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We present a theoretical description of Bogolyubov-type excitations of exciton-polariton Bose-
Einstein condensates (BECs) in semiconductor microcavities. For a typical two dimensional (2D)
BEC we focus on two limiting cases, the weak- and strong-coupling regimes, where a perturbation
theory and the Thomas—Fermi approximation, respectively, are valid. We calculate integrated scat-
tering intensity spectra for probing the collective excitations of the condensate in both considered
limits. Moreover, in relation to recent experiments on optical modulation allowing localization of
condensates in a trap with well controlled shape and dimensions, we study the quasi-one dimen-
sional (1D) motion of the BEC in microwires and report the corresponding Bogolyubov’s excitation
spectrum. We show that in 1D case the characteristic polariton-polariton interaction constant is
expressed as g1 = 3AN/(2L,) (X is the 2D polariton-polaritons interaction parameter in the cavity,
N the number of the particles, and L, the wirecavity width). We reveal some interesting features
for 2D and 1D Bogolyubov spectra for both repulsive (A > 0) and attractive (A < 0) interaction.

PACS numbers: 71.36.+c, 42.65.-k, 75.75.-c
I. INTRODUCTION

The rich picture of the exciton-polariton Bose-Einstein
condensates (BECs) in semiconductor microcavities has
opened the opportunity for exploring a great variety of
phenomena, such as superfluidity of quantum fluid!?,
vortices®, persistent currents®, half-quantum vortices®,
as well as applications in quantum cascade laser® and in-
terferometric devices (see Ref. 7 and references therein).
The scheme of controlling the dynamic of condensates
is ruled by their elementary excitations. The knowledge
of the properties of these (Bogolyubov-type) excitations
would reveal the main causes and allow for the detailed
understanding of the physical phenomenon under con-
sideration. Phonon-like excitation spectrum in the low-
momentum regime of a quantum fluid condensate was
firstly theoretically studied by Bogolyubov.? Finally, M.
H. Anderson and co-workers® observed the Bogolyubov-
de Genes spectrum in a ultra-cold dilute atom cloud.

Polariton-polariton interaction and the behavior of the
excitation spectra play a fundamental role for under-
standing the underlying physics of the BEC dynamic in
semiconductor microcavities. Utsunomiya et.al have re-
alized'? the first experimental observation of Bogolyubov
spectrum in a GaAs/AlGaAs microcavity by showing,
in the phonon-like regime, a clear linearization of the
quadratic polariton dispersion as a function of the in-
plane wavevector k. This tendency was later observed in
Ref. 11, along with an indication that the excitation spec-
trum becomes diffusive (dispersionless at low momenta) if
the condensate is driven far from equilibrium. Neverthe-

less, the exciton-polariton excitation energy is modified if
the condensate is loaded in a 2D trap potential, thus the
spectrum of collective excitations must be characterized
by appropriate quantum numbers describing the confined
phonon-like excitations.

In addition to the two—dimensional nature of the BEC
in semiconductor microcavities, a dynamical condensa-
tion of exciton-polaritons can also be induced in one-
dimensional (1D) systems. Nowadays, it is possible to re-
alize and manipulate diverse trap potentials for exciton-
polaritons.”'2714 This experimental ability enhances the
range of potential applications, such as the design of
condensate circuits,” among others. In particular, 1D
parabolic confined potentials can be generated in mi-
crowires or by optical manipulation. Then, optical mod-
ulation allows to control the shape of the condensate
wave functions and to study their quasi-1D motion in the
microcavity.'®'® In particular, exciton-polariton 1D har-
monic traps have been induced by employing two pump
laser beams.”16

The aim of this paper is to give a mathematical de-
scription of elementary excitations of a confined BEC in
microcavities, with a special emphasis on the shape and
dimensionality of the trap potentials. We explore conve-
nient analytical descriptions of the condensate that can
be used to study its dynamics and related physical phe-
nomena, such as vortices, persistent currents and super-
fluidity. In this work we limit ourselves by considering a
condensate where the inward flux of polaritons is exactly
balanced by their decay out of the cavity. Extension to
out-of-equilibrium condensates is possible by considering
the complex Gross-Pitaevskii equation, in which case the
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elementary excitation frequencies become complex and
are to be found numerically.'”

The article is organized as follows. Section II is de-
voted to the Bogolyubov-type elementary excitations in
a 2D parabolic potential. Two approaches are discussed:
(i) a perturbative method where the cubic term present
in the non-linear Gross-Pitaevskii equation (GPE), can
be considered as perturbation in comparison to the trap
potential, and (ii) the so-called strong coupling regime
or Thomas-Fermi limit where the collective excitations
of the ground state are described by the variation of its
density. Also, we report calculated spectra of electro-
magnetic waves scattered by the condensate comparing
both limits of weak and strong non-linear interactions.
In Sec. III, we first deal with the reduction of the spatial
2D GPE to an effective 1D equation by ”freezing” the
transversal direction if the cavity width is much smaller
than the harmonic oscillator length. The procedure al-
lows us to rigorously obtain the effective 1D polariton-
polariton interaction constant. Then, in the framework
of the present model, we derive the Bogolyubov excita-
tions for the 1D parabolic and semi-parabolic traps and
show the main differences between them. Finally, in Sec.
1V is devoted to conclusions.

II. TWO DIMENSIONAL COLLECTIVE
EXCITATIONS

Within the framework of the mean field theory, the
physical characteristics of a trapped BEC described by a
macroscopic wave function ¥(r,t) are ruled by the time
dependent 2D nonlinear GPE,

2
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where 7 = (r, 0) is the radius vector in polar coordinates,
)\ is the self-interaction parameter, 19 m, is the exciton-
polariton mass, and V (r) = m.(wg,z* + wg,y?)/2 is the
two dimensional harmonic potential characterized by the
trap frequencies woz, Woy-

The collective excitations can be obtained by applying
a small deviation from the stationary solutions Wy (r,t) =
o (r) exp(—iut/h) of Eq. (1) in the form of?°

U(r,t) = exp(—iut/h) [o(r) + u(r) exp(—iwt)
+v*(r) exp(iwt)] , (2)

where p is the chemical potential, © and v are the am-
plitudes of the excitation mode with frequency w. The
perturbative nature of the last two terms in Eq. (2)
is ensured if the following conditions are satisfied,
(ulu) , (v|v) < (holtbo). After substituting the perturbed
wave function (2) into Eq. (1) and performing the lin-
earization procedure, one obtains the following eigen-
value problem for the frequencies w and amplitudes u

and v:
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with
Ulr) = V(r) +2X [¢o(r)]* — . (4)

The operator in Eq. (3) is not Hermitian, however, its
spectrum lies entirely in real space?! with the set of pos-
itive and negative values w corresponding to (u : v)T and
(v* : u*)T states, respectively. The ground state char-
acteristics ¢y and p can be found from the stationary
GPE

hZ
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with the boundary conditions 1y — 0 at r — oo and
normalized over the total number of condensed particles,

N,

<%wm=/wmww=N. (6)

Let us now introduce the dimensionless parameter
A = m N/ h? which describes the strength of interac-
tion in the system. We will further focus on the two
important limiting cases when solutions of Egs. ( 3) and
(5) can be found analytically, namely, the limits of suffi-
ciently small and large values of A. In the former limit the
interaction term can be treated in the framework of the
perturbation theory while in the latter case (the so-called
Thomas-Fermi approximation) collective excitations are
the solutions of the hydrodynamic-like equations.??

A. Perturbative method

As known, the polariton-polariton self-interaction pa-
rameter A\ depends on exciton-photon detuning §.'° For
typical GaAs/AlGaAs microcavities, the perturbation
theory for the GPE (5) is valid if the number of particles
in the condensate N' < 10% for -10 meV< § <3 meV or
N < 106 if the detuning lies in the interval 3 meV< § <7
meV.?3 All these cases correspond to the dimension-
less self-interaction coefficient’s values -3< A <3.'% In
this range of parameter A, the nonlinear term A |¢0|2 in
Eq. (5) can be considered as a small perturbation with
respect to the isotropic (wo, = woy = wp) harmonic trap
confinement potential, m,w3r?/2. Hence, the order pa-
rameter 1y can be expanded in series of the complete set
of 2D harmonic oscillator wave functions??

exp(im,0)

\/ﬂ RN,m (p) , (7)
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with p = r/a, a = \/h/m.wo the characteristic unit
length, m, the z-projection of the angular momentum,
m = |m,|, and N = 0,1,2,... . The corresponding ener-
gies measured in units of hwy are ey = N + 1.

The chemical potential and the condensate distribution

no = |1ho|* up to the second and first order in A read'®
I A 3A2
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with
1
F(p) = o [v+1n(p?/2) + T (0,—p%)] - (10)

Here I'(0, z) is the incomplete gamma function and + is
the Euler-Mascheroni constant.?* Since the perturbation,
Xthol?, in Eq. (3) does not mix states with different an-
gular momenta m = |m.|, we can search the required so-
lutions as ufv] = exp(im.0)un.m(p)[vn.m(p)]/V2r with
the amplitudes un,, and vy, expanded over the set
of 2D radial components of oscillator wave functions

{RN,m} )

UN,m — [ Ann,By,m
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Substituting Eq. (11) into Eq. (3), one can obtain the
spectrum of the Bogolyubov’s excitations (see Appendix

A for details). It is possible to show that wy ., up to the
second order in A can be cast as

where the coefficients w](\})m

the Appendix A. ’

Figure 1 displays the excitation frequencies wy ,, for
the lowest 11 collective modes versus the dimensionless
interaction parameter A. Let us note that the excita-
tion frequencies in the non-interacting limit are equal to
those of the two-dimensional harmonic oscillator mea-
sured from the zero-level wy oscillations. At A = 0, the
system is (N +1) degenerate with respect to angular mo-
mentum value m,, which is a direct consequence of the
axial symmetry inherent to the isotropic 2D harmonic
confinement potential. At A # 0, the frequency correc-
tions wg\}?m and wg\%’)m depend on m (see Eqs. (A7) and
(A11), respectively). Hence, the non-linear perturbative
term splits the energy spectrum by the absolute value
of the angular momenta projection m, leaving the two-
fold degeneracy with respect to the sign of m,. Figure 1
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FIG. 1. (Color online): Excitation spectrum wn,m as a func-
tion of the reduced self-interaction parameter A. Solid lines:
Bogolyubov’s spectrum solution of Eq. (12). Dashed lines:
Thomas-Fermi approximation after Eq. (21).

shows that for the repulsive interaction, the excitation
energies decrease with the increase of the condensate den-
sity. From the figure it follows that the doubly degenerate
dipole excitation states N = 1,m, = £1 (mode wy 1) are
unaffected by the nonlinear interaction. This mode is
harmonic, in agreement with the Kohn’s theorem,? and
it represents a rigid motion of the center of mass.??:26
Notice that the same result holds under Thomas-Fermi
limit in the framework of the hydrodynamic approxima-
tion as it is represented by dashed lines in Fig. 1. For the
attractive potential, the excitation energy wn m(A < 0)
increases as A decreases and, for a given radial quantum
number N, the lower value of wy (A < 0) corresponds
to the lower quantum number m. Notice that in the case
of repulsive interaction the opposite trend is obtained,
ie. wn,m decreases as A increases and wy (A > 0) >
WN,m+2(A > 0). The amplitudes un ., and vy ,m up to
first order in A are given in Appendix A. For a clearer
demonstration of the space distribution of excitations, we
evaluate the density function excited particles distribu-

tion Dege = flm{ Tr {G’(r,r;w)} }, where G’(r,r;w) is
the matrix Green’s function of the Eq. (3) given by

. 1 3 [xw,mxr)]%?v,mz(r')_

Glr,v'sw) = -
(r,r';w) p—

- (1)
Nm,

Here Xnm. (1) = [unm(r)e™=? : vy p(r)e™=?] and ~q
is the damping parameter of the photon mode in the mi-
crocavity. The summation in Eq. (13) is performed only
over N while the value of m, is set constant, m, = 0.
In Fig. 2 the calculated exciton-polariton density distri-
bution D.g.(r;w) is shown for A = 1, and ~v4 = 0.1wg.

The bright spots observed in the figure correspond to the



minima of the excitation density and are linked to the ze-
ros of the radial density function |RN7m:0(p)|2, ie. fora
given wy m=o the function D,. has n = N/2 minimum
in space domain.
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FIG. 2.

(Color online):
space distribution function, Degc(r;w), of the Bogolyubov
collective excitation (see text) in a 2D parabolic trap. The
parameter used are: m = 0, A = 1 and 74 = 0.lwg. The
dark dot curve shows the dimensionless harmonic potential
V(r)Jwo = p*/2.

Calculated frequency-coordinate

B. Current density

Superfluidity, the formation of quantized vortices,?®

and persistent currents* are among the most interesting
properties of exciton-polariton condensates. Collective
fluid dynamics of condensates can be driven coherently
by the continuous-wave pump energy and triggered by a
short pulse of another laser.! Also, vortices can be ex-
cited by a pulsed probe transferring angular momentum
resonantly with the pumping signal.  In all considered
effects, and in a general sense, assessing the current den-
sity, j(r,t), becomes necessary and the evolution of the
density profile for the collective excitations is of interest.
Starting from the well known equation for the current
density,

JNm, = Tmz [\IIN,mzv\IIN,mz - (V\IIN,mZ) \IIN,mz]
(14)
and rewriting the wave function as Uy, (r,t) =
|V N m. (r,t)] exp (4SN,m, (r,t)) we obtain:

INm. (T, t) = eNm, (r t)vs(r, t) | (15)

4

where v,(r,t) = LVS(r,t) is known as the superfluid
velocity. Notice that integer vortices are described by
rotation of S — S + 27p, with p = +1,4+2,.... and half
vortices correspond to p = +£1/2,43/2,...° In Eq. (15),
CN,m. (Ta t) = ‘\IINJHZ ‘2 - WJO (I‘, t) + 5\IIN,mz (I‘, t)|2 rep-
resents the total concentration of particles in the excited
state (N, m,).

The non-zero #-component of the current density as-
sociated with an elementary excitation is obtained by
evaluating the gradient,

m,h

My

I (08) = S 2=8enm, (1,1) (16)

where the condensate density perturbation, dcy,m,, is
given by:

5CN,mz = |\IIN,mz (p, t)|2 - |’lﬁ0(ﬂ, t>|2 =

2 2
1/ - cos(Wn,mt — m,0) |:1/}0RN,m + ﬁA exp (,p2/2) X
N + 3N,
O Ryym . (T
Z N,N3,m~" "Nz, (N*NQ)(N“FNQ) ( )

No#£N

The excitation density profiles dcn , at t = 0 are dis-
played in Fig. 3 for (N =1,m, = 1), (N =7,m, = 3),
and (N = 6,m, = 0). Figure 3 illustrates the sym-
metry properties of the excited states as a function
of the quantum number m,. Since deym(t = 0) ~
cos(m.0) the profile shows the nodal distribution at
0, =02p+1)7/(2m;) with p=0,1,..,|m,|.

C. Thomas-Fermi limit

For sufficiently large values of parameter A, the density
profile of the condensate becomes smooth enough to omit
the kinetic energy term in Eq. (5).29 We then arrive to
the so-called Thomas-Fermi limit with the ground state

density,
prr 1 7
crE - .
mm( ) TR )

0, r>1g .

Here ro = \/2prr/(m.w?) is the radius of the conden-

sate ground state in the Thomas-Fermi limit. The nor-
malization condition (6) yields for the chemical potential
urp = hwoy/A/7 so that urp is large compared to the
oscillator energy. For the collective excitations we follow
the approach developed in Ref. 22 for atomic condensates
in three dimensional traps, which can be directly applied
to the 2D case. Rather than considering small deviations
of the wave function, let us now describe the collective
excitations of the ground state by the variation of its
density dcrp(r,t) = derp(r) = [n(r) — norp(r)] e@re!
and frequency wrpr. The equation for dcrp can be de-
rived after some transformation of the GPE including the

norr (I‘) =



Excitation profile 6cy,m,(p,t=0)

FIG. 3. (Color online): Excitation profile dcn,m given by
Eq. (17) at t = 0 for the excited states (N = 1,m. = 1),
(N=7,m.=3)and (N =6,m, =0). Here A = 1.

linearization procedure and omitting the kinetic energy
terms. We then finally arrive to the following hydrody-
namic equation:

1
werp = —iwgv (rg — %) Véerr , (19)

defined in the same region as Eq. (5). The solution of

(19) can be cast as

5CTF(r)n,mz = P2n,m(r/ro) (T/TO)m eimzw ) (20)

k=n
where Poy, m(2) = > dorz?® and the coefficients daj, sat-
k=0

isfy the recurrence relation
(n+m+k+1)(k—n)
(m+k+1)(k+1)

for K =0,1.. and dy = 1. The dispersion relation for the
excitation modes is given by the formula (cf. Ref. (22))

dog42 = dop,

W Fnom :wO\/2n2 +2n4+2nm+m . (21)

Following the same trends as in the 3D case (see Ref.
20) in the limit of strong particle interactions, the ex-
citation energies become A independent. This result is
represented in Fig. 1 by dashed lines. One can see again
that the frequencies of the dipole mode (n =0, m = 1)
WTFn=0,m=1 = wo in the Thomas-Fermi and perturba-
tive approaches indeed coincide. Moreover, the excited
state N = 2, m, = 0 in both considered limits is also
harmonic, i.e. Wy=2m=0 = WrFn=1,m=0 = 2Wp.

D. Probing the excited states of the condensate

Light scattering spectroscopy is a common technique
for investigation of the optical properties of semiconduc-
tors,2”3931 which can be used for probing the excited

states of the Bose-Einstein condensates in microcavities.
Consider the two dimensional exciton-photon system in
the strong coupling regime probed by a low-intensity res-
onant electromagnetic wave. The scattered wave can be
found within the so called input-output approach32:33,
The internal polariton modes are resonantly excited by
the incident field so that Eq. (1) gains an additional
“pump” term and can be written as3?
h? 2
S A+V(r)+ Y| ) U+ yataE(r,t) .
(22)
Here E(r,t) is the incident field, which can be written
as F = Eyel*re /M coswit, k is the in-plane wave vec-
tor (k = 0 under normal incidence), 4 is the cavity
damping parameter, and ¢4 is the amplitude transition
coefficient of the cavity mirrors. The wave function ¥
should be treated as the polarization of an exciton mode
or the electric field of a photon mode. Substituting in
Eq. (22) the wave function in the form (2) yields the
problem identical to Eq. (3) but with a nonzero right part
[—1/2tEge™*™ : 1/2tEoe”"]T. Using the Green’s function
formalism (13), the solution of this non-uniform problem
is readily obtained. Therefore the output (scattered) field
in the positive frequency range can be written as

1 —i—t
Eout(r) x t3¥ = §|tA|2'ydE0e h x

im0
AN,m,UN,m, (T)e e—in,mt

- , (23
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A possible experimental observable is the integrated in-
tensity of the scattered wave given by

%N,m(k) =

4f|Eout(r)|2 dr ) Z ‘%N,mz|2
talEE e R llenm —wP R
(24)
This quantity is represented in Fig. 4(a) for different val-
ues of the wave vector k (corresponding to different an-
gles of incidence of the probing wave). One can see that
at normal incidence (k = 0) only the modes with m = 0
are excited and due to parity considerations the modes
with even radial numbers n exhibit considerably stronger
interaction with the probing field. At k # 0 the modes
with non-zero m appear and the peak value shifts towards
higher energies with increasing k.

In the Thomas-Fermi limit, the expression for the
field analogous to Eq. (23) is obtained if one takes
the wave functions of excitations in the form of
derr(r)nm./v/norr(r). The scattered spectrum then
has the same form as given by Eq. (24) with the follow-
ing sn m, coeflicients:

N,m

6CTF(rl)n7mz —imze’eikr’dr/ ) (25)

N Veorr(r') ©

Xn,m., (k)



(a) Weak interactions
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Scattered wave intensity (a.u.)

Scattered wave intensity (a.u.)
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FIG. 4. (Color online): Spectra of the scattered field in the
limit of weak (a) and strong (b) interactions. Dashed vertical
lines indicate the frequencies calculated by Eq. (12) at A =0
(a) and by Eq. (21) (b). For comparison, the spectrum at
ka =3 and A = 0 is shown in panel (a) by the dashed curve.

The calculated spectra are presented in Fig. 4(b).

III. QUASI ONE-DIMENSIONAL
EXCITON-POLARITON CONDENSATES

In the following, we reduce the two dimensional GPE
(1) to a 1D problem along the axial direction (z) of
a microwire. This can be done by "freezing out” the
y—motion of the condensate (due to the presence of
a lateral confinement potential) and by re-normalizing
the mean-field interaction. We consider a wire cavity
with a separable potential V(r) = U,(z) 4+ Uy(y), where
U, (z) = $mwo,z? is the harmonic trap and Uy, is the cav-
ity confinement potential along y—axis. Employing the
adiabatic approximation, the order parameter ¥(r, t) can
be factorized as

U(r,t) = VN, (2,t) exp(—iB,t/h)gy(y) . (26)

where the longitudinal wave function ¢, and the energy
E, are determined by the auxiliary problem

p;
2,

+Uy| @y -

E, 6, = l

Assuming an infinite confinement barrier, the polariton

. . . h (nym

eigenenergies are £ = hw,, with w, = — (-] ,
v v v 2m \ L,

ny is an integer number, and L, denotes the microwire

cavity length. (Notice that the adiabatic approxima-
tion is restricted to the strong spatial confinement case
where the frequency wo, < wy,,=1). Substituting Eq. (26)
into Eq. (1) and assuming that the condensate along the
y—direction remains close to the w, =1 ground state with

$n,—1 = \/2/Lysin(rz/L,), we obtain the equation®*

2
T
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where g1 = 3M/(2L,) is the effective 1D polariton-
polariton interaction constant.36

A. Normal modes in 1D-parabolic potential

In this case, we employ the same method of the lin-
ear response as in Section II with V(r) — m.wd, x?/2,
A = Aip = g1/(lphwoy), and 1, = /h/(mywoz). The
present problem is analogous to the one studied for di-
luted atomic gases in 1D optical lattices (see Refs. 37 and
38). Applying those results to our case we have for the
1D chemical potential:

B 1 Aip 9
H1D = Wog (2 + Jon + ClA1D> (28)

and for the 1D excitation frequencies,

(D) _ [ Aip
wy, =wos |k+—= -1+
V2T (

o (350

o (k +1/2)
A
k=1,2,...., (29)

where C; = 2 In [@ + %}, I'(z) is the gamma func-

tion and «, are numeric parameters given elsewhere.?®

The corresponding total density in the excited state k,
c,(ch)(ac7 t), and the excitation profile, 50,(€1D)(x, t) are dis-
played in the Appendix B.

The dynamics of the condensate calculated using
Egs. (B1)-(B3) are sketched in Fig. 5 by a 2D map of

the density, C§€1D)(£E7t) (k = 2 and 3) as function of di-
mensionless coordinate z/l, and time twg,. For the cal-
culation we chose A;p = +2. From the figure we ob-

serve that, for a certain moment of time, there are pro-
nounced oscillations of the density, c,(ch) (z,t), along the



FIG. 5. (Color online): Evolution of the 1D condensate den-

sity, Cgch)(.CL‘, t), for the excited state w,(ch) (k=2 and 3) and
1D self-interaction parameter A1p = £2.

r—axis quenched according to the exponential behavior
exp(—x?/12). Moreover, from Fig. 5 it becomes clear that
the condensate is stronger localized in space in the case of
attractive polariton-polariton interaction (negative sign
of AID)~

B. Normal modes in 1D semi-parabolic potential

Let us now consider a semi-parabolic potentiall®39

0 ; <0
v<x)={1 ,

§mw§ggx ; 0<z<oo (30)

In this case the order parameter must fulfill the bound-
ary conditions w(()l/ZD)(x =0) =0 and 1/1((]1/2[)) — 0
at x — 0o. The solution of GPE (27) with the semi-
parabolic potential (30) yields the following expression
for the chemical potential ji;/p obtained up to second
order in A;p (see Appendix C)

3 3
=woe | =+ —=—A1p+C A2>. 31
H1/2D 0 (2 2\/% 1D 1/24Mp ( )

The corresponding Bogolyubov’s excitaion frequencies

w,(cl/2D) can be cast as

(1/2D) _ Ap (3 4(2k + 3/4)(4k)!
Yoo T {2’“ LG (‘5 2k + 1)129%(2k)!

/
Alp <% - C1/2>} ; k=1,2,...., (32)

with 7;, numeric parameters obtained in Appendix C.
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FIG. 6. (Color online): Collective excitation frequencies w,(:D)

(solid lines) and w,(cl/ 2D) (dot-solid lines) for 1D parabolic and
semi-parabolic trap potentials, respectively, as a function of
1D dimensionless parameters A1p. Note that w%lD) has the
frequency value wo of the harmonic trap (see Ref. 20).

Using the above analytical solutions, the frequencies

w,(ch) and w,il/ 2P) for the first 6 and 3 modes, respec-
tively, versus the self-interaction parameter A1p (for at-
tractive, A1p < 0 and repulsive A;p > 0 polariton-
polariton interactions) are represented in Fig. 6. The
symmetry of the semi-parabolic trap requires that only
odd states exist (see Appendix C). It means that the first
excited state corresponds to wl(::/f D) and, unlike the case
of harmonic potential, its energy depends on Ayp. This
is a consequence of the fact that potential (30) breaks
the inversion symmetry and the Konn’s theorem is not
valid.

IV. CONCLUSIONS

In summary, we have studied the two- and one-
dimensional Bogolyubov’s excitation modes of a Bose-
Einstein condensate of exciton-polaritons in 2D in micro-
cavities and microwire-cavities with harmonic traps. In
the 2D case we have found eigenenergies and eigenfunc-
tions of the collective modes for two limiting regimes:
the weak and strong polariton-polariton interactions. In
the weak interaction limit and based on the perturbative
method of solution of the non-linear GPE, we derived ex-
plicit analytical expressions for the collective excitation
frequencies given by Egs. (12), (29), and (32). In the
two-dimensional case, there are two independent subsets



of solutions, with both quantum numbers N and m either
odd or even, and the corresponding excitation spectrum
is ruled by the angular momentum conservation. In all
considered cases, the Bogolyubov’s frequencies plotted
against the self-interaction parameter, A\, show a nega-
tive slope. In the case of strong polariton-polariton in-
teraction case, where the Thomas-Fermi approximation
is valid, the wave functions and the eigenfrequencies are
presented by Egs. (20) and (21) with the dispersion law
A independent.

We have shown that in 1D traps the polariton-
polariton coupling strength is renormalised, and it can
be controllued by the confinement potential of the frozen
y—motion (and scales as 1/L,), allowing for a modulation

of the non-linear cubic term, g; |¢>$|3 , and, consequently,
it affects the spectrum of the excited states. Also, we
derived the complete sets of the 2D and 1D excitation
modes, which allow for the calculation of a variety of dy-
namical variables relevant to experiments. In particular,
we presented a theory on light scattering by the confined
microcavity condensate and calculated, in both consid-
ered limits, the spectral dependence of the integrated in-
tensity of a scattered electromagnetic wave. We have
calculated the polariton current density associated with
the elementary excitations. It is related to the density
profile for the excited states (Figs. 2 and 3). We suggest
that they are relevant to the experimentally measured
real-space spectra distribution for the polariton pendu-
lum (see Figs. 1 and 2 in Refs. 7 and 16) and spatially
mapped exciton-polariton condensate wave functions (see
Fig. 4 in Ref. 13) are quite well reproduced by the den-
sity profiles c,(:D) and cg/zD) (k = 1,2...) given in the
Appendices B and C. A good agreement of theory and
experiment is found for small values of the g; parameter,
which corresponds to the experimental setting of Ref. 13.
Finally, we would like to note that, of course, it is
an approximation to assume that the polariton conden-
sate is at local equilibrium, i.e. to consider the Gross-
Pitaevskii equation in the form (1). However, in the cw
non-resonant pumping regime, the actual lifetime of the
condensate is significantly increased comparing to the in-
dividual polariton lifetime because of the stimulated scat-
tering from an incoherent reservoir. Several experimental
works on polariton lasing and BEC indicate that the dis-
tribution of exciton polaritons is very close to the equi-
librium distribution in these systems. In view of these
experimental observations, we believe that the limit of
infinitely living condensates is important and experimen-
tally relevant, as it indicates the likely energy spectrum
of exciton-polariton condensates in high quality micro-
cavities under non-resonant incoherent cw pumping.
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Appendix A: 2D eigenmodes

The radial functions for the 2D harmonic oscillator

are: Ry = e~ = p" L™ (p%)/\/Nxm», where Li™ (2)
are the Generalized Laguerre polynomials®®, n = (N —
m)/2 = . is the radial number, and NN,m =
(BEmy1/ (241 s a normalization constant. Since the

perturbation A |t|” in Eq. (3) does not mix states with
different angular momenta, the angular dependence of
|u) and |v) is already known and, in any order of the
perturbation theory, the quantum number m, is fixed.
Moreover, as the radial quantum number is given by

= (N — m)/2, the solutions can be classified accord-

ing to parity of the quantum numbers N and m, i.e. we

have two independent sets of solutions, namely, ‘“S\/)m>

and ‘v]\f > for (N, m) even and ’uN > and ’v%ln)l
for (N, m) odd.  After substitution of (11) into (3),

the eigenvalue problem is reduced to the system of linear
equations:

A (Rym[Ti0| Ry m) (2ANN, + Byn,)
Ny

= (@nm — N2 — 1+ p/wo) ANN, , (A1)

—A Z<RN2,m‘n70|RN1,m> (2BNN1 + ANNl)
Ny

= (@nm + No +1 — p/wo)Byn, (A2)

where @y, = wn,m/wo are the dimensionless Bo-
golyubov frequencies. The reduced frequencies w y,,, the
coeflicients Ay n, and Bypn, can be written in a form of
Taylor expansions:

00
2 : (1) Ad

WN,m = wN7mAZ )
i=0

Z Ay, [BO ] A7

Using the series (A3) and Eqgs. (A1) and (A2) at zeroth

14]\]]\[1 BNN1 (A3)

order in A we get

(0,) =N; B](\[f)])\fz =0; As\%\@ = 0NN, - (A4)



Taking the first order terms in Eq. (A1) we have
1
2 <N2,m ’n(o)‘ N,m> = <w§;)m + 2) ON,Ns
™
+(N = No) AR, ,, - (A5)

Using the condensate distribution density (9) we can
write that

<N2, m ’n(o)‘ N,m> = 01(\?,)N2 =
1 oo
2N /0 LM (#)LGD (1) x ™ exp(—2t)dt .

This integral can be calculated in quadrature:?*

oo _ 2 (nd np 4 m)!
NNz 7/ (n +m)!(ng + m)nlng!

(A6)

Equation (A5) for Ny

i, = % {2N+1 ( v Nm)/Q) - 1}, (AT)

and for Ny # N, it leads to:

= N yields:

2 (0)
m = N _N2CN,N2,7TL ?

A, (A8)

while AS\B\,’m = 0 from normalization. In the same way,
from (A2), (A4) and (A5), we obtain

W L))
NNzm — 7N_~_N2 N,Na,ym *

(A9)

Accordingly, collecting second order terms in A from (A2)
we have,

S (N n | Ny ) [0+ B8]

1

+2 <N2,m ’n(l)’ N,m> = (N — NQ) Ag\%\b,m+

(A + BD) AN, o+ (A + @) b,

(A10)
If Ny = N, Eq. (A10) reads:
(2 _ W (©) 3
Do = Swam + 2080 — 5 (o8 m) + o5 In(3)
(A11)
where
2 3N +5N;
SN,m = |: C(O m :|
le;é:N ( A ) (N = N1)(N + Ny)
(A12)
cv 1 / h (L<m>(t))2th(t) exp(—2¢)dt
N,m 27TNN7m 0 n .

(A13)

Using the results?449

/ t%exp(—2t)dt = 27 al | (A14)
0

/ ['(0,t)t* exp(—2t)dt = 27 'alBy 3(a + 1,0) ,
0
(A15)

/ t*Intexp(—2t)dt = —27"tal (y — Hy, +In2) ,
0

(A16)
with H, the a-th harmonic number, and B, (a,b) the In-
complete Beta function, we obtain

I, = / t*Fexp(—2t)dt =
0

a!
M {—1n4+Ha + B2/3 (a+ 1,0)} .
Expanding the Laguerre polynomials as Taylor series*”

follows

(o) = 3 S () () e

k, 1=0

and inserting in Eq. (A13) we have

k+l

1 n n
Chm =7 n+m'zz k'l'

k=0 1=0

n—+m n—+m
(n—k)( 1 )Im+k+z-

For the functions uy,, and vy, up to first order in A
we obtain:

C(O) RNy m
Non = Ry +20 3

NN, (A17)
No#N
By, m
N Nz 2,M
Al
Z N+ Ny (A18)

Appendix B: 1D eigenmodes for parabolic potential

The concentration ch) in the excited state k is given
by
AP = PV @)1 + 6P (/1,1 (BI)
where3”



\/5/2 2
exp(—2z(1—y7)) -1
]:(z):/ ylny dy ,

5cl(ch)(z,t) = 2cos (w,(ch)t) ( (ID)sﬁk( )

2 [mlk ’ 2<m1+k>}

m#k ; m#0

1
X Toomrom(2) + M%%k%k@)}) , (B3)

—2A1ppo(z)

and

k—m
(=1 m+k+1
foomte = o 2 )
Here ¢y (2) is the harmonic oscillator function
(2) = ——— exp( ZQ)H(Z) k=0,1,2
— X —_—— = e
Sok \/m p 2 k ) e
(B4)

with H;(x) denoting the Hermitian polynomial.*?

Appendix C: 1D eigenmodes for semi-parabolic
potential

Considering the potential (30), the solution of the
one-dimensional nonlinear GPE can be Sought in terms
of the complete set of functions {¢ 1/2)(:z:/lm) =
V2pori1(x/l,)}. Taking only interaction terms up to
second order in g;, we obtain for the chemical potential

3 . Tooop.
— 000
F1/2D = Woa | 5+ Ay 2pToo00 — 3ATp Z Tpp ;
p#0
(C1)

where

Ttk = / P DD dr . (C2)
0

From (C2) we have that Tpooo = 3/(2v27) and

_ 2 (=P /(2p + 1)! 3
PS5 8) e

Following (C3), the series in Eq. (C1) can be summed up

—g+i+9l ( (2—\/§>>] -

oo =——32
Z Tooop _ 1
s 2p 4

10

For the concentration nél/ZD (x/ly) = (1/2D)/l we have

a2 (5) = %eXp(—ZQ) [Hf(z) - AlD\/zX

(=)t 3
me) Y s (5 1) o)

p#0
(C4)
Assuming the Bogolyubov’s method (2) and
employing the expansion uy/op(2)[v1/2p(2)] =

% D) s 2 D) pi
kzOA< I o [ BP0 | 0P (1)

and w=(1/2D) — (1/2D)/w o

(1/2D)AT . the

—Zw

collective excitations are descrlbed by the linear system
equations

Z A j2p Z
B - (i DDA o)
1

=0

3 NG
34 M/?D) A ADO2D) ()
2 Woz

2 1/2D 1/2 i)(1/2D
(112 572D 172y (214531)( /2D)

Aéil)(l/QD)

and similar equations but changing &

B,i?(l/ 2D) From these system equations we get at zeroth

order in Aip the w,(co)(lmD) = 2k and at first order,
maszp) _ o [_3 QT}
Wy, 1D [ Ner 00kk |

where

2(2k +3/4)  (4k)!
V2 (2k + 1)1 2% (2k)!

For the second order immediately follows

(2(/20) _ _ (2) /2
(.dk 1/2D + 4A l ; X

= (=) Ep+ ) (p 3B
220! 5 1) Topkk
p#£0 PP

— (1 1 > 2
—= + Toopk
Qp;gp:sék p—k Atk

1

2
_167kTOOkk ] ; k=1,2,.., (C6)

Tookk =

with



()" VAU (k+p+1/2)
™ @+ 1)!(2p+ 1)

Tookp =

1 1
S (k=p)Hk+p+ o

1 5 (C7)

and

1 I2(p+1/2)T (2k —p+1/2)
T e s 2k + D) (2p + D)
(2p+1)[2+ 4k — 2p] .

(C8)

According to Egs. (C6)-(C8) we finally obtain
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S0P ptp (Bcip) o (o)

11

with Cpjp = — 2 [—g + 13 4 9In2 (2_\/3)}

, 4 (1P E -pT2 (p+1/2)
T = ﬁz; [ P2+ 2k +1)! X
F(2k—p—|—1/2)(2p—|—1)(1+2k—p)]

pp!
- Z L + A X
Pt m+k m-—k

: [S(kp)2+k+pr

M(p+5+k)
(2k +1)!

(2p+1)! |4
1722k + 1) (3 4 2k)*
= ( 2) (4 5 ) (Clo)
4 2k [(2k + 1)Y]
For an evaluation of the concentration c,(cl/ D) e just

need to substitute in Egs. (B1) and (B3) nélD)(z) —
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