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Abstract

In this paper we propose an extension of the well-
known OWA functions introduced by Yager to
interval-valued (IVFS) and Atanassov’s intuition-
istic (AIFS) fuzzy set theory. We first extend the
arithmetic and the quasi-arithmetic mean using the
arithmetic operators in IVFS and AIFS theory and
investigate under which conditions these means are
idempotent. Since on the unit interval the construc-
tion of the OWA function involves reordering the
input values, we propose a way of transforming the
input values in IVFS and AIF'S theory to a new list
of input values which are now ordered.
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1. Introduction

Interval-valued fuzzy set (IVFS) theory [1, 2] is an
extension of fuzzy theory in which to each element
of the universe a closed subinterval of the unit in-
terval is assigned which approximates the unknown
membership degree. Another extension of fuzzy set
theory is intuitionistic fuzzy set (AIFS) theory in-
troduced by Atanassov [3]. In [4] it is shown that
the underlying lattice of Atanassov’s intuitionistic
fuzzy set (AIFS) theory is the same as for interval-
valued fuzzy set theory and that both are equiva-
lent to L-fuzzy set theory in the sense of Goguen [5]
w.r.t. a special lattice £7.

OWA functions were introduced by Yager [6] and
are used in a variety of applications and studied by
many researchers [7, 8,9, 10]. In this paper we pro-
pose a generalization of the OWA functions to IVFS
and AIFS theory. Several attempts to generalize
the OWA function to IVFS or AIFS theory can be
found in the literature. Xu [11, 12] and Wei [13] ex-
tended the OWA function and related aggregation
functions to AIF'S theory using a score and accuracy
function. This generalization however has several
flaws: the aggregation functions based on the total
order defined using the score and accuracy function
is not monotonous w.r.t. that order; furthermore,
these aggregation functions are not consistent with
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the corresponding aggregation functions on the unit
interval. Yager [14] introduced a componentwise ex-
tension of the OWA function to AIFS theory, but
he gave no motivation why this is the best construc-
tion of an OWA function in AIFS theory. Beliakov
et al. [15] generalized the construction of Xu and
Wei using additive generators and characterized the
functions obtained by the generalized construction
which are consistent with the operations on the unit
interval. Since the definition of the OWA function
on the unit interval involves arithmetic operators
on the set of reals, we start in this paper from
arithmetic operators on the underlying lattice £f
of IVFS and AIFS theory and we investigate which
kind of OWA functions on £’ that we can construct
using them. We first recall in Section 2 and 3 some
definitions that will be needed later. We recall the
axiomatic definition of the arithmetic operators on
LT and we give a characterization of these operators
in Section 4 and 5. In the next section we extend
the arithmetic mean and the quasi-arithmetic mean
to £ and in the subsequent section we extend the
OWA functions to £!. For the latter to be suc-
cessful we search for a way to extend the ordering

procedure of input values in [0, 1] to input values in
Lt

2. The lattice £!

Definition 2.1 We define £ = (L', <.1), where

L' = {[x1, 23] | (x1,22) € [0,1]* and z1 < x5},
[xlaxQ] SLI [ylayQ] — (.’I}]_ S Y1 and Z2 g y2)7

for all [x1, z2], [y1,y2] in L.

Similarly as Lemma 2.1 in [4] it can be shown
that £ is a complete lattice.

Definition 2.2 [1, 2] An interval-valued fuzzy set
on U is a mapping A: U — L’.

Definition 2.3 [3] An intuitionistic fuzzy set on U
s a set

A= {(u, pa(u),va(u)) |ue U},

where pg(u) € [0,1] denotes the membership degree
and va(u) € [0,1] the non-membership degree of u
in A and where for allu € U, pa(u) +va(u) <1.
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An intuitionistic fuzzy set A on U can be repre-
sented by the £/-fuzzy set A given by

AU — LT
u = [pa(u), 1 —va(u)l,
In Figure 1 the set L’ is shown. Note that to

each element x = [z1, x2] of L' corresponds a point
(1‘1, 172) € R2.

y X2
[0,1] [1,1]
x = [x1,x2]
X2 S ®
I
[0,0] * R

Figure 1: The grey area is L.

In the sequel, if € L, then we denote its bounds
by z1 and xs, i.e. x = [x1,22]. In some occasions,
we will also use the notation « = [z,Z]. The length
x9 — 21 of the interval € L' is called the degree of
uncertainty and is denoted by z,. The smallest and
the largest element of £ are given by 0,1 = [0, 0]
and 1, = [1,1]. Note that, for z,yin L, x <, yis
equivalent to x <rr y and x # y, i.e. either 21 < 1y
and xo < s, or 1 < y1 and 2 < yo. We define for
further usage the set D = {[z1,z1] | 21 € [0, 1]}.

3. Aggregation functions on £

We denote from now on by N* the set N\ {0}. In
fuzzy set theory, aggregation functions are defined
as follows (see e.g. [16, 17, 18]).

Definition 3.1 An aggregation function A on [0, 1]

is a mapping A : | [0,1]™ — [0, 1] with the follow-
neN*
ing properties:

(al) A(z) =z, for all x € [0,1];

(a2) if x; < y; for all i € {1,2,...,n}, then
Az, ..., xn) < A(y1, .- ,Yn), for all n €
N* and for all (z1,...,2n),(Y1,-..,Yn) in
[07 l}n;

(a3) A(o,...,o) =0, for all n € N*;
(a4) A(l,...,l)

n times

=1, for all n € N*.

This definition is extended to interval-valued
fuzzy set theory as follows.
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Definition 3.2 [19] An aggregation function A on

L' is a mapping A : U (L))" — L with the fol-
neN*

lowing properties:

(A1) A(z) =z, for allx € L;
(A2) if x; <pr y; for all i € {1,2,...,n}, then

A(Ila s axn) SLI A(yla s ayn)f fOT alln €
N* and for all (z1,...,2n),(Y1,---,Yn) in
(Ll)n’.
(A3) A(OU, g .,o,y) — 01, for alln € N*;
—_—
n times
(A4) .A(l[;z, cey 1£1> = 1,1, for all n € N*,
—_—
n times

Let A be an aggregation function on £/ and N
an involutive negator on £/. The mapping A* :

U (LH)™ — L! defined by
neN*

A*(x1, ... xn) = N(AWN (21), ..., N (20))),

foralln € N*and x1,...,z, in L', is an aggregation
function on £, called the dual aggregation function
of Aw.r.t. N.

Aggregation functions on £/ can be constructed
in the following way. Let A; and Ay be aggregation
functions on the unit interval. Define the mapping
A: J (LH" —= L vy

neN*
A(Il, e 71‘,7,) = [Al((ml)la ey (l’n)l),
As((z1)2, -, (m0)2)],
for all n € N* and z1 = [(z1)1, (®1)2)y -y Ty =

[(zn)1, (1)2] in LT, Then A is an aggregation func-
tion on £! if and only if A; and A, are aggregation
functions on [0, 1] and A4; < As.

Not all aggregation functions on L* can be con-
structed in this way. Consider for example the map-
ping A: U (L*)" — L* defined by, for any ag-

neN*
gregation function A on [0,1], for all n € N* and
T1,...,Ty € LF,
A(.’El, ce 71’»,1) = [A((l’l)l, ey (.’En)l),

max(A((x1)1, (z2)2, ...
A((x1)2, (x2)1, (73)2, . - -

) (CCn)Q),
) (xn)2)a

ey

A((z1)2, -5 (Tn—1)2, (T0)1))]

ifn>1, and A(z1) = [A((x1)1), A((x1)2)] if n = 1.
Then A is an aggregation function on £/ which does
not belong to the previously mentioned class.

Definition 3.3 An aggregation function A on L'
is called representable if and only if there exist ag-
gregation functions Ay and As on [0,1] such that

A(.Zl, . ,l’n) = [Al((xl)l, ceey (xn)l),
Az((#1)2;-- - (wn)2)],
for all n € N* and for all x1 = [(x1)1, (x1)2], - -,

Tn = [(Tn)1, (Tn)2] in L.



Note that if a representable aggregation function
T on £! is a t-norm, then 7T is called t-representable
(see e.g. [20, 21]).

Definition 3.4 [19] Let n € N\ {0,1}. An n-
ary aggregation function A on L' is a mapping
A (L™ — LT with the following properties:

(A1) if x; <pr y; for all i € {1,2,...,n}, then
A(:Ela"'vx'n) SLI A(y17"'7yn)7 .for a’ll
(1, 2n), (Y1,.e s yn) in (L7

(AQ’) A(OLI,...7OLI) = OLI;

~———
n times

(A3) A(1LI,...,1LI) — 10

~———
n times

Note that any t-norm or t-conorm on £! is a bi-
nary aggregation function.

If A is an aggregation function on £, then the
mapping A, : (LY)* — LI defined by A, (z1,...,
r,) = A(z1,...,1,), for all (zq,...,2,) € (LT)" is
an n-ary aggregation function on £7. Conversely, if
for all n € N*, A, is an n-ary aggregation function
on L', then the mapping A : Unen- (LHr — Lt
defined by A(z1,...,z,) = Ap(21,...,2,), for all
(1,...,2,) € (L1)", for all n € N*, is an aggrega-
tion function on £!.

Example 3.1 Some examples of binary aggrega-
tion functions on £! are, for z, y in L':

(i) AALAE(x’y) =
Az (y1,22))],
(i) A4, a,(zy) =
Ag(w2,y2)],
(iil) A% 4, (zy) = [min(Ai(z1,92), A1 (y1,22)),

max(Az(z1,y2), A2(y1, 22))],
(iV) AA17A27A3,A4($,Z,I) = [A?)(Al(xlayQ)v
Al(ylva))vA4(A2(x17y2)7A2(y17x2))]7

where Ay, Ay, A3 and A, are aggregation functions
on [0,1] satisfying 4; < Ay and Az < Ay.

[A1(21,91), max(Az(z1, y2),

[min(A;(z1,y2), A1(y1,22)),

Definition 3.5 Consider an aggregation function

A: U (LH™ = L. Then A is called idempo-
neN*

tent whenever A(zx,...,z) =z, for alln € N* and
——

n times
zeLl;

4. Arithmetic operators on L'

Since we want to extend the OWA operators [6] to
L! , we need arithmetic operators on ol (or a super-
set of £). We define for further usage the sets

L' = {[z1,22] | (x1,22) € R? and 21 < 2},
D= {lz1,21] | z1 € R};

f/i = {[z1,22] | (x1,22) €
and 21 < za},

D+ = {[xl,xl] ‘ xr1 € [0,"‘00[}7

[0, +o0[?
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In general we consider two arithmetic operators
@®:(L")? - L' and ® : (L )? — L’ satisfying the
following properties,

(ADD-1) @ is commutative,

(ADD-2) @ is associative,

(ADD-3) @ is increasing,

(ADD-4) Opr @ a =a, foralla € LY,

(aDD-5) [, 0] @ [8, 8] = o+ B, + B, for all a, B
in R,

(MUL-1) ® is commutative,

(MUL-2) ® is associative,

(MUL-3) ® is increasing,

(MUL-4) 11 ®a=a, foralla € LL,

(MUL-5) [a, ] ® [B, B] [aﬁ,aﬁ] for all o, in

[0, +ool.

The conditions (ADD-1)—(ADD-4) and (MUL-1)-
(MUL-4) are natural conditions for any addition and
multiplication operators. The conditions (ADD-5)
and (MUL-5) ensure that these operators are natu-
ral extensions of the addition and multiplication of
real numbers to L7.

In [22] it was incorrectly stated that (ADD-5) is
given by “lo, ] @ [8,8] = [a + B, + f], for all
a, B in [0, +oo[”. However, the latter condition to-
gether with the condition “[o, @] ® [—a, —a] = 01,
for all « € [0, +o00[” is equivalent to (ADD-5). Simi-
larly, (MUL-5) can be weakened to “[o, o] ® [5, 8] =
[aB, aB], for all a, B in [1, 400 or for all @ € [1, 4+o00[
and B = é, or for « = 0 and for all 5 € [0, +o00[”.

Sometimes we will assume that & and ® sat-
isfy the following conditions instead of (ADD-5) and
(MUL-5):

(ADD-5") [a,a] ® b = [a+ b1, a0+ by, for all &« € R
and b e L7,

(MUL-5") [a, @] @ b = [aby, abs], for all a € [0, +o00]
and b e LL.

These conditions ensure that adding or multiply-
ing an interval with an exact element (an interval
with only one element, in other words an interval
which does not contain any uncertainty) does not
modify the amount of uncertainty in the interval.

The mapping © is defined in [22] by, for all z,y
in L7,

]-EI @x:[l—(EQ,l—(ﬁlL
1oy =100 ((l 1) ®Y)

(1)
(2)

Similarly, the mapping @ is defined by, for all z,y
in L1 400

|:1 1]
1£I®:r: R )
T2 T1

3)
(4)

The properties of these operators are studied in
[22].

x@Qy=110 (11 02)®Y).

Example 4.1 We give some examples of arith-
metic operators satisfying the conditions (ADD-1)—
(ADD-5) and (MUL-1)—(MUL-5).



e In the interval calculus (see e.g. [23]) the fol-
lowing operators are defined: for all z,y in L',

@y = [T+ y1, %2 + 2],

r Oy = [r1 — Y2, 22 — Y1,

Ty = [T1y1,x2y2), ifx,yin Efr,

x@yz[ﬂ,@}, if 2,y in L} .
Y2 Y ’

It is easy to see that these operators satisfy
(ADD-1)—(ADD-5), (MUL-1)-(MUL-5), (ADD-5’),
(MUL-5), (1), (2), (3) and (4).

e In [24] the following operators are defined: for
all z,y in L7,

x @pr y=min(z, + y2, 2 + y1), T2 + Y2,
rOpry=[x1 — y2, max(z1 — y1, T2 — Y2,
rQpry = [x1y1, max(x1y2, T2Y1 )],

. .7
if z,y in L,

. (T1 T2\ T2

X ®L1 Yy = [mln(iv 7)) 7i|a
Y1 Y2 Y1

if z,y in I,/{H)

It was proven in [24] that these operators sat-
isfy (ADD-1)—(ADD-5), (MUL-1)—(MUL-5), (ADD-
57), (MUL-5"), (1), (2), (3) and (4). In [25] these
operators are used to define additive and multi-
plicative generators on £! and it is shown that
the only t-norms that can have a continuous
additive generator based on this addition are
pseudo-t-representable t-norms.

5. Characterizati_on of the arithmetic
operators on L/

In this section we give a characterization of the ad-
dition operators that satisfy (ADD-1)-(ADD-5) and
(ADD-5").

We define the set D' = {[—aq9,20] | 22 €
[0, +oc[} and the mapping d : L' — D’ by d(z) =
[% M] for all z € L.

_ X2
/ A
D 7/
/ RE T [x2,x2]
, |
/// :
. l (AR xin)
d(x) | 7072
7’ |
// !
7/
/// [xlvxl} X
o [0,0]

// [—xz,—xl]

Figure 2: The elements d(z) and [%, %]

Theorem 5.1 Let ©p : (D)2 U (D x L) U (L' x
D) — L' be a mapping which satisfies the following
conditions:
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(D1) @©p is commutative,

(D2) for any x,y,z in D', x®py <pr (t®pz)Bp
[ly2 — 22|, [y2 — 22l], _ _

(D3) for anyx = [x1,21) € D andy € L', x®py =
y@px = [T1+ Y1, 21 + Y]

Define a mapping @ : (L')?> — L’ by, for all z,y in
L,
Dy
z®©py, if (zr,y) € (D)
U (D )U (LT x D),

x L1
= [371 +x2+y1 + Y2 (5)

1 +x2+y1+y2} else
2 ’ ’
If furthermore
(D4) for all (x,y,2) € (DUD')?, z@® (y @ 2) =
(zDy) @2,

then @ satisfies (ADD-1)~(ADD-5) and (ADD-5).

Conversely, if ® : (L) — L' satisfies (ADD-
1)~(ADD-5) and (ADD-5’) and ®p is defined as
©p = @|(D’)2U(BXEI)U(EI><D)’ then (Dl)i(D4) and
(5) are fulfilled.

Moreover, @ is continuous iff ®p is continuous.

Theorem 5.1 shows that any addition operator &
on L' which satisfies (ADD-5") is completely deter-
mined by its action on D’.

6. The arithmetic and quasi-arithmetic
mean

In this section we will extend the arithmetic mean
and the quasi-arithmetic mean to £!. Before we do
so, we first give some additional properties of the
arithmetic operators on L.

Lemma 6.1 Assume that @ and ® satisfy (ADD-

1)-(ADD-5), (MUL-1)~(MUL-5), (ADD-5’) and (MUL-
5). If for all o, B in R and c € L' it holds that

8, 8]) = (c®[B,8]),

then for all a and b in L' it holds that

c® ([a,a] ® (c®[a,a]) &
a®b=ar +bi,as + ba].

In a completely similar way we obtain the following
result.

Lemma 6.2 Assume that @ and & satisfy (ADD-

1)-(ADD-5), (MUL-1)~(MUL-5), (ADD-5’) and (MUL-
5). If for all a, B in R and ¢ € L!_ it holds that

[8,8]) = (c® (c®[8,B]),

then for all a and b in fji it holds that

c® ([a,a] ® [a,a]) &

a®b= [a1+b1,a2+b2}.



Theorem 6.3 Assume that ® and ® satisfy (ADD-
1)=(ADD-5), (MUL-1)—(MUL-5), (ADD-5’) and (MUL-
5). For all a, b in R and c € L' it holds that

c® ([a,a] ®[b,b]) = (c® [a,a]) ® (c® [b,b]),
iff for all a and b in L' it holds that
a®b=[a; + by1,as + by].
A similar result holds for L’. Furthermore:

Theorem 6.4 Assume that ® and ® satisfy (ADD-
1)-(ADD-5), (MUL-1)~(MUL-5), (ADD-5’) and (MUL-

5). For all a, b in R and c € L. it holds that
c® (la,a] ® [b,b]) = (¢ ® [a,a]) & (c® [b,b]),
iff for all a and b in L' it holds that
a®b=[a; + by,as + by].
Lemma 6.5 Assume that @ and ® satisfy (ADD-

1)-(ADD-5), (MUL-1)~(MUL-5), (ADD-5’) and (MUL-
5). If for all n € N* and x € L' it holds that

[nn@r=x®... ¢a,
—_———

n times

then for all a and b in L' and n € N it holds that

([n,n] @ a) @ ([n,n] ®b) = [n,n] @ (a © D).

Lemma 6.6 Assume that @ and ® satisfy (ADD-
1)~(ADD-5), (MUL-1)~(MUL-5), (ADD-5’) and (MUL-
5). If for a certain n € N* and x € L' it holds
that
[nn@r=xd®... ¢z, (6)
—_———
n times
then also
[n,n] @d(z) =d(z) & ... dd(x),
—_—
n times
where d is the L' — D' mapping defined in Section
.

Lemma 6.7 Assume that ® and ® satisfy (ADD-
1)~(ADD-5), (MUL-1)~(MUL-5), (ADD-5’) and (MUL-
5). For alln € N* and x € L' it holds that

[nn@r=xd... Oz,
—_———
n times

if and only if

[n,n]@d(x) =d(zx) ®...dd(x).
—_——

n times

(7)

Theorem 6.8 Assume that ® and ® satisfy (ADD-
1)~(ADD-5), (MUL-1)~(MUL-5), (ADD-5’) and (MUL-

5). If for alln € N* and v € L (orz € L) it
holds that

[nn]@r=z&...0x,
—_———
n times

then
T @y = [r1+y1, 2 + Yo,
for all z and y in L.
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In a similar way, we obtain the following results.

Theorem 6.9 Let a and b in D with a <y b.
Assume that @& and ® satisfy (ADD-1)—(ADD-5),
(MUL-1)~(MUL-5), (ADD-5’) and (MUL-5"). If for all
n € N and x € L' (resp. v € {x | v € L' and
x >pra and x <pr b}) it holds that

n,n]@r=x&...0x,
———

n times

then
Dy = [21+ Y1, T2 + Y2,

forallz andy in L' (resp. {x |z € L' andx >1r a
and x <pr b}).

It is clear that for any choice of @ and ® satisfy-
ing (ADD-1)—(ADD-5) and (MUL-1)—(MUL-5) respec-
tively, the arithmetic mean AM defined by

AM(zq,. .., 2) = [l H Q1D ... D xy),

n’n

for all n € N* and z1, ..., 2, in L', is an aggrega-

tion function on £Z.

Lemma 6.10 The mapping AM defined above is
an idempotent aggregation function on L' if and
only if
[nyn@r=zd.. ®a,
—_————

n times

for alln € N* and xz € L.

Theorem 6.11 The mapping AM defined above is
an idempotent aggregation function on L' if and
only if

TPy = [21+ Y1, T2 + Y2

for all x and y in L.

We try to extend the quasi-arithmetic means
[26, 27, 28] to L£!. We consider a continuous, strictly
monotonic function f : LY — L’ for which the in-
verse is also strictly monotonic. We explicitly re-
quire the monotonicity of the inverse because unlike
for R — R functions this does not follow from the
other two conditions. For example, the mapping

@(x):{[\/ﬂ+

1£I, ifl‘:1£I

xli\/ﬁ(l —l‘g),xg 5 if T 79 1LI

17111

is a continuous, increasing permutation of L! for
which the inverse is not increasing. On the other
hand if the inverse of a continuous, strictly mono-
tonic function f is monotonic, then the type of
monotonicity is the same for f~! as for f, e.g. if
the inverse of a continuous, strictly increasing func-
tion is monotonic, then it is also increasing.
Let n € N*. Define the function

M?(J?l,...,],‘n)
= (G ile(f@)e...

for all x4, ..

Y
., Ty in L7,



Theorem 6.12 Let f be a continuous, strictly
monotonic function with strictly monotonic inverse.
The mapping M7 defined above is an aggregation

function on L' if and only if

n,n] @ f(O0zr) = f(0gr) @ ... @ f(Orr),
[TL,TL} ®f(1£1) = f(].ﬁl) D... @f(].ﬁl) .

If we require that the quasi-arithmetic means are
idempotent, then we obtain the following result.

Theorem 6.13 Let f be a continuous, strictly
monotonic function with strictly monotonic inverse.
The mapping M’ defined above is an idempotent

aggregation function on L' if and only if

[n,n] @ f(z) = flx)& ... & f(x),

n times

for all z € L.

Corollary 6.14 Let f be a continuous, strictly
monotonic function with strictly monotonic inverse.
If for all a, B in R and c € Li it holds that

8,8]) = (c®[B,8]),

and if range(f) C L%, then the mapping M de-
fined above is an idempotent aggregation function
on LT.

c@(lo,a] @ (c@[,a])®

Lemma 6.15 Let f : LT — L' be a continu-
ous, strictly monotonic function with strictly mono-
tonic inverse. Then for all @ € [0,1] it holds
that (f([a,a]))1 = (f([e, 1)1 and (f([, a]))2
(f([0,0]))2 if f is increasing, or (f([a,a])) =
(F(10.a))1 and (f(fasal))s = (f(la,1))a if f is

decreasing.

Corollary 6.16 Let f: L' — LT be a continuous,
strictly monotonic function with strictly monotonic
inverse. Then f([0,1]) = [(f(0z1))1, (f(1zr))2] if f
is increasing, and f([0,1]) = [(f(1z1))1, (f(0zr))2]
if [ is decreasing.

Corollary 6.17 Let f : L' — L' be a continu-
ous, strictly monotonic function with strictly mono-
tonic inverse. Then f is a bz’jection from LT to
{[r1,22] | (21,22) € [0,1]% and x1 > (f(0z1))1 and

f f(0
22 = (f(ler))e] and o = Efglzj;;f Efﬁoiﬁiif(

(f(0z)1) + (f(Opr))2} df f s mcreasmg, and
{[z1,22] | (x1,22) € [0,1)2 and z1 > (f(1z1))1 and

fa f(0
2o < (f(0z1))o] and xz > gfglzjggj G (21 —

(f(Ocr)) + (f(Ozr))2} if [ is decreasing.

Note that in Corollary 6.17 the range of f
is a triangle with corners f(Ogr), f(1gr) and
[(f(0zr))1, (f(1zr))2] if f is increasing, and f(0,r),
f(gr)and [(f(1zr))1, (f(0z1))2] if f is decreasing.
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Theorem 6.18 Let f : L' — L be a continuous,
strictly monotonic function with strictly monotonic
inverse. Then there exist strictly monotonic func-
tions f1, f2 : [0,1] — R with the same type of mono-
tonicity as f such that for all x € LT,

f(@) = [fi(@1), fa(22)],
if f is increasing, and
f(@) = [fi(x2), f2(z1)],

if [ is decreasing.

Theorem 6.19 Let f : L' — L be a continuous,
strictly monotonic function with strictly monotonic
inverse and for which f(D) C D. Consider the

mapping My : Upen-(L))™" — LT 1 (21,...,2,)
MG (@1, ), for alln € N* and (z1,...,2,) €
LY. Then My is an idempotent aggregation func-

tion on L' if and only if
r®y = [r1+y1,72 + Y2,

forallx andy in {x |z € L' andx >pr inf(f(0z1),
f(zr)) and @ <prsup(f(0cr), f(1z1))}-

Theorem 6.18 and Theorem 6.19 show that M
is an idempotent aggregation function iff M is rep-
resentable. This is one of the aggregation functions
which can be obtained with the construction of Be-
liakov et al. [15]. They showed that in their class of
generalizations of the quasi-arithmetic mean to £'
the representable extension is the only one which is
compatible with the quasi-arithmetic mean on the
unit interval.

7. The OWA function

The OWA function on the unit interval is defined
as follows.

Definition 7.1 [6] Let n € N*.
vector w = (w1, ..., wy,) € [0,1]"

n
Zwi =1
i=1

the ordered weighted averaging (OWA) function
OWA,, : [0,1]™ — [0,1] associated with w is de-
fined by

For any weight
such that

OWA,(z1,...,x,)

= Zwixm
=1

where (r1,...,7,) € [0,1]" is reordered as x(1) <

In order to extend the OWA function to interval-
valued fuzzy sets, we must find a way to extend
the ordering of input values in [0,1] to input val-
ues which are intervals and which therefore may be
incomparable.



If we consider 1 = [z,,Z1], ..., Tn = [2,,,Tn) In
LT as fuzzy truth values [29, 30], i.e. as mappings

x; 10,1 = [0,1] :
ur— 1, Yu € [z,T)],
u+— 0, else,

and if we apply Zadeh’s extension principle, then
we obtain

2y (u) = sup{min(z1 (u1), ..., Tn(u,)) |
(u1,...,u,) €[0,1]" and u = u(;)}
= [23:), T(h));
where z;) denotes the i-th smallest element of

{z,,...,z,} and T(;) denotes the i-th smallest el-
ement of {Ty,...,Tn}.

Definition 7.2 Let n € N*. Assume that & and
® satisfy (ADD-1)—(ADD-5), (MUL-1)~(MUL-5) and"
Opr @z = 0p1 for all x € LY. For any weight vector
w= (wi,...,w,) € (L)" such that

n
@wi = 1£1
i=1

the ordered weighted averaging (OWA) function
OWA,, : (L") — L' associated with w is defined
by

n

OWAy (@1, ... 1) = P(w; ® 2(3))
i=1
where (z1,...,2,) € (L))" is transformed to
1y <pr .- Spr Ty using the above construction.

It is easy to see that the OWA function on the
unit interval is idempotent. We now check under
which conditions the OWA function on £! is idem-
potent.

Theorem 7.1 Assume that ® is continuous and
satisfies (ADD-1)~(ADD-5) and (ADD-5). Then for

all z and y in LT,
r®yeED < x€Dandyc D.

As a consequence of Theorem 7.1 we have that
@p_qw; = 1lgr implies that w; € D for all ¢ €
{1,...,n}. In other words, the weights of an OWA
function on £! cannot contain any uncertainty (if a
continuous addition operator is used).

We say that a function f : (LY)" — L! is a join-
morphism if forall k € {1,...,n} and (21,..., 251,
Thy Thy Thot 15 - - - Tp) € [0,1]"F1 it holds that

f(xh cee 7xk717sup(xkum;g)7xk+lv .. wwn)
=sup(f(x1,. ., Tp—1, Thy Tht1,---,Tn),
F(@1, e B 1, Ty Theg 1y - - -, )

If we replace sup by inf in the previous definition,
then we obtain the definition of a meet-morphism.

INote that this condition is satisfied if ® satisfies (MUL-
5’).

Theorem 7.2 Let A be a binary aggregation func-
tion on L1 which is idempotent and both a join- and
meet-morphism. If for all x1 and xo in [0, 1] it holds
that

(A([xlv 1]7 [070]))1 = (-A([xlu 1]7 [07 1]))17
(A([(),:L'Q]v [07 1]))2 - (A([O,JZQ], [17 1}))27

then there exist aggregation operators A1 and As on
([0,1], <) such that Ay < As and

Az, y) = [A1(z1,91), A2 (22, y2)],
for all x and y in L'.

It remains an open problem whether Theorem 7.2
can be generalized to n-ary aggregation functions
with n > 2.

Define the mapping OWA,, : (L1)" — L by

(’)WAw(a:1, cen ,xn)

= P(lwi, wi] @ 2
i=1
— [OWAw(2y,...,2,), OWA Y (Z1, . .., 7)),

for all (z1,...,7,) € (L))", where OWA,, is the
OWA function defined on the unit interval as-
sociated with w = (wq,...,w,) € [0,1]" with
ZZL:I w; = 1, and @ is the representable addition
operator (the first example in Example 4.1). In
light of Theorem 6.11, Theorem 6.18, Theorem 6.19
and Theorem 7.2, we put the conjecture that the
only extension of the OWA function to £! using the
arithmetic operators on £! which is idempotent, is
the representable extension OWA,,. Beliakov et al.
[15] have given a similar extension of the OWA func-
tion, but instead of extending the ordering mecha-
nism using Zadeh’s extension principle, they use a
total order based on the score and the accuracy of
elements of £1. This extension of the OWA function
is not representable. They have shown that in their
class of generalizations of the OWA function, this
extension is the only one which is consistent with
the OWA function on the unit interval.

8. Conclusion

In this paper we have extended several well-known
aggregation functions to £, the underlying lat-
tice of interval-valued and Atanassov’s intuitionistic
fuzzy set theory. First we have shown that under
several different conditions the arithmetic operators
on L! are t-representable. This fact has been used
to prove that any extension of the arithmetic mean
and the quasi-arithmetic mean to £! using arith-
metic operators on £ is t-representable if and only
if it is idempotent. We have in general shown that
idempotent binary aggregation functions which are
join- and meet-morphisms and which satisfy some
additional properties are t-representable. We have
extended the ordering procedure of the input values
to £! and given a proposal for the construction of
the OWA function on £!.
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