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Abstract

We consider the modified simple reacting spheres (MSRS) kinetic model that, in addition to the
conservation of energy and momentum, also preserves the angular momentum in the collisional
processes. In contrast to the line-of-center models or chemical reactive models considered in [1], in
the MSRS (SRS) kinetic models, the microscopic reversibility (detailed balance) can be easily shown
to be satisfied, and thus all mathematical aspects of the model can be fully justified. In the MSRS
model, the molecules behave as if they were single mass points with two internal states. Collisions
may alter the internal states of the molecules, and this occurs when the kinetic energy associated
with the reactive motion exceeds the activation energy. Reactive and non-reactive collision events
are considered to be hard spheres-like. We consider a four component mixture A, B, A*, B*, in
which the chemical reactions are of the type A + B = A* + B*, with A* and B* being distinct
species from A and B. We provide fundamental physical and mathematical properties of the MSRS
model, concerning the consistency of the model, the entropy inequality for the reactive system, the
characterization of the equilibrium solutions, the macroscopic setting of the model and the spatially
homogeneous evolution. Moreover, we show that the MSRS kinetic model reduces to the previously
considered SRS model (e.g., [2], [3]) if the reduced masses of the reacting pairs are the same before
and after collisions, and state in the Appendix the more important properties of the SRS system.
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1 Introduction

The investigation of chemically reactive mixtures is fundamental in several practical applications, such
as combustion engineering, chemical reactors and many other industrial processes. This has motivated a
wide range of research works concerning theoretical and formal studies as well as physical applications
and numerical simulations. In particular, in the frame of the kinetic theory of chemically reacting gases,
several contributions have been advanced, after the pioneering papers by Prigogine and collaborators [1],
[5], and further works by Present [0], Ross and Mazur [7], Shizgal and Karplus [%], and many others.
Besides theoretical and formal studies which in particular deal with existence theory [9], [L0], [L1], there
exists a rather vast bibliography oriented to other connected relevant topics, such as the modeling of
multicomponent reactive flows [1], [12], [13], [14], analysis of transport properties [15], [16], investigation
of the non-equilibrium effects induced by the chemical reactions [17], [18], construction of generalized
BGK theories [15], [19], [20], as well as applications to combustion [21], just to cite a few of them.

In this work, we are interested in the simple reacting spheres (SRS) model of the kinetic theory for
chemically reacting gases, that has been developed by N. Xystris, J. S. Dahler [2] and further advanced

by J. S. Dahler and L. Qin in [3], [22]. Mathematical aspects of SRS, including global existence in a
dilute regime, were studied in [10] and [11]. In [23] the SRS model was compared to a model of chemical
reacting gases proposed in [1]. The authors in [11], [21], and [25] studied linearized versions of SRS,

including kernel representations of the linear SRS and its compactness.

In the SRS kinetic theory, both elastic and reactive collisions are of hard-sphere type and reactions do
not modify the diameters of the molecules. As a consequence, the micro-reversibility principle reduces to
a simple condition, when compared to other kinetic theories available in literature for chemically reactive
mixtures (see, for example, [1], [12], [13], [14], [10] and references cited therein). Moreover, the SRS
theory incorporates other important aspects that renders the SRS kinetic model quite interesting. For
example, reactive and elastic collisions are treated in equal pair, contrary to other models that treat the
reactive terms as a small perturbation of the elastic ones (see, for example, [1], [5] and [3]). Therefore,
the SRS kinetic theory results to be appropriate to deal with processes in which chemical reactions play
an important role. Additionally, the SRS kinetic theory, if considered in its general formulation, referes
to moderately dense gas systems, and when the chemical reactions are neglected, the model reduces to
the revised Enskog theory.

Having all these aspects in mind, our main motivation in the present work is to extend the SRS kinetic
theory to other physically relevant situations. In particular, starting from the ideas suggested in [3], we
consider the modified SRS (MSRS) model, that adds the additional conservation of angular momentum
into the collisional process. The SRS model includes conservation of both the total energy and the
linear momentum, but does not include conservation of the angular momentum. For all the above
mentioned aspects, the MSRS model turns out to be a bone fide kinetic model for reactive mixtures with
all mathematical properties built in the model. Finally, we want to point out that both MSRS (SRS)
kinetic models are derived directly from the pseudo-Liouville equations for the corresponding hard-sphere
reactive dynamics [22].

In this work, we provide fundamental physical and mathematical properties of the dilute gas regime
MSRS model that will be needed in our subsequent work. As a forthcoming work, we plan to investigate
different problems associated to the MSRS model, namely existence of renormalized solutions, properties
of the linearized kinetic system and kernel representation of the collisional operators, as well as the
transport properties (i.e., computations of transport coefficients), and non-equilibrium effects induced by
the chemical reaction.

This article is organized as follows. In Section 2 we derive the MSRS kinetic model, and study in detail



the collisional dynamics. In Section 3, we consider the dilute regime of the MSRS model and state a
fundamental property that will be used in the following sections to prove the mathematical and physical
consistency of the model. Section 4 is devoted to the derivation of the conservation laws of the MSRS
system, and Section 5 deals with the connection of the MSRS model to the macroscopic framework in
terms of hydrodynamic balance equations. In Section 6 we provide the entropy identity, characterize
equilibrium solutions and study the tendency of the mixture to approach the equilibrium. In Section 7
we deal with the spatially homogeneous evolution of the mixture in terms of the macroscopic equations
and prove the uniqueness of the equilibrium state. Finally, in Section 8, we include an Appendix, where
we state the important properties of the SRS system as a particular case of the MSRS model.

2 The MSRS kinetic model

In the MSRS model, the molecules behave as if they were single mass points with two internal states.
Collisions may alter the internal states: this occurs when the kinetic energy associated with the reactive
motion exceeds the activation energy. Reactive and non-reactive collision events are considered to be
hard spheres-like. In a four component mixture A, B, A*, B*, the chemical reactions are of the type

A+ B = A"+ B, (1)

Here, A* and B* are distinct species from A and B. We use the indices 1, 2, 3, and 4 for the particles
A, B, A*, and B*, respectively. Furthermore, if m; and d; denote the mass and the diameter of the i-th
particle, © = 1,...,4, the reactions take place when the reactive particles are separated by a distance
o190 = %(dl +dy) or o34 = %(dg + d4). The conservation of mass has the form

my + me = mgz +my = M, (2)

2.1 Elastic encounters

In the case of elastic collisions between a pair of particles from species i and s, the initial velocities v, w
take post—collisional values

v'=w mie(e,v w), w =w+ mse(e,v w) (3)

Here, (-,-) is the inner product in R3, € is a vector along the line passing through the centers of the
spheres at the moment of impact, i.e.,

ceSt={eeR’:|¢|=1,(v—w) >0}, (4)

and
m;Mmeg

()

is the reduced mass of the colliding pair.



2.2 Reactive encounters

For the reactive collision between particles of species i and s to occur (i, s = 1,...,4), the kinetic energy
associated with the relative motion along the line of centers must exceed the activation energy ~;,

(1/2)pis (e 0 = w))” = 7. (6)

In order to derive the post reactive expressions for velocities v and w, we follow the arguments given in [3]
for SRS model (see also the Appendix) with one difference that, in addition to assuming the conservations
of momentum and total energy

miv + mew = mg,v'JF + m4wi

(7)

myv? + mow? = mgvi2 + m4w12 + 2FE s,

we also want to incorporate conservation of the angular momentum:

friz [ X (v —w)] = pza [e x (0F —wh)]. (8)

Thus, we replace (122) in the Appendix by

\/@ (o — ) = \/Z:\/? —w) + Ne, (9)

where
M v ?
Eas+<ﬁ—1)( ﬁv—w) .
’ 34 2< )

(10)

And finally, in the case of the reaction A + B — A* + B*, the post-reactive values of velocities v, w are:

1 M12{ } [ 1412 _}

T

VT = — | MU + mow + my——<% (v —w) — €{e, v —w) p +Mmye, | —a |, 11
]\/[{ 1 2 4 9y ( ) ( ) 4 ™ (11)

1 M12{ } H12 }
T
WY = — | MU + MW — M3——1 (U — W) — €6,V — W) p —M3€4 | —a |, 12
i [+ maw = a2 (0 < ) = el = w0 < mac, 2 (12)
with
2Eps
a = &(<e,v—w>)2— b—(&—l)(v—w)Q, (13)
34 H12 34

and F,,s the energy absorbed by the internal degrees of freedom. The absorbed energy FE,;s has the
property Egs = B3+ Ey— Ey — Fy > 0, where E; > 0,1 =1,...4, is the energy of i-th particle associated
with its internal degrees of freedom. The activation energies 1, 72 for A and B are chosen to satisfy
v1 > Eus > 0, and by symmetry, 7o = 7;. Also v3 = 71 — Egs and y4 = 3.

From (11)-(12), one obtains

1M34(<€avi - wi>)2 — 3= (@) EMH((QU - w>)2 - 71] - (& - 1> BMB(U —w)? =yl (14)

2 34



If 2012 ((e,v — w))2 — 7y > 0 then (14) implies that Lps4((e,v* — w?))? — 43 > 0 if 22 < 1. If however,

m2 1, then Lpza({e, v} — wh))? — 93 > 0 if and only if

%Mm((@ v — w>)2 > M+ (1 - %) BMB(U —w)? — 71] : (15)

Thus, (15) implies that the reaction A + B — A* + B* takes place when

1

§M12(<€7U —w))”* > max {%7% + (1 - %) [%Mu(v —w)® — 71] } : (16)

Additionally, for %Mm((ﬁ, v — w>)2 satisfying inequality (16), a~ in (13) is well defined since

H12 2 2E’abs
— ({6, v —w —
H2 LL:M (< >) H12

= (222 1) - 0P| = et - w2 (17)

34

For the inverse reaction A*+B* — A+ B, we proceed in a similar way and obtain the following expressions

for v and wt
1 M34{ } 34 }
P +
v = — |m3gv + myw + me——< (v —w) — {6, v —w) p + Moe, [ —a™ |, 18
i [0+ o a2 0 = ) = ey - wp b4 maey 2 (19
1

t_ H34 H34 +}
w''=—|mgv +mqgw —mp— (v —w) — €6, v —w) p — M€, | —a |, 19
[ 4w = B2 0 ) = o= ) f = e, [ (19)
with
2F s
ot = @((gv—w))Q%— b—(@—1>(v—w)2, (20)
H12 34 H12

From (18)-(19), one obtains

1/¢612(<€avT - wT>)2 —N= (@> FM?A((G,U - w>)2 - 73] - (@ - 1> BM?A(U —w)? — 73] . (21)

2 12 2 H12

Now, if $pza((e,v — w>)2 — 3 > 0 then (21) implies that jus((e,v" —w'))> — 9 > 0if &2 < 1. If
however, ;% > 1 then 1p12((e, v’ —w'))? —~; > 0 if and only if

%M34(<6, v—w))’ >3+ (1 - Z—z> [%M?A(U —w)? — 73} : (22)

Thus, (22) implies that the reaction A* + B* — A + B takes place when

1#:&4((67@ —w))” > max {73,73 + (1 - &) FM?A(U —w)? - 73] } : (23)

2 p3s) |2

Additionally, for $us4((e,v — w>)2 satisfying inequality (23), a™ is well defined since

2F s
H34 L ((e, v — w>)2 + c - (@ - 1) (v~ w)Q] = pua((e, 0" —w'))%. (24)
12 H34 H12



Post- and pre-collisional velocities of the reactive pairs satisfy conservation of the momentum
myv 4+ mow = mavt + myw?, msv + maw = myv’ + mow. (25)

A part of kinetic energy is exchanged with the energy absorbed by the internal states. The following
equalities hold:

mva + m2w2 = m;ﬂ)ﬂ + m4w12 + 2Eab57 (26)

msv? + maw? = mo'? + mow' — 2E,,,.

Finally, using expressions (11)-(12) for the post-reactive velocities, we obtain

Ui—wi:&[U—w—de,v—w)]—i—q/&of, (27)
34 34

and thus the angular momentum (8) is conserved during the reactive collisional process.
An analogical formula relationship holds between vf, w', v, and w: g4 [e X (v — w)] = pu1a [€ X (vF —wT)].

We recall that in the SRS kinetic model (see the Appendix) the post-reactive velocities were given by

1

ot = —{m1v+m2w+m4 &{(U—w) —€<€7U—w>+€aSRSH= (28)
M 34
1

wt = —[mlv—i—mgw—mg &{(v—w) —e(e,v—w>+6a§RS}}, (29)
M 34

with agpe = \/ ((e, v — w>)2 — 2F 45/ p112. The corresponding expression for the relative velocities is

Ui—wi:\/%{v—w—e[(e,v—w)—o@]%s”, (30)

which shows that in the SRS kinetic model, the angular momentum is not conserved during the reactive
collisional process, unless p19 = ji34.

Furthermore, we observe that MSRS kinetic model reduces to the SRS model when p115 = p34.

2.3 The system of equations

For « = 1,2,3,4, fi(t,x,v) denotes the one-particle distribution function of the ith component of the
reactive mixture, where (¢, 7,v) € Rf x Q x R3, with Q C R? being the spatial domain of the gas mixture.
Functions f;(t,x,v), which change in time due to free streaming and collisions (elastic and reactive),
represent, at time ¢, the number densities of particles of species i at point x with velocity v.

The MSRS kinetic system has the form

ofi ofi
ot " Vor

where JF is the non-reactive (hard-sphere) collision operator
4
JF = Z{afs // {fi(f) (t,x, v, x — o556, 0") — fi(f) (t,x,v, 7 + 046, w)} (€,v —w) dedw}
s=1 R3xS%

— Bijafj// {fg)(t,x,v’,x—aije,w')—fg)(t,x,v,x+aije, w)} O((e,v—w)—Ty;) (e, v—w)dedw, (32)

2
IR3><S+

=JF+JR i=1,234, (31)



with 2 = {e e R* : |¢] = 1, (¢, v —w) > 0}, and fi(f)(t,xl,vl,@,vg) approximates the density of pairs
of particles in collisional configurations. The second term in (32), with 5;; in front of it, singles out
those pre-collisional states that are energetic enough to result in the reaction, and thus preventing double
counting of the events in the collisional integrals. In the case when §;; =0, for i,j =1,...,4, (31)-(32)
reduces to the first BBGKY-hierarchy system for 4-species inert mixtures.

For i = 1,2, 3,4, the reactive terms are

= B0 g // [(M”) sz (t,z, Uzy’ T—0;j€, w%)—fi(jz)(t,x, v, T40;€, w)} O ((e,v —w) —T'y;) (e, v—w)dedw.
R3><S2

(33)

Here, 0 < 3;; < 1 are the steric factors, I';; = \/max {2%/,&@‘]‘, 27;/ ij + (1 — “’?’) [(v—w)?— 2%~/uij]}

Hij
and © is the Heaviside step function. The pairs of post-reactive velocities are (v}, wy;) = (v}, w*) for
i,j = 1,2, given in (11)-(12), and (v{},wS) = (vf,w') for i,j = 3,4, given in (18)-(19). Pairs of indices

137 iJ

(7,7) and (k,l) are from the set of quadruples (4, j, k, [):
{(1,2,3,4), (2,1,4,3), (3,4,1,2), (4,3,2,1)}. (34)

Finally, we observe that in view of (15)-(16) and (22)-(23), the Heaviside functions O((e,v—w)—TI";)
appearing in (32)-(33) can be replaced by the product of the symmetric pair of Heaviside functions:

O ((e,v —w) —T75;) © ((e, v —wi)) —T}) | (35)

71]

with I'}; = /27i/pi; and the pairs of indices (i, j) and (k,[) are from the set of quadruples given in (34).
Therefore, (32) becomes

{ // fz(f) (ta xz, vla T — 0is€, ’lU/) - fi(SZ)(t7 z,v,x + Ois€, w) <€7 U= U)> dedw}

R3xS2
[ | 36
_6130-12] // fi(Jg)(tvl‘)U/)x_O-ijE?w/)_fi(jz)(tu‘r7vux+0-ij€7w> X ( )
R3xS2. ) )
O ((e,0 —w) —T3;) © ({e,v5; — wi}) —Tjy) (e, v — w)dedw,
and (33) becomes
JE _/81,] ij // KM”> t x,vg,m—azje,w%) — figg)(t,x,v,:v—i—aije,w) X
R3xS2 (37>
O ((e,v —w) = T};) © ((e, v — w5)) —Tjy) (€, v — w)dedw.
Lemma 2.1.
(1) Fori,s=1,2,3,4, the inverse velocities to v', w' are given by
_ /*’LZS _ /’LZS
v=0v —2"¢(e,v —w'), w=uw +2="¢(e,v — ). (38)
) ms

For fized €, the Jacobian of the transformation (v, w) — (v, w') is equal to —1. Furthermore, (e,v'—w') =
—(e,v —w),



(2) The inverse velocities to v¢, w* are given by

1

V= — [mgzﬁF + mywt + mz@{(vi —wh) — (e, vt — wi)} + mae @Ofr} ; (39)
M 112 M2

o {mwi 4t — ml@{(vi —wh) = efe, vt — wi)} — e @Oﬁ} 7 (40)
M 12 H12

and the inverse velocities to vl, w' are given by

1

V= — [mlvT + mow' + m4w{(vT —w') — ele, v — wT)} + mye &Oé_} ; (41)
M 34 34

W = [mlvT + maw! — mglﬂ{(?ﬁ —wh) — ele,of — wf)} — mge &a—} : (42)
M 34 34

(3) For fized €, the Jacobians of the transformations (v, w) — (vi,w') and (v, w) — (v}, w¥) are given by

(@)5/2 fev—w) (&)5/2 lev=w) (43)

Hi12 at H34 (0%

respectively.

1/2 1/2
(4) Furthermore, {€,v! —w') = (@) at, (e vt —wt) = <&) a.
H12 H34

Proof of Lemma 2.1. The proof of item (1) of Lemma 2.1 is almost the same as in the case of a single
specie Boltzmann equation and will not be given here. The identities in (39)-(42) can be checked by easy
inspection.

For the proof of item (3) of Lemma 2.1, consider the Jacobians J(vf, w'; G, V1), J(Gl,, V1;Gsy, V), and
J(Gs4, V;v,w) of the transformations (G7,, V1) = (vf, w'), (Gss, V) — (GL,, V), and (v, w) — (Gsy, V),
respectively, where

Gs4(v,w) = mzv + myw, (the momentum of the colliding pair before reaction)
V(v,w) =v—w, (the relative velocity of the colliding pair before reaction)
Gl (o, wh) = myot + mayw', (the momentum of the colliding pair after reaction) (44)
Vit wh) = ot —wh. (the relative velocity of the colliding pair after reaction)
The following equality holds:
J(h,wh o, w) = Jh o' G, V) - J(GL,, VT Gay, V) - J(Gas, Vv, w). (45)

Now, both (Gf,, V1) = (v, w") and (v, w) + (G34,V) are linear transformations with the corresponding
matrices

1 m - -
mi-+msa 1 0 m1+2mg 782 0 ms 0 0 my 0 0
8 m16m2 (1) 8 m16m2 0 0 ms 0 0 my O
P . 0 0 mg 0 0 my
mi+ma2 mi+mo
e 0 s 0 0 and g g g g |0 (40
0 w4 O 0 - 0 0 1 0 0 -1 0
0 0 0 0 — 0 0 1 0 0 -1




respectively. The determinants of the matrices in (46) are —1/(m; +mz)® and —(m3 +my)3, respectively.

Therefore, the conservation of mass before and after reaction, m; + mo = ms3 + my, yields the identity
J(,wh G, V1) - J(Gay, Viv,w) = 1.

The conservation of momentum before and after reaction implies that GI, = G4 (see, (25)), and thus,

[ocT oGl oGl oacl ocl oci] [ 1 0 0 0 0 0
G, 9G, 090Gz oV 0Va 0Vs
aGY oGl eacl ocl  aal  oaGl 0 1 0 0 0 0
0G1 0G2 0G3 oV OV oV
oGL oGl acl acl  ocl oG] o o0 1 0 0 0
t . _|aG: 8G, aGs o v, Vs | .
J(Gly, V1 Gay, V) = =lovi ovi ovi ovi avi vt |=J(VIV),

avi avi avi avi avi oy

3G, aG, 9Cs 9vi v, avs 0Gy 0G2 0Gz 0V oVe  OV3

v ovi ovi oavf avi ov) ovi ovi ovl oVl oVl oV

8_G'1 8_02 (9_G3 8_V1 8_‘/2 8_\/'5 0G1 0G2 0G3 oV 1A% A%

avi avd evi av eyl av) avi av evi av avl  av
LOGq 0G2 0G3 oV OVa oV LOG1 0Go 0G3 oV oVa oVs |

(47)
where we used vector notations Gi, = (GI,GL GL), Gy = (G1,Go,Gs), VI = (VI V) v, v =
(V1, Vo, V3), and with J(VT, V) being the Jacobian of the transformation V s VT:

/ 2F s
vi— M34[V_ e, V)] H3a M34 2+ b _(@_QV (48)
M12 134 12
Finally, by inspection, it is easy to check that
5/2
V
JVV) = <Zi’;‘) & V) . (49)

s (e, V))? 4 2me — (1 1) 2

34 o2 (€, v —w)
This shows that J(v, w’; v, w) = (—> ~

Hi12 at

[h12 5/2 (e,v —w)
The proof that J(vi, wh v, w) = [ — ——— = follows the same arguments as above.

34 «Q
The two identities in item (4) of Lemma 2.1 follow from the definitions of v*, w* and o', w' given in
(11)-(12) and (18)-(19), respectively. O

3 The dilute MSRS kinetic system

The system of equations (31)-(33) (or, equivalently, (31) with (36)-(37)) requires a closure relation for fi(sz).
In the case of moderately dense gases, the two-particle distribution function fl(f ) is usually approximated
by

1@ w000, w0,02) = 912 (@0, 0 [ {nat,)}) Fi(t 20, 00) fult, 22, 02), (50)

where n;(t,z) = [ps fi(t,,v)dv is the local number density of the component 7 and gz-(f) is the known

pair correlation function for a non-uniform hard-sphere system at equilibrium with the local densities
n;(t,z). The notation gi(;) (1,22 | {n;(t,-)}) indicates that g( ) is a functional of the local densities n;.
The closure relation (50) is employed in [3] and [22]. Addltlonally, in the case of non-reactive mixtures

9



(Bij =0, for ¢ = 1,...4), the corresponding system of equations (31)-(32) becomes the revised Enskog
system for the mixtures [20].

In this work, we will consider only a dilute gas regime with the corresponding closure relation given by:

fi(f)(t7x1avlal‘27v2) = fi(t,z1,v1) f5(t, 22, v2). (51)

The moderately dense case of MSRS model, with the closure relation (50) will be considered in our
forthcoming work.

In the dilute gas regime, the system of equations (31) with (36)-(37) takes the form:

0f; +vafi =JE+ TR f(0,2,0) = fiolw,v), i=1,....4, (2,v) € QxR (52)
ot ox
with
JF { oL // filt,x, ) fo(t, x,w') — fi(t,x,0) fo(t, z,w) | (e, v — w) dedw}
R3x$% ) )
2 I : : ] (53)
- ﬂijaij fl(t7 z,v )f](t> z,w ) - fz(ta x, U)fj<t7 xz, ’IU) X
R3xS% i
O ((e,0 —w) —T7;) © ({e,v5] — wi) —Tjy) (e, v — w)dedw,
and
=604 [[1(H2) fittasifte.owg) - £t o)yt
okt (54)
R3xS3
O ((e,v —w) —T3;) © ({e,v5; —wi)) —Tjy) (e, v — w)dedw,
where fio, i = 1,...,4 are suitable nonnegative initial conditions that will be defined later and € C R3

denotes the spatial domain of the gas mixture. We consider two choices for the set : Q = R3, or 2 being
a 3-dimensional torus [0, L]*, L > 0. The latter choice corresponds to the case of the periodic boundary
conditions on [0, LJ*. Also, I'}; = \/27;/p1;; and © is the Heaviside step function.

As before, the pairs of post-reactive velocities are (v}, wj;) = (v*, w*) for 4,5 = 1,2, given in (11)-(12),

and (v, w)) = (vf,w') for i,j = 3,4, given in (18)-(19). The pairs of indices (4, j) and (k1) are from

’L]’

the set of quadruples (2,7,k,0) - {(1,2,3,4), (2,1,4,3), (3,4,1,2), (4,3,2,1)}.

Proposition 3.1. Assume that B;; = B;; for (i,7) € {(1,2),(2,1),(3,4),(4,3)}. For ¢; measurable on
Ox R and f; € Co(QUx R3), i =1,...,4, we have:

Z/wwv—zz% J[] .00+ outaw) = 61600 = o) x

1
=1 s= R3><1R3><S2

[fz(v )fs( ) - fz( )fs(w>] <€7U - w>Eis dedea

10



/@ﬂm—// [B120%561(2,0) + P10 da(@, w) — Baaoada(, oF) — Basoyhal, wh)] x

R3XR3 xS3

[<u_> o, ) e, ) = i, 0) ol w) | ©({e, 0 = w) = Tip)@({e, v = w) = Ti)e, v — w) deduwdo,

H34

(56)
and

Z/@ﬂm—// [Bua0u0(, 0) + Bisotyda(, ) — Braohyds (v, 1) — Brr0dy(a, 01)] %

R3XR3 xS2

[(&> Sl o) fo(z, wh) = fs(z,v) fa(z,w) | O((e,v —w) — T5)O({(e, v — wl) — Tj,){e, v — w) dedwdv,

M2
(57)
where Z;5, appearing in (55), is given by
10((e,v—w)) + (1= B)0 ({6, —w) = I'},) O ({e,v) —wy) —Ty,) if (i,s) € I;
Bis = }1@(<67U - w>)7 if i=s; (58>
10((e,v —w)), otherwise,

with I ={(1,2),(2,1),(3,4), (4,3)} and the pairs of indices (i,s) and
(i,s,k0) : {(1,2,3,4), (2,1,4,3), (3,4,1,2), (4,3,2,1)} and (v
(vg’wca) (v, w') fori,s =3, 4.

The post-collisional velocities, v' and w' are given in (3), while the post-reactive velocities, v¢, w* and v7,
w', are given in (11)-(12) and (18)-(19), respectively.

k,l) are from the set of quadruples
) pu—

(
w) (v, wh) for i,s = 1,2, and

’LS’

Proof. The proof of (55) is standard, see, for example, [27], for single specie treatment. The proof for gas
mixtures is similar: it is based on the fact that the absolute value of the Jacobians of the transformations
(v,w) = (v,w'") and (v,w) — (w,v) is one, together with the identity (e,v — w) = (—€,w — v). The
change of variables, (v, w) — (v, '), (v,w) — (w,v), and € — —¢, together with the fact that 8;; = B,
results in (55). The multiplicative factor Z;5 comes from the fact that the second term of the reactive
collisional integral (54), with 3;; in front of it, singles out those pre-collisional states that are energetic
enough to result in the reaction, and thus preventing double counting of the events in the collisional
integrals (53)—(54).

Next, we consider the integrals

3
/¢1J1 dv = B120%, // ¢1(v (%) f3(v)) fa(wh) — fi(v) fa(w) | (€,v — w)O1a34 dedwdv,  (59)
]R3><IR3><S2 -

/ oudfito =ty [[[ eato (&)3f4<vi>f3<wi>—f2<v>f1<w> (€0 — w)O a9 dedudv,  (60)

H34
R3 X R3 x§3 i
_ 5 -
/¢3J3 dv = 534034 // Pa(v (%) fl(UT>f2(wT) — f3(v) fa(w) | (€, v — w)Oz412 dedwdv, ~ (61)
R3XR3 x 3 J

11



and

/ ool o =5ty [[[ ento l(“) fo(v >f1<w*>—f4<v>f3<w>] (e, 0 — w)Ogura dedudy,  (62)

H12
R3 X R3 x§2

appearing in the sum on the left hand side of (56). Also, O1934 = O((e, v — w) — [}5)O({e, v —wt) —T%,),
n (59)—(60), and Oz412 = O({e,v — w) — '%,)O({e, vT — w') — T'}y), in (61)—(62). We also suppressed z
dependence in ¢; and f;. Changing the variables of integration in (61)—(62) from (v,w) to (v, w') and

1/2
using (43) together with the identity (e, v’ — w') = (%) a™ of Lemma 2.1, one obtains,
12
/ oudft o = gty [[[ st [(“) SN o) foe) >](‘“2) R
H34
R3XR3 x§3
(61')
and
3
/¢4J4 dv = Bu303s ///¢4 [(MM) 5 (v fr(wh) = fi(v) fa(w )](Z;z) (e, v —w1)Og415 dedw'du’.
R3 X R3 x 83
(62)

Next, from (41)-(42) of Lemma 2.1, the expressions for v and w (as the functions of v', w') are:

1
v = {mlv + maw’ + m4&{(1ﬁ —w') — ele, v’ — wT>} + mye, /&a_] = ot w’)  (63)
M 34 H34

and

1
w=— lmlv + mow' — mgg{(v —w') —ele, vl — wT>} — mge, /&a] = wt(vl, w'). (64)
M 34 34

Furthermore, O3412 = O((e,v — w) — ['%,)0({e,v" — w') —T'}y), in (61)—(62)', is equal to
O((e, v’ —wl) = T,)0((e,v" — wh) —T3,) = Oz

Now, combining (63)—(64), the expressions in (61)'—(62)" take the form

3
/¢3J3 d'U 5340'34 ///¢3 [fl fg( ) (%) f3(yi)f4(wi)] <€, ’UT_wT>@1234 ClEd’LUerUJr (61//)

]R3><]R3><S2

and

/¢4J4 dv = 13055 ///¢4 [f2 ) fi(w) — (&)Sﬁx(vi)ﬁ(wi)] (€, 0" —w') O34 dedw'dv®. (62")

]R3><R3><S2

12



Next, change of the variables (v, w, €) — (w, v, —¢) in (60) and (62") together with renaming the integra-
tion variables from (vf, w') to (v, w) in (61”)-(62"), and finally summing up the resulting left hand sides
of (59)—(62), results in (56).

Proof of (57) follows the same line of arguments; this time however, one changes the integration variables
n (59)-(60) from (v,w) to (v, wt). In this process v and w, as the functions of v¥, w*, become v’ and
w', respectively. O

Remark 3.1. The assumption in Proposition 3.1 that f; € Co(Q x R3), fori=1,...,4, is only needed
to make sure that all the integrals exist and are finite.

4 Conservation laws

Under the additional condition f(190%, = (3403, that can be easily verified, Proposition 3.1 implies that
for any a,c € R and b € R3,

4
Z f ¢1J1E dv = Oa

mivg . i=
qﬁi(a:,v)—ami+mi<b,v>+c( 5 —i—Ei), 1=1,...,4, — 41R3 (65)
i=1R3

Property (65) implies that if f; is a nonnegative smooth solution of (52) on [0,7], T > 0, then, at least
formally, we have the following conservation laws for t € [0, T7:

Z / m; fi(t, x,v) dvdr = Z / m; fio(x,v) dvdx, (mass) (66)

Loxks L oxks
Z // mv fi(t, z,v) dvde = Z // m;v fio(z,v) dvdx, (momentum) (67)
L oxRrs Loxks

=

where fio(x,v), i = 1,...,4, are nonnegative initial conditions of the dilute MSRS kinetic system (52).
The above conservation laws follow easily from multiplying the dilute MSRS system by corresponding
¢y, integrating with respect to (¢, z,v) € [0,T] x  x R3, and using (65).

e +Ei) it ) dude = I/ (m;” +Ei) folz.v)dvdr, (total energy)  (68)
=1 QxR3

An additional conservation law (along the characteristics of the streaming operator in the left hand side
of (52)) can be obtained from the following property:

4
(CC N tU)Q Z f ¢2JZE dv = 07
¢i(z,v) :miTjLEi, tel0,T],i=1,...,4, = IR (69)
i=1R3
. . . (z — tv)? . .
Indeed, after multiplying dilute MSRS kinetic system (52) by mi————— + E; and integrating by parts,

one has, for ¢ € [0, T],

Z//(m —I—E)fz(txvdvdx—Z//(

QOxR3 QxR3

miz” + E> fio(x,v) dvdzx. (70)

13



Next, identity (55) of Proposition 3.1 applied, for each k = 1,...,4, to ¢;(z,v) = 0i, ¢ = 1,...,4, with
0;r being the Kronecker delta, imply

/J,fdsz, a.e. inzeQandfork=1,...,4 (71)

RB

and identities (56) or (57) of Proposition 3.1 applied successively to ¢;(x,v) = d;1, ¢i(x,v) = b0, Pi(x,v) =
di3 and ¢;(w,v) = dy, yield

/Jlev = /Jszv = —/J;"fdv = —/dev, a.e. in x € Q. (72)

R3 R3 R3 R3

Properties (71) and (72) result in the additional conservation laws:

4 4
n= / fi(t,x,v) dvdx = Z / fio(z,v) dvdx = ny, (73)

Z_1Q><]R3 _1Q><]R3

ny +ng = // [f1(t,2,0) + f3(t, x,v)] dvde = // [f10(z,v) + fao(x, )] dvda = nyg + nao, (74)

OxR3 QOxR3
ny + Ny = [fl (t, Z, U) —+ f4(t, Z, U)] dvdx = [flo(l‘, U) —+ f40($, U)} dvdxr = 10 + N40, (75)
Ng + Ny = [fg(t, Z, U) + fg(t, xZ, ’U)] dvdx = [fgo(iﬂ, U) + fgo(l', ’U)} dvdr = N + N3, (76)
944 QZR/S'
Ng + Ny = [f2(t,z,0) + fa(t, z,v)] dvdx = [ fa0(z,0) + fao(z,v)] dvda = nag + nao, (77)
1 I

where fio(z,v), 1 =1,...,4, are nonnegative initial conditions of the dilute MSRS kinetic system (52).

In other words, in addition to the conservation of the total density n, partial sums of reactant and product
number densities are also preserved, according to the reaction law (1).

5 Balance equations

We now define the macroscopic quantities of the MSRS kinetic model as suitable moments of the distri-
bution functions f; and provide the evolution equations for the most relevant macroscopic quantities.

Macroscopic quantities
4
ni(t,z) = /fi(t,x,v)dv, n(t,z) = Zni(t,x), (78)
3 i=1

Qi(t7x) = /mifi(ta x?”)dva Q(tv l’) = Z Qi(ta $), (79>

14



w;(t, x) =

/vfi(t,x,v)dv, u(t, ) (t, x)u,(t, x), (80)

R3

=1

Tt z) = ﬁ / mi(o —ult, D) fi(t 7, 0)do,  with Y oult, )Tl 7) =0, (81)
P = [l = utt0) (o = u(t. ) flt o, pr’" ta), (62

x) = %/mi(v — u(t,:c))in(t,x,v)dv, p(t,x) = Zpi(t,x), (83)

i=1

pift, v) S _ plto)
Ti(t, x) = ey gt T(t, ) Z (t2)Tilt2), T(ta) =~ o) (84)
¢ (t,x) /mzlv u(t,z)* (v —u(t, x)) fi(t, z, v)dv, Z 4i(t, ) + Em(t, x)u;(t, x)). (85)

In the above expressions, n;, 0;, u;, U;, pg ), p;i, T; and ¢; denote the number density, mass density, mean

velocity, diffusion velocity, pressure tensor components, pressure, temperature and heat flux of the ith
component of the reactive mixture, respectively, and & is the Boltzmann constant. Also, the upper indices
r and s indicate spatial directions in a given orthogonal reference system. Moreover, the symbols n, o, u,
p™). p, T and ¢ represent the number density, mass density, mean velocity, pressure tensor components,
pressure, temperature and heat flux of the whole mixture, respectively.

Note that the above definitions of the macroscopic quantities establish the connection between the proper-
ties of the mixture and those of its components. In particular, for what concerns the temperature, we will
assume that all species have the same temperature 7, meaning that the macroscopic theory considered
in this paper does not take into account the relaxation mechanism of exchanging internal energies among
the species.

By multiplying the MSRS kinetic system (52) by certain functions ¢; chosen in a convenient but rather
standard way in the kinetic theory [12], [27], and then integrating over v in R3, one can derive the balance
equations for each ith component of the mixture, as well as the conservation laws for the whole mixture.

e Balance equation for the number density of each ith component (chemical rate equation)

Oni = 0 )
£;+§;%Z@@)+WN0:/L%M i=1,...,4, (86)

R?)

where the integral on the right-hand-side defines the reaction rate of the MSRS kinetic system.

e Balance equation for the momentum of each ith component of the reactive mixture

O ( o\, = 0 T (s ) s
ot (@mE )) + ; A [pf» ) 4 sz( D) + ng Dy 4+ o™y

/mmﬁ+ﬂme,¢:L“A7:Lza (87)
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e Balance equation for the total energy of each ith component of the reactive mixture

0 (3 1
E ( (r)
(915 ( pi +n; E; + Qzu u + 2Q2 )

r=1

(57),, B 1 Loy
+Zp DB + o,

1
i B ; (r),,(r) L = u’ (s)
pi+n +E oit; U +29u U

+
1M ;
S Q

+
r=1

I
=
w\ ol o

1
(émﬂ)Z + Ez> (JF+ I vdv, i=1,... 4. (88)

e Conservation law for partial number densities

3
g(nﬁ—nk)—i-z 0 [n ) + u,i)+(ni+nk)u<5>] =0, for ie{1,2} and k€ {3,4}.  (89)

@ + i 0 (Qu(s)) = 0. (90)

e Conservation law for the momentum components of the whole mixture

3

%(gu”)) +> ai [p") 4+ ouMu®] =0,  r=1,2,3. (91)

s=1 $

e Conservation law for the total energy of the whole mixture

% (—nkT%—Z n;E;+ lgu )—l—z

3

4
3 1
"+ g pUrHul 4 <§nk7-—|— ;:1 niEpLEQuQ) ul®

s=1

= 0. (92)

6 Entropy identity, H-function, and equilibrium solutions

Proposition 3.1 also implies existence of a Liapunov functional (an H-function) for (52), consistent with
system’s physical equilibrium. Assume that fori, j = 1,...,4, the conditions 8;; = 8;; and B120%, = B3403,
are satisfied. For f;, a smooth nonnegative solution, we multiply (52) by 1 + log (f,-/(uij)S/Q) with

16



i=1,...4and (4,5) € {(1,2),(2,1),(3,4), (4,3)}, and integrate over 2 x R? and use (55)-(56) (with
O; = log ( fi/ (pij) 3/2 )) to obtain the following entropy identity:

dtz //fzIOg fil (ui)*?) dvdz

+ Z Ojs / / lfz ) fs(w fz(v)fs(w)} log (%) (e,v — w)=;s dedwdvdz
b=l QXR3xR3 xS
. / / {(22) send - rwsw)

! (u) e
ogl||— | —F~F—

pza)  fi(v)f2(w)
with Z;, given in (58). We observe that the second and the third terms in the left hand side of (93) are
nonnegative. Indeed, this follows from the inequalities

O({e,v — w) — IO (e, vt —wh) —T%,) (e,v — w)} dedwdvdr =0,  (93)

) (') = £i(0)fu(w)] log (%) >0, (94)
H12 Hi12 ’ f3(v¢)f4(wi)
[(M) RO = (0 a(w)] lg[(ﬂ Lo ] >0, (95)

for any i,s = 1,...,4. Finally, integrating (93) over 0 < ¢; <7 <ty < T and using (94)-(95), we obtain

Z //fZ to, z,v)log [ fi(ta, x,v)/(pi)*?] dvdx < Z // filty, x,0)og [ fi(tr, @, v) / (1i)*?] dvda,

=1 o«R3 L OxRrs

(96)
for any 0 < t; < 5. Inequality (96) implies that under the conditions 5;; = f;; > 0 (i = 1,...,4) and
B120%, = B3403,, the convex function H(t), defined by

Z / / fit, z,0)log [fi(t, 2,v)/ (1ij)*?] dvdz, (97)

Q><]R3

is an H-function (Liapunov functional) for the system (52)-(54).
We have the following characterization of equilibrium solutions for the system (52)-(54):
Proposition 6.1. Assume that for i,j = 1,...,4, the coefficients 0 < (3;; < 1 satisfy the conditions

Bij = Bji and B1203y = Bs403,. For ni(t,x) > 0, u(t,x), and T(t,x) > 0 measurable functions and
0< f; € LY(Q x R3), the following statements are equivalent:

N\ 3/2 (0 — )2 3/2 r
1. fZ:nZ< :Tm ) exp (—%),izl,...,ég and nlngz(ﬁ) n3n4exp(k'$>,

2. JE({fi}) =0 and JE({fi}) =0, i = 1,....4,

17



9.5 [ IEASY) + TR log (/1) do = 0.

1=1R3

The notations JE({f:}) and JE({ f;}) signify the fact that fori=1,...,4, the collisional operators depend
on the set one-particle distribution functions, fi, fa, f3, and fy.

Proposition 6.1 characterizes equilibrium solutions for the MSRS system (52)-(54). In particular, the con-
dition on the partial number densities n; and mixture temperature 7 appearing in item 1 of Proposition
6.1 represents the mass action law (m.a.l.) of the MSRS model. On the other hand, the expressions for
the distribution functions f;, given in item 1 of Proposition 6.1, indicate that when the reactive mixture
evolves towards the equilibrium, all species relax to the same temperature, which is the temperature 7
of the mixture.

Now, if we disregard the chemical reaction, the mixture becomes non-reactive or chemically inert and the

previous Proposition 6.1 reduces to the following result.

Corollary 6.1. Assume that B;; = 0 for i,j = 1,...,4, i.e., JF® = 0 and the corresponding system
(52)-(54) is chemically inert. For n;(t,x) > 0, u(t,z), and T (t,x) > 0 measurable functions and 0 <
fi € LY (2 x R3), the following statements are equivalent:

.\ 3/2 (v — u)?
1. fZ:nZ< i ) exp(—w),izl,...,ll,
T

2ET

2. JE{fiH)=0,i=1,....4,

5SS [ JE({f})log fido — 0,

i=1R3

with the corresponding H -function given by

Hg(t) = Z // fi(t,z,v)log fi(t, z,v) dvdz. (98)

=1 oxRrs
The proofs of Proposition 6.1 and Corollary (6.1) follow a very similar line of arguments as the proof of
Proposition 3.2 in [10] and are not given here.
7 Spatially homogeneous evolution
In this section we consider spatially homogeneous conditions, so that the various quantities describing the

mixture and appearing in the system (52)-(54) do not depend on z. We are interested in the macroscopic
state of the mixture characterized in terms of macroscopic quantities and balance equations.
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7.1 Balance equations

In the spatially homogeneous case, the balance equations (86)-(92) take the form

d .
(ZZ :/Jﬁdv, i=1,....4, (99)
R3
dn
_ 1
dp
=0 101
dt ) ( )
d
a _ 102
d (3 1 1
N J— . . —_ 2 g
_ (anTJr ;1 ni; + S ou > 0. (103)

Equations (100), (101), and (102) yield n = constant, p = constant, and « = constant while equation
(103), with p and u being constants, implies

4
3
§nk:T + ; n;E; = constant. (104)

If we choose the reference frame for which the mixture is stationary, we have u = 0 and the macroscopic
state of the reactive mixture is then defined by the set {n,ns, ng,n4, 7}. If we consider an initial state
defined by {n1¢, nog, 1730, 40, To}, from Egs. (99) and (104), with n = ng, we obtain

ny —nip = ng — nNag = —(ng — ngo) = — (N4 — n4o) (105)
and
3 - 3 -

Therefore, (105) and (106) yield the following expressions for partial number density n; in terms of the
mixture temperature:

3nok | T (t) — To
ni(t) = ny + o [22 ) O} , 1=1,2, and n;(t) = nio
abs

B 2Eabs ’

i=3,4, (107)

where F s = B3 + Ey — E1 — E5 has been introduced in section 2.2.

7.2 Uniqueness of equilibrium state

The macroscopic state of the mixture is fully described by the partial densities n;, i = 1,2, 3,4, and the
temperature 7 of the mixture. In equilibrium (described in the general case of spatially inhomogeneous
conditions by Proposition 6.1), the balance equations (99)—(103) have a unique positive solution that
depends only on initial partial densities, n;, © = 1,2, 3,4, and the initial temperature 75. We have
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Proposition 7.1. In equilibrium, the macroscopic state of the mizture governed by the system (52)-(54)
15 uniquely determined by the initial partial densities, nyg > 0, 1 = 1,2,3,4, and the initial temperature
To > 0.

Proof. In contrast to the proof of the similar result in [1] (Proposition 1), we do not assume positivity of
the sought equilibrium solution.

In addition to (107), in equilibrium, the partial densities and temperature satisfy the mass action law

(see (1) of Proposition 6.1):
Hi2 i Eab
=|— 2. 108
UGN (M34> T3Ng €XP ( T ) (108)

We want to show that equations (107) and (108) have a unique non-negative solution determined by the
initial macroscopic values nyg, nag, N30, N49, and 7.

After rescaling of both temperature and partial densities to T = kT /Ews and n; = 2n;/3ng for i =
1,2, 3,4, respectively, and with ng = nyg + ngg + nsp + nag = ny + na + n3 + ny, equations (107) and (108)
become

fy =+ (T —To), i=1,2, (109)

fy = — (T ="Tg), i=34, (110)
12 3/2 1

P = [ 22 ) fgigexp [ =), 111

e (M34) o p(T) (1)

together with the constraint 1y + ny + ng + Ny = Ny + Ny + N30 + Nao = 2/3. We have

Lemma 7.1. Function

F(T) = (fno + (T = 75) ) (a0 + (T = T5)) (@)3/2@@ <_}r> = (a0 = (T = 7)) (a0 = (T = T5) ),

M2
(112)
defined on the interval (L, L), with Ly = max (O, To — min (74, ﬁ20)> and Ly = To + min (7o, 740), has

only one (positive) zero.

Proof of Lemma 7.1. For given initial partial densities njo > 0, 7 =1,2,3,4, and the initial temperature
To > 0, we consider two cases: (1) To — min(nyg, o) < 0 and (2) 7o — min(nq9,729) > 0. In case (1),
L; =0 and

lim F(T) = —(fso + 7o) (g0 + To) < 0, (113)
T—0+
R [ 3/2 1
AhIIl F(T) = (ﬁl() + min(ﬁgo, ﬁ40)) (ﬁgo + min(’flgo, ﬁ40)> (ﬁ) eXp | —= - " ~ > O,
T—Ly 12 To + min(ngg, 740)
(114)

while in case (2), we have L, = To — min(nq9, 720) > 0 and property (113) is replaced by the property

7211HLI+ F(T) = — ('ﬁlgo + min(ﬁlo, 'flgo)) (ﬁ40 + min(ﬁlo, ﬁgo)) < 0. (115)
b
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Additionally, in both cases, the derivative of F/(7),

FI(T) = { (o + (T = T5)) + (o + (T = To) ) } (@)3/2 P (_%)

H12
1

(7)o s A
+ (ﬁgo - (T— 7(-))) + <ﬁ40 - (7-_ 76)) )
(116)
is positive on the interval (L1, Ly). Indeed, the terms (ﬁlo +(T - 76)), (ﬁgo +(T - 76)), (ﬁgo —(T - 76)),
and (ﬁzxo —(T - ’76)) in (116) are all non-negative on (Ly, Ly), with at least three of them being positive.

~

Properties (113)-(114) in case (1), or properties (115)-(114) in case (2), together with F'(7") being strictly
increasing, imply the existence of a unique zero of function F(7) on (Ly, Ls). O

(ﬁlo +(T - 76)) (ﬁ2o (T - 76)) <@>3/z

4 ] H12
T2

Now, for T = 7‘6‘1, the unique positive zero of F (7‘) obtained in Lemma 7.1, we define the unique
equilibrium partial densities (see (109)-(110)) by

Al = o+ (T9=Tg), i=1,2, (117)
AT = fyo — (T —Tg), i=3,4. (118)

Next, since Ty — min (79, N9g) < Ter < To + min(fgg, Ng), we observe that n;? > 0, for i = 1,2,3,4.
Therefore, 7; = 7% and 7 = T > ( is the unique non-negative solution of the system (109)-(111), while
the densities n%? = (3/2)nen?, for i = 1,2,3,4 and the temperature T = (Eu,/k)T* is the unique
equilibrium solution of equations (107) and (108). O

8 Appendix: SRS model

In the simple reacting spheres (SRS) kinetic model, the reactive collision between particles of species i

and s occur (i,s = 1,...,4) when the kinetic energy associated with the relative motion along the line
of centers exceeds the activation energy ~;,
2
(1/2)pss (e 0 — ) = 7. (119)

Now, combining the assumed conservations of momentum and total energy for the reactive events:

miv + mew = mg,v:E + m4wi (12())
myv? 4+ mow? = mav + myw*? + 2F .

where vt and w* are post-reactive values of the velocities v and w and E,, is the energy absorbed by the
internal degrees of freedom, we obtain the relation (see also [3])

<\/g(v¢ _ wi)>2 _ <\/%(U _ w))2 — B, (121)

The resulting connection between the pre- and post-reactive relative velocities can be written in the form

\/%(Ui —wh) = \/%(v — w) + Ae, (122)
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where

A:_<\/%<v_w>,e>+\/<\/%<@_w>,6>2_ (123)

And finally, in the case of the reaction A + B — A* 4+ B*, the post-reactive values of velocities v, w

1

vt = —[mlv+m2w+m4 &{(v—w)—e<e,v—w>+ea_}], (124)
M H34
1

wi:—{mlermzw—mg &{(U—w)—€<€av—w>+€@}}v (125)
M 34

with o~ = \/ ((e, v — w>)2 — 2F s/ 112 and, Egps, the energy absorbed by the internal degrees of freedom.
The absorbed energy FE,;s has the property Fgs = B3+ Ey — By — Ey > 0, where F; > 0,1 =1,...4, is
the energy of i-th particle associated with its internal degrees of freedom.

The activation energies 7, 7, for A and B are chosen to satisfy 71 > Eys > 0, and by symmetry, o = ;.

For the inverse reaction A* + B* — A + B, we proceed in a similar with the expressions and obtain the
following expressions for vf and w?

1

ol = —[m3v+m4w+m2 @{(v—w)—€<€av—w>+€a+}], (126)
M M2
1

wh = —[m3v+m4w—m1 @{(v—w)—€<€av—w>+€a+}}a (127)
M 12

with o™ = \/((e,v — w))2 + 2Ep5/ 1134, and the activation energies for A* and B*, 73 = 71 — Egs and,
Y4 = 73-
Post- and pre-collisional velocities of the reactive pairs satisfy conservation of the momentum

miv + mew = mg,’ui + m4w¢, msv + muw = mlvT + meT. (128)

A part of kinetic energy is exchanged with the energy absorbed by the internal states. The following
equalities hold:
2 2 _ 12 12
mv* + maw* = mav*® + myw* + 2E 4,

, (129)

msv? + maw? = mpo'? + mow' — 2E,,,.

In the SRS kinetic model, the angular momentum is not conserved during the reactive collisional process,
unless (110 = pi34.

8.1 SRS’ version of Lemma 2.1

Lemma 8.1.

(1) The inverse velocities to v¥, w* are given by

- ]

v = — |msvt + mywt + my @{(vi —w?) —ele, vt —w) + ea+} , (130)
M| H12 _
T -

w = — | mavt + mawt —my @{(vi —wh) —ele, vt —wh) + eoﬁ} : (131)
M| H12 ]
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and the inverse velocities to v', w' are given by

1
v=— {mlvT + maw' 4 my w{(?ﬂ —w') —ele, v’ —wh) + ea‘}} , (132)
M 34
L i Pao f ot ot ol 4 eam
w=—|mu" +mow" —mg, [—< (v —w') — (e, v —w') +ea” p|. (133)
M 134

(2) For fized €, the Jacobians of the transformations (v,w) — (vi, w") and (v,w) — (v}, w*) are given by

(@)”w i (&)”M, (134)

H12 at 34 o

respectively.

1/2 1/2 1
(3) Furthermore, {e,v" — w') = <@) at, (e, vt —wt) = (&) a”, —pa({ev — w>)2 — =

1 H12 ) 134 2
§u34(<e,vi — wi>)2 — 73, and §u34(<e,v - w>)2 — 3= §u12(<e,1ﬂ — wT>)2 — 1.
8.2 The dilute SRS kinetic system
%’Z +v%§j =JF+JE fi(0,m,0) = fiolz,v), i=1,...,4, (z,v) € QxR (135)

with

JE = Z{a J[ [0 = 200000 e = ) de |

R3xS2.
- Bijafj// {fi(t,x, V) fi(tz,w') — fi(t ) f(t, w)}@((e, v—w) —T;) (e, v—w)dedw,  (136)
R3x$%
and
Jﬁ:ﬁijafj//K@) Jilt, @, v5) filt, z, wi)) = filt, z, v) f5(t, :c,w)]@((e,v — w)—T;) (6, v —w)dedw, (137)
R3xS2. fin

where fio, i = 1,...,4 are suitable nonnegative initial conditions and 2 C R? denotes the spatial domain of
the gas mixture. I';; = /27;/p;; and © is the Heaviside step function. As before, the pairs of post-reactive
velocities, (v%,w%) = (vt w?) for 4,7 = 1,2, and (vg,wg) = (v, w") for 4,7 = 3,4. The pairs of indices

(7,7) and (k,l) are from the set of quadruples (4, j,k,1) : {(1,2,3,4), (2,1,4,3), (3,4,1,2), (4,3,2,1)}.

8.3 SRS’ version of Proposition 3.1

Proposition 8.1. Assume that B;; = B;; for (i,7) € {(1,2),(2,1),(3,4),(4,3)}. For ¢; measurable on
QxR and f; € Co(QxR3),i=1,...,4, we have:
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Z/qszJEdv—ZZazs J[[ 6.0+ outaw) = 61600 = o0

=Ll palgaks (138)
(W) fo(w") = fi(v) fo(w)] (€, v — w)Zi dedwdv,
Z/(szR dv = /// 612012¢1<$ U) + ﬁ21021¢2(1} U}) 5340'34¢3($ ) ) 5430'43(b4($ W )}
R3 X R3 x 8§73 (139>
2
[(%) fa(x, v)) fulz, wh) — fi(x,v) fo(z,w) | O(e,v —w) — Tis) (e, v — w) dedwdv,
and
/¢ZJR dv = // 534034¢3(x v) ‘1‘643‘7436154@ w) — 512012gz51(m v ) Bglamgzﬁg(x v )}
R3xR3xS% (14())
[(%) filz, ") fo(z,w') — fa(2,v) falz,w) | O({e,v — w) — T'ss)(e,v — w) dedwdv,
where Z;s, appearing in (138), is given by
0((e,v—w)) + 3(1 = Bis)OTis — (e,v —w)), if (i,s) € I;
Eis = { 310((e,v — w)), if i=s; (141)
%@“67 v —w)), otherwise,

with T ={(1,2),(2,1),(3,4),(4,3)}.
The post-collisional velocities, v' and w' are given in (3), while the post-reactive velocities, v*, w* and vT,
w', are given in (130)-(131) and (132)-(133), respectively.

As in the case of MSRS, Proposition 8.1 for SRS model implies that when f5;; = 8;; > 0 (i = 1,...,4)
and B120%, = (3403,, the convex function H(t), defined by

Z / fi(t,z,v)log [fi(t, x,v)/ 1] dvde, (142)

L oxks
is an H-function (Liapunov functional) for the SRS model and the following result holds:

Proposition 8.2. Assume that for i,j = 1,...,4, the coefficients 0 < (3;; < 1 satisfy the conditions
Bi; = Bji and Biao3y = Bas03,. For ni(t,x) > 0, u(t,z), and T(t,z) > 0 measurable functions and
0 < fi € LY(Q x R3), the following statements are equivalent:

o\ 3/2 (v — )2 1/2 E
1. fi:ni<2:;7_> exp (—%),izl,...,& and ning = (ﬁ) n3n4exp(k%b_s>,

2. JE({fi}) =0 and JE({fi}) =0, i = 1,....4,
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55 [ PN + JEUD) g () dv =0,

1=1R3

The notations JE({f:}) and JE({ f;}) signify the fact that fori=1,...,4, the collisional operators depend
on the set one-particle distribution functions, fi, fa, f3, and fy.

We observe that the post-reactive velocities in the SRS model (see (124)-(125) and (126)-(127)) yield the

2 3

factor (&) in (137), while in the MSRS model this factor is (@) . This difference also results in
Hki Hkl

different forms of the mass-action law:

1/2 B
ning = (&) N3Ny €Xp < k?f) (SRS model)

34
3/2
Hi2 Eabs
= — MSRS model
nins <M34) N3N4 €Xp ( T ) ( model)
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