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Abstract

For a general Cohen-Grossberg neural network model with potentially unbounded time-varying
coefficients and infinite distributed delays, we give sufficient conditions for its global asymptotic
stability. The model studied is general enough to include, as subclass, the most of famous
neural network models such as Cohen-Grossberg, Hopfield, and bidirectional associative memory.
Contrary to usual in the literature, in the proofs we do not use Lyapunov functionals. As
illustrated, the results are applied to several concrete models studied in the literature and a
comparison of results shows that our results give new global stability criteria for several neural
network models and improve some earlier publications.
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1 Introduction

The Cohen-Grossberg neural network models, first proposed and studied by Cohen and Grossberg
[6] in 1983, have been the subject of an active research due to their extensive applications in various
engineering and scientific areas such as neural-biology, population biology, and computing technology.

The neural network model in [6] can be described by the following system of ordinary differential
equations

2j(t) = —pi(zi(t)) |bi(zi(t) =D eijfila;(®) + L, t>0,i=1,...,n, (1.1)
j=1
which includes, as a special case, the Hopfield neural network model
n
Zi(t) = =bi(zi(t)) + Y _cijfi(z;(®) + L, t>0,i=1,...,n, (1.2)
j=1

studied by Hopfield [12] in 1984. In 1988, Kosko [15] presented a kind of neural network models,
known as bidirectional associative memory (BAM), described by

zi(t) = —wi(t) + Zaijfj(yj(t>) +1;
" £>0,i=1,....n (1.3)

yi(t) = —yi(t) + Z bijgs(z;(t)) + J;
=1
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The following generalization of the Cohen-Grossberg model (1.1),

x;(t) = _pi(xi<t)) bl(ml(t» + Zfij<xj(t)> , 020,i=1,...,n, (1'4)

introduced in [19], includes most of neural network models as special cases, namely (1.1), (1.2), and
(1.3).

In order to be more realistic, differential equations describing neural networks should incorporate
time delays to take into account the synaptic transmission time among neurons, or, in artificial neural
networks, the communication time among amplifiers. In 1989, Marcus and Westervelt [18] introduced
for the first time a discrete delay in the Hopfield model (1.2), and they observed that the delay can
destabilize the system. In fact, the delays can affect the dynamic behavior of neural network models
[1] and, for this reason, stability of delayed neural networks has been investigated extensively ([2], [3],
[7], [8], [13], [14], [16], [19], [20], [23], [25], and the references therein). Another relevant fact to take
into account is that the neuron charging time, the interconnection weights, and the external inputs
often change as time proceeds. Thus, the neural network models with temporal structure of neural
activities should be introduced and investigated (see [5], [23]).

For neural network models with time-varying coefficients, many authors assume the existence of an
equilibrium point and study its global exponential stability (see [17], [21], [26]). Other authors study
the global exponential stability of the models but, in these cases, they assume that the coefficients are
bounded functions (see [4], [23], [24], and the references therein). Studies about global asymptotic
stability of nonautonomous neural network models are few and the authors always assume bounded
time-varying coefficients (see [14], [16], [22], [25]). This paper aims at the global asymptotic stability
of a general nonautonomous Cohen-Grossberg neural network model without assuming the existence
of an equilibrium point or bounded time-varying coefficients.

Moreover, the models studied here have infinite delays and, when we are dealing with functional
differential equations with infinite delays, the choice of an admissible Banach phase space requires
special attention in order to have well-posedness of the initial value problem and standard results on
existence, uniqueness, and continuation of solutions (see [9], [10], [11]). We note that many papers,
dealing with neural networks with unbounded delays, do not provide an explicit phase space, much
less the problem of such a suitable choice, and it is known that the choice of the phase space is not the
same when we are studying the global exponential stability or we are studying the global asymptotic
stability [8].

After the introduction, the present paper is divided into three sections. Section 2 is a preliminary
section, where some notation and definition are introduced and the phase space for the models is pre-
sented. In Section 3, we present the results on global asymptotic stability of a general nonautonomous
Cohen-Grossberg neural network model with infinite delays, which includes most of neural network
models. It is important to note that most studies use a type of Lyapunov functional to obtain results
on global attractivity (see [4], [5], [14], [16], [24], [25]). Instead, here we use the techniques described
in the work of Oliveira [20], rather than a Lyapunov functional approach. In fact, we consider a
Cohen-Grossberg model in general setting for which, assuming the existence of instantaneous nega-
tive feedbacks which dominate the delay effect, we prove that all solutions are defined on R and then
we prove the global asymptotic stability of the model. Finally, in Section 4, we illustrate the results
with well-known neural network examples and we compare our results with the literature, presenting
new stability criteria.

2 Notations and definitions

We denote by BC = BC/((—o0, 0]; R™) the space of bounded and continuous functions, ¢ : (—oo, 0] —

R™, equipped with the norm [|¢|| = sup|¢(s)|, where |- | is the maximum norm in R”, ie. |z
s<0

max{|z;| :i=1,...,n} for x = (x1,...,2,) € R". For a € R", we also use a to denote the constant

function ¢(s) = a in BC. A vector ¢ = (c1,...,¢,) € R™ is said to be positive if ¢; > 0 for all

i€{l,...,n} and in this case we write ¢ > 0.



For an open set D C BC and f : [0, 4+00) x D — R™ a continuous function, consider the functional
differential equation (FDE) given in general setting by

@(t) = f(t,z), t >0, (2.1)

where, as usual, z; denotes the function x; : (—o0,0] — R™ defined by z:(s) = z(t + s) for s < 0.

Tt is well-known that the Banach space BC' is not an admissible phase space for (2.1), in the sense
of [9], thus the standard existence, uniqueness, continuous dependence type results are not available.
Instead of BC', we consider the admissible Banach space

UC, = {¢ € C((—00,0];R™) : sup [6(s)] < 00, 9(5) is uniformly continuous on (oo,O]} ,
s<0 g(S) g(S)
equipped with the norm ||¢||, = sup w, where g : (—00,0] — [1,00) is a function satisfying:
s<0

(gl) g is a non-increasing continuous function and g(0) = 1;

. g(s+u)
®) B8 "

(g3) g(s) > +o0 as s = —o0.

= 1 uniformly on (—o0,0];

For example, the function g(s) = e™#* with 8 > 0 satisfies (g1)-(g3).

As BC C UC}, then BC is a subspace of UC,, and we denote by BCy the space BC with the
norm || - |[g. When n = 1, we denote the spaces UC,; and BC by UC} and BC"! respectively.

As UCy is an admissible Banach space, we consider the FDE (2.1) in the phase space UCy, for a
convenient function g, and we assume that f has enough smooth properties to ensure the existence
and uniqueness of solution for the initial value problem (see [10]). The solution of (2.1) with initial
condition z, = ¢, for to > 0 and ¢ € UCy, is denoted by z(t,to,¢). In view of our applications to
neural network systems, we restrict our attention to initial bounded conditions, i.e.,

r, =@, with @€ BC, (2.2)

for some ty > 0. From [10], if f maps closed bounded subsets of its domain into bounded sets of R™,
then the solution of (2.1) and (2.2) is extensible to (—oo, a], with a > tg, whenever it is bounded.

Definition 2.1. The system (2.1) is said to be

(i) stable if for any to > 0, € > 0, there is 6 > 0 such that, for all ¢, € BC,

||§0 - (;” <d= |$(t,to,§0) - ‘T(t7t07&)| <kg, fOT all t > th

(ii) globally asymptotically stable if it is stable and

lim (z(t,to, ) — x(t, t0, ) =0,

t—+oo
for any to >0 and ¢, p € BC.

It should be mentioned that the above definition of stability is the usual one in the literature on
neural networks with unbounded delay, but it does not even imply the stability in the phase space
UCy, i.e., relative to the norm || - ||,.

Finally, a function v : [a,+00) — R, a € R, is said to be eventually monotone if there is
t* > a such that «y is non-decreasing (or non-increasing) on [t*,+00). For a bounded real function

h:U CR — R, we denote h := sup h(s) and h := inlfjh(s). An increasing sequence (a,)neny Which
seU s€
converges to a € RU {+o0} as n — +oo is denoted by a,  a.



3 Asymptotic stability

In the phase space UCy, with g : (—o0,0] — [1,400) being a function satisfying (gl)-(g3), consider
the following general nonautonomous Cohen-Grossberg neural network model with distributed delays

.’E;(t) = —pl(.’tl(t)) bl(t7$z(t)) + Zfij(t,xjyt) y t Z 07 1= ]., coeyn, (31)
j=1

where p; : R — (0,400), fi; : [0,400) x UC,} — R, and b; : [0,+00) x R — R are continuous
functions. This model is a generalization of a model introduced in [19] and it is particularly relevant
in terms of applications, since it includes different types of neural network models with delays, such
as Hopfield, Cohen-Grossberg, and BAM.

For (3.1) the following hypotheses will be considered:

(A1) for each i € {1,...,n}, there exist p;, p, > 0 such that

p, <pilu) <p;,  VueR;

(A2) for each i € {1,...,n}, there exists a function 5; : [0, +00) — (0, 400) such that

bi(t, u) — bi(t, 11)

P > Bi(t), Vt>0,Vu,veR u#uv;

(A3) for each i,j € {1,...,n}, there exists a function ;; : [0, 4+00) — [0, +00) such that
fij(t @) = fis (&) < L)l —¢llg,  ¥E >0, Vp,9 € BCY

(A4) there exists a > 0 such that, for each i € {1,...,n},
p,Bi(t) = pilij(t) > a, V>0 (3.2)
j=1

We remark that the hypothesis (A2) says that, for each ¢ > 0 and ¢ € {1,...,n}, the function
u > b;(t,u) is increasing with a growth rate at least 3;(t). For example, (A2) is trivially satisfied if
bi(t,u) = B;(t)u for all t > 0 and u € R.

In the following Lemma, we show that the solutions of (3.1), with bounded initial condition, are
defined on R.

Lemma 3.1. For (3.1) assume (A1)-(A4). Then, each solution x(t) = x(t,to,p) (with to > 0 and
p € BC) of (3.1) is defined on R.

Proof. Let x(t) = (z1(t), ..., zx(t)) be a noncontinuable solution of (3.1) on (—o0, a), for some ¢ty > 0
and a € (to, +oo], such that zy, = p with ¢ € BC.

Assume that a € (tg, +00). Then, from the Continuation Theorem (see [10]), ||z(¢)|| = +o0 ast —
a~ and, defining z(t) = (21(t),...,2a(t)) := By |z1(t)], ..., 55 |xn(t)]), there exist i € {1,...,n}
and a sequence (tg)gen such that ¢t 7 a, z;(tg) 7 +oo, and

zi(tk) = ||z ]| > N2t llg >0 and  z[(tx) >0, VkeN. (3.3)



From the hypotheses and (3.3) we conclude that, for each k € N,

zi(ty) = ﬁi_lsign(xi(tk))xg(tk)

j=1

= 7; 'sign(w(ty)) {Pi(zi(tk))(bi(tk,xi(tk)) +Zfij(tk,xj,tk)>}

= =7, 'piwi(ty))sign(zi(t)) [(bi(tk,xi(tk)) — bi(tx,0))+

D (fii s win) = fi(t, 0) + <bz‘(tk70) +Zfij(tk70))]
j=1 j=1

< —pilai(te) | Bitn); ()| — 7 Y Lij(te) e lg — 27 |bi(tr, 0) + Zfij(tkvo)‘]
i j=1 j=1
< —pilai(te)) | Biti)zi(tn) =it D Ly (t0)p5 11250 | — 27 |baltn, 0) + Zfij(tkvo)':|
i j=1 j=1
< —pilmi(t)) | Bilte)zi(te) — ( pj_lij(tk))uztk —Mz‘]
i=1 P
n p a
= —pi(xi(tr)) (ﬂz(tk) Z ;lij(tk)>zi(tk) — Mi] < —pi(zi(ty)) (pzi(tk) - Mz) )
j=1 "7 =
where M; := max p; *|bi(t,0) + Zfij(t,O)‘. As a > 0, pi(u) > p. > 0 for all uw € R, and
te(to,al = -
zi(ty) /* +oo as k — +oo, then, for large k, we have z(¢x) < 0 which is a contradiction. Thus
a = +00. O

For tg > 0 and ¢, € BC, consider the solutions z(t) = x(t, to, @) and y(t) = x(¢,te,¢) of (3.1).
As z(t) and y(t) are defined on R, we define, for all t > to, V(t) = V (¢, 0, , ) = (Vi(t),..., Va(t))
by

Vi(t) := sign(z;(t) — y:(t)) / ——ds, i=1,...,n. (3.4)
i (t) pi(s)
Thus, we have V(¢) > 0 for all ¢ > ¢y and, from (A1), we conclude that f_lgrn V(t) =0 if and only if
L o0

im (2(t) — y(1)) = 0.
For each ¢ € {1,...,n} and t > to such that V;(t) # 0, we have

40

. () — ! ! sign(z;(t) — y;
(th))wi“) m(yi(t))yz(t)) en(ei(t) — i (1)

= (- ) - X Filti) + it +waty]t)slgn< (1) - i)

Jj=1 Jj=1

= hat,xe, ye)sign(za(t) — wi(t)), (3-5)



n

where h;(t, @, ¢) == —b;(t, 0:(0 Zf” L 05)+bi(t, (0 —|—qu , ;) fort > 0 and ¢, € UC,.

Jj=1 Jj=1

Lemma 3.2. Assume (A1)-(A4).
Then, for each to > 0 and ¢, € BC, we have

V()| = [Vt to, 0, 9)] < m]aX{p }Hso ell, vt =to. (3.6)

for V(t) defined by (3.4).

Proof. Let tg > 0, ¢,1 € BC, x(t) and y(t) be the solutions of (3.1) such that z;, = ¢ and y, = ¢
respectively, and V() defined by (3.4).
Suppose that the inequality (3.6) does not hold. As V (¢) is a positive continuous vector function

1

and, for each i € {1,...,n}, Vi(to) < Lui(to) — yi(to)| < max {
Ei J p.

=J

} |l — ||, then there is t; > tg

1

such that |V (¢1)| > max { >
J

5y

} ¢ — ]| Defining

T := min {t € [to,ta] : [V (¥)| = serrﬁmg | [V (s )|}

and choosing ¢ € {1,...,n} such that V;(T) = |V(T)|, we have V;(T) > 0, V/(T) > 0 and V;(T) >
|[V(t)| for all t < T.
On the other hand, by hypotheses (A1)-(A4) and (3.5), we have

VIT) = hi(T,wr yr)sian(ei(T) — yi(T))
< (bi(T, 5 (T)) = bg(T, 25(T)))sign(z;(T) — ys(T))) + Z |fis (T, zj1) — fi (T, ys7)|
< BT i(T) — w(T) + Z (@3 — ysir
< R BIAD) + 3 1) ma {lo=vla; sw_vires)
= ATVAT) + Y U1, max{@p‘””,t VT s>}

and, since V;(T') > max; { Lol Vit )} for all t € [to, T], we conclude that
2;

V;I(T) S (_p Bz + ZP] Zj ) i ) < Oa

which is a contradiction. O

Proposition 3.3. Assume (A1)-(A4).
Then the system (3.1) is stable.



—1
1
Proof. Let to > 0 and € > 0. Choosing ¢ = ¢ | max {p;} max {}) > 0, from Lemma 3.2 we
i i | e,
5
have, for any ¢, 1 € BC such that ||¢ — ¢| < 4,

1
lz(t, to, p) — (L, to, V)] max {Piﬂ|$i(t7t07 ©) — ﬂfi(ttoﬂ/)ﬂ}

2

zi(tto,0) 1
S m,aX pz/ dS :max{ﬁz‘/l(t7t07@aw)}
? zi (t,t0,0) pi(s) v
_ _ 1
< max{p} [Vt to, ¢, v)] < max{pifmax (= ¢ flo =¥
=Jj
< e,

for all t > tg.
O

Remark 3.1. We note that the Lemmas 3.1 and 3.2, and Proposition 3.3 are also true if we assume

fii(t,0) = fii (&, 0)] < Ui (W)l —wll, ¥t >0, V¥p,9 € BC!
instead of (A3).

Now, we state our main result on the global asymptotic stability of system (3.1).

Theorem 3.4. Assume (A1)-(A4). If

n — . lz ) t
lim sup Py ()

totoe S p, Bilt) T (3.7)

then the system (3.1) is globally asymptotically stable.

Proof. From Proposition 3.3, we know that (3.1) is stable. It remains to prove the asymptotic
stability.

Let o > 0 and z(t) = x(t, to, ), y(t) = z(t, %0, ) be solutions of (3.1) with ¢, € BC. Defining
Vi [to, +o0) — R™ by (3.4), we know that

lim (z(t) —y(t) =0 <« lim V(t) =0. (3.8)

t——+o0 t——+o0

From Lemma 3.2, we know that ¢ — V(¢) is a bounded function and it is possible to define the limits

w; = limsup V;(t), ¢=1,...,n,
t——+o0

and
w := max{u; }.
3

Since V(t) > 0 for all ¢ > to, then we have u € [0, +00). From (3.8), it remains to prove that u = 0.
Let i € {1,...,n} be such that u; = u. Now we prove that there is a sequence (tx)gen such that

tr S +oo,  Vity) —»uw, and V/(tx) >0, as k— +oc. (3.9)

Case 1. Assume that V;(t) is eventually monotone. In this case, . ligl Vi(t) = w and, for large t,
—+oo

V;(t) is a differentiable, monotone and bounded real function. Hence there is a sequence (tx)ken
such that t;, * +oo and V/(tx) — 0.



Case 2. Assume that V;(t) is not eventually monotone. In this case there is a sequence (tx)gen such
that ¢, +oo, V/(ty) = 0, and V;(tx) — u, as k — 400 and (3.9) holds.

For the sake of contradiction, assume that u > 0.

Fix e > 0 and let T = T'(¢) > to be such that ¢ < u, m <u+eforalje{l,... n}
JI\0
and |V (t)] < u+e¢ for all t > T. Defining V := n{l&)gﬂ [V (s)], from (g3) we conclude that there is
s€lto,
so < 0 such that % < wu+e for all s < sg. Thus, for t > T — sg, we have
g(s
t 4 4
wp WS W) V()
s€[to—t,0] g(s) s€lto—t,T—t] g(s) s€[T—t,0] g(s)

IN

% u+e
max sup —, Ssup <u+e.
s€lto—t,T—t] g(s) s€[T—t,0] g(s)

Now, from the hypotheses (A1)-(A3), the definition (3.4), and (3.5), we have, for t;, > T — sq,

Vi(te) = hilte, we,, ye, )sign(zi(tr) — yi(te))
< (biltr, yi(te)) — biltr, zity)))sign(z (te) — yi(te)) + Z | fii (b i) — fi (s Y.t |
< =Bilt)lai(te) — i)+ L (6|20 — Y5 llg
j=1
< —p, Bi (tr) Vi (tr) +Zp] ij (tr) max{”sp_w”’ sup W}
Jj=1

P;9(to —tk) sefto—tr0]  9(8)

< —p,Bi(tk)Vi(t) +ZPJ i (t) (u +€),
j=1

which implies that

Vi(ty) < — Vi (1) +iﬁl”(t’“)(u+e). (3.10)

From (3.9) we have V;(tx) — u and V/(tx) — 0 as k — 400 and, letting ¢ — 0 and k¥ — 400, from
(3.10) and (A4), we get

n —
u < | lim supz P; ly ®)

t—+oo = P, Bi?)

u < u,

which is a contradiction. O
The next result shows that the same conclusion can be obtained if we assume

(A4’) there exist @ > 0 and d = (d1,...,d,) > 0 such that, for each i € {1,...,n},

L ()
p,difi(t) ijd lij(t) >a, ¥t>0 and hmsupzp]d it <1 (3.11)

t—+oo P dﬁzt ’



instead of (A4) and (3.7) respectively.

Corollary 3.5. Assume (A1)-(A3) and (A4’). Then the system (3.1) is globally asymptotically
stable.

Proof. The change of variables y;(t) = d; 'x;(t) transforms (3.1) into

yi(t) = —pi(diys (£)d7 | by(t, diys(t +wa (t,djy;e)|, t>0,i=1,...,n. (3.12)
Jj=1

Defining, for each 4,5 € {1,...,n}, pi(u) = pi(diu), bi(t,u) = d 'bi(t,dsu), and fi;(t, ) =
d;lfij(t, djp), for all t > 0, u € R, ¢ € BC?, the system (3.12) has the form

n

i=1
where p; satisfies (A1), with p. = p. and pi = 7;, and b; satisfies (A2) with B;(t) = B;(t). Moreover,
from (A3), for p,v € BC! we have

_ - d
| fij (@) = Fij (4 )| = di M fi(t, djo) — fij(t di)] < =2l (0]l — g,

which implies that f;; satisfies (A3) with the function ;;(t) := di_ldjlij (t), for all 4,5 € {1,...,n}.
Thus, from (A4’) conditions (A4) and (3.7) hold and the conclusion follows from Theorem 3.4. [

Finally, it is easy to see that, if [;;(¢) are bounded functions then the hypothesis (A4) implies the
condition (3.7) and the following result holds:

Corollary 3.6. Assume (A1)-(A4) where 1;;(t) are bounded functions. Then the system (3.1) is
globally asymptotically stable.

Now, in the phase space UCj,, we consider the following nonautonomous Cohen-Grossberg neural
network model with both time-varying delays and distributed delays

zi(t) = —pi(zi(t) |bi(t, zi(t)) + Zhw txj(t =71 (1), 2t —7ijp(t))) + Zfz‘j(tvfj,t) , t>03.14)

i=1,...,n, P € N, where the functions p;, b;, and f;; are as in the model (3.1) and h;; : [0, 4+00) X

RP — R, 75, : [0,+00) — [0,400) are continuous functions such that, for each i,j € {1,...,n},
pe{l,..., P},
t — Tijp(t) — +o0 as t — 400, (3.15)
|hij(t,u) — hij(t,v)] < Hij(t)|u —v|, Vt>0, Yu,v € RY, (3.16)

for some function H;; : [0, +00) — [0, 4+00).
Using the same techniques presented in the proof of Theorem 3.4 we obtain the following stability
result.

Theorem 3.7. Assume (A1), (A2), (A3), (3.15), and (3.16).
If there exist o > 0 and d = (dy,...,dy,) > 0 such that, for each i € {1,...,n},

p,difi(t Z )+ () >a, V>0, (3.17)
Pj + lij ( ))
I?EEEE’; p]. 1,@( y<b (3.18)

—1

then the system (3.14) is globally asymptotically stable.



Proof. As we saw in the proof of Corollary 3.5, we do not lose generality if we assume (3.17) and
(3.18) with d; =1 for all j € {1,...,n}.

Let to > 0 and z(t) = x(¢,t0, ¢), y(t) = x(t,to0, ) be solutions of (3.14) with ¢,¢ € BC. From
Remark 3.1, we conclude that x(t) and y(¢) are defined on R and the function ¢ — V(¢), defined
by (3.4), is bounded. Following the same ideas in the proof of Theorem 3.4, we conclude that, for
u = max | lim suij(t)>, there is a sequence (ty)y satisfying (3.9) and, for e > 0, T =T(¢) > 0 in

J t—+o0
the same conditions, we have, for t;, > T — sg (see the notation in the proof of Theorem 3.4),

Vite) < (biltr, yi(tr)) — bilte, zi(tx)))sign(z(tx) — vi(tr)) + Z | fij (s ) — fig (bres Yjons) |

n

2

Jj=1

hij(te, o5 (tk — Tiga (th)s - - s (b — Tijp(th))) — haj(te, v (te — Tiji(tk)), - -y (tx

n

= 7ijp(tk)))

< —p,Bilte)Vilt) + ZPJ ij (b)) (u + €) + ZHz‘j(tk)mgX | (te = Tijp(th)) — y5 (tr — Tijp(ta)]-

j=1
As . ligrn (t — Tijp(t)) = 400 and, for the sake of contradiction, we assume that v > 0, then there
—+oco
is S > to such that, for t > S, we have ty — 7;;p(tx) > to and Vj(tr — 7ijp(te)) < u+ e for all
i,j7€{1,...,n},pe{l,..., P}. Thus, for t; > max{T — sg, S}, we have

n

‘/i/(tk) S _p /Bl(tk) tk + ZP] ij tk)(u"' 5) + ZHzJ(tk)P maxV( Tijp(tk:))

j=1

< —p,Biti)Viltr) Z Hij(te) + iz (te)) (u + €),

which implies that

Vi(ty) < — i’;“”w(uﬂ). (3.19)

B

Since V;(tx) — w and V/(tx) — 0 as k — +o0, then letting e — 0 and k — +oo, from (3.19) and
(3.18), we get

i li;(t
u < hmsupzpjM u < u,

= Bi(t)

which is a contradiction.

4 Applications
Here, we apply the previous results to the following nonautonomous Cohen-Grossberg neural network
model with both time-varying delays and distributed delays:

n P

() = —pi(i(t)) [bi(t, zi()+Y_ Y (aijp(t)hijp(xj(t = Tijp(1)))

Jj=1p=1

+cijp(t) fijp (/000 Gijp(x;(t + S))dm’jp(s)> ) + Iz'(f)} t>0,i=1,...,n,4.1)
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where p; : R — (0,4+00), b; : [0,+00) x R = R, a;jp, Cijp, Li : [0,+00) = R, Rijp, fiip, Gijp : R > R,
and 75, : [0,400) — [0, +oo) are continuous functions, Wlth t — Tijp(t) = +o0 as t — +oo and
Mijp © (—00,0] = R are non-decreasing, bounded, and normalized, i.e. 7;;,(0) — 1;;p(—00) = 1, for
alli,j € {1,...,n}, pe {1,...,P}. For (4.1), in the sequel we further assume that the functions p;
satisfy (A1), b; satisfy (A2), and hijp, fijp, 9ijp are Lipschitzian with Lipschitz constants &jp, fijp,
0;jp respectively.

Model (4.1) is a generalization of a model introduced in [20] and it is particularly relevant in
terms of applications, since it includes different types of neural network models as subclasses, as we
shall illustrate with several examples.

Before to give a global stability criterion for system (4.1), we need an auxiliary lemma, established
n [8], to define a function g satisfying (g1)-(g3) required to build the convenient phase space of (4.1).
For convenience of the reader, we put the proof here.

Lemma 4.1. [8] Consider n; : (—00,0] — R, i = 1,...,m non-decreasing and bounded functions,

and o > 0 such that 0
/ dni(s) <a, i=1,...,m.

— 00

Then, there is a continuous function g : (—o0,0] — [1,+00) satisfying (g1)-(93), and such that

0
/ g(8)dni(s) <a, i=1,...,m.

Proof. First, define
0
o :==1;(0) —m;(—o0) = / dni(s) <o, i=1,...,m. (4.2)

For each n € N and i € {1,...,m}, let g;,, = (@ — ;)/[2"" (n + 1)]. Since n; is non-decreasing
and bounded, there is a sequence (r,)npen of positive real numbers (independent of i) such that
Tpe1 > T + 1 and

/ dns(s) < evms i=1, . e,

— 00

Now, define ¢ : (—00,0] — [1,+00) as follows:

(i) g(s) = 1 on [=ry,0];

(i) g(—=rp) =n,neN;

(iii) g is continuous and piecewise linear (linear on intervals [—ry, 11, —7,]).

From (i) and (4.2), we have
0 o+ oy
/ g(s)dni(s) < g

—r1

Hence, for each i = 1,..., m, we have
0 0 —r o —r
" o+ o "
[ i = [ gts)ans + Z [ s < S5+ g [ s
—00 -7y —r,,+1 n=1 —Tn41

a+ o > o+ o L a—a
1 i — g
S oA A laa =5+ ) S =a

n=1 n=1

11



Theorem 4.2. Consider (4.1) under the hypotheses assumed above.
P

If (3.17) and (3.18) hold with H,;(t) Z|a”p (0)|&ijp and 1;;(t) Z|C”P M ijpoijp, then

p=1 p=1
the system (4.1) is globally asymptotically stable.

Proof. As in the proof of Corollary 3.5, after a change of variable, we may assume that d; = 1 for all
ie{l,...,n}.
P P

On the one hand, from (3.18), with H;;(t) = Z |aijp(t)|&ijp and 1;;(t) = Z |€ijp ()| thijpTijp, it
p=1 p=1
is easy to verify that there exists d; > 0 such that

P P
> laijp®)ijp + > lein () tijpoijp(1+ 61)

P p=1 p=1
lim sup - < 1. 4.3
t—+o0 Z P Bi(t) (43)

j=1

On the other hand, the condition (3.17), with H;;(t) Z |aijp(t)|&isp and 1;;(2) Z ICiip(O) | ijpTisps

is equivalent to

p,Bi(t) Z,oj ij(t) +1;(t)) >0 Vt > 0 and hmmf p,Bi(t) Z t) +1;(t) | >0,

from which, together with (3.18), we obtain that there exists d2 > 0 such that

p,Bi(t) ij )+ 1i(£)(1+ 62)) > 0¥t > 0 and Liminf { p,5(1) Z )+ L (1) (1 +35)) | > 0.(4.4)

Considering ¢ := min{dy, d2}, from (4.3) and (4.4) we conclude that there is v > 0 such that, for each
ie{l,...,n},

n P P
P 51 Z (Z |aijp(t)|§ijp + Z |Cijp(t)|/l7;jp0'7;jp(1 + (5)) >, Vit Z 0, (45)

p=1 p=1

and

P P
D laip(®)1€ip + Y leip () pigpoijp(1 +6)

P p=1 p=1
lim sup - < 1. 4.6
t—s+o0 Z P, Bi(t) (46)

j=1
Since fi)oo dnijp(s) < 146 for ¢, € {1,...,n}, p € {1,..., P}, from Lemma 4.1, there is
g : (—00,0] = [1,00) satisfying (g1)-(g3) such that
0
/ Q(S)dnm}(s) <1 +5? V'L,] € {17 '7”}7 pE {17"'aP}7
and we consider UCy as the phase space of (4.1). Defining, for each i,j € {1,...,n},

hij(taula"'v E az_]p ZJ;D Up)
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and

Fi(ts ) : Zcm ) fin ( /

Gi1o(5(5)) dmjp(s>) L),

with (uq,...,up) € RY, ¢ = (qﬁl, ..oy 0n) €UC,, and t > 0, the system (4.1) has the form (3.14).
As h;jp, are Lipschitz functions with Lipschitz constant &;;p, then (3.16) holds with H;(t) =

P
> laijp()[Eijp-
p=1

For ¢, € BC' and t > 0, since fi;p, gijp are Lipschitz functions and 7;;, are non-decreasing, we
have, for each i,j € {1,...,n},

A

P 0
it 0) = fij(t.0)| < Z|Cijp(t)|uijp/ 19i5p(6(5)) = gijn((8))] dnijp(s)
p=1 e

IN

P 0
Ve o NGOl
;|011p(t)|M11p ijp /_DO g(s) 9(5) dnijp(s)

IN

(XP:I |cijp(t)|KijpOijp /_OOO g(s) dnijp(s)> 6 — @llq-

This means that

P

|fij(t, @) — fij(t, )| < (Z |Cijp (8) | ijpoijp (L + 5)) ¢ — ¢llg,
p=1

and, together with (4.5) and (4.6), the hypotheses (A3), (3.16), (3.17), and (3.18) hold. Now, the

conclusion follows from Theorem 3.7. O

To the best of our knowledge, the global asymptotic stability of the Cohen-Grossberg neural
network model (4.1), without assuming the existence of an equilibrium point and with potentially
unbounded coefficients, was never studied before and Theorem 4.2 establishes a new stability criterion.

Example 4.1. A particular example of (4.1) is the following Cohen-Grossberg neural network model

n

0
zi(t) = —pi(zi(t)) {bi(t, m(t) =Y (Cij(t)/_ Fi(zj(t + s))dsi;(s)

0
+dij(t)[ g5 (;(t + 5))d?7¢j(8)) + Ii(t)], t>0,i=1,...,n, (4.7)

which its global asymptotic stability was studied in [16] under a different set of hypotheses, including
bounded coefficients ¢;;(t) and d;;(t). From Theorem 4.2 we have

Corollary 4.3. Assume that n;; : (—00,0] = R, ¢;; : [-7;,0] = R are non-decreasing, bounded,
and normalized functions, f;j,g; : R — R are Lipschitz functions with Lipschitz constants u;, o;
respectively, and p; : R — (0,400), b; : [0,+00) X R = R, ¢;;,di;,1; : [0,400) = R are continuous
functions such that p; and b; satisfy (A1) and (A2) respectively.

If there exist « > 0 and d = (dy,...,d,) > 0 such that, for each i € {1,...,n},

n

p,diBi(t) Z (e (O] + |dij(D)]oy) > a,  VE>0,

12 ‘CZJ Mg+ 1dij(t )|Uj)
lim su E -2 <1,
t—)-‘roop =1 1/81()
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then the system (4.7) is globally asymptotically stable.

Example 4.2. As we refereed above, the model (4.1) includes other types of neural network models.
For example, if pi(t) = 1, bi(t,u) = ci(t)u7 P = 2, Tij1(t) = O, aijl(t) = aij(t)7 aijg(t) = bij(t),
hiji(uw) = hijo(u) = —f;(u), and ¢;j1(t) = c¢ij2(t) = 0 for all ¢ > 0 and v € R, then system (4.1)
reduces to the following Hopfield neural network model

2 (t) = —ci(t)zi(t) + Zaij(t)fj(xj(t)) + sz‘j(t)fj(xj(t —75() + Li(t), t 20,i=1,...,n.(4.8)

Consequently, Theorem 4.2 applied to system (4.8) gives the following result.

Corollary 4.4. Assume that a;;,b;j, ¢, I; @ [0,+00) = R, 75 : [0,400) = [0,400), and f; : R = R
are continuous functions such that

(i) t —mj(t) = +o0 as t — +o00;
(ii) fj : R — R are pj-Lipschitz functions;
(iii) there exist d = (dy,...,dyn) > 0 and a > 0 such that, for each i € {1,...,n},

dici(t de (lais (8)] + [bi; (B)]) > e, Vit > 0; (4.9)
j=1
i (O] + [bi (1))
1 diti(las (O + b)) _ 410
?3?:52 G0 (4.10)

Then the system (4.8) is globally asymptotically stable.

Remark 4.1. For system (4.8), Z. Yuan et al. [22] obtained the global asymptotic stability assuming
the following hypotheses:

(a) t —7i;(t) = +o0 as t — +00;
(b) f; : R — R are u;-Lipschitz functions;
(c) ci(t), aij(t), bij(t), and I;(t) are bounded continuous functions;

(d) there exists d = (dy,...,d,) > 0 such that, for each j € {1,...,n},

dip;(|ai; (t |+ |bi; (£)])
lim su < 1.
t~>+00p; d Cz )

We remark that conditions (d) and (4.10) are different and, in [22], they did not consider a similar
condition to (4.9) because they assumed that all solutions of (4.8) are defined on R. Thus it is
relevant to observe that Corollary 4.4 gives a different stability criterion where it is possible to have
unbounded coefficients.

Example 4.3. In [14], the authors studied the global asymptotic stability of the following recurrent
neural network model

zi(t) = —ci(t)w(t +Zzam, fm,(/ Kijp(— xjt+s)ds)+li(t),tzO,izl,...,n(él.ll)

j=1p=1

where ¢;, a;;p 1 [0,4+00) — R are continuous functions, fi;p, : R — R are Lipschitz functions, and the
delay kernel functions k;j;, : [0, +00) — [0, 400) are piecewise continuous such that

0
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System (4.11) arises as another special case of model (4.1), when we consider p;(u) = 1, b;(t,u) =
ci(t)u, hijp(u) =0, gijp(uw) = u for all £ > 0 and u € R, and the functions 7, defined by

Nijp (s / Eijp(— , $€(—00,0], 4,5=1,...,n, p=1,...,P.

Consequently, from Theorem 4.2, we obtain the following result.

Corollary 4.5. Assume that fi;, : R = R are p;jp-Lipschitz functions.
If there exist d = (dy,...,d,) > 0 and a > 0 such that, for each i € {1,...,n},

n

d 1, ?
dici(t) = E djlaijp(t)|pijp > a Vt >0, and hmsupg E W<1, (4.13)
t——+oo T z
Jj=1p=1 Jj=1p=1

then the system (4.11) is globally asymptotically stable.

In [14], the authors assumed a different set of hypotheses, also including that ¢;(t), ai;p(t), and
I;(t) are bounded functions, to get the global asymptotic stability of (4.11), since a different norm
in R™ was considered.

Example 4.4. Finally, consider the following nonautonomous BAM neural network model with
both discrete time-varying delays and distributed delays

2l (t) = —bi(t,zi(t)) + Zaij(t)fij(Ajyj(t — (1)) + Z% )9ij (/_ y; (t+ 8)dni;(s )> +I(t),
. . 1=1,...,n,

y;(t) = —b;(t, y;(t +Z% ) Fs (i (t = 75 (1))) +Zgji(t)§ji (/ lfi(t+5)d77ji(5)) + 1;(),
= = i=1,....m

where A;, Xi are positive constants. As in the above examples, it is also easy to see that (4.14) is a
special case of model (4.1) and, from Theorem 4.2, we obtain the following result.

Corollary 4.6. Assume that fzj, Gij fﬂ, gji : R =R are szschztz functions with Lipschitz constants
Wij, i, Lji, i Tespectively, b, b [0+ 00) xR = R, am,cw,]“aﬂ,cﬂ,f [0,+00) = R, 735, Ty
[0,4+00) — [0,4+00) are continuous functions such that b; and b; satisfy (A2), t — 73 (t) = +oo,
t—7;i(t) = +o00 ast — +oo, and n;j,1;; : (—o0,0] = R are non-decreasing, bounded, and normalized

functions. L _
If there exist d = (dy,...,dm) >0, d=(dy,...,dn) >0, and o > 0 such that

Zﬁl Zd laij (£)|\jpesj + |cij(t )|O’Zj) >a, Vt2>0,i=1,...,n, (4.15)
=1

d;B;(t) Zd l@50(0) | Nifigi + 1G54(0)[553) >, VE>0, j=1,....m, (4.16)
i=1

hmsupz 3 (o O + less (Blos) 1, i=1,....m, (4.17)

t=too [T iﬁi()

lir_r:igop; |aﬂ |)\z;ué; (+)|Cﬂ( )|5ji) <1, j=1,....m, (4.18)

then the system (4.14) is globally asymptotically stable.
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Now considering (4.14) with b; (£, u) = & (t)u, b;(t,u) = ¢;(t)u, fi;(w) = f;(u), f;i(u) = fi(u), and
¢;;(t) =¢j;(t) = 0, then we obtain the following BAM neural network

wi(t) = =G (Owi(t) + > a0y (t = m(0) + Li(1), i=1,....m,

=1 o . (4.19)
V(1) = —c;(0y; (8) + D @) fihiwa(t = 7)) + L(t), j=1,...,m

i=1

In [25], the authors studied the model (4.19), with periodic coefficients, and they obtained sufficient
conditions for the existence of a periodic solution and its global asymptotic stability. In fact they
established the following result.

Theorem 4.7. [25] Assume that

(i) the functions Ei,cj,aijﬁji,fi,lj : [0,4+00) = R are continuously periodic with common period
w >0 and 735,75 : [0,+00) —= [0,400) are differentiable periodic with the same period w;

(ii) the functions f;, ﬁ are Lipschitz functions with Lipschitz constants p;, [i; respectively;

(iii) there exist two constants Iy > 1 (k=1,2), with 0 < 7() <l and 0 < 7~/ < lo, for all
t > 0, such that
=Y a@uiAh >0, i=1,....n, (4.20)
j=1
= x>0, j=1,....m, (4.21)
i=1
where, for a w-periodic real function g, we denote g := sup g(t) and g := i[%f ]g(t).
te[0,w] - tel0,w

Then the system (4.19) has a unique w-periodic solution.

If we consider the model (4.19) with w-periodic coefficients, then the functions ¢;(t), ¢;(t), a;(t),
and a;;(t) are bounded, which implies that conditions (4.15) and (4.17) are equivalent to

dici(t Zd|a” B Njpj >0, V>0, i=1,...,n, (4.22)

=1

and conditions (4.16) and (4.18) are equivalent to

djc;(t) =Y dilaz ()| Nifii > 0, V>0, j=1,...,m, (4.23)
=1
for some d = (dy,...,dy) > 0 and d= (d17 .. ,c?n) > 0. As I > 1, the hypothesis (iii) of Theorem

4.7 implies (4.22) and (4.23), thus the following stability criterion is a trivial consequence of Corollary
4.6 and Theorem 4.7.

Theorem 4.8. Assume conditions (i)-(ii) in Theorem 4.7.
Then the system (4.19) is globally asymptotically stable and it has a unique w-periodic solution.

Remark 4.2. For the w-periodic BAM neural network model (4.19), Zhang and Zhou [25] proved
the existence of a w-periodic solution and the global asymptotic stability of the model assuming (i),
(ii) in Theorem 4.7 and

é — max ZTUﬂjAjll7 Zaﬁzlez >0, 1=1,...,n, (424)
i=1 j=1
n
¢j — max {Zaﬂ”’)‘ lg,Za”uj)\ l1} >0, j=1,...,m, (4.25)
i=1 i=1
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with I, (k = 1,2) as in Theorem 4.7.
Since (4.24) implies (4.20), (4.25) implies (4.21), and the conditions are not equivalent, then the
Theorem 4.8 improves the main stability result in [25].
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