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Abstract

In this paper we consider a particularly important case of 3D monogenic polynomials that are
isomorphic to the integer powers of one complex variable (called pseudo-complex powers or
pseudo-complex polynomials, PCP). The construction of bases for spaces of monogenic poly-
nomials in the framework of Clifford Analysis has been discussed by several authors and from
different points of view. Here our main concern are numerical aspects of the implementation
of PCP as bases of monogenic polynomials of homogeneous degree k. The representation
of the well known Fueter polynomial basis by a particular PCP-basis is subject to a detailed
analysis for showing the numerical efficiency of the use of PCP. In this context a modification
of the Eisinberg-Fedele algorithm for inverting a Vandermonde matrix is presented.
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1 Introduction

To understand the meaning and significance of pseudo-complex powers in higher dimensional Euclidean spaces,
we briefly explain some steps from the recent past that led us to this subject.

The authors initiated recently ([7, 8, 9, 21]) the use of PCP as building blocks for Clifford-valued homoge-
neous polynomials in the Clifford Algebra C¥ ,,. The main differences to other approaches (cf. [20]) consist in
fixing the PCP-basis of monogenic polynomials of homogeneous degree k by using a recursively (with respect
to k) defined algorithm for the choice of a parameter set among all vectors in S™. This means, that in the
3D-case the parameter set is related to the primitive roots of unity and can be visualized in the complex plane.
Therefore PCP opened the way to some new insights into the connection of Hypercomplex Function Theory
and Number Theory.

We stressed in [7], by presenting two examples of different choices of the parameter set, also some com-
putational advantages of 3D-PCP in comparison with the generalized powers generated by the well known
Fueter variables. Among other problems, we discussed in [9] the applications of PCP to some problems of
combinatorial nature. In [21] we studied their role in 3D Appell systems and extended the obtained results to
the 4D quaternionic case in [8].

All studies were mainly motivated by two observations. The fact that, apart from the concrete parameter
choice, the PCP obey for a fixed homogeneous degree k all the same structure, isomorphic to the structure of z*
of the complex variable z. This leads immediately to essentially reduced numerical costs for their construction.
From the other side, it led us to interesting studies about different parameter choices and its closed connection
with the primitive roots of unity as mentioned before. Moreover, the freedom of the parameter choice implies


mailto:carla.cruz@ua.pt
mailto:mif@math.uminho.pt
mailto:hrmalon@ua.pt
http://dx.doi.org/10.1007/978-3-319-09144-0_1
http://link.springer.com

Carla Cruz, M.I. Falcdo and H.R. Malonek 2

that PCP can play an important role for the application of bijective methods from enumerative and algebraic
combinatorics (see [9]).

The goal of the present paper is now a detailed discussion of different numerical aspects of 3D-PCP. After
introducing in Sect. 2 the necessary basic notations and results of Hypercomplex Function Theory needed for
use in the subsequent sections, we revisit in Sect. 3 the theory of PCP by presenting and proving some of their
properties. In Sect. 4 we propose an efficient algorithm to obtain PCP which takes advantages of their relation
to the integer powers of one complex variable. This means that the algorithm uses, in its most demanding
steps, only complex arithmetic. A modification of the Eisinberg-Fedele algorithm for inverting a Vandermonde
matrix is presented in Sect. 5, in order to obtain an efficient procedure to derive the series expansion of any
reduced quaternion valued monogenic function in terms of PCP.

2 Basic Notations and Results

Let {1,e1, ez, €3} be an orthonormal basis of the Euclidean vector space R* with the (quaternionic) product
given according to the multiplication rules

e% = e% = eg =—-1, ejes = —eqe; = e3.

This non-commutative product generates the well known algebra of real quaternions H. For a quaternion of
the form © = x¢ + ejx1 + esxs + ezxs3, the conjugate of x is T = x¢g — ejx1 — esxo — ezxs, the scalar part

of z is Scw := x9 = 3(x + Z) and the vector part of z is x := z1€; + z2€2 + x3€3 = §(z — Z). The norm |z
of z is defined by |z|* = 27 = Tz = 2% + 2% + 23 + 2% and it immediately follows that each non-zero x € H
has an inverse given by z=! = iR

Considering the subset
A :=spang{1l,ej, ez} C H,

the real vector space R? can be embedded in A by the identification of each element & = (x¢, 71, 22) € R3
with the so-called paravector or reduced quaternion © = xg + r1€1 + zoes € A.

In what follows we consider H-valued functions f defined in some open subset  C R?*, which are contin-
uously real differentiable.

To call attention to its relation to the complex Wirtinger derivatives, we use for a generalized Cauchy-
Riemann operator in R3 the notation

9 3T::eli+e 9

= 1
3 - 5(30 +a£), 60 - 87:1;0, T axl 287;1;2'

Functions f satisfying the equation 0f = 0 (resp. f0 = 0) are called left monogenic (resp. right monogenic).
We suppose that f is hypercomplex differentiable in £ in the sense of [15] and [20], i.e. has a uniquely defined
areolar derivative f’ in each point of Q. Then f is real differentiable and f’ can be expressed by real partial
derivatives as f/ = 9 f where analogously to the generalized Cauchy-Riemann operator we use 0 := %(80 —0y)
for the conjugate Cauchy-Riemann operator. Since a hypercomplex differentiable function belongs to the kernel
of 0, it follows that in fact f’ = dyf = —0,.f similar to the complex case.

A second structure of R? different from that given by the set of paravectors A consists in the following
isomorphism:

R3 >~ H? = {Z=(21,22) : 2 = T — To€k, To, T €ER; k=1,2},

where the variables z; and zo are reduced quaternions, usually called Fueter variables. For the next step we
apply

Definition 1 Fora, € H (k=1,...,n), the symmetric X-product is defined by

1
a1Xa2X"'XCLn:E E Qi Ay oo - Qg (1)

where the sum runs over all permutations of (i1, ..., i)
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together with the following convention: if the factor a; occurs p;-times in (1), we briefly write

A1 X - XA X XAy X+ X Ay =a1" X - Xal =adt (2)
| —— —_——
M1 Hn
where = (p1, ..., 1y), and set parentheses if the powers are understood in the ordinary way (see [20]).

It can be proved that the symmetric products z{" x z4 are monogenic functions of homogeneous degree

p1 + po which take their values in A and are H-linearly independent (see [19, 20]). We list now several other
essential and well known properties of the so-called generalized powers (GP) of degree k.

Theorem 1 ([4, 19]) The generalized powers G¥ := 2,57% x 2%, s =0,...,k, form a basis of the H-linear
space of homogeneous monogenic H-valued polynomials of degree k.

Theorem 2 ([4, 19]) If f : Q C R® — H is a monogenic function, then the general form of the Taylor series
of f in the neighborhood of the origin is given by

oo k

LSn (kY 9°F0)

oz =3 25 (L) ®)
s=0 1 2

As is indicated in [16], the polynomials G* satisfy the recursion formula

Gl =1,

1
g: E{(k/’_s)zlgf—l‘f‘é’zzgf:f , s=0,...,k (4)

and applying convention (2), the following binomial formula (see, e.g. [20]) can be derived:

k

(z1 + Bz)F = Z (i) ak_sﬁszf_s x z5, with «,5 €R. (5)

s=0

3 Pseudo-Complex Powers

The construction of bases for spaces of monogenic polynomials in the framework of Clifford Analysis has been
discussed by several authors and from different points of view. During the last decade, numerous papers with
emphasis on theoretical questions like their orthogonality or their relationship to Appell systems were published
[1, 3, 10, 13, 14, 18].

Here our main concern are numerical aspects of the implementation of special bases of monogenic poly-
nomials of homogeneous degree k. Concretely, in this section we are going to study a set of polynomials of
the form

Z{(x) = (w0 +ysts)", (6)
where
Ys = asT1 + BsT2 (7)
and
is = agze1 + /8362 (8)
for the particular choice
Bo= (s + Doy = ——1 . s=0,...k (9)
s = (S Qg = ; $s=U,..., K.
V1+(s+1)2
We observe that since o + 82 = 1, it follows that 2 = —1 and therefore one can prove that the above

polynomials are monogenic polynomials isomorphic to the complex powers. To underline this fact we call such
polynomials pseudo-complex powers or pseudo-complex polynomials (PCP).

In the recent past, pseudo-complex powers have been considered by several authors in different contexts.
In [5] it was proved that homogeneous monogenic polynomials of the form

H(kai,bi) = (a;z1 + biz)" ai,b; €R, i =0,...,k
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form a basis of the H-linear space of homogeneous monogenic H-valued polynomials of degree £ if and only if
a? +b? =1and a;b; —a;b; # 0, i,j =0,...,k. In [6], a complete set of pseudo-complex polynomials, having
prescribed properties was constructed. Later on, aspects of combinatorial nature were considered in [9] and
some computational aspects related to the explicit constructions of PCP were already discussed in [7]. The
idea of this paper is to study, in detail, PCP of the form (6)-(9), from a theoretical and computational point
of view.

For the sake of completeness and better understanding, we list and prove the main properties of the PCP
needed in this work.

Proposition 1 The PCP (6)-(9) can be written, in terms of the Fueter variables z; and z3, as
Zl(x) = (asz1 + Bs22)" (is)". (10)
Proof: Since ZF = (Z1)* and
Z! = (as21 4 Bs22)is = (as(w1 — z0€1) + Bs(w2 — 2o€2))is
= (zo(—1s) + T105 + T2B5)1s = w0 + (V1005 + 2255 )1s
the result follows at once. [

Remark 1 Last property reveals that Z¥ = H(kas 5.) (is)¥ and therefore one can conclude that the set { Z¥}k_
is also a basis of the H-linear space of homogeneous monogenic H-valued polynomials of degree k.

Consider now the vectors Z and G containing the £ + 1 PCP and GP of degree k, respectively, i.e.

Z5 o

zZy Gy
Z = . and G = )

zy gr

Proposition 2 The polynomials ZF and G* are linked by the relation
Z=DWV(,2,....k+1)DsG,

where D1 and Dy are the diagonal matrices of order k + 1

D; = diag (a’gig,...,a?i?...,aﬁiﬁ), Dg:diag((g),...,(?),...,(ﬁ)) (11)
and V,, := V(1,2,...,n) is the Vandermonde matrix of order n associated with the equidistant nodes
1,2,....n, ie

1 1 1 ... 1
1 2 22 ... onl
1 n n? ... n!

Proof: The use of Proposition 1 and the binomial formula (5) lead easily to the relation
k\ kk k\ k—1p -k k\ gk sk
(o)atis (Yoo Bodg o (k) B3 39

(akit  B)eh iy o (H)BES

()okir — (Dox™'Bik - (D)BLak
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or equivalently

- k— k
) alg ) 'Bo ﬁé“ (())
.k k— k
1 a’f a; 131 5{€ (1)
Z = g
.k k— k
2 0‘2 Q, ' ﬂ/]i (k)
Since ay #0, s =0,...,k one can write
k
ig ok 1 2 (Lo)k
k
17 @ 1 % (%)k
Z = ) . ) ) ] ) D»G.
. J; k .
2 g 1 % (ﬁ’;)’“

Thus
Z=DV(£,. .., 5)DyG

’Otk

and the results follows now from g— =s+1(cf. (9)). O

4 Numerical Aspects

We focus now on the implementation details of PCP of degree k. Our aim here is to show that, from the
computational point of view, these polynomials can be a good alternative to GP, since they can be computed
by a less time-consuming algorithm. It is clear that the computational time and effort needed to carry out
each polynomial depend on numerous parameters, such as the software used, the structure and complexity of
the polynomials, the technique/algorithm implemented for their calculation, among others.

The numerical experiments reported in this work were obtained by the use of the package [12] which
endow the Mathematica Quaternions package with the ability to perform operations on symbolic expressions
involving quaternion-valued functions. All simulations have been performed in Mathematica 9.0 (64-bit) on a
computer with Intel Xeon E5607 4C 2.26GHz/1066Mhz/8MB processors and 64GB of RAM.

Programming recursively makes it easier to write simple and elegant programs to obtain GP via (4).
However, when the degree k increases, computing GP in terms of recursion reveals one of the potential
drawbacks of recursive programs. The issue is that for the computation of GP of degree k, the value of some
of the GP of lower degree will be needed many times. This means that the time required to compute GP
grows exponentially with k.

We point out that PCP can also be computed by means of a recursive formula (see (6)-(9)), namely

Zh=2zF1zl s=0,...0k, Z2°=1,  Z!=wx+ysis. (13)

Both recursion solutions (4) and (13) are natural but inefficient, since many identical recursive calls are
made during any given calculation, i.e. both problems exhibit overlapping subproblems. This issue can be
observed in Fig. 1, where the CPU time, in seconds, is presented for both algorithms and for several values
of k. These values correspond to the CPU time required to constructing all the k + 1 linearly independent
polynomials of degree k of the form (4) and (13).

Problems having the overlapping subproblems property are almost always solved using dynamic program-
ming, a catch-all term for any algorithm in which the definition of a function is extended as the computation
proceeds (see [24]). Dynamic programming is a technique for avoiding the repeated computation of the same
values in a recursive program. Each value computed is immediately stored. If the value is needed again, it is
not computed but simply looked up in memory.
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Seconds

The ability to add rules to a function as the function executes, makes result caching very easy to implement
in Mathematica ([24]). In Fig. 2 we present the costs of implementing (4) and (13) in this system, by using

Seconds

Timings for GP

10000 [

5000 -

100 &

k

Figure 1: CPU time: GP versus PCP - recursion algorithm (k= 2,...

2 4 6 8 1012 14 16 18 20

Timings for GP
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501
10 E 1 1 1 1 1 1 1
2 6 10 14 18 22 26 30 34 38

k

Figure 2: CPU time: GP versus PCP - recursion with result caching (k =2,...

the aforementioned memorization technique.

As we can observe, recursion with caching result reduces the overall running time considerably. On the
other hand, recursive solutions to problems have the well known serious drawback of using large amount of
memory. In addition, this solution does not take any advantage of the simple structure of the PCP. In what
follows we propose a non-recursive algorithm to compute PCP which takes into account the isomorphism

Seconds
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Timings for PCP

[ -

-
-
— -
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k
= ,20).
Timings for PCP
100 - /
/
/
/
50 Pid
+,°
7
10 - _--"
= = I

2 6 10 14 18 22 26 30 34 38
k

,40).

between PCP and complex powers. In concrete, we obtain the PCP by means of the following procedure:

Algorithm for obtaining PCP using complex arithmetic

1. Compute, by using complex arithmetic, (zq -+ yi)¥,

2. Replace the real parameter y by

3. Replace the imaginary unit ¢ by the unit vector

We remark the fact that the most demanding operation is performed in Step 1 and is done in complex
arithmetic. As a consequence, the time consumed for obtaining polynomials of a certain degree is significantly

14— age; + 5562;

Y < Qs + BS$2;

o,y € R.

s=0,1,...,k.
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Timings for PCP
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Figure 3: CPU time for PCP - complex arithmetic (k = 2,...,40).
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Figure 4: Comparison between GP and PCP with result caching (GP-R and PCP-R) with PCP with complex
arithmetic (PCP) (k =2,...,40).

reduced. Fig. 3 illustrates the performance of the algorithm. Once more, the CPU time concerns the effort
needed to computing all the k 4+ 1 polynomials of a given degree k.

For the sake of better visibility, we compare in Fig. 4 the recursion and complex approach to obtain PCP
and the recursion algorithm for computing GP.

5 Applications

In this section we will see how to express each generalized powers G* as a linear combination of pseudo-complex
powers Zk. Zk . .. ,Z{j. As a consequence it will be possible to obtain, from Theorem 2, the series expansion
of any reduced quaternion valued monogenic function in terms of PCP.

Recalling Proposition 2 in Sect. 3, one can write

G=D,'W(1,2,....k+1)D; ' Z, (14)

where D; and Dy are the diagonal matrices (11) and W(1,2,...,k + 1) =: Wy is the inverse of the
Vandermonde matrix Vi1 in (12).

It is well known that Vandermonde matrices are often quite ill-conditioned and standard numerically stable
methods fail, in general, to compute accurately the entries of their inverses (cf. [11]). For this reason, the
inversion of Vandermonde matrices has received so much attention, particularly in the search for fast and
accurate algorithms. In this context, we have to mention here the well known Traub [23], Parker [22] and
Bjorck and Pereyra [2] algorithms which make use of the special structure of a Vandermonde matrix to rapidly
compute its inverse. More recently, Eisinberg and Fedele in their paper [11], proposed an explicit formula for
the inverse of Vandermonde matrices which is particularly useful in the case of equidistant nodes in [1,n], as
is the case of V,, in (12). Their algorithm is based on the following essential result.
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Theorem 3 Let V,, be a Vandermonde matrix of the form (12) and W, be its inverse. The generic element
wp(i,7) of W, is

n—i

wn (i, 5) = (1) ®(n, j) Y (~=1)"j"o(n,n—i—1), (15)
r=0
where 1
B D) = GG e
and )
o(n,s) = LZT_ S] (17)

Here [] denotes the usual * (unsigned) Stirling numbers of the first kind [17].

Proof: The result follows from [11, Theorem 1], using the closed expression of o(n,s) and ®(n,j) given by
formulas (32) and (33) presented in the same reference. O
The algorithm proposed in [11] which is, in fact, a modification of [22], can now be rewritten as follows.

Eisinberg and Fedele algorithm for inverting V),
1. Compute, by means of (16), ¢(n,j), j=1,2,...,n;
2. Compute, by means of (17), o(n,s), s=0,1,...,n;

3. Construct the recursive function

w(l,j):(—1>1+j"(7”;ﬁm, =12 ...n

"1
$(2,5) = —1#(1,]);;, j=12....n
r#j
Y(n,j) = (1", j=1,2,...,n
P —1,5) = (i, j) — (=) on,n+1—4), i=n,n—1,...,2,
j=12,...,n;

4. Compute the j—th column [¢(i,j)p(n,7)], j=1,2,...,n.

We point out that the problem of obtaining a series expansion similar to (3) but involving PCP requires the
inversion of several Vandermonde matrices V,,, forn = 1,2,.... This demanding need provided motivation to
develop a recursive algorithm to compute all the inverses of V,, which, as we will see later on, is competitive
comparing with the aforementioned Eisinberg and Fedele algorithm. In this context, the following result plays
an important role, since it allows to obtain a recursive procedure for computing W,

Proposition 3 The matrix W,, = V! has the following structure

e Wn-1D,,— Yo
w, = [ Mo C (18)

P, . D(n,n)

where

1 [‘;] gives the number of permutations of a elements that contain exactly b cycles and are related with the signed Stirling
numbers s(a,b) by s(a,b) = (—1)2°[].



Carla Cruz, M.I. Falcdo and H.R. Malonek 9

e M, _1 is the lower bidiagonal matrix whose elements m;; are given by
n, 1=j .
mi; = ,j=1,...,n—1,
Y {—L i=j+1 g

D,,_1 is the diagonal matrix
. 1 1 1
Dn—l = dlag(ﬁ7 n—27"""192" )a

¥,.—1 is the (n — 1)—column vector whose elements are given by

(-1)""o(n—1,n—9)®(n,n), i=1,...,n— 1. (19)

®,,_1 is the row vector whose elements are

(-1)""®(n,j), j=1,...,n— 1. (20)

Proof: The well known properties of the Stirling numbers of the first kind (see e.g. [17])

e e RS (i e R Y

allow to derive the following properties of o(n, s) in (17):

o(n,0) =1,
o(n,s) =0, fors>mnors<0, (21)
o(n,s)=oc(n—1,8)+no(n—1,s —1)

and these together with (15)-(17) lead to the following relation between the elements w, (i, j) of W, and

wwz—l(i7j) of Wi —1: )
n
nb7.:7- n— ba._i' n— b_lab7 22
wy, (i, ) il 1(4, ) il 16— 1,7) (22)

fori=1,...,nand j=1,...,n— 1, with the convention w,(0,j) := 0.
Denoting by wy, (4, j) the elements of the matrix in the right-hand side of (18), observe that (22) implies
that
’I’Lwn_1(i,j) — wn—l(i - 17j)
n—J

Wn(i,5) = =wy(i,j), i,5=1,...,n—1.

This means that the elements of M,,_1W,,_1D,,_1 coincide with the elements in the first n — 1 rows and

n — 1 columns of W,,.
Last row of W, follows directly from the expression of wy,(n,j) in (15). Since relations (21) imply that

n—i

Z(—l)rnra(n,n —i—r)=0cn—1,n—1),

r=0
the expression of X;_; can be obtained easily. (I
Based on this result, we propose the following algorithm to obtain the inverse of a Vandermonde matrix
of the form (12).
Modified algorithm for inverting V),

1. Compute, explicitly, first and last rows of W,:

w 1) = (— J+l " :
)= e (7)) 23)
L (_1)n+j .

for 5=1,...,n.
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Timings

4 —— Eisinberg and Fedele Algorithm

Seconds
N

g — ==~ Modified Algorithm

Figure 5: CPU time for inverting V'(1,... k).

2. Compute recursively:

o , (- n+1]
wn(%n) _wn(7’+1an)+ (n—l)' i+1] (25)
'UJn,(Z,,]) = n—jwn_l(z"]) - n_jwn—l(l_ 17.])7 J = 1,...,71- 17 (26)

for i=n—-1,...,2.

Remark 2 The expressions (24) and (26) come at once from (20) and (22), respectively. Using the result

>y m =0, forj <n,

r=0

(see e.g. [17]) together with (17) gives

and this, in turn, yields

wn(Lj) _ (—1)1+j<1>(n,j) z_:(_l)rjro.(,n’n —1— 7") = (—1)1+j <n)

r=0 J

Finally, (25) follows from (19) and (21).

At this stage our goal is to provide an experimental comparison between Eisinberg and Fedele algorithm
and the modified algorithm proposed in this work for inverting a Vandermonde matrix V,,.

All the numerical results were obtained by the use of Mathematica, working with infinite precision. Figures
5 and 6 compare the performance of this new algorithm with the one proposed by Eisinberg and Fedele. We
underline that the CPU time presented on Fig. 5 concerns the effort needed to computing the inverse W, for
a given n. When the goal is to compute all the inverses of order less or equal than n we observe in Fig. 6 that
the modified algorithm is, in fact, very competitive comparing with the Eisinberg and Fedele algorithm.

We have now the necessary tools to express a reduced quaternion valued monogenic function in a series
expansion of PCP. First we note that (14) together with (23)-(26) lead easily to the following result.

Proposition 4 Each generalized power of degree k can be written as

k

k k

g, = E astZy, s=0,...,k,
=0
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Timings

—— Eisinberg and Fedele Algorithm

Seconds

=== Modified Algorithm

Figure 6: CPU time for computing {V(1),V(1,2),...,V(1,...,k)}.

where
e\
asp = (S) (—er — (t+1)ex) wp1(s +1,t+1)
with wy41(s + 1, + 1) given by (23)-(26).
Finally, one can use this last result together with the Taylor expansion (3) to conclude:

Proposition 5 Any monogenic function f : Q C R — H can be written as a series of the form

oo k

F@) =2 eniZf,
k=0 t=0

where the coefficients cy, + are given by

(—e1 — (t+ ey)* Z 9% £(0)

w s+ 1,t+1).
k! dxh =203 e+ )

Ckt =
s=0

Remark 3 We point out that (—e; — (t + 1)e2)*, depending on the parity of k, is a real number (if k even)
or a pure vector (if k odd). More precisely,

k
2

(—er — (t+1ex)* = (~1)% (12 + 2t +2)1Hay,

where |.] is the floor function and ay is

S ¥ k even
e e; + (t+ 1es, k odd

6 Final Remarks

The algorithm proposed in this work allows to obtain the inverse of Vandermonde matrices in equally spaced
nodes explicitly and, from the computational point of view, efficiently. Combining this fact with the perfor-
mance revealed by the complex algorithm, presented in Sect. 4, for computing PCP of the form (6)-(9) we
can conclude that these PCP can become, in the future, an attractive and competitive tool for applications,
in particular, in the framework of approximation problems.
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