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Abstract: 

To develop a reliable methodology for the design of steel fibre reinforced concrete (SFRC) slabs, an extensive 

experimental program was carried out with SFRC square panels simply supported in their contour. By adopting a 

moment-rotation approach, a numerical model was developed capable of taking into account the constitutive laws of 

the SFRC for the prediction of the force-deflection response of variety of panel tests recommended in the 

international standards. The predictive performance of the model was assessed by considering results available in 

the bibliography and those obtained on the experimental program. The proposed model was utilized in a parametric 

study to assess the influence of toughness classes of SFRC on the behaviour at serviceability limit conditions, on the 

load carrying capacity, and on the deformational response of SFRC round panels. 
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1. Introduction 

In the last decades, the remarkable advances in the technology of steel fibre reinforced concrete (SFRC) have 

enlarged the use of this composite in numerous fields of application in civil engineering. Steel fibres of different 

shapes, geometries, and ultimate tensile strength are being used as a discrete reinforcement to arrest the crack 

propagation in concrete matrix, and to provide a significant post-cracking residual strength without extra costs on 

the propagation and installation of this reinforcement. These benefits can be mobilised to construct more durable and 

cost competitive structures [1-3]. In fact, the fibres offer resistance to the coalescence of micro-cracks in meso-

cracks, and on the opening of these cracks towards macro-cracks. During this fracture process, the fibre pullout 

mechanisms assure a noticeable increase of the post-cracking fracture energy of cement based materials [4, 5]. In 

particular, SFRC of high post-cracking residual tensile strength can be developed by using relatively high content of 

steel fibres of large aspect ratio (length/diameter) in compositions designed to optimize the fibre reinforcement 

mechanisms [6]. A noticeable post-cracking response of SFRC can assure an ultimate load much higher than the 

cracking load, mainly in statically indeterminate structures [7-9]. Due to the larger degree of statically indeterminacy 

of slabs supported on soil, piles, or reinforced concrete columns, they are the type of structural elements where the 

potentialities of the post-cracking of SFRC can be effectively mobilized in order to practically eliminate the use of 

conventional reinforcement, as demonstrated elsewhere [10-13], where steel fibre reinforced self-compacting 

concrete (SFRSCC) was used to build elevated slab systems for residential buildings [12, 13]. 

Despite the recognized potentialities of SFRC for the enhancement of the sustainability, load carrying capacity, and 

ductility of slab structural systems [11], the still lack of a well-accepted and relatively simple approach capable of 

taking into account the post-cracking benefits of SFRC is an obstacle on the design of this type of structural 

elements, and consequently, on the use of this composite material in certain cases that can constitute cost 

competitive solutions. Traditional elastic approaches neglect the post-cracking benefits of SFRC leading to 

underestimations of the load carrying capacity of SFRC slabs. The yield line theory (YLT) [14] has also been used 

in the design of SFRC slabs supported on soil [3, 15, 16]. This approach provides an upper bound for the load-

carrying capacity of the slab, since an elasto-plastic flexural response is assumed for the slab’s cross section. The 

YLT is consensual when using conventional flexural reinforcement, but the discrete and the “erratic” nature of fibre 

reinforcement erases some concerns on the use of YLT, unless fibre distribution and orientation are taken into 

account on the evaluation of the flexural capacity of a SFRC cross section. The post-cracking contribution of SFRC 
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is simulated by the tensile stress-crack width ( w  ) relationship that can be obtained in direct tensile test (DTT) 

[17, 18] or, alternatively, by using the results of beam bending tests (BBT) [19-21]. 

Computer programs based on the finite element method have been used to simulate the behaviour of SFRC slabs. 

These computer programs include constitutive models capable of modelling the nonlinear behaviour of the SFRC, 

mainly the crack initiation and propagation. 

The numerical simulations of experimental tests with this types of SFRC structures have evidenced, however, that 

for assuring high accurate simulations, the w   obtained directly from DTT and, indirectly by performing inverse 

analysis with the BBT, should be altered, mainly the stress at crack initiation and the fracture energy [11]. This is 

due to the dependency of the post-cracking behaviour of SFRC on the fibre distribution and orientation, as well as 

on the nature of cracking process, since cracks of several orientations are formed in a slab, while in DTT and BBT a 

governing crack is formed orthogonally to the axis of the specimen. Therefore, a design methodology for SFRC slab 

should be based on constitutive models that are representative of the behaviour of the SFRC in this type of 

structures. For the evaluation of the energy absorption of fibre reinforced concrete (FRC) to be applied in slab and 

shell type structures, the experts for specialised construction and concrete systems (EFNARC) proposed a test 

composed of a square panel where its contour is simply supported (SPT-css), and is subjected to a central load [22]. 

Alternatively, the test composed of a round panel simply supported on its contour (RPT-css) has also been utilized 

by some authors [12]. Moreover, a statically determinate round panel test, supported in three pivots (RPT-3ps), was 

recommended in ASTM C-1550 standard [23]. Despite the better representation of the biaxial flexural capacity of 

SFRC, the SPT-css, RPT-css, or RPT-3ps give no explicit information about the tensile post-cracking response of 

SFRC, unless a complementary model is utilized, capable to interpret inversely the mechanical properties of the 

fibrous concrete from the test results. 

The existing analytical and numerical models in this respect are scarce, and are often based on the equilibrium of the 

internal and external work dissipated along predetermined, and often symmetric cracking lines. A simple approach 

was developed by Marti et al. [24] assuming symmetric crack patterns in the SPT-css and RPT-css, and adopting a 

predefined stress-crack width relationship of softening character and with parabolic configuration. By using this 

approach under the framework of the YLT, these authors derived the load deflection curves registered in the 

aforementioned panels. This approach was adopted by Khaloo and Afshari [25] to develop equations capable of 

determining the force-deflection response of a square panel supported on its edges. A semi-analytical model was 
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also developed by Nour and Massicotte [26] to evaluate the post-cracking behaviour of SFRC from the results of 

tests with panels simply supported on its four edges. In this approach the SFRC was assumed to have a tension 

softening behaviour, and the load-deflection response of the panel was determined by the YLT. 

The present paper describes an experimental program conducted to evaluate the influence of the tensile post-

cracking behaviour of SFRC on the load-deflection response of SPT-css. For this purpose, a numerical model is 

developed that considers work equilibrium conditions and constitutive laws of SFRC in tension and compression, 

and uses a moment-rotation approach recently proposed [27]. The predictive performance of this model is assessed 

by simulating the force-deflection response of SPT-css, and RPT-3ps obtained in experimental programs. A 

parametric study is carried out with this model for assessing the influence of the post-cracking performance of SFRC 

on the behaviour at serviceability limit conditions, on the load carrying capacity, and on the deformational response 

of RPT-css. 

 

2. Experimental program 

2.1. Compositions and material properties of SFRSCC 

The test program was conducted on samples made by SFRSCC, whose mix design has followed the 

recommendations presented in [28]: the proportions of the constituent materials of the paste were firstly defined, 

then the proportions of each aggregate on the final solid skeleton were determined, and finally the paste and solid 

skeleton were mixed in different proportions until self-compacting requirements are assured in terms of spread 

ability, correct flow velocity, filling ability, blockage and segregation resistance. Two fibre contents, 45 and 60 

kg/m3, were utilized in the developed SFRSCCs, herein designated by FRC45 and FRC60, respectively. Hooked-end 

steel fibres were used, characterized by a length of 33 mm ( fl ), a diameter of 0.55 mm ( fd ), an aspect ratio of 60 

mm ( /f fl d ), and according to the supplier, a yield stress of about 1300 MPa. The compositions of the SFRSCCs 

are indicated in Table 1.  
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Table 1: Compositions of the SFRSCCs used in the experimental program [per 1 m3] 

Material 

FRC45 FRC60 

Mass 

[Kg] 

Mass 

[Kg] 

Cement 401.7 413 

Water 117.3 128 

Super-plasticizer 7.7 7.83 

Limestone Filler 344.3 353 

Fine river sand 178.3 176.9 

Coarse river sand 688.1 644.2 

Crushed granite 600 587.5 

Fibres 45 60 

 

 

2.2. Compressive and tensile strength of the SFRSCCs  

The average values of the compressive (
ccf ) and tensile strength (

ctf ) of the SFRSCCs are summarized in Table 2. 

The 
ccf  of the SFRSCCs at 28 days was obtained by performing compression tests with cylinder specimens 

according to EN 206-1 [29], while the 
ctf  and modulus of elasticity (

cE ) were determined following the 

recommendations of fib Model Code 2010 [19], hereafter abbreviated by fib MC-2010, by applying Eq. (1) and (2), 

respectively. 

 

 

 

2/30.30 for 50 / 60 (1a)

2.12ln 1 /10 for 50 / 60 (1b)

 


 
  

cc

ct

cc

f C

f

f C

 

1/3

21.5
10

 
  

 

cc

c

f
E     [

ccf  in MPa, 
cE in GPa]       (2) 

 

Table 2: Material properties of the SFRSCCs used in the experimental program 

SFRSCC 
ccf  

ctf  
cE  

[MPa] [MPa] [GPa] 
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FRC45 65.2 3.43 40.17 

FRC60 61.9 3.27 39.48 
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2.3. Post-cracking response of the SFRSCCs 

In prismatic elements, like standard beam utilized in the beam bending tests (BBT), fibres are preponderantly 

aligned with the length of the element due to the wall effects, while in the slabs and shell type elements fibres have a 

tendency to be orthogonally to the SFRSCC flux lines, mainly when fibre concrete has a pronounced self-

compacting character [30]. Therefore, BBT conduct, in general, to a post-cracking residual strength higher than the 

one registered in specimens with the crack plane orthogonal to the SFRSCC flow direction in a slab, leading to 

unsafe design predictions. By extracting cylinder cores from a slab prototype and executing on the corresponding 

double edge wedge splitting type of test (DEWST) [31] notches of different orientation in respect to the SFRSCC 

flow direction, stress-crack width relationship representative of the SFRSCC in the real application can be obtained. 

Furthermore, due to the heaviest mass density of steel fibres amongst the constituents of a SFRSCC, steel fibres 

have a tendency to sink along the depth of the element, in the casting direction [32]. By obtaining the DEWST 

specimens from slicing at different depth of the cylinder cores extracted from a slab prototype [16], the influence on 

the stress-crack width of the fibre distribution in the depth of the slab can be captured, which provides reliable 

information for layered modelling approaches [3, 6]. 

Therefore, in the present study, the post-cracking response of the SFRSCCs was characterized by executing DEWST 

[31] conducted on samples extracted from the intact regions of the “mother” tested panels. A special device was 

used to assure a “V” shape notch of mutually orthogonal surfaces (Fig. 1a), where the longitudinal axis of the “V 

channel” coincides with the casting direction (Fig. 1a). Furthermore, to favour the crack propagation along the plan 

formed by the apex of the V notches, vertical notches with a depth of 10 mm and a width of 5 mm were executed 

over the width of the specimen at the apex of each “V” notch (Fig. 1b).  
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Fig. 1: Details of the double edge wedge splitting test; a) sample shape, b) geometry of the “V” notch, c) test setup 

(dimensions in mm). 

 

The set-up of the DEWST is depicted in Fig. 1c, where the compressive force, applied by a hydraulic actuator of 100 

kN capacity, was introduced to the specimen by means of a pair of steel bars of 30 mm diameter, laid into the top 

and bottom “V” notches (Figs. 1b and 1c). This configuration induces the formation of a governing crack in the 

notched plane (designated by “Fracture surface” in Fig. 1c), due to the development of a tensile stress field with 

principal tensile stresses preponderantly orthogonal to this plane. Therefore, the orientation of this crack in the 

DEWST is the same of the flexural cracks in the corresponding performed SPT. However, the cracking evolution 

process in both cases are different, since for the DEWST it is expected an almost constant crack width in the fracture 

surface during the loading process (plane stress state), while in the SPT the crack opening has an almost linear 

profile along the depth of the panel due to the flexural nature of these cracks. Adopting a measurement length of 50 

mm, the average crack mouth opening displacements (CMOD) were obtained from the six displacement transducers 

(LVDTs) mounted on front and rear faces of the samples, as depicted in Fig. 1c. The test procedure was controlled 

by the actuator’s internal LVDT, at a displacement rate of 0.2 mm/min. The transverse tensile stress along the 

fracture surface was obtained indirectly from the applied compressive load  F  through the following equation [31]: 

t

fs fs

F

h l
 


           (3) 

where fsh  and fsl  are the height and length of the fracture surface (see Fig. 1a), and   is a reduction factor that 

depends on the angle of the “V” notch and on the concrete-steel bar frictional coefficient [31]. To assess the value of 

  parameter, the average stress-CMOD relationship of the DEWST was compared with that obtained from direct 

tensile tests (DTT) in a research program conducted in parallel to the present study where the same test apparatus 

was used. These results are compared in Fig. 2, where a   parameter value of 0.9 was considered for taking into 

account the effect of the right angle of the “V” notch and the two lubricated Teflon layers applied between steel bars 

and concrete (see Fig. 1b). 

 



9 

 

 

Fig. 2: Comparison between stress-CMOD relationship of DTT and DEWST. 

 

 

The post-cracking response of FRC45 and FRC60 in terms of tensile stress-crack mouth opening displacement, 

abbreviated hereafter by stress-crack width relationship, is shown in Fig. 3a and 3b, respectively, where the 

envelope represents the scatter of the six DEWST samples extracted from each series of the square panels. The 

envelope indicates the maximum and the minimum of the entity represented in the ordinate axis for each value of the 

entity represented in the abscissa axis. This approach is applied to the envelope concept of all the figures presented 

in this paper. 

  

a) b) 

Fig. 3: Envelope and average tensile stress-CMOD relationship of the DEWST: a) FRC45, b) FRC60. 
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As expected, the energy absorption during the fracture process ( fG – area under the stress-CMOD relationship) was 

higher in FRC60 due to the larger content of fibres utilized. Up to a CMOD of 3.5 mm, the fG  of FRC60 was 40% 

higher than the one of the FRC45. 

2.4. Square panel test with continuous simply support (SPT-css) 

2.4.1. Geometry and test setup 

The test program with SPT-css comprised two series of six square panels with dimensions of 600 × 600 × 100 mm3 

that were built with FRC45 and FRC60 compositions, designated as SP45 and SP60, respectively. By following the 

EFNARC specifications [22], the square panels were tested according to the test setup represented in Fig. 4, where 

the panel is simply supported on its contour with a clear span length of 500 mm in each direction, subjected to a 

central load distributed via a 100 × 100 × 25 mm3 steel plate. The load was applied by a hydraulic actuator of 250 

kN capacity, and was measured by a load cell of 200 kN capacity. The test was displacement controlled by using a 

LVDT of 50 mm gauge length that measured the vertical deflection of the loading plate. The imposed deflection rate 

was 0.25 mm/min up to 0.5 mm, and 1.0 mm/min up to attain 25 mm deflection in the centre of the panel [22]. 
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Fig. 4: Test setup of the SPT-css (dimensions in mm). 

2.4.2. The SPT-css results and analysis 

The panels failed predominantly in flexure with the crack patterns represented in Fig. 5, without a noticeable 

influence of the content of fibres in this respect. Apart the SP45-5 and SP60-5, and also the SP60-6 that include 5 

and 6 cracks, respectively, four dominant cracks were formed.  
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Fig. 5: Ultimate crack patterns of the square panels of series: a) SP45, b) SP60. 

 

The different crack patterns observed in some panels is due to the fact that the fibre dispersion and orientation have 

erratic nature, which is very sensitive to the casting procedure [33]. The formation of larger number of cracks in 

some of the panels is justified by a larger number of fibres or/and a better orientation of fibres bridging the four 

primary formed cracks.  

Fig 5 also reveals the formation of four diagonal cracks in SPT-css assumed by the YLT [14] was not verified in this 

experimental program, since almost all tested panels include cracks that intersect the edges of the panel, leading to 

pseudo-yield lines of smaller length than the ones considered in the YLT. In consequence, the YLT may 

overestimate the load carrying capacity of this type of panels. It should be noted that in the context of the YLT 

applied to FRC structures, a crack is assumed as a pseudo-yield line due to the relatively high post-cracking flexural 

resistance of FRC. Bjøntegaard [34] has determined experimentally the influence of the support-friction conditions 

on the behaviour of SPT-css, by comparing the force vs. central deflection relationship (
cF  ) obtained from SPT-

css and from SPT with a frictionless test setup assured by using two layers of plastic sheet with grease for the 

interface between the support and the panel. This study revealed an average reduction of 15% and 46% of the peak 

load and the residual load at 25 mm deflection, respectively, when support-friction was eliminated in the test [34]. 
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This reduction was considered on the evaluation of the envelope and on the average of the force versus central 

deflection (
cF  ) of SPT-css represented in Fig. 6, in order to exclude the effect of friction on the obtained results. 

This was executed by updating the magnitude of the force recorded experimentally ( expF ) according to the 

following equation: 

max

max max

exp

exp

0.85 (4a)

(4b)0.85 0.0124( )

 


 

    

F

c c

F F

c c c c

F

F

F

 

   

 

where 
maxF  is the peak load and maxF

c  is the panel central deflection corresponding to 
maxF .  

 

  

a) b) 

Fig. 6: Force-central deflection of SPT-css in series: a) SP45, and b) SP60. 

 

  

a) b) 

Fig. 7: Energy absorption vs. central deflection of SPT-css in series: a) SP45, and b) SP60. 
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The energy absorption versus central deflection (
cW  ) in the SPT-css is represented in Fig. 7, where the 

c
W  was 

determined by integrating the 
cF   curve according to the following equation:  

0

.
c

c cW F d



              (5) 

 

3. Development of numerical model  

To have an explicit representation of the influence of the tensile post-cracking response of FRC on the load carrying 

capacity of SPT-css, RPT-css, and RPT-3ps, a numerical model was developed by using a moment-rotation 

approach [27] and virtual work method. This model can be applied to any type of FRC, as long as the constitutive 

laws of the FRC are known, mainly its stress-crack width relationship. 

 

3.1. Constitutive laws of FRC 

3.1.1. Compressive behaviour 

Regarding to the dominant intervening mechanisms, the compressive response of FRC can be subdivided into two 

distinct stages: the pre-peak and the post-peak region. Until the peak load, only small isolated and randomly 

distributed cracks exist in the volume of the material, and the distribution of stresses and strains can be reasonability 

predicted by continuous mechanics. Therefore the pre-peak compressive behaviour of FRC is characterized by the 

stress-strain law (
cc cc  ) schematized in Fig. 8a, whose equation was proposed by Vipulanandan and Paul [35], and 

later modified by Barros and Figueiras [36] for SFRC reinforced with hooked-end fibres: 

 
   

,

1

, ,

/

(1 ) / /

cc cc p

cc cc cc q

p
cc cc p cc cc p

f

p q q p

 
 

   




   

       (6) 

,sec 1
1 , ]0,1[ , 0

c

c

E q
q p p q

E p


              (7) 

where ,cc pε  is the strain corresponding to the concrete compressive strength (
ccf ) obtained from the following 

equation:  

, , 0.0002PC

cc p cc p fε ε W            (8) 
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Fig. 8: Compressive behaviour of a FRC: a) pre-peak stress-strain response, b) post-peak stress-deformation 

response, c) sliding of a concrete wedge along radial crack on the top compressed face of a panel. 

 

where 
fW  is the fibre weight percentage, and 

,

PC

cc pε  is the strain at compressive strength of the plain concrete of the 

same strength class of FRC [19]. In Eq. (7)
,seccE  is the secant modulus of elasticity of concrete  ,/cc cc pf ε , and 

cE  

is the Young’s modulus determined from Eq. (2). Moreover, p  is a parameter ranging between 0 and 1 that can be 

obtained from the following equation:  

 1.0 0.919exp 0.394 fp W            (9) 

If hooked ends steel fibres is not the reinforcement system, equations (8) and (9) should be calibrated since they 

were determined for concrete reinforced with this type of fibres.  

After the peak load, an increase of the deformation leads to the subsequent coalescence of internal cracks into major 

cracks where the damage is localized. This invalidates the use of strain as state variable in constitutive laws for 

concrete [37], and since the localized damage band can be physically simulated by a crack, the fracture mechanics 

should be used to describe the failure of concrete. When concrete enters in its post-peak stage, the compressive 

behaviour is simulated by the stress versus effective strain ( , / cc ef cc hε ε u L ) diagram schematically depicted in 

Fig. 8b. The compressive behaviour at this stage is governed by the shear sliding of a concrete wedge in the 

compression zone, as depicted in Fig. 8c.  
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Fig. 9a represents schematically the formation of a concrete wedge shear sliding in the compression zone of a FRC 

element subjected to pure bending, M, and corresponding rotation of θ  of the extremities. In Fig. 9a is also 

considered an equal spacing of 
hL  for the flexural cracks formed along the beam length. A concrete elementary 

volume of a length of / 2hL  crossed by the shear band zone is represented in Fig. 9b. The stress and displacement 

components acting in this shear band zone are depicted in Fig. 9c, where 
1τ  and  

1σ  represent the shear and the 

compressive stress, respectively.  

 

 

Fig. 9: a) Concrete wedge shear sliding in the compression zone of a bending element, b) concrete element under 

compression, c) stresses and displacement of the wedge. 

 

Due to the softening nature of the variation of 
1τ  and 

1σ  with the increase of shear sliding in a shear bands [38], the 

compressive stress in the concrete also decreases with the increase of the sliding  S . The shear stress in the shear 

band can be correlated to the axial displacement of the wedged concrete by the following equation [39]: 

 
0.91

1

1 0.497 30.142 51.623 N,mm
cos 30

   
      

   

cc

cc

cc c

fu
f

f





     (10) 
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where 
c  is the concrete frictional angle, which can be assumed equal to 37° for ordinary concrete, and u  is the 

horizontal component of sliding (S) of the concrete wedge in compression softening (Fig. 9c). Imposing equilibrium 

equations in both horizontal and vertical directions of the forces acting on the concrete wedge of Fig. 9c, the 

following equation is derived for determining the concrete compressive stress for the sliding displacement u  in the 

post peak stage of the compression behaviour: 

 
 

 

 

 

 

0.91

0.91

2

30.142 0.497
cos 302

N,mm
sin 2 sin

1 51.623
30cos

   
        

                  

cc
cc

c

cc

c c cc

cc c

fu
f

u
fu

f




 



   (11) 

More detailed information in this respect can be found elsewhere [27]. 

 

3.1.2. Tensile behaviour  

The tensile behaviour of FRC is decomposed in pre-cracking and post-cracking phases. The pre-cracking response 

of FRC is simulated by a linear stress-strain response (Fig. 10a): 

   0ct ct c ct ct crE                                                                                                                              (12) 

 

 

Fig. 10: Tensile behaviour of a FRC: a) stress-strain pre-peak response, b) post-peak stress-crack width response. 

 

where 
cr ct cε f E  is the strain at crack initiation, and 

ctf  is the tensile strength that can be obtained from Eq. (1). 

The post-cracking response of FRC is simulated by a stress-crack opening diagram that can be formed by multi-

linear segments (Fig. 10b) in order to have the potential of capturing, with high accuracy, the behaviour of strain 

softening and strain hardening FRCs [40]: 
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     

 

1 1

1

0 0 6 60 6, 1, 0, 0,

 



 
     

 
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m

ct m m m ct m m

m m

u

w w
σ w α α α f w w w

w w

m to α w α w w

                                                                   (13)         

where 
m m ctf   is the normalized stress parameter corresponding to the crack width 

mw , and 
uw  is the ultimate 

crack width considered for the FRC. 

 

3.2. Cinematic assumptions 

In the proposed model it is assumed that in SPT-css, RPT-css and RPT-3ps, just after the peak load, dominant cracks 

propagate in the panel according to a general asymmetric crack pattern. For the sake of simplicity, it is assumed that 

the cracks are straight and radiate from the centre of the panel (point C in Fig. 11) with random orientation. In the 

particular case of the SPT-css, the cracks have different length, in agreement to the test results (see Fig. 11).  

 

Fig. 11: Crack pattern and deformation of panel in: a) SPT-css, b) RPT-css, and c) RPT-3ps. 

 

In Figs. 11a and 11b are schematized the considered deflection configuration for SPT-css and RPT-css, respectively, 

where the propagation of 
crn  cracks subdivides the panels into 

crn  intact (un-cracked) plates, whose elastic 
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deformation is recovered in the structural softening stage when cracks are opening gradually. Since this elastic 

deformation is much lower than the deflection due to crack opening, it can be neglected, and the vertical 

deformation of the panel’s centre (point C) is caused by the rigid rotation of the plates in turn of their connecting 

dominant cracks. 

It is notable that, due to asymmetry of the crack patterns often observed in SPT-css and RPT-css, rotation of the 

rigid plates, in general, does not necessarily take place around the support line as observed at initial test conditions. 

In fact, in a SPT-css (or RPT-css), the panel contour has a tendency to move upward, losing the initial contact 

between panel and supporting system (Figs. 11 and 12).  

 

 

Fig. 12: Upward deflection of slab with respect to support line. 

 

 

Fig. 13: Representation of imaginary pivots and rotational axes of uncracked plates in: a) SPT-css, and b) RPT-css. 
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In this case the panel keeps resting on the points located at the intersection of the radial cracks with the support line, 

herein designated by imaginary pivots, as schematized in Fig. 13. The rotational axis of each rigid plate is 

considered the line drawn between two pivots supporting the plate, as indicated by the dotted lines in Fig. 13. 

In Fig. 14a is schematized the ith crack and its two contiguous rigid plates, designated by plate 1 and plate 2, 

respectively, in a SPT-css. The overall rotation of the ith crack is the result of the rigid rotation of the adjacent plates 

around their own axes. Taking a normal to the alignment of the ith crack from the mid-point of the rotation axes of 

the panels 1 and 2, point 
,1iA  and 

,2iA , its intersection with the ith crack gives the points 
,1iB  and 

,2iB , 

respectively (Fig. 14b).  

 

 

Fig. 14: a) Rigid rotation of intact plates in SPT-css, and b) crack rotation analysis in SPT-css. 

 

Assuming a linear variation of vertical deflection along the crack and considering zero deflection at the pivot of the 

ith crack (
ip  in Fig. 14b), the deflection of points 

,1iB  and 
,2iB  can be determined from the deflection occurred in 

the centre of the panel in the kth step of loading (
C

k ): 
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          (14) 
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i ik k

B

i

B p

Cp
 

 
  
 

          (15) 

The 
C

k  is assumed linearly dependent of the incremental central deflection (
C

 ) adopted in the computation

 
C C

k k   . The deflections 
,1i

k

B  and 
,2i

k

B  impose, respectively, the rotations ,1

k

i  and , 2

k

i , as depicted in 

Fig. 14b, determined by the following equations:  

,1

,1

,1 ,1

i

k

Bk

i

i iA B


             (16) 

,2

, 2

,2 ,2

i

k

Bk

i

i iA B


             (17) 

By adding the rotations of the plates connecting the ith crack, it is obtained the rotation of this crack due to the 

imposed deflection 
C

k  at the panel centre: 

,1 , 2

k k k

i i i               (18) 

In case of RPT-3ps, due to its statically determinate nature, three radial cracks often propagate between the point 

supports and, therefore, the round panel is subdivided in three rigid plates. The rotation axes of the plates in the 

RPT-3ps are the lines drawn tangent to the slab perimeter at each point support and intersect mutually at the 

assumed imaginary point located in the alignment of the median crack (Fig. 15).  
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Fig. 15: Crack rotation analysis in RPT-3ps. 

 

In the RPT-3ps the alignment of a radial crack in each sector of the panel, between two consecutive point supports, 

can have a certain deviation with respect to the line bisecting that sector (represented by dotted lines in Fig. 15). 

Considering this type of misalignment for the ith crack, represented by 
i  in Fig. 15, the two corresponding 

rotational arms ( ,1 ,1i iA B  and 
,2 ,2i iA B ) intersect the crack alignment in two distinct points: ,1iB  and ,2iB . The resisting 

bending moment per unit width of the slab section corresponding to the imposed k

i , k

iM , is determined from the 

model proposed by Taheri and Barros [27].  
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Fig. 16: a) Cracked FRC segment of length   submitted to pure bending, and b) layer approach to discretize the cross 

section. 

 

Fig. 16 shows a segment of a FRC beam of a length 
hL  that represents the distance of two consecutive flexural 

cracks. For FRC elements without conventional flexural reinforcement, fib MC-2010 [19] recommends 
hL = h  (= 

thickness of the element’s cross section). This segment of beam is assumed subjected to a bending moment k

iM  and 

correspondent overall rotation k

i . The cross section is discretized in n  layers, and is assumed symmetric. For a 

wide applicability of the model, the cross section can have a width that varies along its depth. The width, the 

thickness and the depth of the jth layer (with respect to the top surface of the cross section) is designated by, 

respectively, 
jb  ,

jt , and 
jd (Fig. 16b). For the sake of simplicity of the notation, the superscript k representing the 

load step of the panel will not be used in the symbols of the layer model for the evaluation of the moment-rotation 

relationship of the cross section. 

For each value of k

i  resultant from the imposed central deflection (Eq. 18), the axial displacement of the jth layer, 

jD , is determined by considering its position ( jd ) and the depth of the neutral axis (
NAd ): 

k

j i j NAD d d            (19) 

Accordingly, the effective strain of the jth layer is obtained from the following equation: 

,

j

ef j

h

D

L
             (20) 

The compressive force of the layer, whose 
j NAd d , can be obtained from the following equation: 
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where 
cc  is the compressive stress of the FRC that can be determined from Eqs. (6) and (11), and 

ju  is determined 

by solving iteratively the following system of equations [27]: 

 

   

, ,

,

/ 0 (22a)

(22b)0

   



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ef j cc j j h

cc j cc cc j

ε ε u L

σ u σ ε

 

where 
,cc jε  is the pre-peak compressive strain of the layer subjected to the axial displacement ju  (see Fig. 8b). The 

internal force of the tension layers (
j NAd d ) is obtained from the following equation: 

 

 

, ,

,

(23a)

(23b)

 
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 
 


ct ef j j j ef j cr

j

ef j crct j j j

b t if

F

ifw b t

   

 

 

being 
jw  the crack width determined by solving iteratively the following equation [27]: 

 ct j

j j h

c

w
w D L

E

 
  
  

          (24) 

where 
ct  is the post-cracking tensile stress of FRC obtained from Eq. (13). The depth of the neutral axis, 

NAd , is 

determined by satisfying the equilibrium of internal forces of the layers of the section (
1

0
n

j

j

F


 ). After the 

equilibrium has been assured, the bending moment of the unit width of the panel corresponding to the applied k

i  

can be evaluated from the following equation: 

1

n
k

i j j

i

M F d


            (25) 

By applying the principle of the virtual work, the deflection of the central point of the panel for the kth loading step is 

obtained from the following equation: 

 ,

1

1 crn
k k k

c i cr i ik
ic

F M L 
 

           (26) 
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where ,cr iL  represents the length of the ith crack. The flowchart of the algorithm adopted in the proposed model is 

described in Fig. 17. 

 

 

Fig. 17: Flowchart of the algorithm adopted in the developed model. 

 

3.3. Assessment of the predictive performance of the proposed model  

The predictive performance of the proposed model for SPT-css was assessed by simulating the tests described in 

Section 2. For this purpose, the crack patterns registered experimentally (Fig. 5) were approached by straight crack 

lines radiating from the centre of the panels (Fig. 18), in accordance to the assumption adopted in the model. 
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Fig. 18: Crack patterns registered experimentally (grey colour) and considered for the simulations (straight black 

lines) in: a) SP45, and b) SP60. 

 

For the compressive strength and the Young’s modulus of FRC45 and FRC60 the values indicated in Table 1 were 

considered, while the stress-crack width response of FRC45 and FRC60 was obtained by DEWST, by adopting the 

multi-linear diagram represented in Fig. 19a, whose defining parameters are summarized in Table 3. By adopting the 

tensile constitutive laws of the FRCs (Fig. 19a), the moment-rotation response of the unit width of square panels 

made with FRC45 and FRC60 (i.e. SP45 and SP60, respectively) was determined from the proposed algorithm as 

depicted in Fig. 19b.  

 

Table 3: Parameters defining the stress-crack width diagrams (Figs. 10 and 19a) obtained from DEWST 

FRC 
ctf  

1α  
2α  

3α  
4α  

5α  
1w  

2w  
3w  

4w  
5w  

uw  

[MPa] - - - - - [mm] [mm] [mm] [mm] [mm] [mm] 

FRC45 3.43 0.55 0.57 0.51 0.36 0.26 0.20 0.40 0.75 1.20 2.00 5.00 



27 

 

FRC60 3.27 0.89 0.96 0.61 0.50 0.37 0.01 0.15 0.30 1.00 1.50 5.00 
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a) b) 

Fig. 19: a) Multi-linear post-cracking response of the FRCs, b) Moment-rotation response of a cross section of unit 

width of a square panel made with FRC45 and FRC60. 

 

The relationship between the applied force and the post-peak central deflection obtained experimentally and that 

predicted by the model are compared in Fig. 20a and 20b for the SP45 and SP60 series, respectively. For the 

experimental results it is represented the average curve, while for the model application it is depicted the envelope of 

the simulations carried out by considering the cracking patterns of the panels (Fig. 18). A good agreement is 

observed between the model and the experimental results. According to Fig. 20b larger scatter of the force-

deflection response was obtained in case of SP60 series because four, five and six dominant cracks were considered 

in the simulations for taking into account the crack patterns registered experimentally. In case of SP45 series a 

negligible scatter of the results was obtained because apart panel SP45-5, four cracks were formed.  

  

a) b) 

Fig. 20: Relationship between load and the deflection after crack initiation (average experimental results and 

envelope of the model’s prediction) in SPT-css tests of series: a) SP45, and b) SP60. 
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a) b) 

Fig. 21: a) Force-central deflection relationship of RPT-3ps obtained experimentally [41], b) stress-crack width 

response of the SFRC of the RPT-3ps [41]. 

 

To assess the predictive performance of the proposed model when applied to RPT-3ps, the results of the 

experimental program presented in [41] were considered. In Fig. 21a is represented the force vs. central deflection of 

two round panels (designated by panel D2 and D4) of a diameter of 800 mm, a thickness of 80 mm, and a span 

radius (distance between support and centre of the panel) of 375 mm that were tested according to the ASTM C-

1550 [23] recommendations (Fig. 11c). The panels were made of a SFRC reinforced with 60 kg/m3 of steel fibres 

with a length, diameter, and aspect ratio of 60 mm, 0.75 mm, and 80, respectively. The post-cracking response in 

terms of stress-crack width relationship ( w  ) of this SFRC was obtained through direct tensile tests (DTT), 

whose average curve is represented in Fig. 21b [41]. This figure also includes the diagram formed by several linear 

branches that best fits the experimental curve that was used in the simulation.  
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Fig. 22: Failure mechanism of the RPT-3ps panels: a) panel D2, and b) panel D4 [41]. 

 

Moreover, the simplified cracking patterns of Fig. 22, experimentally registered for the panels in [41], were adopted 

in the model to achieve the envelope of the model prediction as represented in Fig. 23. 

 

 

Fig. 23: Force vs. post peak central deflection of RPT-3ps reported in [41] and predicted by the model. 

    

Fig. 23 presents the average force vs. post peak central deflection obtained experimentally, and the envelope of this 

relationship determined by the developed model, where it can be concluded that the model is capable of capturing 

the peak load and the post-peak behaviour of this type of panels with acceptable accuracy, by taking into account the 

w   obtained from DTT. This envelope response, obtained with the simulations, is due to the variation of the 

crack patterns of Fig. 22 considered in the simulations. The quite small width of this envelope indicates that the 

inclination of cracks has relatively small impact on this type of relationship when the number of radial cracks is 

preserved constant. When the predictive performance of the model applied to SPT-css (Fig. 20) is compared to the 

one obtained on the simulations of the RPT-3ps (Fig. 23), the performance was not so good in the last type of 

panels. However, the justification for this different level of predictive performance is due to the distinct strategy 

adopted to derive the w   used in the model. In fact, while in the simulations of the SPT-css the w   was 

obtained from the tests executed in specimens extracted from the panels, and therefore are representative of the fibre 

distribution and orientation of the SFRC applied in the panel, in the simulations of the RPT-3ps the w   was 
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determined from the results obtained in DTT tests executed with cast specimens, whose fibre distribution and 

orientation do not represent properly the SFRC in the panel. 

 

 

 

 4. Parametric study 

By using the developed numerical model, the influence of the post-cracking response of FRC on the load carrying 

capacity of a RPT simply supported in its contour (RPT-css) was evaluated executing a parametric study conducted 

on a round panel with a diameter of 1500 mm and a thickness of 150 mm, and subjected to a point load in its centre 

(Fig. 24a) [12]. 

 

Fig. 24: a) Geometry of the RPT-css; b) cracks patterns considered in the parametric study (dimension in mm). 

 

In the performed parametric study the C60 concrete strength class (
ckf = 60 MPa) was used and, as indicated in 

Table 4, four FRC of different toughness classes, classified as 6a, 6d, 12a, and 12d according to the 

recommendations of fib MC-2010 [19], were considered.  
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Table 4: Adopted FRC toughness classes according to the fib MC-2010 [19] 

Case study 
Toughness 

class 

Interval of 
1Rf  

[MPa] 

Interval of 

3 1/R Rf f  

FRC-6a 6a [6-7] [0.5-0.7] 

FRC-6d 6d [6-7] [1.1-1.3] 

FRC-12a 12a [12-13] [0.5-0.7] 

FRC-12d 12d [12-13] [1.1-1.3] 

 

 

In this toughness classification the number and the letter (a, b, c, d or e) represent the intervals for, respectively, the 

1R kf  and 
3 1R k R kf / f  ratio.

1R kf  and 
3R kf  are the characteristic values of flexural tensile strength of FRC 

corresponding to the crack mouth opening displacement of 0.5 mm and 2.5 mm, respectively, measured in three 

point bending test on notched beams. For instance, when a material is denoted as “7b”, it has a 
1R kf  ranging 

between 7 and 8 MPa, and a 
3 1R k R kf / f  ratio ranging between 0.7 and 0.9 (see Fig. 25). 

 

Fig. 25: The concept of toughness class for FRC based on the relationship between the flexural stress and CMOD 

[19]. 

 

 In Fig. 26a is schematized the stress-strain diagram recommended by fib MC-2010 for FRC in the ultimate limit 

state conditions [19]. In this diagram 
,Fts kf  and 

,Ftu kf  are the characteristic values of the residual flexural tensile 

strength at service and ultimate conditions, respectively, determined by applying the following equations [19]: 
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, 1,0.45Fts k R kf f            (27) 

, , , 3, 1,

3

( 0.5 0.2 ) 0u

Ftu k Fts k Fts k R k R k

w
f f f f f

CMOD
           (28) 

where 
uw =2.5 mm is the considered maximum crack opening. In the diagram of Fig. 26a, 

A  is the strain at the end 

of fist linear branch  ,0.9 /ct k cf E , 
P  is the strain corresponding to the tensile strength  ,ct kf  assumed equal to 

0.15‰, and 
SLS  and 

SLU  are, respectively, the strain corresponding to 
,Fts kf  and 

,Ftu kf : 

1 /SLS csCMOD l            (29) 

 min 2%,2.5 /ULS csl            (30) 

where 
csl  is the structural characteristic length (in mm), which is considered equal to the slab thickness (=150 mm) 

[19].  

 

 

Fig. 26: a) Stress-strain and, b) stress-crack width diagram for FRC according to the recommendations of fib MC-

2010 [19]. 

 

By using the concept of structural characteristic length, the stress-strain response of FRC can be converted on the 

corresponding stress-crack width relationship as schematized in Fig. 26b. By adopting the methodology 

recommended by fib MC-2010 [19], the post-cracking behaviour of the FRCs of the considered toughness classes 

(Table 4) are simulated by the diagrams represented in Fig. 27. 
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Fig. 27: Stress-crack width diagrams of SFRC of the adopted toughness classes. 

 

In the performed parametric study, by considering the symmetric crack patterns of Fig. 24b, the influence of the 

number of dominant cracks was evaluated in terms of the force-deflection response of RPT-css when using FRC-6a 

and FRC-12d, whose results are represented in Fig. 28a and 28b, respectively. According to Fig. 28, adopting larger 

number of dominant cracks leads to lower structural stiffness (i.e. larger deflection for the same load level) and 

decreases with the same rate the load carrying capacity of the FRC-6a and FRC-12d panels. A decrease rate of 17%, 

20%, and 21% is obtained in case of 8, 16, and 64 cracks, with respect to the case when 4 cracks are adopted. 

However, for both types of FRC (FRC-6a, and FRC-12d), assuming the formation of more than 16 cracks in this 

type of panel has an impact on the load carrying capacity that do not exceed 1%, which reveals that the load-

carrying capacity of the RPT-css becomes gradually stabilized with the increase of the number of cracks.  

  

a) b) 

Fig. 28: Influence of the number of cracks on the force-deflection response of RPT-css made by: a) FRC-6a, b) 

FRC-12d. 
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The impact of the post-cracking behaviour of FRCs on the force-central deflection response and on the 

corresponding energy-deflection relationship of the RPT-css was evaluated by considering 8 radial cracks, and the 

obtained results are depicted in Fig. 29a and 29b, respectively. 

  

a) b) 

Fig. 29: Influence of the post-cracking response of FRCs on the a) force-deflection, and b) energy-deflection. 

From these results it is verified that by increasing the
1R kf from 6 MPa to 12 MPa an average increase of 52% was 

obtained in terms the load-carrying capacity of the panel. However, the variation of the 
3 1/R k R kf f  had a much 

smaller impact on the load carrying capacity of the slab. In fact, an increase of 7.5% was obtained replacing FRC-

12a (
3 1/R k R kf f =0.7) by FRC-12d (

3 1/R k R kf f =0.9), while no benefit was registered when FRC-6a was replaced by 

FRC-6d. The highest impact of the 
3 1/R k R kf f  parameter on the force-central deflection response is in its ductility. 

The 
1R kf  parameter has also a significant influence on the deflection at peak load. In fact, the peak load of the panel 

was attained at a central deflection of 1.05 mm in case of FRC-6a and FRC-6d, and 2.8 mm and 5.65 mm in case of 

FRC-12a and FRC-12d, respectively. According to Fig. 29b, the increase of the 
3 1/R k R kf f  parameter has noticeable 

influence on the energy absorption of the panels, were an average enhancement of 63% was obtained up to a central 

deflection of 30 mm for the both FRC-6d and FRC-12d when compared to FRC-6a and FRC-12a, respectively. The 

relationship between the force and the average crack width (at bottom surface of the panel) is represented in Fig. 30 

for the considered FRC toughness classes and 8 radial cracks adopted in the present parametric study. According to 

the obtained results, up to the maximum crack width limit recommended by fib MC-2010 [19], i.e. 0.3 mm, the 

3 1/R k R kf f  parameter has no influence in terms of load carrying capacity for both FRC-6 and FRC-12. However, by 
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increasing the 
1R kf  from 6 to 12 MPa (using FRC-12 instead FRC-6), an increase of 25% of the load carrying 

capacity was registered at a crack width of 0.3 mm.   

 

Fig. 30: Influence of the post-cracking response of FRCs on the force-average crack width. 

 

 

 

 

5. Conclusions 

For deriving the fracture mode I parameters that can be used directly on design approaches for steel fibre reinforced 

concrete (SFRC) slab type structures, a new type of methodology combining experimental and numerical research 

was proposed, capable of determining the stress-crack width relationship that takes into account the fibre 

distribution and orientation caused by the casting conditions in this type of applications. The research program was 

composed by SFRC square panels tested according to the recommendations of EFNARC, since the formation of 

several cracks in this type of test captures in a more reliable way the fibre reinforcement mechanisms expected in 

SFRC slabs. The panels were grouped in two series of the same SFRC strength class, one reinforced with 45 kg/m3 

content of hooked-end steel fibres, and the other with 60 kg/m3. The tensile post-cracking behaviour of these two 

SFRCs was determined by executing double edge wedge splitting tests on samples extracted from the tested panels. 

This test methodology captures correctly the influence of fibre orientation and distribution on the stress-crack width 

relationship obtained by applying an inverse analysis to the obtained results. To have an explicit representation of 

the influence of the tensile post-cracking behaviour of SFRC on the load carrying capacity of SFRC panels, a 

numerical model was developed that considers work equilibrium conditions, the tensile properties of SFRC, and 
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uses a moment-rotation approach. The model can be applied to square and round panels made of any type of fibre 

reinforced concrete (FRC), and its predictive performance was appraised by simulating experimental tests found in 

available bibliography, and those carried out in the present research. By using the proposed model, the influence of 

the post-cracking response of FRC on the load carrying capacity of a round panel with relatively large dimensions, 

and simply supported in its contour, was evaluated under centric load by executing a parametric study. It was 

demonstrated that the panel’s ductility increases significantly with the number of cracks, while the load carrying 

capacity is not significantly affected. In this study four toughness classes of FRC were selected, by considering the 

characteristic values of the flexural tensile strength parameters of FRC (
1R kf  and 

3R kf ), as recommended by fib MC-

2010. For the 8 radial cracks considered, an increase of 52% and 25% was obtained for the load carrying capacity of 

the panel and the load corresponding to the serviceability limit states, respectively. Moreover, the energy absorption 

of the panel was noticeably influenced by the 
3 1/R k R kf f  ratio, where an increase of 63% was obtained when the 

3 1/R k R kf f  parameter increases between 0.7 and 0.9. 
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