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Abstract: The work reported in this paper summarises the development and results 
obtained from a 3D computational model, using the distinct element software 3DEC, that 
was used to investigate the effect of the angle of skew on the load carrying capacity of 
sixteen different single span stone masonry arches. The variables investigated in the 
research were the arch span, the span : rise ratio and the skew angle. In order to gain an 
understanding of the behaviour of the arches, no attempts were made to model the effects of 
fill, spandrel walls or any other construction details. For each model, a full width vertical 
line load was applied incrementally to the extrados at quarter span until collapse. At each 
load increment the predicted crack development and vertical deflection profile was 
recorded. The results are compared with similar “square” (or regular) arches in order to 
identify the influence of skew on the behaviour of the arches. 
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1 INTRODUCTION 

A skew arch is a method of construction that enables masonry arch bridges to span 
obstacles at an angle. Bridges with a small amount of skew (i.e. less than 30º) can be 
constructed using bedding planes parallel to the abutments [1]. However, bridges with large 
amount of skew present significant construction difficulties. Figure 1 presents three 
possible methods of construction of a segmental arch spanning a 45 degrees skew [2].  
There are many thousands of stone masonry arch bridges in Europe, many of which have 
spans with a varying amount of skew. Most of these bridges are well over 100 years old and 
are supporting traffic loads many times above those originally envisaged. There is an 
increasing demand for a better understanding of the life expectancy of such bridges in order 
to inform maintenance, repair and strengthening strategies. Although a great deal of work 
has been carried out to assess the strength of square span masonry arch bridges using 2D 
methods of analysis [1-4], comparatively little work has been undertaken to understand the 
three dimensional behaviour of skew arches [5, 6]. Today, in many countries including UK, 
skew arches are routinely assessed on the basis that the skew span is straight [7, 8]. 
However, experience from previous studies have clearly shown that depending on the 
methods of construction and geometry, the stiffness and strength of skew arches might be 
quite different [5].  

 
 

            
 
 
 
 

Figure 1: Intrados of an arch spanning at 450 skew [2]  

In recent years, sophisticated methods of analysis like Finite Element Method have been 
applied to understand the three dimensional behaviour of arches [9]. However, in these 
methods, the description of the discontinuity is limited since they tend to focus on the 
continuity of the material. An alternative and appealing approach is represented by the 
Distinct Element Method (DEM) where the discrete nature of the masonry arch is 
incorporated. The DEM was initially developed by Cundall [10] to model blocky-rock 
systems and sliding along rock mass. The approach was later used to model masonry 
structures including arches [11-14], where failure occurs along mortar joints. These studies 
demonstrated that DEM is a suitable method to perform analysis of masonry arches and to 
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describe realistically the ultimate load and failure mechanism. However, the above studies 
were mainly focused on the two dimensional behaviour of rectangular arches.  
The aim of this paper is to study the three dimensional behaviour of single span stone 
masonry skew arches using the three dimensional Distinct Element software 3DEC [15]. 
Computational models were developed to predict the behaviour of a series of sixteen stone 
masonry arches with different geometries. The variables investigated were the arch span, 
the span : rise ratio and the skew angle. Results are compared against the load to cause first 
cracking, the magnitude of collapse load and the mode of failure. The suitability of the DE 
method to model the three dimensional behaviour of skew arches is also outlined.  

2 OVERVIEW OF 3DEC FOR MODELLING MASONRY 

3DEC is an advanced numerical modelling code based on the distinct element method for 
discontinuous modelling and can simulate the response of discontinuous media, such as 
masonry, subjected to either static or dynamic loading. When used to model masonry, the 
units (i.e. stones) are represented as an assemblage of rigid or deformable blocks which 
may take any arbitrary geometry. Joints are represented as interfaces between blocks. These 
interfaces can be viewed as interaction between the blocks and are governed by appropriate 
stress-displacement constitutive laws. These interactions can be linear (e.g. spring stiffness) 
or non-linear functions. In 3DEC, finite displacements and rotations of the discrete bodies 
are allowed. These include complete detachment between blocks and new contact 
generation as the calculation proceeds. The calculations are made using the force-
displacement law at all contacts and the Newton’s second law of motion at all blocks. The 
force-displacement law is used to find contact forces from known displacements, while the 
Newton’s second law governs the motion of the blocks resulting from the known forces 
acting on them. Convergence to static solutions is obtained by means of adaptive damping, 
as in the classical dynamic relaxation methods. Figure 2 shows the schematic 
representations of the calculations taking place in 3DEC analysis. 

 

Figure 2: Calculation cycle in 3DEC [15] 

3 DESCRIPTION OF THE COMPUTATIONAL MODELS 

3.1 Model geometry 

Four arch models have been developed with 3DEC. Arch A and C had a deep semi-circular 
shape and Arch B and D had a semi-shallow segmental shape (Figure 3a). All arches were 
constructed with joints parallel to springing. According to Melbourne [1], this type of 
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construction is found to arches with small angles of skew. For this reason, the angle of 
skew (φ) was varied from 0 to 30 degrees. The arch width was fixed at 4.8 m wide, which 
according to Oliveira [16] is typical for stone masonry arches. For the purpose of this study, 
the span (S) parallel to the axis of the arch has been kept constant at all arches. However, 
the square span (s) of the arches decreased as the angle of skew increased and is equal to 

, where is the angle of skew (Figure 3b). Geometric data of the arches 
used for the development of the computational models using 3DEC are shown in Table 1.  

 
 

(a) 
 

 
(b) 

Figure 3: Geometry of the arches studied: (a) elevation view; (b) plan view of a typical arch 

 

Arch  Arch shape 
Skew 
span 
[m] 

Rise to 
span 
ratio 

Barrel 
thickness 

[m] 

Width 
[m] 

Arch A Deep semi-circular 4.0 0.5 0.45 4.8 

Arch B 
Semi-shallow 

segmental 
4.0 0.3 0.45 4.8 

Arch C Deep semi-circular 8.0 0.5 0.9 4.8 

Arch D 
Semi-shallow 

segmental 
8.0 0.3 0.9 4.8 

Table 1: Geometry of the arches used for the development of the computational models 

 

Arch A             Arch B                                  Arch C                                                    Arch D  

Springing                 Springing                        Springing                     Springing 
0⁰ skew angle               10⁰ skew angle                20⁰ skew angle            30⁰ skew angle 

Springing Springing Springing
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3.2 Block and interface details 

In 3DEC, each stone was represented by a deformable block separated by zero thickness 
interfaces at each mortar joint. The deformable blocks were internally discretised into finite 
difference zone elements, each assumed to behave in a linear elastic manner. As failure in 
low strength masonry arches is predominantly at the brick/mortar joint interfaces [1], the 
stresses in the stone blocks will be well below their strength limit and so no significant 
deformation would be expected to occur to them. The zero thickness interfaces between 
adjacent blocks were modelled using 3DEC’s elastic perfectly plastic coulomb slip failure 
criterion with a tension cut-off. This means that, if in any of the numerical calculations the 
value of tensile bond strength or shear strength is reached at a certain location, then the 
tensile strength and cohesion are reduced to zero at that location [15]. Material parameters 
for the stone blocks and the mortar joints have been obtained from the literature [12, 14].  

Density 
d 

[kg/m3] 

Young Modulus 
E 

[N/m2] 

Poisson’s 
ratio 

Bulk Modulus 
K  

[N/m2] 

Shear Modulus  
G  

[N/m2] 
2700 50E9 0.2 27.7E9 20.8E9 

Table 2: Properties of the masonry units 

Joint 
Normal 
Stiffness 

JKn 
[N/m3] 

Joint 
Shear 

Stiffness 
JKs 

[N/m3] 

Joint 
Friction  

Jfric 
[Degrees] 

Joint 
tensile 

strength 
Jten 

[N/m2] 

Joint 
Cohesive 
Strength 

Jcoh 
[N/m2] 

Joint 
dilation 

Jdil 
[Degrees] 

7.64E9 1.79E9 35 0.1E6 0.1E6 0 

Table 3: Properties of the interfaces  

3.3 Boundary conditions and loading 

Since the intention of the authors was to investigate the effect of the arch ring geometry, the 
abutments of the arch were modelled as rigid supports in the vertical and horizontal 
directions. Self-weight effects were assigned as a gravitational load. Initially, the model 
was brought into equilibrium under its own self weight. Then, an external vertical full 
width line load was applied incrementally on the arch at one quarter of the span parallel to 
the springing (Figure 3a). 

4 ANALYSIS OF RESULTS  

4.1 Load at first crack 

Cracks in masonry may not open uniformly but may close and open according to the type of 
stresses applied to them over a period of time. In 3DEC, a contact point is defined as “open” 
if there is currently on the contact a zero normal force. For the purpose of this study, a FISH 
function has been written that was able to trace contact opening greater than 0.2 mm. Usually, 
cracks of 0.2 mm and wider are assumed to be significant because they are visible to the 
naked eye. The load required to cause crack opening of 0.2 mm for each of the sixteen arches 
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modelled with 3DEC is shown in Figure 4. From Figure 4, for all of the four arches, the load 
at which first crack occurs is linearly decreasing as the angle of skew increases.  

 

Figure 4: Variation of load to cause first crack with change in skew angle 

4.2 Cracking 

The initiation and propagation of cracks under increasing applied load have been simulated 
with 3DEC. Each arch failed by the development of a four hinge mechanism (Figure 5). 
Due to the line loading which was applied in the arches, the hinge lines developed where 
parallel to the abutments. This was possibly facilitated by the effect of the stiff abutments. 
The failure mode of the Arch D with a 20 degrees angle of skew is illustrated at Figure 5. 

 

 
(a) (b) 

Figure 5: Failure mode of the Arch D with 20 degrees angle of skew: (a) front 
view; (b) plan view. 

4.3 Ultimate load 

The magnitude of the ultimate load that each of the studied arches can carry is presented in 
Figure 6. From the results analysis, the ultimate load decreases linearly as the angle of skew 
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increases from 0° to 30°. The absolute decrease in ultimate load due to skew is more 
significant for the arches with longer span and higher load capacity. On the other hand, the 
relative decrease in load carrying capacity does have a so clear trend. It seems to be more 
relevant for semi-shallow arches for low values of the skew angle and to affect more the 
deep arches for high values of the skew. 

 

Figure 6: Variation of ultimate load with change in skew angle. 

5 CONCLUSIONS 

The distinct element method in the form of the 3DEC software has been used to investigate 
the effect of the angle of skew on the load carrying capacity of sixteen single span stone 
masonry arches. For each model, a full width vertical line load was applied incrementally to 
the extrados at quarter span until collapse. The load at which first crack occurred and the 
ultimate load that the arch can carry were recorded. The main conclusions that can be made 
based on the above study are: 

a) In order to capture the complex geometry and behaviour of skew arches, it is 
necessary to make use of three dimensional computational models; 

b) 3DEC was able to relate the evolution of load with the progressive development of 
plastic hinges; 

c) Each arch barrel failed by the development of a four-hinge mechanism. Hinges 
developed parallel to the abutments; 

d) The simulations of the ultimate load indicated that an increase in the angle of skew 
will increase the twisting behaviour of the arch and will eventually cause failure to 
occur at a lower load; 

e) The absolute ultimate load decrease seems to be inversely proportional to the skew 
angle and more significant for the arches with higher load capacity; 

f) The relative ultimate load decrease was found to affect both semi-shallow arches 
(for low skew angles) and deep arches (for high skew angles); 
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g) Variations in the span and rise: span ratios have an effect on the strength of the arch 
bridges.  

For the purpose of this study, arches were assumed to be constructed with the joints parallel 
to the springing. Further studies are required to investigate the influence of construction 
method to the mechanical behaviour of the arch, as well as the effect of the fill material.  

REFERENCES 

[1] Melbourne, C. & Hodgson, J.A. 1995. The behaviour of skewed brickwork arch 
bridges. In Arch Bridges: Proceedings of the First International Conference of Arch 
Bridges: 309-320. London: Thomas Telford. 

[2] Page, J.  1993. Masonry Arch bridges, TRL State of the Art Review. London: HMSO. 
[3] Heyman, J. 1966. The stone skeleton. International Journal of Solids and Structures 

2(2): 249-256. 
[4] Gilbert, M. 1993. The behaviour of masonry arch bridges containing defects. PhD 

thesis. UK: Manchester University. 
[5] Hodgson, J. 1996. The behaviour of skewed masonry arches. PhD thesis. UK: 

University of Salford. 
[6] Wang, J. 2004. The three dimensional behaviour of masonry arches. PhD thesis. UK: 

University of Salford.  
[7] Design Manual for Roads and Bridges (DMRB), 2001. Highway structures: Inspection 

and maintenance. Assessment of highway bridges and structures. DB 21/01. London: 
Highway Agency. 

[8] Design Manual for Roads and Bridges (DMRB), 2001. Highway structures: Inspection 
and maintenance. Assessment of highway bridges and structures. DB 16/17. London: 
Highway Agency. 

[9] Choo, B.S., Gong, N.G. 1995. Effect of skew on the strength of the masonry arch 
bridges. In Arch Bridges: Proceedings of the First International Conference of Arch 
Bridges: 205-214. London: Thomas Telford. 

[10] Cundall, P.A., Hart, P. 1971. A computer model for simulating progressive large scale 
movements in blocky rock systems. In: International Society of Rock Mechanics; 
Proc. Intern. Symp., Nancy, France. 

[11] Lemos, J.V. 1995. Assessment of the ultimate load of a masonry arch using discrete 
elements. In J. Middeton & G.N. Pande (eds), Computer methods in structural 
masonry – 3. Swansea. UK: Books and Journals International.  

[12] Lemos, J.V. 2007. Discrete element modelling of structures. International Journal of 
Architectural Heritage 1(2):190-213. 

[13] Mirabella, R.G. & Calvetti, E. 1998. Distinct element analysis of stone arches. In 
Sinopoli (ed.), Arch Bridges; Proc. Intern. Symp., Paris, 6-9 October 1998. 
Rotterdam: Balkema.   

[14] Toth, A.R., Orban, Z. & Bagi, K. 2009. Discrete element modelling of a stone 
masonry arch. Mechanics Research Communications 36(4): 469-480. 

[15] Itasca 2004. UDEC – Universal Distinct Element Code Manual. Theory and 
Background. Minneapolis: Itasca Consulting Group. 

[16] Oliveira, D.V., Lourenço, P.B. & Lemos, C. 2010. Geometric properties and ultimate 
load carrying capacity of masonry arch bridges from the Nortwest Iberian Peninsula. 
Engineering Structures 32: 3955-3965. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


