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Abstract

This paper contains results on geometric Routh reduction and it is a continuation of a
previous paper [7] where a new class of transformations is introduced between Lagrangian
systems obtained after Routh reduction. In general, these reduced Lagrangian systems have
magnetic force terms and are singular in the sense that the Lagrangian does not depend
on some velocity components. The main purpose of this paper is to show that the Routh
reduction process itself is entirely captured by the application of such a new transformation
on the initial Lagrangian system with symmetry.
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1 Introduction

1402.1295v1 [math-ph] 6 Feb 2014

A modern differential geometric treatment of Routh reduction for mechanical systems, as a
Lagrangian analogue of Hamiltonian symplectic reduction, started in [14]. In that paper, a non-
Abelian version of the classical reduction procedure of Routh was developed, thereby emphasizing
the role of the magnetic or gyroscopic force term which appears after reduction. When taking
this force term into account, the solutions of the Euler-Lagrange equations for the reduced
Lagrangian, also called the Routhian, are the projections of those corresponding to the original
Lagrangian. The definition of the Routhian involved the use of the mechanical connection, which
is the natural connection induced by the kinetic energy and the symmetry, and is the one leading
to a reduced Lagrangian of mechanical type (see [I1]). This work received a natural continuation
in [5 [13] where, in particular, the variational aspects of the theory were further studied.
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A key result in the further development of the theory is the realization of the reduced space on
which the Routhian is defined as a fiber product (a result sometimes referred to as the realization
theorem, see [5] [13]). This result was originally proved for mechanical systems, but remains valid
for arbitrary Lagrangians on which an additional regularity condition is imposed, as shown in [g].
The generalization for non-mechanical Lagrangians of the Routh technique was also studied in [2]
from the perspective of the Euler-Lagrange vector field. A different approach, from the point of
view of exterior differential systems, is to be found in [15].

The results presented in this paper are best situated within an ongoing research project related to
the reduction theory of Lagrangian systems with symmetry and, in particular, to the technique
of Routh reduction. In previous papers, different aspects of geometric Routh reduction have
been studied. In [8] the close relationship between Routh reduction and symplectic reduction
was demonstrated, and this lead, on the one hand, to a broadening of the framework for applying
Routh reduction by incorporating the so-called quasi-invariant Lagrangian systems and, on the
other hand, to a description of Routh reduction by stages [10]. In [9] the regularity condition on
the momentum map that is typical for Routh reduction, is relaxed. Then, the class of ‘magnetic
Lagrangian systems’ was introduced in [I0], in the context of Routh reduction by stages, and
its characteristic property is precisely that it is closed under the procedure of Routh reduction.
Finally, in [7] a special class of transformations between magnetic Lagrangian systems was intro-
duced and, by applying such a transformation, the magnetic Lagrangian system obtained after
reduction of a Lagrangian system with respect to a full semi-direct product symmetry group
could be identified with the system obtained after reduction by an Abelian subgroup.

The purpose of this paper is twofold. Firstly, we revisit this new concept of transformation
in a more general framework and formalize its definition. Secondly, we demonstrate that the
process of Routh reduction may be understood as the result of two steps: the application of
such a transformation to the initial Lagrangian system with symmetry, followed by a trivial
reduction. This indicates the importance of these transformations and sheds some new light on
the geometric structure underlying Lagrangian systems with symmetry.

The paper is organized as follows. In Section [2] we recall the basics about magnetic Lagrangian
systems and we give a description of Routh reduction in this framework. We then study trans-
formations between magnetic Lagrangian systems in Section B and describe a special class of
transformations preserving some geometric properties of reduced spaces, among others the re-
duced presymplectic structure. We conclude Section Bl by giving the explicit transformation that
corresponds to a restriction on the level set of the momentum map in the case of a standard
Lagrangian system. In Section [ we complete the picture by describing a general transformation
for an arbitrary magnetic Lagrangian system, including a reduction step. Finally, in Section
we briefly discuss an analogue of these transformations in a Hamiltonian framework.

2 Background and notations

Group actions and bundles. Throughout this paper ® : G x M — M denotes a left action
of the Lie group G on the manifold M, and we will use the shorthand notations ®M (g, m) =
gm = g-m. As usual, we let g denote the Lie algebra of G and Ad the adjoint action of G on g.
The infinitesimal action of ®™ on g, referred to as the infinitesimal generator map, is

oM. g T, M,
& Ep(m) := d/delp(exp e€m),



where exp : g — G is the exponential map. M can be naturally fibered over the orbit space
M/G = {[m]c : m € M} (here [m]g is the G-orbit through m) via 7 : M — M/G;m — [m]g.
It is well known that under the assumption that the action is free and proper, 7 : M — M/G
has the structure of a principal G-bundle (see [6]). From now on, unless otherwise stated, all
actions are assumed to satisfy these requirements.

When a fiber bundle € : P — @ is given, the fiber products TQ xg P and T*Q xq P will be
abbreviated by TpQ and THQ respectively. We shall denote points on TpQ by (vg,p), where
vg € T,Q and p € P is such that ¢(p) = ¢ (and, in the same way, (ayq,p) denotes an arbitrary
point in T5Q). The contraction of an element (aq,p) € TpQ with (vg,p) € TpQ is defined as

((ag,p), (vg,p)) = (g, vg)-
Definition 2.1. Let ¢: P — @ be a fiber bundle.

1. 71 : TpQ — T'Q is the projection that maps (vq,p) € TpQ onto vy € TQ.
2. 72 : TpQ — P is the projection that maps (vq,p) € TpQ onto p € P.
3. m : TpQ — T*Q is the projection that maps (ag, p) € THQ onto g € T*Q.

4. my : THQ — P is the projection that maps (g, p) € THQ onto p € P.

In agreement with the previous definition, when working with several bundles e P Q,; we
let le) and TQ(Z) (respectively, 7T§Z) and Féz)) denote the corresponding projection maps of Tp,Q;
(resp. Tp Q).

The vertical tangent space to the fibration € at the point p € P is Vpe := kerTpe. A connection
A on the fiber bundle € : P — @ is a Ve-valued 1-form A on P such that A(v,) = vp, for all v,
in Ve. In the case of a principal fiber bundle € : P — P/G with structure group G a connection
A determines a g-valued 1-form 2 on P such that o o2 = A, and as a consequence 2(¢p) = €,
for all £ € g. A connection is called a principal connection if in addition A is equivariant, or
(®52) (vp) = Adyg - A(vy), for all g € G and v, € TP. For any clement p € g*, %A, denotes a
1-form on P obtained by contraction of p and the values of principal connection 2 on the level
of the Lie algebra: A, (v) = (A(v), ).

If we are given a chain of bundle structures P = Q =% R, a connection on €5 : Q — R induces
a Veg-valued 1-form on P defined by Ap(vy) := A(Tpe1(vp)). If, additionally, €2 : Q — Q/G
is a principal fiber bundle, we can construct a g-valued 1-form on P as follows: 2p(v,) :=
A(Tper(vp)). Following the previous convention, we denote 2, (v) = (Ap(v), p) its contraction
with a given u € g*.

Magnetic Lagrangian systems. As mentioned in the introduction, magnetic Lagrangian
systems appear naturally when applying Routh reduction to a Lagrangian system with symmetry.
We now give a general definition of such a system.

Definition 2.2. A magnetic Lagrangian system is a triple (e : P — @, L, B) where ¢ : P — @ is
a fiber bundle, L is a smooth function on the fiber product Tp@ and B is a closed 2-form on P.

P is thereby playing the role of configuration space of the system, L is called the Lagrangian
and B is referred to as the magnetic 2-form. The standard notions of Legendre transformation
and of energy, carry over to this new setting in a straightforward way:



Definition 2.3. Let (¢ : P — @, L, B) be a magnetic Lagrangian system. Then:

1. The fiber derivative of L is the map FL : TpQ — T5Q sending (vq,p) € TpQ into (ag,p) €
T5Q, where a, € T;Q is (uniquely) determined by the relation

d
(g, wq) = T L(vg + uwg, p), for all w, € T,Q

U u=0

2. The energy is the function on TpQ defined by E(vq,p) = (FL(vq,p), (vq,p)) — L(vg, D).

There is a natural way to construct a closed 2-form Q% on TpQ providing a generalization of
the classical notion of Poincaré-Cartan 2-form, i.e.

QLB .= FL* (njwg + m3B).

For later use, we give the coordinate expression of this 2-form. We will work with coordinates
adapted to the fibration e. If (¢%) are local coordinates on Q, (¢*, p*) will denote bundle-adapted
coordinates on P. Hence, on Tp(@Q we have coordinates (¢°,v, p®) (v’ denotes the i-th velocity
component ¢'), and the Lagrangian L is a function dependent of (g%, v*,p®). Straightforward
computations show:

oL o1 , , _ 1

QLB = ¢ (8 > ANdq' + §IS'Z-J-dqz ANdg’ + Biadg' N dp® + §Babdpa A dpP. (1)
/Ul

In the case where the 2-form mjwg + 758 on THQ is symplectic and FL is a (global) diffeomor-

phism, we say that the magnetic Lagrangian system (e : P — @, L, B) is (hyper)regular. This

guarantees that Q7P is a symplectic form.

A curve p(t) € P induces a curve on TpQ, namely v(t) := (¢(t),p(t)), where ¢(t) = e(p(t)).
The curve p(t) is said to be a solution of the Euler-Lagrange (EL) equations iff v(¢) satisfies the
equation

B0 P (1) = —dBL(1(1)). (2)

The reader is referred to [10] for a coordinate expression of these EL equations. We conclude
with two remarks:

e The above definition of a magnetic Lagrangian system incorporates the standard concept
of a Lagrangian system on a manifold @ by letting P = @, ¢ the identity and B = 0.

e The Lagrangian L of any magnetic Lagrangian system can be pulled-back to a function
on TP and determines there a standard Lagrangian system with a magnetic force term,
whose EL equations are precisely (2)). Since this L on T'P does not depend on all velocity
components, it is a singular Lagrangian by construction.

Hyperregular magnetic Lagrangian systems, although singular from a classical point of view, are
amenable to a symplectic description, and it is therefore possible to study their dynamics using
a Hamiltonian framework.



Routh reduction. Assume a hyperregular standard Lagrangian system (P = Q, L, B = 0) is
given, and let Qf, := FL*wq be its Poincaré-Cartan symplectic form. Let ®Q = @ be a free and
proper G-action on @ such that L is invariant with respect to its tangent lift T®, and let Jy, be
the equivariant momentum map Jp, : TQ — g* for T®:

<JL(U¢1)a 5) = <FL(Uq)a EQ(Q»

We then know that J, is constant along solutions of the EL equations. In particular, fixing a
regular value p € g* of the momentum map, Xg, leaves JL_1 (u) invariant. Moreover, equivariance
of Jr, implies that the action of G, on T'Q restricts to a (free and proper) action on J; ' (u). It
can be shown that, under a certain regularity condition on the Lagrangian L, we can realize the
orbit space J; ' (1) /G, as the fiber product T ¢, (Q/G). It should be noted that the condition
of © being a regular value is redundant once freeness of the action is assumed.

Definition 2.4. A G-invariant Lagrangian L is called G-regular if for every fixed vy € T'Q) the
map g — g, — Jr(vg + &o(q)) is a diffeomorphism.

From now on, we will assume that L is G-regular. Making use of the G-regularity, one can then
construct a diffeomorphism T1,, : J; ' (1) /G, — Tg/c,(Q/G) (see [7], Lemma 1).

Next, fix a connection A in the principal bundle 7 : @ — Q/G, and let, as before, 2 be the
associated g-valued 1-form. The 2-form d2, is easily checked to be projectable to a 2-form B,
on Q/G,. Define the following function on T'Q:

RF=1-9,,

(although 2, is a 1-form, in the above definition it is understood to be the function 2, : TQ —
R; vy + 2A,(q)(vy)). Due to G ,-invariance, the restriction of R* to J; (1) induces a function on
the quotient J; ' (u)/G, = Tq/c,(Q/G). R* denotes the corresponding function on Ty /¢, (Q/G)
and is called the Routhian.

Proposition 1 (Routh reduction). Let L be a hyperregular G-invariant, G-regular Lagrangian
with configuration space @, and let p € g* denote a regular value of the momentum map Jr.
Then, the magnetic Lagrangian system (Q/G, — Q/G,R",B,,), as constructed above, has the
property that every solution of the original Fuler-Lagrange equations corresponding to the mo-
mentum value p projects onto a solution of (Q/G, — Q/G,R*,B,). Conversely, every solution
in Q/Gy of (Q/G — Q/G, R*,B,,) is the projection of a solution to the Euler-Lagrange equa-
tions for L with momentum u.

Example. Consider three planar rigid bodies with a common fixed point O, so that each body
is free to rotate about the axis through O, orthogonal to the plane. The configuration space is
St x St x S, with coordinates (6, ¢, ) where 6 is the angle which the first body makes with a
fixed direction in the plane, ¢ is the relative angle of the second rigid body w.r.t. the first and
finally ¥ denotes the relative angle of the third rigid body w.r.t. the second (see Figure [II).

The potential is supposed to be of the form V (¢, ) such that we have an S*-invariant Lagrangian:
1. 1 . 1 . .

whose EL equations (in normal form) are:

10V . L+ 1\ oV lav 1L__ I+ I3 (9_V ia_V
o 1211 ’ B 1312 61/1 IQ 0(,0 '

_1—1%,

9o Lo



Figure 1: Coordinates on S! x S* x S1

Fix a regular value p for the momentum J = (I + I> + I3)0 + (I 4 I3)¢ 4 I33). Then on the
level set {J = pu} we have 0 = (u — (I2 + I3)p + I39)) /(11 + Iz + I3). We work out the Routhian
for two different connections:

1)

Consider the mechanical connection A whose horizontal spaces are orthogonal to the G-
orbits with respect to the metric given by the kinetic energy. It is easy to check that one
has the following connection 1-form: AM = df + hlzidgo + h_&ﬁdw. The Routhian

. iy +12+13
Ri (o, 0,0,9) = (L — (2 "u>){J:u} satisfies:

R Nl[ I (I + I3) } 2 1[ I3 (11 + I3) } 9
M=o | (L + I+ I3) 2 | (I1 + I+ I3)
I 13 i
|:(Il +12+13):| QDQ/J_V(SD)’L/J))

where the symbol ~ means that we have omitted constant terms. Note that with this choice
of the connection, the Routhian is again of mechanical type.

Take now the non-flat connection given by A° = df+cos()dp. The Routhian R (¢, @, 1, 1) =
(L— (ﬂo,m){.]:#} satisfies:
R“NE{ I (I + I) } S 1{ Is(I) + I) ] .2+{ LI
O 72 |(h+ L+ I5) 2 |(IL+ 12+ 1I5) (I + I + I3)
p Iy +Is) (1 — cos(v)) . pils
Lt L+ (Lthtl)

}@/’f

An easy computation shows that the EL equations for any of R, or Rl are equivalent to the
EL equations for the variables (¢, 1) of L (note that the EL equations for Rf have a force
term dQlﬂ = psin(¢¥)dp Ady). Together with the momentum equation, they provide complete
solutions of the original system.



This example illustrates an important fact about Routh reduction: the choice of the connection
is arbitrary and always leads to the same EL equations.

3 Transformations between magnetic Lagrangian systems

In this section we study transformations between magnetic Lagrangian systems. As described in
the introduction, the main goal is to obtain the Routh reduction procedure as a transformation
between magnetic Lagrangian systems. Throughout this section, we develop Routh reduction as
an example of the general theory on these transformation.

3.1 Pull-back Hamiltonian systems

We first recall some generalities concerning the pull-back of a symplectic structure and investi-
gate the relationship between Hamiltonian vector fields that are connected by such a pull-back
operation.

Consider the situation where we are given two manifolds N, M and a smooth map f: N — M
of constant rank. Assume, in addition, that M is a symplectic manifold with symplectic form
wpr, and that we are given a Hamiltonian function hps on M. Let us denote by Xp,, the
corresponding Hamiltonian vector field, which satisfies 4 Xy, WM = —dhps. Consider then the
presymplectic form wy = f*wys and the Hamiltonian function hy = f*hys, induced on N. A
Hamiltonian vector field on N with respect to wy, corresponding to hy, is determined by the
presymplectic equation

iXWN = 7th, (3)

and we are interested in those cases where (some of) the integral curves of X},,, can be retrieved
from integral curves of a solution to ([B]). More precisely, we investigate when Xy, is f-related to
a solution X of ([B]). Recall that solutions to (B]), if they exist, are determined up to elements in
the kernel of wpy, which we denote by TN“~, and that Tf (TN“~N) = [T f(TN)|** N Tf(TN),
where [T f(T'N)]“* is the kernel of the restriction of was to T'M)¢(n).

First note that any vector field Y on N which is f-related to Xj,,, solves [@]): for any x € N
and Z, € T, N it follows that

— —dhn(2)(Z,).

A necessary condition for Xj,,, to be f-related to a vector field on N is Xp,, 1F(v) € Tf(TN), or
equivalently

(dhar, [T (TN, p oy =0 (4)

If X solves ([B) and condition (@) holds, the vector T'f(X,) — Xn,, (f(2)) is in T f(T,N“~) for all
z in the domain of X, i.e. X can be gauged by an element in the kernel of wy so that it becomes
f-related to Xp,,. To show that (@) is also a sufficient condition for the existence of an f-related
solution of (), we need to show that it implies the existence of a solution (3)). For that purpose,
we rely on the presymplectic constraint algorithm developed by M. Gotay, J.M. Nester and G.
Hinds (see [3, [4]).



The starting point of the presymplectic constraint algorithm is the observation that ([B) admits
a solution at a point « € N if the following condition holds: (Z,,dhy(x)) = 0 for all Z € TN“~.
The set of all these points is assumed to form a (immersed) submanifold of N, i.e.

Ny = {.Z' eN : <th(.’L'),TINwN> = 0},

called the secondary constraint submanifold. The next step then consists in requiring that one
should be able to find a vector field solution to (Bl which is tangent to No. This possibly leads
to new constraints defining a constraint submanifold N3 = {x € Ny : (dhn(z), T Ns™) = 0},
where TNyV = {X € TNy, : wn(X,Y) = 0 forall Y € T'Ny}. Proceeding this way one
generates a descending sequence of constraint submanifolds ... C Ny C ... C N C N := Ny,
where
Ny, = {$ € Ni_1 : <th($),TmN;:ivl> = 0}

for k = 2,..., with TN = {X € TNy, , : wn(X,Y) =0 forall Y € TNy_1}. If this
sequence stabilizes at some finite step K € N, in the sense that N # (0 and N1 = Nk, we

say that Ny is the final constraint (sub-)manifold. In that case, equation (B admits solutions
on Nk, and we say that the presymplectic equation leads to a consistent dynamics on Ng.

Returning to the situation described above, we are now able to prove that (3]) admits a consistent
dynamics on N provided the Hamiltonian vector field X},, is everywhere tangent to f(NV). In
fact we have:

Proposition 2. There exists a solution X of @) which is f-related to Xp,, if and only if

Proof. Tt suffices to check the first step of the presymplectic constraint algorithm. Indeed, from
Tf(TN“N) C [Tf(TN)]“M and using equation ) it follows that for all z € N

<th(l‘), TINWN> = <dh1\/f(f($))a T.f (TmeN)> =0,

proving that N is the final constraint manifold for (B)) which therefore admits a solution. Hence,
according to a previous observation, there also exists a solution which is f-related to Xj,,. O

3.2 Compatible transformations

We now specialize the symplectic framework given above to the case of interest in the study of

magnetic Lagrangian systems, namely fiber products with (pre)symplectic structures of the form
QLB

Definition 3.1. Let ¢ : P, — Q; and € : P, — Q5 be two fiber bundles. If F : P, — P5 and
f: Q2 — Q1 are two surjective submersions we say that the pair (F, f) forms a transformation
pair between both bundles if the following equality holds:

foe(2) ol = e(l),

and all the arrows in Figure 2l represent fiber bundles.

We write dim Q; = n; and dim P; = n; + k; for ¢ = 1,2. Because F and f are submersions, it
follows that ni + k1 > no + ko and n1 < ny. This way we find the relation k1 > ko between the
dimensions of the fibers of the bundles € : P, — @Q,. A transformation pair induces a chain



P P

(1) 2)

f
Qi =—— @2

Figure 2: Transformation pair

of bundle structures P, — P> — Q2 — (1. Choosing coordinates adapted to these fibrations,
we let (¢°) denote coordinates on Q1, (¢°,¢*) coordinates on Qa, (¢%,q% p%) on P, and finally
(¢*,q@*,p*,p?) on P;. We have then the following natural sets of coordinates: (q¢*,v¢, g%, p%,p?)
on Tp, Q1 and (¢, g%, v¢, 9%, p*) on Tp,Q>.

Definition 3.2. Let (F, f) be a transformation pair between e P — Qand €? : P, - Q,.
Then:

1. Two points (vg,,p;) € Tp,Qi, i = 1,2 are (F, f)-compatible if F(p1) = pe and T f(vg,) = Vg, -

2. A smooth map ¢ : Tp, Q1 — Tp,Q2 is compatible with the transformation pair (F, f) if for
every point s1 = (vg,,p1) € Tp, Q1, the points s; and 1(s1) are (F, f)-compatible.

We simply say that i is a compatible transformation or compatible map. Compatibility for a
map 1 is equivalently specified by the following two conditions:

i) 72(2) ot = FO7'2(1);
ii) TfOTl(Q) oh = 7‘1(1).
The situation is summarized in Figure B

Fo7'2<1)
Tp, Q1 Py

(1) (2)
2

Tforl(z)

TQI TPz QQ

Figure 3: Commutative diagram for a compatible map

We use coordinates adapted to the fibrations as introduced before to describe both a point and its
image by . It is then readily checked that compatible maps convey to the following coordinate
expression:

v(g' 0", q% % p7) = (¢, v, 00 = 00 (g' 0", 40, 5%, p7), ).
Note that the rank of a transformation ¢ is determined by the rank of the matrix (09/9pY)a,
in the following way: ranky = dim P 4+ dim @y + rank(9vy?/0p”)q,~. In particular, for ¢ to



be a diffeomorphism the dimension of the fibers corresponding to f and F' must the same and
det(9® /Op™)a y # 0.

The compatibility of points gives naturally a notion of compatibility of vectors by lifting the
conditions to the tangent spaces:

Definition 3.3. Let (F, f) be a transformation pair between ¢! : P, — Q; and ¢ : P, — Qo,
and let s1 = (vg,,p1) € Tp, Q1 and s2 = (vg,,p2) € T, Q2 be arbitrary points. Given Y;, and
X, tangent vectors at s; and so respectively, we say that Y, and X, are (F, f)-compatible if
the following two conditions are satisfied:

L T(For") (V) = Tr{? (X.,);
2. Tri(Y,,) = T(Tf o 77)(Xs,)-

Note that, in particular, s; and s2 need to be compatible points (see Figure HI).

FOT2(1) T(Fm'z(l))
Tp, Q1 Py T(Tp1 Q1) TP,
7'1(1) 7'2(2) T'rl(1> TT2<2)
Tfor® 7(Tfor®)
TQ: Tp,Q2 T(TQ1) T(Tp,Q2)

Figure 4: Compatible points and vectors

Consider an arbitrary vector Y;, tangent to Tp, Q1 at the point s;. Its coordinate expression is

0 0 0 0 0
Ys, =Y Ye YO~ 4 Y — 1Y
S1 a i + s1 a—a + s1 a—a + S1 a Y + 51y a0 (5)

and reading the local expressions of the previous definition, a compatible tangent vector X, at
the compatible point se assumes the following form:

0 0 0 0 oo O
X, =Y! Y2 | A XZ .
S1 a 7 + S1 a—a + S1 a—a + S1 a 1 + S2 (91_)“ (6)

Given a compatible transformation ¥ between e p— @1 and €@ . p— @2, it is clear that
Ys, and X, = T¥(Ys,) are compatible vectors for any Ys, € Tp, Q1. In this particular case,
from the coordinate expression of a compatible map, we find:
5 oYe oY oy oY oY
Xg =Y} Y! Ye Ye Yy .
élaz+ Slaz+ 516a+ élaa+ slapv

Example (Routh reduction). Consider a hyperregular standard Lagrangian system (Q —
Q, L, B = 0) amenable to Routh reduction, i.e. there is a left G-action and L is G-invariant and
G-regular. Consider the (trivial) bundles ¢ =idg : P, = Q — Q2 = Q and V) =7 : P, =
Q — Q1 =Q/G (FigureB). Themaps F=idg: PA—>Prand f=7:Q2=Q — Q1 = Q/G
are a transformation pair between €!) and ¢?. Then Tp Q1 = To(Q/G), Tp,Q2 = TQ and it
follows:

10



e points (vyg,,q) and v, in To(Q/G) and T'Q respectively, are compatible if vy, = T'7(vy);

dla

e amap ¢ : To(Q/G) — TQ is compatible if it sends (vjg,,q) to a tangent vector in 7'Q
projectable to v, i.e. the map is determined up to a gauge in g;

e tangent vectors X € T(TQ) and Y = (Y2, YT(Q/%)) € T(To(Q/G)) = TQ xoT(T(Q/G))
are compatible if T7o(X) = Y? and T(T7)(X) = YT(Q/G),

idq

Q/G Q

Figure 5: Routh reduction scheme in T'Q)

A family of compatible transformations. Assume we are given two fiber bundles () : P; —
Q;, 1 =1,2, and a magnetic Lagrangian system (6(2), Lo, Bs), together with a transformation pair
(F, f) between €M) : P| — Q; and ¢® : P, — Q5. We can then construct a family of compatible
transformations ¢, g : Tp, Q1 — Tp,(Q2 between these spaces. As the notation suggests, this
family depends on the Lagrangian Lo, and an arbitrary map 8 : P, — V*f, where V*f is the
dual of the bundle V f of tangent vectors vertical to the fibration f.

First we introduce the notion of f-regularity of the Lagrangian Ly. Consider the map ar, :

Tp,QQ2 — V*f which is defined as he composition of 7r§2) oFLy : Tp,Q2 — T*Q2 with the
projection of T*Q9 onto V* f.

Definition 3.4. The Lagrangian Lo is f-regular if for any given sy = (vg,,p2) € Tp,Q2 the map
04222 : VZ]Zf — %Zf;qu = aLZ (UQ2 + quap2)

is a diffeomorphism.

It is easily verified in coordinates that this condition is equivalent to the non-vanishing of the
Hessian of Lo with respect to the velocities, i.e.

0%Ly
det 0
¢ (auaaub> 7
For f-regular Lagrangians, we are now ready to introduce a family of compatible maps 9, 3 :
TPlQl — TPZQQ.

I) Consider the map ay, : Tp,Q2 — V* f, defined as above;

II) Fix a map 8 : Py — V*f such that fopryy.;of8 = M where pr : T*Qs — Q2 denotes
the standard projection on the cotangent bundle T*Q2 (see also Figure [G]);
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VifCT Qq

e pr

Q1 Q2

Figure 6: Commutative diagram for the map

III) Let s;1 = (vg,,p1) be an arbitrary point in Tp, Q1 and let so = (vg,,p2) € Tp,Q2 be a
compatible point (such a point always exists). Due to the f-regularity of Lo, there exists a
unique tangent vector wg, € Vg, f that satisfies a7’ (wg,) = B(p1), or alternatively

7_‘_%2) (FLQ(UID + quaPQ))‘Vf = 5(171)-

We take the point (vg, + wg,, p2) as the image of s1 = (vg,,p1) under ¢, 5. The fact that
Ly is f-regular implies that the construction is independent of the choice of sa.
By construction, the map 9z, g is compatible and it satisfies ar, 01, 3 = 5072(1)
writing 8 = B,dq®, this relation takes the form:

. In coordinates,

oLy [ . . . _ _—
5 (qz,qa,pa,vz,v“ = w“(qz,q“,p“,pv,v’)> = Balq’, 7", 0%, D).

Proposition 3. 91, 5 is uniquely characterized by the following two conditions:
1. It is a compatible transformation;

2. It satisfies ar, oYr, 3 =po 7'2(1)-

Proof. Take s1 € Tg, P1 and let 1 be a compatible map that satisfies the relation above. This

condition reads: oL
oo (W(s1)) = Ba (74 (51)).

If we use regularity of o, and apply the inverse function theorem, it follows that v is unique. O

Example (Routh reduction). Recall the setup for a standard Lagrangian system on
amenable to Routh reduction: €M) =7: P =Q — Q1 =Q/G, e? =idg : P, =Q — Q2 = Q,
F=idg, f=7:Q —- Q/G and Ly = L, B> = 0. The bundle V f is the bundle of symmetry
vectors {€g,|¢ € g} and 0* oap, = Jr. Themap 8 : Q — V*f = Q x g* is equivalent to a
g*-valued map on ). Although we are running ahead of things, in the case of Routh reduction
the map f is determined from a fixed value u € g*. Indeed 5 : @ — V*r is characterized in the
following way:

(B(a),€q(q)) = (1,§), for all £ € g.

Thus, the second equation in Proposition [3] coincides with the momentum equation Jr, = pu.
From the definition of the map oz, the image of (vjy,,q) by the map 1 s is the element
(vg +ng) € TQ with 7 is determined by the equality:

(FL(vq + 1), () = (B(0),$e(q)) = (1, §),

12



for all £ € g. From the definition of Jy, it follows (FL(vq + 1¢),€¢0(q)) = (Jr(vq + ng),§) and
hence 1.3 =1, 0 H;l.

Pull-back of a magnetic Lagrangian system under 11, g. In the next two paragraphs we
study the pull-back under 1z, 5 of the (pre)symplectic system QX252 with energy (Hamiltonian)
Er,. In the first paragraph we show that the pull-back system is associated to a new magnetic
Lagrangian system on P, — @;. In the second paragraph we study conditions on the map
such that the EL equations of the pull-back system are related to the EL equations of the initial
magnetic Lagrangian system.

In order to define in an intrinsic way a Lagrangian on P; — ()1 whose associated 2-form equals
wzzﬁQLQ*B% we choose a connection A on the bundle f: Q2 — Q7. Recall from the introduction
that A is a V f-valued 1-form on Q2, satisfying A(vg,) = vg,, for all vy, € V f. Consider now the
associated V f-valued 1-form Ap, on P; defined from Ap, (v) = A(T (e o F)(v)) for v e TP; .
Contraction of 8 and Ap, gives rise to the following 1-form on P;:

(B, Ap,)(p1) = (B(p1), Ap, (p1)) € T;1P1 .

If we denote the T'Q2-component of the transformation v, 3 : Tp, Q1 — Tp,Q2 by wggg (i.e.

wZZQE = 7'1(2) (¥r,,8)), we have the following result:

Theorem 3.5. Let (F, f) be a transformation pair between ¢ : Py — Q1 and €? : Py — Qo
and let (6(2), Lo, Bs) be a magnetic Lagrangian systems such that Lo is f-reqular. Fiz a connection
A on the bundle f: Q2 — Q1 and a map B : P = V*f, and let Y1, 5 : Tp, Q1 — Tp,Q2 be the

(F, f)-compatible transformation constructed above. Consider the magnetic Lagrangian system

(6(1),L1,81) defined by

Z) Ll(v%apl) = (7/122,13L2) (UQ1ap1> - <5(p1>aA(U’fﬁf&(”qul’l)»;
ZZ) By = F*By + d(<6, AP1>).
Then 1, 3 satisfies:

Ly,Bs _ OL1,B: .
1. wZQ,ﬁQZ 2_91 17

2. ¥%, 4Br, = Ep,.

Proof. The proof is straightforward generalization of the result in [7]. O

Example (Routh reduction). The magnetic Lagrangian system on 7 : @ — (/G has the
following properties:

o Ly = (ip oll;')* L — Ay, ie. Li(T7(vy),q) = L(vg) — (1, A(vy)) for v, € J; () arbitrary,
o By =dA,.
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The tangency condition. Under some restrictive conditions (to be discussed below) the pre-
vious map can be proved to be a diffeomorphism. However, in general, the magnetic Lagrangian
system on Tp, Q1 is not regular even if the original system on €?) : P, — Qy was. Theorem [3.7]
states that the two Lagrangian systems are related, but this does not guarantee that the solution
curves to the (pre)-symplectic equations are related.

Here we use the results from Section Bl to get a sufficient condition for solutions to the EL
equations of (¢ : P — Q1,L1,B;) to be related to those of a regular system (e : P, —
Q2, Lo, B). From Section B is it necessary and sufficient that X Ey, is contained in the image
of Ty, 3. The next proposition provides information on the image of T4y, g.

Proposition 4. Let X, denote an arbitrary tangent vector to M = Tp,Q2 at so = (p2,vg,) =
Vi,.8(s1). Then Xs, = Tr, 3(Ys,) for some Yy, tangent to N =Tp, Q1 at s1 = (p1,vq,) iff the
following two conditions are satisfied:

1. X, and Yy, are compatible;

2.

X,, (2L2) = (177 (Y.))) (Ba):

Proof. We first show that the two conditions hold if X, = T, 3(Ys,). Since ¢, is a
compatible map, the pair Xg,,Ys, is compatible. Deriving the left hand side of the equality
L, 0Pr, =0 72(1), becomes Tar, o TYr, 3(Ys,) = Tar,(Xs,). The right hand side equals
TB(TTQ(D(Ygl)). In components, we have T(ar,)a(Xs,) = Tﬁa(TTQ(I)Ysl) which is the second
condition.

For the converse statement, let X;,,Ys, denote a pair of vectors satisfying 1. and 2. Note that
the pair Ty, 3(Ys, ), Ys, also satisfies 1. and 2., and that the proof is concluded if we can show
uniqueness, i.e. two pairs X,,, Y, and X «y» Ys, satisfying conditions 1. and 2., will necessarily
be equal: X, = X[ .

From the second condition (and using the coordinate expressions for compatible vectors given
before in Equation (@) it follows

_ o, [ OLsy 5 N
X, — X! = X - xp =0.
( S2 52) (8’1_)a) 0’ or ( S2 52) a,l—)aa,l—)b 0

Regularity of oz, implies uniqueness: X, = X/ . O

Denoting as before 3, the component of 8 along dg®, coordinate expressions for oy, and /3 are:

0Ls
ove

aLzz(qi,q",vi,ﬂ“,ﬁ“m( ) B:(q",q*p™,p") — Ba

Taking tangent vectors points sy = 91, g(s1), and using coordinate expressions for X, and Y,
as in Equation (@), one finds that the equation (T'ar,),(Xs,) =15 (T7'2(1)Y;1) reads:

920, 9L, 8Ly .. L, . Lo
i & yo o yi & Xa
5 9g0m T oo T apeart |t guiawh | o 9pedit
=Y 66b+Y“aﬁb+Ya%+yvaﬁb (7)

Tog T o T Ut ope T op
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Example (Routh reduction). The tangency condition holds if 3 is defined by a constant cho-
sen momentum 4. Given any vector Xs,—y,, then a compatible vector Yy, —(y, ) in T(To(Q/G))
is completely determined from X, . Equation [T can be rewritten as:

oL

Xo, <62> = (T1o(X,,)) (Ba), with 7q : TQ — Q.
e ?

If Xy, = Xg,(vq) the previous equation will be satisfied if 3 is defined from a chosen fixed

momentum . The previous equation then becomes X, (Jr — p) = 0. It is well-known that this

is satisfied: an invariant Hamiltonian vector field is tangent to the level set of a momentum map.

The diffeomorphic case. The most interesting case of a compatible transformation ¢, g
arises precisely when this map is a diffeomorphism. In this case one has an induced system
which is symplectomorphic to the original one, and hence its dynamics faithfully represent that
of the original system. We prove here a useful condition for this to happen.

Assume that the dimensions of Tp,@Q; agree, i.e. with the notations of Section Bl the following
equality holds: 2nj +k1 = 2no+ k2. Then we have nq 4+ k1 —ne— ke = ny —nq, i.e. the dimensions
of the fibers of F' and f coincide, a necessary condition for 11 s to be a diffeomorphism. Note
that in this case both the indices a and v run from 1 to ny — ny.

Proposition 5. In the situation above, assume the following reqularity condition holds: the map
Bir-1(ps) F~Y(py) — V. f is a diffeomorphism for each pa € Pa, with €@ (p2) = q2. Then ¢r 5
is a diffeomorphism.

Proof. The fiber submanifold F~!(py) has coordinates p?, and in particular
rank(08,/0p" )a,n = N2 — n1.

The rank of ¢y, 3 is maximal iff rank(9¢*/9p7),, 4 is maximal, where ¢® are the components of
1, implicitly defined as:

oL o -
558 (00,4 ¢ (¢.4:4,p,p): D) = Bo(q,7,D,p).

By f-regularity of L it follows rank(0¢®/0p")e = rank(05./0p”)a,y. Since ¢y, g is a bijection
(this is easily checked using the condition on ) and has constant maximal rank, the result
holds. O

Moreover, from the proof it is clear that the previous proposition fully characterizes the case
where ¢, g is a diffeomorphisms, i.e., the condition on 8 in Proposition [ is also necessary. The
following theorem guarantees the regularity of the induced systems under the transformation
1, s in this situation.

Theorem 3.6. Assume 1y, g is a diffeomorphism. Then the induced magnetic Lagrangian system

on eV . Py — Q1 is hyperregular.

Proof. 1t is clear that FL, is a global diffeomorphism, because 91, g is a diffecomorphism. On the
other hand, since 91, g is a symplectomorphism, it follows that the form (ﬁgl))*le + (ﬁél))*Bl
is symplectic. [l
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4 Fiberwise Reducible magnetic Lagrangian systems

This section is devoted to a particular kind of magnetic Lagrangian systems where the dynamics
is easily reducible. These systems posses symmetry along the fibers of € : P — @ which, roughly
speaking, allows for a reduction of the base space space P of Tp(@ while leaving the tangent part
TQ invariant.

Example (Routh reduction). In Section[Bwe have shown that a general Lagrangian system,
amenable to Routh reduction, can be transformed into a magnetic Lagrangian system (Q —
Q/G, (i 0 H;l)*L —2,,d2l,) in such a way that the solution to the EL equations are mapped
into solution of the original EL equations with fixed momentum p. There is still symmetry left in
the transformed system: the fibers of @ — Q/G are equal to G and we will show below that the
transformed magnetic Lagrangian system is reducible under the fiberwise action of the isotropy
subgroup G/,.

Preliminary results and definitions. Let e: P — @ be a bundle and ® denotes a G-action
on P such that € o ® = e. Then ®F naturally induces a lifted action on TpQ:

q)ZPQ(’U(bp) = (vqa@g(p)) = (UQ7gp)7 (UQap) E TPQ) g G G

Definition 4.1. A magnetic Lagrangian system (e : P — @, L, B) together with a G-action ®”
on P is fiberwise-reducible if the following conditions hold:

1. The action of G on P is tangent to the fibers, i.e. e(®] (p)) = €(p);
2. L is G-invariant with respect to the lift of ®F to TpQ: L(v,y, ®}'(p)) = L(vg, p);

3. The 2-form B on P is reducible to P/G, i.e. B is G-invariant and satisfies v¢, 8 = 0 for all
£€g.

We write B for the projection of B onto P/G and L for the projection of L onto Tp;gQ. The
quotient manifold P/G can be naturally fibered over @, the fibration given by € : [p] — €(p).
Since ® is assumed to be free, the fibration € : P/G — @ is a principal G-bundle (that is, local
triviality holds; see [16]). Since B projects to B, B is closed.

Definition 4.2. Let (¢: P — Q, L, B,G) be a fiberwise-reducible magnetic Lagrangian system.
We call (e: P/G — Q, L, B) the (associated) reduced magnetic Lagrangian system.

We use the following notations, in agreement with the notations used before:
1. 7¢ : TpQ — Tp/cQ is the projection that maps (v, p) € TPQ onto (vy, [p]) € Tp/cQ.
2. pe:THQ — T;,/GQ is the projection that maps (a4, p) € THQ onto (ay, [p]) € TI*;/GQ.
3. 7 :Tf,oQ — TQ is the projection that maps (g, [p]) € Tp,6Q onto ag € T*Q.
4. m : Tp,oQ — P/G is the projection that maps (ay, [p]) € TEQ onto [p] € P/G.

We are interested in reducing the dynamics in a fiberwise-reducible Lagrangian system to the
associated reduced magnetic Lagrangian system (€ : P/G — @, L, B). For that purpose, we need
the following two lemmas:
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Lemma 4.3. Let (e: P — Q,L,B,G) be a fiberwise-reducible Lagrangian system and consider
the reduced magnetic Lagrangian system (€ : P/G — Q, L,B). Then pgoFL =FLo g, i.e., the
diagram in Figure[] commutes.

TpQ T5Q
TG y e
TpcQ — Tp,6Q

Figure 7: Lemma [4.3]

Proof. This result is immediate. [l
Lemma 4.4. The map ¢ between the presymplectic manifolds (TpQ,Q"B) and (Tp/cQ, QE*B)
satisfies 7608 = QBB and 15E; = B
Proof. The first statement follows from diagram chasing:

TeFL* (Rwg + T3 B) = FL*p& (Riwg + T3 B) = FL* (1mjwg + 3 B).
The second part is easily checked in coordinates:

L - L
TaEr =18 <%viL> 0

O

The tangency condition is trivially satisfied since the map TpQ — Tp/cQ is a submersion. The
next proposition summarizes the reduction of these fiberwise reducible systems.

Proposition 6. Consider a fiberwise reducible magnetic system (e: P — Q,L,B,G). The
associated reduced magnetic Lagrangian system (€ : P/G — Q, L, B) is such that any solution to
the EL equation is the projection of a solution to the EL equations of the reducible system.

Example (Routh reduction). Clearly the Lagrangian (i, o IT;')*L — 2, on Tp(Q/G) and
the magnetic force term d2(,, on @ of the transformed Lagrangian system are G, invariant and
fiberwise reducible to a magnetic Lagrangian system on /G, — Q. The reduced Lagrangian
and magnetic 2-form correspond to R* and 9B, from Proposition [

Throughout the previous sections, we have used the specific case of a standard Lagrangian system
amenable to Routh reduction to demonstrate and develop the general theory on transformations
between magnetic Lagrangian systems. In this section we conclude the main result of this paper:
we summarize our statement that Routh reduction itself can be cast into the framework of the
compatible transformations and we also consider the slightly more general framework of Routh
reduction for magnetic Lagrangian systems (see [10]). In both cases, Routh’s reduction proce-
dure for a ‘G-invariant’ magnetic Lagrangian system (e : P — @, L, B) is realized as the result
of two steps:
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STEP 1: We construct an equivalent magnetic Lagrangian (¢, : P — Q/G, L, B,,) system by
means of a compatible transformation 1, g for a suitable j;

STEP 2: We check that (¢, : P — Q/G, L, B,,) is fiberwise reducible.

For a standard Lagrangian system (Q — @, L, B = 0) amenable to Routh reduction, the proce-
dure was demonstrated throughout the previous section.

Reduction for invariant magnetic Lagrangian systems. Let G act on P — @ by bundle
automorphisms, i.e. there’s a G-action on both P and @ such that € o @5 = (IDgQ oe. The
projections of the principal bundles are denoted by ¥ : P — P/G and 7% : Q — Q/G. This
action naturally lifts to an action 77 on TpQ in the following way:

®," % (vg, p) = (TG (vg), Py ().

Definition 4.5. A magnetic Lagrangian system (e : P — @, L, B) is G-invariant if B is invariant
w.r.t. ® and L is invariant w.r.t. ®7rC,

In this case, ®TP¥ is symplectic w.r.t. QL8 (recall the notations from Section ). In order to
obtain a momentum map for this action, we introduce the notion of Bg-potential.

Definition 4.6. Given an invariant closed 2-form B on P. Then a g*-valued function § on P is
a Bg-potential if i¢, B = d(6,€) for any & € g.

From now on and to ease notation, given a g*-valued function f, f for any £ € g will be a shortcut
for (f,&). For instance, the defining property of a Bg-potential § € C*(P, g*) is i¢, B = dd¢ for
any ¢ € g. If P is connected, we have

A[(@F) 5] = (OF)*dog = (OF)(icp B) = igap)-c, (OF)'B
=@y epB =iad, 16pB = doaa, 1¢)-

From d((®2)*8¢ — 0aa,¢) = 0, it follows that the map os(g) = d 0 ®F — Ady . - 6 is a g*-valued
1-cocycle on G. (This definition is independent of the point p € P because of connectedness). A
momentum map Jy, 5 for ®TP? is given by:

(Jr,6(vg:p), &) = (FL(vg, p), (§@(a), p)) — 0¢(p)-

This momentum map has non-equivariant cocycle —os. We consider the affine action of G on
g* that makes Jz, s equivariant (see for instance [I]), and let G, denote the isotropy group of an
element p € g* w.r.t. this action. We will now prove that, under some regularity conditions, the
level set of this momentum map may be identified with the subbundle Tp(Q/G) C TpQ, and
this identification will eventually allow us to define a suitable transformation scheme to describe
Routh reduction on TpQ.

Definition 4.7. The Lagrangian L of a G-invariant magnetic Lagrangian system is called G-
regular if the map JLJ;‘( g = g%5& = Jrs(vg + €g(q),p) is a diffeomorphism for all

(vg,p) € TPQ.

VgsP)

Similar to the standard case, we consider the map

s Jp (1) = Tr(Q/G); (vg,p) = (T7%(vg), p).
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Lemma 4.8. 1ls , is a diffeomorphism if the Lagrangian is G-regular.

Proof. We define an inverse map A;,, for Il5,. Choose an element (vjg,p) in Tp(Q/G), and
take a point (vg,p) € TpQ such that T (v,) = Vjgle- Using G-regularity of L, there exists a

unique & in g such that Jg 5(vg +£q(q),p) = p. Set As u(vige,p) = (vg +E&q(q), p). It remains
to check that the construction is independent of the chosen point (vg,p) € TpQ, but this is
immediate. |

Consider now the G ,-action (on the second factor) on Tp(Q/G), denoted by WY i.e. W (v, p) =
(Vigle» @Y () (this makes sense since P/G,, fibers over Q/G). We know that G, acts on JZ%(,u),
and it follows, for g € G,
Is,u(T®"9 - (vg,)) = s, (TG (vg), & (p)) = (T7? (TG (1)), @ ()
= (T(7? 0 ®F)(vy), &5 (1)) = (vigq BF (1))
= \115 . H&H(vtbp)v

ie. Is (g - (vg,p)) = g - s u(vg, p). This implies equivariance for the inverse map As ..

The compatible transformation. Analogous as the standard case, we consider the following
transformation scheme: P, = P, = P, Q1 = Q/G, Q2 = Q and transformation the pair
(F =idp,f =79 =7 :Q — Q/G). We have Tp,Q1 = Tp(Q/G) and Tp,Q2 = TpQ, and
m-regularity of L is equivalent to G-regularity of L.

idp

P

Q/G Q

Figure 8: Transformation scheme for TpQ

We use the notations used in the compatible maps: we let coordinates on Q/G be denoted (¢°),
adapted coordinates on @ are then (q%, %) and finally (q%, g%, p*) represent coordinates on P (in
particular, there are no components in p7).

The components of the infinitesimal generator of symmetries o : Q x g — T'Q of ®% are denoted

by of, ie. (¢ = (¢',3%),& = &eb) — od(q*, q*)E, with e, a basis for g (and e’ denote the dual

basis vectors). The action being free, of is invertible, ¥¢ := (o~ 1)%.
Define 8 : P — V*7 in the following way:
(B(p),€0(9)) = (1, ) + (6(p), &)-

In local coordinates, the map 17, g takes the form:

V(' @0 p%) = (¢, %, v', 0", %),
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with 9 implicitly determined from

oL

e (0,000, 5) = Ba = Sgum + T4,

which is equivalent to the momentum equation and 1 s equals 7, o Hgi .

Verifying the tangency condition. Because the momentum map is conserved along solution
to the EL equations, the tangency condition from Proposition @ is fulfilled for any tangent vector
that solves the (pre)-symplectic equation for the invariant Lagrangian system on P — @ at a
point on the level set of the momentum map. Here we will check Equation () for an arbitrary
function 8. More precisely, we study the tangency condition for a tangent vector X to Tp(Q in
the case of a compatible transformation map 17, g with 8 arbitrary and where X ) solves
the EL equation ix QP8 = —dE;,.

s=(vq,p

Because of the SODE nature EL equation, the tangent vector X, to Tp(@ is of the form:

Xo=vlopgo L ype @ 40 e O
=V oq ag P ape "1 9p T fpa

where (g, p®) are implicitly determined from the Euler Lagrange equations. A tangent vector
Ys—(Tr(vy).p) tO Tp(Q/G) compatible to X completely determined by this condition and is of
the form

From Proposition[d X, is in the image of Ty, g if

X, (S—L) — Yi(Ba).

Since 8 is a function on P, the right hand side can be written (with a slight abuse of notation)
as Xs(5a), and the tangency condition becomes

Xé(aL _Ba) =0.

v

For a G-invariant Lagrangian, only 3, = X%, + X% 8, will provide a transformation that satisfies
the tangency conditions.

The reduction step. Fix a principal connection A on the bundle 7 : @ — Q/G whose
corresponding connection 1-form is denoted 2(. We apply the construction of Theorem to
induce the following magnetic Lagrangian system on Tp(Q/G):

Ly = (4 o T3 0)* L = (i + 6, Ap((1, 0 Ty )T9));
B, =B+ d{u+6,Ap).

This new magnetic Lagrangian system (P — Q/G, Ly, B,,) is G,-fiberwise reducible because:

) Hg; is equivariant, L is invariant, and the term involving 2Ap is G,-invariant.
;

e B, is G, invariant and satisfies 1¢,B,, = 0 for all £ € g,,.
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The last assertion can be checked using Cartan’s formula and the fact that the infinitesimal 2-
cocycle corresponding to o5 equals ¥5(§, () = —(Teos(£), () = —Ep(d¢(p)) — Oje,c)(p)- A detailed
proof may be found in [10] [12].

We conclude with a diagram (Figure[d)) that summarizes the equivalence of Routh reduction with
the procedure described above: a transformation 1y, g followed by a fiberwise reduction. The
presymplectic structures on J E’};(M) and Tp(Q/G) (the former given by zZQL*B and latter given
by Theorem [B5)) are related by A, 5. Finally, A, s drops to a symplectomorphism Au,é on the
quotient.

JE}S(N)/GM JE,}S(N) - TpQ
As Aps
Tp/c,(Q/G) Tp(Q/G) Vs

Figure 9: Routh reduction scheme

5 The Hamiltonian picture

We end with a brief description of the Hamiltonian analogue of the transformations studied in
the previous section. A full treatment of magnetic Hamiltonian systems as the Hamiltonian
counterpart to magnetic Lagrangian systems is not the aim of this section, and will be addressed
elsewhere. Accordingly we will only provide here the basic definition and properties.

Definition 5.1. A magnetic Hamiltonian system is a triple (e : P — Q, H,B) where e : P — Q
is a fiber bundle, H is a smooth function on the fiber product T5Q and B is a closed 2-form on
P.

There’s a natural presymplectic form 2 defined on T5Q), given by ) := mjwg + m5B. Given a
magnetic Hamiltonian system, the dynamics associated to a magnetic Hamiltonian system are
solutions to the Hamilton’s equations w.r.t. the (pre)symplectic structure 2 and the Hamiltonian
function H. This definition generalizes the standard definition of a Hamiltonian system on 7*Q
when considering P = Q.

Transformations We will define a class of transformations 14,5 : T Q1 — T5,Q2 analogous
to the class ¢, 3. Consider a transformation pair (F, f) for the bundles e® . P — @ and
¢® : Py — @y inducing adapted coordinates (¢*,¢%,p*) on P, and (qi,(j",.ﬁo‘,pv) on P as in
Section [Bl Corresponding coordinates in T Q1 and T Q2 are denoted (¢',a’,¢%,p%,p?) and
(¢%, 3%, o, a%, p*) respectively.

To determine the analogue of the transformation 1, 3 one begins with the following observation.
The coordinate expression for the Lagrangian in Theorem 35 induced by a transformation ¢, g
is

Li(q,4,3,P,p) = V5, 5L2(4, 3,4, G, D) — Balq, 3,0, 0) V1, 5(¢. T, 4, D, ) + T (g, 0)§"),
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where I'¢ are the connection coefficients. A computation shows that the momenta o = 0L2/0¢
transform under ¢, g as a — a+ (3, A). More precisely, using the definition of ¢r, g one finds:

. 0L,
’l/)LZH('} aq;a 7/805

. 0Ly OLi ., 0Ly 9yt . oY o 0L .
szyﬁ dg - g’ (7/}L2,ﬂ aqa) dg Jrﬂa( gt JrFi) - g’ Bal’s.

Having the transformation law for the momenta, which depends on the chosen connection A
and on the map f3, one can naturally define a transformation 1 4 g for a magnetic Hamiltonian
systems on P, — Q2 as the transformation which satisfies the aforementioned transformation
law for the momenta (and covers (F, f)). The explicit expression is given by:

vp.alog,p1) = (T, fag,) + (B, A), F(p1)),
with g2 = € (F(py)). If one then defines the magnetic form B; as
By =F"By+d((8,Ap,))
one has the following result:
Proposition 7. In the situation above, Q/inwﬂg =y.

Proof. A point with coordinates (¢*, a?, g%, p*,p?) € Tp, Q1 is mapped into the point (¢%,q% a; +
Bal'¢, Ba, P*) € Tp,Q2 by 1.4,5. Using s = (dai ANdq" + dag N dg* + Bg), it follows easily

(hap) Qo = doy Adg' + d(B.T8dq" + Badq®) + F*By
=do; Ndg' + By = Q.
O

Starting from this result one defines the induced magnetic Hamiltonian system on 15 Q1, denoted
(M), Hy, By), whose Hamiltonian function is given by

Hi(ag,,p1) = ¥l gHa(ag,, p2).

As in the case of magnetic Lagrangian systems (see Theorem [B.H), one can then relate the dy-
namics of (¢(2), Hy, By) to that of (), Hy, B;). We conclude this paragraph with an application
of these transformations to a well known example from mechanics.

Example (Momentum shift in cotangent bundle reduction). We consider the standard
setting for cotangent bundle reduction, namely a Hamiltonian system on 7*(Q and a G action
on T*(Q by cotangent lifts with associated momentum map defined as:

(J(g),€) = (aq,8q), forall § € g.

The reduced space (T*Q), = J~'(u)/G, is usually realized by choosing an arbitrary principal
connection 2 on 7 : Q — /G and making use of the so-called momentum shift. The momentum
shift map S, : J~!(u) — J~1(0) is defined in terms of the connection as S, (ag) = ag —2A,. The
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Figure 10: Transformation scheme for S,

target space J~'(0) is naturally identified with T5(Q/G), and this allows for an easy reduction.

Consider the following scheme, which is the same as in Routh reduction: @1 = Q/G, Q2 = Q,

P = Q, P, = Q and the transformation pair (F, f) = (idg, 7). The situation is summarized in
Figure The map S is given by

(B(q),éq(q)) = (u, &), forall € € g.

It is easy to check that the map Ya5 @ TH(Q/G) — T7Q, a — 7 a + A, equals 1, o S;l
(where 7, denotes the inclusion) and induces the magnetic Hamiltonian system on 7¢(Q/G)

whose Hamiltonian function and magnetic term are (2, o S;/')*H and d2, respectively. The
situation is summarized in Figure [[1]

Su Ty

J7H(0) ——— T ()
)

T*Q

T5Q/G

‘I/_A‘[g

Figure 11: Momentum shift
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