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Precoding for Coded Communication on Block
Fading Channels and Cooperative Communications

Dieter Duyck, Joseph J. Boutros, and Marc Moeneclaey

Abstract—We study precoding for the outage probability the structure ofP so that it can be easily constructed for all
minimization of block fading (BF) channels and BF relay chan B, The results can be applied to cooperative communications,
nels. Recently, an upper bound on the outage probability wit —\yhich is shown in the last section. The work presented here is

precoding was established for BF channels, but only for high " di but terial h th it
instantaneous SNR. This upper bound is much easier to minirae partly covered in[[F], but new material such as the necessity

than the actual outage probability, so that optimal precodng Of & new proof for low SNR and the application to cooperative
matrices can be determined without much computational effd. communications is added.

Here, we provide a proof for the upper bound on the outage

probability at low instantaneous SNR. Next, the structure @ the

precoding matrix is simplified so that it can be easily constucted 1. A NEW CHANNEL EQUATION FORBF CHANNELS
for an arbitrary number of blocks in the BF channel. Finally,
we apply this technique to cooperative communications. The transmitter output is a real or complex vector=

[x(1),...x(B)] wherex(b) = [z(b)1,...,z(b)n] is the b-
th part of the transmitted vector. The received vector aed th
noise vector are similarly represented. The channel is mgmo

A block fading (BF) channell]2] withB blocks is a less with additive white Gaussian noise and multiplicata
useful model for all channels that consist of parallel sulfading (Rayleigh distributed). The fading coefficients ardy
channels (e.g. via time-interleaving, frequency hoppiHg, known at the decoder side (no CSIT) where the received signal
ARQ, OFDMA or cooperative communications). The outageector isy(b) = apx(b) + w(b), b= 1,..., B, where the
probability limit [2], [13] is a fundamental and achievableading coefficienty, is independent and identically distributed
lower bound on the average word error rate (WER) of codgi.d.) from block to block. The noise vectev(b) consists of
systems without channel state information at the tranemittV/ B independent noise samples which are complex Gaussian
(no CSIT). By choosing a well designed precoding maffix distributed,w(b),, ~ CN(0, %), where~ is the average SNR.
the outage pfObabig’% can be minimized. This minimization The transmitter output is obtained after component in-
requires a multivariatebrute force optimization, involving a terleaving combined with linear precodingl [3[.] [8]. In our
Monte Carlo simulati(ﬂ] for each evaluation of the outagecase, each string of: bits is mapped to one o/ = 2™
probability, which is intractable. The minimum pI‘OdUCt-diSpoints belonging to a B-dimensional real or Complex space;

tance approach, proposed in [1]l [3] and extended by le.§. [XRe corresponding B-dimensional M-point constellation is
for MIMO, is not suitable for coded schemes because it opttenotedM/-RZ or M-CE, respectively. Denoting as, =

mizes the bit error rate of uncoded constellations trariedhit [z(1)p,...,2(B),]T the B-dimensional vector that results
on ergodic fading channels. Fortunately, a useful uppentoufrom mapping the n-th string ofn. coded bits, the linear
on the outage probability was established [6], [5], which Cqrecoding involves the computation
be optimized with a small computational effort (a few secnd

I. INTRODUCTION

) . N
with the current computer resources). The proof for thisaupp Xy, = Pzy,, n=1,..., B’ (1)
bound was given in]6] for high instantaneous SNR only.

Here, we analyse this upper bound and show that the prayere the symbolgz(b),,b = 1,..., B} are the components

for high instantaneous SNR is not sufficient. Next, a co®f the multidimensional symbaok, (we similarly consider
struction method for the precoding mattX s lacking when ¥n» and wy), which belongs to the3-dimensional M -point
B > 3. We provide a proof for low SNR and we elaborate ofonstellation(2,..
A precoding matrixP that is unitary is an obvious choice
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Fig. 1. Displaying the rotation at the transmitter fBr = 2. The empty

(filled) circles represenf2. (€2.). The components of,, can be obtained by

scaling the components,, by their respective fading gain. The crosses on ¢

the coordinate axes are the transmitted vector components. 0 Qe 10
o

Outage boundary

Fig. 2. The outage boundary limits the regibp (coloured red) in the fading
space which corresponds to an information theoretic outsgat. The points
{apo, b = 1,...,B} and e are shown forB = 2, Q. = 4-R? and

of any circulant matrix, we can construetas follows: 6 = 10°. The information rate iR = 0.9 bpcu. The average SNR is fixed
to v = 8dB.
P =FAFH, (2)
where (F)n,, = — exp (=2zmn) m,n € {0,...,B — 1},
and A is a diagonal matrix containing the eigenvaluesiof Il METHOD TOUPPERBOUND OUTAGE PROBABILITY

The condition forP being orthogonal is\” A = I, or the  For the remainder of the paper, we drop the indein
B eigenvalues of” must have a squared magnitude of 1. lhe vectorsz,, x,,, tn, y. and w,, as the time index is

is easy to find that not important when considering mutual information. We writ
B-1 _iornl random variables using upper case letters corresponding to
Ap = Z Piexp ( J > , (38) the lower case letters used for their realizations. The aiutu
=0 B information’ («, v, P) at a certain fading poink between the

transmitted B-dimensional symbok and the corresponding

Now, it follows that i o
received vectoy is given by [8],

B-1 .
1 j2mml 1 1
n= 2 e (P57 @ I(en, PO = LI(X: Y]ay) = ST Y]a,), (6

where the last term corresponds with Eg. (5), and where the
a’3’(.‘3aling facto% is added because the blocks in the channel
timeshare a time-interval.

The outage probability is the probability that the instanta
neous mutual information is less than the transmitted tate.
other words, the outage probability corresponds to the ket o

Fig.[ illustrates the effect of precoding fét = 2 when a fading gains where the channel is sufficiently bad (the ceinn

4-R? constellation is used &3.. In that case), is a rotated is in outage:

version of Q. = 4-R2. When received at the destination,

the components ok, are affected by their corresponding Pout(7,9Q, P, R) :/ pla)da, (7)
fading gain and noise. Consider the vectgr = o - x,, = aEV,

[a12(1)p, ..., apz(B),], which belongs to the constellationwhereV;, is the region of fading gains in the fading space
., which we denote as thfadedconstellation. Note that this [4] such thatI (e,y,P,Q.) < R. The regionV, is lim-
constellation is different for each codeword, becausedtisg ited by an outage boundaryB,(v, P,(2., R), defined by
point a changes. I(a,7, P,Q,) = R (Fig.[2).

Definition 1: We definea; , by the magnitude of the inter-

section between the outage boundary and the axisMore
7 ﬁ ) precisely,/ (a|ai:07i¢b,_ab:ab,o,% P,Q.) =R.

B Definition 2: We definea, as the value of the components
Depending on the set of fading poirdsthat is considered, the of the intersection between the outage boundary and the line
constellation(2; at the input of this Gaussian vector channel; = ... = ap (also known as thesrgodic ling. More
varies. This new channel equation gives more insight andpgecisely,/ (a ai=ae,i€[l,...B) V> b QZ) = R.
important in the new proofs proposed here. In the remainder of the paper, we denote the points

As the eigenvalues must have a magnitude of 1, we h
An = exp(j6,). In order to obtain a real-valuelt, we take
Ao € {1} and A g_,, = (A\,)* (i.e., 05—, = —0,) for n =
1,...,B—1. For B > 2, P is determined by| (B — 1)/2)]
continuous parameters that can be optimized.

This system is better modelled by the channel equation

Yn=tn,+w,, n=1,...




O, =0,ib,0p =0y, OY Qo ANA |, —q, icl1,.... B DY ce. The  where we exploit thaC' is an orthogonal matrix.
defined points are illustrated in Figl 2 fé = 2. Consider the matrixx, x(V), ..., x(B=Y). As the(i+1)-th
In the following proposition, we determine a sufficientow is obtained as a cyclic shift to the left of theh row, the
condition for the pointsa;, , to have the same magnitudeset of components in a row is the same for each row. A con-
stellation point inQ2, of the type(z, z, ..., 2)T is transformed
Proposition 1: On a BF channel withB = 2, with a dis- into a constellation point if2, of the type(xz,z,...,x)". We
crete input alphabet and with linear precoding, the mageu conclude that the projection of the constellatiop on any of
{as,0, b = 1,2} are equal if the constellation is invariant undethe coordinate axes yields the same set of points. [ |
a rotation of90 © and the precoding matrix is orthogonal. In the remainder of this paper, it is assumed that the con-
On a BF channel withB > 2, with a discrete input alpha- stellation used at the transmitter fulfils Prdd. 1. The mag-
bet and with linear precoding, the magnitudgs, ,, b = nitudes {ay,,b = 1,...,B} are then simply denoted by
1,...,B} are equal if the constellation is invariant under a,, and the pointsa,, , by «,. This also means that the
cyclic shift of the components of the points of the constedta projection of Q, on either coordinate axes yields the same
and the precoding matrix is an orthogonal circulant matrix.set of points, which we denote h§,, wherep stands for
Proof: The points{a; ., b =1, ..., B} correspond to the projection. Multidimensional constellations fulfillingrép. [
case that all fading gains are zero, except one, whose v@ludave an interesting property:(X (b); Y (b)|ap = «,y) does
the scaling factor of the projection of the multidimensionanot depend orb. As a consequence, we represent this mutual
constellation on the b-th coordinate axigb), so that the information byIs, (a*v, P,2.).
mutual information between th& and Y is equal to the  From Eg. [7), it is clear that the outage probability can be
spectral efficiencyBR. In other words, if the projection of upper bounded by, corresponding to a boundasy,,,, outer
the multidimensional constellation on each coordinates axboundingB, (v, P, 2., R):
yields the same set of points, then the magnitudes of theégoin
{apo,b=1,...,B} are equal. Py, = / pla)de, 9)
First, we restrict our attention to the case thHat= 2. aEVup
Consider the constellation poimt? = (u(?(1),u(V(2)) € whereV,, is the region limited byB,,. In [6], a boundary
Q.. The projection of the multidimensional constellation owith a simple shape outer boundinB, (v, P, 2., R) was
each coordinate axis yields the same set of points if fdetermined, which is then much easier to optimize. A surface
each pointz(?, the pointsz) = (uU)(1),u)(2)) and in the fading spacd/(a) = 0, outer boundsB, (v, P, (2., R)
2@ = (u@(1),uD(2)) exist,i,j,q € [1,...,2™]; j4,q # 14, if and only if

so that I(a,~,P,Q.) > R, for all a satisfyingU(a) = 0. (10)

cos(9)u (1) — sin()u (2) = sin(9)u'? (1) + cos(9)u'”(2)  Here, the new channel equation, Eg. (5), is used. By showing
{ sin(0)u (1) + cos()u'” (2) = cos(0)u'? (1) — sin(0)u'?(2).  that for all a satisfying U(c) = 0, the constellatior(; is
In other words,z((1) = 20)(2) and 2 (2) = 2@ (1), distorted in such a way thd{T; Y |«,y) > BR, it is proved
where x(, x(?) and x(? are the corresponding points offatU(e) = 0 outer boundss, (v, P, 2., R).
2).2() and 29 in Q,. It can be easily verified that this. _For example,forgeneraB and for high mstan_taneous SNR,
is always fulfilled if it is proved in [6] that aB-hypers_phere touching the _outage_z
boundary on the axes of the fading space, hence with radius
(@ (1), u(2)) = (9 (2), —u (1)) o, Outer boundsB, (v, P,Q., R). A B-hyperspheré/(a;) =
(u®(1),u(2)) = (—u(@(2),u(D(1)), 0 is a generalization of a sphere @ dimensions,

or in other words, the constellation is invariant under ation B

of /2, which proves what was claimed. Ul@) =Y aj —al. (11)
Now consider the case thaB > 2. Consider theB- b=1

dimensional constellatiof, that containsM points. When The proof was based on the approximation of the mutual

z belongs to(2., then alsoz("), ... z(5~1 belong to€)., information(T;Y|a,~) at high SNRI[1L], [14]

wherez(®) is obtained fromz by a b-fold upward cyclic shift

of the components of: z(*) = Cz, whereC is obtained asa I(T;Y|a, ) ~m — Q%Q(dmm(a%/vﬂ), (12)

cyclic shift to the right of the columns of thB x B identity
matrix. Note that the number of constellation points doeis nohere d,,.;, () is the minimal distance of the constellation
need to be a multiple oB: a subset of the constellation may, and K is the number of pairs of points at minimum
consist of an arbitrary number of constellation points & thdistance in2the constellatidn;. The SNR considered i [11],
type|(z, z, ..., 2]7 which remain invariant under a cyclic shift.[14] is JEE[[I‘vth\}] = ~|a|?. Because only the fading gains on
Consider an orthogonal circulait x B precoding matrix the hyperspherd {11) are considered, we havg = o2,
P. Therefore,P = CPC" (a circulant matrix remains the From the definition ofa, (Def.[D), va2 is constant, so that
same when applying a left cyclic shift to the columns and NT; Y| = o, y) = Is, (ag% P, QZ) = BR. For example,

upward cyclic shift to the rows). The transformationzéf is . . . o? s
P y ) in Fig. @, we show the mutual mformatlow

Pz = PC%z = (CPCT)C’z = ... = C*Pz=x", (8) corresponding witlf). = 8-R2. Itis clear thatya? is between




& over the random vectow can be replaced by an expectation
overyw, whereyw ~ N(0, 21) (I is the identity matrix) for a

] fixed v. Therefore, we can drop all terms that are proportional
to E..p)[yw(b)], Vb, and replacek. ) [(yw(b))?] in all
terms proportional toE.,,, ) [(w;(b))?j by 2. Now, after

12

09 |....Consideredrate R

Mutual information

some calculus,we obtain

B
Yo Var(Xy) 2
=00 —— I (a,v,P, ) = + o(vyayi),
o 62100 b ( 0 ) BlOg(2) ; (’7 b)
6=20.0 -+~ -
0-30.0 B whereVar(X (b)) is the variance of thé-th component of the
tf 6=40.0 points of constellationf2,.. The validity of this approximation
03 - c " " " for small instantaneous SNR has been verified numerically.

a2y As the projection of(2, on either coordinate axis yields

) ) ) the same set of points, this variance is independenb. of
Fig. 3.~ The mutual informatiorf (ex = cxo, 7, ) = SO Hence, for small instantaneous SNR, the mutual information
sponding withQ2, = 8-R* is shown for each instantaneous SNRZ. The . . .

rate R = 0.9 is achieved fora2y € [8,14] dB, depending on the rotation '€émains constant for the set of fading points Wh@é:l o
angled. is constant. By the definition ofi,, it is clear that for low
SNR, the outage boundary coincides with the hypersurface of
_ . the B-hyperspher& . | a? = a2, [

8 dB and14 dB, depending on the rotation angleTwo SNR It is now proved that in both SNR regimes, the outage
regimes are visible in the mu_tual information,_one for h_iQBoundary is outer bounded by the considefdiypersphere.
SNR and one for low SNR, in which the optimal rotationryis guter boundary corresponds with an upper bound on the
angles are different. The appropriate regime depends on igage probability. Minimizing this upper bound is simply
considered rate?. So limiting the analysis of (T; Y|, 7)  achieved by minimizing:2. Summarizing, the optimal rotation
to the high SNR regime, as in Ed.{12), is not sufficient igngles are different in both SNR regimes (Fig. fig: high SNR),
general. Therefore, we provide an additional proof for loy, are obtained with the same optimization procedure, kvhic
SNR in the next section. is therefore valid for all spectral efficiencies.

Is, (a27,P)

IV. AN UPPERBOUND ON THE OUTAGE PROBABILITY V. APPLICATION TO COOPERATIVE COMMUNICATIONS

Here, we show that also for low instantaneous SNRx(?), Y"e

denote th t babilit timized ab b
the outage boundary is outer bounded by the hypersurfacefp enote tne oulage propabiily opumized avove by

i S 5 , wut.ptp(77), Where ptp stands for point-to-point. The op-
an gﬁ%eir?phsft(())ugbnngln aj"BNOte thatylaf* — 0 if timization of the upper bound is covered inl [6] and not
Yoy , =1,...,B.

. . repeated here. Summarizing, it consist of choodthgo that
Proposition 2: On a BF channel at low instantaneous SNR,2 15 (BR,P.)
D

with a discrete input alphabet and with linear precoding, t*o = 5 is minimized. The mutual information

outage boundanB, (v, P,Q2., R) is outer bounded by the s, (.) only concerns one subchannel, so that its evaluation

hypersurface of thé3-hypersphere? + a2 + ... + a% = a2 does not require much computational effort.

touching it at the axes of the fading space. We apply Prop[12 to cooperative communications] [15],
Proof: Consider the mutual informatiah(c, v, P) of the  [9], [10]. Consider for example the relay channel, the most

constellation(2;, given the fading gainex (Eq. (8)) [8]: elementary example of a cooperative network. In the case
of coded cooperation [9], the relay (R) decodes the message
m

I(a,v,P,Q,) = 5 ?m Z Eyx 109, (f(ct, Q. y))] rec_eiveo_l from the source (S), and then transm_its _additional
xe9, parity bits, related to the message, to the destlnatlonE(D)
The transmission of a codeword is organized in two frames
where f(a,Q,,y) = and which form together one block. In the first frame of a block,
d*(v,u) = Zszl lu(b) — u(b)|*. The expectatior€, . can S broadcasts the first part of the codeword to R and D. In the
be replaced by an expectation over the noBg, w(b) ~ second frame, R cooperates and sends additional paritjf bits
N(0,1/(2v)). The argument of the exponential functions cait is able to decode the transmission of S in the first frame.
be simplified, so that Hence, two cases are distinguished, depending on whether R
m o-m is able to decode the message from S. We denote the case that
I(a,v,P,Q.) = 5B Z Ew [log, (f(, 22, w))], R can decode the message from Schyand the other case by
xEQ, co. The S-R channel, S-D channel, and the R-D channel are
modelled as memoryless with additive white Gaussian noise
and multiplicative real-valued fadingvfgr, asp and agp
respectively) which is Rayleigh distributed. The averabjRS

Y eo (@ (v 00%)—d* (y,e0x"))
x x

wheref (o, Q,, w) = ZX’GQI e—vd (ax,ax )+, f2(0) gnd
f2(b) = 2yw(b)ay(xz(b) — 2/(b)). This expression can be
further simplified by approximating the exponential funat

and logarithms by their respective T"f‘ylor series for Sr_na”3We do not claim the optimality of coded cooperation on relagrmels,
vag, Vb =1,..., B. Next, the expectation of the expressiomnhich only illustrates the applicability of our work to comptive channels.



are denoted byisr, vsp andvyrp, respectively. We consider channel with the smallest average SNR, then the hypersurfac
the simple case whergsp = vrp = vu, Whereul stands for now only touches the outage boundaryaat ,, so that only
uplink, and the length of both frames are equal. The fadirlgis magnitude should be optimized.

gains are constant during at least 2 frames. Hence, the®utag
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