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1 IntrodutionMany multivariate datasets ontain outliers, i.e. data points that deviate from the usualassumptions and/or from the pattern suggested by the majority of the data. Outliers aremore likely to our in datasets with many observations and/or variables, and often they donot show up by simple visual inspetion.The usual multivariate analysis tehniques (e.g. prinipal omponents, disriminant anal-ysis, and multivariate regression) are based on empirial means, ovariane and orrelationmatries, and least squares �tting. All of these an be strongly a�eted by even a fewoutliers. When the data ontain nasty outliers, typially two things happen:� the multivariate estimates di�er substantially from the `right' answer, de�ned here asthe estimates we would have obtained without the outliers;� the resulting �tted model does not allow to detet the outliers by means of theirresiduals, Mahalanobis distanes, or the widely used `leave-one-out' diagnostis.The �rst onsequene is fairly well-known (although the size of the e�et is often underes-timated). Unfortunately the seond onsequene is less well-known, and when stated manypeople �nd it hard to believe or paradoxial. Common intuition says that outliers must`stik out' from the lassial �tted model, and indeed some of them may do so. But the mostharmful types of outliers, espeially if there are several of them, may a�et the estimatedmodel so muh `in their diretion' that they are now well-�tted by it.One this e�et is understood, one sees that the following two problems are essentiallyequivalent:� Robust estimation: �nd a `robust' �t, whih is similar to the �t we would have foundwithout the outliers;� Outlier detetion: �nd all the outliers that matter.Indeed, a solution to the �rst problem allows us to identify the outliers by their residualset. from the robust �t. Conversely, a solution to the seond problem allows us to removeor downweight the outliers followed by a lassial �t, whih yields a robust result.Our researh fouses on the �rst problem, and uses its results to answer the seond. Weprefer this approah over the opposite diretion beause from a ombinatorial viewpoint it2



is more feasible to searh for suÆiently many `good' data points than to �nd all the `bad'data points.It turns out that most of the urrently available highly robust multivariate estimatorsare diÆult to ompute, whih makes them unsuitable for the analysis of large and/or high-dimensional datasets. Among the few exeptions is the minimum ovariane determinantestimator (MCD) of Rousseeuw (1984, 1985). The MCD is a highly robust estimator ofmultivariate loation and satter, that an be omputed eÆiently with the FAST-MCDalgorithm of Rousseeuw and Van Driessen (1999).Setion 2 onentrates on robust estimation of loation and satter. We �rst desribe theMCD estimator and disuss its main properties. Alternatives for the MCD are explainedbriey with relevant pointers to the literature for more details. Setion 3 does the samefor robust regression and mainly fouses on the least trimmed squares (LTS) estimator(Rousseeuw, 1984), whih is an analog of MCD for multiple regression. Sine estimating theovariane matrix is the ornerstone of many multivariate statistial methods, robust satterestimators have also been used to develop robust and omputationally eÆient multivariatetehniques. The paper then goes on to desribe robust methods for multivariate regression(Setion 4), lassi�ation (Setion 5), prinipal omponent analysis (Setion 6), prinipalomponent regression (Setion 7), partial least squares regression (Setion 8), and othersettings (Setion 9). Setion 10 onludes with pointers to available software for the desribedtehniques.2 Multivariate loation and satter2.1 The need for robustnessIn the multivariate loation and satter setting we assume that the data are stored in ann � p data matrix X = (x1; : : : ;xn)0 with xi = (xi1; : : : ; xip)0 the ith observation. Hene nstands for the number of objets and p for the number of variables.To illustrate the e�et of outliers we onsider the following engineering problem, takenfrom Rousseeuw and Van Driessen (1999). Philips Meoma (The Netherlands) produesdiaphragm parts for TV sets. These are thin metal plates, molded by a press. Whenstarting a new prodution line, p = 9 harateristis were measured for n = 677 parts. Theaim is to gain insight in the prodution proess and to �nd out whether abnormalities have3



ourred. A lassial approah is to ompute the Mahalanobis distane(1) MD(xi) =q(xi � �̂0)0�̂�10 (xi � �̂0)of eah measurement xi. Here �̂0 is the arithmeti mean, and �̂0 is the lassial ovarianematrix. The distane MD(xi) should tell us how far away xi is from the enter of the loud,relative to the size of the loud.In Figure 1 we plotted the lassial Mahalanobis distane versus the index i, whihorresponds to the prodution sequene. The horizontal line is at the usual uto� valueq�29;0:975 = 4:36. Figure 1 suggests that most observations are onsistent with the lassial
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Figure 1: Mahalanobis distanes of the Philips data.assumption that the data ome from a multivariate normal distribution, exept for a fewisolated outliers. This should not surprise us, even in the �rst experimental run of a newprodution line, beause the Mahalanobis distanes are known to su�er from the maskinge�et. That is, even if there were a group of outliers (here, deformed diaphragm parts) theywould a�et �̂0 and �̂0 in suh a way that they get small Mahalanobis distanes MD(xi)and thus beome invisible in Figure 1. To get a reliable analysis of these data we need robustestimators �̂ and �̂ that an resist possible outliers. For this purpose we will use the MCDestimates desribed below.
4



2.2 Desription of the MCDThe MCD method looks for the h observations (out of n) whose lassial ovariane matrixhas the lowest possible determinant. The MCD estimate of loation is then the averageof these h points, whereas the MCD estimate of satter is a multiple of their ovarianematrix. The MCD loation and satter estimates are aÆne equivariant, whih means thatthey behave properly under aÆne transformations of the data. That is, for an n� p datasetX the MCD estimates (�̂; �̂) satisfy�̂(XA+ 1nv0) = �̂(X)A+ v(2) �̂(XA+ 1nv0) = A0�̂(X)A(3)for all p�1 vetors v and all nonsingular p�p matriesA. The vetor 1n is (1; 1; : : : ; 1)0 withn elements. AÆne equivariane is a natural property of the underlying model and makesthe analysis independent of the measurement sales of the variables as well as translationsor rotations of the data.A useful measure of robustness is the �nite-sample breakdown value (Donoho and Huber,1983). The breakdown value "�n(�̂;X) of an estimator �̂ at the dataset X is the smallestamount of ontamination that an have an arbitrarily large e�et on �̂. Consider all possibleontaminated datasets ~X obtained by replaing any m of the original observations by ar-bitrary points. Then the breakdown value of a loation estimator �̂ is the smallest frationm=n of outliers that an take the estimate over all bounds:(4) "�n(�̂;X) := minm (mn ; sup~X k�̂( ~X)� �̂(X)k =1) :For many estimators "�n(�̂;X) varies only slightly with X and n, so that we an denote itslimiting value (for n!1) by "�(�̂). Similarly, the breakdown value of a ovariane matrixestimator �̂ is de�ned as the smallest fration of outliers that an either take the largesteigenvalue �1(�̂) to in�nity or the smallest eigenvalue �p(�̂) to zero. The MCD estimates(�̂; �̂) of multivariate loation and satter have breakdown value "�n(�̂) = "�n(�̂) � (n�h)=n.The MCD has its highest possible breakdown value ("� = 50%) when h = [(n + p + 1)=2℄(see Lopuha�a and Rousseeuw, 1991). Note that no aÆne equivariant estimator an have abreakdown value above 50%. For a reent disussion of the importane of equivariane inbreakdown onsiderations, see Davies and Gather (2005).5



An eÆient algorithm to ompute the MCD is the FAST-MCD algorithm explained inAppendix A.1. By default FAST-MCD omputes a one-step weighted estimate given by�̂1 =  nXi=1 wixi!, nXi=1 wi!(5) �̂1 = dh;n nXi=1 wi(xi � �̂1)(xi � �̂1)0!, nXi=1 wi!(6)where wi = 8><>:1 if d(�̂MCD;�̂MCD)(i) �q�2p;0:9750 otherwisewith �̂MCD and �̂MCD the raw MCD estimates. The number dh;n in (6) is a orretionfator (Pison et al., 2002) to obtain unbiased and onsistent estimates when the data omefrom a multivariate normal distribution.This one-step weighted estimator has the same breakdown value as the initial MCDestimator but a muh better statistial eÆieny. In pratie we often don't need the maximalbreakdown value. For example, Hampel et al. (1986, pages 27{28) write that 10% of outliersis quite ommon. We typially use h = 0:75n so that "� = 25%, whih is suÆiently robustfor most appliations and has a high statistial eÆieny. For example, with h = 0:75n theasymptoti eÆienies of the weighted MCD loation and satter estimators in 10 dimensionsare 94% and 88% respetively (Croux and Haesbroek, 1999).2.3 ExamplesLet us now re-analyze the Philips data. For eah observation xi we now ompute the robustdistane (Rousseeuw and Leroy, 1987) given by(7) RD(xi) =q(xi � �̂)0�̂�1(xi � �̂)where (�̂; �̂) are the MCD loation and satter estimates. Reall that the Mahalanobisdistanes in Figure 1 indiated no groups of outliers. On the other hand, the robust distanesRD(xi) in Figure 2 show a strongly deviating group of outliers, ranging from index 491 toindex 565. Something happened in the prodution proess, whih was not visible from thelassial Mahalanobis distanes due to the masking e�et. Furthermore, Figure 2 also showsa remarkable hange after the �rst 100 measurements. Both phenomena were investigatedand interpreted by the engineers at Philips. 6
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Figure 2: Robust distanes of the Philips data.The seond dataset ame from a group of Cal Teh astronomers working on the DigitizedPalomar Sky Survey (see Odewahn et al., 1998). They made a survey of elestial objets(light soures) by reording nine harateristis (suh as magnitude, area, image moments)in eah of three bands: blue, red, and near-infrared. The database ontains measurementsfor 27 variables on 137,256 elestial objets. Based on exploratory data analysis Rousseeuwand Van Driessen (1999) seleted six of the variables (two from eah band). The lassialMahalanobis distanes revealed a set of outliers whih turned out to be objets for whihat least one measurement fell outside its physially possible range. Therefore, the datawas leaned by removing all objets with physially impossible measurements, leading to aleaned dataset of size 132,402. The Mahalanobis distanes of the leaned data are shownin Figure 3(a).This plot (and a Q-Q plot) suggests that the distanes approximately ome from thep�26distribution, as would be the ase if the data ame from a homogeneous population. Fig-ure 3(b) shows the robust distanes omputed with the FAST-MCD algorithm. In ontrastto the innoent-looking Mahalanobis distanes, these robust distanes reveal the presene oftwo groups. There is a majority with RD(xi) �q�26;0:975 and a group with RD(xi) between8 and 16. Based on these results the astronomers noted that the lower group are mainlystars while the upper group are mainly galaxies.7
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(a) (b)Figure 3: Cleaned Digitized Palomar Data: (a) Mahalanobis distanes; (b) Robust distanes.2.4 Other robust estimators of multivariate loation and satterThe breakdown point is not the only important robustness measure. Another key oneptis the inuene funtion, whih measures the effet on an estimator of adding a small massat a spei� point. (See Hampel et al. (1986) for details.) Robust estimators ideally have abounded inuene funtion, whih means that a small ontamination at any point an onlyhave a small e�et on the estimator. M-estimators (Maronna, 1976, Huber, 1981) were the�rst lass of bounded inuene estimators for multivariate loation and satter. Also theMCD and other estimators mentioned below have a bounded inuene funtion. The �rsthigh-breakdown loation and satter estimator was proposed by Stahel (1981) and Donoho(1982). The Stahel-Donoho estimates are a weighted mean and ovariane, like (5)-(6),where the weight wi of an observation xi depends on its outlyingness, given byui = supkvk=1 jxi0v �medj(xj 0v)jmadj(xj 0v) :The estimator has good robustness properties but is omputationally very intensive whihlimits its use (Tyler, 1994, Maronna and Yohai, 1995). The Stahel-Donoho estimator mea-sures the outlyingness by looking at all univariate projetions of the data and as suh isrelated to projetion pursuit methods as studied in Friedman and Tukey (1974), Huber(1985), and Croux and Ruiz-Gazen (2005). Another highly robust estimator of loation andsatter based on projetions has been proposed by Maronna et al. (1992).Together with the MCD, Rousseeuw (1984, 1985) also introdued the Minimum Volume8



Ellipsoid (MVE) estimator whih looks for the minimal volume ellipsoid overing at least halfthe data points. However, the MVE has eÆieny zero due to its low rate of onvergene.Rigorous asymptoti results for the MCD and the MVE are given by Butler et al. (1993)and Davies (1992a). To improve the �nite-sample eÆieny of MVE and MCD a one-step weighted estimator (5)-(6) an be omputed. The breakdown value and asymptotiproperties of one-step weighted estimators have been obtained by Lopuha�a and Rousseeuw(1991) and Lopuha�a (1999). Alternatively, a one-step M-estimator starting from MVE orMCD an be omputed as proposed by Davies (1992b).Another approah to improve the eÆieny of MVE or MCD is to use a smoother obje-tive funtion. An important lass of robust estimators of multivariate loation and satterare S-estimators (Rousseeuw and Leroy, 1987, Davies, 1987), de�ned as the solution (�̂; �̂)whih minimizes det(�) under the onstraint(8) 1n nXi=1 �(q(xi � �)0��1(xi � �) ) � bover all vetors � and all p � p positive definite symmetri matries �. Setting b =EF [�(kX)k℄ assures onsisteny at the model distribution F . The funtion � is hosenby the statistiian and is often taken to be Tukey's biweight �-funtion(9) �(x) = 8><>:x22 � x422 + x664 if jxj � 26 if jxj � :The onstant  determines the breakdown value whih is given by "� = 6b=2. The prop-erties of S-estimators have been investigated by Lopuha�a (1989). Related lasses inludeCM-estimators (Kent and Tyler, 1996), MM-estimators (Tatsuoka and Tyler, 2000), and � -estimators (Lopuha�a, 1991). Positive-breakdown estimators of loation and satter an alsobe used to onstrut formal outlier identi�ation rules, see e.g. Beker and Gather (1999).To extend the notion of ranking to higher dimensions, Tukey introdued the halfspaedepth. Depth-based estimators have been proposed and studied by Donoho and Gasko (1992),Rousseeuw et al. (1999a), Liu et al. (1999), Zuo and Sering (2000a,b), and Zuo et al. (2004).Robust estimation and outlier detetion in higher dimensions has been studied by Roke(1996) and Roke and Woodru� (1996). For very high-dimensional data, Maronna andZamar (2002) and Alqallaf et al. (2002) proposed omputationally eÆient robust estimators9



of multivariate loation and ovariane that are not aÆne equivariant any more. Chen andVitoria-Feser (2002) address robust ovariane matrix estimation with missing data.3 Multiple regression3.1 MotivationThe multiple regression model assumes that also a response variable y is measured, whihan be explained as an aÆne ombination of the x-variables. More preisely, the model saysthat for all observations (xi; yi) with i = 1; : : : ; n it holds that(10) yi = �1xi1 + � � �+ �pxip + �p+1 + �i i = 1; : : : ; nwhere the errors �i are assumed to be i.i.d. with zero mean and onstant variane �2. Thevetor � = (�1; : : : ; �p)0 is alled the slope, and � = �p+1 the interept. Denote xi =(xi1; : : : ; xip)0 and � = (�0; �)0 = (�1; : : : ; �p; �p+1)0.The lassial least squares method to estimate � and � is extremely sensitive to regressionoutliers, i.e. observations that do not obey the linear pattern formed by the majority of thedata. In regression we an distinguish between di�erent types of points. This is illustratedin Figure 4 for simple regression. Leverage points are observations (xi; yi) whose xi areoutlying, i.e. xi deviates from the majority in x-spae. We all suh an observation (xi; yi) agood leverage point if (xi; yi) follows the linear pattern of the majority, suh as points 2 and21. If on the other hand (xi; yi) does not follow this linear pattern we all it a bad leveragepoint, like 4, 7 and 12. An observation whose xi belongs to the majority in x-spae butwhere (xi; yi) deviates from the linear pattern is alled a vertial outlier, like the points 6, 13and 17. A regression dataset an thus have up to four types of points: regular observations,vertial outliers, good leverage points, and bad leverage points. Leverage points attratthe least squares solution towards them, so bad leverage points are often not apparent in alassial regression analysis.In low dimensions, as in this example, visual inspetion an be used to detet outliers andleverage points, but in higher dimensions this is not an option anymore. Therefore, we needrobust and omputationally eÆient estimators that yield a reliable analysis of regressiondata. We onsider the least trimmed squares estimator (LTS) proposed by Rousseeuw (1984)for this purpose. 10
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"�(LTS) � 50%, whereas for larger h we have that "�n(LTS) � (n� h)=n. The usual hoieh � 0:75n yields "�(LTS) = 25%.When using LTS regression, the standard deviation of the errors an be estimated by(13) �̂ = h;nvuut1h hXi=1 (r2)i:nwhere ri are the residuals from the LTS �t, and h;n makes �̂ onsistent and unbiased atGaussian error distributions (Pison et al., 2002). Note that the LTS sale estimator �̂ isitself highly robust. Therefore, we an identify regression outliers by their standardized LTSresiduals ri=�̂.To ompute the LTS in an eÆient way, Rousseeuw and Van Driessen (2006) developedthe FAST-LTS algorithm outlined in Appendix A.2. Similar to the FAST-MCD algorithm,FAST-LTS returns weighted least squares estimates, given by�̂1 =  nXi=1 wiuiu0i!�1 nXi=1 wiuiyi!(14) �̂1 = dh;nsPni=1wiri(�̂1)2Pni=1wi(15)where ui = (x0i; 1)0. The weights arewi = 8><>:1 if jri(�̂LTS)=�̂LTSj �q�21;0:9750 otherwise.where �̂LTS and �̂LTS are the raw LTS estimates. As before dh;n is a �nite-sample orretionfator. These weighted estimates have the same breakdown value as the initial LTS estimatesand a muh better statistial eÆieny. Moreover, from the weighted least squares estimatesall the usual inferential output suh as t-statistis, F -statistis, an R2 statisti and theorresponding p-values an be obtained (Rousseeuw and Leroy, 1987). These p-values areapproximate sine they assume that the data with wi = 1 ome from the model (10) whereasthe data with wi = 0 do not, and we usually do not know whether that is true.In Figure 4 we see that the LTS line obtained by FAST-LTS yields a robust �t that isnot attrated by the leverage points on the right hand side, and hene follows the pattern ofthe majority of the data. Of ourse, the LTS method is most useful when there are severalx-variables. 12



To detet leverage points in higher dimensions we must detet outlying xi in x-spae.For this purpose we will use the robust distanes RDi based on the one-step weighted MCDof the previous setion. On the other hand, we an see whether a point (xi; yi) lies nearthe majority pattern by looking at its standardized LTS residual ri=�̂. Rousseeuw and vanZomeren (1990) proposed an outlier map whih plots robust residuals ri=�̂ versus robustdistanes RD(xi), and indiates the orresponding uto�s by horizontal and vertial lines.It automatially lassi�es the observations into the four types of data points that an ourin a regression dataset. Figure 5 is the outlier map of the data in Figure 4.
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Figure 5: Regression outlier map of the data in Figure 4.To illustrate this plot, we again onsider the database of the Digitized Palomar SkySurvey. Following Rousseeuw and Van Driessen (2006), we now use the subset of 56,744 stars(not galaxies) for whih all the harateristis in the blue olor (the F band) are available.The response variable MaperF is regressed against the other 8 harateristis of the olorband F. These harateristis desribe the size of a light soure and the shape of the spatialbrightness distribution in a soure. Figure 6(a) plots the standardized LS residuals versusthe lassial Mahalanobis distanes. Some isolated outliers in the y-diretion as well as inx-spae were not plotted to get a better view of the majority of the data. Observations forwhih the standardized absolute LS residual exeeds the uto� q�21;0:975 are onsidered tobe regression outliers, whereas the other observations are thought to obey the linear model.Similarly, observations for whih MD(xi) exeeds the uto� q�28;0:975 are onsidered to beleverage points. Figure 6(a) shows that most data points lie between the horizontal uto�s at13



�q�21;0:975 whih suggests that most data follow the same linear trend. On the other hand,the outlier map based on LTS residuals and robust distanes RD(xi) shown in Figure 6(b)tells a di�erent story. This plot reveals a rather large group of observations with large robustresiduals and large robust distanes. Hene, these observations are bad leverage points. Thisgroup turned out to be giant stars, whih are known to behave di�erently from other stars.
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Robust Distance RD(x) computed from the MCD
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(a) (b)Figure 6: Digitized Palomar Sky Survey data: regression of MAperF on 8 regressors. (a)Plot of LS residual versus Mahalanobis distane MD(xi); (b) outlier map of LTS residualversus robust distane RD(xi).3.2 Other robust regression methodsThe development of robust regression often paralleled that of robust estimators of multi-variate loation and satter, and in fat more attention has been dediated to the regressionsetting. Robust regression also started with M-estimators (Huber, 1973, 1981), later followedby R-estimators (Jurekov�a, 1971) and L-estimators (Koenker and Portnoy, 1987) that allhave breakdown value zero beause of their vulnerability to bad leverage points.The next step was the development of generalized M-estimators (GM-estimators) thatbound the inuene of outlying xi by giving them a small weight (see e.g. Krasker andWelsh, 1982, Maronna and Yohai, 1981). Therefore, GM-estimators are often alled boundedinuene methods, and they are more stable than M-, L-, or R-estimators. See Hampel et al.(1986, Chapter 6) for an overview. Unfortunately, the breakdown value of GM-estimatorswith a monotone sore funtion still goes down to zero for inreasing p (Maronna et al.,1979). GM-estimators with a redesending sore funtion an have a dimension-independent14



positive breakdown value (see He et al., 2000). Note that for a small fration of outliers inthe data GM-estimators are robust, and they are omputationally fast. For a disussion ofthe di�erenes between bounded-inuene estimators and high-breakdown methods see thereent book by Maronna et al. (2006).The �rst high-breakdown regression methods were least median of squares (LMS), LTS,and the repeated median. The origins of LMS go bak to Tukey (Andrews et al., 1972) whoproposed a univariate estimator based on the shortest half of the sample, and alled it theshorth. Hampel (1975, page 380) modi�ed and generalized it to regression and stated thatthe resulting estimator has a 50% breakdown value. He alled it the shordth and onsidered itof speial mathematial interest. Later, Rousseeuw (1984) provided theory, algorithms, andprograms for this estimator, as well as appliations (see also Rousseeuw and Leroy, 1987).However, LMS has an abnormally slow onvergene rate and hene its asymptoti eÆienyis zero. In ontrast, LTS is asymptotially normal and an be omputed muh faster. Theother high-breakdown regression method was Siegel's repeated median tehnique (Siegel,1982), whih has good properties in the simple regression ase (p = 2) but is no longer aÆneequivariant in multiple regression (p � 3).As for multiple loation and satter, the effiieny of a high-breakdown regression estima-tor an be improved by omputing one-step weighted least squares estimates (14)-(15) or byomputing a one-step M-estimator as done in (Rousseeuw, 1984). In order to ombine theseadvantages with those of the bounded inuene approah, it was later proposed by Simp-son et al. (1992), Coakley and Hettmansperger (1993), and Simpson and Yohai (1998) toompute a one-step GM-estimator starting from LTS.Tests and variable seletion for robust regression were developed by Markatou and He(1994), Markatou and Hettmansperger (1990), Ronhetti and Staudte (1994), and Ronhettiet al. (1997). For high-breakdown methods, variable seletion by all subsets regression be-omes infeasable. One way out is to apply the robust method to all variables, yieldingweights, and then to apply the lassial seletion methods for weighted least squares. Al-ternatively, a robust R2 measure (Croux and Dehon, 2003) or a robust penalized seletionriterion (M�uller and Welsh, 2006) an be used in a forward or bakward seletion strategy.Another approah to improve the effiieny of the LTS is to replae its objetive funtionby a smoother alternative. Similarly as in (8), S-estimators of regression (Rousseeuw and
15



Yohai, 1984) are de�ned as the solution (�̂; �̂) that minimizes �̂ subjet to the onstraint(16) 1n nXi=1 ��yi � �0xi� � � b:The onstant b usually equals E�[�(Y )℄ to assure onsisteny at the model with normalerror distribution, and as before � is often taken to be Tukey's biweight � funtion (9).Salibian-Barrera and Yohai (2006) reently onstruted an eÆient algorithm to omputeregression S-estimators. Related lasses of eÆient high-breakdown estimators inlude MM-estimators (Yohai, 1987), � -estimators (Yohai and Zamar, 1988), a new type of R-estimators(H�ossjer, 1994), generalized S-estimators (Croux et al., 1994), CM-estimators (Mendes andTyler, 1996), and generalized � -estimators (Ferretti et al., 1999). Inferene for these estima-tors is usually based on their asymptoti distribution at the entral model. Alternatively, forMM-estimators Salibian-Barrera and Zamar (2002) developed a fast and robust bootstrapproedure that yields reliable nonparametri robust inferene.To extend the good properties of the univariate median to regression, Rousseeuw and Hu-bert (1999) introdued the notions of regression depth and deepest regression. The deepestregression estimator has been studied by Rousseeuw et al. (1999b), Van Aelst and Rousseeuw(2000), Van Aelst et al. (2002), and Bai and He (2000).Another important robustness measure, besides the breakdown value and the inuenefuntion, is the maxbias urve. The maxbias is the maximum possible bias of an estimatoraused by a �xed fration " of ontamination. The maxbias urve plots the maxbias ofan estimator as a funtion of the fration " = m=n of ontamination. Maxbias urves ofrobust regression estimators have been studied in Martin et al. (1989), He and Simpson(1993), Croux et al. (1994), Adrover and Zamar (2004), and Berrendero and Zamar (2001).Projetion estimators for regression (Maronna and Yohai, 1993) ombine a low maxbias withhigh breakdown value and bounded inuene but they are diÆult to ompute.Unbalaned binary regressors that ontain e.g. 90% of zeroes and 10% of ones mightbe ignored by standard robust regression methods. Robust methods for regression modelsthat inlude ategorial or binary regressors have been developed by Hubert and Rousseeuw(1996) and Maronna and Yohai (2000). Robust estimators for orthogonal regression anderror-in-variables models have been onsidered by Zamar (1989, 1992) and Maronna (2005).
16



4 Multivariate regressionThe regression model an be extended to the ase where we have more than one response vari-able. For p-variate preditors xi = (xi1; : : : ; xip)0 and q-variate responses yi = (yi1; : : : ; yiq)0the multivariate regression model is given by(17) yi = B0xi +�+ "iwhere B is the p � q slope matrix, � is the q-dimensional interept vetor, and the errors"i = ("i1; : : : ; "iq)0 are i.i.d. with zero mean and with Cov(") = �" a positive definite matrixof size q. Note that for q = 1 we obtain the multiple regression model of the previous setion.On the other hand, putting p = 1 and xi = 1 yields the multivariate loation and sattermodel of Setion 2. It is well-known that the least squares solution an be written asB̂ = �̂�1xx �̂xy�̂ = �̂y � B̂0�̂x(18) �̂" = �̂yy � B̂0�̂xxB̂where �̂ = 0��̂x�̂y1A and �̂ = 0��̂xx �̂xy�̂yx �̂yy1Aare the empirial mean and ovariane matrix of the joint (x;y) variables.Vertial outliers and bad leverage points highly inuene the least squares estimates inmultivariate regression, and may make the results ompletely unreliable. Therefore, robustalternatives have been developed.Rousseeuw et al. (2004) proposed to use the MCD estimates for the enter � and sattermatrix � in (18). The resulting estimates are alled MCD regression estimates. It has beenshown that the MCD regression estimates are regression, y-aÆne and x-aÆne equivariant.With X = (x1; : : : ;xn)0, Y = (y1; : : : ;yn)0 and �̂ = (B̂0; �̂)0 this means that�̂(X;Y +XD + 1nw0) = �̂(X;Y ) + (D0;w)0�̂(X;Y C + 1nw0) = �̂(X;Y )C + (O0pq;w)0(19) �̂(XA0 + 1nv0;Y ) = (B̂0(X;Y )A�1; �̂(X;Y )� B̂0(X;Y )A�1v)0where D is any p� q matrix, A is any nonsingular p� p matrix, C is any nonsingular q� qmatrix, v is any p-dimensional vetor, and w is any q-dimensional vetor. Here Opq is thep� q matrix onsisting of zeroes. 17



MCD regression inherits the breakdown value of the MCD estimator, thus "�n(�̂) � (n�h)=n. To obtain a better eÆieny, the one-step weighted MCD estimates are used in (18)and followed by the regression weighting step desribed below. For any �t �̂ denote theorresponding q-dimensional residuals by ri(�̂) = yi�B̂0xi��̂. Then the weighted regressionestimates are given by �̂1 = ( nXi=1 wiuiu0i)�1( nXi=1 wiuiy0i)(20) �̂1" = d1( nXi=1 wi)�1( nXi=1 wiri(�̂1)ri(�̂1)0)(21)where ui = (x0i; 1)0 and d1 is a onsisteny fator. The weights wi are given bywi = 8><>:1 if d(ri(�̂MCD)) �q�2q;0:9750 otherwisewith d(ri(�̂MCD)) = qri(�̂MCD)0(�̂")�1ri(�̂MCD) the robust distanes of the residuals,orresponding to the initial MCD regression estimates �̂MCD and �̂". Note that theseweighted regression estimates (20)-(21) have the same breakdown value as the initial MCDregression estimates.To illustrate MCD regression we analyze a dataset from Shell's polymer laboratory, de-sribed in Rousseeuw et al. (2004). The dataset onsists of n = 217 observations with p = 4preditor variables and q = 3 response variables. The preditor variables desribe the hem-ial harateristis of a piee of foam, whereas the response variables measure its physialproperties suh as tensile strength. The physial properties of the foam are determined bythe hemial omposition used in the prodution proess. Multivariate regression is used toestablish a relationship between the hemial inputs and the resulting physial propertiesof the foam. After an initial exploratory study of the variables, a robust multivariate MCDregression was used.To detet leverage points and outliers the outlier map of Rousseeuw and van Zomeren(1990) has been extended to multivariate regression. In multivariate regression the robustdistanes of the residuals ri(�̂1) are plotted versus the robust distanes of the xi. Figure 7is the outlier map of the Shell foam data. Observations 215 and 110 lie far from both thehorizontal uto� line at q�23;0:975 = 3:06 and the vertial uto� line at q�24;0:975 = 3:34.These two observations an thus be lassified as bad leverage points. Several observations18
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Figure 7: Regression outlier map of the foam data.lie substantially above the horizontal utoff but not to the right of the vertial utoff, whihmeans that they are vertial outliers (their residuals are outlying but their x-values are not).Based on this list of speial points the sientists who had made the measurements foundout that a fration of the observations in Figure 7 were made with a di�erent produtiontehnique and hene belong to a di�erent population with other harateristis. Theseinlude the observations 210, 212 and 215. We therefore remove these observations from thedata, and retain only observations from the intended population.Running the method again yields the outlier map in Figure 8. Observation 110 is still a
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Figure 8: Regression outlier map of the orreted foam data.19



bad leverage point, and also several of the vertial outliers remained. No hemial/physialmehanism was found to explain why these points are outliers, leaving open the possibilityof some large measurement errors. But the detetion of these outliers at least provides uswith the option to hoose whether or not to allow them to affet the final result.Sine MCD regression is mainly intended for regression data with random arriers, Ag-ull�o et al. (2006) developed an alternative robust multivariate regression method whih anbe seen as an extension of LTS to the multivariate setting. This multivariate least trimmedsquares estimator (MLTS) an also be used in ases where the arriers are �xed. The MLTSlooks for a subset of size h suh that the determinant of the ovariane matrix of its resid-uals orresponding to its least squares �t is minimal. Similarly as for MCD regression, theMLTS has breakdown value "�n(�MLTS) � (n�h)=n and the equivariane properties (19) aresatis�ed. The MLTS an be omputed quikly with an algorithm similar to Appendix A.1.To improve the eÆieny while keeping the breakdown value, a one-step weighted MLTS es-timator an be omputed using expressions (20)-(21). Alternatively, Van Aelst and Willems(2005) introdued multivariate regression S-estimators and extended the fast robust boot-strap methodology of Salibian-Barrera and Zamar (2002) to this setting while Gar��a Benet al. (2006) proposed � -estimators for multivariate regression.5 Classi�ationThe goal of lassi�ation, also known as disriminant analysis or supervised learning, is toobtain rules that desribe the separation between known groups of observations. Moreover, itallows to lassify new observations into one of the groups. We denote the number of groups byl and assume that we an desribe our experiment in eah population �j by a p-dimensionalrandom variable Xj with density funtion fj. We write pj for the membership probability,i.e. the probability for an observation to ome from �j. The maximum likelihood rule thenlassi�es an observation x into �k if ln(pkfk(x)) is the maximum of the set fln(pjfj(x)); j =1; : : : ; lg. If we assume that the density fj for eah group is Gaussian with mean �j andovariane matrix �j then it an be seen that the maximum likelihood rule is equivalent tomaximizing the disriminant sores dQj (x) with(22) dQj (x) = �12lnj�jj � 12(x� �j)0��1j (x� �j) + ln(pj):20



That is, x is alloated to �k if dQk (x) > dQj (x) for all j = 1; : : : ; l (see e.g. Johnson andWihern, 1998).In pratie �j, �j and pj have to be estimated. Classial Quadrati Disriminant Analysis(CQDA) uses the group's mean and empirial ovariane matrix to estimate �j and �j. Themembership probabilities are usually estimated by the relative frequenies of the observationsin eah group, hene p̂j = nj=n with nj the number of observations in group j.A Robust Quadrati Disriminant Analysis (RQDA) is derived by using robust estimatorsof �j, �j and pj. In partiular, we an apply the weighed MCD estimator of loation andsatter in eah group. As a byprodut of this robust proedure, outliers (within eah group)an be distinguished from the regular observations. Finally, the membership probabilitiesan be robustly estimated as the relative frequeny of regular observations in eah group.For an outline of this approah, see Hubert and Van Driessen (2004).When the groups are assumed to have a ommon ovariane matrix �, the quadratisores (22) an be simpli�ed to(23) dLj (x) = �0j��1x� 12�0j��1�j + ln(pj)sine the terms �12 lnj�j and �12x0��1x do not depend on j. The resulting sores (23) arelinear in x, hene the maximum likelihood rule belongs to the lass of linear disriminantanalysis. It is well known that if we have only two populations (l = 2) with a ommonovariane struture and if both groups have equal membership probabilities, this rule o-inides with Fisher's linear disriminant rule. Robust linear disriminant analysis based onthe MCD estimator or S-estimators has been studied in Hawkins and MLahlan (1997),He and Fung (2000), Croux and Dehon (2001), and Hubert and Van Driessen (2004). Thelatter paper omputes �̂j and �̂j by weighted MCD and then de�nes the pooled ovarianematrix �̂ = �Plj=1 nj�̂j� =n.We onsider a dataset that ontains the spetra of three di�erent ultivars of the samefruit (antaloupe { Cuumis melo L. Cantaloupensis). The ultivars (named D, M and HA)have sizes 490, 106 and 500, and all spetra were measured in 256 wavelengths. The datasetthus ontains 1096 observations and 256 variables. First, a robust prinipal omponentanalysis (as desribed in the next setion) was applied to redue the dimension of the dataspae, and the �rst two omponents were retained. For a more detailed desription andanalysis of these data, see Hubert and Van Driessen (2004).21



The data were divided randomly in a training set and a validation set, ontaining 60%and 40% of the observations. Figure 9 shows the training data. In this �gure ultivar D ismarked with rosses, ultivar M with irles, and ultivar HA with diamonds. We see thatultivar HA has a luster of outliers that are far away from the other observations. As itturns out, these outliers were aused by a hange in the illumination system. To lassifythe data, we will use model (23) with a ommon ovariane matrix �. Figure 9(a) showsthe lassial tolerane ellipses for the groups, given by (x � �̂j)0 �̂�1(x � �̂j) = �22;0:975.Note how strongly the lassial ovariane estimator of the ommon � is inuened by theoutlying subgroup of ultivar HA. On the other hand, Figure 9(b) shows the same data withthe orresponding robust tolerane ellipses.The e�et on the resulting lassial linear disriminant rules is dramati for ultivarM. It appears that all the observations are badly lassi�ed beause they would have tobelong to a region that lies ompletely outside the boundary of this �gure! The robustdisriminant analysis does a better job. The tolerane ellipses are not a�eted by the outliersand the resulting disriminant lines split up the di�erent groups more aurately. Themislassi�ation rates are 17% for ultivar D, 95% for ultivar M, and 6% for ultivar HA.The mislassi�ation rate of ultivar M remains very high. This is due to the intrinsi overlapbetween the three groups, and the fat that ultivar M has few data points ompared tothe others. (When we impose that all three groups are equally important by setting themembership probabilities equal to 1=3, we obtain a better lassi�ation of ultivar M with46% of errors).This example thus learly shows that outliers an have a huge e�et on the lassialdisriminant rules, whereas the robust version fares better.6 Prinipal Component Analysis6.1 Classial PCAPrinipal omponent analysis is a popular statistial method whih tries to explain theovariane struture of data by means of a small number of omponents. These omponentsare linear ombinations of the original variables, and often allow for an interpretation anda better understanding of the di�erent soures of variation. Beause PCA is onernedwith data redution, it is widely used for the analysis of high-dimensional data whih are22
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Figure 9: (a) Classial tolerane ellipses for the fruit data with ommon ovariane matrix;(b) robust tolerane ellipses.frequently enountered in hemometris, omputer vision, engineering, genetis, and otherdomains. PCA is then often the first step of the data analysis, followed by disriminantanalysis, luster analysis, or other multivariate tehniques (see e.g. Hubert and Engelen,2004). It is thus important to find those omponents that ontain most of the information.In the lassial approah, the first omponent orresponds to the diretion in whih the23



projeted observations have the largest variane. The seond omponent is then orthogonalto the first and again maximizes the variane of the projeted data points. Continuingin this way produes all the prinipal omponents, whih orrespond to the eigenvetorsof the empirial ovariane matrix. Unfortunately, both the lassial variane (whih isbeing maximized) and the lassial ovariane matrix (whih is being deomposed) are verysensitive to anomalous observations. Consequently, the first omponents are often pulledtowards outlying points, and may not apture the variation of the regular observations.Therefore, data redution based on lassial PCA (CPCA) beomes unreliable if outliers arepresent in the data.To illustrate this, let us onsider a small arti�ial dataset in p = 4 dimensions. TheHawkins-Bradu-Kass dataset (see e.g. Rousseeuw and Leroy, 1987) onsists of n = 75observations in whih 2 groups of outliers were reated, labelled 1-10 and 11-14. The �rsttwo eigenvalues explain already 98% of the total variation, so we selet k = 2. The CPCAsores plot is depited in Figure 10(a). In this �gure we an learly distinguish the two groupsof outliers, but we see several other undesirable e�ets. We �rst observe that, although thesores have zero mean, the regular data points lie far from zero. This stems from the fat thatthe mean of the data points is a bad estimate of the true enter of the data in the preseneof outliers. It is learly shifted towards the outlying group, and onsequently the origin evenfalls outside the loud of the regular data points. On the plot we have also superimposedthe 97.5% tolerane ellipse. We see that the outliers 1-10 are within the tolerane ellipse,and thus do not stand out based on their Mahalanobis distane. The ellipse has stretheditself to aommodate these outliers.6.2 Robust PCAThe goal of robust PCA methods is to obtain prinipal omponents that are not influenedmuh by outliers. A first group of methods is obtained by replaing the lassial ovarianematrix by a robust ovariane estimator. Maronna (1976) and Campbell (1980) proposedusing affine equivariant M-estimators of satter for this purpose, but these annot resistmany outliers. Croux and Haesbroek (2000) used positive-breakdown estimators of sattersuh as the MCD and S-estimators. Reently, Salibian-Barrera et al. (2006) proposed usingS or MM-estimators of satter and developed a fast robust bootstrap proedure for infereneand to assess the stability of the PCA solution. Let us reonsider the Hawkins-Bradu-Kass24
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Hubert et al. (2005) proposed a robust PCA method, alled ROBPCA, whih ombinesideas of both projetion pursuit and robust ovariane estimation. The PP part is used forthe initial dimension redution. Some ideas based on the MCD estimator are then applied tothis lower-dimensional data spae. Simulations in Hubert et al. (2005) have shown that thisombined approah yields more aurate estimates than the raw PP algorithm. An outlineof the ROBPCA algorithm is given in Appendix A.3.The ROBPCA method applied to a data set Xn;p yields robust prinipal omponentswhih an be olleted in a loading matrix P p;k with orthogonal olumns, and a robustenter �̂x. From here on the subsripts to a matrix serve to reall its size, e.g. Xn;p is ann� p matrix and P p;k is p� k. [Note that it is possible to robustly sale the variables �rstby dividing them by a robust sale estimate; see e.g. (Rousseeuw and Croux, 1993).℄ Therobust sores are the n� 1 olumn vetorsti = (P p;k)0(xi � �̂x):The orthogonal distane measures the distane between an observation and its projetion inthe k-dimensional PCA subspae:(24) ODi = kxi � �̂x � P p;ktik:Let L denote the diagonal matrix whih ontains the eigenvalues lj of the MCD sattermatrix, sorted from largest to smallest. The sore distane of xi with respet to �̂x;P andL is then de�ned asSDi =q(xi � �̂x)0P p;kL�1k;k(P p;k)0(xi � �̂x) =vuut kXj=1 t2ijlj :All the abovementioned methods are translation and orthogonal equivariant, i.e. (2)-(3)hold for any vetor v and any p � p matrix A with AA0 = I. To be preise, let �̂x andP denote the robust enter and loading matrix of the original observations xi. Then therobust enter and loadings of the transformed data Axi+ v are equal to A�̂x+ v and AP .The sores (and distanes) remain the same after this transformation, sineti(Axi + v) = P 0A0(Axi + v � (A�̂x + v)) = P 0(xi � �̂x) = ti(xi):We also mention the robust LTS-subspae estimator and its generalizations, introduedand disussed in Rousseeuw and Leroy (1987) and Maronna (2005). The idea behind these26



approahes onsists in minimizing a robust sale of the orthogonal distanes, similar to theLTS estimator and S-estimators in regression. For funtional data, a fast PCA method isintrodued in Loantore et al. (1999).6.3 Outlier mapThe result of the PCA analysis an be represented by means of the outlier map given inHubert et al. (2005). As in regression, this �gure highlights the outliers and lassi�es theminto several types. In general, an outlier is an observation whih does not obey the patternof the majority of the data. In the ontext of PCA, this means that an outlier either lies farfrom the subspae spanned by the k eigenvetors, and/or that the projeted observation liesfar from the bulk of the data within this subspae. This an be expressed by means of theorthogonal and the sore distanes. These two distanes de�ne four types of observations,as illustrated in Figure 11(a). Regular observations have a small orthogonal and a smallsore distane. Bad leverage points, suh as observations 2 and 3, have a large orthogonaldistane and a large sore distane. They typially have a large inuene on lassial PCA,as the eigenvetors will be tilted towards them. When points have a large sore distanebut a small orthogonal distane, we all them good leverage points. Observations 1 and 4in Figure 7(a) an be lassi�ed into this ategory. Finally, orthogonal outliers have a largeorthogonal distane, but a small sore distane, as for example ase 5. They annot bedistinguished from the regular observations one they are projeted onto the PCA subspae,but they lie far from this subspae.The outlier map in Figure 11(b) displays the ODi versus the SDi. In this plot, lines aredrawn to distinguish the observations with a small and a large OD, and with a small and alarge SD. For the latter distanes, the uto� value  =q�2k;0:975 is used. For the orthogonaldistanes the approah of Box (1954) is followed. The squared orthogonal distanes an beapproximated by a saled �2 distribution whih in its turn an be approximated by a normaldistribution using the Wilson-Hilferty transformation. The mean and variane of this normaldistribution are then estimated by applying the univariate MCD to the OD2=3i .
27
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(a) (b)Figure 11: (a) Different types of outliers when a three-dimensional dataset is projeted ona robust two-dimensional PCA-subspae; (b) the orresponding PCA outlier map.6.4 ExampleWe illustrate the PCA outlier map on a dataset onsisting of spetra of 180 arheologialglass piees over p = 750 wavelengths (Lemberge et al., 2000). The measurements wereperformed using a Jeol JSM 6300 sanning eletron mirosope equipped with an energy-dispersive Si(Li) X-ray detetion system. Three prinipal omponents were retained forCPCA and ROBPCA, yielding the outlier maps in Figure 12. In Figure 12(a) we see thatCPCA does not find big outliers. On the other hand the ROBPCA plot in Figure 12(b)learly distinguishes two major groups in the data, as well as a smaller group of bad leveragepoints, a few orthogonal outliers, and the isolated ase 180 in between the two major groups.A high-breakdown method suh as ROBPCA detets the smaller group with ases 143{179as a set of outliers. Later, it turned out that the window of the detetor system had beenleaned before the last 38 spetra were measured. As a result less X-ray radiation wasabsorbed, resulting in higher X-ray intensities. The other bad leverage points (57{63) and(74-76) are samples with a large onentration of ali. The orthogonal outliers (22, 23 and30) are borderline ases, although it turned out that they have larger measurements at the28



hannels 215-245. This might indiate a larger onentration of phosphorus.
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(a) (b)Figure 12: PCA outlier map of the glass dataset based on three prinipal omponents,omputed with (a) CPCA; (b) ROBPCA.
7 Prinipal Component RegressionPrinipal omponent regression is typially used for linear regression models (10) or (17)where the number of independent variables p is very large or where the regressors are highlyorrelated (this is known as multiollinearity). An important appliation of PCR is multi-variate alibration in hemometris, whih predits onstituent onentrations of a materialbased on its spetrum. This spetrum an be obtained via several tehniques suh as Flu-oresene spetrometry, Near InfraRed spetrometry (NIR), Nulear Magneti Resonane(NMR), Ultra-Violet spetrometry (UV), Energy dispersive X-Ray Fluoresene spetrome-try (ED-XRF), et. Sine a spetrum typially ranges over a large number of wavelengths,it is a high-dimensional vetor with hundreds of omponents. The number of onentrationson the other hand is usually limited to at most, say, �ve. In the univariate approah, onlyone onentration at a time is modelled and analyzed. The more general problem assumesthat the number of response variables q is larger than one, whih means that several on-entrations are to be estimated together. This model has the advantage that the ovarianestruture between the onentrations is also taken into aount, whih is appropriate whenthe onentrations are known to be strongly orrelated with eah other.29



Classial PCR (CPCR) starts by replaing the large number of explanatory variablesXj by a small number of loading vetors, whih orrespond to the �rst (lassial) prinipalomponents of Xn;p. Then the response variables Yj are regressed on these omponentsusing least squares regression. It is thus a two-step proedure, whih starts by omputingsores ti for every data point. Then the yi are regressed on the ti.The robust PCR method proposed by Hubert and Verboven (2003) ombines robust PCAfor high-dimensional x-data with a robust multivariate regression tehnique suh as MCDregression desribed in Setion 4. The robust sores ti obtained with ROBPCA thus serveas the explanatory variables in the regression model (10) or (17).The RPCR method inherits the y-aÆne equivariane (the seond equation in (19)) fromthe MCD regression method. RPCR is also x-translation equivariant and x-orthogonallyequivariant, i.e. the estimates satisfy the third equation in (19) for any orthogonal matrixA. These properties follow in a straightforward way from the orthogonal equivariane ofthe ROBPCA method. Robust PCR methods whih are based on nonequivariant PCAestimators, suh as those proposed in Pell (2000), are not x-equivariant.An important issue in PCR is seleting the number of prinipal omponents, for whihseveral methods have been proposed. A popular approah minimizes the root mean squarederror of ross-validation riterion RMSECVk whih, for one response variable (q = 1), equals(25) RMSECVk =vuut 1n nXi=1 (yi � ŷ�i;k)2with ŷ�i;k the predited value for observation i, where i was left out of the dataset whenperforming the PCR method with k prinipal omponents. The goal of the RMSECVkstatisti is twofold. It yields an estimate of the root mean squared predition error E(y �ŷ)2 when k omponents are used in the model, whereas the urve of RMSECVk for k =1; : : : ; kmax is a popular graphial tool to hoose the optimal number of omponents.This RMSECVk statisti is however not suited at ontaminated datasets beause it alsoinludes the predition error of the outliers in (25). Therefore Hubert and Verboven (2003)proposed a robust RMSECV measure. These R-RMSECVk values were rather time onsum-ing, beause for every hoie of k they required the whole RPCR proedure to be performedn times. Faster algorithms for ross-validation have reently been developed (Engelen andHubert, 2005). They avoid the omplete reomputation of resampling methods suh as theMCD when one observation is removed from the dataset.30



To illustrate RPCR we analyze the Bisuit Dough dataset of Osborne et al. (1984),preproessed as in Hubert et al. (2002). This dataset onsists of 40 NIR spetra of bisuitdough with measurements every 2 nanometers, from 1200nm up to 2400nm. The responsesare the perentages of 4 onstituents in the bisuit dough: y1 = fat; y2 = our; y3 = suroseand y4 = water. Beause there is a signi�ant orrelation among the responses, a multivariateregression is performed. The robust R-RMSECVk urve is plotted in Figure 13 and suggeststo selet k = 2 omponents.
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Figure 13: Robust R-RMSECVk urve for the Bisuit Dough dataset.Di�erenes between CPCR and RPCR show up in the loading vetors and in the alibra-tion vetors. Figure 14 shows the seond loading vetor and the seond alibration vetor fory3 (surose). For instane, CPCR and RPCR give quite di�erent results between wavelengths1390 and 1440 (the so-alled C-H bend).Next, we an onstrut outlier maps as in Setions 4 and 6.3. ROBPCA yields the PCAoutlier map displayed in Figure 15(a). We see that there are no leverage points but there aresome orthogonal outliers, the largest being 23, 7 and 20. The result of the regression stepis shown in Figure 15(b). It plots the robust distanes of the residuals (or the standardizedresiduals if q = 1) versus the sore distanes. RPCR shows that observation 21 has anextremely high residual distane. Other vertial outliers are 23, 7, 20, and 24, whereas thereare a few borderline ases.
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ing a ovariane riterion between the x- and y-variables. Hene, this tehnique uses theresponses already from the start.More preisely, let ~Xn;p and ~Y n;q denote the mean-entered data matries, with ~xi =xi��x and ~yi = yi��y. The normalized PLS weight vetors ra and qa (with krak = kqak = 1)are then de�ned as the vetors that maximize(26) ov( ~Y qa; ~Xra) = q0a ~Y 0 ~Xn� 1ra = q0a�̂yxrafor eah a = 1; : : : ; k, where �̂0yx = �̂xy = ~X 0 ~Yn�1 is the empirial ross-ovariane matrixbetween the x- and the y-variables. The elements of the sores ~ti are then de�ned as lin-ear ombinations of the mean-entered data: ~tia = ~x0ira, or equivalently ~T n;k = ~Xn;pRp;kwith Rp;k = (r1; : : : ; rk).The omputation of the PLS weight vetors an be performed using the SIMPLS algo-rithm (de Jong, 1993), whih is desribed in Appendix A.4.Hubert and Vanden Branden (2003) developed the robust method RSIMPLS. It starts byapplying ROBPCA on the x- and y-variables in order to replae �̂xy and �̂x by robust esti-mates, and then proeeds analogously to the SIMPLS algorithm. Similar to RPCR, a robustregression method (ROBPCA regression) is performed in the seond stage. Vanden Bran-den and Hubert (2004) proved that for low-dimensional data the RSIMPLS approah yieldsbounded inuene funtions for the weight vetors ra and qa and for the regression estimates.Also the breakdown value is inherited from the MCD estimator.The robustness of RSIMPLS is illustrated on the otane dataset (Esbensen et al., 1994),onsisting of NIR absorbane spetra over p = 226 wavelengths ranging from 1102nm to1552nm with measurements every two nm. For eah of the n = 39 prodution gasolinesamples the otane number y was measured, so q = 1. It is known that the otane datasetontains six outliers (25, 26, 36{39) to whih alohol was added. From the RMSECV values(Engelen et al., 2004) it follows that k = 2 omponents should be retained.The SIMPLS outlier map is Figure 16(a). We see that the lassial analysis only detetsthe outlying spetrum 26, whih does not even stik out muh above the border line. Therobust sore outlier map is displayed in Figure 16(b). Here we immediately spot the sixsamples with added alohol. The robust regression outlier map in Figure 16(d) shows thatthe outliers are good leverage points, whereas SIMPLS again only reveals spetrum 26.Note that anonial orrelation analysis tries to maximize the orrelation between linear33
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and a tehnique based on robust distanes was applied to the ontrol of eletrial power sys-tems in Mili et al. (1996). High-breakdown regression tehniques were extended to omputervision settings (e.g. Meer et al., 1991, Stewart, 1995). For generalized linear models, robustapproahes have been proposed by Cantoni and Ronhetti (2001), K�unsh et al. (1989),Markatou et al. (1998), M�uller and Neykov (2003), and Rousseeuw and Christmann (2003).A high-breakdown method for mixed linear models has been proposed by Copt and Vitoria-Feser (2006). Robust nonlinear regression methods have been studied by Stromberg (1993),Stromberg and Ruppert (1992), and Mizera (2002), who onsidered a depth-based approah.Boente et al. (2002) introdued robust estimators for ommon prinipal omponents. Robustmethods were proposed for fator analysis (Pison et al., 2003) and independent omponentanalysis (Brys et al., 2005). Croux et al. (2003) �tted general multipliative models suh asFANOVA. Robust lustering methods have been investigated by Kaufman and Rousseeuw(1990), Cuesta-Albertos et al. (1997) and Roke and Woodru� (2006). Robustness in timeseries analysis and eonometris has been studied by Martin and Yohai (1986), Bustos andYohai (1986), Muler and Yohai (2002), Franses et al. (1999), van Dijk et al. (1999a,b),and Luas and Franses (1998). Of ourse, this short list is far from omplete.10 AvailabilityStand-alone programs arrying out FAST-MCD and FAST-LTS an be downloaded from thewebsite http://www.agoras.ua.a.be, as well as Matlab versions. The FAST-MCD algorithmis available in the pakage S-PLUS (as the built-in funtion ov.md), in R (as part of thepakages rrov, robust and robustbase), and in SAS/IML Version 7. It is also inluded inSAS Version 9 (in PROC ROBUSTREG). These pakages all provide the one-step weightedMCD estimates. The LTS is available in S-PLUS as the built-in funtion ltsreg, whih usesa slower algorithm and has a low default breakdown value. The FAST-LTS algorithm isavailable in R (as part of rrov and robustbase) and in SAS/IML Version 7. In SAS Version9 it is inorporated in PROC ROBUSTREG.Matlab funtions for most of the proedures mentioned in this paper (MCD, LTS, MCD-regression, RQDA, ROBPCA, RPCR, and RSIMPLS) are part of LIBRA, a Matlab LI-Brary for Robust Analysis (Verboven and Hubert, 2005) whih an be downloaded fromhttp://wis.kuleuven.be/stat/robust. Several of these funtions are also available in the PLS35



toolbox of Eigenvetor Researh (www.eigenvetor.om).A AppendixA.1 The FAST-MCD algorithmRousseeuw and Van Driessen (1999) developed the FAST-MCD algorithm to eÆiently om-pute the MCD. The key omponent is the C-step:Theorem. Take X = fx1; : : : ;xng and let H1 � f1; : : : ; ng be a h-subset, that is jH1j = h.Put �̂1 := 1h Xi2H1 xi and �̂1 := 1h Xi2H1(xi � �̂1)(xi � �̂1)0. If det(�̂1) 6= 0 de�ne the relativedistanes d1(i) :=q(xi � �̂1)0�̂�11 (xi � �̂1) for i = 1; : : : ; n:Now take H2 suh that fd1(i); i 2 H2g := f(d1)1:n; : : : ; (d1)h:ng where (d1)1:n � (d1)2:n �� � � � (d1)n:n are the ordered distanes, and ompute �̂2 and �̂2 based on H2. Thendet(�̂2) � det(�̂1)with equality if and only if �̂2 = �̂1 and �̂2 = �̂1.If det(�̂1) > 0, the C-step yields �̂2 with det(�̂2) � det(�̂1). Note that the C standsfor `onentration' sine �̂2 is more onentrated (has a lower determinant) than �̂1. Theondition det(�̂1) 6= 0 in the C-step theorem is no real restrition beause if det(�̂1) = 0 wealready have the minimal objetive value.In the algorithm the C-step works as follows. Given (�̂old; �̂old):1. ompute the distanes dold(i) for i = 1; : : : ; n2. sort these distanes, whih yields a permutation � for whihdold(�(1)) � dold(�(2)) � � � � � dold(�(n))3. put Hnew := f�(1); �(2); : : : ; �(h)g4. ompute �̂new := ave(Hnew) and �̂new := ov(Hnew).For a �xed number of dimensions p, the C-step takes only O(n) time (beause Hnew an bedetermined in O(n) operations without fully sorting all the dold(i) distanes).36



C-steps an be iterated until det(�̂new) = 0 or det(�̂new) = det(�̂old). The sequene ofdeterminants obtained in this way must onverge in a �nite number of steps beause there areonly �nitely many h-subsets. However, there is no guarantee that the �nal value det(�̂new)of the iteration proess is the global minimum of the MCD objetive funtion. Therefore anapproximate MCD solution an be obtained by taking many initial hoies of H1, applyingC-steps to eah and keeping the solution with lowest determinant. For more disussion onresampling algorithms, see Hawkins and Olive (2002).To onstrut an initial subset H1, a random (p + 1)-subset J is drawn and �̂0 :=ave(J) and �̂0 := ov(J) are omputed. [If det(�̂0) = 0 then J an be extended byadding observations until det(�̂0) > 0.℄ Then, for i = 1; : : : ; n the distanes d20(i) :=(xi � �̂0)0�̂�10 (X i � �̂0) are omputed and sorted into d0(�(1)) � � � � � d0(�(n)), whihleads to H1 := f�(1); : : : ; �(h)g. This method yields better initial subsets than by drawingrandom h-subsets diretly, beause the probability of drawing an outlier-free subset is muhhigher when drawing (p + 1)-subsets than with h-subsets.The FAST-MCD algorithm ontains several omputational improvements. Sine eah C-step involves the alulation of a ovariane matrix, its determinant and the orrespondingdistanes, using fewer C-steps onsiderably improves the speed of the algorithm. It turnsout that after two C-steps, many runs that will lead to the global minimum already have aonsiderably smaller determinant. Therefore, the number of C-steps is redued by applyingonly two C-steps on eah initial subset and seleting the 10 di�erent subsets with lowestdeterminants. Only for these 10 subsets further C-steps are taken until onvergene.This proedure is very fast for small sample sizes n, but when n grows the omputationtime inreases due to the n distanes that need to be alulated in eah C-step. For largen FAST-MCD uses a partitioning of the dataset, whih avoids doing all the alulations inthe entire data. In any ase, let �̂opt and �̂opt denote the mean and ovariane matrix ofthe h-subset with lowest ovariane determinant. Then the algorithm returns�̂MCD = �̂opt and �̂MCD = h;n�̂optwhere h;n is the produt of a onsisteny fator and a �nite-sample orretion fator (Pisonet al., 2002). Note that the FAST-MCD algorithm is itself aÆne equivariant.
37



A.2 The FAST-LTS algorithmThe basi omponent of the LTS algorithm is again the C-step, whih now says that startingfrom an initial h-subset H1 or an initial �t �̂1 we an onstrut a new h-subset H2 by takingthe h observations with smallest absolute residuals jri(�̂1)j. Applying LS to H2 then yieldsa new �t �̂2 whih is guaranteed to have a lower objetive funtion (11).To onstrut the initial h-subsets the algorithm starts from randomly drawn (p + 1)-subsets. For eah (p + 1)-subset the oeÆients �0 of the hyperplane through the points inthe subset are alulated. [If a (p+1)-subset does not de�ne a unique hyperplane, then it isextended by adding more observations until it does.℄ The orresponding initial h-subset isthen formed by the h points losest to the hyperplane (i.e. with smallest residuals). As wasthe ase for the MCD, also here this approah yields muh better initial �ts than would bethe ase if random h-subsets were drawn diretly.Let �̂opt denote the least squares �t of the optimal h-subset found by the whole resamplingproedure, then FAST-LTS returns�̂LTS = �̂opt and �̂LTS = h;nvuut 1h hXi=1 (r(�̂opt)2)i:n:A.3 The ROBPCA algorithmFirst, the data are preproessed by reduing their data spae to the subspae spanned bythe n observations. This is done by a singular value deomposition of Xn;p. As a result, thedata are represented using at most n�1 = rank( ~Xn;p) variables without loss of information.In the seond step of the ROBPCA algorithm, a measure of outlyingness is omputed foreah data point. This is obtained by projeting the high-dimensional data points on manyunivariate diretions. On every diretion the univariate MCD estimator of loation and saleis omputed, and for every data point its standardized distane to that enter is measured.Finally for eah data point its largest distane over all the diretions is onsidered. The hdata points with smallest outlyingness are kept, and from the ovariane matrix �h of thish-subset we selet the number k of prinipal omponents to retain.The last stage of ROBPCA onsist of projeting the data points onto the k-dimensionalsubspae spanned by the largest eigenvetors of �h and of omputing their enter and shapeusing the weighted MCD estimator. The eigenvetors of this satter matrix then determinethe robust prinipal omponents, and the loation estimate serves as a robust enter.38



A.4 The SIMPLS algorithmThe solution of the maximization problem (26) is found by taking r1 and q1 as the �rstleft and right singular eigenvetors of �̂xy. The other PLSR weight vetors ra and qa fora = 2; : : : ; k are obtained by imposing an orthogonality onstraint to the elements of thesores. If we require thatPni=1 tiatib = 0 for a 6= b, a deation of the ross-ovariane matrix�̂xy provides the solutions for the other PLSR weight vetors. This deation is arriedout by �rst alulating the x-loading pa = �̂xra=(r0a�̂xra) with �̂x the empirial variane-ovariane matrix of the x-variables. Next an orthonormal base fv1; : : : ; vag of fp1; : : : ;pagis onstruted and �̂xy is deated as�̂axy = �̂a�1xy � va(v0a�̂a�1xy )with �̂1xy = �̂xy. In general the PLSR weight vetors ra and qa are obtained as the left andright singular vetor of �̂axy.Aknowledgment. We would like to thank Sanne Engelen, Karlien Vanden Branden, andSabine Verboven for help with preparing the �gures of this paper.ReferenesAdrover, J. and Zamar, R. H. (2004). Bias robustness of three median-based regressionestimates. Journal of Statistial Planning and Inferene 122 203{227.Agull�o, J., Croux, C. and Van Aelst, S. (2006). The multivariate least trimmedsquares estimator. Journal of Multivariate Analysis. To appear.Alqallaf, F. A., Konis, K. P., Martin, R. D. and Zamar, R. H. (2002). Salablerobust ovariane and orrelation estimates for data mining. In Proeedings of the Sev-enth ACM SIGKDD International Conferene on Knowledge Disovery and Data Mining.Edmonton.Andrews, D. F., Bikel, P. J., Hampel, F. R., Huber, P. J., Rogers, W. H. andTukey, J. W. (1972). Robust Estimates of Loation: Survey and Advanes. PrinetonUniversity Press. 39
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