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We point out the existence of a non-perturbative exact ippBRST symmetry for the Gribov-Zwanziger
action in the Landau gauge. We then put forward a manifedi$Binvariant resolution of the Gribov gauge
fixing ambiguity in the linear covariant gauge.

I. INTRODUCTION act BRST symmetry. We limit ourselves here to outline the
main steps of our reasoning, postponing all details to adong

. . . and complete work.
The Gribov-Zwanziger framework[[1,| 2] is a non-

perturbative approach to face the hard problem of undetstan
ing the behavior of Yang-Mills theories in the infrared re-
gion, where standard perturbation theory cannot be applied Il. THE ORIGINAL GRIBOV-ZWANZIGER ACTION IN
It takes into account the existence of Gribov copifs, re- THE LANDAU GAUGE

sulting in a modification of the Faddeev-Popov quantization

formula for the Euclidean functional integral. Gribov cepi
are present whenever the gauge fixing condition allows multi
ple solutions, a very generic feature as showr\ by [5]. Safar,
non-trivial set of results has been obtained from this aagino
ranging from the gluon and ghost two-point functions [6—8],
to the glueball spectrum.[9, 10], to thermodynamic quanti-
ties and phase transitions [11+17], to supersymmetrigit®o
18,119] and to the case where Higgs matter fields are present .
{20]. Nl)vertheless, the important igsgue ofthe BRST synF:ynetrWhereM % s the Faddeev-Popov operator
still lacks a simple answer, see [21:-37] for an overview ef th
on-going discussion. In the present paper we propose a man-
ifestly BRST invariant formulation of the Gribov-Zwanzige
framework, resulting in the existence of a non-perturleseix-

The framework|[1, 2], applied t8U(N) gauge theories in
Euclidean space-time, implements the restriction of thé pa
integral to the Gribov regiof in the Landau gaugé,A7 =0,
namely

Q= { A3 0,45 =0, M*(A) >0}, (1)

arXiv:1506.06995v2 [hep-th] 14 Aug 2015

M3 = 5% + gfPACH,, with 9,A3=0.  (2)

According to [1, 2], for the partition function of quantized
Yang-Mills theory we write

2= / [DA] 5(0A%) det( M) e S (3)
) . S . Q
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where minimizing the auxiliary functional Tf d“xAuAu along the
auge orbit oA, cf. [38-+40] and AppendixA,
HA) = [ iy 0oR20 [0 Hcy)] ™ ommgy), 008 OO O € BEABl andAp
0A 0A | 0A

() " =R (A—i [—A}+9[—a—})+OA3
with [ ~1] denoting the inverse of the Faddeev—Popovoper—A“ w M9 2N T [ (A

ator, see eq[{2). The mass paramgteappearing in expres- B Oy . 1 ig |1 1
sion [4) is known as the Gribov parameter. It is determined in = A ?aAJF 9 | Ay, ?aA + 2 ?aA’a“?aA
a self-consistent way by the gap equatian [2] 0, [

. Ou [ Oy .90y [0A 3

where the vacuum expectation val{(l¢) has to be evaluated
with the measure defined in efl] (¥);denotes the space-time

volume. Expressiori{4) can be cast in a more suitable formgyession[{T1) is left invariant by infinitesimal gaugensa

by introducing a set of commutin@p, ) and anticommuting  formations order by order. Moreover, looking at &g (11) on
(w, w) auxiliary fields [2], namely realizes that a divergen@® is present in all higher order
terms. As a consequence, we can rewrite Zwanziger’s hori-
zon functionH (A) in terms of the invariant field\" as

with Py = (6W — "_5‘?;) the transverse projector.

[ [DA] 508 dear) e 5 = [ (o] e (oz VN0,
7)

where ® refers to all fields present arfsz stands for the H(A) = H(A") — R(A)(0A) (12)
Gribov-Zwanziger actioh where R(A)(0A) is a short-hand notationR(A)(0A) =
— — Ay off a i i fin
_ d*x (@M (A)O— M (A A Jd*xd*yR(x,y)(0A%)y, R(A) being an infinite non-local
Soz SFP+/ X ((p (Ao~ G (Aot ((p+(p)) ’ power series of,. Therefore, for the Gribov-Zwanziger ac-

. . L (8) tion, we may write, omitting color indices for brevity,
with S=p being the Faddeev-Popov action in the Landau gauge

_ 4
Sp =S+ [dx (oM @0PE) . (@) 2 T St | @O0+ B0+ (A

Notice that the gap equatidd (6) can be rewritten as = Srm+ /d4x(bauAu+ CuDC) + Y'H (A") — Y'R(A) (0A)
%szv —0, eVi_— / [Da] e (Ssz-WV'(N°-1) ' (10) = Sym+ / d*x (bhauA“+ @pDuc) +Y'H(AY) , (13)

whereZ, denotes the vacuum energy. As already mentionedyhere the new fielt" stands for
till now, a simple resolution of the issue of the BRST symme- h
try for the action[(8) is still lacking. b'=b— VAR(A) : (14)

One important property which should be underlined here isThe use of the fieldb” enables us to write down an ex-
that, as observed inl[7], the Gribov regi@ndoes not support  act nilpotent non-perturbative BRST transformation. Rewr
anymore infinitesimal gauge transformations. If one penfor ing the Gribov-Zwanziger action by using the auxiliary feeld
an infinitesimal gauge transformation of a generic figidbe- (9@, w, ), i.e.
longing to Q, the resulting transformed field lies outside the
regionQ. From this simple argument, one easily understands Ssz = Sym+ /d4X (bhapAp+ @pDuC)
that the restriction of the functional integral to the regi@ _ _
might give rise to possible incompatibilities with the sfand + / d*x ((pM(Ah)(p— oM (AMw+ YA o+ cp)) (15)
BRST symmetry.
it becomes clear that expressign](15) is left invariant key th
nilpotent non-perturbative BRST transformation

. WARMING UP: A NON-PERTURBATIVE EXACT §p =S+ 6\/2’ S\2/2 -0, SVZSGZ —0. (16)

BRST SYMMETRY FOR THE GRIBOV-ZWANZIGER
ACTION IN THE LANDAU GAUGE In egs.[([16), the operatsistands for the usual BRST operator

a _ __pabb _gabcbc & __ pha _
The previous observation has led us to consider a non-local sl = -Dpc’, scl= 2f e°c”, 7 =b*, st =0,

gauge invariant transverse flekj], duA = 0, obtained by sqﬁb _ wﬁb7 Swﬁb: 0, S(Bﬁb: qﬁb’ Sqﬁb: 0, (17)
_ while
ZWe employ here a short-hand notation, namgW(A)(p 6\/26& = _VARa(A) ) 5v2ba:y43R"‘(A)7

EEM(APEE oM Ao = GEMAPGE  VAQ + ) 8 ba
gyzfabcAﬁ(@C""(RtjC)- ) 6V2(Bﬁc = yzgfkbCAB’k |:M 1(Ah):| , 6yz(resi) =0 (18)



The operatorgs, d,2) obey the nice algebra with
{s8p} =5 =0 =5=0 (19) o = Sm+sp [ d'x (@A )

and clearly, for” — 0 we havesz — s. — Syt /d“x (bhauA“_ %bhthr&)uDuc) (24)

The operatos. is a genuine non-perturbative BRST operator,

as it depends explicitly on the non-perturbative Gribowapa  Expression[(23) naturally generalizes the Gribov-Zwaewig

etery’. action of the Landau gauge to an arbitrary linear covariant

Thanks tcsz, we can write down non-perturbative Ward iden- gauge in a manifestly non-perturbative BRST invariant way,

tities which clarify the origin of the breaking of the standa Namely

BRST operator. From the non-perturbative exact Slavnov- CG
N E=o0.

Taylor Ward identities 26z

(82 (EN)) =0, (20)  The action((2B) reduces precisely to the Gribov-Zwanziger a
tion in the limita — 0

(25)

whereA has ghost number zero, it follows that the operator
will always acquire a breaking term proportionaifonamely o =Soz» (26)

(s(CN)) = —(8e (CN)) - 21)  while yielding the usual action of the linear covariant gaug

This equation gives a clear and simple understanding of thwheny” =0, i.e.

origin of the breaking of the standard BRST symmaegryit o

states thas is always plagued by breaking terms which are %%G‘yzzo =Sp=Sm+ /d“x (bauAu— Ebb+ EauDuc) ,
proportional to the non-perturbative Gribov parameter iand 27)
signals that, in presence of the Gribov horizon, t_he BRST OPExpression[{27) is nothing but the Faddeev-Popov action of
erators has to be replaced by the non-perturbative §pelt 14 jinear covariant gauges

is the breaking of that has also been signalled recently on

the lattice [[3/7]. We will come back to this in a more detailed 0uA, = ab, (28)
forthcoming paper.

wherea stands for the gauge parameter arfidr the Lagrange

Moreover, we notice that e
multiplier.

% # sz (something, (22)  Since in expression (23) the gauge parametir coupled to
Y asgp-exact quantity, expectation valuesgyf-invariant quan-
indicating that the Gribov parametgis notakin to a gauge tities will not depend om. In particular, this will be the case
parameter. As such, it will enter physical quantities. Withfor the dynamical mass scafé. As we shall see at the end of
physical quantities, we mean the colorless gauge invasiant  this section, the independenceysffrom a is a consequence
erators which are immediately seen to belong to the cohomoPf the fact thaty? is now determined by the gauge invariant
ogy of the new BRST operatsp. horizon condition

?)TEZV = 0= (HA")) =4V(N2-1)
IV. GRIBOV PROBLEM IN THE LINEAR COVARIANT v Co_ 21
GAUGE AND ITS BRST INVARIANT RESOLUTION e Vi = /[®<D] e (- (N*-1)) (29)

. . . where use has been made of the identity
Having found a non-perturbative exact nilpotent symme-

try of the Gribov-Zwanziger action in the Landau gauge, we by cG 2

move to the linear covariant gauges. We shall proceed by /[@q’] b (T(A)ef(%z SN 71))) =0, (30)
staying as close as possible to the BRST construction of the

gauge-fixing, i.e. by defining it as an exact non-perturlgativ valid for an arbitrary quantity (A).
variation, by employing the nilpotent operay introduced
before. Moreover, this construction will be linked to the in
troduction of a suitable regio@" in field space which shares

many properties of the Gribov regiéhof the Landau gauge.

It is also interesting to note that, integrating out the ftgldn
expression(23), one gets the nice equation

/ d' ("0, — SB"D") = / d‘&%(auAu)?. (31)

We point out that, recently, the linear covariant gaugeghav
cG 4 (= h _ h b= been studied in lattice numerical simulations by [41, 42] or
z :$P+/d X ((pr(A )o— M (A" + A ¢+ (P)) > with functional methods by [43-46]. It is worth underlin-

(23) ing that the tree level gluon propagator/[47] stemming from

Thus, according to the general BRST procedure for the gauge-
fixing, we write down the followingz-invariant action



4

expression[(23) turns out to be in qualitative agreemertt wit orbit of A. Any configurationA" can be identified with a lo-
the available lattice numerical simulations|[41, 42], éiding  cal minimum of the functional Tf d*xA,A,, while any such
an infrared suppression in the gluon sector. A more detailechinimum is left invariant by infinitesimal gauge transforma
analysis will involve taking into account additiorth=2 con-  tions. Our construction of a non-perturbative BRST operato
densates, followind [7]. Let us provide a geometrical underis possible with anyA", but for our purposes we use the unique
standing of the actiod (23) by showing that it enables one t@rder by order representation given in éql(11). These densi
eliminate infinitesimal gauge copies. erations make the regidd" a suitable candidate to integrate

The Faddeev-Popov operator for generakads over.

Let us proceed by showing that the use of the redioh (35) en-

ME(A) = —0,D3P = —0,,(8%°0,, — g F2PAS) ables us to eliminate a large class of infinitesimal gaugéesop
_ _saby2 aboc abcpc from the partition function. This proposition borrows fr@am
&70°+ agfbi+ of Ay (32) earlier insight of some of us in [4/7,/50], where only the trans
Infinitesimal Gribov copies will appear whenever verse componemfl, AI = (0w — "_g;v)Av, was considered

b : instead of the complete invariant gauge fialt
MNP =0, (33) o .

Following [47,50], let us assume thétt is a zero mode of the

with {2 a normalizable zero mode, in which casg— D3°°  Faddeev-Popov operatér (32) having a Taylor expansion in

also fulfills condition[(28) ifA% does. -

Unlike the case of the Landau gauge, we notice that, when f= Z)O("Zﬁ- (36)
a # 0, the partial derivativd and the covariant oné do not n=

commute. As a consequence, the Faddeev-Popov operator it ;s decompose the gauge fiéiaccording to

eq. [32) is not Hermitian. The Hermiticity ¢#/2° plays an

important role in the original Gribov-Zwanziger analydit A= AB_H 9T — ab 37)
us therefore consider " o ’

so that, in view of e 7), we can write
Mab(Ah) — _au(éabau —-g fabCAB,C) 7 (34) tu )

L gl s
with A" the gauge invariant field defined in elg.J(11). By con- = ZOO‘ =0T, (38)
struction, the operataM (A") in eq. [3%) is gauge invariant "=
order by order and Hermitian, thanks to the transversafity o

h _ ) sincety, has to vanish in the limit — 0. If A, € Q", we can
A". It thus makes sense to define the region

write
Q" = { AY0,A% = ab?, 9,A =0, MP(A") >0} . (35)

g {M(Ah)—l} ad by, (Tﬁ(c)

= —ga {M(Ah)’l} ™ fdbg, (fﬁac) ; (39)

Za
The regionQ" shares the important properties of the Gribov
regionQ of the Landau gauge of being convex and bounded in

all directions[[48]. Those properties follow from the limiga .
of the operatot @°(A") in the field A", or, expanding in powers af,

Let us recall that the Landau gauge is, as far as we know, the nya__ N+l h-1129 cdbe cab

only gauge for which it has been proven that every gauge orbit Za Cn=- Zga [M(A ) } f a“( ”T“) (40)
crosses at least once the Gribov regibf¥€,49], i.e. a gauge

field configuration located outside of the regi@ris a copy of  Matching orders oft shows that the" order coefficient2
some configuration located withd. The essential ingredi- is proportional to thén— 1), Since for the first coefficient
ent in the proof of{[48, 49] is that the functional]l'd“xAuAu we find{g = 0, we immediately find?2 = 0, and thug? = 0.
achieves its absolute minimum along the gauge orbt @ind  Said otherwise, all zero modes that possess a Taylor expan-
this for an arbitrary starting gauge configurat@nSaid oth-  sion aroundx = 0, are automatically vanishing. As such, the
erwise, the search for the minima along the gauge orbit can bestriction toQ" excludes at least the set of infinitesimally

regarded as a pure mathematical problem for the functionalonnected gauge copies related to the aforementioned zero
Trfd“xAuA“, not related to the particular gauge condition modes.

obeyed by the configuratiolh. Actually, it turns out that the
functional Trf d*x A,A, has many relative minima along the
gauge orbit before attaining its absolute minimum. The se
of the relative minima of de“xAuA“ is precisely the Gri-
bov regionQ. The proof of [48] 49] shows thus that, given . : : )
an arbitrary gauge configuratidy it is always possible to in- V%’g thhe c;peratoMati(Ah) In any d'mﬁ‘”s'om'- Denoting b_y
troduce a related transverse fieM through the process of GHA,p%) = <p|%b(_A*ﬁ|p> the Fourier-transform of the in-
minimization of the functional Tf d4xAuA“ along the gauge verse of M3 (A", one introduces the so-called Gribov form

We proceed by implementing/" = #2°(A") > 0 into the
path integral. We rely on the so-called Gribov no-pole cendi
tion [1], whose all order implementation can be found.in [27]
For any external field\", we can use Wick’s theorem to in-



factor [27]a(A", p?) through V. CONCLUSION

= Sab gCC(Ah, p?) = Sab 1+0('§h’ pz)' For the first time, we have identified a non-perturbative
N“—1 Ne—1 p nilpotent BRST symmetry for gauge theories quantized a la
. . _ . (41) Gribov-Zwanziger, that is by further restricting the domef
Repeating the procedure outlined inl[27], it follows that atintegration in the path integral. This eliminates a largeo$e
zero momentum gauge copies and deeply affects the infrared low-momentum
o regime of the gauge theory. The new BRST operagode-
o(A%0) = (42) pends explicitly on the gauge invariant mass paramy@terat

o° d% dYq hab( _ hy—1 hca is linked to the aforementioned restriction. As such, therep
Vd(N2 —1) / (2m)d (2T[)dAH (k) [( ) }k,qAﬂ (@) atorsy itself is intertwined with this geometric restriction.

G (A", p?)

bc

The introduction ofsz opens up whole new strata of ap-
Comparison of egns[J(5) an@{42) learns tlA",0) = plications. We have already discussed a first one in this pa-
H(/zh) . We will concentrate on the zero momentum limit, P€l, namely a non-perturbative extension of the usual finea
VAN"-1)" 3 covariant gauge to a setting where the Gribov gauge fixing
since it Is exp%%tecg on general groundsat the smallest 5 iqyjity s also faced in this gauge. Our setup generalizes
eigenvalue ofM*>(A") will carry no momentum, so itwould 1, the Refined Gribov-Zwanziger approach [7], in which case
be sufficient to avoid this eigenvalue becoming negative. A e can make contact with the gauge invaridrt 2 conden-
the level of expectation values, we can rewrite Eql (42) as sate(Aﬁm>, of important phenomenological interest[51] 52].
1 A renormalization analysis of the proposed framework is al-
conn i 1 iCi i -
gh(pZ) _ <gaa(Ah’ p2)> _ s (43) ready in preparation, of relevance to_epr|C|t stud.|es _ohar
p2(1— (a(Ah p2))™ ) gators, spectrum and thermodynamics. Generalizations; co
patible with the new non-perturbative BRST, to the matter
so that we must impose at the level of the path integrap€ctor are also possible. Moreover, it would also be interes
h A 1P ing to make contact with lattice studies of the linear coavatri
(o(A",0))" <1,or ! . : S .
gauge, e.g. to find out if a practical numerical implementati
of our proposal exists. We are already studying a functional
(H(A") < Vd(N2—1). (44)  depending on the original gauge figdd and an auxiliary field
By, with the property that the minimum occurs &yA, = ab
We can add this constraint to the path integral measure with ghus effectively implementing the linear covariant gaeyed

step function. Via a saddle point evaluation in the thermody for By = A} with 2/ (B) > 0. This could circumvent potential
namic limit [1,[26], one then finds issues with the convergence of the series expression used in

eq. [11) to definé\" in case of “large” gauge fields, while it
would also open the road to simulation of our proposed non-
perturbative linear covariant gauge. We will report on this

[DPBV (N — 1) — H(A")]e v

= [@qa]/d_nefﬁépm[Vd(szl)fH(A“)] future work.
211]|’]* ) h As a final but most crucial remark, we stress that no sacri-
— [DjeFetn VAN 1) -HAY] (45) fices have to be made w.r.t. gauge invariance, even when the

Gribov problem is taken into account. The physical content
whereS!, stands for the expression given in €g.](24). Theof the theory is described by tf#-cohomology, which can
saddle point equation precisely amounts to Eql (29), ie. thbe studied along the lines af [53./54] upon localization af ou
horizon condition with identificatiom* = y*. As the hori- approach, another matter of current investigation.
zon condition is writable in terms of the vacuum energy and
since the only contributing diagrams to the latter ap¢ (see
also [27]), it indeed follows that conditiof_(44) is met. As
such, we do have excluded a large set of zero modes by ef- Acknowledgments
fectively having imposed that/ (A") > 0 via the action[(23).
Upon introduction of the auxiliary field&p, ¢, w, w), the lat-
ter is equivalent to the action appearing in €ql (23), give t
eq. [29) holds.
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Appendix A: A gauge invariant transversal gauge field

As it will turn out, the construction of the transverse gatfiglel A[} follows from the minimization of the functiondh [u]

falu] = Tr / d*x ALY = Tr / d*x (uTAuu + iéuTauu> (uTA“u + iéuTauu) (A1)

along the gauge orbit of a given configuratidpn To give a well defined mathematical meaning to express$idi), (e shall
require that botb(\ﬁ and the local gauge transformations; U, are square-integrable, i.e.

1
2 _ 4 _ 4 Ta4(12 — 4y [t T
[|Al] _Tr/d XAJAH—E/d XAIAL <+, [lu'au]| _Tr/d x(u auu) (u auu)<+oo. (A2)

Then, it has been shown |48, 49] thafu] reaches its absolute minimum along the gauge ort& of.e. there exists a certain
such that

Sfalh] = O, (A3)
&falh] > 0, (A4)
falh] < falu], Yue U. (A5)

Following [38+40], we can work out the conditiohs {A3) ahdljAn a series expansion. We set

v=hdd® = hdd?T* (AB)
with
1
a Tbh| _ifabc aTbh) _ —xab
[T ,T]_|f : Tr(TT)_Zé , (A7)
We first obtairt
h | iyrah g h g 3
A;/J = Au+ Ig[Aw (*)] + 7[[0\),%],0\)] - ale+ I E[wv au(*)] + O((’O ) ) (A8)
One subsequently finds
falV] = falh] +2Tr / dx (wdAl) —Tr / d*x00,Dy (AN 0+ O(w®) | (A9)

Armed with this expression, one simply realizes that

3fal] = 0 & 9uAl =0,
3 falh] > 0 & —dDy(A") > 0 (A10)

are the conditions for a local minimum. Clearly, this is theriori reason why the Gribov regiaf, eq. [1), is introduced as it
is.

The transversality conditioﬂuAB =0, can be solved fdn = h(A) as a power series ify,. Setting
Al =hf A+ éhTauh . h— g%t _ o (A11)

4 We refer to[[4D] for technical details.



we expand the gauge transformation malrir powers ofg

2
h— 1+igE—%EZ+O(E3). (A12)

As such,

2 2
A= A 0,8+ gl 8] + 15 18,0, + 08AG — T A&2 — T A+ O(E) (A13)
Imposingd,Af} = 0 yields
0% = OuA-+iglOyA El +i0[A O8] + FPOLEAE + PEOAE + 0EADLE
Conet - asee-Sazas - Sazen- Sraga, - e
2 UA“ 2 Au M 2 A“ M 2 H Au 2 K Au 2 UA“
i2[£,0%] + 0(&") . (A14)

+

Solving iteratively, we arrive at

1 . g 0Al . g 0A i g[oA
and thus
1 i) 0A] .gd 1 . 1 g[1. @
h H H H 3

Itis interesting to rewrite\[} as

0,0 R ig[1 1
AL = (6w - %) (AV —ig {?OA,AV] +5 {?OA,OV?GAD +O(A%)
== (6uv - M) l'|Jv (A17)

Under an infinitesimal gauge transformation

OAL = —0 A +ig[ALA] . (A18)
it can be checked that
.g [0A 2
oW, = —0y ()\—E{?,A])Jroox ), (A19)

The combined knowledge df (AlL7) arld (A19) nicely displayﬁﬂiﬂ is indeed transverse, while it is also gauge invariant, orde

by order. Itis perhaps interesting to notice here that i, [i5% one loop renormalizability of the non-local operaéq”rd“xAhAh,
i.e. the local minimum of eq[.(A2), was explicitly checked.
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