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Abstract We consider a four component gas undergoing a bimolecular chemical
reaction of type A1 + A2 
 A3 + A4, described by the Boltzmann equation (BE)
for chemically reactive mixtures. We adopt hard-spheres elastic cross sections and
modified line-of-centers reactive cross sections depending on both the activation en-
ergy and geometry of the reactive collisions. Then we consider the hydrodynamic
limit specified by the reactive Euler equations, in an earlier stage of the chemical re-
action, when the gas is far from equilibrium (slow chemical reaction). In particular,
the rate of the chemical reaction obtained in this limit shows an explicit dependence
on the reaction heat and on the activation energy. Starting from this kinetic setting,
we study the dynamics of planar detonation waves for the considered reactive gas
and characterize the structure of the steady detonation solution. Then, the problem
of the hydrodynamic linear stability of the detonation solution is treated, investi-
gating the response of the steady solution to small rear boundary perturbations. A
numerical shooting technique is used to determine the unstable modes in a pertinent
parametric space for the considered problem. Numerical simulations are performed
for the Hydrogen-Oxygen system and some representative results are presented, re-
garding the steady detonation wave solution and linear stability.
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1 Introduction

In a recent paper, Carvalho and Soares [1] consider a model for a two component
reacting gas mixture in the framework of the Boltzmann equation and develop a
detailed analysis of the dynamics and linear stability of steady detonation wave.
This analysis refers to a theoretical detonating mixture of constituents A and B un-
dergoing a generic reversible reaction of type A+A 
 B+B. The mathematical
treatment of the linear stability of steady detonation waves developed in [1] is rather
satisfactory and the numerical technique proposed there can be viewed as an effi-
cient procedure to study the stability problem. Paper [1] also includes an extensive
investigation of the stability problem and the results obtained numerically show a
rather good qualitative agreement with other results known in literature. However,
paper [1] does not explore the study of concrete detonation examples neither the
validation of the proposed numerical procedure with respect to the available exper-
imental data. This can be an interesting improvement of the results presented in
paper [1].

On the other hand, there exists an increasing interest in detonation physics, from
both the experimental and numerical point of view, due to the related engineering
applications, and safety and military issues. Experimental observations and numer-
ical studies [2, 3, 4, 5] indicate that the detonation, especially in gases, tends to be
unstable. Therefore, the stability analysis of detonation waves remains an interest-
ing topic that has been quite investigated in recent years due to the computational
advances.

Motivated by all these aspects, in the present paper we apply the numerical proce-
dure proposed in paper [1] to a different chemically reactive system and investigate
the stability of detonation waves in a concrete explosive Hydrogen-Oxygen system.
This kinetic formulation refers to a four component gas and adopts a more realistic
model of reactive cross sections which modifies the standard line-of-centers model
by introducing the dependence on the geometry of the reactive collision. Then we
study the dynamics and hydrodynamic linear stability of steady detonation wave
solutions, described by the reactive Euler equations obtained in the hydrodynamic
limit proper of the initial stage of the chemical reaction.

Numerical simulations are performed for the Hydrogen-Oxygen system and
some representative results are presented, regarding the steady detonation wave so-
lution and linear stability.

The present paper constitutes the first part of a work in progress [6] and the
numerical results presented here are still limited. We intend to develop a more de-
tailed numerical analysis of the stability problem and, at the same time, to compare
our results with other numerical and experimental results available in literature. We
expect that such comparisons can be used to reinforce the validity of the numerical
procedure presented in paper [1] and consolidate the robustness of the kinetic model
proposed in paper [7].
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2 The reactive system modelling

The model adopted in this paper for the reacting gaseous mixture is the one pro-
posed in paper [7] for a four component mixture of constituents A1, A2, A3 and A4
undergoing the reversible bimolecular chemical reaction

A1 +A2 
 A3 +A4. (1)

Here we include the principal features of the model, with more emphasis on those
aspects necessary for our analysis. For a detailed description of the model, see paper
[7] and also paper [8] for the foundational aspects of the theory.

2.1 Modelling aspects

The constituents of the gas have molecular masses m1, m2, m3 and m4, molecular
diameters d1, d2, d3 and d4, and binding energies E1, E2, E3 and E4, respectively.
The heat of the chemical reaction is specified by the balance of the binding energies
as QR = E3 +E4−E1−E2. Molecular masses are such that m1 +m2 = m3 +m4, as
prescribed by the chemical law. The molecules collide among themselves through
binary elastic scattering, and reactive encounters according to the chemical law (1).
For elastic scattering, the differential cross sections σαβ are assumed to correspond
to a hard-sphere potential,

σαβ = d2
αβ

, with dαβ =
1
2
(dα +dβ ). (2)

For reactive encounters, the differential cross sections are assumed with activation
energy and dependent on the geometry of the collision, given by

σ
?
12 =

{
0 for γ12 < ε?f ,

s f d2
12

[
1− 2ε f

µ12(g12·k12)
2

]
for γ12 ≥ ε?f ,

(3)

σ
?
34 =

{
0 for γ34 < ε?r ,

srd2
34

[
1− 2εr

µ34(g34·k34)
2

]
for γ34 ≥ ε?r ,

(4)

where µ12 and µ34 are reduced masses, γ12 and γ34 relative translational energies
in the direction of the line joining the centers of the colliding molecules, ε f and
εr forward and reverse activation energies, s f and sr are the corresponding steric
factors, k12 and k34 unit collision vectors joining the centers of the two colliding
molecules pointing from the center of the A2 and A4-particle to the center of A1 and
A3-particle. Moreover, g12 is the pre-collisional asymptotic relative velocity of the
constituents A1 and A2, and g34 is the pre-collisional asymptotic relative velocity of
A3 and A4. These kinetic parameters are given by
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µ12 =
m1m2

m1 +m2
, µ34 =

m3m4

m3 +m4
,

γ12 =
µ12 (g12 ·k12)

2

2kT
, γ34 =

µ34 (g34 ·k34)
2

2kT
,

ε
?
f =

ε f

kT
, ε

?
r =

εr

kT
, Q?

R =
QR

kT
with ε

?
r ≡ ε

?
f −Q?

R,

where k represents the Boltzmann constant and T the mixture temperature. De-
finitions (3) and (4) mean that a reactive collision occurs only when the relative
translational energy in the direction of the line joining the centers of the molecules
is larger than the activation energy.

Assuming that relativistic and quantum effects are absent, elastic collisions obey
the classical laws of mechanics. Therefore, elastic collisions between Aα and Aβ

molecules, with asymptotic pre-collisional velocities cα and cβ and asymptotic post-
collisional velocities c′α and c′

β
, respect the following conservation laws of linear

momentum and total energy,

mα cα +mβ cβ = mα c′α +mβ c′
β
, (5)

1
2

mα c2
α +

1
2

mβ c2
β
=

1
2

mα c′2α +
1
2

mβ c′2
β
. (6)

Furthermore, reactive collisions respect the following conservation laws of linear
momentum and total energy (kinetic plus chemical link energy)

m1c1 +m2c2 = m3c3 +m4c4, (7)

1
2

m1c2
1 +

1
2

m2c2
2 =

1
2

m3c2
3 +

1
2

m4c2
4 +QR. (8)

2.2 The model equations

The state of a reacting gaseous mixture in the phase space (spanned by the positions
x and velocities cα ) is characterized, at the mesoscopic level, by the set of distribu-
tion functions fα ≡ f (x,cα , t), with α = 1, ...,4, in such a way that the number of
molecules of the contituent Aα in the volume element dxdcα around the position x
and velocity cα , at time t, is given by fα dxdcα .

The reactive Boltzmann equation that describes the phase space evolution of the
distribution functions fα , if we consider no external forces and neglect internal de-
grees of freedom, is given by

∂ fα

∂ t
+

3

∑
i=1

cα
i

∂ fα

∂xi
= QE

α +QR
α . (9)
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Above, QE
α and QR

α represent the elastic and the reactive collision terms, respec-
tively, and might be defined as follows

QE
α =

4

∑
β=1

QE
αβ

, with QE
αβ

=
∫ (

f ′α f ′
β
− fα fβ

)
d2

αβ

(
gβα ·kβα

)
dkβα dcβ , (10)

QR
1(2) =

∫ [
f3 f4

(
m1m2

m3m4

)3

− f1 f2

]
σ
?
12 (g12 ·k12)dk12dc2(1), (11)

QR
3(4) =

∫ [
f1 f2

(
m3m4

m1m2

)3

− f3 f4

]
σ
?
34 (g34 ·k34)dk34dc4(3). (12)

The elastic terms QE
α incorporate the mixture effects whereas the reactive terms QR

α

include all other effects associated to the chemical reaction, in particular a redistri-
bution of mass and transfer of energy.

2.3 The consistency of the model

Some properties are very important in order to show the mathematical and physical
consistency of the model. One of these properties states that elastic collisions do not
modify the number of molecules of each constituent. This result is ensured by the
following statement about the elastic terms defined in (10),∫

R3
QE

α dcα = 0, α = 1,2,3,4. (13)

On the other hand, the reactive encounters imply that the variation of the number of
molecules of constituents A1 and A2 is the same and, at the same time, it is opposite
to the variation of the number of molecules of constituents A3 and A4. This result is
stated by the following property on the reactive terms defined in (11) and (12),∫

R3
QR

1 dc1 =
∫
R3

QR
2 dc2 =−

∫
R3

QR
3 dc3 =−

∫
R3

QR
4 dc4. (14)

There are some known physical collisional invariants, that is, macroscopic quanti-
ties that do not chance during an elastic collision or reactive encounter. As a con-
sequence, a good and consistent model must reflect this situation. From the mathe-
matical point of view, a function ψ = (ψ1,ψ2,ψ3,ψ4) is a collisional invariant for
the considered model (9-12) if the following conditions hold

4

∑
α=1

∫
R3

ψα

(
QE

α +QR
α

)
dcα = 0. (15)
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The present modelling ensures the conservation of the partial number densities
of certain pairs of constituents, namely one reactant and one product. This is a
consequence of properties (13) and (14) and reproduces the correct balance of
chemical exchange rates. The corresponding collision invariants can be chosen as
suitable functions ψ = (ψ1,ψ2,ψ3,ψ4), defined by (ψ1,ψ2,ψ3,ψ4) = (1,−1,0,0),
(ψ1,ψ2,ψ3,ψ4) = (0,1,1,0), (ψ1,ψ2,ψ3,ψ4) = (0,1,0,1). Moreover, the molecu-
lar conservation laws (5-8) imply the conservation of the linear momentum com-
ponents and total energy of the mixture. The corresponding collision invariants can
be assumed as functions ψ = (ψ1,ψ2,ψ3,ψ4) such that ψα = mα cα

1 , ψα = mα cα
2 ,

ψα = mα cα
3 , for the linear momentum components, and ψα = Eα + 1

2 c2
α mα for the

total energy. In the present model, the set of all collisonal invariants constitute a
7-dimensional linear space.

The consistency of the model based on the properties stated in this subsection
allow to derive the macroscopic picture of the kinetic modelling in terms of cer-
tain macroscopic variables and balance equations specifying the evolution of such
variables. In particular, the macroscopic variables are defined as average quantities
taken over the distribution functions fα by integrating with respect to the velocities
cα (see paper [7] for the definitions). The balance equations, in turn, are obtained as
a set of seven conservation equations associated to the collisional invariants intro-
duced above, together with the rate equation of the model specifying the evolution
of the progress variable of the chemical reaction.

For sake of brevity, these equations are omitted here in their general formulation.
For the analysis developed in the present paper, it is enough to consider the one-
dimensional version of these equations, formulated in its hydrodynamic limit of
Euler level, and this will be the main subject of Section 3.

2.4 Thermodynamical equilibrium

The reactive mixture is in thermodynamical equilibrium when the elastic and reac-
tive collisional terms are such that

QE
α +QR

α = 0, α = 1, . . . ,4. (16)

In particular, for the present model, condition (16) implies the vanishing of the elas-
tic collisional terms, that is

QE
α = 0, α = 1, . . . ,4, (17)

and therefore condition (17) defines a state known in literature as a state of mechan-
ical equilibrium. When all constituents are at the same temperature T , the mixture
reaches a state of mechanical equilibrium if and only if the distribution functions fα

are Maxwellians, defined by
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f M
α = nα

( mα

2πkT

)3
2

exp
[
−mα(cα −v)2

2kT

]
, α = 1, . . . ,4, (18)

where nα is the number density of constituent Aα , and v is the mean velocity of
the whole mixture, (see paper [7] for the definitions). The above Maxwellians (18)
do not ensure, in general, the vanishing of the reactive collisional operators and
thus do not define a state of thermodynamical equilibrium for the reactive mixture.
The only distribution function that ensures the thermodynamical equilibrium is the
thermodynamical Maxwellian distribution given by

Mα = neq
α

( mα

2πkT

)3
2

exp
[
−mα(cα −v)2

2kT

]
, α = 1, . . . ,4, (19)

where neq
α , for α = 1, . . . ,4, represent number densities constrained to the law of

mass action for the considered model, namely

ln

[
neq

1 neq
2

neq
3 neq

4

(
µ34

µ12

)3
2
]
= Q?

R, (20)

which represents the chemical equilibrium condition of the model. Distribution
functions (19) define the unique equilibrium solutions of Eqs. (9).

3 The reactive Euler equations in the hydrodynamic limit

The reactive Euler equations of the model can be derived from the Boltzmann equa-
tions (9), when an approximate solution of Eqs. (9) has been obtained for a pre-
scribed chemical regime.

3.1 Approximate solution of the Boltzmann equation

In the present study, we assume that the chemical reaction is in its initial stage corre-
sponding to consider a slow reaction for which the gas mixture is far from chemical
equilibrium. In this regime, the elastic collisions are more frequent than reactive
encounters. Using the Chapman-Enskog methodology, which is rather common in
kinetic theory [9], it is possible to obtain an approximate solution of Eqs. (9) con-
sistent with the prescribed chemical regime.

In paper [7], starting from the appropriate scaling of the Eqs. (9), the Chapman-
Enskog methodology has been combined with second-order Sonine expansions of
the distribution functions fα around the Maxwellians f M

α defined in Eq. (18), and
the authors obtained the following approximate solution,
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fα = f M
α

[
1+aα

(
15
8
− 5mα(cα − v)2

4kT
+

m2
α(cα − v)4

8k2T 2

)]
, α = 1,2,3,4, (21)

where the coefficients aα are determined by the following equations

−
(1− e−A ?

)s f d2
12e−ε?f

[
1−4ε?f +3ε?f E(ε?f )e

ε?f
]

µ
3/2
12 n1n2

8m2
α

(22)

=
4

∑
β=1

nα nβ

√
µαβ

(mα +mβ )2 d2
αβ

{
10m2

α +8mα mβ +13m2
β

mα +mβ

aα −15µαβ aβ

}

for α = 1,2,

{
1−4ε

?
f +3ε

?
f E(ε?f )e

ε?f −4Q?
R

[
1+Q?

R− ε
?
f E(ε?f )e

ε?f (3−Q?
R)
]}

(23)

×
(1− e−A ?

)s f d2
12e−ε?f µ5

34n1n2

8m2
α µ

7/2
12

=
4

∑
β=1

nα nβ

√
µαβ

(mα +mβ )2 d2
αβ

{
10m2

α +8mα mβ +13m2
β

mα +mβ

aα −15µαβ aβ

}

for α = 3,4.

Above, A ? is the affinity of the chemical reaction [9], and E(ε?f ) represents the

exponential integral E(ε?f ) =
∫ +∞

ε?f

e−ydy
y . In the present paper, we omit the details of

the methodology, they are given in paper [7].
The approximate solution (21) with coefficients specified by expressions (22)

and (23) includes the non-equilibrium effects induced by the chemical reaction.

3.2 Reactive Euler equations

The reactive Euler equations of the model are obtained from the balance equations,
here omitted for sake of brevity, when all macroscopic quantities are expressed in
terms of the approximate solution (21-23). They have the form

∂

∂ t
n2 +

3

∑
i=1

∂

∂xi
(n2vi) = τ2, (24)

∂

∂ t
(n1−n2)+

3

∑
i=1

∂

∂xi
((n1−n2)vi) = 0, (25)

∂

∂ t
(n2 +n3)+

3

∑
i=1

∂

∂xi
((n2 +n3)vi) = 0, (26)
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∂

∂ t
(n2 +n4)+

3

∑
i=1

∂

∂xi
((n2 +n4)vi) = 0, (27)

3

∑
i=1

∂

∂ t
(ρvi)+

3

∑
i=1

3

∑
j=1

∂

∂x j
(pδi j +ρviv j) = 0, (28)

∂

∂ t

[
3
2

nkT +
4

∑
α=1

nα Eα +
1
2

ρv2

]
+

3

∑
i=1

∂

∂xi

[
3

∑
j=1

pδi jv j+ (29)(
3
2

nkT +
4

∑
α=1

nα Eα +
1
2

ρv2

)
vi

]
= 0,

where vi, n, ρ and p are spatial components of the mean velocity, number density,
mass density and pressure of the mixture. The production term τ2 in Eq. (24) is the
reaction rate which specifies the progress of the chemical reaction, given by

τ2 = n3n4τr−n1n2τ f , (30)

where τ f and τr are forward and backward reaction rates given by

τ f = τ
(0)

{
1−

1−4ε?f +3ε?f E(ε?f )e
ε?f

1− ε?f E(ε?f )e
ε?f

a1m2
2 +a2m2

1
8(m1 +m2)2

}
, (31)

τr =

(
m1m2

m3m4

) 3
2

eQ?
R τ

(0)

{
1−

a3m2
4 +a4m2

3
8(m3 +m4)2 (32)

×
1−4

(
ε?f +Q?

R +Q?
R

2
)
+ ε?f E(ε?f )e

ε?f
(
3+12Q?

R +4Q?
R

2)
1− ε?f E(ε?f )e

ε?f

}
,

with τ(0) being the forward reaction rate coefficient given by

τ
(0) =

√
8πkT
µ12

s2
f d2

12e−ε?f
(

1− ε
?
f E(ε?f )e

ε?f
)
. (33)

Equations (24-29) are the reactive Euler equations of the considered model in the
adopted chemical regime. They define a closed system and constitute the governing
equations of the model. Formally, such equations are similar to the corresponding
ones obtained from a phenomenological theory in fluid dynamics. The interesting
feature of such equations is that the reaction rate τ2 has been constructed from a
kinetic approach and then has an explicit representation completely justified by the
microscopic kinetic model.
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4 Steady detonation wave solutions

In this section we use the model of Sections 2 and 3 to study the problem of the
propagation of steady detonation waves in an explosive quaternary mixture, follow-
ing the qualitative description of the Zeldovich, von Neumann and Doering (ZND)
theory [2, 3].

4.1 The ZND model of detonation

The well known ZND theory proposes a very simple physical model of detonation
with finite chemical reaction zone. The ZND configuration of the detonation solu-

Fig. 1 ZND profile of a one dimentional steady detonation wave.

tion is represented in Figure 1. The solution consists of a strong planar, non-reactive,
shock front propagating with constant velocity D, greater or equal to its minimum
allowed value which is called the Chapman-Jouguet velocity, towards a quiescent
gas mixture ahead of the wave. The shock front compresses the mixture, renders the
pressure to very high values so that the ignition process takes place. An exothermic
chemical reaction initiates and takes place in the finite reaction zone following the
shock wave until the equilibrium is reached. The initial state of the quiescent mix-
ture, ahead of the shock wave, is denoted by I. The von Neumann state, just ahead
of the shock, represents the state with very high pressure where the chemical reac-
tion initiates. The chemical reaction proceeds in the reaction zone of finite length
attached to the shock front, until the equilibrium final state denoted by F . The entire
ZND configuration is steady with respect to the shock wave front.

The ZND theory gives a simplified but recognized description of a steady deto-
nation wave. It is commonly used in literature as the first step in understanding and
explaining the complex dynamics of real detonations in gases.
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4.2 The mathematical approach

From the mathematical point of view, the ZND detonation solution is described by
the reactive Euler equations (24-29), formulated in the one dimensional form and
referred to the steady normalized frame attached to the shock wave. The governing
equations for the detonation problem become

d
dx

[
(v−D)n2

]
= Dtcτ2, (34)

d
dx

[
(v−D)(n1−n2)

]
= 0, (35)

d
dx

[
(v−D)(n2 +n3)

]
= 0, (36)

d
dx

[
(v−D)(n2 +n4)

]
= 0, (37)

d
dx

[
(v−D)ρv+nkT

]
= 0, (38)

d
dx

[
(v−D)

(
3
2

nkT +
ρv2

2
+

4

∑
α=1

Eα nα

)
+nkT v

]
= 0, (39)

where D is the constant shock wave velocity, xs =
x−Dt
Dtc

the normalized steady vari-

able, tc = 1
4n+d2

12

√
M

πkT+ a characteristic time, where M = m1 +m2 is the total mass

of the reactants and the superscript + refers to the initial state I. For sake of sim-
plicity, the steady variable xs will still be denoted by the plain symbol x.

The steady detonation wave problem is solved in two different steps. In the first
step, we solve the shock problem to characterize the von Neumann state. This is a
pure algebraic problem associated to the Rankine-Hugoniot (RH) jump conditions,
and no chemistry is involved. In the second step, we characterize all states within
the reaction zone. This is a differential problem associated to the rate law of the
chemical reaction and the chemistry plays a relevant role.

Von Neumann state. Since no chemistry is involved in the shock problem, the rate
equation (34) becomes of conservative type. The integration of the resulting system
(34-39) between the initial state I and the von Neumann state N leads to the RH
jump conditions in the form

nα (v−D) =−n+α D, α = 1,2,3,4, (40)
ρv(v−D)+nkT = n+kT+, (41)(

3
2

nkT +
ρv2

2
+

4

∑
α=1

Eα nα

)
(v−D)+nkT v (42)

=−

(
3
2

n+kT++
4

∑
α=1

Eα n+α

)
D.
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For each value of the shock velocity D, the RH conditions (40-42) characterize the
von Neumann state (n1,n2,n3,n4,v,T ) behind the shock wave, when the initial state
(n+1 ,n

+
2 ,n

+
3 ,n

+
4 ,0,T

+) is assigned.

States in the reaction zone. The intermediate states within the reaction zone describe
sequential states of the chemical process and are characterized by integrating the
rate equation (34) with initial conditions at the von Neumann state. Using the RH
conditions (40) for α = 1,3,4 together with (41) and (42), we can write the rate
equation in the form

d
dx

n2 =
Dtcτ2

v−D+n2
dv

dn2

. (43)

For each value of the shock velocity D, and starting from the von Neumann state
characterized in the previous step, Eq. (43) together with RH conditions (40) for
α = 1,3,4 as well as (41) and (42) completely characterizes all states in the reac-
tion zone. In particular, the final state of chemical equilibrium is obtained when the
reaction rate τ2 vanishes.

The mathematical approach and the solution procedure just described allow to
obtain the reaction zone profiles for pressure, mean velocity, temperature, mass den-
sity and also the calculation of the wave thickness and other relevant properties in
the detonation mechanism.

4.3 Numerical results for detonation waves in the H2-O2 system

In this section we perform some numerical simulations for one dimensional steady
detonation waves propagating in the hydrogen-oxygen mixture. We are particularly
interested in the elementary chemical reaction

OH +H2 
 H +H2O (44)

that is involved in the realistic multi-step detonation mechanism of the hydrogen-
oxygen mixture.

The initial state of the fresh quiescent mixture and the reference input data for
the reaction heat QR and forward activation energy ε f are chosen as follows

nOH = 0.1mol/l, nH2 = 0.2mol/l, nH = 0.03mol/l, nH2O = 0.02mol/l,

v = 0ms−1, T = 298.15K, (45)
QR =−63.3kJ/mol, ε f = 13.8kJ/mol.

Since QR < 0, the forward chemical reaction is exothermic. Our representation of
the detonation wave structure is determined using the mathematical modelling de-
scribed in Subsections 4.1 and 4.2. We obtain some detonation profiles for different
values of the detonation wave velocity, namely
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D = 3120ms−1, D = 3130ms−1, D = 4400ms−1, D = 4500ms−1. (46)

Figures 2, 3 and 4 show the reaction zone profiles for pressure, temperature and
mean velocity, when D = 3120ms−1 and D = 3130ms−1. Figures 5, 6 and 7 show
the corresponding profiles when D = 4400ms−1 and D = 4500ms−1. These fig-
ures reproduce the typical ZND configuration for the diagrammed macroscopic vari-
ables. In particular, the pictures reveal that, as expected, the width of the reaction
zone, that is the wave thickness, decreases with increasing values of the detonation
velocity D.

To be more precise, the wave thickness is the spatial distance from the shock
front to the equilibrium final state, reached when the reaction rate τ2 vanishes and
n2 becomes constant, see Eq. (43). Thus, considering that the mixture reaches the
chemical equilibrium when d

dx n2 < 10−6, the wave thickness can be determined for
the detonation velocities defined in (46). The results are given in Table 1.

D 3120ms−1 3130ms−1 4400ms−1 4500ms−1

Wave thickness 1.340 1.327 0.156 0.142

Table 1 Wave thickness for different values of the detonation velocity D.
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Fig. 2 Pressure profile in the reaction zone for two different wave velocities, D= 3120 ms−1 (solid
line) and D = 3130 ms−1 (dashed line).
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Fig. 3 Temperature profile in the reaction zone for two different wave velocities, D = 3120 ms−1

(solid line) and D = 3130 ms−1 (dashed line).
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Fig. 4 Mean velocity profile in the reaction zone for two different wave velocities, D = 3120 ms−1

(solid line) and D = 3130 ms−1 (dashed line).

5 Linear stability analysis

Experimental and numerical studies show that detonations tend to be structurally
unstable, particularly in gases, see [2] and [3]. The reaction zone is extremely sen-
sitive to small perturbations and the detonation wave typically exhibits oscillating
instabilities, which become more pronounced when the shock front propagates with
velocity close to its minimum value. The evolution of such instabilities and a sys-
tematic analysis about the unstable modes, neutral stability boundaries and growth
rates of the instabilities can be of crucial importance in the interpretation of the
complex detonation mechanism. From the mathematical point of view, this stabil-
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Fig. 5 Pressure profile in the reaction zone for two different wave velocities, D= 4400 ms−1 (solid
line) and D = 4500 ms−1 (dashed line).
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Fig. 6 Temperature profile in the reaction zone for two different wave velocities, D = 4400 ms−1

(solid line) and D = 4500 ms−1 (dashed line).

ity analysis can be developed using a normal-mode linear approach of the steady
planar detonation solution. This linear approach is valid when one investigates the
effects induced by small perturbations and assumes that the steady structure of the
detonation wave is not significantly modified.

In this section we formulate the linear stability problem for the steady detona-
tion solution characterized in Section 4, then we describe the numerical technique
used in the simulations and, finally, we present some results about the detonation
instability.
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Fig. 7 Mean velocity profile in the reaction zone for two different wave velocities, D = 4400 ms−1

(solid line) and D = 4500 ms−1 (dashed line).

5.1 Stability problem

The problem is formulated assuming that a small perturbation is instantaneously
assigned at the rear boundary and a distortion on the shock wave position occurs.
As a result, the shock distortion affects the steady character of the reaction zone
and the objective is to investigate the dynamics of the perturbations induced on the
macroscopic variables representing the steady detonation wave in the reaction zone.

First, the one-dimensional closed governing equations (34-39) are transformed
to the coordinate frame attached to the perturbed wave. A new wave coordinate is
introduced, x, which measures the distance from the perturbed shock,

x = x`−ψ(t), with ψ(t) = Dt + ψ̃(t), (47)

where x` is the laboratory coordinate, ψ(t) the position of the perturbed wave in
the laboratory frame, and ψ̃(t) the spatial displacement of the perturbed shock with
respect to its unperturbed position. The shock position in the new frame is x = 0 and
the shock velocity is D(t)=D+ψ̃ ′(t). Then, to describe the oscillatory behaviour of
the instabilities, we perform a normal mode expansion of the steady state variables
and perturbed shock position, in the form

z(x, t) = z∗(x)+ eat z(x) and ψ(t) = ψ eat , with a, ψ ∈ C, (48)

where we have used the vectorial notation for the state fields, z=[n1 n2 n3 n4 v p]T .
Here, z∗(x) represents the state vector of the steady solution, z(x) the vector of the
spatial disturbances of the steady state fields, ψ the disturbance amplitude parame-
ter, and a is a perturbation parameter such that Rea and Ima are the perturbation
growth rate and frequency, respectively.
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We linearize Eqs. (34-39) by means of expansions (48) and normalize the state
variables with respect to the complex amplitude parameter ψ . For sake of simplicity,
we keep the original notation z for the normalized variables. The resulting equations
constitute the stability equations of the present problem and have the form

Dan2+(v∗−D)
d
dx

n2+(v−a)
d
dx

n∗2+n2
d
dx

v∗+n∗2
d
dx

v=τ2, (49)

Da(n1−n2)+(v∗−D)
d
dx

(n1−n2)+(v−a)
d
dx

(n∗1−n∗2) (50)

+(n1−n2)
d
dx

v∗+(n∗1−n∗2)
d
dx

v = 0,

Da(n2 +n3)+(v∗−D)
d
dx

(n2 +n3)+(v−a)
d
dx

(n∗2 +n∗3) (51)

+(n2 +n3)
d
dx

v∗+(n∗2 +n∗3)
d
dx

v = 0,

Da(n2 +n4)+(v∗−D)
d
dx

(n2 +n4)+(v−a)
d
dx

(n∗2 +n∗4) (52)

+(n2 +n4)
d
dx

v∗+(n∗2 +n∗4)
d
dx

v = 0,

ρ
∗Dtcav+

d
dx

p+ρ
∗(v−a)

d
dx

v∗+(ρ
d
dx

v∗+ρ
∗ d

dx
v)(v∗−D)= 0, (53)

Dtcap+
5
3

(
p∗

d
dx

v+p
d
dx

v∗
)
+(v∗−D)

d
dx

p+(v−a)
d
dx

p∗=
2Q?

Rτ2

3
, (54)

where τ2 is the linearized representation of the reaction rate, given by

τ2 = (n∗3n4 +n∗4n3)τ
∗
r +(n∗1n2 +n∗2n1)τ

∗
f . (55)

We also linearize the Rankine-Hugoniot conditions (40-42) using the normal mode
expansions (48), obtaining

nα(0) =
(n∗α −n+α )a−n∗α v(0)

v∗−D
, α = 1,2,3,4, (56)

v(0) =
3ρ+v∗2 + 3

2 (p∗− p+)− 3
2 Dρ+v∗+∑

4
α=1 Eα nα

−ρ∗ (v∗−D)2 + 5
2 p∗

a, (57)

p(0) =−ρ
+av∗− (v∗−D)ρ

∗v(0). (58)

From the linearization procedure, we obtain twelve real first-order homogeneous
ODE’s, Eqs. (49-54), to be considered in the reaction zone from x = 0 at the von
Neumann state to x = xF at the equilibrium final state, with twelve real initial con-
ditions given by Eqs. (56-58). The equations involve twelve unknowns specified by
the real and imaginary parts of n1, n2, n3, n4, v, p. Since the equations involve the
complex perturbation parameter a, the ODE system is not closed, and an additional
closure condition is needed. We assign the following boundary condition, at x = xF ,
initially proposed and justified by Buckmaster and Ludford in [10],
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v(xF)+a =
−1

γρ∗eqc∗eq
p(xF), (59)

where γ is the ratio of specific heats, and c∗eq and ρ∗eq are the isentropic sound speed
and mixture mass density at x = xF .

The stability problem just formulated will be numerically solved as described in
the next subsection.

5.2 Numerical technique

The numerical technique used in this paper to treat the stability problem is based
on an iterative shooting algorithm proposed in Ref. [1]. The algorithm combines the
numerical approach developed by Lee and Stewart in paper [11] with the original
ideas advanced by Erpenbeck in paper [12].

Broadly speaking, the technique consists in choosing, first, a trial value for the
perturbation parameter a, then solving the ODE’s (49-54) with initial conditions (56-
58) and, finally, verifying if the solution previously obtained satisfies the boundary
condition (59). If the boundary condition is satisfied, the corresponding solution of
(49-54) and (56-58) represents a stability solution, that is a solution of the stability
problem.

After finding a solution of the stability problem, for a trial value of a, the last
step is straightforward. In fact, it only requires to determine if the solution of the
stability problem produces a stable or an unstable mode of propagation, and this is
as follows: If Rea> 0, then the parameter a results in an unstable mode; if Rea< 0,
then it results in a stable mode.

The conclusion of the stability analysis is the following. The steady detonation
solution is stable when all solutions of the stability problem result in stable modes
of propagation. Conversely, it is unstable when at least one solution of the stability
problem results in an unstable mode.

The main numerical difficulty of the stability analysis is to find solutions of the
stability problem. In fact, an arbitrary trial value of a does not satisfy, in general, the
boundary condition (59). This difficulty has been solved by Carvalho and Soares in
paper [1], using a numerical technique that combines ideas and methodologies of
previous works, as mentioned above.

Accordingly, we introduce the residual function H in a fixed domain R ⊂ C,

H (a) = v(xF)+a+
1

γρ∗eqc∗eq
p(xF) , a ∈R ⊂ C, (60)

and notice that the zeros of H satisfy the boundary condition (59). Thus, resorting
to the argument principle, first used by Erpenbeck in [12], and taking into account
that the function H has no poles in R, we count the number Z of zeros of H by
means of the expression
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Z =
1

2πi

∫ `

k

H ′(ζ (t))
H (ζ (t))

‖ ζ
′(t) ‖ dt, (61)

where ζ : [k, `]→ C is a path smooth by parts, describing the contour of R in the
positive sense.

Starting from these ideas, the numerical procedure used to solve the stability
problem consists in nine steps described below.

1. Choose the domain R in the complex plane where we intend to look for eigen-
values of the stability problem.

2. Define a path ζ describing the contour of R in the positive sense.
3. Select a great number of trial values a j in the contour of R.
4. Introduce further trial values b j defined by b j = a j +10−6.
5. Solve the stability governing equations (49–54) with initial conditions (56–58)

for each trial value a j and b j for the perturbation parameter a.
6. Evaluate the residual function H at each point a j and b j.
7. Estimate the derivative H ′(a j) by the quotient (H (b j)−H (a j))/(b j−a j).
8. Estimate the mean value µ of the function H ′(ζ (t))

H (ζ (t)) ‖ ζ ′(t) ‖ using a suitable
sample and a 99% confidence interval.

9. Count the number of zeros of the residual function H , approximating the ex-
pression on the right hand-side of Eq. (61) by Z = 1

2πi (k− `)µ .

The details of the numerical procedure and a rather complete discussion on the
technique can be found in Ref. [1].

5.3 Results and discussion

Using the numerical procedure described in the previous subsection, we were able
to obtain some results on the stability behaviour of the steady detonation solution
described in Section 4. Considering the reference input data indicated in (45) and
the values of the detonation wave velocity D referred in (46), we obtain some esti-
mations for the number of unstable modes in the region R defined by

0.001 < Rea < 0.1 and 0.001 < Im a < 0.1 .

The estimations are presented in Table 2 and represent very preliminary results on
the stability behaviour of the steady detonation solution described in Section 4.

The determination of instability solutions is a very complex task and a time con-
suming problem. In Table 2 we present some estimations for the number of insta-
bility modes obtained for different values of the detonation velocity. These results
are still rough approximations and should be improved. In fact, it is known that the
number of instability modes grows as the detonation velocity approaches its min-
imum value, see for example Refs. [2] and [11]. The results presented in Table 2
show that unstable modes exist for lower values of the detonation velocity, as it is
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D Number of unstable modes
3120 ms−1 12 to 334
3130 ms−1 158 to 684
4400 ms−1 0
4500 ms−1 0

Table 2 Estimations for the unstable modes in the region R, for fixed values of the reaction heat
Q∗R and activation energy ε∗f , and for different values of the detonation velocity D.

expected from the literature. However, since the confidence intervals obtained for
D = 3120 ms−1 and D = 3130 ms−1 show a significant overlap, we are not able to
compare the number of instability modes for these two detonation velocities.

The results obtained in the present paper are still very limited and should be
improved. This will be addressed in a work in progress [6], where more accu-
rate simulations will be conducted and further detailed results will be included.
Among several interesting topics, we intend to investigate the following two is-
sues: the limit detonation velocity characterizing stable solutions for other detonat-
ing of Hydrogen-Oxygen mixtures defined in terms of different constituent con-
centrations; the relation between the detonation wave velocity and the number of
instability modes. Moreover other simulations will be performed oriented to com-
pare our results with others available in literature, obtained from numerical studies
and experimental works.
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