableinput file.� *.simul.out.txt:Simulationvariableoutputfile.
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Clog

Cinfo

HGE �����	�

Figure3.11:Modelling Environmentdependencies� *.optim.tcl: Optimiserconfigurationfile.� *.optim.cost.in.txt:Optimisermeasurementdatainput file to beusedduringcostcalculation.� *.optim.cost.out.txt:Optimisercostoutputfile.� *.optim.log.out.txt:Optimiserlog outputfile.� *.plot.tcl: Plot configurationfile.

Apart from theabove list of files containinginformationusedby thesystem,eachmacro-modulealsohasa
resourcefile whichshouldresidein theuser’s homedirectory:� Crc.tcl:Usedby theInfo Server, theLog Serverandall othermacro-modules.� HGErc.tcl:Usedby theHierarchicalGraphEditorServer.� plotrc.tcl:Usedby thePlot Server.� exprc.tcl:Usedby theExperimentationServer.� optimrc.tcl:Usedby theOptimisationControlServer andtheOptimisationEngineServer.� simulrc.tcl:Usedby theSimulationControlServer andtheSimulationEngineServer.

3.4.1 Modelling Envir onment architecture

The WEST++Modelling Environmentcurrentlyallows for the translationof MSL-USERmodeldescrip-
tions into MSL-EXEC codeand for the creationof coupledmodelsin a graphicalway. It operatesin a
distributedfashionandis madeupof anumberof so-calledmacro-modules.Thesemacro-modulesareself-
containedandhave a well-definedfunctionality. They communicateby sendingmessagesover a TCP/IP
network. All macro-modulesaremadeupof ahyperwishandasetof Tcl sources[Ous94]. A hyperwishis a
Tcl interpreterin whichoneor moreextensionshavebeenregistered.Theseextensionshaveeitherbeenob-
tainedvia thepublicdomainor wereimplementedspecificallyfor WEST++.Theimplementationlanguage
for Tcl extensionsis C/C++.

The translationof MSL-USERmodelsinto MSL-EXEC codeis donethrougha stand-alonepre-compiler
whereasthecreationof coupledmodelsusestheHierarchicalGraphEditorServer. Themacro-moduleallows
oneto graphicallyconstructacoupledmodeloutof othermodels(atomicor coupled)andto generateMSL-
USERcodefor these.

Figure3.11showsthedependenciesbetweenthemacro-modules.Arrowspoint to thosemacro-modulesone
particularmacro-moduledependson.Thismeansthatthedependentmacro-modulecannotoperateproperly
aslongasthemacro-modulesit dependsonarenot fully available.Currently, theModellingEnvironmentis
fairly simplecomparedto theExperimentationEnvironment.It only consistsof anInfo Server, aLog Server
andthe HierarchicalGraphEditor (HGE). The WEST++Modelling Environmentmacro-modulesarethe
following:
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Figure3.12:HierarchicalGraphicalEditor (HGE)Entity-RelationshipDiagram� Info Server (Cinfo)
This server keepstrack of the whereaboutsof all otherservers.It is the only server which contains
global information. In casea new server is started,it will always first register itself with the Info
Server.� Log Server (Clog)
The Log Server monitorsall messagessentover the network from oneserver to another. The Log
Server is ableto filter outmessageswhichsatisfycertaincriteria.Thesearethensentto a log file. The
Log Server is alsoresposiblefor managinginformationalmessages,warningsanderrors.The latter
threemessagesmaybemapped, underusercontrol,ontodisplayin a log, displayin apopupwindow,
andterminationof thecompleteenvironment.During differentphasesof theWEST++development
(prototyping,testing,deployment),differentmappingswereused.� HierarchicalGraphEditorServer (HGE)
TheHGEis ageneric,highly configurableinteractive graphicaltool for theconstructionof annotated
graphs.Graphsaredatastructuresconsistingof nodesandedges.TheHGEcanbetunedfor aspecific
formalism/applicationby settingup a library with configurationsfor thatapplication.Suchlibraries
can be loadedfrom within the HGE and immediatelychangethe entire behaviour of the tool. In
WEST++,the HGE is mostly usedfor the constructionof coupledmodels.For this purpose,icons
representingcomponentsareplacedonacanvasandinterconnected.Subsequently, modelsarechosen
for eachcomponentandtheappropriateconnectionvariablesarelinked.Thecoupledmodelcanthen
beexportedasaMSL-USERdescription.Figure3.12depictstheHGE’sEntity-RelationshipDiagram.
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Figure3.13:ExperimentationEnvironmentdependencies

3.4.2 Experimentation Envir onment architecture

TheWEST++ExperimentationEnvironmentcurrentlyallowsfor thesimulationandoptimisationof models
describedin theDAE formalism.JustastheModelling Environment,it operatesin adistributedfashion.

Figure3.13shows thedependenciesbetweenthemacro-modules.Arrows point to thosemacro-modulesa
particularmacro-moduledependson. This meansthat the dependentmacro-modulecannotoperateprop-
erly as long as the macro-modulesit dependson arenot fully available.The WEST++ Experimentation
Environmentmacro-modulesarethefollowing:� Info Server (Cinfo)

Sameasfor theModelling Environment.� Log Server (Clog)
Sameasfor theModelling Environment.� SimulationEngineServer (SimulEngine)
TheSimulationEngineServer is capableof simulatingthemodel,encodedin MSL-EXEC(generated
by themodelcompilerfrom MSL-USER),which hasbeenlinked into theSimulationEngineServer
itself. Simulationdataareeithersentto file or to thePlotServer.� SimulationControlServer (SimulControl)
The SimulationControl Server actsasan interfacebetweenthe SimulationEngineServer and the
outsideworld. In mostcasesit will sendincomingmessagesdirectly to theSimulationEngineServer.
It is neededsincetheroutinesof theSimulationEngineServer arenot re-entrant.� OptimisationEngineServer (OptimEngine)
TheOptimisationEngineServerwill iteratively startsimulationsusingcertainparametervaluesin or-
derto optimiseacertaincriterion.To accomplishthis,it hasto interactintensively with theSimulation
ControlServer.� OptimisationControlServer (OptimControl)
The OptimisationControl Server actsasan interfacebetweenthe OptimisationEngineServer and
theoutsideworld. In mostcasesit will sendincomingmessagesdirectly to theOptimisationEngine
Server. It is neededsincetheroutinesof theOptimisationEngineServer arenot re-entrant.� PlotServer (Plot)
ThePlot Server is ableto openmultiple windows andplot oneor moreline graphsin eachof these.
It doesnothaveadatageneratorandis thereforetotally dependentonotherserversfor thegeneration
of data.
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Figure3.14:ExperimentationEnvironmentCalls� ExperimentationServer (Exp)
This ExperimentationServer is thetopmostmacro-module.Its graphicaluser-interfaceallows oneto
managetheSimulationandOptimisationServersin auser-friendly way. It doesnotaddany additional
functionalityto thesystem,but simplymakesexisting functionalityeasierto use.

Figure3.14shows theexperimentationcall graph,whichencapsulatesthesimulatoraswell astheoptimiser
call graph.Setupaswell asstart,stopandcontinuecommandsaresentto theExperimentationandsubse-
quentlypassedonto theappropriatemacro-moduledependingontheexperimenttype.In caseof simulation
experiments,commandsarepassedonto theSimulationControlServer, in caseof optimisationexperiment,
commandsarepassedon to theOptimisationControlServer.

Figure3.15shows the simulator’s call graph.The simulatoris configuredby sendingsetupcommandsto
the SimulationControl Server. Thesecommandsaredirectly passedon to the SimulationEngineServer.
Thesamegoesfor thecommandswhich instructthesimulatorto startandcontinueits processing.Thestop
commandjust setsa flag insidetheSimulationControlServer. During execution,this flag will bechecked
every now and then by the SimulationExecutionServer. If the latter noticesthat the flag is set, it will
abortits execution.Whenthesimulationexecutionis completelyaborted,a notificationsignalis sentto the
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Figure3.15:Simulationcalls

SimulationControlServer. Duringsimulation,dataaresentto thePlotServerwhichis assumedto havebeen
configuredat anearlierstage.Configurationof thePlot Server hasto occurin a directway, andnot via the
SimulationControlServer.

Figure3.16shows the optimiser’s call graph,which encapsulatesthe simulatorcall graph.Settingup the
SimulationEngineand OptimisationEngineServers hasto be doneby sendingsetupcommandsto the
SimulationControl andOptimisationControlServers.Thesearethenpassedon to theengines.TheOpti-
misationControlServercanonly receive startandstopcommands,thecontinuecommandis notsupported.
Startcommandsaredirectly passedon to theOptimisationEngineServer, stopcommandssimply seta flag
within theOptimisationControlServer. During optimisation,this flag is checkedaftereachsimulationrun
by theOptimisationEngineServer. Whentheabortionof anoptimisationin completed,anotificationsignal
is sentto the OptimisationControl Server. Simulationsarestartedby the OptimisationEngineServer by
sendingstartcommandsto the SimulationControl Server. The OptimisationEngineServer consequently
checkstheSimulationControlServer’s busyflag in orderto seeif thesimulationis still running.Notethat
the SimulationControl Server doesnot sendany notificationto theOptimisationEngineServer whenthe
simulationis completed.This is becausethesimulatordoesnotknow by whichserver it is called.TheOpti-
misationEngineServer alsosendsdatato thePlot Server duringoptimisation.ThePlot Server is supposed
to besetup properlybeforehand,in a direct way. Figure3.17shows thePlot Server’s Entity-Relationship
Diagram.

Summar y

In thischapter, wehavepresentedaGenericModellingandSimulationArchitecture(GMSA).Thisarchitec-
turesubsumesdistributedsimulationarchitecturessuchastheHigh Level Architecture(HLA), andfocuses
on thelife-cycle of modelsasmuchason simulation.Simulationis afterall just asmallpiecein theoverall
modellingandsimulationaidedproblemsolvingenterprise.

Modelsconstitutethecoreof any modellingandsimulationsystem.Modelling languagesarea meansfor
modelcommunication(exchangeandre-use).Thedesignandimplementationof thenon-causal,formalism-
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neutralmodellinglanguageMSL-USERis described.Sincethe conceptionof MSL-USER,the Modelica
language,whosedesignis partly a spin-off of the SiE Basic ResearchWorking Groupand incorporates
featuresof MSL-USER,hasbecomeadefactostandard.

The author’s most recentwork is focusedon the unification of multi-formalism modelling with meta-
modelling.In meta-modelling,modellinglanguagesarethemselvesmodelled.

TheMSL-USERmodellinglanguageandits link-level counterpart,MSL-EXEC, areusedin theWEST++
distributed,interactive modellingandsimulationenvironmentdescribedin the last sectionof this chapter.
ThoughWEST++wasoriginally designedwith trainingof WasteWaterTreatmentPlant(WWTP)operators
in mind, it is in factageneralenvironment.Thisgenericitynow provesusefulin thestudyof moreandmore
aspectsof WWTPbehaviour (includingintelligent,modelbasedpredictive control)in anincreasinglybroad
context (includingriver andsewers).

In thenext chapter, theWWTPcaseis elaborated.
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WWTP Modelling and Simulation

This chapterintroducesa full-scalecase-studyof theconceptspresentedin previouschapters:theanalysis,
design,controlandoptimizationof bio-activatedsludgewastewatertreatmentplants(WWTPs).Here,the
focusis on the structureddesignof a library of re-usablemodelsin the modelling languageMSL-USER
ratherthanontheactualresultsof thesimulations.For detailedsimulationresults,wereferto alargenumber
of full-scaleWWTPanalysisanddesignexerciseswhichhave usedtheWEST++modellingandsimulation
environment[VCV98] bothat BIOMATH andin industry[RVM µ 00, CPVµ 98]. Increasingly, WEST++is
usedto studytheplantproducingtheWWTPinfluent,thesewersystemcollectingthemunicipalwastewater
andtransportingit to thetreatmentplant [MHS µ 00], theWWTP with its arrayof controllers[VDCV µ 99],
aswell astheriver systemin which theeffluent is dumped[SBHµ 00, RBHµ 00, VBH µ 00], demonstrating
the power of our approachat modelling complex systems(andsuperiorityover mainly mono-formalism
simulation-oriented–asopposedto modelling-oriented–systemssuchasMatlab/Simulink).

After a brief introductionto bio-activatedsludgewastewater treatmentplants,modellingof this classof
physicalsystemsis setin thecontext of a generalphysicalsystemsmodellingmethodology. At somepoint
in the methodology, behaviour modelsmustbe constructed.To describeaerationtanks,the main compo-
nentsof WWTPs,theInternationalAssociationfor WaterQuality (IAWQ) (recentlyrenamedInternational
WaterAssociation(IWA)) ActivatedSludgeModels (ASM1 andASM2) [HGGµ 86, HGM µ 94] aremost
commonlyused.ASM1 is presentedandit is shown how its matrix structurecanbeelegantly represented
in MSL-USER.Thoughtraditionally, the settling processin the WWTP clarifier, anothercrucial part of
WWTPs,is modelledby simplemodelswhichhardlytake into accountspatialdistribution, it is shown how
thePDEto DAE translatordescribedbeforecanbeusedto simulate,within WEST++,sedimentationpro-
cesses.Finally, theoverallWEST++modellingandsimulationprocess,from hierarchical,graphicalediting,
throughmodelcalibration,to simulationandoptimization,is briefly presented.

4.1 Activ ated sludg e WWTPs

Theproblemof modellingandsimulationof wastewatertreatmentplantsis gainingimportanceasa result
of growing environmentalawareness[JM98]. Comparedto themodellingof well-defined(suchaselectrical
andmechanical)systems,modellingof ill-definedsystemssuchasWWTPsis morecomplex. In particular,
choosingthe“right” modelis anon-trivial task.

Modellingis aninherentpartof thedesignof awastewatertreatmentsystem[HGGµ 86]. At thefundamental
level, adesignmodelmaybemerelyconceptual.Theengineerreducesthecomplex systemwith whichheis
dealingto a conceptualimageof how it functions.That imagethendeterminesthedesignapproach.Often,
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Figure4.1:WWTP configuration

however, theengineerrecognizesthattheconceptualmodelalonedoesnotprovidesufficient informationfor
designandthusheconstructsaphysicalmodel,suchasa lab-scalereactoror apilot plant,onwhichvarious
designideascanbetested.Givensufficient time for testing,suchanapproachis entirelysatisfactory. How-
ever, theengineermayfind thatlimitationsof timeandmoney preventexplorationof all potentiallyfeasible
solutions.Consequently, he often turns to the useof mathematicalmodelsto further explore the feasible
designspace.He may devise empiricalmodelswhich incorporatea statisticalapproachto mimic the end
resultsobtainedby studieson thephysicalmodel,or if his conceptualunderstandingexpandssufficiently,
hemayattemptto formulatemechanisticmodels.Thesemechanisticmodelsarethemorepowerful because
they allow extrapolationof thedesignspaceto conditionsbeyond thatexperiencedon thephysicalmodel.
In this way, many potentiallyfeasiblesolutionsmaybeevaluatedquickly andinexpensively, allowing only
themostpromisingonesto beselectedfor actualtestingin thephysicalmodel.Themodellingof biological
wastewatertreatmentsystemshaspassedthroughtheabove deductive-inductive (or modellingfor analysis
followedby modellingfor designandcontrol) sequenceof eventsseveral times:for theremoval of organic
matteronly, for nitrification,andfor nitrogenremoval by biologicaldenitrification.Currently, thesubjectof
sedimentationor settlingis beingstudiedintensely. In thiscontext, WEST++is bothusedfor thedesignand
controlof new andexisting WWTPsaswell asto discover new modelsof sedimentation[A.V98a] andof
biofilm growth [RVV99, VDVV00].

The wastewater treatmentprocessesdealt with in WEST++ are of the activatedsludge type [VCV98].
This meansthereductionof wasteis performedby micro-organismswhichconvert someof the(non-toxic)
wastewatercomponentsaspart of their metabolism.The generalWWTP structure(often referredto as
“configuration”) is shown in its simplestform in Figure4.1. In full-scaleoperationalplants,many more
componentswill bepresent.Thebasicprinciplesof operationremainthesamehowever. Thetime-varying
load (influent) entersthe biological reactorwherebiodegradablecomponentsareconvertedby meansof
aerobicmetabolism,by acommunityof micro-organisms(biomass),partly into new microbialbiomassand
partly into carbondioxide,waterandminerals.Becauseof theconsumptionof oxygenin the reactor, it is
oftennamedaeration tank.In many respects,theaerationbasinis comparableto a conventionalfermenta-
tion reactor. However, thepurposeof theprocessis not to produceasmuchmicrobialbiomassaspossible,
but ratherto mineralizeasmuchincomingwastematerialsaspossible.It is herebyof paramountimpor-
tanceto minimizebiomassproductionsincethelatterhasto beremovedandtreatedin a subsequentphase.
Two importantcharacteristicsfurther distinguishtheactivatedsludgesystemfrom conventionalmicrobial
fermentations.Firstly, the active biological componentcomprisesnot a pureculturebut an associationof
bacteria,yeast,fungi, protozoaandhigherorganisms.Theseorganismsgrow on the incomingwasteand
interactwith oneanother. Secondly, the sludgeconsists(in contrastwith its qualification“active”) for an
importantpartof deadcellsandcell debris.Indeed,youngactive microbialcellstendto grow in adispersed
way. The systemis thereforeoperatedin sucha way that the substrateis rate limiting andthe microbial
biomassis quasistarving.Undertheseconditionscellsgrow slowly andin flocs.Becauseof this, thewater
in the decantorseparatesin a clear top layer anda thick bottomlayer. Hence,a crucial part of activated
sludgetreatmentis to selectamicrobialcommunitywhichmineralizesata fair ratetheincomingwasteand
therebyproducesa minimumof new biomasswhich furthermoresedimentsreadilyandcompletelyout of
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thewaterwhenthelatterreachesthedecantor.

Theflow of waterbringsabouta constantwashout of themicro-organismsfrom thereactorto thesettling
tank (alsoknown asdecantor, settler, or clarifier) whereboth clarificationandsludgethickening(through
sedimentation)take place.Here,the micro-organismswhich acquirea densitysufficient to decant,arere-
tainedandremovedwith theunderflow. A recycleflow of sludgefrom thesettlerto thebioreactorkeepsthe
biomassinsidethesystem(to treatthenew influent).Whenproperlyoperating,the amountof biomassin
thesystemwill increasemonotonicallyanda small part of thesludgeneedsto be removed asexcess(see
Figure4.1).

Theeffluentof thesettleris theclarifiedwastewater. Thisclarifiedeffluentis typically returnedto thenatural
environment(river, lake, . . . ).

Increasingly, the “system” modelledtranscendsthe WWTP andincludesthe “environment” (in the engi-
neeringsense).TheWWTPmodelis integratedinto aconceptualmodelof thesewersystem/pollutingplant
or of the river (and its naturalwaterpurificationpropertiesor toxicity tolerance)in which the effluent is
dumped.A pertinentexampleof explicitly modellingtheenvironmentin WWTPsconcernsthe“experimen-
tationenvironment”.Often,sensorsareusedto monitorbiologicalvariables.Thesevariablesaredifficult to
measure,resultingin non-lineardistortionsof valuesby the sensoror by non-uniformdelaysdueto sam-
pling andprocessing.Obviously, failure to includean explicit modelof thesensorwill completelydistort
results(nomatterhow excellenttheactualsystemmodelis). This is particularlybadif onewantsto estimate
modelparametersby fitting simulationresultsto measureddata(thesensorbehaviour will be lumpedinto
theparameters).

Wastewatertreatmentpracticehasnow progressedto thepoint wheretheremoval of organicmatter, nitri-
ficationandnitrogenremoval by biologicaldenitrification,canbeaccomplishedin a singlesludgesystem.
Thenon-lineardynamicsandpropertiesof thesebiologicalprocessesarestill not very well understood.As
a consequence,a uniquemodelcannotalwaysbeidentified.This, in contrastto traditionalmechanicaland
electricalsystemswherethe model canbe uniquelyderived from physicallaws. Also, the calibrationof
wastewatertreatmentmodelsis particularlyhard:many expensive experimentsmay be requiredto accu-
ratelydeterminemodelparameters.

In general,modelsmayberepresentedusingdifferentformalisms(e.g., Algebraic(ALG), OrdinaryDiffer-
ential Equations(ODE), Petri Nets,Bond Graphs,. . . ). Currently, WWTP modelsaremostlyof the ALG
andODEtype.

4.2 Physical systems modelling methodology

To allow for computeraidedmodelbuilding andsubsequentsimulation/experimentation, amodelbasemust
be constructed.Models in this model basewill be usedfor modularconstruction(i.e., by hierarchically
connectingcomponentblocks)of complex modelsdescribingthe behaviour of full-scaleWWTPs.As is
commonlythecase,wewill chooseanappropriatelevel of abstraction,uponwhichIdealisedPhysicalMod-
els(IPMs) will bebuilt. IdealisedPhysicalModels[Bro90, TBBA95] representbehaviour at a certainlevel
of abstraction.This oftenmeansusinglumpedparametermodels(ODEs)eventhoughthephysicalsystem
hasa spatialdistribution (which would requirePDE modelling),when the homogeneityassumptionis a
reasonableapproximation.

Thestepslistedbelow form ageneralmethodfor constructingamodelbasefor any applicationdomain(and
chosenlevel of abstraction):

1. Chooseanappropriatelevel of abstraction.

2. Identify relevantquantities.

3. Identify port structures.

4. Build model classhierarchystartingfrom general(conservation and constraint)laws and refining
thesefor specificcases.
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In thefollowing sections,thedifferentstepsarefurtherelaborated.

4.2.1 Relevant quantities

Firstof all, thequantitiesof interestmustbeidentified.Thesequantitiescanbesubsequentlyusedto describe
the typesof entitiesusedin modelling(at the I/O systemlevel): constants,parameters,interfacevariables,
andstatevariables.For numericalcomputationpurposesit is sufficient to specifywhetheran entity is of
Real,Integer, Boolean,or Stringtype.Whenmodellingaparticularapplicationdomain,moreinformationis
available,andshouldberepresented.Oncerepresentedin amodel,themodelcompilercanmakeuseof it to
determinethelegitimacy of themodel(e.g., dimensionalchecking),to perform“intelligent” transformation
(e.g., renderingequationsin commonunits), and to generateefficient code(e.g., by meansof constraint
propagationbasedonLowerBoundandUpperBoundinformation).
In MSL-USER,thetypeof physicalquantitiesis encodedasa TYPE PhysicalQuantityTy pe, a structure
shown below:

TYPE UnitType
"The type of physical units. For the time being, a string"
= String;

TYPE QuantityType
"The different physical quantities. For the time being, a string"
= String;

TYPE CausalityType
" Causality of entities:

CIN: input (cause) only
COUT: output (consequence) only
CINOUT: input and output (cause and consequence) are allowed

"
= ENUM{CIN, COUT, CINOUT};

TYPE PhysicalNatureType
"The nature of physical variables

FIELD is used (in the physicalDAE context) to denote
parameters and constants

"
= ENUM{ACROSS, THROUGH,FIELD};

TYPE PhysicalQuantityType
"The type of any physical quantity"
=
RECORD
{

quantity : QuantityType;
unit : UnitType;
interval : RealIntervalType;
value : Real;
causality : CausalityType;
nature : PhysicalNatureType;

};

Basic quantities

The PhysicalQuantityType structurecan be specializedfor specificquantities.Here for example,the
physicalquantityAreais defined.

CLASS Area
"A class for Area"
SPECIALISES PhysicalQuantityType :=
{:

quantity <- "Area";
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Figure4.2:Units in theWEST++experimentationenvironment

unit <- "m2";
interval <- {: lowerBound <- 0; upperBound <- PLUS_INF:};

:};

Definitionsof physicalquantitytypesareusedto instantiateOBJectsof thosetypes.TheISO1000standard
alsodefinesphysicalconstantssuchastheuniversalgravity constantwhoseMSL-USERdescriptionis given
asanOBJectdeclarationbelow:

OBJ UniversalGravityConstant
"Universal gravity constant" : PhysicalQuantityType :=

{:
quantity <- "G";
unit <- "m3/(g*s2)";
value <- 6.67259E-11;

:};

In AppendixB, thequantitiesandunitsdefinedin theISO 1000standard[1292, Car97] areshown encoded
in MSL-USER.In theWEST++environment,theunitsarenotonly usedduringmodelcompilation,but are
alsopassedonto thesimulationenvironmentwheretheuseris presentedwith variablenames,valuesaswell
astheirunits(seeFigure4.2).

It is of coursepossibleto describe,in MSL-USER,other consistentunit systemssuchas Atomic Units
[Wil90, Car97].

Quantities typical for WWTPs

Simulationof activatedsludgesystembehaviour, incorporatingphenomenasuchascarbonoxidation,nitrifi-
cationanddenitrification,mustnecessarilyaccountfor a largenumberof reactionsbetweena largenumber
of components(thenamegivenin WWTP modellingto therelevantquantities).

A matterthatcancauseconfusionis thelackof aconsistentmeasureof theconcentrationof organicmaterial
in wastewater. Threemeasureshave gainedacceptanceandarewidely used:biochemicaloxygendemand
(BOD), totalorganiccarbon(TOC),andchemicaloxygendemand(COD).Of theseit is believedthatCOD
is the superiormeasurebecauseit aloneprovidesa link betweenelectronequivalentsin the organicsub-
strate,the biomassand the oxygenutilized. Furthermore,massbalancescanbe madein termsof COD.
Consequently, theconcentrationsof all organicmaterials,includingbiomass,arein CODunitsin theASM1
model,whichwe will discussshortly.

Theorganicmatterin a wastewatermaybesubdivided into a numberof categories.This groupingof dif-
ferent compoundsis an abstractionof reality due to the complexity of the problem.The first important
subdivision is basedon biodegradability. Non-biodegradableorganicmatteris biologically inert andpasses
throughanactivatedsludgesystemunchanged.Two fractions,dependingontheirphysicalstate,canbeiden-
tified: solubleandparticulate. Inert solubleorganicmatter, SI , leavesthesystemat thesameconcentration
that it enters.Inert suspended(particulate)organicmatter, XI , becomesenmeshedin the activatedsludge
and is removed from the systemthroughsludgewastage.Biodegradableorganic mattermay be divided



186 WWTP Modelling and Simulation

SI solubleinert organicmatter rM s CODt L u 3 v
SS readilybiodegradablesubstrate rM s CODt L u 3 v
XI particulateinertorganicmatter rM s CODt L u 3 v
XS slowly biodegradablesubstrate rM s CODt L u 3 v

XB w H active heterotrophicbiomass rM s CODt L u 3 v
XA w B active autotrophicbiomass rM s CODt L u 3 v
XP particulateproductsarisingfrom biomassdecay rM s CODt L u 3 v
SO oxygen(negativeCOD) rM s�x CODt L u 3 v

SNO nitrateandnitrite nitrogen rM s N t L u 3 v
SNH NH y4 z NH3 nitrogen rM s N t L u 3 v
SND solublebiodegradableorganicnitrogen rM s N t L u 3 v
XND particulatebiodegradableorganicnitrogen rM s N t L u 3 v
SALK alkalinity [molar units]

Table4.1:Processvariables

into two fractions:readilybiodegradableandslowlybiodegradable.For purposesof modelling,thereadily
biodegradablematerial,SS is treatedasif it weresoluble,whereastheslowly biodegradablematerial,XS, is
treatedasif it wereparticulate.

An overview of quantitiesusedin the IAWQ ASM1 model is given in Table4.1. As will be describedin
thesequel,eachof thesevariablesdenotingacomponentof thewastewater, indexesacolumnin theASM1
stoichiometrymatrix. In MSL-USER,thecomponentsareeasilydescribedasanenumeratedtype:

TYPE Components = ENUM{H_2O, S_S,...,X_{NH}};

Thus,themodellerrefersto thecomponentsby theirname,while,wherenecessary, thecorrespondinginteger
index is used.Thoughthe WEST++ simulatorusesthe numericalvaluesof the Componentsindicesto
addressmatrix elements,theexperimentationenvironmentpresentsthesymbolicnameof the index to the
user. This reversemappingis performedby themodelcompilerwhengeneratingMSL-EXEC code.Note
how H2O is explicitly modelledasacomponent.

Other quantitiestypical for WWTP modelling are stoichiometricparameters(seeTable4.2) and kinetic
parameters(seeTable4.3).Their usein theIAWQ ASM1 modelis explainedbelow.

TheMSL-USERrepresentationof theseis givenin AppendixB.

4.2.2 Transf erred quantities: terminals

Our ultimategoalis to build complex modelsby connectingmoreprimitive sub-modelsor blocks,possibly
built up of coupledmodelsthemselves.In the caseof WWTP models,thesub-modeltypesmostly corre-
spondin aone-to-onerelationshipto physicalentitiessuchasaerationtanks,clarifiers,pumps,splitters,and
mixing tanks.This ensuresstructural validity of theassembledmodels.Notehow thebuilding blocksneed
notmatchphysicalobjectsdirectlybut maycorrespondto abstractconceptssuchasprocesses.

To connectsub-models,thesesub-modelsrequireconnectionportsor terminals. Thisimpliesthatinteraction
betweenthe sub-modelsis assumedto only occurthroughthe connectionsmadebetweentheir terminals.
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YH heterotrophicyield

YA autotrophicyield

fr fractionof biomassyieldingparticulateproducts

iXB massN { massCOD in biomass

iXP massN { massCOD in productsfrom biomass

Table4.2:Stoichiometricparameters

µ̂H | KS | KOw H | KNO | bH heterotrophicgrowth anddecay

µ̂A | KNH | KO w A | bA autotrophicgrowth anddecay

ηg correctionfactorfor anoxicgrowth of heterotrophs

ka ammonification

kh | KX hydrolysis

ηb correctionfactorfor anoxichydrolysis

Table4.3:Kinetic parameters

This assumptionis madeexplicilty by theclosureoperationof coupledmodelswhich replacesconnections
by theappropriatealgebraicequalities.Thus,choosingthenature(structure)of theterminalswill determine
thelevel of abstractionat which interactionis modelled.
In ourWWTPmodels,differentterminaltypeswill beused.DataTerminalswill representsensorinformation
to beusedin controllerblocks.Themainterminaltypeis theWWTPTerminalhowever. In thebasicmodel
basediscussedhere,onlyflux of biochemicalmaterialis considered.Heatflow for exampleisnotconsidered.
This is oneof themodellingassumptionsmentionedin thediscussionof theASM1 modelandis obvious
from theWWTPTerminaldefinition:

CLASS WWTPTerminal
"

The variables which are passed between WWTPmodel building blocks
Currently, we only consider a flux of biochemical material

"
= MassFlux[NrOfComponents;];

TheWWTPTerminalis a vectorof massfluxesfor eachof thecomponentstaken into considerationin the
model.The sizeof the vector is given by the cardinalityof the Componentsenumeratedtype andhence
dependsentirelyon how many componentstheuserincludesin this type.Notehow theactualComponent
declarationmaybegivenafterall otherdeclarations(MSL-USERhassetratherthansequentialsemantics).

OBJ NrOfComponents
"

The number of biological components considered in the WWTPmodels
"
: Integer := Cardinality(Components);

A few assumptionsaremade:

1. Thesame(WWTPTerminal)terminalsareusedeverywherein a configurationfor biochemicaltrans-
port.
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2. All WWTP terminalsof a modelhave the samecardinality. This is enforcedthanksto the way we
defineComponentsandWWTPTerminal.

3. Thenumberof componentsin WWTPTerminalis thesameasthenumberof components(columns)
in thestoichiometrymatrix (whichwill bedefinedlateron).Again, this is enforcedthanksto theway
wedefineComponentsandWWTPTerminal.

While the modelcompilerwill checkwhether(type-) compatibleterminalsareconnectedandhow many
connectionsareallowed to/from a terminal, the graphicalmodellingenvironmentwill alreadyperforma
checkduringinteractive modelling.

In thecurrentmodelbase,onlybiochemicalmasstransportis modelledby theconnections.Concentrationof
acomponenti in asub-modelwill bederivedasMi } V, themassof thei-th componentover thetotalvolume
of all components(including themostprominentone,H2O). In theBondGraphformalism,theconjugate
variableof flow, pressurewould be modelledexplicitly too. Here, the pressureis assumedconstant(the
atmosphericpressure)andnot representedexplicitly. In Bond Graphsideal physicalconnectionterminals
alwayscontainconjugatevariablestogether:mechanical(translational)forceandvelocity, electricalcurrent
andvoltage,andhydraulicflowrateandpressure.

4.2.3 Inheritance hierar chy

At this point,modelsmustbeconstructedfor eachtypeof building block.This is achieved in theform of a
classinheritancehierarchy. Hereby, maximumre-useandclarity is achieved.Clarity is adirectresultof the
relationshipbetweenthe inheritancehierarchyon theonehandandthedifferentlevelsof specificityof the
modelson theotherhand.
In thegenericmodelbase,GenericModelTypeis defined:

TYPE GenericModelType
"The signature of the generic part of any

(whatever the formalism) model
"
=
RECORD
{

comments : String;
interface : SET_OF (InterfaceDeclarationType);

// declared objects must be interfaces
parameters : SET_OF (ParameterDeclarationType);

// declared objects must be parameters
};

It shows how any modelhasa description(comments)part,an interfacesetanda parameterset.This type
canbeextendedto describetheessenceof coupledmodels:

TYPE CoupledModelType "The signature of a coupled (network) model"
EXTENDSGenericModelType WITH
RECORD
{

sub_models : SET_OF (ModelDeclarationType);
coupling : SET_OF (CouplingStatementType);

};

For basicmodelsin theDAE formalism,DAEModelTypeprescribesthestructure:

TYPE DAEModelType
"The signature of a Differential Algebraic Equation (DAE) model

within DAEModelType models, connect() has the following
(flattening) semantics:

quantity and unit are checked for equality
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equations are generated to equal (=) all algebraic and state
variables all other labels are ignored

"
EXTENDSGenericModelType WITH
RECORD
{

independent : SET_OF (ObjectDeclarationType);
// independent variable (time)
state : SET_OF (PhysicalQuantityType); // variables

// those variables occurring in
// DERIV(v, [t]) statements are
// derived state variables

initial : SET_OF (EquationType);
equations : SET_OF (EquationType);
terminal : SET_OF (EquationType);

};

Both CoupledModelType andDAEModelTypeareextensionsof GenericModelType which meansthey in-
herit its structure(andaddto it). Thesynonym PhysicalDAEModelType is usedfor DAEModelTypewhen
weuseit for modellingphysicalsystems:

TYPE PhysicalDAEModelType
"within physicalDAEModelType models, connect() has the following

(flattening) semantics:
quantity and unit are checked for equality
quantity and unit are checked for equality
equations are generated to equal (=) all across variables
equations are generated to sum all through variables to zero
all other labels are ignored

"
= DAEModelType;

Thetop-level inheritancehierarchyis hence

GenericModelType
|
|____ CoupledModelType
|____ DAEModelType == PhysicalDAEModelType

Someof themodelclassesarederiveddirectlyfrom PhysicalDAEModelType.Theoneslisteddirectlybelow
aremodelsof thesettler[Tay82, ML93]. TheTakacsmodelis ahand-crafteddiscretized(10-layer)modelof
thesettlingprocess.As wasdescribedbeforeandwill bedemonstratedlater in this chapter, WEST++-PDE
is ableto discretizea classof PDE modelsof the settlingprocess.Oncediscretized,thesemodelsareof
ordinaryPhysicalDAEModelType.

PhysicalDAEModelType
|
|____ Takacs
|
|____ Otterpohl_and_Freund_for_Secondary_Clarifier
|
|____ Generated from PDE with WEST++-PDE

The sensor, controller, datafilter, andtransformermodelsarealsoderived from PhysicalDAEModelType.
Thesemodelsdonotdescribephysicalprocessesinvolving (transportof) matterandenergy anddohencenot
adhereto physicallaws.Thoughnotsubjectto physicalconstraints,they dodealwith thevaluesof physical
variables.

PhysicalDAEModelType
|
|____ Sensors
| |____ FlowSensor
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| |____ DOSensor
| |____ NH4Sensor
| |____ NO3Sensor
| |____ XSensor
|
|____ Controllers
| |____ P_controller
| |____ PI_controller
| |____ PID_controller
| |____ On_off_controller
| |____ Backlash_controller
| |____ Saturation
| |____ RateLimiter
| |____ DeadZone
| |____ CoulombFriction
|
|____ Data_filters
| |____ Sample_and_Hold
| |____ Noise
| |____ First_Order_Time_Lag
| |____ TackacsHeigthOfSludge
| |____ ASU_OUR
| |____ ASU_Kla
| |____ ASU_volume
| |____ SDT_Volume
| |____ TimeDelay
|
|____ Transformers

|____ BOD_COD_transformer
|____ SinusGenerator
|____ DoubleSineGenerator
|____ BlockGenerator

Oneof theoldesttypesof bioactivatedsludgeWWTPsystems,trickling filtersusingbiofilmsgrown oninert
objects,hasreceivedconsiderableattentionrecently[RVV99, VDVV00, VVB µ 00].

PhysicalDAEModelType
|
|____ Trickling_Filter

|____ Rauch

As wasmentionedbefore,WEST++is not only usedto modeltheactivatedsludgewastewatertreatment
processbut alsopartsof theenvironment,in particular, the (compartmentalized)river in which the treated
effluentis dumped:

PhysicalDAEModelType
|
|____ River_models

|____ Bulk_Benthic_River
|____ BenthicRiver

Theshallownessof theabove inheritancehierarchyreflectsthediversenatureof thedifferentmodeltypes,
notallowing for muchre-use.
Now we look into the developmentof WWTPAtomicModel, from which many othermodeltypesarede-
rived.Oncethebiochemicalcomponentsconsideredaredeclared

TYPE Components
"

The biological components considered in the WWTPmodels



4.2 Physical systems modelling methodology 191

"
= ENUM{H2O, S_I, S_S, S_O, S_NO, S_ND, S_NH, S_ALK,

X_I, X_S, X_BH, X_BA, X_P, X_ND};

thebasicmassbalanceequationfor eachof thecomponentscanbewritten:

// The FluxPerComponent is the sum of all
// incoming (positive) and outgoing (negative) fluxes

{FOREACH Comp_Index IN {1 .. NrOfComponents}:
state.FluxPerComponent[Comp_Index] =

// If not only WWTPTerminal type terminals are present in the interface
// (e.g., also ControlTerminal), we have to select only
// those terminals from the interface which are of
// WWTPTerminal type (or any SUBtype such as InWWTPTerminal of it)
// as those are the only ones for which the mass balance law holds.

(SUMOVERIn_Terminal IN {SelectByType(interface,InWWTPTerminal)}:
In_Terminal[Comp_Index])+
(SUMOVEROut_Terminal IN {SelectByType(interface,OutWWTPTerminal)}:
Out_Terminal[Comp_Index]);};

// The mass balance equations.
// These are composed of a term due to incoming and
// outgoing fluxes and of a term due to biochemical
// interactions between components.

{FOREACH Comp_Index IN {1 .. NrOfComponents}:
DERIV(state.M[Comp_Index],[independent.t]) =
state.FluxPerComponent[Comp_Index]
+state.ConversionTermPerComponent[Comp_Index];};

Therateof changeof acomponent’s massconsistsof thenetresultof incomingandoutgoingmassflux aug-
mentedwith a reactionterm dueto biochemicalinteractionsbetweendifferentcomponents.This reaction
term is describedin moredetail in the following section.Logically, thenext level (below WWTPAtomic-
Model)of classificationwouldbeto distinguishbetweenmodelswithout volume(point-modelabstractions
whereno massis accumulatedandhenceno reactionsoccur)andmodelswith volume.For efficiency rea-
sons,themodelwithout volumeis encodeddirectly asa sub-classof PhysicalDAEModelType.For models
with volume,thedistinctionmustbemadebetweenmodelswherevolumeis consideredconstantandthose
wherevolumemay vary. This classhierarchyis depictedbelow andelaboratedin wwtp.base.msl in Ap-
pendixB.

PhysicalDAEModelType
|
|_____WWTPAtomicModelWithoutVolume
| |
| |____ Pointsettler
| | |____ PrimaryPointSettler
| | |____ SecondaryPointSettler
| |
| |____ Splitter_combiners
| | |____ RelTwoSplitter
| | |____ AbsTwoSplitter
| | |____ TwoCombiner
| | |____ RelThreeSplitter
| | |____ AbsThreeSplitter
| | |____ ThreeCombiner
| |
| |____ Anaerobic_digestion
| | |____ Rozzi
| | |____ Desjardins & Lessard
| | |____ Gujer
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| |
| |____ OtterpohlAndFreund (primary clarifier)
| |____ Tay
| |____ Lessard_and_Beck
| |____ Marsili_Libelli
|
|____ WWTPAtomicModel

|
|____ WWTPAtomicModelWithVolume

|
|____ WWTPAtomicModelWithVariableVolume (Q_e = f(water volume in tank))
| |
| |____ BufferTank
| |____ VarVolumeConversionModel
| |____ VarVolumeASMConversionModel
| |____ VarVolumeInOutIAWQ
| |____ VarVolumeActivatedSludgeUnit
|
|____ WWTPAtomicModelWithVolumePumped (Q_e : parameter = pumped flow)
| |
| |____ StormTank
| |____ DetentionTank
|
|____ WWTPAtomicModelWithFixedVolume (Q_e = Q_i)

|
|____ EqualisationTank
|____ FixVolumeConversionModel

|____ FixVolumeASMConversionModel
|____ FixVolumeInOutIAWQ

|____ FixVolumeActivatedSludgeUnit

4.3 The IAWQ ASM 1 model

Theheartof theoperationof anactivatedsludgewastewatertreatmentplantis theaerationtank.Crucial in
modellingtheaerationtank’s behaviour is to realisticallymodeltheinter-componentbiochemicalreactions.
Thesereactionsmustbe representative of the most importantfundamentalprocessesoccurringwithin the
system.Furthermore,themodelshouldquantifyboth thekinetics(rate-concentrationdependence)andthe
stoichiometry(relationshipthatonecomponenthasto anotherin a reaction)of eachprocess.Identification
of themajorprocessesandselectionof theappropriatekinetic andstoichiometricexpressionsfor eachare
themajorconceptualtasksduringdevelopmentof a mathematicalmodel.

Realizingthebenefitsto be derived from mathematicalmodelling,the InternationalAssociationon Water
PollutionResearchandControl(IAWPRC)formedataskgroupin 1983to promotethedevelopmentof, and
facilitatetheapplicationof, practicalmodelsto thedesignandoperationof biologicalwastewatertreatment
systems.The goalswereto review existing modelsandto reacha consensusconcerningthe simplestone
having thecapabilityof realisticpredictionsof theperformanceof singlesludgesystemscarryingoutcarbon
oxidation,nitrification, anddenitrification[HGGµ 86]. Themodelwasto be presentedin a way thatmade
cleartheprocessesincorporatedinto it andtheproceduresfor its use.

The task groupchosea matrix format for the presentationof the model.The first stepin settingup the
matrix is to identify thecomponentsof relevancein themodel.Thesecondstepin developingthematrix is
to identify thebiologicalprocessesoccurringin thesystem;i.e., theconversionsor transformationswhich
affect thecomponentslisted.

13 componentsareconsideredin theIAWQ ASM1 modelasdiscussedbefore:solubleandparticulateinert
organicmatter, readily andslowly biodegradablesubstrate,active heterotrophicandautotrophicbiomass,
particulateproductsarisingfrom biomassdecay, oxygen,nitrateandnitrite nitrogen,NH µ4 andNH3 nitro-
gen,solublebiodegradableorganicnitrogen,particulatebiodegradableorganicnitrogen.Thereare8 pro-
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Process Stoichiometry (ν) Kinetics (ρ)

Biomass Substrate Oxygen ProcessRate
XB SS SO~

M � COD� L � 3 � ~
M � COD� L � 3 � ~

M �8� COD� L � 3 � ~
ML � 3T � 1 �

Growth 1 � 1
Y � 1 � Y

Y
µ̂SS

KSµ SS
XB

Decay � 1 � 1 bXB

Table4.4:Processstoichiometryandkinetics

cesses:aerobicandanoxicgrowth of heterotrophs,aerobicgrowth of autotrophs,decayof heterotrophsand
autotrophs,ammonificationof solubleorganicnitrogen,hydrolysisof entrappedorganicsandof entrapped
organicnitrogen.

4.3.1 Matrix format and notation

Thematrix formatdecideduponby theIAWQ taskgroupis elaboratedhere.Considerthesituationin which
heterotrophicbacteriaaregrowing in an aerobicenvironmentby utilizing a solublesubstrateasa source
of carbonandenergy. In onesimpleconceptualizationof this situation,two fundamentalprocessesoccur:
thebiomassincreasesby cell growth anddecreasesby decay. Otherevents,suchasoxygenutilization and
substrateremoval, also occur, but theseare not consideredto be fundamentalbecausethey result from
biomassgrowth anddecayandarecoupledto themthroughthesystemstoichiometry. Thesimplestmodel
of this situationmustconsiderthe concentrationsof threecomponents:biomass,substrate,anddissolved
oxygen.The matrix incorporatingthe fateof thesethreecomponentsin the two fundamentalprocessesis
shown in Table4.4.

Thefirst stepin settingupthematrix is to identify thecomponentsof relevancein themodel.In thisscenario
thesearebiomass,substrateanddissolved oxygen,which arelisted, with units, ascolumnsin Table4.4.
In conformitywith IAWPRCnomenclature,insolubleconstituentsaregiven thesymbolX andthesoluble
componentsS. Subscriptsareusedto specifyindividual components:B for biomass,S for substrateand0
for oxygen.

Thesecondstepin developingthematrix is to identify thebiological processesoccurringin thesystem;i.e.,
theconversionsor transformationswhich affect thecomponentslisted.Only two processesareincludedin
this example:aerobicgrowth of biomassandits lossby decay. Theseprocessesarelisted in the leftmost
columnof thetable.

Thekineticexpressionsor rateequationsfor eachprocessarerecordedin therightmostcolumnof thetable
in theappropriaterow. Processratesaredenotedby ρ j where j correspondsto theprocessindex.

If wewereto usethesimpleMonod-Herbertmodelfor this situation,therateexpressionswouldbethosein
Table4.4.TheMonodequation,ρ1, statesthatgrowth of biomassis proportionalto biomassconcentration
in a first ordermannerandto substrateconcentrationin a mixedordermanner. TheHerbertexpression,ρ2,
statesthatbiomassdecayis first orderwith respectto biomassconcentration.Thekinetic parametersused
in therateexpressionsare� Maximumspecificgrowth rate:µ̂� Half maximumsaturationcoefficient KS (sinceµ Ê µ̂

2 whenKS Ê SS)� Specificdecayrate:b

Theelementswithin thetablecomprisethestoichiometriccoefficients,νi j , which setout themassrelation-
shipsbetweenthecomponentsin the individual processes.For example,growth of biomass( � 1) occursat
theexpenseof solublesubstrate( � 1

Y , Y is theyield parameter);oxygenis utilized in themetabolicprocess� 1 � Y
Y . Thecoefficientsνi j aresimplifiedby workingin consistentunits.In thiscase,all organicconstituents
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have beenexpressedasequivalent amountsof chemicaloxygendemand(COD); likewise, oxygenis ex-
pressedasnegative oxygendemand.Thesignconventionusedin thetableis negative for consumptionand
positive for production.

In matrix form, we obtainastoichiometrymatrix

ν Ê �
1 � 1

Y � 1 � Y
Y� 1 0 � 1 �

anda kineticsvector

ρ Ê � µ̂SS
KS µ SS

XB

bXB �
Within asystem,theconcentrationof asinglecomponentmaybeaffectedbyanumberof differentprocesses.
An importantbenefitof thematrix representationis that it allows rapidandeasyrecognitionof the fateof
eachcomponent,which aids in the preparationof massbalanceequations.This may be seenby moving
down thecolumnrepresentingacomponent.

Thebasicequationfor amassbalancewithin any definedsystemboundaryis:�
i � Components :

dMi

dt
Ê Φin

i � Φout
i � r i �

The input andoutputtermsaretransporttermsanddependuponthephysicalcharacteristicsof thesystem
beingmodelled.The systemreactionterm, r i , is obtainedby summingthe productsof the stoichiometric
coefficientsνi j andtheprocessrateexpressionρ j for thecomponenti beingconsideredin themassbalance:

r i Ê ∑
j

ν j iρ j

For exampletherateof reaction,r, for biomassXB, atapoint in thesystemwould be:

rXB Ê µ̂SS

KS � SS
XB � bXB;

for solublesubstrateSS it wouldbe:

rSS Ê�� 1
Y

µ̂SS

KS � SS
XB;

for dissolvedoxygenSO it wouldbe:

rSO Ê�� 1 � Y
Y

µ̂SS

KS � SS
XB � bXB �

To createthemassbalancefor eachcomponentwithin a givensystemboundary(e.g., a completelymixed
reactor),theconversionratewouldbecombinedwith theappropriateflow termsfor theparticularsystem.

Another benefitof the matrix is that continuity may be checked by moving acrossthe matrix, provided
consistentunitshave beenusedbecausethenthesumof thestoichiometriccoefficientsmustbezero.This
canbe demonstratedby consideringthe decayprocess.Recallingthat oxygenis negative COD so that its
coefficient mustbemultiplied by -1, all COD lost from thebiomassbecauseof decaymustbebalancedby
oxygenutilization. Similarly, for the growth process,the substrateCOD lost from solutiondueto growth
minustheamountconvertedinto new cellsmustequaltheoxygenusedfor cell synthesis.

Table4.5 presentsthe full ASM1 matrix describingtheprocesskineticsandstoichiometryfor carbonoxi-
dation,nitrification,anddenitrification.Themeaningandunitsfor stoichiometricandkinetic parametersas
well asprocessvariables(components)usedweregivenin Tables4.2,4.3,and4.1.
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In MSL-USER,thereaction(conversion) term�
i � Components :

dMi

dt
Ê Φin

i � Φout
i � r i

is encodedin astraightforwardmanneras:

equations <-
{

{FOREACH Comp_Index IN {1 .. NrOfComponents}:
state.ConversionTermPerComponent[Comp_Index] =

SUMOVERReaction_Index IN {1 .. NrOfReactions}:
(parameters.Stoichiometry[Reaction_Index][Comp_Index]
*state.Kinetics[Reaction_Index])

*state.V;};
}

TheMSL-USERcompilerwill expandtheabovefew linesinto theappropriateequationsbasedontheASM1
matrixgivenin thewwtp.VolumeASM1Con ver si onMode l.b ody .msl library (AppendixB). Theseequations
will subsequentlybe manipulatedto generatecorrectandefficient simulationcode.Note that components
which are transportedbut do not react(i.e., only hydraulics,no chemistryor biology) have a columnof
zeroesin the stoichiometrymatrix. In MSL-USER,by default, whena variableis not given a value,the
initial valueis 0. Thus,if we don’t assignanything to elementsof thestoichiometrymatrix, it is amatrix of
zeroes,whichmeansno biochemicalreactionstake place.

4.3.2 Modelling assumptions and restrictions

Whenawastewatertreatmentsystem,likeany system,is to bemodelled,acertainnumberof simplifications
and assumptionsare madeto make the model tractable.Someof theseare associatedwith the physical
systemitself, whereasothersconcernthemathematicalmodel.Oftenthesesimplificationsandassumptions
are implicit, which may causethe userto overlook them.Whenthat happensthereis a stronglikelihood
that they will beviolated,which coulddestroy theutility of theresults.To prevent this from happeningthe
following sectionexplicitly enumeratesthemajorassumptions,restrictionsandconstraintsassociatedwith
themodelandthephysicalsystemit is designedto simulate.ThisconstitutestheExperimentalFrameof the
model.

1. Thesystemoperatesat constanttemperature.Becausemany of thecoefficientsarefunctionsof tem-
perature,theirfunctionalitywouldhaveto beexplicitly expressedin therateexpressions,ρ j , to include
time-varianttemperaturefluctuations.

2. The pH is constantand nearneutrality. Although it is known that the pH influencesmany of the
coefficients,few expressionsareavailable for expressingthat influence.Consequently, constantpH
hasbeenassumed.Theinclusionof alkalinity in themodelallowstheuserto detectpotentialproblems
with pH control.

3. No considerationhasbeengiven to changesin the natureof the organic matterwithin any given
fraction (e.g. the readily biodegradableorganic matter).In otherwords,the coefficients in the rate
expressionshave beenassumedto have constantvalues.It is still possible,however, for theconcen-
trationassociatedwith any influentfractionto varywith time.Thus,while variableinput loadingscan
behandled,changesin wastecharactercannot.

4. The effectsof limitations of nitrogen,phosphorus,andother inorganicnutrientson the removal of
organicsubstrateandon cell growth have not beenconsidered.It is well known thatinadequateinor-
ganicnutrientscanleadto problemsin sludgesettleability.

5. Thecorrectionfactorsfor denitrification,ηg andηh arefixedandconstantfor agivenwastewater.
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6. Thecoefficientsfor nitrification areassumedto beconstantandto incorporateany inhibitory effects
thatotherwasteconstituentsarelikely to have on them.

7. The heterotrophicbiomassis homogeneousanddoesnot undergo changesin speciesdiversity with
time.This assumptionis inherentin theassumptionof constantkineticparameters.It alsomeansthat
theeffectsof substrateconcentrationgradients,reactorconfiguration,etc.on sludgesettleabilityare
not considered.

8. Theentrapmentof particulateorganicmatterin themassis assumedto beinstantaneous.

In MSL-USER,constraintsare,wherever possible,encodedin types.This allows for static(compile-time)
checking.ValidYA valuesfor examplemustlie in therange� 0 � 4 � 57� . Furthermore,YieldForAutotrophic Bio mass
specializesPhysicalQuantityT ype andthusinheritsthestructureaswell asall theconstraintsimposedon
thatsupertype.

CLASS YieldForAutotrophicBiomass
"A class for YieldForAutotrophicBiomass"
SPECIALISES PhysicalQuantityType :=
{:

quantity <- "Y_A";
unit <- "gCOD/gN";
interval <- {: lowerBound <- 0; upperBound <- 4.57 :};

:};

If this is notpossible,assertionsareaddedto themodelwhichwill generatewarningsat run-time(dynamic
checking).

4.4 PDE modelling of clarification

Understandingthe interplay betweenthe hydraulicand biochemicalfacetsof the clarification processis
currentlyanareaof intenseresearch.Until recently, very simplemodelswereusedsuchasa point splitter
wherethewholeclarificationprocessis abstractedasremoving a certainpercentageof purifiedwater. This
simplemodelandthemoreelaborateTackacsmodelwerementionedin theclasshierarchyandtheir MSL-
USERrepresentationis found in the librariesin AppendixB. ThePDE to ODE transformationdeveloped
hereis acontribution to theresearchinto morerealisticmodelsfor theclarificationprocess.

In this section,we presenttheresultsof thedescription,automaticdiscretizationandsimulationof two test
casepartial differentialequations(PDEs)in WEST++: the PDEsfor batchandcontinuoussedimentation
in a 1-D clarifier model,discussedin [A.V98a, A.V98b]. Previously, exampleswereprovided for thedis-
cretizationof the domaininto several elements,settingup of collocationpointsfor a given choiceof the
parameters� α � β � , andcastingthe algebraicequationsarisingfrom the differentboundaryconditionsinto
matrix form.

4.4.1 The contin uous case

As discussedbefore,the PDE for the concentrationX � z� t � in a 1-D clarifier of lengthL with continuous
sedimentationis givenby:

∂X � z� t �
∂t ��� ∂F � X � z� t �M�

∂z � D0
∂2X � z� t �

∂z2 � (4.1)

wheretheconvectiveflux F is thesumof thegravitationalsettlingflux G � X � z� t �M� andthebulk flow. Thebulk
flow consistsof the downward underflow flux, the sourceflux cominginto theclarifier at an inlet located
at z � zf , andthe effluent.Therearetwo casesto considerfor the form of this bulk flow: the absenceor
presenceof a pumpin theclarifier. In theformercase,theeffluentsimply overflows,while in thelatter, the
pumpis usedto draw theeffluentout. In thePDEabove,D0 is thediffusivity or dispersioncoefficient.
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Theboundaryconditionsfor thePDEin thecontinuouscasearegivenby:

∂X � z� t �
∂z ���� z  0 � 0

∂X � z� t �
∂z ���� z  L � 0 � (4.2)

In thefollowing, we presentonly thefinal formsof thePDEsasimplementedin WEST++.Detailsof how
to arrive at these,for thetwo casesmentionedabove,arepresentedin [A.V98b].

Effluent overflo w

If thereis nopumppresentat thetopof theclarifier, thePDEis givenby:

∂X � z� t �
∂t � �¢¡ � 1 � nX � z� t �£� v0 e¤ nX ¥ z¦ t § � Qu � t �

A ¨ ∂X � z� t �
∂z� Xf � t � Qf � t �

A
δ � z � zf �� D0

∂2X � z� t �
∂z2 � (4.3)

Here,v0 andn aretheparametersof theVesilindsettlingvelocity, Qu � t �M© A is theunderflow velocity, with
A beingthe areaof crosssubsectionof the clarifier. Xf � t � andQf � t �M© A arethe sourceconcentrationand
sourcevelocity respectively. For thenumericalimplementation,thedeltafunctionabove is representedby a
rectangularunit pulseof width 2σ centredaroundz � zf . Wethenhave threePDEsfor thedifferentregions
of theclarifier:above theinlet, at theinlet, andbelow theinlet.

ThesethreePDEsaregivenby:

1. for ª 0 « z « zf � σ ¬ :
∂X � z� t �

∂t � �¢¡ � 1 � nX � z� t �£� v0 e¤ nX ¥ z¦ t § � Qu � t �
A ¨ ∂X � z� t �

∂z� D0
∂2X � z� t �

∂z2 ; (4.4)

2. for ª zf � σ  z  zf � σ ¬ :
∂X � z� t �

∂t � � ¡ � 1 � nX � z� t �£� v0 e¤ nX ¥ z¦ t § � Qu � t �
A ¨ ∂X � z� t �

∂z� Xf � t � Qf � t �
A

1
2σ� D0

∂2X � z� t �
∂z2 ; (4.5)

3. for ª zf � σ « z « L ¬ :
∂X � z� t �

∂t � � ¡ � 1 � nX � z� t �£� v0 e¤ nX ¥ z¦ t § � Qu � t �
A ¨ ∂X � z� t �

∂z� D0
∂2X � z� t �

∂z2 � (4.6)

Theboundaryconditionsspecifiedfor thesePDEsarealreadygivenin Eq.(4.2).

This modeland its boundaryconditionscanbe transcribedinto MSL-USER(version4.0, usedfor PDE
representation)almostliterally:
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foreach(z, range(-(0),-(1.5)) ,
DERIV(X, [t,]) = - ((1-n*X)*v_0*exp(-n* X) + Q_u/A )*DERIV(X, [z,])

+ D_0*DERIV(X, [z,z])),
foreach(z, range(-(1.5),-(2.0 )) ,

DERIV(X, [t,]) = - ((1-n*X)*v_0*exp(-n* X) + Q_u/A)*DERIV(X, [z,])
+ X_f*Q_f/(2.0*sigma *A )

+ D_0*DERIV(X, [z,z])),
foreach(z, range(-(2.0),+(5.0 )) ,

DERIV(X, [t,]) = - ((1-n*X)*v_0*exp(-n* X) + Q_u/A)*DERIV(X, [z,])
+ D_0*DERIV(X, [z,z])),

foreach(z, range(+(0),-(0)), DERIV(X, [z,]) = 0.0),
foreach(z, range(+(5),-(5)), DERIV(X, [z,]) = 0.0),

The syntax -(x) denotesan interval boundary“ � ” (opento the left), whereas+(x) denotesan interval
boundary“ � ” (opento theright).

Effluent pumped

If thereis pumpingof the effluent out of the clarifier, the effluent flux is includedexplicitly in the PDE.
Sincetheeffluentvelocity Qe � t �M© A is unknown, we eliminateit usingtherelation
Qe � t �M© A � Qf � t �M© A � Qu � t �M© A. ThePDEis givenby:

∂X � z� t �
∂t � �®¡ � 1 � nX � z� t �£� v0 e¤ nX ¥ z¦ t § � Qu � t �

A � Qf � t �
A

θ � zf � z� ¨ ∂X � z� t �
∂z� � X � z� t � � Xf � t �£� Qf � t �

A
δ � z � zf �� D0

∂2X � z� t �
∂z2 � (4.7)

We againrepresentthe deltafunctionby a unit pulse,asdescribedearlier. The threePDEsfor the imple-
mentationaregivenby:

1. for ª 0 « z « zf � σ ¬ :
∂X � z� t �

∂t � �¢¡ � 1 � nX � z� t �£� v0 e¤ nX ¥ z¦ t § � Qu � t �
A � Qf � t �

A ¨ ∂X � z� t �
∂z� D0

∂2X � z� t �
∂z2 ; (4.8)

2. for ª zf � σ  z  zf � σ ¬ :
∂X � z� t �

∂t � � ¡ � 1 � nX � z� t �£� v0 e¤ nX ¥ z¦ t § � Qu � t �
A ¨ ∂X � z� t �

∂z� � X � z� t � � Xf � t �£� Qf � t �
A

1
2σ� D0

∂2X � z� t �
∂z2 ; (4.9)

3. for ª zf � σ « z « L ¬ :
∂X � z� t �

∂t � � ¡ � 1 � nX � z� t �£� v0 e¤ nX ¥ z¦ t § � Qu � t �
A ¨ ∂X � z� t �

∂z� D0
∂2X � z� t �

∂z2 � (4.10)
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As before,theboundaryconditionsfor thesePDEsaregivenin Eq.(4.2).

In MSL-USER,this is representedas

foreach(z, range(-(0),-(1.5)) ,
DERIV(X, [t,]) = - ((1-n*X)*v_0*exp( -n* X) + Q_u/A - Q_f/A)*DERIV(X, [z,])

+ D_0*DERIV(X, [z,z])),
foreach(z, range(-(1.5),-(2.0 )),

DERIV(X, [t,]) = - ((1-n*X)*v_0*exp( -n* X) + Q_u/A)*DERIV(X, [z,])
+ (X -X_f)*Q_f/(2.0*sig ma*A)

+ D_0*DERIV(X, [z,z])),
foreach(z, range(-(2.0),+(5.0 )),

DERIV(X, [t,]) = - ((1-n*X)*v_0*exp( -n* X) + Q_u/A)*DERIV(X, [z,])
+ D_0*DERIV(X, [z,z])),

foreach(z, range(+(0),-(0)), DERIV(X, [z,]) = 0.0),
foreach(z, range(+(5),-(5)), DERIV(X, [z,]) = 0.0),

with theboundaryconditionsasbefore.theta denotestheθ step-function(integral of a Diracδ).

4.4.2 Discretization

As describedbefore,the discretizationfor both casesabove involving continuoussedimentationis done
as follows: the domainof length L of the clarifier divided into threeelementsby four nodeslocatedatª 0 � 1 � 5 � 2 � 0 � 5 � 0¬ . Theunit pulserepresentingthedeltafuncitonis assumedto spanthesecondelement,and
hasa width of � 2σ � 2ηL � 0 � 1L � . We chooseoneinterior collocationpoint eachon thefirst andsecond
elements,andtwo on thethird. Wesetα � β � 0 onall threeelements.

This discretizationinformationis encodedin afile whichdrivesthediscretizationprocess

3
0
1 0 0 1.5
1 0 0 2.0
2 0 0 5.0

This file’s structureis

N_E
z_0
N(1) alpha(1) beta(1) z_1
N(2) alpha(2) beta(2) z_2

.

.

.
N(N_E) alpha(N_E) beta(N_E) z_N_E

where¯
N_E is thenumberof finite elements,

¯
z_i arethespatiallocations(strictly monotonouslyincreasing)of elementboundaries,

¯
z_0 andz_N_E arethedomainboundaries,

¯
N(i) is thenumberof interior collocationpointsin finite elementi ,

¯
and alpha(i) and beta(i) are real numberslarger than -1 which determinethe location of the
collocationspointsin thefinite elementi .
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We denotethe concentrationsat the four nodesby � u1 � u2 � u3 � u4 � andthe concentrationsat the four inte-
rior collocationpointsby � w1 � w2 � w3 � w4 � . In the matrix formulation for the solution.we definevectors
U °±� u1 � u2 � u3 � u4 � andW °±� w1 � w2 � w3 � w4 � . Using the lineardomainboundaryconditions,andthe linear
elementboundaryconditions,we canrelateU andW throughamatrixequation:

PW � QU � (4.11)

Wecanthensubstitutefor the ª ui ¬ in theDAEs in termsof the ª wi ¬ .
In our work, all concentrationsareexpressedin kilogramspercubicmetre(kg© m3), lengthsin metres(m),
andtimein hours(h). In thegraphs,theseconcentrationsarerelabelledfor conveniencesothat � u1 � w1 � u2 � w2 � u3 � w3 � w4 � u4 �
correspondrespectively to � X1 � X2 � X3 � X4 � X5 � X6 � X7 � X8 � .
The lengthandareaof the clarifier, the Vesilind parametersv0, n, andthe dispersioncoefficient D0 were
takenfrom Wattset al. [WSK96]. Thevaluesare:

L � 5 m;

A � 700m2 ;

v0 � 7 � 65m© h;

n � 0 � 306m3 © kg

D0 � 0 � 165m2 © h
Qf � 872m3 © h
Xf � 4 kg© m3

Qu � 397m3 © h
(4.12)

Note thatQf � Xf � Qu areall constantsfor thepresentsimulation.Thediscretizationis carriedout automat-
ically by WEST++.The resultsof this discretization(MSL-USER3.1 modelclassesto be includedin the
modelbasedescribedearlier)areshown in AppendixC. Simulationresults(in WEST++)demonstratingthe
validity of theapproacharepresentedin thesameAppendix.

4.4.3 The batc h case

As describedbeforethePDEfor theconcentrationX � z� t � in a1-D clarifierundergoingbatchsedimentation
is givenby:

∂X � z� t �
∂t ��� ∂G � X � z� t �M�

∂z � D0
∂2X � z� t �

∂z2 � (4.13)

D0 is thedispersioncoefficient or pseudo-diffusivity, G � X � z� t �M� is thegravitational settlingflux. As in the
continuouscase,we usetheVesilindsettlingvelocity in G � X � z� t �M� .
Theboundaryconditionsfor thePDEabove aregivenby:

G � X � 0 � t �M� � D0
∂X � z� t �

∂z ���� z  0 � 0

G � X � L � t �M� � D0
∂X � z� t �

∂z ���� z  L � 0 � (4.14)

Discretization

For thebatchcase,thedomainof interest � 0 � 5� is dividedinto two elements,by threenodeslocatedat (0, 2,
5). We chooseoneinterior collocationpoint on thefirst element,andtwo on thesecond,andsetα � β � 0
on both elements.We againdefinethe matricesU , W, P, Q, asdescribedfor the continuouscase.In the
figures,we representtheconcentrations� u1 � w1 � u2 � w2 � w3 � u4 � by � X1 � X2 � X3 � X4 � X5 � X6 � .
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TheVesilindparametersv0, n, andthedispersioncoefficient D0 weretaken from Wattset al. [WSK96] as
before.Theparametersfor thebatchcasearethus:

L � 5 m;

v0 � 7 � 65m© h;

n � 0 � 306m3 © kg

D0 � 0 � 165m2 © h � (4.15)

Three different concentrationprofiles similar to the continuouscasewere chosenfor the initial values
(w0

1 � w0
2 � w0

3). Thesecorrespondedto theuniform profile � 9 � 9 � 9� kg© m3, theprofile with postive upwardcon-
centrationgradient� 11� 8 � 6� kg© m3 andtheprofilewith positivedownwardconcentrationgradient� 6 � 8 � 11� kg© m3.

Two groupsof simulationswereperformed,dependingon how the non-linearboundaryconditionswere
dealtwith. Wedescribethegroupsbelow:¯

Group1: This groupcorrespondsto the simple linearizationschemedescribedbefore,whereinthe
nonlinearflux � G � X � � v0 X e¤ nX � wassimply replacedby the first term in its Taylor seriesin the
boundaryconditions,so that thematrix methodcould be used.That is, we set � G � X � � v0 X � at the
boundaries.

¯
Group2: A piece-wiselinearapproximationwasmadeon G � X � , by inspectinga plot of G � X � vs.X.
(SeeFigure(4.3)).G � X � is representedby threelinearfunctionsasfollows:

G � X � �³²´Tµ v0 � m1X �¶� 0 « X « Xmax ;
v0 � m2X � c2 �¶� Xmax  X « X0 ;
0 � X · X0 � (4.16)

Theslopes � m1 � m2 � , theconstantc2 and � Xmax� X0 � , which arethevaluesof X correspondingto the
maximumof G � X � andtheX � interceptof thestraightline y � v0 � m2X � c2 � , aregivenbelow:

m1 � 1
e

;

m2 � ¸ 2
e2 � 1

e ¹ ;

c2 � 2
n ¸ 1

e � 1
e2 ¹ ;

Xmax � 1
n

;

X0 � 2
n
� e � 1�� e � 2� � (4.17)

Within eachgroupabove, two setsof simulationswereperformed:¯
SetI: TheVesilindparametersandD0 havetheWattsvalues.Notethatthebatchsettlingresultsfor Set
I simulationscanbecomparedto thelimit caseof SetV simulationsof thecontinuoussedimentation
results,wherewe have consideredno influxesor outflows,but only settlingwith diffusion.

¯
SetII: Thelimit wherethereis only gravitationalsettling,thatis, D0 � 0.

Note that theotherlimit of purediffusionwould reduceto thesamelimit of thePDEfor continuoussedi-
mentation,andis not repeatedhere.

TheMSL-USERrepresentationof thesemodelsis similar to thecontinuouscase,but thepiecewise linear
approximationof G � X �M© v0 requirestheboundaryconditionsto bespecifiedwith anIf/Then/Elseconstruct.

Thesimulationresultsarepresentedin AppendixC.
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Figure4.3:Piecewiselinearapproximationof G � X �M© v0

4.5 Modelling and sim ulation experiments

Whenanappropriatemodelbasehasbeenconstructedfor a givenapplicationdomain,theWEST++mod-
elling environmentallows for graphicalcomponent-basedmodelling.asdepictedin Figure4.4(in this case
of a simpleWWTP).Theuserconnectsmodeliconsin a hierarchicalfashion.Fromthis abstractspecifica-
tion, togetherwith anMSL-USERlibrary of dynamicmodels,onesingleMSL-USERmodelis produced.In
particular, eachiconputon thecanvasresultsin theinstantiationof anMSL-USEROBJectof theappropri-
ateclass.Connectionsbetweeniconsresultin MSL-USERconnect statements.This is shown in thecode
below generatedfrom theabove mentionedgraphicalrepresentation.

// ***************************************************** ******** ******** **
//
// University of Gent
// Department of Applied Mathematics, Biometrics and Process Control
//
// Project: WEST++
// Type: MSL
// Author: hv
//
// ***************************************************** ******** ******** **

//
// Description: MSL-USER description of coupled model.
// Macro-module: HGE
// Date: Fri Dec 4 10:57:39 WET 1998
//

#include "wwtp.msl" // (* Mod: remove *)

#ifndef SIMPLE_WWTP_CLASS
#define SIMPLE_WWTP_CLASS

CLASS benchmarkClass
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Figure4.4:SimpleWWTP Model

(* class = "coupled"; file = "/home/westpp/westpp/data/simpleWWTP/simpleWWTP.HG E.tcl"; *)
SPECIALISES CoupledModelType :=
{:

interface <-
{

OBJ Influent (* terminal = "in_1" *) "Influent" : inWWTPTerminal := {:causality <- CIN:},
OBJ Effluent (* terminal = "out_1" *) "Effluent" : outWWTPTerminal := {:causality <- COUT:},

};
parameters <-
{
};
sub_models <-
{

OBJ aeration_tank : FixVolumeActivatedSludgeUnit,
OBJ Settler : Takacs,
OBJ mixing : TwoCombiner,

};
coupling <-
{

// parameter coupling
// sub-model coupling
connect(interface.Influent, sub_models.mixing.interface.Inflow),
connect(sub_models.mixing.interface.Outflow, sub_models.aeration_tank.interface.Inflow),
connect(sub_models.aeration_tank.interface.Outflow, sub_models.Settler.interface.Inflow),
connect(sub_models.Settler.interface.Outflow, interface.Effluent),

};
:};

#endif

OBJ simpleWWTP " ": simpleWWTPClass; // (* Mod: remove *)

// **************************************************** ******** ******** ***

Within theCoupledModelformalism,with sub-modelsof the DAE type,connectionsareexpandedto the
appropriatealgebraicequalities.A compilergeneratesMSL-EXEC from this modelfor usewithin theex-
perimentationenvironment.

It shouldbenotedthatamodelbasemaycontainmultiplereasonablecandidatemodelsfor agivenpartof a
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Figure4.5:WWTPinfluent

Figure4.6:WWTPinfluent

WWTP. In WEST++,a modelchoosingroutineretainsfeasiblecandidatemodelsbasedon modelfeatures
anduserrequirementsandleavesthefinal choiceto theuser.

Withoutgiving quantitative details,thefollowing figuresdemonstratehow thebenchmarkmodelabove can
beusedto realisticallysimulateWWTP behaviour. Theinfluent in Figures4.5and4.6with flowrates(Fig-
ure4.7is brokendown mainly in thebioreactor(Figure4.8)which resultsis apurifiedeffluent(Figure4.9).

Oncethe parametervalueshave beencalibrated to a particularwastewater, a modelmay be usedby the
engineerto eliminateinefficient designsand to choosethosealternative systemconfigurationswhich are
mostlikely to beeconomic.For agivensystemflowsheet,thereis morethanonechoiceof unit sizeswhich
will resultin adesireddegreeof treatment.

For this purpose,the WEST++ environment includesan optimizationmodule which varies parameters
(within bounds)so as to maximizea goal function. During optimization,sensitivity of the model to pa-
rametervariations(usually in the optimal parameterpoint) canbe calculated.Currently this is donein a
MonteCarlofashion,thoughthiscouldbeachievedthroughsymbolicmodelmanipulation.
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Figure4.7:WWTPinfluentflowrates

Figure4.8:WWTP bioreactor

Figure4.9:WWTPeffluent
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Summar y

In this chapter, the conceptsand techniquespresentedin previous chapterswereappliedin the activated
sludgewastewatertreatment(WWTP) domain.After anintroductionto activatedsludgeWWTP concepts,
a physicalsystemsmodellingmethodologywaspresentedandappliedto theWWTP domain.In particular,
modelknowledgeis representedin MSL-USER,the modelling languageusedin the WEST++modelling
andsimulationenvironmentpresentedin thepreviouschapter. A coreelementin WWTPmodelsis theActi-
vatedSludgeModel1 (ASM1) of theInternationalAssociationfor WaterQuality (IAWQ).Thismodel,with
its particularmatrix formatencodingstoichiometryandkinetics,is presentedandsubsequentlyrepresented
in MSL-USER.Themostdetailedmodelsof theclarifierpartof aWWTParedescribedin thePartialDiffer-
entialEquation(PDE) formalism.Theautomatic,symbolicdiscretizationbasedon orthogonalcollocation
over finite elementspresentedpreviously is demonstratedfor continuouslyfed aswell asbatch-fedmodels
of theclarifier. Finally, theapplicationof WEST++to WWTPmodelling,coveringall phasesfrom graphical
modellingto numericalsimulation,is briefly presented.
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Conc lusions

This thesishasdevelopeda multi-formalismmodellingandsimulationmethodologyfor complex systems.
As such,its primary contribution is the unificationof differentmodellingandsimulationconcepts,meth-
odsandtechniques.To complementthe theoreticalconcerns,computerimplementationissuesweredealt
with and the study of activatedsludgeWasteWaterTreatmentPlants(WWTPs) by meansof modelling
andsimulationwaspresentedasa concreteapplication.A model(inter-formalism)compileraswell asthe
full-fledgedinteractivemodellingandsimulationenvironmentWEST++weredeveloped.A centralpartof
WEST++is thenew declarativemodellinglanguage MSL-USER.

In thethesis,someof theneedscurrentlyfelt in themodellingandsimulationcommunitywereaddressed.
Theseneedswere identifiedby ESPRIT’s BasicResearchWorking Group8467SiE-WG “Simulation in
Europe”,of whichtheauthorwasaco-founderandco-ordinator. Thework hasgeneralizedZeigler’sTheory
of Modelling andSimulationby introducingnon-causalmodellingandmulti-formalismmodelling.

Wenow briefly review thethesis,pointingoutoriginal contributions.

In the first chapter, generalmodelling and simulationconceptssuchas verification and validation were
introduced.In particular, a new, unified representationof modellingerrorswasintroduced.The presenta-
tion bringsstructureto the multitudeof differentexisting views andintroducesoriginal classificationsof
modellingformalisms.Oneimportantnew dimensionin classificationis whethera modellingformalismis
(computationally)causal.As notonly theformalismamodelis representedin is important,but alsothepro-
cessof manipulatingthosemodels,modelsof the modellingandsimulationprocesswereproposed.Such
modelsmay be usednot only to describethe process,but alsoto prescribethe processandassuchform
thebasisfor automatedmodellingandsimulationenvironments.Themaincontribution hereis theVirtual
ProductLife-cycle (VPL) conceptanda recursive processmodelfor modellingandsimulationsupporting
bottom-upaswell astop-down constructionanduseof models.

In thesecondchapter, a rigourouspresentationwasgivenof diverseformalismswith a descriptionof pos-
sible transformationbetweenthese.The transformationsareat the basisof the implementationof model
compilers.Thetransformationsinclude¯

transformationof eventschedulingdiscreteeventmodelsto DEVS,
¯

transformationof CellularAutomatato DEVS,
¯

symbolictransformationof continuousformalismsbasedongraphalgorithms.In particular, for causal-
ity assignmentin non-causalmodels,Dinic’s algorithmwasintroduced.This algorithmis moreeffi-
cientthancurrentlyusedalgorithms,

¯
transformationbetweendifferentialequationsandtransferfunctions,

¯
transformationof Forrester’s SystemDynamicsmodelsto ordinarydifferentialequations,

¯
transformationof acommonlyusedclassof partialdifferentialequationsto ordinarydifferentialequa-
tionsbasedon orthogonalcollocationover finite elements.

As maybeapparentfrom theabove transformations,thedescribedformalismsare:I/O datatrajectories,dis-
creteeventformalimsin theform of four different“world views”, theDEVSformalism,CellularAutomata,
differentialandalgebraicequationformalisms(introducingnon-causalmodels,how they enablemodelre-
useand how to processthem efficiently), the transferfunction formalism,Forrester’s SystemDynamics
formalismandaclassof partialdifferentialequations.

This chapterconcludedby presentinganalgorithmfor “flattening” coupledmulti-formalismmodels(mod-
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ular networks). This wasachieved by transformingthe componentsto a commonformalism.Knowledge
aboutwhich transformationarefeasibleis keptin aFormalismTransformationGraph(FTG).Theintroduc-
tion of multi-formalismmodelling,theFTG andtheflatteningalgorithmformsa majorcontribution to the
meaningfulmodellingof complex systems.

In thethird chapter, thedevelopmentsof theearlierchapterswereusedin thedesignof adeclarative Model
SpecificationLanguage(MSL-USER)aswell asa full, interactive modellingandsimulationenvironment
(WEST++)to create,modify, andsimulateMSL-USERmodels.Thedesignrequirementsfor MSL-USER
weregenericity, supportfor re-useandexchange,aswell asfor the representationof multiple formalisms.
MSL-USERconceptsarenow usedin theinternationalmodellinglanguagestandardizationeffort Modelica.
MSL-USERis afirst steptowardsmetamodelling(themodellingof modellingformalisms),alsodescribed
in thischapter.

In the fourth andlast chapter, it wasshown how in the domainof bio-activatedsludgewastewatertreat-
mentmodelling,thepresentedconceptscanbeapplied.In particular, amethodologyfor constructingmodel
basesfor physicalsystemswaspresentedandillustratedfor WWTPs.This leadto a genericmodelbasefor
WWTP modelling.This modelbasehasbeenthecornerstoneof all WWTP modellingat BIOMATH and
its industrialpartners.Finally, theapplicationof WWTPmodelsin theWEST++tool wasillustrated.

The work presentedin this thesisshouldnot be seenasan endpoint,but ratherasa solid basisfor further
researchanddevelopment.Currentandfuturework will befocussedon:¯

Thefurtherdevelopmentof MSL-USER,mergingit with Modelica.Theunificationof metamodelling
with multi-formalismmodelling.

¯
Theapplicationof multi-formalismmodellingto softwaredesign(investigatinghow theUnifiedMod-
elling LanguageUML maybeintegrated).

¯
Detailedproofsfor themappingof discreteeventworld viewsontoDEVS.Formalverificationof both
multi-formalismtransformationsandmodelproperties.

¯
Theinclusionof moreformalismsin theFTG. In particular, therelationshipbetweenStatechartsand
DEVSneedsto beinvestigatedin detail.

¯
The mappingof Ordinary Differential Equationsonto DEVS using quantization.Apart from per-
formanceconsiderations,this will alsohelp bridgethe gapbetweencontinuousanddiscrete(event)
models(i.e., hybridmodelling).

¯
An efficient,parallelimplementationof DEVSon distributedmemory“Beowulf ” clusters.
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hoffs, editors,10thEuropeanSimulationSymposium, pages699–703.Societyfor Computer
SimulationInternational(SCS),October1998.Nottingham,UK.

[Lut96] Mark Lutz. ProgrammingPython. O’Reilly & Associates,1996.

[LW95] D.A. LinkensandH. Wang. Qualitative bondgraphreasoningin controlengineering- part
i: Qualitative bondgraphmodelingandcontrollerdesign. In François E. Cellier andJośe J.
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Abbre viations

1-D OneDimensional
2-D Two Dimensional
ACM Associationfor ComputingMachinery
ACSL A ContinuousSimulationLanguage
ADSIM/RTS Applied DynamicsInternationalSIMulationlanguage/RealTimeStation
AI Artificial Intelligence
ALG Algebraic
API ApplicationProgrammer’s Interface
ASM1 ActivatedSludgeModel1
ASM2 ActivatedSludgeModel2
AST AbstractSyntaxTree
BC BoundaryCondition
BIOMA TH Departmentof AppliedMathematics,BiometricsandProcessControl
BNF Backus-NaurForm
BOD Biological OxygenDemand
BR Birth Rate
CA CellularAutomaton
CAD ComputerAidedDesign
CAE ComputerAidedEngineering
CAM ComputerAidedModelling
CASE ComputerAidedSoftwareEngineering
CEC CurrentEventChain
CEL CurrentEventList
CM CommunicationManager
COD ChemicalOxygenDemand
CSE ConcurrentSimulationEngineering
CSSL ContinuousSystemSimulationLanguage
CVS ConcurrentVersionSystem
DAE DifferentialAlgebraicEquation
DESS DifferentialEquationSpecifiedSystem
DEVS DiscreteEVentSystem
DFS DepthFirst Search
DMSO DefenseModelingandSimulationOffice
DOME DomainModellingEnvironment
DR DeathRate
DSblock DynamicSystemblock
DoD Departmentof Defense
EL EventList
ES EventScheduling
ESPRIT EuropeanStrategic Programmein InformationTechnology
EXP Experimentation
FEC FutureEventChain
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FEL FutureEventList
FIFO First In FirstOut
FSA Finite StateAutomaton
FTG FormalismTransformationGraph
GMSA GenericModellingandSimulationArchitecture
GPSS GeneralPurposeSimulationSystem
HGE HierarchicalGraphicalEditor
HLA High Level Architecture
I/O Input/Output
IAT InterArrival Time
IAWPRC InternationalAssociationon WaterPollutionResearchandControl
IAWQ InternationalAssociationfor WaterQuality
IP InternetProtocol
IPM IdealisedPhysicalModels
IWA InternationalWaterAssociation
LHS Left HandSide
M&S Modelling andSimulation
MGA MultigraphArchitecture
MIMO Multiple Input Multiple Output
MLQ Material-Like Quantity
MSL ModelSpecificationLanguage
MSL-EXEC ModelSpecificationLanguage- ExecutionLevel
MSL-USER ModelSpecificationLanguage- UserLevel
MSLU MSL-USER
MoSS-CC Modelling andSimulation-basedSystemfor CostCalculation
MuPAD Multi ProcessingAlgebraDatatool
NI Network Interface
ODE OrdinaryDifferentialEquation
P-DEVS ParallelDEVS
PDE PartialDifferentialEquation
PSA Peugeot-Citroen
RCS RevisionControlSystem
RHS Right HandSide
RTI RunTime Infrastructure
SCS Societyfor ComputerSimulation
SEI SoftwareEngineeringInstitute
SES SystemEntity Structure
ST ServiceTime
ST SymbolTable
SiE-SIG Simulationin Europe- SpecialInterestGroup
SiE-WG Simulationin Europe- WorkingGroup
TCP TransmissionControlProtocol
TOC TotalOrganicCarbon
UI UserInterface
UML Unified Modellling Language
VPL Virtual ProductLife-Cycle
WEST++ WasteWaterTreatmentEnvironmentfor SimulationandTraining
WWTP WasteWaterTreatmentPlant
µCSL micro ContinuousSimulationLanguage



Lexical Scoping

�»� ———————————————————————-�»� COMPILERSTAGES(passes)�»� ———————————————————————-

' root'
Stmnt(� · S) �»� parse the concrete syntax
CurrentScope � nil �»� initially, the outer scopeis nil
CurrentScopeSetOrSeq � seq �¼� initialise (never usedat level 0 however)
CollectDeclarations(S� · Snew) �»� setupDeclarations table,�»� replaceeach declaration by a reference 10�»� into the table, replaceeach Identifier�»� by a referenceinto the Applications�»� table, and attach a list of�»� declaration pointers (to Declarations�»� madein that block) to each scopeblock.
InitEnv �»� initialise Environmentinfo
AssignDeclToApplic(Snew) �»� assignappropriately scopedobject�»� declarations to applications© identifiers
PrintValues(Snew) �»� print values(objects)of identifiers

20�»� ———————————————————————-�»� CONCRETESYNTAX (of the prototypemini-language)�»� ———————————————————————-

' nonterm' StmntList(� · STMNT) �»� a sequenceof statements
' rule' StmntList(� · S):

Stmnt(� · S)
' rule' StmntList(� · seq(S1,S2)):

Stmnt(� · S1) StmntList(� · S2)
30

' nonterm' Stmnt(� · STMNT)
' rule' Stmnt(� · scope(set,block(S), nil )): �»� set
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"{" StmntList(� · S) "}"
' rule' Stmnt(� · scope(seq,block(S), nil )): �»� sequence

"[" StmntList(� · S) "]"
' rule' Stmnt(� · declare(Id,obj(Int))): �»� declaration

"OBJ" Ident(� · Id) ":" Number(� · Int)
' rule' Stmnt(� · expr(E)): �»� expression

Expr(� · E)
40

' nonterm' Expr(� · EXPR)
' rule' Expr(� · appl(Id)): �»� object application

Ident(� · Id)�»� ———————————————————————-�»� ABSTRACT SYNTAX and GLOBAL DECLARATIONS�»� ———————————————————————-�»� For each declaration, an entry is addedto the�»� object SymbolTable ½ verb¾Declarations¾ . This entry can be filled 50�»� with the object’s attributes. In different places,a reference�»� into this table will be usedto accessthe object’s attributes.�»� For the time being, we only keep track of an object’s Id (via which we can�»� find out its String representation),and of the value given to�»� the object in that declaration.
' table' Declarations(Id:IDENT, Value:OBJECT)�»� For each application (in an expression)of an object, an entry is�»� addedto the table ½ verb¾Applications¾ . In this table, we�»� refer to the appropriate (scoped)entry ½ verb¾Decl¾ in the Declarations table. 60�»� From ½ verb¾Decl¾ , the ½ verb¾ Id ¾ as well as ½ verb¾Value¾ at declaration time�»� can be retrieved. When,during the ½ verb¾CollectDeclarations() ¾ pass,�»� ½ verb¾ appl(Id)¾ is replacedby ½ verb¾ appl ref(X)¾ referring to�»� ½ verb¾X ¾ , an entry in the Applicationstable, the ½ verb¾ Id ¾�»� is entered into ½ verb¾X ¾ , as the appropriate ½ verb¾Decl¾ is not yet known.�»� Only during the ½ verb¾AssignDeclToApplic()¾ pass,will ½ verb¾Decl¾ be�»� assigned.�»� This explains why ½ verb¾ Id:IDENT ¾ is presentin the�»� ½ verb¾Applications¾ table ª¿½ em and¬ in the ½ verb¾Declarations¾ table.�»� ½ verb¾Applications¾ also has a ½ verb¾ LocalValue¾ entry, which is 70�»� where we can attach “annotations” (lists�»� of attribute-valuepairs) to individual variable© identifier uses�»� (not usedin this prototype).
' table' Applications (Id:IDENT, Decl:OBJECT,LocalValue:OBJECT)�»� For every scope(set or sequence),keepa referenceto the next�»� enclosingscope�»� (or nil if this is the outermostscope),as well as�»� a list of referencesto declarations within that scope.
' table' Scopes(Outer:ScopeType, Decls:DeclarationList) 80�»� A list of referencesinto the table of declarations�»� Such a list is addedto the ½ verb¾ scope¾ nodedelimiting
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�»� a scope.
' type' DeclarationList
list(Declarations,DeclarationList)
nil�»��»� the actual ABSTRACT SYNTAX 90�»�

' type' STMNT
scope(SetOrSeq,STMNT, ScopeType)
block(STMNT) �¼�
declare(IDENT,OBJECT)
decl ref(Declarations)�»� replacesdeclare() with a reference�»� into the SymbolTable “Declarations”
expr(EXPR)
seq(STMNT,STMNT) 100

deletedstmt �»� If declarations (or any other statement)�»� are deleted,they are replacedby�»� deletedstmt.Later, with anotherpass,all�»� deletedstmtsmay be removed.

' type' EXPR
appl(IDENT)
appl ref(Applications) �»� replacesappl() with a reference�»� into the table “Applications”

110

' type' OBJECT
obj(INT)
obj ref(Declarations)
noobj

' type' SetOrSeq
set
seq

' type' ScopeType 120

scopeVars(Scopes)
nil�»� ———————————————————————-�»� SCOPE© NAME ANALYSIS�»� ———————————————————————-

' var' CurrentScope:ScopeType

' action' CollectDeclarations(STMNT� · STMNT) 130

' rule' CollectDeclarations(scope(SetOrSeq,Stmt, nil )� · scope(SetOrSeq,NewStmt, scopeVars(Scope))):
Scope:: Scopes �»� new Scopestable entry for this block scope



232 Lexical Scoping

CurrentScope� · CS �¼� retrieve current scope
Scope' Outer  � CS �»� set ’Outer scopefor the block
Scope' Decls  � nil �¼� just entered scope, no declsyet
CurrentScope � scopeVars(Scope)�»� set current scopeto newly createdScope
CollectDeclarations(Stmt� · NewStmt) �¼� recurse down
Scope' Outer � · OuterScope �»� the scopeof this level 140

CurrentScope � OuterScope �»� restore the current scope

' rule' CollectDeclarations(scope(SetOrSeq,Stmt,Scope)� · scope(SetOrSeq,Stmt,Scope)):
Error("hould have found a nil OldScope !" , 999)�»� during parsing the Scopefield was supposedto be set to nil

' rule' CollectDeclarations(declare(Id, Obj) � · decl ref(Declaration)):�»� decl ref() points into the SymbolTable for that declaration�»� May later wish make one more passto clean up the ASTremoving these 150�»� if declarations turn out not to be neededany more.
Declaration:: Declarations �»� a new declaration
Declaration' Id  � Id �»� the Id it declares
Declaration' Value  � Obj �»� value given at declaration time
CurrentScope� · scopeVars(Sc)
Sc' Decls � · DList
Sc' Decls  � list(Declaration,DList) �»� add declaration to current�»� scope’s declarationlist

' rule' CollectDeclarations(block(Stmt) � · block(StmtNew)): 160

CollectDeclarations(Stmt� · StmtNew)

' rule' CollectDeclarations(expr(appl(Id)) � · expr(appl ref(X))):
X :: Applications
X ' Id  � Id

' rule' CollectDeclarations(seq(S1, S2) � · seq(S1New, S2New)):
CollectDeclarations(S1� · S1New)
CollectDeclarations(S2� · S2New)

170�»� ———————————————————————-�»� LEXICAL SCOPEHANDLING�»� ———————————————————————-

' type' EnvironmentList �»� A list of enclosingLocal environments
env(Locals, EnvironmentList)
emptyenv�»� Locals consistsof a list of�»� 1. an identifier. 180�»� 2. if the identifier had a meaningin the enclosingscope,�»� HiddenObjectrefers to the declaration in the enclosing�»� scopewhich is hidden in the local scope.

' type' Locals
locals(IDENT, HiddenObject:OBJECT,Locals)



Lexical Scoping 233

emptylocals�»� Whentraversing nestedscopes,CurrentEnv holds�»� the EnvironmentListfor this nestinglevel.
' var' CurrentEnv: EnvironmentList 190�»� Whentraversing nestedscopes,CurrentLevel�»� indicatesthe current nestingdepth. It may be used�»� for indentationetc.
' var' CurrentLevel: INT�»� Whentraversing nestedscopes,CurrentScopeSetOrSeq�»� indicateswhetherwe’re in a set or a sequencescope.�»� This will influencethe processingof decl ref() nodes�»� which give rise to a Define() in a sequencescopeand 200�»� are ignored in a set scope(as Define()ingwas done in�»� DefineDecls().
' var' CurrentScopeSetOrSeq:SetOrSeq�»� Initialise the environmentat the top level
' action' InitEnv

' rule' InitEnv:
CurrentEnv  � emptyenv �¼� no environment
CurrentLevel  � 0 �»� no nestingyet 210�»� enter a nestedscope�»� savethe enclosingenvironment

' action' EnterScope

' rule' EnterScope:
CurrentEnv � · Env �»� the current environment
CurrentEnv  � env(emptylocals,Env) �»� becomesthe enclosing�¼� environmentin the next�¼� nesting 220�¼� Initially, no locals found
CurrentLevel � · N
CurrentLevel  � N+1�»� leavea nestedscope�»� restore the enclosingenvironment

' action' LeaveScope

' rule' LeaveScope:
CurrentEnv � · env(Locals, Env) 230

ForgetLocals(Locals)
CurrentEnv  � Env
CurrentLevel � · N
CurrentLevel  � N � 1�»� Forget local meaning. Replaceby outer scopemeaning
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�»� where necessary.�»� If theselocals are not definedin the outer scope, the Id stays�»� undefined.If a local Id is definedin an enclosingscope�»� (the environment),the meaningfrom the enclosingscopeis restored 240

' action' ForgetLocals(Locals)�¼� no meaningin outer scopes
' rule' ForgetLocals(locals(Id,noobj, Locals)):
UndefMeaning(Id)
ForgetLocals(Locals)�¼� forget local, restore outer scopemeaning

' rule' ForgetLocals(locals(Id,HiddenObject,Locals)):
DefMeaning(Id,HiddenObject) 250

ForgetLocals(Locals)�¼� nothing to forget
' rule' ForgetLocals(emptylocals):�»� ———————————————————————-�»� RESOLVE© BIND NESTEDIDENTIFIER APPLICATION TO DECLARATIONS�»� ———————————————————————-

' sweep' AssignDeclToApplic(ANY) 260

' rule' AssignDeclToApplic(scope(SetOrSeq,Stmts,nil )):
Error("Scope should have been assigned by now !" , 999)

' rule' AssignDeclToApplic(scope(set,Stmts,scopeVars(Scope))):
CurrentScopeSetOrSeq� · SetOrSeq �»� this set is nestedin a SetOrSeq
CurrentScopeSetOrSeq � set
CurrentScope � scopeVars(Scope)�»� set CurrentScopeto block’s scope
Scope' Decls � · DeclarationsInScope
EnterScope 270

DefineDecls(DeclarationsInScope)
AssignDeclToApplic(Stmts)
LeaveScope
Scope' Outer � · OuterScope
CurrentScope � OuterScope �»� restore old scope
CurrentScopeSetOrSeq � SetOrSeq�»� restore the nature of the�»� enclosingscope

' rule' AssignDeclToApplic(scope(seq,Stmts,scopeVars(Scope))):
CurrentScopeSetOrSeq� · SetOrSeq �»� this seq is nestedin a SetOrSeq 280

CurrentScopeSetOrSeq � seq
CurrentScope � scopeVars(Scope)�»� set CurrentScopeto block’s scope
EnterScope
AssignDeclToApplic(Stmts)
LeaveScope
Scope' Outer � · OuterScope
CurrentScope � OuterScope �»� restore old scope
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CurrentScopeSetOrSeq � SetOrSeq�»� restore the nature of the�»� enclosingscope
290

' rule' AssignDeclToApplic(decl ref(Decl)):
CurrentScopeSetOrSeq� · SetOrSeq
eq(SetOrSeq,seq) �»� only within seqscope�»� in caseof set scope, the Defineshavebeendoneby means�»� of DefineDecls()
Decl' Id � · Id
Define(Id, Decl)

' rule' AssignDeclToApplic(appl ref(X)):
X ' Id � · Id 300

Apply(Id � · DeclObj)
X ' Decl  � DeclObj�»� this is where we could copy the declaration’s Value into�»� the application’s LocalValue:
where(DeclObj � · obj ref(Decl))
Decl' Value � · Val �»� copy of declared value, may be modifiedlocally
X ' LocalValue  � Val �¼� set the value from the appropriate declaration

' action' DefineDecls(DeclarationList)
310

' rule' DefineDecls(list(Decl,DeclList)):
DefineDecls(DeclList)
Decl' Id � · Id
Define(Id, Decl)

' rule' DefineDecls(nil ):

' action' Define(IDENT, Declarations)

' rule' Define(Id, Decl) 320

CurrentEnv � · env(Locals, Env)
IsUndefined(Id,Locals)
Hides(Id � · HiddenObject)
CurrentEnv  � env(locals(Id, HiddenObject,Locals), Env)
DefMeaning(Id,obj ref(Decl))

' rule' Define(Id, Decl) �»� only get here if IsUndefined()fails
id to string(Id � · Name)
print("Identifier" ) print(Name)print("declared again" )
print("ignoring this last declaration" ) 330

' condition' IsUndefined(IDENT,Locals)

' rule' IsUndefined(Id,locals(LocalId,Hidden, ListRest)) :
ne (Id, LocalId)
IsUndefined(Id, ListRest)

' rule' IsUndefined(Id,emptylocals):
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' action' Apply(IDENT � · OBJECT) 340

' rule' Apply(Id � · O):
HasMeaning(Id� · O)

' rule' Apply(Id � · noobj): �»� if HasMeaning()fails
id to string(Id � · Name)
print("Identifier" ) print(Name)print(": no declaration found" )
print("(after searching nesting scopes)" )

' action' Hides(IDENT � · OBJECT) 350

' rule' Hides(Id � · O):
HasMeaning(Id� · O)

' rule' Hides(Id � · noobj): �»� if HasMeaning()fails�»� ———————————————————————-�»� PRINT SCOPEDIDENTIFIER VALUES�»� ———————————————————————-
360

' sweep' PrintValues(ANY)

' rule' PrintValues(applref(Applic)):
Applic' Decl � · O
PrintObject(O)

' action' PrintObject(OBJECT)

' rule' PrintObject(noobj):
print("noobj, this node should be removed from the AST") 370

' rule' PrintObject(obj(N)):
print(N)

' rule' PrintObject(objref(X)):
X ' Id � · ID
id to string(ID � · Name)
print(Name)
X ' Value � · obj(N)
print(N) 380�»� ———————————————————————-�»� BASIC IDENT OPERATIONS(opaque)�»� ———————————————————————-

' type' IDENT

' action' string to id (STRING � · IDENT)
' action' id to string (IDENT � · STRING)
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' action' DefMeaning(IDENT, OBJECT) 390

' action' UndefMeaning(IDENT)
' condition' HasMeaning(IDENT � · OBJECT)�»� ———————————————————————-�»� ERROR and I © O HANDLING (opaque)�»� ———————————————————————-

' action' Error (STRING, INT)�»� ———————————————————————- 400�»� BASIC TOKENS�»� ———————————————————————-

' token' Ident ( � · IDENT)
' token' Number ( � · INT)
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MSL-USER Libraries

B.1 MSL-USER Generic Base Librar yÀ�À
Description: MSL-USER

À
Generic

À
Base definitions.À�À

##################################################################À�À
Ghent UniversityÀ�À
Department of Applied Mathematics, Biometrics and Process ControlÀ�À
implementation: Hans VangheluweÀ�À
topic: generic

À
base definitionsÀ�À

contact: Hans VangheluweÀ�À
##################################################################

10
#ifndef GENERIC BASE
#defineGENERIC BASEÀ�À

Contains generic declarations for the modelling ofÀ�À
dynamic (DAE based) physical systems.À�ÀÀ�À
Builtin types are the only types for whichÀ�À
an empty signature is allowed.À�À
During bootstrapping, the builtin type namesÀ�À
are loaded into the outermost type namespace. 20À�À
The semantics of these types is given implicitly.À�ÀÀ�À
Builtin atomic typesÀ�À

TYPE Generic" builtin: type variable" ;À�À
The Generic type is a “type variable”. It will unify with anyÀ�À
other type; any type is a sub-type of Generic which implies anyÀ�À
object can be an instance of type Generic.

30
TYPE Integer " builtin: positiveand negative Natural Numbers" ;

TYPE Real " builtin: Real numbers" ;

TYPE Char " builtin: ASCII character" ;

TYPE String
" builtin: Char* (implementedas atomic type for efficiency reasons)" ;

TYPE Bottom " builtin: bottomtype" = ENUM Á null Â ; 40À�À
The Bottom type is a sub-type of any other type.À�À
By virtue of this, “null”, the only object ofÀ�À
type Bottom, can be used to denote an unassigned valueÀ�À
for objects of any type.

TYPE Boolean" builtin: Logic type" = ENUM Á True, FalseÂ ;À�ÀÀ�À
Builtin composite typesÀ�À

50

TYPE TypeDeclarationType
" builtin: type of TYPEdeclaration statement" ;
TYPE ClassDeclarationType
" builtin: type of CLASSdeclaration statement" ;
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TYPE ObjectDeclarationType
" builtin: type of OBJ declaration statement" ;

TYPE DeclarationType 60
" type of a declaration (TYPE,CLASS,or OBJ) statement"
= UNION Á TypeDeclarationType, ClassDeclarationType, ObjectDeclarationTypeÂ ;
TYPE ExpressionType
" builtin: type of expressions" ;

TYPE EquationType
" builtin: type of equations" ;

TYPE GenericIntervalType 70
"
Generic Interval. Only meaningfulif used
to specialisewith endpointsof a type for which
an order relation is defined.

"
= RECORDÁ

lowerBound:Generic;
upperBound:Generic;

lowerIncluded:Boolean; 80
upperIncluded:Boolean;Â ;

TYPE RealIntervalType " Interval of real numbers"
SUBSUMES GenericIntervalType =
RECORDÁ
lowerBound:Real;

À�À
Real is sub-type of Generic

upperBound:Real;
À�À

Real is sub-type of Generic

lowerIncluded:Boolean; 90
upperIncluded:Boolean;Â ;À�ÀÀ�À

type declarations for physical systemsÀ�À
TYPE UnitType

" The type of physicalunits. For the time being, a string" 100
= String;

TYPE QuantityType
" The different physicalquantities.For the time being, string"
= String;

TYPE CausalityType
" Causalityof entities:

CIN: input (cause)only

COUT: output (consequence)only 110
CINOUT: input and output (causeand consequence)are allowed

"
= ENUM Á CIN, COUT, CINOUTÂ ;
TYPE PhysicalNatureType
" The nature of physical variables
FIELD is used(in the physicalDAE context) to denote
parametersand constants

"

= ENUM Á ACROSS,THROUGH, FIELD Â ; 120

TYPE PhysicalQuantityType
" The type of any physical quantity"
=
RECORDÁ
quantity : QuantityType;
unit : UnitType;
interval : RealIntervalType;

value : Real; 130
causality : CausalityType;
nature : PhysicalNatureType;Â ;À�ÀÀ�À

Formalism independent model stuffÀ�À
TYPE InterfaceDeclarationType

" declarations within an interface" = DeclarationType; 140

TYPE ParameterDeclarationType
" declarations within parametersection" = DeclarationType;

TYPE ModelDeclarationType
" declarations within sub˙modelssection" = DeclarationType;

TYPE CouplingStatementType
" parametercoupling and connect()statements" = EquationType;

150
TYPE GenericModelType
" The signature of the genericpart of any (whatever the formalism)model"
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=
RECORDÁ
comments : String;
interface : SET OF (InterfaceDeclarationType);À�À

declared objects must be interfaces
parameter s : SET OF (ParameterDeclarationType);À�À

declared objects must be parameters 160Â ;
TYPE CoupledModelType " The signature of a coupled(network)model"
EXTENDS GenericModelType WITH
RECORDÁ
sub models: SET OF (ModelDeclarationType);
coupling : SET OF (CouplingStatementType);Â ;

170
TYPE DAEModelType
" The signature of a Differential Algebraic Equation (DAE) model
within DAEModelType models,connect()has the following
(flattening)semantics:

quantity and unit are checked for equality
equationsare generated to equal (=) all algebraic and state variables
all other labels are ignored

"
EXTENDS GenericModelType WITH

RECORD 180Á
independent: SET OF (ObjectDeclarationType);

À�À
independent variable (time)

state : SET OF (PhysicalQuantityType);
À�À

variablesÀ�À
those variables occurring inÀ�À
DERIV(v, [t]) statements areÀ�À
derived state variables

initial : SET OF (EquationType);
equations : SET OF (EquationType);
terminal : SET OF (EquationType);Â ; 190

TYPE PhysicalDAEModelType
" within physicalDAEModelType models,connect()has the

following
(flattening)semantics:

quantity and unit are checked for equality
quantity and unit are checked for equality
equationsare generated to equal (=) all acrossvariables
equationsare generated to sumall through variables to zero

all other labels are ignored 200
"
= DAEModelType;

#endif

B.2 MSL-USER Generic Quantities Librar yÀ�À
Description: MSL-USER

À
Generic

À
SI quantity definitions.À�À

##################################################################À�À
Ghent UniversityÀ�À
Department of Applied Mathematics, Biometrics and Process ControlÀ�À
implementation: Frederik DecouttereÀ�À
topic: generic

À
SI quantity definitionsÀ�À

contact: Jurgen MeirlaenÀ�À
##################################################################

10
#ifndef GENERIC QUANTITY SI
#defineGENERIC QUANTITY SIÀ�À

SI quantities, units, constantsÀ�ÀÀ�À
Based on the ISO 1000 standardÀ�ÀÀ�À
Part 1: Space and time 20

CLASS Angle
" A class for angle"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Angle" ;
unit Ã-Ä " rad" ;
displayunit Ã-Ä " deg" ;

: Â ;
30

CLASS SolidAngle
" A class for SolidAngle"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " SolidAngle" ;
unit Ã-Ä " sr" ;
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: Â ;
TYPE StringType

" The class for all kind of strings + someextra' s" 40
=
RECORDÁ
quantity : QuantityType;
value : String;
unit : UnitType;Â ;

CLASS Date

" A class for date" 50
SPECIALISES StringType :=Á :
quantity Ã-Ä " Date" ;

: Â ;
CLASS Time
" A class for time"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Time" ; 60
unit Ã-Ä " d" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF : Â ;

: Â ;
CLASS Length
" A class for Length"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Length" ;

unit Ã-Ä " m" ; 70
: Â ;
CLASS Area
" A class for Area"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Area" ;
unit Ã-Ä " m2" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF: Â ;

: Â ; 80

CLASS Volume
" Volume"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Volume" ;
unit Ã-Ä " m3" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF: Â ;

: Â ;
90

CLASS AngularVelocity
" A class for AngularVelocity"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " AngularVelocity" ;
unit Ã-Ä " rad/d" ;

: Â ;
CLASS Velocity

" A class for Velocity" 100
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Velocity" ;
unit Ã-Ä " m/d" ;

: Â ;À�À
every change of somethingÀ�À
per unit of time is in fact alsoÀ�À
a velocity, also called a rate

110
CLASS Rate
" A class for rate"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Rate" ;
unit Ã-Ä " dUnit/dt" ;

: Â ;
CLASS FlowRate

" Flow rate" 120
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã,Ä " FlowRate" ;
unit Ã-Ä " m3/d" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF : Â ;

: Â ;À�À
DO NOT forget this is not the same asÀ�À
e.g. d(volume)

À
d(pH)À�À

which is in fact a ratio 130

CLASS Ratio
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" A class for ratio"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Ratio" ;
unit Ã-Ä " dUnit/dUnit" ;

: Â ;
CLASS AngularAcceleration 140
" A class for AngularAcceleration"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " AngularAcceleration" ;
unit Ã-Ä " rad/d2" ;

: Â ;
CLASS Acceleration
" A class for Acceleration"

SPECIALISES PhysicalQuantityType := 150Á :
quantity Ã-Ä " Acceleration" ;
unit Ã-Ä " m/d2" ;

: Â ;À�À
Part 2: Periodic and related phenomens

CLASS Frequency
" The type of frequency"

SPECIALISES QuantityType := 160Á :
quantity Ã-Ä " Frequency" ;
unit Ã-Ä " Hz" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF : Â ;

: Â ;À�À
Part 3: Mechanics

CLASS Mass

" A class for Mass" 170
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Mass" ;
unit Ã-Ä " g" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF; : Â ;

: Â ;
CLASS Density
" A class for Density"

SPECIALISES PhysicalQuantityType := 180Á :
quantity Ã-Ä " Density" ;
unit Ã-Ä " g/m3" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF; : Â ;

: Â ;
CLASS SpecificVolume
" Specificvolume((density)̂ -1)"
SPECIALISES PhysicalQuantityType :=Á : 190
quantity Ã-Ä " SpecificVolume" ;
unit Ã-Ä " m3/g" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF: Â ;

: Â ;
CLASS LinearDensity
" A class for LinearDensity"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " LinearDensity" ; 200
unit Ã-Ä " g/m" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF; : Â ;

: Â ;
CLASS MomentOfInertia
" A class for MomentOfInertia"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " MomentOfInertia" ;

unit Ã-Ä " g*m2" ; 210
: Â ;
CLASS Momentum
" A class for Momentum"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Mass" ;
unit Ã-Ä " g*m/d" ;

: Â ;
220

CLASS Force
" A class for Force"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Force" ;
unit Ã-Ä " N" ;

: Â ;
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CLASS AngularMomentum

" A class for AngularMomentum" 230
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Mass" ;
unit Ã-Ä " g*m2/d" ;

: Â ;
CLASS MomentOfForce
" A class for MomentOfForce"
SPECIALISES PhysicalQuantityType :=Á : 240
quantity Ã-Ä " MomentOfForce" ;
unit Ã-Ä " N*m" ;

: Â ;
CLASS Pressure
" A class for Pressure"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Pressure" ;

unit Ã-Ä " Pa" ; 250
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF; : Â ;

: Â ;
CLASS NormalStress
" A class for NormalStress"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " NormalStress" ;
unit Ã-Ä " Pa" ;

: Â ; 260

CLASS Dif fusivity
" A class for Diffusivity"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Diffusivity" ;
unit Ã-Ä " m2/d" ;

: Â ;
CLASS DynamicViscosity 270
" A class for DynamicViscosity"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " DynamicViscosity" ;
unit Ã-Ä " Pa*d" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF; : Â ;

: Â ;
CLASS KinematicViscosity

" A class for KinematicViscosity" 280
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " KinematicViscosity" ;
unit Ã-Ä " m2/d" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF; : Â ;

: Â ;
CLASS SurfaceTension
" A class for SurfaceTension"

SPECIALISES PhysicalQuantityType := 290Á :
quantity Ã-Ä " SurfaceTension" ;
unit Ã-Ä " N/m" ;

: Â ;
CLASS Energy
" A class for Energy"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Energy" ; 300
unit Ã-Ä " J" ;

: Â ;
CLASS Power
" A class for Power"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Power" ;
unit Ã-Ä " W" ;

: Â ; 310À�À
Part 4: Heat
CLASS KelvinTemperature
" A class for KelvinTemperature"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " KelvinTemperature" ;
unit Ã-Ä " K" ;
interval Ã-ÄÆÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF; : Â ;

: Â ; 320

CLASS CelsiusTemperature
" A class for CelsiusTemperature"
SPECIALISES PhysicalQuantityType :=
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Á :
quantity Ã-Ä " CelsiusTemperature" ;
unit Ã-Ä " degC" ;
interval Ã-ÄÅÁ : lowerBound Ã,ÄÅÄ 273.15; upperBoundÃ-Ä PLUS INF; : Â ;

: Â ;
330

CLASS LinearExpansionCoefficient
" A class for LinearExpansionCoefficient"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " LinearExpansionCoefficient" ;
unit Ã-Ä " 1/K" ;

: Â ;
CLASS CubicExpansionCoefficient

" A class for CubicExpansionCoefficient" 340
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " CubicExpansionCoefficient" ;
unit Ã-Ä " 1/K" ;

: Â ;
CLASS RelativePressureCoefficient
" A class for RelativePressureCoefficient"
SPECIALISES PhysicalQuantityType :=Á : 350
quantity Ã-Ä " RelativePressureCoefficient" ;
unit Ã-Ä " 1/K" ;

: Â ;
CLASS PressureCoefficient
" A class for PressureCoefficient"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " PressureCoefficient" ;

unit Ã-Ä " Pa/K" ; 360
: Â ;
CLASS IsothermalCompressibility
" A class for IsothermalCompressibility"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " IsothermalCompressibility" ;
unit Ã-Ä " 1/Pa" ;

: Â ;
370

CLASS IsentropicCompressibility
" A class for IsentropicCompressibility"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " IsentropicCompressibility" ;
unit Ã-Ä " 1/Pa" ;

: Â ;
CLASS Heat = Energy;

380
CLASS HeatFlowRate
" A class for HeatFlowRate"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " HeatFlowRate" ;
unit Ã-Ä " W" ;

: Â ;
CLASS DensityOfHeatFlowRate

" A class for DensityOfHeatFlowRate" 390
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " DensityOfHeatFlowRate" ;
unit Ã-Ä " W/m2" ;

: Â ;
CLASS ThermalConductivity
" A class for ThermalConductivity"
SPECIALISES PhysicalQuantityType :=Á : 400
quantity Ã-Ä " ThermalConductivity" ;
unit Ã-Ä " W/(m*K)" ;

: Â ;
CLASS CoefficientOfHeatTransfer
" A class for CoefficientOfHeatTransfer"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " CoefficientOfHeatTransfer" ;

unit Ã-Ä " W/(m2*K)" ; 410
: Â ;
CLASS SurfaceCoefficientOfHeatTransfer
" A class for SurfaceCoefficientOfHeatTransfer"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " SurfaceCoefficientOfHeatTransfer" ;
unit Ã-Ä " W/(m2*K)" ;

: Â ;
420
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CLASS ThermalInsulance
" A class for ThermalInsulance"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " ThermalInsulance" ;
unit Ã-Ä " m2*K/W" ;

: Â ;
CLASS ThermalResistance

" A class for ThermalResistance" 430
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " ThermalResistance" ;
unit Ã-Ä " K/W" ;

: Â ;
CLASS ThermalConductance
" A class for ThermalConductance"
SPECIALISES PhysicalQuantityType :=Á : 440
quantity Ã-Ä " ThermalConductance" ;
unit Ã-Ä " W/K" ;

: Â ;
CLASS ThermalDiffusivity
" A class for ThermalDiffusivity"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " ThermalDiffusivity" ;

unit Ã-Ä " m2/d" ; 450
: Â ;
CLASS HeatCapacity
" A class for HeatCapacity"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " HeatCapacity" ;
unit Ã-Ä " J/K" ;

: Â ;
460

CLASS SpecificHeatCapacity
" A class for SpecificHeatCapacity"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " SpecificHeatCapacity" ;
unit Ã-Ä " J/(g*K)" ;

: Â ;À�À
The specific heat capacity is most often taken in a “direction”À�À
i. e. at constant pressure or constant volume. which one is meant 470À�À
should be specified in the appropriate aliases

CLASS RatioOfspecificHeatCapacities
" A class for RatioOfSpecificHeatCapacities"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " RatioOfSpecificHeatCapacities" ;
unit Ã-Ä " -" ;

: Â ;
480

CLASS IsentropicExponent
" A class for IsentropicExponent"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " IsentropicExponent" ;
unit Ã-Ä " -" ;

: Â ;
CLASS Entropy

" A class for Entropy" 490
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Entropy" ;
unit Ã-Ä " J/K" ;

: Â ;
CLASS SpecificEntropy
" A class for SpecificEntropy"
SPECIALISES PhysicalQuantityType :=Á : 500
quantity Ã-Ä " SpecificEntropy" ;
unit Ã-Ä " J/(g*K)" ;

: Â ;
CLASS SpecificEnergy
" A class for SpecificEnergy"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " SpecificEnergy" ;

unit Ã-Ä " J/g" ; 510
: Â ;À�À
In thermodynamics, energy comes in many flavors. The ones definedÀ�À
by the ISO are defined as aliases to the basic one.À�À
All of these energy forms are alsoÀ�À
defined in a specific, i. e. divided by mass version.
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CLASS ThermodynamicEnergy = Energy;
CLASS HelmholtzFreeEnergy = Energy;

CLASS GibbsFreeEnergy = Energy; 520
CLASS Enthalpy = Energy;

CLASS SpecificThermodynamicEnergy = SpecificEnergy;
CLASS SpecificHelmholtzFreeEnergy = SpecificEnergy;
CLASS SpecificGibbsFreeEnergy = SpecificEnergy;
CLASS SpecificEnthalpy = SpecificEnergy;

CLASS PlanckFunction

" A class for PlanckFunction" 530
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " PlanckFunction" ;
unit Ã-Ä " J/g" ;

: Â ;À�À
Part 5: Electricity and magnetism
CLASS ElectricCurrent
" A class for ElectricCurrent"

SPECIALISES PhysicalQuantityType := 540Á :
quantity Ã-Ä " ElectricCurrent" ;
unit Ã-Ä " A" ;

: Â ;
CLASS ElectricCharge
" A class for ElectricCharge"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " ElectricCharge" ; 550
unit Ã-Ä " C" ;

: Â ;
CLASS ElectricPotential
" A class for ElectricPotential"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " ElectricPotential" ;
unit Ã-Ä " V" ;

: Â ; 560

CLASS Capacitance
" A class for Capacitance"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Capacitance" ;
unit Ã-Ä " F" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF; : Â ;

: Â ;
570

CLASS Inductance
" A class for Inductance"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Inductance" ;
unit Ã-Ä " H" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF; : Â ;

: Â ;
CLASS Resistance 580
" A class for Resistance"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Resistance" ;
unit Ã-Ä " Ohm" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF; : Â ;

: Â ;
CLASS Conductance

" A class for Conductance" 590
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Conductance" ;
unit Ã-Ä " S" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF; : Â ;

: Â ;À�À
Part 6: Light and related electromagnetic radiations

600
CLASS LuminousIntensity
" A class for LuminousIntensity"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " LuminousIntensity" ;
unit Ã-Ä " cd" ;

: Â ;À�À
Part 7: Physical chemistry and molecular physics 610

CLASS AmountOfSubstance
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" A class for AmountOfSubstance"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " AmountOfSubstance" ;
unit Ã-Ä " mol" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF; : Â ;

: Â ;
620À�À

often used in chemistry, so I put it here

CLASS pH
" A class for pH"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " pH" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 14 : Â ;

: Â ;
630

CLASS Concentration
" A class for concentration"
SPECIALISES PhysicalQuantityType :=Á :
nature Ã-Ä " ACROSS" ;
quantity Ã,Ä " Concentration" ;
unit Ã,Ä " g/m3" ;
interval Ã-ÄÆÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF : Â ;

: Â ;
640À�À

Part 8: Characteristic numbersÀ�À
Momentum transport

CLASS ReynoldsNumber
" A class for ReynoldsNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " ReynoldsNumber" ; 650
unit Ã-Ä " -" ;

: Â ;
CLASS EulerNumber
" A class for EulerNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " EulerNumber" ;
unit Ã-Ä " -" ;

: Â ; 660

CLASS FroudeNumber
" A class for FroudeNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " FroudeNumber" ;
unit Ã-Ä " -" ;

: Â ;
CLASS GrashofNumber 670
" A class for GrashofNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " GrashofNumber" ;
unit Ã-Ä " -" ;

: Â ;
CLASS WeberNumber
" A class for WeberNumber"

SPECIALISES PhysicalQuantityType := 680Á :
quantity Ã-Ä " WeberNumber" ;
unit Ã-Ä " -" ;

: Â ;
CLASS MachNumber
" A class for MachNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " MachNumber" ; 690
unit Ã-Ä " -" ;

: Â ;
CLASS KnudsenNumber
" A class for KnudsenNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " KnudsenNumber" ;
unit Ã-Ä " -" ;

: Â ; 700

CLASS StrouhalNumber
" A class for StrouhalNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " StrouhalNumber" ;
unit Ã-Ä " -" ;

: Â ;
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À�À
Transport of heat 710
CLASS FourierNumber
" A class for FourierNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " FourierNumber" ;
unit Ã-Ä " -" ;

: Â ;
CLASS PecletNumber

" A class for PecletNumber" 720
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " PecletNumber" ;
unit Ã-Ä " -" ;

: Â ;
CLASS RayleighNumber
" A class for RayleighNumber"
SPECIALISES PhysicalQuantityType :=Á : 730
quantity Ã-Ä " RayleighNumber" ;
unit Ã-Ä " -" ;

: Â ;
CLASS NusseltNumber
" A class for NusseltNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " NusseltNumber" ;

unit Ã-Ä " -" ; 740
: Â ;
CLASS BiotNumber= NusseltNumber;À�À
The name Biot number, Bi, is usedÀ�À
when the Nusselt number is reservedÀ�À
for convective transport of heat.

CLASS StantonNumber
" A class for StantonNumber"

SPECIALISES PhysicalQuantityType := 750Á :
quantity Ã-Ä " StantonNumber" ;
unit Ã-Ä " -" ;

: Â ;À�À
Constants of matter
CLASS PrandtlNumber
" A class for PrandtlNumber"
SPECIALISES PhysicalQuantityType :=Á : 760
quantity Ã-Ä " PrandtlNumber" ;
unit Ã-Ä " -" ;

: Â ;
CLASS SchmidtNumber
" A class for SchmidtNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " SchmidtNumber" ;

unit Ã-Ä " -" ; 770
: Â ;
CLASS LewisNumber
" A class for LewisNumber"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " LewisNumber" ;
unit Ã-Ä " -" ;

: Â ;
780À�ÀÀ�À

end SI unit;À�ÀÀ�ÀÀ�À
begin constants of natureÀ�ÀÀ�À
(from: E.R. Cohen, and B.N. Taylor: The 1986 Adjustment of the FundamentalÀ�À

Physical Constants, CODATA Bulletin, Pergamon: Elmsford, NY, 1986. 790À�À
see also: http:

À�À
physics.nist.gov

À
PhysRefData

À
codata86

À
article.htmlÀ�À

http:
À�À

physics.nist.gov
À
PhysRefData

À
codata86

À
codata86.html)À�À

OBJ C " Velocity of light in vacuum" : Velocity :=Á :
value Ã-Ä 299792458;

: Â ;
OBJ G EARTH " Gravity acceleration on earth" : Acceleration:= 800Á :

value Ã-Ä 9.81;
: Â ;
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OBJ AvogadroConstant
" The Avogadro Constant" : PhysicalQuantityType :=Á :
quantity Ã-Ä " AvogadroConstant˙NA" ;
unit Ã-Ä " 1/mol" ;

value Ã,Ä 6.0221367E23; 810
: Â ;

OBJ UniversalGravityConstant
" Universal gravity constant" : PhysicalQuantityType :=Á :

quantity Ã-Ä " G" ;
unit Ã-Ä " m3/(g*s2)" ;
value Ã,Ä 6.67259E Ä 11;

: Â ;
820

OBJ PlancksConstant
" Plancks constant" : PhysicalQuantityType :=Á :

quantity Ã-Ä " H" ;
unit Ã-Ä " J*s" ;
value Ã,Ä 6.6260755E Ä 34

: Â ;
OBJ BoltzmannConstant

" Boltzmannconstant" : PhysicalQuantityType := 830Á :
quantity Ã-Ä " K" ;
unit Ã-Ä " J/K" ;
value Ã,Ä 1.380658E Ä 23

: Â ;
OBJ UniversalGasConstant
" Universal gas constant" : PhysicalQuantityType :=Á :

quantity Ã-Ä " RO" ; 840
unit Ã-Ä " J/(mol*K)" ;
value Ã,Ä 8.314510

: Â ;
OBJ StefanBoltzmannConstant
" StefanBoltzmannconstant" : PhysicalQuantityType :=Á :

quantity Ã-Ä " SIGMA" ;
unit Ã-Ä " W/(m2*K4)" ;

value Ã,Ä 5.67051E Ä 8 850
: Â ;

OBJ AbsoluteZeroTemperature
" Absolutezero temperature" : PhysicalQuantityType :=Á :

quantity Ã-Ä " T˙ZERO" ;
unit Ã-Ä " degC" ;
value Ã,ÄÆÄ 273.15

: Â ;
860

#endif
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Department of Applied Mathematics, Biometrics and Process ControlÀ�ÀÀ�À
Project: WEST++

À
MSL-USERÀ�À

File: sd.mslÀ�À
Type: MSLÀ�À
Author: hvÀ�À
Date: $Date: 1999

À
11
À
14 13:33:02 $À�À
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Description: MSL-USER

À
System Dynamics model base.

#ifndef SD
#defineSD

#include " generic.msl" 20À�À
don’t specify quantity, unit, . . .

CLASS SDTerminal SPECIALISES PhysicalQuantityType;

CLASS ConstantClass
(
Ç

class = " constant" ; category = ""
Ç
)

" Constant:
Producesat its output ' out' , the value of the parameter ' c'"

SPECIALISES PhysicalDAEModelType :=Á : 30
interface Ã-Ä
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Á
OBJ out (

Ç
terminal = " out"

Ç
) " out" :

SDTerminal := Á : causality Ã-Ä " COUT" : Â ;Â ;
parameter s Ã-ÄÁ

OBJ c " c" : SDTerminal := Á : value Ã-Ä 0; : Â ;Â ;
independentÃ-Ä 40Á

OBJ t " t" : Time;Â ;
equations Ã-ÄÁ

interface .out = parameter s.c;Â ;
: Â ;

CLASS PopulationClass 50
(
Ç

class = " levelNrate" ; category = ""
Ç
)

" SystemDynamicsPopulation:
Producesat its output ' level' , the solution
of the differential equation
d level/d t = birth˙rate - death˙rate"

SPECIALISES PhysicalDAEModelType :=Á :
interface Ã-ÄÁ

OBJ birth rate (
Ç

terminal = " birth˙rate"
Ç
) " birth˙rate" : 60

SDTerminal := Á : causality Ã-Ä " CIN" ; value Ã-Ä 0 : Â ;
OBJ death rate (

Ç
terminal = " death˙rate"

Ç
) " death˙rate" :

SDTerminal := Á : causality Ã-Ä " CIN" ; value Ã-Ä 0 : Â ;
OBJ level (

Ç
terminal = " level"

Ç
) " population level" :

SDTerminal := Á : causality Ã-Ä " COUT" : Â ;Â ;
independentÃ-ÄÁ

OBJ t " t" : Time;Â ; 70
state Ã,ÄÁ

OBJ population" population level" : SDTerminal;
OBJ pop changerate " population level changerate" : SDTerminal;Â ;

equations Ã-ÄÁ
DERIV(state .population,[independent.t])= state .pop changerate;
state .pop changerate = interface .birth rate Ä interface .death rate;

interface .level = state .population; 80Â ;
: Â ;

CLASS Product1Class
(
Ç

class = " product1" ; category = ""
Ç
)

" Product:
Producesat its output ' out' , the product
of one input ' in' and one parameter ' c'"

SPECIALISES PhysicalDAEModelType :=Á : 90
interface Ã-ÄÁ

OBJ in (
Ç

terminal = " in"
Ç
) " in" : SDTerminal :=Á : causality Ã-Ä " CIN" : Â ;

OBJ out (
Ç

terminal = " out"
Ç
) " out" : SDTerminal :=Á : causality Ã-Ä " COUT" : Â ;Â ;

parameter s Ã-ÄÁ
OBJ c " c" : SDTerminal; 100Â ;

independentÃ-ÄÁ
OBJ t " t" : Time;Â ;

equations Ã-ÄÁ
interface .out = parameter s.c

Ç
interface .in;Â ;

: Â ; 110

CLASS Product2Class
(
Ç

class = " product2" ; category = ""
Ç
)

" Product:
Producesat its output ' out' , the product
of its 2 inputs ' in˙1' and ' in˙2' and one parameter ' c'"

SPECIALISES
PhysicalDAEModelType :=Á :

interface Ã-Ä 120Á
OBJ in 1 (

Ç
terminal = " in˙1"

Ç
) " in˙1" :

SDTerminal := Á : causality Ã-Ä " CIN" : Â ;
OBJ in 2 (

Ç
terminal = " in˙2"

Ç
) " in˙2" :

SDTerminal := Á : causality Ã-Ä " CIN" : Â ;
OBJ out (

Ç
terminal = " out"

Ç
) " out" :

SDTerminal := Á : causality Ã-Ä " COUT" : Â ;
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Â ;
parameter s Ã-ÄÁ 130

OBJ c " c" : SDTerminal;Â ;
independentÃ-ÄÁ

OBJ t " t" : Time;Â ;
equations Ã-ÄÁ

interface .out = parameter s.c
Ç

interface .in 1
Ç

interface .in 2;Â ; 140
: Â ;

CLASS DivisionClass
(
Ç

class = " division" ; category = ""
Ç
)

" Division:
2 inputs: denominatorand divider
1 output: output
output = mult˙factor*denominator/divider"

SPECIALISES

PhysicalDAEModelType := 150Á :
interface Ã-ÄÁ

OBJ denominator(
Ç

terminal = " denominator"
Ç
) " denominator" :

SDTerminal :=Á :
causality Ã,Ä " CIN" ;
value Ã,Ä 1;

: Â ;
OBJ divider (

Ç
terminal = " divider"

Ç
) " divider" : SDTerminal := 160Á :

causality Ã,Ä " CIN" ;
value Ã,Ä 1;

: Â ;
OBJ output (

Ç
terminal = " output"

Ç
) " output" :

SDTerminal := Á : causality Ã,Ä " COUT" : Â ;Â ;
parameter s Ã-ÄÁ

OBJ mult factor " multiplication factor" : SDTerminal; 170Â ;
independentÃ-ÄÁ

OBJ t " t" : Time;Â ;
equations Ã-ÄÁ

interface .output = parameter s.mult factor
Ç

interface .denominator
À

interface .divider;Â ; 180
: Â ;

CLASS SumClass
(
Ç

class = " sum" ; category = ""
Ç
)

" Sum:
Producesthe weightedsumof its 2 inputs on its output.

out = weight˙1*in˙1 + weight˙2*in˙2

By default the weight factors are both 1 and the 190
inputs are both 0.

For a pure subtraction, it is sufficient to set
weight˙1= 1
weight˙2= -1

"
SPECIALISES PhysicalDAEModelType :=Á :

interface Ã-ÄÁ 200
OBJ in 1 (

Ç
terminal = " in˙1"

Ç
) " in˙1" : SDTerminal :=Á :

causality Ã,Ä " CIN" ;
value Ã,Ä 0;

: Â ;
OBJ in 2 (

Ç
terminal = " in˙2"

Ç
) " in˙2" : SDTerminal :=Á :

causality Ã,Ä " CIN" ;
value Ã,Ä 0;

: Â ; 210
OBJ out (

Ç
terminal = " out"

Ç
) " out" :

SDTerminal := Á : causality Ã,Ä " COUT" : Â ;Â ;
parameter s Ã-ÄÁ

OBJ weight 1 " weight factor of input in˙1" : SDTerminal :=Á : value Ã-Ä 1; : Â ;
OBJ weight 2 " weight factor of input in˙2" : SDTerminal :=Á : value Ã-Ä 1; : Â ;Â ; 220

independentÃ-ÄÁ
OBJ t " t" : Time;
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Â ;
equations Ã-ÄÁ

interface .out = parameter s.weight 1
Ç
interface .in 1 +

parameter s.weight 2
Ç
interface .in 2;Â ;

: Â ; 230

CLASS SwitchClass
(
Ç

class = " switch" ; category = ""
Ç
)

" Switch:
Basedon the value a ' condition' input,
produceson its ' output' port
the value of the ' in˙true' port if (condition ¿ 0)
the value of the ' in˙false' port if (condition ¡= 0)

"

SPECIALISES PhysicalDAEModelType := 240Á :
interface Ã-ÄÁ

OBJ condition (
Ç

terminal = " condition"
Ç
) " condition" : SDTerminal :=Á :

causality Ã-Ä " CIN" ;
value Ã-Ä 1;

: Â ;
OBJ in true (

Ç
terminal = " in˙true"

Ç
)

" input whosevalue is copied in case(condition ¿ 0)" : SDTerminal := 250Á :
causality Ã-Ä " CIN" ;
value Ã-Ä 0;

: Â ;
OBJ in false (

Ç
terminal = " in˙false"

Ç
)

" input whosevalue is copied in case(condition ¡= 0)" : SDTerminal :=Á :
causality Ã-Ä " CIN" ;
value Ã-Ä 0;

: Â ; 260
OBJ output (

Ç
terminal = " output"

Ç
) " output" :

SDTerminal := Á : causality Ã-Ä " COUT" : Â ;Â ;
independentÃ-ÄÁ

OBJ t " t" : Time;Â ;
equations Ã-ÄÁ

interface .output = 270
IF (interface .condition É 0) THEN
interface .in true

ELSE
interface .in false;Â ;

: Â ;
#endif

B.4 MSL-USER WWTP Quantities Librar yÀ�À
Description: MSL-USER

À
WWTP

À
Quantity definitions.À�À

##################################################################À�À
Ghent UniversityÀ�À
Department of Applied Mathematics, Biometrics and Process ControlÀ�À
implementation: Frederik Decouttere, Henk VanhoorenÀ�À
topic: wwtp quantitiesÀ�À
contact: Henk VanhoorenÀ�À

##################################################################

10
#ifndef WWTP QUANTITY
#defineWWTP QUANTITYÀ�À

vector CLASSES defined for general purposesÀ�À
length == NrOfComponentsÀ�À
type of elements declared in the class-namingÀ�À
e.g MassVector == vector containing masses

CLASS MassVector = Mass[NrOfComponents;];
CLASS MassFluxVector = MassFlux[NrOfComponents;];

CLASS ConcentrationVector = Concentration[NrOfComponents;]; 20
CLASS SpecificVolumeVector = SpecificVolume[NrOfComponents;];
CLASS VelocityVector = Velocity[NrOfComponents;];
CLASS ArealFluxVector = ArealFlux[NrOfComponents;];
CLASS LengthVector = Length[NrOfLayers;];À�À

vector CLASSES used in the Takacs model
CLASS TakacsMassVector = Mass[NrOfLayers;];
CLASS TakacsConcentrationVector = Concentration[NrOfLayers;];
CLASS TakacsVelocityVector = Velocity[NrOfLayers;];

CLASS TakacsArealFluxVector = ArealFlux[NrOfLayers;]; 30À�À
Contains class definitions for the WWTP domain quantities.À�À
This is far more messy than the equivalent quantity definitions
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for electrical, mechanical, . . . domains.À�ÀÀ�À
Rather than using concentrations, the generic modelsÀ�À
are expressed in terms of masses and fluxes:

CLASS MassFlux

" Massper time unit" 40
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã,Ä " MassFlux" ;
unit Ã-Ä " g/d" ;
interval Ã-ÄÆÁ : lowerBound Ã-Ä MIN INF; upperBoundÃ-Ä PLUS INF : Â ;
nature Ã-Ä " THROUGH" ;

: Â ;
CLASS ArealFlux

" Massper unit of surfaceand per unit of time" 50
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã,Ä " ArealFlux" ;
unit Ã,Ä " g/(m2*d)" ;
interval Ã-ÄÆÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF : Â ;

: Â ;À�À
ASM1À�À
stoichiometric parameters 60

CLASS YieldForAutotrophicBiomass
" A class for YieldForAutotrophicBiomass"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " Y˙A" ;
unit Ã-Ä " gCOD/gN" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 4.57 : Â ;

: Â ;
70

CLASS YieldForHeterotrophicBiomass
" A class for YieldForHeterotrophicBiomass"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " Y˙H" ;
unit Ã-Ä " gCOD/gCOD" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 1 : Â ;

: Â ;
CLASS FractOfBiomassLeadingToPartProd 80
" Fraction of biomassleading to particulate products"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " F˙P" ;
unit Ã-Ä " -" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 1 : Â ;

: Â ;
CLASS MassOfNitrogenPerMassOfCODInBiomass

" Massof N per massof COD in biomass" 90
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " I˙XB" ;
unit Ã-Ä " gN/gCOD" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 0.2 : Â ;

: Â ;
CLASS MassOfNitrogenPerMassOfCODInProdFromBiomass
" Massof N per massof COD in productsfrom biomass"

SPECIALISES PhysicalQuantityType := 100Á :
quantity Ã-Ä " I˙XP" ;
unit Ã-Ä " gN/gCOD" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 0.2 : Â ;

: Â ;À�À
kinetic parameters

CLASS MaxSpecifGrowthRateHetero

" Maximumspecificgrowth rate for heterotrophic biomass" 110
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " Mu˙H" ;
unit Ã-Ä " 1/d" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 20 : Â ;

: Â ;
CLASS MaxSpecifGrowthRateAutotr
" Maximumspecificgrowth rate for autotrophic biomass"

SPECIALISES PhysicalQuantityType := 120Á :
quantity Ã-Ä " Mu˙A" ;
unit Ã-Ä " 1/d" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 5 : Â ;

: Â ;
CLASS HalfSatCoeff
" Half-saturation coefficient"
SPECIALISES PhysicalQuantityType :=
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Á : 130
quantity Ã-Ä " K˙" ;
unit Ã-Ä " gCOD/m3" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 1000000 : Â ;

: Â ;
CLASS HalfSatCoeffForHetero
" Half-saturation coefficient for heterotrophic biomass"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " K˙S" ; 140
unit Ã-Ä " gCOD/m3" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 100 : Â ;

: Â ;
CLASS OxygenHalfSatCoeffForHetero
" Oxygenhalf-saturation coeff for heterotrophic biomass"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " K˙OH" ;

unit Ã-Ä " gO2/m3" ; 150
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 10 : Â ;

: Â ;
CLASS NitrateHalfSatCoeffForDenitrifHetero
" Nitrate half-saturation coeff for denitrifying heterotrophic biomass"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " K˙NO" ;
unit Ã-Ä " gNO3-N/m3g˙NO3-N*m̂-3" ;

interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 2 : Â ; 160
: Â ;
CLASS OxygenHalfSatCoeffForAutotr
" Oxygenhalf-saturation coeff for autotrophic biomass"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " K˙OA" ;
unit Ã-Ä " gO2/m3" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 10 : Â ;

: Â ; 170

CLASS AmmonHalfSatCoeffForAutotr
" Ammoniumhalf saturation coeff for autotrophic biomass"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " K˙NH" ;
unit Ã-Ä " gNH3-N/m3" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 10 : Â ;

: Â ;
180

CLASS HalfSatCoeffForHydrolSlowBioDegradeSubstr
" Half saturation constantfor hydrolysis of slowly biodegradablesubstrate"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " K˙X" ;
unit Ã-Ä " gCOD/gCOD" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 1 : Â ;

: Â ;
CLASS MaxSpecificHydrolysisRate 190
" Maximumspecifichydrolysis rate"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " K˙h" ;
unit Ã-Ä " gCOD/(gCOD*d)" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 25 : Â ;

: Â ;
CLASS AmmonificationRate

" Ammonificationrate" 200
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " K˙a" ;
unit Ã-Ä " m3/(gCOD*d)" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 0.25 : Â ;

: Â ;
CLASS DecayCoeffHeterotr
" Decaycoefficient for heterotrophic biomass"

SPECIALISES PhysicalQuantityType := 210Á :
quantity Ã-Ä " B˙H" ;
unit Ã-Ä " 1/d" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 25 : Â ;

: Â ;
CLASS DecayCoeffAutotr
" Decaycoefficient for autotrophic biomass"
SPECIALISES PhysicalQuantityType :=Á : 220

quantity Ã-Ä " B˙A" ;
unit Ã-Ä " 1/d" ;
interval Ã-ÄÅÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 25 : Â ;

: Â ;
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ASM2

CLASS DissolvedComponent
" A class for dissolvedcomponents

changequantity in object to specialize 230
e.g. SO2for dissolvedoxygen"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " S" ;
unit Ã-Ä " g/m3" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF : Â ;
nature Ã-Ä " ACROSS" ;

: Â ;
CLASS ParticulateComponent 240
" A class for particulate component
sameremarkas for DissolvedComponent"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " X" ;
unit Ã-Ä " g/m3" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF : Â ;
nature Ã-Ä " ACROSS" ;

: Â ;
250

CLASS ConversionFactor
" A class for typical conversionfactors for continuity equations
from ASM2"

SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " I" ;
unit Ã-Ä " g/gCOD" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 1 : Â ;

: Â ;
260

CLASS MaxGrowthRate
" Maximumgrowth rate"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " Mu" ;
unit Ã-Ä " 1/d" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 20 : Â ;

: Â ;
CLASS RateConstant 270
" Rateconstant"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " Q˙or˙B˙or˙K" ;
unit Ã-Ä " 1/d" ;
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 20 : Â ;

: Â ;À�À
some important terms Ê&Ê abbreviations Ê&Ê parametersÀ�À
used in wwtp 280

CLASS ChemOxDemand
" Chemicaloxygendemandis
the amountof oxygenrequired to completelyoxidize
organic carbon to CO2 by chemicalmeans"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " COD" ;
unit Ã-Ä " gO2/m3" ;

: Â ; 290

CLASS BiolOxDemand
" Biological oxygendemand(BOD˙5˙20):
amountof oxygenusedby non-photosyntheticmicro-organisms
at 20 C to metabolizebiologically degradableorganic compounds
measured over a period of 5 days"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " BOD˙5˙20" ;

unit Ã-Ä " gO2/m3" ; 300
: Â ;
CLASS NitrifOxDemand
" Nitrification oxygendemand"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " NOD" ;
unit Ã-Ä " gO2/m3" ;

: Â ;
310

CLASS DissolvedOxygen
" A class for the ammountof dissolvedoxygen"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " DO" ;
unit Ã-Ä " gO2/m3" ;
displayunit Ã-Ä " gO2/m3" ;
interval Ã-ÄÆÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 15 : Â ;

: Â ;
320À�À

———————————
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CLASS Yield
" A classfor Yield"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Yield" ;
unit Ã-Ä " -" ;

interval Ã-ÄËÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF: Â ; 330
: Â ;
CLASS GrowthRate
" GrowthRate"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " GrowthRate" ;
unit Ã-Ä " 1/d" ;
interval Ã-ÄËÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 20: Â ;

: Â ; 340

CLASS Fraction
" Fraction"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Fraction" ;
unit Ã-Ä " -" ;
interval Ã-ÄËÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 1: Â ;

: Â ;
350

CLASS SaturationCoefficient
" Saturation coefficient"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " K" ;
unit Ã-Ä " -" ;
interval Ã-ÄËÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 100: Â ;

: Â ;
CLASS DecayCoefficient 360
" Decaycoefficient"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " B" ;
unit Ã-Ä " 1/d" ;
interval Ã-ÄËÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 20: Â ;

: Â ;
CLASS CorrectionFactor

" CorrectionFactor" 370
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " eta" ;
unit Ã-Ä " -" ;
interval Ã-ÄËÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 1 : Â ;

: Â ;
CLASS ReductionFactor
" Reductionfactor"

SPECIALISES PhysicalQuantityType := 380Á :
quantity Ã-Ä " eta" ;
unit Ã-Ä " -" ;
interval Ã-ÄËÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 1 : Â ;

: Â ;
CLASS MaxSpecAmmonRate
" Maximumspecificammonificationrate"
SPECIALISES PhysicalQuantityType :=Á : 390
quantity Ã-Ä " MaxSpecAmmonRate" ;
unit Ã-Ä " m3/(gCOD*d)" ;
interval Ã-ÄËÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä PLUS INF: Â ;

: Â ;
CLASS OxygenTransferCoefficient
" OxygenTransferCoefficient"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Kla" ; 400
unit Ã-Ä " 1/d" ;
interval Ã-ÄËÁ : lowerBound Ã,Ä 0; upperBoundÃ,Ä 5000 : Â ;

: Â ;
CLASS OxygenUptakeRate
" OxygenUptakeRate"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " OUR" ;

unit Ã-Ä " g/(m3.d)" ; 410
: Â ;

CLASS ElectricalEnergy
" A class for electrical energy"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " Electrical energy" ;
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unit Ã-Ä " kWh" ;
: Â ;

420
CLASS Dollar

" dollars"
SPECIALISES PhysicalQuantityType :=Á :
quantity Ã-Ä " dollar" ;
unit Ã-Ä " $" ;
: Â ;À�À
ASM2d classes 430

#ifndef ClassASM2d
#defineClass ASM2d

CLASS MonodTerm
" A class for Monod-like terms"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " S / ( K + S)" ;

unit Ã-Ä " -" ; 440
interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 1: Â ;

: Â ;
CLASS InhibitionTerm
" A class for inhibtion termsof the ASM-models"
SPECIALISES PhysicalQuantityType :=Á :

quantity Ã-Ä " K / ( K + S)" ;
unit Ã-Ä " -" ;

interval Ã-ÄÅÁ : lowerBound Ã-Ä 0; upperBoundÃ-Ä 1: Â ; 450
: Â ;

#endif
À�À

CLASS ASM2d

#endif

B.5 MSL-USER WWTP Base Librar yÀ�À
Description: MSL-USER

À
WWTP

À
Base definitions.À�À

##################################################################À�À
Ghent UniversityÀ�À
Department of Applied Mathematics, Biometrics and Process ControlÀ�À
implementation: Hans Vangheluwe, Frederik Decouttere,À�À

Henk Vanhooren, Peter VanrolleghemÀ�À
topic: basic module for wwtp modelbase, extending generic modulesÀ�À
contact: Hans Vangheluwe, Henk Vanhooren, Peter VanrolleghemÀ�À

################################################################## 10

#ifndef WWTP BASE
#defineWWTP BASEÀ�À

This library includes non-causal models as well asÀ�À
an inheritance hierarchy to separateÀ�À
different model aspects and enhance model re-use.À�À
Contains declarations to describeÀ�À
Waste Water Treatment Plants (WWTPs) 20À�ÀÀ�À
With this library as a starting point, the modellerÀ�À
only needs to specify relevant biological componentsÀ�À
(e.g., H2O, S S, X S, . . .) as well as StochiometricÀ�À
and Kinetic conversion information (from IAWQ).À�À
Also, any number of terminals (physical flowÀ�À
of matter in

À
out of a sub-system, but alsoÀ�À

control and information terminals) may be added toÀ�À
the model.À�À
Once the above are specified, the appropriate model 30À�À
will automatically be expanded. Currently, automaticÀ�À
expansion only takes into account the hydrological,À�À
chemical, and biological aspects.À�ÀÀ�À
The following Components TYPE declaration is commentedÀ�À
as it will be specified further on.À�À
As the order of declarations does not matter in MSL,À�À
the actual place of declaration of the Components TYPEÀ�À
does not matter. 40À�À
We already present a TYPE Components definition hereÀ�À
as it will make the rest of the generic modelÀ�À
easier to understand.À�À
In the Components type declaration, the user indicatesÀ�À
which components will be used in his

À
her models.À�À

A number of assumptions are made:À�À
1. In one system, ALL the connections betweenÀ�À

sub-models pass exactly those biological componentsÀ�À
indicated in the Components declaration. 50
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2. In a physical flow, ALL components are explicitlyÀ�À

considered: H2O, dissoved gasses, solids in suspension, . . .À�À
The usual assumption that the concentration of H2O is 1À�À
and all the other concentrations are infinite will be put inÀ�À
further. This, to allow modelling of systems whereÀ�À
the above assumption is not valid.À�À

EVERYTHING is deduced from the Components type declaration !À�À
From this declaration, appropriate models will be expandedÀ�À
automatically. 60À�ÀÀ�À
As a convention, the component H2O is always written firstÀ�À
as it is the “main” component in a wWtp.À�À
next in line are solubles. followed by particulatesÀ�À

BeginIllustrationÀ�À
TYPE ComponentsÀ�À
“À�À
The biological components considered in the WWTP models“À�À

“ 70À�À
= ENUM Á H2O, S S, X S, X i Â ;À�À
EndIllustration

OBJ NrOfComponents
"
The numberof biological componentsconsidered in the WWTPmodels

"
: Integer := Cardinality(Components);À�À

The WWTPTerminal class is a template for the 80À�À
quantities which will be passed around the system.À�À
As with the Component type declaration, this declarationÀ�À
may be given at the very end by the user. The appropriateÀ�À
model will then be expanded.À�À
Note however that, as long as we’re only dealing withÀ�À
biological components flowing around the system (asÀ�À
declared in TYPE Components), the WWTPTerminal CLASSÀ�À
below is sufficient !À�À
The following assumptions are made:À�À
1. The SAME (WWTPTerminal) terminals are used everywhere in 90À�À

a configuration.À�À
2. All terminals of a model have the same cardinality.À�À

This is enforced thanks to the way we define Components andÀ�À
WWTPTerminal.À�À

3. The number of components in WWTPTerminal is the same as the number ofÀ�À
components (columns) in the stoichiometry matrix (which will beÀ�À
defined later on). Again, this is enforced thanks to the way we defineÀ�À
Components and WWTPTerminal.À�À
Note that components which are transported but do not reactÀ�À
(i.e., only hydraulics, no chemistry nor biology) 100À�À
just have a column of zeroes in the stoichiometry matrix.À�À
This is easy as by default, when a variable was not given a value,À�À
the initial value is 0. Thus, if we don’t assign anything toÀ�À
elements of the stoichiometry matrix, it is a matrix of zeroes,À�À
which means no chemical

À
biological reactions take place.

CLASS WWTPTerminal
"
The variableswhich are passedbetweenWWTPmodelbuilding blocks

Currently, we only considera flux of biochemicalmaterial 110
"
= MassFlux[NrOfComponents;];

CLASS InWWTPTerminal SPECIALISES WWTPTerminal;
À�À

used to indicate inflow
CLASS OutWWTPTerminal SPECIALISES WWTPTerminal;

À�À
used to indicage outflow

CLASS WWTPConcTerminal

" 120
The variableswhich are passedbetweenWWTPmodelbuilding blocks
Currently, we only considera flux of biochemicalmaterial

"
= Concentration[NrOfComponents;];

CLASS InWWTPConcTerminal SPECIALISES WWTPConcTerminal;
À�À

used to indicate inflow concentrations
CLASS OutWWTPConcTerminal SPECIALISES WWTPConcTerminal;

À�À
used to indicate outflow concentrations

130À�À
These classnames will be used by SelectByType() to determine which terminalsÀ�À
are inflow and which are outflow. This is necessary to automaticallyÀ�À
generate the volume conservation law for any number (of inflow)À�À
terminals.

#ifdef ASM1À�À
some definitions to make the BOD COD transformer work

140
OBJ NrOfBODCODComponents
" The numberof biological componentsconsidered in the input of a BODCOD transformer"
: Integer := Cardinality(BODCODComponents);

CLASS BODCODTerminal
" The parameterspassedto a BOD COD transformerfrom the influent file"
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= MassFlux[NrOfBODCODComponents;];

CLASS InBODCODTerminal SPECIALISES BODCODTerminal;
À�À

used to indicate inflow

150
OBJ NrOfBODComponents
" The numberof biological componentsconsidered in the input of a BODCOD transformer"
: Integer := Cardinality(BODComponents);

CLASS BODTerminal
" The parameterspassedto a BOD transformerfrom the influent file"
= MassFlux[NrOfBODComponents;];

CLASS InBODTerminal SPECIALISES BODTerminal;

160
#endif

À�À
ASM1À�À

=====================================================================À�À
==================================GLOBAL VARIABLES===================À�À
=====================================================================À�ÀÀ�À
Begin of ALL GLOBAL variablesÀ�À

170À�À
Currently, iteration variables are not implicitlyÀ�À
declared as being of the type of the range nor are theyÀ�À
“expanded” as local (to the loop) variables.À�À
Rather, they have to be declared explicitly.

OBJ Comp Index " Temporary iteration variable, index of the component" : Integer;
OBJ ReactionIndex " Temporary iteration variable, index of the reaction" : Integer;
OBJ In Comp Index " Temporary iteration variable, index of the incomingcomponent" : Integer;
OBJ Out Comp Index " Temporary iteration variable, index of the outgoingcomponent" : Integer;

OBJ Terminal " Temporary iteration variable" : WWTPTerminal; 180
OBJ In Terminal " Temporary iteration variable" : WWTPTerminal;
OBJ Out Terminal " Temporary iteration variable" : WWTPTerminal;

#ifdef ASM1
OBJ In BOD COD Terminal " Temporary iteration variable" : BODCODTerminal;

#endif
À�À

ASM1
OBJ NrOfReactions
" The numberof reactionsbetweenbiological componentsconsidered in the WWTPmodels"
: Integer := Cardinality(Reactions);À�À

190À�À
specific to the Takacs modelÀ�À

OBJ NrOfLayers " The numberof layers in the secondaryclarifier"
: Integer := NR OF LAYERS;

OBJ Layer Index " Temporary iteration variable, index of the layer" : Integer;
OBJ NrOfLayersButOne
" Secondaryclarifier numberof layers - 1" :
Integer := NR OF LAYERS BUT ONE;

OBJ IndexOfFeedLayer 200
" The index of the layer where the influent is fed to the clarifier" :
Integer := INDEX OF FEED LAYER;

OBJ NrOfLayersPlusOne
" Secondaryclarifier numberof layers + 1" :
Integer := NR OF LAYERS PLUS ONE;À�ÀÀ�À

end TakacsÀ�À
210À�ÀÀ�À

End of ALL GLOBAL variablesÀ�ÀÀ�À
===================================================================À�À
==========================Begin of WWTPAtomicModel hierarchy=======À�À
===================================================================

220À�À
===================================================================À�À
==========================Begin of components & reactions def.=====À�À
===================================================================À�À

The components definition.À�À
Here, the user specifies which components will be considered.À�À
This will define the size of the wwtp terminal (through NrOfComponents, see above)À�À
Please note that the sequence of elements in the ComponentsVectorÀ�À
is of importance !!! This sequence is used in certain models to achieveÀ�À
model re-usability. 230À�À
The sequence (for this modelbase) has to be:À�À
H2OÀ�À
S I S S . . S NH S ALKÀ�À
X I X S . . X P X NDÀ�À
the safest place to add compenents is in the middle of every subset !!!

TYPE Components
"
The biological componentsconsidered in the WWTPmodels

" 240
#ifdef ASM1

= ENUM Á H2O, S I, S S, S O, S NO, S ND, S NH, S ALK,
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X I, X S, X BH, X BA, X P, X ND Â ;
#endif

À�À
ASM1

#if (definedASM2 Ê/Ê definedASM2d)
= ENUM Á H2O, S I, S O, S N2, S F, S A, S NO, S PO, S NH, S ALK,

X I, X S, X H, X PAO, X PP, X PHA, X AUT, X TSS, X MEOH, X MEP, X ND Â ;À�À
NOTE: X ND will always be zero 250À�À
it is not mentioned in ASM2À�À
but is here to take care of model re usability between ASM 1 and 2

#endif
À�À

ASM2 or ASM2dÀ�À
Here, the user specifies which reactions between biologicalÀ�À
components will be consideredÀ�À
As with Components this isÀ�À
done as an enumerated type so it becomes possibleÀ�À
to refer to elements in the Stoichiometry and in theÀ�À
Kinetics matrices by name rather than by number. 260

TYPE Reactions
"
The reactionsbetweenbiological componentsconsidered in the WWTPmodels

"
#ifdef ASM1
= ENUM Á

AerGrowthHetero,
AnGrowthHetero,

AerGrowthAuto, 270
DecayOfHetero,
DecayOfAuto,
AmmonOfSolOrgN,
HydrolOfEntrOrg,
HydrolOfEntrOrgN,
Aeration,Â ;

#endif
À�À

ASM1

#ifdef ASM2 280
= ENUM Á

AerHydrol,
AnHydrol,
AnaerHydrol,
AerGrowthOnSf,
AerGrowthOnSa,
AnGrowthOnSfDenitrif,
AnGrowthOnSaDenitrif,
Fermentation,

LysisOfHetero, 290
StorageOfXPHA,
StorageOfXPP,
AerGrowthOnXPHA,
LysisOfXPAO,
LysisOfXPP,
LysisOfXPHA,
GrowthOfAuto,
LysisOfAuto,
Precipitation,

Redissolution, 300
Aeration,Â ;

#endif
À�À

ASM2

#ifdef ASM2d
= ENUM Á

AerHydrol,
AnHydrol,
AnaerHydrol,

AerGrowthOnSf, 310
AerGrowthOnSa,
AnGrowthOnSfDenitrif,
AnGrowthOnSaDenitrif,
Fermentation,
LysisOfHetero,
StorageOfXPHA,
AerStorageOfXPP,

AerGrowthOnXPHA,
LysisOfXPAO,

LysisOfXPP, 320
LysisOfXPHA,
GrowthOfAuto,
LysisOfAuto,
Precipitation,
Redissolution,
AnStorageOfXPP,
AnGrowthOnXPHADenitrif,

Aeration,Â ;
#endif

À�À
ASM2d 330À�À

Note that also the aeration process, a mass transport process,À�À
is considered to be a conversion process !!!

#ifdef ASM1

TYPE BODCODComponents
" The numberof biological componentsconsidered in the input of a BODCOD transformer"
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= ENUM Á H2O, COD, BOD5, TSS, TKN Â ;
340

TYPE BODComponents
" The numberof biological componentsconsidered in the input of a BOD transformer"
= ENUM Á H2O, BOD5, TSS, TKN Â ;

#endif
À�À

ASM1À�À
================================================================À�À
==========================end of defining comp & react==========À�À
================================================================

350
CLASS WWTPAtomicModel
"
A genericatomic WWTPmodel.
Only specifiesmassbalances(massvariation is
sumof biological massfluxes(bioflux, with incoming=
positivesign, outgoing= negative sign) and a generic
conversionterm (only declared here. Has to be specified
later).

"

SPECIALISES PhysicalDAEModelType := 360Á :
parameter s Ã-ÄÁÀ�À

Due to the shape of the equations we use,À�À
it is more appropriate to work with Specific Volume =À�À
1
À
Density (thus, we deal with specific volume = 0 rather thanÀ�À

with density = infinity) than with density. 370À�À
The density (and hence specific volume) of different componentsÀ�À
seems to be global information (i.e., not model instance specific).À�À
There are however two reasons for NOT declaringÀ�À
WWTPSpecificVolume information as a global object.À�À
1. WWTPSpecificVolume is a vector of size NrOfComponents.À�À

Obvioulsy, filling in values in this vector can onlyÀ�À
be done once we know which components are used.À�À
Example: referring to WWTPSpecificVolume[S S] if theÀ�À
component S S is not used is pointless. 380À�À
Thus, it seems more reasonable to put WWTPSpecificVolumeÀ�À
in the parameter section of a (generic) model.À�À

2. Once MSL-EXEC code is generated, the userÀ�À
currently only has access (from the Experiment Environment)À�À
to variables and parameters. Global variables (the logicalÀ�À
C equivalent of global MSL objects) are not accessibleÀ�À
(and currently not even generated for that matter).À�À
We thus HAVE to put WWTPSpecificVolume with the parameters.À�À
When it is put there, the user will be able to see(includingÀ�À
symbolic information) and even change (though that may not be needed) 390À�À
Specific Volume data.À�À
Later, it may be meaningful to include a globalÀ�À
constants

À
parameters section in MSL-EXEC.À�À

We only declare WWTPSpecificVolume here.À�À
Actual values will be given by the user in the equations of a model.À�À
except for WWTPSpecificVolume[H2O] := 0.000001À�À
declared in the initial section

OBJ WWTPSpecificVolume (
Ç

hidden= " 1"
Ç
)

" Vector containing the specificvolume(= 1/density)for all the components" 400
: SpecificVolumeVector;À�ÀÀ�À

Indexing is done by means of the symbolic indices from theÀ�À
enumerated type Components.À�ÀÀ�À
WWTPSpecificVolume[H2O] := 0.000001;À�ÀÀ�À
By default, if no explicit assignment is done, the value is zero. 410À�À
Thus, with the assumption that density of H2O = 1 and all theÀ�À
other densities are infinite, WWTPSpecificVolume[S S] = 0;À�À
etc. must not be written.Â ;

initial Ã-ÄÁ
parameter s.WWTPSpecificVolume[H2O] := 0.000001;Â ; 420

independentÃ,ÄËÁ OBJ t " Time" : Time; Â ;
state Ã-ÄÁ

OBJ M " Vector containingmassesfor all the components" : MassVector;
OBJ FluxPerComponent(

Ç
hidden= " 1"

Ç
)

" Vector containingfluxesfor all the components,the sumof all incomingand outgoingfluxes" : MassFluxVector;
OBJ InFluxPerComponent(

Ç
hidden= " 1"

Ç
)

" Vector containing incomingfluxesfor all the components" : MassFluxVector; 430
OBJ ConversionTermPerComponent(

Ç
hidden= " 1"

Ç
)

" Vector containingconversiontermsfor all the components" : MassFluxVector;
OBJ Q In " Influent flow rate" : FlowRate ;Â ;
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equations Ã-ÄÁ À�À
The FluxPerComponent is the sum of allÀ�À
incoming (positive) and outgoing (negative) fluxes 440Á FOREACH Comp Index IN Á 1 . . NrOfComponentsÂ :

state .FluxPerComponent[CompIndex] =À�À
If not only WWTPTerminal type terminals are present in the interfaceÀ�À
(e.g., also ControlTerminal), we have to select onlyÀ�À
those terminals from the interface which are ofÀ�À
WWTPTerminal type (or any SUBtype such as InWWTPTerminal of it)À�À
as those are the only ones for which the mass balance law holds.

450
(SUMOVER In Terminal IN Á SelectByType(interface ,InWWTPTerminal)Â :
In Terminal[CompIndex])+
(SUMOVER Out Terminal IN Á SelectByType(interface ,OutWWTPTerminal)Â :
Out Terminal[CompIndex]); Â ;À�À

The mass balance equations.À�À
These are composed of a term due to incoming andÀ�À
outgoing fluxes and of a term due to biochemicalÀ�À
interactions between components.

460Á FOREACH Comp Index IN Á 1 . . NrOfComponentsÂ :
DERIV(state .M[Comp Index],[independent.t])=
state .FluxPerComponent[CompIndex]
+state .ConversionTermPerComponent[CompIndex]; Â ;À�À

for efficiency and because most models need it anywayÀ�À
we calculate Q In hereÁ FOREACH Comp Index IN Á 1 . . NrOfComponentsÂ :

state .InFluxPerComponent[CompIndex] = 470
SUMOVER In Terminal IN Á SelectByType(interface ,InWWTPTerminal)Â :

(In Terminal[CompIndex]);Â ;Á state .Q In = (parameter s.WWTPSpecificVolume[H2O]Ç
state .InFluxPerComponent[H2O]);Â ;À�À

Less general Q In calculation to avoid algebraic loops in theÀ�À
modelling of WWTP’s (Algebraic loops for S I -É X ND induced 480À�À
by Q In !!!)Â ;

: Â ;À�À
===================================================================À�À
==============================WWTPAtomicModelWithoutVolume=========À�À
===================================================================

490À�À
BE CAREFULÀ�À
IS NOT A SPECIALIZATION OF WWTPATOMICMODEL !!!À�À
FOR EFFICIENCY REASONS

CLASS WWTPAtomicModelWithoutVolume
SPECIALISES PhysicalDAEModelType :=Á :
parameter s Ã-ÄÁ 500

OBJ WWTPSpecificVolume (
Ç

hidden= " 1"
Ç
)

" Vector containing the specificvolume(= 1/density)for all the components"
: SpecificVolumeVector;Â ;

initial Ã-ÄÁ
parameter s.WWTPSpecificVolume[H2O] := 0.000001;Â ;

510
independentÃ-ÄÆÁ OBJ t " Time" : Time; Â ;
state Ã-ÄÁ

OBJ InFluxPerComponent(
Ç

hidden= " 1"
Ç
)

" Vector containing incomingfluxesfor all components" : MassFluxVector;
OBJ Q In " Influent flow rate" : FlowRate ;Â ;

equations Ã-Ä 520Á Á FOREACH Comp Index IN Á 1 . . NrOfComponentsÂ :
state .InFluxPerComponent[CompIndex] =
SUMOVER In Terminal IN Á SelectByType(interface ,InWWTPTerminal)Â :
(In Terminal[CompIndex]);Â ;Á state .Q In = (parameter s.WWTPSpecificVolume[H2O]Ç

state .InFluxPerComponent[H2O]);Â ; 530
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Â ;
: Â ;À�À

===================================================================À�À
==========================clarifier================================À�À
===================================================================

#include " wwtp.base.clarifier.msl"À�À
=================================================================== 540À�À
==========================primary clarifier========================À�À
===================================================================À�À
PointSettlerÀ�À
PrimaryPointSettlerÀ�À
OtterpohlAndFreundPrimaryÀ�À
TayÀ�À
LessardAndBeck

550
#include " wwtp.base.primary˙clarifier.msl"À�À

===================================================================À�À
=======================secondary clarifier=========================À�À
===================================================================À�À
SecondaryPointSettlerÀ�À
MarsiliLibelliÀ�À
OtterpohlAndFreundSecondary 560À�À
Takacs

#include " wwtp.base.secondary˙clarifier.msl"À�À
===================================================================À�À
==========================splitters================================À�À
===================================================================À�À
RelTwoSplitterÀ�À
AbsTwoSplitter 570À�À
TwoCombinerÀ�À
RelThreeSplitterÀ�À
AbsThreeSplitterÀ�À
ThreeCombiner

#include " wwtp.base.splitters˙combiners.msl"À�À
=================================================================À�À
===============================WWTPAtomicModelWithVolume=========À�À
================================================================= 580

CLASS WWTPAtomicModelWithVolume EXTENDS WWTPAtomicModel WITHÁ :
state Ã-ÄÁ

OBJ V " Volume" : Volume;
OBJ C " Vector containingconcentrations for all the components" : ConcentrationVector;Â ; 590

equations Ã-ÄÁ À�À
volume and conc equations are calculatedÀ�À
specific to fixed or variable volumeÂ ;

: Â ;
#include " wwtp.base.buffertanks.msl" 600À�À

======================================================================À�À
===========================WWTPAtomicModelWithVariableVolume==========À�À
======================================================================

CLASS WWTPAtomicModelWithVariableVolume
EXTENDS WWTPAtomicModelWithVolume WITHÁ :
interface Ã-ÄÁ 610

OBJ Inflow (
Ç

terminal = " in˙1"
Ç
) " Inflow" :

InWWTPTerminal := Á : causality Ã,Ä " CIN" : Â ;
OBJ Outflow (

Ç
terminal = " out˙1"

Ç
)" Outflow" :

OutWWTPTerminal := Á : causality Ã-Ä " COUT" : Â ;Â ;
parameter s Ã-ÄÁ

OBJ N " Numberof weirs on a tank" : PhysicalQuantityType :=Á : value Ã-Ä 100 ; 620
interval Ã-ÄËÁ :lowerBound Ã-Ä 0; upperBoundÃ-Ä PLUS INF; : Â

: Â ;
OBJ A " Surfacearea of the tank" : Area := Á : value Ã-Ä 200; : Â ;
OBJ alfa " Parameter, function of the weir type or width"

: PhysicalQuantityType := Á : value Ã-Ä 1 : Â ;
OBJ beta " Parameter, dependson the weir design"
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: PhysicalQuantityType := Á : value Ã-Ä 1 : Â ;
OBJ V Const " Constanttank volumebeneaththe lowestpoint of the weir"

: Volume := Á : value Ã-Ä 1900 : Â ;Â ; 630

state Ã-ÄÁ
OBJ Q Out " Effluent flow rate" : FlowRate;Â ;

equations Ã-ÄÁ À�À
Q Out is stated variable and declared asÀ�À
Q Out = N

Ç
alfa
Ç
(V
À
Aˆ beta) 640À�À

for an explanation of these parametersÀ�À
see the parameter section above

state .Q Out = IF (state .V É parameter s.V Const)
THEN parameter s.N

Ç
parameter s.alfaÇ

pow((state .V Ä parameter s.V Const)
À
parameter s.A, parameter s.beta)

ELSE 0;À�À
The total volume is the sum of the volumes of eachÀ�À
of the components. The volume of each component 650À�À
is determined by multiplying its mass by itsÀ�À
specific volume.

state .V = SUMOVER Comp Index IN Á 1 . . NrOfComponentsÂ :
(parameter s.WWTPSpecificVolume[CompIndex]

Ç
state .M[Comp Index]);À�À

The concentration of each component is just the massÀ�À
of that component divided by the total volumeÁ FOREACH Comp Index IN Á 1 . . NrOfComponentsÂ : 660

state .C[Comp Index] = state .M[Comp Index]
À
state .V; Â ;Á FOREACH Comp Index IN Á 1 . . NrOfComponentsÂ :

interface .Outflow[Comp Index] =Ä state .C[Comp Index]
Ç

state .Q Out ; Â ;Â ;
: Â ;

670À�À
ConversionModel stands for all models where the ConversionTermPerComponentÀ�À

TÀ�À
takes on the form of Stoichiometry

Ç
Kinetics

Ç
VÀ�À

For each component, the reaction term is the sumÀ�À
of products of corresponding (one for each reaction)À�À
factors from the Stochiometry and the Kinetics matrices.

CLASS VarVolumeConversionModelEXTENDS WWTPAtomicModelWithVariableVolume WITHÁ :
#include " wwtp.VolumeConversionModel.body.msl" 680
: Â ;À�À

Below is an ASMConversionModelÀ�À
Actually, depending on which Components are usedÀ�À
only a small part of the IAWQ may be needed.À�À
The result of a reduced declaration of Components,À�À
Stoichiometry and Kinetics also become smaller.À�À
Hence, we only have to (and only can !) refer toÀ�À
those Components in Stoichiometry and Kinetics.À�À
Hence, we will probably build different 690À�À
ASM1ConversionModels corresponding to componentsÀ�À
used.À�À
Perhaps more ELEGANT is the following (which reliesÀ�À
heavily on symbolic elimination of empty (0=0) equations):À�À
If we define Components and Reactions so that they containÀ�À
ALL components and reactions from IAWQ, then all appropriateÀ�À
equations will be generated automatically. This does requireÀ�À
us to fill in Stoichiometry and Kinetics. If howeverÀ�À
we want a limited IAWQ model ASM1ConversionModelLimited we leaveÀ�À
almost all elements in Stoichiometry and Kinetics undefined (and 700À�À
thus by default =0). This is equivalent to a limited IAWQ.À�À
Currently, there is a performance catch. Even though 0=0À�À
equations may be eliminated, the state vectors still haveÀ�À
full dimension NrOfComponents. This implies a heavy burden onÀ�À
the integrator.À�À
Conclusion: for the time being, use previous solution.À�À
Later, not only eliminate 0=0 equations but also variables.À�À
We need some heuristic for this or perhaps user annotationÀ�À
tagging certain variables for removal. E.g, (

Ç
ignore variable =À�À

TRUE
Ç
) 710

CLASS VarVolumeASMConversionModelEXTENDS VarVolumeConversionModelWITHÁ :
#ifdef ASM1
#include " wwtp.VolumeASM1ConversionModel.body.msl"
#endif

À�À
ASM1

#ifdef ASM2
#include " wwtp.VolumeASM2ConversionModel.body.msl"

#endif
À�À

ASM2 720

#ifdef ASM2d
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#include " wwtp.VolumeASM2dConversionModel.body.msl"
#endif

À�À
ASM2d

: Â ;À�À
A model with one inflow and one outflow

CLASS VarVolumeInOutIAWQ EXTENDS VarVolumeASMConversionModelWITHÁ :
initial Ã-Ä 730ÁÂ ;

: Â ;À�À
Below is where we start putting user-specific informationÀ�À
This will later be put in a separate fileÀ�À
Add the Specific Volume (=1

À
density) information to the equations

CLASS VarVolumeASU 740
(
Ç

class = " activated˙sludge˙unit" ; category = ""
Ç
)

SPECIALISES VarVolumeInOutIAWQ :=Á :
comments Ã-Ä " Model for an activatedsludgeunit with a variable volume" ;

initial Ã-ÄÁÂ ;
: Â ;

750À�À
======================================================================À�À
===========================WWTPAtomicModelVariablePumpedVolume========À�À
======================================================================

CLASS WWTPAtomicModelWithPumpedVolume
EXTENDS WWTPAtomicModelWithVolume WITHÁ :
interface Ã-ÄÁ 760

OBJ Inflow (
Ç

terminal = " in˙1"
Ç
) " Inflow" :

InWWTPTerminal := Á : causality Ã,Ä " CIN" : Â ;
OBJ Outflow (

Ç
terminal = " out˙1"

Ç
) " Outflow" :

OutWWTPTerminal := Á : causality Ã-Ä " COUT" : Â ;Â ;
parameter s Ã-ÄÁ

OBJ Q Pump " Desired effluent flow rate" : FlowRate ;

OBJ V Max " Maximumvolumeof the tank" : Volume ; 770
OBJ V Min " Minimum volumeof the tank" : Volume ;Â ;

state Ã-ÄÁ
OBJ Q Out " Actual effluent flow rate" : FlowRate;Â ;

equations Ã-ÄÁ 780
state .V = SUMOVER Comp Index IN Á 1 . . NrOfComponentsÂ :
(parameter s.WWTPSpecificVolume[CompIndex]

Ç
state .M[Comp Index]);À�À

The concentration of each component is just the massÀ�À
of that component divided by the total volumeÁ FOREACH Comp Index IN Á 1 . . NrOfComponentsÂ :

state .C[Comp Index] = state .M[Comp Index]
À
state .V; Â ;

state .Q Out = IF (state .V Ã parameter s.V Min && 790
parameter s.Q Pump É state .Q In)

THEN state .Q In
ELSE

IF (state .V Ã parameter s.V Max)
THEN parameter s.Q Pump
ELSE

IF (state .Q In Ã parameter s.Q Pump)
THEN parameter s.Q Pump
ELSE state .Q In ;

800Á FOREACH Comp Index IN Á 1 . . NrOfComponentsÂ :
interface .Outflow[Comp Index] =Ä state .C[Comp Index]

Ç
state .Q Out ; Â ;Â ;

: Â ;
CLASS PumpedVolumeConversionModelEXTENDS WWTPAtomicModelWithPumpedVolume WITHÁ :
#include " wwtp.VolumeConversionModel.body.msl"

: Â ; 810

CLASS PumpedVolumeASMConversionModelEXTENDS PumpedVolumeConversionModelWITHÁ :
#ifdef ASM1
#include " wwtp.VolumeASM1ConversionModel.body.msl"
#endif

À�À
ASM1

#ifdef ASM2
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#include " wwtp.VolumeASM2ConversionModel.body.msl"

#endif
À�À

ASM2 820

#ifdef ASM2d
#include " wwtp.VolumeASM2dConversionModel.body.msl"
#endif

À�À
ASM2d

: Â ;À�À
A model with one inflow and one outflow

CLASS PumpedVolumeInOutIAWQ EXTENDS PumpedVolumeASMConversionModelWITHÁ :
initial Ã-Ä 830ÁÂ ;

: Â ;
CLASS PumpedVolumeASU
(
Ç

class = " activated˙sludge˙unit" ; category = ""
Ç
)

SPECIALISES PumpedVolumeInOutIAWQ :=Á :
comments Ã-Ä " Model for an activatedsludgeunit with a variable pumpedvolume" ; 840

initial Ã-ÄÁÂ ;
: Â ;

850À�À
====================================================================================À�À
=========================WWTPAtomicModelWithFixedVolume=============================À�À
====================================================================================

CLASS WWTPAtomicModelWithFixedVolume EXTENDS WWTPAtomicModelWithVolume WITHÁ :
interface Ã-ÄÁ

OBJ Inflow (
Ç

terminal = " in˙1"
Ç
) " Inflow" :

InWWTPTerminal := Á : causality Ã-Ä " CIN" : Â ; 860
OBJ Outflow (

Ç
terminal = " out˙1"

Ç
)" Outflow" :

OutWWTPTerminal := Á : causality Ã-Ä " COUT" : Â ;Â ;
state Ã-ÄÁÀ�À

OBJ Q Out “Effluent flow rate” : FlowRate ;Â ;
equations Ã-Ä 870Á À�À

because of a fixed volume . . .À�À
state.Q Out = state.Q In; anywayÀ�À
so skip itÀ�À
The total volume is the sum of the volumes of eachÀ�À

of the components. The volume of each componentÀ�À
is determined by multiplying its mass by itsÀ�À
specific volume.

880
state .V = SUMOVER Comp Index IN Á 1 . . NrOfComponentsÂ :
(parameter s.WWTPSpecificVolume[CompIndex]

Ç
state .M[Comp Index]);À�À

The concentration of each component is just the massÀ�À
of that component divided by the total volumeÁ FOREACH Comp Index IN Á 1 . . NrOfComponentsÂ :

state .C[Comp Index] = state .M[Comp Index]
À
state .V; Â ;Á FOREACH Comp Index IN Á 1 . . NrOfComponentsÂ : 890

interface .Outflow[Comp Index] =Ä state .C[Comp Index]
Ç

state .Q In ; Â ;Â ;
: Â ;
CLASS FixVolumeConversionModelEXTENDS WWTPAtomicModelWithFixedVolume WITHÁ :

#include " wwtp.VolumeConversionModel.body.msl"

: Â ; 900

CLASS FixVolumeASMConversionModelEXTENDS FixVolumeConversionModelWITHÁ :
#ifdef ASM1
#include " wwtp.VolumeASM1ConversionModel.body.msl"
#endif

À�À
ASM1

#ifdef ASM2
#include " wwtp.VolumeASM2ConversionModel.body.msl"

#endif
À�À

ASM2 910

#ifdef ASM2d
#include " wwtp.VolumeASM2dConversionModel.body.msl"
#endif

À�À
ASM2d
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: Â ;À�À
A model with one inflow and one outflow

CLASS FixVolumeInOutIAWQ EXTENDS FixVolumeASMConversionModelWITHÁ :
initial Ã-Ä 920ÁÂ ;

: Â ;À�À
Below is where we start putting user-specific informationÀ�À
This will later be put in a separate fileÀ�À
Add the Specific Volume (=1

À
density) information to the equations

CLASS FixVolumeASU

(
Ç

class = " activated˙sludge˙unit" ; category = ""
Ç
) 930

SPECIALISES FixVolumeInOutIAWQ :=Á :
comments Ã-Ä " Model for an activatedsludgeunit with a fixed volume" ;

initial Ã-ÄÁÂ ;
: Â ;

940À�À
=========================================================================À�À
==================End of WWTPAtomicModel hierarchy=======================À�À
=========================================================================À�ÀÀ�À
End of WWTPAtomicModel hierarchyÀ�À

950À�ÀÀ�À
From this point on, non-WWTPAtomicModels are consideredÀ�À
like Takacs model, sensors, controllers, . . .À�À
they are mostly non-WWTP specializations of PhysicalDAEModelTypeÀ�ÀÀ�ÀÀ�À
Begin of non-WWTPAtomicModelsÀ�À

960À�À
=================================================================À�À
==================================sensors========================À�À
=================================================================À�À
FlowSensorÀ�À
DOSensorÀ�À
NH4SensorÀ�À
NO3SensorÀ�À
XSensor 970

#include " wwtp.base.sensors.msl"À�À
===================================================================À�À
===============================controllers=========================À�À
===================================================================À�À
PÀ�À
PIÀ�À
PID 980À�À
OnOffÀ�À
BacklashÀ�À
SaturationÀ�À
RateLimiterÀ�À
DeadZoneÀ�À
CoulombFriction

#include " wwtp.base.controllers.msl"À�À
=================================================================== 990À�À
================================timers=============================À�À
===================================================================À�À
timer21À�À
timer22À�À
timer31À�À
timer32À�À
timer41À�À
timer42À�À
timer51 1000À�À
timer52

#include " wwtp.base.timers.msl"À�À
================================================================À�À
========================convertors==============================À�À
================================================================À�À
CtoFÀ�À
FtoC 1010
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Waste

#include " wwtp.base.convertors.msl"À�À
================================================================À�À
========================transformer=============================À�À
================================================================À�À
BOD

À
COD tranformer

1020

#include " wwtp.base.transformers.msl"À�À
================================================================À�À
========================generators=============================À�À
================================================================À�À
sinusÀ�À
double sinusÀ�À
block 1030

#include " wwtp.base.generators.msl"À�À
================================================================À�À
================loopbreaker models=============================À�À
================================================================

#include " wwtp.base.loopbreaker.msl"À�À
================================================================ 1040À�À
=====================trickling filter===========================À�À
================================================================

#include " wwtp.base.trickling˙filter.msl"À�À
================================================================À�À
=====================river models===============================À�À
================================================================À�À
Bulk Benthic River 1050À�À
BenthicRiverÀ�À
#include “river.base.msl”À�À

================================================================À�À
================anaerobic digestion=============================À�À
================================================================À�À
anaerobic digestion models

1060À�À
#include “wwtp.base.anaerobic digestion.msl”À�À
================================================================

#endif
À�À

WWTP BASE

B.6 MSL-USER WWTP ASM Conversion Librar yÀ�À
Description: WWTP

À
VolumeConsersionModel body.À�À

##################################################################À�À
Ghent UniversityÀ�À
Department of Applied Mathematics, Biometrics and Process ControlÀ�À
implementation: Frederik DecouttereÀ�À
topic: general stoichiometry, kinetics, dataflowÀ�À
contact: Jurgen MeirlaenÀ�À

##################################################################

10À�À
body for variable & fixed VolumeConversionModel

interface Ã-ÄÌ
OBJ OUR ASU ( Í terminal = " out˙2" Í )" OUR measurementdata" :

OxygenUptakeRate:=
Ì
: causality Ã-Ä " COUT" : Â ;

OBJ Kla ASU ( Í terminal = " out˙2" Í )" Kla measurementdata" :
OxygenTransferCoefficient :=

Ì
: causality Ã,Ä " COUT" : Â ;

OBJ V ASU ( Í terminal = " out˙2" Í )" Volumemeasurementdata" :

Volume :=
Ì
: causality Ã-Ä " COUT" : Â ; 20Â ;

parameter s Ã-ÄÌ
OBJ Stoichiometry( Í hidden= " 1" Í )
" A matrix structure containingstoichiometry" : QuantityType[NrOfReactions;][NrOfComponents,];Â ;

state Ã-ÄÌ
30

OBJ Kinetics ( Í hidden= " 1" Í ) " A vector containingkinetics for all reactions" : QuantityType[NrOfReactions;];
OBJ OUR ( Í fixed = " 1" Í ) " The OUR == oxygenuptakerate" : OxygenUptakeRate;Â ;
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equations Ã-ÄÌ Ì
FOREACH Comp Index IN

Ì
1 . . NrOfComponentsÂ :

state .ConversionTermPerComponent[CompIndex] =
SUMOVER ReactionIndex IN

Ì
1 . . NrOfReactionsÂ :

(parameter s.Stoichiometry[ReactionIndex][Comp Index] 40Í state .Kinetics[ReactionIndex])Í state .V; Â ;
state .OUR =Ä (state .ConversionTermPerComponent[SO]

À
state .V)

+ parameter s.Stoichiometry[Aeration][SO] Í state .Kinetics[Aeration];

interface .OUR ASU = state .OUR;
interface .Kla ASU = parameter s.Kla;

interface .V ASU = state .V; 50Â ;
B.7 MSL-USER WWTP ASM1 Librar yÎ�Î

Description: MSL-USER
Î
WWTP

Î
VolumeASM1ConversionModel body.Î�Î

##################################################################Î�Î
Ghent UniversityÎ�Î
Department of Applied Mathematics, Biometrics and Process ControlÎ�Î
implementation: Frederik DecouttereÎ�Î
topic: ASM1 modelÎ�Î
contact: Jurgen MeirlaenÎ�Î

##################################################################

10Î�Î
body for variable & fixed VolumeASM1ConversionModel

parameter s Ï-ÐÌ Î�Î
Basic biological parameters

OBJ Y H " Yield For Heterotrophic Biomass" : YieldForHeterotrophicBiomass:=Ì
:
value Ï-Ð 0.67;

interval Ï-Ð Ì : lowerBound Ï-Ð 0; upperBoundÏ,Ð PLUS INF; : Ñ ; 20
: Ñ ;

OBJ i X B " MassOf NitrogenPer Mass Of COD In Biomass"
: MassOfNitrogenPerMassOfCODInBiomass:=

Ì
:value Ï-Ð 0.086: Ñ ;

OBJ Y A " Yield For Autotrophic Biomass"
: YieldForAutotrophicBiomass:=

Ì
:value Ï-Ð 0.24: Ñ ;

OBJ f P " Fraction Of BiomassConvertedTo Inert Matter"
: FractOfBiomassLeadingToPartProd:=

Ì
:valueÏ,Ð 0.08: Ñ ;

OBJ i X P " MassOf NitrogenPer Mass Of COD In ProductsFormed"
: MassOfNitrogenPerMassOfCODInProdFromBiomass:=

Ì
:value Ï-Ð 0.06: Ñ ;

OBJ mu H " MaximumSpecificGrowth RateFor Heterotrophic Biomass" 30
: MaxSpecifGrowthRateHetero:=

Ì
:value Ï-Ð 4.00: Ñ ;

OBJ mu A " MaximumSpecificGrowth RateFor Autotrophic Biomass"
: MaxSpecifGrowthRateAutotr:=

Ì
:value Ï-Ð 0.55: Ñ ;

OBJ K S " Half-Saturation Coefficient For Heterotrophic Biomass"
: HalfSatCoeffForHetero:=

Ì
:value Ï-Ð 20.00: Ñ ;

OBJ K OH " OxygenHalf-Saturation Coefficient For Heterotrophic Biomass"
: OxygenHalfSatCoeffForHetero:=

Ì
:value Ï-Ð 0.2: Ñ ;

OBJ K X " Half Saturation Coefficient For Hydrolysis Of Slowly Biodegradable Substrate"
: HalfSatCoeffForHydrolSlowBioDegradeSubstr:=

Ì
:value Ï-Ð 0.02: Ñ ;

OBJ b H " DecayCoefficient For Heterotrophic Biomass" 40
: DecayCoeffHeterotr :=

Ì
:value Ï,Ð 0.40: Ñ ;

OBJ b A " DecayCoefficient For Autotrophic Biomass"
: DecayCoeffAutotr :=

Ì
:value Ï-Ð 0.01: Ñ ;

OBJ n h " Correction Factor For Anoxic Hydrolysis"
: CorrectionFactor :=

Ì
:value Ï-Ð 0.4: Ñ ;

OBJ n g " Correction Factor For Anoxic Growth Of Heteritrophs"
: CorrectionFactor :=

Ì
:value Ï-Ð 0.8: Ñ ;

OBJ k a " MaximumSpecificAmmonificationRate"
: AmmonificationRate:=

Ì
:value Ï-Ð 0.06: Ñ ;

OBJ k h " MaximumSpecificHydrolysis Rate" 50
: MaxSpecificHydrolysisRate:=

Ì
:value Ï-Ð 2.00: Ñ ;

OBJ K NO " Nitrate Half-Saturation Coefficient For Denitrifying Heterotrophic Biomass"
: NitrateHalfSatCoeffForDenitrifHetero:=

Ì
:value Ï-Ð 0.50: Ñ ;

OBJ K NH " AmmoniaHalf-Saturation Coefficient For Autotrophic Biomass"
: AmmonHalfSatCoeffForAutotr :=

Ì
:value Ï-Ð 1.00: Ñ ;

OBJ K OA " OxygenHalf-Saturation Coefficient For Autotrophic Biomass"
: OxygenHalfSatCoeffForAutotr :=

Ì
:value Ï,Ð 0.4: Ñ ;

OBJ Kla " Oxygentransfer coefficient"
: OxygenTransferCoefficient :=

Ì
:value Ï,Ð 50: Ñ ;

OBJ S O Sat " Oxygensaturation concentration" 60
: Concentration:=

Ì
:value Ï-Ð 8: Ñ ;

OBJ F COD TSS " Fraction COD/TSS" : Fraction :=
Ì
: value Ï-Ð 0.75 : Ñ ;Ñ ;

state Ï-ÐÌ
OBJ X TSS " Total suspendedsolids" : Concentration;Ñ ;

70
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initial Ï-ÐÌ
parameter s.Stoichiometry[AerGrowthHetero][SS]
:= Ð 1

Î
(parameter s.Y H);

parameter s.Stoichiometry[AerGrowthHetero][X BH]
:= 1;

parameter s.Stoichiometry[AerGrowthHetero][SO]
:= Ð (1 Ð parameter s.Y H)

Î
parameter s.Y H;

parameter s.Stoichiometry[AerGrowthHetero][SNH]

:= Ð parameter s.i X B; 80
parameter s.Stoichiometry[AerGrowthHetero][SALK]
:= Ð parameter s.i X B

Î
14;

parameter s.Stoichiometry[AnGrowthHetero][SS]
:= Ð 1

Î
parameter s.Y H;

parameter s.Stoichiometry[AnGrowthHetero][X BH]
:= 1;

parameter s.Stoichiometry[AnGrowthHetero][SNO]
:= Ð (1 Ð parameter s.Y H)

Î
(2.86 Í parameter s.Y H);

parameter s.Stoichiometry[AnGrowthHetero][SNH]

:= Ð parameter s.i X B; 90
parameter s.Stoichiometry[AnGrowthHetero][SALK]
:= ((1 Ð parameter s.Y H)

Î
(14 Í 2.86 Í parameter s.Y H)) Ð (parameter s.i X B

Î
14);

parameter s.Stoichiometry[AerGrowthAuto][X BA]
:= 1;

parameter s.Stoichiometry[AerGrowthAuto][S O]
:= Ð (4.57 Ð parameter s.Y A)

Î
parameter s.Y A;

parameter s.Stoichiometry[AerGrowthAuto][S NO]
:= 1
Î
parameter s.Y A;

parameter s.Stoichiometry[AerGrowthAuto][S NH]

:= Ð parameter s.i X B Ð 1
Î
parameter s.Y A; 100

parameter s.Stoichiometry[AerGrowthAuto][S ALK]
:= Ð (parameter s.i X B

Î
14) Ð (1

Î
(7 Í parameter s.Y A));

parameter s.Stoichiometry[DecayOfHetero][XS]
:= 1 Ð parameter s.f P;

parameter s.Stoichiometry[DecayOfHetero][XBH]
:= Ð 1;

parameter s.Stoichiometry[DecayOfHetero][XP]
:= parameter s.f P;

parameter s.Stoichiometry[DecayOfHetero][XND]

:= parameter s.i X B Ð parameter s.f PÍ parameter s.i X P; 110
parameter s.Stoichiometry[DecayOfAuto][XS]
:= 1 Ð parameter s.f P;

parameter s.Stoichiometry[DecayOfAuto][XBA]
:= Ð 1;

parameter s.Stoichiometry[DecayOfAuto][XP]
:= parameter s.f P;

parameter s.Stoichiometry[DecayOfAuto][XND]
:= parameter s.i X B Ð parameter s.f PÍ parameter s.i X P;

parameter s.Stoichiometry[AmmonOfSolOrgN][S NH]

:= 1; 120
parameter s.Stoichiometry[AmmonOfSolOrgN][S ND]
:= Ð 1;

parameter s.Stoichiometry[AmmonOfSolOrgN][S ALK]
:= 1.0

Î
14.0;

parameter s.Stoichiometry[HydrolOfEntrOrg][S S]
:= 1;

parameter s.Stoichiometry[HydrolOfEntrOrg][X S]
:= Ð 1;

parameter s.Stoichiometry[HydrolOfEntrOrgN][S ND]

:= 1; 130
parameter s.Stoichiometry[HydrolOfEntrOrgN][X ND]
:= Ð 1;

parameter s.Stoichiometry[Aeration][SO]
:= 1;Ñ ;

equations Ï-ÐÌ Î�Î
From here, we assume theÎ�Î
Specific Volumes to be known 140

state .Kinetics[AerGrowthHetero]
:= parameter s.mu H Í

(state .C[S S]
Î
(parameter s.K S+state .C[S S])) Í

(state .C[S O]
Î
(parameter s.K OH+state .C[S O])) Í

state .C[X BH];
state .Kinetics[AnGrowthHetero]
:= parameter s.mu H Í

(state .C[S S]
Î
(parameter s.K S+state .C[S S])) Í

(parameter s.K OH
Î
(parameter s.K OH+state .C[S O])) Í 150

(state .C[S NO]
Î
(parameter s.K NO+state .C[S NO])) Í

parameter s.n gÍ state .C[X BH];
state .Kinetics[AerGrowthAuto]
:= parameter s.mu A Í

(state .C[S NH]
Î
(parameter s.K NH+state .C[S NH])) Í

(state .C[S O]
Î
(parameter s.K OA+state .C[S O])) Í

state .C[X BA];
state .Kinetics[DecayOfHetero]
:= parameter s.b H Í state .C[X BH];

state .Kinetics[DecayOfAuto] 160
:= parameter s.b A Í state .C[X BA];

state .Kinetics[AmmonOfSolOrgN]
:= parameter s.k aÍ state .C[S ND] Í state .C[X BH];

state .Kinetics[HydrolOfEntrOrg]
:= parameter s.k hÍ

(state .C[X S]
Î
state .C[X BH])

Î
(parameter s.K X+
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(state .C[X S]
Î
state .C[X BH])) Í

((state .C[S O]
Î
(parameter s.K OH+state .C[S O]))+

parameter s.n hÍ (parameter s.K OH
Î
(parameter s.K OH+state .C[S O])) Í

(state .C[S NO]
Î
(parameter s.K NO+state .C[S NO]))) Í 170

state .C[X BH];
state .Kinetics[HydrolOfEntrOrgN]
:= (parameter s.k hÍ (state .C[X S]

Î
state .C[X BH])

Î
(parameter s.K X+

(state .C[X S]
Î
state .C[X BH])) Í ((state .C[S O]

Î
(parameter s.K OH+

state .C[S O]))+parameter s.n hÍ (parameter s.K OH
Î
(parameter s.K OH+

state .C[S O])) Í (state .C[S NO]
Î
(parameter s.K NO+state .C[S NO]))) Í

state .C[X BH]) Í (state .C[X ND]
Î
state .C[X S]);

state .Kinetics[Aeration]
:= parameter s.Kla Í (parameter s.S O SatÐ state .C[S O]);

180Î�Î
calculate X TSS . . .

state .X TSS :=
(state .C[X BH] + state .C[X BA] + state .C[X I] + state .C[X S] + state .C[X P])

Î
parameter s.F COD TSS;Ñ ;

B.8 MSL-USER WWTP Clarifier Models Librar yÎ�Î
Description: MSL-USER

Î
WWTP

Î
Base

Î
Primary clarifier definitions.Î�Î

##################################################################Î�Î
Ghent UniversityÎ�Î
Department of Applied Mathematics, Biometrics and Process ControlÎ�Î
implementation: Frederik Decouttere, Henk VanhoorenÎ�Î
topic: primary clarifiersÎ�Î
contact: Henk VanhoorenÎ�Î

##################################################################

10
#ifndef WWTP BASE CLARIFIER
#defineWWTP BASE CLARIFIER

CLASS PointSettler
" Pointsettler"Î�Î

The modelling of a settler by means of a pointsettler is a largeÎ�Î
simplification of the actual process. The settler is only a phaseÎ�Î
separator, and has no real volume. Hence, the model does not take into 20Î�Î
account the retention time in the settler. It is not a dynamical modelÎ�Î
but only based on mass balances.Î�ÎÎ�Î
The effluent particulate concentration is calculated as a fraction of theÎ�Î
influent concentration to the settler. The central equation is : X Out = f ns Í X iÎ�Î
To calculate the underflowÎ�Î
concentration a mass balance over the settler is solved.

EXTENDS WWTPAtomicModelWithoutVolume WITHÌ
: 30
interface Ï-ÐÌ

OBJ Inflow ( Í terminal = " in˙1" Í ) " Inflow" :
InWWTPTerminal :=

Ì
: causality Ï,Ð " CIN" : Ñ ;

OBJ Outflow ( Í terminal = " out˙1" Í ) " Overflow" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;

OBJ Underflow ( Í terminal = " out˙2" Í ) " Underflow" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;Ñ ;

40
parameter s Ï-ÐÌ

OBJ f ns " Non-settleablefraction of suspendedsolids" :
Fraction :=

Ì
: value Ï-Ð 0.005 : Ñ ;

OBJ Q Under " Underflowrate" : FlowRate :=
Ì
: value Ï-Ð 10 : Ñ ;

OBJ F COD TSS " Fraction COD/TSS0.75" : Fraction :=
Ì
: value Ï-Ð 0.75 : Ñ ;Ñ ;

state Ï-ÐÌ
50

OBJ f Out ( Í hidden= " 1" Í ) " Fraction of the influent flux going to the overflow" : Fraction ;
OBJ f Under ( Í hidden= " 1" Í ) " Fraction of the influent flux going to the underflow" : Fraction ;
OBJ X Out " Effluent suspendedsolids concentration" : Concentration;
OBJ X Under " Underflowsuspendedsolids concentration" : Concentration;Ñ ;

equations Ï-ÐÌ Î�Î
The underflow rate is a parameter, so the effluent flow rate has toÎ�Î
be calculated as a state variable 60Î�Î
Soluble components (including water itself) are split into the twoÎ�Î
streams (effluent and underflow) according to the ratio betweenÎ�Î
the flow rates.

state .f Out := (state .Q In Ð parameter s.Q Under)
Î

state .Q In ;
state .f Under := parameter s.Q Under

Î
state .Q In ;Ì

FOREACH Comp Index IN
Ì
H2O . . S ALK Ñ :
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interface .Outflow[Comp Index] = 70Ð state .InFluxPerComponent[CompIndex] Í state .f Out ; Ñ ;
interface .Underflow[H2O] = Ð parameter s.Q Under

Î
parameter s.WWTPSpecificVolume[H2O] ;Ì

FOREACH Comp Index IN
Ì
S I . . S ALK Ñ :

interface .Underflow[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í state .f Under ; Ñ ;Î�Î
Particulate components are split according to the non settleable 80Î�Î
fraction f ns.Î�Î
X Out = f ns Í X i has to be transformed to an equation using fluxes !!Î�Î
Outflow = Q Out Í X Out = a fluxÎ�Î

= Q Out Í f ns Í X iÎ�Î
= Q Out Í f ns Í Inflow

Î
Q InÎ�Î

= Inflow Í Q Out
Î

Q In Í f ns == Ò see equations belowÎ�Î
Underflow = Inflow - OutflowÌ

FOREACH Comp Index IN
Ì
X I . . X ND Ñ : 90

interface .Outflow[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í state .f Out Í
parameter s.f ns ; Ñ ;Ì

FOREACH Comp Index IN
Ì
X I . . X ND Ñ :

interface .Underflow[Comp Index] = Ð (state .InFluxPerComponent[CompIndex]
+ interface .Outflow[Comp Index]); Ñ ;

#ifdef ASM1 100Ì
state .X Out =
(SUMOVER Comp Index IN

Ì
X I . . X PÑ :

( Ð interface .Outflow[Comp Index]))
Î

((state .Q In Ð parameter s.Q Under)Í parameter s.F COD TSS) ; Ñ ;Ì
state .X Under =
(SUMOVER Comp Index IN

Ì
X I . . X PÑ :

( Ð interface .Underflow[Comp Index]))
Î

(parameter s.Q Under Í parameter s.F COD TSS) ; Ñ ;
#endif

Î�Î
ASM1 110

#if (definedASM2 Ó/Ó definedASM2d)
state .X Out = interface .Outflow[X TSS]

Î
(state .Q In Ð parameter s.Q Under);

state .X Under = interface .Underflow[X TSS]
Î

(parameter s.Q Under);
#endif

Î�Î
ASM2 or ASM2dÑ ;

: Ñ ;
#endif

Î�Î
WWTP BASE CLARIFIER

B.9 MSL-USER WWTP Splitter and Combiner s Librar yÎ�Î
Description: MSL-USER

Î
WWTP

Î
Base

Î
Splitters combiners definitions.Î�Î

##################################################################Î�Î
Ghent UniversityÎ�Î
Department of Applied Mathematics, Biometrics and Process ControlÎ�Î
implementation: Frederik Decouttere, Henk VanhoorenÎ�Î
topic: splitters, combinersÎ�Î
contact: Henk VanhoorenÎ�Î

##################################################################

10
#ifndef WWTP BASE SPLITTERSCOMBINERS
#defineWWTP BASE SPLITTERSCOMBINERS
CLASS RelTwoSplitter
( Í class = " two˙splitter" ; category = "" Í )
" relative splitter"Î�Î

Dividing a flow in two fraction, based on the flow fraction parameter.

EXTENDS WWTPAtomicModelWithoutVolume WITHÌ
: 20
comments Ï-Ð " A model for a relative splitter into two flows" ;
interface Ï-ÐÌ

OBJ Inflow ( Í terminal = " in˙1" Í ) " Inflow" :
InWWTPTerminal :=

Ì
: causality Ï-Ð " CIN" : Ñ ;

OBJ Outflow1 ( Í terminal = " out˙1" Í ) " Outflow1" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;

OBJ Outflow2 ( Í terminal = " out˙2" Í ) " Outflow2" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;Ñ ; 30

parameter s Ï-ÐÌ
OBJ f Out2 " Fraction of the fluxesgoing to outflow2" : Fraction :=

Ì
: value Ï-Ð 0.9 : Ñ ;Ñ ;

equations Ï-ÐÌ Ì
FOREACH Comp Index IN

Ì
1 . . NrOfComponentsÑ :
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interface .Outflow1[Comp Index] = 40Ð state .InFluxPerComponent[CompIndex] Í (1 Ð parameter s.f Out2);Ñ ;Ì
FOREACH Comp Index IN

Ì
1 . . NrOfComponentsÑ :

interface .Outflow2[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í
(parameter s.f Out2);Ñ ;Ñ ;

: Ñ ; 50

CLASS AbsTwoSplitter
( Í class = " two˙splitter" ; category = "" Í )
" absolutetwo way splitter"Î�Î

Dividing a flow in two flows.Î�Î
Attention should be given to the possibility that in case of anÎ�Î
absolute splitter the flows never go negative.Î�Î
Attention is given in the model 60

EXTENDS WWTPAtomicModelWithoutVolume WITHÌ
:
comments Ï-Ð " A model for an absolutesplitter into two flows" ;
interface Ï-ÐÌ

OBJ Inflow ( Í terminal = " in˙1" Í ) " Inflow" :
InWWTPTerminal :=

Ì
: causality Ï,Ð " CIN" : Ñ ;

OBJ Outflow1 ( Í terminal = " out˙1" Í ) " Outflow1" :

OutWWTPTerminal :=
Ì
: causality Ï-Ð " COUT" : Ñ ; 70

OBJ Outflow2 ( Í terminal = " out˙2" Í ) " Outflow2" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;Ñ ;

parameter s Ï-ÐÌ
OBJ Q Out2 " Outflow2rate" : FlowRate :=

Ì
: value Ï-Ð 50: Ñ ;Ñ ;

state Ï-ÐÌ
80

OBJ Q Out1 " Outflow1rate" : FlowRate ;
OBJ f Out2 ( Í hidden= " 1" Í ) " Fraction of the influent flux going to outflow2" : Fraction ;
OBJ Q Out2 Help ( Í hidden= " 1" Í ) " Help variable for outflow2rate" : FlowRate ;Ñ ;

equations Ï-ÐÌ
state .Q Out1 = IF(parameter s.Q Out2 Ò state .Q In)

THEN 0

ELSE state .Q In Ð state .Q Out2 Help ; 90

state .Q Out2 Help = IF(parameter s.Q Out2 Ò state .Q In)
THEN state .Q In
ELSE parameter s.Q Out2;

state .f Out2 = state .Q Out2 Help
Î

state .Q In ;

interface .Outflow1[H2O] = Ð state .Q Out1Î
parameter s.WWTPSpecificVolume[H2O] ;

interface .Outflow2[H2O] = Ð state .Q Out2 Help 100Î
parameter s.WWTPSpecificVolume[H2O] ;Ì

FOREACH Comp Index IN
Ì
2 . . NrOfComponentsÑ :

interface .Outflow1[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í (1 Ð state .f Out2) ; Ñ ;Ì
FOREACH Comp Index IN

Ì
2 . . NrOfComponentsÑ :

interface .Outflow2[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í state .f Out2 ; Ñ ;
110Ñ ;

: Ñ ;
CLASS TwoCombiner
( Í class = " two˙combiner" ; category = "" Í )
" two combiner"
EXTENDS WWTPAtomicModelWithoutVolume WITHÌ
:
comments Ï-Ð " A model for a combinerof two flows" ;

interface Ï-Ð 120Ì
OBJ Inflow1 ( Í terminal = " in˙1" Í ) " Inflow1" :

InWWTPTerminal :=
Ì
: causality Ï,Ð " CIN" : Ñ ;

OBJ Inflow2 ( Í terminal = " in˙2" Í ) " Inflow2" :
InWWTPTerminal :=

Ì
: causality Ï,Ð " CIN" : Ñ ;

OBJ Outflow ( Í terminal = " out˙1" Í ) " Outflow" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;Ñ ;

equations Ï-Ð 130Ì Ì
FOREACH Comp Index IN

Ì
1 . . NrOfComponentsÑ :

interface .Outflow[Comp Index] =Ð state .InFluxPerComponent[CompIndex]; Ñ ;Ñ ;
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: Ñ ;
CLASS RelThreeSplitter
( Í class = " three˙splitter" ; category = "" Í )
" relative three splitter" 140Î�Î

Dividing a flow in three fractions, based on the flow fraction parameter.

EXTENDS WWTPAtomicModelWithoutVolume WITHÌ
:
comments Ï-Ð " A model for a relative splitter into three flows" ;
interface Ï-ÐÌ

OBJ Inflow ( Í terminal = " in˙1" Í ) " Inflow" :

InWWTPTerminal :=
Ì
: causality Ï-Ð " CIN" : Ñ ; 150

OBJ Outflow1 ( Í terminal = " out˙1" Í ) " Outflow1" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;

OBJ Outflow2 ( Í terminal = " out˙2" Í ) " Outflow2" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;

OBJ Outflow3 ( Í terminal = " out˙3" Í ) " Outflow3" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;Ñ ;

parameter s Ï-ÐÌ
160

OBJ f Out2 " Fraction of the fluxesgoing to outflow2" : Fraction :=
Ì
: value Ï-Ð 0.1 : Ñ ;

OBJ f Out3 " Fraction of the fluxesgoing to outflow3" : Fraction :=
Ì
: value Ï-Ð 0.8 : Ñ ;Ñ ;

equations Ï-ÐÌ Ì
FOREACH Comp Index IN

Ì
1 . . NrOfComponentsÑ :

interface .Outflow2[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í
(parameter s.f Out2);Ñ ; 170Ì
FOREACH Comp Index IN

Ì
1 . . NrOfComponentsÑ :

interface .Outflow3[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í
(parameter s.f Out3);Ñ ;Ì
FOREACH Comp Index IN

Ì
1 . . NrOfComponentsÑ :

interface .Outflow1[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í (1 Ð (parameter s.f Out2 + parameter s.f Out3) ); Ñ ;Ñ ; 180

: Ñ ;
CLASS AbsThreeSplitter
( Í class = " three˙splitter" ; category = "" Í )
" absolutethree way splitter"Î�Î

Dividing a flow in three flows.Î�Î
Attention should be given to the possibility that in case of an 190Î�Î
absolute splitter the flows never go negative.

EXTENDS WWTPAtomicModelWithoutVolume WITHÌ
:
comments Ï-Ð " A model for an absolutesplitter into three flows" ;
interface Ï-ÐÌ

OBJ Inflow ( Í terminal = " in˙1" Í ) " Inflow" :
InWWTPTerminal :=

Ì
: causality Ï-Ð " CIN" : Ñ ;

OBJ Outflow1 ( Í terminal = " out˙1" Í ) " Outflow1" : 200
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;

OBJ Outflow2 ( Í terminal = " out˙2" Í ) " Outflow2" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;

OBJ Outflow3 ( Í terminal = " out˙3" Í ) " Outflow3" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;Ñ ;

parameter s Ï-ÐÌ
OBJ Q Out2 " Outflow2rate" : FlowRate :=

Ì
: value Ï,Ð 50: Ñ ; 210

OBJ Q Out3 " Outflow3rate" : FlowRate :=
Ì
: value Ï,Ð 50: Ñ ;Ñ ;

state Ï-ÐÌ
OBJ Q Out1 " Outflow1rate" : FlowRate ;
OBJ f Out1 ( Í hidden= " 1" Í ) " Fraction of the influent flux going to outflow1" : Fraction ;
OBJ f Out2 ( Í hidden= " 1" Í ) " Fraction of the influent flux going to outflow2" : Fraction ;
OBJ f Out3 ( Í hidden= " 1" Í ) " Fraction of the influent flux going to outflow3" : Fraction ;

OBJ Q Out2 Help ( Í hidden= " 1" Í ) " Help variable for outflow2rate" : FlowRate; 220
OBJ Q Out3 Help ( Í hidden= " 1" Í ) " Help variable for outflow3rate" : FlowRate;Ñ ;

equations Ï-ÐÌÎ�Î
creating zero outflow is potentially dangerous because the Q In in the next block is zero,Î�Î
so when something is divided by Q In it gives NaN (luckily caught by the solver now) !!!

state .Q Out1 = state .Q In Ð (state .Q Out2 Help + state .Q Out3 Help);

230
state .Q Out2 Help = IF( parameter s.Q Out2 Ò state .Q In)
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THEN state .Q In
ELSE parameter s.Q Out2;

state .Q Out3 Help = IF( (parameter s.Q Out2+parameter s.Q Out3) Ò state .Q In)
THEN state .Q In Ð state .Q Out2 Help
ELSE parameter s.Q Out3;

state .f Out1 = 1 Ð (state .f Out2 + state .f Out3) ;

state .f Out2 = state .Q Out2 Help
Î
state .Q In ; 240

state .f Out3 = state .Q Out3 Help
Î

state .Q In ;

interface .Outflow1[H2O] = Ð state .Q Out1Î
parameter s.WWTPSpecificVolume[H2O] ;

interface .Outflow2[H2O] = Ð state .Q Out2 HelpÎ
parameter s.WWTPSpecificVolume[H2O] ;

interface .Outflow3[H2O] = Ð state .Q Out3 HelpÎ
parameter s.WWTPSpecificVolume[H2O] ;Ì

FOREACH Comp Index IN
Ì
1 . . NrOfComponentsÑ : 250

interface .Outflow1[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í state .f Out1 ; Ñ ;Ì
FOREACH Comp Index IN

Ì
1 . . NrOfComponentsÑ :

interface .Outflow2[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í state .f Out2 ; Ñ ;Ì
FOREACH Comp Index IN

Ì
1 . . NrOfComponentsÑ :

interface .Outflow3[Comp Index] =Ð state .InFluxPerComponent[CompIndex] Í state .f Out3 ; Ñ ; 260Ñ ;
: Ñ ;
CLASS ThreeCombiner
( Í class = " three˙combiner" ; category = "" Í )
" three combiner"
EXTENDS WWTPAtomicModelWithoutVolume WITHÌ
:
comments Ï-Ð " A model for a combinerof three flows" ;

interface Ï-Ð 270Ì
OBJ Inflow1 ( Í terminal = " in˙1" Í ) " Inflow1" :

InWWTPTerminal :=
Ì
: causality Ï,Ð " CIN" : Ñ ;

OBJ Inflow2 ( Í terminal = " in˙2" Í ) " Inflow2" :
InWWTPTerminal :=

Ì
: causality Ï,Ð " CIN" : Ñ ;

OBJ Inflow3 ( Í terminal = " in˙3" Í ) " Inflow3" :
InWWTPTerminal :=

Ì
: causality Ï,Ð " CIN" : Ñ ;

OBJ Outflow ( Í terminal = " out˙1" Í ) " Outflow" :
OutWWTPTerminal :=

Ì
: causality Ï-Ð " COUT" : Ñ ;Ñ ; 280

equations Ï-ÐÌ Ì
FOREACH Comp Index IN

Ì
1 . . NrOfComponentsÑ :

interface .Outflow[Comp Index] =Ð state .InFluxPerComponent[CompIndex]; Ñ ;Ñ ;
: Ñ ;

#endif
Î�Î
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C.1 Discretization result: contin uous case , effluent overflo w

OBJ Iiterator: Integer;
OBJ Kiterator: Integer;
CLASS pdeClass SPECIALISES PhysicalDAEModelType :=
{:
//
// PDE model before discretisation: cont.msl
//
// //
// // cont.msl
// //
// // Acceptance test for the MSL compiler:
// // a sedimentation PDE model
// // The Dirac deltas have been concretised by
// // a square pulse of width 2*sigma
// // This should NOT be seen as the width of the inlet
// // which is abstracted as a point in this 1-D model
// //
// // HV 23/ 3/1999
// //
//
// OBJ pdeClass "acceptance test of PDE" :
// SET Generic END_SET:=
// {
//
// // The declarations
// //
//
// // constants
// //
// OBJ z_f "inlet position" : PhysicalQuantityType :=
// {OBJ value: Real:=0.35,
// OBJ variability : Variability:= constant},
//
// OBJ sigma "half width of the Dirac delta" : PhysicalQuantityType :=
// {OBJ value: Real:=0.25,
// OBJ variability: Variability:= constant},
//
// // 1-D independent variables
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// //
// OBJ t "time" : PhysicalQuantityType :=
// {OBJ variability: Variability:= indep_time_var},
// OBJ z "space" : PhysicalQuantityType :=
// {OBJ variability: Variability:= indep_space_var,
// OBJ DIM1: Integer := 999},
//
// // inputs
// //
// OBJ Q_f "influent flow" : PhysicalQuantityType :=
// {OBJ variability: Variability:= input_var},
// OBJ X_f "influent concentration" : PhysicalQuantityType :=
// {OBJ variability: Variability:= input_var},
// OBJ Q_u "underflow" : PhysicalQuantityType :=
// {OBJ variability: Variability:= input_var},
//
// // outputs (just for testing, not needed)
// //
// OBJ Q_e "effluent flow" : PhysicalQuantityType :=
// {OBJ variability: Variability:= output_var},
//
// // physical parameters
// //
// OBJ A "cross section area" : PhysicalQuantityType :=
// {OBJ value: Real:=700.0,
// OBJ variability: Variability:= parameter},
// OBJ L "height of settler" : PhysicalQuantityType :=
// {OBJ value: Real:=5.0,
// OBJ variability: Variability:= constant},
//
// OBJ D_0 "diffusion constant" : PhysicalQuantityType :=
// {OBJ value: Real:=0.165,
// OBJ variability: Variability:= parameter},
// OBJ n "Vesilind settling" : PhysicalQuantityType :=
// {OBJ value: Real:=0.306,
// OBJ variability: Variability:= parameter},
// OBJ v_0 "Vesilind settling" : PhysicalQuantityType :=
// {OBJ value: Real:=7.625,
// OBJ variability: Variability:= parameter},
//
// // dependent variables
// //
// OBJ X "concentration X(z,t)" : PhysicalQuantityType :=
// {OBJ variability: Variability:= algode_var},
//
// // The PDE (after function substitution and Dirac approximation)
// // HV: function substitution is not necessary
// // when (future) we allow a SET of equations as
// // 3rd argument of foreach()
// //
// // Equations and Boundary Conditions are given "over" a domain
// // The domain may be a range or a single point
// //
// // foreach(<variable id>, <domainrange>, <equation>)
//
// // The equations
// //
// foreach(z, range(-(0),-(1.5)),
// DERIV(X, [t,]) = - ((1-n*X)*v_0*exp(-n*X) + Q_u/A )*DERIV(X, [z,])
// + D_0*DERIV(X, [z,z])),
// foreach(z, range(-(1.5),-(2.0)),
// DERIV(X, [t,]) = - ((1-n*X)*v_0*exp(-n*X) + Q_u/A)*DERIV(X, [z,])
// + X_f*Q_f/(2.0*sigma*A)
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// + D_0*DERIV(X, [z,z])),
// foreach(z, range(-(2.0),+(5.0)),
// DERIV(X, [t,]) = - ((1-n*X)*v_0*exp(-n*X) + Q_u/A)*DERIV(X, [z,])
// + D_0*DERIV(X, [z,z])),
//
// // The Boundary Conditions
// // convention in BCs only:
// // write C + X*... + DX*... + D2X*...
// // i.e., the X-term up front in a product
// //
// // Note how the factors of the X-terms may not
// // contain X (except in the condition of and ifThenElse())
// // If the factors do contain X, the matrix approach
// // can no longer be used which results in a consideble
// // slowdown, less accuracy, ... It is better to employ
// // a suitable piecewise linearisation of the F(X)
// // factor. (see the batch case example)
// //
// foreach(z, range(+(0),-(0)), DERIV(X, [z,]) = 0.0),
// foreach(z, range(+(5),-(5)), DERIV(X, [z,]) = 0.0),
//
// // Later: discretisation information here too ?
// // Thus: EXTEND PDE model with different
// // discretisation schemes
// }
// // End of cont.msl
//
// ---------------------------------------------
// Discretisation file: cont.inf
//
// 3
// 0
// 1 0 0 1.5
// 1 0 0 2.0
// 2 0 0 5.0
//
// ---------------------------------------------
// Discretised model
//

interface <-
{ OBJ Q_f "influent flow" :PhysicalQuantityType := {:causality <- CIN:};
OBJ X_f "influent concentration" :PhysicalQuantityType := {:causality <- CIN:};
OBJ Q_u "underflow" :PhysicalQuantityType := {:causality <- CIN:};
OBJ Q_e "effluent flow" :PhysicalQuantityType := {:causality <- COUT:}}
;

parameters <-
{ OBJ Qinv (* hidden = "1" *) "Qinv matrix = inv(Q)" :PhysicalQuantityType [4;][4,];
OBJ C (* hidden = "1" *) "C matrix of constants (not X dependent)" :PhysicalQuantityType [4;];
OBJ Q (* hidden = "1" *) "Q matrix of U coefficients" :PhysicalQuantityType [4;][4,];
OBJ P (* hidden = "1" *) "P matrix of W coefficients" :PhysicalQuantityType [4;][4,];
OBJ A1 (* hidden = "1" *) "collocation matrix A1" :PhysicalQuantityType [3;][3,]:= [

[ {: value <- -3.0:}, {: value <- 4.0:}, {: value <- -1.0:}];
[ {: value <- -1.0:}, {: value <- 0.0:}, {: value <- 1.0:}];
[ {: value <- 1.0:}, {: value <- -4.0:}, {: value <- 3.0:}]

]
;
OBJ B1 (* hidden = "1" *) "collocation matrix B1" :PhysicalQuantityType [3;][3,]:= [

[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}];
[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}];
[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}]

]
;
OBJ A2 (* hidden = "1" *) "collocation matrix A2" :PhysicalQuantityType [3;][3,]:= [
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[ {: value <- -3.0:}, {: value <- 4.0:}, {: value <- -1.0:}];
[ {: value <- -1.0:}, {: value <- 0.0:}, {: value <- 1.0:}];
[ {: value <- 1.0:}, {: value <- -4.0:}, {: value <- 3.0:}]

]
;
OBJ B2 (* hidden = "1" *) "collocation matrix B2" :PhysicalQuantityType [3;][3,]:= [

[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}];
[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}];
[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}]

]
;
OBJ A3 (* hidden = "1" *) "collocation matrix A3" :PhysicalQuantityType [4;][4,]:= [

[ {: value <- -7.0:}, {: value <- 8.196152422707:}, {: value <- -2.196152422707:},
{: value <- 1.0:}];

[ {: value <- -2.732050807569:}, {: value <- 1.732050807569:}, {: value <- 1.732050807569:},
{: value <- -0.7320508075689:}];

[ {: value <- 0.7320508075689:}, {: value <- -1.732050807569:}, {: value <- -1.732050807569:},
{: value <- 2.732050807569:}];

[ {: value <- -1.0:}, {: value <- 2.196152422707:}, {: value <- -8.196152422707:},
{: value <- 7.0:}]

]
;
OBJ B3 (* hidden = "1" *) "collocation matrix B3" :PhysicalQuantityType [4;][4,]:= [

[ {: value <- 24:}, {: value <- -37.17691453624:}, {: value <- 25.17691453624:},
{: value <- -12.0:}];

[ {: value <- 16.39230484541:}, {: value <- -24.0:}, {: value <- 12.0:},
{: value <- -4.392304845413:}];

[ {: value <- -4.392304845413:}, {: value <- 12:}, {: value <- -24.0:},
{: value <- 16.39230484541:}];

[ {: value <- -12.0:}, {: value <- 25.17691453624:}, {: value <- -37.17691453624:},
{: value <- 24:}]

]
;
OBJ z "space" :PhysicalQuantityType [8,]:= [ {: value <- 0.0:}, {: value <- 0.75:},

{: value <- 1.5:}, {: value <- 1.75:}, {: value <- 2.0:}, {: value <- 2.633974596216:},
{: value <- 4.366025403784:}, {: value <- 5.0:}];

OBJ z_f "inlet position" :PhysicalQuantityType := {: value <- 0.35:};
OBJ sigma "half width of the Dirac delta" :PhysicalQuantityType := {: value <- 0.25:};
OBJ A "cross section area" :PhysicalQuantityType := {: value <- 700.0:};
OBJ L "height of settler" :PhysicalQuantityType := {: value <- 5.0:};
OBJ D_0 "diffusion constant" :PhysicalQuantityType := {: value <- 0.165:};
OBJ n "Vesilind settling" :PhysicalQuantityType := {: value <- 0.306:};
OBJ v_0 "Vesilind settling" :PhysicalQuantityType := {: value <- 7.625:}}
;

independent <-
{ OBJ t "time" :PhysicalQuantityType }
;

state <-
{ OBJ R (* hidden = "1" *) "R matrix = P*W+C" :PhysicalQuantityType [4;];
OBJ U (* hidden = "1" *) "X(z,t) at Finite Element Boundaries" :PhysicalQuantityType [4,]:=

[ {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}];
OBJ W "X(z,t) at Internal Collocation Points" :PhysicalQuantityType [4,]:=

[ {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}];
OBJ X "concentration X(z,t)" :PhysicalQuantityType [8,]:=

[ {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:},
{: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}]}

;
initial <-

{ parameters.Q[4][3]:= ((1/3.0)*parameters.A3[4][1]);
parameters.Q[4][4]:= ((1/3.0)*parameters.A3[4][4]);
parameters.Q[1][1]:= ((1/1.5)*parameters.A1[1][1]);
parameters.Q[1][2]:= ((1/1.5)*parameters.A1[1][3]);
parameters.Q[2][1]:= ((1/1.5)*parameters.A1[3][1]);
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parameters.Q[2][2]:= (-(((1/0.5)*parameters.A2[1][1])) + ((1/1.5)*parameters.A1[3][3]));
parameters.Q[2][3]:= -(((1/0.5)*parameters.A2[1][3]));
parameters.Q[3][2]:= ((1/0.5)*parameters.A2[3][1]);
parameters.Q[3][3]:= (-(((1/3.0)*parameters.A3[1][1])) + ((1/0.5)*parameters.A2[3][3]));
parameters.Q[3][4]:= -(((1/3.0)*parameters.A3[1][4]));
parameters.Qinv[1][1]:= invert_td(ref(parameters.Qinv[1][1]) , ref(parameters.Q[1][1]) , 4)
;
parameters.C[1][1]:= -(0.0);
parameters.C[4][1]:= -(0.0);
parameters.P[1][1]:= ((1/1.5)*parameters.A1[1][2]);
parameters.P[2][1]:= ((1/1.5)*parameters.A1[3][2]);
parameters.P[2][2]:= -(((1/0.5)*parameters.A2[1][2]));
parameters.P[3][2]:= ((1/0.5)*parameters.A2[3][2]);
parameters.P[3][3]:= -(((1/3.0)*parameters.A3[1][2]));
parameters.P[3][4]:= -(((1/3.0)*parameters.A3[1][3]));
parameters.P[4][3]:= ((1/3.0)*parameters.A3[4][2]);
parameters.P[4][4]:= ((1/3.0)*parameters.A3[4][3])}
;

equations <-
{
{FOREACH Iiterator IN {1 .. 4}
:

state.U[Iiterator]:= -((SUMOVER Kiterator IN {1 .. 4}
:(parameters.Qinv[Iiterator][Kiterator]*state.R[Kiterator])));}
;

{FOREACH Iiterator IN {1 .. 4}
:

state.R[Iiterator]:= ((SUMOVER Kiterator IN {1 .. 4}
:(parameters.P[Iiterator][Kiterator]*state.W[Kiterator])) + parameters.C[Iiterator]);}
;
DERIV(state.W[4],[independent.t])
= ((-(((((1 - (parameters.n*state.W[4]))*parameters.v_0)*exp((-(parameters . n)*state. W[4]))
) + (interface.Q_u/parameters.A)))*((state.U[4]*((1/3.0)*param ete rs.A3[3][4 ]))
+ ((state.W[4]*((1/3.0)*parameters.A3[3][3])) + ((state.W[3]*((1/3.0)*parameters.A3[3][2]))
+ (state.U[3]*((1/3.0)*parameters.A3[3][1]))))))
+ (parameters.D_0*((state.U[4]*(((1/3.0)*(1/3.0))*parameter s.B3[3 ][4]))
+ ((state.W[4]*(((1/3.0)*(1/3.0))*parameters.B3[3][3]))
+ ((state.W[3]*(((1/3.0)*(1/3.0))*parameters.B3[3][2]))
+ (state.U[3]*(((1/3.0)*(1/3.0))*parameters.B3[3][1]))))) ));
DERIV(state.W[3],[independent.t])
= ((-(((((1 - (parameters.n*state.W[3]))*parameters.v_0)*exp((-(parameters . n)*state. W[3]))
) + (interface.Q_u/parameters.A)))*((state.U[4]*((1/3.0)*param ete rs.A3[2][4 ]))
+ ((state.W[4]*((1/3.0)*parameters.A3[2][3])) + ((state.W[3]*((1/3.0)*parameters.A3[2][2]))
+ (state.U[3]*((1/3.0)*parameters.A3[2][1]))))))
+ (parameters.D_0*((state.U[4]*(((1/3.0)*(1/3.0))*parameter s.B3[2 ][4]))
+ ((state.W[4]*(((1/3.0)*(1/3.0))*parameters.B3[2][3]))
+ ((state.W[3]*(((1/3.0)*(1/3.0))*parameters.B3[2][2]))
+ (state.U[3]*(((1/3.0)*(1/3.0))*parameters.B3[2][1]))))) ));
DERIV(state.W[2],[independent.t])
= (((-(((((1 - (parameters.n*state.W[2]))*parameters.v_0)*exp((-(parameters .n)*state .W[2]))
) + (interface.Q_u/parameters.A)))*((state.U[3]*((1/0.5)*param ete rs.A2[2][3 ]))
+ ((state.W[2]*((1/0.5)*parameters.A2[2][2])) + (state.U[2]*((1/0.5)*parameters.A2[2][1])))))
+ ((interface.X_f*interface.Q_f)/((2.0*parameters.sigma)*parame te rs.A)))
+ (parameters.D_0*((state.U[3]*(((1/0.5)*(1/0.5))*parameter s.B2[2 ][3]))
+ ((state.W[2]*(((1/0.5)*(1/0.5))*parameters.B2[2][2]))
+ (state.U[2]*(((1/0.5)*(1/0.5))*parameters.B2[2][1]))))) );
DERIV(state.W[1],[independent.t])
= ((-(((((1 - (parameters.n*state.W[1]))*parameters.v_0)*exp((-(parameters . n)*state. W[1]))
) + (interface.Q_u/parameters.A)))*((state.U[2]*((1/1.5)*param ete rs.A1[2][3 ]))
+ ((state.W[1]*((1/1.5)*parameters.A1[2][2])) + (state.U[1]*((1/1.5)*parameters.A1[2][1])))))
+ (parameters.D_0*((state.U[2]*(((1/1.5)*(1/1.5))*parameter s.B1[2 ][3]))
+ ((state.W[1]*(((1/1.5)*(1/1.5))*parameters.B1[2][2]))
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+ (state.U[1]*(((1/1.5)*(1/1.5))*parameters.B1[2][1]))))) );
state.X[1]:= state.U[1];
state.X[2]:= state.W[1];
state.X[3]:= state.U[2];
state.X[4]:= state.W[2];
state.X[5]:= state.U[3];
state.X[6]:= state.W[3];
state.X[7]:= state.W[4];
state.X[8]:= state.U[4]}
;
:};
OBJ pde "pde. ": pdeClass; // (* Mod: remove *)

C.2 Discretization result: contin uous case , effluent pumped

OBJ Iiterator: Integer;
OBJ Kiterator: Integer;
CLASS pdeClass SPECIALISES PhysicalDAEModelType :=
{:
//
// PDE model before discretisation: cont_theta.msl
//
// //
// // PDE model before discretisation: cont_theta.msl
// //
// // //
// // // cont_theta.msl
// // //
// // // Acceptance test for the MSL compiler:
// // // a sedimentation PDE model
// // // The Dirac deltas have been concretised by
// // // a square pulse of width 2*sigma
// // // This should NOT be seen as the width of the inlet
// // // which is abstracted as a point in this 1-D model
// // //
// // // HV 23/ 3/1999
// // //
//
// OBJ pdeClass "acceptance test of PDE" :
// SET Generic END_SET:=
// {
// //
// // // The declarations
// // //
// //
// // // constants
// // //
// OBJ z_f "inlet position" : PhysicalQuantityType :=
// {OBJ value: Real:=0.35,
// OBJ variability : Variability:= constant},
//
// OBJ sigma "half width of the Dirac delta" : PhysicalQuantityType :=
// {OBJ value: Real:=0.5,
// OBJ variability: Variability:= constant},
//
// // 1-D independent variables
// //
// OBJ t "time" : PhysicalQuantityType :=
// {OBJ variability: Variability:= indep_time_var},
// OBJ z "space" : PhysicalQuantityType :=
// {OBJ variability: Variability:= indep_space_var,
// OBJ DIM1: Integer := 999},
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//
// // // inputs
// // //
// // // OBJ Q_f "influent flow" : PhysicalQuantityType :=
// // // {OBJ variability: Variability:= input_var},
// // // OBJ X_f "influent concentration" : PhysicalQuantityType :=
// // // {OBJ variability: Variability:= input_var},
// // // OBJ Q_u "underflow" : PhysicalQuantityType :=
// // // {OBJ variability: Variability:= input_var},
// //
// // // outputs (just for testing, not needed)
// // //
// // // OBJ Q_e "effluent flow" : PhysicalQuantityType :=
// // // {OBJ variability: Variability:= output_var},
// //
// // // physical parameters
// // //
// OBJ A "cross section area" : PhysicalQuantityType :=
// {OBJ value: Real:= 700.0,
// OBJ variability: Variability:= parameter},
// OBJ L "height of settler" : PhysicalQuantityType :=
// {OBJ value: Real:=5.0,
// OBJ variability: Variability:= constant},
//
// OBJ D_0 "diffusion constant" : PhysicalQuantityType :=
// {OBJ value: Real:= 0.165,
// OBJ variability: Variability:= parameter},
// OBJ n "Vesilind settling" : PhysicalQuantityType :=
// {OBJ value: Real:= 0.306,
// OBJ variability: Variability:= parameter},
// OBJ v_0 "Vesilind settling" : PhysicalQuantityType :=
// {OBJ value: Real:= 7.625,
// OBJ variability: Variability:= parameter},
//
// OBJ Q_f "influent flow" : PhysicalQuantityType :=
// {OBJ value: Real:= 872.0,
// OBJ variability: Variability:= parameter },
// OBJ X_f "influent concentration" : PhysicalQuantityType :=
// {OBJ value: Real:= 4.0,
// OBJ variability: Variability:= parameter},
// OBJ Q_u "underflow" : PhysicalQuantityType :=
// {OBJ value: Real:= 397.0,
// OBJ variability: Variability:= parameter},
//
// OBJ dQ_f "influent flow step" : PhysicalQuantityType :=
// {OBJ value: Real:= 400.0,
// OBJ variability: Variability:= parameter },
// OBJ dX_f "influent concentration step" : PhysicalQuantityType :=
// {OBJ value: Real:= 3.0,
// OBJ variability: Variability:= parameter},
// OBJ dQ_u "underflow step" : PhysicalQuantityType :=
// {OBJ value: Real:= 100.0,
// OBJ variability: Variability:= parameter},
//
// OBJ tQ_f1 "influent flow step start time" : PhysicalQuantityType :=
// {OBJ value: Real:= 3.0,
// OBJ variability: Variability:= parameter },
// OBJ tQ_f2 "influent flow step end time" : PhysicalQuantityType :=
// {OBJ value: Real:= 6.0,
// OBJ variability: Variability:= parameter },
//
// OBJ tX_f1 "influent concentration step start time" : PhysicalQuantityType :=
// {OBJ value: Real:= 2.0,
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// OBJ variability: Variability:= parameter},
// OBJ tX_f2 "influent concentration step end time" : PhysicalQuantityType :=
// {OBJ value: Real:= 5.0,
// OBJ variability: Variability:= parameter},
//
// OBJ tQ_u1 "underflow step start time" : PhysicalQuantityType :=
// {OBJ value: Real:= 10.0,
// OBJ variability: Variability:= parameter},
// OBJ tQ_u2 "underflow step end time" : PhysicalQuantityType :=
// {OBJ value: Real:= 12.0,
// OBJ variability: Variability:= parameter},
//
// // dependent variables
// // //
// OBJ X "concentration X(z,t)" : PhysicalQuantityType :=
// {OBJ variability: Variability:= algode_var},
//
// // The PDE (after function substitution and Dirac approximation)
// // // HV: function substitution is not necessary
// // // when (future) we allow a SET of equations as
// // // 3rd argument of foreach()
// // //
// // // Equations and Boundary Conditions are given "over" a domain
// // // The domain may be a range or a single point
// // //
// // // foreach(<variable id>, <domainrange>, <equation>)
// //
// // // The equations
// // //
// foreach(z, range(-(0),-(1.5)),
// DERIV(X, [t,]) = - ((1-n*X)*v_0*exp(-n*X) +
// Q_u/A + dQ_u/A*(theta(t-tQ_u1) - theta(t-tQ_u2)))
// *DERIV(X, [z,]) + D_0*DERIV(X, [z,z])),
// foreach(z, range(-(1.5),-(2.0)),
// DERIV(X, [t,]) = - ((1-n*X)*v_0*exp(-n*X) +
// Q_u/A + dQ_u/A*(theta(t-tQ_u1) - theta(t-tQ_u2)))
// *DERIV(X, [z,])
// + (X_f+dX_f*(theta(t-tX_f1)-theta(t-tX_f2)))
// * (Q_f+dQ_f*(theta(t-tQ_f1)-theta(t-tQ_f2)))
// /(2.0*sigma*A) + D_0*DERIV(X, [z,z])),
// foreach(z, range(-(2.0),+(5.0)),
// DERIV(X, [t,]) = - ((1-n*X)*v_0*exp(-n*X) +
// Q_u/A + dQ_u/A*(theta(t-tQ_u1) - theta(t-tQ_u2)))
// *DERIV(X, [z,])
// + D_0*DERIV(X, [z,z])),
// //
// // // The Boundary Conditions
// // // convention in BCs only:
// // // write C + X*... + DX*... + D2X*...
// // // i.e., the X-term up front in a product
// // //
// // // Note how the factors of the X-terms may not
// // // contain X (except in the condition of and ifThenElse())
// // // If the factors do contain X, the matrix approach
// // // can no longer be used which results in a consideble
// // // slowdown, less accuracy, ... It is better to employ
// // // a suitable piecewise linearisation of the F(X)
// // // factor. (see the batch case example)
// // //
// foreach(z, range(+(0),-(0)), DERIV(X, [z,]) = 0.0),
// foreach(z, range(+(5),-(5)), DERIV(X, [z,]) = 0.0),
// //
// // // Later: discretisation information here too ?



C.2 Discretization result: contin uous case, effluent pumped 285

// // // Thus: EXTEND PDE model with different
// // // discretisation schemes
// }
// // // End of cont_theta.msl
//
// ---------------------------------------------
// Discretisation file: cont_theta.inf
//
// 3
// 0
// 1 0 0 1.5
// 1 0 0 2.0
// 2 0 0 5.0
//
// ---------------------------------------------
// Discretised model
//

interface <-
{ }
;

parameters <-
{ OBJ Qinv (* hidden = "1" *) "Qinv matrix = inv(Q)" :PhysicalQuantityType [4;][4,];
OBJ C (* hidden = "1" *) "C matrix of constants (not X dependent)" :PhysicalQuantityType [4;];
OBJ Q (* hidden = "1" *) "Q matrix of U coefficients" :PhysicalQuantityType [4;][4,];
OBJ P (* hidden = "1" *) "P matrix of W coefficients" :PhysicalQuantityType [4;][4,];
OBJ A1 (* hidden = "1" *) "collocation matrix A1" :PhysicalQuantityType [3;][3,]:= [

[ {: value <- -3.0:}, {: value <- 4.0:}, {: value <- -1.0:}];
[ {: value <- -1.0:}, {: value <- 0.0:}, {: value <- 1.0:}];
[ {: value <- 1.0:}, {: value <- -4.0:}, {: value <- 3.0:}]

]
;
OBJ B1 (* hidden = "1" *) "collocation matrix B1" :PhysicalQuantityType [3;][3,]:= [

[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}];
[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}];
[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}]

]
;
OBJ A2 (* hidden = "1" *) "collocation matrix A2" :PhysicalQuantityType [3;][3,]:= [

[ {: value <- -3.0:}, {: value <- 4.0:}, {: value <- -1.0:}];
[ {: value <- -1.0:}, {: value <- 0.0:}, {: value <- 1.0:}];
[ {: value <- 1.0:}, {: value <- -4.0:}, {: value <- 3.0:}]

]
;
OBJ B2 (* hidden = "1" *) "collocation matrix B2" :PhysicalQuantityType [3;][3,]:= [

[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}];
[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}];
[ {: value <- 4.0:}, {: value <- -8.0:}, {: value <- 4.0:}]

]
;
OBJ A3 (* hidden = "1" *) "collocation matrix A3" :PhysicalQuantityType [4;][4,]:= [

[ {: value <- -7.0:}, {: value <- 8.196152422707:}, {: value <- -2.196152422707:},
{: value <- 1.0:}];

[ {: value <- -2.732050807569:}, {: value <- 1.732050807569:}, {: value <- 1.732050807569:},
{: value <- -0.7320508075689:}];

[ {: value <- 0.7320508075689:}, {: value <- -1.732050807569:}, {: value <- -1.732050807569:},
{: value <- 2.732050807569:}];

[ {: value <- -1.0:}, {: value <- 2.196152422707:}, {: value <- -8.196152422707:},
{: value <- 7.0:}]

]
;
OBJ B3 (* hidden = "1" *) "collocation matrix B3" :PhysicalQuantityType [4;][4,]:= [

[ {: value <- 24:}, {: value <- -37.17691453624:}, {: value <- 25.17691453624:},
{: value <- -12.0:}];
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[ {: value <- 16.39230484541:}, {: value <- -24.0:}, {: value <- 12.0:},
{: value <- -4.392304845413:}];

[ {: value <- -4.392304845413:}, {: value <- 12:}, {: value <- -24.0:},
{: value <- 16.39230484541:}];

[ {: value <- -12.0:}, {: value <- 25.17691453624:}, {: value <- -37.17691453624:},
{: value <- 24:}]

]
;
OBJ z "space" :PhysicalQuantityType [8,]:= [ {: value <- 0.0:}, {: value <- 0.75:},

{: value <- 1.5:}, {: value <- 1.75:}, {: value <- 2.0:}, {: value <- 2.633974596216:},
{: value <- 4.366025403784:}, {: value <- 5.0:}];

OBJ z_f "inlet position" :PhysicalQuantityType := {: value <- 0.35:};
OBJ sigma "half width of the Dirac delta" :PhysicalQuantityType := {: value <- 0.5:};
OBJ A "cross section area" :PhysicalQuantityType := {: value <- 700.0:};
OBJ L "height of settler" :PhysicalQuantityType := {: value <- 5.0:};
OBJ D_0 "diffusion constant" :PhysicalQuantityType := {: value <- 0.165:};
OBJ n "Vesilind settling" :PhysicalQuantityType := {: value <- 0.306:};
OBJ v_0 "Vesilind settling" :PhysicalQuantityType := {: value <- 7.625:};
OBJ Q_f "influent flow" :PhysicalQuantityType := {: value <- 872.0:};
OBJ X_f "influent concentration" :PhysicalQuantityType := {: value <- 4.0:};
OBJ Q_u "underflow" :PhysicalQuantityType := {: value <- 397.0:};
OBJ dQ_f "influent flow step" :PhysicalQuantityType := {: value <- 400.0:};
OBJ dX_f "influent concentration step" :PhysicalQuantityType := {: value <- 3.0:};
OBJ dQ_u "underflow step" :PhysicalQuantityType := {: value <- 100.0:};
OBJ tQ_f1 "influent flow step start time" :PhysicalQuantityType := {: value <- 3.0:};
OBJ tQ_f2 "influent flow step end time" :PhysicalQuantityType := {: value <- 6.0:};
OBJ tX_f1 "influent concentration step start time" :PhysicalQuantityType := {: value <- 2.0:};
OBJ tX_f2 "influent concentration step end time" :PhysicalQuantityType := {: value <- 5.0:};
OBJ tQ_u1 "underflow step start time" :PhysicalQuantityType := {: value <- 10.0:};
OBJ tQ_u2 "underflow step end time" :PhysicalQuantityType := {: value <- 12.0:}}
;

independent <-
{ OBJ t "time" :PhysicalQuantityType }
;

state <-
{ OBJ R (* hidden = "1" *) "R matrix = P*W+C" :PhysicalQuantityType [4;];
OBJ U (* hidden = "1" *) "X(z,t) at Finite Element Boundaries" :PhysicalQuantityType [4,]:=

[ {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}];
OBJ W "X(z,t) at Internal Collocation Points" :PhysicalQuantityType [4,]:=

[ {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}];
OBJ X "concentration X(z,t)" :PhysicalQuantityType [8,]:=

[ {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:},
{: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}, {: value <- 1.0:}]}

;
initial <-

{ parameters.Q[4][3]:= ((1/3.0)*parameters.A3[4][1]);
parameters.Q[4][4]:= ((1/3.0)*parameters.A3[4][4]);
parameters.Q[1][1]:= ((1/1.5)*parameters.A1[1][1]);
parameters.Q[1][2]:= ((1/1.5)*parameters.A1[1][3]);
parameters.Q[2][1]:= ((1/1.5)*parameters.A1[3][1]);
parameters.Q[2][2]:= (-(((1/0.5)*parameters.A2[1][1])) + ((1/1.5)*parameters.A1[3][3]));
parameters.Q[2][3]:= -(((1/0.5)*parameters.A2[1][3]));
parameters.Q[3][2]:= ((1/0.5)*parameters.A2[3][1]);
parameters.Q[3][3]:= (-(((1/3.0)*parameters.A3[1][1])) + ((1/0.5)*parameters.A2[3][3]));
parameters.Q[3][4]:= -(((1/3.0)*parameters.A3[1][4]));
parameters.Qinv[1][1]:= invert_td(ref(parameters.Qinv[1][1]) , ref(parameters.Q[1][1]) , 4)
;
parameters.C[1][1]:= -(0.0);
parameters.C[4][1]:= -(0.0);
parameters.P[1][1]:= ((1/1.5)*parameters.A1[1][2]);
parameters.P[2][1]:= ((1/1.5)*parameters.A1[3][2]);
parameters.P[2][2]:= -(((1/0.5)*parameters.A2[1][2]));
parameters.P[3][2]:= ((1/0.5)*parameters.A2[3][2]);
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parameters.P[3][3]:= -(((1/3.0)*parameters.A3[1][2]));
parameters.P[3][4]:= -(((1/3.0)*parameters.A3[1][3]));
parameters.P[4][3]:= ((1/3.0)*parameters.A3[4][2]);
parameters.P[4][4]:= ((1/3.0)*parameters.A3[4][3])}
;

equations <-
{
{FOREACH Iiterator IN {1 .. 4}
:

state.U[Iiterator]:= -((SUMOVER Kiterator IN {1 .. 4}
:(parameters.Qinv[Iiterator][Kiterator]*state.R[Kiterator])));}
;

{FOREACH Iiterator IN {1 .. 4}
:

state.R[Iiterator]:= ((SUMOVER Kiterator IN {1 .. 4}
:(parameters.P[Iiterator][Kiterator]*state.W[Kiterator])) + parameters.C[Iiterator]);}
;
DERIV(state.W[4],[independent.t])
= ((-((((((1 - (parameters.n*state.W[4]))*parameters.v_0)*exp((-(parameters .n)*state .W[4]))
) + (parameters.Q_u/parameters.A)) + ((parameters.dQ_u/parameters.A)*(theta((independent.t
- parameters.tQ_u1)) - theta((independent.t - parameters.tQ_u2))
))))*((state.U[4]*((1/3.0)*parameters.A3[3][4])) + ((state.W[4]*((1/3.0)*parameters.A3[3][3]))
+ ((state.W[3]*((1/3.0)*parameters.A3[3][2])) + (state.U[3]*((1/3.0)*parameters.A3[3][1]))))))
+ (parameters.D_0*((state.U[4]*(((1/3.0)*(1/3.0))*parameter s.B3[3 ][4]))
+ ((state.W[4]*(((1/3.0)*(1/3.0))*parameters.B3[3][3]))
+ ((state.W[3]*(((1/3.0)*(1/3.0))*parameters.B3[3][2]))
+ (state.U[3]*(((1/3.0)*(1/3.0))*parameters.B3[3][1]))))) ));
DERIV(state.W[3],[independent.t])
= ((-((((((1 - (parameters.n*state.W[3]))*parameters.v_0)*exp((-(parameters .n)*state .W[3]))
) + (parameters.Q_u/parameters.A)) + ((parameters.dQ_u/parameters.A)*(theta((independent.t
- parameters.tQ_u1)) - theta((independent.t - parameters.tQ_u2))
))))*((state.U[4]*((1/3.0)*parameters.A3[2][4])) + ((state.W[4]*((1/3.0)*parameters.A3[2][3]))
+ ((state.W[3]*((1/3.0)*parameters.A3[2][2])) + (state.U[3]*((1/3.0)*parameters.A3[2][1]))))))
+ (parameters.D_0*((state.U[4]*(((1/3.0)*(1/3.0))*parameter s.B3[2 ][4]))
+ ((state.W[4]*(((1/3.0)*(1/3.0))*parameters.B3[2][3]))
+ ((state.W[3]*(((1/3.0)*(1/3.0))*parameters.B3[2][2]))
+ (state.U[3]*(((1/3.0)*(1/3.0))*parameters.B3[2][1]))))) ));
DERIV(state.W[2],[independent.t])
= (((-((((((1 - (parameters.n*state.W[2]))*parameters.v_0)*exp((-(parameter s.n)*stat e.W[2]))
) + (parameters.Q_u/parameters.A)) + ((parameters.dQ_u/parameters.A)*(theta((independent.t
- parameters.tQ_u1)) - theta((independent.t - parameters.tQ_u2))
))))*((state.U[3]*((1/0.5)*parameters.A2[2][3])) + ((state.W[2]*((1/0.5)*parameters.A2[2][2]))
+ (state.U[2]*((1/0.5)*parameters.A2[2][1])))))
+ (((parameters.X_f + (parameters.dX_f*(theta((independent.t - parameters.tX_f1))

- theta((independent.t - parameters.tX_f2))
)))*(parameters.Q_f + (parameters.dQ_f*(theta((independent.t - parameters.tQ_f1))

- theta((independent.t - parameters.tQ_f2))
))))/((2.0*parameters.sigma)*parameters.A)))
+ (parameters.D_0*((state.U[3]*(((1/0.5)*(1/0.5))*parameter s.B2[2 ][3]))
+ ((state.W[2]*(((1/0.5)*(1/0.5))*parameters.B2[2][2]))
+ (state.U[2]*(((1/0.5)*(1/0.5))*parameters.B2[2][1]))))) );
DERIV(state.W[1],[independent.t])
= ((-((((((1 - (parameters.n*state.W[1]))*parameters.v_0)*exp((-(parameters .n)*state .W[1]))
) + (parameters.Q_u/parameters.A))
+ ((parameters.dQ_u/parameters.A)*(theta((independent.t - parameters.tQ_u1))

- theta((independent.t - parameters.tQ_u2))
))))*((state.U[2]*((1/1.5)*parameters.A1[2][3]))
+ ((state.W[1]*((1/1.5)*parameters.A1[2][2])) + (state.U[1]*((1/1.5)*parameters.A1[2][1])))))
+ (parameters.D_0*((state.U[2]*(((1/1.5)*(1/1.5))*parameter s.B1[2 ][3]))
+ ((state.W[1]*(((1/1.5)*(1/1.5))*parameters.B1[2][2]))
+ (state.U[1]*(((1/1.5)*(1/1.5))*parameters.B1[2][1]))))) );
state.X[1]:= state.U[1];
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state.X[2]:= state.W[1];
state.X[3]:= state.U[2];
state.X[4]:= state.W[2];
state.X[5]:= state.U[3];
state.X[6]:= state.W[3];
state.X[7]:= state.W[4];
state.X[8]:= state.U[4]}
;
:};
OBJ pde "pde. ": pdeClass; // (* Mod: remove *)

C.3 Simulation results: contin uous case

In additionto thevaluesabove,theinitial concentrationsatthefour interiorcollocationpoints,Ô w0
1 Õ w0

2 Õ w0
3 Õ w0

4 Ö ,
have to bespecified.Threedifferentinitial concentrationprofileswereconsidered:a uniform concentration
profile,with × w0

1 Ø w0
2 Ø w0

3 Ø w0
4 Ù , andwith actualvalues × 9 Õ 9 Õ 9 Õ 9Ù kgÚ m3; a positive concentrationgradi-

entupward,with × w0
1 Û w0

2 Û w0
3 Û w0

4 Ù , with values× 11Õ 8 Õ 6 Õ 5Ù kgÚ m3; andapositiveconcentrationgradient
downward,correspondingto × w0

1 Ü w0
2 Ü w0

3 Ü w0
4 Ù , with values × 5 Õ 6 Õ 8 Õ 11Ù kgÚ m3.

Onesetof simulations(SetI) wasperformedwith theWattsdefault parametersabove. In addition,different
limits of the PDEswereexaminedin orderto verify that the implementationgivesphysicallymeaningful
results.Theseothersetsof simulationscanbetreatedasfurther testcasesfor the implementationof PDEs
within WEST++usingorthogonalcollocation.

Thesedifferentlimits were:Ý SetII: purediffusion,with D0 Ø 1, andv0 Ø Qf Ø Qu Ø 0 (in appropriateunits);Ý SetIII: diffusionwith thesourcepresent,with D0 Ø 1, Qf Ø 100,v0 Ø Qu Ø 0;Ý SetIV: only gravitationalsettling,with D0 Ø Qf Ø Qu Ø 0, andwith theWattsvaluesfor theVesilind
parameters;Ý SetV: settlingvelocitywith diffusion,with Qf Ø Qu Ø 0, andD0 Õ v0 Õ n with theWattsdefault values.

For all sets,thethreedifferentinitial concentrationprofilesdescribedabove wereused.

Simulationscorrespondingto SetsI andIII above wereperformedfor bothcasesof effluentoverflow and
effluentpumping,wheretheir differencewouldbeapparent.Theothersetswouldyield thesameresultsfor
both,andthereforehave beenperformedfor thecasewith effluentoverflow only.

In thefollowing graphs,theconcentrationsat thenodesandinterior collocationpoints,
X1 Õ X2 Õ X3 Õ X4 Õ X5 Õ X6 Õ X7 Õ X8, areplottedasa functionof time.That is, theseconcentrationsarealongthey Þ
axis,with timealongthex Þ axis.Unitsarealreadymentionedabove.

C.3.1 Effluent overflo w

1. SetI: Full PDE:

The threefiguresbelow show that thereis indeedsomesettlingachieved, for all threeinitial concentration
profiles.Theseresultsareonly qualitatively correct,sincetheasymptoticconcentrationvaluesareall within
anorderof magnitudeof theinitial concentrationvalues.(Theasymptoticconcentrationsareactuallyin the
order × X1 Ü X2 Ü X3 Ü X4 Ü X5 Ù , with × X5 Ø X6 Ø X7 Ø X8 Ù , for thecasesof uniform concentration,anda
downwardpositive concentrationgradient).

2. SetII: PureDiffusion:

The threefiguresbelow show the familiar resultsexpectedfrom thesimplediffusionequation.Notice that
whenthereis no initial gradient,theconcentrationdoesnotevolve in time.Whenthereis aninitial gradient,
however, diffusionensuresthatauniformconcentrationis achievedacrosstheclarifier, correspondingto the
averageinitial concentration.

3. SetIII: Diffusionwith sourcepresent:
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FigureC.1:Effluentoverflow: Full PDE:SetI: uniform concentration
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FigureC.2:Effluentoverflow: Full PDE:SetI: positive concentrationgradientupward
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FigureC.3:Effluentoverflow: Full PDE:SetI: positive concentrationgradientdownward
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FigureC.4:Purediffusion:SetII: uniform concentration
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FigureC.5:Purediffusion:SetII: positive concentrationgradientupward
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FigureC.6:Purediffusion:SetII: positive concentrationgradientdownward



C.3 Simulation results: contin uous case 291

X1

X2

X3

X4

X5

X6

X7

X8

0 10 20 30

9

10

11

12

FigureC.7:Diffusionwith source:SetIII: uniform concentration

X1

X2

X3

X4

X5

X6

X7

X8

0 10 20 30

6

8

10

FigureC.8:Diffusionwith source:SetIII: positive concentrationgradientupward

Thesethreefiguresshow what happpensin the clarifier, if thereis no settlingvelocity or underflow, but
thereis diffusion alongwith a sourceinflux. As expected,for all threeinitial concentrationprofiles, the
concentrationat all pointsincreases.Also noticethatwhenthereis an initial concentrationgradient,there
is an initial diffusive regime, which smoothsout the gradients,followed by the increasein concentration
uniformly atall points.This is exactlywhatoneexpectsby examiningthecorrespondingPDEin this limit.

4. SetIV: Only gravitationalsettling:

Thesefiguresshow theeffect of gravitationalsettlingin theclarifier, with no othertermsaffectingthetime
evolutionof theconcentration.Thereis nochangein theconcentrationprofileif theinitial profile is uniform.
However, when thereis an initial gradientpresent,the evolution of the profile dependson the direction
of the gradient.When the initial concentrationincreasesupward, thereis more or lessa net decreasein
concentrationacrossthe clarifier. If the concentrationincreasesdownward, thereis a net increasein the
concentration.This is becausethegradienttermappearsin thePDEwith anegativesign.It mayalsodepend
on theform of theVesilindsettlingvelocity.

5. SetV: Gravitationalsettlingwith diffusion:

Thesefiguresaresimilar to thosein SetIV above. The magnitudeof the diffusivity is small comparedto
thesettlingvelocity, hencethe diffusion doesnot have a major contribution, exceptto provide a diffusive
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FigureC.9:Diffusionwith source:SetIII: positive concentrationgradientdownward
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FigureC.10:Only settling:SetIV: uniformconcentration
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FigureC.11:Only settling:SetIV: positive concentrationgradientupward
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FigureC.12:Only settling:SetIV: positive concentrationgradientdownward
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FigureC.13:Settlingwith diffusion:SetV: uniformconcentration

envelopeon thepuresettlingvelocitycurves.

C.3.2 Effluent pumped

1. SetI: Full PDE:

In this setof figures,theeffect of explicitly drawing out theeffluentcanbeseen.Theconcentrationsalong
the clarifier do not settleto differentasymptoticvalues.Instead,they all decayto the valueof the source
concentrationasymptotically.

2. SetII: Diffusionwith source:

Hereagainwe seethe effect of pumpingthe effluent out, with only diffusion and the sourceterm being
present.It canbeseenthatall concentrationsdecayultimatelyto thesourcevalue.

C.4 Simulation results: batc h case

C.4.1 Group 1: Taylor series appr oximation

The threefiguresin both Set I andSet II demonstratethat the simple linearizationschemeusingTaylor
expansionis not suchagoodapproximation.
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FigureC.14:Settlingwith diffusion:SetV: positive concentrationgradientupward
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FigureC.15:Settlingwith diffusion:SetV: positive concentrationgradientdownward
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FigureC.16:Effluentpumped:Full PDE:SetI: uniformconcentration
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FigureC.17:Effluentpumped:Full PDE:SetI: positive concentrationgradientupward
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FigureC.18:Effluentpumped:Full PDE:SetI: positive concentrationgradientdownward
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FigureC.19:Effluentpumped:Diffusionwith source:SetII: uniformconcentrationgradient
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FigureC.20:Effluentpumped:Diffusionwith source:SetII: positive concentrationgradientupward

X1

X2

X3

X4

X5

X6

X7

X8

0 50 100

6

8

10

FigureC.21:Effluentpumped:Diffusionwith source:SetII: positive concentrationgradientdownward
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FigureC.22:Group1: SetI: uniform concentration
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FigureC.23:Group1: SetI: positive concentrationgradientupward

1. SetI: Bothsettlinganddiffusion:

We seefrom the figuresthat the boundaryconcentrationsX1 andX6 remaincloseto zero,with in fact X6

stayingslightly below zero,which is not physicallymeaningful.The intermediateconcentrationssettleto
asymptoticvaluesin theorder × X2 Û X3 Û X4 Û X5 Ù . This is truefor all threeinitial concentrationprofiles.
Obviously, theseresultsdo notbearany resemblanceto thesimulationsof SetV in thecontinuouscase.

2. SetII: Only settling:

Again in SetII, we seethat theboundaryconcentrationsarealwaysat zero.Theotherconcentrationsgo to
asymptoticvaluesin thesameorderasin SetI, × X2 Û X3 Û X4 Û X5 Ù .
C.4.2 Group 2: Piecewise linear appr oximation

1. SetI:

Weseethatthepiecewiselinearapproximationschemeindeedyieldsthebestresults.Theconcentrationsdo
not go negative, andtheresultsare,in fact,similar to thoseobtainedin SetV for thecontinuoussedimen-
tationcase.This validatesthefact that in thelimit that thereis no influx into, or outflow from, theclarifier
in the continuoussedimentationcase,it mustreduceto the batchcase(with the correspondingboundary
conditions).
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FigureC.24:Group1: SetI: positive concentrationgradientdownward
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FigureC.25:Group1: SetII: Only settling:uniformconcentration
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FigureC.26:Group1: SetII: Only settling:positive concentrationgradientupward
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FigureC.27:Group1: SetII: Only settling:positive concentrationgradientdownward
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FigureC.28:Group2: SetI: uniform concentration
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FigureC.29:Group2: SetI: positive concentrationgradientupward
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FigureC.30:Group2: SetI: positive concentrationgradientdownward

C.4.3 Conc luding remarks

Our resultsfor the testcasePDEs,andtheir variouslimits, leadus to the following remarkson the imple-
mentationof PDEswithin WEST++usingorthogonalcollocation:Ý Evenwith thesimplestpossiblediscretizationscheme(two andthreeelements),andasmallnumberof

collocationpoints(threeandfour), wewereableto simulatethetestcasePDEswell enoughto obtain
physicallymeaningfulresultsin thevariouslimit cases.Wealsousedthesimplestpossiblevaluesfor× α Õ β Ù , settingthemto zero,which meansthat the collocationpointswereuniformly locatedwithin
eachelement.Theeffect of varying × α Õ β Ù needsto beinvestigatedfurther.Ý Wewereableto handlenon-linearboundaryconditionsin ameaningfulwayby performingpiecewise
linearizationon thenon-linearfunctioninvolved,whensimplelinearizationfailedto yield reasonable
results.We could show that the batchsettlingresultsusingthis piecewise linear approximationare
similar to thoseof a particularlimit caseof continuoussedimentation,which is to beexpectedfrom
physicalconsiderations.However, the piecewise linearizationschememustbe testedon othernon-
linearboundaryconditions.Ý In conclusion,PDEscanindeedbesimulatedeffectively within WEST++usingorthogonalcollocation
with matrices.Ý ThePDEstransformedinto ODEform areeasilyintegratedin theWEST++classhierarchyfor re-use.
Thanksto theefficient solutionof ODEsin WEST++,simulationperformanceandaccuracy is high.
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