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Abstract There are several proofs by now for the famous Cwikel-Lieb—
Rozenblum (CLR) bound, which is a semiclassical bound on the number of
bound states for a Schrodinger operator, proven in the 1970s. Of the rather dis-
tinct proofs by Cwikel, Lieb, and Rozenblum, the one by Lieb gives the best
constant, the one by Rozenblum does not seem to yield any reasonable estimate
for the constants, and Cwikel’s proof is said to give a constant which is at least
about 2 orders of magnitude off the truth. This situation did not change much
during the last 40+ years. It turns out that this common belief, i.e, Cwikel’s
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approach yields bad constants, is not set in stone: We give a substantial refine-
ment of Cwikel’s original approach which highlights a natural but overlooked
connection of the CLR bound with bounds for maximal Fourier multipliers
from harmonic analysis. Moreover, it gives an astonishingly good bound for
the constant in the CLR inequality. Our proof is also quite flexible and leads
to rather precise bounds for a large class of Schrodinger-type operators with
generalized kinetic energies.

Mathematics Subject Classification Primary 35P15; Secondary 35J10 -
81Q10
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1 Introduction

We want to find natural bounds, with the right semi-classical behavior, for
the number of negative eigenvalues of Schrédinger operators P2 + V, with
momentum operator P = —iV, or more general operators like polyharmonic
Schrodinger operators | P|** +V, including the ultra-relativistic operator | P|+
V. We also consider operator-valued potentials V.

For the one-particle Schrodinger operator P2 + V with a real-valued
potential V, this type of bound goes back to Cwikel, Lieb, and Rozenblum
[9,31,32,43,44], with very different proofs. They prove

N(P?+V)<Log /Rd V_(x)4/? dx (1.1)

for the number of negative eigenvalues of a Schrodinger operator, where L 4
is a constant depending only on the dimension. This bound is a semi-classical
bound since a simple scaling argument shows that the classical phase-space
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volume of the region of negative energy is given by

dndx  |BY|
N+ V) = // | = ! Vo) dx.  (1.2)
P2vi<o Qmd Q2m)d Jra

where | B{| is the volume of the unit ball in R,

Rozenblum’s paper [43] was an announcement of his result and, typically
for the journal, did not contain any proofs. The version with full proofs was
published in [44]. Similarly, Lieb’s paper [31] is an announcement of his result
and the details of his proof were published later in [32,50]. The approach of
Rozenblum was strongly motivated by the St. Petersburg school of mathemat-
ical physics around Birman and Solomyak, whose work had been virtually
unnoticed in the west until the mid 1970s, see the “Added notes” on page 378
in [49]. The proofs of Cwikel and Lieb were strongly motivated by Simon [49].
Cwikel’s approach was developed into a more general scheme by Birman and
Solomyak, see e.g. [2,5]. They were able to obtain more general versions of
Cwikel’s result in which the L? and weak-L? spaces appearing in [9] could
be replaced by more general spaces. For the most recent developments in this
direction, see [28], which builds upon earlier work by Weidl [53,54].

The intuition behind semi-classical bounds is that the uncertainty prin-
ciple forces a quantum particle to occupy roughly a classical phase-space
volume (Zn)d . Thus the phase-space volume N Cl(n2 + V) where the clas-
sical Hamiltonian energy H (1, x) = n? + V(x) is negative, should control
N(P% + V). The CLR bound (1.1) shows that this is the case up to a fac-
tor! Coa = Lo,d(Zn)d /|Bf|. Simon’s profound insights connecting bounds
on N (P? + V) with known and conjectured interpolation properties of weak
operator ideals,” and, in particular, his Conjecture 1 on page 372 in [49], were
a major motivation for Cwikel’s work. The discussion in [49] suggested that
perhaps some new and more powerful interpolation theorem might yield the
weak trace ideal bounds of Conjecture 1 of [49], which would suffice to prove
the CLR inequality. As he informed us [10], Cwikel initially tried to see if
one of the bilinear interpolation theorems in fundamental papers of Calderén
[6, p. 118] and Lions—Peetre [35, p. 14] about interpolation spaces, or some
variant of them, might prove Simon’s Conjecture 1. Indeed Proposition 4.2 of
[49] can also be obtained from [6, p. 118].

Unfortunately, as shown on page 97 in [9], a proof of Simon’s Conjecture 1
cannot be obtained by any kind of bilinear interpolation. However, as Cwikel

I We write Lo 4 etc., since there are a class of inequalities due to Lieb and Thirring for the
yth moment of the negative eigenvalues with associated constants Ly 4, see [33,34] and the
reviews [22,29].

2 Parts of this connection were already known to the St. Petersburg school of mathematical
physics around Birman and Solomyak, see the above mentioned “Added notes” in [49].
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strongly emphasized to us [10], some elements of his proof evolved and ben-
efitted greatly from ideas around Lions and Peetre’s Théoreme 4.1 of [35,
p. 14].

One of our main new contributions is that the CLR bound is intimately
related to the fact that certain maximal Fourier multipliers are bounded on
L2(R%). This leads to a new class of variational problems, see Theorem 1.3,
which allows us to improve Lieb’s constants in dimensions d > 5. The original
bounds on Cyp 4 in [9] and [31] were explicitly dimension dependent with a
considerable growth in the dimension d. The bound due to Lieb grows like
Coaq = «/ﬁ(l + 0(d™Y). See [50] or [42, Chapter 3.4] for an excellent
discussion of Lieb’s method and Remark 1.2 below for some explicit numbers.
However, it is expected that semi-classical arguments work better in high
dimensions. In particular, the constant C¢ 4 should not grow in d. The first
dimension independent bound Cy 4 < 81 was derived by extending Cwikel’s
method to operator-valued potentials in 2002 in [21]. This work extended an
induction in the dimension argument® by Laptev and Weidl [27], who were
the first to derive Lieb—Thirring bounds with the sharp classical Lieb—Thirring
constant in all dimensions in some cases. Although the upper bound from [21]
is dimension independent, it is certainly too large for small dimensions.

For the last 40-plus years it has been believed that any approach based on
Cwikel’s method cannot yield any bounds on Cy 4 which are comparable to
the ones obtained by Lieb in low dimensions. This is wrong, as we will show
by drastically simplifying and, at the same time, generalizing the important
ideas of Cwikel. A typical result which can be easily achieved with our method
is

Theorem 1.1 The number N(P? + V) of negative energy bound states of
P2 + V obeys the semiclassical bound

|BY|
@2y Jpa

N(P*4V) < Cou V_(x)%? dx (1.3)

foralld > 3, where B9 is the unit ball in RY, |Bd| its volume, and the constant
Co.q given in Table 1 below.

Moreover, the same bounds with the same constants also hold in the
operator-valued case, see Theorem 1.8.

Remark 1.2 (i) Table 1 below compares the upper bounds on Cy 4, obtained
with our method, with the best known ones so far for scalar and operator-
valued potentials. All bounds on Cy 4 in the third column of the table were
obtained already in the original work of Lieb more than 40 years ago.* Our

3 See also [25] for some indication of the induction in dimension trick.
4 The numbers are taken from Roepstorft’s book [42, Table 3.1].
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Table 1 Comparison between the upper bounds on C( 4 obtained by our method with the best
known ones so far

d Our results scalar and operator valued Best known so far
Scalar Operator-valued
3 7.55151 6.86924
4 6.32791 6.03398
5 5.95405 5.96677
6 5.77058 6.07489 10.332
7 5.67647 6.24464
8 5.63198 6.43921
9 5.62080 6.64378
bounds on Cy 4 also hold in the operator-valued case, see Sect. 6 below.
The value in the last column is due to Frank, Lieb and Seiringer [19] and
holds for all d > 3. Our result also gives the bound Cp 4 < 5.62080 for
d > 9, see the discussion in Appendix A. For dimensions 3 < d < 9 our
upper bounds are compared with the values of the lower bound (1.10)
achievable by our method in Table 2 below.
(i) There have been several previous attempts to improve Lieb’s result, for

example, due to Conlon [8], Li and Yau [30], Frank [16], and Weidl
[53,54]. All these very different proofs shed a new light on the Cwikel-
Lieb—Rozenblum bound, but failed to give better bounds on the involved
constants than already achieved by Lieb.

From the point of view of physics, the other important case is the
ultra-relativistic Schrodinger operator |P| 4+ V. For more general so-called
polyharmonic Schrodinger operators our method yields the following bound
for scalar potentials, which involves an interesting variational problem.

Theorem 1.3 Let P = —iV be the momentum operator, V. = Vy — V_

be a real-valued potential with positive part V. € L

1

loc and negative part

V_ e LY*RY) with 0 < o < d/2, and P** + V the Schridinger—type
operator defined via quadratic form methods on L*>(RY).
Furthermore, consider the minimization problem

) y—2
M, = mf{ <Ilm1 IILz(R+%)IImzlle(R+,%)>

x foo(l —t Y@ dr } (1.4)
0
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116 D. Hundertmark et al.

where y > 2, the infimum is taken over all mi, m, € Lz(R+, %), and m =
my * my denotes the convolution of my, my on Ry with measure % and let

yy—i-l
Cy == —}/—ZM}/
4@y =2

Then the number N (P*® + V) of negative energy bound states of P>* 4+ V is
bounded by

(1.5)

|BY|

d
W ” V_(X) o dx, (16)

N(P* +V) < Cupa

with constant Cq;q given by (1.5) for y = 4

o

For o = 1/2 and in three dimensions we get the upper bound

N(P|+V) < 5.77058/

V_(x)?dx (1.7)
R3

which improves the result of Daubechies [12], who gets N(|P| + V) <
6.08 [p3 V_(x)? dx.

A similar result, with the same constants, also holds for operator-valued
potentials, see Theorem 1.7.

Remark 1.4 The minimisation problem for M, in (1.4) is crucial for getting
good bounds on the constant in the Cwikel-Lieb—Rozenblum bound. It allows
us to obtain the first improvement, in more than 40 years, on the constants
derived originally by Lieb [31] in dimensions d > 5.

A simple, but not optimal, choice for my, my is mi(s) = sljp<s<1) and
mo(s) = 2s‘11{s>1}, in which case ||m1||L2(R+’%)||m2||L2(R+%) = 1 and

m(t) = my * ma(t) = min(z, 1~ 1), so

o0 > 8
o 20y 4, 22,0y g,
A(lt m ()2t M—ﬂ A= = o+

This gives

244

C0d =TT @+

as a possible constant in the CLR inequality and yields Cp 3 < 10.8, already an
order of a magnitude smaller than Cwikel’s bound. To get the uniform bound
claimed in Theorem 1.1 we have to choose better candidates for m | and m,. We
can achieve this in small dimensions, see Appendix D. Moreover, combining
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this with ‘stripping-off-dimensions’ ideas, see Appendix A, with the help of
similar bounds for operator-valued potentials presented in Sect. 6, one can get
this bound also uniformly in the dimension for the important special case of
non-relativistic Schrodinger operators, where o = 1.

Choosing m1(s) = s1jp<s<1}, we can actually solve the minimization prob-
lem for m, see Proositions C.1 and C.4 in Appendix C. This leads to the upper
bound in

Proposition 1.5 Forally > 2

R

2 =M, < L(r=2 . (1.8)
yir =Dy =27 " T =2v21(2)" 2 sin(3)

For the proof of the lower bound see Sect. 5.

Remark 1.6 (i) So far the best known bound for polyharmonic Schrédinger
operators is due to Frank [16], who proved

d
V_(x)2 dx,
(1.9)

d(d+2a)>(d_2“)/(2“) d |B{|

2a
NPT +V) = ((a’ —2a)? d —2a 2m)d Jpa

based on ideas of Rumin [46,47]. Even the simple upper bound on M,
from Remark 1.4 yields better results than (1.9). Computing the ratio of
the constants in Frank’s bound and the one from (1.6), using the upper
bound in (1.8), one sees that our bound from Theorem 1.3 is better in the
whole allowed range of 0 < o < d/2.

(i1) For the constant Cy, in (1.5), the lower bound from (1.8) yields

y)’
Cy > = lower
T2y =Dy -2rt 7

’

where C%,"W“ is a probably non-sharp lower bound for the best possible

constant achievable by our method.> Thus the upper bound on M y from
Remark 1.4 gives

c, <4y—1
C%}ower — )/+2

< 4,

5 Which is of course not necessarily the best possible constant.
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where y = d/a > 2. This shows that our easy upper bound is less than
a factor of 4 off the lower bound.®
(iii) The above lower bound also gives the lower bound

Clower _ ~lower _ a‘ (1.10)
0.d d )

T 2d—1)(d—2)4!

achievable by our method for the constant in Theorem 1.1. In dimensions
3 < d < 9 our results are summarized in Table 2.
In addition,

2 7 \d2 o2
C(l)oyer — 1+ — — > 3.69452.
’ 2(d — 1)(d —2) d—2 2

This comparison shows that there is not too much room to improve on
the upper bounds we obtained, even if one finds the sharp value in the
minimization problem for M, in (1.4).

(iv) Itis known thatif o > d /2, the operator P>% — U always has bound states
for nontrivial U > 0, so a quantitative bound of the form N (P?* —U) <
Jga U(x)4/% cannotholdif & > d.Fora = 1see [48] or[24, Problem 2 in
§45]. For more general cases, see [26,37,39], and [20] for a simple proof
of how the existence/ non-existence of a CLR type bound for operators
of the form T'(P) 4 V for a large class of functions 7 : RY — [0, 0o) is
related to the behavior of the symbol T close to its zero set.

As mentioned before, our method can be generalized to operator-valued
potentials. To formulate this, we need some additional notation. An operator-
valued potential V isamap V : RY - B(G) with V(x) : G — G a bounded
self-adjoint operator on an auxiliary Hilbert space’ G for almost all x € R,
We denote by B(G) the set of bounded operators on G and by S,(G) the

6 Using the upper bound on My, given in Proposition 1.5, one can actually derive the better

estimate
4 20\ %
¢y _2y—D 1 (y—Z b ) =2(y—1)(r(2—y)> .
Clower =y r(%)y 2 sin(27”) Y F(H—%)
The right-hand side ca}r/l be shown to be increasing in y with limit
limy o0 Z(VV_D <£ﬁ;§;> . 2e2¥"=1 < 234, where y* is the Euler-Mascheroni

constant. We will however not elaborate this further.

7 We follow the convention that all Hilbert spaces are considered to be separable, unless stated
otherwise ;-). Physically, this auxiliary Hilbert space corresponds to other degrees of freedom,
for example spin.
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Table 2 Comparison of our

results from Appendix D and Our results Lower bound
the lower boynd on the 3 755151 6.75000
constant achievable by our
method (derived from 4 6.32791 5.33333
Proposition 1.5) 5 5.95405 4.82253

6 5.77058 4.55625

7 5.67647 4.39229

8 5.63198 4.28088

9 5.62080 4.20028

von Neumann—Schatten ideal of compact operators on G with p-summable
singular values, see for example [51] for a background on von Neumann—
Schatten ideals.

Theorem 1.7 (Operator-valued version of Theorem 1.3) Let G be a Hilbert

space and V : R? — B(G) an operator valued potential with positive part
Vi e L}OC(Rd, B(G)) and negative part V_ € L4/ (R4 Si/2a)(G))- Then

the number of negative energy bound states of P** ® 1g + V is bounded by

|BY|

NP Q@154 V) < Cqjqg ——
(PT®1g+V) = afe o o

trg[V_ (x)% ] dx (1.11)
d

with the same constant Cq /o as in Theorem 1.3.

For the physically most interesting case = 1 this enables us to get consid-
erable improvements on the constants in the Cwikel-Lieb—Rozenblum bound.

Theorem 1.8 (Operator-valued version of Theorem 1.1) Let G be a Hilbert
space and V : RY — B(G) an operator valued potential with positive part
Vi e L' (R4, B(G)) and negative part V_ € L4/2 (R4, S4/2(G)). Then the

loc

number of negative energy bound states of P*> ® 1g + V is bounded by

Bd
NP e1g+v) < P [ v o lax (1.12)

04 2m)d Jga

with

CP = min C¥ < min C,, 1.13
0d ™ 32,2q On = 325<q " (1.13)

where C, is given by (1.5) for y = n.
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120 D. Hundertmark et al.

Remark 1.9 Table 1 lists upper bounds on C&p 4 for dimensions 3 < d <9,

see also Appendix D. The constant for d = 9 is also an upper bound on Cg?d
in any dimension d > 10 by (1.13).

The structure of the paper is as follows. In Sect. 2 we present the main ideas
of our method in the case of a standard non-relativistic Schrédinger operator.
The extension to more general kinetic energies is done in Sect. 3.

In Sect. 4 we explain the surprising connection of semiclassical bounds and
maximal Fourier multiplier estimates, which is probably the most important
new part of our method.

Although we cannot explicitly find minimizers of the variational problem
from Theorem 1.3, there is a natural lower bound, which is discussed in Sect.
5. The numerical study to find reasonable upper bounds for this variational
problem is presented in Appendix D.

The extension to the operator-valued setting is done in Sects. 6 and 7. In
particular, in Sect. 7 we prove a fully operator-valued version of Cwikel’s
original weak trace ideal bound.

2 The splitting trick

Let U:=V_ > 0. As quadratic forms P2+ V > P2 — U. This and the
Birman—Schwinger principle shows

NP2+ V)< NP2 —U)=nUYPI2U"? 1),

where n(A; «) is the number of singular values (s;(A)) jen greater than« > 0
of a compact operator A.

We denote by 7 the Fourier transform and by 7! its inverse, by M, the
operator of multiplication with a function 2, and A = Ay, = M f7:_1M $
for f, g non-negative (measurable) functions on R?. When fx)=U ()Y
andg(n) = |n|_1 ,then AA* = U'/2|P|~2U"/2, which has the same non-zero
eigenvalues as A*A. Thus

N(P? —U)=n(Asg 1).
In particular, the Chebyshev—Markov inequality gives

(sj(Asg) — )3
(1 —p?

N(PP=U)=n(Apg ) <
j

for any O < u < 1. The first main idea, going already back to Cwikel [9], is
to split Ag e = By + Hy g, Where By is bounded and Hy , is a Hilbert—
Schmidt operator, and note that Ky Fan’s inequality for the singular values
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Cwikel’s bound reloaded 121

[51, Theorem 1.7] yields

5j(Afe) =sj(Bfg+ Hpg) < |Brgll+sj(Hyg)

forall j € N.Soif [|[Bfgll < u < 1 we get

N(PP=U) <= * > sj(Hpg)* = (1 — w) 2| Hygllgg, (2.1
jeN

where || H || g s denotes the Hilbert—Schmidt norm of the operator H.

In order to make the above argument work, one has to be able to split
Afq = Brg + Hy, in such a way that the Hilbert—Schmidt norm of Hy ,
is easy to calculate and one has a good bound on the operator norm of By,g.
Writing out the inverse Fourier transform, one sees that A 7, has a kernel

Agg(x,n) = Qm) 27 £ (x)g (), 2.2)

that is,

Apeo ) = FOF g0 = @0 [ e pogmptn dn
(2.3)

at least for nice enough ¢. In order to write A s, as a sum of a bounded and
a Hilbert—Schmidt operator, sett = f(x)g(n), splitt = m(t) +t — m(t) for
some bounded, measurable function m : [0, 00) — R, and define By », and
Hy o via their kernels

Bfgm(x,m) = Q) 2™ m( f(x)g(n)), (2.4)
Hpgm(x,n) = Qu) "2 (f(x)g(n) — m(f(x)gn))) - (2.5)

It is then clear that Ay, = Bfgm + Hf g m. Our starting point is that the
Hilbert—-Schmidt norm of H,g ,, is straightforward to calculate; the main dif-
ficulty is to get an explicit bound on the operator norm of B¢ »,, on L? under
suitable assumptions on m. For the special choice g(n) = |77|*1 one has
IHfgll3g = ¢ [ra f(x)?dx, see (2.9), so the right hand side of (2.1) has
exactly the right (semi-classical) scaling in f. But, in order to use this in (2.1),
it also enforces that the upper bound w on the operator norm of By, has to be
independent of f. This has an important consequence:

Since for a given ¢ € L? one can freely choose f > 0 as to make
|Bf ¢ me| as big as possible, this leads naturally to the associated maxi-
mal operator B, (¢):=sup p~( | Bf,g,m¢|. Although this is not explicitly
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122 D. Hundertmark et al.

written in the paper by Cwikel, getting a useful bound on such a type of
maximal operator is exactly what he achieved in [9], using a dyadic
decomposition in the ranges of f and g and collecting suitable terms. We
will do this in a much simpler and more efficient way. This enables us
to get a constant which is more than 10 times smaller than the original
constant by Cwikel.

It turns out that one can always calculate the Hilbert—Schmidt norm of
H ¢ . The maximal operator B, ,,, corresponding to B¢ ,, can be bounded
in operator norm under an additional structural assumption on m, which we
present first.

Theorem 2.1 Let g be a measurable non-negative function on R¢ for d > 1
and assume that m is given by a convolution,

© ds
ml(f/S)mz(S)?

m(t) =my xmo(t) = /

0
with my, m> € L2 (R, ds—“). Then the maximal operator given by By 1, (¢):=
SUp ¢ |Bf¢.m@| extends to a bounded operator on L2(RY) with

00 ds\ 172 00 ds\ 12
1Bl < ( / |m1(s)|2—s) ( f |mz<s)|2—s) (2.6)
0 N 0 s

for its operator norm.

We emphasize that this maximal operator bound provides an upper bound
for the operator norm of By ;, independently of the choice of f, as it has to
be. It also turns out to be independent of g. The maximal operator bound is a
natural consequence of the convolution structure of m, see Sect. 4, where we
show that it is equivalent to maximal Fourier multiplier bounds. Concerning
the Hilbert-Schmidt norm of Hy g ,, we have

Theorem 2.2 Let f, g be non-negative measurable functions on R4, d > 1,
and m be a measurable function on R.. The Hilbert—Schmidt norm of Hy,g
is given by

IHgmll%s = /Rd G m(f(x))dx, (2.7)

where the function Gg ,, is given by

dn
(2m)d’

Gt = [ gt = mugn) 8)
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Remark 2.3 Inits applications to nonrelativistic Schrodinger operators P2+V,
the function g is given by g() = |n|~!. We would like to emphasize that g
is never in L?(R?), due to its slow decay at infinity, which is an ultraviolet
problem. Choosing m with m(t) ~ ¢ for small # > 0 makes the integrand
in (2.7) vanish for large frequencies. This can be thought of as an ultravi-
olet regularization: the right hand side of (2.7) is finite if and only if g is
locally square integrable (near its singularity), which is an infrared problem.
Clearly, g(n) = |n|~" is locally square integrable only in dimension d > 3.
This explains the well-known fact that the CLR bound for non-relativistic
Schrodinger operators holds only in dimensions d > 3.

For a generalized Schrodinger operator 7'(P) + V, where the kinetic energy
(frequency—energy relation of the free particle) is given by a measurable func-
tion T > 0, we have ¢ = T~!/2. In this case a CLR—type bound holds if 7~
is locally integrable near the zero set of T'. This is sharp, since we know from
[20] that weakly coupled negative energy bound states of 7 (P) + V exist for
arbitrary weak attractive potentials V when 7 ~! is not locally integrable near
the zero set of T'.

Proof of Theorem 2.2 Since the operator Hy, ,, has a kernel given by the
right-hand side of (2.5), we compute its Hilbert—Schmidt norm as

||Hf,g,m||%15 = /,/]Rd y [Hfgm(x, n)|2dxd17
X

dxdn
= / / | f()gm) —m(f()gm)I* =—
R xRd (2m)
= / Gem(f(x))dx,
R4
using the Fubini—Tonelli Theorem and the definition of G . O

In the rest of this section we will discuss how Theorems 2.1, 2.2, and the
bound (2.1) lead to the Cwikel-Lieb—Rozenblum bound for a non-relativistic
single-particle Schrodinger operator. In this case g() = |7|~', and a simple
scaling in the 7 integral gives

2 dxd

o :// (f(x)_ <f(x))> .
W remlis = [ o e Tl ="\ <2n>d
/ ) dxf (0™ = m(nl ™)

Going to spherical coordinates shows

(2 ) -9

|84
(2 >d (2m)d

/ (nl™" = m(l=)* (rt = meh)
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_ d|B{|
)

/00(1 —t7'm@)?t'~? dr,
0

where |S971| is the surface area of the unit sphere in R? and |Bld| = 189-1/d
is the volume of the unit ball in R¢.

Now we repeat the derivation of (2.1), except that we also scale f by k > 0,
using kA, = Avfg = Bifgm + Hef,gm- The argument leading to (2.1)
then gives

N(P? = U) =n(Acsgi€) < (c — 100> | Heggmllys (2.10)
J

f (l—t_lm(t))ztl_ddt/ Ux)4?dx ,
0 Rd
(2.11)

_«?  d|Bf|
e = w? 2u)

as long as k > p > || Byfg mll. Clearly, the last factor in (2.11) has the
correct dependence on the potential U. Thanks to Theorem 2.1, we can use
w = |lm ||L2(R+’%)||m2||L2(R+’%) as an upper bound for || B¢ ||, which is
independent of f, so the same bound holds for || By f,¢, || for any « > 0. Using
this, we can now freely optimize (2.11) in k > pu to get

|BY|

Bt Jou U 212

N(P?P-U)<C

with the constant
dd +1

CcC=C =
dm = 4d — 22"

o
=2 / (1=t 'm@)*'~dr.  (2.13)
0

This gives most of the main ideas of our proof of Theorem 1.1. The last
new idea, which is crucially important for the proof of Theorem 2.1, is the
connection between the bound on the norm of the operator By, ,,, more pre-
cisely, the bound (2.6) on the operator norm of the associated maximal operator
Be.m(@):=sup ;=g |Bfe mel, and bounds for maximal Fourier multipliers on
L?. This is explained in Sect. 4.

Before we do this let us point out that our approach leads to new results also
for more general kinetic energies.

3 General kinetic energies

First we consider the case where P? is replaced by P> and give the
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Proof of Theorem 1.3 Replacing g(17) = |n|~! by g(n) = |n|~% one simply
reruns the argument from the previous section. Calculating, again by scaling,

2 dx dn
Higml} =// (f(X) - (f(X)>>
IHfgmllEs Rxpd \|n|* n In|® 2m)d

/ £yt dx/ (nI™* — m(|n|=*))?

(2 )d
and
v Cav dp 89 o a2 del
/Rd(lnl m(|n|~")) 2~ @n)d (r m(r=)"r
_ d|Bfl| * —1 2,1-4
= a(2n)d/0 (1 —t""m@))t dr,

one sees that the argument leading to (2.11) remains virtually unchanged, only
d gets replaced by by d/«. Thus
d|BY|
N(P* +V)<C——
( V)= a(2m)d

V_(x) % dx
R4

with constant

( )a-H

d
a_n
)d 2(” 1”!2(R dY)||m2||12(R ds>>

C=—
acd —

e d
xf A=t "m@)*t' e dr
0

For m and m, we make the simple choice from Remark 1.4. Then m(t) =
my*ma(f) = min(z, til) and o = [[m ||L2(R+,%)”m2”L2(R+,%) = 1. Hence,

/00(1 m ()2 dr /00(1 =2)211 =4 dr 8
— m o — — o =
0 1 (£ -2)4¢ +2)

and collecting terms finishes the proof of Theorem 1.3. O

Remark 3.1 For the number of negative energy bound states of P?% + U the
so-far best bounds are due to Frank [16,17]. Using ideas from Rumin [46,47],
he got the bound

NP V)< (2 (@t « 1B, (x) % du
- <g_z)2 d_2@m) Jpa '
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Even with the non-optimal choice of m| and m, above, one sees that the
bound from Theorem 1.3 is better as long as 2 < (1 + 2a/d)%/ % Since
0 <8 (14 1/8) is strictly increasing, this is the case as soon as d > 2a,
that is, the whole range of allowed values of «.

For more general kinetic energies of the form 7' (P) with T a non-negative
measurable function which is locally bounded we have

Theorem 3.2 The number of negative energy bound states of a Schrodinger—
type operator T (P) + V, defined suitably with the help of quadratic form
methods on L2, obeys the bound

N(T(P)+V) <22 /d Gr((h+ D?V_(x)) dx (3.1)
R

forany A > 0, with V_ = max(—V, 0), the negative part of V and

a2
GT(”)zf[(T?m)l/Z_(T?n)) I/ZL (2dTn>d

u T(n) dn
= -2 3.2
/T<u [T(Tl) T ] (2m)d G2

where a = max(«, 0) is the positive part.

Proof In this case we use g(n) = T(n)_l/z, f(x) = V_(x), and again
make the choice m(s) = sljp<s<1y and ma(s) = 2s*11{s21}. Sou =
||m1||L2(R+%)||m2||L2(R+’%) = 1. With A = « — u = « — 1, the same
argument leading to (2.10) now gives

N(T(P)+ V) < N(T(P) = V_) < 272 |Hout) fgm |15

for any A > 0. Using Theorem 2.2 to calculate the Hilbert—Schmidt norm
shows

1Hot 1) fem s = /Rd Gr((r + D*V_(x)) dx,

since m(t) = my * ma(¢t) = min(¢, 1~ 1). O

Remark 3.3 (i) The bound given in Theorem 3.2 improves the bound from
[20], which was based on Cwikel’s original method. Clearly, G given by
(3.2) is increasing in u > 0. Moreover, since T is assumed to be locally
bounded it is easy to see that G () is finite if and only if n — T(n)_l is
integrable over the set {7 < u}. The result proven in [20] shows that under

@ Springer



Cwikel’s bound reloaded 127

(i)

some rather mild general conditions on the kinetic energy symbol 7" the
operator T (P) + V has weakly coupled bound states for any non-trivial
potential V < 0, no matter how small | V| is, if 7~ is not integrable over
the set {T < u} for all small # > 0, which is equivalent to G (1) = o0
for all small # > 0 and, by monotonicity, equivalent to G7(#) = o0
for all # > 0. This shows that the bound given by Theorem 1.1 is quite
natural.

Let g(u) = w'’? — u‘l/z)%r. Then g’(t) =0for0 <t < 1and g'(¢) =
1 — 2 fort > 1. The layer cake principle yields

Grovoande = [ o [[1 dedn
/ 7(V_(x)) X—/O g()// {T(n)<v,(x)/t}m

= f gONNT +17'v)dr
0

with the classical phase—space volume

dx dn
NUT 4+ V)= // L7 p4vx)<0) o’ (3.3)

Hence, in terms of the classical phase—space volume Theorem 3.2 gives
an upper bound of the form

N(T(P)+V) <12 /OO NUT + 'O+ D>V =1 Hdr (3.4)
1

for any A > 0. One can interpret (3.4) as a quantum correction to the
classical phase-space guess (3.3). The integral on the right hand side is
finite if and only if the classical phase-space volume is small enough for
small potentials. A bound of the form (3.4), with (1 — 172) replaced by 1,
was also derived in [20]. In most cases where one can explicitly calculate
or find explicit upper bounds for Gr, one shows, in fact, that

/OO NUT +17' V) =17 dt SNUT +V),  (3.5)
1

see the discussion in Section 6 of [20]. In these cases, Theorem 3.2 gives
an upper bound for the number of negative bound states of 7(P) + V,
under very weak conditions on the dispersion relation 7', solely in terms
of the classical phase-space volume,

N(T(P) 4 V) < CATANUT + (1 + 2)*V), (3.6)
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for some constant C and all A > 0. However, the bound (3.5), hence also
the bound (3.6), does not hold in critical cases, where it is known that
logarithmic corrections to the classical phase space guess appear [3,4,52].

4 The connection with maximal Fourier multipliers

In this section we give the proof of Theorem 2.1. The important observation
is the connection to maximal Fourier multipliers, as we discuss now. Recall
that given functions f, g : R¢ — [0, co) and a bounded, measurable function
m : Ry — Ry, the operator By,g ,, is given by

By g me(x) = (2m) ™4/ /R ) e Mm(f(x)gm)e() dn (4.1)

at least for nice enough ¢, e.g., Schwartz functions. We would like to con-
clude that By , is a bounded operator on L%*(R%), which might suggest to
look for results which show that a pseudo-differential operator with symbol
a(x,n) = m(f(x)g(n)) is bounded. A classical example of such a result
is the Calderén—Vaillancourt theorem, see for instance [36, Proposition 9.4].
However, typical in the study of pseudo-differential operators, this needs high
enough differentiability of the symbol a, which we do not have. More impor-
tantly, we need an estimate independent of f, which one cannot get without
looking more closely into the structure of the problem. To see how the product
structure f(x)g(n) helps in the operator bound, we rewrite By, g ,, as

Brane(n) = 02 [ magmeman|
=/ “4.2)

=7 Img(DeOI @]
t=f(x)
This suggest to look at the Fourier multiplier B; , ,, defined by
B gm@=F " [m(1g(:)¢ ()] (4.3)

and the associated maximal operator

By () (x):= sup |Bt,g,m@(xX)]. (4.4)
>

It is clear that one has [Byg (@) =< B;m (¢), hence also B(p) =
Sup £ |Bfom(@)| < |B;’m(<p)|, for any Schwarz function ¢. On the other
hand, choosing f(x) in such a way as to make | B¢ ,¢(x)| arbitrarily close
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to Bz,"mw(x), shows the ‘reverse bound” Bg (@) = supssglBfremel =
B;m (¢) for a given fixed Schwartz function ¢. Thus B, ;, (¢) = B;,",m(w).

In particular, [|Bg | = ||B;’m|| for the corresponding operator norms
on L?. So a bound for the maximal operator B, ,,(¢) = Sup s |Bf,g.m
(¢)|— which yields a bound for the operator norm of By ,, which is uni-
form in the choice of the function f—is equivalent to having a bound for the
maximal Fourier multiplier B;,m. This is our starting point for the proof of
Theorem 2.1.

Remark 4.1 One should be a little bit careful in the definition (4.4) of the maxi-
mal operator B ; - If @ isaSchwartz functionand m : [0, 00) — Ris bounded
and measurable, then both B¢, ,,¢(x) and B; 4 ,,¢(x) are well-defined for
all x € R4, r > 0, and f, & = 0 measurable. To ensure measurability
of x — B;’mgo(x) one has to impose stronger conditions on m, for exam-
ple m : [0,00) — R bounded and continuous is enough. In this case,
t — By ¢ m@(x) is continuous for each x € R¢ and the supremum in ¢ can be
taken over any dense subset. For example, B; nP(x) = SUP;cq, |Br,g.m@(X)],
with Q4 the positive rationals. Note that for the choice of m in Theorem
2.1 the function m is continuous. Indeed, if m is given by a convolution of
mi,my € L2(R+, ds—s), then it is easy to see that it has a canonical continuous
representative with lim,_,om(t) = 0 = lim;_, oo m ().

Theorem 4.2 Let g be a measurable non-negative function on R? and assume
that m is given by a convolution,

o d
m(t) = my % ma(t) = /0 mla/s)mz(s)f

withmy, my € L? (R, dé—f). Then the maximal Fourier multiplier B;m, defined
in (4.4), extends to a bounded operator on L*(R?) with

1Bl < il 2ge, oy Imall 2, o

for its operator norm.

Remark 4.3 There are several different but related proofs of boundedness of
maximal Fourier multipliers available in the literature, see, e.g., [7,11,45].
These works concentrate on getting L?” bounds and do not care much about
the involved constants. For us the L? boundedness is important, with good
bounds on the operator norm.
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Proof When m is given by a convolution and ¢ is a Schwartz function, we
have

o0 d
Brgmo(x) = /0 T i ag/5)6) () ma(s)

Interchanging the integrals, applying the triangle, and then the Cauchy—
Schwarz inequality for the ds /s integration yields

*° d
| Bt,gm9p(x)] S/O |7~ Imi(tg/)¢] ()| IM2(S)ITS

o0 ds\ /2
=< (/0 7 i (1g /)61 ()| ?S) Imall 2, gs)-
4.5)

Since the measure ds/s is invariant under scaling, we can scale s by a fixed
factor ¢ to see that

e 2 ds e 2ds
/0 [ I teg /9091 @ < = /0 7 i g/e1 o
that is, the right hand side of (4.5) is independent of ¢ > 0. So

B;,m(p(x) = sup |Bt,g,m‘p(x)|
>0
. 5 ds\ /2
= (/ |7: l[ml(g/s)(/)] (x)| _> ”m2”L2(R+ dsy-
0 N ’s
In particular,

1B gl < 2P o) [ /mvl[ml(g/s)(p](x)fd_sdx,
&.m - LZ(R-I-#TA) Rd 0 s

Using Fubini—Tonelli to interchange the integrals and Plancherel’s theorem
for the L2 norm of the Fourier transform, one sees that

o0 d
f / 7 I (g/9)0] ()] = dx
R4 JO Ky

o0 d
= f / imy (g(n)/9)Ple) 2 dyp —.
0 R4 )

Assume for the moment that 0 < g < oo everywhere. Then interchanging the
integration and using the same scaling argument as before to scale out g(7)
yields
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o0 d o0 d
f /IM1(g(n)/S)|2|<p(n)|2dn—s=// mi (s~ Plom? £ dn
0 R4 s R4 Jo s

— 2 2
= I}, o loB.

Hence

*
187 o < Il g, ) lmall 2, a0l

SO B;’m is continuous at zero in L2(R9). Since this maximal operator is the
supremum of linear operators, it is sublinear and continuity at zero implies that
it is locally uniformly continuous. Thus B;’m can be extended to a bounded
operator on Lz(Rd).

If g attains the values 0 or oo, we set ¢ = 10<g<oc0). Since m(0) =
m(oo)~: 0, we have B; g m¢ = By g.m®, hence also B;,m‘!’ = B;’ma and
with |@]l;2 < ll¢ll 2 the above argument proves the claim in the case of
general g. O

The next result, which also yields the proof of Theorem 2.1, is a direct
consequence of Theorem 4.2.

Corollary 4.4 Let f, g be measurable non-negative functions on RY and
assume that m : Ry — R is given by a convolution m = m1 * mo, with
mi,my € L2(R+, %). Then the operator By g i, defined by (2.4), i.e., given
by the kernel

By g m(x,m) = Q)" 2™ m(f(x)g(n)),

is bounded on L*(R?) with

sup || sup |Brem@l|, = Imill 2@, a)lm2ll 2@, d)llell2.
20 H 20 f.8,m “2 L2(Ry, ) L2(Ry, %)

Proof By definition of the maximal Fourier multiplier we have [ B¢ ¢ ¢ (x)| <
B;"m(p(x) and thus also sup s~ |Bf,eme(x)| < B;’m(p(x) for almost every
x e R4

Since the L?—bound from Theorem 4.2 is independent of g > 0, we can
also take the supremum in g > 0, after taking the L?~norm. O

5 A lower bound for the variational problem A,

Recall that the variational problem, which comes up in a natural way in our
bound on the number of bound states is
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M}/ = inf {(”ml||L2(R+’dss)||m2||L2(R+’dSS))y_2
o0
/ A =t my xma(0)?t Y dt}, (5.1
0

ds

where the convolution m | * m, is on R, with its scaling invariant measure 5

and the infimum is taken over all functions my, m; : Ry — R..
Theorem 5.1 Forall y > 2 we have the lower bound
2
M, > .
(y =2)(y — Dy

Proof Notice that ||m|ce < ||ml||L2(R+ @)”m2”L2(R+ ds form = m| = my.
S S
Thus

o
M, = inf {anZO‘Z f (1 —m(z))zr—y—ldr}
m 0

>0 llmloo=¢

= inf {eV—z inf /Oo(z —m(@)* 7! dt} .
0

In order to minimize the integral fooo (t —m(1))%t~Y~1 dr under the pointwise
constraint £ = ||m||p~ > |m| for £ > 0, one has to choose m in such a way
that (r — m(r))? is as small as possible for each ¢ > 0. Thus, for fixed £ > 0,
the minimizer is given by m¢(t) = min(t, £). Since

foo(t —me(t)*t Y dr = /Oo(t — 0%
0 ¢
2

(=2 Dy’
this yields the lower bound for M,,. |

— 27

6 Extension to operator—valued potentials

In this section we extend our method to operator—valued potentials and give
the proof of Theorem 1.7, i.e. we prove that the number of negative bound
states of P2% ® 1g + V is bounded by

|BY|

NP @1+ V) < Cyjyg ——
( 1lg+V) =< d/a(zn)d .

trg[V_(x)% ] dx ,
d

where V : RY — B(G) is an operator valued potential with positive part
V4 e Ll (R, B(G)) and negative part V_ € LYY (R, Sy/24)(G)).

loc
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LetU(x) = V(x)_ be the negative part of V (x) defined by spectral calculus.
The Birman—Schwinger operator corresponding to | P|?* ® 1 — U is given
by

K =JU(P7* ®15)VU
and we again have
N(P*®1g+ V) < N(P**®1g — U) =n(K; 1).

Now we factor K as K = X? gZ f,¢ Where A f.¢ has kernel

Rpaom = @2 [ g poue ds

g(n) = |n|~% is real-valued (even positive), and f(x) = /U (x) takes values
in the self-adjoint positive operators on G. We split this as

Xf,g = Ef,g,m + I"lelg,m

with a function m : [0, c0) — R, so that

Bramo) = @0y [ e imGgn £ (o dx

= F Im(ef)g] ()], (6.1)

=g(m)

and

Hygmo(n) = @m)~42 /R R HOVORRIHONONIOLES
(6.2)

where ¢ is a function from a nice dense subset of L%(R4, G), so that the
integrals converge and m(zf(x)) is an operator on G defined via functional
calculus.

Remark 6.1 With a slight abuse of notation, we write ¥ in the definition of
By ¢ m, which strictly speaking denotes the Fourier transform on L2(RY),
instead of ¥ ® 1g, the Fourier transform on L*RY, @) = L2(RY) ® G. In
addition, in the definition of By, ,, and Hy g ,, above we swapped the role of
f and g compared to the discussion in Sect. 4. This is convenient, since by
assumption g(7n) is a multiplication operator on G, and this makes a maximal
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Fourier multiplier estimate, now with g instead of f, easier. The general case
can be reduced to this setting, see Sect. 7 below.

The following theorem is the replacement of Theorems 2.1 and 2.2 in the
operator-valued setting.

Theorem 6.2 ﬁf,g,m is a Hilbert—Schmidt operator on H = L*(R?, @) with
Hilbert—Schmidt norm given by

||ﬁf',g,m||%92(W) = w/Rd trg [vam(f(x))] dx, (6.3)

where Gg , is again given by

dn
(2m)d”

Gt = [ gt = mugn) 64)

If, moreover, m = m x my then for all measurable non-negative functions g
and non-negative operator-valued functions f the operator By g , is bounded
on H with

1B amellae < lmil2ga, s lmalz, o gl (6.5)

Sforall p € H.

Proof To prove (6.3), we note that the Hilbert-Schmidt operators on H =
Lz(Rd, G) are isomorphic to operators with kernels in Lz(Rd x R4, $(G))
and

VS, gy = trp [H*H | = / fR b 1H (0, %)%, gy dx dn .

see Lemma B.3. -
Using the explicit form of the ‘kernel” of Hy,g ,, given in (6.2) this shows

VI, g = @) /R d /R trg (1200 () — m(g(nf DI dn
:/ trg [Gg.m (f (x))] dx
R4

by the definition of G ,, and the spectral theorem.
Concerning the boundedness of By , ,, we recall (6.1) and, if m = my xmo,

~ o0 d
Brimem) =F [m(tf)el () = /0 F mi(f/s)e] () ma(ts) TS
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Thus,

~ o0 d
|Brime] g < /0 |7 11 (£/)0) () g Ima(5)] —

o0 d
< ( fo |7 179201 )| 7‘)

00 1/2
x ( / |mz<ts>|2d—s)
0 N

00 5 ds 1/2
- (/0 |7 m1(f/5)0] (n)\lg;) Imall 2, )

1/2

due to the scaling invariance of ds/s. We therefore have a maximal operator
bound

B} .00n:=sup | Brrmem|,
t>0

00 ds\ 1/2
> ds
([T mamamlzS) g, o

In particular,

~, 5 ’ oo 5 ds
1B}l < Im2lae, wy [ | 1T Ima(F/s)01 (0 = d.
and

> d
/ f |7 tma (s /)01 ), = dn
R4 JO s
> d
= / / (Flm1 (£/)010), Flmi (f/9)el(m) g dn —
0 R4 B

o d
_ f / (1 (f ()/5)0 () my(f () /)9 () g dx &
0 R4 Ky

o0 d
= / <<p<x), / m1<f(x)/s)2—s<p(x)> dx
R4 0 N G

_ 2 2 _ 2 2
= Il [ WOOIE A = I ol
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where we again used that, by scaling fooo mi (r/s)2 % = |lm1||

all » > 0, so by functional calculus

> pds 2 1
A my(f(x)/s) P IImllle(&’%) G-

Altogether, we get the operator-valued version of our previous maximal Fourier
multiplier bound in the form

= 2
18500122y = Il 2, o) lm2ll 2, a0l
and it is easy to see that

which completes the proof of Theorem 6.2. m|

The proof of Theorem 1.7 is straightforward: one simply does the same
steps as in the scalar case with (2.10) replaced by

N(P*®1g—U) =n(Acsgi k) < (6 =) > N HepgmlZ, g -
J
where now u > ||§Kf,g,m<p||q{. As before, Theorem 6.2 gives a bound

for ||Bf,g.mell independent of «, in particular, we can take any u >
||ml||L2(]R+ E)||m2||L2(R+ dsy. It also allows us to calculate the Hilbert—

Schmidt norm. For g(n) = |n|™% we get

Gt =u®l® [ (I~ = milni~)? o

SO

| et gm 300 = / (Inl™* — m(In|=*))? (2 )d / trg [f(x)d/"‘] dx

Using this in the above bound for N (P?* ® 1g — U) and minimizing over «,
as in the scalar case, finishes the proof of Theorem 1.7.

7 Trace ideal bounds
In this section we show how the ideas developed so far can be used to prove

a fully operator-valued version of Cwikel’s theorem. Such an inequality was
first proved in [16].
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In this setting let (X, dx) and (Y, dy) be sigma-finite measure spaces and
‘H, G (separable) Hilbert spaces. We denote by L? (X, S, (H)) the set of mea-
surable functions f : X — S, (H), where S, (H) is the space of p-summable
compact operators, i.e. the von Neumann—Schatten class, on H, such that

17020 x5, )= /X £ @IS gy dx < 00

Similarly, we denote by LE (Y, B(@)) the set of of all measurable functions
g : Y — B(G), with values in the bounded operators on &, such that

181750 5y =5up1" [{y € ¥ = sWlisg) > 1}] < oo.

Amap A : L*(X,H) — L?*(¥,G) is in the weak trace—ideal Spw =
Spw(L*(X, H), L*(Y, @) if

| rorg], = sup (n%sn(A)) < 00, (7.1)
neN

where s, (A) are the singular values of A, i.e. the eigenvalues of A*A
L2(X,H) — L*(X,H).

Theorem 7.1 (Fully operator valued version of Cwikel’s theorem) Let @ :
L*(X,H) — L*(Y,G) be a unitary operator, which is also bounded from
LY(X, H) into LX(Y, G).

Ifp>2and f € LP(X,S,(H)) and g € LE(Y, B(G)), then f®*g is in
the weak trace ideal Sp,w(Lz(X, H), LAY, G)) and

p p
| re*el?,, < 4WQ,; 1R1Z 1 1 1T n s, 200 181 p 3 i

(7.2)
where Q, is given in (C.2).

Remark 7.2 Theorem 7.1 improves the result of Frank in [16],

p—1
p p p 2 P p
|rovel, =3 (—2> NP1, oo 1P UL p x5, 00 18170 (v 6

The value of Q, comes from choosing m1(s) = sljp<s<1) and then finding
an optimal m>, see Appendix C. Making the simple choice of Remark 1.4 for
m leads to an upper bound for the weak—trace ideal norm with Q, replaced
by 8(p(p —2)(p + 2)~lin (7.2). It is easy to see that this simple choice of
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m1 and m yields a bound which is already a factor of (p + 2)/4 smaller than
the one in [16]. In addition, the bound in [16] in the scalar case, when & is the
usual Fourier transform, is worse than the one in Theorem 7.1, with the above
easy choice for m| and m», by a factor of %(1 +2/p)P/? > 1 in the allowed
range p > 2.

Proof First we note that one can reduce the result to the case when g is point-
wise a positive multiple of the identity operator on G. As operators on G one
has g(y)g()* < gl 1g- Thus with A} = f&*g we have

ALAT = [P gg"df* < fO*(Igllz@)1g)  Pf* = ArA3

with Ay = fO*|gllgglg = fP*lglls where, for simplicity, we wrote
llglls) for [l gllgg) lg- Since the singular values of A are the square roots of
the eigenvalues of ATAl, which has the same non-zero-eigenvalues as A1A’1k
we see that the nonzero singular values of A obey the bound s, (A1) < s,(A»).

Similarly, | f (x)|:=+/ f (x)* f (x) is a non negative operator on H and
A3Ar = |Igllse @ £* fO*lIglae = gllae @I fI7P*[1gllag) = A3A3

with A3 = | f|®P*||gllgg). So the singular values of A, are the same as the
singular values of A3 and without loss of generality, we can assume that g is
a non-negative function and f takes values in the non-negative operators on
9H. By scaling, we can also assume that I fllLrx.s, @) = ||g||1L",;(Y) =1.

Since @ : LY(X, H) — L*®(Y, G) is bounded, Lemma B.4 shows that it
has a kernel ® (-, -) such that for all f € L?(X, H) and almost all yeY

¢ﬂwzﬁ¢mmﬂmm.

Moreover, sup(, yyeyxx Py, X)llg@.g) = Pl 1_, 1~ Having reduced the
estimate to scalar non-negative functions g and non-negative operator-valued
functions f we can rewrite Ay, = g®f as

Zﬁg(ﬂ(y) =/Xg(y)<1>(y,x)f(X)s0(X)dx=/X<I>(y,x)g(y)f(X)<p(x)dx
(7.3)

using that g(y) is now a non-negative scalar. Thus, we can take again an
arbitrary function m : Ry — R with m(0) = 0 and split

Byomp(y):= /x D (y, V)m(g(y) f(x))p(x) dx, (7.4)
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ﬁf,g,mfp(y)I:/X P (y, 0)[g() fx) —=m(g() fx))]p)dx.  (7.5)

The above expressions are well-defined by the spectral theorem, since g is a
non-negative function and f takes values in the non-negative operators on H,
som(g(y) f(x)) is a bounded operator on H for almost all y and x, when m is
bounded. Thus the integrals in (7.4) and (7.4) converge for all ¢ from a dense
subset of L2(X, H), for example the piecewise constant functions.

Scaling in f by ¥ > 0, we get from Ky Fan’s inequality

sn(gQf) = K_lsn(zl(f,g) = K_] [”EKf,g,m” +5n(ﬁ/(f,g,m)]

(7.6)
<k u+n"?

HKf,g,m”HS]

where we take . = ||m || 2R, %) [ L2R, d5) the upper bound on the norm

of E,Cf,g,m from Lemma 7.3 below and we used s, (H) < n~! Z?:l s (H)? <

n~VH ||%1 g» for any Hilbert—Schmidt operator, due to the monotonicity of its
singular values. Thus using the bound (7.7) one gets

sn(@@f) <k [u+n"2p 2 @)1, oo DV

with D = fooo(l — f‘m(t))zt]*p d¢, and minimizing this over k > 0 we have

2/p
2 p (p—2 - _
sn(g<1>f)Spl/”||<I>IIL/1’;LOO—p_2(—2 ) (uP=2DyVP =P

for the singular values for all n € N.

Now we make the choice m(s) = s1{p<s<1) and minimize over all admis-
sible m». Proposition C.4 shows that this leads to u? 2D = Q p» with O,
defined in (C.2). In view of Remark 7.4 (ii), the minimizer for Q  is admissi-
ble in Lemma 7.3. m|

Lemma 7.3 Let p > 2, ‘H and G auxiliary Hilbert spaces, (X, dx) and
(Y, dy) o—finite measure spaces, 0 < g € LY(Y), 0 < f e LP(X, Sp(H)),
® : L2(X,H) - L*(Y,G) unitary and also bounded from L' (X, H) —
L*>®(Y, G). Then for all continuous and piecewise differentiable bounded func-
tions m : Ry — Rwithm(0) = 0 and 0;(t — m(r))* > O forallt > 0, the
operator Hy,gq  defined in (7.5) is a Hilbert-Schmidt operator and

~ ) _ ~y
”nyg’m”SZ(LZ(X,W)»H(Y,Q)) = Ur2(x, ) [Hf,g,mesgsm]
5 00 | - (7.7)
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Moreover, if m = m|*mjy, then the operator Ef,g,m definedin (7.4) is bounded
from L*(X, H) to L*(Y, G) and

”Bf,g,m”L2—>L2 = ”ml||L2(R+,%)”m2”L2(R+,%)' (78)

Remark 7.4 (1) As the proof of Lemma 7.3 shows one even has a bound on
B, m of the form

sup H sup ||Bf’g,m§0||g“L2(Y) = ||m1 ”LZ(RJ”Q:Y) ||m2||L2(R+"Lf) ||§0”L2(X,7{)
fZO gZO S s

where the first supremum is taken over all functions g : ¥ — [0, c0)
and the second supremum is taken over all non-negative operator-valued
functions f : X — B(H).

(ii) The condition 9;(t — m(1))> > 0 might look weird at first, but there
is a large class of functions m for which it holds: A simple choice
is mi(s) = sljp<s<1y and ma(s) = 2s_11{321}. In this case m(t) =
my % mo(t) = min(z, 1), so this simple choice of m| and m; is admis-
sible in Lemma 7.3. More generally, setting m,(t) = —h’ (t~1) for some
absolutely continuous function /& with 2(0) = 1 and lim,_, » A(t) = O,
the proof of Proposition C.4 shows that t —m () = th(t— 1) forallz > 0,

fo Oo(t —m()*t'"Pdr = /0 - h(t)ztl’_2¥, (7.9)

and

p—2

L[>, ,ds\ 2
”ml||L2(R+,%)”m2”L2(R+,%)= 5 A h'(s) T . (7.10)

Such a choice for m; and m, then leads to the variational problem
(C.1), which we solve in Proposition C.1. Moreover, 0;(t — m(t))? =
(h(= )2 = 2th(t= Y (™) — ='W (t~1)) > 0 for any decreasing
function & > 0. Fortunately, the minimizers for the variational problem
(C.1) have this property and thus can be used in Lemma 7.3 which leads
to the constant in Theorem 7.1.

Proof We freely use results for the operator-valued setting given in Appendix
B. For notational simplicity we set

C=PlLix,)—100,6 = esssup [P(x, Y)lgr.g)-
(y,x)e¥ xX
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and note

Iy 2
1H f.g.mllsyL20x.200— L2v.6))

= f/ troy [ﬁf,g,m(y» x)*ﬁf,g,m(ya x)] dydx.
YxX

Because g is real-valued, even positive, and f takes values in the non-negative,
hence self-adjoint, operators

ﬁf,g,m(yv x)*ﬁf,g,m(ya x)
=g f(x) —m(g) f0))]@(y, )*
x ®(y, x) [ f(x) —m(g(») f(x))]
< C2[g(y) f(x) — m(g() f )],
s0, setting G (u):= [y [ug(y) — m(ug(y)))* dy, we have

||Hf,g,m||§2(L2(X ‘}()—)LZ(YQ)) S CZ/ tr‘]—{ G(f(X)) d)C.
' ' X

With k() = (t — m(1))?, the layer-cake principle shows
o0
G(u) Z/o KOy €Y :g(y) > t/u}ldr.

By definition |[{y € Y : g(y) > t}| < t_p||g||i,,(y) for all t > 0. By assump-
tion, k¥’ > 0, thus

o0
G <P gl [ KO ar

An integration by parts argument would show that fooo K Pdr =
p fooo k(t)t'=P dr, but due to the singularity of the integrand this requires that
k vanishes at zero fast enough and that & does not grow too fast at infinity.
Instead, we prefer to use non-negativity of k’. Note that

o0 o0 o
p/ k(' =P dr = / / k' (s)1{s<ypt P ds dr.
0 o Jo
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Since the integrand in the double integral is non—negative, we can use the
Fubini—Tonelli Theorem to freely interchange the order of integration. Hence

o [e.e] o0 o0
p/ k(r)t'=P dr =/ k/(s)/ pt P dtds =/ K (s)s~Pds. (7.11)
0 0 s 0

Thus the formal integration by parts argument is justified. Moreover, this argu-
ment shows that if one side is infinite, so is the other. With (7.11) we get

ry G(f () < p / KO A gl ) e (f 0)P).
0 w

Integrating this over X finishes the proof of (7.7).
To prove (7.8) we introduce

Ef,z,mw(y):/x<I>(y,X)m(tf(X))<p(X)dx = ®[m@f)el(y) (7.12)

for r > 0 (note that §f,0,m(p = 0 since m(0) = 0). If m = m1 * my, then a by
now familiar calculation yields

~ oo ds
Bfimp(y) = ; O[m(sf)el(y) ma(t/s) "
and therefore the Cauchy—Schwarz inequality gives
~ o0 ds
I1BrimeWlg = A [®[mi(sHelWlg [ma(t/s)] "

o0 5 ds
< ( /0 |0l (sHe )13 ?)

o0 ds 1/2
x ( / Ima(t/s)|* —) :
0 S

By scaling, the right hand side above does not depend on ¢ > 0 anymore.
Hence we get the bound

1/2

Blne () =599 1B smg (1llg
>

o0 5 ds 172
< Imall e, o) ( [ 1ot ;)
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for the associated maximal operator E‘;’Z’mw(y):: sup; = ||§f,t,m<ﬂ(y)||g- In
particular,

IB% ol < |lma)? °o||d>[m1(sf)go](y>||2 d—sdy.
Fm®lL2(v.ay) = IRICIN ST g s
(7.13)

Interchanging the integrals, the last factor on the right hand side of (7.13) is
given by

ds

o ds o0
fo /Y [@0m1 (sHe)IG dy — = fo 1@ ()¢ )~
B o ) ds
- /0 1 ) g0
o d

E fX fo (1G5 (D), ma (s () ()] — e

o0 d
= /X (7769} fo mi(sf (x))® fw(x»ﬂdx.

As functions of the real variable r > 0 the scaling invariance of the measure
ds/s on Ry and m(0) = 0 give [~ my(sr)> % = [Imy|? 4, 1(r>0), 50
+5 75

the spectral theorem implies

o0 ds
(o), /0 mi(sf O)? =@y = Il a0, 17w =00 0y

< llmil2s, o) lO@Ig-
Using this in (7.13) shows
”B;;,m(p”Lz(Y,dy) < |lmy ||L2(R+,%) ”m2”L2(R+,%) ||(p||L2(X,‘H) ) (7.14)

which proves (7.8), since ||§f,g,m(p(y)||g < B* 2P(y) forally e Y. |
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Appendix A. Induction in dimension
In this section we prove Theorem 1.8, that is, we prove that the number of
negative bound states of P? ® 1g + V is bounded by

| B

0 Gyt

NP?®1g+V) < f trg[V_(x)?]dx

and, moreover,

op
Coa = 321nn<1d Con = 3I<nnn<ld Cans
where C, is given by (1.5) for y = n. Here, V : RY — B(G) is an operator
valued potential with positive part V; € Ll (R?, B(G)) and negative part
Vo e LYPRY, Sap(G))-
In order to do this, we need the following operator-valued extension of the
well-known Lieb—Thirring bounds for suitable moments 6:

loc

0 d
trp2geg [PP®1g+ V] <L, fRd trg [Vo(0)?T2]dx,  (AD)

where Lgp C LCl 5.¢ With the classical Lieb—Thirring constant

Qd—/ (1—nHf (2 )d (A.2)

It is important that the constant LQ 4» respectively, C does not depend on
the auxiliary Hilbert space G.

The bound (A.1) was first proven in the seminal work of Laptev and Weidl
[27] for all dimensions d € N and moments 6 > % moreover, they showed
Ca 4 = 1 in this case. This was later simplified in [1]. For moments 6 > %
and again all dimensions d € N the bound (A.1) was shown to hold in [23],
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mMOreover, Cgvp g = 2 for % <0 < % see also [15] and, recently, [18] for

improvements when & = 1. The limiting case 8 = 0, that is, the operator—
valued version of the CLR bound was then proven in [21], with improvements
on the constant later in [19].

The possibility that abound of the form A.1 allows to strip off one dimension
in the Lieb—Thirring bounds was crucially used in Laptev—Weidl [27], see also
[25]. The possibility of stripping off more than one dimension was realized in
[21].

In the short proof below, which we give for the convenience of the reader,
we follow the discussion in [21].

Lemma A.1 Forn < d we have

op op ~0p
Co.a = ConCornan

In particular, for d > 3,
Cory < Cob, forall3 <n <d.

Proof For n < d we factor RY = R" x R?™"_ that is, x = (x<,xs) €
R" x R~ and split the the kinetic energy as P> = P2 + P2, more precisely,
P2 = Pi ® ILZ(Rd_”) + le(R") ® Pz

Moreover, observe that
L’R,@) =LRHY®G=L"R)QL*R"™®G
=L*R" LR ®G)).

As quadratic forms on L*(R4, G), we then have

Pr@1g+ V(x)
= P2 @1 qi-n ®lg+120n @ P2 @16+ Vire, x=) (A3)
> Pg ® ILZ(Rdfn’g) —W(kxo)

with the operator-valued potential W(x.) = (Pf ®1g + Vix., '))_

L2(R4™" G) — L*[RY ™, G). Note that W (x.) is the negative part of a
Schrodinger operator in d — n dimensions where one freezes the x_ coordi-
nate in the potential. Inequality (A.1) can therefore be applied and yields

n 0+%
trLZ(Rd—",g) W(x<)9+2 = tI’LZ(Rd—n’g) (PE ® lg + Vix-, -))_+2

op 0+4
< L9+%’d_n /I;d_n trg V_(x<, x-) dx..
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Since by assumption f]Rd trg V_ (x)9+% dx < oo, the Fubini—Tonelli theo-
rem shows that W (x.) is compact (even in the von Neumann—Schatten ideal
894_% (L?>(R?", 3))) for almost all x. € R”. Taking traces in inequality (A.3)
gives the estimate

0

trpapag (PP ®1g+V)_
) 0
< trpagen 12w Gy (P2 ® 1pawa—pg) = W)_

< Lg?n \/Rn trLZ(Rdfn’g) VV()C<)9+j dx<

op 7 op o+4
<L, nLGJr2 de /]1;41 trg V_(x)" "2 dx,

where we also used the operator-valued Lieb—Thirring inequality (A.1) and
combined the integrals using the Fubini—Tonelli theorem. It follows that

op ;op
Ly < LWLy 4, (A4)

A short calculation, see below, shows

1 1 1
L§a="LonLloss amn (A.5)

50 (A.4) and the definition of C g?d imply the sub-multiplicativity

op op ,~Op
Coa = CQnC9+2 den’
which proves is the first claim of Lemma A.1. In particular, for &6 = 0 and
3<n<d-—1,weget

op op ~Op
Cot = ConCray

= Coy
since Laptev—Weidl [27] showed C@o,pm =1ifmeNandb > % This proves
the second claim in Lemma A.1.

It remains to show (A.5), which follows from the definition of the classical
Lieb-Thirring constant and the Fubini—Tonelli Theorem:

dn<dn-
“_/ 1= )+<2 ) // R _"<_">)+(2n>"(2n>d n

_ 1 ) 7 d%’ dn> _
_/Rd_n Rn( —n=)y (=g )+(2n)n Qm)d-n

cl
L@—i— ,d—n"
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The third equality follows from scaling, setting n. = (1 — ni)i/zé with
& e R O

Proof of Theorem 1.8 Lemma A.1 shows that

CP < min C»®
O’d_3§n§d 0,n

and the reverse inequality clearly holds. Moreover, the case « = 1 in Theorem
1.7 shows the bound

op
CO,n =Cu

with the constant Cy,—, from (1.5). |

Appendix B. Auxiliary bounds for the operator-valued case

In this appendix we gather three results, which we needed for extending our
method from the scalar case to the operator-valued case. These results are
probably well-known to specialists; we give short proofs for the convenience
of the reader.

First we consider operators of the form A*A and AA™ for some bounded
operator A : H — G, where H, G are two auxiliary (separable) Hilbert
spaces. Let N(A) = {f € H : Af = 0} C H be the null space of A,
N(A*) ={g € G: A*g = 0} C G the null space of the adjoint A* : G — H,
and N(A)‘:={h € H : (h, flg = Oforall f € N(A)} C H, respectively
N(AHT:={g € G: (g, fly = Oforall f € N(A*)} C G, the orthogonal
complement of N(A) in H, respectively N(A*) in G.

Lemma B.1 Let H, G be Hilbert spaces and A : H — G be a bounded
operator. Then A*A|N(A)i is unitarily equivalent to AA*']\/(A*)i' In partic-
ular, if A : H — G is compact, then its non-zero singular values, including
multiplicities, are the same as the non-zero singular values of A* : G — H.

Remark B.2 In Theorem 3 in [13] a stronger result, which allows for
unbounded operators is proven, we need it only for bounded operators A :

H— G.

Proof The polar decomposition, e.g., Theorem VI.10 in [41], of a bounded
operator easily extends to a two Hilbert space situation: For a bounded operator
A . H — G there exists a partial isometry U : H — G with N(U) = N(A)
and range Ran(U) = Ran(A), and a symmetric operator |A| with | A 2= A*A
such that A = U|A]|.
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Moreover, U : Ran(A*) = N(A)T — Ran(A) = N(A4*)* is an isometry,
and

AA* = U|APU* = UA*AU™,

$0 AA*|y(a% L is unitarily equivalent to A* Ay 41

Since the singular values of A are the square roots of the eigenvalues of
A* A and the singular values of A* the square roots of the eigenvalues of AA*,
the last claim in Lemma B.1 is evident from the unitary equivalence above. O

Given a Hilbert space H and a o-finite measure space (X, dx) we denote
by L? (X, H) the space of measurable functions f : X — H for which

1/p
AN p=I e x,20:= (/ I1f @)%, dX> < 00, (B.)
X
when 1 < p < oo, respectively,

I flloo:=I1f ll Loo (x . #0):=ess sup || f (x) | < 00, (B.2)
xeX

when p = oo. Since H is assumed to be separable, Pettis’ measurability
theorem [40], see also [14], shows that the weak and strong notions of mea-
surability for functions X > x — f(x) coincide. If H = C, we simply write
L?(X,C) = LP(X). Moreover, we denote by S»(L*(X, H), L*(Y, G)), the
space of Hilbert—Schmidt operators H : L*>(X,H) — L*(Y,G) with scalar-
product

(Hq, H2>82:=trL2(X,7-{) [Hl*Hz] (B.3)
and associated norm || H || s,:=(H, H)gf and by L*>(Y x X, S$2(H. G)), the

L2—space of operator-valued kernels K : ¥ x X — S»(H, G) with scalar
product

. 2
(K1, KZ)LZ(YXX,SZ(‘H,Q))'://YXX 1Ky, s, .6 dy dx

= IK (y, %)% dy dx.
RS

The next result extends the well-known one-to-one correspondence of Hilbert—
Schmidt operators from L?(X) to L*(Y) with kernels in L?>(Y x X) to the
operator-valued setting.
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Lemma B.3 Ler (X, dx) and (Y, dy) be o-finite measure spaces and H, G
two auxiliary Hilbert spaces. Then Sy (LZ(X, H), LAY, g)) is isomorphic to
LZ(Y x X, Sy (H, Q)), that is, for any H € SZ(LZ(X, H), L*(Y, Q)) there
exists a unique Ky € L>(Y x X, So(H, @)) such that for any f € L>(X, H)
and almostall y € Y

HF(y) = /X K (v, )£ (x) d

and vice versa. Moreover, the Hilbert—Schmidt norm of the operator H €
S) (LZ(X, H), LY, Q)) can be calculated as

IH%, =/fy o [Ki (0 K (v,0] dxdy.
X

Proof The proof is a modification of the proof in the scalar-valued case.
We sketch it for the convenience of the reader. Any kernel K € LZ(Y X

X, Sr(H, Q)) yields a bounded operator Hgx : L*(X,H) — L*(Y,G) by
defining

H f (v)i= /X K(y, %) f () dx.
Indeed, since
IIHKf(y)IIgS/XIIK(y,X)f(X)IIgdx S/XIIK(y,X)IIB(H,g) | f ()l dx

1/2
= (/ 1K (y, x)”%(«}{’g) dx) ”f”LZ(X,‘H)’
X

by Cauchy—Schwarz, we get

IHk flI72y.g) = / IHf (»)llg dy
’ Y
< / /Y KONy xdy 1 13 5

< / / 1K G0 5.6 950y 1122
Y xX ’

2 2
= ”K“LZHf”LZ(X,W)

(B.4)
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since the Hilbert—Schmidt norm bounds the operator norm. So the map K —
Hy from kernels to operators L*(X,H) - L*(Y,G) is bounded with norm
< ||K|lz2, and it is clearly injective.

Given two orthonormal bases (c;)meny of H and (By)meny of G, the
space S>(H, G) has a basis for almost all given by the rank-one opera-
tors [Bu){an| + H — G, f — Bula,, f)x. Furthermore, let (¢;) jen
and (y;);eny be bases for L2(Y) and L%(X). Then (W1.n)1.neN, given by
the H-valued functions X > x +— ¥ ,(x) = ¥(x)|ay,), is a basis for
L>(X,H) = L*(X) ® H and (®7.m)k.meN, given by the G-valued functions
Y >y ©,0) = @(y)|Bm). is a basis for L?(Y, G). Thus any kernel
K € LZ(Y x X, So(H, Q)) = L*(Y)® L*(X) ® S»(‘H, G) can be written in
the form

Ky.x)= > akimn ek Bu) (el

k,l,m,neN

and a short calculation shows

||K||§2=/fY Xtr[K(y,x)*K(y,x)] dxdy = Z \ak.1.m.nl? (B.5)
X

k,l,m,neN
Let R € Nand
R
Kr(y.x) = > arimn kI B (ctal. (B.6)
k,l,m,n=1
which is the kernel of the finite rank operator
R
Hi, = ) aktmnlPem) (Wil
k,l,m,n=1
R
= Y @i (Vi ) 20x 0)- (B.7)
k,l,m,n=1

Since ||[K — Kgll;2 — O the bound (B.4) shows ||[Hg — Hk,ll — 0 as
R — o0, so any Hg is the limit in the operator norm of finite-rank operators,
hence a compact operator. Using the basis (W} ,)1.neN to calculate the trace, a
straightforward calculation shows

2 2 2
g [HiHe =Y NHxkYalg =Y lakimal® = I1K]3,
l,n k,l,m,neN
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so Hx € Sy(L*(X, H), L*(Y, 6)) and | Hk |5, = 1K [l 2.

So far we have shown that the map K + H is an isometry from L2(Y X
X, Sr(H, Q)) into S(LZ(X, H), L*(Y, Q)) so its range is closed. The finite
rank operators F : L*(X,H) — L*(Y, G) are of the form

F = Z Cr,s|fq3r)<{i;s| = Z Cr,sar@ri;s’ ')LZ(X,?{)

r,seN r,seN

with ¢, s # 0 for finitely many r, s € N and ®, € L2(Y, g),’v\’fls e L*2(X,H).
Expanding Wy in the basis (®;,); nen and similarly for ®,, one sees that
finite rank operators of the above form can be arbitrarily well approximated,
in operator norm, by finite rank operators of the form (B.7). Since the finite
rank operators are dense in the Hilbert—Schmidt operators, the operators of
the form (B.7) are also dense and hence the range of K +— Hg is all of
S(L*(X, H), L*(Y, G)). O

The last result concerns an operator-valued version of Dunford’s theorem.
For this we need some more notation. For background on integration in Banach
spaces, we refer to [14].

We denote by B(H, G) the Banach space of bounded operators from H to
G equipped with the operator norm.

We write L°(Y x X, B(H, G)) for the space of functions K : ¥ x X —
B(H, G) such that

esssup [|[K(y, X) g6 < 00,
(y,x)e¥ xX

and for all & € H the map
YxX>W,x)— K@y, x)hegG

is strongly measurable (with respect to the topology on G). Since G is a sepa-
rable Hilbert space, Pettis’ measurability theorem implies that this the case if
and only if it is weakly measurable, i.e., for any ¥ € G,

Y x X3 (y,x) = (¢, K(y,x)h)g

is measurable. In this case, for f € L! (X, H), integrals of the form
Pk ()= / K (y, x) f(x)dx (B.8)
X
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are well-defined elements in G for almost all y € Y, with

||¢Kf(y>||g=”f K (. x) f(x) dx s/ 1K (v, ) £ () g dx
X ¢ Jx

< esssup [|[K(y, X)llge.ellfIILx.)-
(y,x)e¥ xX

Thus, for K € LX(Y x X, B(H, G)), the map @ : L1 (X, H) — L®(Y, G)
is bounded with

Pkl 00 < esssup [[K(y,X)|sH.g)-
(y,x)e¥ xX

The next Lemma shows that the map K +— ®g is even an isometry.

Lemma B.4 For any bounded operator @ : LY (X, H) — LY, G) there
exists a kernel Ko € L° (Y x X, B(H, Q)) such that

®F (y) = /X Ko(y.x)f(x) dx

forany f € L'(X, H) and almost all y € Y. Moreover,

[Pl = esssup [[Kao(y,x)ls.6)-
(y,x)e¥ xX

Proof If K € LY (Y x X, B(H, Q)), the discussion above shows that the map
® g defined in (B.8) is bounded from L' (X, H) to L*(Y, G) and

[Prllpipe < esssup [[K(y, X)lge,.g=:1KIL>. (B.9)
(y,x)e¥ xX

Conversely, assume that ® is a bounded map from L' (X, H) into L*(Y, G)
and choose orthonormal bases («,),en in H and (By)men in G. Then any
function f € L'(X, H) can be identified with a sequence of functions f =
(f1. far..), where fi € LY(X) and || fllp1x .90 = 1 e D21 L1 x)s
and similarly for L'(Y, @). So without loss of generality, we can assume that
H = G = I>(N), i.e., the bounded operators from H — G correspond to
infinite matrices which map / 2(N) boundedly into itself. Finally, let (e;) jen
be the canonical basis of /2(N).
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For N e Nand g; € LY(Y), fi € LY(X),l = 1,..., N, the finite linear
combinations® of the form

N
Ya®fiel'MRL'(X)=L'(Y xX)
=1

are dense in L1 (Y x X). Now assume that ® : L'(X, I2(N)) — L% (Y, [2(N))
is bounded. For m, n € N let

N

N
Sun (D@ ® fi] =) (&1 @en, Ofi @ey)
=1

=1

which defines a linear functional on the finite linear combinations and is
bounded by ||Spy x|l < ||®|l. Thus it has a continuous extension to all of
L'(Y x X) and since the dual L' (Y x X)* = L®(Y x X), there exist mea-
surable functions K™ € L°(Y x X), m, n € N, such that

(8 ® em, Of @ ) = f/y K R0 () dx dy,

Taking unions of countably many zero sets, we can assume that the kernels
K g (-, -) are well-defined for any m,n € N, up to a common zero set in
Y x X.

Let l%n (N) be the set of sequences o = («1, @2, . ..) with only finitely many
aj non—zero, which is dense in I2(N). Fora € ll%n(N) and (y,x) € Y x X we
define the sequence K¢ (y, X)a € CN as

(Ko(y. )o)mi=Y_ Kg"(y, x)a, form eN.
neN

From the construction it is clear that for o, 8 € l%n(N), the map (v, x) —
(B, Ko(y, x)ar),2 is measurable. The next step is to show that for almost all

8 For the equality L! Y)®L 1 (X) = L! (Y x X) one should be a wee bit more precise about the
involved topologies in the tensor products: For a Banach space E, the algebraic tensor product
L) ®alg E is the vector space of finite linear combinations ZII\L 1 81 ® f1, where g; € LY(y)
and f; € E. One equips this vector space with the norm ||z||z:=inf{}"; |lg ||L'(Y)||fl||E :

z =Y ® fi}. Then for the closure L' (Y)®E:=L!(Y) ®alg E“.Hﬂ, called the projective

tensor product, one has L (Y)QE = L (Y, E), see [55, Proposition II1.B.28] or [14, Example
VIIL10]. In particular, one has LY(MQLY(X) = L1(v, L1 (X)) = L} (¥ x X). We will not
dwell on this fine point any further ;-).
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(y,x) € Y x X one has Ko(y, x) € BI*(N), >(N)). Since 12 (N) is dense
in /2(N) one has

Ko (y, )z = 1Ko (¥, ¥l gg2mvy.2av)
= sup {Re(B, Ko (y, 0)a)| e, B € [, (N), [l ;2 = [|Bll2 = 1}

= sup {ZRe B K" (v 00ta) Lt B € 12N, fltlle = Bllp =17 .

m,n

Moreover, let L}in(X, lz(N)) be the set of functions f = (f1, f>,...) €
L'(X,>(N)) with only finitely many nonzero fj» which is dense in
LY(X, >(N)), and similarly for L. (¥,/*(N)). For any g € L} (¥,?(N)),
fe Lflin(X ,12(N)), we clearly have from the above

gof = [[ Y am&y o0 sy
X (B.10)

://y X<g(y)9 Kd)(y,X)f(X))lZ(N) d)Cdy

and with A = {(g, f) € LL(Y,P(N)) x L} (X, ZZ(N)){ gl yeayy) =
I £l x.2qv) = 1}, whichis densein L' (Y, I?(N)) x L' (X, [*(N)), one sees

esssup [Ko(y,x)[z = sup / / Re(g(1), Ko (y, ¥) f (1)), dy dx
(y,x)€¥Y xX (g.f)eAJ JYxX

= sup Re(g, ®f) < 1@l peellgllry, 2ol fllLix, oy
(g,.f)eA

Thus the kernel K¢ (y, x) maps [ 2(N) boundedly into itself uniformly in
(y,x) € Y x X. Taking limits, measurability of (y, x) — (B, Ko (y, x)x)p2
extends from o, 8 € l%n (N) to all of /2(N). Thus Ko is weakly, hence strongly
measurable. From (B.10) one also gets & = ® g, . In addition, the last bound
together with (B.9) shows

esssup [[Ko(y, X))l = 1Pl 1 1o,
(y, X)€Y xX

so the map L(Y x X, B(*(N),’(N))) > K — &k € B(L'(X,’?(N)),
L*>(Y, lz(N))) is an isometry. O
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Appendix C. Solution of an auxiliary minimization problem

In this section we introduce an auxiliary minimization problem Q, which on
one hand can be solved explicitly, and on the other hand provides an upper
bound on the minimization problem M, defined in (1.4).

Proposition C.1 For any y > 2 the minimization problem

Qy=inf{<1/ h()zds> e /00 v 2h(s)2ds:
2 Jo 0

h(0) =1and lim h(s) = 0} (C.1)
§S—>00
has the solution
0, _ 4 1 (y—2 71 )2 2
v = 2 2\V . 2 : :
(y =2y F(?) 2 sin (7”)

Moreover, h is a minimizer if and only if h(s) = hy(As) for arbitrary ) > 0,
where

1-2

2 v Y
hy(s) = —57sK2(s2),
Y

r)

and Ky, denotes the modified Bessel function of the second kind with parameter
a € (0,1).

Remark C.2 As the form of the minimization problem suggests, any minimizer
should be decreasing and, using known properties of Bessel functions, one can
see that the above minimiser /. is strictly monotone decreasing.

The point is that the above minimization problem is quadratic, hence it can
be solved by completing the square. First we make the change of coordinates

2 S
s = tv, which gives

y-4 1 VTJ ) 4 VTJ
o () (107 10

o0
x/ g2 77 dr: g(0) = 1, lim g(t):()}.
0 r— 00
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2
This is immediate upon setting g(¢) = h(¢7) in the above integrals. Defining
the variational problem

X a2t R
Guy = inf{/ gt v de :/ g)t vdt =u, g(0) =1,
0 0
and lim g(¢r) = 0}, (C.3)
I—00

we obtain

a1 5 r=2
0, =(3) (5) nf ( Guy ) - €4
Hence, Proposition C.1 is a direct consequence of

Lemma C.3 Foranyy > 2 andu > 0, the variational problem (C.3) has the
solution

2 y—2(2*7  x e
Quy =u 72 . (C.5)

L(;)?y sin(¥)

The unique minimizer is given by

2
2 VA7
&) = F(%) (T) K%(Iﬁ),

v 22_% T =
with A =u r—2 . (C.6)

L(;)?y sin(3F)

Proof Given a real Hilbert space H with scalar product (-, -) and linear oper-
ators A, B on H consider the functionals

F(p):=(Agp, Ap), G(p):=(By, By) (C.7)
and the associated constrained minimization problem
Qu:=inf{F(p) : G(p) = u} (C.8)
for u > 0. Note that directional derivatives of F and G are given by

DpF(p) = (Ah, Ap), DyG(¢) = (Bh, By)

@ Springer



Cwikel’s bound reloaded 157

when &, ¢ are in the domains of A and B, but we are, intentionally, a bit vague
at this point concerning domain questions.
Assume that ¢ is a weak solution of the Euler—Lagrange equation

(Ah, AW) = —A(Bh, BY/) (C.9)

for some A > 0 and all 4, more precisely, all / in the intersection of the
domains of A and B and also assume that v fulfils the constraint: G (v) = u.
Given an arbitrary ¢ € H with G(¢) = u, we write it as ¢ = ¥ + h. Then

u=G(p) = (B +h), B+ h))
= (BY, BYy) + 2(Bh, BY) + (Bh, Bh)

so, since (By, BYr) = u, we have 2(Bh, Byr) = —(Bh, Bh) and from (C.9)
we get

2(Ah, AYr) = A(Bh, Bh). (C.10)
Thus

F(p)=FW +h) = (AW +h), A(Y + h))
= (AY, AY) + 2(Ah, AY) + (Ah, Ah) (C.1D)
= F({) + A(Bh, Bh) + (Ah, Ah) > F(r)
so ¥ is a mininimizer. Moreover, if equality holds, i.e., if F'(¢) = F (i), then
(Ah, Ah) = 0, i.e., h is in the kernel of A, and if in addition A > O, the A is

also in the kernel of B.
We apply the above with the choice

H=L2R,, "7 dr)

of real-valued functions on R, which are square integrable w.r.t. the weighted

4 4
Lebesgue measure ¢!~ dr. The operator B is the identity on L*(R,, tl_th)
and A is the (weak) derivative,

/

Ap=¢
4 4
with domain D(A) = {p € L2 Ry, t' " 7dt): ¢ € L2(R,, ¢~ 7dp)).

In this setting, we have ¢, , = @,. Integration by parts shows that the
Euler-Lagrange equation is given by

2.n 4 / 2
t°g" (1) + <1 — ;) tg'(t) —At“g(t) =0, (C.12)
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which can be transformed into a modified Bessel differential equation upon
2
setting g(t) = (¢ VA)7 3(t+/2). Then g satisfies the modified Bessel equation

2~ ~/ 2 4 ~
1°g () +18' (1) — <t +?>g(t) =0,

with solution space spanned by the modified Bessel functions /2, K2 . Using
Y 14

the well-known asymptotics of modified Bessel functions,” it is easy to see
that the function

2 [tdn v
) = T%) (T) K%(Iﬁ)

is the unique solution of (C.12) satisfying g, (0) = 1 and lim;_, », g, (t) = 0.
We now use that for @ € (0, 1),

2
[ K0 ar =5 (Ka? = KioKia®) . (C13)

which together with the asymptotics of Bessel functions (see Footnote 9)
implies that

/OotKa(t)zdt - %r(1—a)r(1+a). (C.14)
0

Identity (C.13) follows from integration by parts and éi—t [% Ki—oa@®)K14q()] =
1?K, (1)K, (1), which is a consequence of the relations K|_q (f) + Kq41(t) =
—2K,(t) and K, (1) = TKo(t) — Kat1(t) = —FKu(t) — K1-a(t) [38,
Egs. 10.29.1, 10.29.2] for modified Bessel functions. Hence, using that
I'l+a) =al(x)and M'(a)['(1 — o) = =% fora € (0, 1), we obtain

sin(ra)

_4
Y

/Oo ()zl_id 2 Az_I/OO K()zd
o.@)t vdr = v sK2(s)"ds
0 r()? o 7

4
22_7 %_1 T

= A .
rH?  ysin(3)

(C.15)

9 Fora € (0, 1), one has Ky (1) ~ %e_’ as t — oo [38, Eq. 10.25.3] and Ky(z) ~

%I‘(a)(%)_“ ast — 0[38, Eq. 10.30.2], while I, (¢) grows exponentially fast as t — oo [38,
Eq. 10.30.4], so it can never satisfy the boundary condition at infinity.

@ Springer



Cwikel’s bound reloaded 159

Note that (C.15) determines the relation between the Lagrange multiplier A > 0
and the constraint # > 0 in (C.6). Similarly, again using the above relation for
the derivative of the modified Bessel function K, we have

2/ A %
gt =— /A (t\/_) Kl_%(t«/x)-

re\ 2

Therefore, (C.14) and the above functional equations for the I"-function give

/ g v de
0

2TV 2 [ ) 2?7V 2y-2 x
=— 2)‘ / sK,_2(s)"ds = 3 2)\V 3 i
F(;) 4 F(;) 14 sm(7)
24 7
y—2_ C6oy—-2 _2 (277 T
=——AUu = u v=2 3 — .
2 ['(2)?y sin(Z)

This proves (C.5). To show uniqueness of the minimizer g, note that since
A > 0,wehave 0 = Bh = hif F(p) = F(g)) and G(¢) = u = G(g,) by
(C.11). O

Proposition C.4 Forany y > 2,

Proof The choice m(s) = s1jg<s<1) in the minimization problem for M,
gives

/OO —1 ds f} -1
m(t) = my * ma(f) = mi(ts)ma(s™ ) — =1 [ ma(s™)ds,
0 N 0

SO

y—=2

. 1 [ ,ds) 2
M, < inf = ma(s)” —
m2€L2(R+;%) 2 0 S
o0 g 2 dt
x/ 172 (1 —f mg(s_l)ds> —},
0 0 t
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where we used that fooo m(s)2 % = % Setting

h(it)=1-— /lmz(s_l)ds, (C.16)
0

it follows that

00 ¢ 2 00
[ (1_f m2<s—‘)ds) T rmerS e
0 0 ! 0 !

Moreover, A is absolutely continuous with 4'(r) = —ma(t~ 1), and
o dr o d
/ W2 = =f ma(s)> = < oo,
0 t 0 s

so h cannot oscillate too fast at infinity. Finiteness of fooo 1Y 2h(1)? % then
implies that A(t) — 0 ast — oo. Indeed, let 1, > #; > 1. Then, using
Cauchy—Schwarz,

19}

\h(t)* — h(1)?] <2 / |h(s)H (s)|ds

N

15 d 1/2 15 d 1/2
52(/ syzh(s)z—s> (/ s”h’(s)z—s)
1 § 1 §
52(/ sHh(s)z—S) (/ h/<s>2—s) ,
51 § 1 N

where we also used y > 2. Since 0 < f — Y 2h()? is integrable on (0, co)
W.I.L. dt—’, the above bound shows that A (7)? is Cauchy in the limit r — oo.
Hence lim,_, o A (f)? exists. Moreover, using again that ¢ +— 1Y 72h(1)? €
L'((0,00), 4) and y > 2, this forces lim, . oc 1(#)> = 0, 1.e., lim;_ o h(t) =
0.

In addition, using again the Cauchy—Schwarz inequality, we have

1 1
t t d 2 t d 2
/mz(s_l)ds < </ mg(s_1 Z—S) (/ 52 _s)
0 0 s 0 §
1
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so lim;_,9 h(t) = 1. Hence,

-2
M, < (1/ K (s)2 ds) = f s h(s)? = &
2 Jo 0
dS)

for any absolutely continuous function i : R, — R with A’ € L?>(Ry; 5
satisfying the boundary conditions 4#(0) = 1 and limg_, o i(s) = 0. The
bound M, < Q, follows by taking the infimum over these functions. O

Appendix D. Numerical results

In this section we derive upper bounds on the the constants in Theorem 1.3
and 1.7, in particular, the constant Cy 4 in the bound for the number of bound
states of a non-relativistic one-particle Schrodinger operator from Corollary
1.1, given in Table 1.

Recall that the best constant in our approach is related to the minimization
problem for

M, = inf i { (llmi |l 2 llmall2)” ™

mi ,szLZ(R_F,T

/°° (1 _m *M2)(S)>2 2y @}.
0 s s

The choice of m |, my is quite arbitrary. It is important, however, to have m *
2
my(s) ~ s for small s, in order to make the integral [~ (1 — Mﬂ) §27Y
ds—“ finite.
We reformulate the above problem by making the ansatz

o0 dr
M1(S)=Sf S(r)T s ma(s) = sy (s),

where &, ¥ : Ry — R are such that [~ £(r) dr—r = [ v dr—r =1
Then the convolution of m and m is given by

dr ds

o0 d
ml*mz<r>=/0 m(f/s)mz(s)f:r/ / EOW O i)
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and a short calculation, taking into account the above normalization of £ and
Y, shows

/°° (1 m *mz)(t)>2 ooy &

0 t t

(7 drdsszt

—/ (/] {,g/smr)ws)——) o D)

/// ErEr) Y (s1) Y (s2) max{rysy, r2S2}2 y &1 dry d”2 dS1 dsp

oS s

=:1y[§, ]

The L2-norms of m |, m, can be expressed in terms of £ and y by

R 5 ds 0 ds
/ mi (s)> —=/ (S &(r) —) —
0 N 0 0 s

// §(r1)§(r2) min{ry, r2}

) dr1 drz
rn

and

/mmz(w29 _ /Ooszw(s)Zd—s
0 N 0 Ky

Thus, an upper bound on M), can be obtained by minimizing the functional

-2

([ ovort)”
0
y—=2

1 o0 dri d 2
x (5 / E(r)E(r) min{rl,rz}zﬂﬁ) T LIyl (D2)
0 ry nrn

over all functions v, £ € L'(R., %) satisfying the constraint

o0 dr o0 dr
f S(F)—=/ Y(r)—=1. (D.3)
0 r 0 r

Finding the minimizer, even finding that a minimizer exists for the new min-
imization problem given by (D.2) and (D.3), is a very challenging problem,
as challenging as for the original minimization problem. However, to get a
reasonable upper bound on the minimal value, it suffices to take suitable trial
functions. To get the constants given in Table 1, in our calculations, which
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Table 3 Numerical values

of the constants C¢ 4 and the d Co.a Value Zf parameters in (D/';r)

values of the corresponding P 1

parameters of the trial 3 755151 2 293254 3 249795

functions
4 6.32791 2 3.69214 3 278716
5 5.95405 3 5.46494 2 2.39433
6 5.77058 3 6.41334 2 2.51583
7 5.67647 3 7.35963 2 2.61721
8 5.63198 3 8.30512 2 2.70368
9 5.62080 3 9.25042 2 2.77865

where done with Mathematica, we used the following family of trial func-
tions

s7Plogs)?  is=1),
(D.4)

E(s) = sT(log )P Mg=1y, Y(s) =

oP
I'(p) I'(g)

with parameters «, p, 8, g > 0, i.e., Gamma distributions on R .
The normalization condition is easily verified. For integer p,q > 1, the
calculation of /[£, ] can be reduced to calculating the integral

J(ay, a2, B1, B2)

—al — dr; drp ds; ds
=[] e sy s TSR S S
ry rp St 5

as from J we can get /[£, ¥] by taking derivatives,

1 a?rpH

1§, ¥] = 8a2)p_] (8/31 aﬁz)q_l

= 0
y —2T(p)*T(q)? (9
x J(ay, a2, By, =ar=a .
(a1, a2, B1 ﬂz)I%i:%:%

Similarly, the “L?-norm integrals” are given by

st _ B g —1)
/0 VO T = g hE T T

forg € Nand 8 > 1, as well as

2 dr1 dr2

/ &(r1)&(rz) min{ry, ra}
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1 Ol2p -1
Ziw(aalaaz)p K(ay, a2) ,

o1=0r=u
where

o dry dr +
—ay — . 1 2 Q] T o2
K(al,OlZ):// r1a1r2a2 mln{rl,”Z}Z—_:
1 r

rn oo oy —2)

fora > 1, p e N.

In our numerical calculations with Mathematica, we made the choice
p = 2,q = 3, for dimensions d = 3, 4, and optimized in the parameters
o, B > 1, while for dimensions d > 5 the values were obtained with p =
3, g = 2, and minimization in ¢, § > 1. More specifically, we got the values
in Table 1 by the choice of parameters listed in Table 3.
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