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Entropy function spaces and interpolation*

Joan Cerda, Heribert Coll and Joaquim Martin

Abstract

We associate to every function space, and to every entropy function F, a scale of spaces
AP9(E) similar to the classical Lorentz spaces LP?. Necessary and sufficient conditions for
they to be normed spaces are proved, their role in real interpolation theory is analyzed, and
a number of applications to functional and interpolation properties of several variants of

Lorentz spaces and entropy spaces are given.

1 Introduction

An analysis of classical rearrangement invariant spaces of functions, with their associated Lorentz
and Marcinkiewicz classes, suggests that a common method could be developed in order to study
functional and interpolation properties in the setting of general function spaces.
The point is that in many important cases the quantity which controls the norm involves
certain “entropy functions” which quantify precisely the size of the level sets of their elements.
In order to explain with more detail what we want to do, let us introduce some definitions.
By a quasi-Banach function space on a given measure space (€2, %, 1) we denote a linear
subspace E of L® = L9(u), the space of all (equivalence classes of) measurable functions on €2,

endowed with a (quasi-)norm || - |z with the following two properties:
(i) g € E and ||g||g < ||fl|g, whenever g € LY, f € E and |g| < |f] a.e. (lattice property).
(i) 0 < fu 1 f ae. then | fulli T [1fll2 (Fatou property).

We say that E is a Banach function space if || - ||g is equivalent to a norm.

By defining E(A) := ||xallg, we obtain a quasi-entropy function on (2, that we denote
with the same symbol F, which is a set function on ¥ such that

(a) 0 < E(A) < o0,

(b) E(A) =0 if and only if u(A) =0,

(c) E(A) < E(B) if AC B,

(d) limg E(Ag) = E(A) if A, T A, and

(e) B(AU B) < c(E(A) + E(B)).

If ¢ =1, we say that F is an entropy function.
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Another example of entropy function, first considered in [11], is Shannon entropy E, on
[0,1/e]™ C R™. It is associated to ¢(x) := xlog(1/z) by defining

[e.9] o0
E,(A) := inf { Z(p(|[kl); AcC U I, I, C [0,1/e]" intervals}.
k=1 k=1
Here |I| is the volume of I} and p the Hausdorff measure relative to .
Given a quasi-entropy function E on €2, we define two function spaces A(F) and M(E) by

the conditions
1 fllace) ::/0 E({[fl>s})ds <oo and |fllamm) = Sg}gsE({lf! > s}) < 0.

Since {|f +g| > s} C {|f| > s/2} U{lg| > s/2} we get that || - |[sg) and || - [[ar(g) are quasi-
norms which are complete since our conditions on F ensure that both have the Fatou property.
It follows from the definition that, for any A € X, [[xallaz) = IxallmE) = E(A).

Observe that E({|f| > t}) is a decreasing function for 0 < ¢t < oo and it will play the
role of the usual distribution function in the theory of Lebesgue spaces. In particular, for any
quasi-entropy function F, we can define in the same vein entropy Lorentz spaces with two

parameters p, g € (0,00) by
©© 1/q
wu(E) = {f € 1% W flawacey = ([ 67 B> 07 ) ™ < oo,

and also AP (E) with || f||p.co := supsso tE({|f| > t})'/P, so that A1*°(E) = M(E). We denote
AP(E) = APP(E), thus A(E) = AY(E).
The significance of these spaces will appear very clearly in the setting of the real K —method

of interpolation (see Section 3 bellow).

Example 1 If E is a rearrangement invariant space on (0,00) whose fundamental function
6u(t) = Ixupls is concave (see (12] and [4]), then A(E) = () and M(E) = M(¢p),
where A(¢g) and M (¢g) are the classical Lorentz and Marcinkiewicz spaces associated to ¢p(t)
defined by the conditions

1flA(oz) 1:/0 bu(ps(s))ds < oo, ||fllr(or) = SsligsqﬁE(Mf(S)) < o0.

Example 2 If E, is the Shannon entropy, the corresponding spaces AP(E,) and M(E,) were
considered by R. Fefferman in order to obtain entropic versions of the theorems of Hardy and

Littlewood and of Calderon and Zygmund.

Example 3 If0 < p,q < 0o and E = LP4(w), a weighted Lorentz space, then E = AP4(LY(w)),
A(E) = LPY(w), and M (LP9(w)) = LP>°(w).

Obviously E — M(E). If E is a Banach function space, from [f| < > 22 2k+1X{‘f|>2k}

we also obtain

e < S 2 xgsmamlle <4 /O E({f] > s}) ds = 4] flla(z).

k=—o00



and A(E) and M (FE) are extremal in the sense that if X is another Banach function space on §2
such that |Al|x = ||A||g for any measurable set A C 2, then

A(E) — X — M(E). (1)

If 0 < p < 1, then A(LP) = LP! is strictly larger than LP, but we claim that, if £ is a

quasi-Banach function space, there exits a number 0 < u < 1 such that
AM(E) C E. (2)

To prove this claim, take u defined by (2¢)" = 2, where ¢ is the quasi-norm constant. Then by

the Aoki-Rolewicz theorem (cf. [3]), we know that there is a u—norm ||-||; such that

1l < Il < 20fI1%-
Then, if 0 < fe E, f < 22k+1X{f>2k}, hence
[ 2 x| <2 2 xoan [, <23 20
< 23 2l =2 20D E({f > 2K}

< /0 VB >yl dy = s

[nalyz

IN

Let us now briefly summarize the contents of the paper. Section 2 deals with the basic ques-
tion of whether || - |[sr.q(p) is @ norm, and as an application we analyze subadditivity properties
for Shannon entropy spaces, and for classical Lorentz spaces and their multidimensional variants.
Our aim in Section 3 is to analyze the role of APY(F) spaces in the setting of real interpolation
theory. The main idea is that it will be enough to restrict arguments to characteristic functions.

We start by considering interpolation with L* and we prove that
(A(E), L?)oq = (M(E), L%)gq = AP(E)  (p=1/(1-10)).

Then we describe (AP0-%(Ey), AP2?(E))g 4, and the main idea here is to consider the Sparr’s
interpolation method for triples. As an application we obtain the description of (E, L*>)g , when
FE is a function space, and this allows to provide an identification of the interpolation space
(Bg: L>)g, that completes the results of [14] concerning real interpolation between By and L”
when B, is the block space introduced by M. Taibleson and G. Weiss to refine some aspects
of the theory of entropy spaces. We also obtain an interpolation result about interpolation of
classical Lorentz spaces and, finally, we characterize all the pairs (E, L) that are universal
right Calderén couples.

As usual, by A ~ B we mean that ¢c ™A < B < cA, and by A < B that A < ¢B, for some

constant ¢ > 0 independent of appropriate quantities.

2 Normed APY(F) spaces

We always assume that F is a quasi-entropy function on §2. The basic problem considered here

is to know when the quasinorm || - ||zp.¢(g) is subadditive.
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In fact, a reduction to a single parameter can be performed through s-convexifications E(%).

For any entropy function E and 0 < s < oo,
EG)(A) .= B(A)Y>.

If E is a Banach functions space, || f|| g« = H|f]5||2/s (cf. [13]). It is readily checked that, for
any 0 < p,q < oo,

(a) AP(E) = A(E)®),

(b) AP4(E) = A(E@/D)@) = A1(EP/2),

Let 1 < p < oo, if | - ||ar(g) is @ norm, then || f5s + gsllar(z) < [[fsllar(z) + l95lar(2), Where
fs=(0+0)xa+xpaand gs = (1 +0)xB + xa\5 (AN B #0).
It is easily checked that

sl = (5) " (BAUB) + (1 + 0y - pEW) "

and the same for g5, with E(B) instead of F(A). Then

/5 + 9sllar () = (;) v (E(A UB)(2+46)7+[(2+20)P — (2+ 6P| E(AN B))l/p.

Now, from the estimates (z + y)/? < 2P 4 41/ < 21=1/P(z 4 4)1/P_ collecting terms and by
letting 6 — 0 we have that

E(AUB) + E(AN B) < E(A) + E(B). (3)

For the converse, it will be convenient to consider simple functions sy = Zfil aix A, with

o anndAiﬂAjZQ)ifi#j, and
7T(SN) = (Oél - OéQ)E(Al) + (042 — Oz3)E(A1 U Ag) + -+ aNE(A1 U---u AN>.
We will say that F is strongly subadditive if condition (3) holds.

Theorem 1 Let 1 < p < oco. The quasi-norm || - ||ar(g) is @ norm if and only if E is strongly

subadditive.

Proof. We have seen that the condition is necessary. For the converse we may assume that
p =1, since AP(E) = A(E)® is a normed space provided that A(E) is normed.

Using Fatou property, we are allowed to consider nonnegative simple functions

N N
SN =) aixa, tv=)_ Bixa
=1 =1

and assume that a1 + 51 > as+ (2 > - > ay + By, and 4; N A; = () if i # 7. Then, since

Isnllaey = (o) — ao@) E(As)) + (Qo2) — ao(3)) E(Ag1) U Ag(2))
Hagn-1) = Qo)) E(Agy U - U Ag(v_1)) + aga) E(Agay U - U Agwy)
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if o is a permutation of {1,2,..., N} such that asq) > as@) > -+ > ag ), we only need to
check that 7(sy) < [|sn|[a(r) to obtain the triangle property,
[sn +tnllag) = m(sn) + 7(tn) < lsnllae) + lEnllace)-

By induction, we assume that the estimate is true for sy, with IV terms. Let

SN+1 = SN + ON4+1XAn 1

and consider a permutation o such that ag 1) > age) = -+ 2 asn)-
>

Let us assume that a,() > Q) 2 QN1 2= Qo) Qg(N), the extreme cases

Qg(N) > an+1 and ant1 > ag(q) being similar and simpler. Then

[sntillae) = (o) — ao@) E(As)) + + (Qo(r—1) — Qo)) E(Aoy U - U Ag(r_1))
(ao(r) - aN—i—l)E(Aa(l) U---u Aa(r))
+(an+1 = orr1)) E(Agay U+ U Ag(r) U Ani1)

(

+

_l’_

Qg (r+1) — aa(r+2))E(AU(1) U---u Ao(r) U AN-H U Aa(rJrl))
ot agnE(Apqy U Udy vy U An4)

and

Isnllae)y = (o) — ao@) E(Ag)) + -+ (Qopr—1) = Qo)) E(Ag)y U+ U Agoyy)
(o(r) = Qo(ry1)) E(Agy U+ U Ag(r))
o (r1) = Ao(ry2) E(Agy U U Ay(r) U Ag(rrn))
+o gy E(Agay U U Ag(ny)
with Ay U+ U Ay = A1 U---UAy and Ay U- U Ay UAng1 = AU UAN U Ay,
We have m(sy+1) = 7(sy) —anvp1 E(A1U---UAN) +an1 E(A1 U U A1) and we want
to prove that

[sn+illace) — m(snt1) = llsnllag) —m(sy) +1 =0,
with I = [|sy41lla@) — Iswvllae) + anvt E(A1 U UAN) —ani BE(A U U Anya).
By induction, [sy|[a(r) — m(sn) > 0. To show that also I > 0 we observe that
I'= () — any1)E(Agy U--- U Agpy) + (ang1 — agri1) E(Apy U+ U Ay U Angr)
—(o(r) = Ag(ry1)) E(Ag(y U+ - U Ag(r))
o (r41) = Ao (r42) [E(Agy U - U Ay U A1 U Ag(rgr))
—E(A;qy U UAgy U Agrgn))]
T
(an+1 — agv)) E(Agy U - U Ag())
+(o(ny — ans1) E(Asqy U -+ U Ag(ny U Ant1),
and make the substitutions

Qo(r) = Qg(r41) — (ao(r) - aN—l—l) + (aN+1 - aa(r+1))
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and

AN11 = Ao(N) = (AN 1 = Qp(rt1)) T (Qo(r41) — Qo(ry2)) T+ (Qo(v—1) — Ao(n))-

Now we may associate similar terms of I and check that everyone is nonnegative. We have that

ON41 — aa(r+1) >0 multiplies
—E(A; U UAs ) +E(AyyU- - -UAG ) UAN 1) +E(A U UAN) - E(A1U- - - UANUAN 1),
which is nonnegative, by condition (3). Similarly, ay(41) — Qg(r42) = 0 is multiplied by

_E(Aa(l) U---u Ao-(r+1)) + E(Aa(l) U---u Aa(r) UAn U AO-(T+1))
+E(A1U---UAN) — E(A1U---UANU An41),

also nonnegative, and the same for the remaining terms.

Remark 1 Not all Banach function norms are strongly subadditive. The mixed norm spaces
LP[LY) (1 < p,q < 00), with

g = ( [ ([ emian)ae) ™ < .

satisfy condition (3) if p < q. If 0 < a < 2" — 2 with r := p/q > 1, then (3) fails for
A=(0,a+1)x(0,1) and B = ((0,a) x (1,2)) U ((1,2) x (0,1)).

As a simple application we may give a very simple proof of the subadditivity of the maximal

function L
0= [ e @0,

where f*(t) :=inf{s : us(s) <t} and py is the distribution function of |f|.

Example 4 The entropy function E(A) := min(u(A),t) is strongly subadditive and, if f and g
are two measurable function on Q, then (f + g)™ < f** + g**.

Since u(AU B) 4+ (AN B) = p(A) + pu(B) it follows that E is strongly subadditive. Since

t 0o 00
[ rr@as= [T @ds= [ mingets).0ds =1
it follows that t(f + g)™(t) = | f + gllae) < I fllae) + llgllae) =t @) + ().
Let us now consider the counterpart of Theorem 1 for AP*°(E) spaces.

Theorem 2 Let E be a quasi-Banach function space and 1 < p < co. The following properties
are equivalent:

(a) || - l|apoo() is @ norm.

(b) If A and B are two disjoint measurable sets, then E(AU B) = max(E(A), E(B)).

(c) AP>°(E) is an AM -space, i.e.,

1f 4 gllap.co(my = max(|| fl| ar-oo(£)) |9l aroe () if min(|f], |g]) = 0.



Proof. Let us start with the case p = 1. Obviously, (c) implies (a).

To show that (a) implies (b), assume that there exist A and B such that E(AU B) >
max(E(A), E(B)) with ANB=0and let f = (1+0d)xa+xB, 9= (1+36/2)xa+ (1+20)x5.
Then a simple computation shows that
£l 3¢y = max((1+ 6)E(A), E(AUB)),  |lgllm(m) = max((1 4 20)E(B), (1+36/2)E(AU B))
and

If + gllar(my = max((2 + 56/2)E(A), (2 + 26) E(AU B)).
If we choose ¢ > 0 such that (1+6)E(A) < E(AUB), (1+2§)E(B) < (1+3§/2)E(AU B) and
(2+56/2)E(A) < (2+25)E(AU B), it follows that || - ||3s(g) is not a norm since

I flare) + lgllarey < (24 20)E(AUB) = || f + gllmr)-
Assume now that (b) holds true. For any sy = Zf\;l a;xa, > 0 (4;NA; =0), where we may
assume o > g > ... > ay > 0, let us check that

||5N||M(E) = max(a1 E(A1),...,anE(AN)).
If
||5N”M(E) = HlaX(OélE(Al), OQE(Al U AQ), ... ,aNE(A1 J---u AN)) = OéjE(Al U---u Aj),
then E(A;1U---UA;j) > E(A1U---UAj_) since a;j < aj_1, and it follows from (b) that
E(Al Uu---u AJ) = E(Aj)
Now, if sy = Zf\il aixa, >0, ty = Zf\iNH a;xa, > 0 (A;NA; = 0) are two disjoint simple
functions, we obtain
lsn +tnlla(p) = max(a1 E(Ay), . .., anE(Ay)) = max(|[sy||ae), [t ()
Moreover, for any couple sy = Zfil QXA tN = Zf\;l Bixa, (AiNA; = 0) of simple
functions, |lsv + tnllae) < lsnvllme) + [[En]las). since
llsn + tNHM(E) < max((ag + 1)E(A1),...,(an + ON)E(AN))
< maX(alE(A1)7 cee OZNE(AN)) + max(ﬁlE(Al)v s 7ﬂNE(AN))
= lswllae) + ltnllarm)-

The case p > 1 reduces to the previous one, since if M(FE) is a normed space, AP*(E) =
M(E)®) is also a normed space. Conversely, if A?»*°(E) is a normed space, then AP*(E) =

M (AP (E)) since || fllar(are(r)) = Subyso YlX{ 171593 laree(m) = sup,so yE({|f] > y})'/P; thus
M(AP*>°(E)) is normed space.

2.1 Applications

Very often, the proof of a subadditivity property requires some careful work. Theorem 1 can be
useful for this purpose, as we have seen in Example 4. Let us also show how the subadditivity
of the norm follows very easily from that theorem for Shannon entropy spaces, and for classical

Lorentz spaces and their multidimensional variants.
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2.1.1 Shannon entropy spaces

For ¢(z) := xlog(1/z) on [0,1/e], in [11] it is proved that A(E,) is a normed space by first
checking the easy fact E,(1UJ)+ E,(INJ) < E,(I)+ E(J) for intervals of [0,1/e]. Starting

also from this fact, we can provide a new short proof as an application of Theorem 1.
Proposition 1 A(E,) is a normed space.

Proof. We prove that || - [[5(z,) is a norm by directly checking that, for all sets, E,(AU B) +
E,(ANB) < E,(A) + E,(B) holds. Observe that E,(I) = ¢(|I]), if I is an interval in [0,1/e].

Ife>0,let
AclJ, BclYJ
k J

such that 3, E(Ix) + 5, Eo(J;) < (1 + ) (B (A) + E(B)).
Denote Dy := {(k‘,j), I, N J; #* (Z)}, D, = {]{7; I.NnJ; = 0 V]}, Dy = {j, I.NJ; = 0 Vk}

Then
AchU(Ikaj), AUBC(gIkUJ) (Ufk)U(LDng)

Dy
and

E,(AUB)+ E,(ANB) < Y (By(Ie UJ;) + Ep(I N J;)) +Z (1) +ZE
Do

< Z((E (k) + Ey( Z o (Ik) +ZE

Do
< (1+4¢)(Ey(A) + Ey(B)).

As also observed in [11], the condition E,(I U J) + E,(INJ) < E,(I) 4+ E(J) is false for
cubes of [0,1/e]™ if n > 1. But E,, is equivalent to

o0 [e.9]

1nf{24p (Qkl); A C U Qr, Qr C [0,1/e]" dyadic cubes},
k=1 k=1

and the property Eg(A UB)+ Eg(A N B) < Eg(A) + Eg(B) is checked as above, since it is

trivially true for dyadic cubes. Hence, A(E,) is a Banach space.

2.1.2 Classical Lorentz Spaces

We shall start by giving a very short proof of a well known fact.

Proposition 2 If 1 < p < oo, AP(w) is a normed space if and only if the weight w is nonin-

creasing.

Proof. Recall that ||f||Ap (w) = = [0 fF@)Pw(z)de = [§° W (ppp(t))dt, where W (s) = [ w(s) ds.
With our notations, AP(w) = AP(A(w)), since

o0 o0
110 ) = /Otp_IW(Mf(t))dtzp/O P15 0 AT ) At



which yields || f[|r(w) = pl/p||f||Ap(A1(w)). We have seen that this is a norm if and only if

IxauBllat@w) + IxanBl AT w) < lIXAllAT @) + IXBIAL (w)- (4)

Let 0 < e <a <b For A= (0,a) and B = (g,b), (4) reads W(b) — W (b —¢) < W(a) —
W(a —¢), thus w(b) < w(a) and w is nonincreasing.

Conversely, if W is concave, then W (z +y —1t) < W(z) + W (y) — W(t) if 0 <t < min(z,y),
and W(u(AU B)) < W(u(A)) + W(u(B)) = W(u(AN B)). Since W(u(A)) = [Ixallar(w), we

obtain condition (4).

To consider multidimensional analogs of classical estimates, the corresponding variant of
Lorentz spaces have been also introduced. Let us recall the definitions.
For every measurable set E C R? let pp(z) := u({y; (z,y) € E}) the measure of the
x-section of F,
E5 :={(s,t) € (0,00)% 0 <t < o5(s)}

where fr, is the decreasing rearrangement of fg, and

ﬁwwzémmmeWMy (x € (0,00)?)

the 2-dimensional decreasing rearrangement of f.
Then, if w > 0 is a locally integrable weight on (0,00)? and p > 1, the 2-dimensional
Lorentz space Ab(w) contains all functions f € L°((0,00)?) such that

1/
g = ([, Sitopaten) <o

It is a result of [2] that || - [[;z(, is a norm if and only if an equivalent condition to (3) holds

true. Let us see how this is again an easy consequence of the above results.
Proposition 3 AS(w) = AP(A}(w)), and it is a normed space if and only if

HXAUBHA%(w) + [IxanBllayw) < Ixallayw) + Ixsllagw)-

Proof. Since f3(z)? = (f5)*(x) =p [;° 771 X{|f>t)5 (%) dt (cf. [2]), we obtain

p _ > p—1 y
1712y, = Amy@ét Xii715403 ) dt ) () da

o0
- pA 2 s agedt = P g

The last part is a direct application of Theorem 1.

3 Interpolation

Recall that, if A = (Ag, A1) is a couple of quasi-Banach spaces, 0 < § < 1 and 0 < ¢ < oo, the
interpolation space Ag’q is the quasi-Banach space of all f € Ay + Ay such that

floa = ([R5 AF) " < o0

9



where K (t, f, A) is the K-functional,

K (¢, £ A) 1= int {||follay +t11llav: £ = fo+ fu}

(IIfllx == o0 if f & X). In the case of function spaces on (2, there exists Qf(t) C €2 such that

K(t, f; A) = || Fxa, @l + tlFxave, @l - (5)

This well known fact is easily checked: if f = fo + f1 and || folla, + tl|filla, < 2K(t, f; A), take
Qp(t) == {w € Q; [fo(w)] = [fi(w)[}, and then |f[xq,r) < 2[fol and |f[xa\q, @) < 2|f1]. Also

K(t, XB; A) ~ lnf{Ao(Bo) + tAl(Bl); B=ByUBy, BN By = @} (6)

if f = xa. Here, A;(B) := ”XBHAJ-'
We refer to [3], [4], [5] and [12] for undefined facts concerning interpolation and function

spaces.

3.1 Interpolation with L>
Let now E be any quasi-entropy function, and 0 < r < co. It follows from (6) that

K (t, x4 AV (E), L) ~ K(t, xa; M(E), L) ~ min(E(A), 1 (7)
since [[xallarr(m) = E(A) = [Ixallp(p) - Moreover, if A = AgU Ay with AgN A; = () and

E(A) <t, then
E(A) < E(Ag) +t = E(Ao) + X1l oo -

and t < E(Ag) +t||xa, |l if E(A) > t. In both cases, min(E(A),t) < cK(t, xa; M(E), L™).

Theorem 3 If F is a quasi-entropy function on  and 0 < p < oo, then

o

1/p
(o) K. 50008, 1) = [ yplmm<E<{\f\>y}>,tp>dy) , and

(b) K(t, f; M(E), ) ~ 3ggoymin<E<{|f| >y}, 1).

Proof. (a) Let 0 < f € AP(E) + L*°. For a given t > 0, if we consider

y*=inf{y > 0; E{f > y}) <t}

and
N

Y

)= [ xipn@dr. A= [ i@ 0

then f = fo+ fi and {fo >y} ={f >y +y*}. Hence

illpey = [ 7B > v+ v Dy

*

[ B > vev s+ [T B > b

)

IN

IA

E(f >y )y + / TS > ) dy

y*

IA

Py 4 / PE{S > y)) dy,
y*

10



and then
K(t, f; AP(E), L) < |lfollar(e) + tll fillso

00 1/p
< <tpy*p+/ Yy E{f > y})dy> + ty*
y*

l/p y* 1/p
= <tpy*p+ Y E{f > y})dy > + (tp/ yp_ldy>
0

v 1/p
( yE{f > y})dy+tp/ ypldy)
0

1/p
# min(E({|f] > ). ) dy)

A

=

For the converse we use 5) and set fo := fxa@u), f1 = fxa\r)- Then
K(t, f; AP(E), L) = || follar(g) + tll f1lloo-
By (7), and since X{f>y} = X{fo>y} T X{fi>y} (fo, f1 are disjointly supported),
min(E({f > y}), 1) =~ K(t, x{y>y1; AME), L) < E({fo > y}) + x5} loo-

. %s) 00 p— 1 .
Using now that || filloo = J5° (ot leody = (J5° 17 X (7503 loedy) 77, we obtain

00 ) 1/p 00 . 1/p
/0 v E{fo > y})dy> + <tp/0 v ||X{f1>y}||oody>

K(t, f; AP(E), L) <
(/OOO v E{fo > yh) + Plx (501 10) dy> 1/p
(

12

2

o0

v

1/p
yPTH (K (P, X (poyys A(E), L)) dy)

o

1/p
= ([T i > )
(b) We observe that K (t, f; M(E), L) > sup, yK(t, X{f>y; M(E), L>), since f > yX{fsy)
and that K (t, X{f>y); M(E), L) = min(E({f > y}),t), by (7). Hence
K(t, f; M(E), L) > csupymin(E({f > y}),1).
y

Conversely, let fy and f; be as in (8), but with p = 1 in the definition of y*. Then

K(t, f; M(E), L) < |follme) +tlfille < sup yE{f >y}) +ty*

y>y*
= max(sup yE({f > y}), sup yt) < SUPymm( {f>u})t).
y>y* y<y*

If f is a measurable function on Q, f}, will be the distribution function of E({|f| > -}) with

respect to the Lebesgue measure m on (0, 00), i.e.
Je@W) =mpqp=n@) =m{s>0: E{|f] > s}) > y}).

11



Then we have the estimates

o tP
/0 v min(E(S] > ). ) dy = [ fwrdy

o0 1/q 00 du\ 1/
sy = ([ B> 2) = ([ (0 s2w)" )

that follow from the fact that my: (y) = E({|f| > y}) a.e. y > 0.

and

Theorem 4 Let E be a quasi-entropy function and 0 < 8 < 1. Then
(a) (AP (E), L*®)gq = APU(E), with 1/p = (1 —0)/po, and 0 < pg < g < 00 or0 < py < g < o0
(b) (ALY (E),L>®)gq = (M(E),L®)g4, 0 <1 < 00 and 0 < g < cc.

Proof. (a) Let ¢ < oo and denote || - ||g,; be the norm of (AP°(E), L>)g 4. Then
< N q/po dt\ Po/q
i, = ([ [ )™
’ 0 0 t

(/OOO (t*9p0+p0 /01 fg(ytpo)poyc:i;y)qmoit)po/q

tPO

1

and, by Minkowski inequality,

1 oo dt\pro/ad oo (1-6) 7 dz\po/a
Po a/po (1=0)q( £ (, 4P0YV\a Y *
L1 f/ﬁ (v /0 OO ) f(/0 ( 7 fE<z>) ~)

with (1 —0)/po = 1/p, hence

I1f1le

0. 2 [ fllavace

Conversely, f7, being decreasing,

I fllapa(my = </OOO <z(11;>9) fE(Z))q %)1/11 - (/Ooo(t_epotpo(f;(tpo))po)q/po dt> <1 f o

z t

(b) If ¢ = oo, then AV (E) = A"(E(/7), by (a),

(A" (BO/), L) 00 = A7 (B, (9)
moreover, since
1-0 _
Xl 150 e gy = BV A > 01 7 = BAS > 91 (10)
we have that Hf” L0 oo sy = S9Py>0 yE{f > y}'Y. Now, by Theorem 3, (10) and (9),

| fll )Ly . = supt” Supymln( {Ifl>y}),t) = Sg}gyiggfe min(E({|f| > y}),1)
)

t>0 y>0
= SUPy”X{f>y}|| ~supyB({f > yH'’
Yy

AT B/
= Wl iy = Wty sy

The case 0 < g < 0o is proved by reiteration considering 0 < 0y < 8 < #; < 1. Observe that
(M(E), L™)o,q = (M(E), L*)gq,00, (M(E), L)6 00 )n.q

12



if 6 = (1 —n)by + nb1, and
(A (E), L) = (A (E), L)ay 00 (A (E), L0, o)
with (M(E), L®)g, o« = (A" (E),L®)g, o (j = 0,1) as we have seen above.
Corollary 1 If M is the Hardy-Littlewood maximal operator, 1 < ¢ < oo and 1 < p < 0o, then
M APUE,) — API(E,).
Here E, is the Shannon entropy.

Proof. In [11] it is seen that

c oo
PoiMo >t <5 [T Bollal > shas
which means that M : A(E,) — M(E,). By interpolation,

M (M(Ey), L>)o,g — (A(Ep), L™)gq-

The following result follows from (1) and Theorem 4 (see also [9] for related results).

Corollary 2 If E is a Banach function space, 0 < 0 <1 and 1 < q < oo, then (A(E),L>)g 4 =
(M(E),L*®)pq = (E,L®)gq=APUE), 1/p=1-0. In particular, AP4(E) are Banach function
spaces if p>1 and 1 < q < o0.

3.2 Interpolation of Lorentz spaces with two parameters

We say that E = (Eg, E1) is an entropy couple if Ey and F; are two entropy functions on the

same measure space {). Then, if A(F) = (A(Ep),A(E1)) and ¢t > 0,

[Eo +tE1] (A) := K(, xa5 A(E))
is an entropy function. It follows from (6) that, for any couple X = (Xo, X1) of quasi-Banach
function spaces such that ||xa|lx, = Ei(A) (i =0,1),

[Eo + tE1](A) ~ K(t, xa;X). (11)

Proposition 4 Let E = (Ey, E1) be an entropy couple.

(a) If f and g are two nonnegative measurable disjointly supported functions, then

K(t, f+g;ME)) < K(t, f; AM(E)) + K(t, g; A(E)).

(b)

K(t, f; A(E))

12

/O B+ B (1] > v} dy.

13



Proof. (a) Since f and g are disjointly supported, X{f4g>y} = X{f>y} T X{g>y} and then

If + 9llae) < Wfllaey + 19l (@=01).

But if f = fo+ f1 and g = go + ¢1 (with f; and g; nonnegative) then f; and g; are disjointly
supported (i = 0,1). Hence

Kt f+gAE) < ; lfnftf {Hfo+f1||A(E0) +t||90+91HA(E1)}
9=goT4g1

< 1}?% {HfOHA(EO) + [ follacme) + tllgollace,) +¢ HQOHA(El)}
g goT4g1

< K(t, f; ME)) + K(t, g; A(E)).
(b) We may assume that f > 0. Using (5) we have

K(t, f;ME)) = || follacgo) + tlfillae)

where fo , f1 are disjointly supported, thus X(r~y) = X{fo>y} + X{f1 >y} and

oo

. o0
K(t, f; M(E)) ~ /0 (Eo({fo >y}) +tEr({f1 > y})) dy > /0 [Eo +tE({f > y})dy
For the reverse estimate, since f <>, 2k+1X{2k<f§2k+1}, from (a) we get

Kt fiAE) < Y 2By + B ({28 < f <2571}) <4y oM B+ tE({f > 2))
kEZ keZ

<4 /0 B+ B > ) dy

If0< 60 <1and0< g < oo, we denote
_ o dit\1/q
Ewmy_(/ (7 [Bo + t4] (4))2) ) (Aey).
0
Corollary 3 If0 <0 <1, A(E)y, = A(Ey1).

New interpolation results for couples of AP?-spaces can be obtained by combining Theorem 4
with Sparr’s interpolation method for several spaces (cf. [17]).

Let X = (Xo, X1, X2) be a compatible quasi-Banach triple, and (a, 8) € (0,1)? such that
a+ B <1land 1 < g < oo. The corresponding interpolated space Xaﬁ,q; k 1s defined by the

condition

adty dtg\1/a
lalls, ., = /’/ o K, 0) N o e x4 x4 ),

with
K(tto,o; X) = inf  {laollx, +tllonlx +tolloal (it >0).

r=x0+x1+x2

In our setting of function spaces, as shown in [17] and [1], the reiteration formulae
(X0, X2)8,00, (X1, X2)6,00 )n,00 = (X0, X1, X2)(1-6),6,00- (12)
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and
((XOa X2)ao,go7 (X17X2)a1,q1)77,q = (X07X17X2)01,92,q- (13)

hold if 1 < qo,q1,9 < o0, 1/g=(1—=n)/q +n/q1, 1 = (1 — a1)n and 6 = ap(1 — 1) + ayn.
Lemma 1 Let E = (Ey, E1) be an entropy couple, and 1 < r < co. Then
K (b1, ta, 3 A7 (Eo), AV (B), L) = /O " min (B + 0 EO){17] > yh). 1) dy,
Proof. Obviously,
K(t1,ta, f; A7 (Eo), A7 (En), L) = K(t2, f; A" (Eo) + 11 A™ (Ey), L),

Moreover since A(A™(E;)) = A™Y(E;) = A(EJ(-T)) (j =0,1), and (E(()T),E:Er)) is an entropy

couple (since 1 < r < oo) we have that
AP (Eg) + AW (Ey) = AE + 0 E))

since, by Proposition 4,

> 1 1

gllar1 (Eo) 4t am1(B1) = /O K (t1, xqg/>y; A" (Eo), A" (E1)) dy
0 (r)
= [TED + 0B 1lal > vy = sl s 1,00

Now the result follows from Theorem 4.

Theorem 5 Let E = (Ey, E1) be an entropy couple. Let 0 < n < 1. Then
(a) If 1 <po,p1 < 00, 1 < qo,q1 <00, 1/p=(1—n)/po+n/p1 and 1/q=(1—n)/q0 +n/a,

(AP0 (Eg), APY1(EY)) g = APy ) a/n)-

(b) If 1 < p < o0,
(AP (Ep), AP°(EY))n00 = Ap’oo(En,OO)-

(¢)

(M(Eo), M(E1))p,00 = M(Ep,oo)-
Proof. (a) Let 1 < r < min(pg, p1). Since
APRE(E;) = (A"N(E:), L) agg (i = (pi —7)/pi = ¢/p; i =0,1),
we may use (13) to obtain
(AP0 (Eq), AP (B ))yg = X, 05,0

with X = (A™(Ep), A" (E1),L>®) , 1 = (1 — a1)n and 62 = ag(1 — 1) + ayn. Moreover, by

Lemma 1,
K(t1,ta, f; X) = / min([ES” + 1B ({1 f] > y}), t2) dy
0

15



Hence,

thz dtl

Iy, [ (7" [ min(E + 6 BOIAA > bt ) 2

where, by Theorem 4,

) adt
| (6 [ minE + 0B > )ta)dy) 2
— Hf”(A([E((]T)-&-tlEY)]),LOO)% ||f||A1/ 1-65), 9([Ef T)+t E(T)])

= [Ty B + 0B > 1) 0D dy.
0
On the other hand, E"”(A) = |xallyg,@ (i =0,1). Then, by (11),
E(T) E(T) A~ K ‘AE (r) AE (r)
[ 0 +t 1 ]( )— (t17XA7 ( 0) s ( 1) )
and, since K (|g|",t"; Xo, X1) ~ K(g,t;XéT),Xl(r))r, it follows that

/Ooo q— 1([E(g)—|-t1E ]({“ﬂ >y}))q(1 62) dy

-
e
e

K
0

K

0

; y N ([Eo + 1| f] > y}) U dy.
1

(t1, X1 f1>}3 A(Eo)™), A(E,) M) (1=02)agy,
(

tqa X{|f1>y}> A(E0)7 A(El))(l_ez)q/r dy

Thus

o [P ) oo di
S el A R TR e

1

= [ ([ B B > ) dy,

where 0] = % and 1 — 0y = %. Hence

R A A R (R

o0
_ —1 qa/p
= [ el = 1

(b) Let 1 < r < p. Since AP*°(E;) = (A"1(E;), L*)g.o when 6 = (p —r)/p (by Theorem 4), we
obtain from ( ) that (Ap, (Eo),Apoo(El))moo = X(l—@)n,@,oo if X = (AT’l(Eo),AT’l(El),LOO),

and

”IP/P q/p)

1150 a0 = 5107 s0p 50 [ (£ + 0BT > ).
2

with

sup t; / min([E + 0 EV){|f] > y}), te) dy = supy((ES + 6 B ({[f] > y3)'
t2>0 y>0
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since, again by Theorem 4, (A([ES” 4+t E]), L%)g.00 = AP®([ES 4+, E]). Thus,

i - —(1-0)n (r) (r) 1-0
7150 e = SUR1 zggy(wo +u B> )
~ sup t; T sup K (1, X s A (Eo) ™ L A (By) )0
t1>0 y>0
~ supsup7 O ((By + rE({| f] > y}) "
y>0 7>0

/p _
= zglgyllxufby}llgw = [[fllapoe (2, o)

and also X(l_g)n’g’oo = AP®(E) o).
(c) Let 1 < p < oo. Since (AP*®(Ey), AP*°(E1))p00 = AP®(E, o) (by (b)). And AP>(E) =
M(E)®)| we have

(M (Eo)®), M(E)®)y 00 = M (Ey,o0)?)

and, using again that K (t, f; M (Ey)®), M(E,)®) ~ K(t?,|f|?; M(E))Y/P, an easy computation
shows that (M (Eo)®), M(Ey)®)), o = M(E)"

n?w'

3.3 Applications

We shall finish the paper by showing how the previous work, that allow us to restrict arguments
to characteristic functions, can be applied to study interpolation properties of some variants of

Lorentz spaces, and of entropy spaces and the related block spaces.

Let us start by describing the real interpolated space (E,L*)y, when E is quasi-Banach

function space

Theorem 6 Let E be a quasi-Banach function space, 0 < 6 <1 and 1 < q < oo. Then
(B, L%)o,q = API(E),

where 1/p=1—16.

Proof. As in (2), we take 0 < u < 1 such that AY*(E) — E < M(E). Then

(AMU(E), L), = (B, L®)gq — (M(E), L®)o,

0,9

and, by Theorem 4,

(ALU(E)v Loo)aq = (M(E)7Loo)9,q = (A(E)7LOO)€,q = Ap7q(E)'

3.3.1 Block spaces

Let X denote the Euclidean space R™ or the fundamental cube of R”. For 1 < ¢ < o0, a

measurable function b(x) is said to be a g—block if there is a cube @ C X containing the

g 1/q 1
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Classes of functions generated by g—blocks and numerical sequences ¢ = {c} satisfying

[e.9]

M(c) = ; |k <1 + log™ |Clkf> < 00 (14)

were introduced in [18] in connection with the convergence of Fourier series.
The block space (By(X), Ng) is defined as the class of all functions f which can be written

as
fl@) =" cxbi(x), (15)
where the by are g—blocks and {cy} satisfies (14), and

o

Ny(f) := inf {Z |kl <1 +log*t Z%”%I) } < o0,

k=1
where the infimum is taken over all representations (15) of f.

Its topology can also be define through the metric d(f, g) = M,(f — g), where

M,(f) = inf {Z |cx| (1 + log™ ‘;') } :

k=1
We refer to [14], [16] and [18] for the details.
The entropy space A(FE,,) is related with the block space B, on [0,1/e], since, as shown
in [15,Theorem 3.3 and Remark 3.6],

o
Po )= [ "ol dt = Mu(A).
Using Theorem 6 we can give the following description of (Bg, L), ,..
Theorem 7 Let B, endowed with the quasi-norm Ng (1 < ¢ <o00). If0 <0 <1andl <r <oo
and 1/p=1—0, then

00 1/r
(Bg, L%)g,, = AP (Ng)  and || fllpwr(v,) = (/O y N (L] > )P dy) -

Proof. The quasi-Banach space (B, N;) has the lattice property, since, if f € B, and |g| < |f],

then (g/f)by is a g—block,
1=15 =S (fn)

k
and Ny(g) < Ny(f). Although it is not known whether Fatou property holds for By, still

AY(B,) € B, € M(B,)
and the spaces are complete. Thus, as in Theorem 6,
(BtbLoo)er = AP"(Ng)

)

The inclusion AM“(B,) C B, and the completeness of both AM“(B,) and M (B,) follow from the
completeness of B, and the embedding in L0,

Remark 2 Real interpolation for the couple (Boo, L), with Boo endowed with My, has been

considered by M. Milman in [15] using the error functional.
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3.3.2 Interpolation of Lorentz spaces with change of measures

The above results are also useful for interpolation of classical Lorentz spaces AP(w), with

||f||ﬁp(w) = /OOO ff(z)Pw(z)de = /000 W(/me(t)) dt,

where W (s) := [; w(s) ds.
Remark that, since we will be dealing with rearrangement invariant spaces, it follows from [8]

(see also [7]) that in this case
K (t, x43 A7 (wo), A (w1)) = min(Wo(u(A)) /7, tW1 (u(A))"/™). (16)

Weighted Lorentz spaces with two parameters AP9(w) can be considered as in [6], with

1 fllap-aqw) = ||yW(/.L|f|(y))l/pHLq(dy/y), and it follows from the definition that
AP (w) = API(AY (w)).

Theorem 8 Let wy and wy be two decreasing weights, and 0 < n < 1. Then
(a) If 1 < pg,p1 < 00 and 1 < qo,q1 < 00,

(AP0 (a00), A7 (1) = AW,

where 1/q = (1 —n)/q0 +n/q1 and W = Wélfn)p/po Wlnp/pl'
(b) If 1 <po < p1 < oo and 1 < g < oo, then

(AP a0), A (1) = AW and - (A (), A7 1)) y) = M)

where W = Wél_n)/pOWf/pl, and A(W) and M (W) are the Lorentz and the Marcinkiewicz

spaces associated to the concave function W, as in Example 1.

Proof. (a) By Theorem 5, if 1/p = (1 —n)/po+n/p1 and 1/qg = (1 —n)/q +n/q1,

(AP (wp), APV (w1) ) g = API((A (wo), A (w1) /iy a/p)-
By (16)
K (t, x5 A (wo), A (wr)) = min(Wo(u(A)), tW1(u(A)))
and, if we denote || f|| := ||f”Ap,q((A1(w0)7A1(wl))np/plyq/p), we have

10 = [T (e i), 7 Gy ) )

12

L Wl ) W s )y
= [ )W)y = [ W g
(b) Since APV (w;) = A(APi(w;)) (i = 0,1), by Theorem 5,

(AP (), AP (w1)) 1 = (AP (), ACAP (1)1 = A((A™ (), AP (w1))1).
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Then, using again (16), we obtain

_ —1 i 1/po 1/p1y &t
HfHA((Am(wO%Am(wl)),,,l) = /0 /0 ¢ min(Wo(uy (y)) /7, tWa (s (y))/7) - dy

~ /Ooo Wo (g () =D/POW (0 ()P dy = /OOO W (s () dy.

The last identity (AP (wq), AP**°(w1))y,00 = M (W) follows from AP#>°(w;) = M (AP (w;))
and by applying Theorem 5 once again.

3.3.3 Universal right Calderén couples (E, L>)

Our last application is devoted to the problem of finding the relative interpolation spaces for
the couple (F, L™).
Let X and Y be two intermediate Banach spaces for the Banach couples X and Y, respec-

tively. It is said that they are relatively K-monotone with respect to X and Y if the property
K(,y7Y)SK(,$,X), reX

implies y € Y. In this case, X and Y are relative interpolation spaces with respect to X and Y,
ie, T(X)CY forevery T € L(X;Y).

We say that Y is a universal right Calderén couple (or, as in [10], that it has the universal right
K property) if the converse is true for every Banach couple X, i.e., if all relative interpolation
spaces X and Y with respect to X and Y are relatively K-monotone.

If a couple of Banach function spaces E is a universal right Calderén couple, then
E(0) = Ep,o0 (17)
for some (or for all) # € (0,1), and the converse is true when E = (E,L*) (see [10]). Here
E0) := Eé_eEf is the Calderén product, defined by the norm

1oy = inf {t > 0 IF1 < el 1Al Wollea <1, fullm 1.

The following theorem characterizes this property for (£, L*) in terms of the maximal space.
We shall use that, for 1 — 6 = 1/p, E'=9(L>°)? = E®) | the p-convexification of E (cf. [10]).

Theorem 9 If FE is a Banach function space, then
(a) For all0 <0 <1, (E,L®)g 0 = M(E)® (1—0=1/p), and
(b) (E,L*>®) is a universal right Calderdn couple if and only if E = M(E).

Proof. If 1 —6 =1/p and f > 0, by Theorem 4,
1 lar ey = sg%yl‘eE({fp >yh' = sup SE{f > s)'" = fllov),zooy.o
Yy s

and (M(E),L*®)pc0 = (E, L) c0.

To prove (b) assume first that (E, L) is a universal right Calderén couple. It follows
from (a) and (17) that E®) = M(E)®), and then E = M(E).

Conversely, if £ = M(FE), then M(E) is a Banach function space and, if 1 — 6 = 1/p,
M(E)'=9(L>)? = M(E)®) = E®) = E'=9(L>)?. ;From (a) we obtain (E, L®)g o, = M(E)®) =
E=9(1>°) and (E, L*) is a universal right Calderén couple, by (17).
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Corollary 4 If Ey and Ey are two Banach function spaces such that (E;, L°°) is a universal
right Calderon couple (i = 0,1) and 0 < 6 < 1, then (Eg,oo,Loo) is also a universal right

Calderdén couple.

Proof. This follows from Theorem 9, since (M (Ep), M (E1))p,00 = M(Eg o) by Theorem 5.

Acknowledgments. We are very grateful to M. Carro and J. Soria for several iluminating

discusions when preparing this paper.
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