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1 Introduction

The study of partial differential equations or systems with variable exponents is a recent research topic which
had a very quick development that started when it was understood that variable exponents give better de-
scriptions of the behavior of certain materials or phenomena. To the authors knowledge, this is one of the first
works involving the p(z,t)-curl operator. In this work we intend to generalize the results in [1] to a similar
problem but now with variable exponents.

Let © be a bounded simply connected domain of R® with a €' boundary denoted by I', T € R,
Qr=0x(0,T)and X7 =T x (0,7).

In what follows, vector functions and spaces of vector functions will be denoted by boldface symbols. We
will use 0, to denote the partial derivative of a function with respect to the variable z.

The divergence of a vector function h = (hy, ho, h3) is denoted by

V-h = 8301]7,1 + athg + (913h3

and the curl of h by
Vxh= (8m2h3 — 813h2, 813]7,1 — aﬂnhi’namlh& — 812]7,1),
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2 Blow-up and finite time extinction for p(x,t)-curl systems arising in electromagnetism

We recall the identity
—Ah =V x(Vxh)—-V(V-h), (1)

where Ah = (Ahl, Ah27 Ah?,) and Ahz = V(Vhl), 1= 17 2, 3.
We wish to prove existence of solution for the system

o+ Vx|V PO 29 <R = f(h), Vih=0 n@Qr. (%)
|v><h‘P(93vt)72V><h Xn:O’ h-n=0 on ZT» (2b)
h(-,0) = ho in Q, (2¢)

where f(h) = XAh ([, |h|?) * with A € {~1,0,1} and o a positive constant. Using the Galerkin's method,
we prove existence of solution h € X (Q7) N H'(0,T; L*(Q)) to the above problem. The space

X(Qr) = {v e L*Qr): Vxv e I")(Qr), Vo =0, v-m). =0}

is the suitable functional framework to solve weakly the system (2). A first difficulty is the characterization of
the space

wrO(Q) = {'v € LPV(Q): Vxv e LPV(Q), Vv =0, v n, = o} :

as a subspace of the Orlicz-Sobolev space W'P()(Q) where the seminorm ||V - [ L»¢ () is @ norm equivalent

to the one induced by the W ()-norm (see Theorem 2.1). Others difficulties are the definitions of suitable
countable topological bases of Wp(')(Q) and of X (Qr) (see Proposition 2.3 and Proposition 3.2, respectively).

We prove existence of solutions to this system imposing that, besides natural assumptions, the function
p(+,-) is decreasing in time. We study the finite time extinction or blow-up of the solutions, depending on the
values of the parameters A\ and o.

2 Functional framework — spatial variables

The main purposes of this section are the characterization of the space of divergence free vector functions
belonging to LP)(€) with curl in LP)(2) and normal null trace as well as the construction of a suitable
topological basis for this space.

2.1 The Orlicz-Sobolev spaces L*)(Q2) and W'»() ()

We start by collecting a few well known facts from the theory of Sobolev spaces with variable exponent. For
details about this theory and an exhaustive review of the existing bibliography, see the monograph [5].
Let p: Q2 — [1,00) be a continuous function. We will use the notation p € Glos(€2) if p satisfies

Vo, Gen -Gl <1 @) -p@) wlG -Gl lmspw(logz =C (3)

T—0t
Defining
(D) = [ 17170,

we denote
rO(Q) = {f:Q—R: fis measurable and A,)(f) < oo}.

The space LP() (), equipped with the (Luxemburg) norm

11l ooy = inf{)\ >0: Ay (L) < 1},

is a Banach space.
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From now on we assume that
p~ =minp(zr) and pt =maxp(z), 1<p , p" <oco. (4)
TEQ €
We define
whrO@) = {ue L70(Q) : [Vur®) e L'(Q)},
and we endow it with the norm
[ullwrro @) = lullLro @) + VUl Lo ()- (5)

We consider also
Wol’p(')(Q) = {u e Whrtl(Q): U, = O} ,

with the norm

||UHW01”’<'>(Q) = HVUHLPU(Q)-

Details about the trace of a function u € W'?()(Q) can be found in [5].

Let us indicate the basic properties of the spaces L) (), W'P()(Q) and Wol’p(')(ﬂ) that we will need

in the rest of this paper:

1. From the definition of the norm in LP()(£2), we conclude that

. - + - +
win (117105 » 17y ) < Ao () < ma (17150 gy 1 o)

2. Holder's inequality is verified, i.e., for all f € LPO)(Q), g € LP'()(Q) with

p(x) € (1,00), p'(x) =

the following inequality holds:

1 1
/Q 791 < (5= + 2= ) Il Nallzorioay < 20w I9llzror ey

. We also have that

for q()<p()  LPOQ) CLIQ) and ||fll ey < C I lproay s

. The space W1P()(Q) is separable and reflexive, provided that p € () and satisfies (4);

. Assuming (3), we have 2() is dense in Wol’p(')(Q) and this last space can be defined as the completion
of Z(2) with respect to the norm (5). The density of smooth functions in the space Wol’p(')(fl) is crucial
for the understanding of these spaces. The condition of log-continuity of p(-) is the best known and the

most frequently used sufficient condition for the density of Z(2) in Wol’p(‘)(Q) (see [4, 5]). Although
this condition is not necessary and can be substituted by other conditions (see [5, Chapter 9] for a
discussion of this question) we keep it throughout the paper for the sake of simplicity of presentation;

. Observing that Wol’p(')(Q) C W, P (), the Sobolev inequality
[fllza) < Cllflwrro @)

holds, with 1 < ¢ < 33_’% if p~ <3,any qifp” =3andg=ocifp~ > 3. Here C =C(p~,Q) is a
positive constant.
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2.2  The space W*Y(Q)

We define
wrO(Q) = {v e L’Y(Q) : Vxv e LPD(Q), Vo =0, v - n, = O} ,

endowed with the norm

[vllweer @) = IVl Lro @) + IV X0 oo -

Theorem 2.1. Assume that 1 < p~ < p(-) < p* < oo and p satisfies (3). Then WP (Q) is a closed
subspace of W#g’(')(Q), where

wirO@) = {v e WO (@) v ny, =0}

Besides, ifp~ > g' then ||V v (q) is @ norm in WPU)(Q) equivalent to the norm induced from WP (Q).
In particular,
Hv”Wl’P(')(Q) <C|V ><v||Lp(,)(Q),

where C = C(p~,p*,Q).

Proof. The inclusion {v € W;f()(ﬂ) : Vv = 0} € WPO(Q) is immediate. We need to prove that
wrt(0) € Wit )

Let w € LPY)(Q) be such that Vxu € LPO(Q), V-u =0 and u - ny. = 0. Since I' is compact, we can
find z1,...,2, € Tand 7y, ..., € RT such that, denoting B; = B(z;,r;) the ball centered in z; with radius
r; and setting B; = B(z;, %), we have:

k
1. UE‘QF;
i=1

2. For i = 1...k, there exists a set Vf C R? x RT and a smooth function ®; which is a bijection from
B;NQ to V;" and such that ®(I'N B;) =V, N (R? x {0});

3. Denote, for i fixed, y = ®;(x) and yo; = ®i(z;). Let L = a;10y,y, + b;0,, be the expression of
the Laplacian in the new variables (for details see [6, p. 97]). We choose the radius r; of the ball B;
sufficiently small such that:

(@)
(7)

k() — asn(yor)] < —
max |a; —a; i —

where C' = C(p~,p",Q) is the constant for the W(l)’p(')(Q) estimate satisfied by the solutions of
the equations

—ajk(in)asjyk’U =g in Q,
v=0 onT[

3

li

where g is any element of WP (Q);
(b)

diam(V;") [[b;lwr.= o) <

(8)

where diam(V;") represents the diameter of V;" defined in item 2, b; are the coefficients of the
first order terms of the operator defined above in this item and C'is the constant mentioned in (a);

m
4. Since € is compact, we can find zx41,..., 2, € Qand rpyq,...,7, € RT such that U B; D Q.
i=1
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Forie{k+1,...,m}, let n; € 2(B;) be such that 0 < n; <1 and i, = 1. The function v; = nu

B,
satisfies the following problem

{—A'ui = —n;Au —2Vn; - Vu —uAn; in B; (9)

'Uizo on 8Bi.

Observe that F;(u) = —n;Au — 2Vn; - Vu — uln,; € W(l)’p(')(Bi)l and so v; € Wé’p(')(B,») (see p. 439 of
the proof of [5, Theorem 14.1.2]). Then v; € W*()(B;) and

[ullwro g,y < lvillwreo ) < ClF(W) o,y

where C = C(p~,p*,Q) > 0.
In what follows C' represents different positive constants. Using the identity (1) and recalling that V-u = 0,
we have

1 Aullyyrmer g,y < lill e Sup (Bw @l m,y W o(8,)
pewlr <‘>(Bi)
||<P||W1,p’<~)(13i)§1

< |ImillLe(B,) sup / [V xu- Vx|
= Wl’p,(‘)(Bi) B;
”‘pnwl’p/(')(Bi)Sl

< 2/mill Lo (B, Sup ||V><UHLP<->(Bi) VXSOHLPI(')(Bl)
e Whr'()(By)
H‘Ple,p’<-)(Bi)§1

< OV xulpocr(s,),

ani ) vu”wl-,p/(-)(Bi)’ < HniHLo"(Bi) SU-p/ (Vu, "0>W1’P/(')(Bi)'xWLP'(‘)(Bi)
P E wlp ()(Bl)
H‘Ple,p’b)(Bi)gl

Sy s [ v
peWwtrO)(p;) /B
e o) )<t

< 2([nill Lo (3, sup lellLecr (s

e e WhP'O)(B))
||90||W1,p’(-)(3i)§1

Clwiros,

< C||“||LP(‘>(Bi)

and
||UA77i||lep(-)(Bi)’ < HAniHLm(Bi) Sup / |u . ‘Pl
pewbhr'O)(B;) B
||<P||w1,p’(t>(3i)§1
< 2/|Anil| oo 5, sup lullzeer g llell oo s,
pe wlp (')(Bi)
H‘PHWLP'(')(Bi)SI
< Cllullprer(s,)-
So,

IFi (@)l < C (el sy + 1V X0l oo s,)) -
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Let now i € {1,...,k} and V' be the sets as defined in item 2. Define

Vim ={(y1,92, —v3) : (y1,y2,y3)€V+} and V; = V+UV_

Given a function ¢ : Vf — R, we define ¢ : V; — R by even reflection, i.e.,

_ _Jelyye,us) i (y1,y2,98) € V/E
o(y1,y2,y3) = . _.
o(y1,y2,—y3)  if (y1,92,93) €V}

For a given function v : B; — R3 we call © = 'vo<I>i_1, where ®; is the change of variables defined in item 2.
Recalling that y = (y1,92,y3) = ®;(x), we have v(y1,¥2,y3) = v(z1,x2,23). Let m; € 2(B;), 0 <m; <1,
Ni|; = 1. For v; = n;u we have

Avi(z) = a;e(y)0s,,, 0i(y) + b () 0y, i (y),

where (a;r); , is strictly positively defined and a;x,b; € %€ (V) (for details see [6, p. 97]). Then the problem,
in the variable z,

—Av;(z) = Fi(u(x)) in B;NQ
’UZ():O on(?BZ-ﬂQ
vi(z) n=0 onI'NB;

is transformed into the problem, in the variable vy,

*ajk(y)a;yk@i(y) = Gi(u(y)) +b;(y)9y,vi(y) inV; (10)
vi(y) =0 on dV;’

where G;(u) is the function that corresponds to F';(u) defined in (9), but in the new variable y. Recalling
the definition of ;0 = ®;(2;) given in item 3, we can rewrite the problem (10) as follows

—a;k(40:) 02, 0i(y) = Gi(u(y)) + b;(y) 0y, 0:(y) — (ak(yoi) — ajr(y)) 02, 0i(y) inV;
v;(y) =0 on dV;’

and so
[illwv0 () < C(HGz‘(u)me(w + 1105 ()0y; i (y)llwoo> (v
e (or) = e ()22, Bil lwer vy ) (11)
We are going to estimate first the terms |[|b;(y)0y, ¥ (y)lwre (v;)

<bjayj'i’ia ‘p>W1vP'<'>(V,-)'><W1vpl('>(V,-) = 7<'Bia ayj bj‘io + bjayj ‘P>W1’P’(')(Vi)'><W1~P’(‘>(Vi)

< /V 1B:] (1] + 18y, 1) 1151w = vy

‘OWvi)
Applying the Poincaré inequality (see [5, Theorem 8.2.4]) we obtain

(Vi) ||<P||Wi,p/<»)(vm)

<bj8'l_7i7(p>lep’(-)(Vi)’><W11P’(-)(Vi) < 2diam(V;)| j

and so, recalling that diam(V;) < 2diam(V;") and (8),

_ _ 1
||bjay,-viHW1‘p’(->(Vi) = SUR <bja’via‘P>W1,p'<~>(vi)'XWl,p'm(Vi) < 712C||Uvi||wlvp('>(vi)' (12)
e e WhP'O(vy)
||‘p||W1,p’(-)(w)§1



S. Antontsev, F. Miranda, L. Santos 7

Returning to (11), using assumption (7) and estimate (12),

HT’Z'HWLP(‘)(V,L) < C(||Gi(u)||wv<->(m)’ + ||bja?lj,l_’i||W1’Pl(‘>(Vi)

Hlapo) - ap@liewy s [ 18,00 9,0)
pewhr (v Vi
”LPHWLP/(')(Vi)Sl

1,
< CllGi(u)llwro vy + 5 lI0illwreo )

and we conclude that
H'Dimwlm(-)(vi) < ZC”Gi(’u,)HWp(.)(Vi)/.
So

HuiHWl,pm(ng) < HviHleP(')(BiﬂQ)
< Cil|villwrro (v
< C2||Gi(“)||wp<->(vi)/
< C3|Fi(u)llyeo 5,y
< Ca(llullprormy) + IV xulleer(s,))-

7

To conclude that u € Wl’p(')(Q) it is enough to use a partition of unity subordinated to the covering

{Bi}iz1,...m.
Applying Peetre’s Lemma, we conclude that there exists a positive C' = C(p~, p™, ) such that

)
Vo € WPOQ) o]l yyrr00q) < CIV X0l Lo o

For details of the proof of this inequality, when p is constant, see [7, Theorem 2.1]. O
Remark 2.2. Let v € WP (Q). From item 6 of Subsection 2.1 and the previous theorem, the inequality

[v]lzee) < ClIVX0| oo (o (13)

holds, with 1 < q < 33_”;, ifp~ <3,anyqifp” =3 and g = o0 ifp~ > 3. Here C = C(p*’er’Q) is a
positive constant.

2.3 A basis for W?)(0)

We wish to find out an appropriate countable topological basis of W”(')(Q), to be able to define a family of
approximating problems in finite dimensional subspaces.

Proposition 2.3. There exists a countable topological basis {1}, of WP (Q) such that, for all n € N,
1, € X,where
X={ve?' ():Vv=0, v-n.=0}.

Proof. A function u € WP()(Q) belongs to W'P()(Q). So, there exists an extension, still denoted by w,
belonging to W) (R3) (see [5, Theorem 8.5.2]). Given ¢ > 0, let p. € Z(R?) be a mollifier, define
U = u* p. = (Ug * pe,Ug * pe,uz * p-) and recall that u. € Z(R?) and u. S u in WHPO(R3).

e—

Let v. be a solution of the problem

{—Ave = -V u, in Q

%:u€~n onT’
mn
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Then v, € W29(Q), for any 1 < ¢ < oo and, in particular, v € €*(Q). Setting z. = u. — Vv, we observe
that V-2, =0, Vxz. € €(Q) C LP(-)(Q) and z. - m, =0. So, z. € X C W”(')(Q)_ Besides,
|ze — U’”WP(’)(Q) =|Vxz: - VXUHLM-)(Q)
=[|[Vxu. - VXUHLP(')(Q)

< ||VXU€ — VX’U’HLP(')(R‘?) ‘;}) 0.

Since W?()(Q) is a separable space, it admits a countable topological basis {¢,,},. Given n,m € N, we
construct a function z, ,, as above, with e = % such that 2z, ,,, € X and

1
2n,m — @nllwro (@) < oo

But this implies that {2z, }n.men is @ countable subset of X’ such that

kool
Zz,uijzi_j:kJEN, pij €ERfori=1,...;kandj=1,...,1

i=1 j=1

a topological countable vector basis of W) ().
O

is dense in WP()(Q). So, we can extract from {z, }

n,m

3 Functional framework and weak formulation

In this section we present an adequate functional framework to define a weak formulation of problem (2) to
which we will prove existence of solution.

Let p : Qr — (1,00) be a given function. We will use the notation p € Glog(Qr) if p satisfies the
log-continuity condition in the cylinder Q:

VCI;CQ € QT7 Cl = (I‘,t), CQ = (%7')’ |C1 - <2‘2 = |.'L'_ y|2 + (t_T)z < 17

p(C) = (@) w6~ G, Timsup w(s)log+ = C. (14)

s—0t
Throughout the rest of the text we use the notations

p~ = min p(¢),  pt = max p(().
ceQ

T CeEQT

Let
X(Qr) = {v € L@r) : Vxv € (Qr), v =0, v-m), — 0}

endowed with the norm
[0l x @) = IVllL2(@r) + IV X0l Lot (@)
Remark 3.1. Recall that, by Theorem 2.1, given v € X (Qr), we have, for a.e. t € (0,T),

/|V'v('at)|p(‘7t> SC1/ ‘va(ﬁtﬂp("t)a
Q Q

where, setting p* (t) = sup p(x,t) and p~ (t) = ingp(a:, t), Cy is a positive constant depending only on p*(t),
TEQ z€

p~(t) and Q. Noticing that p~ < p~(t) < p(z,t) < pT(t) < pT, the constant C; can be chosen independent
of t.

Proposition 3.2. Let {1}, be a basis of WPU)(Q) defined as in Proposition 2.3. Then the set

V= {ZCk(t)¢k(l‘) $ ¢ € €H[0,T)),m € N}
k=1

is dense in X (Qr).
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Proof. We know that the set

:{Zukwk:ukER,mEN}

k=1
is dense in WP()(Q). On the other hand, the set

Y(Qr) = {a(O)p(@) : a € €(0,T]), p ¢ WO ()}
is dense in Lq(O,T; Wp(')(Q)), for any 1 < ¢ < oo. But, as
X (Qr) € L™» 3 0, T; W (@),
the conclusion follows. O

We can now present a weak formulation of problem (2): to find h € X (Q7) N H"(0,T; L*()) such that,
fora.e. t € (0,7),

[ omv v+ [ 1Vxn@povchn)- Vxw = [ fhie) v, e W@, (15)
h(-,0) = hy. (15b)
Observe that, when h € X (Qr) N H (0,T; L*(R2)) then h € % ([0,T]; L*(€)) and so h(-,0) has a meaning.

4 Thecase A€ {—1,0} and 0 < 0 <2

o—2

In this section we prove existence of global solutions of the problem (15), when f(h) = )\h(fﬂ |h|2) ° for

A € {—1,0}. We also study the finite time extinction or asymptotic vanishing in time of the solutions.

4.1 Existence of solution
Let {1/,,},, be a basis of WP()(1) defined as in Proposition 2.3. Assume that

ho € WHPC0(Q), (16)

and let h,,o be an approximation, in Wl’p("o)(Q), of hg such that b0 € (¥q,...,1,,). Setting

0= e

then the system of ODE's in the unknowns (", ..., (",

[ ohnt)- i+ [ 195h ((PC0 29 b (1) Vi,
,)\/ /|hm = =0

has a solution (¢",...,¢(™) € € ([0,T])"
The above system is equivalent to

/8thm(t)-1,b+/ |V X By () PO 72V x By, (8) - V X
Q Q

—)\/ </ | ( |2> - =0, Ve {py,...4,) (17a)

hp(+,0) = hpyo. (17b)
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Proposition 4.1. Assume that 1 < p~ < p(-,-) < pT < oo, p and hg satisfy, respectively, (14) and (16). Let
h,, be a solution of problem (17). Then there exists a positive constant, independent of m, such that

[Rm Lo 0,02 (0)) < C, IV Xhm | Loco gy < C. (18)

Proof. Observe that we can use h,,(t) as a test function in (17), obtaining

/Qathm(t)~hm(t)+/Q|V><hm(t)|p("t)—)\(/Q|hm(t)|2>g =0.

Integrating the above equality between 0 and ¢ and denoting Q; = Q x (0,t), we get

1 ! H 1
5 [P+ [ 9t (rrear [ (/ |hm(7)|2> a7 =5 [ ol
Q oF 0 Q Q

and so
sup /|hm(t)|2+2/ IV 5 B [PC) g/ Bomol?,
0<t<T JO Qr Q
which immediately yields the conclusion. O

We will now prove that, under stronger assumptions on the function p(-,-), the partial derivative of h with
respect to ¢ belongs to L*(Qr).

Proposition 4.2. Assume that 1 < p~ < p(-,-) < pT < oo, p and hq satisfy, respectively, (14) and (16),
and also that there exists a positive constant c such that —c < Oyp < 0 a.e. in Qr. Then

J L R e AU )

IV x o P00 A / NS QT
< _— — — h., (1
o /Q p('a 0) U( Q | 0| ) * ( 9)

(p~)?

In particular,
0chm L2 (o < C. (20)

Proof. We may use 0h,, as test function in (17), obtaining

/ Ok (1)[2 + / IV 5 B (8) P29 s B (£) - V¢ Dy (£) — A / (1) (1) / ha®?) T =0
Q Q Q Q

and so )
[Vxha(OPCD Ad / %
/thhm( dt/ () odt [on =1 (21)
where )
V x h,,|P"
- 'p(,t)'z(—1+p<-,t>log|vmm<t>|)atp<-,t>. (22

We evaluate I by the following way:

p(-t)
I /Q w (1= p(-, ) log [V x hun (£)]) |9:p(, 1)]

V x by (1) PG
- S<bon O (4 1) 10g 19 % Bun (1)) 000, )]
an{12p(-,1) log |[Vxh, (1) } p(-,t)
+f [V x b (D]
an{1<p(-,1) log [Vxho, (1) } p(-,1)?

|V><hm(t)\f’('vt)
/Qﬁ{lZp(-,t) log |V, ()] } p(-t)? ( | )16

t)1og |V x b (1)) [0 (-, 1)



S. Antontsev, F. Miranda, L. Santos 11

Next we use the following properties of the function F'(n) = %(1 —p(-,-)log 77), defined for 0 < n <
1 1
F0)=F (@p<~l,~>> =0, F'(n) = —nPC) " ogn, max Fn)=FQ1)= 55
0<n<er() p(', )
to conclude that Q)

c

I < ——. 23

(p~)? 23)

Integrating equality (21) between 0 and ¢ and using inequality (23), we prove (19). To prove (20) it is
enough to notice that, from inequality (6),

|V><hm0‘p("0) 1 - +
/Q W S ]:? maX{”VXhmO”i(',o), Hvth0||§(70)} :

O

Theorem 4.3. Assume that g <p” <p(,) <pT < oo, pand hy satisfy (14) and (16), respectively, and
also that there exists a positive constant ¢ such that —c < Oyp < 0 a.e. in Qr. Then problem (15) has a
solution h € X (Qr) N H'(0,T; L*()).

Besides, if o > 1, the solution is unique.

Proof. By the estimates (18) and (20), there exist G and h such that, at least for a subsequence, we have
Vxh, — G in L*")(Qr)-weak,
m—r o0
Othy —— Oih  in L*(Qr)-weak.
m—o0

Let ¢ = min{2,p~ }. Recall that, by Remark 3.1, given v € X (Qr), we have

/ Vo (-, )P0 <y / IV xv(-, )00,
Q Q

where C is a constant that can be chosen independently of . Then, there exists a positive constant C' such
that

vllLa@qr) + IVV[lLar) < C (||'U||L2(QT) + HVXU||LP<'v'>(QT)> :

Then {hp,}m is bounded in W9(Qr) and this space is compactly included in LY (Qr). Here ¢* is the
critical Sobolev exponent and it is greater than 2 because p~ > g. So, at least for a subsequence, we have

h,, — h strongly in LY (Qr) and hy, (x,1) — h(z,t) for a.e. (z,t) € Qr.
Moreover, observing that

d 2 — . —_— . . . —_— .
% /Q |h(7t) - h‘m('at” - 2\/52 (h’( 7t) hm( at)) (6th( 7t) athm( ,t)),

we conclude that

|h(.,t)—hm(-,t)2§2(/ |h—hm2> (/ |8th—8thm2> +/ |ho —hom |2 — 0,
Q Qr Qr Q m—reo

which proves the strong convergence of (h.,),, to h in L= (0,T; L*(2)).
N

For N €N, let ¢(t) = Y _ di(t)t;. According to (17) we have
k=1

Oihn (1) - p(t) + / IV 5 R (-, ) [PCO =2V 5 By (-, 1) - V o (2)
Q Q

o—2

A B0 o) [ hal0R) T =0, @9
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Integrating the last equality with respect to ¢ and passing to the limit as m — oo for fixed N, we obtain

o—2
Oh -+ G-chp—)\/ h-cp(/\h|2) >, (25)
Qr Qr Qr Q
N
first for ¢ = Z di(t)1,, and after, by density, for any ¢ € X (Qr).
k=1
Let A(v) = |V xv[P() 72V x v and recall that

/ (A(v) — A(w)) - Vx (v —w) > 0. (26)
We will now prove that
G -Vxp= lim A(hp,) - VXxep = A(h) - Vxe.
QT m—o0 QT QT

Subtracting (25) with o = h from (24), integrated in the interval [0, T], with ¢ = h,,,, we derive

Jm+/ (\Vth|p("')—G~Vxh) =0, (27)
Qr

g, = / (Oth - By — Ot - B) — A ((/Q ‘h7n|2)% - (/Q h|2)g> ot V-

Subtracting (27) from (26) with w = h,;,, and passing to the limit as m — oo, we arrive at inequality

where

og/ (G~ A(v)) - Vx (h— ). (28)

Choosing v = h — vw, where v is a real positive number and w is any function in X (Qr), and substituting
it into (28), we have

0< / (G—A(h— yw)) -V xw.
T
Letting v — 0 we obtain the inequality

Og/ (G—A(h) - Vxw

and so G = A(h). Recalling that h € H'(0,T; L*(Q2)) then h € €([0,T]; L*(Q)).
Setting ¢ = min{p~, 2}, the set {h,,},, is bounded in

Z={vel(0,T;W" ()),0v e L*(Qr)}

and we will prove below that Z is compactly included in € ([0, T]; L*(<2)). Observe that

/Q | (t+0) — b, (8)|7 = /Q /H(S Othy, (1) dr

t
t+6
§/5q_1/ |Othy (T)|? dT
Q t

< 0B L) < 09C-

q

We have WP (Q) C L*(Q) C L%(f), being the first inclusion compact because p~ > 5. On the other
hand {hy, }.n, is a bounded subset of L?(0,7; W” (£2)) and, denoting 75(f(t)) = f(t + ), we have

||T§(h'rn) - h?n”LO"(O,Tfé;L‘?(Q)) = Sup ‘hm(t + 5) - hm(t)‘q — 0.
te[0,7-58] JQ 60
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Then, by [8, Theorem 5], {Ry, }m is compactly included in € ([0, T]; L*(2)). So, at least for a subsequence,
we have h,, = h in €([0,T]; L*(R2)) and, in particular, h(0) = lim h,,,(0) = lim h,,,o = ho.

This concludes the proof that h solves the problem (15).

To prove the uniqueness of solution in the case o > 1, we follow the steps in [1]. The proof in the case
A = 0 is immediate. Let A = —1 and hy and hs be two solutions of (15). Use hy — hy as test function in
the problem solved by hy and by hs. Then we get, after subtraction,

/|h1 2B + / (|V><h1|p('7')72V><h1f\VXh2|p("')72V><h2>~V><(h17h2)

t

+/Ot(/ﬂh1|2>022(/ﬂh1-(h1—h2)>—/Ot(/Q|h2|2>022(/ﬂh2-(h1_h2)>_0.

Recalling (26), we get

;/Q|h1(t)—h2(t)|2+At(/Q|h1|2)022(/h1~(h1—h2))—At(/Q|h22)022(/9h2-(h1—h2)) <0.

Calling y1(t) = |h1( )2 and yo(t / |ha(t)]”, we have, for o > 1,

/ /|h1 ;2 /hl h17h2 /Ot(/h2 2(/Qh2-(h1h2))
Z/()(3/1 +y2_y1”; y2—y2 ) /(ylz )(ylé_yzé)zo’

and the above inequality implies that y1(t) = y2(t) = 0 for a.e. t € (0, T) and

/Ot(/Q|h1|2)“52(/9h1 (ha — / /|h2\ / Ry —ha)) =0

Consequently,

3 [ 1m0~ ha(o <o

which implies that hy = hs a.e. in Qr. O

4.2 Finite time extinction and asymptotic behavior

We are going to study now the finite time extinction or stabilization in time, towards zero, of the solutions of
problem (15), depending on the choice of the parameters X and o.

Theorem 4.4. Let h be a solution of problem (15) with1 < p(-,-) < 0o, A= —1,0 < o < 2 and hy € L*(Q).
Then there exists a positive t, = ﬁ ||h0||i;€m such that, fort > t,, (t)||Lz(Q) =0.

Proof. Observing that a solution h of problem (15) satisfies

2dt/|h 02 + /|V><h ()P0 + ( /|h : (29)
/ WP = [h(t)|2 0,

we obtain that Y satisfies the differential inequality
Y'(t)+2Y(5)2 <0

denoting

and so
2—0o

1 9\ =
[h(D)]|L2@) =0 Vt> ﬁ(/Q |hol )
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Remark 4.5. Notice that, according to (29), we derive, for the limit case o = 2 and also for o > 2, the
asymptotic extinction of the solution when t — oo. In fact, using the above notation,

o ifo=2,
Y (t) <Y(0)e?;

o ifo > 2, we have
Y (0)

(1+tc—2)Y(0)F)72

Y(t) <

Now we are going to investigate the asymptotic behavior of h(t) with respect to ¢, where h solves problem
(15) when the term f(h) is absent, i.e., A = 0.

Theorem 4.6. Let h be a solution of problem (15) with 1 < p(-,-) < p* <2, A =0 and hg € L*(Q). Then
there exists a positive t. < oo such that ||h(t)| L2 = 0 fort > t..

Proof. Taking into account the first estimate in (18) we can assume, without loss of generality, that || (t)|| L2 (o) <

1. Using the energy relation
h(t)* + h(t)[PC) =0,
331 L IOF = [ [9xhio)

(6) and (13), we can write, for any fixed ¢,
()

+ . - .
BN oy = min (IBOI oy IHO5)) < C [ 1V xRPED.

Setting Y (t) = ||h(¢ )HL2(Q the last inequality and the energy relation lead us to the following ordinary
differential inequality

1

[h(t) L2 (o) < C max (( |V x h(t)[PC t))
)

and so

pt

Y'(t)+ CY(t)z <0, (30)
which gives
Y (t)*F (0)*# 2p+ Ct.
This completes the proof with ¢, = ﬁ”hoﬂgf’;). O
Now we consider a limit situation when
1<p() < sggp(m,t) =pT(t)<2and pt(t) /2ast— . (31)

Theorem 4.7. Let h be a solution of problem (15) with p(-,-) satisfying (31), A\ = 0 and hy € L*(Q).
Assume that the exponent p™(t) is monotone increasing and

e dt
/0 RIpEO) < 00. (32)

Then there exists a positive t. < oo such that ||h(t)||p2q) = 0 for t > t..
The proof of this theorem will use the following lemma.
Lemma 4.8 ([4, Lemma 6.7] and [2, Lemma 9.1]). Let a nonnegative function O(t) satisfy the conditions
{ O'(t)+COrM(t) <0 fora.e t >0 with u(t) € (0,1) and C a positive constant
O(t) <0(0) < oo, ©O(0)>0 '
If the exponent p(t) is monotone increasing, then ©(t) = 0 for all t > t, with t, defined from the equality

& o dz
p(s)—1 —
C’/O © (0) dsf/o Pt
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We present now the proof of Theorem 4.7.

Proof of Theorem 4.7. Applying Lemma 4.8 to the inequality (30) we derive

t fe’e]
: pT(s)-2 ;. _ di
¢ [ ol s = [ oy <o

It follows that there exists a positive ¢. < oo such that ||h(t) z2(q) = 0 for t > ¢.. O

Remark 4.9. A simple example of an exponent p™ (t) = sup p(z, t) satisfying the conditions of the Theorem 4.7
zeQ
is
logt
a—2

), l<a, e<t
¢

p+(t):2(1—

5 Thecase A\=1and o >1

a=2
In this section we prove existence of global or local solutions of the problem (15), for f(h) = h(fQ |h|2) ’
and o > 1. We also study the blow-up of local solutions.

5.1 Existence of solution

We consider, as in Subsection 4.1, a basis {1,,}. of W()(Q), defined as in Proposition 2.3. Assuming that
hy satisfies (16) let h,,,¢ be an approximation, in Wl’p("o)(ﬂ), of hg such that h,,0 € (¥q,...,,,).
Denoting

B (t) = Z ¢ (),

then the system of ODE's in the unknowns (7%, ..., (",

o—2

/8thm(t)-z/)i+/ Vb (P2 by () Voxtps = [ t) ([ IRn()?) 7
Q Q Q

Q
hm( : 70) = hmO

has a solution ((",...,¢™) € €1([0,T])™.
This problem is equivalent to the following problem

/8thm(t)-1/;+/ |V X by (1) [P 72V X by, (8) - V X
Q Q

— [ n® s [ hn®F) T Vo E i) (339)
Q Q
hm( : 70) = hmo. (33b)

Theorem 5.1. Assume that g < p~ < p() < pt < oo, p and hg satisfy (14) and (16), respectively.
Assume, in addition, that there exists a positive constant ¢ such that —c < Oyp < 0 a.e. in Q.

1
1 <o <max{2,p"} (34)

then problem (15) has a solution h € X (Qr) N H*(0,T; LQ(Q)) for any positive T.

2. If
o >max{2,p"} (35)

then problem (15) has a solution h € X (Qr) N H'(0,T; L*(2)) for a small Tyax > 0.
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Proof. First of all we derive a priori estimates, independent of m, for the approximations h,,,. These estimates
will be global, for any finite T', in (34) and local, for a small Ti,ax > 0, in (35).
We start by proving that, in item 1, for any finite T" there exists a positive constant C' such that

ooz + [ [9xhapt) <C. (36)
Qr
/ |0;hm|? + sup /\Vth(t)|p('*t)§0. (37)
T 0<t<T JQ

Using h,,(t) as test function in (33), we obtain

2dt/|h |+/‘VX” (B¢ t)—</ [P |2> : (38)

We split now the proof of the estimate (36) in two cases: 1 <o <2and2<o <p~.
e Thecase 1 <o <2

The function Y'(¢ / |h(t)|? satisfies the inequality Y'(t) < 2V (¢)%. So

/|h = <(2-0)t+ /|hm0 T, if o <2,

/ |hom (D)]? < eQT/ |hmo(8) 2, if 0 =2,
Q Q

and the estimate (36) is immediately obtained.

and

e Thecase2 <o <p~
According to the formula (13) of Remark 2.2 and the inequalities (6), for any fixed ¢ € [0, T], we have

that
([ 1) < €175 R Ol00000

(/ |V 5 B, ()P ) , |f/|V><h Ol
o ([ wxtatopts ) [ [ <1

Taking into account that ¢ < p~ < p* and applying Young inequality, we obtain

( / hm<t>|2)2 <5 [IVxhnpc0 +0
Q 2 Q

Substituting the last estimate in (38) and integrating with respect to ¢, we conclude the proof of the
estimate (36).

Now we derive the estimate (37). Using O;h,, as test function in (33) we obtain

T e e e T YA )

where [ is defined in (22) and can be estimated, as in (23), by || < == /€. Integrating between 0 and ¢,
we have

Vb7 [ [FxhnolPt
Och, 2+/ | S/ n QT
/t| A | Q p(-,t) Q p(-,0) (p_)2| |

+(1I< . ) (/ |hm0|2> . (39)
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Applying the estimate in (36) for [|h |10, 1,12 (0)), We obtain estimate (37).
Now we derive local estimates (36) and (37), for T > 0 small enough, in the case of item 2.

Assuming that
1

t < Tmax =
N T

it follows from (38) that

[ o)l < (1—to— (/ |hmo> ) | Vool

and we obtain the estimate (36).

Substituting the last estimate in (39) we obtain (37) for ¢ < Thax. To conclude the proof of the existence
of global solution, in the case (34), and local solution, in the case (35), we only need to argue as in the last
part of the proof of Theorem 4.3. O

5.2 Blow-up

In this subsection, following some ideas of paper [3], we study the blow-up of local solutions of problem (15).
We consider first the case where p depends only on x and afterwards on (x,1).

Theorem 5.2. Let h be a solution of problem (15) with 1 < p(-) < oo, A = 1 and hg € L*(Q). Suppose

that o .
‘VXh0|p' 1 (/ 2>2
E(0 :/ —_— = h <0
© Q p(:) g Q‘ o
and o > max{2, p+}

Then, if i € (L, %) the solutions of problem (15) blow up on the interval (0, tmax), where

no
(0 2)(uo — Dlholl3 0,

[ OO 1 )

Using 0:h(t) as test function in (15), we obtain

Vxh(t)PO) 1 g
[romiop+o, [ RO Lo, ([ nae)
Q o Q

tmax =

Proof. Let

Q p()
and so () 0
Vxh )|P ‘2’ 1 3 V x hg|PV
/ ‘8th|2 /| | /‘h —7(/|h0|2) +/| 0|
. 0 NJQ Q p()
i.e.
E(t)+/ |0:h|? = E(0). (40)
Setting
— 1 2
Fiy=y [ A
we have

:%/ (D) and F"(t /at
Q

Using now h(t) as test function in (15), we get

o)+ [ [wxnord = ([ inor)”
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Recalling the definition of E(t) and (40) we have, for any p,

uF”(t)ZE(tHu(( L m@r) = [ 1oaoro) = (z-u) [ 1oaoros (e 2)( [ ine

So, for 1 g <K< ¥

w\Q

[N

WE"(t) > (- )23 /(1)

/ Rt > ! -
Q o—2

ua Lo=l(9 — o)t + HhoHLz(Q )

and consequently

for
Ho

(0 =2)(no = Dol Tz

concluding the proof. O

t < tmax =

Theorem 5.3. Let h be a solution of problem (15) with 1 < p(-,-) < 0o, —¢ < Oyp <0 a.e. in Qr, where ¢
is a positive constant, A = 1 and hy € L*(Q). Suppose that

MRS 1(/ >
E(0 :/777 h <0,
© o p(-0) o Q| o

[EO)|(p7)?

o > max{2,pT} and ¢ small enough such that t., < Q)
c

, for tmax defined in (41). Then any
solution of problem (15) blows up when t  tiax.

Proof. Using 0;h(t) as test function in (15) and recalling that p depends now on (z,t), following the calcu-
lations done in the proof of Proposition 4.2, we obtain

p( it)
/ﬂah F+8/WVXh W gy @ /ul

|V xh(t)]PC)
I/QW(1+p<-,t>1og|wh<t>)atpc,t)-

Integrating between 0 and ¢, we have

ot [ FR = [ [ 2o -2 f o)

Setting
[ RO L e,
Q p('at)

E@+/|WﬁE@+AZmM.

N\Q

where

we conclude that

But, from (23), we know that I < (;‘,Q)L. So, choosing to small enough, we have

t
Vi <ty E(O)—i—/ I<0
0

and we conclude the proof as in the previous theorem. O
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