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ABSTRACT

In this paper, we show that o-reducibility is preserved under joins with
K, where K is the pseudovariety of semigroups in which idempotents are
left zeros. Reducibility of joins with D, the pseudovariety of semigroups
in which idempotents are right zeros, is also considered. In this case, we
were able to prove that o-reducibility is preserved for joins with pseu-
dovarieties verifying a certain property of cancellation. As an example
involving the semidirect product, we prove that Sl K is x-tame, where
Sl stands for the pseudovariety of semilattices.

1. INTRODUCTION

As one recalls, the join V V W of two pseudovarieties V and W is the least pseudova-
riety containing both V and W. Decidability is not preserved by the join operator [1]
neither by some of the most common operators on pseudovarieties [14]. In particular,
Rhodes [14] has exhibited a decidable pseudovariety V, defined by a finite set of iden-
tities, such that Sl % V is not decidable. Tameness is a property of pseudovarieties,
introduced by Almeida and Steinberg [6], stronger than decidability, which may be im-
portant to prove decidability of pseudovarieties constructed using those operators. If
tameness is preserved by the most common operators is still an open problem. As an
example, not so difficult, we prove the tameness of the semidirect product Sl x K, with
respect to the canonical signature « consisting of multiplication together with the im-
plicit operation x — 2*“~!. A much more difficult case is the pseudovariety S1xD, whose
k-tameness was announced by Teixeira in collaboration with the author [11]. Notice that
the pseudovarieties K, D [9] and Sl are tame.

Let o be an implicit signature. Proving the o-tameness of a pseudovariety V involves
proving two properties: that the o-word problem for V is decidable, and that V is
o-reducible. This paper is concerned with the o-reducibility of pseudovariety joins of
the form V V W, where V is one of the pseudovarieties K, D, N or LI, where N and
LI are respectively the pseudovarieties of all nilpotent and locally trivial semigroups.
These joins were studied by the author in [10], where they were computed for several
pseudovarieties V. Here, we prove that o-reducibility is preserved for joins under K or
N; that is, if W is a o-reducible pseudovariety, then K VW and N V W are also o-
reducible. We deduce in particular that KV'W and NV W are s-tame for every x-tame
pseudovariety W. The study of the o-reducibility of joins with D is much more difficult
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and we were not able to obtain a general answer. We prove that D V V is o-reducible
for o-reducible pseudovarieties V verifying a certain property of cancellation. We then
derive some results for LI.

The fundamental idea in our proofs is very simple. It consists in applying the o-
reducibility of W in such a way that the properties which determine the equality over
V are preserved. The same techniques are explored in a forthcoming paper of the
author in collaboration with Zeitoun [12] where we establish analogous results for the
pseudovarieties J and R of J-trivial and R-trivial semigroups respectively.

This work is organized as follows. In a section of preliminaries, we recall the usual
terminology and notation about words, pseudovarieties, graphs and o-reducibility and
review some basic results. Section 3 is devoted to the reducibility problem for joins
with K. We next prove that Sl K is sk-tame. Finally, Section 5 is dedicated to the
reducibility problem for joins with D.

2. PRELIMINARIES

This section presents a brief description of the basic definitions, notation and results
that are relevant to our study. The reader is referred to [2] for general background and
missing definitions on pseudovarieties and profinite semigroups, and to [4] for recent
developments on the subject, including the notion of tameness.

2.1. Words

An alphabet is a finite non-empty set A, whose elements are called letters. The free
semigroup (resp. free monoid, free group) generated by A is denoted by A (resp. A*,
FG(A)). The content c(u) of a word u € AT is the set of all letters occurring in u and
the length of u is denoted by |u|. The empty word is denoted by 1.

A right-infinite (resp. left-infinite) word on A is a sequence w = (a, ), of letters of A
indexed by N (resp. —N), also written

w = ajagaz--- (resp. w =---a_ga_2a_1).

The sets of right-infinite and left-infinite words on A will be denoted, respectively, by
AN and A=N. We denote also A® = AT U AN and A= = A+t U AN, The product of
two elements w and z of A®° is defined as follows: if w,z € A*, then wz is defined as
usual; right-infinite words are left zeros; finally, if w = ajas---a, (a; € A) is a finite
word and z = biby - -+ (bj € A) is a right-infinite word, then wz is the right-infinite word
Wz = a1a2 -+ - apb1bs - - - . The product of two elements of A~ is defined symmetrically.
Now, we observe that AN, A™N A% and A~ are semigroups.

A word u € A* is a prefiz of a word w € A if there exists z € A® such that w = uz.
Symmetrically, u € A* is a suffix of w € A7 if there exists z € A~ such that w = zu.

A right-infinite word of the form vut® = vuuu - - -, with u € AT and v € A*, is said to
be ultimately periodic. Dually, we will use the notation u v to represent the wultimately
periodic left-infinite word u v = - - - uuuwv.

Two finite words w and z are said to be conjugate if there exist words u,v € A* such
that w = wv and z = vu.

2.2. Pseudovarieties and implicit operations

For a semigroup S, we denote by S' the smallest monoid containing S. Given an
element s of a finite semigroup (resp. compact topological semigroup), the subsemigroup
(resp. closed subsemigroup) generated by s has a unique idempotent, denoted by sv.
Moreover, s“~! denotes the inverse of s**! = 5“5 in the maximal subgroup (resp. closed
subgroup) containing s. As usual, we denote by E(S) the set of idempotents of a
semigroup S.

The next classical result follows immediately from [2, Proposition 3.7.1].
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Lemma 2.1. Let S be a finite semigroup and k = |S|. For any s1,...,S, € S, there
exist integers 1 <1 < j <k, such that, s1---sp =51 8i—1(Si -+ 5j)Sj41 - Sk- O

A semigroup pseudovariety is a class of finite semigroups closed under taking sub-
semigroups, homomorphic images and finite direct products. A profinite semigroup is
a projective limit of finite semigroups. For a pseudovariety V, a pro-V semigroup is a
projective limit of semigroups of V. The A-generated elements of V form a directed
system and the respective projective limit will be denoted by Q4V. The semigroup
QAV is a pro-V semigroup which is relatively free with respect to V in the sense that,
for each pro-V semigroup S and each mapping ¢ : A— S, there is a unique continuous
morphism % : Q4 V——S extending ¢. This leads to a natural interpretation of elements
of QAV as (A-ary) implicit operations: to each m € Q4V is associated an operation
ng : S4—S which maps ¢ € S4 to B(r). The subsemigroup of Q4V generated by
A, denoted by Q4V, is a dense subsemigroup of 24V whose elements are said to be
explicit. For an implicit operation 7 of finite arity A, if we fix an ordering ag, ..., a, for
the elements of A, we also write m = 7(ay,...,a,). As important examples of implicit
operations we mention the (binary) operation of multiplication and the two (unary) ope-
rations z — 2* and x — 2*~!. Notice that the composition of implicit operations is
also an implicit operation.

The pseudovariety of all finite semigroups is denoted by S and, for each pseudovariety
V, qv : Q4S—Q4V denotes the continuous morphism mapping the generators of Q4S
to the generators of Q4V. In particular, gg; is usually denoted by c. Notice that Q4S1 is
P(A), the power set of A, under union. The morphism ¢ is called the content morphism
and, as one recalls, ¢ extends to implicit operations the notion of content for words of
AT,

A pseudoidentity is a formal equality m = p where 7, p € Q4S. A finite semigroup S
satisfies a pseudoidentity m = p if mg = pg. A pseudovariety V satisfies a pseudoidentity
m = p if every semigroup in V satisfies 7 = p, which means that ¢v(7) = ¢gv(p). By
Reiterman’s theorem [13], each pseudovariety is defined by a set ¥ of pseudoidentities.
The pseudovariety defined by ¥ is denoted by [X].

We recall a result (see [2, Corollary 5.6.2]) which presents an useful decomposition of
the non-explicit operations and constitutes a sort of analogue of Lemma 2.1.

Lemma 2.2. Let 7 be a non-explicit element of Q4S. Then, there exist 1, p, To € Q24S
such that m = w1 p%ms. O

2.3. Graphs

A (directed) graph T is a set V(I) O¢& (T') with two sorts of elements, called vertices
and edges respectively, together with two operations a,w : E(I') — V(I') which define
the orientation of the edges. For any edge e € £(T"), a(e) and w(e) are, respectively, the
beginning and the end of e.

A (directed) path in T is a finite sequence of edges e, eq,...,e, such that w(e;) =
afejy1) for i = 1,...,n — 1. The path is a circuit if a(e;) = w(e,). Given a sequence
of edges eq, ..., e,, if it is possible to invert the orientation of some edges in such a way
to obtain a directed path, we say that ey, ..., e, is an undirected path. By similarity, an
undirected path is an undirected circuit if it is possible to invert the orientation of some
edges in such a way to obtain a circuit.

A labelling of a graph I" by a semigroup S is a mapping § : I'— S such that §(£(T)) C
S. The label of a path eq, ..., e, is by definition §(e1) - - - d(ey). A labelling ¢ is consistent
if 6(a(e)) - d(e) = d(w(e)), for all e € E(T). If v : E(T)— AT is a function, the label of

an undirected path ep,...,e, is the reduced form of the word ~(e;) ---7(e,) in the
free group generated by A, where ¢; = 1 if the edge e; is read in the direct way, in the
undirected path, and ¢; = —1 otherwise. We say that the function v commutes if the

label of any undirected circuit is 1.
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2.4. o-reducibility and o-tameness

An implicit signature o is a set of implicit operations on S containing the basic
semigroup multiplication. Every profinite semigroup has a natural structure of a o-
semigroup, via the interpretation of implicit operations as operations on profinite semi-
groups. For a pseudovariety V, we denote by Q% V the free o-semigroup generated by
A in the variety of o-semigroups generated by V, which as one can observe is the o-
subsemigroup of 24V generated by A. The elements of Q98 are called o-terms. We
denote by py : 29S—Q9%V the morphism of o-semigroups determined by the choice
of generators. That is, py is the restriction of gv to Q29S. The o-word problem for V
is the problem of deciding equality of o-terms in V.

A labelling v : '—S! of a finite graph I' by a finite A-generated semigroup S is
V-inevitable if there exists a labelling § of I' by Q48 such that ¥ o § = 7, where the
morphism 1 : Q4S8 — S respects the choice of generators, and gy o ¢ is consistent. The
pseudovariety V is said to be o-reducible if for each V-inevitable labelling v, and § and
1) as above, there exists a labelling ¢’ such that ¢ o §' = v and py o ¢’ is consistent.
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FIGURE 1. A commuting diagram expressing o-reducibility

A recursively enumerable pseudovariety V is said to be o-tame if it is o-reducible and
the o-word problem for V is decidable. The next observation is crucial in what follows.

Lemma 2.3. Let 'V be a o-reducible pseudovariety for a non-trivial (i.e., containing a
non-explicit operation) implicit signature o, let v : T—S" be a labelling of a finite graph
I by a finite A-generated semigroup S and let § : T' — Q4S be such that o =~ and
qv o0 is consistent, where the morphism 1 : Q4S8 — S respects the choice of generators.
Then, there is a labelling &' : ' — Q%S such that,
i) Yod =~ and py o & is consistent;
ii) ife € E(T) is an edge labelled under § by a non-explicit operation, then 0'(e) is
also non-explicit;
iii) if g € T is labelled under § by an explicit operation, then §'(g) = i(g).

Proof. By Lemma 2.2, for each edge e such that §(e) is non-explicit, there exist
Te1,Te2, Pe € 24S such that §(e) = me1p¥me1. For each such e, add to graph I' a
new vertex we and three new edges fe 1 (from a(e) to we), feo (from we to we) and fe 3
(from we to w(e)). The graph obtained is denoted by I';. Let d; be the extension of § to
I'; such that 61(we) = d(cv(e)) - Te, 10, d1(fe1) = Te1pe, 01(fe2) = p¢ and 01(fe3) = Te 2.
Since gy o d is consistent, it is clear that ¢v o 1 is also consistent.

Let now m be an integer greater than the maximal length of the labels of I' under §
which are explicit, let K,,, = [z122 -y = x129 - - 2] and let Sy be the semigroup
S x K,, where K,, = Q4K,,. The semigroup S; is finite and A-generated, since K,,
may be seen as the set of all words on the alphabet A of length at most m, where the
product of two words is the longest prefix of length at most m of their usual product. Let
1 : 24S — S1 be the morphism defined, for each 7 € Q4S, by ¥ (7) = (¢(7), gk, (7)),
and let 74 : 'y — S be the labelling of I'y by S; such that 3 = %7 o §;. Hence,
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since 11 respects the choice of generators and ¢v o d1 is consistent, v is a V-inevitable
labelling of T’y by Si. Therefore, since V is o-reducible there exists a labelling §7 of I'y
by Q%8S such that 11 0 §] = ;1 and py o 4] is consistent. This implies in particular that
1 0 0] = 11 0 01, whence 1 0 8] =1 0§ and ¢k, ©§} = ¢k, © 01.

For each edge e such that d(e) is non-explicit and each ¢ € {1,2,3}, let te; = 8] (fei).
By consistency of py o ], V satisfies

(1) 01(w(e)) = 01 (a(e))te tes = 01 (a(e))te terte,s
for every positive integer n. On the other hand, since 9 is a morphism and verifies
Yody=1od,

w(te,ltggteﬁ) = ¢(te,1)¢(te,2)nw(te,3) = 71)(7Te,1pf)¢(05)"1/)(7fe,2) = w(ﬂ'e,lp:ﬂeﬂ)-
Therefore, since ¢ o § =7,

(2) U(tetertes) = v(0(e)) = y(e).

Let now p(ai,...,a,) be a non-explicit element of the implicit signature o and let
(wi(aq,...,ar)); be a sequence of explicit operations converging to o(ay,...,a,). Then
(wi(te2, - .., te2)): is a sequence which converges to the non-explicit o-term o(te 2, ..., te2).
Since for each ¢ there exists an integer n; such that wj(tea,... ,te2) = tg’é, we de-
duce from (2) that the non-explicit o-term te = te10(fe2,...,te2)tes is such that
(te) = v(e). Moreover, by (1), pv(dj(w(e))) = pv(0i(a(e)))pv(te). Let &' coincide
with 87 on '\ {e | d(e) is non-explicit} and let ¢’(e) = t. for each edge e such that d(e)
is non-explicit. Therefore ¢’ is a labelling of ' by Q98 verifying i) and ii).
Now, let g € I be such that §(g) is explicit. Then
7k, 00’ (g) = ¢k, ©01(g) by definition of ¢’
= ¢k, ©01(g) since gk,, 0 0] = ¢K,, © 01
= ¢k, ©d(g) since §; and 0 coincide on I

Since 6(g) is a word of length at most m — 1, we deduce that gk,, 0 4’'(g) = d(g), whence
8'(g) = d(g). This proves iii) and concludes the proof of the lemma. O

2.5. Basic Lemmas

This section gathers some basic statements about the free pro-V semigroups, with
V € {N,K,D, LI, Sl « K}, which will be used in this work. Recall first that

N = [z¥y =2¥ =yz¥], K=[zYy=2*], D =[yz¥ =2"]
LI = [2¥yz* = 2¥2¢], S1* K = [z¥y? = 2%y, 2¥yz = 2% 2y].

Notice also that N =K ND, LI = KV D and K C Sl K. The following properties
are well known (see [2], for instance).

Lemma 2.4. Let V be one of the pseudovarieties N, K or D. Then, Q4V is isomor-
phic to AT and E(QaV) is an ideal consisting of the non-explicit operations of QsV.
Moreover,
i) The unique idempotent of QN is a zero;
ii) E(Q4K) is isomorphic to AN, and Q4K is isomorphic to A®;
iii) E(QaD) is isomorphic to AN, and Q4D is isomorphic to A=, O

In view of this lemma, we shall identify explicit operations (on N, K or D) with finite
words. Moreover, the idempotents of Q4K and Q4D may be identified, respectively,
with right-infinite words and left-infinite words. Notice that in Q4K, the right-infinite
word yx™, where y € A* and x € AT, corresponds to the implicit operation yz*. A
dual remark holds for D.

A proof of the following useful result can be found in [9].
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Lemma 2.5. Let m,p € Q4S be non-explicit operations such that qp(7) = qp(p). Then
there exist factorizations m = mymy and p = p1me where wy is non-explicit. Moreover, if
gp(m) = uw>=v with u € AT and v € A*, then we can choose T3 = u“v. O

For an alphabet A and an infinite word v € AN, we let c¢(v) be the set of letters
occurring in v and let ¢ (v) be the set of letters occurring infinitely often in v. Almeida
and Weil [7] gave the description of the free pro-(S1xK) semigroups and solved the word
problem for them. These results are presented in the next theorem.

Theorem 2.6. Let A be an alphabet. Then
Qu(SL+K) = AT U{(1, B) € A" x P(4) | ex(v) € B,

and the product is given, for all u,u’ € At and (v, B), (v, B") € AN x P(A) such that
Coo(V) € B and cso(v') C B', by:

~

/

u-(v,B) = (uwv,B)
v,B)-u = (v,BUc(u))
(v,B)-(v',B") = (v,BUc(v)UB’).

Each non-explicit operation m € Q4(S1x K) admits a factorization of the form © =
ugmuy where ug,u; € A*, m is idempotent, the last letter of uy (if ug is non-empty)
is not in c(m1), the word wy is linear (i.e. each letter appears at most once in uy) and
c(ur)Ne(m) = 0. Furthermore, this factorization is unique up to a permutation of uy. To
be more precise, if T = (v, B) € ANXxP(A), then ug is uniquely determined as the shortest
prefiz u of v such that c(u™'v) = coo(v), T1 = (uy 'V, Coo(v)) and c(u1) = B\ coo(v). O

We will use also the following dual of Lemma 2.5.

Lemma 2.7. Let m,p € QS be non-explicit operations such that qx(m) = qk(p) = v
and let uw € A* be any prefix of v. Then there exist factorizations m = umime and
p = umpy where m is non-explicit. Moreover, qs1k(m) = qswk(p) if and only if
Coo (V) U ¢(T2) = oo (V) U c(p2).

Proof. The first part of the lemma is an easy adaptation of the dual of Lemma 2.5.
Notice that, in particular, gk (um;) = v. Therefore, the second part is an immediate
consequence of Theorem 2.6 and of the fact that the content morphism is continuous.O

3. REDUCIBILITY OF JOINS WITH K

In this section, we show that the property of being o-reducible is preserved under
joins with K.

Theorem 3.1. If V is a o-reducible pseudovariety for a non-trivial implicit signature
o, then KV'V is o-reducible.

Proof. Let v be a (KV V)-inevitable labelling of a finite graph I' by a finite A-generated
semigroup S and let ¢ be the unique morphism from Q48 to S which respects the choice
of generators. Then, there is a labelling § of I" by Q48 such that o6 = v and gk v o9 is
consistent. Notice that this implies that gk od and gy od are both consistent. We have to
construct a labelling ¢’ : ' — Q98 such that ¢ 0 ¢’ = v and pkyv 0’ is consistent. The
beginning of the construction of ¢’ will follow step by step the construction of Almeida
and Zeitoun [9] for the corresponding labelling in the case of K.

Let V,, be the set of vertices v € V(T") such that §(v) is a non-explicit operation and
let Vo = V(I') \ V. Let &, be the set of edges e € £(T") such that a(e) € V,, and let
E = &)\ &, Let 0 be the equivalence relation on V,, generated by the relation

{(v,w) | v,w € V,, and there is an edge from v to w}
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and denote by 0(v) the 6-class of v. Finally, let &,y be the subset of & consisting of all
edges e such that w(e) € 6(v).

Let v € V,,. Notice that, for every edge e € &y, the label d(a(e)) is explicit and the
label d(e) is non-explicit. So we can consider the integer

mg(v) = max{|d(a(e))| | e € Ey)}
and let, respectively, pg(,) be the word of length my,) and wy) € Q4K be the non-
explicit operation such that
(3) qx (6(v)) = Po)Wo(v)-
The choice of my(,) and the fact that gk o¢ is consistent, imply that wg(,) is also a suffix
of g (6(e)), for every edge e € &y, so that

(4) gk (6(e)) = pewp(v)
where pe is the word such that
(5) d(a(e)) - pe = Po(v)-

By Lemma 2.7, the factorizations (3) and (4) imply the existence of implicit operations
To(v), Pv and pe, with mg(,) non-explicit, such that

(6) (V) = Pow) - Tow) " Pus
(7) 6(e) = Dpe-Tyw) - pe forevery edge e € Ey)-

Notice that for a vertex v € V,, if &y, is the empty set, then we may choose for py,)
any prefix of gk (d(v)) and deduce a factorization of §(v) analogous to (6).

We extend graph I' to a graph I'; and let 41 and ;1 be respectively the extensions of
~v and J to 'y as follows. For each #-class O,

e there are two vertices wg 1 and we 2, and an edge fg (from we 1 to we 2) labelled
under &1 by pe, pome and mg, respectively;
o for each vertex v € O, there is an edge f, from wg 2 to v labelled under d; by py;
o for each edge e € &g, there is an edge f. from wg 2 to w(e) labelled under ¢; by
Pe;
o for each g € [t \ T, 11(g) = ¢ 0 1 (g).
Since ¥ o § = v and gkvv © ¢ is consistent, we deduce by construction that ¢ o §; = 1
and ggvv o d1 is consistent. In particular, ¢v o 61 is consistent. Therefore, since V is
o-reducible there exists a labelling ¢] of I'y by Q%S such that ¢ o §] = v, and py o 0]
is consistent. Moreover, by Lemma 2.3, we may assume that 7 (fg) is non-explicit for
every f-class © and that 01 (g) = d1(g) for every g € I'; such that d;(g) is explicit. Notice
that, in particular, ¢](g) = 0(g) for every g € I" such that 6(g) is explicit.
We define ¢’ to be the labelling of I' by %S as follows:

e ¢’ coincides with § on vertices and edges labelled by explicit operations;
e 0'(e) = 07 (e) for any edge e € &,;
e for each vertex v € V,, and each edge e € &), 9'(v) = pow)91(fov))d1(fv) and
§'(e) = ped (forv))01 (fe)-
By construction, 1 o 8’ = 7. Indeed, let for instance v € V,,. We have
Yod'(v) = ¥(pew)di(fow))oi(fy))
= Y(pow)d1(fo))di(fv)) since ¢ ody =4 ody
= w(pg(v)ﬂg pv) by definition of §;
— $od(v) by (6)
= (V).
Moreover, since py o §] is consistent one deduces that py o ¢’ is consistent. On the
other hand pk o ¢’ is also consistent. Indeed, let e be an edge of T and let v = w(e).
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We have to prove that pk(0’'(a(e))) - px(6'(e)) = px(d’(v)). The case in which d(e) is
explicit is immediate. If a(e) € V), then a(e) and v belong both to the same 6-class
and since 0/ (fg()) is non-explicit, we deduce from the definition of ¢’'(a(e)) and &'(v)
that the equality also holds in this case. Suppose now that e € &), whence J(a(e)) is
explicit and d(e) is non-explicit. We have

Pk (0'(a(e))) - p(d'(e)) =

P (6(v())pedy (forv)) o1 (fe))
= pk(d(a(e))pedy (for))d1(fy)) since 67 (fp()) is non-explicit
= (@) by (5).

Hence py 0 ¢’ and pk o ¢’ are both consistent. Therefore pgyv o 0] is consistent. This
concludes the proof of the theorem. O

Now notice that if the o-word problem is decidable for two pseudovarieties V and W,
then the o-word problem for V V' W is decidable. Therefore, as a consequence of the
last theorem, we deduce that o-tameness is preserved under joins with K.

Corollary 3.2. Let o be a non-trivial implicit signature. If V is a o-tame pseudovariety
and the o-word problem for K is decidable, then KV 'V is o-tame. O

The canonical signature « is the most commonly used signature: most of the pseudova-
rieties which are known to be tame are proved to be k-tame. It is known, for instance,
that K, D [9], G [6], Ab [5] and J [8] are x-tame. Hence, for 0 = k, Corollary 3.2 can
be stated as follows.

Corollary 3.3. If V is a k-tame pseudovariety, then KV 'V is k-tame. O

In particular, we have that LI= K Vv D, KV G, KV Ab and KV J are k-tame.
The results of this section are easily shown to hold with K replaced by N.

4. TAMENESS OF Sl K

In this section, we show that the semidirect product Sl* K is k-tame. Since SI* K is
aperiodic, i.e., S1*K verifies 2 = 2**!, we use the implicit operation = — 2 instead of
x — ¥~ since the two coincide over aperiodic semigroups and the former is expressible

in terms of the latter.
4.1. The k-word problem for Sl K

We first observe that two k-terms which do not involve the operation x — z“ are
equal over Sl x K if and only if they are the same term. Secondly, if two x-terms are
equal over Sl x K, then either they both involve the operation z — z“ or neither does.
This reduces the x-word problem for Sl K to k-terms involving the operation z — x“.
Observe at last that the following reduction rules are valid for SIx K (i.e. the two sides
of any rule coincide over Sl K):

rl) yz¥ — Myz  x,z #£1,

r2) ™yz — ¥y x,z # 1,¢(z) C c(zy),
r3) (yr¥2)Y — ya¥zy x#1,

r4) (™) — av¥ x #1,

r5) z(yx)? — (zy)¥ x#1.

This system is Neetherian since the rules reduce the length of terms. We say that a term
is irreducible if it is not possible to apply a reduction rule to it. By rules rl) and r3), an
irreducible term is of the form uv“w where u, v and w are finite words. Moreover, by
rule r2), w is a linear word such that ¢(w) N ¢(v) = 0 and, by rule r4), v is a primitive
word. Finally, by rule r5), no non-trivial suffix of u is a suffix of v. To conclude, it
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suffices to show that the equality of two irreducible terms ¢; = u1v{w; and to = ugv§ws
is decidable for Sl % K. Let v} € A* be the longest prefix of u; such that the last letter
(if it exists) of u) does not belong to ¢(v1), and let u), be the analogous word for the
second term. Therefore,
ty = ujujvfw;  and  ty = ubulvsws

for some words v/ and u§ such that c(uf) C ¢(v1) and c(uf) C ¢(vz). Notice that
ufvy and ujv§ are idempotents over Sl* K. It follows from Theorem 2.6 that ¢; and
to coincide over Sl x K if and only if u] = uf, uf = uf, v1 = ve and c(w1) = c(wa).
Therefore, the k-word problem for Sl * K is decidable.

4.2. k-reducibility of Sl K

The proof of the x-reducibility of Sl * K is a simple adaptation of Theorem 3.1.

Let v be a (Sl x K)-inevitable labelling of a finite graph I' by a finite A-generated
semigroup S and let ¢ be the unique morphism from Q48 to S which respects the choice
of generators. Hence, there is a labelling § of I by Q48 such that )08 = v and gspk 09
is consistent. Notice that since K is a subpseudovariety of S1x K, this implies that qx 09
is also consistent. To prove the k-reducibility of S1x K, we have to construct a labelling
¢ : T — Q4 S such that ¢ o & = 7 and pgi.k 0 0’ is consistent.

Using the same notations and following the construction of ¢’ in Theorem 3.1, one
can show that equalities (3), (4) and (5) can also be deduced for this case. Therefore,
by Lemma 2.7, the factorizations (3) and (4) imply the existence of implicit operations
To(v), Pv and pe, with mg(,) non-explicit, such that

(8) 6(v) = Pow) - uv - T+ Pus
(9) d(e) = pe-uv-myy) - pe for every edge e € &y,

where uv € AT is the prefix of wy, such that |v| = |S] and u € A* is the longest prefix
of wy(yy such that the last letter (if it exists) of u does not belong to coo(wg(yy). By
Lemma 2.1, if k = |S| and v = a1 - - - ag, then there exists a k-term

5:al"'ai—l(ai"'aj)waj—l—l"'ak

such that v(v) = 1(v). Moreover, since AT is dense in Q4S and the content morphism is
continuous, there exist words zg(y), yv and ye such that c(my()) = c(To(v)), c(pg) = c(yg)
and S satisfies my(,) = zg(y) and pg = yg, for g = v,e. We define 8’ to be the labelling of
I' by Q%S as follows:

e ¥’ coincides with ¢ on vertices and edges labelled by explicit operations;
6'(v) = po()utizg(y)yy for any vertex v € V,;
¢'(e) = peutry(,)ye for any edge e € Ey();
' (e) is any explicit operation with content ¢(d(e)) which coincides with §(e) over
S, for any edge e € &,,.

By construction, ¢ o §' = . Now, notice that c(xgn)) = c(Ton)) = Coolwy(y))-
Therefore, by (5) and by consistency of gsi.«k © 0, the consistency of psik 0 ¢’ is an easy
consequence of the second part of Lemma 2.7.

This proves the following theorem.

Theorem 4.1. The pseudovariety Sl « K is k-tame.

5. REDUCIBILITY OF JOINS WITH D

In this section, we show that the property of being o-reducible is preserved for certain
joins with D.

Let V be a pseudovariety. We say that V satisfies property (C,) (of right-cancellation)
if, for every 71, m2,p € Q4S with 71 and me non-explicit, if gpyv(m1p) = qpvv(m2p),
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then gpyv(m1) = ¢pvv(m2). Notice that any pseudovariety V verifying gv (mp) = qv(m)
for every m,p € Q4S with 7 non-explicit clearly satisfies (C.). This is the case for
instance of any subpseudovariety of K. Other examples of pseudovarieties satisfying
(Cy) are: Com of commutative semigroups (by the considerations of [2, pp. 91-92]); J of
J-trivial semigroups (by the description of the pseudoidentities satisfied by J [2]); any
pseudovariety H of groups (since Q4H satisfies the cancellation law).

Theorem 5.1. Let o be a non-trivial implicit signature. If 'V is a o-reducible pseu-
dovariety satisfying (C,), then D V'V is o-reducible.

Proof. Let v be a (D V V)-inevitable labelling of a finite graph I' by a finite A-generated
semigroup S and let § be a labelling of I' by Q48 such that ¢y o § = v and gpyv © &
is consistent. Therefore qp o § and ¢y o § are both consistent. We have to construct a
labelling ¢’ : T' — Q9S8 such that ¢ o ¢’ = v and ppyv 0 ¢’ is consistent.

Let V,, be the set of vertices v € V(I') such that §(v) is a non-explicit operation. Let
¢ be the equivalence relation on V,, generated by the relation

{(v,w) | v,w € V,, and there is an edge e from v to w such that J(e) is explicit}.

For each v € V,,, let ¢(v) be the ¢-class of v and let
e E4w),0 be the set of edges e € £(T) such that w(e) € ¢(v) and d(e) is explicit
(and so also a(e) € ¢(v));
o & be the set of edges e € £(I") such that w(e) = v and J(e) is non-explicit.
Let ® be a ¢-class such that £s  is non-empty and select a vertex vep € ®. Let mg be
the maximal length of labels of undirected paths, having no repeated edges, consisting
of edges of £p . Since §(ve) is non-explicit, there is a factorization

(10) D (0(Va)) = 235y,

where s, is a word of length m¢ and z¢ € Q4D is a non-explicit operation. Let v € ®.
Select an undirected path from ve to v consisting of edges of £ with minimal length
of labels. Let h be the label of this path and put s, = s,,h. Since the length of h is at
most mg, and since the action h on s, is defined, s, belongs to A*. By consistency of
qp © 6, we have
qp(0(v)) = zgpsy.
Moreover, for every edge e € &, .,
(11) ap(6(e)) = qp(6(v)) = zasy.
Now, we deduce from Lemma 2.5 the existence of non-explicit operations 7, py, and pe
such that
(12) I(v) = pyv-To - Sy,
(13) d(e) = pe-mep-s, foranyedgeecé,,.
Notice that for a vertex v € V,, if £y is the empty set, then ¢(v) = {v} and
factorizations (12) and (13) can be deduced with s, the empty word.
Let us notice the following observation.
Lemma 5.2. For each vertex v € ® and each edge e € &, ,, qDvv (pvy) = gDV (py) =
qpvv (6(a(e)) - pe).
Proof. Let P, be the undirected path e, eo, ..., e, from vg to v used in the definition
of s, and let h be the label of this path, so that s, = s,,h. We prove the first equality
by induction on n. If n = 1, then e; is either an edge from vg to v or from v to vg. In
the first case s, = sy,0(e1) and, by (12) and the fact that gpyv o J is consistent,
qDVV (Pvg TaSvs6(e1)) = qpvv (pvTasy)-

Therefore, qpyv (pvgTosvgd(e1)) = gpvv (pvTasy,d(e1)). Hence, since V satisfies pro-
perty (C,), we deduce that gpyv(pve,) = gpvv(py). The second case is symmetric.
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Let now n > 1 and assume by induction hypothesis that the lemma is true for all
vertices v/ for which P, has n — 1 edges. Let v/ be the end vertex of the undirected
path ej,e2,...,e,—1. We may assume that this path is P, so that s, = syd(e,)S,
where € = 1 if the edge a(e,) = V' and ¢ = —1 otherwise. By induction hypothesis
aovv(pve) = gpvv(py) and, as in the case n = 1, one can prove that ¢gpyv(py) =
govv (py). Therefore gpyv(pve) = gpvv(py). The first equality follows by induction.
The second equality follows from (12) and (13) and the facts that gpyv o6 is consistent
and V satisfies property (C,). O

Suppose now that the restriction of § to £s is not a commuting labelling. Then, by
Lemma 2.5 of [9], for any vertex v € ®, ¢p(d(v)) = ug v, for some words ug # 1 and
vy, with |vy| < mg. In particular,

qD(6(ve)) = ZoSvs =Yg~ Sve
for a conjugate yo of ug, and, by Lemma 2.5, one can choose mp = y§. Let e € £ be
an edge such that

sa(e)é(e) 75 Sw(e)'

Since gp(d(a(e))d(e)) = gp(6(w(e)), we deduce that gp(ygsae)d(e)) = aD(YeSw(e))-
That is,
(14) Yp Sa(e)0(8) =Yg~ Su(e)-
By definition of the words s,(e) and s, (by paths with minimal lengths of labels) one
deduces that |d(e)| < [sy(e)| < [sa(e)d(e)]- Therefore, (14) implies that

(15) Sw(e) = T6(e) and sy = 2T

for some words x,z € AT. Moreover, by cancelling Suw(e)s We have yg™z = yg™ which
implies that z = y£ for some integer k. Now, by consistency of gpyv © 6,

IDVV (Pa(e)¥s Sa(e)0(8)) = aDVV (Pu(e) Yo Su(e))-

Hence, since V satisfies property (Cr), qpvv (Pa(e)¥5¥a) = apvv (Pw(e)ys), so that, by
Lemma 5.2, qpvv (pva ¥EUE) = qpvv (pugyé), where vg is the representative of the ¢-
class . Let [ € N be the minimal integer such that quv(p\,@yéI‘;yql,) = vV (Pva¥Us)-
We may assume [ = 1, since otherwise we could choose 7 = (y4)“. Therefore

(16) aDVV (Pve Yo Ye) = aDVV (Pvg Y )-

We extend graph I' to a graph I'y and let v; and §; be respectively the extensions of
v and d to I'1 as follows. For each ¢-class ® write 7o = 7 173 2 With me 2 non-explicit
(if the restriction of § to £g o is not a commuting labelling, let 7¢ 1 = 7o 2 = yg). Then,

e there are two vertices wg ; and wg 2, and an edge fp 1 (from wg 1 to we 2) labelled
under 91 by pvy 7.1, pvpTed and Te o, respectively, where vg is the vertex fixed
in ® ;

e for each vertex v € ®, there is a vertex w, and two edges f, 1 (from w, to wg 1)
and f, 2 (from wg 2 to v) labelled under 1 by py, 7¢ 1 and s, respectively.

o for each edge e € &, with v € @, there is an edge fe (from a(e) to wg 1) labelled
under 41 by pema.1.

o if the restriction of § to £s is not a commuting labelling, there is an edge fg 2
(from wg 2 to wg 2) labelled under 6; by ya;

e for each element g € I'1 \ T, 71(g) = ¢(d1(g))-

By construction ¥ o §; = ;. On the other hand, by Lemma 5.2,

govv(pv) = epvv(pe) = qpvv(6(ale)) - pe)

for each vertex v € V,, each V' € ¢(v) and each e € &, . Therefore, as gpyv o ¢ is
consistent, we deduce from (12), (13) and (16) that gp\v 091 is consistent. In particular,
gv © 01 is consistent. Therefore, since V is o-reducible there exists a labelling ¢} of I'y
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by Q%S such that ¢ o §] = 1 and py o ¢} is consistent. Moreover, by Lemma 2.3, we
may assume that ¢} (fp 1) is non-explicit for every ¢-class ® and that 61 (g) = d1(g) for
every g € I'1 such that d;(g) is explicit. In particular, 6](g) = d(g) for every g € I" such
that d(g) is explicit.

We define ¢’ to be the labelling of I' by %S as follows.

1) ¢’ coincides with § on vertices and edges labelled by explicit operations;

2) Let v € V, be a vertex such that the restriction of J to €y is a commuting
labelling. Let ® = ¢(v). In this case, the label of an undirected path consisting
of edges of £ only depends on its initial and terminal vertices. Therefore,
Sa(e)0(€) = sy (e) for each edge e € £g 9. In this case, we define

' (v) = 81 (wy)d (fu,1)07 (fo,1) 07 (Fu2) = 07 (wy )07 (f,1)07 (Fa,1) v

Moreover, for each edge e € &, 4, let §'(e) = &7 (fe)d] (fo,1)Sv.

3) Let now v € V, be a vertex such that the restriction of § to £y is not a
commuting labelling. Let ® = ¢(v). In this case, there is an edge fp 2 in I'y
(from wg 2 to wa o) labelled under §; by the explicit operation yg. Therefore,
) (fo 2) = yo and, since fg 5 is a loop in vertex wg 2 and py o d] is consistent, V
satisfies

(17) 61 (wao 2) = 81 (We 2)ye = 07 (W 2)yg

for every positive integer n. Let [ be an integer such that S satisfies yfb =

y¢ and let z = yb. Let now o(ai1,...,a,) be a non-explicit element of the

implicit signature o and let (w;(a,...,a,)); be a sequence of explicit operations
converging to o(ai,...,a,). Then (w;(z,...,z2)); is a sequence which converges
to the non-explicit o-term o(z, ..., z) which we denote by t3. Notice that

(18) Y(te) =9Y(yg) and pp(te) = pp(¥s)-
We define

' (v) = 1 (wy )81 (fv,1)01 (fa, 1)t 07 (fu2) = 61 (wy)d (fv,1)01 (fa 1) tasy.
Moreover, for each edge e € &, ,, let 0'(e) = & (fe)0] (fo,1)tasy. Notice that

V(0 (fo,1)te) =
(0] (fp,1))0(ts)
U(ye) v (ye)
since 1 0 8] =1 0 41, d1(fe1) = me,1 = yy and by (18)
= Y(ys)
= (51 (fa,1))-

Therefore 1) o §'(v) = y(v), ¥ o §(e) = v(e) and, by (18) and since tg is non-
explicit,

(19) pp(0'(v)) = pp(9'(e)) = pp(tosv) = D (Y5 sv)
for every edge e € &, .

By construction, it is clear that ¢ is a labelling of I' by Q%S such that ¢ 0 ¢’ =~ and,
since py o4} is consistent, that py o0 ¢’ is consistent. Let us now show that pp o4’ is also
consistent. Indeed, it is clear that the equality pp(8'(a(e))) - pp(d'(e)) = pp(d'(w(e)))
holds for edges e such that d(e) is non-explicit or such that d(w(e)) is explicit. Let
now e be an edge such that d(e) is explicit and w(e) € V,. Then «a(e) € V, and
p(afe)) = ¢(w(e)). Let @ = p(afe)). If sq(e)d(e) = Su(e), then it is also clear that the
equality above holds. If s,()0(e) # su(e), then the restriction of § to Ey) o is not a
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commuting labelling. Moreover, by (15) and the arguments following it, s,) = zd(e)
and $q(e) = yqlﬁm with € AT and k € N. Then

pp(8'(a(e))) - pp(0'(e)) =
= Pp(Y§saE)d(e)) by (19) and since §'(e) = d(e)
= pp(Ygysri(e))
= pp(Y§Sw(e)) since D satisfies the pseudoidentity »*z = x¢
= pp(d(w(e))) again by (19).

This proves that pp o §’ is consistent. As py o ¢’ is also consistent, we deduce that
ppyv © 0] is consistent. This concludes the proof of the theorem. O

As a consequence of this theorem, we deduce that o-tameness is preserved under joins
with D for pseudovarieties satisfying (C,).

Corollary 5.3. If V is a pseudovariety satisfying (C,) which is tame with respect to a
non-trivial implicit signature o and the o-word problem for D is decidable, then DVV is
also o-tame. In particular, DV'V is k-tame for every r-tame pseudovariety V satisfying

(Cr)- O

So, for instance, DV G, DV Ab and D V J are s-tame.
Since LI = K V D, we deduce from the results of Section 3 that the results of this
section hold with D replaced by LI.
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