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We consider variational inequality solutions with prescribed gradient
constraints for first order linear boundary value problems. For operators
with coefficients only in L?, we show the existence and uniqueness of
the solution by using a combination of parabolic regularization with a
penalization in the nonlinear diffusion coefficient. We also prove the
continuous dependence of the solution with respect to the data, as well
as, in a coercive case, the asymptotic stabilization as time t — 400
towards the stationary solution. In a particular situation, motivated by
the transported sandpile problem, we give sufficient conditions for the
equivalence of the first order problem with gradient constraint with a
two obstacles problem, the obstacles being the signed distances to the
boundary. This equivalence, in special conditions, illustrates also the
possible stabilization of the solution in finite time.

1 Introduction

Dedicado a Jodo Paulo Dias, no seu ativo septuagésimo aniversario!

Several works have developed solutions « = u(x,t) to the linear equation of first order

O +b-Vu+cu=f, (1)

for t > 0 and z in an open subset Q of RY, where b = b(x,t) is a given vector field and ¢ = ¢(z,t) and

f = f(x,t) are given functions.

The well-known DiPerna and Lions theory of renormalized solutions, when b is given in Sobolev spaces, has

been extended by Ambrosio to BV coefficients for the Cauchy problem and has found several applications in
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2 Solutions for linear conservation laws with gradient constraint

the study of hyperbolic systems of multidimensional conservation laws (see, for instance [1], for an introduction
and references). The initial-boundary value problem for (1) with a C! vector field b has been studied in the
pioneer work of Bardos [2] using essentially a L? approach for the transport operator. This method also holds
for Lipschitz vector fields, as observed in [8], and was extended by Boyer [5] for solenoidal vector fields in
Sobolev spaces that do not need to be tangential to the boundary of Q, i.e. b-n £ 0 on 90X for ¢t > 0.

The delicate point is then to prescribe the boundary data to the normal trace of b on the portion of the
space-time boundary T'_ C 99 x (0,T) where the characteristics are entering the domain Qr = Q x (0, 7).
In the case when I'_ does not vary with ¢, Besson and Pousin [3] have treated the initial-inflow problems for
the continuity equation (1) with L™ velocity fields b with ¢ = V-b = divb also in L>°(Qr). Recently Crippa
et al. [7] have also considered this problem without that restriction on T'_ and with similar assumptions on b
in BV.

Here we are interested in the initial-boundary value problem for (1) under the additional gradient constraint

[Vu(z,t)] < g(z,t), (z,t) € Qr, (2)

where g = g(z,t) is a given strictly positive and bounded function. This problem was already considered in

[20] in the framework of a quasilinear continuity equation
ou+V-®(u) = F(u) (3)

and a Lipschitz semilinear lower order term ' = F(z,t,u), with a gradient bound in (2) that may depend also

on the solution but not on time. As observed in [20], in the linear transport equation (1), corresponding to
®(u)=bu and F(u)=f+(V-b—c)u

with regular coefficients and g = g(z) independent of ¢, the problem is well-posed in terms of a first order

variational inequality with the convex set
K, = {v e H}(Q) : [Vv(z)| < g(z) a.e. z € Q}. (4)

In [20] it is also proved the existence and asymptotic behaviour of quasivariational solutions for positive
nonlinear gradient constraints g = g(z,u) depending continuously on the solution u = u(z,t). Here HZ(£2)
denotes the usual Sobolev space of functions vanishing on the boundary 0f2, as the gradient bound allows
to prescribe values on the whole boundary. Moreover, it allows also to consider the data b, ¢ and f only in
L?(Qr), provided ¢ — 2V - b is bounded from below.

A motivation for the constraint (2) applied to the equation (1) is the “transported sandpile” problem.
Following Prigozhin [14], [15], the gradient of the shape of a growing pile of grains z = z(x,t) characterized
by its angle of repose a > 0 is constrained by its surface slope, i.e. g = arctan . A general conservation of
mass, in the form (3) with @ = —uVz + bz and source density F, with transport directed by b and dropping

flow directed to the steepest descent —uVz, should be then subjected to the unilateral conditions
w>0, |Vz|<g and |Vz|<g=pu=0.

We illustrate this problem with the interesting example of the one dimensional special case announced
in [19]: @ = (0,1), b =1 =g, i.e. « = % and f(x,t) = t. Taking as initial condition the parabola



José Francisco Rodrigues and Lisa Santos 3

zo(x) = —1x , up to the point & = v/3 — 1, and the straight line zo(z) = z — 1, for & < 2 < 1, the profile
of the “transported sandpile” growth attains a steady state exactly at ¢t = § This happens with the first free
boundary point £(t) increasing from &y up to t = % touching then the boundary x = 1, and decreasing till the
midpoint x = % At this point, the free boundary £(¢) meets a second increasing free boundary ((t) = 2(¢t—1),

that appears at ¢ = 1 and increases up to the final stabilization at t = %.

Figure 1: The free boundary of the transported sandpile problem at ¢t = 0,3/4,9/8 and 5/4.

The explicit sandpile profile is given by

tor — 1a? ifo<z<&t)and0<t<1,
x—1 ifét)<z<land0<t<i,
1—x if&t)<z<landi<t<1,

z(x, t) =< ifO<z<((t)and1<t< 2
tx — 1a? ifC(t) <z <&(t)and 1<t <2,
r—1 ifét)<z<landl<t<?2
1-lz—3 ift>3

where €(t) =t — 1+ /(1 — )2 +2,if0<t <3, and €(t) =t + 1 —/(t+ 1)2 —2,if L <t <3,
It is clear that z(t) € K4 CHO(Q).

We introduce the function d(z) = 3 — |z — 1| and the convex set
K{ = {ve Hj(Q): —d(z) <v(z) <d(z) ae z€(0,1)} DKi.

Since Oz + 0z =t in A = {(x,t) € Qr : |0,2(x,t)| < 1}, by simple computation and integration in

Qr, we easily conclude that z, which (using V = sup and A = inf) can be written as

z(z,t) = (—d(z)) V ((tz — %mQ) Ad(z)),

is then the unique solution z = u € K{ of the variational inequality
/ (Ou+ 0pu—t)(w—u) >0 Vuw(t) eK), 0<t<T, u(0) = zp. (5)
T
But since zp, 2(t) € Ky, z is also the solution of the variational inequality (5) with w(t) € K; C K{, which
has at most one solution also in the convex set Ky, defined as in (4) with g = 1.
In Section 2 we establish the existence and the uniqueness of the solution of the first order variational

inequality associated with the general linear equation (1) in a family of time dependent convex sets with



4 Solutions for linear conservation laws with gradient constraint

gradient constraints of the type (4) with g = g(x,t). We improve the results of [20] under general square
integrability assumptions on the coefficients and on the data, by direct estimates in the parabolic-penalized
problem and passage to the limit, first in the penalization parameter ¢, and afterwards in the regularization
parameter §. The continuous dependence of the solution with respect to the gradient constraint variations in
L, to the coefficients of the operator and the data in L', is proven in Section 3 under the weak coercive
condition (7), as well as the asymptotic convergence towards the unique stationary solution under the stronger
coercive assumption (23).

Finaly, in Section 4, we consider the special case of a constant vector b, with ¢ = 1 and f = f(¢) bounded,
to show the equivalence of the variational inequalities with the gradient constraint and with the two obstacles,
i.e. with the signed distances to the boundary constraints on the solution. This is a first result of this type for
first order variational inequalities, similar to the elliptic well-known case of the elastoplastic torsion problem
(see, for instance, [16] and its references) and to the parabolic case without convection considered in [21],
[22], where it was shown that this equivalence is not always possible in the general case. With additional
conditions, that include the above one dimensional transported sand pile problem, we establish the finite time
stabilization of the solution. This extends to the convective problem a similar result by Cannarsa et al. [6]
and raises the interesting open question of establishing more general conditions on the finite time stabilization
of evolutionary problems with gradient constraints.

Another interesting open question is the complete characterization of the vector distribution W that arises
as a second unknown in the distributional formulation of (1) under the additional gradient constraint (2)

writen as

ou+b-Vu+cu=f+V. U

Indeed the estimates of Section 2 allow us to guarantee the existence of a couple (u, ¥), where formally
¥ = 0 and u solves (1) in the region where [Vu| < g, but it would be interesting to verify if there exists
a multiplier © > 0, such that, ¥ = uVu subjected to a unilateral condition as we could expect from the
formulation of the above sandpile problem or as in the classical elastic-plastic torsion problem (see [16], for

instance).

2 Existence and uniqueness of the variational solution

Let Q be a bounded open subset of RY with a Lipschitz boundary 92 and, for any T" > 0, denote Q =
Qx(0,T).
Assume that
bec L*(Qr) and ce L*(Qr), (6)

and there exists [ € R such that
1
cf§V~b21 in Qr, (7)

being this inequality satisfied in the distributional sense, since V - b does not need to be a function.

In addition we also suppose given

f S L2(QT) and wug € Kg(0)7 (8)
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with
g € Wh>°(0,T;L>®(2)), g>m>0. (9)

As in (4), we define, for t > 0,
Koy = {v € Hy(Q) : [Vu(z)| < g(z,1) for ae. inz € Q}.

Consider the following variational inequality problem: To find w, in an appropriate space, such that

u(t) € Ky forae t€(0,7), u(0) = uy,
/ Ou(t)(v —u(t)) + / b(t) - Vu(t) (v — u(t))
Q Q

+ /Q c(t) u(t) (v — u(t)) = /Q f) (v —u(d)),

Vo € Ky, forae te(0,T).

Theorem 2.1. With the assumptions (6)-(9), problem (10) has a unique solution
we L®0,T; Wy (Q) NE(@Qr),  dwu € L*(Qr).

Proof. To prove the uniqueness of the solution we assume there exist two solutions u; and us. Using ug = usa(t)
as test function in (10) for the variational inequality of u; and reciprocally, setting @ = u; — ug at a.e. ¢ > 0,

we obtain

N N 2
/Qatu(t)u(t) +/Qb(t) -Va(t) a(t) +/ c(t)a=(t) <O0.

Q
Using (7), for any v € 65°(12), we have

%/Qb(t)-Vv2+/Qc(t)v221/QU2

and, by approximation in H{ (£2) of @i(t), we obtain,

e / jat)[? + 21 /Q ja(t)[? < 0.

By Gronwall's inequality, we conclude @ = 0 from @(0) = 0.
To prove the existence of a solution, we consider a family of approximating quasilinear parabolic problems

for us?, with €,6 € (0,1), defined as follows
Opufd — 6V - (ko (|Vus?|? — ¢?)Vus?) + b’ Vst + Syt = 0 in Qr,
u?® =0 on 90 x (0,T), (11)
uf2(0) = u§ in Q,
where g = Q x {0}, b6, 9, f5 and uf are € appropriate regularizations of b, ¢, f and uy, respectively,
with |Vu§| < g(0) and k. is a smooth real function such that k.(s) = 1if s <0 and k.(s) = e% if s > ¢.
Notice that this problem has a unique solution u*® € H'(0,T; L?(Q)) N L>(0,T; H () N € (Qr), by the

classical theory of parabolic quasilinear problems (see, for instance, [10]).

We prove first several a priori estimates.
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Estimate 1

R 1
k- (IVu 2 = %)l 11@r) < 501 (12)

for some constant C; dependent only on m, [I|, || fllz2(0r). [19]l22(@.) and [luoll2(q)-

Multiplying the equation of the problem (11) by u%® and integrating over Q; = 2x]0,t[, we have
1
5 [ @F +5 [ k(vuP - @wu Pt [ (o0 vu) ot
Q Q

1
+/ CJ |u55|2 :/ f5us<$_|_ 5 ‘“8|2
t Q+ Q
1

/ (ba . vusa) ud — _5/ (V . bé) (UEJ)Q’

t t

Observing that

and using the coercive inequality for the regularized coefficients
IV = (c— 1V b)xps > 1xps =1,
we have
1
3 [ SO +5 [ k(9u - ) vutp
2 Jo Q

1
<122 @ 1 llz2@u) + S luolizz o) + U 172

Hence, by the integral Gronwall's inequality, there exists a positive constant C, independent of € and 6,
such that
4[| 2@y < Cr

and so

5 k5(|VU€6|2 _ 92)|V’UJ56‘2 < 017
Qt

where C" = C'(|| fll2(qr)» lwoll L2 (o)) |1])-
On the other hand, we observe that

/ k5(|Vu€5|2 792)‘vu56|2

T

— [ RV E = (TP = )+ [ (VR - g (13)
Qr

Qr

Since k-(s) =1 for s <0 and k.(s)s > 0, for all s > 0, then
/ ke(|Vu? = ) (Ve ? - ¢°) = / ke (|Vu)? = ) (Ve * - ¢)
¢ {IVusd|2<g2}
+ k(Va P = P (Ve P - g) = - [ g (1)
{IVusd|2>g2}

T

From (13) and (14) we obtain

1
(Va2 - ) < - ([ ke(Tul? - ¢)|Vul* + / g
Q¢ m Qr T
1 /1, ) 1
< — (50 + lgll3a@n) < 301
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where Cy = C1(m, || fll2(Qr)s 19112 (@) luoll L2 (), 12])-

Estimate 2
V|| o (@r) < D, (15)

where, for any 6 > 0 and any 1 < p < oo, the constant Ds depends only on p, m, ||,

22@r)» 19ll22 Q1)
lluol|L2(q) and a negative power of 4.

From (12) we know that
1
| mva - ) < 50,
- 1)

where C is the positive constant of Estimate 1. So,

1
lovs / ke ((Vu P — g?) =/ e
{IVusd|2>g24¢} {IVusd|2>g2+e}

and recalling that, for all s > 0 and all j € N, e® > £ ST We get, for any j € N,

[vusd|2_ g2

j ; Ivusl|?—g° 1
/ (Ve = g%)’ gj!eﬂ/ TS < jleioy.
{IVuss|2>g2 e} {IVuss|2> g2 te) =5/
Given 1 < p < oo, we have
/ |vu55|2p:/ ‘VU66|2p+/ ‘VU66|2p (16)
T {IVuss|2<g2+e} {IVuss|2>g2+e}

and, since g is bounded, we can estimate, for any p € N, the second integral in the second term of (16) as

follows,

P
p 2p—2j 512 _ 2\
VU86 2p</ 1;0 J \VT N
/{Vu55|2>g2+e} "< {|Vu€5\2>g2+a}j§::0 Jj HgHL (Qr) (| | 9 )

p
2 29 7
Z( )ngn;; TAVIETe

7=0

ow—*

The first integral in the second term of (16) is clearly bounded since
/ VU | g/ (¢>+1)"
{IVue?|2<g2+e} T
and the conclusion follows easily, first for 2p € N and afterwards for any 1 < p < oo.

Estimate 3
1000|720y < 4135

)+ Gl @) VU 2@y + Ca (17)

1(Q)

and Cj is a positive constant depending only on m, |I|, || fll2(0r), ||9||%/VL°°(0,T;L@°(Q)) and |uo| 2 ()

where, for 2 < s < 2%, Cs is an upper bound, independent of ¢ = 3—82

We multiply the equation of problem (11) by d;u®® and we integrate over Q;, noting that d;u® = 0 on
S

02 x (0,T). Denoting ¢.(s) = / ko(7)dT, we have
0

5[ d _
R A A R R TR TEY

Q1

+/ (b° - Vus®) 9,us? —|—/ A u® P = fPous®
t t Qt
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We choose 2 < s < =5 and ¢ = and so we have 1 s T g + = =1. Then

52’

N ac@m 10eu= || 2@

| / (b - Vut) 9,ud| < ||b°

t

<16 |74 () + 310
and
[0 0] < 1€ 1@ l0 s 1007 2o
< |17 QT)||u56||Lq(QT) + ||3tu 5||L2(QT)
So

1/ 6|2 512 5/ ed 2 2
- Oy <[ foNz200 + 5 [ (VU (0)]* —g7(0
1), 1P S W + 5 [ 6V OF ~4°0)

5 €
-5 | eVt - 92<t>) + Olgllz= @) 109l L= r)

+ (I18°112-

&b
QT))”VU ||Lq(QT)a

being C, a Poincaré constant. Observe that, since 2 is bounded we may find a positive upper bound Cs5 of
Cy, independently of ¢ < co.

On one hand

[ 6-(9a ) - ) <0,

because |[Vu?(0)| = |[Vu§| < g(0). On the other hand, if we set A = {(z,t) € Qr : |Vu (z,t)| < g(z,t)},

we have

¢6(|Vu€6(x,t)|2 _gz(x,t)) = |Vu€5(x,t)|2 —92($,t) > _92(x7t) for a.e. (l’,t) € Aa
G- (|Vu (x,1)]* — g?(2,1)) > 0 > —g*(,1) for a.e. (z,t) € Qr \ A.

Consequently, for a.e. ¢ € (0,7,
- /Q D=(1Vu (1)2 = 62(1)) < 912 = (0.1

So,

1 512 5
ZHBtua HLz o) SIf 1%2(0r) §||9||2Lw(o,T;L2(Q))

+ Culgll (@) 109l = @) + (117 (@) IV 1 Za(ar);

and the proof of Estimate 3 is concluded.

By (15) and (17), we know there exist constants Ds, Cs and Cjy, independent of ¢, such that, for each
N <p< oo,

4
14 oo, rawie gy < Dos 10w lle2(0r) < (10°IlLe(@r) + 1€l 24 (@) Cs + Ca.
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Since u®® is bounded in H*(0,T; L*(Q)) NL? (0, T; W&’p(Q)ﬂ%Ofl_N/p(ﬁ)), independently of € € (0,1),
for p > N, by a known compactness theorem ([23, page 84]), {u’}. is relatively compact in ¢ ([0, 7]; €(9)).
Then, at least for a subsequence,

&d 3 . 2}
u® —ru in €(Qr).

The above estimates also imply that we may choose, always with fixed ¢,

ut — u®  weakly in LP(0,T; W, *Q)), 1< p < oo,

e—0

O — du® weakly in L*(Qr).

e—0
Given v € L>°(0,T; Hj(f)) such that v(t) € Ky fora.e. t € (0,T), we multiply the equation of problem
(11) by v(t) — u%(t), we use the monotonicity of k. and we integrate over Q x (s,2), 0 < s <t < T, to

conclude that

/St/ﬂatuas(vu55)+5/:/9vv.v(vusa)
+/:/Qb5.Vuea(v—ueé)_,_/:/cheé(v_uaa)Z/:/Qfé(v_ugé

Letting ¢ — 0, since s and ¢ are arbitrary, we obtain that for a.e. t € (0,7

/ o’ () (v(t) — u®(t)) + 6/ Vo(t) - V(v(t) — u’(t))
Q Q

+ /Q b5(t) -Vl (t) (v(t) — u‘s(t)) +/ A (t)ul(t) (v(t) — u6(t))

Q

for all v € L>(0,T; Hj(9)), such that v(t) € Ky for a.e. t € (0,7T).
Set A. = {(2,t) € Q7 : |Vu(x,1)|?> — g%(x,t) > \/e}. Since k.(|Vu|? — g?) > eV in A., then we

have s
€ 1
|A\_/1</ |V“| 7) O %
§
by (12), being C a constant independent of ¢ as we have seen. So we have
512 2\t S €512 2 +
/ (IVu’]? — g%) ghmmf/ (IVu|? = g* — Ve)
- e—0 Qr
= liminf/ ([Vu | — g* — V/E) < lim M; \A5|% =0, (18)
e—0 A, e—0

where Mj is an upper bound of || [Vu®®|? — g% — \/2 ||12(q,.), independent of e. Consequently,

Vel < g a.e. in Qr

and so u’(t) € Ky for ae. ¢t € (0,T). Let z € L>(0,T; H§(f2)) be such that z(t) € Ky). Defining
v=u+0(z—u), 0 c (0,1, then v(t) € K. Using v(t) as test function in (10) and dividing both sides of
the inequality by 6, we get

5 ) 5 2
/Qatu B0 —u (t))+6/QVu () - V(=(t) +59/ IV (2(t) — W ()]

5 6 3 o o 4 é
+/Qb (t) - Vuo (t)(2(t) —u (t))+/ () u’ (t)(2(t) — u’(t)) 2 /Qf () (z(t) — u’(t))

Q



10 Solutions for linear conservation laws with gradient constraint

and, letting & — 0, we conclude that u°® solves the following variational inequality

u(t) € Ky forace. t € (0,7), u®(0) = uo,
/ Ol (1) (v — u® (b)) + 5/ Vul (t) - V(v — u’(t))
Q Q

+/ b‘s(t)~Vu6(t)(v—u5(t))+/c‘;(t)u‘s(t)(v—u‘s(t))

Q

Q

> [ ) (v —ul(t)), Vv e Kyy, forae te(0,T).
Q

Recalling the Estimate 3 we have

HatUE(SH%Z(QT)
< (|1p°]

1:0r) + O3l %S(QT))HVUE(;”i 2 +Cy

s—2 (QT)

2s_ 2s_
ban) ([ (90175 - g% - vy
T

+/ (977 + V7)) ey

5
< (v ||2LS(QT) + Cs]|c|

Passing to the liminf when ¢ — 0 and arguing as in (18), we conclude that

lim inf / (|Vus?
T

2s

g o)t =0

E—r

and, consequently,

+Cy.

||atU6HL2(QT) < 4(“”5”%8(@@ + Cs||05||%s(QT))H9Hi

2s
s—2

(Qr)
Observing that

5
Le@r) + Cslle’]

2 @)lgl?

lim (|16°] s
s—2+ s=2 (QT)

= (I6°113 20y + O3l 122 (@) ) 1913 = @)

we have the sequence {9;u’}s uniformly bounded in L?(Qr).
Moreover, the sequence {u’}s is uniformly bounded in L>(0,T; W, *°(2)), independently of &, since
each u’(t) belongs to Ky 1). So, there exists a function u € L= (0,7; Wy'>(Q)) NH' (0,73 L*(Q)) N€(Qr)

and, at least for a subsequence,

uw’ — u in €(Qr),
6—0

uw — u  weakly in LP(0,T; Wol’p(Q)), 1<p<oo,
§—0

dyud o Owu weakly in L*(Qr).
—

Integrating in (19) between s and ¢, for 0 < s < ¢ < T, and passing to the limit when § — 0, we get

/St Qﬁtu(v—u)Jr/st Qb-Vu(v—u)—i—/:/ﬂcu(v—u)2/: Qf(y—u)’

for all v such that v(t) € Ky for a.e. ¢ € (0,7'). Since s and ¢ are arbitrary, we can drop the integration in
time. Since u’(t) € K, for a.e. t € (0,T), the same holds for u(t), concluding that u solves the variational

inequality (10). O
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Remark 2.2. We observe that in the proof of the uniqueness of the solution it is sufficient to assume only
bec L'(Qr) and ce LY(Qr),

instead of (6).
Similarly, we may replace (7) by the different weak coercive assumption by assuming the existence of r € R,

such that, in the sense of distributions,
c—V-:-b>r inQr,

in order to have also the uniqueness of the solution to the variational inequality (10).

In fact, assuming that there are two solutions u; and us, we may choose for test function v = u; +
(?s¢(ug — uq) in the variational inequality for u;, where s; : R — R is a sequence of C increasing odd
functions approximating pointwise the sign function sgn’ and ¢ is sufficient small. Then, choosing also

v = ug + (?s¢(u1 — uz) in the variational inequality for us, we get

[ 2wty sca(e) + [ ) V) sc(ate) + [ ete)at) se(a(e) < 0

Noting S¢(s) = / se(r)dr C_S |s| and Ts¢(T) ﬁ) |7], by the dominated convergence theorem, we have
0 — —

)|+ [ b(t) - Via(t)| + / e(t) fa(t)] < 0
Q

dt Jo Q

and so

& [a@n+r [fawi<o.

Since @(0) = 0, by the Gronwall's inequality, we conclude the uniqueness from

/Q\a(t)| Se”/9|a(0)| ~0.

3 Stability and asymptotic behaviour in time

In this section, the stability of the solutions of the variational inequality (10), as well as its asymptotic limit

when t — 400 is based in the following Lemma, which is due essentially to [22].

Lemma 3.1. Fori=1,2, let g; belong to L>=(Qr). If vy € L4(0,T; Wol’p(Q)), 1 < p,q < o0, is such that
v1(t) € Ky, (1) for a.e. t € (0,T) then there exists v, € L?(0,T; W, P(Q)) such that Ta(t) € Ky, () for a.e.
t € (0,T) and a positive constant C' such that

o1 — i)\QHLQ(O,T;WUl”’(Q)) < Cllgr — g2llL=(Qr)-

Proof. Let a(t) = [lg1(t) — ga(t) | =(cy. Define w() = 1 + % Bo(t) = ﬁ 0 (b).
Since . )
Voo (t)] = wwvl(m < mgl(t)
and
g1(1) m
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then vy(t) € Ky, () for a.e. t € (0,7'). The conclusion follows immediately from

|V1)1‘

m

. 1
|V (v1 —02)| = ‘1 ) ‘|VU1| < lg1 = 92/l L= (Qr)-
O

The continuous dependence result is a consequence of the boundedness of the solution and of its gradient,

when we impose the weakly coercive assumption (7).

Theorem 3.2. Fori = 1,2, let u; denote the solution of the variational inequality (10) with data (b;, ¢, fi,
gi,uo;) satisfying assumptions (6)-(9). Then there exists a positive constant C = C(T), depending on T,
such that

[ur = ual|Fe 0,722 () < C(luor = wozll7z () + 101 = b2llLr(gqr) + ller = eallLror)

+lfs = fallizr@n) + g1 = g2ll=(n)-

Proof. Let uy be defined as in Lemma 3.1, for the solution u; and u; be the corresponding function for us.

Using @y as test function in the variational inequality (10), we obtain

/ 8tu1(t) (’U,l(t) - Uz(t)) +/ bl (t) . Vu1 (t) (Ul(t) - ’LLQ(t))
Q Q

+ [ au®@® - ) < [ AO@wO - um)+ [ @
+b1(t) - Vur (t) + 1 (t)ua (t) — f1(1)) (G () — ua(t))

and a similar inequality is true using the variational inequality of us, by replacing the data f1, b1, c1 by fo, b, o

and 1 by 3. Then we have

/ O (ur(t) — ua(t)) (ur(t) — ua(t)) —|—/ bi(t) - V(ur(t) —ua(t)) (wa(t) — usz(t))
Q Q
+/Qc1(t) (w1 (t) —’U,Q(t))2 <0O(t), (20)
with
o(t) = /Q (Bpur () + b(t) - Vur (t) + cr(t)ua (t) — f1(t)) (@ (t) — ua(t))
+

(Dpua(t) + b(t) - Vua(t) + c(t)ua(t) — f2(t)) (Ua(t) — ua(t))

+

S— 55—

(bl (t) - bg(t)) . V’U,Q(t) (ul (t) - U;Q(t))
+/ [(c1(t) = ca(t)) ua(t) + (fr(t) = fo(t))] (ua(t) — ua(t)).
Q

Using the boundedness of the solutions u;, i = 1,2, and their gradients and recalling the L?(Q7) estimates

of O;u;, we have

T
/0 O(r)dr < Cur (91 — g2ll=(0ry + B2 — ballz(m)

+ller = eallLigry + 1y = fallLion)
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where C)/ is a positive constant depending on T, on the norms of the solutions and their derivatives (which
can be bounded in terms of the data) and on the constant C' of Lemma 3.1.

Setting w = w1 — uz in the inequality (20), we obtain using (7),

d
& [ lw@P <2 [ u? +200)
Q Q
Applying Gronwall’s inequality, we conclude
2
/Q |U1(t) — ’U,Q(t)| S 62‘l|T(Hu10 - u20||%2(9) + 20]»](”91 — 92HL°°(QT)
+ [|br — ballL1(@r) + ller — callLr@qpy + 1f1 — f2HL1(QT)))~
O

In order to consider the corresponding time independent solution to the first order variational inequality,

we give stationary data foo, §oo, boo, Coo Satisfying the assumptions

9o EL®(Q), goo >m >0,  foo € L'(Q), (21)
b € L'(Q), co € L}(Q), (22)
cm—%v-bmzx>o in Q (23)

in the distributional sense, where we set accordingly
Ky, = {w € Hy(Q) : [Vu| < g ace. in Q.

Then, the stationary problem can be written as

Uso € Ky : /boo~Vuoo(w—uoc)+/cooum(w—uoo)
Q Q
Z/foo(w—uoo), VweK, . (24)
Q

Since the convex set K,__ is bounded in H}(f2) and the first order linear operator in the left hand side of
(24) is pseudo-monotone, by the classical theory (see, for instance, [12]) it has a solution, which is unique by
the strict coerciveness induced by the condition A > 0 in (23).

In order to study the asymptotic convergence of the solution of the variational inequality (10) to the
stationary solution of (24), we consider solutions global in time. This is easily obtained if we assume that
(6)-(8) are satisfied for any T' > 0 and replace (9) by

g € WH>(0,00; L®(Q)), g >m > 0. (25)
We need an auxiliary lemma.

Lemma 3.3. ([9, page 286]) Let ¢ : (0,00) — R be a nonnegative function, absolutely continuous in any

1
loc

compact subinterval of (0,00), ® € L;,.(0,00) a nonnegative function and y a positive constant, such that

@' (t) + pep(t) < @(t), Yt > 0.
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Then, for any s,t > 0,

T+1
ot +s) <e M4 1 _167# {sup/ @(f)d&] .

T>s
O
In order to apply this Lemma to
ot) = | Jult) — use L t>0, (26)
we shall require the additional assumptions on the coefficients and on the data
be L>(0,00;L*(Q)) and ¢, f € L>®(0,00;L*()). (27)

Theorem 3.4. Assume that f,g,b,c,ug satisfy the assumptions (6)-(8), (25), (27) and fs,goosboos Coo
satisfy the assumption (21),(22) and (23). Suppose, in addition, that

t+1

/ / |f(7') —foo|d7dx — 0,
t Q t—o0
t+1

/ / |b(7) — boo|dTdz — 0,
t Q t—o00

t+1
/ / (c(T) = eoo)drdz — 0
+ Q t— o0

and there exists v > % such that, for some constant D > 0,
D

9(t) = goollLo () < A t>0 (28)

If u and us are, respectively, the unique solutions of the variational inequalities (10) and (24) then, for

every o, 0 < a < 1,
u(t) — us  in €V(Q)

t—o0

Proof. First we need to return to the estimate (17) of the existence proof in order to prove that, under the

additional assumptions of this theorem, there are positive constants A, B, independent of 7', such that,
0l 2 ax 0.7y < AVT + B.

Since |Vu(z,t)| < g(z,t) for a.e. (2,t) € Qo = N2 x (0,00) and g € L®(Qx), We have now u €
L%°(0, 00; WH2°(Q)). This yields the estimate

llfsian = | IuP <,
Qr

where the constant ¢, > 0 is independent of T'. Using similar estimates for ||fH2Lz(QT) with the constant
cg replaced by c; = [|f[|72(9 0012y 2 well as for ¢ = ||b||2LQ(O7OO;L2(Q)) and c. = [lel|72 (0 00:12 () We
may conclude that the constant C; = C;(T) of (12), in the Estimate 1, grows also linearly with T, i.e.
C1 < ¢g + 1T, where ¢g depends only on ug and ¢; depends on m, ¢y, ¢4, ¢ and c.. Using this fact in the
Estimate 3, we may now easily deduce (3) from (17), with s = 2 and ¢ = oo, since Cy, depending on f and

on C grows also linearly with T'.
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Using Lemma 3.1, we choose %o, € K, for a.e. t € (0,T'), as test function in (10). Then

/ Apu(t) (u(t) — uso) —|—/ b(t) - Vu(t) (u(t) — uso) +/ c(t)u(t) (u(t) — us)
Q Q Q
< / F@) (u(t) — uso) +/ (Dru(t) + b(t) - Vu(t) + c(t)u(t) — f(t)) (oo — too)-
Q Q

Analogously, with %(t) € K,__, for a.e. t € (0,T), we obtain the inequality

/QbOO Voo (u(t) — uoe) + /Q Coolloo (U(t) — too)
> /Q Foo (ut) — o) + /Q (bow - Vit + cotioe — fo) (ult) — 5(2)).
Then, simple algebraic manipulations lead to
/ A (u(t) — uoo) (u(t) — uso) +/ boo - V(u(t) — oo ) (u(t) — uso)
Q Q
—|—/ Coo (U(t) — Uso) (u(t) — uss) < O(t), (29)
Q
where
ot) = /Q (Owu(t) + b(t) - Vu(t) + c(t)u(t) — f(t)) (T — too)
+/ (boo - Voo + Coolios — [foo) (U(t) — u(t))
Q
+ /Q(b(t) —bso) - Vu(t) (use — u(t)) + /Q(c(t) — oo )u(t) (oo — u(t))
4 [ (0 = 1) (ul0) ~ uc):
Q

Using (23) and the definition (26), from (29), we obtain the differential inequality with x = 2\ and where,
taking into account (3), we may choose ®(t) > 2|©(t)| given by

®(t) = C((AVEt+ B+ O)||g(t) — gooll o) + Ib(t) — boo L1 ()
+[le(t) = coollLr@) + 1 (1) = foollr (@)

Then, using the assumptions and observing that the number « in (28) is greater than % we have

/t o o(r)dr

t+1
<C [ (1) = Fellosioy + 1) = bl + el) = ol oy)
t
t+1 .
N
w0 [ ()10~ gellemaydr 5, 0

Therefore, by Lemma 3.3, u(t) (St Ueo in L2(92).
(o)
Since u belongs to L> (0, 0o; W>°(Q)), the compact inclusion of W'>°(Q2) in C%*(Q) implies, first for
a subsequence, and after for the whole sequence, that u(t) T Uoo in C%%(Q), concluding the proof.
O
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4 Finite time stabilization in a special case
In this section we assume that 9% is of class €2 and
beRY, ¢=0, g=1, 2z €K, and feL®0,T). (30)

We consider the following two obstacles problem

z(t) € K{ for a.e. t € (0,7T), 2(0) = ug,

/Q&gz(t)(v — ) + /Q b V(t)(v — 2(1)) (31)
> / ft)(v—2(t), Vv e K], forae. te(0,T),
Q

where
K ={ve Hy(Q): —d(z) <v(z) < d(z) for ae. x € Q}.

Here d(x) = d(x,d9) is the distance function to the boundary Q. Notice that d € W, > (Q), |Vd(x)| < 1,
a.e. € Q and Ad < C for some constant C' = C(€2) > 0. Observe that 2o € K; C K.

Theorem 4.1. Under the assumptions (30), the inequality (31) has a unique solution
2 € L=(0,T; Wy ™ () N H'(0,T; L*(2)) N €(Qr),
which satisfies |Vz| <1 a.e. in Qr and is the unique solution of the variational inequality (10).
Proof. For g,6 € (0,1), we consider the following family of penalized problems for 299,
0p2%% — 00z +b- V2 + 2(2% — (z* Ad) V (=d)) = [ in Qr,
{ 259(0) = z§ on 220 =0 0on 90 x (0,T), (32)

where f° and z§ are regularizations of the functions f and z, with |Vz§| < 1. This problem has a unique

solution 2%% € H>(Qr), since the operator

(Pov,w) = 5/9 (v—(vAd)V(-d)w (33)

€

is monotone (see, for instance, [12]).

We obtain firstly an estimate of |Vz°| on 99 x (0,T). Since 99 is of class €2, there exists r > 0 such
that, if B,(x) denotes the ball with centre in  and radius r, then for all zy € 09 there exists yo € RY such
that B,(yo) N Q = {zo}. Placing the origin of the coordinates in the point yg, let 7.(s) = e~ V% and

P(x) =d(@) + Me(1—n.(lz] = 7)), ¢(x) = —d(z) - Me(l - n(jz| - 7)),

where M is a positive constant, depending on §, to be chosen later. We show that @ is a supersolution of

(32). Analogously, it can be verified that ¢ is a subsolution. We start by observing that
B(x0) = 0 = 2°°(wo, t) and % >0=2 on 90 x (0,T).

Since z§ € K{, then
P(x) = d(r) = z5().



José Francisco Rodrigues and Lisa Santos 17

We compute

0,,7(x) = Or,d(a) + MVEn.(ja| ~1)Ey and |Vl <1+ MVE, (34)

2

02, 7(w) = 02 d(x) - Mn.(|z| = ) S + Mven(lo| - ) (& - )

and

AB(z) = Ad(z) + M. (|z| — r)( 14 N*l).

E]
Let 5
Lw=0w—0Aw+b-Vw+ —(w— (wAd) V(—=d)).
€
Then, recalling that there exists a positive constant C' such that Ad < C and choosing ¢ sufficiently small,
such that 1—\/5% >1— 2= > 1 we have

LG — f=—0Ad + M §n.(|| —r)(l — Ve N—l)

||

||

> —6C+ M§n(|z| — R) — |b] — [b| M Ve n.(|z| — R)
+ M1 —n(lz| = 7)) = [ fllz 1)
=M (04 (§ — bl Ve = 0)me(|z| — 7)) =6 C — [b] — || fI| L= (0.7)- (35)

e (Vd+Mﬁn€(|:z:| —7) i) + M6 (1—n(lz] —1) — f

Observe now that the term 3 — [b| \/& — & is negative and, since 7-(|z| — ) < 1, we have the following
inequality
M (8 + (5 — [bl v = 8) me(|z] = 7)) = M (3 — [b] VV2).

We can fix g such that, for 0 < ¢ < e, we have |b| /e < g. From (35), we obtain then
Lp—f>M2—5C—1|bl—||fllr=omr) =0,

provided

C
M= Ci=4@FC+[bl+ |~ (36)

concluding then that @ is a supersolution of (32). Analogously, ¢ is a subsolution of (32) and so we have

p < 2<% inQr and 25 (x0,t) = B(x0) = (o). (37

Observe that, from (34), we obtain
V2% (20, t)| < max{|VB(zo)], |[Vi(zo)|} < 1+ & /e

for an arbitrary point o € 99 at any t € (0,7). We wish to prove that this estimate is true a.e. in Qr.
Differentiate the first equation of (32) with respect to x, multiply it by d,,2°° and sum over k. Setting
v = |V2°°|? and noticing that 9,, 2°°Ad,, 2*° = L Av — (02, , 2°°)? we get

LTrTk

1 J 1 J ~ed ed
§8tv—§Av+§b~Vv+g(v—Vz -Vz )SO7

ed

being 5% = 2%® — (2° A d) V (—d). Using the Cauchy-Schwartz inequality, we obtain

0w —0Av+b- Vv + 2?5(1) — |V§55\v%) <0.
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Multiplying the above inequality by (v — (1 + M+/€)?)* and integrating over Q;, we have

3 | 100 - @ arvaR s [ V- s arvEry P

Qt
+ / b-V(v—(1+M/e)>)T (v—(1+Mye)H*

+2—5 (v7|V256|v%)(v7(1+M\@)2)+SO. (38)
€ Jao.

Since

/ b-V(v—(1+Mye)>)T (v—(1+M/e)*)T =0

t

and

/ (v— \V,§€5|v%)(v — (14 Me)*)T

=/ (v—v%)(v—(1+M¢E)Q>++/ (v —v?) (v — (1+ MvE*)* >0,
(245>} (5 <—d}
from (38) we conclude that (v — (1 + M+/€)?)* = 0.
Then, recalling the choice of M done in (36), we have
V292 =0 <1+ S1\/e ae inQr, (39)

and {z°%}. is uniformly bounded in L>(0,T; W,">°(Q2)). Using (37), it is easy to see that

—C1 < =(25° = (25 Ad) V (=d)) < C.

(LI ST)

In fact, in the set {z°° > d} we have

6 £ £ _5 15
25 - AV (-d) = 20— d) <

(LIS

(E_d) < 017

in the set {—d < 20 < d} we have 2°° — (259 Ad) V (—d) = 0 and in the set {2°% < —d} we have

2t Py () =260 vy 2 Lo a2 o
Multiplying the first equation of (32) by 9;2%, we obtain
10,252 4+ 6 V2. v,z + / b-Vz09,2%0
Qt Qt T
+ g / (255 — (% Ad)V (—d))@ﬂsg = [0,2°°
t Qt
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and so

/ |atzs5| / |VZ55

<5 [ 196+ (W19 ez

§
+ H*(ZE‘S — (2 A d)V (=d)|| (@)
+ Hf||L2 0,T )||at2 22 (@0
3 190 + (b1 + G VE+ Col@rl?
+ 1£1lz20,0) 10:2°° | 221
1
/ Vgl + 5 (1BI(1+ G Ve +C)lQr|?
+ Hf||L2(O,T)) + 5”8t265”%2(QT)
where |Qr| denotes the Lebesgue measure of Q. So, for ¢ fixed,
15 5 1 2
101 30,y < 6 [ IV + (b1 + G VE+ Cl@rl? + 1 flzzom) (40)
Then, there exists 20 € L (0,75 W, > (Q)) N H' (0,75 L*(Q)) such that
20— 2%in L(0,T; W™ (Q))-weak *  and  9;2°° - 9,2° in L*(Qr)-weak.
E—r

e—0

Multiplying the first equation of the problem (32) by v — 2%(t), where v € K{) and integrating over Q x (s, 1),
0<s<t<T, we obtain

/st/Qatzeé(v_zag)+6/st/ﬂvz“€5'V(“_ZE(S)+/:/Qb-vzf5(v_z66)
P gy o= [ [ e

For v € K{, since the operator P. defined in (33) is monotone, we have

/t/Q (22 — (= Ad) V (—d)) (v — ) < 0.

So, letting € — 0, we obtain

/:/ﬂ@tz‘s(vz‘s)+5/:/QVz‘so(vz‘s)
//b Vz° (v —2° //f‘sv—z . (41)

By (37), the function 2° is such that 29(t) € K{, for a.e. t € (0, 7).
To prove that {0;2°}s is bounded in L2(Qr), let ¢ — 0 in (40), obtaining

1 2
| 10 <5 [ [9ul? + (b + E0I@rlE + 1 lm0m)
; Q
Analogously, letting ¢ — 0 in (39), we obtain

V2’| <1 ae inQr.
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We can now pass easily to the limit when § — 0 in inequality (41). Observing that 2° converges to
some function z weakly* in L* (0, T; Woloo(Q)) and 0;2° converges weakly in L?(Qr) to 9;z, we find for all

0<s<t<T ) t t
/S/Qatz(v—z)wL/s/Qb.Vz(v—z)Z/s/Qf(viz)

/ Oz(t) (v — 2(t)) +/ b-Vz(t) (v—=2(t) > / f)(v—z(t)) forae. te(0,T).
Q Q Q

and it follows also

Since 2°(t) € K{) for a.e. t € (0,T), we also have z(t) € K{, and the proof of existence of solution for the
variational inequality (31) is complete. The uniqueness is also clear.

The inclusion K; C K{ and the fact z(¢t) € K; for a.e. t € (0,T) implies that the function z also solves
the problem (10). O

Remark 4.2. The first order variational inequalities of obstacle type have been introduced by Bensoussan
and Lions in [4] and have been studied in [13] and in [17], for general linear operators and general obstacles,
and extended to a quasilinear two obstacles problem in [11]. In all those cases the notion of solution is less
regular and the boundary data can only be prescribed on part of the boundary. In addition, the solution cannot
have a gradient in L? and the best that can be expected in general is the operator d;u + b - Vu + cu € L?,
as a consequence of Lewy-Stampacchia inequalities. These estimates can be obtained from the regularized
parabolic inequality (41) and, as in [18], it allows the passage to the limit 6 — 0 without the estimates on
the gradient and on the time derivative. It is an open question to establish the equivalence of the first order
obstacle problem with the variational inequality with gradient constraint for more general first order linear

operators.

Theorem 4.3. In addition to the assumptions (30), suppose

b-Vzo < f(t) in {z € Q: —d(z) < zo(x)} fort >0, (42)

f = f(t) is increasing and nonnegative, (43)

liminf f(¢) > [b] + 2D, (44)

where D = ||d|| () = I;lea%( d(x,09). Then there exists T, < oo such that the solution z of the variational

inequality (10), or equivalently of (31), satisfies
2(t) =d forallt > T,.
Proof. We consider z as the solution of the variational inequality (31).
Step 1: zp < z(t) forall ¢t > 0.
Let v(t) = 2(t) + (20 — 2(¢))" and note that v(t) € K. Then
5 Or2(t)(z0 — u(t))" + LY Va(t)(z0 — 2(t)) " > A F#)(z0 — 2(1) " (45)

On the other hand, by (42), we have

b-Vzo(zo — 2(t)" < f(t)(20 — 2())"  in {—d < 2},
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and also on {—d = 2o} since, in this last set, (29 — 2(¢))T = 0 (recall that f > 0). Then
[ 2ot =20 + [ b Vanteo = 2(0)" < [ 010 0" (46)
From (45) and (46) we get
[ 2t = 2®)e0 = 20)* + [ V(0 =200~ 2(0) <0,
But

[ 6500 - 0o 20) = 5 [ 59 (G0 200"’

:_%/Qv.b((zo—z(@ﬁ)%o
[ L sorTon

which implies that zg < z(t), for all ¢ 0.

and so

Step 2: z(t) < z(t+h) forallt,h>0.

Observe that v(t) = z(t + h) — (2(t) — 2(t + h))~ € K{, so we can choose v(t) as test function in (31).

Noting that
() — 2(t) = 2(t + h) — 2(t) — (2(t) = 2(t + h)) " = —(2(t) — 2(t + h)) "
we get
/ Oz(t)(2(t) — 2 t+h)) / b-Vaz(t)(2(t) —z(t+h))+
Q
/f (t) = 2(t+h)". (47)

Choosing v(t) = z(t + h) + (2(t) — 2(t + h))Jr as test function in (31) in the instant ¢ + h and observing
that
o(t) — 2(t) = 2(t + h) — 2(8) + (2(t) — 2(t + 1) " = (2(t) — 2(t + h))

we have

/ Oz(t+h)(z(t) — 2(t+h)) + / b-Vz(t+h)(2(t) —z(t+h)

Q Q
> / fE+R)(2(t) —2(t+h)) . (48)
Q
From (47) and (48) we get
/@ ) — z(t+ h))(2(t) — 2(t + h)) /b V(z(t) — z(t + h)) (2(t) — z(t + h))
< [ (O -+ M0 - =+ m)” <0
Q

because f(t) < f(t+ h), by assumption (43) and (z(t) — z(t + h)) > 0. As

/Qb V() — 2t + 1) ((8) — 2(t + B))” =0,
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we obtain

using Step 1. So z(t) < z(t + h), for all t,h > 0.
Step 3: There exists 2o, € %(Q) such that tl}er 2(x,t) = zoo(x), uniformly in x € Q.
(o)

Since the sequence of continuous functions {z(t)},. , is increasing in ¢ and is bounded from above by d,

this conclusion follows immediatly.

However, in this special case we have a finite time stabilization.
First we prove that the function z,, coincides with d. We recall that 9;z € LQ(QT), for any T" > 0, and

we set P(t) = / 2(t). Observe that |9 1o (0,00) < [©2|D, where [Q| denotes the Lebesgue measure of 2.

Since {2(t)},~ is increasing, then d;z > 0 and

() — / Zoo) Y'(t) >0 forae. t>0.
Q

t——+oo
This implies that
lim inf(“)tz(t) =0 in LY(Q).

Choosing v = d as test function in (31) we obtain, for a.e. ¢t € (0,00)

/Q@tz(t)(d—z(t)) /b V(1) /f
[ asa=so)+ i [ @==0)= 1) [ @20,

Since d > z(t), taking litm inf to both sides of the inequality and using the assumption (44), we obtain
—00

|b|/ — ) |b|+2D/(d—zoo),
Q

which is a contradiction unless zo, = d.

and so

Consider the following subsets of Q. = Q x (0, c0)
A={—-d<z<d}, It={z=d}, I ={z=-d}.

Since z solves the two obstacle problem (31), it is well known that the following inequalities are verified

ae in Qo
Oz4+b-Vz=finA, Oz+b-Vz<finlI", u+b-Vu>finl .

If there is no finite time stabilization of the solution, since z(t) is increasing in time, we may find a point

(20,t0) and an open subset wy of  with g € wy, such that, (z,t) € AUI~ for t > ty. So,
f(t) < 0rz(x,t) +b-Vz(z,t) fora.e. (z,t) € wy X [tg, +0).

Then, for any t > ¢y and any open set w C wy, we have

t+1 t+1
/ / / (Owz(z,7) +b- Va(z,7))
¢

/ z(z,t+1) — z(z,t)) + [b] < (2D + |b]).

| A

IA
E‘HE‘
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As a consequence,

t4+1
litm inf f(¢) < lim inf/ f(r)dr < 2D + |b
hde el t

t—o00

and this is a contradiction with (44). So z(t) must stabilize in finite time. O
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